Stellar structure and evolution of rotating
stars

Reading material:
Chapters 2 & 4

Parts of chapters 6 & 10
from A. Maeder’s book



MEPOZ A’
Introductory remarks

> Stellar rotation can cause the equatorial radius can be much larger than the polar
radius, up to about 1.5 times.

»Stars do not rotate as solid bodies 2 they may have internal differential rotation
e.g. the core rotating faster than the outer envelope.

» stellar rotation
» produces a flattening of the equilibrium configuration of the star,

» drives internal circulation motions and various instabilities which transport both the chemical
elements and the angular momentum.

» generates stellar magnetic fields within convective zones (often by a dynamo), converting
rotational energy into magnetic field structure.



Equilibrium configurations

» Maclaurin spheroids : density p is assumed constant
> Roche model: assumes an infinite central condensation
> Real stars in between these extremes



Equation of Motion with Rotation

» The accelerations measured in a rotating frame (quantities with a prime) are related to
those in an inertial frame (without a prime)

av’ _d aq : e :
d—i = d—: —QAxX Q@ Xxr)— — X r —2Qxv (primed quantities in the rotating frame)

Y

. Centrifugal terms gq Coriolis term
» In a stationary rotating star - = 0

» In the Navier—Stokes equation % and % are in the intertial system.
dv _ ov . g 2
dt—at+(v Viv=a QVP-I-VV %
> To get the equation in the rotating frame (dv/dt) — (dv'/dt)
dv’  ov' , ,
E — E + (‘U : V)‘U
- a—éVP+vV2v’—Q>< QX7 —%xr’ — 20XV



Hydrostatic Equilibrium for Solid Body Rotation

»assume solid body rotation () = const © -
»assume viscosity negligible ¢
. . . . oy . . C— 7
»the Navier-Stokes equation gives for hydrostatic equilibrium: Y . @;m\voﬂr%@i)
0=a—3VP—Q><(Q><r’) e e
Q rodabing St
» Gravitational force (per unit mass) a = g = —V®, where ® = —-GM,./r
so —Vd = — GA;[TZ
r r

Roche assumption: The inner layers are considered as spherical, i.e. not distorted by
rotation, which gives the same external potential as if the whole mass is concentrated at
the center.

» Centrifugal force (per unit mass) can be derived from the potential I/: (EXERCISE)

V= —%szz where @ = rsind, and —=VV = Q’w



» Total potential (per unit mass) ¥ = ® +V

so the equation of hydrostatic equilibrium becomes:

1
EVP = —VU = Gerr

» the pressure is constant on an equipotential, i.e., one has[P = P(LP)]

equipotentials and isobars coincide and the star is said to be barotropic
: 1 , 1dP
»VP = (dP/d¥Y)VY onote n EVP = =V = gesr vivetaw - o = —1

=2 p = p(¥) and via the eq. of state T = T(¥)



Stellar surface and gravity

» The stellar surface is an equipotential ¥ = const.

Y(r9) %erz sin? 9

\ unmodified by rotation in the Roche approximation
» Let us consider a star of total mass M and call R(9) the stellar radius at colatitude 9.

» The centrifugal force is zero at the poles (9=0), so we can fix the constant value of the equipotential at

the stellar surface as i—lpw ‘V
):
LR Qsz sin? 9 = (:: oo | s
> Surface grawty :
Geft = [ R2(9) + Q?R(I) sin 19] e, + [Q?R(9) sinV cosI]ey
(EXERCISE)

1
2

2
Jetf = |Getel = [( R0 + Q%R (9)sin? ) + Q4R2(19)sin219c05219]



Critical velocities

» Critical velocity, or break-up velocity:
When modulus of the centrifugal force = modulus of the gravitational

attraction at the equator (9 = m/2).

GM >
v = VRW) =

GM

Crlt Rg,crit

»So, from the equation of the surface, we get:

M 1 2o . o _ GM GM GM Re,crit - 3
T+E.Q R*sin“ 9 = R = + - -chltRecrlt = 2

1Y Re,crlt Rp,crit Rp,crit

» Equatorial break-up velocity

GM 2GM
Sh.. R’

n2
e.crit 4
Re crit D Rp.cril

crit, |



20M, Z= 0.020 0/0

Fig. 2.2 The shape R(1}) of a rotating star in one quadrant. A 20 M., star with Z = 0.02 on the
ZAMS is considered with various ratios @ = £ /€, of the angular velocity to the critical value
at the surface. One barely notices the small decrease of the polar radii for higher rotation velocities
(cf. Fig. 2.7). Courtesy of S. Ekstrom
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Fig. 2.3 The variation of the ratio R. /R, of the equatorial to the polar radius as a function of the
rotation parameter @ in the Roche model
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Fig. 2.5 The variation of the ratio v/v.; of the equatorial velocity to the critical velocity as a
function of the rotation parameter @ in the Roche model. The polar radius is assumed not to change
with the stellar mass here. The dofted line connects the origin to the maximum value



Set x = and
Rp,crit
Q2R3 . 2
8 GMw
w = $w2=ﬂﬁﬂz=—3
The surface equation becomes
GM 1 : GM |1 4 . Rp, : :
— 4+ =-0?%R?sin?Y = —= -+ —w?x?sin?Y = —> > solved numerically using the Newton
R 2 Rp x 27 Rp(w)
method
1 -
2 212 Q :
GM 1 8 . 8 . 2 8,
Jeff = — (——2 -+ —w2x51n219) -+ (—a)zxsmﬁcosﬁ) : &
R3 x2 27 27 .
@ =rsind : A
18 ¥ = const.
2 a2

eff T ——>-w*xsin“yd A
S P — 1 r

effl’ 1 8 2 /g 212 9

—_ 2 2 in2 2,2 3
[( 2 5,0 xsin 19) +(27a) xsindcos ) ]

r2 sin 9dedd
cos &

Surface element on equipotential do =



Polar radius as a function of rotation

» As a first approximation polar radii are
independent of rotation

>In reality there is a small dependence R,(w)
from the small changes (few %) of internal
structure brought about by centrifugal force.

» This dependence can be described by
R,(w) = R,(0)(1 — aw?)

where « is a constant for stars of the same mass

Metallicity also plays a role (see fig 2.8)
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Variations of the polar radius as a function of
the rotation parameter normalized to the
value without rotation for stars of different
initial masses at Z = 0.02. Fig. 2.7 from
Maeder



Summary of solid-body rotation approximation

» () = constant throughout the star (solid-body rotation)
»every layer rotates with the same angular velocity
»there is no internal shear (V() = 0)

»centrifugal acceleration is simple and can be derived as the gradient of a potential

. . M 1 .
> effective potential Qe = —— — Eﬂzrzsmzﬁ

»In hydrostatic equilibrium, surfaces of constant pressure, density, and temperature
coincide with equipotentials

> Thus the structure can still be treated almost like a 1D stellar model.



Next approximation: Shellular rotation
Equations of Stellar structure

»Angular velocity is constant on isobaric shells, but can vary with isobaric radius.
(. = Q(P) (no dependence on IJ) which is equivalent to () ~ (O.(r)

where r the radial coordinate of the isobar (rotation ~constant on shells).

»Why is this a good approximation in radiative zones

v'In radiative zones, horizontal turbulence is strong (no buoyancy along isobars) because stable
stratification (stable against convection = vertical motions suppressed) inhibits vertical mixing.

v'So turbulence transports angular momentum much more efficiently along isobaric surfaces
than radially.

v'This leads to Q(r9) =~ Q(r) because horizontal shear gets erased quickly.

v'So the rotation becomes almost uniform on each shell.

» But there are always small horizontal variations that allow baroclinicity (when
surfaces of constant pressure and constant density do not coincide), circulation
currents and angular momentum redistribution, in real stars



>Q(r,9) = Q(r) + Q(r,9)
vl
v (.(r) the average Q on an isobar with radius r:

The horizontal average Q is defined as the angular velocity of a shell rotating
like a solid body and having the same angular momentum as the considered

actual shell.

f(;r (1) sin® 9dv

Q(r) = Jy sin3 9dv

»>Q(r,9) can be developed in terms of the Legendre polynomials.

v'To second order:
Q' 9) = Q,(r)P,(cos V)
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Properties of the isobars

> Let us consider the surface of constant ¥

Y =0-— %erzsinzﬁ = const (where Q = Q(r,9) = Q@) + Q(r,9))

»The gravitational potential is defined (as in the case of solid rotation)

—Vb = — G:;IT ;, and ® = — GTT in the Roche approximation.
»The components of the gradient of ¥
~ dop ¢

v o . 90

— = — — O%rsin?Y — r?sin?Y Q— - 5 -
NN o j% Y Csin Qv
S— == Wﬁ — résin®y Q-—
r 09 /09 r 09

=~ oL 1L
0 ¥%%\@ KV% —%,_Fer \“F 56 Q(‘i)



From the equation of hydrostatic equilibrium:

VP = 0gp=>VP = —o(V¥ + r?sin?9 Q VQ)

on anisobar, ) = Q(P)=>VQ = % VP

So VP parallel to VW
i.e. the surfaces defined by W = const. are isobaric surfaces

but they are not equipotential and the star is said to be baroclinic.

(for solid body rotation, isobars and equipotentials coincide and the star is

barotropic.)



Expressions for hydrostatic equilibrium and continuity for
shellular rotation

» Characteristic radius rp of an isobar, defined as

41T . .. .
Vp = ?rﬁ where Vp is the volume inside the isobar

» For any quantity g, which is not constant over an isobaric surface, we define a mean value over the

surface:

_ 1
<q>= ggSqdo*

r? sin 9dedd
cos €

where S is the total surface of the isobar and do =

> The effective gravity g, s = —VW¥ — 125in200V0 can be written more simply using the fact that
V() parallel to VW

VQ = —aV¥ with a = |%

> Jeff = —V¥ — arZsin200V¥ = —(1 — r2sin? 9 Qa) V¥



ISO a1 C §U%9<Qe . (E :6’1&%

Unit vomold 4o Hiis wa@@oef ~ T\%%
\
The o\i%@ﬁ?mﬁa@ o\“\gﬁ%o@\meﬂt &Q"’“S He momol Ao o isadharc SuQQqCQO
an = o CL\? [‘._e. Ay o Ahe m(@“miwmuﬁ ZLCSFQOCQWWT
| O\J)W,% Yo mommol direchoy 4o Hoo B@keqv\>
o _ .y
o Y
% geffz—(l—r sin ﬁQa)%VLP — }\Q% = —(k e Sind Q&)ﬂ)
M%% —v e fvwagmjméé of Ve effectivg Gronty

&QJDY\% Yo fv\onmo\ﬁ v o i%O\oo\ri(, Suxgov(/e



» Using the above, the equation of hydrostatic equilibrium

VP = 09eff

can be written as:

%% L=\ &7 D 0.a
@ - —0 1—7r Slnzﬁﬂa e :> =

Conshnt s 150bare -

»To use the mass M inside an isobar as the independent variable (as we have

done for the non- BOtigmg stars):

T o
an
dMP — f‘P=con Q@dO‘ =d¥ f‘P=const Qﬁdo-

B (1-72 sin? 9Qa)
=d¥ f‘P=const Q Joff do




. i1 _
Using < gegr ' =;Eﬁgeff 'do we get

adw¥ 1

dMp  0(1-12sin2 I0Q)<g>Sp

L _ -1
dMp  (gofr)Sp

47trf31' 1
GMpSp (Jeff)

We define: f, =

So the eq. of hydrostatic equilibrium is written as:

dap GMp )
— = 1, for non-rotating stars
dMp 47_”,131. P (fP ) 8 )




For the continuity equation:
The volume of a shell can be written as:
dVp = 4mradrp

Also it can be written as:

an
dVP — flIJ=const dndo = d¥ f‘P=const d_lp
B (1-r2sin?9Qa)
=d¥ f‘P=const Joff do

(where we used that gegr = (1 — 2sin? 9Qa) k)
dn
Using also < q >= Sigﬁ qdo
P

(careful here we do not have p(1 — r2sin?9Qa ) which is constant on the isobar, but just (1 —
r2sin9Qa) )

we get dVp = d¥Sp|< gogp >—< gagir? sin? 9 > Qa



° dVP = quSP [< ge?f% >—< g;f%‘r'z Sinz 9> Q(X] —
o dVp = 4nrfdrp -
. dv 1

dMp  o(1-r2sin? 9Q)<g>Sp

?\ﬁ_— = % | CA\}P A‘ﬁo d 99 [Cﬁ% >- <‘§eﬂ r sm“(»llal —

P 1 avemige Jensity

%’T m Mo element olume
’ f betweay two (Solboiis
drp 1 |- o(1-7%sin? 9Qa)<g 5> . ‘ : 0
= = —— | Withp = ————5 5 <P > avende densty of
dMp  4mrZo (goh)—<goir? sin? 9>Qa an (Sobov




The Energy Conservation and Radiative
Equilibrium in Rotating Stars

Equation of radiative transfer exercise
Fe_ 4acT? dT T
3kp dn
dT /dn = (dT /dMp)(dMp /d¥)(d¥/dn)
. 4acT? dT cula
getr = (1 — r%sin? 9Qa) % ~ 3ko dMp @S Jeff = opJeff

ay¥ 1

dMp a 0(1-r2sin? 19905)<ggf1f>5p




Integrating over the surface we obtain (using the definition of < g >)

T3gesr AT
K de

_ _4a -1 2
Lp === <Zeff > 5p < >

This expresses radiative transfer in rotating stars.



Conservation of energy in rotating stars

» The net energy outflow dLp from a shell limited by the isobars ¥ and ¥ + dW¥ is equal to

eodndo = d¥ |, _ egj—nda

=con p

dLp = |

WY=const

where € is the net rate of energy production in the shell.

: . dw
>Using gerr = (1 — r?sin? ﬁﬂa)a

and the fact that Q(l — r2sin? ﬁﬂa) is constant on an isobar, we get

&

dLp = d¥ < _—> Spo(1—72sin? 0 Qa) ~
eff
and using also
—
dv 1
dMp - Q(l—rzsinzﬁﬂa)<ggf1f>5p )

where generally € = &1 — & + ggrav

dLp

(egetf)

dM,

(9etr)

exercise



Stellar structure equations for rotating stars

ap GM arg 1
7R ard /P where fp = = - ooy ess o(V¥ + r2sin?9 Q VQ)
d’l"p 1

o(1-72sin?90a)<g 5>
<gof>—<gofr?sin?9>0a

Yamp ~ amrgs » Where 0 =

4ac _ T3Ggese dT
Vi,=——"< > S22 < eff >
P 3 Yeff P x  dMp
\/de _ <(€nucl—8v+8graV)g;f1f>
dMp <der>
| _ _ 2 sin 9dpd? T
< q >=—=—¢qdo, Sp is the total surface of the isobar, do = Lo cose = — =<l
Sp cos € \Gesr|IT|

Note: density and temperature are not constant on isobars



“Simplified” Stellar structure equations for rotating stars

Independent variables:

o(1-72%sin?9Qa)<g >
<gof>—<gofr?sin?9>0a

* T derived from the EQS for the P of the isobar, and ¢
(The chemical composition is supposed to be homogeneous on an isobaric surface due to the strong

.Q_:

horizontal turbulence.)
Approximations:

-1
. <(8nucl_5v+€grav)geff>

9> ~ Enucl (0 T) — & (0, T) + egrav(Q_: T)

T3gess AT S T3<geg> dT

* < K dMp = k(o,T) dMp
dinT dInT . . . . . .
* <5 >=< Vag>= TS (for convective regions, where the temperature gradient is the adiabatic

gradient)



—>The equations of stellar structure become:

dP GMp drp 1
dMp  4mrg/ P dMp  4mr3o’
dLp
dMp = Enucl — & T+ €grav
dInT _  GMp
= min |V,4,V
dMp anrd 7 /P [ ad» radf ]
amry 1
where fp = —=

GMpSp (g off)

21 2
and f, = (4nrp) 1

Sp ) (ettM9otf)




dInT GMp _ fr
@ - fpmin \vad' Viad _]

dMp, ~— 41rry; fr

4ac . _ 2 _ T3gegs dT 4a -1 o ¢2 T°<gesr> dT
Lp=——< gig>8t <2t =5 22 < T
P 3 Yeftf P k dMp 3 Jeit " ox@T) amp
aT 3k Lp ! Sdn 3K e :
dMp — 4a SBT3 <gegr> <goft>  dMp  4ac SET* <gepr> <goi>

dT  dT dP TdT/T dP  TdinT dP _dT/T  din 1 dln
dMp _ dPdMp _ PdP/PdMp _ PdinP dMp _ dMp _ dMp Vs am, Where V=21
P P P P P P P dlnT GMP f v 1
dMp ~ 4mr2’P P
dp GMp f d P
== P
dMp 4mryt - p dinT A4mrg
dMp G fpMp
. . 3k L 1 amrp 3KLpP
for radiative transfer we will haveV= P L — P »v= pP_Jr_y I
4ac SpT* <gefr> <G> GfpMp 16macGMpT* fp fr

2\ 2
Wlth fT - (47trp) !

Sp ) (Getegafr)



Comments

v'the equations describing the hydrostatic equilibrium and the conservation of mass are
strictly valid (in the Roche model approximation) in the case of a “shellular rotation

law”, provided that ¢ is considered as the dependent variable for density.

v'"Moreover the strong horizontal turbulence homogenizes the chemical composition and

reduces the o and T contrasts on isobars.

v'The above equations are used in models of rotating stars in hydrostatic equilibrium

instead of the basic equations for non-rotating single stars

v small consequences on the evolution with respect to the larger effects of mixing and

mass loss induced by rotation

v at the surface, rotation produces large distortions and enhances convection



