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Charge/Current Distribution

∂μFμν=Jν

1



E and M fields

!B =
∑

l,m

[

αE(l, m)fl(k!r) !Xlm −
i

k
αM (l, m)!∇× gl(k!r) !Xlm

]

!E =
∑

l,m

[

i

k
αE(l, m)!∇× fl(k!r) !Xlm + αM (l, m)gl(k!r) !Xlm

]

Maxwell E/M equations general solution:
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Radiation emitted: Poynting vector S
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In detail

!B =
∑

l,m

[

αE(l, m)fl(k!r) !Xlm −
i

k
αM (l, m)!∇× gl(k!r) !Xlm

]

!E =
∑

l,m

[

i

k
αE(l, m)!∇× fl(k!r) !Xlm + αM (l, m)gl(k!r) !Xlm

]

Xlm: generalized spherical harmonics


αE,M: coefficients of E,M fields


f,g: linear combinations of Hankel functions
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Multipoles

αE(l, m) !

4πkl+2

i(2l + 1)!!

(

l + 1

l

)1/2

(Qlm + Q′

lm)

αM (l, m) !

4πikl+2

(2l + 1)!!

(

l + 1

l

)1/2

(Mlm + M ′

lm)
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Multipoles	

The Generalized Spherical Harmonics carry 
the information on the order of multipolarity


Multipoles are used to approximate the 
behavior of current densities in the presence 
of E & B fields


They are described by the order of the term 
in the expansion
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In more detail

Magnetic l-order moment


Electric l-order moment

Mlm =
1

l + 1

∫

d
3
x r

l
Y

∗

lm
!∇ ·

(

!r × !J

c

)

Qlm =

∫
d3x rlY ∗

lmρ
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Interaction energy

HEM = qΦ − !p ·
!E +

1

6

3∑

i=1

3∑

j=1

Qij
∂Ej

∂xi

+ . . . − !µ ·
!H + . . .

Most common (and typically stronger) terms are:


Electric Dipole Moment [E]


Electric Quadrupole Moment [Q]


Magnetic Dipole Moment [μ]
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The EM moments

HEM = qΦ − !p ·
!E +

1

6

3∑

i=1

3∑

j=1

Qij
∂Ej

∂xi

+ . . . − !µ ·
!H + . . . 

!p(!r) =

∫
d3r′ρ(!r′)!r′

Qij(r) =

∫
d3r′ρ(r′)(3x′

ix
′

j − δijr
′2)

!µ(!r ′) =

∫
d3r′!r ′

×!j(!r )
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It’s all on the field

μ
Bo

Static (big magnet!)


Mössbauer


Hyperfine fields


NMR
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Lifetime is also important

G. Georgiev

Static moments - techniques

5 ps 5 ns 5 �s 50 �s 5 ms 5s

Transient fields 
TIPAD

TDPAD NMR
Laser spectroscopy

LTNO

• Based on the change of the angular distribution of particle/�
 

emission as a 
consequence of the interaction of the nuclear moments with extra-nuclear 
perturbations – e.g. magnetic field

• Requires different methods of spin-orientation, depending on the production 
method of the state of interest:

• nuclear spin-alignment in fusion-evaporation reactions – standard technique throughout the years
• spin orientation in projectile-fragmentation reactions 

• spin - polarization – K. Asahi et al., Phys.Lett. 251B, 488 (1990)
• spin - alignment – K. Asahi et al., Phys.Rev. C43, 456 (1991), 

W.-D.Schmidt-Ott, Z.Phys. A350, 215 (1994) 
• spin - orientation in transfer reaction – not well studied (yet)
• orientation of the nuclear states a posteriori their production – laser spectroscopy, LTNO, etc.   

• Strongly dependent on the nuclear life-time

The production mechanism is related to the 
method of producing spin-orientation


Coulex, fusion-evaporation, fragmentation etc
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Excitations mechanisms

Spallation


Induced fission


Fragmentation
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Excitation mechanisms

Multi-fragmentation


Vaporization


Charge pickup
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Hamiltonian term

μ
Bo

Zeeman splitting

HB = −!µ ·
!Bo = −gµN

!J ·
!Bo = −ωLJz
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Zeeman levels

I=2
m=2

m=1

m=0

m=-1

m=-2

vL=gμnB/h :Larmor frequency

hvL
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Level population

 

Po
pu

la
tio

n

-2     -1      0       1      2   m -2       -1      0        1       2  m -2       -1      0        1       2    m

ZOR ZORZOR

isotropic aligned polarized

p(m) equal ∀ m p(m) = p(-m) p(m) ≠ p(-m)
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The angular correlation

W (�, ⇤, t) =
�

k,n

�
4⇥

2k + 1
AkBn

k (t)Y n
k (�, ⇤)

x
y

z

γ or β
θ

φ

I

Isotropic ensemble: Bo=1. All others equal 0


Aligned ensemble: Bko for k even survive


Polarized ensemble:  Bko for k odd survive
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What is the observable?

The magnetic moment precesses around the field


This changes the decay pattern of the emitted 
radiation (angular correlation is perturbed)


Detection of the perturbation is detected in 
detectors
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Going Perturbed

19

Perturbation

!"#

Michigan State University
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Frank Stella, Polar Coordinates II



Quantum Picture
Observables become expectation values of 
operators


Magnetic Dipole Moment

�µ(�r) =
1
2

�
d3r� �r� ��j(r�)

µ(I) = �I,m = I|µz|I,m = I⇥
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The Electric Quadrupole
A deviation from the spherical shape of the 
nucleus in one direction results in an 
inhomogeneous charge distribution
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Q and shapes
Q is a direct probe of the nuclear shape
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Higher-Order Moments
Are there any other moments?


Can we measure them?
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The Anomalous μ

First seen with 
electrons

ge = 2(1 + �/2⇥)

We know why!

Important for 
nuclear 

magnetic 
moments

Can you guess the cause 
of the anomalous μ?
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μ(proton) = +2.792847356(23) μΝ

μ(neutron) = -1.9130427(5) μΝ

Adopted values

The distinction in both sign and magnitude


is of great importance
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Particle Data Group
Chin. Phys. C, 38, 090001 (2014) and 2015 update
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The g factor

The magnetic moment can be directly connected 
to the spin of the level, J (units of Ìn) 

!µ = g !J

!µ = gl
!l + gs!s
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~µ =
AX

i=1

gil l
i +

AX

i=1

giss
i

Generalize to A nucleons

The magnetic moment is a one-body operator


It can be easily expanded to a system of A 
nucleons 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The g factor of proton

gs = 1

gs = 2

gs = +5.587
NO ID

EA W
HY!

For a perfectly charged 
sphere:


If proton is a Dirac particle: 

However... 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Nucleonic System

gl gs
proton 1 +5.587
neutron 0 -3.826

Important Detail:


Protons and Neutrons have 
different g-factor values 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The Deuteron µ

736 KELLOGG, RAB I, RAMSEY AN 0 ZACHARI AS

Fio. S. Resonance curve for 02
molecules showing transition of the
resultant nuclear spin for the zero
rotational state. D in D2

FREQUENCY
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2100

oscillating field, to II, the magnitude of the homo-
geneous field at which the principal minimum of
any moment occurs, are constant. This constancy
of f//H would be expected from Eq. (1) and is
strong support for the assumption that the
deepest minimum corresponds to the interaction
of a magnetic moment with the applied magnetic
field, since the constancy of f/H shows that the
energy of interaction is proportional to the
strength of the field.
The justification for identifying the resonance

minima of Fig. 3 with proton reorientations and
Fig. 4 with deuteron reorientations is that a
group of minima with the same f/H as Fig. 3 is
found in H~, and a group with the same f/H as
Fig. 4 in Dg (see Fig. 5).
Each of these curves alone is slightly asym-

metrical as would be expected from the dis-
cussion of Millman. "As pointed out by Millman,

0 OO ) 0+ &&

~p ~ V ~ M&A&0 0

H in Hp
FREQUENCY
B.987 M C
II "-0.5 AMR

G V
p 0

I650
MAGNETIC FIELD IN GAUSS
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FIG. 6. Radiofrequency spectrum of ortho-H2 molecules
arising from transitions of the resultant nuclear spin. The
path of the beam in the radiofrequency field is 13.5 cm.

the signs of the moments can be deduced from
the asymmetry. The signs of the proton and
deuteron moments found in this way are positive
in agreement with the results of K. R. Z.'
The depth of the minimum of H in HD

corresponds to the occurrence of the reorientation
process in about 75 percent of the molecules in
the zero rotational state. That this quantity is
not greater is to be expected on the basis of the
theory given by Rabi and by R. M. K. Z. Since
the molecules have a Maxwell distribution of
velocity, some of the molecules are not under the
influence of the oscillating field long enough,
because of their high speed, to make the transi-
tion probability unity, while others, because of
their low speed, are in the field too long and are
partially returned to their original state. A dis-
cussion of the depths of the deuteron minima in
HD and Dg will be given in a later paper.
The minimal widths of the resonance minima

are given approximately by the relation trav -—1
where t=L/s is the time spent by the molecules
in the oscillating field and Av is related to the
width of the minima in gauss by hv=IiAH/hI.
The minimal width of the resonance minima at
half-intensity (half-depth) is therefore given by
DH=-AIBA/pL. If the resonance minima are con-
siderably broader than this it is an indication of
lack of resolution or of fine structure in the
minima. If the oscillating field is made very
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The molecular-beam magnetic-resonance method for
measuring nuclear magnetic moments has been applied
to the proton and the deuteron. In this method the nuclear
moment is obtained by observing the Larmor frequency
of precession (v= pH/hI) in a uniform magnetic field. For
this purpose HD and D2 molecules are most suitable
because they are largely in the state of zero rotational
momentum. Very sharp resonance minima are observed
which makes it possible to show that' the observed values
of s/H are independent of II, and to make a very accurate
determination of the ratio pp/p~. With molecules of ortho-
hydrogen in the first rotational state a radiofrequency
spectrum of six resonance minima was obtained. This
spectrum when analyzed yields a set of nine energy levels
from which are obtained (1) the proton moment from its

Larmor precession frequency; (2) the proton moment from
the magnitude of the dipole interaction between the two
proton magnetic moments (the directly measured quan-
tity is pp/r3); and (3) the value of the spin orbit interaction
constant of the proton moment with the rotation of the
molecule or the magnetic field H' produced by the rotation
of the molecule at the position of the nucleus. The
numerical results are pp ——2.785+0.02 nuclear mag-
netons; pD =0.855+0.006 nuclear magneton; (pp/pD)
=3.257&0.001; H'=27. 2&0.3 gauss; pp/r'=34. 1&0.3
gauss which gives pp=2. 785&0.03 nuclear magnetons. To
within experimental error there is no disagreement of the
results of these direct measurements with those from
atomic beam measurements of the h.f.s. As of the ground
states of H and D.

INTRQDUcTIQN

'N this paper we shall describe experiments in
- - which the magnetic moments of the proton
and deuteron are measured to a much higher
precision than heretofore. In addition there will
be presented some experimental results which
throw light on the inner dynamics of the hydro-
gen molecule, such as the magnetic field at the
position of the protons which is produced by the
rotation of the molecule as a whole. The mag-
netic moments will be deduced from two inde-
pendent quantities: (1) the Larmor precession
frequency of the proton or the deuteron in an
externally applied magnetic field, (2) the mutual
magnetic energy of interaction of the two proton
moments in the hydrogen molecule. The first of
these two measurements depends on principles
briefly described in the first paragraph of the
section on method and more adequately in a
paper by Rabi, Millman, Kusch and Zacharias. '

The results are given in the first part of the
section "Evaluation of Experimental Results. "
In a previous paper' called "The Gyromagnetic

Properties of the Hydrogens, " experiments were
described which measured the h.f.s. separation of
the normal states of atomic hydrogen and
deuterium. The magnetic moments of the proton
and the deuteron were evaluated from these
measurements by the application of the Dirac
theory of the hydrogen atom. These calculations
depend on the assumption that the interaction of
the nuclear spin with the external electron is
purely electromagnetic in nature. The values
which were obtained from this experiment were
2.85 and 0.85 nuclear magnetons for the proton
and deuteron, respectively, with a precision of
about 5 percent.
These values, particularly that of the proton

are to be compared with the earlier value of 2.5
given by Estermann and Stern' as a result of a

~ Publication assisted by the Ernest Kempton Adams
Fund for Physical Research of Columbia University.' I. I. Rabi, S. Millman, P. Kusch and J. R. Zacharias,
Phys. Rev. 55, 526 {1939).

2 J. M. B.Kellogg, I. I. Rabi and J. R. Zacharias, Phys.
Rev. 50, 472 {1936).

3 I. Estermann and 0. Stern, Zeits. f. Physik 85, 17
(1933).
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Non-Additivity

From experimental deuteron data we know:

µ(D) �= µ(p) + µ(n)

So the deuteron is NOT exactly a proton and 
a neutron (in terms of the w.f.)
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μp = +2.792847356(23)
μn = -1.9130427(5)
μpn=μp+μn = +0.8798046(5)
μD (exp)    = +0.857438240(12)

31



Addition Theorem

g (I) =
1

2

[

(g1 + g2) + (g1 − g2)
I1(I1 + 1) − I2(I2 + 1)

I(I + 1)

]

We can add moments (or g’s) using vector 
analysis:

T.J.Mertzimekis • http://mertzimekis.gr • @tmertzi32



Illations

g (j) = g (I)

Use I1=I2=I

The result may be generalized for N 
nucleons


We may apply this for the case of L and S 
degrees of freedom of an individual nucleon, 
e.g. gl+gs of proton

p

n

core
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Direct application

In a series of isotopes (or isotones), the spin 
of a certain state may be determined by 
simply measuring the g factor (exotic nuclei!)


Within one nucleus, the g factor is a very 
sensitive tool to check whether the 
configuration within a sequence of spin-
states (0,2,4,6,8,...), produced by the gradual 
alignment of two identical nucleons, is pure 
down to the lowest excitation energy.
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Holes vs. Particles

A particle is... a hole!

core particlehole
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The Electric Quadrupole
A deviation from the spherical shape of the 
nucleus in one direction results in an 
inhomogeneous charge distribution
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Dynamical effects

Tensor

Effects

Core

Polarization

Meson-current

exchange
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In the dynamic nuclear environment, the 
bare values change


and for p, n respectively:


pion clouds are mainly responsible for the 
alteration

Free vs. effective

geffl ⇡ 1.1 or � 0.1

geffs (p, n) ⇡ 0.75 · gfrees (p, n)
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Core polarization

The closed shells seize to be inert and p-h 
excitations are allowed


Coupling between the core and the valence 
nucleons alter the matrix elements


Corrections may be significant
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Meson Exchange Currents
There are effective interactions due to pion 
exchange


In a more fundamental picture, quark 
currents are responsible for the effective field


Contributions are typically ~10% 
seagull pair current
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Tensor effects

The magnetic moment is a rank-1 tensor by 
construction


In case coupling 2-body or 3-body operators, 
the tensor effects become significant for the 
expectation values
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How do models treat 
moments?

Liquid-Drop Model


Collective Models (rotational etc)


Shell Models


…
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Simplified picture:  A lump of protons and 
neutrons (indistinguishable)


protons carry the charge


neutrons contribute only to the volume


A simplified prediction:

Liquid-Drop Model

g =
Z

A

Can you prove it?
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Quick proof

ρ = (Ze)/ V = (Ze)/(Am/dm)

g =
Z

A
Yeah!
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Does It Work?
For collective states, it usually does


However, most levels deviate significantly


Mainly responsible for those deviations are 
shell effects that break collectivity


Of Great Value: starting point to look


Misconception: All g’s are Z/A ...
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Are they all =Z/A?
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Collective models

Collectivity is not the best playground for the 
magnetic moment


The observable is rather insensitive


Best operator is probably the electric 
quadrupole moment, Q
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Vibrational
One-phonon states


Two-phonon states


Prediction falls in the Z/A value


Application to vibrational nuclei e.g. Cd or Pd

2+

2+
0+

4+

0+
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Lab frame (take into account the nuclear 
rotation)

RotationalKr isotopes and nuclear models 59

z

R

I

J

!,"

M

Figure 6.5: Angular momentum vectors with respect to nuclear symmetry and rotation

axes. Vectors � and K are the projections of the intrinsic and the total spin of the nucleus,

I, along the symmetry axis. In the present case (axial deformation, rather than triaxial),

� = K. z belongs to the laboratory system.

called � vibrational bands (see Fig. 6.6 for a typical spectrum).
In the case where a⇥µ are periodic functions of time, but the Euler angles are fixed,

we have surface vibrations which create vibrational states, characterized by the number of

phonons, n, each with angular momentum ⇥. The energy di⇥erence between states of n and
n + 1 phonons should be constant, since each state is excited via the addition of one more

vibrational energy quantum. Simply speaking, in a vibrating spherical, even–even nucleus,

the 4+1 states should have twice the energy of the 2
+
1 state and the same energy as 2

+
2 and 0

+
2

states. This results in the first excited state 2+1 and the observed triplet of degenerate states

with angular momentum 0,2 and 4.

6.2.2 Collective models and g factors

The magnetic moments in the collective model have been derived in chapter 2. The model

predicts g = Z/A.
Deviations of the measured g factors from this prediction motivated Greiner [82] to

propose an alternate approach for the case of even–even nuclei. In his model, he considers

a larger pairing force for protons than for neutrons to account for the observed lower defor-

mation in the proton distribution. Thus, the proton spatial wave–function is less extended

than the neutron wave–function.

The g factor becomes a tensor and can be parameterized. The only parameters entering

into the calculation are the relative strengths of the proton and neutron pairing forces, Gp
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and Gn respectively. Defining f = N/A
�⌅

Gn

Gp
� 1
⇥
, Greiner’s prediction for the g factor of

a collective nucleus is given by:

gGreiner =
Z

A
(1 � 2 f ) (6.14)

for both ground and � bands. The above expression reduces to Z/A at the limit Gp = Gn

(same deformation for neutrons and protons). Values for Gp,n are reported in [82] being

either as Gp = 25/A MeV , Gn = 18/A MeV (from Ref. [83]) or else Gp = 30/A MeV ,

Gn = 20/A MeV (from Ref. [84]).
Considering the intrinsic frame, the predicted value of the magnetic moment of a de-

formed nucleus is given by:

µ = g⇥⇥ = ⇥�|
⇤

gllz + gssz|�⇤ (6.15)

In the laboratory frame, the nuclear rotation should also be taken into account, giving rise

to a magnetic moment [79]:

µ = gRI + (g⇥ � gR)
⇥2

I + 1
(6.16)

6.3 The Interacting Boson Model

The Interacting Boson Model (IBM) was initially proposed in 1974 by Arima and Iachello [72,

73]. It is based on group theoretical considerations and attempts to explain phenomenolog-

ically the collective behavior of nuclei. It unifies within a single framework, several col-

lective pictures, including the rotational, vibrational and non-axial situations. When used

as an approximation to the shell model the IBM is usually called the Interacting Boson

Approximation (IBA) [85]. It is an “algebraic” model, as opposed to “geometric” models

like the collective models of Bohr and Mottelson.

Before the appearance of the IBA, nuclear models either required large space calcu-

lations in order to solve the eigenproblem (shell models), or were based only on nuclear

shape properties to describe nuclear phenomena. The IBA is based on e⇤ectively truncating

the shell model space.

The basic idea of the model is to assume that the valence fermions couple in pairs to

angular momenta L = 0 and L = 2. These pairs are called s and d bosons. This approach is

related to the fact that in even–even nuclei the lowest state is always 0+ and the next lowest

state is almost always 2+.

There are two major versions of the IBA. The first version, IBA–I, does not distin-

guish between proton and neutron pairs. As an extension to IBA–I, the IBA–II takes into

account the di⇤erent nature of protons and neutrons. Both models describe properties of
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and Gn respectively. Defining f = N/A
�⌅

Gn

Gp
� 1
⇥
, Greiner’s prediction for the g factor of

a collective nucleus is given by:

gGreiner =
Z

A
(1 � 2 f ) (6.14)

for both ground and � bands. The above expression reduces to Z/A at the limit Gp = Gn

(same deformation for neutrons and protons). Values for Gp,n are reported in [82] being

either as Gp = 25/A MeV , Gn = 18/A MeV (from Ref. [83]) or else Gp = 30/A MeV ,

Gn = 20/A MeV (from Ref. [84]).
Considering the intrinsic frame, the predicted value of the magnetic moment of a de-

formed nucleus is given by:

µ = g⇥⇥ = ⇥�|
⇤

gllz + gssz|�⇤ (6.15)

In the laboratory frame, the nuclear rotation should also be taken into account, giving rise

to a magnetic moment [79]:

µ = gRI + (g⇥ � gR)
⇥2

I + 1
(6.16)

6.3 The Interacting Boson Model

The Interacting Boson Model (IBM) was initially proposed in 1974 by Arima and Iachello [72,

73]. It is based on group theoretical considerations and attempts to explain phenomenolog-

ically the collective behavior of nuclei. It unifies within a single framework, several col-

lective pictures, including the rotational, vibrational and non-axial situations. When used

as an approximation to the shell model the IBM is usually called the Interacting Boson

Approximation (IBA) [85]. It is an “algebraic” model, as opposed to “geometric” models

like the collective models of Bohr and Mottelson.

Before the appearance of the IBA, nuclear models either required large space calcu-

lations in order to solve the eigenproblem (shell models), or were based only on nuclear

shape properties to describe nuclear phenomena. The IBA is based on e⇤ectively truncating

the shell model space.

The basic idea of the model is to assume that the valence fermions couple in pairs to

angular momenta L = 0 and L = 2. These pairs are called s and d bosons. This approach is

related to the fact that in even–even nuclei the lowest state is always 0+ and the next lowest

state is almost always 2+.

There are two major versions of the IBA. The first version, IBA–I, does not distin-

guish between proton and neutron pairs. As an extension to IBA–I, the IBA–II takes into

account the di⇤erent nature of protons and neutrons. Both models describe properties of

Intrinsic frame

axial nucleus (Ω=Κ)

T.J.Mertzimekis • http://mertzimekis.gr • @tmertzi50



Algebraic Models

deformed 
axially symmetric 

rotor

spherical 
anharmonic 
quadrupole 

vibrator

deformed

γ-unstable rotor

T.J.Mertzimekis • http://mertzimekis.gr • @tmertzi51

Rick F. Casten



2 + states

IBA-I

In IBA-I, the lowest-order transition operator 
may be expressed as:
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diagonalization of a Hamiltonian containing a full set of operators [88]. It is also possible

to start from one limiting case and treat the contributions of one or both of the other limiting

cases as perturbations [81].

6.3.2 Magnetic moments in IBA–I

In the IBA–I, the transition operators can be explicitly expressed in terms of the model

operators. The most general form for the lowest–order (M1,E2) operators is [79]:

T1µ (M) = ⇥1
⇤
d† � d̃

⌅(1)
µ

(6.25)

T2µ (E) = �2
⇤
d† � s̃ + s† � d̃

⌅(2)
µ
+ ⇥2
⇤
d† � d̃

⌅(2)
µ

(6.26)

The coe⇥cients ⇥1, ⇥2 and �2 are usually treated as parameters to fit the data. Rewriting
the M1 operator in terms of the angular momentum operator, L,

T1µ =

�
3

4⇤

⇥1/2
gBLµ (6.27)

the parameter ⇥1 is replaced by the parameter gB, the e�ective boson g factor. L is a gen-
erator operator in O(3) and of all the subgroups compositions of U(6), and is therefore

diagonal in any of these bases. Consequently, no first–order magnetic M1 transitions can

occur in this approximation. The matrix elements depend only on L and are the same for

all three limiting cases of the IBA–I, and therefore for the most general case. The magnetic

moment can be then written as:

µ =

�
4⇤

3

⇥1/2
⇥L,ML = L|T10(M)|L,ML = L⇤ = gBL (6.28)

Thus the g factors are all equal in this approximation for all L values and given by g = gB.

Higher–order terms in the operator are needed to alter this result, e.g. introducing two or

more annihilation or creation operators in T . However, the introduction of such higher–

order terms into the IBA–I is not common. Instead, the IBA–II predictions are usually used

to account for the experimentally observed g factors.

6.3.3 IBA–II

The Interacting Boson Model II originated from the necessity to develop a microscopic

foundation for explaining nuclear properties, based on the spherical shell model. In IBA–

II, all the operators have a direct microscopic counterpart, a feature that was not exhibited

by the IBA–I operators. The IBA–II model was first introduced by Otsuka, Arima, Iachello

And in terms of the angular momentum L:
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more annihilation or creation operators in T . However, the introduction of such higher–
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The Interacting Boson Model II originated from the necessity to develop a microscopic

foundation for explaining nuclear properties, based on the spherical shell model. In IBA–
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IBA-II

In IBA-II, the transition operator 
distinguished between protons and neutrons

The g factor in IBA-II is:

68 Chapter 6

addition, there is a quadrupole–quadrupole interaction favoring deformation, expressed in

terms of the operator:

Q⌥⌃ = [d
†
⌃ ⇥ s̃⌃ + s†⌃ ⇥ d̃⌃](2) + ⌥⌃[d†⌃ ⇥ d̃⌃](2) (6.40)

Finally, there is a symmetry energy term [92] which favors states in which protons and neu-

trons move in phase, this term can be introduced in the Hamiltonian through the Majorana

operator, M⇧⌅:

M⇧⌅ = [s
†
⌅ ⇥ d†⇧ � s†⇧ ⇥ d†⌅](2) · [s̃⌅ ⇥ d̃⇧ � s̃⇧ ⇥ d̃⌅](2) � 2

⇤

k=1,3

[d†⌅ ⇥ d†⇧](k) · [d̃⌅ ⇥ d̃⇧](k) (6.41)

The adopted IBA–II Hamiltonian can be expressed as:

H = E0 + �⇧nd⇧ + �⌅nd⌅ + 2⇥Q
⌥
⇧ · Q⌥⌅ + ⇤⇤M⇧⌅ (6.42)

The above is often mentioned as the Talmi Hamiltonian and contains a relatively small

number of parameters that allows for phenomenological studies [79, 93]. In some cases,

quadrupole interactions between identical bosons are added and two more parameters, ⇥⌃,
appear. In most studies, �⌃ are both set to be equal to �. Therefore, the Talmi Hamilto-
nian is not fully symmetric and the symmetry of IBA–I can not be restored, unless the

quadrupole–quadrupole interaction is modified accordingly (⇥ = ⇥⌃). If the Majorana op-
erator is excluded, the Hamiltonian does not commute with components of F, even if the

above modifications are completed. Its eigenstates do not have definite values of F, and in

particular the F = N/2 states are not pure. This is an additional reason for the introduction
of the Majorana operator, which is diagonal in the F–spin representation and its expectation

value is [92]:

⌅M⇧⌅⇧ =
�
1

2
N � F

⇥ �
1

2
N + F + 1

⇥
(6.43)

As a consequence of that, the fully symmetric states with F = N
2
will lie lowest in the

energy spectrum (provided that in expression 6.42 ⇤⇤ > 0), while non–symmetric states
with F < Fmax will be pushed upwards.

6.3.4 IBA–II and g factors

The introduction of two kinds of bosons in the IBA–II significantly altered the picture for

the magnetic transition operators. In a similar way to eqn. 6.27, but distinguishing between

the proton and neutron bosons, the operators can be now written [94]:

T1(M1) =

⌅
3

4⇧
(g⇧L⇧ + g⌅L⌅) (6.44)
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Here g⇥ and g� are parameters to be determined empirically. For either protons or neutrons,

L⇤ (⇤ = ⇥, �) is included in table 6.1.
Phenomenological studies on the low–lying states of even–even isotopes, especially in

the 50–82 and 82–126 shells, have shown that they exhibit F–spin symmetry. For the 2+1
states, the g factor is [95]:

g = g⇥
N⇥

N⇥ + N�
+ g�

N�

N⇥ + N�
(6.45)

In case g⇥ = 1 and g� = 0, the formula is reduced to the collective result for the g factor

prediction (g = Z/A). Using eqn. 6.45, Sambataro et al. [94] fitted the experimental data
for many nuclei throughout the periodic table (each characterized by the appropriate N⇥,

N�), treating g⇥, g� as free parameters for which they obtained the best values, which turned

out to have g� � 0. They showed some single–particle structure–like e�ects and concluded
that the fits reproduced the experimental data reasonably well.

An alternative approach was adopted by Wolf et al. [96]. By rewriting the g factor

formula as:

g(2+1 )
N⇥ + N�

N�
= g� + g⇥

N⇥

N�
(6.46)

they fitted the data in the Z = 64 region and extracted the values g⇥ = 0.63 ± 0.04 and
g� = 0.05 ± 0.05. The former is significantly smaller than unity, while the latter is still
consistent with 0. The fits were very much dependent on where shell closures occur and

the corresponding proper counting of the bosons turned out to be very important. The con-

sideration of subshell closure at Z = 64 was essential in their study. Similar considerations

have to be checked out carefully for the Kr isotopes region, where the analysis of previous

g factor measurements in Se isotopes indicated a subshell closure at N = 38 [13].

If gπ=1 and gν=0 then g=Z/A
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gj = gl ±
gs � gl
2l + 1

, j = l ± 1

2

Schmidt limits

From the addition properties, if one couples 
an odd nucleon with the even core


However, there are deviations from these 
values throughout the nuclear chart
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Schmidt limits
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Experimental Data

5

!!!! Magnetic moment of a nucleon in a shell model orbit with spin j:

µ(j=l+½) = [ (j-½) gL + ½ gS ] µN

µ(j=l-½) =      [ (j+    ) gL - ½ gS ] µN

If gL and gS are the free-nucleon g-factors for protons or neutrons ! Schmidt moments

j+1
j 3

2

Free g-factors: the Schmidt moments

Experimental magnetic moments deviate sometimes strongly from these 
Schmidt values (from 0.5 – 1.5 µµµµN) !!!! mainly inwards

j= l-½ 

j= l+½ 

protons

µn
(free) = -1.913

j= l+½ 

j= l-½ 
neutrons

Almost all data deviate from Schmidt limits. 
Almost all data deviate inwards

T.J.Mertzimekis • http://mertzimekis.gr • @tmertzi57



Q data
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Single-particle orbits

For each energy level, a 
corresponding g factor 
may be predicted


It is interesting to study 
effects of coupling 
between different orbits
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An online database for nuclear 
EM moments

Official server (IAEA Nuclear Data Section):


 Updated database:

https://magneticmoments.info

http://www-nds.iaea.org/nuclearmoments
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Q and shapes
Q is a direct probe of the nuclear shape
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Higher-Order Moments
Are there any other moments?


Can we measure them?
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