
Microscopic description 
of atomic nuclei

Vaia Prassa 

University of Thessaly 
Physics department



The structure of the atom was first probed by the Rutherford experiment in 1909.

A beam of  particles generated  by the radioactive decay of radium was directed onto a 
sheet of a very thin gold foil

The discovery of the nucleus



What is the nucleus of the atom?
✤ The nucleus contains A nucleons: A = Z protons + N neutrons
Protons (uud) are positive charged particles 2000 times heavier (Mpc2 = 938.272 MeV) than electrons (Mec2= 
0.511MeV).       
Neutrons (udd) are electric neutral particles with mass (Mnc2 = 939.565 MeV) comparable to the proton one.
✤ A nucleus is characterized by its mass number A and its atomic number Z.  AZX. 
✤ The nucleus is a quantum object.
✤ Nucleons are hadron particles (particles governed by the strong interaction)
✤ Nucleons are baryons (made of 3 quarks)
✤ Nucleons are fermions (like electrons)

A nucleus is almost 100.000 times smaller than an atom



Chart of nuclides
Physicists map the inventory of known nuclei on a 
"chart of nuclides"  

The lowest part of the valley corresponding to the 
region of most stable nuclei. 
The region of stable nuclei is roughly found on a 
diagonal line where N/Z~1, known as the line of 
beta stability. 
The sides of the valley correspond to increasing 
instability to beta decay (β− or β+). The decay of a 
nuclide becomes more energetically favorable the 
further it is from the line of beta stability.
The boundaries of the valley correspond to 
the  nuclear drip lines. Below this diagonal is a 
jagged line called the "neutron dripline”. Above 
this diagonal is another jagged line called the 
"proton dripline”. Nuclei found above the proton 
dripline and below the neutron dripline tend to be 
highly unstable and undergo radioactive decay.

Island of stability 
Long-lived superheavy isotopes outside of the valley 
of stability. They are expected to have particular 
configurations of "magic" atomic and  neutron 
numbers. 



Nuclear properties: size and density    
Experiments have shown that the "volume" of a nucleus is 
proportional to the number of nucleons that make up the 
nucleus. 

Protons and neutrons are each ~ 1.4x10-15 m in diameter. 
56Fe (Z=26, N=30) has a diameter of about 4 proton diameters.  
235U (Z=92, N=143) has a diameter just over 6 proton diameters 
across. (check: a bag containing 235 similar marbles is about six 
marble diameters across)

The size of a nucleus is essentially the size of a ball of these 
particles.  

The volume of the nucleus is directly proportional to the total 
number of nucleons, assuming a spherical shape:

All nuclei have nearly the same density. 
ρ0 = 0.16 nucleons / fm3~ 2x1017 kg/m3

(density of water  1000 kg/m3)

4
3
πR3= const × A=>R3∝ A→ R∝ A1/3=>

R = 1.25 x  A1/3 (fm) 

Nucleons combine to form a nucleus as 
though they were tightly packed spheres.



Ground–state nuclear deformation 
predicted with the Hartree-Fock-
Bogoliubov approach

Nuclear properties: shape

Nuclei can be:
Spherical, 

Prolate(rugby ball-shaped), 
Oblate (discus-shaped), 

Triaxial (a combination of oblate and 
prolate deformation) 

The shape of atomic nuclei depends on the 
residual interaction of the valence 
nucleons outside closed shells that can 
polarize the nuclear core.



The best way to see the competition between the attractive 
nuclear force and the electric repulsive force inside atomic 
nuclei is to look at nuclear binding energies.
The nucleus is a bound system: its mass is lower than the 

mass of its components. 

The binding energy represents how much energy we 
would have to supply to pull the nucleus apart into 
separate free nucleons.  The nuclear force tries to hold the 
nucleus together and therefore increases the binding 
energy.  The electrostatic force, which pushes the protons 
apart, decreases the binding energy. 

The binding energy is defined as the the total mass energy 
of constituent nucleons minus the mass energy of the 
nucleus:

B(A,Z) = Σm(free nucleons) -M(A,Z) 

B(A,Z) = N Mn + Z Mp – M(A,Z)

Stable bound system for B > 0 

Nuclear properties: binding energy
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Nuclear properties: binding energy

Maximum
 stability

Fission

Fusion
The fact that B / A is almost constant for 

almost all elements (except the lightest) is 
called nuclear saturation, due to the small 

range of strong nuclear forces. Each nucleon 
feels the attraction only of its neighbours.

The binding energy, per nucleon, of the most stable nucleus for each element.  
The peak of that curve is at the 56Fe no other nucleus is more tightly bound.  

Except for light nuclei, the binding energy is about 8 MeV per nucleon



Radioactivity
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✤ Alpha decay occurs when the nucleus ejects an alpha particle 
(helium nucleus).

✤ Beta decay occurs in two ways;
◦ (i) β- decay, when the nucleus emits an electron and 

an antineutrino in a process that changes a neutron to 
a proton.

◦ (ii) β+ decay, the nucleus emits a  positron  and 
a  neutrino  in a process that changes a proton to a 
neutron, this process is also known as  positron 
emission.

◦ (iii) EC, the nucleus may capture an orbiting electron, 
causing a proton to convert into a neutron. A neutrino 
and a gamma ray are subsequently emitted.

✤ Gamma decay  a radioactive nucleus first decays by the 
emission of an alpha or beta particle. The daughter nucleus 
that results is usually left in an excited state and it can 
decay to a lower energy state by emitting a gamma ray 
photon.

✤ other decay modes: neutron emission, cluster 
decay and nuclear fission

https://en.wikipedia.org/wiki/Positron


The Nucleon Nucleon interaction
A traditional goal of nuclear physics has been the understanding of the properties of atomic nuclei in 
terms of the “bare” interaction  between pairs of nucleons. However, the underlying theory of strong 
interactions, QCD,  shows that the NN interaction is not fundamental. 

The nucleon-nucleon interaction is still unknown nowadays! 
The properties of the nuclear force can be deduced from the properties of the structures it creates, namely 
the atomic nuclei.
✤ Short range: ~1 fm (10-15m), resulting from particle scattering.
✤ Attractive: strongly attractive to nucleons whose centers are at a distance of about 1 fm, but weakens 

abruptly to extinction at distances beyond 2.5 fm. If we try to pull two nucleons apart, the attractive 
nuclear force holds them together, next to each other.  

✤ Repulsive: at very short distances, below 0.7 fm (repulsive core). This determines the size of the nuclei. 
If we try to squeeze two nucleons into each other, we encounter a very strong repulsion, giving the 
nucleons essentially a solid core. 

✤  Saturated: Each nucleon feels the attraction only of its 
neighbors, otherwise the binding energy would increase by 
A (A-1). But it increases with A (B/A ~ 8 MeV).

✤ Charge independent: Vpp=Vnn=Vnp

✤ Depends on whether the spins of the nucleons are parallel 
or anti-parallel

✤ It has a non-central or tensor component. This part does 
not conserve the orbital momentum, which under the 
regime of central forces is a constant of motion.



In most microscopic approaches, the degrees of freedom are those of the nucleons, namely their 
position, spin and isospin.

The wave function of the NN system: 

If one takes as the starting point the hamiltonian of this quantum system, one should in principle 
write very generally 

where ti is the kinetic energy of nucleon i and v(i,j) the nucleon-nucleon potential energies.

An appropriate functional form for the NN potential is parameterized in such a way that it 
reproduces as closely as possible the data on NN scattering and deuteron properties.  There are two 
classes of such potentials: local and nonlocal.

✤ Higher order terms as 3-body forces are usually neglected.
✤ One of the inherent difficulties in nuclear physics is the lack of precise knowledge of the 

interactions v(i, j). BUT, we can restrict the form of the nucleon-nucleon interaction by symmetry 
considerations.

�ri, �pi, �si, �ti (i = 1, . . . A)
�NN = ⇤space⇥

ms
S �Tz

T

The Nucleon Nucleon interaction



One postulates a certain number of restrictions for the nucleon-nucleon interaction 

Eisenbud and Wigner (1941)
✤ Invariance with respect to exchange of coordinates:

✤ Translational invariance: the potential shall depend only on the relative distance of the particles r = r1 -r2 :

✤ Galilean invariance: the potential is unchanged under a transformation to a system travelling at constant 
speed, and therefore it should depend only on the relative momentum 

✤ Rotation invariance in ordinary space: the potential must be scalar.
✤ Invariance with respect to rotation in iso-space.
Okubo and Marshak (1958)
✤ Hermiticity. 
✤ Invariance with respect to space reflexions (parity):

✤ Invariance with respect to time-reversal (guarantees that the equations of motion do not depend on the 
direction of time-evolution):

The Nucleon Nucleon interaction: symmetry requirements



The most general form of the NN potential that preserves invariance under particle exchange,
translation, Galilean transformation, rotation, parity, and time-reversal:

V (1, 2) = VC + VS(⇥�1 · ⇥�2) + VT S12(⇥r) + VT �S12(⇥p) + VLS
⇥L · ⇥S + VQ(⇥L · ⇥S)2

!L · !S =
1
2
(!r × !p) · (!σ1 + !σ2)

S12 = 3
(

!σ1 · !r

r

) (
!σ2 · !r

r

)
− (!σ1 · !σ2)

Vα = Vα(r2, p2, L2) α = {C, S, T, T ′, LS,Q}

… the spin-orbit operator:

… the tensor operator

… scalar functions:

The Nucleon Nucleon interaction



Includes:
expression for the antisymmetric S = 0 (states of 
two protons or two neutrons or a neutron proton). 
For total S = 0, the nucleons "feel" only a central 
potential 
expression for the symmetric S = 1 states (possible 
only in the proton-neutron system). For total S = 1, 
there are four potential contributions (central, 
tensor and 2 spin-orbit coupling terms):

The Nucleon Nucleon interaction
Paris potential



In	1935	Yukawa	made	an	analogy	between	the	strong,	short-ranged	nuclear	force	and	the	
electromagnetic	force	between	charged	particles.	If	the	Coulomb	force	is	due	to	the	exchange	
of	a	virtual	quantum	–	photon,	perhaps	the	nuclear	force	is	likewise	due	to	a	virtual	particle,		
necessarily	of	integral	spin,	exchanged	between	nucleons.	

The	stationary	Klein-Gordon	equation	for	the	pion	field:	

� = g
e�µr

r
µ � m�c

�
solution:	

The	potential	between	two	nucleons	is	proportional	to	the	wave	function	of	the	pion,	i.e.	to	
the	probability	amplitude	that	the	emitted	pion	finds	itself	close	to	the	other	nucleon.		

YUKAWA	POTENTIAL:	 V = g2 e�µr

r

�
⇥2 � m2

�c2

�2

⇥
⇥ = �g�(⇤r)

The Nucleon Nucleon interaction
Meson-exchange	potentials	



The Yukawa potential function,

VYukawa(r) → -∞ as r → 0 (same as the Coulomb 
potential).

This “unnatural” behavior of the infinitely attractive 
force is corrected by the addition of a potential of an 
impenetrable hard sphere (i.e. an infinitely 
repulsive force), the existence of which has been 
ascertained by scattering experiments p - p and p - 
n.

Thus, the N-N potential takes the form:

V(r) = +∞ , για r < rC 
V(r) = VYukawa(r), για r > rC

The Nucleon Nucleon interaction



Nuclear models

Nucleus = A nucleons that interact

We face two challenges
✤  Nuclear Interaction inside the nuclei (unknown)
✤  N body formalism

✤ The liquid drop model: global view of the nucleus associated to a quantum liquid. 

✤ The Shell Model: each nucleon is independent in an attractive potential. 

✤ Microscopic methods, Hartree-Fock, BCS, Hartree-Fock-Bogoliubov: The nuclear structure is 
described within the assumption that each nucleon is interacting with an average field generated 
by all the other nucleons. 



Model developed by Von Weizsacker and N. Bohr (1937)
The model was based on the resemblance of the nucleus to a liquid drop. It is a rough model 
that omits secondary nuclear characteristics, and emphasizes to the strong attraction between 
nucleons. It has been first developed to describe the nuclear fission.
✤ The core is spherical, consisting of incompressible matter, so that: R ~ A1/3.

✤ The NN interaction is identical for all nucleons, whether they are protons or neutrons: Vpn 
= Vpp = Vnn

✤ The NN interaction is saturated (that is, each nucleon only senses its neighbors).

The model has been used to predict the main properties of the nuclei such as: nuclear radii, 
nuclear masses and binding energies, decay, fission.

Volume ≈ A 
R= r0 A 1/3 

Equilibrium shape 
spherical 

Density 
 �0 

r r 

The binding energy of the nuclei is described by the Bethe-Weiszaker formula

 The liquid drop



 The liquid drop
The semi-empirical Bethe-Weiszaker formula

+ even-even  

 -  odd-odd 

0 for odd-even, 
even-odd 



Liquid drop model - Problems
1. Fission fragments: only symmetric fission
2. Nuclear radii: some nuclei away for the A1/3 
3. Nuclear masses: difference in MeV between experimental 

masses and masses calculated with the liquid drop formula 
as a function of the neutron number. Nuclear shell effects!

4. Two neutron separation energy S2n,  energy needed to 
remove 2 neutrons from a  given nucleus (N,Z) S2n=B(N,Z)-
B(N-2,Z). 

For most nuclei, the 2n separation energies are smooth 
functions of particle numbers apart from discontinuities for 
magic nuclei 

Magic nuclei have increased particle stability and require a 
larger energy to extract particles.

Nuclear  
shell effects 



Microscopic description of the atomic nucleus
There are many «structure effects» in nuclei, that can not be reproduced by macroscopic approaches 
like the liquid drop model.
Need for microscopic approaches, for which the fundamental ingredients are the nucleons and the 
interaction between them

Nucleus = A nucleons in strong interaction

The many-body problem
Can be solved exactly for A < 4
For A >> 10 : approximations

Nucleon-Nucleon force
unknown

Different effective forces used depending on the 
method chosen to solve the many-body problem 

Shell Model
only a small number of  particles are active

 Mean Field models
 no inert core
 not all the correlations between particles are taken into account



Shell Model
The shell model of the nucleus describes the nucleons in the nucleus 

in the same way as electrons in the atom
In analogy with atomic structure one may postulate that in the nucleus the nucleons move fairly independently 

in individual orbits in an average potential …” 
M. Goeppert Mayer, Nobel Conference 1963el developed by M. Goeppert Mayer in 1948

✤ Nucleons are quantum objects: only some values of 
the energy are available, a discrete number of states

✤ Nucleons are fermions: two nucleons can not 
occupy the same quantum state: the Pauli principle. 
The energy levels of the nucleons are filled from 
the lowest to the highest as nucleons are added to 
the nucleus.

✤ There are separate energy levels for protons and 
neutrons.

✤ Nucleons fill every energy level in orbitals with a 
definite angular momentum.

✤ As in atoms, many nuclear properties (angular 
momentum, magnetic moment, shape, etc.) are 
determined by the last occupied or unoccupied 
level.

• • 
• • 

• • 
• • 
• • 

Neutrons Protons 



The basic assumption of the nuclear shell model is, to first order, the independent motion of each 
nucleon (proton or neutron) in an average nuclear potential. 

H0 =
A�

i=1

(Ti + Ui(r)) �
A�

i=1

h0(i)

Ψa1,a2,...aA(!r1,!r2, . . .!rA) =
A∏

i=1

φai(!ri)

E0 =
A∑

i=1

εai

… model Hamiltonian for A independent nucleons:

eigenfunctions:

eigenvalues:

Ψa1,a2(!r1,!r2) =
1√
2

[φa1(!r1)φa2(!r2)− φa1(!r2)φa2(!r1)]

… antisymmetrization:

The average potential U(r) is not given explicitly. If one starts from a one- plus two-body Hamiltonian:

H =
A∑

i=1

Ti +
1
2

A∑

i,j=1

Vi,j

H =
A⇧

i=1

[Ti + Ui(ri)] +

�

⇤1
2

A⇧

i,j=1

Vi,j �
A⇧

i=1

Ui(ri)

⇥

⌅ ⇥
A⇧

i=1

h0(i) + HRES

The smaller the effect of HRES, the better the assumption of an average, independent field for each nucleon. 

Shell Model



Shell Model
The radial equation and the single-particle spectrum

… start from a central, one-body potential => the total wave function:

φ("r ) = R(r)Y (θ,φ) =
u(r)

r
Y (θ, φ)

−!2

2m

d2u(r)
dr2

+
[

!2l(l + 1)
2mr2

+ U(r)
]

u(r) = Eu(r)… radial equation:

Boundary conditions for bound states (E<0): u(r) lim
r→∞

= 0 u(0) = 0

∫ ∞

0
R2(r)r2dr =

∫ ∞

0
u2(r)dr = 1… normalization:

Nuclear potential deduced from data: 

Wood Saxon potential: 
Square well:  

harmonic oscillator: 



… solutions for the HO potential: U(r) =
1
2
m�2r2

ukl(r) = Nkl rl+1e��r2
Ll+1/2

k (2�r2)

Laguerre	polynomials	

(� = m⇥/2�)

E = ��(2k + l +
3
2
) = ��(N +

3
2
)

N	=	0,1,2	…	 	 	 	major	oscillator	quantum	number	
l	=	N,N-2,	…	,1	or	0			 	orbital	quantum	number	
k	=	(N-l)	/2		 	 	 	radial	quantum	number	

n	=	k+1	=	(N-l+2)/2		number	of	nodes	of	the	radial	wave	function	in	the	interval	[0,∞).	

Degeneracy:	 -for	a	state	with	orbital	angular	mometum	l:	(2l+1)	

…	degeneracy	of	the	oscillator	shell	N:	 DN = 2
N�

l=0or1

(2l + 1) = (N + 1)(N + 2)

spin	projections	

N	=	0,1,2	…	 	 	 	major	oscillator	quantum	number	
l	=	N,N-2,	…	,1	or	0			 	orbital	quantum	number	
k	=	(N-l)	/2		 	 	 	radial	quantum	number	

n = k+1 = (N-l+2)/2  number of nodes of the radial wave function in the interval [0,∞).

Degeneracy: for a state with orbital angular momentum l: (2l+1)

… degeneracy of the oscillator shell N: DN = 2
N�

l=0or1

(2l + 1) = (N + 1)(N + 2)

spin	projections	

Shell Model



Shell Model
The spin-orbit coupling

Mayer (1949,1950) and Haxel, Jensen, Suess (1949,  1950) – the average single-nucleon potential should  contain a 
spin-orbit term

h = h0 + �(r)⇥l · ⇥s

… an intrinsically relativistic effect. It is automatically included in the effective potential when the single –  
nucleon dynamics is described by the Dirac equation.  When the nucleons are described as non-relativistic  
particles, the spin-orbit term must be added to the  Schrödinger equation. 

… the single-nucleon wave function: < ⇧r,⇧⇥|nljm >=
unl(r)

r

�
Yl(�,⇤)� ⌅1/2

⇥
jm

�nlj = �(0)
nlj + ��nlj

Spin-orbit	splitting:	

��nlj=l+1/2 =
D

2
l

��nlj=l�1/2 = �D

2
(l + 1)

εnlj = ε(0)
nlj + ∆εnlj ε(0)

nlj = 〈nljm|h0|nljm〉
!l · !s =

1
2
(!j 2 −!l 2 − !s 2)

with

From

�⇥nlj = ⇥nljm|�⇤l · ⇤s |nljm⇤ =
D

2

�
j(j + 1) � l(l + 1) � 3

4

⇥

D =
�

u2
nl(r)�(r) dr < 0 depends	on	the	radial	form	of	the	potential.	

A	much	used	form	for	ζ(r)	is	the	derivative	of	the	average	potential:	 �(r) = Vlsr
2
0
1
r

⇥U(r)
⇥r

… the energy:

�nlj = �(0)
nlj + ��nlj

Spin-orbit	splitting:	

��nlj=l+1/2 =
D

2
l

��nlj=l�1/2 = �D

2
(l + 1)



Shell Model
The spin-orbit coupling



Advantages
✤ Satisfying results for magic nuclei:  ground state and low lying excited states
✤ The ability to describe simultaneously all spectroscopic properties of low-lying states with very 

different structure within a nucleus.
✤ Effective interactions connected with both two- and three-nucleon bare forces.
✤ A description of collective properties in the laboratory frame.

Problems:
✤ The effective interactions strongly depend on the choice of the configuration space (active shells 

and the truncation scheme): there is no universal effective SM interaction that can be used for all 
nuclei! 

✤ The effective interactions are adjusted starting from microscopic two-body forces.  3-nucleon 
effects?

✤ A large number of two-body matrix elements (102 – 103?) have to be adjusted to the data => the 
effective interactions cannot be unique! Extrapolations to nuclei far from stability not reliable!

✤ Nuclei very far from stability will require calculations with matrix dimension > 1010 => far 
beyond the limits of current Shell Model variants!

Improved shell model (currently used):
The particles are not independent: due to their interactions with the other particles they do not 
occupy a given orbital but a sum of  configurations having a different probability.
-> definition of a valence space where the particles are active

Shell Model



Consistent microscopic framework 
for a unified description of bulk 

properties, excitations and 
reactions! 

Ab initio:
Quantum Monte Carlo,
No-core Shell Model, 
Coupled-Cluster, ...

Configuration interaction
(Interacting Shell-Model)

SCMF

Self-Consistent Mean-Field Approximations



Mean-field	approximation:	 the	dynamics	of	the	nuclear	many-body	system	is		
represented	by	independent	nucleons	moving	in	a	
self-consistent	potential.	

Self-consistent	potential:	 corresponds	to	the	actual	density	distribution	for		
a	given	nucleus.	

SCMF	models	approximate	the	exact	energy-density	functional	with	powers		
and	gradients	of	ground-state	nucleon	densities.	The	density	functional	is	not		

necessarily	related	to	any	given	NN	potential.	

Advantages	of	SCMF	models	(over	the	Shell	Model	approach):		

•  global	effective	nuclear	interactions	(used	for	all	nuclei!)	
•  description	of	arbitrarily	heavy	nuclei,	including	superheavy	elements	
•  intuitive	picture	of	intrinsic	shapes	

Self-Consistent Mean-Field Approximations



The	General	Variational	Principle	

Self-Consistent Mean-Field Approximations

-any	state	which	makes	the	functional	E[Ψ]		
stationary,	when	|Ψ>	is	allowed	to	vary	over	the		
whole	Hilbert	space,	is	an	eigenstate	of	the		
hamiltonian	H	with	the	eigenvalue	E.	

Any state which makes the functional E[Ψ]  stationary, 

when |Ψ> is allowed to vary over the whole Hilbert space is an eigenstate of the  hamiltonian H 
with the eigenvalue E.

Trial wave function:

single Slater determinant ≡ Hartree-Fock approximation
quasi-particle vacuum ≡ Hartree-Fock-Bogoliubov approximation
linear combination of a finite number of Slater determinants ≡ Shell Model
continuous superposition of Slater determinants ≡ Hill-Wheeler equation

Any trial wave function will have an energy expectation value that is greater than or equal to 
the true ground-state wave function corresponding to the given Hamiltonian

https://en.wikipedia.org/wiki/Expectation_value
https://en.wikipedia.org/wiki/Ground-state


1.	Basics	of	a	mean-field	description		

The	basic	building	block	of	any	mean-field	model	is	a	set	of	single-nucleon	wave	functions:	

…the	number	of	single-particle	wave	functions		N	wf	is	larger	than	the	number	of	nucleons	A	

Creation	operator	for	a	nucleon		
in	a	single-particle	state		i	

Creation	operator	for		
eigenstates	of	position	

HF	approximation:	the	state	of	a	nucleus	is	described	by	a	Slater	determinant:	

The	Hartree-Fock	Approximation	

Self-Consistent Mean-Field Approximations



3.	Hartree-Fock	equations	

…the	hamiltonian	of	the	system:	sum	of	a	kinetic	energy	and	a	two-body	potential:	

…the	expectation	value	in	a	Slater	determinant	|Φ	>:	

defines	the	energy	E	as	a	functional	of	the	single-particle	density	matrix	ρ	associated	with	the	state	|Φ	>.	

the	variational	equation:	

The	Hartree-Fock	hamiltonian:	

…hermitian	operator	acting	in	the	
space	of	single-particle	states	

Self-Consistent Mean-Field Approximations

The	Hartree-Fock	hamiltonian:	

…from the variational equation:

The solution of the Hartre-Fock equation is a single-particle basis in which both h and ρ are diagonal.

Hartree-Fock	equation	

HF	orbitals	

The	Hartree-Fock	Approximation	



…from	the	variational	equation:	

Hartree-Fock	equation	

The	solution	of	the	Hartre-Fock	equation	is	a	single-particle	basis	in	which	both	h	and	ρ	are	diagonal.	

HF	orbitals	

the	HF	equation	is	non-linear!	

Iterative	solution:	

1)	initial	guess	for	the	HF	orbitals		

2)	with	this	density	matrix	ρ	construct	the	HF	hamiltonian	h	

3)	Diagonalize	h:		new	set	of	HF	orbitals		

Repeat	steps	2)	and	3)	until	two	successive	calculations	give	the	same	HF	orbitals	to	a	desired	
accuracy:				self-consistent	HF	Hamiltonian.	

Self-Consistent Mean-Field Approximations
The	Hartree-Fock	Approximation	



Self-Consistent Mean-Field Approximations

Trial single particle wave function )( ii xφ

Calculation of the HF potential: [ ])( αφHFU

Resolution of the HF equations: 
)()()(

2
2

2

iiiiiHF xxU
M

φεφφα =⎥
⎦

⎤
⎢
⎣

⎡
+∇

− !
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Calculations of the properties of the nucleus in its ground state

Test of convergence

Effective interaction



Self-Consistent Mean-Field Approximations

 The HF approximation is strictly valid only for doubly magic nuclei. All the others have 
partially occupied shells (open-shell) with a high density of almost degenerate states that 
are mixed by the residual two-body interaction: nuclear pairing scheme.

The	Hartree-Fock-Bogoliubov	Approximation	

Pairing correlations

…concept	of	independent	quasi-particles	defined	by	the	Bogoliubov	transformation:	

which	relates	single-particle	states	to	quasiparticle	states.	In	compact	notation:		

→	the	transformation	matrix	is	unitary.	



Self-Consistent Mean-Field Approximations

The ground state of the system is given then by the condition to be the quasi-particle vacuum:

The single-particle density:

The paring tensor: 

The completely antisymmetric state |Φ > is a quasiparticle vacuum if and only if the 
associated generalised density matrix:

The	Hartree-Fock-Bogoliubov	Approximation	

which satisfies the relations:



Hartree-Fock	hamiltonian	 Pairing	field	

The	quasiparticle	hamiltonian:	

…the	variational	equation:	

Hartree-Fock-Bogoliubov	equation	

Self-Consistent Mean-Field Approximations



Self-Consistent Mean-Field Approximations

the	HFB	equation	is	nonlinear.	Solution	by	iteration.	

1)	initial	guess	for	the	density	and	pair	matrices	ρ	and	κ	
	
2)	calculate	the	Hartree-Fock	hamiltonian	h	and	pairing	field	Δ	
	
3)	solve	the	eigenvalue	HFB	equation	
	
4)	from	the	eigenvectors	evaluate	the	new	density	and	pair	matrices.	
	
5)	repeat	steps	2)	→	4)	until	two	successive	calculations	give	the		
same	density	and	pair	matrices	to	a	desired	accuracy.			

The	stationary	value	of	the	energy	functional:	

1.  Quasiparticle	basis	φn	→	diagonalizes	the	generalized	one-body	matrix	R	
2.  Canonical	basis	ψi	→	diagonalizes	the	one-body	density	ρ	
3.  Hartee-Fock	basis	→	diagonalizes	the	mean-field	Hamiltonian	h	



§  symmetries	related	to	the	shape	of	the	nucleus	–	spherical,	axial	quadrupole,	triaxial	quadrupole,	
octupole	

§  time	reversal	symmetry	–	for	even-even	nonrotating	nuclei.	The	creation	of	a	quasiparticle	or	the	
rotation	of	the	nucleus	breaks	time-reversal	symmetry.	

The	landscape	of	the	energy	as	a	function	of	a	shape	degree	of	freedom	is	explored	with	the	help	of	
constraints. 
 
The	equations	of	motion	are	obtained	by	minimization	of	a	Routhian:	

with	a	constraint	on	the	expectation	value:	

Self-Consistent Mean-Field Approximations

In order to find a constrained minimum of energy one has to find a minimum of the Routhian

§  symmetries	related	to	the	shape	of	the	nucleus	–	spherical,	axial	quadrupole,	triaxial	quadrupole,	
octupole	

§  time	reversal	symmetry	–	for	even-even	nonrotating	nuclei.	The	creation	of	a	quasiparticle	or	the	
rotation	of	the	nucleus	breaks	time-reversal	symmetry.	

The	landscape	of	the	energy	as	a	function	of	a	shape	degree	of	freedom	is	explored	with	the	help	of	
constraints. 
 
The	equations	of	motion	are	obtained	by	minimization	of	a	Routhian:	

with	a	constraint	on	the	expectation	value:	

§  symmetries	related	to	the	shape	of	the	nucleus	–	spherical,	axial	quadrupole,	triaxial	quadrupole,	
octupole	

§  time	reversal	symmetry	–	for	even-even	nonrotating	nuclei.	The	creation	of	a	quasiparticle	or	the	
rotation	of	the	nucleus	breaks	time-reversal	symmetry.	

The	landscape	of	the	energy	as	a	function	of	a	shape	degree	of	freedom	is	explored	with	the	help	of	
constraints. 
 
The	equations	of	motion	are	obtained	by	minimization	of	a	Routhian:	

with	a	constraint	on	the	expectation	value:	

mass multipole operator

Potential energy surface (PES)



Choices	for	the	effective	interaction	

1.	MEAN-FIELD	EFFECTIVE	INTERACTIONS	

Gogny	interaction:	sum	of	two	Gaussians	with	space,	spin	and	isospin	exchange	mixtures.	In	addition,	
a	density-dependent	interaction	plus	a	spin-orbit	term.		

Exchange	operators:	

The	Gogny	interaction	is	used	both	in	the	mean-field	and	pairing	channels.	

Self-Consistent Mean-Field Approximations
Choices	for	the	effective	interaction	

Gogny	interaction	



Skyrme	interactions	

In	the	Skyrme	Hartree-Fock	approach,	the	total	binding	energy	is	given	by	the	sum	of	the	kinetic	
energy,	the	Skyrme	energy	functional	that	models	the	effective	interaction	between	nucleons,	the	
Coulomb	energy,	the	pair	energy,	and	corrections	for	spurious	motions:		

Contains	only	
time-even	dens.	

Dependence	on	
time-odd	currents	

does	not	contribute	for	
even-even	nuclei!	

Density-dependent	
coefficients	

The	Skyrme	energy	functional:		

Self-Consistent Mean-Field Approximations



1.	Binding	Energies		

Microscopic	Skyrme-Hartree-Fock-Bogoliubov	mass	tables:	

Differences	between	
experimental	and		
calculated	masses	as	
a	function	of	the		
neutron	number.	

Root	Mean	Square		
Deviation:	0.56	MeV	
with	respect	to	the		
2353	measured	masses	
of	nuclei	with	N	and		
Z	≥	8.	

Applications:	ground-state	properties	

FURTHER EXPLORATIONS OF SKYRME-HARTREE-FOCK- . . . PHYSICAL REVIEW C 93, 034337 (2016)

TABLE III. Parameters of Eq.(11) for the collective correction.

HFB-30 HFB-31 HFB-32 HFB-29

b (MeV) 0.74 0.73 0.73 0.80
c 10 10 10 10
d (MeV) 3.3 3.3 3.3 3.9
l 13 13 14 16
β0

2 0.1 0.1 0.1 0.1

Table IV. The first line gives the model error σmod, as defined by
Eqs. (42) and (43) of Ref. [38], for the complete data set of 2353
nuclei. The usual rms and mean (experimental-calculated)
deviations are shown in the next two lines; the difference
between lines 1 and 2 lies in the fact that σmod is defined to
remove at least partially the experimental errors that contribute
to the rms error, thereby giving a better estimate of the intrinsic
error of the model. In any case, both the model and rms
errors are minimal for model HFB-31, although the differences
between HFB-30 and HFB-31 are arguably insignificant. Lines
4 and 5 give the rms and mean deviations for a subset consisting
of the most neutron-rich measured nuclei, here taken as the 257
nuclei with neutron-separation energies Sn ! 5 MeV. In this
region of the nuclear chart, one of particular interest from
the standpoint of our intended applications, the superiority of
model HFB-31 is much more striking. The next two pairs of
lines show the rms and mean deviations for the Sn and the
β-decay energies Qβ of all measured nuclei; these differential

TABLE IV. The first line gives the model error [38] on all the 2353
measured masses [16]. The following four pairs of lines give the rms
(σ ) and mean (ϵ̄) deviations between experiment and predictions for
the three models of this paper as well as for the HFB-29 model. The
first pair of lines refers to all the 2353 measured masses M that were
fitted [16], the second pair to the masses Mnr of the subset of 257
neutron-rich nuclei with Sn ! 5.0 MeV, the third pair to the neutron
separation energies Sn (2199 measured values), the fourth pair to
β-decay energies Qβ (2065 measured values), the fifth pair to charge
radii (884 measured values [32]), and the fifth pair to the model error
on the 26 experimental neutron skin thicknesses from Ref. [47] or the
10 thicknesses with experimental error smaller than 0.04 fm. The last
line gives the predicted 208Pb charge radius.

HFB-30 HFB-31 HFB-32 HFB-29

σmod(M) [MeV] 0.564 0.561 0.576 0.521
σ (M) [MeV] 0.573 0.571 0.586 0.529
ϵ̄(M) [MeV] 0.003 −0.004 −0.007 −0.0252
σ (Mnr ) [MeV] 0.683 0.659 0.700 0.671
ϵ̄(Mnr ) [MeV] 0.038 −0.015 0.137 0.000
σ (Sn) [MeV] 0.474 0.464 0.489 0.438
ϵ̄(Sn) [MeV] −0.008 0.000 −0.007 −0.008
σ (Qβ ) [MeV] 0.589 0.578 0.601 0.540
ϵ̄(Qβ ) [MeV] 0.009 0.006 −0.004 0.006
σ (Rc) [fm] 0.026 0.027 0.027 0.026
ϵ̄(Rc) [fm] 0.001 0.002 0.000 0.001
σmod(26 θ )[fm] 0.009 0.005 0.012 0.013
σmod(10 θ )[fm] 0.012 0.005 0.016 0.016
θ ( 208Pb)[fm] 0.133 0.151 0.170 0.134
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FIG. 2. Difference between measured [16] and HFB-31 masses
as a function of the neutron number N .

quantities are of greater astrophysical relevance than the
absolute masses, both for the r-process and the outer crust
of neutron stars, and are also found to be better described by
the HFB-31 model than the other two new ones. The last five
lines in Table IV show that all models give essentially identical
high-quality fits to the charge-radius data, but that neutron-skin
thicknesses differ significantly and favor the HFB-31 model,
despite the large uncertainties still affecting such experiments.

We illustrate in Fig. 2 the quality of the HFB-31 fit by
plotting against N the difference Mexp − Mcalc for all the
2353 fitted nuclei. Qualitatively similar figures are obtained
for HFB-30 and HFB-32.

Although the global rms deviation for the HFB-31 mass
model is not quite as good as for each of the models from HFB-
23 to HFB-29 [12,22,26], it is more realistic than any of these
models in that it is the only one whose pairing takes account
of self-energy and has a density-gradient term. Moreover, the
measured neutron-rich nuclei are better fitted by HFB-31 than
by any other of our models except HFB-27∗, whose under-
lying pairing interaction is purely phenomenological, and the
resulting EOS of N*M is too soft to support the two massive
pulsars PSR J1614–2230 and PSR J0348+0432. Therefore,
this model is less appropriate for astrophysical applications.

We see from Table I that the strength parameter κq of our
density-gradient pairing term is always negative, i.e., it is
attractive. The presence of such a term can be understood
physically as originating in the two nucleons in question
tending to form a Cooper pairs through coupling with surface
vibrations, just as Cooper pairs in a metallic superconductor are
formed through coupling with lattice vibrations. Nevertheless,
we stress that the form we have adopted for the gradient term
in Eq. (9) is purely phenomenological, having been chosen for
simplicity, there being just one parameter for neutron pairing,
and one for proton pairing; also only the gradient of the total
density is involved. Such a pairing force should be appropriate
not only for the limiting case of finite nuclei and homogeneous
nuclear matter, but also for the intermediate case of the inho-
mogeneous nuclear matter of the inner crust of neutron stars.

Our attractive density-gradient term is to be contrasted with
the work of Ref. [39], which invoked a repulsive density-
gradient term to account for various kinks in isotopic chains
of measured charge radii. Not surprisingly, our models are

034337-5
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TABLE V. Parameters of infinite nuclear matter for the models
of this paper.

BSk30 BSk31 BSk32 BSk29

av [MeV] −16.089 −16.110 −16.126 −16.049
n0 [fm−3] 0.1586 0.1586 0.1584 0.1578
J [MeV] 30.0 31.0 32.0 30.0
L [MeV] 41.5 53.1 65.5 45.2
Ksym[MeV] −47.2 −15.8 19.3 −38.5
Kv [MeV] 243.8 244.0 244.1 245.5
K ′ [MeV] 302.4 303.0 303.6 274.5
M∗

s /M 0.84 0.84 0.84 0.80
M∗

v /M 0.73 0.73 0.74 0.73
G0 0.42 0.37 0.33 0.62
G′

0 0.97 0.97 0.97 0.95
nc(N*M) [fm−3] 0.99 1.01 1.03 0.99
nc(NeuM) [fm−3] 0.67 0.66 0.65 0.69

unable to reproduce the observed kinks, but if we had taken a
positive value of κq in order to do so the mass fits would have
deteriorated.

It should also be noted that the fit is found to be optimum
for a pairing cut-off energy ε# = 6.5 MeV above the Fermi
energy, a value significantly lower than the usual 16 MeV
obtained in all our previous forces. Such a low value of the
cut-off also ensures a good fit of the pairing strength to the
experimental 1S0 nucleon-nucleon phase shifts in the dilute
limit nq → 0 [40].

IV. PROPERTIES OF THE NEW MODELS

The most important parameters of INM are given in
Table V; they are defined as in Ref. [14]. except that we now
denote by nc(N*M) and nc(NeuM) the average baryon number
densities above which causality is violated in N*M and in pure
NeuM, respectively. Let us recall that causality is violated if
the speed of sound exceeds the speed of light.

It should be noted that the energy per nucleon av of
symmetric INM at the equilibrium density, n0, is large in
comparison to previously obtained values. This leads to a
rather stiff mass parabola that could affect the extrapolation
far away from stability, as discussed in Sect. IV H.

A. NeuM

As discussed in Sec. I, our new Skyrme forces were
adjusted to reproduce realistic NeuM EOSs. As shown in
Fig. 3, the resulting NeuM EOSs at subsaturation densities
are compatible with the quantum Monte Carlo calculations
of Ref. [19], as well as with the predictions of Ref. [41]
based on chiral effective field theory. Moreover, increasing
the symmetry coefficient significantly improves the EOS. This
figure also shows that the EOS that we refer to as LS3 appears
to be too soft in this density regime. At higher densities, Fig. 4
shows that the NeuM EOS obtained with our new forces are
consistent with realistic calculations.

As can be seen from Table V, causality in pure NeuM
is violated at densities above ∼0.65–0.67 fm−3 due to the

FIG. 3. Low-density zero-temperature EOS in NeuM for models
BSk30 (solid line), BSk31 (dashed line), and BSk32 (dotted line).
LS2 and LS3 correspond to the realistic EOSs referred to as V18
and BOB in Ref. [17], respectively. The shaded areas represent the
constraints of Ref. [19] (dark) and of Ref. [41] (light).

neglect of relativistic effects at those densities in the underlying
realistic EOSs of NeuM to which we have fitted our forces.
However, the EOS of N*M remains causal even in the most
massive stars, as we discuss in Sec. IV E.

B. Symmetry energy

The parameters J and L shown in Table V for each of the
models of this paper relate to the symmetry energy of INM: the
former is the value of this energy at the saturation density n0,
while the latter is defined by the density gradient of this energy
at the same density (see Ref. [14]). While the mass models of
this paper and of our Ref. [12] do not arrive at unique values
of J and L, they do show the usual correlation between these
two parameters, L increasing monotonically with J .
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FIG. 4. Same as Fig. 3 for the high densities. The shaded area
represents the constraints obtained in Ref. [19].
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2.	Shell	structure		
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Figure 1: Proton (left panels) and neutron (right panels) Nilsson diagrams of 254No
obtained for the Skyrme EDF SLy4 (upper panels) and UNEDF2 (lower panels). At
spherical shapes, the orbitals are labelled with spherical quantum numbers. For SLy4, at
large deformations, the deformed single-particle orbitals are labelled by the expectation
values ⟨ĵ∥⟩ of the projection of the angular momentum on the axial-symmetry axis. For
UNEDF2, these orbitals are labelled by the Nilsson labels Ω[NnzΛ] determined using
code hfodd. Solid and dashed lines are used for the positive and negative parity states,
respectively.
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Proton	and	neutron	Nilsson	diagrams	of	254No	calculated	
with	the	Skyrme	EDF	SLy4	and	UNEDF2	functionals.		

-2

-1

0

1

2

O
ne

-q
ua

si
pa

rti
cl

e 
 e

ne
rg

ie
s  

[M
eV

]

1/2[550]

3/2[521]

1/2[521]

1/2[651]

7/2[633]

1/2[6]

5/2[523]

249Bk

ex
p.

5/2[642]

SL
y4

U
N
ED
F2

D
1S

D
1M

N
L1

N
L3
*

1/2[550]

7/2[514]

1/2[400]

11/2[505]
1/2[6]

3/2[651]

9/2[615]

3/2[622]

1/2[7]

1/2[620]
7/2[613]

9/2[734]

7/2[624]

5/2[622]

251Cf

ex
p.

5/2[613]5/2[613]

11/2[606]

9/2[604]

9/2[604]

7/2[743]

SL
y4

U
N
ED
F2

D
1S

D
1M N
L1

N
L3
*

1/2[631]

7/2[743]

1/2[631]

11/2[725]

Figure 4: Experimental and calculated quasiparticle spectra in 249Bk and 251Cf, see text
for the convention used here. Experimental data are taken from Ref. [67] We label the
state with the full Nilsson label of the dominant component of the wave function only if
the squared amplitude of this component exceeds 50%. The exception is the 1/2[7] state
which is strongly mixed. However, the cumulative squared amplitude of the components
of the wave function with N = 7 in the structure of this state exceeds 90%. Thus, we
label it only by principal quantum number N and Ω.
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Experimental	and	calculated	
quasiparticle	spectra	in	249Bk	and	251Cf.		

Nucl.	Phys.	A	944,	388	(2015).	
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Calculated	potential	energy	surface	of	186Pb.	Spherical,	oblate	and	prolate	minima	are	indicated	by	thick	
vertical	black	lines.	Calculations	are	performed	on	a	cartesian	mesh.	The	β2	parameter	expresses	the	
elongation	of	the	nucleus	along	the	symmetry	axis,	while	the	γ	parameter	relates	to	the	degree	of	triaxiality	in	
the	deformation.	The	γ	parameter	is	defined	such	that	γ=0	corresponds	to	a	prolate	shape	and	γ=60	to	an	
oblate	shape.		
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minimum or an inflexion point at a !2 value around 0.5.
For this reason, it is generally assumed that vibrational
and rotational corrections have to be included to de-
scribe nuclei in this mass region. A typical vibrational
zero-point energy here would be around 3 MeV and this
corresponds to fluctuations "!2#!0.4. We shall come
back to this point in Sec. VI.F.2. The softness of the
potential-energy surfaces increases for N"22, and a de-
formed minimum appears for N"24. The deformation
energy increases further for N"26, and the next magic
number, N"28, by no means restores sphericity.

This tendency to deformation for nuclei far from sta-
bility may be related to the shell quenching that is likely
to appear towards drip lines (see also Sec. VI.B.3). The
effect is demonstrated in the lower panel of Fig. 14,
showing the evolution of neutron levels along the N
"28 chain as a function of the number of protons. The
N"28 gap shrinks when going from 20

48Ca28 towards the
neutron drip line (at spherical shape, the next nucleus
10
38Ne28 has a positive neutron Fermi energy). Already for
Z"16, the gap at N"28 is too small to counterbalance
the deformation induced by the nonmagic proton num-
ber Z"16 and to drive the nucleus to spherical symme-
try (as is the case for N"20).

3. Fission barriers

Fission has been one of the major motivations for de-
veloping models of nuclear collective motion (Bohr and
Wheeler, 1939; Hill and Wheeler, 1953). It is also a criti-
cal test case for mean-field models as a microscopic pic-
ture of collectivity (see, for example, Sec. III.A.1). On
the experimental side, there exists a large pool of infor-
mation on fission barriers deduced by model analysis
from spontaneous and induced fission (Specht, 1974;
Bjørnholm and Lynn, 1980). On the theoretical side, fis-
sion barriers are often used as a benchmark for mean-
field models (Bartel et al., 1982; Berger et al., 1984), as
they probe the surface tension of the parametrizations
(see also Tondeur, 1985; Bender et al., 2000a).

The fission paths are special collective paths which
evolve from the ground-state deformation to the outer
barrier and then slide asymptotically down the Coulomb
valley. As with any collective path, they are represented
by a succession of deformed mean-field states $!%q&'.
An unambiguous self-consistent definition of the path is
given by the adiabatic TDHF equations (Baranger and
Vénéroni, 1978; Goeke and Reinhard, 1978). Most prac-
tical calculations use quadrupole constrained mean-field
calculations (Flocard et al., 1973) as an intuitive approxi-
mation. Furthermore, correlation corrections play a role
in fission. The zero-point energies for vibration and ro-
tation modify the barriers by about 2 MeV (Reinhard
and Goeke, 1979, 1987). The way pairing correlations
are described also has a critical influence, since the path
connects minima with low level density and barriers with
high level density.

Fission paths explore many shape degrees of freedom
including triaxiality and reflection-asymmetric shapes.
There are usually two (or more) separate valleys in the

multidimensional landscape (see, for example, Berger
et al., 1984). A typical example is given by the distinction
of fusion and fission paths which differ in their hexade-
capole moment. An additional difficulty arises from the
fact that separate valleys found in a calculation might be
an artifact from an overly restricted symmetry (e.g.,
axial) and merge if computed more generally (e.g., tri-
axially); see the example given by Bender, Rutz, et al.
(1998). Finally, it might not be sufficient to compute only
the potential-energy surfaces along the fission path.
Strong variations in the collective masses can cause the
fission path to deviate from the minimum-potential line
(see, for example, Giannoni and Quentin, 1980a, 1980b).
It is clear that fission studies are a very complex task and
many technical improvements are still required.

As a test case, we consider the fission barrier of 240Pu,
which has been the traditional benchmark for the per-
formance of mean-field models. The description of the
double-humped fission barrier of actinides was one of
the first prominent successes of the shell-correction
method. It also became one of the first applications of
constrained self-consistent calculations with Skyrme in-
teractions (Flocard et al., 1974), the Gogny force
(Berger et al., 1984), and the relativistic mean-field
method (Blum et al., 1994; Rutz et al., 1995).

Figure 15 shows as a typical example the potential-
energy surfaces for 240Pu computed with the SkI4 inter-
action. The oscillations of the surfaces are due to shell
fluctuations, while the liquid-drop-model energy would
give one broad smooth barrier. The actual size of the
shell effects depends strongly on the shapes that are in-
volved in the calculation. Relaxing symmetries often de-
creases the barriers, as can be seen from the axial and
triaxial paths at the first barrier and the (axial)
reflection-symmetric and reflection-asymmetric paths at
the second barrier. The paths with steep slopes at large
!2 correspond to symmetric and asymmetric entrance
channels for fusion. The two approaching nuclei have to

FIG. 15. Paths in the deformation energy landscape of 240Pu
calculated with the SkI4 interaction. The solid line corresponds
to axial quadrupole and octupole (reflection asymmetric) con-
straints, the dashed line to triaxial quadrupole constraints, the
dotted line to axial quadrupole constraint only. The two steep
lines correspond to the symmetric (dotted line) and asymmet-
ric (solid line) fusion paths. Shapes along the paths are indi-
cated by the density contours at (0"0.07 fm#3. From Bender
(1998).
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5.	Fission	barriers		

Paths	in	the	deformation	energy	landscape	of	240Pu	calculated	with	the	SkI4	force.	The	solid	line	
corresponds	to	axial	quadrupole	and	octupole	(reflexion	asymmetric)	constraints,	the	dashed	line	to	
triaxial	quadrupole	constraints,	the	dotted	line	to	axial	quadrupole	constraint	only.		

Axial	quadrupole	+	
Octupole	constraints	

Relaxing	symmetries	often		
decreases	the	barriers	!	

Triaxial	quadrupole	
constraint	

Axial	quad.	constraint	

tential (Brack et al., 1972). Both combined constitute the
microscopic-macroscopic (mic-mac) method which has
been tuned to very high descriptive power. The root-
mean-square error on binding energies is nowadays be-
low 0.7 MeV (Möller et al., 1995). The mic-mac method,
however, relies on a large amount of ad hoc modeling,
particularly around the expected nuclear mean field.
This leaves uncertainties when extrapolating the model
into the unknown regime of exotic nuclei.

In between the two extremes of ab initio and liquid-
drop models, there are two models that work at a micro-
scopic level but employ effective interactions to allow a
treatment in either restricted spaces or forms of many-
body wave functions. The first of these are the shell-
model approaches. In the shell model, one takes for the
mean field a standard phenomenological single-particle
model but then performs a configuration-mixing calcula-
tion involving all many-body states that can be con-
structed using a more or less broad band of single-
nucleon states around the Fermi energy (Brown and
Wildenthal, 1988). The residual interaction in the active
space is usually fitted phenomenologically. Hjorth-
Jensen et al. (1992) have recently come up with micro-
scopic determinations using as effective interaction a G
matrix from ab initio calculations. The problem of the
proper saturation point which plagues ab initio models is
circumvented by using a phenomenologically prescribed
mean field. The dimensions of these shell-model calcu-
lations grow explosively with system size. Thus Monte
Carlo techniques or specific diagonalization schemes
have been developed to tackle heavier nuclei. A large
body of surveys has been completed with these new
methods (Koonin et al., 1997a, 1997b; Caurier and
Nowacki, 1999; Otsuka, 2001; Otsuka et al., 2001).

The SCMF methods, to which the rest of this artcle
will be devoted, also fall in between ab initio and mic-
mac methods, but they take a different path than the
shell model. They concentrate on an unprejudiced, self-
consistent determination of the nuclear mean field. To
this end, they employ effective interactions which are
tuned to their primary use in mean-field calculations.
The concept is closely related to energy-density-
functional theory in electronic systems. Nuclear density
functional theory is outlined by Petkov and Stoitsov
(1991) and Fayans et al. (2000) for nonrelativistic models
and by Speicher et al. (1991, 1993) and Schmid et al.
(1995a) for relativistic ones.

However, electronic energy functionals of high accu-
racy may be derived ab initio from electron gas theory.
In the nuclear problem, the corresponding approach has
not yet been as successful. Attempts have been made to
map nuclear matter theory onto mean-field models for
finite nuclei using the local-density approximation
(LDA; Müther et al., 1990). These yield in a straightfor-
ward manner fair results for energies and radii, but for
quantitative purposes, energy functionals with phenom-
enologically determined parameters are far more accu-
rate. Thus one proceeds in a more phenomenological
manner: the form of the effective energy functional is
motivated from ab initio theory, but the actual param-

eters (around 10) are adjusted by extensive fits to
nuclear structure data. This will be discussed in detail in
the theoretical section of this review.

The nuclear SCMF models have been used exten-
sively since the 1970s. Effective interactions were first
derived at that time and applied to a large variety of
problems. However, there were still several restrictions
imposed on the models which limited the range of appli-
cations and left room for mic-mac models. The main
restrictions were related to the symmetries of the wave
functions, which limited application of the model to
ground-state properties of even nuclei. The situation
changed in the 1990s when nearly symmetry-
unrestricted SCMF calculations became possible.
Thanks to this development, studies of rotational bands
in heavy nuclei could be systematically performed; in
particular, the SCMF models encountered great success
in studies of superdeformed rotational bands in isotopes
around Dy and Hg. This result was not obvious, since
the energy density functionals that were used were not
at all adjusted to this kind of phenomenon. To give an-
other example, systematic calculations of superheavy
nuclei were also performed, throwing doubt on some of
the conclusions drawn from macroscopic models. At the
same time, intense experimental developments greatly
increased our knowledge of nuclei far from stability.
This in turn had an impact on effective interactions,
which were improved in several ways over the last de-
cade. The success of the SCMF method has now reached
a point where one has to introduce correlations beyond
the mean field to improve further on the quality of the
description. Several developments along this line have
been started in recent years and the first applications
seem to be very promising.

We plan to review in this paper the present state of
developments, considering the three most widely used
variants of nuclear SCMF models. We try to give a com-
prehensive account of the underlying formal framework
and to demonstrate model performance with a brief
guided tour through a broad range of applications.

B. The Hartree-Fock-Bogoliubov method

This section is devoted to the general features of
nuclear mean-field models. It starts with the basic build-
ing blocks and presents the formulation of the coupled
mean-field equations at a level that is common to all
mean-field models. The actual models are specified later
in Sec. II by way of their effective energy functionals.
For a more detailed introduction into the Hartree-Fock-
Bogoliubov (HFB) method see Mang (1975), Goodman
(1979), Ring and Schuck (1980), and Blaizot and Ripka
(1985).

The notion of a ‘‘mean field’’ deserves further com-
ment. We concentrate in this review on self-consistent
models, where the potential well for nucleons is com-
puted from the nucleonic wave functions. This produces
a theory at the level of the Hartree-Fock approximation,
which is inadequate for a description of nuclear proper-
ties that are strongly influenced by pairing correlations.

123Bender, Heenen, and Reinhard: Self-consistent mean-field models

Rev. Mod. Phys., Vol. 75, No. 1, January 2003

1. Nuclear matter properties 153
2. Average quality of bulk observables 154

VI. Applications 155
A. Binding energies 155
B. Shell structure 156

1. Single-particle energies 156
2. Signatures for shell closures 158
3. Shell quenching 158
4. Proton emitters 159

C. Observables of the density distribution 159
1. Systematics of charge radii 159
2. Neutron radii 160

D. Deformation 161
1. Medium-mass nuclei 161
2. Shell quenching in light nuclei 162
3. Fission barriers 163
4. Superdeformed states and fission isomers 164
5. Octupole deformation 164

E. Q! values in superheavy elements 165
F. Excitations 166

1. Rotational bands 166
2. Low-energy spectra 167

a. Light nuclei 167
b. Deformation effects in medium-mass

nuclei 168
c. Ground-state correlations and mass

systematics 168
3. Giant resonances 169
4. Excitations of unnatural parity and " decay 170

VII. Conclusions and Outlook 171
Acknowledgments 172
Appendix A: Energy-Density Functional From The Two-Body
Skyrme Force 172
Appendix B: The Nucleon Form Factor 172
References 173

I. INTRODUCTION

The remarkable experimental progress in producing
and analyzing exotic nuclei has ushered in a renaissance
of nuclear structure models. One very successful theo-
retical approach is with self-consistent mean-field mod-
els, perhaps the leading theory for describing and pre-
dicting properties of heavy nuclei.

Intense research in recent years has produced a large
body of new material and insights. It is time to sort
through and to review this work. This article tries to
provide an up-to-date view of the self-consistent mean-
field (SCMF) models for nuclear structure and excita-
tions. In order to stay within the limits of a review ar-
ticle, we have reduced the material to the essentials and
tried to provide extensive citations to sources where
more details can be found. And yet we are sure that we
are missing some references which might be equally use-
ful. We apologize in advance and hope that this article
will be, nonetheless, instructive for a broad readership.

A. The nuclear many-body problem

Models for nuclear structure have been developed
since the early days of nuclear physics about 70 years
ago. The production of more and more new isotopes has
revived the interest in nuclear structure models in recent

years. The large variety of new modeling initiatives can
be grouped into three different approaches: ab initio
methods; self-consistent mean-field (SCMF) and shell-
model theories; and macroscopic models with a touch of
quantum shell structure. The present review concen-
trates on the various brands of SCMF theory. Nuclear
SCMF models are in many respects analogs of density-
functional theory (Hohenberg and Kohn, 1964; Kohn
and Sham, 1965), which gives a very successful descrip-
tion of all kinds of many-electron systems (Jones and
Gunnarsson, 1989; Parr and Yang, 1989; Dreizler and
Gross, 1990; Nagy, 1998; Kohn, 1999; Singh and Deb,
1999; Calvayrac et al., 2000; Onida et al., 2002). In order
to put this level of approximation into perspective, we
briefly summarize here the status of the competing ap-
proaches, staying at a level of citations that is by no
means comprehensive.

Traditional ab initio methods start from a given
nucleon-nucleon potential, which is an effective interac-
tion to describe nucleon-nucleon scattering data
(Machleidt and Slaus, 2001). It has a large repulsive
core, which means that nuclear matter is a strongly cor-
related quantum liquid. A description requires highly
developed many-body theories like the relativistic
Brueckner-Hartree-Fock (Serot and Walecka, 1986;
Brockmann and Machleidt, 1990; Dickhoff and Müther,
1992) or correlated basis functions (Pandharipande
et al., 1997; Heiselberg and Pandharipande, 2000). All
these treatments reproduce the basic features of nuclear
saturation. At second glance, however, there is an inter-
esting distinction: all approaches that employ strictly the
given nucleon-nucleon potential fail to yield the satura-
tion point of nuclear matter quantitatively, while those
models that employ an additional (empirical) three-
body force perform very well. The microscopic origin of
this three-body force is still under discussion. Intrinsic
nucleonic degrees of freedom may play a role, and very
recently models have been proposed which try to draw
lines directly from underlying QCD formulations to
nuclear structure (Lutz et al., 2000; Kaiser et al., 2002).
The methods are so involved that almost all of these
investigations have been done in homogeneous nuclear
(or neutron) matter. Very recent developments in com-
putational techniques allow ab initio calculations of fi-
nite nuclei, currently reaching about as far as the carbon
nuclei (Navratil et al., 2000). The problem of a three-
body force persists, of course, in these investigations as
well.

The other extreme of nuclear models is the macro-
scopic nuclear liquid-drop model (Myers and Swiatecki,
1982), which parametrizes the energy in terms of global
properties such as volume energy, asymmetry energy,
surface energy, etc. The actual parameters are fitted phe-
nomenologically. The liquid-drop model thus describes
very well the average trends of nuclear binding energies.
It is usually augmented by a shell-correction energy that
approximates the quantal shell effects not taken into ac-
count in the liquid-drop model. This correction energy is
calculated from the single-particle spectrum obtained
using a phenomenologically adjusted single-particle po-
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Self-Consistent Mean-Field Approximations



The self-consistent relativistic mean-field framework presents a particular 
realization of the relativistic Kohn-Sham density functional theory.

Relativistic Hartree-Bogoliubov Theory   

The Dirac equation provides an economical and natural description of bulk 
nuclear properties and the nucleon single-particle spectrum, with the correct 

spin-orbit force arising automatically.

Kinematical relativistic effects are small in nuclei, but the different behavior of the 
large Lorentz scalar and vector potentials leads to large dynamical relativistic 

interaction effects in the nuclear matter energy density (natural saturation 
mechanism!)

A covariant formulation in terms of hadron degrees of freedom incorporates the 
basic symmetries of QCD (Lorentz invariance, parity conservation, isospin 

symmetry, spontaneously broken chiral symmetry).

Self-Consistent Mean-Field Approximations



Analysis of open-shell nuclei (correlations in the self-consistent RMF). 

Unified treatment of the nuclear MF (particle-hole (ph)) and pairing (particle-particle 
(pp)) correlations. Crucial for an accurate description of ground states and properties of 
excited states in weakly bound nuclei.

Separable pairing interaction 
It reduces the number of “unknowns” to just the density and the pairing tensor. Once 
these 2 objects are known (by solving the HFB equation), you can in principle calculate 
any observable.

Relativistic Hartree-Bogoliubov Theory   

Self-Consistent Mean-Field Approximations



✤ In conventional QHD a nucleus is described as a system of Dirac nucleons coupled to 
exchange mesons through an effective Lagrangian. In MF approximation the meson-
field operators are replaced by their expectation values in the nuclear ground state. 

✤ In analogy to the meson-exchange RMF phenomenology, an effective Lagrangian that 
includes the isoscalar-scalar, isoscalar vector and isovector-vector four-fermion 
interactions, reads

✤ Free nucleon Lagrangian, point-coupling interaction terms and coupling of the protons 
to the electromagnetic  field. Derivative terms accounts for the leading effects of  finite- 
range interactions.

Relativistic effective lagrangian density    

Self-Consistent Mean-Field Approximations



The HFB equation gives the ground-state 
energy of a nucleus, hence its mass; You can 
calculate, e.g., the r.m.s. radius of the system, 
or its (intrinsic) quadrupole moment.

Charge quadrupole deformations β2

⇒ relative accuracy of the description 

S. E. Agbemava, A. V. Afanasjev, D. Ray, and P. Ring 
 Phys. Rev. C 89, 054320

S. E. Agbemava, A. V. Afanasjev, D. Ray, P. Ring 
 Phys. Rev. C 89, 054320
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VIRTUES:  

§  an	intuitive	interpretation	of	mean-field	results	in	terms	of	intrinsic	shapes	and	shells	
with	single-particle	states.	

§  the	full	model	space	of	occupied	states	can	be	used;	no	distinction	between		core	and	
valence	particles,	and	no	need	for	effective	charges.	

§  the	use	of	universal	effective	interactions;	universal	in	the	sense	that	they	can	be	applied	
to	all	nuclei	throughout	the	periodic	chart.	

§  an	independent	particle-description	establishes	a	body-fixed	intrinsic	frame	of	the	nucleus.	
The	relation	of	mean-field	results	to	spectroscopic	observables	in	the	laboratory	frame	
depends	on	additional	assumptions.	

§  by	construction,	a	mean-field	state	breaks	necessarily	several	symmetries	of	the	nuclear	
Hamiltonian	(translational,	rotational).	

§  the	mean-field	approach	becomes	ill-defined	when	the	binding	energy	changes	slowly	with	a	
collective	degree	of	freedom	(	transitional	nuclei).	

PROBLEMS:		

Self-Consistent Mean-Field Approximations



Thank you for your attention!


