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Introduction

1.3 This question is ambiguous, since it does not specify whether the curvature is that of
the surface itself (which is called intrinsic curvature) or whether it is the apparent curvature
of the surface seen embedded in a higher-dimensional euclidean space (which is called
the extrinsic curvature). In general relativity the curvature of interest is usually intrinsic
curvature. Then the sheet of paper can be laid out flat and is not curved, the cylinder is
also flat, with no intrinsic curvature, because one can imagine cutting it longitudinally
and rolling it out into a flat surface, but the sphere has finite intrinsic curvature because it
cannot be cut and rolled out flat without distortion. The reason that the cylinder seems to
be curved is because the 2D surface is being viewed embedded in 3D space, which gives
a non-zero extrinsic curvature, but if attention is confined only to the 2D surface it has no
intrinsic curvature. This is a rather qualitative discussion but in later chapters methods will
be developed to quantify the amount of intrinsic curvature for a surface.



Coordinate Systems and

Transformations

2.1 Utilizing Eq. (2.31) to integrate around the circumference of the circle,

+R
C:?{dszj{(dxz—i-dyz)l/z:Z/ dx 1+<@
—R dx

subject to the constraint R> = x> 4+ y?, where the factor of two and the limits are because x
ranges from —R to +R over half a circle. The constraints yield dy/dx = —(R? — x2)~"/2x,
which permits the integral to be written as

R / R2

c=2 L % dx m .

Introducing a new integration variable a through a = x/R then gives
+1 da

C=2R /
1 V1=42
since the integral is sin~' a. In plane polar coordinates the line element is given by Eq.

(2.32) and proceeding as above the circumference is

=27R,

c= }{ds— dr + 2d?)12

_/ doy [+ _R 7 4o =21k,

where » = R has been used, implying that dr/ do=0.
2.4 Using the spherical coordinates
u =r =0 uw=q
defined through Eq. (2.2) and the results of Example 2.2,
2

81'8121 ez-ezzrz é3-e3 =r sin26,

while all non-diagonal components vanish. Thus the metric tensor is

1 0 0
gi=10 72 0
0 0 r2sin’0

The corresponding line element is

ds® = dr* +r*d6” + r*sin? 0d ¢?,
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where Eq. (2.29) has been used.

2.8 Taking the scalar products using Egs. (2.8), (2.9), and (2.20) gives
eV=e (Vie)=Vie e=V§5=V,
ei-V=e-(Vie))=Vie;-e/ =V,;8/ =V,

which is Eq. (2.22).

2.9 Utilizing that the angle 6 between the basis vectors is determined by cos0 = e; -
e>/|e1]||ez], the area of the parallelogram is

dA = |ey||e| sin 0 dx'dx’
= le1||e2| (1 — cos? 0)'/%dx" dx?
= (le1]*le2]* — (e -ez)z)l/zdx'dxz.
The components of the metric tensor g;; are
e1-e =g =821 leiller| =e1-e1 =g lea[ex| = e2-e2 = g2,
so the area of the parallelogram may be expressed as
dA = (g1182 — &1) V2 gt ax® = V/detgdx'dx?,

where detg is the determinant of the metric tensor. This is the 2D version of the invariant
4D volume element given in Eq. (3.48).



Tensors and Covariance

3.2 From Egs. (3.50) and (3.51) with indices suitably relabeled

oxP ox® 9% x®
@B XV oxH + “ox'Y ox'H

A
Ay T A=A

e 9x oxf ot 2 gt oxr B
@B oxE 9xY 9xK + OxHoxY ox« | gAY
oxP Ix% 0%x™
TP GV G + *oxY oxH
o 0x% 9xP axt oxY %% 9t oxY
—Lagp O™ 9V OxK ax’l Y IHoxY 9xo ax,z Y
oxP ox¢ 0% x®
T RaB GV O + “oxY oxH
ox® JxP 0%x

B Eﬁax/“W kTN Y oxk

IxP 9x . 0x% xP

TRUB YV G T aB gy 9V
ox® JxP

= (Aap = Tiphc) Sm 5o

Ak

which is Eq. (3.52).

3.3 (a) Since 5“[ is a rank-2 tensor with the same components in all coordinate systems
(see Section 3.8), under a coordinate transformation g,g*" = &, becomes g,,8'*" = 8.
Since g,y is a tensor, if we assume gV is also a tensor then

ox® dxN ox'% ox"v
Sua = 307 3oz 8xn- 8% = =5 558"°
ox'M dx oxP ox
Then evaluating g,,8"*",
IX* XY Lo OxF OxT  IX¥oxV o dx% oxV
Sna g 9x0 8 T gum gxaS N oxp gx0 & T g gxo | W
where we have used
ox" ox'¢

—_8n —
v g 0 sweg’T =00

Comparing the result
IxX'* ax" 0
Sua g 9xo 8

0':5,\;
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with g},,8'*" = &)/ requires that

/o A%
iy 0X'% dx

po
T oxP ox0 8

which is the transformation law for a rank-2 contravariant tensor. Note that this result is an
example of the quotient theorem described in Problem 3.13. Since guqg®" = &, and gy
and 5)1’ are known to be tensors, g"" must also be a tensor.

(b) From Eq. (3.44) an arbitrary rank-2 tensor can be decomposed into a symmetric and
antisymmetric part,
Suv = %(guv +gvu) + %(guv —8vu)-

Inserting this in the line element gives

dS2 = g'uvdxﬂdxv
- %(g“" +gvp)dxtdx” + %(guv — gyu)dxtdx’
= [guv + 3 (gvu — gvy)] dadx
= guvdx”dxv.

Thus only the symmetric part of g,y contributes to the line element.

3.8 This problem is adapted from an example in Ref. [88]. From the transformation
equations between spherical and cylindrical coordinates assuming u = (r,0,¢) and u' =

(P, 9,2),

/1

W =p=rsinh=u'

sinu?

2
u/ :(P:],t3

3
W’ =z7=rcosO = u'cosu®

and the inverse transformations are

ul=r= \/p2—|-12= \/(u’l)2+(u’3)2

/1
> =0 =tan"! (B> = tan" ! <u_3>
z u'”

2
w=e=u".

From these the partial derivative entries in the matrices U and U defined in Example 3.7
may be computed directly. For example,

o
T 0w ou?

1 3
0 — du? _ d ran=! u'” _ u' _ cosB.
o'l ou'! u (u'M)2 + (u'?)? r

U, (u' sinu?) = u' cosu® = rcos 0
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Computing all the derivatives and assembling them gives

sin@ rcos® 0 sin@ 0 CO.S 6
U= 0 0 1 O — | cosé o _Sin 0 7
cos® —rsinf 0 6 { 0’"

and by explicit matrix multiplication, JU = 1I.
3.12 Multiply both sides of Ty = Uyy by dx*/dx'® and dx¥ /dx’P and take the implied
sums to give
dx* Idxv _oxM oxY
o0 9B 1Y = 5 5 U
But from Eq. (3.36) this is just 7,;, = Uj,,,.
3.16 This is a particular example of a scalar product, so it must transform as a scalar.
Explicitly,
x* 9xP X! y 0¥ v
p— S
8ap 50l 95V 9xr dx8
5 0x® ax'* axP 9xY

ds’2 ds®

— Y
= 8apds’ds Ix'H 9x¥ Ix'Y 9xd
Ix% oxP
_ ) _ S B
= gaBdSYdS WW = gaﬁdsyds 6;,165

= gaﬁdsadsﬁ =ds®

where Eq. (3.35) has been used. The squared line element (3.39) is clearly a scalar invariant
and so it has the same value in all coordinate systems.

3.17 By the usual rank-2 tensor transformation law,

ox'* ax'Y
) = G g T )
Upon differentiating Eq. (3.66),
ax'*
Sy = 0 + (8u) duX¥ (x),

which may be substituted into the first equation to give
TV () = (8K + (8u) duX*) (5g n (5u)aﬁXv) 7% (x)
= (Bgﬁg + 55(5u)8ﬁXV + 5g(5u)aax” +0 (Buz)) TP (x)
= THY(x) + [&ﬁvaﬂﬁ + 8aX“T“"} Su,
where only terms first-order in u have been retained.
3.21 (a) From Egs. (3.15)—(3.17) and Example 3.4,
Viet)=VVey(et) = 8kvY =vH

a)(e'u) = a)vev(eu) = a)v5“; = a)'u,
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which is Eq. (3.19).

(b) For vectors V = V%¢q, by the chain rule under a coordinate transformation x* — x
the basis vectors transform as

i

oxY

/
Coq —7 €y = — Cy.
@ ox“

Thus, to keep V invariant under x* — x’* its components must transform as

ax't

vt =
axv 7

which is equivalent to (3.31), since then

ot Ix“
ax¥ 8 Er

VoV =vite, =
oM Ix®

= —— Ve
dxvV dx'H “
= 6‘(,1Vvea

= VaEa =V.

3.24 The infinitesimal displacement ds must be invariant under coordinate transformation:
ds = ds'. Expand both sides in the basis e, to give

ds =dx*e, = dx'"e ’

dx*
But dx* = e /vd v,
(9 H \Y u
L dx' ey =dx'"e L
d X K
This is true generally only if e x/ 7 ev- By a similar proof, e e’
~ ox o ¢

3.26 (a) The components may be evaluated by inserting basis dual vectors as arguments:
(U ®V)(eu7€v) = U(eu)V(ev) =UuWy,

where Eq. (3.19) was used.

(b) Insert basis states {e*,e",e), e} as arguments, giving
UaVoQaW)(e", e, epef) =U(H)V(e")Qer)W(ef) =UrVYQWe =51,

where Eq. (3.19) was used.
(c) Generalizing part (a), the tensor product is defined through

(T®V)(A,B.C) = T(A,B)V(C).
Inserting basis states as the arguments gives for the mixed-tensor components

T(eﬂ,ev)V( ) T#VVY Svy
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(d) The tensor product gives
(eu @ey)(e% eP) = eu(e)ey(eP) = 52 68,
where Eqgs. (3.19) and (3.17) were used. Hence
TH (e @ey)(e%,eP) = THV 8380 = TP,
which are the contravariant components of 7. Therefore we can expand 7T as
T=TH (ey®ey),

and we see that ey, ® ey acts as a basis for T = U ® V. More generally, we can expand T in
any of the forms

T=T"(eu®ey)=Tyv(e" ®e")=T," (" ®ey) =T (ep @e")

by inserting different combinations of basis vectors or basis dual vectors in the preceding
derivation.



Lorentz Covariance and Special

Relativity

4.1 After the transformation given by Eq. (4.20) the line element is
ds/Z _ —Cz(dt/)z + (dxl)Z + (dyl)Z + (dZI)Z
= —(ccosh&dt 4 sinhEdx)* 4 (csinh Edt 4 cosh Edx)? + dy* + dz
=i +dx* + dy2 +d7? =ds?,
8o it is invariant under the transformation.

4.6 The variable & is a relativistic velocity parameter so the inverse transformation corre-
sponds to & — —&. Since sinh(—x) = sinhx and cosh(—x) = coshx, one has for the inverse
of the transformation defined by Eq. (4.20),

cdi"\ [ cosh§ —sinh&\ [cdt
dx' ) \—sinh& coshé& dx )’
Because isinhx = sin(ix) and coshx = cos(ix), the Lorentz boost of Eq. (4.20) may be

interpreted a a rotation through an imaginary angle.

4.8 From the diagram

(i) A@ ~ vt sin6/d. Observer A sees the light from B at 7| and from B at #}, with

d+votcosO

! ! d
tlztl t2:t2+z.

The time measured at A for the source to move from B to B’ is

d d+vdtcosO
At:té_ti:tz_i___tl_w
(& C

Otcos O
—h—1 —$ = 51(1 — Bos ),
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Lorentz Covariance and Special Relativity

where 8 = v/c and 8t = 1, — 1. Then the apparent transverse velocity for the motion B to
B’ observed at A is

pr="r=
T ¢ ¢cAt  c8t(l—BcosB) 1—PBcosh’

dAp d votsin8/d B sin6

(i) The maximum for By is found from the above formula by setting d /96 = 0. Taking
the derivative, setting it equal to zero, and using sin(cos~' B) = (1 — B2)!/2, yields that the
maximum value of P is

max — ﬁ

T 1— ﬁ27
where [ is the actual velocity (in units of ¢) and Bt is the apparent velocity. Thus, as 8
approaches its physical maximum of unity, the apparent transverse velocity grows without
bound and it is possible to observe any transverse velocity, even those appearing to exceed
the speed of light.

(iii) Setting 6 = 10° and 8 = 0.995, gives from the preceding formula B{™* = 8.6. Thus
the apparent transverse velocity is observed to be 8.6 times that of light (superluminal),
even though the actual transverse velocity is only v = 0.995¢ (subluminal).

4.15 (a) From Eq. (4.50) the field tensor is defined by F*¥ = d*AY — dVA*". Under the
gauge transformation A# — A* — 9H y given by (4.46), this transforms as
F'™MY =9 (AY — 9Vy) —a¥(A* — a*y)
=oHAY —9VAH = FHY,
where d* 0V = 9V 9" was used. Thus F*V is gauge invariant. It is also Lorentz invariant,
since it is by explicit construction a rank-2 Lorentz tensor [Eq. (4.50) is a tensor equation].

(b) Appeal to Egs. (4.33) to construct the components of the electric and magnetic fields in
terms of the potentials. For example, writing some components of Eq. (4.33) out explicitly,

El :alAO—aOAl :FIO:_FOI 32281A3_83A1 :Fl3:—F3l.

Proceeding in this manner, one finds that the six independent components of E and B are
elements of the antisymmetric rank-2 electromagnetic field tensor

FHY = —FVH = gHAY — 9VAH
given by Eqgs. (4.50) and (4.51).

(c) The equivalence may be established by multiplying the terms of Eqs. (4.53) and (4.54)
out explicitly using Eqs. (4.51), (4.52), and (4.43). For example, setting v = 0 in Eq. (4.53)
and using Eq. (4.51) gives

NE' + RE> +E® = |,

which is equivalent to Eq. (4.28).



Lorentz-invariant Dynamics

5.1 The variational principle § [ ds = 0 with line element ds* = 1,4’ dt? (where ¥ =
dx* /dt) implies the Euler-Lagrange equation (5.18),

d( oL oL
2 7= el —  /— TRy
dc (a(dxu /dr)) o =0 L=V

But dL/dx* = 0 and the preceding equation becomes

d [ o
7 [W(—nuvﬂ‘x”)”z] =0.

Using that 1,,x*x" is independent of time, this reduces to 1,y %xv = NuvxX” = 0, where
#¥ = d?x¥ /dt?. In matrix form this is

-1 0 0 O f
0 1.0 O0ffx] _ 0
0 o1 o0f]|y] 7
0 0 0 1 Z
implying that trajectories obey
g By
dt? dt? dt? dt?

This corresponds to straight lines in Minkowski space.

5.8 By dimensional analysis: For period P, total mass M, and reduced mass u, the lumi-
nosity L in geometrized units is

_ 128 apzasagz 0 (TN
L=—5amMu (P) ’

Let the standard unit of length be .Z, the standard unit of mass be .#, and the standard
unit of time be .7 In standard units L has dimension .#.%>.7 —3 (e.g., ergs~ ). Since u
and M have units of .# and P has units of .7, the right side of the equation for L must
be multiplied by a factor of powers of G and ¢ having the units of .Z~7/3.7/3.%2 to be
dimensionally correct. Because of the mass dependence of the equation G can enter only
as the 7/3 power so the required overall factor is G'3 /> and in standard units

7/3
L— ﬁ4z/3ﬂM4/3u2(”)10/3,

5 cS P

3

Inserting G in units of M.~ 'cm’s~2 and ¢ in units of cms~!, the factor G7/3 /> can be
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evaluated and units apportioned conveniently as

M\ 43 2 716\ 103
L=23x10" 2 OV (2E) 0 ergs!
M, Mm,) \p

More automatically: Table B.1 indicates that conversion from geometrized units to stan-
dard units requires the replacements M — GM /c?, u — Gu/c*, P — cP,and L — (G /c”)L.
Making these replacements and rearranging gives the same equations as above.

5.11 Substituting x* — x’* = x* + eK* into

ax'® ox'P
guv(x) = OE oxv 8ap €9

(in the following terms of order £ are discarded) leads to

J J
guv () = 5 (6 oK) 27 (xﬁ + EKB) 2ap (X" + €K7)

oxH
(8% +£9uK™) (55 + eavKﬁ) 2ap(¥).

Now expand gg(x") in a Taylor series around gqp (),

AxY = gop(x) +eK70ygap(x) + O (€7)

X

ap(¥) = 2ap )+ 2528
where AxY = €K?. Combining the preceding two equations gives
guv(x) = (8¢ +£9uK?) (87 +€0KP ) (20 () + EK "Dy ()
=guv(x) +¢€ {Kmygﬂ\/(x) + ’9;1Kﬁgﬁv + 19vKngﬁ +0 (82)}

Subtracting g,v(x) from both sides and noting that € is arbitrary, this can hold generally
only if the quantity in square brackets vanishes. This leads to

or equivalently,
OvKy + uKy +K"0yguy =0,
where contraction with the metric tensor was used to lower indices.
5.12 From Problem 5.11 or Box 5.3
dyKy + duKy +K79yguy = 0.
But from the formula for the Lie derivative given in Eq. (3.74)

fl(guv = Kaaaguv +guaavKa +gvaauKa



Lorentz-invariant Dynamics

For the Lie derivative in a metric space, partial and covariant derivative operations are
interchangeable (see Section 3.13.5), so

ZLxguv = Ky + Ky + K708y
= VK, + VuKy +K"Vyguy =0,
and since Vyg,v = 0 from Eq. (3.63),
VK + VyKy = 0vKy + duKy =0,
which is Killing’s equation.

5.13 Choose an inertial frame in which the star at rest and assume the emitted light to be
monochromatic with frequency @y. The wavevector for the photon is k* = (@y, @, 0,0).
For photons E = fiw, so from Eq. (5.25)

E=hw=—p-u=—hk-u,

implying that @ = —k - u, where u is the velocity of the observer in the inertial frame of the
star. Writing this scalar product out explicitly gives

o= —k-u=—nuk"u’ =ku" —k'u'
—T/a

= oy (cosh(t/a) —sinh(t/a)) = wye

where 7 is the proper time and u = (cosh(7/a),sinh(t/a)) from the solution of Problem
5.10 was used.
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The Principle of Equivalence

6.1 Consider the following figure, where the arc approximates the path of the photon.

The flight time of the photon is t ~ Ax/c for a small arc. In the time 7 the elevator falls a
distance Ay = % gt?, where g is the gravitational acceleration. From the geometry, triangles
EBD and ABC contain the same angles, so BC /AC = DB/ DE. But from the figure one
obtains

- — — Ax
~DE AC=Ax BC=Ay=1¢g* DB=_—"" _
e L 2cos(¢/2)’

where r, is the curvature radius and the last relation follows because AD = DB, implying
that $Ax/DB = cos(¢/2). Therefore,

38° _ Ax/[2cos(9/2)]

Ax e
Assuming a small deflection justifies the approximation cos(¢/2) ~ 1 and
2 2R
Fe=—=—7—,
g GM

where in the rightmost expression g has been evaluated at the surface of a sphere of mass
M and radius R. Quantities calculated for the Earth, a white dwarf, and a neutron star are
displayed in the following table.

Object R(km)  M(kg) p(gem™3)  g(ms~?) re(km) R/re
Earth 6378  6x10* 5.6 9.8 9.2x10%2 6.9x10710
White dwarf 5500 2.1 x 1030 ~ 100 46x10° 1.9x107 2.8x1074
Neutron star 10 2% 1030 ~ 10  1.3x10"2 67.5 0.15




The Principle of Equivalence

The corresponding vertical deflection of the light is Ay = % gt*, where 1 is the flight time
for the light. For an elevator width of 2 meters, t = 6.67 X 102 seconds and the vertical
deflection Ay is 2.2 x 1076 m for Earth, 1.0 x 10~'% m for the white dwarf, and 3 x 107>
m for the neutron star.

6.2 The particle created at zp has mass m = hv/ c2, where h is Planck’s constant and V is
the frequency of the photon. Upon dropping to z; in the gravitational field, the energy is
mc* +mg(z, — z1). Thus, the system creates spontaneously an energy mg(z, —z;) in each
cycle, unless the photon loses an energy Avg(z> — z1)/c? in moving from z; to 5.

6.3 Apply Kepler’s laws to the approximately circular orbit of period 12 hours, giving

r~27x10"mandv~39kms~'. Defining B = v/c, the special relativistic time dilation

factor for the satellite is y= (1 — 8 2)’1/ L) (S %ﬁ 2, where the small effect of Earth’s ro-

tation has been neglected. The fractional change in frequency is determined by the second
term,

Vi —Vo

Vo B

—1p*=-85x10"",

where the negative sign is because the time is dilated (Vs < V) for the satellite viewed from
Earth. For the general relativistic time dilation, integrating Eq. (6.7) gives

/VS dv s GM
— = —dr.
vo V R ric?

Evaluating the integrals on both sides yields (see the solution of Problem 6.7)

Vs GM (1 1 | GM (1 1
Sexp|l—— (== )| 21— ——= ).
Vo P 2 \r¢ R 2 \rq R

Solving this for the fractional shift in frequency gives

Vs — V, GM (1 1 _
~ 0:_2 ———}=53x10""0
Vo C R rg

This is opposite in sign relative to the special relativistic effect and about six times larger.
Thus, for every second of elapsed time

1. Special relativistic time dilation slows the satellite clock relative to the ground clock by
about 8.5 x 107! x 1 second = 0.085 ns.

2. Gravitational time dilation (general relativity) slows the ground clock relative to the
satellite clock by about 5.3 x 1071% x 1 second = 0.53 ns.

The net effect is that for every second the satellite clock gains about 0.53 — 0.085 =
0.445 ns relative to the ground clock because of relativistic corrections. Suppose that an
accuracy of two meters is desired from the GPS system for locations on the ground. Light
takes 6.7 ns to travel two meters. Thus, without the above corrections for special and gen-
eral relativistic time dilation an error in timing that begins to compromise two-meter reso-
lution will have accumulated after about 15 seconds.

6.8 (a) From Eq. (6.7),

AV gh
2Y_ 8 _245x107",
\% C
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where a height of 7 = 22.5 m was used.

(b) To compensate for the gravitational redshift a blue Doppler shift AVpgppier = v/c is
required. Setting

gh v

32
and solving for v gives v = gh/c =7.35 x 107> cms~!. Notice that this is just the blueshift
invoked in Section 6.5.1 to compensate for the gravitational redshift in the falling-elevator
thought experiment.

6.10 From Eq. (6.12) the gravitational redshift at the surface of a spherical gravitating
body of radius R and mass M is

M\ /R
7=212x107°( — ) (22 ).
M. )\ 'R

The gravitational shift in spectral lines for the Sun is then only AA/A ~ 2 x 107, If the
gravitational redshift z is parameterized as a velocity giving rise to an equivalent Doppler

shift through v = ¢z,
M R:
v=10.636 <—) <—O) kms™'.
Mg R

For the Sun this gives only ~ 0.6kms~!, which must be disentangled from much larger
kinematic Doppler shifts caused by motion of the Sun relative to the Earth and motion of
gas in the solar surface. The situation is similar for other main sequence stars since the
gravitational redshift is determined to lowest order by M /R, which is the same to within a
factor of 2-3 for main sequence stars.



Curved Spacetime and General

Covariance

7.1 This problem is patterned after an example in Cheng [64].

(a) If the space can be parameterized so that the metric is globally independent of the
coordinates, all derivatives in Eq. (7.2) vanish and K = 0.

(b) Taking plane polar coordinates (x',x?) = (r,0) gives the position-dependent metric
gn=1gn=r,

but insertion into Eq. (7.2) again gives K = 0.
(c) Choosing the spherical coordinates (x!,x?) = (S, @) defined in Fig. 7.1 gives

gin=1 g2 = R?sin’ x—l )
R

Insertion into Eq. (7.2) gives K = R~2, which is constant.
(d) Choosing the cylindrical coordinates (x',x?) = (r, ) defined in Fig. 7.1 gives

R2

_ 2
Rz_rz 82 =r,

811 =

and insertion into Eq. (7.2) again yields K = R~2.

7.2 Since gy is a rank-2 covariant tensor its transformation law is given by Eq. (3.56) as

o o
Suvih = 8uv.d — Fu;tgav -1V, 8ua-

In a local inertial frame space is locally flat and g, » vanishes. Likewise, since from Eq.
(7.30) the affine connection is proportional to the derivative of the metric tensor, it also
vanishes in the local inertial frame. Thus g,;,.; = 0 for a local inertial frame. But this is a
tensor equation, so it is valid in all reference frames. Thus the covariant derivative of the
metric tensor vanishes in any reference frame. This may be verified by direct computation.
For example, it follows from Egs. (7.30) and (3.56) and some algebra. More elegantly,
substituting Eq. (7.29) into Eq. (3.56) gives

Suvia = 8uv,a — Fz,lgav - F%gua
_ P p
= 1—‘;wgpv +17 ,8pu — Fﬁlgav —TI'Y) 8ua
T D P

where the last step used that p and & are dummy indices and that g, and T'Y , are sym-
metric in their lower indices.
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Curved Spacetime and General Covariance

7.4 For 2-dimensional polar coordinates (r, ) the line element is ds> = dr* + r*d6?, cor-
responding to a metric g;; = diag (1, 7?). From Eq. (5.16) without the minus sign the La-

grangian is
dr\? e\’
L=|(— 2 —
(&) (@)

and from Eq. (5.18) the equations of motion are

d*r de\? d [ ,dO\ d*0 2drde
— =r| - — (== =0
dt? dt dt dt

1/2

T dt? ' rdrdt
where T = fol doL, with o parameterizing a path in the space. For the current 2-dimensional
case the geodesic equation (7.21) reduces to

Er o dtdd A dxtdx?

dv> 4t dt di? %4t dt
Thus, by comparing

Lr_ (40 Lr_ o dxdd

dv? " \drt di? %4t dt

term by term one deduces that
0 0 0
M =—r To=I{=07=0,
and a corresponding comparison of

4 (249) _, 20 _ oy dx'dd
dt \' dt) d2 ~  dr dt
yields
1
f-rh=1  ry-ri-o
It is easily checked that the same coefficients result from solution of Eq. (7.30). For exam-
ple,

25 \ 90 " 00 or

7.12 The inner product is g, ﬁA“Bﬁ and its absolute derivative on a path parameterized by

1 dgio  9dgio  dgu
Lo %

uis
D(gaﬁAaBﬁ) _ D(gaﬁ) DAaBﬁ—FgaBAaD—Bﬁ,
Du Du Du Du

since the absolute derivative obeys the usual Leibniz rule for derivatives of products. But
DA% /Du = DBP /Du = 0 (definition of parallel transport of vectors) and D(gqp)/Du =
0 (property of metric connection; see Section 7.8). Thus D(gaﬁAo‘Bﬁ) /Du = 0 on the
path and the inner product is unchanged by parallel transport if the connection is a metric
connection.

AaBﬁ + 8ap

7.18 If the fluid is at rest u = (x°,0,0,0), and the normalization u-u = guvutu¥ = —1
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gives ugu’ = —1, since uyu’ = 0 unless it = v = 0. Hence all non-diagonal elements of

T*, vanish and
T% = (e+Pug’ +P=—(e+P)+P=—¢ TY\=T52=T%=P
in the rest frame of a perfect fluid.

7.19 Suppose a vector field V(A) defined only along a curve x* (1) parameterized by A in
a manifold. Assuming that V(1) = V#(4)e, (1), where e, (1) is a coordinate basis vector
evaluated at the point on the curve labeled by A, then

dv _dv# _— ydey
.~ dr * dh
. dV“ ae# d.x

= etVioa

where the chain rule was used in the last step. As in Section 2.3, expand the partial deriva-
tive factor in the vector basis,

dey
aw = Divee
which gives
v dv# dx"
ax = ax TV g e
_av# o dx¥
d), €”+F VV Hé‘“
dv dx"
1—* o
(dx HlaV dx)
DVH
= — eu
DA

where in line two dummy summation indices in the second term were interchanged. Thus

DVH  avH
DL dA

dx”
dr’

which is Eq. (3.65) for the absolute or intrinsic derivative.

+Th ve—

7.20 (a) Differentiation of the 4-vector V gives

v d avi | dey
a - a Ve =gt g v
_ dVHdxY L Oen dey dx”
o ax M oxv an
=d\VkuVey +VHu dyey,

vH

where we have defined

<
IS
=
<
NE]

oy = —.

=
Il

L
>



20

Curved Spacetime and General Covariance

Expanding dyey, = I'}j, eq as in Section 2.3 gives

av
i o VHuVe, + Ffva“uvea
= (avV“ —|—Flng°‘) u'ey,

where dummy summation indices were switched in the second term. This is Eq. (7.14).
(b) From the first part

dv JVH dx"

— = =—4TE V*) —e,.

dx (axv oy ) ar "

Multiply both sides by dA /dxP to give

u
LA (BL +1t Va) eu.

dxP oxP op
Take the scalar product of both sides with " to give
dvH
— =V, VF =9, VF4Th VY,
dxV

where some indices have been renamed. Comparison with Eq. (3.55) indicates that this
defines the covariant derivative of the vector V.
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8.2 Take the line element in the form
ds® = —e%di® + e*dr* 4 r*(d6? + sin® 0d @?),
where 0 = o(r,7) and A = A(r,1). The corresponding metric is

guv = diag (—e°,e*, 1?1 sin” §)

1 1
W= gl —diag (—e % et 5, ———
8 Suv g e e 2 20

From Eq. (7.30) the non-vanishing Christoffel symbols are

[=356 If=30 I =3 Ty=g3e" Tj=
r}l =12 Th=-re* Tl=-re*sin’0 I2,=1/r
[%,=—sinfcos® I3,=1/r T3;=cotf
where dots indicate time derivatives and primes indicate derivatives with respect to r.

The Riemann curvature tensor may then be calculated from Eq. (8.14); the non-zero
components are

Rolo1 = 1 ool lllz—l—le Gl leli—i— ( ) eGO")V
L,

10— 1.9 i 02
Ry = ze e Ry12 = zrl Ro303 = 37 e ¢’ sin”> O

'
Rozi3 = %ri sin? 0 Rizpp = jrl'
Riziz=rA/sin?@  Ryzpz=rsin?0(1—e?).
The Ricci tensor R,y then follows from Eq. (8.16), with non-vanishing components
Rooz—%e"’lc” ‘1‘ oA (6" + 17L—|— 112 G}L—l—le"’lc’l’—e"”ll’/r
Rii=10"+1(0")— 4 Oh—1er A2+ 1rO6A —L1o'A A/ /r
Ro1 = —'l/r Ry = %re’lc’ — ire”ll’ +et—1 R33 = Ry sin® 6.
The Ricci scalar R may then be constructed from Eq. (8.17),

-2 -2

-1
€ _’_26_61_26_11_’_6 AG”—I— 1, /1(0./)2
-

R=2—
2

2 R
e Ch—1te At - S +le96h —LetoN.
r
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and the Einstein tensor is

c o—A o—2 3 A /
e e A e 1 o
—5 + A Gop=—— G11=—2——2——
r r r r r r

e
Goo = — —
2

Gy = %r?t'e_}L - %rcrle_pL - %rze_lc” - ;{rze_l(c')z +1rfe 4
+ %rze_c(i)z — ;{rze_adi + %rze_lo"l’
G33 = G22 sin2 9,
where Eq. (8.20) was used. These results for a general spherical metric are summarized in
Appendix C.

8.5 For the u = 0 part of Eq. (8.4) dzxo/d’c2 = 0. For the 4 = i components, from (8.4)
and (8.8),

1o (40’
dt?2 2 dxi \ drt

But for the first term
e
dt2  dt\dx®dt )  dtdt \dx°
_ i d dd (dd\ _ (dx\' d (dx
Cdtdx® dt \dx®)  \dt ) dxO \dx0
_ (AN d (a1 ()
2 \dr ) dt \dt ) 2 \dt ) di?
where dx” = cdt and dx”/dt = constant has been used. Inserting this result in the first

equation above yields the second equation of Eq. (8.9).

8.8 From the symmetries (8.15) it may be shown that all contractions of one upper index
on the curvature tensor with one of its lower indices either gives R,y defined in Eq.
(8.16), or zero. For example

glgRulcv = Rugcv = R;W'
But also since Rg;va = —Rusvas
g}mRulcv = _g}leuav = _Rcuav = —Ryv.
Thus, R);, = —Ryy. As another example, multiply Rsy3 = —Rygva, by g°H to give
gG”Rcuvl = _gG”Rucvl — RM

c u u
~R°,,, — R —R"

UvA uva
where dummy (repeated) indices were relabeled. This can be true only if R ava = 0.
8.12 Assume a general spherical metric with line element
ds® = —e®di® + ¢*dr* + r*(d6* + sin® 0d ¢?),
where ¢ and A are positive and independent of time. From Egs. (7.10) and (3.57) the

equation to be solved is

Ty =Ty +Tou Ty =Ty, T4 =0.
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The non-zero connection coefficients required are given in the solution to Problem 8.2 and
in Appendix C (but here all connection coefficients proportional to time derivatives are
neglected, since the metric is static). The preceding equation corresponds to one equation
for each of the four possible value of v, with each equation involving implied sums over
the repeated indices  and ¢««. When written out there are many terms, but a large number
are identically zero because by inspection either the connection coefficient vanishes or the
term is not diagonal in T}}'. Collecting the terms that survive gives

0 1 1 1 2 1 3 ol 3 72
P+ 1T, + T T, + T, + 1T, + 1515
0 1l 2 2 3 3
00Ty =Ty Ty =I5, 15 — 5,75 =0,
where a prime denotes a partial derivative with respect to r. This represents four separate
equations for the respective choices v = 0, 1,2, 3. The only non-trivial result corresponds
to setting v = 1, which gives

/!

P+ (P+p)% =0,
upon substituting the expressions for the connection coefficients and using TO0 = —p and
T =T}=T}=P.
8.15 From Eq. (8.18) the Bianchi identity is
VioRuvap +VeRuvaa + VaRyvga = 0.

Contract this with g"*, remembering that since V,g*¥ = 0, raising an index by contraction
commutes with covariant differentiation,

V8" Ruvap + Vg “Ruvia + Vag" Ruypr =0

- V?ug”aRuvocﬁ - Vﬁg“aRuval + Vag“aRuvBl =0

— ViRyg — VgRys + Vag"*Ryyps =0,
where in the second line the last two indices were switched in the second term using Eq.
(8.15) so that the contraction is consistent with the definition (8.16) of the Ricci tensor [see

the footnote following Eq. (8.16) and Problem 8.8], and in the last line Eq. (8.16) was used.
Now contract with g"ﬁ to give

Vig"PRyp —Vpg"PRyp + Vag g PRyyps =0
= VaR—VRP, — Vgt PR, 55 =0

= VaR—VgRP, — Vgt Ry =0

— ViR-VgRP, — VR, =0

— V3R —2V4R%, =0,

where in the second line the first two indices on R in the last term were switched to make
the contraction compatible with (8.16) and the definition (8.17) was used, and in the last
line the dummy summation indices were switched to the same variable so the last two
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terms could be added. Now contract with g‘”L to raise the index on the last term,
V)Rg"* —2V gt R, =0
— V3 Rg"* — 2V, RH* =0
— VyRg"Y —2V,R*Y =0,
where dummy summation indices have been switched. Finally, multiply both sides by —%
to give
V(R — 3RgH") =0,

which is V,G*Y = 0 for the symmetric Einstein tensor G*V = RHY — %Rg“" defined in Eq.
(8.20).
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9.1 It is convenient to introduce an exponential parameterization B(r) = "(") and A(r) =
"), so that the metric is

guv = diag (—e",e’l,rz,r2 sin? 6) g"’ = diag (—e",e’l, rlZ’ m) .

The unknown functions v(r) and A (r) may then be determined by requiring that the metric
be consistent with the vacuum (vanishing stress—energy tensor) Einstein equation. How-
ever, for a vacuum solution it is not necessary to construct the full Einstein tensor Gyy
because it may be shown (see Problem 22.1) that solution of the vacuum Einstein equation
is equivalent to solving R,y = 0, where R,y is the Ricci tensor. The metric and Eq. (7.30)
give the Christoffel symbols (affine connections) FZ‘ B> and from these and Eqs. (8.14) and
(8.16) the Ricci tensor may be constructed. Setting R,y = 0 yields four equations, only
three of which are independent. In particular,

v
_Roozevle (%V”‘i‘%(vl)z_%vlll“‘T) -0

),/
Rll = %V”—i— %(V,)z— %V/A,— 7 =0

Ro=e*(A(vV-2)r+1)-1=0,

where primes indicate derivatives with respect to r. The first two equations imply that
v/ = —A' and thus that v = —A + constant. A time-independent solution is sought so the
timescale may be shifted freely to make the constant zero and obtain v = —A. Inserting this
into the Ry, equation gives re¥ v’ +e" = 1, the left side of which is equivalent to d(re") /dr,
implying that ¢¥ = 1 — ¢/r, where c is a constant. Choosing ¢ = 2M, where M is another
constant (that will be interpreted as the mass when compared with Newtonian gravity),

M VAN
e =1-— e’l:e":<1——> ,

r r

which gives the Schwarzschild metric (9.5) when inserted into the equation for g, above.

9.2 Use Eq. (9.30) to set dVegr/dr = 0 and obtain

2 7
g g——12£2,

==om 2V

from which the desired results follow.
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9.5 From Eq. (9.23), ¢ = r* (d¢/dr) if 6 = % is assumed, and for classical orbital motion
do 2
2 2
Y 1—e2 22 )
r e ( 5 )a
Combining these equations assuming weak gravity gives

do 2 o 2 ap?
2 2 2 2y, 4 2
= ~ = 1 =
¢ (r T) <r t) 5 ( e“)a (1 —e")GMa,

where in the last step P> = (412 /GM)a’® (Kepler III) was used. Inserting this result in Eq.
(9.42) then gives Eq. (9.43).

9.7 For the following diagram,

d
S

define polar coordinates in the 6 = 7 /2 plane,

Y

Photon

A

v

X=7rcosQ y =rsin@.
Then the parameter b is
s e sin® 0de/dA
el (1—2M/r)dt/dA
B r? do
(1—-2M/r) dt
r? dodr

(1—2M/r) dr dt’
where Eqgs. (9.53)—(9.55) have been used. But for 7 > 2M in the Schwarzschild metric,

d dr

2M
|———=1 — — — = —1.
r ¢ r dt

Therefore, dp/dr ~ —d /r* and
r? dodr —d
h=— = — ) (-1)=d
(1—=2M/r) dr dt " (r2>( )=d,
so b may be interpreted as the impact parameter for the photon.

9.15 (a) Combine Egs. (9.30) and (9.29) with the requirement that V. = E to give Eq.
(9.32).
(b) The angular velocity is given by

de
Q=—.
dt
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Substitute Eqs. (9.22) and (9.23) to give Eq. (9.33).
(c) From Egs. (9.25), (9.5), and (9.35),

- ( _ g) (W) + P 2Q% = —1,

This may be solved using Eq. (9.34) to give,
—1/2
M
(12"
’

9.16 Since u = (1',0,0,4'Q) and s - u = 0, utilizing the metric (9.5),

which is Eq. (9.36).

2M
S.u:gﬂvsuuv _ (1 _7> s’u’—l—stq’uq) =0,

from which
; R>sPu® R’Q
S = =

¢
(1—2M/R)u ~ 1-2M/R’
where Egs. (9.35) and (9.36) was used in the last step. This is Eq. (9.61).

9.17 (i) Our solution follows that of Hartle [110], Ch. 14. Utilizing
u=(u',0,0,'Q) s=(s",5",0,5%),

the only non-vanishing combinations for the sums in Eq. (9.62) are I',s'u’ and Ffp(ps‘pu‘l’.
From Appendix C, for a general spherical metric with line element

ds* = —e°dt® + e*dr? + r*(d6* 4 sin” 0d 9?),
the required connection coefficients are
I, =T =36’ T, =Tl =—re *sin’0,

where 6" = do /dr. Specializing to the Schwarzschild metric with 6 = £ and letting r = R,

- oM . oM\ ! oM
e =(1-"= A=(1-= c=In(1-=-
R R R

c’:‘é—‘: = %’ (1—2%4)1 sin @ =1,
and the connection coefficients evaluate to

F{,:%(l—%) Fyp = —(R—2M)
Therefore Eq. (9.62) becomes

ds" M <1 M

rot —
TR R)su—(R—2M)sq’u"’—O.
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Utilizing u' = dt/dt and Eq. (9.61), this may be written as

ds”
— —(R-3M)Qs? =0.
e )Qs

(i) Now consider Eq. (9.63). By similar considerations as above, the only nonvanishing
contribution to the sum in the second term is Fﬁp(ps’u"’. From Appendix C the single required
connection coefficient is I’ ;p(p =r1and Eq. (9.63) becomes

ds® Q

.
i g
dt+RS ’

where u' = dt /dt and u® = Qu' from Eq. (9.35) were used (with Q = d¢/dr).
(iii) Thus the two equations

ds” ds® Q
— —(R=3M)Qs? =0 — +=5"=0
gz )Qs a R

must be solved simultaneously. Take d/dt of the second equation and plug in ds” /dt from
the first equation to give

d*s® )

g Tt =0,
where ® = (1 —3M/R)'/?Q. This is the equation of a harmonic oscillator and the solutions
are given by Eq. (9.64).

9.18 From Eq. (9.68) evaluated assuming a satellite in orbit around the Earth, the geodetic
precession per orbit is

N 3tGM

k
~ R =8.6 <Tm) arcsec orbit ™!

For GP-B, setting R = a = 7027.4km gives 1.22 x 1073 arcsec orbit~!. By Kepler’s 3rd
law, the period for a circular satellite orbit around the Earth is

4m2a3 a \3/2
pP= —9.95 10*3(—) .
\/ G, * km/ °

For GP-B with a = 7027.4km this gives a period of 97.7 minutes, which translates to
5.38 x 103 orbits yr!. Therefore general relativity predicts that GP-B should exhibit a
geodetic precession rate of

Ag

yvin (1.22 x 1073 arcsec orbit ) x (5.38 x 10° orbityr~!) ~ 6.6 arcsec yr !

As discussed in Box 9.3, GP-B measured a geodetic precession rate for its gyroscopes that
was within 0.07% of this value.

9.19 The precession rate is given by Eq. (9.76). The angular momentum of the Earth can
be expressed as Jo, = F5,Qq, where .7 is the Earth’s moment of inertia for rotation about
the polar axis and g, is the angular velocity of the Earth. In planetary science the moment
of inertia is parameterized as . = kMR27 where M is the mass, R is the radius, and &
indicates how much the interior mass distribution differs from uniform (for example, a
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completely uniform sphere has k = % = 0.4, but Saturn with a centrally-concentrated mass
distribution has k = 0.21). For the Earth (and other terrestrial planets) k ~ 0.33, so Earth’s
moment of inertia is

S =0.33MzR% = 8.06 x 10¥ gem?,

the Earth’s angular velocity is

2n

_ _ -1 _ -5 —1
= it 0.262rad hr 7.27 x 10 rads™ ",

Qg
. ~1
and thus the Earth’s angular momentum is J = .7, Q4 = 5.86 x 10° gcm?s™ . Hence the
Lense—Thirring precession rate for a gyroscope in free fall on Earth’s rotation axis is

2GJ 1km)\®
Qir = 5= =5.65x 10'° <_m) arcsecyr_l.
c°Z <

For Gravity Probe B illustrated in Box 9.3, the semimajor axis of the nearly circular polar
orbit was 7027.4 km. As the satellite passes over the North Pole it is in free fall with z =
7027.4 km. Inserting this in the above equation gives a precession rate of 0.16 arcsec yr—!.
The Lense—Thirring precession rate depends on the latitude of a satellite in polar orbit, so
the smaller general-relativistic prediction of 0.039 arcsec yr—! per year shown in Box 9.3
represents an average over the satellite in polar orbit, which is less than our evaluation on
the z axis. At any rate, this Lense—Thirring precession is a much smaller effect than the

geodetic precession of more than 6 arcseconds per year.
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10.4 Solving the differential form of Eq. (10.15) for dr, substitution in Eq. (10.14), and a
little algebra gives Eq. (10.16).

10.5 From Egs. (10.2) and (10.11) the radial metric component for the Oppenheimer—

Volkov solution is given by
2M(r)\ !
gu(r) = (1—¥> ;

which is unity at the center where M(r) = 0. Thus the ratio of g;; at the surface to that at
the center is

11(0)
where we’ve assumed a neutron star of radius 10 km and mass M = 2M, ~ 3 km. Since
the average spacing between neutrons is ~ 10713 cm, this means that the metric changes
by only of order one part in 10! over the internucleonic spacing. Thus, on that distance
scale the metric is very flat. See Glendenning [98], Section 4.4 for further discussion.

- R

811(R) (1 _ 2M(R)>1 ~2.5,

10.8 From Eq. (6.5),
GM

M\ [k M\ [k
=20 —7416x 103 () (Z2) —q475 (22 ) (22))
R ke ) \ R AW

where M is the mass producing the gravitational field and R is the characteristic distance
over which it acts. The innermost white dwarf has a mass of ~ 0.2M, for which a radius
estimate is ~ 15,000 km. For the neutron stars let’s take a mass of 1.4M, and radius of
~ 10km. Then

Ewp ~2X 1070 g ~02  Ea~7x10710  gua~3x1071,

confirming the assertion that any deviations from the strong equivalence principle would
be greatly amplified in PSR J0337+1715 relative to the Solar System. See also the related
Problem 25.2.
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11.1 Begin with Eq. (11.9). For the r > 2M case, In|r/2M — 1| = In(r/2M — 1) and dif-

ferentiating (11.9) gives
oM\ !
dt =dv— (1 — —) dr.
r

For the r < 2M case, In|r/2M — 1| = In(1 — r/2M) and differentiating (11.9) gives the
same result as above. Therefore,

oM\ ! oM\ 2
dﬂ:dvz—2<1——> dvdr+<1——> dr.
r r

Inserting this expression for d¢” in the Schwarzschild line element (9.4) expressed in stan-
dard coordinates gives the Schwarzschild line element in Eddington—Finkelstein coordi-
nates (11.10).

11.2 From Eq. (11.6), the proper time to fall from r =2M to r =0 is 7 = 4M/3, in
geometrized units. Restoring the G and ¢ factors, T — ¢T and M — GM /c?, gives

4 M
T= —GM =6.6x107%( — ) seconds.
3C3 M@
Some times estimated from this formula to fall from the event horizon to the singularity of
a spherical black hole are shown in the following table.

Type of black hole Mass (M) Time (s)
Typical stellar black hole 10 6.6 x 107
GW 150914 final black hole 62 4.1x107*
Milky Way central black hole 4.3 % 10° 28.4
AGN central engine 10° 6555

See also the related Problem 11.6.

11.9 From the discussion of invariant integration in Section 3.13.1, the area of the Schwarzschild
horizon is

21 T
A:/ d(p/ /detg d6,
0 0

where the metric g for the horizon surface is 2-dimensional, corresponding to the Schwarzschild
line element (9.4) evaluated at constant time and constant » = ry:

ds® = r§d92 + rg sin” 0d @,

31
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Thus the metric is specified by the diagonal 2 x 2 matrix g = diag (12, r2sin” @), which has
detg = r? sin” 6. Substituting in the above expression for A then gives a horizon area

S

21 T
A= 2/ d(p/ §in0d6 — 42 — 167M>,
0 0

where r¢ = 2M was used.
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12.7 The CMB has a temperature of about 2.7 K. From Eq. (12.4) a Hawking black hole
of mass 4.6 x 10> kg would have the same temperature and thus be in equilibrium with the
CMB (this mass is a little less than that of the Moon, or about 0.008 that of Earth). Black
holes with less mass than this would have higher temperature than the CMB and thus could
radiate more energy than they absorb; black holes with more mass than this would absorb
more energy from the CMB than they could radiate by Hawking radiation.

12.8 From the Stefan—Boltzmann law for a blackbody radiator the power is
P=AcT?,

where A is the surface area, the Stefan—Boltzmann constant is

oo 2kt
607’2’
and T is the temperature. For a Schwarzschild black hole the area of the event horizon is
167nG*M?
A=16my? = LOZGM

C

(see results of Problem 11.9 with factors of ¢ and G reinstated using Table B.1). Inserting
these and the temperature given by Eq. (12.4) in P = AcT* gives Eq. (12.5). The power
radiated by the black hole comes at the expense of its mass so

am
P=—c?—
< ar

which leads to Eq. (12.6) when Eq. (12.5) is substituted for P.

12.9 This problem is adapted from a discussion in Perkins [181]. Using Newtonian gravity,
the magnitude of the tidal force acting over a distance Ar can be estimated as

dF 2mM 2mM
aF =& qr = 7 Gdr N g G
dr r r
where M is the mass of the black hole. The energy required to create the particle-hole pair
from the vacuum is E ~ mc?. By the uncertainty principle the virtual pair can live for a

time Ar ~ i/ E, and thus could separate a maximum distance

he
Ar ~ cAt ~ —
r~c z

in the time A¢. Requiring that the work done AF - Ar be comparable to the rest mass energy,

2mMG
r3

AF -Ar= (Ar)> ~E,
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substituting m ~ E /c¢* and Ar ~ fic/E, and solving for E gives

202GM
}”3

E ~

Evaluating this at the Schwarzschild radius r = 2MG/c? gives

where a factor of % has been dropped since our approximations are crude. But up to nu-
merical factors this is the result of Eq. (12.4) for the average energy kg7 associated with
the Hawking radiation.
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13.4 The distances are gotten by integrating the line element (13.8) around the correspond-
ing curves. For the equator, & = 7 so d6 = 0 and only the second term contributes. The
distance around the equator is

2
L:%vdﬁ:ZM/ do =41M,
0

where sin & = 1 has been used. For a meridian through the poles take ¢ =0 and d¢ =0,
so only the first term contributes. The corresponding distance is

V3
L’:?{,/_p+d9:2/ 72 +a2cos? 0 d6.
0

For the special case of an extremal black hole a = M and ry = M, so that p, = M(1 +
cos?6)"/2 and

T
= 2M/ V1+c0s20 d6 ~7.6M,
0

where the definite integral has been evaluated numerically using Maple. Thus, the ratio
of the equatorial to polar circumferences for the horizon of an extremal Kerr black hole
is L/L' = 47M/7.6M = 1.65. Although the horizon corresponds to a constant Boyer—
Lindquist coordinate r, it does not have a spherical geometry.

13.8 Assume r > M and r > a, and drop terms quadratic in a. Then
p>=r"+da’cos6 ~ r? A=r*—2Mr+a*>~r*—2Mr.

Substituting in the Kerr metric (13.1) gives

oM oM 4M.
ds® = — <1 - T) dr* + (1 + 7) dr* 4+ r*d6* + r*sin? 0d ¢* — T" sin” @d @dt,

where (1 —2M/r)~' ~ (1+2M/r) was used. Taking the limit r — oo at constant M and a
gives

ds* = —di* +dr* + r*(d6* +sin® 0d ¢?),
which is the flat-space Minkowski metric in spherical coordinates. Hence the Kerr space-
time is asymptotically flat.
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14.4 Evaluating the constants in Eq. (14.8) gives

2
R o
M =3. " =) (—) m
377 % 10 (km)(km/s) .

(a) For M31 with R = 0.8 pc = 2.47 x 10"3km and ¢ = 240kms ™', the virial mass is
M =377 x 107'1(2.47 x 10'%)(240)> M., = 5.36 x 10" M,,.
(b) For a typical Seyfert galaxy,
M =3.77x10""1(3.09 x 10'9)(1000)> M., = 1.16 x 10" M,

where R = 100 pc = 3.09 x 10" km and ¢ = 1000km s~ were assumed. (This suggests
that 10% of the mass of the Seyfert galaxy is contained within a central region only 100 pc
across.)

14.6 From Fig. 2 of Ref. [171], P = 5.6 days and K ~ 75km s~ !, which gives from Eq.
(143)F = PK3/2717G = (.245. Inserting this in Eq. (14.6) and plotting M versus i and M
versus M. gives the following diagrams.

30
25t
20f
0

2 15t
=

10}

5

F=0.245M,
10 15 20 25 30 35 40 45 50 O 10 20 30 40
i (deg) M (Mo)

The gray areas indicate the ranges i = 25-35° and M, = 20-30M,, which constrain the
mass M of the unseen object to lie in the range ~ 10-20Ms. A more diligent use of
observational constraints described in Ref. [171] and Box 14.2 gives a value of M =
14.8 + 1.0M,,. Since these mass estimates are far above the maximum mass expected for
a neutron star, the unseen massive and compact object in Cygnus X-1 is almost certainly a
black hole.
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14.7 From Eq. (6.5), the intrinsic strength of gravity is governed by
GM

e= M g a16x10-3 (M) (kMY _y 475 (M) (km ,
Rc? kg) \ R M R

where M is the mass producing the gravitational field and R is the characteristic distance
over which it acts. For the Sun, taking the mass of the Sun as M and its radius as R gives
€ ~ 2.1 x 107°. For the Binary Pulsar, taking the separation at closest approach (~ 1.1R)
as R and the mass of about 1.4M, for the other neutron star as M gives €gp ~ 2.7 X 107,
For the star SO-2, taking the distance at closest approach of 17 light-hours as R and the
mass 4.3 x 10 M, of the black hole as M gives €s9., = 3.45 x 10~* (which is comparable
to the strength of gravity at the surface of a white dwarf). The star SO-102 comes even
closer to the black hole so € for it is larger but the same order of magnitude. Thus € is
about two orders of magnitude larger for stars in orbit around the black hole at Sgr A* than
for gravity at the surface of the Sun or in the Binary Pulsar, and the orbits of stars like SO-2
and SO-102 can provide a test of general relativity in stronger gravity than for either Solar
System measurements or binary pulsars.
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15.1 (a) From the masses before and after in nuclear reactions burning hydrogen to helium
one finds a typical efficiency for mass to energy conversion of 11 ~ 0.007. Requiring that

17n’w2 =10 erg s =3.2x 10 erg yr!

yields that siz ~ 255M, yr~ ! if this luminosity is supplied by hydrogen fusion. It is difficult
to conjecture a mechanism consistent with observations that could account for this.

(b) On the other hand, for black hole accretion the mass to energy conversion efficiency
could lie in the range 11 ~ 0.1 — 0.4. Then the luminosity could be sustained by accretion of
5M —20M_, yr~!, for which there are plausible mechanisms. The Eddington luminosity
(maximum luminosity for which radiation pressure would not reverse accretion infall) is
given by

M
Lega = 1.3 x 108 <M_@> erg sl
Equating this to the observed ~ 10*7 erg s~! and solving for the mass of the central object
gives M ~ 7.7 x 108 M.

(c) Observed light variation on timescales of days argues by causality that the source has
a maximum diameter of 1 light-day or about 170 AU (twice the diameter of the Solar
System). Thus, it may be inferred on rather general grounds that the AGN central engine
has of order 10°M_, concentrated in a region not much larger than the Solar System. The
most plausible explanation is a supermassive black hole. The Schwarzschild radius of a
10°M_, black hole would be

M
R~2.95 (—) km ~ 3 x 10° km ~ 20 AU,
M
which is approximately the radius of the orbit of Uranus.

15.3 From the geometry of the figure, the leading edge of the jet appears to move about

14 lightyears in two elapsed observing years. Thus the apparent transverse velocity is v ~
14/2 ~Tc.

15.4 From the inverse Compton boost factor given in Box 15.4, a visible photon of fre-
quency 5 x 10'*Hz is boosted to a frequency

v 5% 104H
V=9yVv= 0 X z

= =5x10"H
-2/~ 1-(0.9999995)2 >~ %

which lies in the y-ray region of the spectrum.
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15.5 Neglecting the spectral energy distribution of the emitted flux,

S observed 1

Semitted h’(l - ﬁ Cos 6)]3 .

Thus, if one assumes the same ¥ and 8 for both jets and that the approaching jet makes an
angle 0 with the line of sight, the ratio of observed flux densities for light emitted from the
approaching and receding jets will be

Sapproach - ['y(l — ﬁ COS 9)]_3 - 1 + ﬁ cos @ 3
1—Bcos@ /) °

Srecede [7(1 —BCOS(6+7I))]73

If, for example, B = 0.98 and 6 = 10°, this ratio is ~ 10°, implying that the counterjet
will appear to be much fainter than the jet. If one takes into account the spectral energy
distribution of the emitted flux, the above formula remains valid except that the exponent
of 3 is replaced by a somewhat smaller exponent ~ 2.7 (see Section 8.3.3 of Ref. [204]).

15.6 By the Hubble law (Ch. 16), the distance is
v cz
 Hy Hy’

since z ~ v/c for redshifts that are not too large. Using Hy = 72km s~! Mpc~!,

PG (3x 10°kms~1)(0.158)
 Hy  72kms’! Mpc !

~ 660 Mpc.

The apparent magnitude m and the absolute magnitude M for a distant object are related
by the distance modulus formula
d (pc)

10 °
where d (pc) is the distance to the object in parsecs. Using the apparent visual magnitude
m=+12.9 and d = 660 x 10° pc gives an absolute visual magnitude of M = —26.2 for 3C
273. Absolute magnitudes M and luminosities L for objects 1 and 2 are related by

M =m—S5log

Li _ 100-4(Ma—M;)
L,
For the Sun the absolute visual magnitude is +4.8 and the above formula indicates that
3C 273 is 2.5 x 10'? times more luminous than the Sun at visual wavelengths. For M31,
with absolute visual magnitude of about —21.5, the corresponding ratio is about 76, and
for M87, with absolute visual magnitude of about —22, one obtains that 3C 273 is 48 times
more luminous at visual wavelengths. Thus, 3C 273 is roughly 100 times more luminous
at visual wavelengths than large galaxies. However, the quasar emits most of its light at
nonvisual wavelengths. When the luminosities are integrated over all wavelengths 3C 273

is found to be about 1000 times more luminous than large normal galaxies.

15.7 For the thin disk radiating as a blackbody the radiation rate per unit area is 67,
where o is the Stephan—Boltzmann constant. Thus, if the disk has a radius R the luminosity
Lis

L=2nR*cT*,
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where the factor of two comes from the disk having two sides. Assume the observed lu-
minosity of the disk to be a fraction 1 of the Eddington luminosity (15.3). Then solving
the preceding equation for 7" and using the expression (15.4) to approximate the Eddington
luminosity gives for the temperature of the disk

r—(_L V(ML l/4—772><107 M/Mo 1/4K
“\anris) T \anrs) TF TR/ km)? ’

where M is the gravitational mass responsible for the accretion (which may be approxi-
mated by the mass of the compact object, since this is much larger than the mass in the
accretion disk). For a neutron star, assuming

R~10km M~1M, n~1,

this formula yields 7 ~ 2.4 x 10" K. By the Wien law, the corresponding blackbody spec-
trum peaks at a wavelength

29%x103mK
Apeay = ———— M2 - M2 0.120m,

which is in the X-ray portion of the spectrum. For a Schwarzschild (spherical) black hole,
approximate R by the radius of the innermost stable circular orbit, which from Eq. (9.34)
is given by

M
R:6G

2
with factors of G and c restored. In convenient units, G/c> = 1.475km M, ~! and the
preceding equation for 7 may be written

1/4
T=26x10n"* (%) K.

Assuming radiation near the Eddington limit so that 11 ~ 1, for a 10 M, black hole this
formula and the Wien law give

T=15x10"K  Apea = 0.20nm,

which is dominantly in the X-ray region of the spectrum. For a 108M, black hole, we find
likewise that

T=26x10°K  Apeac=11nm,

which is dominantly in the UV portion of the spectrum. This has been a rather crude ap-
proximation to the physics of accretion disks (for more realistic descriptions, see Refs.
[89, 183]), but it indicates correctly that accretion disks around neutron stars or stellar-
size black holes are expected to radiate in the X-ray region, but the corresponding accre-
tion disks around supermassive black holes should have lower temperatures and radiate at
longer wavelengths, largely in the UV portion of the spectrum.
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15.8 Evaluation of constants allows Eq. (15.15) to be written as

forFD? w0, D\ F 52
= =001 10747 (=) (——— ) ()
! S5t2mec? 901 x f cm ergcm—2 ) \ &t

D \? F ms) 2
=38. 10" S
85810 f(Mpc) (ergcm—z)(&)

2 2
D F 10 ms
=7.7x10" :
<1077 (3000Mpc> < 107 erg cm—2> ( ot )

Since f and the product of quantities in parentheses are of order one in the last expression
for a typical gamma-ray burst, the resulting optical depth is huge (7 ~ 10'%). This is incon-
sistent with the observed nonthermal spectrum for gamma-ray bursts, since a nonthermal
spectrum typically requires a medium that is optically thin. The fallacy is that Eq. (15.15)
is invalid for a gamma-ray burst because it must be modified to account for the ultrarela-
tivistic kinematics of the burst. When that is done, as in Eq. (15.16), the above expression
is multiplied by a factor approximately equal to 1/9*+2%, as discussed in Section 15.7.4.
For a typical value o ~ 2 this will yield optical depths smaller than one for y of order 100

or larger.
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16.3 Integration of the Hubble law dr/dt = Hyr, assuming that Hy is constant with time,
gives r(t) ~ e, The volume of a spherical region is

V() = %ErS ~ 3ot

Since the volume expands but the density is assumed constant, matter must be created
continuously to maintain the constant density. The total mass within a volume is M = pV,
where p is the constant density. Then M = pV = p x 3HyV and the creation rate per unit
volume is

M
v 3Hop ~7x 107 ¥ gs~lem 3,

where a matter density of p ~ 1073 g cm 3 and a Hubble parameter Hy ~72 kms~'Mpc~!
were assumed. This is equivalent to the creation of about one hydrogen atom per cubic me-
ter every 10 billion years.

16.5 From Eq. (6.5), a general relativistic description is required if GM/Rc*> ~ 1. As a
crude estimate take the Universe to be static and euclidean, with a radius given by the
Hubble distance and a density comparable to the critical density. Then, treating the Uni-
verse as a spherical gravitating mass,

y)
R~ Hio M~ %TER3pcrit Perit = ;rig}’
which implies that
GM 4 _RPu 1
RE 3 Ta To
Therefore, a correct cosmological description is expected to involve general relativity.
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17.2 From Egs. (17.15)~(17.16),
& = 2H? (1 + %0, —QO) .
a

Choose Qp = 1 (flat Universe), take the square root of both sides, and then integrate both

sides to give
a 1
a'da = a3/2H0 dt.
0 0 0

Performing the integrals and solving for a/aq gives

20" )"

where ty = H, ! has been used. The redshift z is given by ag/a(t) = 1+ z. Choosing by
convention ag = 1 gives

12) _» 3/
- —3(1—|—z) .

Since z = 0 today, the age of a flat, dust-filled Universe is tp =1(z =0) = %tH.
17.3 From Eq. (17.18), for a closed universe
a Q

w m(l —cosy),
and since 1 +z=ag/a,
coswzl—%.
Also, from Eq. (17.19),
, 20Q—1)%2 (¢
sy 2OV (1)

where tq = 1/Hj was used. Combining these relations and a substantial amount of algebra
then gives

- Q+Qz Q+Qz

1(z) Q os-! (2-Q+2) 2(Q%2+Q-Qz—1)!2
mo 2(Q—1)32 '

which reduces to Eq. (17.25) upon setting z = 0. For an open universe, start from Eqgs.
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(17.22) and (17.23) and proceed in a way analogous to above. After substantial algebra,
one obtains

t(z) Q

1551 2(1—9)3/2

)

2(—Q%—Q+Qz+1)1/2 o (942
Q+Qz Q+Qz

which reduces to Eq. (17.24) upon setting z = 0.

17.8 From the Hubble law v = Hyr and for small v/c the redshift is z ~ v/c. Thus, z ~
Hyr/c. Expand the scale factor to first order in time,

da
a(t)~=ag— —| (to—1) =ao—aoAt.
dt |,
0
The redshift can also be written as

Ao ao ap—a

A a a

ap — ap + doAt dOAt— ap r

T ap—apAt T ag n ap ¢’

where r = cAr was used in the last step. Comparing with the earlier expression z ~ Hyr/c
gives dap/ay = Ho.

17.9 The coordinate distance is

o dt’ f
d:c/ ~ C/ (1—Ho(t' —19)) dt’,
t t

a(t) ~ a

where in the second step the expansion (17.36) was inserted, terms quadratic and higher in
t —to were dropped, and the integrand was expanded in a binomial series. Performing the
integration gives
c
d=—((to—1)+ $Ho(to —1)?),
ao
which is Eq. (17.39) with ap = 1.

17.10 Equation (17.36) follows directly from inserting Eqs. (17.34)—(17.35) into Eq. (17.33).
From z = apa~' — 1, and (17.36) for a,

—1
z=(1+Ho(t—t0) — tHiqo(t —10)*)  — 1.

Then Eq. (17.37) follows from a binomial expansion (1 +x)~' ~ 1 — x + x?, with terms
higher than second order in (¢ — #y) discarded. Equation (17.37) is a quadratic equation
in (o —t), which gives Eq. (17.38) when solved by the usual quadratic formula with the
positive solution, and with the square root expanded according to (1 +x)1/ LI R %x — %xz.

17.12 From the identity éd = 3d(a?)/da and Eq. (17.14),

o 1d , —iH}@Q
d=z—dad = ———F—.
2 da a?
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Solving this for da” and integrating from the present time 7o to a time 7,

a a da
di’> = —H}a3Q | =
0“0 2
ap ap @

Evaluating the integrals gives

1 1
2 .2 23
= HyayQ | — — —
a”=ay+Hyap <a a0)7
and since dg = agH) (see Problem 17.8),

2 2172 a0

=afH [ 1+Q——Q
¢ 0( T )

which is Eq. (17.15).
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18.2 The condition 7"%, = 0 with T*¥ = (& + P)utu” 4 Pg"¥ implies that
aTHY
oxV

The non-zero components of 7}, are obtained from Eq. (18.31) and the corresponding T#"
can be obtained from these by contraction with the R—W metric tensor (18.16):

+ T8, T® + 1%, THY = 0.

Too =€ TV = ¢

T, :Paz/(l—krz) T :P(l—krz)/a2
Ty, = Prra® 7% = P/(ra)*

T53 = Pria’sin® 0 T3 = P/(rasin@)?,

where a is the scale parameter. Consider the ¢ = 0 component:

T 00
Er +19%, 7% + 13, 7% =0,
which is explicitly
T[0T + T T + T, + THT5 + 5,7
T TP+ T5T% + 15,7 = 0.
The required Christoftel symbols are given in Table 18.1,

aa .
1"80:0 1"11 =1_% l'gzzrzaa r 3—r sin® Oad

a a a
Iyy==- Th== TIh=-
=7 2= 03
and from the preceding expressions for the stress—energy tensor components

0T oT%

oxV T o0
Inserting these results into the previous expression for the ¢ = 0 component and collecting
terms gives

£+3(e+P)2 =0,
a
which expresses conservation of mass—energy.

18.3 Let’s use the Robertson—Walker metric in the form (18.19). For positive curvature
the spatial line element is

di* = a®(dy* + sin® x (d6* + sin® 0d ¢?)),
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so the metric is diagonal with
811 = a* 8g» = a? sinzx g33 = a’ sinzx sin” O
and

\/detg = a’sin’ ysin 6.

Then the volume is (see Section 3.13.1; here a positive sign is used under the square root
because detg is positive for the spatial part of the metric)

2r T T
V:/ d(p/ d@/ Jdetgdy,
0 0 0

2n T T
. / do / 5in 640 / sin ydy
0 0 0

=2n%d’.
For negative curvature the line element is
d0* = a*(dy* + sinh® 3 (d6> + sin”> 0d ¢?)),
so the metric is diagonal with
811 = a® gn = a? sinhzx g33 = a”sinh® X sin’ 0

and

\/@ =d° sinhzxsin 0.
Therefore, for negative curvature the volume is

V =4nad’ /0 " sinh? xdy = oo.
For a flat metric the line element is
di® = a*(dy* + x*(d6* +sin® 0d @?)),

and proceeding as above the volume for flat space is

V:4na3/0wxdx:oo.

Thus, the volume of a spatial slice described by a Robertson—Walker metric with positive
curvature is finite but the volume of a spatial slice described by a R—-W metric with negative
curvature or no curvature is infinite.

18.10 Introduce the conformal time 1) through df = a(t)dn. The flat (k = 0) Robertson—
Walker metric (18.14) is then given by

ds? = —di* +a*(dr* +*d6? + P sin 0d ¢?)
— —d2dn® +d*(dr + Pd6* + P sin® 0d9?)
= (—dn*+dr* +2d6* + *sin® 0dg?),

which is the same form as the metric for a uniformly-expanding Minkowski space. For
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radial light rays d@ = d@ = ds = 0, so the line element implies that a>(—dn?* +dr?) =0
and hence d1n = £dr. Thus, in the n—r plane light rays move at 45-degree angles at all
times.
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19.1 From the Friedmann equations,
€ P\ ad
Z43 <1+—> 2 0.
€ €)a
If an equation of state P = we is assumed, this may be written as
de d
A U P
€ a

Assume w to be constant and integrate both sides from now (a = ap and € = &) until some

scale factor a to give
—3(14w)
In @ =In <£> ,
& ao

=3(14w)
gla)=¢g (%) .

Thus matter (w ~ 0), radiation (w = %), and vacuum energy (w < — %) have very different
histories: for matter, &y, o« a>; for radiation, & «< a—*; for vacuum energy, €, is constant,
if it is assumed that w = —1 (as implied by a cosmological constant).

which implies that

19.3 (a) Assume air to be an ideal gas of nitrogen molecules N, with mass i ~2 x 14 =
28amu at 7 = 300 K. From Eq. (19.10), w = kT /uc®. Thus w is basically the ratio of
the thermal energy to the rest mass energy, which will be small for a nonrelativistic gas.
Inserting the numbers gives w = 9.9 x 10713,

(b) For an ideal gas (v?) = 3kT /u, implying that w = kT /uc? = (v*)/3¢?. Thus w may
also be interpreted as the ratio of the average of the velocity squared to the speed of light
squared, which is a very small number for nonrelativistic gases.

19.10 For the angular part of the metric (18.19) displayed in Box 19.3, we have /detg =
S,% sin@ (where ap = 1) and the spherical surface has a proper area A (1) that differs from
47mr? in curved space:

2 T
Ap(to) = /0 do /0 \/detgd® = 4mS,(r)*.

This is a consequence of curvature, independent of whether the Universe is expanding. If
the Universe is flat, S; = r and an area of 477 is recovered.
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20.11 The scaling of the energy densities with expansion is
gm~a > =(1+z)° gy~at=(142)* g ~a = (142>
From Table 20.2 and Table 17.1, take the density parameters today to be
Qn =0.308 Q =8x107° Q, =0.048 Qim = Qm — Qp, = 0.26
and from Eq. (17.7) the critical energy density is
g =1.05x10"21*MeVem > =4.83 x 10> MeVem ™3,

where h = 0.678 inferred from Table 20.2 was used. Thus for dark matter at a redshift for
last scattering zjs,

€am(21s) = Quamée (1 +215)° = 1.6 x 10°MeV em 3,
where z;; = 1080 was used. Likewise, for photons
&y(z1s) = Qyec(1+2i5)* =53 x 10°MeVem 2,
and for baryons
&(21s) = Quec (14 215)° = 2.9 x 10° MeV ecm ™.

The ratio of energy densities at decoupling was then &gy, : &y : & ~ 5.5: 1.8 : 1, and the
Universe was dominated by dark matter at decoupling. See also related Problem 20.5.

20.12 Putting the parameters from Table 20.2 into the cosmological calculator at Ref. [5]
gives an angular size distance dx = 12.9 Mpc for z = 1080. From D = ds A6 in Box 20.2,
on the last scattering surface assuming this cosmology

AO AO
Digs = daAB = 12.9 Mpc (—) =3.75 ( - ) kpc.
rad arcmin

The smallest angular size resolved in the Planck data is about 5 arcmin, which gives ~ 19
kpc when inserted in the above formula for the size on the LSS. This would have scaled up
to

D(to) = Dlss(l +Z]ss) ~ 205 MPC,

as observed today because of the Hubble expansion, assuming z;; = 1080. The current
baryon mass density of the Universe is py = Qpp., which gives py ~ 4.15 x 1073 gem 3
upon using Qp = 0.048 and & = 0.678 from Table 20.2 in Eq. (17.6). Using this density
a sphere of diameter D = 20.5Mpc contains a total baryonic mass of 2.8 x 10'3M.,. This
is comparable (given our crude estimates) to the baryonic mass of a cluster of galaxies,
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which typically have total masses of 10'* — 10" M,,. For example, the total mass of the
(fairly rich) Virgo Cluster is estimated to be about ~ 10'> M., of which probably 5-10% is
baryonic.

20.13 Before decoupling the barons and photons were strongly coupled, with the photons
greatly outnumbering the baryons in the fluid. Thus the speed of sound was essentially that
of a photon gas, which is v = ¢/+/3. The proper distance that sound could travel from the
big bang to the time of last scattering #;; was then

=—= 0.25Mpc) = 0.144 Mpc
- 3= 502 Mre) -

where we’ve used that at the time of last scattering for the CMB the distance to the horizon
£y was approximately 0.25 Mpc. From Box 20.2 the corresponding angular size on the
CMB as viewed today is

Ly(t 0.144M
0, = s(t15) — e =0.011rad = 0.6°,
da 12.9 Mpc

where an angular size distance dx = 12.9Mpc was computed for the parameters in Ta-
ble 20.2 at a redshift z = 1080 [5]. The corresponding length scale as viewed today is
stretched by a factor 1 + z:

Us(to) = (14 z15)4s(t1s) = (14 1080)(0.144 Mpc) = 156 Mpc.

The present total mass density is given by p. from Eq. (17.6) since the Universe is flat. The
total matter density is P = Qmpe = 2.66 x 10730 g cm™3, where h = 0.678 and Q,,, = 0.308
were used. Then the mass contained within a volume of radius 156 Mpc is on average

M ~ 37(156 Mpc)*pp = 6.3 x 107 M.

This is larger than the total mass for superclusters of galaxies and sets the minimal scale
that must be analyzed to observe the effect of the baryon acoustic oscillations for clustering
of visible matter.

20.14 From the last equation in Box 19.3 we have di, = (1 +z)£(to), where £(fy) is the
proper distance at the present time fy. Thus, from the last equation in Box 20.2

(1+z2)ds = d—L = {(t9),

I+z
and using Eq. (16.12) to relate scale factors to redshift,
L)
d = ((t
AT T4 ().

where £(z.) is proper distance at the time of emission f.
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Extending Classical Big Bang Theory

21.2 From Egs. (19.5) and (17.6)

A_P_P—Pc_ 3k
pp  8nGa’p’

But p o a~* for radiation dominated evolution, in which case Ap/p ~ a® ~ 1, so the devi-
ation from flatness grows smaller as time is extrapolated backwards. Take 7y ~ 4 x 107 s
for today. Then (assuming radiation dominance to make the estimate simple), at the Planck

time of r ~ 107 s
Ap Ap ~ 1075 ~ 1092
P/, P/, 4x107s '

So unless the flatness is tuned to this precision at the Planck scale, the Universe does not
evolve into one that is flat today.

21.3 First we make an unsophisticated argument. At the time of decoupling zq ~ 3 x 10° yr,
corresponding to a redshift zg ~ 1100. The size of the horizon at this time is ¢4 ~ 2cty
for radiation dominated and ¢4 ~ 3ctq for matter dominated cosmologies. (Let’s assume
radiation dominated for simplicity in estimates.) The size ¢ corresponding to this horizon
in the current Universe would be stretched by the expansion according to ¢/¢q = ag/aq.
However, zg = ag/aq — 1, so £ =~ 2ct4(1 + z4) is the size of a causally connected region at
decoupling in the present Universe. Assuming a flat Universe, one may take the distance
to the last scattering surface to be close to the present horizon and given approximately
by ¢(fo —t4). Thus, the approximate angular size of causally connected regions on the last
scattering surface is

0 o 2cty(1+ za)

B C(t() — td)

Hence regions in the sky separated by more than a degree or so should not have been
causally connected at any time in the past (in standard big bang cosmology).

A more sophisticated argument can be made by using the angular diameter distance
discussed in Box 20.2 in the form ds = £4/A6. In the standard cosmology the angular size
distance corresponding to z = 1100 can be computed to be about 12.9 Mpc [5], and the
horizon size at decoupling is about ¢4 ~ 2ctq ~ 0.184 Mpc, assuming radiation dominance.
Then

~ (0.047 rad.

lq  0.184Mpc
dy  12.9Mpc
Again we conclude that regions on the last scattering surface separated by more than a
degree or so cannot have been in past causal contact in the standard cosmology, yet widely

AB = =0.014rad ~ 0.8°.
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separated regions on the sky are observed to have the same cosmic microwave background
temperature to one part in 10°. This is the horizon problem.

21.4 By analogy with the solution of Problem 21.3, the physical horizon size at the GUT
transition may be estimated as r, ~ 2ctgut =~ 6 X 10726 ¢m, if teutr = 10736, Assuming
one monopole per horizon volume, the number density of monopoles at the GUT transition
is then

v~ (m) 2 =4.6x10"em ™3,
and the energy density of monopoles will be
em ~ 10" GeV x ny ~ 4.6 x 10°°GeVem ™3,

where we’ve assumed the average mass of a monopole to be the GUT scale. The tempera-
ture at the GUT transition is about 10?® K, so the energy density of radiation is

& = aldyp ~ 4.7 x 10" Gevem 3.

This is 10 orders of magnitude larger than the energy density of monopoles, so at the GUT
scale the Universe is highly radiation dominated. However, the radiation energy density
scales as a~* and the massive monopole energy density as a—>. Thus, after the Universe
expands to a scale factor approximately 10'? times that at the GUT scale, the Universe will
begin to be dominated by the monopole energy density. From Egs. (20.17) and (20.5), in
the early Universe T ~ a1 and ¢ ~ a2, so this transition will occur when the temperature
has fallen to 10> K x 10710 ~ 10'® K, at a time of 10%°s x (10719)2 ~ 10~!® seconds
after the Big Bang. Thus, the early Universe would have been strongly matter dominated,
contradicting the observational evidence.
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22.1 Contract both sides of the Einstein equation (8.21) with the metric tensor,

8nG
guVRuv _ %g”vguvR — 6—48uvTuv~

The first term on the left reduces to R and the second term to 2R, and the term on the right
reduces to (87G/c*)T",. Solving for R then gives

R=——+-TY,.
Y
Inserting this back in the original Einstein equation gives

1 «
R”v = T(Tuv — EgﬂVT 0{)'
The vacuum Einstein equation R,y = 0 then results from setting 7, and T, to zero.

22.2 (a) In linearized gravity guv = Tyuv + hAyy. Under a Lorentz transformation of the
metric,

G = AL 8ap = N (Map +rap) = My +

where h’uv = Aﬁ,Aé,haﬁ. Thus the field defined by &y, behaves as a rank-2 tensor in
Minkowski space, for which indices may be raised or lowered by contraction with the
Minkowski metric tensor 1y.

(b) Since g,y and gMY must be matrix inverses of each other, this requires that gtV =
n*Y —h*Y so that

guag”’ = (Mua +hpa)(N* —1*) = 5;1/ +0 (hz) )
to first order in A.

22.3 Substituting Eq. (22.6) in Eq. (22.7) and noting that A,y is symmetric under exchange
of indices,

0 [1 dhs oh oh 0 [1 dhg dhg oh
_ Y | 1,7 u ov uv I ) u Y uy
ORuv =5 {2” ( ox T o ox )} x5 [ ( o oxk oxd )]

2 n
1 ” 1 ”
— 39 [r, (Bvhsy + duhsy — aahuv)} ~3 [r, (Oyhsy + Auhsy— aghw)}
1
Introducing the definitions

O0=n"0,05 Vv =0dyhl—Lon}=0,n"hs, —Loyn"hs,
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and noting that, for example,
uVy = oy hsy — 13, dyn" hs,,
the Ricci tensor to first order in 4 becomes
SRyy = 4 (=Ohyy + uVy + Vi) -
Then to first order in the metric perturbation /4 the vacuum Einstein equation 6Ryy = 0 is
Ohyy —duVy —vVy =0,
which is Eq. (22.12).

22.4 Consider linearized gravity with the metric given by Eq. (22.2). Under the coordinate
transformation (22.13), x* — X! = x* 4 e#(x), where it is assumed that e* and deH /dx¥
have magnitudes comparable to or smaller than £y, the metric tensor transforms as

, x% JxP
v = G g b

e\ [ p O€P

~ (5 5w) <5v - a_> ap
oeP de”
= 8uv _guBW —gavW,

where Eq. (22.13) was used, we have assumed that to first order de* /dx’" = det /dx”,
and terms higher-order in d€/dx have been neglected. Hence, from Eq. (22.2)

h;w = glyv — Nuv
oeP e

= huy _guﬁw _gavﬁ

= huv - auev - (9\;8#,
which is Eq. (22.15).

22.6 The transversality condition k/ &;; = 0 from Eq. (22.24) may be written out explicitly
as the set of equations

k! o1 —|—k2(X12 +k30613 =0
K on) + Ko + ko =0
k! (0731 —|—k2(X32 + k30633 =0.

But from (22.26), k! = k% =0, so a;3 = 03 = a3z = 0, and from (22.23), 0y = 0. There-
fore, for the symmetric matrix oy the only nonvanishing components are o1, 02 = b1,
and oy, and these are further constrained by the trace requirement from Eq. (22.22), so
Oz = — Q1.
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22.8 From Egs. (22.19) and (22.16)
Dizuv _ T]Mazaa (auveikaxu)
=n*iksd;, (aﬂveik”‘xa)
=ik ikghyy
= —kp kM hyyy = 0.
But Ay is not generally zero so a solution of the wave equation requires that k be a null
vector, k;LkQL =0.
22.9 The test particle is initially at rest with a 4-velocity u* = (¢,0,0,0). The geodesic
equation (7.23) thus reduces to
ddL: = _F(L)lO(MO)Z = —czl"go.
From Eq. (22.6), to first order in A,
o = 51" (dohvo + dohvo — dvhoo),

but from Eqgs. (22.23) and (22.19), hyo = hgo = 0, so 1"610 = 0 and the initial 4-acceleration
vanishes, du* /dt = 0. (Note that we are in TT gauge where & = h.) Thus, in TT gauge the
particle is stationary with respect to the coordinate system as the gravitational wave passes.
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23.3 From Eq. (23.7) and being careless about numerical factors,
MR* MR My’
P RPP R’
where Eq. (23.9) has been used. Inserting this equation into Eq. (23.16) and eliminating
M in favor of the Schwarzschild radius rs = 2M gives Eqgs. (23.18)—(23.19) [a numerical

factor has been omitted in (23.18)]. Utilizing Eq. (23.12), this also may be expressed as
L~Ly(rs/ R)5 . The total energy emitted in one period P is

2 .6
AE ~LP ~ (Lor—sv )P.

fl‘jﬁ

R2 6
Utilizing P = 2R /v, (23.12), (23.13), ry, = 2M, and (23.19), this gives Eq. (23.20),
7/2
AE ~ Mc? (r_s> :£Mcz,
R
where a factor of 27 has been dropped. Thus € is a measure of the efficiency of converting
mass to gravitational waves.
23.5 From Eq. (23.23) the non-zero components are

1" =P = pa*cos® ot = Sua*(1 +cos2or),
12 = Y = pa’cos wr sinwr = %uaz sin2z,
1?2 =P = pa’sin’® or = %,uaz(l —cos2mr).
The trace-reversed amplitude is given by Eq. (23.4), which requires the second time deriva-

tives. These are easily computed from the above equations. For example,

()

d
o (Aua®(1+cos2wt)) = —pa*wsin2et,

(1) = —2@*ua® cos2ot,

- 2. —40*ua’
P ==*t—r)= il cos2w(t—r).

r
Computing the second time derivatives for the other components in like manner gives

—cos20(t—r) —sin2w(t—r) 0
awtud cos
pij — 2O Ha” sin2w(t—r) cos2w(t—r) 0],
r 0 0 0

which is Eq. (23.24). The triple time derivatives required to compute the gravitational wave
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power,
(1) = 40 pa? sin 2001 I (1) = —4@3pa®sin2wt
j'xy(t) _ j'yx(t) = —4w3ua®cos2mt

)

may be found from the second derivatives computed above.

23.6 Differentiating both sides of Eq. (23.33) leads to

1dP 3 da

Pdt 2adt’
Assume by energy conservation that the decay of the orbit causing the decrease in period
results from emission of gravitational waves. The total energy of the binary orbital motion
is given in Newtonian approximation by Eq. (23.32),

g Gmm
2a
from which
lda  1dE
adt  Edt’
and combining the first and third equations from above gives
1dP 3 1dE
Pdt  2Edt’

Equating the change in orbital energy with the energy carried off by gravitational waves,
dE/dt = —L, and using Eq. (23.27) to specify L gives

1dE 64 G> M*p
Edt 5 a*
Therefore,
ap_ 31dE, 96 G M*p

dt ~ 2Edt 5 at
which is Eq. (23.34). The period P and the separation a are related by Kepler’s 3rd law
a® = (GM /47*) P, which can be used to eliminate a, giving an expression depending only
on the period and masses

dr 5 S M3

AP 192 GO mymy (27
P )
which is Eq. (23.35).

23.7 The mass of the system contributing to gravitational wave radiation is assumed to be
~ 0.5M, and the effective radius is taken to be R ~ 2R, ~ 14 x 10> km. From Eq. (23.13)

2
2y _1s _ 2(G/eIM M\ (km
£ R R 2.95 M, R )

which gives for 44 Boo an efficiency £2/7 ~ 10~°. Therefore, from Eq. (23.15) and the
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period of 6.4 hours the amplitude and frequency of the expected gravitational wave metric
perturbation is

h~7x1072"  f~8.7x107°Hg,

since [see Eq. (23.23)], the gravitational wave frequency is twice the binary frequency of
revolution. Consulting Fig. 22.8, the expected gravitational wave frequency is outside the
favorable response range of LIGO or Virgo, but within the frequency window for LISA.
Thus, it is possible that space-based arrays may be able to detect gravitational radiation
from some galactic binaries.

23.9 From the information in Section 10.4.1, assume that the average separation of the
neutron stars is R ~ 2R, the effective mass entering into generation of gravitational waves
is M ~ 1 M., and the distance is r = 6.4 kpc. Then from Eq. (23.13)

re  2.95(M/M:)

e =22 =) 9 1% 1070,
R 2R

and from Eq. (23.15)

h=9.6x 10177 <£> (@) ~32x10° 25,
M@ r

The period of the binary is 7.75 hours, implying an orbital frequency 3.6 x 10™>s~1,
The gravitational wave frequency is twice that, f = 7.2 x 107> s~!. From Fig. 22.8 this
is roughly in the LISA frequency window but the strain is several orders of magnitude too
small to be measurable by LISA.
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24.2 The chirp waveform in the bottom panel of Fig. 24.4 indicates a binary merger. The
theoretical chirp mass

s

M2/5

from Eq. (24.2) is plotted as a function of m; for different values of m; in Fig. 24.1 [this
document]. The chirp mass .# ~ 28 +2 M, (Table 24.1; see also Problem 24.5) deter-
mined observationally from the frequency and its time derivative of the gravitational wave
is indicated by the dashed horizontal line and gray uncertainty box. By summing m; and
my at the intersections of the curves with the .#Z = 28 line, one sees that the minimum total
mass of the binary consistent with the chirp mass is around 65M: — 70 M. From Prob-
lem 24.1 the separation of centers at the time of maximum frequency was about 350 km.
Only black holes or neutron stars are compact enough to be consistent with that. Assuming
neutron stars to have an upper mass limit of ~ 2 M., two neutron stars would have far
too little chirp mass to account for the data. From the m, = 2 M, curve, for a neutron star
and black hole to give the observed value of .# the mass of the black hole would have
to be huge, giving a very large total mass for the system that would lead to a much lower
gravitational wave frequency than observed. Thus a black hole and neutron star binary is

70
my
60
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30 f Observed

chirp mass
20 1
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m Chirp mass for Problem 24.2 as a function of m; for different values of m,.
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ruled out, leaving merging black holes with a total summed mass near 70 M, as the only
plausible explanation.

24.6 Assuming the validity of Newtonian mechanics and Newtonian gravity, the total (ki-
netic plus potential) energy is

) Gm1m2 1

2 ) 2 o Gmimy
E = %mlvz‘f‘ %mZVz - = 5mrw + %mgrza) -

3

where v = or has been used with @ = 27/P. But
2 o M=m+
r=— rn=— =
D VR Vi e,

allowing the total energy to be written

mo \ 2 mi\ 2 Gmim
E:%ml(ﬁ) a*@® +tm, (ﬁl) ot - 12

Gm ny
1 2.2 1
~ua“mw- — ,

where t = mymy/M is the reduced mass. Eliminating the frequency @ using Kepler’s 3rd
law in the form a® = GM / ? then gives for the total orbital energy E = —Gmm; /2a.
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25.1 Any viable relativistic gravitational theory should agree with the results of Newtonian
gravity in the weak-field limit, as described in Section 8.1. There it was shown that the
lowest-order relativistic correction to flat space modifies only the goo component of the
metric to goo = — (1 —2GM/rc?) [see Eq. (8.12)], with the other components unaltered to
lowest order. Comparing with Eq. (25.1), agreement of general relativity with Newtonian
gravity in the weak-field limit requires that to lowest order

2GM
rc?

A(r)=1 +... B(r)y=1+....

which is Eq. (25.3) to this order.
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26.1 This solution follows an example in Zwiebach [257]. For a square well in two vari-
ables (x,y) ~ (x,y+27R), the Schrodinger equation is

W (%y 9Py
“om (W*W) =Ev.

Substituting y(x,y) = y(x)@(y), the Schrodinger equation becomes

o1 dw(x) K1 d%(y)

Tyl d dme) A

The solutions of this equation are
. [ kmx . [ Ay Ly
Yi(x) = ¢ sin <7> or(y) = aysin (E) +bycos (E)

2| (ke\? [0\
Eip=5- [<7> +<E> ] (k=1,2,3,...00, £=0,1,2,...00),

where ¢ = 0 is allowed because of the boundary conditions in the y direction. As shown in
Problem 26.2, if R is small the new states introduced by the compactified y dimension will
be very high in energy.

26.2 From the spectrum obtained in the solution of Problem 26.1, if £ =0

P AN RN N 1A
M7 om [\a R 2m\ a )’
which is the spectrum of the 1-dimensional square well. Thus the states with £ = 0 are the

old states of the 1-dimensional square well. The lowest-energy new state corresponds to
k=1and ¢=1, giving

2 2 2 2 2
wew _p I (Z)'+ LAN PO RN
mmn ' 2m | \a R 2m \ R

where in the last step R << a was assumed. This state has the energy of a state with
k =a/mR > 1 in the original 1-dimensional spectrum, so it is very high in energy. The
following figure illustrates schematically how the compactified dimension changes the
spectrum.
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(@) (b)

— YA

1st new state

Square
wells 2R
> X l > X
0 a 0 a
- Solution
0 a domain 2R

In (a) the particle is restricted to a line between 0 and a. In (b) with the added compactified
dimension the particle is restricted to the surface of a cylinder of length a and circumfer-
ence 27R. If R <« a, particle vibrations in the y direction are strongly restricted, which by
uncertainty principle arguments means that they represent states having very high energy
compared with those associated with motion in the x direction. Thus, if the radius of com-
pactification is small compared with the characteristic length scales of a physical problem,
the compactified dimensions have negligible influence on the low-energy spectrum.



