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Awadopikn E€Elowon Kuuatog o€ xopdn

I'papprichi Tokvomto paog = pade g xopong / UNKog g xopong

u=m/l
IIpoceyyicelc:

e KabBnc n yopon tevtavetor, 1 Lalo ava LOvVAOO UNKOVE TPETEL VO, LELOVETOL, OAAN
Oa eCeTdoovE TNV TTEPITTMGOT) KOTA TNV OO0 AVTY| 4 0AAGYY OTH YPOoLUUIKH
TOKVOTNTO, AOY®W ODTOD TOV TEVIWUATOC EIVOL OUEANTED.

* Qo eeTdOOVUE EMIONC KATOKOPVYES UETATOTIOELS TTOV EIVOL UIKPEC OE OYECT] LUE TNV
op1LovTIa EKTAGT) TNG O10TAPAYNC, EMOUEVOC M Yovia (0) mov onuiovpyel
OTOT0ONTTOTE TUN LA, TOV TUNUOTOC HE TNV opllovTia d1tevbuveon givar Likpn).

e [I10G0 pkpn; ApKETA UIKPT) OOTE VO LOC ETLTPEYEL VOL KAVOVUE TTPOGEYYIGELS OTTMC
cos 8 = 1 and sin@ = tan 6, mov givon enapknc oto 10% edv 0<25¢°.]

* Kot 0o vrofécovue 011 10 ATOTEAEGUATO OADV TOV AAA®V OLVALE®V (OTTOC M
Bapvtnta, n TpiPn) eival apueAnTéa o€ GLYKPION LE EKEIVA TV OLVALE®MV TAGTC.




Awadopikn EEélowon Kupatog og xopdn, |

OeWPOVUE TO OTOLYELWOEG TUNUX TNG XOPONG UE unKog Ax dtav eivat
ot 0€on LooppoTiag.

ZTO OTIYUOTUTIO TOU OXNUATOG, aokovvtal ol €8¢ SUVAUELS oTa

AKpO TOV TUNUATOG:

Fl) n duvapn armo To APLOTEPO TUNHA TNE XOPONCE, OTO APLOTEPO AKPO
TOU TUNMATOC Kal

F? n duvapn aro to de&Lo TUNHa NG XoPdNG, oto L0 AKPO TOU
TUNHATOG

(OLduvapelc auteg Bewpolvtal W EEWTEPLKEC OUVALELG VLA TO TURHA
NG X0PON g Kal Elval EPATITOPEVIKEC OTA AKPA TOU TUNMATOCG TNG
X0pdNg).

Oa utntoBeocoupe O0TLTO BAPOC elval apeAnTeo (O€ oxXEON PE TN TACN TNG
X0P3dnc).

Edpooov n Kivhon Tou otolxelwdoug TURMATOC ival eykapola, 6a
rtpemel (1°¢N. Neutwva)

YF,Xx=0=>F,X—F,,x=0=>

Fi,=F,,=F (1)

Mmnopel va vtapyeL cuvi-
otapévn kaBet dvvaun
OTO TUNUQ, OALA 1) CLVI-
otapévn oploviia dvvaun
givar pndév (n xivnon eivar
gyKapola).

°
.......
-------

Mnkog woppomiog avtov
Iy 7Tov THApATOG TG XOPdg




Awadopikn EEélowon Kupatog og xopdn, |

2TOoV Katakopudo aéova, n Kivnon Tou THAPATog TNE XopodNng

divetal aro tov 2° Nopo tou Nevutwva:
Ama,y = ZF,y = —F1,y + F,, ¥
Am = ulx

O duvapelg E) Kl F{ elval ePpATITOPEVIKEG OTA AKPA TOL TUAHATOC
NG X0pdng, apa o Adyog Fq,,/ F1, Ba tooltat pe tn KAion tng

X0pOdN¢ oto anpueio x, dnA. aro &&€. (5),

F oy(x,t
1y _ 9¥( )K

at

Fzy  O0y(x+Ax,t)

(3) ottou
U, N YPAUHLKA TTuKVOTNTA TNE X0pdnc (pala ava povada punkoug)

Mmnopei va VTapYEL CVVI- “F,
otopévn k@@etn ddvopm . KT
670 TUApE, OAAG T ouvt- P
otopévn oplovTia dvvaun
gtvon pndév (n xivnon eivan
EYKEPO). P e AL

~ MfjKoc 150ppoTiag aToD

ly  TOVL TWANOTOG TNG XOPINS
|

P2 A x >
|

L
X x+ Ax

- =




Awadopikn EEélowon Kupatog og xopdn, |

ATtO (1), (2), (3), Kat (4) TTPOKUTITEL OTL:

Am ay — ZFy — _Flyj; + Fzyj; =

LAX 0%y (x,t) _ F[ay(x+Ax,t) _ Oy (x.t)

ot? 0x 0x ]
dy(x+Ax,t) Jy(x,t)
0%y (xt) _ F[ % ox |
ot? AX
dy(x+Ax,t) Jdy(x,t)
— - 1 82y(xt)
! N X dx — )
2T0 oplo Ax— 0, - ™

vpadetat:

0%y (x,t) _F 0%y (x,t)
dt2 dx?2

ano dwaoctatikn avaiAvon v =./F/u

(14)

, oTtote n (14)

Mnopei vo. VEaPYEL CVVI- _ _‘ F,
otapévn kGOeT ddvoun AR

670 THANE, AAAG T ooV
otapévn oplovtio dSvvapn
givon undév (n kivnon eivan
eyképow). i e g

F ‘: Mkog 160ppoTiag avTo

ly  TOV TUMRATOG TNG XOPING

|
—Ax—>i
1 1

X x+ Ax

F

v=F/u,

omov u = M/L




Taxutnta eyKapoov Tynpatog o€ xopodn. |

Alaotatikn avaiuon

Eéetalovpe TIc dlaoctacel Twyv PUOIKWY HeEYEOBWY TIOU UTIELCEPXOVTAL OTO
tpoBAnua. Ta cuvdualdoupe €ToL WOTE va TIPOKLP oLV dlacTAoELG TaXUTNTAC.

ATIO epTtelpila, Ta peyebn avta sivat: pada xopdng, HNKog xopdng, taon xopdng
(o TNV eutmelpia pag EEpoupe OTL av Oev elval TEVTIWHEVN N Xopon dev UTTIOPEL va
dladoBel dlatapaxn o€ avtnv)

Movdadec duvapnc (tdonc) [F]=MLT? (M:povdda pdlag, L: povdda pnkoug, T:

' : — M| 2T-2| -1 2T-2 = & _ )
povada xpovou) 2 [F]= MLET=LT 2 L2T2=[FILM [[y]= ([F]LM1)1/2 o = iR,
Movadec tayxutntac [u]= LT = (L2T2)1/2 6mov = M/L




Kupatikn e§ltowon ll.

2taponyovpeva eidAPE OTLN KUPATOOUVAPTNON TIOU TIEPLYPAPEL TO EYKAPOLO
ATTIAO APHOVIKO KUHA TIOU OLAOLOETAL KATA UNKOG YLlag TEVIWHEVNG X0PpONg,
dlveTal ATto TOoV TUTIO

y(x,t) = ypsin(kx + ot + ¢,) (1)
(-) dltadoon pocg ta BeTika Ttov afova x
(+) dtadoon TPOC TA ApvNTIKA Tou agova x

H eyKkapola tTaxutnTa OTtolouUdNTIOTE OTOXELWAOUC THAMATOC TNG XOPONC elval:
dy(xt) _ +
= (2)

vy - =T wymcos(kx + wt + @,)
KOl N avTioTolxn eykapola ettayxuvon elvat:
0%y (x,t) . —
ay =—>5—= —yw?sin(kx ¥ wt + @,) (3)

ATIO (1) kat (3) TTPOKUTITEL OTL

0%y (x,t
208 = —w? y(x, 1) (4)




KUHGT[KI"] EEiO'wO'n "o OQupopaocte OtL ywa g ocuvaptnon f(x), n Tpwtn
Y

mapaywyog wg mpog x, df /dx, pag divel tn KAion ng

edamtopevng TNG KAPTUANG f(x) oto onueio x. H deutepn

” ' ‘ TapAywyog we mpog x, d*f /dx?, pag divel Tnv KAuTuAoTNTA:

\UJ_ N " otav eivat B6eTikr, n KaumuAn eivat kupth, otav eival
N S ApVNTLKA, N KAPTIUAN ivat KoiAn.

N .\:

KOLAT

VAR N

2€ EVA OTLYMLOTUTIO TNG Y (X, £) (ONA. yld CUYKEKPLUEVN XPOVLIKH OTyun t),

N HEPLKN TTAPAYWYOC WCE TTPOoCg X, y( ) pacg divel tn kKAlon tng xopdng otn B€on x.
aya(i’t) = ky,,cos(kx + wt + ¢,) (5)
H deutepn HEPLKN TTAPAYWYOC WE TIPOC X Hag divel TNV KAPTILAOTNTA, V.

_ Pyt _ k?sin(kx + ot + @)= ————= Pyet) _ _p2 (x,t) (6)

axz ym (pO (1) axz y
2

ATtO (4) [a a(f 2, = —w? y(x,1t) ] kat (6) TPOKVUTITEL OTL
0%y(xt) w? 0%y(xt)

3tz kZ  ox? (7)

AMA w/k=v (taxvtnta diadoong KUPATOC) OTIOTE ATTO TNV (7) TTPOKUTITEL OTL

9%y (x,t) _ 1 0%y (x,t)
dx? v dt?

(8)

AuTr) givatn KupaTikn sEtcwcn KO EXELYEVIKI LOXU, yia oTtoladnmote Kupatiky diatapaxr g(x +
vt) (amodelen wg aoknomn) ou dladidetal e TaxUTNTA U KATA HAKOC TNG XOPJdNC.



Ol EEIZQXEIX AYTEZ
ME THN
IAIAZOYXA
YYXXETIXH
XPONOY-XQPOY
[TEPITPAOOYN
ATAAOZH ATATAPAXHX
XQPIX TTAPAMOPOQ2H
ME TAXYTHTA U

y(x,t) = f(x—ur)
y(x,t)=g(x+uvt)

X

y(x,t)=f(t——)

v

y(x.0) = g(t+>)
U



I1.y. n cuvaptnon f(x-vt) eitvon _
Aoon g AEK y(X, t) — f(x - Ut)

h=x—Ut

oy(x,t) _ df(h) dh(x—ur) _ Ldf( g,

Ot dh Ot dh
oy(x,1) _ df(h) Oh(x—vr) _df(h) ,
Ox dh OX dh
oy(xt) __ | g,
Ot Ox




Ot dh

8 oy(x,t) 0%y(x,t) d( df(h))oh(x—vt)  df2(h)
ot ot  0t? _dh{_v dh } ot~ dh? (3)

vlxt) __ A

8y(x’t) — df(h) (2)
Ox dh

0 dy(x,t) *y(x,t) d (df(h)j@h(x—ut) d*f(h)
ox ox  ox>  dh\ dh ox  di’

(4)

0" y(xt) _ 1 0 y(x1)
Ox” v’ ot




2YNOWH
0" y(x,t) _ 1 9°y(x,1)

3
Ox” v ot

MIA AINMAA AIAGOPOTOIHZIMH 2YNAPTHXH TOY
2Y2XETIZEI TO XPONO ME TO XQPO ME TON TPOI'O

y(x,t) =t(xtot)
NEPIFPA®OYZA AIAAOZH AIATAPAXHZ MNMOY
AIAAIAETAI XQPI1Z MTAPAMOP®Q2H ME

TAXYTHTA U
[MPEINEI NA IKANOTOIEI THN

AIAOOPIKH E=zI2Q2H TOY KYMATOX




2XOAL0: KAUTIUAOTNTA KAl EYKAPOLA ETUTAXUVVON

Eidape OTl n eykapola emtayuvvon
OTOLXEWOOUC THNHATOC TNG XO0PONg oTn
Beon x TN XpoVvikKn oTyun t eivat: Y Ao,

9%y (x,t) . — »
ay =—55— = —yw?sin(kx ¥ ot + ¢,) I Ao,

a
r y  § a. =
H kapmuAotnta, ¥, TOU OTWYHLOTUTIOU TNG a T ey

(6)]
2
Yy = 0 g'g’t) = —y. k?sin(kx ¥ ot + ¢,) 3

2 4 Yo

Anhadna, =5y (9) =0

N KAUTIUAOTNTA Elval avaAoyn Kalt
OMOPPEOTIN TNC OTIyHLAlag eyKapoLlag
eTULTAXLVONC.

Xopdng y(x,t) otn Beon x eival [amo €€ o A l 10



2XOALO

[evika, n taxutnta dtadoong HNXAVIKWY KUPJATWY HECW EVOCG HNXAVIKOU HECOU
loovuTal PJE TN TETPAywvVikn pida tou Adyou tNnNg duvaung smavadopdag otn
Kataotaon toopporttiag (6w n taon tng Xopdng) mpog tnv adpavela Tou HECOU
(€dW N YPAPMLKA TTUKVOTNTA)

Topadeypa

m

rope

e

= 2,00 kgaA——"
‘ ¢

80,0 m
iy (B
Mooy = 200 ke

O avBpwro¢ otn Pacn tou ¢pEATOC OTEAVEL ONUO O0TO OUVAOEADO TOU EMAVW
Twvalovtag to okowvi mAayla. Me mowa tayvtnta dwadidetal 1o onpa (n eykapola
TAAQVTWON TOU OXOWLOU) KATA KOG Tou okowioU; (g=9.81m/s?)

=VF/u

H tdon tou okowwovu F ooutal pe to BApog Tou kKoutlol B = my,,g  Kal n ypOopLULKN
TIUKVOTNTA TOU OKOWLOU | LOOUTAL ME TN HAla TOU OKOWLOU My, = 2.00kg mpog 10
unkoc tou L = 80.0m

(20k§/{ 2:81M) 80.0m)
Apav = /M:J 7 ( = ) = 88.5m/s
Mrope 2.0}@

Av 0 AvBpwToC KWVEL TO AKPO TOU OKOLVLOU PE ouxvotnta 2Hz, TOTE TO UNKOC KUUOTOG

ToU SLabLOOUEVOU EYKAPOLOU KUHATOG ElvaLly = Af = A = % = 88'25/7:/S= 44.3m
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