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We resolve the twin paradox by calculating the relative
ages of the twins first in the frame of the stationory twin
and then tn the frame of the accelerating twin. If we account
Sor the effects of acceleration by keeping track of the in-
stantaneous Lorentz frame of the accelerating twin, both
calculations agree.

The twin (or clock) paradox is one of the most
perplexing of the paradoxes of special relativity.
It can be stated as follows: Suppose we have a
set of twins, John and Mary. John is a physics
teacher, who does not travel very much, but
Mary is an astronaut who is chosen for the first
trip to a nearby star. She boards a spaceship and
travels to the star at a velocity » (nearly equal
to ¢, the speed of light, although such a high » is
not essential to the argument), and after a
brief visit, returns to the Earth at the same speed.
Now the equations of special relativity say that if
Mary is moving with respeet to John, time
intervals in her inertial frame are ‘dilated”
with respect to time intervals in his frame by
an amount vy, where

y=[1—(v/c)*]". (1)
Therefore, at the end of Mary’s trip, she is
younger than John. The paradox comcs about
from the fact that, except during the brief
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intervals when Mary is accelerating and de-
celerating, she is in an inertial frame, and there-
fore, by the broad principle of “relativity”’ she
can claim that John is moving, not she. Therefore,
his time intervals should be dilated, not hers, and
when she returns she should find him younger
than she is!

Although the paradox is resolved when one uses
the equations of special relativity more carefully,
it is surprising how few physicists are aware of
the explanation, and think the solution lies some-
where in the realm of general relativity.! One can
resolve the paradox by using general relativity,
as is shown by Tolman? (who in fact derives all
the equations he needs using only the equivalence
principle). But general relativity is not really
necessary. Darwin® uses only the relativistic
Doppler shift formulas of special relativity (in a
rather elegant way) to show that if the twins
keep in touch with each other by sending light
pulses back and forth, they agree in their calcula-
tions of each other’s age. But he does not show
explieitly what mistake in reasoning leads to the
paradox. Others* have correctly pointed out that
the paradox arises from the fact that one twin
(Mary, in our story) accelerates, while the other
{(John) does not. What I wish to show here is
that we can go one step further. We can use the
equations of special relativity and take the
accelerations completely into account simply by
assuming that they take place in essentially
negligible “proper time” (i.e., by assuming the
acceleration does not cause either the accelerating
twin to age, or his local clock to jump suddenly
ahead or behind) and by keeping track of the
effect that changes in his Lorentz frame must
have on his measurements of distant events.
This approach has been used before,5~7 but I think
that by doing the mathematics explicitly we
arrive at the clearest explanation for the pro-
fessional physicist who has some familiarity with
Lorentz transformations.

Let us assume, for simplicity, that Mary
begins her trip at birth, at local time ¢{=0 and
position =0, and that the distance to the star
measured by a stationary observer on Earth



(John) is D;. The distance to the star measured
by Mary is

Dm:Dj/77 (2)

due to the Lorentz contraction. We will calculate
the relative ages of John and Mary, first doing the
calculation in John’s frame and then doing the
calculation in Mary’s frame. The answers from
the two calculations will agree.

Let us do the calculation in John’s frame. Our
equations will be numbered with a j to remind the
reader that all the quantities referred to are those
as measured by John. Mary travels a total
distance (to the star and back) of 2D, at a
velocity v (—v during her return). This trip
takes a time, 2D;/v. The Lorentz transformation
for time gives the relationship between the time
indicated on John’s clock (T';) and the time indi-
cated on Mary’s clock (Tn):

Tr=+[T;— (vz;/c*) ]. (3))
where z; is the distance between them. During
the trip out to the star,

z;=0T;. (4j)

Substituting this in Eq. (3j), we get:

Tw=~+[T;— (*/) T;],
='Y[1_ (02/02) ]TJ')

=Ti/x. (51)

In terms of time intervals,

ATw=AT;/y. (6)
This equation demonstrates that Mary’s clock is
running slower than John’s by a factor of 1/~.
(Note that y>1.) We leave it to the reader to
demonstrate that Eq. (6j) is also true while Mary
returns from the star, i.e., that after she reverses
her velocity, her clock is still running slower by
1/~. During the trip, John has aged by

A;j=2D;/v; (71

Mary has aged by

An=2D;/vv. (8j)
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The difference in their ages is

Aj—An=(1—77") (2D;/v). (99)

Now let us do the calculation in Mary’s frame.
All the quantities referred to now will be those
measured by Mary. The Lorentz transformation
becomes

Ti=v[Twn— (vxn/c) ]. (3m)

And in terms of time intervals, we can show

AT;=ATw/v, (4m)
i.e., John’s clock is running slower than Mary’s
by a factor of 1/y. To some readers it may seem
that we have already hit a paradox since a
moment ago we concluded that Mary’s clock is
running slower than John’s. But although these
statements seem ‘‘paradoxical,” there is no real
paradox until we bring John and Mary back
together and compare them to see which is older.
Special relativity says that you cannot relate the
times of distant events (or the ages of separated
people) in an unambiguous way sinee the relation-
ship between them depends on the Lorentz
frame in which you do the comparison. Einstein’s
theory destroyed the concept of “absolute
simultaneity.” But when the clocks (or people)
are back together—when Mary has returned to
Earth—then you can compare them. Simultaneity
is a valid concept if we are concerned with a single
inertial frame. The fact that we get a different
answer for the question of whose clock is running
faster, depending on the frame in which we do
the calculation, 1s not yet a paradox.
Mary’s trip takes a time 2D,,/v, during which
time she has aged by
Am=2D,)v. (5m)
(Recall that we assume that she ages a negligible
amount during her accelerations and decelera-

tions.) Since John’s clock is running slower by
1/v, he has aged

A,-=2Dm/'y1).

If time dilation were the only factor to take into
account, Mary would claim that she is older by an
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amount
Ap—Aj=(1—=~v7") (2Dy/v)

= (1=~ (2Dj/w). (6m)
and we would have a paradox.

But there is another factor, and it is in this
factor that the key to the resolution of the
paradox lies. When Mary reaches the star, and
heads back, she changes inertial frames. And
observers in different inertial frames disagree
on when distant events took place. Before the
turnaround, the relationship between John’s
clock and Mary’s clock (as measured in Mary’s
frame) was

Ti=~4[Twn— (vDu/c*) ]. (7m)
Immediately after the turnaround, the relation-
ship between their clocks is
Ti=4[Tn+ (vDn/c*) ]. (8m)
Equations (7m) and (8m) seem to contradict
each other. We have Mary turn around in
essentially zero proper time (so that T, does not
change) but this seems to imply that T; does
suddenly change. What is going on here?

What is going on is that observers in different
inertial frames, even if it is the same observer
(Mary, before and after turnaround), disagree on
the time of distant events just as observers in
different frames disagree on the distance to far
objects. Reeall that at the beginning of her
journey, Mary and John disagreed about the
distance to the star—it looked closer to Mary
because of the Lorentz contraction. Who was
right then? Was the distance to the star D,, or D;?
The answer is that they were both right, because
distances depend on the frame in which you
measure them. Likewise John’s age, as measured
by Mary, changes when Mary changes Lorentz
frames. The amount by whieh it changes 1§ given
by the difference between Egs. (7m) . and
(8m), i.e. ‘ o

20D/ =2wD;/c. (Qm)':

The effect that a change in Lorentz frames has
on the time of a distant event is proportional to

the distance to that event. Thus we are justified
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Fie. 1. The relative ages of the twins John and Mary as
determined in each of their frames. —: John’s frame;
---: Mary’s frame. They agree about each other’s age only
when they are in the same Lorentz frame, or separated by
zero distance.

in ignoring the effects of acceleration only at the
beginning and end of Mary’s trip, when the
distance between her and John is zero.

When she returns to Earth, the age difference
between Mary and John is the contribution of time
dilation [Eq. (6m) ] minus the amount due to the
change in her Lorentz frames [Eq. (9m) J:

Apn—A;j=(1—v)(2D;/vv) — (2vD;/c*),
= (2D;/vv) — (2D;/y*) — (2vD;/¢*),
= (2D;/yv) — (2D;/0) [(1/4*) + (»*/c*) ].

But from Eq. (1), 1/4*+*/¢=1, so

An—A;=(2D;/)— (2D;/v),

= (y7'—1) (2D;/v). (10m)
Notice that Eq.. (10m) is identical to Eq. (9j)!
Upon her return, both Mary and John agree!
John is older. Tf we assume that the star is 7.5
light-years away and that Mary traveled at 3/4
the speed of light (v/c=3/4), then

2D;/v=20 yr,
Y= (1—0.56) 1/ =0.66.



And John is older by
Aj~An=(1—0.66)20=6.8 yr.

Several of the important features of this discus-
sion are illustrated in Fig. 1, which is a plot of the
relationship between A; and A, as determined
in John’s frame and Mary’s frame for the above
example. Notice the cross-over point for the two
curves; this is where Mary has come to a halt
(so that she is in the same inertial frame as John)
and has not yet reversed her initial velocity. For a
moment John and she are in the same inertial
frame, and during that moment their measure-
ments agree (but not their ages).

The twin paradox, and this method of resolving
it, illustrates in a dramatic way one of the revolu-
tionary aspects of Einstein’s theory: there is no
universal time system that all observers can agree
to and the time at which an event-occurs depends
on the Lorentz frane in which it is observed.
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An ezxact, closed solution for the hydrogenic wave
Sfunctions of an extended, uniformly-charged nucleus s
presented. .

1. INTRODUCTION

In calculations on muon and pion capture by
complex nuclei, a hydrogenic wave function is
needed for caleulation of the relevant matrix
elements. As is well known, a wave function cor-
responding to a point charge nucleus will not
suffice’ in these cases. Typically the charge dis-
tribution of the nucleus is taken to be uniform or
of a Saxon—Woods type. The hydrogenic wave
functions are then obtained by a numerical
integration of the Schrédinger equation.! Sur-
prisingly, it does not seem to be generally recog-
nized that in the case of an uniform charge dis-
tribution, an exact, closed solution exists for the
wave function. In this note we present such a
solution and explicitly display the ground state
muonic wave function for the nucleus #Ca.
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