Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac
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H tehevtaia apyn e KPavikng Mnyoavikng dnAdvet 6tt 1 Kopatosuvéptnon, (x,t) , eEeMooeTan

070 XPOVO PECH NG EEICMONG

. 0
Hz//(x,t):ihM 4.1)
ot

H Aom g (4.1) dideton wg

v (x,1)=e ™"y (x,0) (4.2)
Me to sopforo exp {A} = eA, omov A évag teheotnc, cvpPorilovpe v anelpn cepd

1 1 (A j
A _ A A2 ~A\3 _
e —1+A+5(A) +§(A) +—Zj:T (43)

AVT0 16y0€L Y10 OTO10ONTOTE KOTAGTACN l//(x, O).

H anddei&n g (4.2) etvor gdxoin:

v (x.t)= H[%}%{%Th}w(%o)

[Mapaywyilovtog o¢ mpog to xpovo:

Andaodn n Avon (4.2) manpot v e&icmwon Schrédinger, (4.1).

ToviCetoan 011 0 cvuPoMopoOc pe To ekBeTikd evoc tedeotn BEAeL mpocoyr. Qg mapddetyua, TO
eKOeTIKO OVO TEAEGTOV OEV 1GOVTOL UE TO YIWVOUEVO T®V OLO €KOETIKOV Tapd HOVO GE E101KEG
TEPUTTAOGEIS. LVYKEKPUEVQ, 10YVEL YEVIKA 1 TawtdTnTo. BCH:

oA eAefseé[Aﬁ]
KO 0UTO HOVO GTNV TEPIMTMOT TOV 0 PETABETNG TV A,B 1wovtan ne pryadtko apOpd. H anddeién
¢ BCH Bpioketor 6to Mabnpotikd courinpopa tov keparaiov. Ipopavog avaktodie to
NP = ere® povo ya [A,B} =0.
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

1. Xpovikn €EEMEN KVHOTOGLVAPTNONC

Yrdpyer o onuoviikn amhomoinon omv (4.2) otav 1 y/(x, 0) elvar 1d1oovvéptnon g

Hamiltonian, ¢ot0 v (x,0)=g, (x). Ze avt mv wepintoon, o cvvdvacuds tov (4.2) kot (4.3)

w(x,t){l+(—m7t)+2i!(—ﬂ%tj +~-}(Pn (x) (4.4)

Egdcov 1 ¢, (x) etvar ocvvapmon mg H, Ba éxovpe

otvet:

A

Ho, (x)=E,¢p, (x)

KoL ETOUEVAC, O YEVIKOGC 0pog otnyv (4.4)

20\ . j
1( e 1( iEtY
) 05 e

Avtikabiotovtag oty (4.4), mtaipvoope

R e e e R A

=y (x,t)= et (x)=e""p,(x) 4.5)

omov ypayoape ®, = E, /I yio cvuvtopio.

Avm) eivon 1 eElowon mov diver v ypovikn petafoln pog wiocvvdptmong tng Hamiltonian
o, (x) Kot epocov kdbe kvpotocuvdptnon pUmopel va ypaetel ©¢ YPOppIKOS GUVOVAGUOS TOV
Wocvvapticsov ¢ H, pmopodue sdkoho vo Bpodue ) ypoviky eEEMEN TG Tuyaiog l//(x, 0)

YPAPOVTAG TN OG YPALUIKO GLVOVAGHUSO TOV 1010GVVAPTHGE®V TNG H, éotm o, (x) :
w(x,0)=> c,0,(x) (4.6)

Ot ovvteheotéc ¢, , OTmG EEpove, dldovTat omd TV EKPPOCN

m?

c, = Igom* (x)y (x,0)dx

Enopévac, xpdvo ¢ apyodtepa, Oa Exovpe:

p(50) = S, (¥)= Tewe ™, (x) = Tese g, (+)

m m

KO TEAKAL:

w(x,1)= Zcme”'“’""gom (x) (4.7)

m
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

Me Loyl omd ) otrypn mov égovpe vy (x,0) g drepn celpd oV @, (), pe cLVTEAESTES ¢, ,

1 Kbpotoovuvaptnon e xpovo ¢, l//(x,t), dtdetan og:
Z ¢, (), (4.8)
Omov
¢, ()=c, (0)e"™" 4.9)
Zmv (4.9) avticatactioope Tig apykég otadepéc, ¢, , He T0 GOUPOAO ¢, (O) v va deiEovpe OTL
efvon o1 6Tafepég mov avtieToOvY oV ¥ (x,0).
Enopévog, to avamtoyua (4.6) mopapével, pe m popemn mg (4.8), Opmg tdpa o1 GUVTEAESTES ¢, (z)

elvar ovvapmoelg tov ypovov. H eficwom (4.8) divel, mpopavmg, v eEEMEN o610 YpOVO

OTOIAGINTOTE KLHLATOGLVAPTNONG, ¥ (X,0).

Inueioon: PAémovpe 6tL M mMokvotnto mOavotTag dev egoptdron amd To YpOvo, Otav M
KLHOTOoLVAPTN O ivar Wdtocvvaptnon g Hamiltonian:

2

o =l (o)

v (50) =0, (x)e " =y (x0)f [, (2 e

Avtifeta, O0tov M Kvpotoovvdptnon dev eivar wiocvvdptmon ¢ Hamiltonian, n mokvotTa
mBovotnrog petafdiretar 6to ypdévo. Eotw éva oamhd cOommuo mov eivor vmépBeom dvo

Woovvapticeov ™ H, tig @, Kol @, , ueWoTpés £ ko £, aviiotorya:

w(x,0)=cp, (x)+dop,(x)
Xe ypovo t, Ba Exovpe:
w(x,t)=ce " ™p, (x)+de ™, (x)

omov he, =E , ho, =E, . Ocopdviog, yio arkomoinon, 6t ¢,d € R, n nokvomta mbavotrog Ha

sivo:

() =l lo, (o) + 1, (0 +cde e g, (x)p, (x) +ede™™e ', (x), (x)

=F(x)+ G(x)cos[(a)n - a)m)t}

Y10 tedevtaio Prpa animg cvpPoiilovpe v eEdptnon omd 10 x pe dvo cuvapTNoEl;, F (x) Ko

G (x) BAémovpe 611 n mokvotta mbavotntag eival cuvaptnomn Tov xpovov.

2. Xpovikn €EEMEN PLoIKOV neys0mv

Amd to Bedpnpa TG HEoNG TWNG, N HEOT) TIUN WG QUOIKNG mocdtnTag A, 6€ Xpovo ¢, <A(t)>,

otdetan amd v Ekppao:

(A(2)= [y (x.0) Ay (x,0)dx (4.10)
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

v amh wepintoon mov v (x,0) =g, (x) (Sn). N KLHOTOGVVAPTNGN TOL GLGTAHATOG Eival KamoLa

18106vvépTnon e Hamiltonian), O éxovpe, Adyo g (4.4)
v (1) =g, (x)e ™
KoL Gpa
(A(1))= j e (x)Ae ™ g, (x)dx = jgon )Ag, (x)dx=(A(0))

Emopévac, oe éva cuotnpa mov £yl og KuUATOGLVAPTHOoN Ho Wtocvvaptnon tng Hamiltonian, 1
péomn T kabe UOIKNG TOGOTNTAG JTNPEITOL AVOAAOIMTN. AVTO deV 1OYVEL GE GUOTILOTO TV

omoi®V 1 KupoToGLVaPTN oY eivar VTEpHeST TV 110cvvapTioeny e H . Ao v (4.8) éxovpe:

(A= [ Ze 0 (]3] Se. (D0 ()
=X X/ (1)e ()]0, (x)A g, (x)dx

(@) =ZXe (e, (A, (4.11)

6mov 10 cvpuPoro A~ opiletor ¢

nm

A

A, = '[(pn* (x)Ag, (x)dx
Kot €pOGOV 10 OAOKANpopa givar opiopévo, o A, - eivar amAadg Evag aptBpog. Mmopovpe gvkoi

m?

vo, emPBePardcovpe 6TL OTAV OL @, (x) etvat 13106VVOPTNGELG Kot TOV A £€0TM LE WO0TIUN @

J'go a gom dx ao,.

Xe auTn TNV TEPinTOON:

(AW)=X X (es (Va5 = e, (0 a,= %

n m n n

Kol ETOUEVMG M Héom T Tov A datnpeiton oto ypdvo. [apatmpodue mwg 6tov o A xat n A
£XOLV KOWEG 1O10GVVOPTNGELS, TOTE 1] HEOT) TN Tov 4 datnpeiton 6To Ypodvo:

(4(1))=(4(0))

3. I'svikoc TOTOC Ypovikne eEEMENC néonc Tumic

[Mapaywyilovtag v (4.10) maipvovpe:

dt
XPNOIUOTOLOVTOS TNV YPOVIKN eEEMEN TG W :

ihaa—l/;zlcll//:—ihaa—l/;:(ﬁw)*
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

MmopoOpe VO AVTIKOTAGTCOVLE TIG TOPUYDYOVS MG TPOG TO YPOVO, TOIPVOVTOC:

A= [0 ) v oy Dyt iy

= jw*%—?l//der%J.(t//*ﬁAz// —w"AH t//)dx

a{A() _ <%>+i<[ﬁ,1&}> (4.12)

dt ot h
Ao v (4.12) BAémovpe 0T, Yo va dtatnpeitor o uoikn mocdtta A, O Tpémet
a) va unv e€aptdral angvbeiog omd 10 ¥povo (TpoPaveg)
B) o teheotng ¢ va petartiBeton pe tnv Hamiltonian: [ﬁ, A} =0

Xe TN TNV TEPInTOON

d

E<A(t)> =0= <A(t)> = otadepd

[Mwg cvvadet avtd pe To TPONYOVUEVO OMOTEAEGHO OTL OTAV O A €XEL KOWEG 1O10KOTAGTACELG LE TOV
A <A(t)> = <A(O)>; Qa amodeitovpe apydtepa mmg 6tov Svo TedeoTég petatifevtan, TOTE £)0UV

KOWEG 10100VVapTIoeLS (Kot To ovtifeTo).

4. Hopodsiynotda ypovikne cEEMENC QVGIKDOV TOGOTNTOV

Epappolovpe v e€iowon (4.12) yuo pepkéc yvootég pUOIKEG TOGOTNTEG.

4.1. To A =%, éyovpe:

2m 2m 2m' 2m
Kot emopévmg
1.5)--22
m
Telkd maipvovpe:
d(x) i () _(p)
=2 (—jh) L =L 4.13
dt h ( l )m m ( )

ENUEDVOLUE TTMG Yo Vo oyveL 1 (4.13), Tpémel va 1oyvet [ﬁz,fc] # 0, OnA. mpémet [f),f(] #0.

O petabég [X, p]umoroyiletan pe epoppoyh oe pua toxaio f(x):
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

[%:817/(6) = (3) 1) ()= o ()

dx
Lo df . d Lo daf o odf.
= —jhx——+ih— = —ihx——+ihx——+ih
lxdx+l dx(xf) lxdx+l xdx+lf(x)
Ko Gpo
=[%,p]=ih

42.Tw A=p, Olakpivov e dVO TEPUTTOGELS:

o) EAe00epo copdrio: ¥ (x)=0=H=

A2

AL P . 1 r.y & d<p>
Ap|=| 2p|=—[pp]=0=> "2 —0
]| £ -5, (7 )-0=
ONA. PAémovpe 6t 1 péom opun dratnpeitan (TpdTOg VOHOS ToLv NevTmva).

B) Mg v mapovsio Suvokov:

[ﬁ,ﬁHf’Z +\7(x),f>}=[\7( )5]=in

2m
Amdoeln:
[V (R).5]7(x) =V (x )(—zhdijﬂha(V(x)f(x)) L Lain 5 (x)

Avtikofiotdvtog oty (4.12), maipvovpe:

{22

IMa wpaypoatikd KAaookn kivnon Oa eiyope

d*(x)

m—"= F(<x>) Ko oyt <F(x)>

ar’
Avomtocoovtag og oelpd Taylor yopw and 1o onpeio <x> ,

1

F(x)=F(<x>)+F'(<x>)(x—<x>)+5F”(<x>)(x—<x>)2 ;..
<F(x)> = F(<x>)+ O+%<F"(<x>)>(Ax)2 +...

BAémovpe mmg dtav ot Stokvpdveelg Tov x (0nmg petp@vton amd T Oomopd Ax ) elvon PiKpég, Kot

EMOUEVOG BPIOKOLOCTE GTO KAAGGIKO OPlo, EXOVLLE <F (x)> =F (<x>) .
43.Eoto A=P, 0 TEAECTNG TNG OpOTIHOG Tov opileTon amd v e&icmon:
Bf (x)= /(=)

O1 1310TIEG KO 1010GVVOPTNGELS TOL P Bpiokovton pe emiAvon g e€lomong:
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

P (x)=Af (x) (4.14)
ApGvtog oty (4.14), pe tov P:
I@’zf(x) = /H@’f(x) = /”tzf(x)

A A

. . }:ﬂzzlzﬂzil
Ff (x)=PEf (x) =Bf (=x)= 1 (x)

o A=+1: }f”g(x) = g(—x) = g(x) — Gptio cuvapTnon
o A=-1: Pg(x)=g(—x)=-g(x) - meprrtiy cuvapon

KOl EMOUEVMS, Ol 1010TIEG TOL TeheoTh Tng opotwiog eivor +1 kot —1, ot de avtiotolyeg
10100VVOPTNOELG Elval OAEG 01 ApTiec cLVOPTNOELS (Yo TO +1) Kot OAEG Ol TEPITTEG GLVAPTNOELS (Yo
10 —1).

[Tote datnpeiton | opoTiay

1

(AP ]=—[p.B]+[r(%).P]
O mp@Tog Hpog LIEOROYILETan EbKOAA:
2570
0 3e0tepog Opog vIoLoyiLeTon pe T Sphon o o tyaia f (x):
[V (x)-B]f () =V (x)B(/ ()~ B (¥ (x)/ (x))
=V (x).f (=) =V (=x).f (=x) = (V () =V (=x)) S ()

Av topa V (x) =V (-x), 10Te oNpEWdVOLpE OTL PTOPEL VO YPaPTEL G

[\A/(f(),fP’} =0 Kot %<]fb> =0.

[Ma va gpappocovpe to oG Avo, eTidyvovpe Eva anelpofabo mnydadt Tov ivol GUUUETPIKO MG TPOG

) L L . . , . .
t0 x=0, OnA. ekteivetan oTo 55 Avtd 10 KatapEépvovpe EeKvavtag and 1o anepofabo

TN YAadt TV [O, L] , KoL KGvovtag TV oAAayn HeTafAnTNG:

, L , L L . NTX . nw L . (nrx nrx
X=x——=x=xX+—=>x>x+—=sin— —>sin—| x+— |=sin| —+—
2 2 2 L L 2 L 2
Awokpivovpe 000 TEPUTTMOCELS, OVALOYX [LE TO OV O OKEPAILOG 71 Elvan ApTLOG 1| TEPLTTOGC.
e Tw n:2p:>sin(?+p7rj:(—l)psinnldﬂ

e T n:2p+1:>sin(%+pﬂ+%j:(—l)pcoszﬂ

KOl EMOUEVAS Ol 1O10GVVOPTICELS TNG H eivor ™G LOPONG
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

(2p+1)7x

g02p+l(x):cos Yo TEPITTOVG 7 (n:(2p+l)) Ko (4.15)

gozp(x):sin(zp;x] v oyovg  n (n=2p) (4.16)

ZNUELDOVETOL OTL O TOPAYOVTOG (—1)p &xel moparelpOel otig (4.15) ko (4.16) (apod TpdkerTor amAmg
Yo po eAacm).

Eappolovrtag ta og ave PAETOvE OTL OVTOG

[Topdaderypa: €0t cOUATIO 68 GLUUETPIKO amelpOPabo mnydotl pe bpog L, pe KOUOTOGLVAPTNON:

_ b2y 27x x| 7o, (x)+ ¢ (x)
y/(x,O)—ﬁ\/;{hm 3 +COSL}_ N

H péon tyun g opotipiog dideton wg

2

.(+1):

1

J50

49,1 24

— +—=—
50 50 25

2-(—1)+

()= 7
J50
g ypOvo t, 1 KLHOTOCLVAPTNOT HIOETAL MOG:

—iwyt —iawyt

7
‘//(xaf)=ﬁ%e \/%%e

KOl EMOUEVAS

1

1 24
50

25

(B(0))=2(-1)+

"~ 50

(+1)=

A

KO, TPOPOVAG, M <]P’(t)> gtvon otabepn.

InuedveTor 6Tl TO QOIVOUEVO TNG OTNPNONG NG OopoTiiog mapatnpeitol 6tov KOGUO TV
copotdiov. H opotipio evog cuetiuatog, 0tav ot avtioTolyeg aAAAETIOPAGELS (Kot ETOUEVOS TO
«OLVOUIKO») Elval GUUUETPIKEG MG TTPOG TO X , dtatnpeitar.

4.4. Hopoociynoza

4.4.1 M£tpnon 6vo O10QOPETIKOV, AVEEAPTNTOV QVGIK®OV Neysl@v

A A

Avo Epurmiavoi tedectés, A kar B, éxouv (yvorotés) ocuvaptioels f,(x) xa g, (x) ko

1010TIpES, @, , Kau by, , avticToya:

A, (x)=a.f(x). Bgi(x)zb[g[ (x) omov i =1,2

Aidetan emiong ot
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

O @)
a) Xe éva TuYoio GUOTNUO LE KLUOTOGLVAPTNGON w(x), uetpape 0 A4 ko Ppiokovue g, .
AxoroO0wmg petpdpe o B . Ti Oa Bpovpe ko pe oo mbavotnta;
An.: Epocov petpricape 1o 4 kot Bprikape a, 1 KOLOTOGLVAPTNGT TOV GUGTHLOTOSC AUEGMG UETA
etvan 1//'(x) =1, (x) Mo pétpnon tov B (og xpoévo At — 0) Ba dwoel b, 1 b, pe mbavotnteg mov
UTOPOLV Vo avayvemotobv argvbeiog and tig (4.17):

2

4 3

B) Metd ™ pétpnon tov B, Eavapetpdue to 4 (mdd og ypoévo At — 0). Ilow givor n mBavotTOL

2

(4.18)

2
13

va EavaPpodue a,;
An.: Ynapyovv dvo mhavég drodikacies:

e pétpnomn tov B divel b, kKo axorovBwg Bpickovpe g,

e puétpnomn tov B divel b, ko akorovbwg Ppickovpe a,
H olum mBavotta va EavaPpodue a, elvon

p(éa\’d a1) = p(bl)-p(a1|b1)+p(b2)-p(a1|b2)

6mov 10 cvUPoro p(aj‘bj) onuaivel Ty mhovoOTTo VO LETPNGOVUE @, OV OUEGMS TPV UETPTICOULLE
b, . T va vroAoyicovpe to p(aj‘bj) TpEMEL v avTioTpEYouvpe T1§ (4.17), Yo va eKQpacovE TIg
g, (x) og ypappkodg cuvdvacpolg TV £, (x). Alyn dhyeBpo pag diver:

& (x) = 2/ (xz/%fz (x) Kot g, (x) - 3/, (xi/_l_jfz (x)

Ao 115 (4.19) pmopode vo avayVOGOVUE OUEGHOS TOVS TOPAYOVTEG p(a}.‘bj): AoV UETpPMoN TOL

(4.19)

B pe amotéhecpa b, a@rVEL TO GUGTNUA PE KUULATOGLVAPTNON g, (x) , TOipvoLLE

"9
13

Py 3
:E Kot p(al|b2)=‘ﬁ

2
a|b ) ==
p( 1| 1) ‘ 3
Amd v GAAn, n mbavoétra vo Bpoodue b, M b, otn devtepn pérpnon didetor amd Tig (4.18).
Enopévoc,
4 4 9 9 97
_+_._—_

avé a,)=—- =
p(Ewve @)= 2t 2 S = e

4.4.2 Métpnon ne ypoviky £EEMEN
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

M puoikn mocot T A4, £YEL WOOTIHEG KAl WBIOGVVAPTAGELS a,, KOl f, (x) avtictorya. Mog

dtdovtan emiong ot 1010TIHEG/10106VLVAPTAGELS TS XOATOVIOVAG:
Ho, (x)=E,p,(x)
Aidovtar gmiong ot £, (x) wg ypappkoi cuvdvacuoi tav ¢, (x):

_2¢, (x)+3p,(x) _3¢,(x)-2¢,(x)

(%) NE kar  f,(x)= NE (4.20)

"Eotm 611 t0 svotpa givol oty e€ng katdotacn oto =0

V/(X,O)chfl (x)+c,fy(x)

1+

1—i
=7f1(x)+7fz(x)

1. Metpape A . Ti Bpiokovpue, pe mowo mbavotta,

=i 2 1
aQ P(%)‘%—Z:E
1+ 1
a, p(az):| 4| :5

2. Metd ™ pétpnon Bpnkope a, . Eavopetpape o ypovo At — 0 to A4, ti fpickovpe;

Am.: ciyovpa a,

3. Apnvovpe va tepdoet ypdvog ¢, Eavapetpape 10 A . Iow n mbavotnto va petpicovpe a; ;
Egocov petpficape a, =y’ (x,0) = £, (x). Xpovo ¢ perd,

)= (x) e 2 ()= ()}

(4.21)

—iot 2 —iw,t
ﬁ(ﬁl (x)e —ﬁ(oz(x)e
Egocov n (4.21) dev sivan ypoppukdg cvvdvaocpos tov f(x) xa f,(x), Sev pmopovpe va

dwPacovpe amevbeiag v mbavotTa e0peong TV a, Kot a,. [ va vroroyisBodv ot mbavotnteg,

VILaPYOLVY SVO TPOTOL:
0) Vo YpayoLLE TNV y/’(x,t) G YPOUUKO cuvdvocud TV f, @ Avtiotpépovpe Tig (4.20):

¢,(x)z%(2f,+3f2) Kot (pz(x):%(3f1—2f2)

Kot apa
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Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

3 1 2 1 ;
t)=— —=(2f,+3 et o —(3f -2 et
y'(x.t)= s 13( fi+3fy)e = ,—13( fi=2f,)e
1 —iogt —io —ioyt —iw,t
:E{6f1e " —6fie ™ +9 e +4fe 2}
w'(x, t)—cf( et —e”'”’l’)+c f; (9eii‘”"+4e7"“’2t) omov ¢ _ 6 c 1
1 2J2 1 13 2 13

2 2
p(az)z(iJ {92+4z+36,e_,»wlz+mzt+36_e+,»wl,_,mt}+(%j [(81+16)+72cos Aa |

13
_ ~[97 + 72 cos Awt |
(13)
EnaAnfedovpe 611 1 cuvorikn mbavotnta eivon 1:
p(al):%(l—cosAwt) p(az):$(97+72cosAa)t)
72+97 72 72
pla)+p(a,)= 5 " 1eo° Awt+EcosAwt=1

B) No mépovpe To e60Tept6 yvopevo g ' (x,t) pe g f(x), f,(x):

3 (x)e ™ =2p, (x)e ™
y'(x,t)= A ) \/B(Pz( ) =d f,+d,f,

d = fioy'=(fv' jfw
dy=frow' =(fov')=[ £v'd

1 2 3
= —_— 2 —|—3 f— o = —_— o = —_—
ER T R
1 3 2
—_—— 3 —2 (o] = — (o] = — —
fz [—13( @, ¢2):>f2 ?, 13 fz ?, \/B
oy — 3 o —ioyt 2 o —ia)zt:3'2 —ia)]t_2'3 —iw,t
= fiey —,—13f1 pe —,—13f1 P.e SERARTY
! 3 —im, —iw,t —i, 4 —iw
= fhoy =—,szo¢le ‘- ,—fz ?e =3 1t+§ "

Yeaido 11 and ovvoro 16 ceridmv



Kpavrounyovikn 1 A. Kapovikag & I1. Zpnrac

2

p(a)=|fow] =|(fv)

2 _ ‘E e—imlt _ E e—ia)zt

13 13
2 4 ?
112 ' —iayt —i®,
p(a)=fow| =|(fov) :‘E 3 t

Ao 00 Ko mEpa, M dAyePpa ivor OTmG 6TO ().
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5. MoOnnotiko coutinpouo,

5.1 IowotnTEC TOV NETAUOETOV

) [AB+F]=[AB]+[AF]

AmodeEn:

2 [AB]=A[AB]

AmoSeEn;
MB—ABA:A[A,B}
’ [A*B]=A[AB]+[AB]A
AmddeiEn:
[A%B]-A’B-ABA+ABA-BA’
) [A’ A"] =0 (Tpopavés)
> [7(A)A]=0.  r(A)=qrehs. oA

Amdoedn: n (5) etvan queon gpappoyn g (4).

5.2 Teleotéc 6tov ek0€tn: To AMuo tov Hadamard (Hadamard's Lemma)

"Eoto dvo teleotég A,B. Tote oYVEL:
hahme ARl A TATARTL T4 TATA &
*Be _B+[A,B}+2—![A,[A,Bﬂ+§[A,[A,[A,B}ﬂ+... 4.22)
H amddeitn g (4.22) €xel og e€ng: Oempoliie T cuvaptnon
f(t)=e*Be (4.23)

Omov ¢ o TapApeTpog (0L o xpovog). Avarntoccovpe T (4.23) katd Taylor - ondte yperaldpoacte
TIG TPEIS TPADTEG TOPOLYDYOVG:

f,(l‘) _ Aetf\ée—tf\ _ ezA]’E‘;e—tAA _ etA [A’B} e—tf\

fr(0)=e* | A[A[AB]]|e

Onote Yo £ =0, moipvoope:
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f(0)=B
f(0)=[A.8]
7(0)=[A[AB]]
7(0)=[A[A[AB]
Kot épo;
e =/ (0)+5'(0)+ L5 (0)+ £ 7(0)

INa =1, naipvoope v (4.22).

5.3 Teleotic otov ekOEtn: n TovtotnTe Baker-Campbell-Hausdorff (BCH)

Oa amodeiEovpe OTL

oA eAerse—%[A,ﬁ]

omov A kot B TEAECTEG LUE [A,B} =z OmoL z yodtKdS apldpog.

And ™ oyéon (4.22) yuo B=1 &yovpe

dpa o €vag etvat avTIGTPOPOS TEAEGTNG TOL GAAOV.

Xpnowonowwvrtag Tov optopd (4.3), Exovpe:

AB Y (A+]§)n
n=0 n!
=i+A+E+%(A+]§)(A+I§)+... (4.24)

=I+A+B+E(A2+AB+BA+B2)+...

H omlomoinon g (4.24) dev givan yevikd epikti, apol AB = BA xa EMOUEVMG OEV UTOPOVLE VO

YPAWYOLLLE TO AOPOICLLA TOVG (OG 2AB.H tavtotnta BCH odivet, pe axpifela té€taptng tdéng:

AB PO B PN T B PN P N L Tal~rT7 &
e —exp| A+ o [ ABJe S A[AB]]+[B[BA]]}- 5 [B[A[AB]] ]+ @2s)
Agv vapyel Kamola yvwotn KAEoT £kppacn Yoo v (4.25). Yrdpyelr ®oT1060 pio HEYOAVTEPT
AmTAOTOINGN Y10 TNV TEPIMTOGT TOV 0 HETAOETNG TV A ot B givar apOuog (¢o0t® pyadtkoq):
[A,ﬁ]:ci, ceC (4.26)

e autn TV mepintwon n (4.25) ypboeton
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H oamdoeién g (4.27) yivetar o¢ e€ng: Opilovpe Tov tEAE0TN
G (t) _ et(AH%)e_tA

omov ¢ elevBepn mopdpeTpog (0t 0 xpovog!). Etvar mpopavéc ot

G(O) =1 xa G (1)= e’Ae_t(AJré)

A. Kapovikag & I1. Zpnrac

(4.27)

(4.28)

(4.29)

[opaywyilovrtog tov G(t) ko ToAamhaotaloviac pe tov G (¢) maipvoope:

G199 _ i) [(A + f3) ¢ et(A+B)e_’AA} =" [(A + B) et A e_tAJ

dt

A X —tA AD —tA A —tA AD —tA
= Ae™ +e”"Be™ —A-e” e =e"Be™"

(4.30)

Xpnowonowwvrag to Aqpae tov Hadamard yia tnv nepintmon g (4.26), maipvovpe:

A Be™ =B+t [A,B]

Enopévac, tehkd,

Aoxipdgovpe Avon e popenc':

Omnodte épovpe

(4.31)

A A a0 d\ (l) A A 2
1 _ atB _—fc _ atB _fc
G'(t)=e""e’"  km — —(aB+2ﬂct)e Bl

Enopévamg
G a6 _ aB+2pct
dt

Yvykpivovrog Tic (4.32) ko (4.31), cvumepaivoope OTL:
a=1 p=12 G(1)=eB"
@¢tovtag tov G(¢) omv (4.28) maipvoops

’(A+]§)e—tA _ etée%ctz

e
[Taipvovtog ¢ =1,

AHBA Bt g A _ B A [AB])2

! (ITpdketton mept em@oitnong... mpoxertar yio eoPepd trick - Sev vdpyer Aoy £8®)
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A ~

AMGlovtag Tovg A kar B Ao B xa ypnotponotdviag A+B=B+A ka [A,ﬁ] = —[ﬁ, A} ,
TOipVOVUE TEMKA

eA+]§ A B _%[Ai)’] (433)

=e ece
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