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A. Baowéc ESlomosig

i. Momentum Equation: Pressure gradient

/

du 1
— = —— é+F
/ 7 pvp+v + —

Non-conservative forces

Material derivative “& F = Vv2u
du ou (see next transparency)
g g Ve ¢ =—gz

advection g
local rate of Force potential
change
ou

ot

/ In the ocean,
uVu U222 UL usually

vV2u vUL v

1
— 4+ uVu = —;Vp — gz +vVZ3u | ()

Non-linearity Re




Awdyvoon 10 TNTOYV - IEMOES

Toyaiec (LOpLOKES) KIVIIOELS LETAPEPOVY 1O1OTNTES (TT.Y. ) GTO PEVGTO,

* Flux=Force/Resistance (De Groot, 1963)

dq

T Iy = —Kqo~

/ % \
L Flux of ¢ /

medium Resistance Force (gradient)

Tuyoieg (LOPLOKES) KIVIIGELC LETAPEPOLY 1O10TNTEC (.. ¢) OTO PELGTO,

d¢  O0F, 0%
ot~ ox 1922

Fy(z1) T Fy(z2)

v

1
dq o
ot
['o v Taydta: resistance is p (molecular viscosity) ou 0u

and v=u/p (kinematic viscosity): ot Vop2



Why is viscosity a non-conservative force?

Ignoring any other force and density variations (and o\ . O
working only in one dimension for simplicity): LN\

Multiplying b #> ou 0 9> °3 ‘/ °
ultiplying by pu ou u du U o
o = V—(?:UQ = pu ot = puu—ax2 = FLOW U

2
0 (pu?/2) 0 [ Ou ou

L ole?/2) 0 (a(pu2/2)> o (5’u>2 _

ot ox ox ox
2
9 (pu?/2) 0% (pu?/2) ou
T o VT o2 Ml
In three-dimensions The heat added to the

water increases its

2 2 2
d (PU2/ 2) 0 d (pUQ/ 2) ou ou % entropy at the rate of heat
a0z \" 0z ez T Ay T\ oz generation divided by

| \ absolute temperature
l \ \ (entropy source term).
Local rate of Energy Flux (Divergence Loss of Me.chanical Energy
change of energy of viscosity times the ~ (Transformation to heat — always
concentration gradient of energy) negative)



ii. Atotnpnon T aloc (continuity equation):

u, p—

Mass flux to the volume (x=direction) = pudyoz bz

8y

u +du

p +38p

Mass flux from the volume (x=direction) = (,0 + —533) <u + —53:) d0ydz 8

] op ou  Opou d(p
A lat = | u— —
ccumulation <u8x + p@x 5 8x5x> dxdydz = ( 5 /5/)> dxdydz
small terms

In 3-D: = 9pu) + Ipv) (9(,010)) 0xdYydz

Ox oy * 0z

This accumulation must be accompanied by increase of mass in the volume

0 . [ 9p ([ 9(pu) O(pv) O(pw)
a(densnyxvolume)— (875) dxdydz —( o + 9y + 5, dxdydz

dp d(pu) 9(pv) O(pw)
§:_< ox + oy + 8z>

- =—pVu | (i)

:>ap+V( )—O:>ap+ Vp+pVu=0
ot e T



iii. Conservation of dissolved material concentration:

’ (pq ) + V(pqu ) =5 non conservative sources
dt and sinks of ¢
and using the continuity equation <& Kqu
D q _ sz + S For the ocean (and the atmosphere) x
Dt q 1s of the order of v, i.e. the Prandtl
number
vV/K = O(l)
v, Int l tion: thus advection dominates diffusion
1V. internal energy conservation. (as Re is very large).
De and using the continuity equation

Change of internal energy cooling/heating Dt =-P E
due to pressure variations

v. Entropy conservation:

bt~ N De D(1)+Q

st Law of Thermodynamics

Dn

/ E =0- Z v kS (@) ——— u, chemical potential
N

Temperature 7(K)

2nd Law of Thermodynamics

cooling/heating



vi. Equation of state:

p=p(T,p,q) ocean g = S(psu)

I'pouunkoroineon
Boussinesq

Equation of State
Typical values p,=1028 kg/m3,
= l—a(T —Ty)+ (S-S
T =10 0C=283 oK, S35 %o L.__"" | ( 0) + 5 (5 = 50)]

— /

10p 10p
— P 910t K! = -——~8x10"* ppt*
YTy b= a3 PP
Thermal expansion coefficient Haline contraction coefficient
Neglecting possible

thermobaric instability
and cabelling instability

In reality the thermal expansion coefficient depends on temperature (cabelling) and the non-linearity induced
has the result that two water masses characterized by a different temperature and salinity but same density
when mix together, the resulting mixed water can become denser and eventually sinks. Thermal expansion
coefficient is also dependent on pressure (thermobaricity). For this reason two water masses with different
salinity and temperature but same density at the surface, don't have the same density below the surface.



Oceanic approximations

Incompressibility

1 Dp gDV __(1DVA Dt LDV /DP
————=-V-u Compressibility v obP (V Dt )(DP) (V Dt) Dt
Y Dt ‘ If the volume does not change under changes in pressure

1 DV
=0, ——=0
I1Dp 1op_Usdp U ¢, b=
pDt Tp Lp L Using
0 _ 1Dp V D (m 1 DV
_p_0(10 3) 1P _roimy_ 1OV
N p Dt mDt\V V' Dt
B ous:sin(:’sq Dp So, for incompressible fluid 1Dp_ =0
Continuity V:-u=0 and —/— =0 p Dt
Equation [
Linearized equation of state under incompressibilit
Typical values p,=1028 kg/m3, Boussinesq

p = poll-a(r - T)+B(S )

T=100C=283 °K, S, M/

o= ———~2><10-4K-1
p dT

Thermal expansion coefficient

= +——~8><10‘4 ™!
5 aS pp

Haline contraction coefficient

Equation of State

Neglecting possible
thermobaric instability
and cabelling instability



Oceanic approximations

O AVu = —2Vp— g+ vV (1
a—ku u——; p—gz+ vV (1)
Vu=0 (2)

0S

E‘F uVs = lisv2S + SS (3)

oT Q

— T = T+ = (4
at+“v kT V +Cpp()

p=po|l—ad—1Ty)+ B(S— S)] (5)

cp=4><10‘3 Jkg K™

Boussinesq
Equations

* Entropy and density conservation
equations become redundant due to
the thermodynamic approximations

* Boussinesq approximations cancel
acoustic and shock waves, it 1s a
good approximation since

Mach number: M = Cg <<1

S

C.=1500m™" s, U=1m™ s~

* When the right hand side of
equations (3) and (4) is zero, the
processes are called adiabatic.



Boundary conditions

z=n(x,y,t)

Sides/bottom:

un=0at z=-H(x,y) & x=x,

Top:

Dn _ D o
W—E at z=n(x, y,?) F?:O & p=0 at z=0 Rigid-lid

p = patm(xayat)
Interior:

Py = Prow 8t Z= —h
h=-8p.  /gp, Inverse Barometer Effect

(no oceanic acceleration)
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Meooyerog:

Im

E—-P-R=1m/year x10”m’ = TR 10°m> =3.17x10"m’s™ = 0.0317Sv
365- S
Conservation of volume and salt:
Precipitation Evaporation
V; et T E-P-R (1) In l T Out River Flow
P E In
VS -V.S =0 (2) $=370 V —a ot f

117 Sy <— V, S, =380

Atlantic Ocean Mediterranean

(2) = V e 1'/oSo
g S 330 m

VS .
)=V _E_P_R=V =|—i__
s e g ¢

i

V, = ¥0.03I7SV =1.17Sv



10 TEPIOTPEPOUEVO cLOTN O KEOE ddvooua
A umopel va ypoet P — Piy + Poiy + Piis

['a tov mapatnpnti 6to ot0fepd cHoTNUA T pLovadtoio OlvOGLOTO
Q TOV TEPLOTPEPOUEVOV GLOTHATOG (i) petafarovy ™ B€om Toug pe
70 YPOVO. Apa 1 ypovikn petaforn tov dwavoouatog P eival

dP d
i3 . X5 _ (E) dt (Plll + lez + P313)
i, .
X, _.adP APy . dPy diy di dis
- Wogy Tl Tl TR R B
i ['la Tov TopaTnpNT TOL TEPIGTPEPOUEVOL GLGTIUOTOC ™
X uetafoin tov P eival ot tpelg mpmdTot 6pot, dpa
1
dP\  (dP diy dis dis 10
%2\ (%) —(%) TR T Ty
S108ep6 chommuo (F) gvp&s;m[}okn T0V 1 6€ YpoOvo dt
[Teprotpepopevo cvotua (R) — — di| = sina df =
di do
:>—1—sma——Qsma—Q><1 L
dt dt Ji
, , . (axb=a-b-sinp-n) sin a a
Apa UTOPOVLLE VO YPAWYOLLLE g
dP dP
— | =|—= QxP
(@), = (&), oo




H gmtdayvvon Coriolis
Xpnowonowwvrog tnv (1) ‘:
| dr ) ( dr )
' — =(— | +Qxr
) ( t ), \dt),

— ur =ur + QI xXr (2)
duF o duF
(i), = (), roxer @

(2)&(3)

=
2
2
=
S
o

dup
dt )

dug dQ dr
Ur @ ax (Z) 1o 0
(dt >R+dt><r+ X(dt>R+ < (up+ 2 xT)

(dU.R) +2Q Xxup+ Q2 x (2 xr)+
R

a2

Coriolis Centrifugal
acceleration acceleration




d
(du—F> :(du—R> +2Q X up+ 2 x (A xr)+ X T
F R

dt dt dt
/ - 0
Coriolis small term
acceleration (correction in @)
r — —2Qsin(p U—|—QQ}@/ Geffective = —g + Q2 x (2 X 1)
y — 2Qsin(p 3
N| €@ &
—20Q c% u Qb >
f = 2Q) Slﬂ(g@) | | W, Centrifugal
The f# term '
of of
B=—=

89 Rearthagp N
0 (2Q2sin(p))  2Qcos(yp)

Reafr‘thagp B Rearth
(for small changes in ¢ : sin(p) ~ ¢)

S

* Agvondpyet emtdyvvon Coriolis o€ akivnta copoto
e 210 YEOQPUGIKA pELOTA emkpatel 1 opldvTia ektpomn (0e€1d 1) aplotepd).
e H 6Ovaun Coriolis dev mapayet £pyo (kabetn otnv kivnon)..



The “mean” state

ou odu du  u 1 oP 0’u
—+U—+V—+W—=———+ fU+V —
ot ox ay 0z P, 0x ox
] ou N Jdv N ow _0
x dy 0z ou Jduu ouv  Juw

0°u

ou +u' . o +u ) +u) . I(u +u" )L +v") .\ (U +u)(w+w) _

ot 0x dy

1 0P+ P

0% (u +u) s 0% ( +u) s 0% (i +u)

- 0, ox +f(ﬁ+vl)+\’ P

ou _odu _du __ou
—+uU—+V +W— =
ot ox Y% 0z

———+ fU +V +V +V

1 oP 0°’u  o'm 9u

() (") -

P, 0x ox’ dy’ 0> ox




ou 1

E+uVu=—;Vp—Zqu—gi—i—VV2u Vu=0

oS oT 5 Q

E—I—UVSZHSVQS—FSS E"_UVT:KTV T“‘ﬁ

P
p=poll—a(T'=To)+ B(S — S50)]

ou ou ou 8u_ 1 Op A 2 4 0%u A 0%y
ot o T Voy T Ve T ppan TV T A gt Ang st Aves

7)) ov ov ov ov 1 Op 0%v 0%v 0%v

= 8w+ 8w+ 8w+ ow  1dp A 82w+A 82w+A % w

< m e Ve Ve e YT AraE T A gE T AV

O ou Ov Ow

= —

& 8x+8y+8z 0

E oS 0S 0S 0S 928 928 028 g

é E+u%+va—y+w52/ﬁ]SW+ﬁsa—y2+/ﬁ]Sw+S

Q

g oT oT oT oT 0T 0T ’T Q
E‘FU%—FUa—y‘F’w%:K}T@‘FKTa—w‘FKZTW‘F%—p
p=poll—all—"To)+ B(S — S)]




Reynold’s decomposition and Turbulence:

Jouv _dJduv _Jv _Jdv
+u +V +W =
ot 0x dy 0z
1 oP R R R N B U B o B e e By
-———=fu+v—+v—+v—-—@uv)-—@Ov)-—QvLw)
P, dy 0x dy 0z"~ ox dy 0z
ow _ow _ow _ow
+u +U —+W—=
ot 0x Y% 0z
1 oP Iw W W I 0 )
———— =gtV —+tV—+V———Uw)-—Ow)-—(ww)
P, 0z ox ay 0z~ o0x 0 0z
The continuity equation:
o o ow ) e . ' 8u'+8U + ow ~0
Py + o + Py =0 Removing the “mean” state: ox gy oz




First order closure scheme:

00 Gy P00 Gy T
Jx? Ox oy? Oy 022 0z
\ J
| | |
y ot y 0°u A ot
—_— H _— —_—
H 922 0y? V922
*  Molecular diffusion and viscocity
K;=0.0014 cm?/sec (temperature)
Ko =0.000013 cm¥/sec (salinity)  Eddy diffusivity and viscosity
v =0.018 cm?/sec at 0°C (0.010 at 20°C) Ay = (horizontal) = 1 to 10% m?/sec
Turbulence has the same coefficients for 4, = (vertical) = 105 to 10-4 m?/sec

temeprature, salinity and momentum but is
anisotropic (vertical/horizontal)

ou  Ou  Ou ou 1 Op 0%y 0%y 0%u
ot T har T Vay T s T T pan TV T A g T ARG T AV,
ov  Ov  Ov O 1 Op 0%v 0%v 0%v
ot o TV T e T T pgay T T A T A T AV
ow Ow  Ow Ow 1 Op 0w 0w 0w
T tu vt w o= —— g+ An 5t A5+ Av

922

ot ox oy 0z 00 0% ox? 0y?
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waves
100 k= 1m
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Characteristic time scale [s]



v. Av@lvoon kiipoakog - Scaling

Oprouog Emioy Amlomoinon Avon — nerétn
QPULVOUEVOD KOTaAANA®V eClomoev Baocikov
P0G NEAETY KMUAKOV EPYOUOLOS 1GOPPOTLOV

O1 Baoikég elomoelg meptlapuPavouy peyaro aplfpnd o1o0tkacioVv (amd LopLoKT] KApoKo LEYPL
TOYKOG U0 KATLOKA). AVAAOYO LLE TO PAVOUEVO TTOV BEAOVLLE VO, LEAETICOVLE, UTOPOVLLE VO,

EMAEEOVE TIC KOTAAANAES KATLOKES Y10 AVTO TO POLVOLEVO.

w,v— U x,y— L f—= fy)

w—W z—H g%pOA

%

; T L H ,0_> P
7 2 2
a_u+uau+vau wg—uz—la—P+ﬁ+AHa—z+AHa—Z+AV6—Zl
ot ox Oy 0z 0 Ox X Z

| |
SCALING

U U* U* UW AP U U U
U AH_z AH_z AV_z
L L L H pL L L H



AHV%IU + Ay

_ Viscosity Terms

Ekman Number

2

022

20 x u — fU

Coriolis Term

U

Rossby Number

Ou U?
—+uVu = —

ot L QQXU—)fU

Non -linear Term U? 1 U
Coriolis Term L fU (L

U1l 4, (4
jHZ

J

uVu - —

e

Scaling
numbers

Reynolds Number

U2
: vVu — vU

Non-linear terms UL

~ Molecular Viscosity v



I'€®OoTPOPIKN/VOPOCGTUTIKI TPOGEYYLOT (UEYAAES KMUUKES)
['a cveTnua Tov yapaktnpileton amo:

Ro = U<<1 e AH " e
O_fL —m<< T,

8u+ 8u+ 8u+ ou 1 8p+f\‘\#A 82u+A 82u+A 0%u
ot Vor " Yy Yoz _‘\\po_@_:g:‘____ fi' " 522 H 0y? V922

DA TN L

ov ov ov ov 1 0p ™ 0%v 0*v 0*v

s T A A 4 Ay
ot ar Tyt e TN oy Lt Mam T A g T Vg
ow  Ow  Ow Ow _,/%1.-513_— J:\ 0% w y % w y 0% w
1 Op 1 Op 1 Op
fo=—2L (1) fu=-~2L (2) ~L_ )
po 0x poQy po 0z

The geostrophic — hydrostatic limit



The “Taylor Columns”

LIPS ou_dv _ 1 azP_&P/
day 0x ax ay o, f a%axay

Ju dv Non-divergent P
horizontal flow (2D) Boussinesq continuity = —=0 orw=20

oX ay oz







Elwomoeig afaboic mkeavov (Single-shallow

layer dynamics)

7 (free surface)

/"

dw W
IOOENIOO?NPO—L Po I

dw

PO,

dt
- —— ~v o
hydrostatic approximation holds

Op

= — = —
92 Pog

H h4
Z s ".,__-','_ .\-.,’7’_ Y ey A‘-':Y;_:;'\,, L N .7*..-_.\..\.' A~ .
M N A PAR Y TS S e S A SRR L R

n n
= dp = —pog dz = / dp = —/ pog dz = p(n) —p(z) = —pog(n — 2)

= p = pog (N(z,y) — 2) + Datm
= Vup=p09g Vu 1



EeKvavtog amd

ou ou ou ou 1 Op 0%, 0%u 0%u
E‘FU%‘FUa—y‘Fw%:—%%‘FfU‘FAH@‘FAHa—ﬁ‘FAVﬁ
ov ov Ov Ov 1 Op 0%v 0%v 0%v
E—FU%—l‘Ua—y—Fw%:—%8—y—fU+AH@+AHa—y2+AV@

1op  9In )

avTikadioTOvTog pox gax _

10p on

w0y~ oy _
ou ou ou ou on 0%u 0%u 0%u
EjLu%jLU@—y—i_w%:_g%+fU+AH@+AH8—y2+AV@
Ov ov Ov Ov on 0%v 0%v 0%v
E—l—ua—l—va—y—Fw&:—ga—y—fU‘FAH@‘FAHa—yQ—FAV@

Ewomoeig oratipnons g opung

Topan = f(x,y) aveEdptnto amd 10 z Kol Gpa o1 TOYVTNTEC U Kot v givat
aveEdptnTteC and 1o z, ONA. (u,0) = f (x,),1).



E&iocowon owompnong g palog

5’u+8v+8z
or Oy Ox

o [ o [" o ["
:>%/_ Udz+8_y/ Udz—i_%/ wdz =0

= 0 where u,v x x,y

0 0
= oolu(n+ H)) +a—y[v(n+H)] +w(n) —w(H) =0
on
but: w(H) =0, wn) = =, n < H Shallow-water
5 P equations
— 8_7157 + H <£ 4 83) =0 (single layer model)
a—77+H a_u+a_v =0
ot ox dy
ou Jdu  Ju
—+uU—+V ——g—+fv
ot ox  dy
ov  Jdv ov
— +uU—+V =—g——fu

ot 0x dy



Vorticity (otpofiliopdg)

ou Ju  Jdu on
—+U—+V—=-g—+ fU 1
Pyl gt/ (M 1dh+(au+8v

dy —
h di
W Mg
ot 0x dy day

)=0 (3)
ox dy

and using

0 0
—() —5(1) (3) — Potential Vorticity (dvvapikog atpofriiopog)

Earth’s Spinning
rotation
— /

d [+&.
= ; )=0

Stretching




|z >

Potential Vorticity (dvvapikog otpofriiondc)

Earth’s Spinning

rotation /

7

d e,
S -0

{

Stretching

i C + fconst
dt h




Relative vorticity of geophysical flows . dv  Ou
Eddy - ovvny y4 Jet

Umaa:

A Uma:c

2Umax Umaa:

North hemisphere

=1 —

Anticyclonic Cyclonic
(avTiKOKAWVIKT]) (koK iwVviKn)

¢<0 ¢ >0

* opposite in southern hemisphere



Movtéha otpopdtov (Reduced gravity models)

Homogeneous

P, =P, — p1gz and P, = Pa+ p1gh — p2g (z + h)

VP, =0
= VuPo+ p1gVuah —p29gVah =0
= VuPy = (p2 —p1) gVuh

1 —
Ly, p = 2z
Po PO

gle’L = g,th

[ Ou ou ou ou
— 4+ u—+v—+tw——Ff

ot ox oy 0z
ov ov ov ov

RR

Oh
’U:—g%

Oh

Ut vt w—+ fu=—g —

| Ot oz dy 0z

—g e



ou Ov 0Oz 0 wh
8az+ 8y+ 9 where u,v X ,Y
o [° o [V o [V
:a—x/_hudera—y/_hvdan&/_hwdz:O
0 H 0 h 0 h)=20
i%(u )+8—y(v)+w()—w(—)— P, p,
H;—o0
but: w (0) =0, w(—h) = on -
- — Y, ~ ot BT B R N P L PR e R
Oh 9, D
> G+ g ) + 5 (o) =
8u+ 8u+ 8u+ ou ; L Oh
—tu—+v—F+w——fv=—g —
ot or oy oz e
ov ov ov ov L Oh .
— 4+ u—+v—+w—+4+ fu = —qg — Reduced gravity
ot ox dy 0z oy equations
8h+ a(h)—|— a(h) 0
- - Uu R — V) =
ot Ox oy
Topa pwopodue vo ypayovpe Ko 1 Internal Rossby Radius of deformation:

ouyvotnta Brunt Vaissala:
N2:_gc‘9pNgAp:g_’ R=NH=1/g'H
Lo 0z Lo H H f f




