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Ο νόµος του Gauss για το µαγνητικό πεδίο

Κώστας Βελλίδης

ΦE = ∮S
E ⋅ dS =

QS

ε0

610 CHAPTE R 23 GAUSS’ LAW

HALLIDAY REVISED

CHECKPOINT 2

The figure shows three situations in which a Gaussian cube sits in an electric field. The
arrows and the values indicate the directions of the field lines and the magnitudes (in
N ! m2/C) of the flux through the six sides of each cube. (The lighter arrows are for the
hidden faces.) In which situation does the cube enclose (a) a positive net charge, (b) a
negative net charge, and (c) zero net charge?
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matter on the right side of Eqs. 23-6 and 23-7 are the magnitude and sign of the
net enclosed charge. The quantity on the left side of Eq. 23-7, however, is the
electric field resulting from all charges, both those inside and those outside the
Gaussian surface. This statement may seem to be inconsistent, but keep this in
mind: The electric field due to a charge outside the Gaussian surface contributes
zero net flux through the surface, because as many field lines due to that charge
enter the surface as leave it.

Let us apply these ideas to Fig. 23-6, which shows two point charges, equal in
magnitude but opposite in sign, and the field lines describing the electric fields
the charges set up in the surrounding space. Four Gaussian surfaces are also
shown, in cross section. Let us consider each in turn.

Surface S1. The electric field is outward for all points on this surface. Thus, the
flux of the electric field through this surface is positive, and so is the net
charge within the surface, as Gauss’ law requires. (That is, in Eq. 23-6, if " is
positive, qenc must be also.)

Surface S2. The electric field is inward for all points on this surface.Thus, the flux of
the electric field through this surface is negative and so is the enclosed charge, as
Gauss’ law requires.

Surface S3. This surface encloses no charge, and thus qenc # 0. Gauss’ law (Eq.
23-6) requires that the net flux of the electric field through this surface be
zero. That is reasonable because all the field lines pass entirely through the
surface, entering it at the top and leaving at the bottom.

Surface S4. This surface encloses no net charge, because the enclosed posi-
tive and negative charges have equal magnitudes. Gauss’ law requires
that the net flux of the electric field through this surface be zero. That is
reasonable because there are as many field lines leaving surface S4 as en-
tering it.

What would happen if we were to bring an enormous charge Q up close to sur-
face S4 in Fig. 23-6? The pattern of the field lines would certainly change, but
the net flux for each of the four Gaussian surfaces would not change. We can
understand this because the field lines associated with the added Q would pass
entirely through each of the four Gaussian surfaces, making no contribution to
the net flux through any of them. The value of Q would not enter Gauss’ law in
any way, because Q lies outside all four of the Gaussian surfaces that we are
considering.

E
:

Fig. 23-6 Two point charges, equal
in magnitude but opposite in sign, and
the field lines that represent their net
electric field. Four Gaussian surfaces
are shown in cross section. Surface S1

encloses the positive charge. Surface
S2 encloses the negative charge.
Surface S3 encloses no charge. Surface
S4 encloses both charges and thus no
net charge.
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Νόμος του Gauss για το ηλεκτρικό πεδίο.

Γραμμές μόνο 
βγαίνουν

Γραμμές μόνο 
μπαίνουν

Όσες γραμμές 
μπαίνουν, 
τόσες βγαίνουν

Πηγές ροής του πεδίου είναι τα ηλεκτρικά μονόπολα (φορτία).

ΦB = ∮S
B ⋅ dS ≡ 0

86332-3 I N DUCE D MAG N ETIC F I E LDS
PART 3

CHECKPOINT 1

The figure here shows four closed surfaces with flat top and bottom faces and curved
sides.The table gives the areas A of the faces and the magnitudes B of the uniform and
perpendicular magnetic fields through those faces; the units of A and B are arbitrary
but consistent. Rank the surfaces according to the magnitudes of the magnetic flux
through their curved sides, greatest first.

Surface Atop Btop Abot Bbot

a 2 6, outward 4 3, inward
b 2 1, inward 4 2, inward
c 2 6, inward 2 8, outward
d 2 3, outward 3 2, outward

(a) (b) (c) (d)

32-3 Induced Magnetic Fields
In Chapter 30 you saw that a changing magnetic flux induces an electric field, and
we ended up with Faraday’s law of induction in the form

(Faraday’s law of induction). (32-2)

Here is the electric field induced along a closed loop by the changing magnetic
flux encircled by that loop. Because symmetry is often so powerful in physics,
we should be tempted to ask whether induction can occur in the opposite sense;
that is, can a changing electric flux induce a magnetic field?

The answer is that it can; furthermore, the equation governing the induction
of a magnetic field is almost symmetric with Eq. 32-2. We often call it Maxwell’s
law of induction after James Clerk Maxwell, and we write it as

(Maxwell’s law of induction). (32-3)

Here is the magnetic field induced along a closed loop by the changing electric
flux !E in the region encircled by that loop.

As an example of this sort of induction, we consider the charging of a parallel-
plate capacitor with circular plates. (Although we shall focus on this arrangement,

B
:

! B
:

! ds: " #0$0
d!E

dt

!B

E
:

! E
:

! ds: " %
d!B

dt

Fig. 32-4 The field lines for the
magnetic field of a short bar mag-
net.The red curves represent cross
sections of closed, three-dimensional
Gaussian surfaces.

B
:

Surface IN

S

Surface II

B

Gauss’ law for magnetic fields holds for structures more complicated than
a magnetic dipole, and it holds even if the Gaussian surface does not enclose the
entire structure. Gaussian surface II near the bar magnet of Fig. 32-4 encloses no
poles, and we can easily conclude that the net magnetic flux through it is zero.
Gaussian surface I is more difficult. It may seem to enclose only the north pole of
the magnet because it encloses the label N and not the label S. However, a south
pole must be associated with the lower boundary of the surface because magnetic
field lines enter the surface there. (The enclosed section is like one piece of the
broken bar magnet in Fig. 32-3.) Thus, Gaussian surface I encloses a magnetic
dipole, and the net flux through the surface is zero.
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Όσες γραμμές 
μπαίνουν, 
τόσες βγαίνουν

Όσες γραμμές 
μπαίνουν, 
τόσες βγαίνουνΝόμος του Gauss για το μαγνητικό πεδίο.

Δεν υπάρχουν μαγνητικά μονόπολα.
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Ο νόµος Ampère-Maxwell

Κώστας Βελλίδης

Vf − Vi = − ∫
f

i
E ⋅ dr

i=f

≠ 0 !

Αναιρεί το φυσικό νόημα του 
ηλεκτρικού δυναμικού: μόνο το 
στατικό ηλεκτρικό πεδίο είναι 
συντηρητικό.

∮C
E ⋅ dr = −

dΦB

dt
= −

d
dt ∫S(C)

B ⋅ dS

Νόμος του Faraday.

∮C
B ⋅ dr = μ0IC

Νόμος του Ampère.

∮C
B ⋅ dr = μ0ε0

dΦE

dt
= μ0ε0

d
dt ∫S(C)

E ⋅ dS

Διόρθωση του Maxwell από συμμετρία 
προς το νόμο του Faraday.

}⇒ ∮C
B ⋅ dr = μ0IC + μ0ε0

d
dt ∫S(C)

E ⋅ dS

Νόμος Ampère-Maxwell.

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22



4 Κώστας Βελλίδης

Η Φύση “αντιδρά” στις αλλαγές ροής των πεδίων864 CHAPTE R 32 MAXWE LL’S EQUATION S; MAG N ETI S M OF MATTE R

a changing electric flux will always induce a magnetic field whenever it occurs.) We
assume that the charge on our capacitor (Fig. 32-5a) is being increased at a steady
rate by a constant current i in the connecting wires. Then the electric field magni-
tude between the plates must also be increasing at a steady rate.

Figure 32-5b is a view of the right-hand plate of Fig. 32-5a from between the
plates. The electric field is directed into the page. Let us consider a circular loop
through point 1 in Figs. 32-5a and b, a loop that is concentric with the capacitor plates
and has a radius smaller than that of the plates. Because the electric field through the
loop is changing, the electric flux through the loop must also be changing.According to
Eq.32-3, this changing electric flux induces a magnetic field around the loop.

Experiment proves that a magnetic field is indeed induced around such
a loop, directed as shown. This magnetic field has the same magnitude at every
point around the loop and thus has circular symmetry about the central axis of
the capacitor plates (the axis extending from one plate center to the other).

If we now consider a larger loop—say, through point 2 outside the plates
in Figs. 32-5a and b—we find that a magnetic field is induced around that loop
as well. Thus, while the electric field is changing, magnetic fields are induced
between the plates, both inside and outside the gap. When the electric field stops
changing, these induced magnetic fields disappear.

Although Eq. 32-3 is similar to Eq. 32-2, the equations differ in two ways.
First, Eq. 32-3 has the two extra symbols m 0 and !0, but they appear only because
we employ SI units. Second, Eq. 32-3 lacks the minus sign of Eq. 32-2, mean-
ing that the induced electric field and the induced magnetic field have
opposite directions when they are produced in otherwise similar situations. To
see this opposition, examine Fig. 32-6, in which an increasing magnetic field ,
directed into the page, induces an electric field . The induced field is counter-
clockwise, opposite the induced magnetic field in Fig. 32-5b.

Ampere–Maxwell Law
Now recall that the left side of Eq. 32-3, the integral of the dot product 
around a closed loop, appears in another equation—namely,Ampere’s law:

(Ampere’s law), (32-4)

where ienc is the current encircled by the closed loop.Thus, our two equations that
specify the magnetic field produced by means other than a magnetic material
(that is, by a current and by a changing electric field) give the field in exactly the
same form.We can combine the two equations into the single equation

(Ampere–Maxwell law). (32-5)! B
:

! ds: " #0!0 
d$E

dt
% #0 ienc

B
:

! B
:

! ds: " #0ienc

B
:

! ds:

B
:

E
:

E
:

B
:

B
:

E
:

B
:

Fig. 32-6 A uniform magnetic
field in a circular region.The field,
directed into the page, is increasing in
magnitude.The electric field in-
duced by the changing magnetic field
is shown at four points on a circle
concentric with the circular region.
Compare this situation with that of
Fig. 32-5b.
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The induced E direction here is opposite the
induced B direction in the preceding figure.

Fig. 32-5 (a) A circular parallel-plate ca-
pacitor, shown in side view, is being charged
by a constant current i. (b) A view from
within the capacitor, looking toward the plate
at the right in (a).The electric field is uni-
form, is directed into the page (toward the
plate), and grows in magnitude as the charge
on the capacitor increases.The magnetic field

induced by this changing electric field is
shown at four points on a circle with a radius r
less than the plate radius R.
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The changing of the
electric field between
the plates creates a
magnetic field.
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Εφαρμογή του νόμου Ampère-Maxwell 
κατά τη φόρτιση ενός πυκνωτή.

864 CHAPTE R 32 MAXWE LL’S EQUATION S; MAG N ETI S M OF MATTE R

a changing electric flux will always induce a magnetic field whenever it occurs.) We
assume that the charge on our capacitor (Fig. 32-5a) is being increased at a steady
rate by a constant current i in the connecting wires. Then the electric field magni-
tude between the plates must also be increasing at a steady rate.

Figure 32-5b is a view of the right-hand plate of Fig. 32-5a from between the
plates. The electric field is directed into the page. Let us consider a circular loop
through point 1 in Figs. 32-5a and b, a loop that is concentric with the capacitor plates
and has a radius smaller than that of the plates. Because the electric field through the
loop is changing, the electric flux through the loop must also be changing.According to
Eq.32-3, this changing electric flux induces a magnetic field around the loop.

Experiment proves that a magnetic field is indeed induced around such
a loop, directed as shown. This magnetic field has the same magnitude at every
point around the loop and thus has circular symmetry about the central axis of
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If we now consider a larger loop—say, through point 2 outside the plates
in Figs. 32-5a and b—we find that a magnetic field is induced around that loop
as well. Thus, while the electric field is changing, magnetic fields are induced
between the plates, both inside and outside the gap. When the electric field stops
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Although Eq. 32-3 is similar to Eq. 32-2, the equations differ in two ways.
First, Eq. 32-3 has the two extra symbols m 0 and !0, but they appear only because
we employ SI units. Second, Eq. 32-3 lacks the minus sign of Eq. 32-2, mean-
ing that the induced electric field and the induced magnetic field have
opposite directions when they are produced in otherwise similar situations. To
see this opposition, examine Fig. 32-6, in which an increasing magnetic field ,
directed into the page, induces an electric field . The induced field is counter-
clockwise, opposite the induced magnetic field in Fig. 32-5b.
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Now recall that the left side of Eq. 32-3, the integral of the dot product 
around a closed loop, appears in another equation—namely,Ampere’s law:

(Ampere’s law), (32-4)

where ienc is the current encircled by the closed loop.Thus, our two equations that
specify the magnetic field produced by means other than a magnetic material
(that is, by a current and by a changing electric field) give the field in exactly the
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field in a circular region.The field,
directed into the page, is increasing in
magnitude.The electric field in-
duced by the changing magnetic field
is shown at four points on a circle
concentric with the circular region.
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Fig. 32-5 (a) A circular parallel-plate ca-
pacitor, shown in side view, is being charged
by a constant current i. (b) A view from
within the capacitor, looking toward the plate
at the right in (a).The electric field is uni-
form, is directed into the page (toward the
plate), and grows in magnitude as the charge
on the capacitor increases.The magnetic field
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Εφαρμογή του νόμου Faraday: 
η φορά του ηλεκτρικού πεδίου 
είναι αντίθετη στη φορά των 
δεικτών του ρολογιού, λόγω 
του αρνητικού προσήμου στη 
χρονική παράγωγο της ροής 
του μαγνητικού πεδίου.
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Το ρεύµα µετατόπισης

Κώστας Βελλίδης

ID = ε0
dΦE

dt
⇒ ∮C

B ⋅ dr = μ0(IC + ID) Ο νόμος Ampère-Maxwell με τις πηγές 
εκφρασμένες σε ρεύματα.

86732-4 DI S PLACE M E NT CU R R E NT
PART 3

becomes

(32-14)

Comparing Eqs. 32-13 and 32-14, we see that the real current i charging the
capacitor and the fictitious displacement current id between the plates have the
same magnitude:

id ! i (displacement current in a capacitor). (32-15)

Thus, we can consider the fictitious displacement current id to be simply a con-
tinuation of the real current i from one plate, across the capacitor gap, to the
other plate. Because the electric field is uniformly spread over the plates, the
same is true of this fictitious displacement current id, as suggested by the spread
of current arrows in Fig. 32-7b.Although no charge actually moves across the gap
between the plates, the idea of the fictitious current id can help us to quickly find
the direction and magnitude of an induced magnetic field, as follows.

Finding the Induced Magnetic Field
In Chapter 29 we found the direction of the magnetic field produced by a real
current i by using the right-hand rule of Fig. 29-4. We can apply the same rule to
find the direction of an induced magnetic field produced by a fictitious displace-
ment current id, as is shown in the center of Fig. 32-7c for a capacitor.

We can also use id to find the magnitude of the magnetic field induced by
a charging capacitor with parallel circular plates of radius R. We simply consider
the space between the plates to be an imaginary circular wire of radius R carrying
the imaginary current id. Then, from Eq. 29-20, the magnitude of the magnetic

id ! "0
d#E

dt
! "0

d(EA)
dt

! "0A
dE
dt

.

Fig. 32-7 (a) Before and (d) after 
the plates are charged, there is no 
magnetic field. (b) During the charging,
magnetic field is created by both the real
current and the (fictional) displacement
current. (c) The same right-hand rule
works for both currents to give the direc-
tion of the magnetic field.

(b)

(c)

id

–

BB

+ –

i

i i

+

i

(d) –+

(a)

B

BB B

Before charging, there
is no magnetic field.

After charging, there
is no magnetic field.

During charging, magnetic 
field is created by both 
the real and fictional currents. 

During charging, the 
right-hand rule works for both 
the real and fictional currents.

A
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q = ε0EA ⇒ IC =
dq
dt

= ε0A
dE
dt

ΦE = EA ⇒ ID = ε0
dΦE

dt
= ε0A

dE
dt

} ⇒

⇒ ID = IC

Εφαρμογή του νόμου Ampère-Maxwell 
κατά τη φόρτιση ενός πυκνωτή.
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Οι εξισώσεις του Maxwell (ολοκληρωτική µορφή)

Κώστας Βελλίδης

∮S
E ⋅ dS =

QS

ε0

∮S
B ⋅ dS = 0

∮C
E ⋅ dr = −

d
dt ∫S(C)

B ⋅ dS

∮C
B ⋅ dr = μ0IC + μ0ε0

d
dt ∫S(C)

E ⋅ dS

Νόμος του Gauss για το ηλεκτρικό πεδίο:

Νόμος του Gauss για το μαγνητικό πεδίο:

Νόμος του Faraday:

Νόμος των Ampère-Maxwell:

Συγκεντρώνοντας τα γενικά αποτελέσματα:
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Οι εξισώσεις του Maxwell (διαφορική µορφή)

Κώστας Βελλίδης

∮S
E ⋅ dS = ∫V(S)

∇ ⋅ E dτ ∮C
E ⋅ dr = ∫S(C)

(∇ × E) ⋅ dS

Εφαρμόζουμε τις σχέσεις που έχουμε ήδη αποδείξει για τυχαίες κλειστές επιφάνειες 
S και κλειστούς βρόχους C:

και για το ηλεκτρικό και για το μαγνητικό πεδίο.

Θεώρημα Gauss: Θεώρημα Stokes:

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22

∮S
E ⋅ dS =

QS

ε0
⇒ ∫V(S)

∇ ⋅ E dτ =
1
ε0 ∫V(S)

ρdτ ∀S ⇒ ∇ ⋅ E =
ρ
ε0

∮S
B ⋅ dS = 0 ⇒ ∫V(S)

∇ ⋅ B dτ = 0 ∀S ⇒ ∇ ⋅ B = 0

∮C
E ⋅ dr = −

d
dt ∫S(C)

B ⋅ dS ⇒ ∫S(C)
(∇ × E) ⋅ dS = − ∫S(C)

∂B
∂t

⋅ dS ∀S(C) ⇒ ∇ × E = −
∂B
∂t

∮C
B ⋅ dr = μ0IC + μ0ε0

d
dt ∫S(C)

E ⋅ dS ⇒ ∫S(C)
(∇ × B) ⋅ dS = ∫S(C) (μ0j + μ0ε0

∂E
∂t ) ⋅ dS ∀S(C)

⇒ ∇ × B = μ0j + μ0ε0
∂E
∂t
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Οι εξισώσεις του Maxwell (διαφορική µορφή)

Κώστας Βελλίδης

Νόμος του Gauss για το ηλεκτρικό πεδίο:

Νόμος του Gauss για το μαγνητικό πεδίο:

Νόμος του Faraday:

Νόμος των Ampère-Maxwell:

∇ ⋅ E =
ρ
ε0

∇ ⋅ B = 0

∇ × E = −
∂B
∂t

∇ × B = μ0j + μ0ε0
∂E
∂t

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22

Συγκεντρώνοντας τα αποτελέσματα:



9 Κώστας Βελλίδης

Πώς προκύπτει η διόρθωση του Maxwell στο νόµο του Ampère

Από την απόκλιση του νόμου Faraday: ∇ ⋅ (∇ × E) = −
∂
∂t

(∇ ⋅ B) ≡ 0

Από την απόκλιση του νόμου Ampère: ∇ ⋅ (∇ × B) = μ0∇ ⋅ j = − μ0
∂ρ
∂t

≠ 0

Αλλά η απόκλιση του στροβιλισμού είναι πάντα 0: ∇ ⋅ (∇ × A) ≡ 0 ∀A
}⇒

{ Νόμος Faraday → OK.

Νόμος Ampère → Λάθος (για χρονικά μεταβαλλόμενα πεδία).

Από τη διατήρηση του ηλεκτρικού φορτίου: −μ0
∂ρ
∂t

= μ0∇ ⋅ j

Από το νόμο Gauss: ρ = ε0∇ ⋅ E ⇒ − μ0
∂ρ
∂t

= − μ0ε0∇ ⋅ ( ∂E
∂t )} ⇒

⇒ ∇ ⋅ (μ0j + μ0ε0
∂E
∂t ) ≡ 0

Νόμος Ampère-Maxwell → OK: ∇ × B = μ0j + μ0ε0
∂E
∂t

⇒

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22
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Οι εξισώσεις Maxwell χωρίς πηγές

a × (b × c) = b(c ⋅ a) − c(a ⋅ b) = b(a ⋅ c) − (a ⋅ b)c ⇒ ∇ × (∇ × f) = ∇(∇ ⋅ f) − ∇2f

Κώστας Βελλίδης

∇ ⋅ E = 0

∇ ⋅ B = 0

∇ × E = −
∂B
∂t

∇ × B = μ0ε0
∂E
∂t

Χωρίς πηγές (φορτία και ρεύματα), οι εξισώσεις Maxwell παίρνουν συμμετρική μορφή:

∇ × (∇ × E) = −
∂
∂t

(∇ × B) = − μ0ε0
∂2E
∂t2

∇ × (∇ × B) = μ0ε0
∂
∂t

(∇ × E) = − μ0ε0
∂2B
∂t2

Η συμμετρία τους φαίνεται καθαρότερα όταν αποσυνδέσουμε τα πεδία, ανεβάζοντας 
την τάξη των εξισώσεων από πρώτη σε δεύτερη:

} {⇒

∇2E =
1
c2

∂2E
∂t2

∇2B =
1
c2

∂2B
∂t2

c =
1
μ0ε0
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11 Κώστας Βελλίδης

Το µαγνητικό δυναµικό

Είδαμε ότι το χρονικά μεταβαλλόμενο ηλεκτρικό πεδίο δεν είναι συντηρητικό, άρα δεν αρκεί 
μόνο το ηλεκτρικό δυναμικό V (που προσδιορίζει το στατικό πεδίο) για να προσδιορίσει 
γενικά το πεδίο:

E = − ∇V + ⋯

Τότε, από το νόμο του Faraday:

∇ × E = − ∇ ×
∂A
∂t

Ο νόμος του Gauss για το μαγνητικό πεδίο μας λέει ότι αυτό μπορεί να εκφραστεί σαν ο 
στροβιλισμός ενός άλλου διανυσματικού πεδίου A, το οποίο είναι μια συνάρτηση δυναμικού 
(εφόσον οι χωρικές του παράγωγοι δίνουν ένα πεδίο δύναμης) με τρεις συνιστώσες:

∇ ⋅ B = 0 ⇒ B = ∇ × A

Εφόσον  για οποιαδήποτε συνάρτηση V, ο νόμος του Faraday ικανοποιείται 
όταν το ηλεκτρικό πεδίο περιγράφεται στην πιο γενική του μορφή και από τα δύο δυναμικά, 
το ηλεκτρικό δυναμικό V και το μαγνητικό δυναμικό A:

∇ × ∇V ≡ 0

E = − ∇V −
∂A
∂t

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22



∇ ⋅ A +
1
c2

∂V
∂t

= 0Επιβάλλουμε στα δυναμικά τη συνθήκη βαθμίδας Lorenz:

12

Τα δυναµικά µε και χωρίς πηγές

Κώστας Βελλίδης

Από το νόμο του Gauss για το ηλεκτρικό πεδίο :E = − (∇V + ∂A/∂t)

∇2V +
∂
∂t

∇ ⋅ A = −
ρ
ε0

Από το νόμο των Ampère-Maxwell για το ηλεκτρικό πεδίο  και το 
μαγνητικό πεδίο :

E = − (∇V + ∂A/∂t)
B = ∇ × A

∇ × (∇ × A) = ∇(∇ ⋅ A) − ∇2A = μ0j − μ0ε0 ∇( ∂V
∂t ) − μ0ε0

∂2A
∂t2

⇒ ∇(∇ ⋅ A + μ0ε0
∂V
∂t ) − ∇2A = μ0j − μ0ε0

∂2A
∂t2

⇒

1
c2

∂2V
∂t2

− ∇2V =
ρ
ε0

1
c2

∂2A
∂t2

− ∇2A = μ0j
{ ∇2V =

1
c2

∂2V
∂t2

∇2A =
1
c2

∂2A
∂t2

και χωρίς πηγές:

Φυσική ΙΙΙ,  ΕΚΠΑ  2021-22



13

Πλεονάζοντες βαθµοί ελευθερίας των δυναµικών

Μπορούμε να προσθέσουμε στο μαγνητικό δυναμικό τη βαθμίδα μιας συνάρτησης χωρίς 
να αλλάξει το μαγνητικό πεδίο:

A → A′￼= A + ∇ϕ ⇒ B → B′￼= ∇ × A′￼= ∇ × A + ∇ × ∇ϕ = ∇ × A = B

Για να μην αλλάξει και το ηλεκτρικό πεδίο με την αλλαγή του μαγνητικού δυναμικού, 
πρέπει να αφαιρέσουμε από το ηλεκτρικό δυναμικό τη χρονική παράγωγο της ίδιας 
συνάρτησης:

V → V′￼= V −
∂ϕ
∂t

⇒ E → E′￼= − (∇V′￼+
∂A′￼

∂t ) = − (∇V −
∂(∇ϕ)

∂t
+

∂A
∂t

+
∂(∇ϕ)

∂t )
= − (∇V +

∂A
∂t ) = E

Κώστας ΒελλίδηςΦυσική ΙΙΙ,  ΕΚΠΑ  2021-22

Η περιγραφή των 6 συνιστωσών  του ηλεκτρικού και του μαγνητικού 
πεδίου από 4 δυναμικά  και τις 4 εξισώσεις Maxwell στην πραγματικότητα 
είναι πλεονασμός

(Ex , Ey , Ez , Bx , By , Bz)
(V, Ax , Ay , Az)
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Μετασχηµατισµοί βαθµίδας των δυναµικών

Οι μετασχηματισμοί των δυναμικών: V → V′￼= V −
∂ϕ
∂t

A → A′￼= A + ∇ϕ

λέγονται μετασχηματισμοί βαθμίδας και επιτρέπουν την επιβολή μιας αυθαίρετης 
συνθήκης στα δυναμικά, όπως η συνθήκη βαθμίδας του Lorenz:

∇ ⋅ A +
1
c2

∂V
∂t

= ∇2ϕ −
1
c2

∂2ϕ
∂t2
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η οποία ικανοποιείται όταν η συνάρτηση φ είναι λύση της εξίσωσης:

∇2ϕ =
1
c2

∂2ϕ
∂t2

δηλαδή όταν η φ είναι αρμονική συνάρτηση


