KEDPAAAIO 2

XTOIXEIA OEQPIAYX OMAAQN

1. Opropdg onpelaKs Opad0S GURNETPIOG

To oynuo 1 deiyver v mpoPoin tov popiov g appoviog ¢' éva eminedo (xy)
Kk60Bet0 oTOV AEOVOL CLUUETPIOG TTEPIGTPOPNS (z) MOV OEPYETOL OO TO ATOUO TOV
alotov. Ta tpia dropa vOpoydvov GynuaTiCovY IGOTAEVPO TPIYWVO Kot TO ATOUO TOV

almtov Bpioketon KAOBeTO TAV® OO TO KEVIPO TOL TPLYMDVOL.

¢-2m/3

Zynua 1. Zynuatikn mopootooy Tov Hopiov THS OUUWVIOS
Ot yepdtolr kKOKAOL otV TTepLpépeta deiyvouv €E1 16000Vapa onueia, vTd TV
évvola OTL, Y., £vo MAEKTPOVIO oL Ppicketon 6’ €va omolodnNmote omd avTd T
onueia PAEmeL akpiPac to d1o mepPdiiov. Avtd onpaivel 6Tt 11 SVVOUIKY EVEPYELL

V(r,p,z) omv e&icmwon Schrodinger

hz
_ﬂvzq)(p:waz)_FV(p:¢az)q)(po¢)vz):Eq)(paq)az) (1)
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Ba Exel v 1010 TN oTic €€ Ywvieg @ oL delyvovpe 6To Gy Yo dedopéva P, z
(XpPNOOTOI0VE KLMVOPIKEG CUVTETAYLLEVEG).

O1 €& petaoynuatiopol coppeTpiog Tov amd £vo omolodNToTe APy KO onpeio
pog eépvouv ota €€ 160dvvapa (cvumeptAapPoavorévonr Tov apykold onupeiov)

UTTOPOVV VO TEPLYPAPOLV 0O TOVG TELECTEC TOV opilovTat ®g £ENG

B¥(p)=Y¥(p), P¥(p)=T(p+2n/3), P¥(p)=T(p-21/3)

. . . )
PY(p) =Y (-9), BY¥(p)=¥(-p-2n/3), BY¥(p)=¥(-p+2m/3) ,

omov ¥ eivar pa omowadnmote cuvaptnon tov @ . O P, Aéyetol ToVTOTIKOG TEAEGTNG

(=F). Etvaw gvxolo va emoinBevoet kovelg 0T 01 Tapamdve TELECTEG £Y0VV TV €ENG

wwmta: To amotélecpa g dodoy KNG dpdong dV0 OTOLMVONTOTE TEAEGTMOV GTNV

Y(p) eivor 1o 1610 pe 10 amotéAecpa TG OpAong KATOoL and Tovug £5L TEAEGTEG TOV

neprypayope. o mapaderypo

PBY¥(p)=P¥(p-21/3)="P(p-2mn/3+21/3)="P(p)= B¥(p).

A A A A

Aépe 101€ 611 0 P, elvon 10 ywvdpevo tov P, ent B pe oot ) oepd: P, =P, P;.

2T0V TOPOKAT® Tivako Topovctdlovpe T YIVOUEVE OVO OTOLMVONTOTE Ao TOVS £EL

TEAEOTEG,.
1\ j 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 3 1 5 6 4
3 3 1 2 6 4 5
4 4 6 5 1 3 2
5 5 4 6 2 1 3
6 6 5 4 3 2 1

Hivaxag 1. [Tivaxag tollamlaciaouot P, = ]31]3] .
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Am6 tov mivako Ttoldamiaclacpol PAETovLE Ot

o) Yapyet €vog Kot Lovadtkog 0VOETEPOS (TOVTOTIKOG) TEAEGTNG E, Yl TOV 0Toio

PE=EP =P 3)

Ié ;N Ie r r r 1 r ’.
B) I'a kaBe tedeotr P, vmhpyet Evag Kot Lovadtkog avtioTpogog P, TETO10G MOTE

Iy

P—l

1

A

=hh'=E. 4)

o

A&ilel €00 va tovicHel 6Tt TO avTiGTPOPO TOL YIVOUEVOD OLO TEAEGTMOV, COUPMVA LE

v EE.(4), opiletan ®¢ TO YvOUEVO TOV AVTIGTPOP®V, E TNV AVTIGTPOPT) GEPA

Ba) =pE". 5)

1

v) loyvel n mpocetapioTiky 1016t TO
Pi(j k):(Pi j)Pk' (6)

[Mapammpodue ot1 dev 1oyvel ev yével N avtetadetikn WOt o Tapdderypo

P,P, =P, ev P, P, = P, . Eipocte Aowmdv tdpa £Toylot va opicovpe Tt gtvat opdda.

Opiouég: Opada elvar €va GHVOLO, OVAUEGO GTO GTOLYE TOL OTOioV VIAPYEL Lo
SUEAN S TPAEN (£0T® 0 TOALUTAAGLOGLOC) £TGL OGTE VO TKOVOTOLOUVTOL 01 0KOAOLOES
TEGGEPLG 1O1OTNTEG
o) To amotélecpo TOL TOAAUTANGLOGHOD OLO OTMOLWVONTOTE GTOVKEIV
™G opadog gival otoryeio TG opadags.
B) Ynrdpyel petald tov ototyeimv éva Kot Lovadtkd ovdETEPO (TAVTOTIKO)
otoryeio [EE.(3)].
Y) [Mo kdBe otoyeio vapyet Eva ko povadkd avtictpoed tov [EE.(4)].

d) Ioyber n Tpocetaipiotiky WO TA (6).

Av 1oyvel Kot 1 ovTiLeTafeTiKn W0, N opdda Aéyetar afeliovy. O apBudc twv

otoyelov pog opddog ovopdletol zaén ™G opddas. Av po opdda £XEL TETEPAGUEVO
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aplOpd otoyeimv Aéyeton memepaouévy opdoa. ¢ TOPAOELYLOL TETEPAGUEVIG OLADOGC
TAENG OVOo, ovaPEPOLUE TO OLGVVOAO {— 1,1} €POOICUEVO e TV TIPAEN TOL
TOMOTAOGLOGHOD. AV pio opdda €xel dmepo apBud octoryeimv ovopdaleton dreipn
ouada. Mo amepn opddo pmopet vo glvon diaxpity | ovveyng, ov o GTOLKELD TNG
elvan avtiotorya oplOuncipa 1 un aplBpoia arelpa. ¢ TopadELYLOTO OVUPEPOVLLE
To GOVOAD TV OKEPOI®V M TOV TPAYLATIKOV aplOU®dV, avTioTOr(, EPOSOCUEVO LE
mv Tpdén g npocHeong. [ToAAd amd ta amoteléouarta g Bempiog opddmv mov Ha
TOPOVGLICOVE GTY] GUVEYELDL OPOPOLV CE TEMEPUCUEVES OUAOES, TO TEPIGGOTEPN
OU®G Ao aVTA, LE KATAAANAN YEVIKEVOT), IGYVOVV KO Y10 ATELPEG OULADEC.

H opddo ovppetpiog mov meprypbyope ovopdletar onuetokr opdda C;, Kot
etvan 1aEng €61 O dpog anuetoxn yPNOLOTOLEITOL V1ot VO, VTOONADGCEL OTL €val oNueio
(omV EPINTOON HOG TO KEVIPO TOL IGOTAEVPOL TPLYMVOL) UEVEL OKIVINTO KOATO TOVG

LETAGYMNUOTIGHOVG GUUUETPIOG TG opddoc. Me Oca gimape, €0KOA0 UTOPOVLE VO

deiEovpe Ot 01 TELECTEC 131, 132, 133 amoTELOVV emiong onueloky opddo. Aépe T0TE OTL
&yovpe o vroouade g C,, (N ovykekppévn Aéyeton C).

Téhoc, a&iler vo onuewwBel 611 M €PappOY €VOG UETOCYNHOTIGHLOD
ocoppetpiog o (o Pabumt) cvvdptnon &vog SvOGHATOG 1GOdLVOUEL e TNV

EQOPLOYT TOV AVTIGTPOPOV UETAGYNLOATIGULOV GTO JLAVUGLO-OPIGLLO TG GLVEPTNONG

P¥(r)=¥Y((P7'r). (7)

[Mpaypatikd, av vrobécovpe yuwoo mapddstypo 6Tt 1 cvvdptmon W(r) moapiotdvel
tonoBeciec oto onuela evog yaptn, mn tomobecio 6° éva onueio ov Kévovpe o

oTpPOPN 670 YapTN elvan M 1 av oTpéyoupe avticTpopa To onpeio r.

2. Avomapoaotdacelg opddog
Ievikd, £va chvoro avTIGTPEYIL®VY TETPAYOVIK®V (d X d ) TVAK®OV, EPOOOIGUEVO LE
MV TPAEN TOV TOALOTAAGLOGHOV, omoTerel o avamapdotaon ' wog opddag dtav

Yo KaBe otoryelo TG opddag vapyel £vag TETpayviKos tivakog D, étol dote
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D(2)D(P) =D(AP). @®)

Eivai duvatdv va vdpyet avtiototyia Eva-mpog-éva petah tov ototyeimv TG opadog
KOl TOV OTOLYEI®V TNG OUAONG TOV TIVAK®OV (100poppionog), OndTe YOVUE WOl TLoTH
avamopdaotacy s opddoc. Eivar eriong duvatdv meplocdtepa Tov £vOG GTOLKEIR TNG

opdoac vo. avtioToyovy otov 1o mivako (ououopeiouog). H obotaon d tov
mwakov ovopdletar odidotaon g avemopdotoons. Ilpoeovac, D(E)=1 (o
povadiaiog mivakag d xd ) evé D(P)=D™(P).

Y10 onueio avtd Bo cvvoyicovpe HePKOVS OPIOUOVS amd TV AAyePpa
mwvakov. 'Eoto o mivakoc A pe otoyeia [A]ij. O avtiorpogoc mivoxoc, A,

opiletar amd ™ oxéon: AAT = A'A =1. O avdarpogpoc Tivaxac, A, &yt cToyElo

*

[Z]l.j :[A]ﬂ.. O wyadikés ovloyre, A", éxel otoyeia [A*]@/ =[A], evd o

ij >
mpocaptiuévos, A", opiletar oc AT = A”. Ilivakec mOv KOVOTOOVV OPIGHEVEC

GYECELS OVOPEPOVTOL LE CUYKEKPIUEVT] OVOLLAGia

A=A SUUUETPIKOG

A=-A AVTIGLUUETPIKOG

A=A [Mpaypartikog (| awtoovluync)
A=A" OpBoydviog

AT=A Epputiavog (1 automposoptnuévog)

AT =-A Avtiepuitiovog
Af=A" Movadiakodg

AT=-A"  Avrywovadiakog

Kabe opdoa €xel dmepo oplud ovomapactdcewy, 0ALL OAEG HTOPOLV Vo
TPOKVYOLV amd £vav eAdyloto apliud BepeAiwdodv avarapactdcemy. Eivol gvkolo
va doOE, Yo TopAdetypa, OTL av €YoVUE Ho d -0146TATN AVOTOPACGTAGY], LITOPOVLLE

Vo KOTAOKEVACOVE Amelpeg GAAEG TG 1010C O1doTOoNS (G EENG
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D'(2)=S"D(B)S, )

omov S elvar évag OmOl0CONTOTE AVTIGTPEYILOS TETPOY®OVIKOS mivakas d xd .

[pdypatt, Yo 6vo omoladnmote croryeict TG Opdoag £xovpe

D'(5)D'(P) =S"D(5)SS 'D(P)S =S D(EP)S=D'(AP). (10)

Ot  avamapactdoels Afyovior oV WEPITTOON QLT 10000VOUES KOL O
UETACYNUOTIGHOG (9) petaoynuationds ouoioTnTag.

Amodgkvoetal 0Tt KAOE OVOTOPAGTOCT WIOG TETMEPAGUEVIG ORAdOG Elvarn
1GO0UVOUN UE IO UoVooloky oavomapaotocy Omov ot mivokeg eival Hovaolokol.
Mmnopel dnradn kdbe avoarapdotacn va avoydel e povadiakn, | évoav KaTdAANAo
petacynuaticpnd opotdtrag. Ilapd ™ duvatdtnto TEPOPIGHOL G HOVOAOLOKOVS
TivaKeS, ol TVOKES Log avomapdoTtacns ogv opilovtat 1 évav kot Lovadikd Tpomo.
‘Evag petacynuotiopds opotdmtog W éve povodtokd mivaka S, piog Hovadlokng
avomopAoTAoNG, YO TOPAdEYIO, TOPAYEL Lo 1GOOVVAUN OVATOPAGTOCT), EMIONG

LLOVOLOLOKT).

Oepovpe dVO AVOMOPUCTACE mvakoy D', D’ pac opddoc, Stootdcsmv

d,,d,, avtiotoyya. Katackevalovpe, yo kébe otoyyeio e opddag, évav mivoko

JydVI0 KOTA TUNHOTO, O EENG

D(ﬁ,»):[Dl(R‘) ° ] (1)

Swaotdoenv (d, +d, )x(d, + d, ). Evkola emalndedeton ott
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D(é)D@:[DI(mDI(Pf) 0 ]{Dl(ﬁpf') ° }D(f%-l%).

0 D*(P)D*(P) 0  D(RP)

(12)
Aniadn m opdda mvlkwv D amotelel emiong avomoapdotacn g opddoc.
Enrovaiappdvovioc m dwadikocio mov meptyplyape Toipvovpe vov Amelpo aptBpo
avamopactdoemy. Ot avomTapacTAGELS TOV KOTAGKELALoVTaL L' oVTOV TOV TPOTO £ivor
onwc Aépe avaywyues. H avaroapdotaon mvakov D opiletar oc to ev8d dbpoioua

TOV OVATAPACTAGEDY Tvakov D', D? .
D=D'@®D". (13)

Egappolovtag évav petacynuoaticpd opowdtntag oty EE.(11), eivar dvvatdv va
tportotomBel M popen TOL Tivako, £I6L MOTE VO UN QoiveTol Soy®dVIOS KoTd
tunuate. H avarapdotaon opme eEokolovdel va mopaptével avay®ylun, EpOCOV e
KOTOAANAO UETAGYNUATIGHO OUHOOTNTOG UTOPEL VO TAPEL HOPPN TIVOKA O10yDVIOU
Katd tunpata. EGv po avamopdotaon oev gival avoyoyyun, AEyetol un ovoywyyun
avamopaotaoy. Tlpoxertor yuo TG OgHeMMOELS AVATOPACTACEL, OO TIS OMOiEs
katookevdlovior Oleg ot GAAeg. Oa deifovpe TOpa TL gvvooldue Afyovtag Ui
AVOYOYLUN OVOTOPACTOGT) CNUELOKNG OUAOAG, XPNOYLOTOIDVTAS MG TOPAOELY Lol TV
opdda C,, .

Oewpovpe ™ dpdon tov £EL TEAECTOV QLTS TNG OHAdAG GTN GLVEPTNON
sin(3¢) . H cuvapmnon avt) 6mwg B doOe TopaKAT® £YEL LLOL GTEVH GYECT LE TNV

ouada. ‘Exovpe

P sin(3¢) =sin(3p), P, sin(3p) =sin(3p), P, sin(3¢) =sin(3¢)

R . R (14)
P, sin(3p) = —sin(3p), P, sin(3¢) = —sin(3¢p), P, sin(3p) = —sin(3¢) .

[Mopatnpodpe O6tL dpwvtag ot cvvaptnon sin(3p) He TOVG TEAESTEG TNG OLADOG

TO{PVOVE G ATOTEAEGLO TNV 10100 GUVEAPTNOT, TOAAATAOGIOGUEVT LE o otabepd (1
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N —1). Etvon onpavtikd va katadldfovpe 0Tt 0gv €L 1 OTOLOONTOTE GLVAPTNON QLT
™mv W To (onuewwvovpe 01t dev Bempodpe v Asin(3p) ®g S10QOPETIKY NG
sin(3¢), epodcov eivor ypoppukd eEaptnuéves). Mmopel KoveliG va 10 SlOmIGTMOGEL
Sokualovtag ™ @ N TN @° Yo mopddstypa. Mmopodus OpmC Vo SOGOVLUE
TOVAGYIOTOV 0L OKOUN GLVAPTNON Tov £xel avtiv v widmta. Tn otobepn

ocuvapmon, éotm povada: V(p) =1, 0< ¢ <2x. Eyovpe

Pl=1, i=12..6. (15)

Av okeptovpe Alyo PAémovpe OtL kdBe cvvaptnon sin(3ne), 6mOL N AKEPALOS
ocoumeprpépetal akpPng 0nwe n sin(3@). Yo avty v évvola TETolEC GUVOPTNGELS
Aéyovion 1goddvousg, OGOV aQopd GTIG WOTNTES HeTacyNUaTicpod tovc. Katd tov
010 TpOTO UTOPOVLLE VO TOVHE OTL Ol GUVOPTNOELS TG HOopPNG cos(3ne) eival
oodvvapeg pe v Y(p) =1.

Ocwpovue TOPa TIG CLVAPTNGELS U, = exp(ip) Kot u, = exp(—i¢p). Eyxovue

B exp(ip) = exp(ip), P, exp(ip) = wexp(ip), P, exp(ip) = w* exp(ip)
P, exp(ip) = exp(~ig), P, exp(i) = w* exp(~ig),B, exp(ip) = wexp(—ip)

(16)
B, exp(—ig) = exp(—ip),P, exp(=ip) = w’ exp(—i@),P, exp(-ig) = wexp(—ip)

P, exp(~ip) = exp(ip), P, exp(~ip) =wexp(ip), P, exp(~ip) =w’ exp(ip)

omov w = exp(27i/3). Iapatnpovpe 611 o1 TEAeSTEG TG OpddG peTacynpatiCovy
u, ot u, N ot u, moAlamiactacpevn ent g otabepd. To 610 cvpPaiver kot yo
™ u,. Oco ki av mpoonabncovye, dev Bo pmopécovpe va Bpovpe KATOLO YPOLLUIKO
GLVOVOGHO TOV U, KOl U, OV Vo peTacynpotiletor 6tov eavtd tov. Aéue 10te OTL OL
cuvaptnoelg exp(ip) kot exp(—i@) amoteAoVV fdon P0G OGOUCTATNG UN

avoy@yung avoropdotacnc e opddos C;, . Avtictorya, n cuvdptnon sin(3¢) sivar
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Baon pog HovodtdoTatng Un avay®dyung avaropdotaong g opddas. To 1610 woyvet
Kot yuo T povadioio cuvaptnon.

Mmopovpe Tdpa VoL GLVOYIGOLLE TO ATOTEAEGHATE [Lag AEYOVTOS OTL, OV Ol U,
Kot u, €tvor dvo cvvaptioelg Phong pag dioddotatng avarnapdotaong, éotm I,
UTOPOVLE VO YPOWOLLE

2
Pu, =YDy (Pu,, n=12 (17)

r}
mn

6mov D, (P) etvar 1o otoyeloa tov mivaxe g avamapdotacng I yw 10

LETOGYNUOTICUO  GLUUETPIOG ]3, EVxola  amodewkvietar  Ott éva GUVOAO
TETPAYOVIK®OV TVOKoV, Onwg opileton amd v EE.(17), omotelel mpdypatt
OVOTOPACTACT] TNG ORAONGS. AV elyape TPIGOAGTOTY UN OVOYDYLUN OVOTOPAGTOO,
Ba vMpyav TpELG cuvapTNoElg Paong kot ot deikteg m, n oty EE.(17) Ba €tpeyav
and 1 £og 3. O un avaydypes avoropastdoels g opddus C,, , YPNCOTOIOVTAS

11§ cuvaptoels faong: 1, sin(3p), exp(ip), exp(—i@) cuvoyilovial GToV TOPAKAT®

mwivaka,

P P A P, P P
Dy} 1 1 1 1 1 1
Dy} 1 1 1 1 1 1
D) 1 w W 0 0 0
D;; 0 0 1 W W
Dy; 0 0 0 1 W W
Dy; 1 W n 0 0 0

ITivakag 2. ITivaxag un avayoyyumy avorxopostaoemwyv g ouaoos C,,

[apatnpovpe 6Tt o1 mivakeg petooynuoticpod D sivor povadiaxoi: D'=DT.

Inuewdvovpe emiong 0tL M povodidotartn avorapdotacn I, mov avamapictotor pe

™ povada ylo kKabe otoryeio g opddag, lvar pia Un ovaydyn ovaropiotaoT yio
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Kké0e opdda. MoAovaTtt avth, M AEYOUEVN KOl TOVTOTIKY OVOTapaotocy, €ival amod
HOOMUOTIKNG OmOYEMG TETPIUUEVT, N VTOPEN TNG OMOJEKVOETOL PTG GE TOAAL
QLOIKA TPOPANATO.

Mrnopel opmg koveig ebhoya va B€cel 10 epdTNUA: LILAPYOLY Kot GAAEG [N
avoyOYWES ovamapactdoelg g opddog C;, ektdg omd avtég mov Pprxape; H
amdvinon stvor 0Tt Kabe GAAN Un ovoydyuun ovaropdoTosn Tov UTOPEl KOvelG va
oketel Ba glvar 10o0dvvaun pe po omd TIG TPELG TOV TEPLYPAYALE NON. o propovoe
Yo Topdderypo Kamotog va Emoupve v cos(3n@) ®¢ ocvvdptnomn Pdong ywo v
avanapdotaon I. H emoyn avty Oa pog odnyovoe ota ido axpipag otoyeia
nivaka pe avtd mov €yovpe NON Ppet. To id0 amotérespa Bo maipvape emiong av
ypnowomowovoape v sin(3ne) avti g sin(3p) ¢ cvvapton Paong g I, .
Ocov oagopd tOpo otn Ocddotarn avonapdotacn, mpénet va eivor  kaveic
TPOGEKTIKOG 6T0 TG Ba opicel v wwodvvapio avorapactdoswv. [Ipdypatt, enedn
QVOTOPAGTAGES OV GLVOLoVTOL apolfaio e HETAGYNUATIGUOVS OHOOTNTOS £iva
1GOOVVALES, VTTAPYEL G oNUovTIKO PBabud o avbopesioo ®g TPog v eMAOYN TG
popong tov mvikov. [Hoapdio ovtd, vrapyet Kdmowo péyebog mov mapopével
aVOALOIWTO OE UETACYNUOTICHOVS OUOOTNTOG KOl EMOUEVAOS TPOCPEPETUL MG
wWovukdg Tpomog va yapaktnpicovpe pia ovarapdotaon. To péyebog avtd Adyston
XOPOKTHPAS TNG OVOTOPACTACTC Kot Yo k6Oe d; -didotatn avonapdotoon I, pog

opddag opiletar wg To tyvog Tov mivako D™ (13,.)

2(B)=Y D% (B), (18)

m=1
v k60e otoryeio P g opdodac. To avariroimto tv yapaxtpwv oesiletar 6to
amAd amoTéAespa TG GAyePpag mvdkmy OTL To 1yvog evog mivako TopouEVeL TO 1010
av Kavovpe €vo petacynuotiopd opowdtnroc. Ilpoxvmter emopévog dueca Oti

1GOOVVOUEG OVOTTAPUCTACELS £XOVV TOVG 1010V¢ Yopoktpes. loydel emiong kot o

aVTIGTPOPO, OTTOTE EYOVUE £VOL ATAO KPITHPLO 100OVVOLLOG AVATOPOGTACEWDV.
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‘Eva GAho oamld amotélecpo ocvvdyestor amevbeiog amd tov opopd: H
doTaoN UG OVOTOPEGTACTC IGOVTOL LE TO YOPUKTIPO Y10 TO OVOETEPO GTOLYEID TNG

OpLAdAG, Mol KOt TO 0VOETEPO GTOLYEl0 avomapioTatal and éva povadioio mivaka.

3. Zvluyn otoyeio Kol KAAGELS

Etvar onpavtikd va yvopilel kavelc mOces SopopeTikes (Un 160dVVOLES) 1N
AVOYDYLES AVOTapaoTAcELS £xel o opdda. IToc pmopet dndadn yio mapdderypo vo
gtvar olyovpog  oOtt m ouddo C;,  €xel HOVOV TG TPEWS MUIN OVOYOYULES
avamopactdoelg tov meptypayape; H amdvimon ¢' avtd to epodtnua divetar and Eva

Bacwkd Bempnpa g Bewplog opadmv.

Ocopnua A: O oplOudc TV SEOPETIKAOV (U1 1GOOVVAU®OY) UM OVOYOYLOV

AVOTOPACTAGEMV LG TETEPAUCILEVIG OLAdAG 1IGOVTAL [LE TOV apliud TV KAAGE®V.

[N va gEnynoovpe Tt elvar ot kAdoeig oG opdadoc, TPETEL VoL ELGAYAYOVLE TNV

évvolo. TG ovlvyiag dvo otoyeiwv. Avo otoryeia 131., P, g opddag Aéyovro

A

ocvluyn, av vapyel otoyeio B, g opddac, TETo MCTE

>

»
-
-

[

>
>

(19)

~.

Av 1o P, givon ovluyég tov P, , 101€ mpopovads kot to P, givon culuyég tov £, 8101t

1

A

P = Pk_lP;Pk- Eilvow eniong gbkoro va dgifetl kovelg Ot ta mpog tpito cvluyn eivon

1
Kot HeTa&D Toug GuVYY.
Amd T0 TOPATAVEO CLUUTEPAIVOVLE OTL UTOPOVLE VO KOTATAEOVLE T GTOLXELN
pog opdadag oe cOVoAa, £Tol MGTE T ototyein kdbe T€Tolov cuvorov va givarl cvluyn
petagld Tovg Kot vo unv vdpyovv cvluyn GToKEld TOV VO AVIIKOVY GE JLOPOPETIKA

ovvora. Tétown cvvora ovopdlovtor kidaels avlvyiog 1| OmAL KAGOEIS P0G OUADOG.

Muw kAdon pmopel vo katackevootel and kdbe otoyeio P @tudyvovtag OAo To

A

PE =D,

1

otoyeio TG LOPPNS 13,{1313,{’1 v k4B otoyeio 13,( g opdodag. Epocov

1
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10 P, amd povo tov givor otoryeio g khdone. To tavtotikd ototyeio amotehel o
KAGoN amd pévo tov, £pdcov Yo kGO otoryeio P, g opddag P EP =E.

Egappolovpe Aowmdv v mopamdve dadkosio yio va dlokpivovpe Tig KALGES TG

onpetokng opddag C,, . Me t Bonbeta tov mivaka toAloriacacpov (1) éxovpe

SR D BIABD B BIBD D BIBDD B BIBD D BB D B
1 by =4y £ lh = 29P3 203 = Lo 4P24—37Ps 245 = L35 6P26_P3
A B BAIBD D BIBD D BIBD D BIBD B BIABBD B
1 Ly = Ly Iy Ly 0y = Lgy Iy Lg iy = sy Iy Lyl = Iy I Lyl = L, 6P4P6_P5

(20)

Enopévac, Bpickovpe cuvolikd Tpelg KAAGEL: {}A’l },{162 , 163},{}34 , }35 , f’6} , YEYOVOG OV
EMOANBEVEL OTL TPAYUATL O APIOUOG TV [UT] OVOLYDYLLWOV OVOTOPOGTAGEDYV TNG OUAS0G
1oovTOL e TOV aplBud TV KAAGEMV.

Ye wo apfelovny opdda kébe otoryeio amoteAel kol g kAdon. To mopiopa
avtd €meton amevbeiog av ekpetaAlevfode ™V avipeTafeTIKOTNTA TOV GTOLYEI®V
poG ofeAtoving opadog.

O YOpOKTNPES OGS OVOTOPEGTOONG Y10 TO. GTOLXEIN TN OUAONG TOL CVIIKOVY

otV 101 KAdon eivar 6Aot icot. Avtd TPOKVLTTEL AMAG Amd TOV OPIGUO TG KAAGONG.

[Ipdypatt 6TmC eimape, dvo oToryEin }A’i, P/ LG ORLAdMG aviKovy o1Tr| 1010 KAGon av

vmdpyel otoelo P g opdédog, tétowo wote P PP =P,. Emopévog

D(ﬁj) =D(2,)D(2)D"(B,) kot ;((ﬁj) = 7(P) . Eivar ovyvé apketd va yvopilovpe

UOVO TOVG YOPAKTNPES KOl OYL TNV TANPN HOPPY| TOV TIVAK®V TOV OVOTOPAUCTACEDYV.

"Etol Aowmodv, otov mopoakdto wivoke TopafETOVUIE TOV TIVOKO TOV YOPUKTPOV TNG

onpeokng opddag C;, .

il 5.h Pyl
L 1 1 1
L, 1 1 -1
I 2 -1 0

Iivakag 3. Ilivaxog yopoxtipawy e onueioxns ouadog C,, .
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"Eva 6ALo ol ypnoipo Bedpnpa g Bewpiog opddmv gival to €ENg

Ocopnua B: To 4BpocUo TOV TETPAYOVOV TOV JWCTACEDMV TOV U1 OVOYOYLOV

OVOTTOPAGTAGEMV L0 TETEPAUCILEVIG OLADAG 1IGOVTAL [LE TNV TAEN TG OUAOAS.

Zoppovo pe 1o Bedpnuo ovtd, copmepaivovpe 0tL n opdda C; mpémet va £xel puo
dodtdoTaTn Kot VO HOVOSLAGTOTES U AVOLYMYLES OVATOPUCTAGELS, OTMS TPAYLLOTL
ocvopupaivel. Emiong, g mépicpo tov Oempipatog, mpokvmTel OTL OAEG Ol un

VALY DYLLES OVOTAPOCTAGELS oG affeAovig opddag eivor LovodldoTaTeS.

4. OpBoyOVIOTNTO PU1| AVEYOYILOV OVOTOPUCTACEDV
2o onpeto awtd Ba mapabécovpe ympic oamddeln éva and ta Bacikotepo Bewpnpata

g Bewpiag opddwv, Yvootd wg Gewpnuo pueyding opboywvidtytog.

Ocpnua Meydins OpBoywviétyras: ‘Eote o mivakeg D', D™ nov avamapiotody
OVO HOVOOLOKEG UN OVAYDYUYES OVOTAPACTACES Mg opddag G théng g, un
16odvvaypeg o0tav A # A" kot ideg o0tav A = A', dwwotdoewv d,, d ., aviictoyyo. Tote
oY 0EL

'
mn

PeG A

ZDE;* (ﬁ)Drl" (ﬁ) = dié‘ﬂﬂ'é‘mm'énn' . (21)

Ocwpoviag m=n, m'=n" ko aBpoifovtac ®¢ mpog n kol n', KATAAYOVUE OTN

oxéomn opBoymVIOTNTOG Y10 YOPOKTNPES

S APy (PY=gd,, . (22)

PeG

H oyxéon avt Oo pog @avel ypriown yw vo vroloyicovpe mdceg @opés p,
VIEIGEPYETOL IO UM ovay@YLUn avamapdotoon I, oty avaymyn pag avaymyuyng

avanropdotaong . Zopfoiucd
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T=pl®p,T,®.. (23)

Amo 1t popon| (10) tov mvhxkev g avarapdotacng I, copnepaivovpe 0Tt

2 (P)=>p,x"(P), VPeG. (24)
=

[ToAhamAoo1alovTag Kot To. Svo péAN pe y ' ’ (13) Kot afpoilovtag ¢' OAa To oTOoLYKEi

™G opdidog, ekpetarievopevor v EE.(22) maipvovpe

L N R2) 25)

PeG
E&’ dAhov, ypnowonowwvtag v EE.(24) éxovpe

—Z‘ (P)‘ Zzzpﬂpm“ Py (P)= Zpi (26)

& beG 8 peG 4

Bacel e EE.(22). Eivat dpmg mpogavég 6t pia avoarapdotaon I eivor un avoyoyyn

TOTE KOl LOVOV TOTE OV > =1. Enopévec, avoykoio Kot tkovh cuvOikn vy va
YR

elvar o avarapdotaon I' un avayoyyun eivat

—Z\x @) =1. (27)

PeG

5. lIpoforikoi TereoTég

Amodewvoetan 0Tt kbBe cuvdptmon WY(r) tov ywpov Hilbert pmopel va ypapel mg
YPOUUIKOSG GLVOLACUOG GLVOPTNCE®Y PAONG TOV HOVOOIOK®OV U1 OVOYOYLLOV

OVOTTOPOCTACEWDV UG GTUELOKTC OUAO0S
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YO =333 4, 0., (1). (28)

A" n'=l1

Ot ovvaptricels  @,,,(r) eivar Kavovikomompeveg covvaptioels  Bdong, mov
petaoynuatiCovior 6mowg M n'-ooty ypoupn (otAn) g d, -Sidotang pun
avoyoyyng avarapdotaong I, g opddag. Téco ot cuvaptnoelg fdong 660 kot ot
oLVTEAEGTEG TOV avomTuypatog (28) eEaptaviot amd v W(r), kot opiouévol amd

TOVG GLVTEAESTEG pmopel var givon pndév. Ot @, (r) TPoeavdg dev givar KOmoleg
OLYKEKPIUEVES ocvvoptioelg Pdong, ot avtd Bo onuotve OTL UTOPOVUE VO
ekpphoovpe v kébe cvvapmnon tov amepodidctatov ywpov Hilbert og o
nemepacéVn Paon cuvapticemv. Mropodue va €govpe TOAAEG cuvapTNoELS Pdomng
OV VTEIGEPYOVTOL Y10, IO GLYKEKPUUEVI] LN OVAYOYUN OVOTOPAGTACT), YLVTO
GAA®oTE KoL LITAPYEL 0 SEIKTNG p TOL TIC AmaplOEl.

Elvaw emopévag yproyo va EEpovpe S vo. TPOPAAOVUE L OTOLONTOTE
CLVAPTNGCT G UK U1 OVOY®YLUN OVOTApAcTOoT Hog opddoc. Avtd yivetar pe
peBodKO TPOTO YPNGULOTOIDOVTAS TOV TPOPOALKO TELECTN

L (PP . (29)

mn

s d
Pri=—>D
mn g

PeG

[Ipdypatt, av o TpoPoAiikdc TEAECTNG OPAGEL GE 0L OTOLONTTOTE GLVAPTNGT, TOV EV

vével divetan amd v Ekepaon (28), maipvovpe cuVapPTAGELS TOL LETacyMaTilovTol

cOLO®VO LE TN N avayoyyn avoropdotacn I, e opddog

q)rrl;ri \P(r) = z Alnp¢ﬂ.mp (r) .
p

Ye MOAMEG TEPMTOGES €ivol OPKETO VO YPNOCLULOTOOVUE TOV TPOROAKd

TEAEGTI] YOPUKTI POV

P :d—ﬂz 2 (P)P. (30)

PeG
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6. Eridvon g e€icmwong Schrodinger

Ac eEetdoovpe TP TIC GLVETELEG TNG Bemplog OUAdWMV GTIG EVEPYELNKES KOTAGTAGELS
TOV NAekTpovimv Tov popiov ¢ appmvioc. o vrobécovpe OtL 10 Kabéva amd To
O0éka mAektpdvio Tov popiov PAémer €va péco dSvvapikd medio, To omoio €yl
ocoppetpio tov popiov, kot Bo Egydoovpe mPog T0 TAPOV AAANAETIOPACES TOL

e€aptdvton amd to omy Tov niektpoviov. ‘Etot, n Xapudtoviav Tov GUGTHLATOG

2 2 2
b= —h—{li[pil—i-% d . +§—2}+V(p,(/>,2) G
2m | pp\’ p) p° dp° &

etvat TPoPOvVMG aVOALOIMTN VIO TOVG UETACKTLATICHOVG CUUUETPIOG TNG CNUELOKNG
opddag C,, . Zuvendg avtyetatifeton pe OAovG Tovg TEAESTEG GUUHETPIOG TNG OULASOG

PH=HP = PHP™ = H . (32)

1

AvoADOVTOG TIG 1010GVVAPTHCELS |§> ¢ e&iomong Schrodinger

(A-E)|g)=0 (33)

oe Paon ocuvvoptnoEV |/1np> ov petacynuatiCovior OMMG 1 7 -0GTH YPOUUN

(otAn) ™¢ un avayodyyng avarapdotacng I', mgouddog C,, €ovpe

&)= D45, | Anp). (34)

A.n,p

O odeixtg p yapaxktnpilel dapopetikd cvvVoAn cuvaptioemy Pdong g 100G un
AVOY@YIUNG OVOTOPEGTAGNC TOV, EVOEYOUEVOC, VITEIGEPYOVTOL GTNV avaywyn (34).

And 1ig EE.(33) ko (34) maipvoope

(A - E}anp)=0, vA'n',p" (35)

ZA5,1P(I:I—E)|/1np>:0: zAjnpu"’l'p'

A,n,p A,n,p

51



KotaAryoope OmAadr o' éva ocOotuo OUHOYEVOV  YPOUUIKOV €El000EDV e
YOPAKTNPLOTIKO TEvoKa
h =< 'n'p'|I-AI —E|/1np> . (36)

A'n'p'; Anp

O mivaxog Opmg avtdg eivor dloy®dVIOG KOTA TUNUOTE, YEYOVOS TOL OELKOAVVEL

onuavtikd v vroAoywotikn mpoomdOewa. Ilpdypati, m EE.(36) ypapeton

Isi_lé (1:] — E)é‘llsi|/1np> Kat, Adyo g EE.(32), &yovpe

I _ o
hﬂ.'n’p';lnp - <ﬂ” np

n 6

1 (A N L
hﬂ,'n'p';ﬂnp :gz</1’n’l? |R I(H_E)R|/1np> ZEZZD’E/}”' (R )Drl;; (f)z )h/'i'm'p';ﬂmp

i=1 m,m' i=1

1 N
= 5/1/1'571}1' [d_ z h/lmp';/lmp J .
A m

(37)

Anhadn pn undevikd otoryeia mivako Egovpe pOvo yoo TV 01 YpOUUn n—n g
dwog avomapdotaong A —A ko eni mTAéov avtd eivan aveEdpnra tov n. Eocto my.

o6t un avayoywn avaropdotoon I, vrecépyeton p, @opéc ko efvar diodtdotoTn.

To tpuua Tov Tivako Tov avVTIGTOYEL 6' ALTAV TNV avarapdotact Ba £yl T Lopen

OOV 01 6VO GKLUGUEVOL VTTOTIVOKES EIVOL TOVOHOLOTVTOL, dCTACE®Y p, X p,. AT

TO TOPOTAV® GVLUTEPAivovpre OTL ot WoTIES ™¢ XoAtoviavhig Bo givar un

EKQUMOUEVEG, 1 OITAL EKQUAICUEVEG OV OIVIVKOUV GTI 1] OVOYDYUUT OVOTOPAGTACT

I, To omwv PePaing, av Anedel vmoym, Oo dumhacidcer Tov EKPLUAMGUO TOV

Kataotdoewv. Extdg and avtodg Toug EKPUAIGOVS TOL LITAPYOVY AOY® GLUUETPIOG,

glvar duvaTov va VIAPYOVV €Ml TAEOV KOl OUURTOUOTIKOL gk@viiouoi. Mmopolue
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TeEMKA vo Tagvopncovpe TG evepyslakés otdlueg tomov I, I, I, xatd advéovca

T4EN
1T, 217, 3I,...

IT,, 2T, 3T,
1Ty, 2T, 3T5,...

H yvodon ¢ oupperplog tov KLUHOTOGLVAPTNGEMY OLELVKOADVEL GNUOVTIKO TNV
emilvon g e&lowong Schrodinger kot 1 koTOVONGN TOV WOOTHTOV TOAVUTOUIKMV

popiov Baciletor kotd peydio Pabuod otny ekpetdAievon g GLUUETPIOS.

7. Ev00 ywvopevo avomapootdoemy
‘Eoto ¢,0,,...,0, KoL Y\, /5,...,1, OOVOPTAGCES PAONG TOV U VOYOYHOV
avoropoctdoeov I, ko ', pog onuewoxng opddog, ductdcewv d, ko d,,

avtiotorya. Ta ywopeva ¢, v, , covohkd d,d, to mAn0og, petacynpotiloviol vod

TOVG LETAGYTLOTIGHLOVG CUUUETPIOG TNG OUAONG G EENG

Blp, 0w, ()] =0, 0w, (P 1) = |Po, )] [Py, 1)
=YDl (P)D (P)p, (), (Y)

m,m'

38)

Opilovrag véeg cvvaptioelg Baoeg u,, (r) = @, (r)y, (r), Tig onoieg anaplOpodpe pe

10 oOvleto deiktn nn' = (n—1)d , +n', n EE.(38) ypdoetar

Pu,(r)= > Do (Pyu,, (r) . (39)

[,8T, (D T, (D Ty D : ; . .
D" (P)=D*(P)®D *(P) elvar 10 €0B0 ywoueEVO TOV TIVAK®OV TOV UN
avoyoyev avoropocsticeov I, ko I, ta otoryeio Tov omoiov opilovtar, pe
Bonbeia v odvletwv deiktdv mm', nn’' mov elcaydyape Mo mWAve, ©¢ €ENAC:

D% (py = D' (P)D™ (P). T TOPAOELY AL, AV £XOVUE TOVG TIVOKES

mm';nn' mn m'n
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T0 €00V TOVG YIVOpEVO Elvarl

ayb, a,b, a,by a,b, a,b, a,b;
a,b, a,b,, a,by; ayb, a,b, a,b,
D — D" QDT = anby, apby, ayby apby anby,  apbs
a,b, a,b, ayb; ayb, ayb, ayb;

ayb, ay,by, ayb, ayb, a,b, a,b,

ayby  ayby, a,by  ayby  apby,  ayby,
Hpdaypat, o otoyeio my. g TETAPTNG YPAUUNG KOL TEUTTNG OTAANG TOV
nivako ovto (a,b,:m=2,n=2,m'=1,n"=2) mpokdntel and 10 cHVOETO

deiktn mov opicaue: mm' =2 -1)x3+1=4,nn'=(2-1)x3+2=5.
Me Bdon 1o mapomdve, pmopel kaveig va dgiEel edkoAa OTL 01 TivaKeg

D" (P) ouvioTOOV [0 AVOTOPAGTAOT TG OUASAS, €V YEVEL ovaydylum,
diiotaong d,d, Kol T0 GUVOAO TOV GUVAPTNGE®Y u, . (r) =@, (r)y, (r) ivol
po Baon avtg e avamapicTacnS, TOV OVOUALETOL avamopdotocy evbéwg
yrvougvov. TIpoeavdg, ol YapaKTNpeS TG AvVaTapAGTOoNS €VOEMS Yvouévou
etvan

27 ()= YDy (P) =3 D, (P)Y D (P) = 27 (P ™ (). (40)

8. Kavoveg emroyng
Otav vroloyiler kaveig 0dpopa otoryeia mivoko TEAEGT®OV GtV KPAVTIKN
UNYaviKY, coppaivel ToAAG omd avtd va givor undév yia Adyovg cvuuetpiog. H
Bewpia opddmv pog Bonbdaet va dodue av kdmoo otoyeio mivoka pndeviletan
AOY® coppetpioc 1 Oyl

210 TPONYOLUEVO €GP0 OLGLUCTIKG OVTIUETOTICOUE W10 E10TKN
ePInT®O™ awTov ToL TPOoPANuatoc. Elyoue va vroloyicovpe otoryeia mivaka
evog teleotn (TG YOWATOVIOVNG) 7oL  €lvol  avOAAOI®TOC VIO  TOLG

LETOGYMNUOATIGLOVG TNG Opadag cvppetpiog. Amodsiape 0 OTL o1V TEPinTmO
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ovt Ta otoeio mivako H ., =(A'n'p'|H|Anp) eivon pn pndevikd povov

otav A'=A4 Ko n' = n, ko 6Tt €lvol aveEAPTNTA TOL 7.

IToA\éc @opéc Oumg yperdletonr vo vroAoyicovpe otoryeio mivoka
TELECTAOV OV 0& UEVOLV AVOAAOIWTOL VIO TOLG LETACYNUOTIOUOVS TNG OUAOOC
ovppetpiog. Eivar ypriowwo va avaeepBodue o o kamnyopio TéTolmV

TEAEOTAV, TOVG U avaydyyuove  tavootikode  teleotée  T.',  TOL

petaoynuatiCovior  GOUEMOVO  UE KOO CUYKEKPIUEVT) U1 OVOLYDYUN

avomapdoTaon TG opddag coppeTpioc. Aniadn

PT P = >'Dy: (P 41)

Mo mapdderypa otn onuelokn opdda C,, , Ol CUVICTMOGEG TOV TEAEGTMOV TNG

0éong kal g opung tvar pun avay®yotl tavuotikoi tedectés. H ocvviocthoa
TOV TEAEGTOV OVTOV KOTE TOV dEova z PETAoYNUATILOVTAL GOUQMOVO LLE TN 1N
avaydyuun avamopdotacn I, Kot 0l GUVICTMOES TOVG KATA TOVG AEOVES X, ¥
petaoynuatiCovior copeova pe m I .

, , ’ ’ n n|pT,
E&etalovpe av éva otoyyeio mivaka </1 n"|T,*

') pndeviCeton Adym
ovppetpioc, pe tov akoOlovbo tpémo: And v EE.(41) mpokdmtetl dueca Ot o
cuvapticelg 71/ |An') petasynpotiCovior GOLEVE HE To €VOV YVOEVO TV
avaropactacenv I, ®T,,, mov gv yével givon po ovory@yun avorapdactacn I
[Ma va un undevieton to mo whve otoryeio mivaxko AOY® GLUUETPIOG, TPEMEL
omv avaymyn e I' e un avaydypes avaroapactdoels vo tepiéyetoin ..
Ag e€etdoovpe Yoo TOPBEOEY O TOVS KOVOVEG EMIAOYNG OV OIETOVV TN
dwadikacio amroppdenons emTog and éva dropo ¢' éva medio coppetpiag C,, .
H oAAnAenidpaon €xel popen p-&€, 0mov € €ivol 10 SIVOGHO TOAMGNG TOL

nAekTpkov mediov. Pewpovpe TOA®oN Kotd ™ devbuvon z, OmOTE M OMTIKN
petdpaom mpocdiopiletar amd t0 p., TV OPYIKN KoTdoTaon, cvppetpiog T,

KoL TNV MK Kotdotaon, cvupetpiag ', . EQOcov 0 Tavuotikog tedectg p.
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petacynuatifetolr cOUe®vVE UHE TN U avoyoyun avamopdotacn I, kot

[ ®I, =T,, Ba emtpémovior ontikég PETAPACELS LOVO HETOED KATOGTACE®MV

g 1d10g svppeTpiog.

9. H ouveyng opnaoa 6TpoQp@V 6€ TPELS OLOGTAGELS
H cvveyng opdda tov apydv 6tpo@mv 6tov Tplodidototo yopo SO(3) sivor
OespeMdoove onuaciog o€ mOAAG @uowd mpoPAnuato. IloAld @uowkd
ocvotiuato Eovv v SO3) ®¢ opddo CLUUETPING, YEYOVOS TOL GUVOEETAL UE
™ dwtpnon g Tpoylakng otpopopunc. H SO3) éxer o anepia /=0, 1, 2,...
UN OVOYOYIUOV OVOTUPUGTAGE®Y, TOV 1 O1doTaoT NG Kobemdg etvon 27 +1.
Ov 2/+1 ovvaptoelg Pdoewg T £-0TNG UN OVOYOYIUNG OVOTOPACTOOTG
elvar ot cpapikes appovikés Y, (9,9), —L<m< /.

Ag mpoomadncovpe va tavoprcovpe T KAdselg e SO(3) . 'Eotw 6vo

otoelo g, B, ol P, mov gival oTpogég Katd v ida yovia o yopo and

a

000 OlpopeTIkoDg AEoveg u Kol v UE QOPA ovTiBeTn TV OEIKTOV TOL

poroY100. Oewpodie T GTPOEN f’wﬁ mov petacynpatifel tov agovo u ctov

A

dEova v. Toéte mpopavdg to otorein P, kou P,, cuvoéovior W' €vov

Ua

LLETOGYNULOTIGLO OUOLOTNTOG

(42)

KoataAyovpe dnAaodr] 6T0 ONUAVTIKO GUUTEPUGHUA OTL Ol OTPOQPES KATO Lo
opWopéV Yovia YOp® omd omolovonmote Afova amoTeEAOLV U0 KAAGCM.
Enopévog, yuu kabe un ovoyoyyn ovamopdotocn ot YopoKTNPES Yo To
otoyeia g SOB) efaptdvtor povov amd T yovia kot Oyl ard Tov dEova
otpoenG. 'Etot dev eivan avaykaio vo Bempel kovelc TIc TOAOTAOKES 1010TNTEG
LETACYNUATIGHOD TOV COUPIKAOV OPUOVIK®OV Yo OAEG TIC oTpoPés. Mmopel

KéAMota va Bewpnoel 61l 1 oTpoPY| yivetar YOopw and tov afova z. Eivon
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OUMC YVOOTH OTL e 6TPOPY, P, HETOCYNUATICEL TIC CQOIPIKES APLOVIKES (G

e&ng
P.Y, (%,0)=Y, (%90 —a)=exp(-ima)Y,,(9,p). (43)

AnAadi o mivakag Tov TAPLGTAVEL TH GTPoQT, P, ot Bdon Tmv GQoipiKdy

OPLOVIK®V Elval 0 d1aydVviog mivakog

D' (P,)=exp(—ima)d —l<m</ (44)

mm' >

st P,Y, (8.9)=> D, (P,)Y, (%¢)=exp(-ima)Y,,(%.¢). O yopaxtipag

NG U1 avory®@yung ovoamopdotoong ¢ elval

sin[(¢ +1/2)a]

sin(a/2) (45)

¢
x'(B,)= Y exp(-ima) =
m=—/

Méypt topa Bewpricape v SO(3), n onoia cuvictatal Pdvov and Tig
apryeic otpogéc (m opilovca TV AVTIGTOY®V TIVAK®V GTPOPNG 1GOVTOL LLE
+1). Av coumeptAAPOVLLE KO TO HETAGYNUOATIOUO AVTICTPOPNG MG TPOG KEVTPO,
AapPBdavoovpe v TANpN opddo oTPoPOV-avakKAdcE®Y. Avtn eivar n oudda
0O(3) 6hov tev opBoyoviwv mvikwv 3x3 pe opiovoa +1 1 —1 "Exovpe
dradr O3)=S03)RC,, 6mov C, givar n opdda tdEng 6vo pe ototyeia v
towtomta (E) kot v aviiotpoen (1), kat dvo  pn  avoydyleg
AVOTOPOCTACELS: TNV GpTia (4, ) Kot v meptttn (4, ). Okeg o1 un avaydyipes
avorapactacels TG O(3) TPOKVTTOLY OO TIG OVTIGTOL(EG OVOTOPACTAGELS

™g SO(3) wg ekng
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P P

D, DpY(P») D'(P)
D, D' -D'(P)

v TEPInTOON AT, 01 GRAPIKEG APUOVIKES amoTEAOVV Béom Tng D, dtov /

Gptio ka1 g D, dtav ¢ mepirto.

10. Apon ekQuiopoV cvoppeTpiog AOym dwatapaynfs

@swpovpe wo datapayy H, oe wo adotdpaym xapitoviovy H,. Av n
ooppetpion g H, dev sivonr younhotepn avtig g H,, 1 Stotapaypévn
YOATOVIOVT] €YEL TNV 10100 GUUUETPIO HE TNV OOLOTAPAYTN. XTNV TEPIMTOON
vt 1 opdda ovppetpiog G TAPAUEVEL 1 1010, KOl Ol 1010GVVOPTICELS TNG
YoAToviavng e€akolovBovv va arotelobv PBdon yuo v 1010 pun avay@yun
avorapdotaon. H odwtapoyn mpokaiel ev yével pOvo petotdémon ToV
EVEPYELONKMV GTOOUDV, YOPIC APoT TOL EKPUAGHOD GLUUETPIOG. AV 1 F[l Exel
YOUMAOTEPY  ovppetpion omd Vv H,, M opdado ovppstpiac G NG
dwtapoypévng yaptktoviavig etvat vroopdda g opddag cvppetpiog G, g
H,. Mia tétot0. Stotapay] younAdtepne COUHETpiag sivot SuvaTdv va Gpet Tov
EKPUAMG O GLUUETPLOG.

Ag Besompnoovpe yio mopdderypo o (adOTapoyT) EKQUMGUEVT
otafun, n omoia yapoktnpileton amd po un ovoyoyn avarapdotacn I, g
opnddag G,. Mapovsia pog acbevods dtatapoyig H,, 0l KUHATOGUVOPTAGELS
TOL AVTIGTOLYOVV G' aLTH TNV €VEPYEWNKT 6TAOUN propovv va BempnBodv mg
Baon pag avamapdotaong g vroopddas G . H T, pumopel mpdypatt va gival
un ovoyoywn og avamopdotocn me G,, 0AAd dev givon kat' avdykn un
avaydywn omv G . H dpon tov ekpuAiopot pmopel va Bpedel av Bemproovpie
m I, ®g avomapdctaon e VTOOUAdNS G Kol TNV avaydyoule 611 Bacn tav

U oOVOYOYILOV ovoTapootdoemy e G. Av 10 0moTéAECUN OVLTAG NG
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avayoyns I'y > T, ®@T, ®... mepthopfavel n pn avoydyHEG AVATAPUCTAGELS,

Ba &yovpe v yével pon Apom TOL apyIKoD EKQPUAIGLOV GE 71 OLOPOPETIKES
otaOueg, kabeud and Tig onoieg Oa éxel Tov ekpurioud g I,, [y.... Tétown
dpon exeuAlopol ocvpPaivel yuoo mopdderypo otav €va 16v  petofatikon
otoyeiov N omdviog yaioc Ppioketar o' Evav KpOGTOALD. TNV TEPITTMOOTN ALTN
npémel Koveic va avoydyst T pn avayodywun avomopdctacn D N D,
aVTIGTOLYO, TNG GLUVEXOVG OHAONG GUUUETPIOG GTPOPDV GTN CMUELNKT OUAdo

CUUUETPIOC TOL KPLGTAAAOVL.

11. Kpootarhoypo@ikég onNueElakES ORAOES

Ye KPuotaAlovg, Yoo va givor copPatny 1 ovupeTpio TEPIGTPOPNG HE TN

cuppeTpio HETATOMIONG, VILAPYOLVV AEoVES TEPIGTPOPNG Hovov Taéng 1, 2, 3, 4

Kot 6. Ot onuenkég opddeg mov TPOKHTTOLY Omd AVTOV TOV TEPLOPIGUEVO

aplud oTPOP®V, KOL TNV OAVIIGTPOPN, OVOUALOVIOL KPLGTUAAOYPOPIKEG

onuelokés opades Ko givar  ocvvolkd 32, Oa  T1g  amoapBuncovue

axorovdmvrtag To cupPoicud tov Schonfliess:

C, (opddeg taEnc n mov €xovv évav  AEova  TMEPIGTPOPNG TAENC

n=1,2,3,4,6).

C, (opada tééng 0vo pe otoryeio TNV TOVTOTNTO KOL TNV OVTIGTPOOPT)).

C, (ophdeg pe n KATOKOPLOO KOTOMTIPIKA Emimeda kot &vav  a&ova

TEPLGTPOPNC TdEng n=2,3,4,6).

C, (opddeg pe évo opldviio Koatomtpikd emimedo Kor Evav  a&ova

TEPLGTPOPNC T4Eng n=1,2,3,4,6. [leplhapfavouy Kot v avticoTpoen

Yy n=2,4,6).

S, (opadeg pe évav dEova meplotpoPng Tééng n =4, 6 Kot avtieotpoen. ['a
n=2,3 ypnowonowdvior cvvnbwg ot cvuPoropol C, ko C,, avti

S,, S;).
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D (opddeg pe n GEoveg meplotpoPng devTEPNS TAENG KdABeTOLG G Evav
dEova TepoTpPoPNG TdENG n=2,3,4,6).
(opddeg mov MPOKLTTOVY UE TPOCHNKN 7 SYOVIOV KATOTTPIKMV

nd

emmedov omv D,, ywu n=2,3. Ta xatontpikd -enimeda
OYOTOUOVV TIG Ywvieg HETOED TV aOVOV TEPLOTPOPNC OEVTEPNC

TaENG).
D, (opddeg mov mpoxvmTovy pE TPooONKN n opllovVII®V KATOMTPIKAOV

emmedov omv D, yio n=2,3,4,6. [0 n=2,4,6 mepiéyeton kot 1

OVTIOTPOON).

Extég and tig 27 avtég opddeg vmdpyovv kot o 0,, 0, T,,T,, T. O &ivou 0

ouddo coppeTpiog Tov KHPoOL KAl TOL KAVOVIKOD 0KTOEIPOL. ATtoteleital amd
24 opyeic otpo@éc, OMMG QoiveTol ©TO oyYNUO 2. L& OCLVOLACUO UE TNV
AVTIOTPOPT| TAIPVOLLLE TNV OKTAEOPIKT| opdda O, = O ® C,, ToL TEPLYPAPEL TNV
AP coppetpio Tov kKOPov. H opdoa 7' amoteleital amd 12 apuyeic otpogéc
OV aPNVOLV avoAloi®To €va kKavovikd TteTpdedpo ko T, =T ®C,. Ag
onuelwdel O6TL va KOVOVIKO TETPAEdPO OeV €XEL GLUUETPIOL AVTICTPOPNS Kol
étorn T, Ogv givar opdda coppetrpiog tov tetpoédpov. H mAnpng ocvppetpio
EVOC KOVOVIKOU TETPOEOPOL elvan M tetpoedpkn oudda 7, mov &xer 24

otoreia. loyver O, =T, ®C,.

6C, T 3C,2

6C;,

Zynqpa 2. Ztpopéc oopuetpiog e oudoas O
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[apabétovpe otn cvvEyela Tov Tivako YopaKTp®V TG opddag O,

E 8C, 3c; eo6c, o6c, I 8IC, 3IC; 6IC, 6IC,

1
—
—_
[S—
[S—
p—
[
[S—
—_
p—
[S—

T, 1 1 1 -1 -1 1 1 1 -1 -1
I, 2 -1 2 0 0 2 -1 2 0 0
Ly 3 0 -1 1 -1 3 0 -1 1 -1
Lo 3 0 -1 -1 1 3 0 -1 -1 1
T, 1 1 1 1 1 -1 -1 -1 -1 -1
T, 1 1 1 -1 -1 -1 -1 -1 1 1
Iy 2 -1 2 0 0 2 1 2 0 0
s 3 0 -1 1 -1 3 0 1 -1 1
s 3 0 -1 -1 1 -3 0 1 1 -1

Iivakag 4. Ilivokog yopaxtipwv T ouaoog O,

12. Opdogg ocvppeTpiog YOPOL
' éva KPUOTOAMKO GTEPED EXOVUE SVO EWOADV UETACYNUOTICUOVS CUUUETPIOC:
TAEYLOTIKEG LETOTOMIGELS KO OMUEIKOVG UETOUGYNUATIGUOVG (TT.Y. OTPOPEC,

avokAacelg). Ot TAEYHOTIKEG UETATOTICES TEPTYPAPOVTAL YPNOULOTOLUDVTIOG

£va 6UVOLO BepeEMMODY VUG UAT®V a, ,a,,a, £vOG TAEYHaTOG Bravais:

R, =na, +n,a, +n,a,, (46)

omov n,, n,, n, eivar aképorot appol. H évvola tov mAéypartog Bravais eival

TOAD CTUAVTIKY] GTNV TEPLYPAPT] TOV KPLOGTOAMK®OV LVAIKOV, d10TL kabopilet
TV TEPLOOKOTNTO PE TNV omoio emavorapPavopeveg povadeg ytilovv tov
KpOoTaALO. Ot HOVAOEG AVTEG LITOPOVV VO €Vl LELOVOUEVA GTOLO, OUAOES

atouwv, popla, 1Ovto KA., oAAd to TAEypo Bravais cuvoyiletl ) yeopetpio
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G TEPLOOIKNG EMOVAANYNC, oveEaptnto amd TO TOold €ival M HOVAdW TTOL
ermavaropupavetat. To mAéypa Bravais pumopel va opiobel emiong g pa didtaén
drelpov O10KPITOV CNUEIOV LE TETOWN YEOUETPIKT TOTOOETNON DGTE WTO Vo
eaivetor akplPdg 1o 1010 omd Omoto onueio tov kot av 1o kortdEovue. Ta
OepeMdon TAeypatikd dtavoouato ogv opilovtal [ Evav Kol Lovadikd TpoOmo.
Yovbog  emAdéyovtor  €tol wote  va  opilovv T ukpdtEpn  M/Koun
CUUUETPIKOTEPN dvvOTH] Hovadloio KoyeAida TG OopNG. YTapyYouv GUVOAKA
14 &idn mieypdtov Bravais.

To amotélecpuo HOG TAEYUOTIKNG HETOTOMIONG ©€ Mo Pabpmt

ocuvaptnon g Béong meprypdpetal g eENg

(E|R}P(r)=Y({E|R,}'1)=¥(r-R,). (47)

Ot 1eAe0TEG TAEYLOTIKOV LETATOTIGEMY GLVIGTOVV affeAiavr] opddo S1OTL

EIRMEIR,IP@)={£|R,}HE|R,J¥() = {E|R, +R, }¥()=¥(r-R,-R,).

(48)
Enopévag, kédbe otoryeio avtnc g onddag amoteAel por kAdon kot ot pun
AVAYDYLEG AVATOPACTAGELS TNG OULAOAG EIval LOVOSIACTATES.

Oa &fetdoovpe tOpa KATO ond moleg MPOoVTOOEGES Hmopode va
oLVOVACOLE £V GUVOAO OLOVUCUATOV TAEYUOTIKOV UETATOTICEMV WHE TOVG
LUETOGYNUOTIGLOVG GUUUETPIOC UG KPLOTUAAOYPOUPIKNG CNUEIKNG OUAOAG,
YL Vo QTIAEOVUE 0L 0uaoo. avuuetpios ywpov. 'Evag teAectg Hiog opdoog

ovppeTpiog yopov dpa og Eva dtdvocua BEong r, g eENg

{ﬁz | Rn}r = Pir+Ti+Rn s (49)

6mov 10 dbvoopa T, gfvor po pun BepeMdONG TAEYHATIKY LETATOMION, EV YEVEL

S10popETIKY Y10 KGBe TEALEOT P TG onuelokng opddac, aAAd ion pe undév
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YL TOV TOLTOTIKO TEAEST. o va €yovv o1 TEAECTEG TOV OplcOUE pHE TNV

EE.(49) doun opddag, mpémetl Kot apynv To YIVOUEVO OVO TETOIWV TEAEGTMV

{F IR P, IR, jr={F R, }(Pr+7t +R )=PPr+Pt +PR, +7+R, (50)

va elval emiong teleotg g opddos. Ilpopavadg 1o ywvduevo f’,f’] elvar

KOMO10¢ TEAEGTNC TG ONUEIOKNC Opddag cvppetpiog, éoto P.. Emopévac, av

Bécovpe
Pt,+1, =1, +R, (51)
TPEMEL
PR +R =R, -R, (52)
Y10 Vo, EXOVLLE
B IRHP IR, ={F R} (53)

Eniong, yw va givar €va otoygio {F | R, } avtiotpoeo tov {P, |R,} Tpénel

B =p (54)
Ti +Rn = _f)j_l(‘rj +Rm) (55)

OTOTE MPOKVTTEL ApPESA OTL KOL TO GTOUYELO {f’j IR, } elvar avtictpopo TOL
{P|R,}. To tomtoTIKd GTOtYEi0 £ivan Tpoeavdg o {£ | 0}, evd sdkolo pmopei
Kaveig va mereBel 0Tt 1oyvEL N TposeTAPLoTIKY] W10t To. Eivan dpwmg ékdnio 6Tt
ot E&.(52) xar (55) dev pmopodv va ikavomomBovv yio €vav avbaipeto
GLUVOVOCUO UIOG ONUELOKNG OUAOOC e £VOL GOVOLO TAEYLUTIKAOV LETATOTIGEWDV.
E&etalovtag mposeKTiKd TIG SUPOPETIKEG dVVOTEG TEPITTOGELS, PploKel Kavelg
0Tl Ol mopamdve meEPlopopol emtpémovy v VmapEn povov 230 opddwv

ooppetpiog yopov. Ot opddeg owTEG TPOKOHTTOVY AMO GLUVOVOGUOVS TV
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TAEYUOTIKOV —peTatomicewv Tov 14  mAeyudtov Bravais pe tic 32
KPLOTOAAOYPOPIKEG CTUELOKES OUAOEC.

Av OAheg ot pun OgpeldOelg TAEYHOTIKEG WETATOMICELS T, 7OV
OVTIOTOLYOVV GTO GTOLYEIN TNG ONUEIKNG OUAd0S Efvar 1oeg e Undév, 1 opdoo
YOPOV AEYETOL TOUUOPPN OUGOO. YDPOV. APOPETIKA AEYETOL Uy TOUUOPPN
ouaoa yawpov. A&ilel va onuewmdei 0Tt amd T1g 230 ouddeg ydpov ot 73 eivon
ovppopees Kot ot 157 un cdppopess. ‘Eva mapddetypo un cOUHOpENG OLAdNG
xOpov givar 1 O] mov yapaxktnpilel T doun tov dapavtiod. Q¢ YvwoTd M
doun ovtny mpokvmrel omd éva mAEyuo fcc pe pon Pdon dvo atdouev avd
mAeypoatikd onueio, otig Béoeic (0, 0, 0) xou (1/4, 1/4, 1/4) avagpopikd pe ta
OepeMdon  dwvdcpate Tov  avtictoryov amAov KuPikoy mAEyuatog. H
KPLGTAAAOYPOUPIKY] OMUENKT OpAd0 cLUpETpiag Tov fecc elval n oktaedpikn
opada O, . Ilpéner dpmg va yiver kotavontd 0t maporo OTL T0 TAEYUA AVTO
KaBovtd glvar avairoimTo 6TOVG HETACYNUOTICHOVS cuppeTpiag TS O,, dgv
apnvouy Ola ta otoryeio g O, avorrioimtn TV KPLoTaAlKY| dopr|. Mmopel
Kavelg va emaAnBevoel 6TL 1 doun TOoV SlopavTIoV gival avaAloimTn pévov vd
TOVG LETACYNHOTIGHOVS cLUETPIOG TNG TETPAEIPIKNG onuelakng opddas 7,. H
T, givar vroopdda g O, wor ta 24 otoyeio ¢ epeaviCoviar OAa otnv
opdda cvupetpiog ydOpov ot popel {£ R}, pe T, =0 yia kibe ototyeio
P eT,. Oco yia to voloura 24 ototyeio g O,, £0Kolo SlOMOTOVETAL OTL

ovvodevopeva arnd po pn Oepelwon petatomon T, =(1/4,1/4,1/4) apnvovv

avoAloiwtn TV KpuotaAlkn doun. H mapovasia pun Oepelmdmv petatomicemv
OTIG U1 OUUHOPPES OMHAdES YDOPOL VTOdNAMDVEL TNV  VmapEn TV
LETOCYNUOTICU®Y  GUUUETPIOG  EMKOEWDOVS oTpoPnG mepl  dEova Kol
KOTOTTPIGLOV UE OAloOnoM).

Ot d1popeg opddeg YDPOV GLVVPOCUEVEG HE UL GUYKEKPLUEV
KPLGTOAAOYPOUPIKT CIUELKY] OLAO0, UTOPEL VO 1apEPOLY KOTE dVO TPOTOVG:
VO AVTIOTOLYOVV G€ dloPOopeTIKA TAEYaTo Bravais 1 va £x0uv S10popeTIKES un

OeneMdOELS LETOTOMIGELS Y10 TOL OVTIOTOLY O GTOLXELD TNG ONUELOKN G OLLADAC.
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