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We use (v, ... v,) to denote a term ¢ whose variables form a subset of
{vo, ..., v,}. Similarly, we use ¢(v, ... v,) to denote a formula ¢ whose
free variables form a subset of {v,, ..., v,}. .

Note that we do not require that all of the variables v, ..., v, be free
variables of ¢(vg ... v,). In fact, ¢(v, ... v,) could even have no free variables.
Also, we make no restriction on the bound variables. For example, each of
the following formulas is of the form ¢ (v, v, v,):

(Yo,)@v3)R(vov, 3), R(vov,0,), S(vov,),
A sentence is a formula with no free variables.

- Note that even if % has no symbols, there are still formulas of .%. These
formulas are built up entirely from the identity symbol = and the other

logical symbols listed. Such formulas are called identity formulas and they
occur in every language. The following proposition is simple but important.

?ebh?u vy).

PROPOSITION 1.3.4. The cardinal of the set of all formulas of £ is || Z||.

To make all the above syntactical notions into a formal system we need
logical axioms and rules of inference. The logical axioms for % are divided
into three groups.

1.3.5. Sentential Axioms: Every formula ¢ of % which can be obtained
from a tautology ¥ of & by (simultaneously and uniformly) substituting
formulas of % for the sentence symbols of y is a logical axiom for .Z.
From now on we call such a formula ¢ a tautology of .#Z.

1.3.6. Quantifier Axioms:
(i). If @, ¥ are formulas of .# and v is a variable not free in ¢, then the
formula

(Vo) = ¢) = (¢ — (Vo))

is a logical axiom.

(ii). If @, Y are formulas and ¥ is obtained from ¢ by freely substituting
each free occurrence of v in ¢ by the term ¢ (i.e., no variable x in ¢ shall
occur bound in'y at the place where it is introduced), then the formula

(Yo)p —» ¥

is a logical axiom.
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1.3.7. Identity Axioms: Suppose x, y are variables, (v, ... v,) is a term and
@(vg --- v,) is an atomic formula. Then the formulas

x = X, .

X=y 1o e Vim XVigy o V) = #(V0 oe D=1 YUy g -on V),

x=y = (@ Vimy XVipy o Uy) = @(Vg ooe Vi POy -on 1)),
are logical axioms.

There are two rules of inference.
1.3.8. Rule of Detachment (or Modus Porens): From ¢ and ¢ — y infer .
1.3.9. Rule of Generalization: From ¢ infer (Yx)o.

_Given the axioms and the rules of inference, we assume that the resulting
notions of proof, length of proof, theorem are already familiar to the reader.
As we are dealing with the usual first-order logic with identity, we shall
assume as known and make free use of all of the basic theorems and meta-
theorems of such formal systems. )

Following standard usage, | ¢ means that ¢ is a theorem of L. IZLis
a set of sentences of &, then Z | ¢ means that there is a proof of ¢ from
the logical axioms and Z. If Z = {0}, ..., 6,} is finite, we write g, ... o, I @.
As the logical axioms are always assumed, we say that there
is a proof of @ from X, or ¢ is deducible from X, whenever L+ ¢@. X is
inconsistent iff every formula of .# can be deduced from Z. Otherwise X is
consistent. A sentence o is consistent iff {¢} is. Z is maximal consistent (in £)
iff Z is consistent and no set of sentences (of %) properly containing Z is
consistent. We list in the proposition below some useful, though simple,
properties of consistent and maximal consistent sets of sentences. (Many
of these properties are found also in Proposition 1.2.8.)

ProrosiTION 1.3.10.
(). Z is consistent if and only if every finite subset of Z is consistent.
(ii). Let o be a sentence. X U {c} is inconsistent if and only if Z}+ 0.
Whence X U {c} is consistent if and only if 1\ o is not deducible from Z.
(iii). If Z is maximal consistent, then for any sentences o, T
Ztoifandonlyifoel;
og¢Xifandonlyif10€’X;
oAt € X ifand only if o and © belong to L.
(iv) (Deduction Theorem). X u {c}F t if and only if £+ o — ©. (Here
o is a sentence, although t need not be one.)
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The next proposition a:v:n&nm Lemma 1.2.9. There is no change in the
proof.

ProrosiTION 1.3.11 (Lindenbaum’s Theorem). Any consistent set of sentences
of Z can be extended to a maximal consistent set of sentences of &£

We now come to the key definition of this section. In fact, the following
definition of satisfaction is the cornerstone of model theory. We first give
the motivation for the definition in a few remarks. If we compare the models
of Section 1.2 and the models discussed here, we see that with the former
we were only concerned with whether a statement is true or false in it,
while here the situation is more complicated because the sentences of &
say something about the individual elements of the model. The whole
question of the (first-order) truths or falsities of a possible world (i.e.,
model) is just not a simple problem. For instance, there is no way to decide
whether a given sentence of & = {+, -, S, 0} is true or false in the standard
model <N, +,+,S,0) of arithmetic (where S is the successor function).
Whereas we have already seen in Section 1.2 that there is such a decision
procedure for every model for & and for every sentence of &. To define
the notion

the sentence o is true in the model 2,

we have first to break up ¢ into smaller parts and to examine each part.
If 6 is 1 ¢ orif @ is @ Ay, then we see that the truth or falsity of ¢ in 2
follows once we know the truth or falsity of ¢ and ¢.in . If, on the othcr
hand, o is (Vx)@, then the same method for deciding the truth of o breaks
down as @ may not be a sentence and it would be meaningless to ask if ¢
is true or false in 9.

The free variable x in ¢ is supposed to range over the elements of 4.
For each particular a in 4 it is meaningful to ask whether

the formula ¢ is true in 9 if ¢ is talking about a.

If for each a in A the answer to this question is yes, then we can say that o
is true in 9. If there exists an a in A so that the answer is no, then we say
that o is false in 9. But in order to answer the above question, even for a
fixed element of A4, we shall run into the same difficulty if ¢ :muvgm to be
(Vy)y. Then we are led naturally to ask whether

Y is true in U if Y is talking about a pair of elements @ and b in 4.
It takes but a very small step before we see that the crucial question is the
following:

Given a formula ¢(v, ... v,) and a sequence Xo, -.., X, in 4, what does

Jree and bound variables are among v,, ..., v,, and all elements x,, ..., x,.
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it mean to say that ¢ is true in 9 if the variables vy, ..., v, are taken

to be xo, ..., X,?

QOur plan is to give an answer to this question first for every atomic formula
Y{vy ... v,) and all elements x,, ..., x,. Then, by an inductive procedure
based on our inductive definition of formula (1.3.1-1.3.3), we shall
give an answer for all formulas ¢(v, ... v,) and elements x,, ..., x,,.

There is still one difficulty with our plan: if all the free variables of a
formula ¢ are among v, ..., v,, it does not follow that all the free variables
of every subformula of ¢ are among v, ..., v,. For a quantifier makes a
free variable bound. This will cause trouble in the induction part of our
plan. To overcome this difficulty we observe that the following is true.
If all the variables, free or bound, of a formula ¢ are among vy, ..., v,
then all the variables of every subformula of ¢ are also among v, ..., v,.
So we shall modify our plan thus: First, we answer the question for all
atomic formulas ¥(v, ... v,) and all elements x,, ..., x,. Then by an induc-
tive procedure we answer the question for all formulas ¢ such that all its

q°

q
Finally, we prove that the answer-to the question for a formula ¢(v, ... v,)

and elements xo, ..., x,, p < ¢, depends only on the elements x,, ..., X,
corresponding to free variables of ¢, so that the values of x,,, ..., x,
are irrelevant.

We are now ready for the formal definition. The crucial notion to be
defined is the following: Let ¢ be any formula of .Z, all of whose free and
bound variables are among vy, ..., v,, and let xg, ..., x, be any sequence of
elements of A. We define the predicate

1.3.12. ¢ is satisfied by the sequence X, ..., x, in U, or x,, ....’x, satisfies
@ in .

The definition proceeds in three stages (compare with 1.3.1-1.3.3).

Let U be a fixed model for Z.
1.3.13. The value of a term t(v, ... v,) at X, ..., x, is defined as follows
(we let t[x, ... x,] denote this value):

(i). If t = v, then t[x, ... x,] = x;.

(ii). If r is a constant symbol ¢, then #[x, ... x,] is the interpretation of
cin .

(iii). If t = F(t, ... t,), where F is an m-placed function symbol, then

1[xg - x] = G(t,[xg ... x,) ... t[x0 ... x,]),

Xq
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where G is the interpretation of F in 2.

1.3.14. <
(i). Suppose @(vg --- v,) is the atomic formula ¢, = t,, where ¢, (vg ... v,)
and t,(vy ... v,) are terms. Then x,, ..., x, satisfies ¢ if and only if

ty[xg .o X] = ta[x0 ... X,
(ii). Suppose @(vg ... v,) is the atomic formula P(¢, ... t,), where P is an

n-placed relation symbol and #,(vg ... v,), ---, 1,(0o --- v,) are terms. Then
Xg, .-+, X Satisfies ¢ if and only if

R(151%g - v Bl o U5 . X 1),
where R is the interpretation of P in 2.

For brevity, we write
AE @[xg ... x,] for: xo, ..., x, satisfies ¢ in U
Thus 1.3.14 can also be formulated as:
(i) UE (1, = 1,))[xo .- x,] if and only if £, [xg ... X,] = t3[x0 ... x,].
(ii). Ak P(ty ... ,)[x0 --- x,]if and only if R(t;[xg --- X,] -+ t,[x0 --- X,])-

1.3.15. Suppose that ¢ is a formula of . and all free and bound variables of
@ are among v, ..., U,.
(i). If ¢ is 6, AB,, then
AF @[xo ... x,] if and only if both Ak 0, [x, ... x,] and AF ,[x, ... x,].
(ii). If ¢ is 1 6, then
AF @[xg ... x,]if and only if not AF O[x, ... x,].°

(iii). If ¢ is (Yv;)y, where i < g, then
UAF @[xq ... x,] if and only if forevery x € A, U F Y[xq .- X;j_ 1 XX;4q .o X,

Our definition of 1.3.12 is now completed. As simple exercises, the reader
should check that the abbreviations v, —, «<», 3 have their usual meanings.
In particular, if ¢ is (3v;)y, where i < g, then

Ak @[xg ... x,] if and only if there exists x € A such that
AE Plxg ... Xjm 1 XXp4q -oe Xq)
More important, the reader should realize that we can formulate a precise

definition of #[x, ... x,] and AF @[x, ... x,] in set theory, based upon
1.3.13-1.3.15.

Having finished our definition, our first task is to prove the proposition
that the relation
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AF @(vg --- v,)[x0 -+ X,]

depends only on x, ..., X,, Where p < q. This is the last part of the plan
we have outlined.

PROPOSITION 1.3.16
(i). Let t(vo ... v,) be a term and let X, ..., X, and yq, ..., y, be two
sequences such thatp < q,p < r, and x; = y; whenever v; is a variable of 1.
Then
t[xq --- X,] = t[yo --- ¥, ).

(ii). Let ¢ be a formula all of whose free and bound variables are among
Vg, ---y Uy, andlet Xq, ..., X, and g, ..., ¥, be two sequences such that
p < q,p < r,and x; = y, whenever v, is a free variable of ¢. Then

UF @lxo ... x,] if and only if UF @[yo U

REMARK. Proposition 1.3.16 shows that the value of a term f at xo, ..., X,
and whether a formula ¢ is satisfied or not by a sequence X, ---, Xg depend
only on those values of x; for which v; is a free variable, and are independent
of the other values of the sequence as well as the length of the sequence.
The length g of the sequence must be high enough to cover all the free and
bound variables of ¢ and ¢ in order for the expressions f[x, ... X,],
Ak o[x, ... x,] to be defined at all. We can now immediately infer that
if o is a sentence, then A k a[x, ... x,] is entirely independent of the sequence
Xy vees Xgo ‘The importance of the above proposition is that it allows us
to make the following definition.

1.3.17. Let ¢(vp ... v,) be a formula all of whose free and bound variables
are among v, ..., U, P S ¢. Let Xo, ..., X, be a sequence of elements
of A. We say that ¢ is satisfied in U by xq, ..., Xp,

AE @lxo - x,],

if and only if ¢ is satisfied in % by xo, ..., X,, ..o, X, for some (or,
equivalently, every) X 4, -+ Xg-

Let ¢ be a sentence all of whose bound variables are among Vo, .-+, Ug-
We say that U satisfies ¢, in symbols Ak g, iff ¢ is satisfied in U by some
(or, equivalently, every) sequence X, ..., Xg.

The proof of Proposition 1.3.16 is straightforward but tedious. We shall
sketch it here as a first example of an inductive proof on the ‘complexity’
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of formulas. We shall often omit similar easy inductive proofs in the future.

PROOF OF PROPOSITION 1.3.16
(i). If #(vg ... v,) is a variable v;, then
tlxg ... x,] = xi=yi =ty yl

If t(vo ... v,) is a constant symbol ¢, and x is the interpretation of ¢ in 2,
then
txg ... x,] = x = t[yg ... »,].

Suppose 1(vg ... t,) is F(t, ... t,), where F is an m-placed function symbcl
and the proposition holds for each of the terms ¢, ..., t,,. This means that

. tilxe e x] = tilye - 0l (i=1,..,m).
Therefore, if G is the interpretation of Fin 9,

1[xg ... x,1 = G(t,[x0 --- x] - t,lx0 ... x,1)
Gt [y - v] - tmlyo - 20) = tlyo - ¥ ).

This verifies (i) for all terms 1.
(ii). If ¢ is an atomic formula r, = 1,, then using (i) we see that

I

4 [xo - »..L =t[yo -2
1[xo ..o x] = L[yg -y, ]

Therefore the following are equivalent:

Ak @lxg ... x,],
t[xg - Xg] = ty[xg .- x,],
1[yo - ] = talyo - ¥l

AE @y --- 1)

Let ¢ be an atomic formula P(¢, ... t,), where P is an n-placed predicate
symbol and ¢, ..., 1, are terms. Then, using (i), we see that the following
are equivalent (where R is the interpretation of P in ):

Ak olxg ... x,],
R(t, [xg vs X, ven 1,[%g - 1)
R(t,[yo - ¥l - talyo --- ¥: 1),
AF @lyo - y,]

Suppose now that i, 0 are formulas, all of whose free and bound variables
are among vy, ..., v,, Which satisfy part (ii) of the proposition.
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If ¢ is Y A 0, the following are equivalent:

Uk olxp ... x,],
AEY[xy...x,] and WAk O[x, ... x,],
UEY[yy..-»,] and UEO[yg ... y.],

Ak olyo -yl

If ¢ is 71, then the following are equivalent.

AE@xg ... x,],
not Wk Y[x, ... x,],
not AkY[ye... .1

Ak @lyo - el

Finally, let ¢ be (Vv;)y, where i < p. Then the following are equivalent:

AE @lxg .. x,],
forall xed, WEY[xy... x;o; XXi4y -2 X,),
forall yed, AFY[yo .- Yi=1IViey --- V),
Ak @lyo - ¥l

In this last part of the proof we used the fact that the free variables of ¥
are just the free variables of ¢ and, perhaps, v;. Our proof is now complete.

We shall state one more elementary proposition which deals with the
behavior of the satisfaction relation under the substitution of variables by
terms. We omit the proof, which is another tedious but straightforward
induction.

PROPOSITION 1.3.18. Let ¢(v, ... v,) be a formula and let to(vg - ks o
t,(vg ... v,) be terms. Suppose that no variable occurring in any of the terms
to, - t, occurs bound in ¢. Let x,, ..., x, be a sequence of elements of A
and let @(t, ... 1,) be the formula obtained from ¢ by substituting t; for v;

(i =0,...,p). Then .

WUk @ty .- t,)[x0 ... x,) if and only if UE @[tolxg ... X,] ... t,[x0 - X,]]

This proposition is especially useful in the simple case that the terms
tys - - - » 1, are constant symbols c,, . . . , ¢, whose interpretations in 2 are
ay, - ..,a,. In that case, ¢(c, . .. c,) is a sentence, and the proposition
shows that

AF@(cy...c,) if and only if Ak p[a,...a,].
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Thus a sentence formed by replacing a tuple variables by constant
symbols is true in a model if and only if the tuple of interpretations of
the constant symbols satisfies the formula in the model.

We have now completed the project started several paragraphs back.
Namely, we say that a sentence

o is true in A
iff

AF a[xp ... x,] for some (or for every) sequence xo, ..., X, of A.

We use the special notation % k ¢ to denote that ¢ is true in U. This last
phrase is equivalent to each of the following phrases:

o holds in U
U satisfies o,
o is satisfied in U,
A is a model of o.

When it is not the case that ¢ holds in 2, we say that ¢ is false in U, or that
o fails in U, or W is a model of 11 a. Given a set X of sentences, we say that
A is a model of Z iff A is a model of each ¢ in Z; it is convenient to use the
notation A k X for this notion. A sentence ¢ that holds in every model for
% is called valid. A sentence, or a set of sentences, is satisfiable iff it has at
least one model. F ¢ denotes that ¢ is a valid sentence.

A sentence ¢ is a consequence of another sentence o, in symbols ¢ F ¢,
iff every model of o is a model of ¢. A sentence ¢ is a consequence of a set
of sentences X, in symbols X F ¢, iff every model of X is a model of ¢.
It follows that

Zu{olkeifandonlyif ZFo — ¢.

Two models A and B for £ are elementarily equivalent iff every sentence
that is true in U is true in B, and vice versa. We express this relationship
between models by =. It is easy to see that = is indeed an equivalence
relation. The symbol we have chosen to denote elementary equivalence is
exactly the same as the identity symbol for the language #. However, no
confusion can ever arise because one is a relation between models for %
and the other is a relation between terms of . If the context is clear,
equivalent shall mean elementarily equivalent.

ProrosiTiON 1.3.19. If A =~ B, then A = B. In case W is finite, then the
converse is also true.

We conclude this section by stating a number of important results without
proofs, but whose proofs will be given in the next chapter.
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THEOREM 1.3.20 (Godel's Completeness Theorem). Given any sentence o,
g is a theorem of & if and only if o is valid.

THEOREM 1.3.21 (Extended Completeness Theorem). Let X be any set of
sentences. Then X is consistent if and only if X has a model.

THEOREM 1.3.22 (Compactness Theorem). A set of sentences X has a model
if and only if every finite subset of L has a model.

As in Section 1.2, we conclude with a table of equivalent notions.

TABLE 1.3.1
Syntax v Semantics
pisa theorem, [ @ is valid, F @
2 is consistent 2 has a model

@ is deducible from Z, Z'} ¢ @ is a consequence of Z, Xk ¢

EXERCISES

1.3.1. Prove that the isomorphism relation = is an equivalence relation.
Let « be any cardinal. Show that there are at most 2° 11l nonisomorphic
models for. £ of power a.

1.3.2. Let A S B mean that A is isomorphically embedded in B. Show
that the relation € is reflexive and transitive but not antisymmetric. Let N
be the set of all natural numbers 0, 1, 2, .... Decide if the following are true

or false: ~
AZu mu +-ov < AZ«M«.- ~VV
<

(N, <, 1> S (N, £, +,0),
(N={0}, <, 1> ELCN, <, +,0),
(N={0},, 13 & (N, +,0),
| (N={0},-) E (N, +>.
Take <, +, and - as the usual ordering and operations on N.

1.3.3. Let ¢(vg ... v,) be a formula of &, and U be a model for .£. Prove
that:

(i). The satisfaction relation Ak @[x, ... x,] has a precise definition
in Zermelo-Fraenkel set theory.

(ii). If A’ is an expansion of A and x, ..., X, € 4, then

Ak @[xp ... x,] ifand only if A F @[xg ... x,].
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1.3.4. Prove Proposition 1.3.19. Also construct a counterexample if A
is not finite.

1.3.5. A sentence ¢ is universal iff it is in prenex form and all of its quantifiers
are universal, i.e., V. Prove that if ¢ is universal and A = B and Bk ¢,
then 2 F ¢. A sentence is existential iff it is in prenex form and all of its
quantifiers are existential, i.e., 3. Prove that if ¢ is existential and % < B
and AF ¢, then B F ¢. Thus universal sentences are preserved under
submodels and existential sentences are preserved under extensions.

1.3.6. There are at most 2!l nonequivalent models for .

1.3.7. Let A and B be equivalent models for .. Suppose that every element
of A4 is a constant of 4 and the same is true for B. Then show that % =~ B.
If the hypothesis is assumed only for 2, show that U is isomorphically
embedded in B.

1.3.8*. Find a necessary and sufficient condition on % so that there will
be exactly 2'¢!l nonequivalent models. Do the same for exactly 2* non-
isomorphic models of power «a, for each infinite cardinal a.

1.3.9. Let U be a model for £ and let X be a nonempty subset of . Let
B=(){C:€c A and X< C}.

Then there is a submodel B = A with universe B. B is called the submodel
generated by X.

1.3.10. Let 9, X be as above and let B be the submodel generated by X.
Then

B = {t[x,...x,]:t isatermof ¥ and x,,...,x,€ X}

Moreover,

Xl <18l < X[ u l|Z]l.

1.3.11. Suppose X = 4 and X generates the whole model %. Let f be a
one-one map on X into another model 8. Then there is at most one iso-
morphic embedding g on A'into B such that f < g.

1.3.12. Suppose % has no function or constant symbols. Then for every
model U for £ and every nonempty subset X = 4, % has a submodel with
universe X.
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Suppose % has no function symbols. Then for every model U for £ and
every nonempty X < A which contains all the constants of 2, % has a
submodel with universe X.

1.3.13. Verify all the claims in Table 1.3.1, assuming the extended com-
pleteness theorem.

1.3.14*. An element ae A of a model U is said to be definable (in U) iff
there is a formula ¢@(x) of .# such that a is the only element in A4 satisfying
¢. For each ne w, find a model A, for £ and a language with only a
finite number of symbols, which has exactly n undefinable elements. For
n =0 or n> 1, the examples are easy to find. For n = 1, it is much
harder.

1.3.15*, Let £ have only a finite number of relation and constant symbols,
but no function symbols. Define the relations =, on models for .# as
follows by induction:

A =,%B iff the submodels of A and B generated by the constant
elements are isomorphic, or else % has no constant symbols.

A =,,, B iff for every a € 4 there exists b € B such that (U, a) =, (B, b),
and for every b € B there exists a € 4 such that (2, a) =, (B, b).

Note that the definition of =,,, depends on the fact that =, has already
been defined for all languages of the form &£ v {¢c,, ..., c,,}. Prove that
A = B if and only if for all n, A =, B.

[Hint: Show that for each n, there are finitely many =, classes, and
each =, class is the class of all models of a sentence of Z.] -

1.3.16. Let .Z be as in the previous exercise. Prove that if % =,%B then
for every sentence ¢ of % in prenex form with at most n quantifiers,

AE¢@ ifand onlyif BE ¢.

1.3.17*. Let 2 be as in Exercise 1.3.15. Let K be a class of models for .Z.
Prove that the following are equivalent:

(i). There is a sentence ¢ of . such that K is the class of all models for
& satisfying .

(ii). For some ne w, K is closed under =,, i.e., if Ye K and A =, B,
then B € K.

[Hint: For each n there are only finitely many nonequivalent prenex
sentences with at most n quantifiers.]
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1.3.18. Show that Exercise 1.3.15 is false if either . has function symbols,

or % has infinitely many constant or relation symbols. However, it is still
true that if for all n, A =, B, then A = B.

1.3.19. Show that two models U, B for £ are equivalent if and only if
for all finite £, ¢ &£ the reducts of A and B to &, are equivalent.
This exercise shows that a version of Exercise 1.3.15 can be given if % has
only relation and constant symbols.

1.3.20*. As applications of Exercise 1.3.15, show that the following pairs
of models %, B are equivalent:
(i). A = (4>, B = (B), where 4 and B are infinite.
(ii). A =<4, <>, B = (B, <), where 4 and B are densely ordered
by < with no endpoints. o
(iii). A-= (w, <), B = {w+w*+w, <), where o +w*+w is the order
type of the natural numbers followed by a copy of the integers.

(iv). A =<w® <), B = (w,, <), where w" is the ordinal exponentia-
tion of w to the power w.

(v). A =(S,(X), >, B = {S,(Y), =), where X and Y are infinite
sets, S,(X), S,(Y) are the sets of finite subsets of X and Y, respectively,
and c is the inclusion relation.

Il

1.3.21. Let T be a set of universal sentences. Assume T FVx 3y P(x, y).
Prove that there exist terms t,(x), ... ,t,(x) such that

TEVZ V/ P(x, 1,(x).

1.3.22%. Let U be a countable model for a countable language. Prove
that if the simple expansion (2, b) has more than one automorphism for
each finite sequence b of elements of A, then U has 2° automorphisms.

1.4. Theories and examples of theories

A (first-order) theory T of . is a collection of sentences of .#. T is said
to be closed iff it is closed under the F relation. In view of Table 1.3.1, this
is the same as requiring that T be closed under F. Since theories are sets of
sentences of %, we may apply the expressions
a model of a theory,
consistent theory,
satisfiable theory,

as introduced in Section 1.3.
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A theory T is called complete (in &) iff its set of consequences is maximal
consistent. If T is a theory of % and ¥ < %', ¥ # %', then T is not a
closed theory of .#’. On the other hand, it is easy to see that if ¥’ < &,
then the restriction of a closed theory T to %', in symbols T|.#", is always
a o_omoa theory of #’. T'is a subtheory of T’ iff T = T'.If T is a subtheory of

', then T" is an extension of T.
> set of axioms of a theory T is a set of sentences i:r the same conse-

quences as T. Clearly, T is a set of axioms of T, and the empty set is a set of
axioms of T if and only if T is a set of valid sentences of .£. Every set of
sentences X is a set of axioms for the closed theory T = {¢ : Z F ¢}. A
theory T is finitely axiomatizable iff it has a finite set of axioms.

The most convenient and standard way of giving a theory T is by listing
a finite or infinite set of axioms for it. Another way to give a theory is as
follows: Let U be a model for .#; then the theory of A is the set of all
sentences which hold in . The theory of any model 2 is obviously a
complete theory.

Historically, the importance of theories stems from the following two
facts. Once the axioms of a theory are given, then by using the relation F
we can find out, in a syntactical manner, all the consequences of 7. On the
other hand, by using the satisfaction relation, we can also study all the
models of T.

By the extended completeness theorem, these two approaches give
basically the same results about consequences of 7. However, owing to the
fact that models of T also have non-first-order properties, such as isomor-
phism, submodels, extensions, plus many others, the second approach leads
to the field now known as model theory.

We shall give in the rest of this section some examples of theories and
their models to show the intimate connections that model theory has with
other branches of mathematics. [n each example we describe a closed theory
by a sct of axioms. Some classical results will be stated without proof.

1.4.1. Let .% consist of the single 2-placed relation symbol <. Using the
usual notation for <, we write x < y for < (xp). The theory of partial
order has three axioms:

< z),
=),

(1) (Vxpz)(x < yAy <

(2) (Vxp)(x < a Ay <

(3) (Vx)(x < x)-
They are, respectively, the transitive, antisymmetric, and reflexive properties

of partial orders. Any model (A, <) of this theory consists of a nonempty
set 4 and a partial order relation < on A. If we add the comparability

- X
- X
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axiom
(4) (Vy)(x < yvy < x),

we obtain the theory of simple order (also called linear order). A model
(A, <) for this theory is a simply-ordered set. Adding two more axioms
(writing x # yfor 1 (x = y)):

) (Vy)x S yax#Ey - (Az)(x S zAaz#E xAz < yaz # ),

(6) (3xy)(x # ),
we then have the theory of dense (simple) order. The rationals with the usual
< is an example of a model of this theory. The theory of dense order has
no finite models. If we wish to consider only dense orders without endpoints,
we add the axioms

(7) (VX)) x € yax # ),
(8) (VX)3»)(y € xAx # ).

PrOPOSITION 1.4.2. Any two countable models of the theory of dense order
without endpoints are isomorphic.

ExampLE 1.4.3. Let ¥ = {+,-, 7,0, 1}, where +, - are 2-placed function
symbols, ~ is a I-placed function symbol, and 0 and / are constant symbols.
The theory of Boolean algebras has the following axioms (where we shall
assume that the following formulas all have their free variables universally
quantified in front).

Associativity of + and - :

x+(r+z) = (x+))+z, x=(y z)y= [xoy)=z.
Commutativity of + and - :

xX+y = y+x, X y=Ey-x
ldempotent laws:

x+x = x, X X =x
Distributive laws:

x+(y-z)=(x+1) (x+2), x-(y+z)=x-y+x-z
Absorption laws:

x+(x-y) = x, x (x+y) =x
De Morgan laws:

xXty=X-j, X y=Xx+y.
Laws of zero and one:

x+0 = x, x-0=0,

x+1 =1, x-1=x,

0# 1,

x+x =1, x X =0.
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Law of double negation:
X=x

A model A = {4, +,, 7,0, 1) of this theory is called a Boolean algebra.
(Strictly speaking, we should write +4, o, —q, Oy, lg in the above model.
But following our convention we shall drop the subscripts.) A partial order
< can be defined on A4 by: x < yifand only if x+ y = y. [t can be shown
that < has a largest element, namely 1, a smallest element, namely 0, and,
given any two elements x, y € A, the l.u.b. (least upper bound) of x and y
is x+ v, and the g.l.b. (greatest lower bound) of x and y is x - y.

A field of sets S is a collection of subsets of a nonempty set X such that
both the empty set ) and the set X are in S and S is closed under U, n and
~ with respect to X. [t is easy to see that if S is a field of sets, then

(S,u,n, 7,0,X>

is a Boolean algebra. Conversely, we have:

ProposITION 1.4.4 (Representation Theorem for Boolean algebras). Every
Boolean algebra is isomorphic to a field of sets.

An arom of a Boolean algebra is an element x # 0 such that there is
no element y which lies properly between 0 and x, i.e., not 0 < y < x,
0 # ), y # x. A Boolean algebra is atomic iff every nonzero element x
includes an atom. A Boolean algebra is atomless iff it has no atoms. There
are Boolean algebras which are neither atomic nor atomless. Adding the
axiom (writing x < y for x+y = y)

(Vx) (0 # x>3y) (< xA0#FyAa(V2)(z <y 2z=0vz=Y))
gives us the theory of atomic Boolean algebras; while adding .the axiom

1) 0 £ yAa(V2)(z< y o z=0vz =y))
gives us the theory of atomless Boolean algebras.

PROPOSITION 1.4.5. Any two countable atomless Boolean algebras are
isomorphic.

Some other relevant facts about Boolean algebras can be found in the
exercises.

ExampLE 1.4.6. Let ¥ = {+,0}, where + is a 2-placed function symbol
and 0 is a constant symbol. The theory of groups has the following
axioms:

(1) x+(y+2z) = (x+ y)+z (associativity),
(2) x+0 = x, 0+x = x (identity),
(3) (3y) (x+y = 0Ay+x = 0) (existence of inverse).
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A model G, +,0) of this theory is a group. We obtain the theory of
Abelian groups when we add the axiom

(4) x+y = y+x (commutativity).
The order of an element x of a group is the least # such that x+x+ ... +x
(n times) = 0. If no such n exists, the order of x is infinity. For a fixed
n > 1, we can write down the abbreviation nx for the expression

x+(x+(... (x+x)...)), ntimes.

Suppose p is a prime. The theory of Abelian groups with all elements of

order p has the extra axiom
(5,) px = 0.

PROPOSITION 1.4.7. Any two models of the theory of Abelian groups with all
elements of order p of the same power are isomorphic.

To obtain the theory of Abelian groups with all elements of order oo
(torsion-free) we need an infinite list of axioms: for each n > 1, we add
the axiom

(6,) x #0 - nx £ 0.

This theory is our first example of a nonfinitely axiomatizable theory. If
we add a further infinite list of axioms, one for each n > 1,

(7.) (3y) (ny = x),
we have the theory of divisible torsion-free Abelian groups.

PROPOSITION 1.4.8. Any two uncountable divisible torsion-free Abelian groups
of the same power are isomorphic. There are countably many such groups
which are countable and not isomorphic.

EXAMPLE 1.4.9. Let £ = {+,,0, I}, where + and - are 2-placed function
symbols and 0, I are constant symbols. The theory of commutative rings
(with unit) has the axioms (1)-(4) listed above plus the axioms (8)-(11)
given below:
(8) I'x=xAx-1=x(lisa unit),
(9) x-(y-2z) = (x-y)- z (associativity of -),
(10) x -y = y - x (commutativity of -),
(11) x- (y+2) = (x- y)+(x - z) (distributivity of - over +).
Adding one more axiom
(12) x-y =0 - x = 0vy = 0 (no zero divisors),
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gives us the theory of integral domains. Adding the two axioms
(13) 0 # 1,
(14) x #.0 - (3y)(y - x = 1) (existence of multiplicative inverse),
gives the important theory of fields. For a fixed prime p, if we add the axiom
A_mvv h_ m Q.
we have the theory of fields of characteristic p. On the other hand, if we add
for all primes p the negation of (15,), namely, all the axioms
(16) p1 # 0, with p a prime,
we have the theory of fields of characteristic zero, each field has a unique
characteristic, either prime or zero. We now introduce the abbreviation x"

for the expression . (x. (x... x)...), n times.

The infinite list of axioms, one for each n > |,

(17,) Gr)xn V' +Xpo V' "+ o Xy X =0)vx, =0,
when added to the theory of fields, gives us the theory of algebraically
closed fields. A

PROPOSITION 1.4.10. Any two uncountable algebraically closed fields of the
same-characteristic and power are isomorphic.

Each axiom (17,) says that every polynomial of degree 7 has a root.
The theory of real closed fields has as axioms all the axioms for fields plus
the axiom

(18) (Yx)@y)(»* = xvy*+x =0),
and two infinite lists of axioms. One is the infinite list (17,) for all odd n,
and the other is the infinite list that says that 0 is not a sum of nontrivial
squares:

(18)x2+xi+ ... +x2 =0 xg =0AX; =0A ... AX, = 0.

The theory of ordered fields is formulated in the language &
={<, +, . 0,1}. It has all the field axioms, the linear order axioms,
and the additional axioms

x<y—->x+z<y+z
X<yA0<L<z—>x'z<y" 2z

The ordered fields of rational numbers and of real numbers are examples.

Of the examples of theories we have discussed so far, the following are
complete: dense order without endpoints, atomless Boolean algebras, infinite
Abelian groups with all elements of order p, torsion-free divisible Abelian
groups, algebraically closed fields of a given characteristic, and real closed
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fields. The various propositions show that each of these complete theories,
except the last one, enjoys the unusual property that in some (sometimes all)
infinite powers all models of the given theory of that power are isomorphic.

ExampPLE 1.4.11. Let & uuT.t -, S, 0}, where +, - are 2-placed function
symbols, S is a 1-placed function symbol (called the successor function),
and 0 is a constant symbol. Number theory (or Peano arithmetic) has the
following list of axioms:

(1) 0 # Sx (0 has no predecessor),

(2) Sx = Sy —» x = y (S is one-one),

(3) x+0 = x,
(4) x+Sy = S(x+y),
(5) x-0 =0,

(6) x-Sy = (x-y)+x,
and, finally, for each formula ¢(v, ... v,) of &, where v, does not occur
bound in ¢, the axiom .

(70) @(0v, ... B,) A (Yoo )(@(ov) ... v,) = @(Svo; ... 1,))

— (Yvo)e(vg --- v,)-
Axioms (3) and (4) are the usual recursive definition of + in terms of 0
and S, and axioms (5) and (6) are the recursive definition of - in terms of
0, S and +. The whole list of axioms (7,), one for each ¢, is called the
axiom schema of induction.

The standard model of number theory is {w, +, *, S, 0>, where S is the
successor function and +, -, 0 have their usual meaning. All other (non-
isomorphic) models are called nonstandard. Complete number theory (or
complete arithmetic) is the set of all sentences ¢ of £ that hold in the
standard model.

There are several deep results about number theory:

Gaodel’'s (1931) incompleteness theorem states that number theory is
not complete; therefore, complete number theory is a proper extension
of number theory.

No finite extension (that is, by adding a finite number of new axioms)
of number theory is complete; therefore complete number theory is not
finitely axiomatizable over number theory, whence it is certainly not finitely
axiomatizable.

Number theory itself is not finitely axiomatizable. This was proved
by Ryll-Nardzewski (1952) by the use of nonstandard models. The exis-
tence of nonstandard models of complete number theory was first shown
by Skolem (1934).
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We mention a number of interesting subtheories of number theory. For
instance, if the induction schema (7,) is replaced by the single axiom

(8) (¥x)(x # 0 — (3))(x = S)),
we obtain a finitely axiomatizable subtheory of number theory (the theory O
of Tarski, Mostowski and Robinson, 1953) which is incomplete, and no
finite extension of it is complete.

In the language ¥’ = {S, 0} obtained by leaving out the symbols +
and -, the subtheory of number theory given by axioms (1), (2) and the
schema (7,), restricted of course to formulas of .#”, is complete. However,
itis still not finitely axiomatizable, as can be shown by using the compactness
theorem.

In the language ¥ = {+, S, 0}, the axioms (1)-(4) and the schema
(7,), again restricted to formulas of £, give the additive number theory
(or Pressburger arithmetic). This theory is not finitely axiomatizable, but
it is complete (Presburger, 1929); the’ completeness of the theory £’ in
the previous paragraph follows from the proof given by Presburger.

ExaMPLE 1.4.12. We shall now discuss some examples of set theories.

There are two nzzn different reasons to include a discussion of set theories
in a book on model theory. The first reason is that, if we wish to be com-
pletely precise, we should formulate our whole treatment of model theory
within an appropriate system of axiomatic set theory. Actually, we are
taking the more practical approach of formulating things in an informal
set theory, but it is still important that, in principle, we could do it all in an
axiomatic set theory. We have left for the Appendix an outline of the informal
set theory we are using. The other reason for discussing set theories is that
they are among the most interesting and important.examples of theories.
The second reason is the one which concerns us at this time. The theory
of models is particularly well suited to the study of models of set theory.
In the Appendix we have listed the axioms for four of the most familiar
set theories: Zermelo, Zermelo-Fraenkel, Bernays, and Bernays—Morse.
The first two of them are formulated in the language £ = {e}, while the
other two are formulated in the language .’ = {, V'}, where ¢ is a binary
relation symbol and V is a unary relation symbol. Zermelo set theory is a
subtheory of Zermelo-Fraenkel, and Bernays set theory is a subtheory of
Bernays—-Morse.

The deepest results in set theory use constructions of models. However,
these constructions are often of a special nature, for models of set theory
only, and are therefore outside the scope of this book. For instance, the
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notion of constructible sets was used by Gédel (1939) to show that if
Bernays set theory is consistent, then it remains consistent if we add to it
the axiom of choice and the generalized continuum hypothesis; in other
words, if wﬂsmwm,wnn theory has a model, then it has a model in which the
axiom of choice and the generalized continuum hypothesis are true. The
same proofs and results are also well known to hold for Zermelo-Fraenkel
set theory. Cohen’s foicing construction has been used by Cohen and others
to obtain a remarkable series of additional consistency results (see Cohen,
1963). For example, if Bernays (or Zermelo-Fraenkel) set theory has a
model, then it has a model in which the axiom of choice is false, and another

~ model in which the axiom of choice is true but the generalized continuum
hypothesis is false.

*In the rest of our discussion let us use the abbreviation ZF for ‘Zermelo-
Fraenkel set theory’. Whether or not we can prove that ZF is consistent
depends on just how much we are assuming in our intuitive set theory.
If our intuitive set theory is just a Rv:nm of ZF, then we cannot prove the
consistency of ZF, even if we allow the use of the axiom of choice. Similarly,
for any of the other set theories T we have introduced in the Appendix,
we cannot prove the consistency of 7T if our intuitive set theory is a replica
of T. These assertions follow from the Gddel incompleteness theorem.
On the other hand, in Bernays—Morse set theory we can prove the consistency
of Bernays set theory and of ZF. In ZF we can prove the consistency of
Zermelo set theory. If we assume the existence of an inaccessible cardinal,
then we can prove that Bernays-Morse set theory as well as ZF are con-
sistent. Bernays set theory and ZF are very close to each other, and we can
prove that one is consistent if and only if the other is. We shall leave the
last three results above for exercises.

Neither Zermelo set theory, nor ZF, nor Bernays-Morse set theory is
finitely axiomatizable (assuming that they are consistent). But, surprisingly,
Bernays set theory is finitely axiomatizable (Bernays, 1937). With its
finite axiomatization it is sometimes called Bernays—Godel set theory. Each
of the four set theories in our discussion, like number theory, has the
following property: if the theory is consistent, then it is not complete, and
no finite extension of it is complete. This is another consequence of the
Godel incompleteness theorem.

There is no completely satisfactory notion of a ‘standard’ model of set
theory. The closest thing to it is the notion of a natural model. Natural
models, roughly, are models of the form (M, €), where M is a set of sets
formed by starting with the empty set and repeating the operations of
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union and power set, while e is the e-relation restricted to M. More
precisely, we define for each ordinal « the set R(«) by
R(0) =0,
R(a+1) = S(R()),
R(x) = |J R(B) if ais a limit ordinal.

f<a

and

Then a natural model of ZF (or of Zermelo set theory) is a model of the
form (R(a), €). A natural model of Bernays set theory is a model of the
form (R(a+1), ¢ R(a)).

None of our set theories has any countable natural models. For this
reason, a somewhat weaker notion of ‘standard’ model is also important.
A model (M, €) is said to be a transitive model iff € is the e-relation restricted
to M and every element of an element of M is an element of M. For models
of the language %’ = {e, V'} we make a similar definition. The countable
transitive models are the most important models for Cohen’s forcing
construction. .

Since number EnoQ,rmm just one standard model and is not complete,
it has consistent extensions which have no standard models. If ZF has any
transitive model at all, then it has many nonequivalent transitive models.
Nevertheless, if ZF is consistent, then it has consistent extensions which
have no transitive models at all. Moreover, in ZF plus the axiom of choice,
we cannot prove the following: if ZF has a model, then ZF has a transitive
model.

EXERCISES
1.4.1. Ts there a theory of well order in the first-order language {<}?

1.4.2. Find two dense orders without endpoints of the same power which
are not isomorphic.

1.4.3. Every finite Boolean algebra is atomic. If it has n atoms, then it has
exactly 2" elements. Any two finite Boolean algebras with the same number
of elements are isomorphic.

1.4.4. Every finite subset of a Boolean algebra generates a finite sub-Boolean
algebra.

1.4.5. Find two atomless nonisomorphic Boolean algebras of the same
power. :
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1.4.6. Prove the following weak form of the representation theorem:
Every atomic Boolean algebra is isomorphic to a field of sets.

1.4.7. Prove that the theory of infinite models whose axioms are the infinite
list of sentences a,, where each sentence o, says that there are at least n
distinct elements, is not finitely axiomatizable.

1.4.8. Prove that there is no theory T such that % is a model of T if and
only if U is finite.

1.49. Let A = {4, +,, 7,0, 1> be a Boolean algebra. A (proper) filter
on 9 is a subset D = A such that D # @, D # A, and whenever x, ye D
and x < z,thenx-ye D and z e D. A subset E of 4 is said to have the finite
intersection property iff for all x,, ..., x,e Eand all n, x; - x5 ... * x, # 0.
Prove that every subset E with the finite intersection property generates
a filter D in the following sense:

xeD iff x>y ...y, forsome y,,..,y,€E.
A filter D on % is said to be principal iff for some element @ # 0 in 4,
xeD iff a< x.

D is an ultrafilter on A iff no proper extension of D is a filter on 9. Prove
that the only principal ultrafilters on 9 are generated by the atoms of U,
i.e., D is a principal ultrafilter iff for some atom a € 4,

xeD iff a< x.

Thus, if A is atomless, then all ultrafilters on ¥ are nonprincipal. Prove the
following:

(i). Every nonzero element of 4 belongs to an ultrafilter, and more
generally, every filter on U can be extended to an ultrafilter.

(ii). If D is an ultrafilter on %, then

x+yeD iffeither xeD or yeD, xeD iff x¢D.
(iii). Let X be the set of all ultrafilters on . For each a€ A, define
h, ={DeX:aeD}. .
Show that 4 is an isomorphism of % onto the field of sets
{h,:aed}, u,n, 7,0, X).
This gives a proof of Proposition 1.4.4.

1.4.10. Let % be a first-order language and consider the equivalence
relation F ¢ — ¥ on the formulas of .%. Let
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() ={¥:tooy}
B, = {(¢) : ¢ aformula of £},
0p =(@A710),le = (pvo)
Define
(@)+W) =(ev¥),  (2)- () =(0ry), (@) =(10).
Then B, = (Bg, +,, 7,04, 14> is a Boolean algebra and it is known

as the Lindenbaum algebra of £. We shall drop the subscript & if it is
understood. B has several important subalgebras. For each n € w, we can
define

B, = {(¢) : ¢ has at most the variables vg, v, ..., v,_, free}.

Then each B, determines a sub-Boolean algebra B, of ¥B. In particular,
B, is the Lindenbaum algebra of all sentences of .Z. Prove that the following
are equivalent:

(i). Lindenbaum’s theorem for .2, Proposition 1.3.11.

(ii). Every filter on the Lindenbaum algebra B, can be extended to an
ultrafilter. s

1.4.11. Let T be any theory of % and define

Dr = {(¢): Tk ¢}.
Prove that:
(i). Tis consistent iff Dy is a filter on B,.

(ii). T is consistent and finitely axiomatizable iff Dy is a principal filter
on B,.

(iii). T is complete iff Dy is an ultrafilter in B,.

(iv). T is complete and finitely axiomatizable iff Dy is a principal ultra-
filter on B, .

The converse of the above four equivalences also holds in the following
sense. Let D be a subset of B, and define

T, = {9 : ¢ is a sentence and (¢) € D}.

Then (i)-(iv) hold with T replaced by T), and Dy by D. If T is complete,
then, of course, the quotient algebra B,/D; is the two-element algebra.
In general, there is a one-to-one correspondence between complete closed
extensions of T and ultrafilters in B,/Dy. Show, without using the com-
pleteness theorem, that the above results still hold when the notions of
closed theory, finitely axiomatizable and complete are replaced by their
syntactical analogues.
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1.4.12. Let & be the language of Section 1.2. By considering the equivalence
relation + @ <y on sentences of %, we can define the exact analogue of
B, , namely

. By =(By, +,7 75 0g, 1),

The following shows that there is a close relation between completeness
theorems and representations of Boolean algebras. Prove that the following
are equivalent:

(i). The completeness theorem for &, Theorem 1.2.7.

(ii). The Lindenbaum algebra B, is isomorphic to a field of sets.

There is an analogue of this result for % and B, which we shall discuss
in the exercises for Section 2.1.

1.4.13. Show that in the language {S, 0} the theories given by the two sets
of axioms (see Example 1.4.11)
(A) axioms (1), (2), and schema (7,),
(B) axioms (1), (2), (8), and the schema
(9,) Svg # v, vSv, # v,v...vSu, # v,
are equivalent,

1.4.14. Show that if w < « and « is a limit ordinal, then (R(x),€) is a

model of Zermelo set theory. Hence in ZF we can prove that Zermelo set
theory is consistent.

1.4.15. Let 0 be an (uncountable) inaccessible cardinal. Show that (R(0), )
is a model of ZF, and that (R(6+1), ¢, R(8)) is a model of Bernays-Morse
set theory.

1.4.16. Which axioms of ZF are :=n in the model {(R(w), €)? And in
the model (R(w+w), €)?

1.4.17%*

(i). Let {4, E, U) be an arbitrary model of Bernays set theory. Prove
that (U, En (U x U)) is a model of ZF. Hence if Bernays set theory is
consistent, so is ZF.

(if). Let A = {4, E) be an arbitrary model of ZF. We may assume that
no subset of 4 belongs to A. Let us say that a subset X < A is definable in U
iff there is a formula ¢(v, ... v,) and elements x, ..., x, € 4 such that

={xeAd: Uk ¢[xx, ... x,]}.

Let B be the set of all definable subsets X of A such that there is no ye 4
with X = {xe 4 : xEy}, and let E’ be the set of all pairs xe 4, Xe B
such that x € X. Prove that (4 u B, Eu E’, A) is a model of Bernays set
theory. Hence, if ZF is consistent, so is Bernays set theory.
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1.4.18*

(i). Let <4, > be any model of the axiom of extensionality, where €
is the e-relation restricted to 4. Prove that {4, €) is isomorphic to a transitive
model, called a transitive realization of (A, €).

(ii). Show that any two transitive models of the axiom of extensionality
which are isomorphic are equal.

1.4.19. Prove that there exists a complete theory T which has arbitrarily
large natural models. 7 may be taken to be an extension of Zermelo set
theory.

1.4.20. Let U and B be infinite simple orderings. Prove that 2 and B
satisfy exactly the same ‘universal sentences. .

1.5. Elimination of quantifiers

Each model A of a theory T gives rise to a complete theory, namely the
set of all sentences holding in U, which is an extension of T. For this reason,
it is important to know something about the complete extensions of a
theory. In a few fortunate cases, it is possible to give a simple description
of all the complete extensions of a theory by using the method of elimination
of quantifiers.

This method applies only to very special theories. Moreover, each time
the method is applied to a new theory we must start from scratch in the
proofs, because there are few opportunities to use general theorems about
models. On the other hand, the method is extremely valuable when we want
to beat a particular theory into the ground. When it can be carried out,
the method of elimination of quantifiers gives a tremendous amount of
information about a theory. For instance, it tells us about the behavior
of all formulas, as well as all sentences, relative to the theory. Usually
it also gives a uniform way of deciding whether or not a sentence belongs
to the theory; in other words, it gives a proof that the theory is decidable.

The question of the decidability of a theory lies outside the scope of this
book, since it is not usually considered model theory. However, it is a very
important question, and in fact the most striking applications of the
elimination of quantifiers are to show that certain theories are decidable.
The method is also valuable as a source of examples of thoroughly under-
stood theories, which are useful for testing conjectures and for illustrating
results. The method may be thought of as a direct attack on a theory.
Later on, especially in §3.5, we shall learn of several more indirect
attacks on theories, which work more often but give less information in
particular cases.
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Before describing the method, we need some more notation. In Section
1.3, we introduced the notion of a sentence ¢ being a consequence of a set
X of sentences, in symbols Z F ¢. What meaning shall we give to Z F ¢ if ¢
is a formula? We shall say that a formula ¢(v, ... v,) is a consequence of
X, symbolically Z F ¢, iff for every model U of X and every sequence
ag, ..., a,€ 4, ay, ..., a, satisfics ¢. It follows that the formula ¢(v, ... v,)
is a consequence of X if and only if the sentence (Vuv, ... v,)@(vg ... t,) is a
consequence of X. We say that two formulas ¢, ¥ are X-equivalent iff
ZE@ey.

In general, the method of elimination of quantifiers is as follows: First,
depending on the theory T, we pick out an appropriate set of formulas,
called basic formulas. By a Boolean combination of basic formulas we mean
a formula obtained from basic formulas by repeated application of the
connectives 7, A. The main result to be proved is that every formula is
T-equivalent to a Boolean combination of basic formulas. The key step in the
proof is the step where we ‘eliminate quantifiers’. In fact, we may state
at once a simple but general lemma which shows why the name ‘elimination
of quantifiers’ is given to the method (the name is due to Tarski, 1935).

Lemma 1.5.1. Let T be a theory and let X be a set of formulas, called basic
Sformulas. In order to show that every formula is T-equivalent to a Boolean
combination of basic formulas, it is sufficient to show the following:

(i). Every atomic formula is T-equivalent to a Boolean combination of
basic formulas.

(ii). If 0 is a Boolean combination of basic formulas, then (3t,,)0 is T-
equivalent to a Boolean combination of basic formulas.

PROOF. Let ¥ be the set of all formulas which are T-equivalent to a Boolean
combination of basic formulas. We show by induction that every formula
¢ belongs to ¥. If ¢ is an atomic formula, then ¢ € ¥ by (i). If ¢ is ¢
and Y € ¥, it is obvious that ¢ € ¥. Similarly, if @ isy/; AY, and ¢, , ¢y, € ¥,
then g e ¥. If ¢ is (v, )Y and ¥ € ¥, then y is T-equivalent to a Boolean
combination 0 of basic formulas. Moreover, ¢ is T-equivalent to (3v,,)0.
By (ii), (v,,)0 € ¥,s0 pe ¥. 1

We shall illustrate the method with two simple examples. Our first
example is the theory of dense simple order without endpoints (Example
1.4.1). Let us temporarily (in this section only) call this theory 4. As we
mentioned in Section 1.4, the theory 4 is complete. The method of elimina-
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tion of quantifiers is one of several ways which we shall come across for
proving that theories are complete. The completeness of 4 will follow from
our results below. The elimination of quantifiers was applied to the theory
A very early, by Langford (1927).

As basic formulas we shall take the atomic formulas

Vp = U, UV, < U,.

The Boolean combinations of atomic formulas are precisely the formulas
which have no quantifiers. In any language, formulas which have no
quantifiers are called open formulas. We wish to prove that every formula
¢ is d-equivalent to an open formula y. As we carry out our arguments,
we shall also keep track of which variables occur in the open formula which
is Ad-equivalent to a given formula. This will be useful for applications.
Before we can eliminate any quantifiers, we must take a close look at the
open formulas. For convenience, we use the abbreviation

v, <v, for v, <v,A0, =0,

Let us consider n+1 variables v, ..., v,, n > 0. By an arrangement of
the variables vy, :.., v, we mean a finite conjunction of the form

, 0o AO A...AB,_,,
where ug, ..., u, is a renumbering of vy, ..., v, and each formula 6, is either
Ui < Uiy, or else u; = u;, . The lemma below allows us to put every open
formula into a ‘normal form’ built up from arrangements of the variables.

LemMma 1.5.2. Every open formula ¢(v, ... v,) is A-equivalent either to one
of the formulas vy, < vy, vy = vy, or else to the disjunction of finitely many
arrangements of the variables v, ..., v,.

ProoF. First, we consider the case n = 0. In this case, the open formula
@(vo) is built up from the atomic formulas vy < vy, vy = v,. Since
A4 F vy < vgand 4 kv, = vy, we must have either A F pand 4 F ¢ < vy = vy,
orelse AF1@and 4 F ¢ « vy < v,.

Let us now make three observations about arrangements (we assume
that n > 0):

(1). There are only finitely many different arrangements of the variables
Vgy eey Uye

(2). For each simply-ordered structure 9, each sequence aj, ..., a,
satisfies some arrangement of v, ..., v,.
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(3). Let @(vo --- v,) be an open formula and let y be an arrangement of
Vg, ..., V. Then one or both of the formulas = ¢, ¥ = 71 ¢, is a con-
sequence of the theory of simple order.

(1) should be obvious, while (2) follows easily from the fact that in a
simply-ordered structure, exactly one of the relations a < b, a = b, b < a
holds between two elements a, b. (3) is proved by induction on the length
of the open formula ¢, and is left to the reader.

Now let ¢(v, ... v,) be an open formula. If 4 F 1 ¢, then ¢ is 4-equivalent
to the formula v, < v,. Assume the other possibility, that it is not the case
that 4 k 1 ¢. Consider any model U of 4 and sequence ay, ..., a, which
satisfies ¢ in 2. By (2), aq, ..., a, also satisfies some arrangement i of
Vg, -, U, in . Thus we cannot have 4 Fy — 1 ¢, and, by (3), we must
have 4 ky - ¢. Form the disjunction @ of all arrangements ¢ of vy, ..., U,
for which 4 kE — ¢. 0 is the disjunction of at least one, but only finitely
many formulas, in view of (1). It follows from our remarks above that
AE @ — 0, and from the definition of 0 we see that 4 F 0 — ¢. So ¢ and 0
are A-equivalent, and our proof is complete. 4

We observe that actually the above lemma is true for the theory of
simple order as well as for the theory 4. The reader may check this by
going carefully through the proof, noticing that the only axioms of 4
which we actually made use of are the axioms of simple order. In the next
theorem, however, we need all of the axioms of 4.

THEOREM 1.5.3. Every formula ¢ is A-equivalent to an open formula .
Moreover, if all the free variables of ¢ are among v, ..., v,, n> 0, then
can be chosen so that all its variables are among vy, ..., v,.

Proor. We first prove that every formula ¢ is 4-equivalent to an open
formula y. By Lemma 1.5.1, it suffices to prove that for every open formula
¥(vo ... v,), the formula (3v,)y is d-equivalent to an open formula. If
m > n, then v,, does not occur at all in {, so (v, )y is 4-equivalent to .
We may thus assume that m < 7. By renaming the variables we can even
make m = n.

Using Lemma 1.5.2, we may suppose that  is either v, < vy, Do = Vo,
or a disjunction of finitely many arrangements of vy, ..., v,. If ¥ is either
vy, < vy OF vy =.0y, then obviously (Jv,)y is d-equivalent to . In the
remaining case, let
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where each 0, is an arrangement of vy, ..., v,. Then
AE @) o (30,)0,V ... v (3v,)0,.

We may eliminate the quantifier (3v,) in the following way: If n =1,
the only possibilities for the formulas (3v,)0; are

3o, ) < vy, (Fvy)ve = vy, 3o, )y < ve.

Each of these is a consequence of 4, and it follows that (3v, )y is a con-
sequence of 4 and is 4-equivalent to vy = vg. ’

Let n > 1. Then, from each arrangement 6; of vy, ..., v,, we may form
in a natural way an arrangement 6;* of v, ..., v, obtained by leaving out
v,. It is easy to see that

AF (Jv,)0; < 07, i=0,..p,
and hence
AE @u o 05v...v0;.

We have shown in each case that (3v,, )¢ is 4-equivalent to an open formula.

We now prove the second clause of the theorem. Our proof given above
actually shows that if Y(vg ... v,) is an open formula, n > 0, then (ELA
is A-equivalent to an open formula of the form 6(vg ... v,-). Let (v --- )
be an arbitrary formula, n > 0. Then ¢ is d-equivalent to some open
formula (Vg --- Uy--- Up 4 m)- But @ is also 4-equivalent to (3v,+, ) (Warm)@,
and hence to (3v,4,) ... (3v,+m)¥. The latter formula is 4-equivalent to
an open formula of the form 6(vg ... v,), and thus ¢ is 4-equivalent to 0.
Our proof is complete. 4

The proof of the theorem also gives a decision procedure for the theory 4.
Very briefly, the decision procedure is as follows. We are given an arbitrary
sentence ¢ and we wish to determine whether ¢ belongs to the theory 4.
Our first step is to put ¢ into prenex normal form, say (after renumbering
variables),

(Qouo)(Q101) - (Quin )

where Qq, ..., Q, are quantifier symbols 3 or V, and ¥ is open. We may
assume further that Q, is 3, for otherwise we may work with 1 ¢. Next,
we put i into one of the forms vy < vy, v = Vg, Or a disjunction of finitely
many arrangements of vg, ..., v,. Then we eliminate the quantifier (3v,),
that is, we replace (3v,)¢ by a d-equivalent open formula 0(vg -+ Vu—1)
by the process explained in the proof. After that, we repeat the process
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until all the variables except v, are eliminated. When we finish, we can tell
at once whether the resulting sentence (Qqv,)0(v,) belongs to 4. Of course,
the decision procedure can be streamlined very much if it is really going
to be used. N

We now obtain another consequence of the theorem.

COROLLARY 1.5.4. The theory of dense simple order without endpoints is
complete.

PROOF. Let ¢ be an arbitrary sentence. By Theorem 1.5.3, ¢ is 4-equivalent
to an open formula y/(v,). But for any open formula y/(v,), we have either
AEY or 4Fy. Hence either 4 F ¢ or 4 F1¢, and 4 is complete. 4

Note that Corollary 1.5.4 is only concerned with sentences, but to prove
the corollary via Theorem 1.5.3 we had to use an induction concerned with
arbitrary formulas. This happens time and again in model theory, because
the notion of a sentence is defined using the recursive definition of a formula.
Theorem 1.5.3 also tells us something about the theories formed by adding
new constant symbols to the language and taking 4 as a set of axioms. We
leave this application of the theorem as an exercise.

Theorem 1.5.3 can be improved a little by taking for our basic formulas
only the formulas v,, < v,.
COROLLARY 1.5.5. Every formula p(v, ... v,) is A-equivalent to a Boolean
combination of formulas of the form v, < v,, where m =0, ...,n and
p=0,..n

Proor. In view of Theorem 1.5.3, it is enough to observe that
4Fv, =v,0, < V,AV, < V.

We now take up our second example of the elimination of quantifiers.
We shall obtain a full description of all complete closed theories in the pure
identity language (see Section 1.3), which has no predicate, function or
constant symbols at all. In other words, we shall describe all complete
closed extensions of the theory with the empty set of axioms in. the pure
identity language. .

As in the case of dense simple order, we begin with a lemma about
arrangements. What should we mean by an arrangement this time? An
arrangement of vy, ..., v, will be a formula which tells which variables are
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equal to each other and which are unequal. To be precise, we let e be an
equivalence relation over the set {0, 1, ..., n} of indices of the variables
Vg, ---, Uy. We define the arrangement of v,, ..., v, given by e to be the
conjunction of all the formulas

V; = V;

; j» fiej; and v, =v;, not iej.

LEMMA 1.5.6. Every open formula ¢(vg ... v,) is either inconsistent or is
equivalent to a disjunction of finitely many arrangements of vy, ..., ,.

The proof is very similar to that of Lemma 1.5.2, so we leave it as an
exercise.

We now must decide on our set of basic formulas. It should be clear
that the atomic formulas are not enough. For instance, the sentence
(Vvov,)(vo = v,) cannot be expressed by an open formula.

For our basic formulas we take all atomic formulas

v, =0,

together with the sentences o, which state that ‘there are more than n
distinct elements’s Formally, a,, n > 0, may be written

(Yo; ... 0,)(Fvg) (Vg = vy A ... ATV = 1,).
For good measure, we shall define o, to be a valid sentence, say
(3ve)(vo = vy).

THEOREM 1.5.7. Every formula ¢ in the pure identity language is equivalent
to a Boolean combination  of basic formulas. Moreover, if all the free

variables of ¢ are among vy, ...,v,, then y may be chosen so that all its
free variables are among vy, ..., v,. In particular, if ¢ is a sentence, then
so is .

ProOF. We first show that every formula is equivalent to a Boolean
combination of basic formulas. Let (v, ... v,) be an arbitrary Boolean
combination of basic formulas. By Lemma 1.5.1, it suffices to prove that
(3v,,)¥ is equivalent to a Boolean combination of basic formulas. First,
we note that i is equivalent to a formula of the form

(Yonbo)v...v(¥,A08,)

where each y; is an open formula and each 6, is a Boolean combination of
the sentences a4, 0,, 04, .... Still better, using Lemma 1.5.6, we may make
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each y; be either the inconsistent sentence 10, or else a disjunction of
finitely many arrangements of vy, ..., v,.

As in the Eos,o:m theorem, we may assume without loss of generality
thatm = n.Inthecasen = 0, the only arrangement of v, is the valid formula
Uo = vg, so each i, is either valid, in which case it may be replaced by a,,
or else it is the inconsistent formula 1 ¢, . Thus  is equivalent to a Boolean
combination of the sentences oy, gy, ..., and so is (v, ).

Assume that n > 0. For each arrangement y;, i < p, form ¢/} by deleting
all the equations and inequalities in which v, occurs. Then y is an arrange-
ment of the remaining variables vy, ..., v,_,. (If ¥; happens to be 10,
we simply let /" also be 1 6,.) Note that (3v,)y, is not, in general, equivalent

“to Y. (Why?) However, if e; is the equivalence relation from which the
arrangement ; comes, and r; is the number of equivalence classes in e;,
then we easily see that (3v,)y; is equivalent to a,,_, AYf. Also (3t,)¥ is
equivalent to the formula

(0o A (Qualfro) v ... v (0, A Coa W)

It follows that (3v,)y is equivalent to

(O A G i AYG)V ...V (0, A0, _ AY}).

This is indeed a Boolean combination of basic formulas, and the first part
of the theorem is proved.

Now, using exactly the same trick as we used at the end of the proof of
Theorem 1.5.3, we can obtain the full statement of the theorem — that each
formula ¢(v, ... v,) is equivalent to a Boolean combination (v, ... v,) of
basic formulas, and, if ¢ is a sentence, then so is . 4

We are now ready to describe clearly all the closed theories in the pure
identity language. It is easy to see that for every finite set N of positive
natural numbers, there is a sentence o(N ) whose models are precisely those
U such that |4| € N. The reader should check that for each N, o(N) is a
pure identity sentence, and, in fact, is a Boolean combination of ¢, 7, ....
We now can conclude that, up to equivalence, the sentences o(N ) and their
negations are the only pure identity sentences.

COROLLARY 1.5.8. For every pure identity sentence @, there is a finite set N
of positive natural numbers such that ¢ is equivalent either to a(N) or to
A a(N).
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We now take up the theories. It is also easy to see that for each finite or
infinite set N' of positive natural numbers, there is a closed theory 4(N)
whose models are precisely those U such that either |4]|e N or U is infinite.
Again, the reader should check that each theory 4(N) has a set of pure
identity sentences for axioms. To make our notation more complete, we
may as well write Z(N) for the closed theory which has the single axiom
o(N), where N is finite. The next corollary shows that the 4(V) and Z(N)
are the only closed theories in the pure identity language.

COROLLARY 1.5.9.
(i). The finitely axiomatizable closed theories in the pure identity language
are precisely the theories Z(N ), where N is finite, and A(N), where o — N is

finite.

(ii). The nonfinitely axiomatizable closed theories in the pure identity
language are precisely the theories A(N), where w— N is infinite.

PROOF. (i). The theories Z(M), M finite, and 4(N), w—N finite, are
finitely axiomatizable. Indeed, Z(M) has the single axiom o¢(M), and
A(N) the single axiom 1 g(w— N). By Corollary 1.5.8, any finitely axiomatiz-
able theory has a single axiom of the form g(N), or else 7 g(N), N finite.
This proves (i).

(ii). Now let T be an arbitrary closed theory in the pure identity language.
Let NV be the set of all positive natural numbers such that 7 has a model of
power in N. Then for each finite model &, % is a model of T if and only if
|A] € N. If one of the sentences o(M), M finite, belongs to T, then all
models of T are finite and N < M, and thus T = Z(N).

Assume now that T is not of the form Z(N). It follows that every sentence
@ € T is equivalent to a sentence of the form 1 g(M). Let N’ be the union
of all sets M such that TF 716(M). Then clearly % is a model of T if and
only if U is infinite or |4| € w—N'. Therefore T = A(w—N"). Note also
that w—N' = N, so T is 4(N). Finally, if T is not finitely axiomatizable,
then by (i) the set w— N is infinite. This proves (ii).

Note that by our last corollary, there is no theory at all whose models
consist precisely of all finite models. Likewise, if N is an arbitrary infinite set
of positive natural numbers, there is no theory whose models consist of all
U such that |4| e N. In other words, in the pure identity language, any
theory which has arbitrarily large finite models has an infinite model. We
shall see later that this is true in every other first-order language as well.
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There are several very important theories which have been analyzed using
the elimination of quantifiers. For example, additive number theory
(Presburger, 1929), the theory of Abelian groups (Szmielew, 1955), the
theory of Boolean algebras (Tarski, 1949), the theory of all well-ordered
mode!s (Mostowski and Tarski, 1949), and the theories of real closed
fields and of algebraically closed fields (Tarski, 1948). As might be guessed
from our two simple examples, the elimination of quantifiers becomes
quite difficult in some of the more substantial cases mentioned above.
In each of those cases, the method gives a decision procedure for the theory,
as weil as a useful classification of all formulas and all complete extensions
of the theory.

Most of the interesting theories which arise in mathematics are undecid-
able (e.g., number theory, set theory, groups, fields, partial order), and the
method of elimination of quantifiers does not work for these theories.

EXERCISES
1.5.1. Let Z(n) be the language {<,c,,...,c,_,} obtained from the
language {<} by adding n constant symbols.

(i). Show that the set 4 of sentences is not complete in the language
&(n),forn > 1. Show that all the complete extensions are finitely axiomatiz-
able. : :

(ii)*. Describe all the complete extensions of 4 in the language £ (w).

1.5.2%. Let I' be the theory of dense simple order. Prove that I' has exactly
four complete closed extensions, which come from one of the four additional
axioms:

there are no endpoints;

there is a left endpoint but no right endpoint;
there is a right endpoint but no left endpoint;
there are a right and a left endpoint.

Hint: As a set of basic formulas, take the set of all atomic formulas
together with the formulas which state:

v, is a left endpoint;

v, is a right endpoint;
there is a left endpoint;
there is a right endpoint.
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Modify the proof of Theorem 1.5.3 to show that every formula is I'-
equivalent to a Boolean combination of basic formulas.] .

1.5.3*%. Show by elimination of quantifiers that the theory of atomless
Boolean algebras is complete.

1.5.4. Which are the complete theories in the pure identity language? State
a simple criterion for two models U, B of that language to be equivalent.

1.5.5. Describe all the complete theories in the language which has n
constant symbols but no relation or function symbols. Do the same for
the language with @ constant symbols.

1.5.6. Outline a decision procedure for deciding whether a given pure
identity sentence is valid.

1.5.7*%. Analyze the following theories using the method of elimination of
quantifiers: .
(i). The theory with no axioms in the language with one I-placed
relation symbol and no other symbols (Behmann, 1922).
(ii). The theory of Abelian groups with all elements being of order 3.
(iii). The theory of divisible Abelian groups.
(iv). Monadic first-order logic.

1.5.8*. This and the succeeding exercises are very long and tedious, if
complete proofs are written out. The theory of one successor function has
the axioms (1), (2) and (7), from Example 1.4.11 in the language
&£ = {8, 0}. Prove that this theory is complete by elimination of quantifiers.

1.5.9*, Prove that additive number theory (from Example 1.4.11) in the
language £ = {+, S, 0} is complete by elimination of quantifiers. ’

1.5.10*. The theory of one equivalence relation in the language £ = {E}
has the following axioms:

xEx;

xEy A yEz — xEz;

xEy — yEx.
Give a decision procedure for this theory by the method of elimination of
quantifiers.
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1.5.11**, Give a decision procedure for the theory of Abelian groups
(Example 1.4.6) by elimination of quantifiers. Use this to describe all
complete extensions of this theory.

CHAPTER 2

MODELS CONSTRUCTED FROM CONSTANTS

2.1. Completeness and compactness

In this section, we prove the basic completeness theorem first proved by
Gaodel (1930). The proof we give is due to Henkin (1949) and it applies
to situations somewhat more general than Godel's original proof. This
extension was already noted by Malcev (1936).

The result we prove is that every consistent set of sentences 7'in a language
% has a model or, in other words, is satisfiable. The proof proceeds in two
stages. We shall first show that T can be extended to another consistent set
of sentences T'in an expanded language 2, having certain desirable features.
Then we show that every T having these desirable features has a model.
It will make no difference which of the two steps we prove first.

DEFINITION.. Let T be a set of sentences of . and let C be a set of constant
symbols of .Z. (C might be a proper subset of the set of all constant symbols
of #.) We say that C is a set of witnesses for T in & iff for every formula ¢
of # with at most one free variable, say x, there is a constant ¢ € C such that

T+ (3x)p = ¢(c).
We say that T has witnesses in % iff T has some set C of witnesses in 2.

The meaning and usage of ¢(c) should be quite clear here and in all
succeeding places in this chapter: ¢(c) is obtained from ¢ by replacing
simultaneously all free occurrences of x in ¢ by the constant c. We shall be
careful to use @(c) only when it has been made clear from the context
which variable x is to be replaced by c. Otherwise the notation ¢(c) would
be ambiguous. For example, if ¢ is a formula with the free variables x, y,
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we have to indicate whether ¢(c) is obtained from ¢ by replacing x by ¢
or by replacing y by c. An alternative notation which is completely un-
ambiguous is to write ¢(c/x) for the formula obtained by replacing all free
occurrences of x in ¢ by c. However, we prefer to use ¢(c) and rely on the
context for clarity rather than use the more cluttered notation o(c/x).

LEMMA 2.1.1. Let T be a consistent set of sentences of . Let C be a set
of new constant symbols of power |C| = ||Z||, and let P = L U C be the
simple expansion of ¥ formed by adding C. Then T can be extended to a
consistent set of sentences T in P which has C as a set of witnesses in 2.

PrOOF. Let a = ||.Z||. For each f < a, let c; be a constant symbol
which does not occur in % and such that cg#c, if f<y<a Let
C={q:f<a}, Z=L0UC. Clearly ||2|| = «, so we may arrange
all formulas of 2 with at most one free variable in a sequence @;, ¢ < a.
We now define an increasing sequence of sets of sentences of Z:

I'=TocT, c..cTsc .., (<o,

and a sequence d,, ¢ < a, of constants from C such that:
(i). each Ty is consistent in Z;

A._.c. if &={+1, then T, = T, u {(Ax)p; - ¢(d,)}; x, is the free
variable in ¢ if it has one, otherwise X; = vg;

(iii). if ¢ is a limit ordinal different from 0, then Ty = Upr<eTy-

Suppose that T, has been defined. Note that the number of sentences in
T, which are not sentences of % is smaller than a, i.e., the cardinal of the
set of such sentences is less than a. Furthermore, each such sentence contains
at most a finite number of constants from C. Therefore, let d; be the first
element of C which has not yet occurred in T,. For instance, dy = c,.
We show that

Tooy =T, v :mkhven = 6%&%
is consistent. If this were not the case, then
T k= (@x)e, — o (dy)).

By propositional logic,
T F 3x)e, A o(dy).

As d; does not occur in T;, we have by predicate Icgic,

T+ ?xb?fbsn A (%)),
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Tek (x)o, A0 Ax)ey,
which contradicts the consistency of T;. If £ is a nonzero limit ordinal,
and each member of the increasing chain T, { < ¢, is consistent, then
obviously T, = | J;<. T is consistent. This completes the induction.

Now we let T = (J,<,T;. It is evident that T is consistent in 2 and T
is an extension of 7. Suppose that ¢ is a formula of 2 with at most the
variable x free. Then we.may suppose that ¢ = ¢, and x = x, for. some
¢ < a. Whence the sentence

(Ax)p; = 0(d;)
belongs to T, and so to 7. 4

The idea of the next lemma is just as simple, but its proof is more involved
and tedious.

LemMa 2.1.2. Let T be a consistent set of sentences and C be a set of witnesses
for Tin &. Then T has a model U such that every element of U is an inter-
pretation of a constant c € C.

N

Proofr. First, note that if a set of sentences T has a set C of witnesses in &,
then Cis also a set of witnesses for every extension of 7. Second, if an
extension of 7" has a model U, then U is also a model of T. So we may as
well assume that T is maximal consistent in .£.

For two constants ¢, d e C, define

c~d iff e=deT.
Because T is maximal consistent, we see that for ¢, d, e € C,
c~c;
if ¢c~d and d~e, then ¢~ e
if ¢~4d then d~ c.
So ~ is an equivalence relation on C. For each c e C, let
c={deC:d~c}

be the equivalence class of ¢. We propose to construct a model 9 whose
set of elements A is the set of all these equivalence classes ¢, for ce C;
so we define

(1) A={c:ceC}.
We now define the relations, constants, and functions of .



