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Chapter 1

Introduction

Let us begin by trying to describe what Logic is. It is often said that
“Logic studies the laws of thought”, but this is misleading. The study
of the laws of thought is the subject of Psychology, while Logic is only
interested in those thoughts that constitute proofs. In proofs we are not
interested in the content, but in the form. To see what we mean by this,
let us take a look at the following proofs:

(1) Every man is mortal.
Socrates is mortal.
Therefore, Socrates is a man.
(2) Every horse is an invertebrate animal.
Doris is a horse.
Therefore, Doris is an invertebrate animal.

We observe that both of them have the same form:

Every A is B.
Cis A.
Cis B.

In the first proof, all three propositions are true, while in the second proof,
the first and third propositions are false and the second proposition is
true (- let’s assume that “Doris” is the name of a horse). What must
hold for a proof is the following: If the premisses are true, then the
conclusion is also true. Mathematical Logic, which will concern us here,
studies mathematical proofs.

As far as we know, Aristotle was the first person to deal systematically
with Logic and to formulate inference rules, which Euclid used. Serious
logical studies, in a direction different from that of Aristotle and his
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students, were carried out by members of the Stoic philosophical school,
especially Chrysippus. For many centuries, philosophers dealt essentially
only with Aristotelian Logic, which was considered to be a rival to Stoic
Logic - after the Renaissance it became clear that these were complementary,
not conflicting theories.

Already in antiquity it was seen that the use of natural languages, e.g.
Greek, created problems in logical studies. Let us look at an example that
comes from the Platonic dialogue Euthydemus:

(1) This is a horse.
This is white.
Therefore, this is a white horse.
(2) This dog is a father.
This dog is yours.
Therefore, this dog is your father.
The sentences in group (1) obviously constitute a valid argument, while
those in (2) do not, although they appear to have (at first glance) a similar
linguistic structure to those in (1).

So it became clear that it was advisable to use symbolic or “formal”
languages in Logic. Until the Middle Ages, the use of symbols was very
limited - some symbols were used as abbreviations. The use of symbols
in Mathematics, which had contributed to its development, led to the
introduction of symbols for the study of logical issues. It was found that
the use of symbols could increase not only the precision in the formulation
of arguments, thus avoiding problems such as the above, but also the
generality of the application of methods and rules.

G. Leibniz (1646-1716) was the first to realize the importance of introdu-
cing a good symbolism in the context of developing a calculus of arguments.
Also B. Bolzano (1781-1848) used a semi-formal language, namely German
enriched with various types of constants and variables, to study basic
concepts of Logic, such as the concept of logical inference. The founders
of “Symbolic” or “Formal” or “Mathematical” Logic are considered to be
A. De Morgan (1806-1871) and G. Boole (1815-1864). In 1847, the work
Formal Logic of the former and the work Mathematical Analysis of Logic of
the latter were published, with which we consider that modern Logic was
born.

At the end of the 19th century, three overlapping schools of Logic
emerged: the “algebraic”, the “logicist” and the “formalist”. To their astonish-
ing flourishing, which lasted into the twentieth century, contributed the
discovery of non-Euclidean geometries and paradoxes in Set Theory, which
was significantly developed by G. Cantor (1845-1918).
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The main representatives of the algebraic school were G. Boole, J.
Venn (1834-1923), C. Peirce (1839-1914) and E. Schroéder (1841-1902).
This school focused its interest on the study of the relationship between
numerical operations, such as addition and multiplication, and logical
operations. The main goal was to develop calculi with application in
various contexts, such as propositions, sets and probabilities. Starting with
one or more algebraic systems, algebraists formulated a set of axioms that
were true in each of these systems. The system that Boole developed was
essentially what we today call “Boolean algebra”.

The members of the logicist school believed that Logic was the basis for
all kinds of precise argumentation. Its main representatives were G. Frege
(1848-1925), perhaps the greatest logician since Aristotle, and B. Russell
(1872-1970). Frege developed a rich formal language with mathematical
rigor in his Begriffsschrift and attempted to show that various parts of
Mathematics, such as Number Theory, were actually parts of Logic. Unfortu-
nately, his system was contradictory, as Russell showed with his famous
paradox, and had to be rejected. In an attempt to improve the situation,
Russell and A. Whitehead (1861-1947) developed the “theory of types” in
their Principia Mathematica.

The formalist school had as its most important representatives R.
Dedekind (1831-1916), G. Peano (1858-1932) and D. Hilbert (1862-1943).
The aim of the research of this school was the construction of axiomatic
systems for individual branches of Mathematics, e.g. Geometry, Number
Theory etc. The basic direction was the same as that of Euclid in the
Elements, but with an emphasis on the precise formulation of the logical
rules that are allowed to be used. Hilbert was the initiator of the so-called
“Hilbert’s program”, the aim of which was to formalize Mathematics and
prove that the usual methods of proof cannot lead to contradictions.

Other important logicians in the twentieth century were L. Lowenheim
(1878-1957), T. Skolem (1887-1963), A. Tarski (1901-1983), A. Church
(1903-1995), K. Godel (1906-1978) and S. Kleene (1909-1994). Godel,
in particular, is considered the leading logician of this century, since
he proved two of the most fundamental theorems of Logic, namely the
“completeness theorem of predicate calculus” and the “incompleteness
theorem of formal arithmetic”.

The formal languages that we will use in the following are the following:
the “language of propositional logic” and the “first-order languages”.
To the language of propositional logic we are led by making a rough
abstraction from a natural language, while to first-order languages we are
led by making a finer one to the language we use in Mathematics, that is,
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to a natural language along with some other symbols. When speaking of
formal languages, we are using natural languages. In our study, therefore,
we must distinguish between the “object language”, which is the formal
language that we are studying, and the “meta-language”, which is the
natural language that we are using in our study. For us, the meta-language
is English, along with some symbols and the object-language is one of the
formal languages mentioned earlier, and the way of working is the one we
use in Mathematics — this is one reason why the Logic we are interested
in is called “Mathematical Logic”.
A natural language has two sides:

* the “syntactical”, i.e., a set of rules describing the permissible ways
of constructing words and propositions, without any reference to
interpretations of the words and propositions, and

¢ the “semantic”, i.e., the attribution of meaning to words and proposi-
tions and then the assignment of truth value (“true” or “false”) to
propositions.

Exactly the same thing happens with formal languages. The main difference
is that with such a language we avoid the ambiguities of a natural language,
by strictly defining (in the meta-language) the syntactic and semantic
concepts.

When we talk about a symbol (or combination of symbols) we give it
a name, which is usually the symbol (or combination of symbols) itself
in quotes. For example, “Heraklion” is the name of a Greek word, while
Heraklion is the name of a Greek city. Here, where the distinction between
the object language and the metalanguage is important, it is very often
necessary to use names of symbols (or combinations of symbols) of the
object language. For simplicity, we accept the following:

e A symbol (or combination of symbols) of the object language will
also be used as its name in the metalanguage.

¢ As the name of a symbol (or combination of symbols) of the meta-
language will be used

— the symbol itself (or the same combination), if there is no
possibility of confusion and
— the symbol (or combination) within quotation marks, otherwise.

Some of the symbols of formal languages are “variables” that take
values in some set of sentences, numbers etc. In the meta-language, we
need something similar, and for this we use “syntactic variables” that take
values in some set (of combinations) of symbols of the object language.
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Chapter 2

Propositional Logic

2.1 The language of propositional logic

This language, denoted with Ly, is poor in comparison with a natural
language: it has no letters which can be used to make words and then
propositions, but only symbols for basic propositions, which by the use of
connecting symbols allow us to construct complex propositions. The set
of its symbols has the following elements:

® po,Pp1,P2,-... which are called “propositional variables”

* -, A,V,—, <, which are called “connectives” — respectively, “negation”,
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“conjunction”, “disjunction”, “implication”, “equivalence”

e (), which are called “parentheses” — respectively, “left parenthesis”
and “right parenthesis”.

The set of propositional variables is denoted with PV (L). We will use
D,q,T,... as syntactic variables taking values in PV (Ly).

The connectives and parentheses are called logical symbols, because, as
we will see, they have a definite meaning, while the propositional variables
are called non-logical symbols, because they can be interpreted in various
ways.

Having seen the symbols of £y, we now turn to the rules for constructing
combinations of symbols that will be meaningful.

Definition 2.1.1 An expression of Ly is any finite sequence of symbols of
Lo, e.g. = poV . (p1 = po.

EX(Ly) will denote the set of expressions of Ly; we will be using the
letters «, 3,7, ... as syntactic variables taking values in EX (Lo).
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Of course, only some of the expressions of £y will play the role played
by propositions in a natural language, namely the ones described in the
following definition.

Definition 2.1.2 An expression « is a propositional formula iff (that is, if
and only if)

e it is a propositional variable or

e it is of the form (—p), (BA7), (BV ), (B = 7), (8 <> ), where 3, v
are already constructed propositional formulas.

Here are some propositional formulas: p1, (po Ap2), (—p1), (p3V (P5 <> po)).
The set of propositional formulas will be denoted with PF'(Ly). The letters
0,7, , ... (attention, the letter Y is different from the letter x) will be used
as syntactic variables taking values in PF(Ly).

The existence of the set of propositional formulas is based on the
recursion theorem concerning the set of natural numbers:
It A is an arbitrary set, acA and ¢g : A — A, then there exists a function
f N — A such that

f(0)=a
and f(n+1)=g(f(n)) for every n € N.

In this case, we consider the set P(EX (L)), i.e., the powerset of EX (L),
its element PV (Lp) and the function h : P(EX(Ly)) — P(EX(Lo)
defined as follows:
B(X) = {a: a of the form (~B), (BA7). (BV ). (8 —7). (8 7).
where 3,7 € X},

for every X C EX(Ly).
By the recursion theorem, there exists a function f : N — P(EX (L))
such that
f(0) = PV(£Lo)
and f(n+1)= f(n)Uh(f(n)) for every n € N,

so that the propositional formulas are precisely the elements of the sets
PV (Lo), h(PV (L)), h(PV(Ly) UR(PV(Ly))),- .., that is, the elements of

UnGN f(')’L)

Remark. For convenience, sometimes we use [ , ] or { , } instead of (, )
in propositional formulas.

Since the set PF (L) was defined “recursively”, when we want to prove
that all propositional formulas have a property, we work “inductively”, i.e.,
we apply the following theorem.



Theorem 2.1.1 (Principle of induction for PF (L)) If Ais a set of propo-
sitional formulas such that

a) PV(Ly) C A and

b) for every ¢,1 € A, the formulas (—p), (¢ A1), (@ V¥), (¢ — ),
(¢ <> 1) belong to A,

then A = PF(Ly).

Proof. Supposing that A is a set of propositional formulas for which a) and
b) hold, we will show that PF(Ly) C A. To prove this, by the discussion
after Definition 2.1.2, it suffices to show that B = N, where

B ={n € N: for every formula ¢ € f(n),p € A}.

Now suppose B # N so that N — B is a non-empty subset of N. By the
least element principle, N— B has a least element, say n. Then there exists
a formula x such that y € f(n) but x ¢ A. By a), x is not a propositional
variable; hence it is of the form (—¢) or (p A ¢) or ..., for some ¢ or
¢, belonging to some f(m), for m < n. Suppose that it is of the form
(—¢). Then ¢ € A, by the hypothesis about n, which, by b), implies that
(mp) € A, ie., x € A, which is impossible. Working similarly, we can
arrive at a contradiction, if we suppose that y is of the form (¢ A%) or ....
Hence the claim holds. g

Example. We will prove that every propositional formula contains the

same number of left and right parentheses. Let A be the set of propositional

formulas having this property. Obviously, PV (L) C A (since every proposi-
tional formula contains O left parentheses and 0 right parentheses). Suppose
now that ¢, € A. The formula (—¢) contains one more left and one more

right parenthesis than ¢, hence it also contains the same number of left

and right parentheses; therefore, () € A. Similarly, we can check that

(e AY), (eV ), (p = ), (p <> ) € A and hence A = PF(Ly), by the

principle of induction.

As a consequence of the example above, we can prove that the way
parentheses are used does not lead to ambiguities, in the sense that,
for every propositional formula ¢, there exists a unique procedure for
constructing it from the propositional variables occurring in it. To prove
this, we will need the following.

Lemma 2.1.1 For any propositional formula ¢, no proper initial segment
of ¢ is a propositional formula.



Proof. Exercise.

Theorem 2.1.2 (Unique Readability Theorem) For the functions G- :
PF(;CO) — PF(,C()), G/\,G\/,GH,GH : PF(,CQ) X PF(,C()) — PF(,CQ)
defined as G-(p) = (—p), Galp,¥) = (¢ A1) xow Spota yiow Tt Gy,
G, G, the following are true:

(a) the set PV(Ly) and the ranges of G-, G etc. are pairwise disjoint

(b) G-, G etc. are 1-1 functions.

Proof. (a) Suppose, for example, that for some propositional formulas ¢,
Y, x it is the case that G.(p) = GA(¥, x), that is, the formula (—¢) is
identical with (1) A x). Then the sequence of symbols —) is identical with
the sequence 1 A x), hence the first symbol of the formula ¢ must be
-, which is impossible (- ¢) could have only the form (—t7)). Hence the
intersection of the ranges of G-, G\ is empty.

(b) Suppose, for example, that for some propositional formulas ¢, ¥, x, 6
we have G_(p,v) = G_(x,0), that is, the formula (¢ — ) is identical
with (x — 6). Then the sequence of symbols ¢ — 1) is identical with the
sequence x — #). Comparing now the sequences ¢ xow x, we distinguish
three cases: ¢ is a proper initial segment of x, x is a proper initial segment
of ¢, ¢ is identical with x. But the first two cases are not possible, because
of the previous Lemma. Hence ¢ is identical with x. Similarly, we can
show that 1 is identical with €, so our claim holds. a

As we mentioned, the previous result guarantees the uniqueness of the
way of constructing an arbitrary propositional formula from propositional
variables by means of the functions G-, G, etc. In other words, every
propositional formula corresponds to a unique “tree diagram”, that is, a
diagram representing its construction from propositional variables using
connectives. For example, the following tree diagram corresponds to the
propositional formula [((po — p1) V p2) <> (—p3)]:

po\ /

(po — p1) P2 J

\ / /
((po = p1) V p2) 7

\

[((po = p1) V p2) < (—p3)]

b1
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In fact, we can give an algorithm which, given a propositional formula,
produces the unique tree diagram corresponding to it. Tree diagrams will
be useful for us when we discuss the semantics of L.

Many times the parentheses contained in a propositional formula are
so many that it is not easy to conceive its structure. For this reason, we
omit some of them, according to the following rules:

* The external parentheses of a propositional formula are omitted.

* - is considered to be stronger than the other connectives and A,V
are considered to be stronger than —, <.

* A,V are considered to be equivalent and the same holds for —, <.

Hence, we may write py A p; instead of (pg A p1), —po V p1 instead of
((=po) V p1) and pa A p1 — po V p4 instead of ((p2 Ap1) = (po V pa)).

Having said enough about the syntax of £y, we will now discuss its
semantics. An interpretation of £y, which is called “intended interpretation”,
is the following.

e The propositional variables correspond to elementary (or atomic)
propositions of a natural language, that is, minimal propositions
which can be characterized as true or false.

* The connectives correspond to the expressions “not”, “and”, “or”, “if

LT3

... then ...”, “... if and only if ...”.

® The parentheses correspond to punctuation marks indicating the
beginning and the end of a proposition.

Under this interpretation, the propositional formulas of £, correspond to
propositions of a natural language that are constructed from elementary
propositions by using the expressions “not”, “and” etc. For example, if pg
corresponds to the elementary proposition “2/3 is a rational number”, p3
to “-4 is an integral number” and p; to “\/7 is a real number”, then the
propositional formula pg Aps — —p; corresponds to the proposition “if 2/3
is a rational number and -4 is an integral number, then /7 is not a real
number”, and py — (ps — —p1) corresponds to the proposition “if 2/3 is
an integral number, then /7 is not a real number, assuming that -4 is an
integral number”.

Let us now see how a truth value is assigned to a propositional formula.

Definition 2.1.3 Truth assignment (or evaluation) is a function
a: PV(Ly) — {1,0}, where 1, O are called truth values and correspond to
the notions “true”, “false”.



Remark. As the previous definition shows, we focus on two-valued logic.
Instead of two, we could consider 3 or 4 or infinitely many truth values,
but we will not deal at all with these variations.

Given a truth assignment a, determining the truth value of an arbitrary
propositional formula, i.e., finding a function @ : PF(Ly) — {1, 0}, involves
the rules/tables given below. These tables are called truth tables and are
suggested to us by the intended interpretation of L.

a(y) | a(—p)
1 0
1
a(p) | a() |alpA) [aleVy) | ale = ¥) | ale 1))

1 1 1 1 1 1
1 0 0 1 0 0
0 1 0 1 1 0
0 0 0 0 1 1

Special attention should be paid to the column corresponding to implication,
which is usually called “material implication” — for a discussion, see section
8.3 of [8].

Given a truth assignment a, since, as we saw, the set of propositional
formulas was defined recursively by means of the function h, there exists
a unique extension @ of a constructed on the basis of the truth tables of
the connectives. The proof is similar to that of the recursion theorem for
N — first we extend a to the set h(PV (Ly)), then to h(PV (Ly)Uh(PV(Ly)))
etc., obtaining @ as the limit of this sequence of functions.

Theorem 2.1.3 Let a be an arbitrary truth assignment. Then there exists
a unique function @ : PF(Ly) — {1,0} such that

1) @ is an extension of a and

2) for any propositional formulas ¢, ¥
a(—p) = F-(a(p)),
a(p ANY) = Fa(a(e),a))
a(p vy) = F(ale)av). ™
a(p — ) = Fo(alp),a()).
a(p < P) = Fe(aly), al

where I, : {1,0} — {1,0} and Fx, i\, F,, Fy, : {1,0}?> — {1,0} are
the functions corresponding to the truth tables above.
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Proof. We call admissible function a function b : T—{1, 0} such that PV (L) C
T C PF(Lp), b extends a and the following holds

3) for any propositional formulas ¢, ¥, if ~@, o A, V), 0 = 1, o <
1 €T, then p, € T and (*) above are true.

We now consider the set A of admissible functions and definea = (J{b: b €
A}. Using set-theoretical arguments and the unique readability theorem,
we can prove that

a) a is a function

b) the domain of @ is PF(Ly)

¢) @ is an admissible function

d) @ is the only admissible function having PF(Ly) as domain. O

Given a truth assignment a, to determine a(yp) we use the tree diagram
of . Intuitively, it is obvious that @(¢) depends only on the truth values
that a assigns to the finitely many propositional variables occurring in .
This fact is provable, namely, the following holds.

Proposition 2.1.1 For any propositional formula ¢ and truth assignments
a1, az, if a1,az agree on the propositional variables occurring in ¢, then

ai(p) = az(p).

Proof. Exercise 7.

Example. Let a be a truth assignment such that a(p2) = a(ps) = 1 and
a(po) = a(p1) = a(p3) = 0. Then we determine a((py — p1Vp2) <> “P3Aps)
as follows:

b1 b2 p3
0 1 0
N\ |
Po p1V P2 —p3 D4
VAN
Do — p1V P2 p3 A D4

1\/ 1
(po = p1VDp2) > ~p3 A pa
1

For simplicity, we mention only propositional variables and connectives:
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We have said enough about £j. Let us see now how we can use it to
study proofs.

2.2 Tautological implication

In this section we will use notions that we defined while discussing
the semantical side of L.

Definition 2.2.1 Let 7' C PF(Ly), ¢ € PF(Ly) and a a truth assignment.
We say that
a) a satisfies o iff a(¢)=1 and a satisfies T iff a satisfies all elements of
T.
B) T is satisfiable iff there exists a truth assignment satisfying it.
Y) ¢ is a tautology iff every truth assignment satisfies ¢.
d) ¢ is a contradiction iff -y is a tautology.

Definition 2.2.2 Let T C PF(Ly) and ¢ € PF(Ly). We say that T
tautologically implies ¢, and we write T = ¢, iff every truth assignment
satistying T satisfies also ¢.

Remarks. 1) Obviously 7' = ¢ for all p € T.

2) 0 | ¢ iff ¢ is a tautology, since every truth assignment satisfies (). In
other words, tautologies are the tautological consequences of ().

3) If T is not satisfiable, then clearly T' = ¢ for all .

4) f T = {¢} and T | ¢, then we write simply ¢ = ¢ and say that ¢
tautologically implies .

5 If ¢ = 1 and 9 = ¢, then we write ¢ = 1 and say that ¢, 1 are
tautologically equivalent.

The next theorem shows that we can use the method of “reduction to
the impossible”.
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Theorem 2.2.1 For any T'C PF (L) and ¢ € PF(Ly),
T | ¢ iff T U {—¢} is not satisfiable.

Proof. (=) Suppose that T = ¢, but T'U {—¢p} is satisfiable. Then there
exists a truth assignment a that satisfies 7' U {—¢}. But now we have
arrived at a contradiction, because it must be the case that a(p) = 1, since
a satisfies T, and T |= ¢, and, at the same time, a(y) = 0, since a satisfies
—. Therefore, the implication holds.

(<) Suppose that 7' U {—¢} is not satisfiable, but 7" [~ ¢. Then there
exists a truth assignment which satisfies 7" but does not satisfy . Hence
there exists a truth assignment satisfying 7" U {—~¢}, which is impossible.
Therefore, the implication holds. O

The following theorem will be proved later.

Theorem 2.2.2 (Compactness Theorem) Let 7" be an infinite set of propo-
sitional formulas. If every finite subset of T is satisfiable, then 7' is satisfiable.

In what follows, we will describe an algorithm, on the basis of which we
decide whether or not a finite set of propositional formulas tautologically
implies a propositional formula. So suppose that we are given a finite
T C PF(Lp) and a propositional formula ¢. Because of Proposition 2.1.1,
we are interested only in the truth values that a truth assignment assigns
to the propositional variables occurring in elements of 7" U {¢}. Suppose
that n different propositional variables, n > 0, occur in the elements of
T U{p}. We construct a truth table with 2" rows (why?) and m columns,
where m > 0 is the number of different propositional formulas involved
in the tree diagrams of the elements of T'U {¢}. After determining the
truth values in all columns, we examine all rows to check if every truth
assignment satisfying 71" also satisfies ¢ or not.

Examples. 1) We will show that pAg¢—r=p— (¢ — 7).

pla|r|pAglg—=r|pAgq—=r|p—=(g—T)
T[11] 1 1 1 1
11110 1 0 0 0
10[1] 0 1 1 1
11010 0 1 1 1
o[1[1] 0O 1 1 1
0/1]0 0 0 1 1
0l0|1] O 1 1 1
0/0]0] O 1 1 1
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As we see in the last two rows, the formula p — (¢ — r) takes value 1
every time that p A ¢ — r takes value 1; hence our claim holds.

2) We will show that the propositional formula —(p A ¢) <> —=pV —q is a
tautology (i.e., it is tautologically implied by ().

pla|lp|~q|prqg|-Ag | pV—g|(pAg) < PV g
1100 1 0 0 1
tjfolo 1] o 1 1 1
o1 1o o 1 1 1
ojlo[ 11 o 1 1 1

The last column of this truth table shows that the propositional formula
we are interested in always takes value 1, hence it is a tautology.

Remark. Sometimes we can attain our aim without using truth tables. Let
us see two examples.
(a) To check that the propositional formula

pV(gAT) < (V@A (PVT)
is a tautology, we work as follows:

1) We start assuming p takes truth value 1. Then we see that the
propositional formula takes value 1, without having the need to
know the truth values of ¢, r.

2) Then we suppose that p has truth value 0. This is not enough to
find the truth value of the whole propositional formula. For this
reason, we suppose that also ¢ has truth value 0, in which case the
propositional formula takes value 1.

3) Finally, we suppose that p has value 0 and ¢ has value 1. Given
the symmetry in the occurrences of ¢, r, if we suppose that r takes
value 0, we are again in case 2. For this reason, we suppose that
r has value 1. Then the propositional formula takes again value 1.

Schematically:
p vV (¢ AT Vg AP Vo)
1 1 1 1 1 r 11
0 0 0 O 1 0 0 0 0 O
o1+t 11 1t 1 111 1 0 11

(b) Suppose now that we want to check whether or not the propositional
formula (p Aq — r) — (pV ¢ — r) is a tautology. We check whether or
not there exists a truth assignment which assigns value 0 to this formula.
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Such an assignment would assign value 1 to the formula p A ¢ — r and
value O to the formula p V ¢ — r. Continuing in the same way, we find a
truth assignment a such that a(p) = 1 and a(q) = a(r) = 0; this assignment
assigns value O to the propositional formula under examination and hence
this formula is not a tautology.

A list of fundamental tautologies, that are called “laws of propositional
logic”, is the following:

Laws of commutativity: CAY YA
PV PV

Laws of associativity: eNWAY) e (OAY)Ax
pV(PVX) e (pVY)Vx

Laws of distributivity: NPV X)) (@AY)V(pAX)
eV (WAX) & (V) A(PVX)

Law of double negation: P P

Law of negation of implication: —(¢ — ¥) <> @ A =)

De Morgan’s laws: (e AY) & VY
(e V) & e Ay

Law of excluded middle: pV

Law of contraposition: o =) < (7 = —p)

(
Law of exportation: (AP = x) < (¢ = (¥ = X))
Laws of replacement: (o =) & (e V)
(P ) & (=P A (=)
(P V) & (20 A=)
(e AY) & (2 V).

2.3 Complete sets of connectives

Let us consider a language that has as symbols the propositional
variables, parentheses and some of the five connectives, perhaps together
with other connectives, and which is similar to £y. Is this new language
semantically richer than £y, poorer than £y or equivalent to £p; Our aim
in this section is to answer this question.

First we need a definition.

Definition 2.3.1 Let £ € N. A Boolean function with k+1 wvariables is a
function f: {1,0}**! — {1,0}.
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It is obvious that to any propositional formula with k41 different
propositional variables corresponds a Boolean function with k+1 variables.
Is the converse also true? The answer is “yes”, as shown by the next
theorem.

Theorem 2.3.1 If f is a Boolean function with k-+1 variables, k€N, then
there exists a propositional formula ¢ in which the variables occurring are
Do, - - ., Pk such that for any truth assignment a the following holds:

a(p) = f(a(po),---,a(pk))

that is, the truth table of ¢ completely represents f.

Before proving this theorem, let us see an example that will make the
proof more comprehensible. So let f be the Boolean function with three
variables that is defined by:

£(0,0,00=0  f(1,0,0)=1
£00,0,1)=1  £(1,0,1)=0
£00,1,00=1  f(1,1,0)=0
fO,1,1)=0  f(1,1,1)=1

(for simplicity, we write 0, 0,0 instead of (0,0, 0) etc.)
First we separate the elements of {1,0}3 to which f assigns the value 1.
These are the following;:

(0,0,1), (0,1,0), (1,0,0), (1,1,1) (¥,

To each of these ordered triples we correspond a propositional formula in
which the only propositional variables occurring are pg, p1, p2, as follows:
If the first coordinate of the triple is 1, then we take py, while if it
is 0, we take —pg. Similarly for the other two coordinates of the triple
and finally we take the conjunction of the three elementary propositional
formulas obtained. So to (0,0,1) corresponds the propositional formula
—po A\ 7p1 A\ pa.

The disjunction of the propositional formulas corresponding to the ordered
triples (*) is the propositional formula

(mpo A =p1 Ap2) V (mpo A pr A =p2) V (po A —p1 A —p2) V (po A p1 A p2),
whose truth table realizes completely the function f.

Let us now turn to the proof of the theorem.
Proof. We distinguish two cases.
First case. Suppose that the range of f is {0}. Then the truth table of the
formula
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(po A —po) V (p1 A —p1) V... V (P A —pr)

fully describes f.
Second case. Suppose that there are n+1 ordered k+1-ples, n, k€N, which
f corresponds to 1, say the following

< T00; 7015 -+, TOk >
< T105 T115 -+ T1k >

< Tn0s Tnly s Tnk >

We claim that the propoitional formula ¢ that we are looking for is 1y V
Y1 V...V, where ¥; = xi0 A... A X ¢ =0,...,n, and

o Dj, ifTijzl
Xij = Py, if Tij = 0.
Indeed, let a be an arbitrary truth assignment. If a(py) = 70, ...,a(px) =
731 for some i, then

a(p) =1 = f(a(po),...,alpk))-

If, on the other hand, (a(po), ..., a(pk)) # (Tio,- .., Tik) forall i =0,...,n,
then

fla(po), ... a(pr)) = 0 =1a(p).

g

Remarks. a) When the truth table of ¢ fully describes (or realizes) the
Boolean function f, we will say that “p represents f”.

b) There are always more than one propositional formulas representing
the same Boolean function f — if ¢ represents f, then any propositional
formula tautologically equivalent to ¢ also represents f. In the example
that we have just given, the formula pg <> (p1 <> p2) also represents f.

Definition 2.3.2 We will say that a propositional formula is in disjunctive
normal form iff it is of the form vy V)1 V... V), where 1); is a propositional
formula of the form x;o A... A X, @ =0,...,n, and Y;; is a propositional
variable or negation of a propositional variable.

An immediate consequence of Theorem 2.3.1 is

Corollary 2.3.1 Every propositional formula is tautologically equivalent
to a propositional formula in disjunctive normal form.
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Proof. Exercise. O

Now we are able to answer the question we posed at the beginning of
this section, concerning two of all possible cases, namely the case in which
we take all initial connectives plus some extra ones and the case in which
we take only some of the initial connectives.

First case. So suppose that we take, in addition to the initial connectives,
a new connective # and develop the new language L{, as we did with £
(that is, we define propositional formulas, determine the truth table of #
etc.).

Let now ¢4 be a propositional formula of L. Its truth table is fully
described by a Boolean function, say f. By Theorem 2.3.1, there exists a
propositional formula v of Ly that represents f. Then the formulas ¢4, ¥
have exactly the same truth table, hence they are tautologically equivalent.
Therefore Lj, is semantically equivalent to £y. Of course, the same holds
if we take more than one extra connectives.

Second case. According to Corollary 2.3.1, if we keep only =, A, V, we get
the same language. As we will see, it suffices to keep less. However, to
proceed we need a definition.

Definition 2.3.3 Let C be a set of connectives. We say that C' is complete
(or sufficient) iff every propositional formula is tautologically equivalent to
a propositional formula containing only connectives that belong to C.

As we have seen, {—, A, V} is a complete set. Omitting one of the connectives
A,V we obtain again a complete set.

Proposition 2.3.1 {—, A}, {—,VV} are complete sets of connectives.

Proof. We will show that the set {—, A} is complete — the proof for {—, V}
is similar.

So let ¢ be an arbitrary propositional formula. By Corollary 2.3.1, there
exists a propositional formula ¢* in which only the connectives —, A,V
occur and such that ¢ = p*.

The third law of replacement gives ¢V x = —(—¢)A—). Therefore, starting
from “inside out” in ¢*, that is, from the less complex subformulas in
which V appears and continuing to those of larger complexity, we can
get rid of all its occurrences in ¢*. In this way we obtain a propositional
formula ¢** in which only =, A occur and such that ¢ = ¢** (see Exercise
12). O

Remarks. i) In order to give a proper proof of the former proposition
we have to use the principle of induction for PF(Ly), suitably modified
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(that is, instead of PF(Ly) it holds for the set PF'(Ly) of all propositional
formulas in which the only connectives occurring are —, A, V).

ii) Because of Proposition 2.3.1, we could have taken only two connectives
from the beginning and introduced the other three as abbreviations (this
is exactly what we will do in predicate logic).

Having a complete set of connectives C' and a propositional formula
¢, in order to find a formula containing connectives only from C' which
is tautologically equivalent to ¢ we use the laws of replacement, following
the procedure described in the proof of the previous proposition.
Example. Let us find a propositional formula in which only -,V appear
and which is tautologically equivalent to the formula p VvV ¢ — (¢ ¢ r).
Schematically, we proceed as follows:

pVag—(q@—=1)N(r—9q) 2nd law of replacement
pVqg— (—gVr)A(—rVg) 1st law of replacement

pVqg— (=(=gVr)Va(-rVg) 4th law of replacement
=(pVq)V-(=a(=gVr)Va(-rVyg) 1stlaw of replacement.

To show that a set of connectives C' is not complete is harder than
showing that it is complete. Usually we do the following: We show that
the truth table of any propositional formula containg connectives only
from C has some specific property. Then we find a propositional formula
containing a connective containing a connective not belonging to C' and
whose truth table does not satisfy this specific property.

Example. We will show that {A, —} is not complete.

We observe that any propositional formula containing only the connectives
A, — takes value 1 when all propositional variables occurring in it take
value 1 (- for a proper proof, we use the principle of induction). However,
the propositional formula —py does not satisfy this property.

We will finish this section with a discussion concerning all n-ary
connectives, for n<2, that we could have chosen. Obviously the truth table
of an n-ary connective is fully described by a Boolean function with n
variables. But the number of such functions is 22" and hence there are
22" many possible n-ary connectives.
n=0. There exist two 0-ary connectives, namely T and L, which form by
themselves propositional formulas such that, for any truth assignment a,
we have that @(T) =1 and a(L) = 0.
n=1. There exist four 1-ary connectives; two of them correspond to the
constant functions with value 1, O correspondingly, one corresponds to
the identity function on {1,0} and the fourth one is —, which we have
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already seen.

n=2. There exist sixteen possible 2-ary connectives, out of which only 10
are essentially binary — the remaining ones are essentially O-ary or 1-ary.
Apart from the ones we have already seen, we have to mention +, |, |,
which correspond to the expressions “... or ... but not both” (exclusive

disjunction), “neither ... nor ...”, “not ... or not ...” and have the following
truth tables:

a(p) |aW) | ale+v) | ale L y) | alel)
1 1 0 0 0
1 0 1 0 1
0 1 1 0 1
0 0 0 1 1

Remarks. i) The connective | was introduced in 1940 by W. V. Quine (see
[25]).

ii) The connective | is called “Sheffer’s stroke” and was used for the first
time in 1913 by H. M. Sheffer (see [28]). We note that, however, this
connective had been studied before by E. Stamm (see [29]).

Example. {|} is complete (we suppose that we have modified the definition
of the set of propositional formulas etc.).
Obviously, for any propositional formulas ¢, :

—p =¢lp and @V = (pl)|(Y])).

Since {—, vV} is complete, this is true also for {|}.
Similarly, we can show that {]} is complete.

Proposition 2.3.2 For any binary connective * different from
{*} is not complete.

, 4, the set

Proof. Suppose that * is a binary connective such that {«} is complete,
but * differs from | and |.

If %(1,1) = 1, then every propositional formula in which only * occurs
would take value 1 when all its propositional variables took value 1. But
—pp does not satisfy this property. Hence x(1,1) = 0.

Similarly we see that it must be the case that %(0,0) = 1. Concerning the
values *(1,0), (0, 1) there are four cases:

a)1,1 b)1,0 ¢ 0,1 d)0,0.

Since * differs from both | and |, cases a) and d) are excluded. If case c)
holds, then x(p,1) = —p. If case b) holds, then *(p,v) = —). So, in all
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cases, * would be definable from —. But {—} is not complete, and hence
{*} is not complete. O

Remark. If from the ten essentially binary connectives we exclude <,
+, anyone of the remaining eight connectives forms together with - a
complete set.

2.4 Propositional calculus

The following question arises naturally:
Is it possible to systematize tautologies by means of an axiomatic system?
In other words, is there a set of axioms and rules, on the basis of which
we can produce all tautologies and only these?
Here, of course, the notion of “axiom system” will be defined precisely
in the context of the language of propositional logic — usually, axiomatic
systems are not presented through formal languages.

Definition 2.4.1 An axiomatic (or formal or deductive) system for propositio-
nal logic, which we call propositional calculus, is composed of the following;:

* a set of propositional formulas A and

* aset K whose elements are (binary) relations between sets of proposi-
tional formulas and propositional formulas.

The elements of A are called axioms and those of K are called inference
rules (or deductive rules). If ke K and 7y, ..., 7,, T are propositional formulas
such that ({r1,...,7,}, 7)€k, then we say that 7 is a direct consequence of
Tly ooy T DY K.

Definition 2.4.2 Let A = (A, K) be an axiomatic system for propositional
calculus, B C PF(Ly) and 7 € PF(Ly).

* A formal proof in A from B is a finite sequence of propositional
formulas 74,..., 7, such that, for any i = 1,...,n, we have

1) 7, € AUB or
2) 7; is a direct consequence of previous propositional formulas by
some inference rule.

When B = (), instead of formal proof in A from () we say simply formal
proof in A.
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* We say that 7 is formally provable in A from B, and denote this by

B 4 7, iff there exists a formal proof 7i,...,7, in A from B such
that 7, is 7.

When B F 4 7, the elements of B are called hypotheses and 7 is called
conclusion.

If B = (), then we write simply -4 7 and say that 7 is a formal theorem
of A.

Remarks. 1) The formal proofs that we can construct in A correspond to
proofs we can construct with the propositions of a natural language that we
mentioned at the end of the description of the intended interpretation of
the formal language Ly. This is the reason for using the term “propositional
calculus”.

2) It is obvious that if B -4 7, then B’ 4 7 for some finite set B’ C B.
3) It is also obvious that B +4 7 for all 7 € B.

4) If Bt 4 7, then clearly B’ 4 7 for any B C B’ C T'(T'y).

After these generalities, let us see what is the particular axiomatic
system Ay = (Ap, Ko) which we will study. Ap is the set whose elements
are all propositional formulas produced by the following axiom schemas

ASL. ¢ = (Y — @)
AS2. (o= (¥ = x)) = (=) = (¢ = X))

AS3. (2 = ) = (¢ = ¥) = ¢)
and K is the set whose only element is the rule of inference Modus Ponens
which (we will denote by MP and) is described as follows:

p Y,

A natural question that arises is the following: Why do only the
connectives —, — occur in the axiom schemas of Ay? The answer is that
this is not a problem, since, as we have seen, the set {—, —} is complete.

Example. The following formal proof in .4y shows that 4, ¢ — ¢. Note
that, for simplicity, when we have a formal proof 71,...,7, in Ay (from
some set B), we write the propositional formulas one under the other,
with explanations on the right.

Lofp=(p—=9) =)l =lg=(p—=9) = (p—¢)] AS2

2. o= (=) —p) AS1
3. (p=(p—=9) = (p—9) 1,2, MP
b (= (e—9)) AS1
5. p— o 3, 4, MP.
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In the sequel, we will deal with some theorems concerning the axiomatic
system Ay. Here we should stress the difference between “formal theorems”
and “theorems”. A formal theorem is an expression of a formal language,
while a theorem is an expression of the meta-language. The difference
between a “formal proof” and a “proof” is analogous.

Theorem 2.4.1 (Deduction Theorem) Forevery TCPF(Ly), ¢, »ePF(Ly),

if TU{p}kFa, v, then T k4, ¢ — 1.

Proof. Suppose that TU{p} I 4, 1, where T' C PF(Ly) and ¢,¢ € PF(Ly).
Then there exists a formal proof i,...,1¢, = ¢ in Ay from T U {¢}.
Using the principle of induction, we will show that for all i = 1,...,n:
TFa, o= i

First step. i = 1. We distinguish two cases.

a) P € AgUT.

Then T F 4, ¢ — 11, as seen from the following formal proof in Ay from
T:

1. 1,/J1 — ((p—>¢1) AS1
2. Y element of AgUT
3. p—Y 1, 2, MP.

b) 1 is identical with ¢.

By the previous example, we know that 4, ¢ — ¢. Hence T'F 4, ¢ — o,
that is, T'F 4, ¢ — 1.

Second step. Suppose that for all k, 1<k<i<n, we have T 4, ¢ — V.
We will show that T' -4, ¢ — ;. Again, we distinguish two cases.
D€ AgUT U{p}.

Then we obtain what is required as before.

ii) 1); is a direct consequence by MP, from 1, vy, j,1<i, where, without
loss of generality, 1); is of the form ; — ;.

Because of the inductive hypothesis, we have that

Thaye— 1 and T Fay 0 — (V) — ).

We now construct a formal proof in Ay from 7" as follows:
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..... formal proof from 7" in Ay

..... formal proof from 7" in Ag

ptle (o= (Y5 = i) = ((p = ¥5) = (p = i) AS2
pt2. (o= i) = (o — i) p, p+1, MP
L3, o — A, pi+2, MP.

Therefore, T' 4, ¢ — 1; and the proof of the Theorem is complete. O

Remarks. (i) The deduction theorem (through the intended interpretation
of Ly) expresses the following method of proof:

When from hypotheses H we are trying to prove that A = B, it suffices
to prove B from hypotheses H U {A}.

(ii) It is easy to see that the converse of the Deduction Theorem holds;
indeed, suppose that T'F 4, ¢ — 1. Now observe that the formal proof

1. ..
..... formal proof from 7" in Ay

A1, ¢ element of TU {p}
A2, Y A A1, MP.
shows that T'U {¢} F 4, .

Corollary 2.4.1 1) {¢ — ¥, — X} Fa, ¢ = X-
2) {p—= (¥ = x), ¥} Fa, ¢ = X

Proof.
1) Tt suffices, by the deduction theorem, to show that

{o =, = x, 0} Fa, x-

But this follows from the next formal proof:

1. ¢ — 1 hypothesis
2. 9 — x hypothesis
3. o hypothesis
b, Y 1, 3, MP
5 x 2, 4, MP.
2) Similarly. 0

In what follows, we will use the theorems that we have proved to
shorten formal proofs in Ay. For example, if, in the process of constructing
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a formal proof, we have already written the propositional formulas ¢ — 1,
1 — X, then we can add ¢ — x and justify this by saying “Corollary 2.4.17,
instead of repeating the corresponding formal proof. By the way, we note
that, in systems of natural deduction, that are an alternative view of the
approach we are following for propositional calculus, there is a rule called
Hypothetical Syllogism and is depicted as follows:

o=
Y= X
=X
We continue with a result that will be very useful later.

Theorem 2.4.2 The following propositional formulas are formal theorems
of Ay (for any propositional formulas ¢, )):

D ——p—e

2) p— g

3 —p = (p—1)

8 (= -e) = (p = Y)

5 (p—=¢) = (¢ = )

6) (p—= =) = (b= p)

D o= (Y= =(p =)

8) (p—=4) = ((np =

9 (=)= (p—

Proof: Exercise 18.

— 1)

— —p).

~—_ ~—

One more consequence of the Deduction Theorem is the following

Theorem 2.4.3 (Contraposition Theorem) For any set of propositional
formulas 7" and any propositional formulas ¢, 9:

TU{p}Fa, ~p it TU{Y}Fa, —p.

Proof. (=) Suppose that TU{¢} F 4, =1. Then, by the Deduction Theorem,
T 4, ¢ — . The following formal proof shows that 1" -4, ¥ — —:

..... formal proof in A

A=Y
M1, (¢ — ) = (v — =) Theorem 2.4.2, 6)
A2, Y= - A A+, MP.

Using the Deduction Theorem again, we deduce that 7'U {¢} F 4, —.
(<) Similarly. O
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We continue with a result corrsponding to the method of “reduction
to the impossible”, which is used very often towards constructing proofs.
Before we see the theorem, we will define a new notion.

Definition 2.4.3 Let T be a set of propositional formulas. We say that
a) T is consistent iff there is no propositional formula ¢ such that T'F 4, ¢
and T+ Ag TP

b) T is contradictory iff T is not consistent.

We should note that, if 7" is a contradictory set of propositional formulas,
then T I 4, v for any propositional formula . Indeed, suppose that for
some propositional formula ¢ we have that 7' 4, ¢ and T - 4, —¢. Then,
using the formal theorem —¢ — (p — ) (Theorem 2.4.2, 3)), we can
construct a formal proof of 1 from T, for any propositionl formula .

Theorem 2.4.4 (Reduction to the Impossible) For any set of propositional
formulas 7" and any propositional formula ¢:

if T'U {p} is contradictory, then T' 4, —¢.

Proof. Suppose that TU{y} is contradictory. Then for some propositional
formula :

TU{QD} I—AozpandTU{ap} |_.A0 —ﬂb.

Hence, by the Deduction Theorem,
Tl—AO ap—mpandTl—AO © — .

Using now the formal theorem (p — v¢) — ((¢p — =) — —p) (Theorem
2.4.2, part 9)), we can construct a formal proof in .4y which shows that
Tk Ay TP- (]

We will not continue the study of Ay, for the following reasons:
* A is not the most suitable framework for the study of mathematical
proofs, since the language Ly has limited expressive capability.

* There is an easier way than constructing formal proofs in 4 to
check if a propositional formula is a formal theorem of 4y, namely,
checking that this propositional formula is a tautology or not — this
fact follows from theorems we will see in the next section.
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We will end this section mentioning two sets of axioms Aj, Af. each
one of which we can take in place of Ay without changing anything, i.e.,
the systems Ay, Aj = (A}, Ko) and Aj = (Afj, Ko) have the same formal
theorems.

The elements of A} are all propositional formulas obtained from the
following axiom schemas:

PV —p

p—=>eVY

eVY =2V

(Y —=x) = (VY= 9Vx).

A{ has as elements all propositional formulas of the form

{llp =) = (x =20 = x} = 7) = [(T = ¢) = (0 = 9)].

Remarks. i) The system Aj comes from [17].

ii) The axiom schema of the system A{j was invented by C. A. Meredith
(see [23]). Much later, a shorter axiom schema for propositional calculus
was invented (see [21]).

2.5 Soundness and completeness

In this section we will see that the axiomatic system Ay is sound, that is,
all its formal theorems are tautologies, and complete, that is, all tautologies
are formal theorems of the system. In other words, inferring propositional
formulas from others syntactically is the same thing as inferring them
semantically.

On the basis of the results in section 2.3, we may assume that the
only connectives occurring in propositional formulas are =, — (and the
induction principle holds with the appropriate modification).

To prove the first theorem, we need the next lemma.

Lemma 2.5.1 Given a truth assignment a, we define the function
~%: PF(Ly) — PF(Ly) as follows:

—a_ [ » ifalp)=1
¥ -, otherwise.

Then for any propositional formula ¢ and any truth assignment a the
following holds
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{]T()aa "'7]Tka} I_.Ao @a’
where k€N is such that all propositional variables occurring in ¢ are
among po, ..., Pk.

Proof. We use the principle of induction (on the set of propositional
formulas).

1) Let ¢ be a propositional variable, say p;. Then what is required holds
obviously, since the propositional formula ©“ is identical with the propositi-
onal formula p;%.

2) Now suppose that the property holds for the propositional formulas ¢,
1. We will show that it holds also for the formulas —¢, ¢ — .

a) Obviously, the propositional variables occurring in the propositional
formulas ¢, - are exactly the same, say they are among po, ..., pk.
Now we consider a truth assignment a. By the inductive hypothesis,
we have {po?,...,pr%} Fa, P
If a(p) = 1, then a(—y) = 0 and hence =p* = ——p. But 4, ¢ —
——¢p, by Theorem 2.4.2. Therefore, {po?,...,Dc"*} Fa, =@".

If a(¢) = 0, then @(—p) = 1 and hence $* = —p and =g = —p.
Therefore, {po®,...,px"} F.a, =%
So in both cases the formula —¢ satisfies the required property.

b) Suppose that the propositional variables occurring in ¢ are among
Do, -..,pr and those occurring in ¢ are among po,...,p;, Where,
without loss of generality, £<[. Clearly, the propositional variables
occurring in ¢ — 1 are among po, ..., p;. We consider a truth assignment
a. By the inductive hypothesis, we have

{po®, . PR} Fa, @ (D

{Bo%, ..., %} Fa, 0 (2.
By Remark 4) on page 24, (1) implies

{0, ..o} Fa, P (3).
If a(p — 1) = 0, in which case a(¢) = 1 and a(y)) = 0, we obtain

o= ==(p 1), P =pand ¥" =~ (4).
But by part 7) of Theorem 2.4.2, we have that
Fap 0 = (50 = = =) (5).
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From (2), (3), (4) and (5) we deduce that
{ZTOa7 R ’ﬁa} l_AO SO % ql}a’
and so what is required holds.

If a(p — ¢) = 1, in which case a(¢) = 0 or a(y) = 1, we will have
that

=Y =0 P =—pory’ =y (6).

If a(p) = 0, then what is required holds by (3), (6) and the fact that
Fa, 7 — (¢ — ¥) (see 3) of Theorem 2.4.2).

If a(y) = 1, then what is required follows by (2), (6) and the fact
that -4, ¥ — (¢ — 1) (see AS1).

So in all cases what is required holds. O

Remark. Note that, when we apply Lemma 2.5.1 for a given propositional
formula ¢, we essentially have to consider only assignments for the proposi-
tional variables occurring in .

Now we have available everything we need to prove the following
result.

Theorem 2.5.1 For any propositional formula ¢, if |= ¢, then F 4, ¢.

Proof. Let ¢ be an arbitrary propositional formula such that = ¢ and the
propositional variables occurring in ¢ are among py, ..., pr. Without loss
of generality, we may assume that k£>0.

Because of the previous Lemma, for any truth assignment a we have:

{Po%, ..., DK} Fa, ¢ (since a(p) = 1).
Now consider truth assignments ap,as, concerning po,...,pg, such that
a1(pg) = 1, az(pr) = 0 and a1 (p;) = az(p;), for all 0 <i < k — 1. Then
{]Toalv e apk—lalvpk} '_.Ao P

{170%7 v 7pk71a27 _‘Pk} F.Ao ®.
Hence, by the Deduction Theorem,

{ZTOala o 7pk—1a1} l_.Ao PE — @

{170@7 cee 7p/€—1a2} '_.Ao “Pr — P.

But by Theorem 2.4.2, part 8), (px — ¢) — ((—pr — @) — ¢) is a formal

theorem of Aj.
Hence for every truth assignment a concerning po, ..., pr—1

{ZTOav o 7pk7].a} l_Ao ®.
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Continuing in the same way, we can eliminate all propositional formulas
Do, ..., Dk—1" and deduce that -4, ¢. O

The following more general result holds (we will sketch the proof in
the next chapter).

Theorem 2.5.2 (Completeness of Propositional Calculus) For any set of
propositional formulas 7' and any propositional formula ¢,

it T =, then T' 4, ¢.

As we mentioned before, the converses of the results above also hold.

Theorem 2.5.3 For any propositional formula ¢, if -4, ¢, then = ¢.

Theorem 2.5.4 (Soundness of Propositional Calculus) For any set of pro-
positional formulas 7" and any propositional formula ¢,

if Tk, ¢, then T = ¢.

Proof. Suppose that T' - 4, ¢. Then there exists a formal proof ¢, ..., ¢, in
Ap, where ¢, is identical with ¢. As we will see in Exercise 19, every axiom
of Ay is a tautology and the rule MP preserves tautological implication.
Using these facts, we can show by induction that 7' |= ¢;, for all i =
1,...,n. Hence T = ¢,, that is, T |= . O

The previous theorem guarantees that Ay is not contradictory. Indeed,
suppose that there exists a propositional formula ¢ such that 4, ¢ and
.4, 7. Then we would have that = ¢ and = -, which is impossible.

As a corollary of the Completeness and Soundness Theorems we prove
the Compactness Theorem that we mentioned in section 2.2.

Proof. Suppose that 7" is an infinite set of propositional formulas such
that every finite subset is satisfiable, but 7' itself is not satisfiable. Then
T = po A —po (see Remark after Definition 2.2.2). Hence T 4, po A —po
(by the Completeness Theorem), which implies that there exists some
finite set 77 C T such that 7" k4, po A —po. By the Soundness Theorem,
it follows that 7" = pp A —po holds. Since T” is satisfiable, there exists a
truth assignment a satistying 7’. Then a must satisfy py A =po, which is
impossible. O

A consequence of the Completeness and SoundnessTheorems is that
there is an algorithm for deciding whether or not ¢ is formally provable
or not in Ay from some finite set 7' C PF(Ly), namely, the algorithm
that decides whether or not 7' = ¢. As we will see in the next chapter,
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things are not so simple in predicate logic, although in that context, too,
a completeness theorem is proved.

EXERCISES

1. Show that there are no propositional formulas with 2, 3 or 6 symbols,
but for any other natural number £ > 0 there exists a propositional
formula with £ symbols.

2. Let ¢ be a propositional formula, n the number of instances of binary
connectives and m the number of instances of propositional variables
occurring in ¢. Prove that m = n+1.

3. Show that the expression (p;—/Apy) is not a propositional formula.

4. Show that no proper initial segment of any propositional formula is
a propositional formula.

5. Construct the tree diagrams of the propositional formulas

[(p1 Apo) = ((=p2) V (p3 > p1))]. (p1V (p2 <+ po)).
[((po A p1) = p2) — Ppo]-

6. Let f,g: PF(Lp) — N be the functions defined as follows:

f(p)=0 g(p) =0
f(=p) = f(AN)+1 9(=p) = g(p)+1
flony) = fle)+f(W)+1  gle AY) =max(g(p), 9(¥))+1

and similarly with Vv, —, <> in place of A.
a) Find the numbers

f((p1 = p2) A (=p2 = o)), g((p1 V (P2 = p3)) A (=3 V —pa)))-

b) Prove that for any propositional formula ¢ the following holds:
9(P)<f ().

7. Prove Proposition 2.1.1.

8. Check whether or not each of the following propositional formulas
tautologically implies the other:

po <> (p1 <> p2), (Po A (P1 Ap2)) V (mpo A (=p1 A —p2)).
9. Is the propositional formula ((po — p1) — po) — po a tautology?
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10.

11.

12.

13.

14.

Prove that for any ¢,y € PF(Ly), ¥ C PF(Ly) it is true that

W SU{pl o if DEp— v

B p=v iff Epe.
Let o, 1,2, ... be a sequence of propositional formulas. For an
arbitrary propositional formula ¢, ¢* denotes the propositional formula
obtained by replacing pg with g, p1 with ¢1, p2 with @9 etc.

a) Let a be a truth assignment. We consider a truth assignment
b such that b(p;) = a(y;) for i = 0,1,2,.... Prove that b(yp) =
a(@®)-

b) Prove that if ¢ is a tautology, then * is a tautology.

For an arbitrary propositional formula ¢ we define recursively the
set of propositional subformulas of ¢, denoted by Sub(y), as follows:

Sub(p) = {p}
Sub(—p) = Sub(¢) U {~¢}
Sub(p A 9p) = Sub(p) U Sub(¢)) U {p A9}

and similarly for V, —, < in place of A.

Let now ¢, 1, x be propositional formulas such that x& Sub(y). We
define the propositional formula ¢[x/1] to be the formula obtained
from ¢, if we replace every occurrence of x in ¢ with . Prove that

if x =1, then ¢ = p[x/v].
There are three suspects for a murder, say A, B, C'. During interrogation,
they say:

A. 1did not commit the murder. The victim was an old acquaintance
of B. Furthermore, C hated the victim.

B. 1 did not commit the murder. I hardly knew the victim. In any
case, [ was not in town on the day of the murder.

C. 1 did not commit the murder. [ saw A and B with the victim
on the day of the murder. One of them must have committed
the murder.

Knowing that one of the three committed the murder and that the
innocent ones tell the truth, determine the murderer.

Prove the following Duality Principle:

Suppose that in ¢ there are occurrences of only the connectives
-,V,A. Let ¢* be the propositional formula obtained from ¢ by
alternating A,V and replacing every occurrence of a propositional
variable by its negation. Prove that -y = ™.
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15.

16.

17.

18.

19.

20.

21.

22.

23.
24.
25.

26.

Using laws of propositional logic and Exercise 12, simplify the following
propositional formulas:

1 A ((p1 Ap2) V (p1 A—p2))] V —(p3 V —p1),
(P A=)V (mp A) V (= A =),
(V)N = )] VI AX)V (P = X))

A prisoner who has been condemned to death is obliged to make a
statement. If the statement is true, he will be hanged; if the statement
is false, he will be shot. What statement should he make so that to
confuse his executors?

Which of the following sets are satisfiable and why?
PV (Lo), PF(Lo). {po,po = p1,~p1}, {pi = pi+1:i € N}.

Construct formal proofs to show that all propositional formulas
mentioned in Theorem 2.4.2 are formal theorems of Aj.

Check that the axioms of A are tautologies and that the rule MP
preserves tautological implication.

Prove that the propositional formulas [¢ — (¢ — x)] <> (p A — X)
and (¢ V1Y) A (¢ = x) A (¥ — x) — x are formal theorems of A.

Let f be the Boolean function defined by:
f£(0,0,0)=1 f(0,1,1)=0 f(1,1,0)=0
f(0,0,1) =1 f(1,0,00=1 f(1,1,1)=0

Find a propositional formula in disjunctive normal form that realizes
f. Is there a shorter such formula?

(1,0,1) =0
(0,1,0) = 1.

s

Determine the truth tables of the 9 possible binary connectives that
we have not mentioned.

Prove that {|}, {—, —} are complete sets of connectives.
Prove that the set {+, <>} is not complete.

Rewrite the following propositional formulas in disjunctive normal
form:

=(p1 = p2) V (=p1 Ap3), po— ((p2 = —po) V p3).

a) Prove that for any set of propositional formulas 7"

T is consistent iff T is satisfiable.
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27.

b) Is {—p2 A ps — p1,p2 — (=p1 — p3),p1 < —p3} consistent and
why?

If T C PF(Ly), T denotes the set {p € PF(Ly) : T .4, }. Prove
that for any sets 7', ¥ C PF(Ly) the following hold:

]

T b)TNXCTnNnX

a) T =
C)TUZQTUZ d) T(,Co)—TgT(ﬁ())—T.

Find examples for T, X for which C (proper subset) holds in b) —
d).
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Chapter 3

Predicate Logic

3.1 First-order languages

As we mentioned before, the language £ has very limited expressive
abilities and that is why it is reasonable to look for other, more expressive,
formal languages. With the symbols of £y we were not able to penetrate
the interior of propositions of the English language, which is imperative,
if we want, for example, to speak in a unified way about sets of similar
cases. Suppose we want to express in a formal language that “the number
a has the property A” and that “the number b has the property A”. In
the context of Ly this can be done through two distinct propositional
variables, let say pg and p;, which leads to the loss of the information that
we are referring to the numbers a, b with respect to the same property A.
However, if there is a symbol in the formal language that represents the
property A, we could express the two propositions in a way that highlights
their common part. For example, if the symbol P4 corresponds to A, the
propositions can be transcribed as P4(a) and P4(b) respectively. The so-
called first-order languages are formal languages that offer these features.
Such languages are used to construct axiomatic systems for studying parts
of Mathematics, e.g. of Set Theory, Number Theory etc.

The symbols of a first-order language £, are the following:

a) vg,v1,v2,..., which are called “atomic variables”

2

b) -, —, which are called “connectives” (respectively, “negation”, “impli-
cation”)

c) (,), which are called “parentheses” (respectively, “left parenthesis”,
“right parenthesis”)

d) ~, which is called “equality”
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e) V, which is called “universal quantifier”

f) for every neN — {0}, a set (maybe empty) {P,|i € I,}, whose
elements are called “n-ary predicate symbols”

g) for every neN — {0}, a set (maybe empty) {fp;|j € Jn}, the elements
of which are called “n-ary function symbols”

h) a set (maybe empty) {cx|k € K}, the elements of which are called
“atomic constants”.

We denote the set of the atomic variables with V' (£1) and the set of atomic
constants with C'(L;).
We will be using the following syntactic variables:

T,Y,%,...,T1,T2,... for atomic variables

PQ,R,... for predicate symbols
f,g.h, ... for function symbols
c,d,e,... for atomic constants.

Remarks. 1) The symbols of categories b) - e) are called “logical symbols”,
because they will always have the same meaning, based on intuitive logic,
while those of categories f) - h) are called “non-logical symbols”, because
they can be interpreted in several ways. The symbols of categories a) - e)
are common to all first-order languages.

2) Some authors include =~ in the non-logical symbols, but this does
not cause significant differences in the development of predicate logic.
Furthermore, some authors consider constant symbols as 0-ary function
symbols. Finally, some authors consider function symbols as a special
category of predicate symbols, studying first-order languages without the
use of symbols of category g) (such is the approach in [7]).

3) We could allow the inclusion of 0-ary predicate symbols which would
correspond to the propositional variables L. In this way, we would attain
the incorporation of propositional logic in predicate logic — in such a case,
of course, we should make all necessary modifications in what will follow.
4) As for Ly, we will use [, ] and {, } instead of (, ).

5) We suppose that every first-order language has at least one predicate
or function symbol.

6) Later we will introduce the symbols A, V, <+, 3. The reason that their
presence is not necessary from the beginning is that the set {—-, —,V} is
complete (we have assumed that we have extended the notion of complete-
ness to apply to sets with connectives and quantifiers as elements).

Obviously a first-order language is defined when its non-logical symbols
are defined. Usually the first-order languages we are interested in have a
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finite number of symbols of the categories f) - h).
Examples. i) The language L’l’l of predicate logic has only predicate symbols
Py, with n,meN—{0}, and atomic constants ¢y, cg, c3, . ..
ii) The language L' of set theory has only one binary predicate symbol,
namely €. Some authors prefer L5 to have also the atomic constant (.
iii) The language £} of number theory has a unary finction symbol ’, two
binary function symbols ¢, ® and one atomic constant 0. Some authors
prefer £ to have also one binary predicate symbol <.

In the following we will generally speak of a first-order language L1,
unless we are referring to a specific one.

Definition 3.1.1 Expression of L; is a finite sequence of its symbols, e.g.
VZL’Q ~ o1, (.%'1 — .

We denote the set of expressions of £; with EX (L) and we use «, 3,7, ...
as syntactic variables taking values in the set of expressions.

Let us now see which expressions of £; will be meaningful. The
relevant definitions will be made recursively, as for L.

Definition 3.1.2 We say that the expression « is a term iff

1) ac V(El) U C(El) or

2) « is of the form ff ... [,, where f is an n-ary function symbol and
b1, ..., Bn are already constructed terms.

Here are some terms of Li: ¢, v3, fojv1vs, f2jf2iv1v1ck. We denote the

set of terms of £; with T'(L1). The letters ¢,7,s,... are used as syntactic
variables with values in 7'(£;). To make the terms more readable, we will
write f(t1,...,t,) instead of fti...t,.

Definition 3.1.3 We will say that the expression « is a formula iff o is of
the form
1) ~ tits, where t1,ty are terms, or

2) Pty...,t,, where P is an n-ary predicate symbol and t4,...,t, are
terms, or

3) (=) or (B — ) or Vx3, where /3, ~ are already constructed formulas
and x is an atomic variable.

A formula is called atomic iff it is of the form 1) or 2).
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Here are some formulas of Li: ~cy fojvivs, (m(=cpv1i — Paicrus)). We
denote the set of atomic formulas of £; with AF(L£;) and the set of
formulas with F'(£;). The letters ¢, 1, x, ... are used as syntactic variables
with values in F'(£;). For the formulas to be more readable, we will write
P(t1,...,t,) instead of Pt;...t,.

Some of the formulas of £; will have a specific meaning, while the rest
will have meaning under certain conditions. This distinction is based on
the following definition.

Definition 3.1.4 Let z be an atomic variable and ¢ be a formula. We say
that

a) x occurs free in o iff

1) ¢ is atomic and z occurs in ¢ or

2) ¢ is of the form (—) and z occurs free in ) or

3) ¢ is of the form (1) — x) and z occurs free in 1 or in y or

4) ¢ is of the form Vyv, where z is different from y and z occurs

free in 1.
B) x is bound in ¢ iff x does not occur free in .

Y) ¢ is a sentence iff all variables are bound in ¢.

For example, z occurs free in the formula (VzQ(x) — P(z)), y is bound
in the formula Vy(P(y) — VzQ(z)) and the formula VaVy(~zy — ~yx) is
a sentence.

The set of all sentences of £; is denoted with S(L;).

Remark. According to the previous definition, a variable can occur free
in a formula and, at the same time, be bound in a subformula of it.

In analogy with the principle of induction of Chapter 2 we have the

Theorem 3.1.1 (Principle of Induction) a) If A C T'(£;) such that
1) V(,Cl) U C(,Cl) C A and
2) f(ti,...,tn)€EA, for every n-ary function symbol f and every ¢1,...,t,EA,

then A =T(Ly).
b) If A C F(L;) such that

1) AF(L;) € A and
2) () € A, (v — x) € A, Vayp € A, for every b, x € A and z € V (L),
then A = F(Ly).
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As in Chapter 2, we can prove that every formula is uniquely readable,
i.e., it is constructed based on a unique tree diagram of atomic formulas
using the symbols —, —, V.

For convenience, we introduce the symbols A, V, >, 3 as follows:

We will write (@ A1) instead of (—(p — (—7))),
(pVvey) instead of (
(¢ <> 1) instead of ((p — ¥) A (¢ — ¢)), that is
instead of (
dze instead of (
Also for convenience and for reasons of tradition, we will write

t1~t9 instead of ~tts, t1 % to instead of (—=st1ts)
t1€to instead of €t1to, t1 ¢ to instead of (—€tyts)
t} instead of "t1, (t1 ® t2) instead of ®t;to
(tl ® tg) instead of ®t;ts.

As we did with propositional formulas, we omit parentheses, according
to the following rules:

1) Outer parentheses are omitted.

2) The symbols —,V, 3 are considered stronger than all the rest and
A,V stronger than —, <.

3) The symbols A, V are considered to be equivalent and the same holds
for —, <.

We also omit the outer parentheses of terms of L}Y, when there is no
possibility of misunderstanding.

Let us now turn to the semantics of a first-order language. Different
first-order languages have different “main” (or “intended”) interpretations,
but they agree on logical symbols. Thus, the main interpretation of logical
symbols and the symbols defined by them (i.e. A,V, <, 3) is as follows:

LRI TY

a) =, A\,V,—, > correspond to the expressions “not”, “and”, “or” etc.,
as for L.

b) (,) correspond to punctuation marks, as for L.
¢) = corresponds to the expression “is identical to”.

d) V,3 correspond to the expressions “for all”, “there exists (at least
one)”.
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Let us see now two examples of intended interpretations of the non-
logical symbols of a first-order language.
Example 1. The intended interpretation of the non-logical symbols of £;!
is the following:

¢ the variables correspond to sets and

* ¢ corresponds to the expression “belongs to”.

According to this interpretation, the formulas of £5! correspond to propositions
concerning set theory.

Example 2. The intended interpretation of the non-logical symbols of £}

is the following:

* The variables correspond to natural numbers,

e / corresponds to the expression “successor of”,

AT

* @, correspond, respectively, to the expressions “plus”, “times”,

* 0 corresponds to the expression “zero”.

According to this interpretation, the formulas of L} correspond to proposi-
tions concerning number theory. For example, if the variables x;, x2, x3, 24
correspond, repectively, to the natural numbers 4, 1, 2, 3, then the formula
(21 ® x2) mx3 ® x4 corresponds to the proposition “the successor of 4 plus
1 is equal to 2 times 3” and the sentence Va1 3zoxo~a) to the proposition
“for every natural number there exists a natutal number that is equal to
the successor of the first”.

We continue with some examples of translations of sentences in English
in suitable first-order languages.
Examples. a) Let’s see which formula of £5! corresponds to the proposition
“For any two sets, the first is equal to the second if they have the same
elements”.
We observe that this proposition has the same meaning as “For any two
sets, the first is equal to the second if every element of the first is also an
element of the second and vice versa”.
Finally, ignoring some grammatical elements of the proposition, we see
that the formula we are looking for is the following:

Vo Veo[r1/Rwy <> Vas(xs€xy > x3€xa)].

b) The formula of L} corresponding to the proposition “Every nonzero
natural number is equal to the successor of some natural number” is
Vay[xy % 0 — Jzg zrah).
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To see how a truth value is assigned to each formula of £; we need
some definitions.

Definition 3.1.5 A structure (or interpretation) A for L, consists of the
following:

a) a non-empty set which is called universe or field of 2 and is denoted
with || ( — in which the variables take values)

b) for every n € N—{0}, a set (maybe empty) {P%|i € I,} of n-ary
relations on [2l| — to the symbol P,; corresponds the relation P C
A"

o) for every neN—{0}, a set (maybe empty) {f2|j€J,} of functions
with domain the set [2(|” and range a subset of the set |2| — to the
symbol f,; corresponds the function 2[] C|RA — A

d) a set (maybe empty) {c}|k € K} of elements of 2| — to the symbol
¢y, corresponds the element ¢y of |2|.

Remark. The languages we study are called first-order because they contain
variables whose values are elements of a set. Second-order languages have
variables whose values are subsets of some set etc.

Examples. 1) The structure 91, for E‘{t is defined as follows:

e 9| =N and

* to € corresponds the relation €” = {(m,n)eN x N|jm < n}.
2) The structure 91 for L' is defined as follows:

e N =N and

e to € corresponds the relation €™ = {(m,n)eN x N|n < m}.

3) The structure N for L} is defined as follows:
e M =N
e to’,®,® correspond the usual functions of successor, addition and
multiplication on N (denoted by ", +N .IY)
¢ to 0 correponds O€N.

4) The structure N* for £} is defined as follows:
o || ={—n|n e N} =N*

e the functions ™", ", @™ are defined as follows:

M (—p) = —(n+V1)
@™ (—=m, —n) = —(m +V n)
O™ (=m, —n) = —(m N n)
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* to 0 corresponds 0 € N*.

A structure for £, is therefore a world for which the formulas of
L1 express something. The assignment of truth values to formulas must
therefore be made within the framework of a structure.

Definition 3.1.6 Let 2 be a structure for ;.

1) A ovaluation in 21 is a function v : V(I'y) — |2l|. Since the set of terms
was defined recursively, we can prove that for any valuation v in 2
there exists a unique function v : T'(£1) — || such that

e 7(x) = v(z) for every variable z

e 7(c) = c* for every constant symbol ¢

o 5(f(t1,...,tn)) = fA(@(t1), ..., v(t,)) for every n-ary function symbol
f and arbitrary terms ¢y, ..., ¢y.

2) If v is a valuation in 2, the value of t for v in A is the element v(¢)
of |2].

3) If v is a valuation in 2l and a € |2l|, then v(x|a) denotes the valuation
that gives value a to x and agrees with v for all other variables.

Examples.

i) Let us consider the structure 91 for £} and a valuation v in 0N such
that v(x1) = 2, v(z2) = 0, v(z3) = 1. Then T(z1 © (zh ® x3)) = v(z1) +
W © w3) = v(er) +7 (B(ah) P B(as)) = v(er) + (B(a2) +7 1) M o(es)) =
24N 0 +N1) N1 =3.

ii) Let us consider now the structure 9* for £ and a valuation v in 9
such that v(z1) = —1, v(x2) = 0, v(z3) = —4. Then v(z}) © (x5 ® x1)) =
o(a5) O vz @ x1) = (0(25))™ O (v(x3) 7 v(21)) =

(@(z2))™ )™ O™ (v(23) @™ v(z1)) = (077)™ @™ ((—4) & (-1)) =
(=)™ @M (=5) = (=2) @™ (=5) = —10.

Definition 3.1.7 (Tarski) Let 2l be a structure for L1, ¢ a formula, T a set
of formulas and v a valuation in 2. We say that

1) v satisfies ¢ in A or ¢ is true for v in A, denoted by 2 |= p[v], iff
* T(t1) = v(te), if ¢ is of the form ¢;~ty
o (O(t1),...,0(tn)) € P2, if ¢ is of the form P(ty,...,t,)
e it is false that 2 = ¢[v], if ¢ is of the form —
e if A |=1[v], then A = x[v], if ¢ is of the form ¢ — x
e for every a € |2|: A = ¢[v(z|a)], if ¢ is of the form V).
If ¢ is not true for v in 2, then we write 2 F~ ¢[v].
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2) T is true for v in A or v satisfies T in A iff every element of T is true
for v in .

Remark. From the way we defined A,V,<,3, it follows that for every
structure A for £; and every valuation v in :

AR yaxl] i (2] and 2 F (o))
A=y vxl] it (2= Pu] or A = x[v])
Ak o] i (2 ple] and A = y[u]) or
(2 = ¢p[v] and 2 |~ x[v])
A = Jxp[v] iff (there exists a € || : A E Y[v(z|a)]).

Examples. a) Let us consider the structure 91 for £§* that we defined in
the first example before Definition 3.1.6, and an evaluation v in 91, such
that v(z1) = 3, v(z2) = 5. Then N, |= x1€x2[v], since (v(x1),v(xq)) € €™
(that is, (3,5) € €™).

b) Let us consider now the structure N* for £} and an evaluation v in N*
such that v(x2) = 0. Then M* = Va121 @ 22 = 21[v], since for every neN it
holds that (—n)@™ 0 = (—n), i.e., M* | 11®x2 ~ 21[v(21]|—n)]. If, however,
v’ is a valuation in 9M* such that v'(z2) = —1, then M* £ V21 ®xe ~ 21[v],
since it is not true that (—n) @” (—1) = —n for every neN.

It is intuitively obvious that whether or not a formula is true for a
valuation v in a structure 2 depends on the values that v gives only to
the variables that appear free in this formula. This can be proven, as the
following result shows.

Proposition 3.1.1 For any formula ¢, any structure 2l and any valuations
vy, v2 in 2, if vy, v2 agree on the variables that appear free in ¢, then

A= plon] iff 2A = plvg].

An immediate conclusion is that a sentence of £; is true for all valuations
or none of them (indeed, if ¢ is any sentence, then there are no variables
that occur free in ¢, so all valuations agree on the variables that occur free
in ¢). This fact leads us to the following definition.

Definition 3.1.8 Let ¢ be a sentence of L1, S be a set of sentences of £
and 2 a structure for £;. We say that

® o is true in A or A is a model of ¢, denoted by A = ¢, iff ¢ is true
for all evaluations in 2I.

e ¢ is false in A, denoted by 2 = ¢, iff ¢ is not true in 2.

o 2 is model of S iff A is a model of every element of S.
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Example. We will show that the sentence Jx¢Vzi29 ® 1 ~ 21 is true in
the structure 91 for L. Let v be an arbitrary valuation in 91. Then

N = JzoVr120 © 71 ~ 21[V] iff

there exists m € N: M = Vrix0 © 21 = x1[v(z|m)] iff

there exists m € N such that for every n € N :

N E 2o © x1 = x1[v(T|m, 21|N0)] iff
there exists m € N such that for every n € N :
v(@olm, z1[n) (2o © 1) = v(wolm, 21[n)(z1) iff
there exists meN such that for every neN: m ®" n = n, which is true.

Let us not forget, however, that our purpose is to use first-order
languages for the study of mathematical proofs. Here, as in propositional
logic, there are two equivalent ways to work: the semantic and the syntactic.
As in propositional logic, we will begin with the semantic approach.

3.2 Logical implications

Definition 3.2.1 Let T be a set of formulas and ¢ be a formula of £;. We
say that

1) T logically implies o, denoted by T' = ¢, iff for every structure 2 and
every valuation v in 2, if 7" is true for v, then ¢ is also true for v.

2) ¢ is walid or ¢ is logically true iff for every structure 2 and every
valuation v in %, ¢ is true for v.

Remarks. a) For every ¢ it holds that ) = ¢ iff ¢ is valid, that is, the valid
formulas are exactly the logical consequences of the () (they correspond,
that is, to tautologies).

b) The notions ¢ logically implies ¢ and ¢, are logically equivalent are
defined as their counterparts in propositional logic.

¢) Combining Definitions 3.1.8 and 3.2.1, we see that for every set S of
sentences and sentence ¢ of Ly:

S |= ¢ iff every model of S is a model of .

Now let us see some examples of logical implications.
Examples. Let () be a unary predicate symbol.
1) We will show that Vz1Q(z1) | Q(z2). So let 2 be a structure and v a
valuation in 2 such that 2 = Vz;Q(x1)[v]. Then for every a € || : A =
Q(z1)[v(w1]a)], that is, for every a € || : a € Q¥. Obviously v(x3) € Q*
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and so 2 = Q(x2)[v], that is, the claim holds.

2) We will show that Q(z1) ¥ Vx1Q(z1). This time our task is a little
different, namely to find a structure 20 and a valuation v in 2 such that
Q(z1) is true for v in A, but Vz1Q(x1) is not true for v in A. So let A be
a structure with universe the set {ag, a1} (where ag # a;) and Q% = {ao}.
Now let v be a valuation 2( such that v(x;) = ag. Then 2 = Q(z1)[v], since
v(z1) € Q% but A = Vr1Q(x1)[v], since a; ¢ Q*. We should note that,
instead of 2 we can take any structure ‘B such that the set |B| has at least
two elements and Q% C |B].

3) We will show that = Vz1Q(z1) — Jz2Q(x2). So let A be a structure and
v a valuation in 2 such that 2 = Vz;Q(x1)[v]. Then for every a € || : A =
Q(x1)[v(z1]a)], that is, for every a € || : a € Q¥. Let ag be an arbitrary
element of |A|. Then ap € Q% and hence A = Q(z2)[v(x2|ag)]. Therefore,
there exists a € || : A = Q(x2)[v(z2]a)] and hence A = Jx2Q(z2), that is,
the claim holds.

4) We consider the following propositions in English:

No regular number is transcendental.

Some peculiar numbers are transcendental.

Some regular numbers are peculiar.
Using corresponding sentences of a first-order language, we will show
that the first two do not logically entail the third. Let £; be a first-order
language that has at least three unary predicate symbols P, (@, R. The
following sentences of £ correspond to the sentences in English above:

le(P(;L‘l) — —\Q(l'l)), Eixl(R(a:l) A Q(:L‘l)), Elajl(P(:Ul) A R(a:l))
We will show that

{Ve1(P(21) = —Q(21)), Iz1(R(21 A Q(21))} = 1 (P(21) A R(21)). (¥

It suffices to find a structure 2 such that the first two sentences are true
in 2, while the third is not true in 2. So we consider a structure 2 with
1A = {a1,as,a3} (where ay,as,a3 are different individuals) and P¥ =
{a1}, Q* = {az}, R* = {as,a3}. Using the definitions, we see that
A }: le(P(xl) — ﬁQ(Z’l)) iff
(for every valuation v in 2l and every a € |2|:
A= Pxr) = ~Q(x1)[v(x1a)]) iff
(for every valuation v in 2l and every a € ||:
if 2A = P(x1)[v(z1|a)], then A = Q(z1)[v(x1]a)]) iff
(for every valuation v in 2 and every a € |2|:
if a € P%, then a ¢ Q%),
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which is true. Therefore, V(P (z1) — —Q(z1)) is true in 2. In a similar
manner, we can show that the sentence Jz1(R(x1) A Q(z1)) is true in 2,
while 31 (P(z1 A R(z1)) is not. Therefore, (*) holds.

As we saw in Chapter 2, there is an algorithm which, given a finite set
T of propositional formulas and any propositional formula ¢, can decide
whether T' |= ¢ or not and, therefore, due to the completeness theorem,
can decide whether 7' -4, ¢ or not. Unfortunately, the same is not true
for first-order logic, since the cases that need to be considered are infinite,
because there are infinite possible structures for £;. Thus, we focus our
attention on the construction and study of axiom systems for first-order
logic.

3.3 Predicate calculus
We will begin with a definition.

Definition 3.3.1 For arbitrary formulas ¢, 1), we say that ¢ is a generalization
of v iff ¢ is identical with ¢ or ¢ is of the form Vy;...Vy,1, for some
variables y1, ..., Yn.

Foe example, the formula Vz(P(z1,2z2) — P(x2,21)) is a generalization
of P(x1,z2) — P(x2,22) and VY 1Vz3(Q(x1) V R(z1)) is a generalization of
Q(l’l) V R(a;l)

An axiom system for predicate logic
A = (A1, Kq)

is defined as follows:

® The set K is the same as K| that we saw in propositional calculus,
that is, it has only one element, namely the rule MP.

* The set of axioms A; is equal to the union of two disjoint sets, i.e., A;
and M;. The elements of A; are called logical axioms, they describe
the role of the logical symbols of £; and they are all generalizations
of formulas of the following form:

AS1. o,
where ¢ is the formula obtained if in a tautology we replace
all propositional variables with formulas of £;, e.g., P(z1) A

Q(x1,x3) = Q(x1,23) A P(x1)
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The

AS2. Yz — ¢f,
where the atomic variable z is substitutable by the term ¢ in
¢ (see Definition 3.3.2 below) and ¢7 is obtained from ¢ by
replacing x, in all its free occurrences in ¢, with ¢.

AS3. Vz(p — ¢) = (Ve — Vo)
AS4. ¢ = Vzp, where x does not occur free in .
ASh. x =~ x
AS6. T~y — (¢ = ¢*),
where ¢ is an atomic formula and ¢* is the formula obtained

from ¢ by replacing the variable z (in some or all of its occurrences)
with the variable y.

elements of M, are called non-logical axioms and describe the role of

the non-logical symbols of £;. Obviously, then, the non-logical axioms of
an axiom system for set theory will be different from those of one for
number theory.

The most common axiom system for number theory A7 has the
following non-logical axioms (of Peano):

P1.
P2.
P3.
P4.
P5.
P6.
PT.

Vryah %0

Vo Vao(a) =zl — 21 ~ x9)
Vi1 0~ x

Vo Vag x1 @ ahr(x1 @ x2)

Va1 21 © 0=0

Vo Ve x @ xh =~ (1 © x2) ® 21

V1.V [p(0,Z) A Vao(p(zo, T) — ¢(z4, 7)) — Yaop(wo, 7)),
where ©(xg,...,z,) is a formula of £}' such that the variables
occurring free in it are among xo, ..., ZTy.

Axiom schema P7 corresponds to the principle of induction for the set of
natural numbers.

The most common axiomatic system for set theory A5’ has as non-
logical axioms the Zermelo-Fraenkel axioms, some of which are:

ZF1. VxVro[rimzg < Vas(xs€xy <> x3€xs)]
ZF2. Vrxi3zoVrs[xs€xg <> Vay(rs€Exs — x4€T7)]
ZF3. EIxNxz $2¢$1
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For the remaining Zermelo-Fraenkel axioms, one may consult [11].

Remarks. a) It should be emphasized that it is not excluded that M;=0),
that is, that the axiom system does not have any non-logical axioms.

b) Instead of the sets Ay, K; we saw before, we can take the sets A, K1,
where

e K] is the set having two elements, namely the rule MP and the rule
of generalization

P
Yz

e A is the set having as elements all generalizations of the formulas
produced by AS1, AS2, AS5, AS6 and the schema

AS3. Vx(p — ) = (p — Vo)), where x is bound in .

c) As we will see later, AS5 and AS6 imply that ~ is a symmetric and
transitive relation. Also, these axioms ensure the possibility of replacing
any variable x with any variable y in any formula ¢, with the assumption
that z is substitutable by y in ¢ (see Exercise 53).
d) The formal proofs in A; correspond to proofs that we make with
propositions of the English language in the sense of the main interpretation
of £;. Thus, for example, formal proofs in

APt = (AUP, K1)
correspond to proofs in number theory. Since every first-order language
has at least one predicate or function symbol, the term predicate calculus
(function symbols can be considered as predicate symbols) has been establi-
shed.
e) Let T be a set of formulas of £1 xou AT = (AUT, K1), AY = ( Ay, K7).
From the definitions it follows that

I—Ango iff TI—A?cp.

Therefore, studying the axiom system .Aql) we essentially study all axiom
systems, which of course have as background the same first-order language.
In what follows, we will deal exclusively with A@, actually writing, for
simplicity, .A; instead of .A?.

Before proceeding, we need to provide some clarifications regarding
the axiom schema AS2. The idea is “if every object has the property
(expressed by the formula) ¢, then the particular object ¢ also has ¢”, but
we must be careful, lest some part of ¢t be incompatible with some part of
; no variable occurring in ¢ should be bound by any quantifier of .
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Let us see with an example what we want to avoid. Let ¢ be the
formula dyz # y and ¢ be the term y. Then ¢} is the formula Jyy # v,
so Yz — ¢f is the sentence

Vedyz %y — Jyy # vy,
which is false in almost all structures for £;. Indeed, the sentence Vxdy = %
y is true in every structure whose universe has at least two elements, while
Jdyy # y is false in every structure. So if we do not put any restriction on
the substitutions of variables by terms, we will have as an axiom the
proposition Vzdyz % y — Jyy % y, which is incompatible with our
reasonable wish to take valid formulas as logical axioms.

Definition 3.3.2 For every formula ¢, variable x and term ¢, we say that
x is substitutable by t in ¢ iff

* ¢ is atomic or

* ¢ is of the form —1 and z is substitutable by ¢ in ¢ or

* ¢ is of the form 1) — x and x is substitutable by ¢ in ¢ and in x or
e ¢ is of the form Vyi and

i) x does not occur free in Vi or
ii) y does not occur in ¢t and z is substitutable by ¢ in 1.

For example, z is substitutable by itself in every formula ¢ and z is not
substitutable by y in the formula P(z) — JyQ(z,y).

Clearly, if no variable occurring in ¢ occurs in ¢, then z is substitutable by
tin ¢.

Now that we have fully described the axiomatic system A;, let’s see an
example of a formal proof, showing that the formula Vz(P(z) — JyP(y))
is a formal theorem of it.

1. Vz[(Vy—=P(y) —» —-P(x)) — (P(z) — =Vy—P(y))] AS1

2. Va[(Vy—=P(y) = ~P(z)) = (P(z) = ~Vy—-P(y))] —
Vz(Vy—P(y) — - P(x)) = Vz(P(z) — ~Vy—P(y))] AS3

3. Vaz(Yy—-P(y) —» —P(z)) — Vz(P(x) — —Vy—P(y)) 1, 2, MP

4. Vz(Vy-P(y) — —P(z)) AS2

5. Va(P(z) — ~¥y-P(y)) 3, 4, MP.

The first of the theorems we will prove for A, talks about the following
proof method we use in Mathematics: If we want to show that every z
has a property, we show that any z has this property.
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Theorem 3.3.1 (Generalization Theorem) Let T be a set of formulas of
Ly, ¢ a formula of £; and z a variable. If T' 4, ¢ and = does not occur
free in any element of 7', then 7"t 4, Vzop.

Proof. Suppose that  does not occur free in any element of 7" and 7" - 4, ¢.
Then there exists a formal proof ¢1,...,¢, = ¢ in Ay from T. Using
induction on i, we will show that T" 4, Vxp;, for every 1 <14 < n.

First step. : = 1. We distinguish two cases.

1) ¢1 €A;. Then Vayp; €A; and hence obviously T 4, Vze.

2) ¢1 € T. Then the following formal proof shows that T b 4, V1.

1. 1 hypothesis
2. 1 = Vep, AS4
3. Vzy 1, 2, MP.

Second step. Suppose that ¢>2 and T 4, Vxy; for every k such that
k < i. We will show that T -4, Vxp;. We again distinguish two cases.

1) ¢; €A1 UT. Then the claim holds as before.

2) ¢; is an immediate consequence, on the basis of MP, of ¢;, ¢;, j,1 <
i, where, without loss of generality, ¢; is of the form ¢; — ¢;. By the
inductive hypothesis, we have that

T ta, Yeo; xon T4, Ye(p; — ¢i).

We now construct the following formal proof in A;:

1.

.. formal proof of Vzy; from T
A Vg,

A+1.

y formal proof of Vz(p; — ¢;) from T
L Vz(p; — i)
p+l. Va(p; — @) = (Vop; = Vop;)  AS3

pt+2. Vrop; — Vo, W, u+1, MP

ut3. Vap; A, u+2, MP.
Therefore, T' - 4, Vxp;, and so the proof of the inductive step is complete.
It follows that T'F 4, Vo, that is, T'F 4, V. O

Remark. The restriction we set for x in the previous theorem is necessary,
as shown by the following example: Let ' = { P(z)} and ¢ be the formula
P(z), where P is a unary predicate symbol. Then it is obvious that 7"t 4,
©, but it is not true that T' 4, Yz, because P(xz) = Vo P(x) (see Example
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2 after Definition 3.2.1) and, as we will see later, for any set T of formulas
and any formula o, if T'F 4, 9, then T' |= .

As for propositional calculus, we can prove the following theorems.

Theorem 3.3.2 (Deduction Theorem) For every set of formulas 7" and
any formulas ¢, v,

TU{p}ba v iff T o=

Theorem 3.3.3 (Contraposition Theorem) For every set of formulas T’
and any formulas ¢, v,

TVU {QO} |_A1 - it T'U {w} l_.Al .

Theorem 3.3.4 (Reduction to the Impossible) For any set of formulas
T and any formula ¢,

T U{¢} is inconsistent iff T4, .

Let us now look at an example, where we use the previous theorems
to show that a formula is a formal theorem of A;.
Example. We will show that for every formula ¢ it holds that

Fa, zVyp — Yydzp.

Because of the Deduction Theorem, it suffices to show that

JxVyp =4, Vydze.
Because of the Generalization Theorem, since y is bound in JxVye, it
suffices to show that

JzVyp 4, Jze, that is ~Ve-Vyp F4, "V
Because of the Contraposition Theorem, it suffices to show that
Vr—p F g, - VeVyep.

But =—=Vax—Vyp < Vr—Vyp is an axiom, so it suffices to show that

Voo a4, Ve Vye.
Using again the Generalization Theorem, we deduce that is is sufficient
to show that Vz—¢ -4, =Vyyp. Because of Reduction to the Impossible, it

suffices to show that the set {Vz—y, Vyp} is inconsistent. The following
formal proof in A; guarantees that {Vaz—p,Vyp} Fa, —p.

1. Va—p hypothesis
2. Vz—p —-p AS2
3. g 1, 2, MP.
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Similarly we can show that {Vz—¢,Vyp} Fa, ¢, and hence our claim
follows.

In general, when we want to show that 7' 4, ¢, we follow the
following strategy:

o If ¢ is of the form ¢ — x, then it suffices, using the Deduction
Theorem, to show that U {¢} .4, x.

o If ¢ is of the form V1), where = does not occur free in any element
of T, then it suffices, using the Generalization Theorem, to show that

Tt a, .
o If ¢ is of the form —), then we distinguish subcases:

i) If ¢ is of the form 1)1 — 15, then it suffices to show that T" 4, 91
and T k4, —¢. Indeed, having these, using (on the basis of
AS1) the axiom ¢y — (=thg — —(¥1 — 1)), we can show that
TEa o

ii) If ¢ is of the form —y, then it suffices to show that T F4, X,
since the formula y — ——y is an axiom.

iii) If ¢ is of the form Vxy, then it suffices to show that 7' 4, —x7,
for some term t such that x is substitutable by ¢ in x. Indeed,
having shown that 7" -4, —x{, using the axioms Vay — x{ xou
(Vzx — x¥) — (=x§ = —Vzx), we can show that T4, .

We continue with some more examples.
Examples. a) We will show that if z does not occur free in ¢, then

Fay (0 = V) < Va(p — ).

Before we proceed, we make the following observation: When we want
to show that T'F 4, x1 ¢ X2, it suffices to show that T'F4, x1 — x2 and
T F ., X2 = X1, since the formula

(x1 = x2) = ((x2a = x1) = (xa < x2))

is an axiom (on the basis of AS1).
So here it suffices to show that

Fa, (¢ = Vo) — Va(e — 1) and
Fa, Vo (o — ) — (¢ — Vo).

For the first part, because of the Deduction Theorem and the Generalization
Theorem, it suffices to show that

{()0 — Vi), (P} l_.Al Y.
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But this is a consequence of the following formal proof:

1. ¢ —Vxiy hypothesis
2. ¢ hypothesis
3. Vay 1, 2, MP
b, Vayp = AS2

5. @ 3, 4, MP.

For the second part, again because of the Deduction and the Generalization
Theorems, it suffices to show that

{V$((p — 1/))7 90} |_A1 1/1,

which is justified by the following formal proot:

1. Vz(e — ) hypothesis
2. ¢ hypothesis
3. V(e =)= (p—vy) AS2

he @) 1, 3, MP
5. o 9, 4, MP.

b) We will show that, if z does not occur free in ¢, then
Fa, (F2 = @) & V(= ).
It suffices to show that

Fa, (Fzp — @) = V(¢ — ¢) and
Fa, V(¥ — @) = Bzy — @),
ie., Fa, (V9 — ¢) - Va(¢ — ¢) and
Fay V(Y = @) = (2Vz—p — ).

For the first part, it suffices to show that

{_‘VQCW/J — ()07"/}} l_.Al ©-.

But this is evident from the following formal proof:

1. Ve — hypothesis
2. hypothesis
3. (V¢ — ) = (Y — Vo)) AS1

4, Nx—)p — AS2

5. Y — -V 3, 4, MP
6. —Vr— 2, 5, MP
7. 1, 6, MP.
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We work similarly for the second part.

¢) We will show that F 4, VaVy(zry — y~z).

Because of the Generalization and the Deduction Theorems, it suffices to
show that x~y 4, y~z. But this is justified by the following formal proof:

1. z=y hypothesis
2. zry — (zmx — y=~z) AS6

3. xmx — yRT 1, 3, MP
4, xR ASbH

5. y=ux 3, 4, MP.

d) We will show that for every binary function symbol f:
Fa, V21 V22 Vy Yy 212y — (zoy2 — f(21, 22)=f (Y1, ¥2))]-

It suffices to show that

{zimy1, w=y2} Fa, f(z1, 2)=f(y1,12).

So we construct the following formal proof:

1. 21”1 hypothesis
2. 2Ry hypothesis
3. ammy — (f(z1,22)=f (21, 22) = fl21,22)=f(y1,22)) AS6

b, f(z1,22)=f(21,22) = f(21,22)=f (Y1, 22) 1, 3, MP
5. Vxizi=z AS5H

6. V:L‘lxlle — f(Zl, ZQ)%f(zh 22) AS2

7. flz1, 22)=f(21, 22) 5, 6, MP
8. flz1,22)=f(y1,22) 4,7, MP
9. zmyr — (f(21,22)2f(y1, 22) = f(z1,22)=f(y1,92)  AS6

10.  f(z1,22)~f(y1, 22) — f(21, 22)=f(y1,92) 2,9, MP
1. f(z1,22)=f(y1,y2) 8, 10, MP.

e) We will show that for any unary predicate symbols P, Q and any
constant symbol c, it holds that

{Va(P(x) = Q(2)),V2P(2)} Fa, Q(c).

We construct the following formal proof:

1. Vz(P(z) = Q(x)) hypothesis
2. VzP(z) hypothesis
3. VzP(z) = P(c) AS2

4. P(c) 2, 3, MP
4. Vz(P(z) = Q(x)) — (P(c) = Q(c)) AS2

6. P(c) — Q(c) 1, 5, MP

7. Qo) 4, 6, MP.
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If in the formal proof in e) above we replace ¢ everywhere with y, then
we will get a formal proof showing that

{va(P(z) = Q(2)),V2P(2)} Fa, Qy)-

The fact that a constant in many cases plays the same role as a free variable
is the basis for the following theorem, which we state without proof.

Theorem 3.3.5 (Generalization on Constants) Let T be a set of formulas,
¢ be a formula and ¢ be an atomic constant. If 7' -4, ¢ and ¢ does not
occur in any element of 7', then there exists a variable y not occurring in
¢ such that T' 4, Vypy. (with ¢y, we denote the formula obtained from
¢ by replacing ¢ by y everywhere)

A corollary of the previous theorem is the following theorem, which
corresponds to the following method we use for constructing mathematical
proofs: Suppose we want to prove B, assuming that there is an x with the
property A. We call ¢ an object that has property A and prove B.

Theorem 3.3.6 (Existential Instantiation) For every set 7' of formulas,
formulas ¢, v, variable y and atomic constant c, if T'U {¢¥} 4, ¥ and ¢
does not occur in any element of TU{p, ¢}, then TU{Jyp} F4, ¥.

Let’s revisit the example immediately following Theorem 3.3.4, this
time using the existential instantiation theorem. So we want to show that

Fa, JzVyp — Vydze.
Because of the Deduction Theorem, it suffices to prove that
JxVyp =4, YVyIze.
Using now Existential Instantiation, it suffices to show that
Yye? 4, Yy3xp, where c is a constant that does not occur in ¢.
Finally, because of the Generalization Theorem, it suffices to show that
Yyl 4, zep, ie., Yypl Fa, "V,

But this holds, as is evident from the following formal proof:

1. Vyp? hypothesis
2. Vypi — % AS2

3. ¢F 1, 2, MP
b, Vx—p — —pf AS2

5. (Vz—p — —¢¥) = (¢¥ — =Vz—p) AS1

6. ©f— Ve 4, 5 MP
7. —Vx-p 3, 6, MP.
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So fa, we have dealt with the axiomatic system A; at length. In what
follows, we will show that the syntactic and semantic approaches to a
(mathematical) proof are equivalent.

3.4 Soundness and completeness

We begin with a definition.

Definition 3.4.1 Let T be a set of formulas. We say that T is satisfiable iff
there is a structure 2 and a valuation v in 2 such that T is true for v in

2.
First we give the counterpart of Theorem 2.5.3.

Theorem 3.4.1 (Soundness Theorem for Predicate Calculus) For every
set T' of formulas and every formula ¢:

a) IfTrEy4 o then T | .

b) If T is satisfiable, then T is consistent.

Proof. a) We take for granted that the logical axioms are valid formulas
and that Modus Ponens preserves logical implication (see Exercise 61).
Now let us suppose that 7" -4, ¢. Then there exists a formal proof
©1y-.,pn in Ay from T and ¢, is identical with ¢. By induction on ¢
we will show that T |= ¢; for every i =1, ...,n.

1) i = 1. Obviously ¢1 €A1 UT. If p1 €A1, then ¢ is valid and hence
T E 1. If p1 € T, then obviously T |= ¢.

2) Suppose now that i < n such that T = ¢y, for every k < i. We will
show that T |= ;. If ¢p; €A1 UT, then the claim holds as in 1). If ¢; is an
immediate consequence, on the basis of MP, of ¢;, ¢;, for some j,I < i,
where ¢; is identical with ¢; — ¢;, then, by the inductive hypothesis, it
will hold that T" |= ¢ and T' |= ¢; — ;. Hence T' |= ¢;, since MP preserves
logical implication.

The inductive proof is complete and hence T' |= .

b) Suppose that 7' is satisfiable, but inconsistent. Then, for some formula
o, T o, ¢ and T by, —¢. Hence, because of a), for some formula ¢ it
holds that 7' = ¢ and T' = —p. Let now 2 be a structure and v a valuation
in A such that T is true for v in A. Then 2 |= ¢[v] and 2 = —¢[v], which
is impossible.

The claim follows. O

Remark. From the previous proof we see that a) = b). In fact, the converse
also holds (see Exercise 62).
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The following very important theorem was proved by K. Godel and
was published in 1930 (see [13]).

Theorem 3.4.2 (Completeness Theorem for Predicate Calculus) For every
set T' of formulas and every formula ¢ it holds that

a) I TEep then Tty p.

b) If T is conistent, then T is satisfiable.

We note that a), b) are equivalent - see Exercise 63.

Proof. We will sketch the proof of b) given by L. Henkin in 1949 (see
[16]). Suppose T is a consistent set of formulas of a first-order language
L1. The idea of the proof comes from the following analysis: Suppose that
we have an arbitrary structure 2 for £; and an arbitrary valuation v in
2. Then a partition of the set of formulas of £; into two “equal” parts
results: the set of formulas satisfied by v in 2 and the set of formulas not
satisfied by v in 2A:

F(Ly)

true false
formulas formulas

Conversely, if we are given a partition as above, it is possible to extract from
it the definition of a structure 2 and a valuation v such that the formulas
that are true for v in 2 are exactly the formulas of the part containing
the logically true formulas. Therefore, the search for a valuation and a
structure for which the set T is satisfied is equivalent to the search for a
set YCF'(L1) which satisfies the following:

a) TCX and X is consistent,
b) X is complete, i.e., for every p€F(L1): it holds that p€X or —peX,
¢) X indeed represents truth.

To ensure the validity of ¢), we need to use the so-called Henkin witnesses,
i.e., constants which ensure that if the formula Jy ¢ has been included in
%, then the formula ¢¢ has also been included for an appropriate such
constant. We note that for technical reasons (which will become clear later)
these constants must differ from those already available in £;. We also
note that special care must be taken for ~, since this must be interpreted
as identity in the universe of the structure.
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Let us now turn to the details. For convenience, we assume that £; has
a countable number of symbols, noting, however, that the theorem also
holds for first-order languages with an uncountable number of symbols
(see, e.g., [10], pp. 135-6).

Let £7] be the language obtained if we enrich £; with a countable set
of new constant symbols {cg, ¢1, c2, ...}. On the basis of the analysis above,
the proof has the following three main steps.

First step. We define a set ¥ of formulas of £] such that
i) TCXY and XY is consistent
ii) X is complete in L}

iii) for every formula ¢ of £ and every variable y there exists a new
constant ¢ such that Jyp—pleX.

Second step. We define a structure 2( and a valuation v in 2 such that
every element of X not containing ~ is satisfied by v in L.

Third step. We define a structure 2’ and a valuation v’ in 2’ such that
every element of X is satisfied by v" in 2.

We will give a detailed proof only for the first step, but we will give
sketches of the proofs of the other two steps (leaving details to the exercises).
Proof of first step. We first observe that 7" is consistent, if we consider it
as a set of formulas of £]. Indeed, suppose that this is not the case, i.e.,
T Fa, ¢ and T F4, —p, for some peF(L]). Based on Generalization on
Constants, we can replace all the new constants that appear in the formal
proofs showing that T' -4, ¢ and T 4, —¢ with variables and conclude
that there are formal proofs using formulas of £; and showing that
T k4, ¢ and T F 4, —¢*, for a suitable ¢*€F(L1). So T is contradictory
as a subset of F'(L£;), which is impossible.

Let (vo,%0), (¢1,%1),... be an enumeration of all pairs that have as
first coordinate a formula of £} and as second a variable of £} (there is
a countable number of such pairs, because the set F'(£}) is countable —
from Set Theory we know that if A is any countable set, then the set of
all finite sequences of elements of A is countable). We define (recursively)
a sequence of formulas 6y, 01, ... as follows:

a) 0y is the formula Jygpg — ((po)é’?o, where ¢;, is the first new constant
that does not appear in ¢g, and

b) having defined 6, ..., 0,1, we define 6,, to be Elyncpn%(gpn)gi’;, where
ci, is the first new constant that does not appear in 0y, ...,0,—1, ¢n.
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Claim. 7" = T'U {6y, 01, ...} is consistent.
Proof of claim. Suppose that 7™ is contradictory. Then there exists a
finite subset of 7' that is contradictory, hence there exists meN such that
TU{bo,...,0n} is contradictory. Let k be the least such m and let us
suppose that k& > 0 (if k£ = 0, we work similarly).
Since TU{6y, . . ., 0x } is contradictory, because of Reduction to the Impossible,
it will hold that

TU {90, R 79k—1} Fa, —0g, that is,

TU{bo, ., 0k-1} Fa, ~Curpr—(pr)ek).
But F4, (¢ = ¥) = ¢ and F 4, =(¢ — ¥) — — for arbitrary formulas
¢, (on the basis of AS1). Hence

TU {00, RN 9;671} |—A1 Jyrpr xow T'U {00, ey 9;671} |—A1 (ﬂgok)gfk
Since ¢;, does not occur in any element of 7' U {6y,...,0k_1, ¢k}, using
Exercise 59, it holds that

TU {00, cey Gk_l} |_A1 YY1k
Hence T'U {6y, ...,0r_1} is inconsistent, which is impossible because of
the definition of k. Therefore, the claim holds.
Now let v,%1,%2,... be an enumeration of the formulas of £]. We
define the sequence Xy, Xy, Yo, ... as follows:

Sy = T*
S Y, U{¢y}, if this is consistent
" X, U {4y}, otherwise.

Then %, is consistent, for every neN. Indeed, this holds for n=0, by
the previous assertion. Now suppose that Y, is consistent, but X, is
contradictory. Then, by the definition of X, ;, X, U {¢y} is contradictory
and X, U{—,} is contradictory. Therefore X, 4, ¢, and X,, b 4, ==y,
so XY, is contradictory, which is absurd.

We set X= J,cy 2n- Due to the definition of X, conditions a) - ¢) that
we mentioned at the beginning hold. We observe that X has the following
property: if X+ 4, ¢, then ¢ € X. Indeed, let ¢ € F(L}) be such that ¥
Fa, @, but ¢ ¢ X. Since ¥ is complete, it will be true that —¢ €X, so
obviously X' 4, —¢. Consequently ¥ is contradictory, which is not true.

Proof of second step. Let £iF be the language we obtain from L} by
replacing the symbol ~ with the binary predicate symbol E. We define
the structure 2 for £ as follows:

D | = T(LiF) = T(L)
2) (s,t) € E* iff s~tecX
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3) (t1,....t,) € P iff P(t1,...,t,) €X
&) fAt1,eentn) = f(t1sontn)
5) =
Let v be the valuation in 2 with v(z) = x for each variable z. Using the
induction principle for T'(£}) and F(L}), we can show that
a) v(t) =t, for every t € T(LY)
b) 2 = ¢Zv] if ¢ €X, for every e F (L), where ¢7 is the formula
we get from ¢ by replacing ~ with E.
Proof of third step. We can show that E* is an equivalence relation on ||
and that for every n-ary predicate symbol P and every n-place function
symbol f the relation P* and the function f* are compatible with E2,
that is,
a) if (t1,...,t,) € P* and (t1,51) € E*, ..., (t,,s,) € E%,
then (s1,...,s,) € P,
b) if (t;,s1) € E* and ... and (t,,s,) € E*,
then (f¥(t1,...,tn), f2(s1,...,80)) € E*.
[t] denotes the equivalence class of a term ¢ of £}. We define the structure
2" for L} as follows:

1) A = A/ B = {[t] - t € | A}

) ([t1], .., [ta]) € PY iff (t1,...,t,) € P¥
3) TR ] Slta]) = 2 (- )]
4) A = [c]

Note that the definitions in 2), 3) above are good, because P2, fm are
compatible with E2.

Let h : |A] — |2 with h(t) = [t] and v’ the valuation in 2!’ that is defined by
v = howv. By induction on F(L}) we can prove that, for every ¢ € F(L}),

W b o] it A gl

Hence for every € F(LY): ¢ €X ift A = p[V'].

Since T' CX, v/ satisfies every element of 7" in 2’. If we restrict now
to the original language £, i.e., we consider the structure 2'[£;, nothing
changes essentially, that is, v’ satisfies T' in the new structure 2'[£; (see
Exercise 64). Hence T is satisfiable. O

As in propositional logic, using the completeness and the soundness
theorems, we can prove the following result.
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Theorem 3.4.3 (Compactness Theorem) Let 7" be an infinite set of formulas.
If every finite subset of T is satisfiable, then 7" is satisfiable.

We will end the section with an application of the compactness theorem.
We will say that a structure is finite (or infinite or has n elements, where
n € N—{0}) meaning that its universe is finite (or infinite or has n elements,
respectively). We observe that for every natural number n > 1 there is a
sentence (,, expressing “there are at least n things”, i.e., for every structure
2

A = ¢, if A has at least n elements.

For example, ¢ is the proposition Jz;3x3 1222 and 3 is the proposition
31’131’231’3(%1#%2 A xoxs N :C3"73:111).

Also for every natural number n > 1 there is a sentence 1, that expresses
“there are exactly n things”, i.e., for every structure 2l:

A =1y, if A has exactly n elements.

So there are sets of sentences, e.g. {¢2}, whose every model is finite.
According to the next theorem, if a set of sentences S has only finite
models, then there is a bound on their size.

Theorem 3.4.4 Let S be a set of sentences. If, for any neN, there exists
meN, m>n, such that S has a model with m elements, then S has an
infinite model.

Proof. We consider the set S* = S U {¢,:neN,n>1}. By the assumption,
every finite subset of S* is satisfiable. Therefore, by the compactness
theorem, S* is satisfiable, i.e., there exists a structure 2 such that 2 &= S*.
Obviously then 21 = S and 2l is infinite (since it has at least n elements,
for every neN). O

An immediate consequence of the previous theorem is

Theorem 3.4.5 There is no set of sentences S such that a structure is a
model of S iff S is finite.

Proof. Suppose that S is a set of sentences such that for every structure
2A:

2= S iff 2Ais finite. (%)

Then S has finite models as large as we wish, and hence, by Theorem
3.4.4, it has an infinite model, which contradicts (*). Therefore, the claim
holds. .
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3.5 Prenex normal form

We have seen that every propositional formula is tautologically equiva-
lent to a formula in disjunctive normal form. We will show that something
similar holds in predicate logic. For the proof we will need the following
theorem.

Theorem 3.5.1 (Alphabetic Variants) For every formula ¢, variable z
and term ¢ there exists a formula © such that

a) 4, ¢ < p and
b) x is substitutable by ¢ in .

Proof. We use the principle of induction for F'(£;). We will give details
only for the case in which ¢ is of the form Vyi). The inductive hypothesis
is that there exists a formula 1 such that -4, ¥ > v and z is substitutable
by t in 1.
First case. If x is identical with y or y does not occur in ¢, then we take
as @ the formula Vy 1. It is easy to see that a), b) hold for %.
Second case. If the first case does not hold, we consider a variable z which
(i) occurs neither in ¢ nor in ¢ and (ii) is different from z, and we take
as @ the formula Vz¢”.
Since z does not occur in t and x is substitutable by ¢ in 9, z is substitutable
by ¢ in ®, and hence b) holds. It remains to show that a) is true.

1) By the inductive hypothesis, ¢ -4, . Using Exercise 49, we see

that Yy 4, Yyv. But Yy 4, ¥7, since y is substitutable by 2z

z

in ¢. Hence, by the Generalization Theorem, Yy 4, V21" and so
Vyi b a, V2L
2) Since z does not occur in 1, we have that

-y Yy z
Ve, Fa, V) ”

But, by Exercise 58, " ; is obviously identical to . Note also that

1 4, 9, by the inductive hypothesis. Therefore V24! 4, ¢ and
hence V2" I 4, Yy 1, because of the Generalization Theorem.

Definition 3.5.1 We say that the formula ¢ is in prenex normal form ift ¢ is
open, that is, it contains no quantifiers, or ¢ is of the form Qv ... Qnyn.
where n € N—{0}, ¢ open and Q; is either Vor 3,i=1,...,n.

Theorem 3.5.2 Every formula is logically equivalent to a formula in
prenex normal form.
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Proof. We use the principle of induction for F'(L;).

1)

2)

3)

4)

Suppose that ¢ is atomic. Then ¢ is open, hence ¢ is in prenex
normal form.

Suppose that ¢ is of the form V1 and v is logically equivalent with
1* which is in prenex normal form. Then Vz1) = Vz¢* (because of
Exercise 49 and the completeness theorem. But Vx* is obviously
in prenex normal form and so the claim holds.

Suppose that ¢ is of the form —) and v is logically equivalent with
1* which is in prenex normal form. Then —) = —*. But -* is
logically equivalent to a formula %** in prenex normal form, since
for any formula ¢ and any variable z:

=V = dz—p and —dxy = Vr—h.

Hence ¢ is logically equivalent to the formula +)**, which is in prenex
normal form.

Suppose that ¢ is of the form ¢ — x and ¢ = ¢¥*, x = x*, where
¥*, x* are formulas in prenex normal form. Because of Theorem
3.5.1, we may suppose that the variables occurring in quantifiers in
1 do not occur in x and conversely. Obviously ¥ — x = ¢¥* — x*.
Using the Examples on pages 52, 53 and the Soundness Theorem,
we deduce that for all 1, @9, z, if  is bound in @1, then

Y1 — V$(p2 = Vx(@l — @2) )
Jzps — 1 =Va(ps — 1)  (2).

In a similar manner we show that if = is bound in ¢1, then

@1 — 3wps = Jx(p1 — @2)  (3)
Vaps — o1 = (o2 — 1) (4).

Using (1)-(4), we can find a formula ¢* in prenex normal form such
that ¢* = ¢¥* — x*. Then ¢ = ¢* and the claim follows.

Example. Suppose that x,y do not occur in x and z does not occur in
. There exist three formulas in prenex normal form which are logically
equivalent to the formula Vz3yy — dzx, depending on the order according
to which we apply (1)-(4).
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a) Vadyy — Jzy Jz(VxIyy — x)
Az3x(Fyy — x)
Jz32Vy (b — x)
Jx(Fyy — Jzx)
JoVy(yp — Jzx)
)
)
)
)

b) Vadyyp — Jzx

JxVy3z(yp — x
Jz(Jyyp — Jzx
JrIz(Fyyp — x
JrIVy (v — x).

¢ Vzdyyp — Jzy

3.6 Elements of model theory

Definition 3.6.1 Let 2, B8 be structures for £; and h : || — |B|. We say
that h is

1) a homomorphism of 2 into B iff the following hold:

a) For every n-ary predicate symbol P and ay,...,a, € ||
{ay,...,an) € P2 iff (h(a1),...,h(a,)) € P®
b) For every n-ary function symbol f and ay,...,a, € |2

h(fay,...,a,)) = f2(h(ay),..., hay))

¢) For every constant c: h(c¥) = cZ.

Instead of a) we say that h preserves relations and instead of b) we
say that h preserves functions.

2) an isomorphism of 2 into B iff it is 1-1 and a homomorphism of A
into ‘B

3) an isomorphism of A onto B iff it is 1-1, onto |B| and a homomorphsim
of 2 into ‘B.

We say that 2(, B are isomorphic, and we write 20 = ‘B, iff there exists an
isomorphism £ of 2 onto B (denoted with h : 2 = B).

Examples. i) Let us consider the language £{™ with only two binary
function symbols @, ® and the structures 2, 5 for L£{" that are defined
as follows:

|2 = N, ®%, ®% the usual operations of addition and
multiplication in N

IB| = {e,0}, @% ={(e,e,e), (e, 0,0),(0,e,0),(0,0,€)}
OF = {{e,e,e), (e,0,¢€), (0,e,¢), (0,0,0)}.
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Then the function A : || — |*B| with

h(n) = e, if nis even
~ | o, otherwise

is a homomorphism of 2 into B. Indeed, by the definition of h we see
that for every m,n € |2|:

h(m &% n) = h(m) ®® h(n) and h(m &% n) = h(m) ©% h(n).
ii) Let 2, B be the structures for £¢ that are defined as follows:

|| = N—{0}, <* the usual relation “less than” in N—{0},

|B] =N, < the usual relation “less than” in N.
Then the function A : || — |B| with h(n) = n—1 is an isomorphism of 2
onto ‘B, as we can easily verify.

The previous definition reminds us corresponding algebraic definitions.
The next theorem links it with semantical notions.

Theorem 3.6.1 Let 2, B be structures for £;, h a homomorphism of 2
into B and v a valuation in 2. Then

a) For every term ¢, h(v(t)) = hov(t)
b) For every open formula ¢ without the symbol ~,

A= pv] iff B = phov]

¢) If h is 1-1, then for every open formula ¢,
A= ] iff B = plhov]

d) If & is onto, then for every formula ¢ without the symbol ~ we have
A = plv] iff B Eplhovl.

Proof. a) Exercise 71.
b) We use the principle of induction for the set of formulas constructed
from atomic ones without the symbol ~ by means of the symbols —, —.

1) Let us consider a formula of the form P(t1,...,t,). Then

A P(ty,... ty)[v] iff  (©(t1),...,0(t,)) € P* (Tarski’s def.)
iff (h(v(t1)),...,hD(t,))) € P (h homom.)
iff (how(t1),...,hou(t,)) € P? (by a))

ifft B P(ty,...,t,)[hov] (Tarski’s def.)
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2) Suppose that ¢ is of the form —), where 2 = ¢[v] iff B = ¢[hov].
Then, by Tarski’s definition,

A = ov] iff A B Pplu] iff B B Plhov] iff B = plhowv].
3) If ¢ is of the form ¥ — y, then we work as in 2).

¢) We work as in b), without excluding the case in which the formula is
of the form t; = to, where ¢, t9 are terms. But
A ’: 1 ~ tz[’U] iff 5(751) = E(tz) (Tarski’s def.)
ifft h(v(t1)) = h(v(t2)) (since h is 1-1)
iff how(t1) =hou(tz) (bya))
iff B tyxta[h o) (Tarski’s def.),

and so the claim holds.
d) We work as in b). The case that remains to be considered is when ¢ is
of the form Vzi and 2 = ¢[v] iff B |= ¢[h o v], for all valuations v in 2I.

1) Suppose that B | Vzip[h o v]. Then B | ¢[(h o v)(z|b)] for every
b € |'B]. Since h is onto, it follows that B = ¥[(h o v)(x|h(a))] for
every a € |2|. But the functions (howv)(z|h(a)), ho(v(z|a)) are equal,
hence B = ¢[ho (v(z|a))] for every a € ||, and so, by the inductive
hypothesis, 2 = ¢ [v(x|a)] for every a € |2|. But then we deduce that
2 |= Vxip[v] by Tarski’s definition, i.e., the claim holds.

2) Asin 1), we show that if B [~ Vzi[hov], then A p~ Vi [v], nd hence
the required equivalence holds.

Remark. A consequence of the previous theorem is that if & : 2 = B, then
for every formula ¢ and valuation v in 2 the following holds:

A= plv] iff B = plhov].
In particular, for every sentence ¢: A |= ¢ iff B = ¢.

Definition 3.6.2 Let 2, B be structures for £;. We say that
1) n A is a substructure of B, denoted by 2 C B, iff || C |B| and

o) for every n-ary predicate symbol P: P* = PT n |2(|"
B) for every n-ary function symbol f: f* = fZ[|2"

2 B

v) for any constant symbol c: ¢ = ¢®.

2) A, B are elementarily equivalent, denoted by 2 = B, iff A, B they
satisfy the same sentences, i.e., for every sentence ¢:
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A= piff B = .

An example of structures 2, B for which 2 C %5 is given in Example
ii), page 65. In this case we also have 2 = B, but it is not true in general
that if A C B, then A = 8. Indeed, for the structures A, B of Exercise 39
it is obviously true that 2 C ‘B, but it is not true even that 2 = ‘B, since
there exists a sentence ¢ such that 2 = ¢ but B = —p.

From the previous Remark it follows that if % = B then A = 5. The
converse is not true. Indeed, let 9t be a non-standard model of arithmetic
(Exercise 66). Obviously it holds that 9t = 91, but we will show that
M 2 N. So suppose that i : M = 9. By the hypothesis, there exists a
valuation v in 91 such that

M = xo#n|v] for every n € N.
Hence, by the Remark,
N E xo#n[h o v] for every n € N,
that is, howv(zg) # howv(n) for every n € N.

Using (ordinary) induction we show that h o v(n) = n for every n € N.
Hence h o v(xg) # n for every n € N, which is impossible, since h o v(zg) €
|9| = N. Therefore, there is no function A : 9t = M.

Definition 3.6.3 Let 2 be a structure for £y, a1, ...,a, € ||, RC|A|™ and
©(x1,...,zy,) a formula — when writing ¢(z1,...,z,) we mean that all the
variables occurring free in ¢ are among z1,...,z,. We say that

1) ¢ is satisfied by ay,...,a, in A and we write A E la1,...,a,), if
there exists a valuation v in 2 such that 2 = ¢[v] and v(x;) = a; for
i=1,...,n (or, equivalently, for every valuation v in 2, if v(z;) = a;
fori=1,...,n, then A = ¢[v])

2) ¢ defines R in 2 iff it holds that
R={(a1,...,an) € A" : A = plar,...,an]}

3) R is definable in 2 iff there exists a formula p(z1,...,z,) which
defines R in .

Examples. Let us consider the structure 91 for L.

a) The relation {{(m,n) € N?:m <N n} is defined in N by the formula
Jzg x1 B ThrTs.
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b) For an arbitrary n € N, the set {n} is definable in 91 by the formula
Tr1=n.

c) The set of prime numbers is definable in 9 by the formula
230" @ w3~z AVaoVrs(ri~rs O 23 — 190" V 230").

To show that a relation is not definable in a structure we use the
following

Corollary 3.6.1 Let 2 be a structure for £, h an automorphism of 2, i.e.,
h:A=2 and R C |2A|" definable in 2. Then for every a4, ...,a, € || :
(a1,...,an) € R iff (h(a1),...,h(a,)) € R.

Proof. Let ¢ be the formula which defines R in 2l and v an arbitrary
valuation in 2 with v(z;) =a;, i =1,...,n. Then

(a1,...,an) € R iff A= gla,..., an] (since ¢ defines R)
iff A E [v] (because of notation)
iff A= plhoul (by Theorem 3.6.1)
ifft A= plh(ar),...,h(a,)] (notation)
iff (h(a1),...,h(an)) € R,
and so the claim holds. O

Example. Let 9, be the structure for £ which is defined as follows:
M| = R and <= the usual relation “smaller than” in R.

Using the previous corollary, we will show that the set N is not definable
in R, (- N is considered as a unary relation R C |R,| = R). So suppose
that N is definable. Then, because of Corollary 3.6.1, for every a € R it
holds that

a €N iff h(a) €N,

where h is an arbitrary automorphism of 9i,. But it is easy to see that the
function h: R — R with h(x) = 23 is an automorphism of 9,. Hence for
every a € R:

a €N iff ¢3eN.

But this is not true, since, e.g., 2 € N, while 2 ¢ N. Hence N is not
definable in A,.
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28.

29.

30.

31.

32.

33.

34.

EXERCISES

Construct the tree diagrams of the formulas

21 (Q(x1) — Vo2Q(22)), [(V(p — ¢) AJzp) — a9,
(ElaclVach(xl, wg) — ngElle(acl, 332))

Which variables occur free in each of the following formulas? Which
of these formulas are sentences?

(Vz1Q(21) ¢ J22Q(22)), (Fz1Q(21) A Q(1)), (T1 ~ 22 V 71 % 72)
Jz3(Q(z3) — Vr4Q(24)), (Q(22) — VX1 P(21, 72)).

Prove that every formula has the same number of right and left
parentheses.

Which are the formulas that, after omitting parentheses, are written
as

Vr1Q(x1) A P(x1,22) — Jxo—P (21, 22),
—3x Voo P2y, 22) V Vr1Q(21) < Q(x2);

a) Find formulas of £5! corresponding to the propositions: “There
exists a set which has no elements”, “Every set is an element of some

bh

set’.

b) Find formulas of £} that correspond to the propositions: “There
exists a natural number that is not the successor of any natural
number”, “The product of any two arbitrary natural numbers is
greater than their sum”.

We consider the following formulas of £3t:

T1€x2 V X1E€X3, 31‘4(1‘4¢1‘1 A a:4§éa;3)
T1€ET9 N\ To€ET3 — T1E€ET3, VI T1ET.

e Let v be a valuation in the structure 9N, such that v(z;) = 2,
v(z2) = 4 and v(xz3) = 7. Which of these formulas are true for
v in N7

e Let v* be a valuation in the structure 91} such that v*(z1) = 5,
v*(x2) = 1 and v*(z3) = 3. Which of these formulas are true
for v* in MN3?

Let v be a valuation in the structure M* for £} such that v(x;) = —3,
v(zz) = —4 and v(x3) = 0.
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35.

36.

37.

38.

39.

40.

¢ Determine the values of the following terms for v in 91*:
(7 ©25) © (v1 © x3), 22 © (71 @ (25 © 0)).

¢ Which of the following formulas are true for v in 9%;
Jz1 0" © 21 = x9, V1 21 %0 — x5~ 9.

Which of the following sentences of £} are true in 91 and why?

dry 21 P xy =0, Ve 21 = 21 V dxgxg % 0,
Ve x1 % x1 = Vo1Ves ©1 ® 2o &~ 220 @ 1.

Let X be a set of formulas of £ and 2 a structure for £;. Is it true
that if every element of X is satisfiable in %A then X is also satisfiable
in A7

Let ¢ be the sentence of £ which expresses “The powerset of every
set exists”, i.e., the sentence

Vai3xoVas(rs€xe > Vay(x4€x3 — T4€27)).
Is it true that 915 = ¢ or not?
Let 9Ny be the structure for £5! defined as follows:

a) \‘ﬁd\ =N
b) €% = {(m,n) € N?:m divides n}.

Let now 7 be the sentence expressing that “For any sets x, y the pair
{z,y} exists”, i.e.,

Va1 VaeodasVay(re€xs > x4 = 21 V 24 = X2).
Is it true that 91y = ¢ or not?

Let L9 be the first-order language of the theory of order, that is the
first-order language having as its only non-logical symbol the binary
predicate symbol <. Let 2, B, € be the structures for L{ that are
defined as follows: [2A| = N, |B| = Z, |¢| = Q and <¥=<N, <P=<7
<t=<C

Find sentences ¢, vy of L{ such that

a) BEe and AE -
B)@)Zw and %):—\1/1

Let X be a set of formulas. Prove that for every ¢, ¢:
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41.

42.

43.

44,
45.
46.

47.

48.

49.

« SU{p} v if T ey
e p=v iff E oy

Prove that for any binary predicate symbol P:

E|.T1V.’E2P(l‘1, 5(52) ): V.TQEL’ElP(l‘l, 5(52)
Vl‘gﬂl‘lp(xl, 1‘2) I?é 3:):1V3:2P(x1, 1‘2).

We consider the following propositions:

1) For every set x there exists a set y whose cardinal number is
greater than that of x.

2) If z is a subset of y, then the cardinal number of z is smaller
than or equal to that of y.

3) Every set is a subset of V.

4) V is not a set.

Using corresponding sentences of a first-order language, show that
1) — 3) logically imply 4).
We consider the following propositions:

1) Every natural number is an integral number.
2) n is an integral number.
3) n is a natural number.

Using corresponding sentences of a first-order language, show that
1), 2) do not logically imply 3).
Prove that for all formulas ¢, : {Vz(p — ), Vzp} = Va.

Prove that if  does not occur free in ¢, then ¢ = Vzp.

Prove that for every formula ¢: ¢ is valid iff Vzy is valid.

Let S be a set of sentences such that for every sentence ¢: S = ¢ or
S = —p. Let also 2 be a model of S. Prove that for every sentence

o A= iff S = .
Which of the following formulas are logical axioms? (P is a unary
and @ a binary predicate symbol.)
(Ve P(x) = VyP(y)) = P(2)] = [VeP(z) = (VyP(y) = P(2))],
Vy[va(P(x) = P(z)) = (P(¢) = P(e))], Va3yQ(z,y) = 3yQ(y,y)-
Prove that for all formulas ¢, ¢:

® 4, Ve — Jxp and

o if k4, o = 9, then k4, Vep — Vaih.
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50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Prove that for arbitrary predicate symbols P, Q:
{Q@),vy(Q(y) = V2P (2))} Fa, YaP(2).

Prove that for every binary predicate symbol P:
o by, VaVyVz(zry — (y~z — x~z)) and
L |—A1 VyNyszleQ[ylzzl — (y2 X 29 — (P(yl,yg) — P(Zl,ZQ)))].

Prove that for any terms ¢,r, s:
oyttt
oy trs— st
ehbptrs— (ser—trr)
oy st (ret—sxr).

Prove that for every formula ¢, if = is substitutable by y in ¢, then

Fa, xRy — (0 — ¢%),

where ¢* is the formula obtained from ¢ by replacing z, in some or
all its free occurrences, by y.

Prove that for any binary predicate symbol P:
VaVyP(x,y) Fa, YyVoP(y, z).

Prove that for any unary predicate symbol @:
Fa Qy) & Va(army — Q(x)).

Prove Generalization on Constants.
Hint. Suppose that ¢, ..., o, = ¢ is a formal proof from 7" and y a
variable that does not occur in any of the formulas ¢4, ..., ¢,. Prove
that the sequence (¢1)y, ..., (#n)j is a formal proof of ¢f from T
Using examples, show that the conditions on c that are mentioned
in Theorems 3.3.5, 3.3.6 are necessary.
Let ¢ be a formula and z, y variables. Prove that

e It is not always true that (¢} )7 is identical to ¢.

e If y does not occur at all in ¢, then y is substitutable by z in

@y and (¢})% = ¢.

Prove the following corollary of Generalization on Constants: If 7" - 4,
©? and ¢ does not occur in any element of T'U{¢}, then T I 4, Yyep.
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60.

61.

62.

63.

64.

65.

66.

67.

Prove that the following formulas are formal theorems of A;, for
any variable x and any formulas ¢, v, x:

1) Fz(p V) + Jxp V Jzp

2) Yxp VVzp — V(o V)

3) Jx(p AY) — Jzp A Jaep

4) Yx(p A1) <> Vop AV

5) V(o — ¥) = (Fzp — Jz1h).

Prove that the logical axioms are valid formulas and that Modus
Ponens preserves logical implication (that is, if T = ¢ and T |= ¢ —
X, then T = x).

Prove that the second part of the Soundness Theorem implies the
first part.

Prove that the first part of the Completeness Theorem is equivalent
to the second.

Let £, L] be first-order languages such that £} is an extension of
L, that is, it includes all the non-logical symbols of £;. If 2 is a
structure for £} and 2A'[L; is the restriction of 2’ to the language £,
(that is, 2,21 have the same universe and the same interpretations
for the non-logical symbols of £;) and v’ a valuation in 2(', then for
every formula ¢ of £;:

Ak plv] iff ALy = ],

Suppose that T', S are sets of sentences of L. Prove that if 7" and S
have no common model (that is, there is no structure 20 such that
2 =T and 2 = 5), then there exists a sentence ¢ such that T 4, ¢
and S F4, —o.

We consider the set 7' = ThMU{zg % n : n € N}, where Th91 denotes
the set of sentences of £ which are true in 9 and n is the term
0"+’ (n times). Prove that T is satisfiable.

Note. The structures in which 7' is satisfied are called non-standard
models of arithmetic.

Definition. Let T be a set of sentences of £ and K a class of
structures for £;.

a) ModT denotes the class of models of 7.
b) ThK denotes the set

{p € S(L1) : A |= ¢ for every structure A in K}.
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68.

69.

70.

71.
72.

73.

74.

Prove that for any sets 7',.S of sentences of £; and arbitrary classes
of structures K, L the following hold:

1) If T C S, then ModS C ModT

2) If K C L, then ThL C ThK

3) T CThModT and K C ModThK

4) ModT = ModThModT and ThK = ThModThK.
Let T', S be sets of sentences such that T'CS, T' is complete and S is
satisfiable. Show that T' = §S.

Prove that a), b) in the first case of the proof of Theorem 3.5.1 hold
for the formula .

Find formulas in prenex normal form that are logically equivalent
to the formulas

Ve(P(x) —» z ~y) — (32P(2) = Juz = u),
Jrx~y— (P(x) » ~Jza = 2).

Prove part a) of Theorem 3.6.1.

Let 2 be a structure for £ and g a 1-1 function with domain |2(].
Prove that there exists a unique structure B such that g : 2 = 8.

Let 3 be the structure for £} that is defined as follows:

'3 - Z7

'3 is the function with "3(n) = n+%1 and 03 =0,
@3 is the usual operation of addition on Z,

®3 is the usual operation of multiplication on Z.

a) Is it true that M C 3;
b) Is it true that M = 3;
¢) Is it true that 9 = 3; If not, is there an isomorphism of 91 into
3;
Let N, be the structure for £{™ that is defined as follows:

|9:| = N and @™, ®” are the usual operations of addition
and multiplication on N.

Prove that the following relations are definable in 9,,,:

{1}, {{m,n) : n=m'}, {{m,n) : m < n}.

74



Bibliography

[1] T. Mntoxidng: Amo w0 Aoywen oto Aoywxo Ipoypouuatiouo xou
v Prolog, exd. Kopdouitoo, ABnva, 1992.

[2] M. M7épitortg: Aoywe) xow Amodelty, exd. 71, Oca/vivn, 1995.

[3] A. TCouBdpoag: Xtowyeioe Mabnuatieis Aoyixng, exd. ZAtn, Ocooa-
Aovixy, 1987.

[4] T. Tovphéxng: Mabnuoatixy Aoyixn. Oswpior xar IMpa&y, Tavert-
otnuiaxéc Exdéoeig Konng, HpdxAeto, 2011.

[5] R. Cori and D. Lascar: MaOnuoteq Aoywey, ptep. X. Foappotixag,
Evpborog AmtoAAwy, 2017.

[6] H. B. Enderton: Miax pabnuoatie) eioaywyn oty Aoyw, utep. .
Moraddyyovog, aver/uoxég Exddoeig Kontng, HpdxAsto, 2013.

[7]1 A. B. Bell and A. B. Slomson: Models and Ultraproducts: An
Introduction, 1st edition, North-Holland Publ. Co., Amsterdam, 1969;
new edition, Dover Publications, 2006.

[8] I. M. Copi, C. Cohen and K. D. McMahon: Introduction to Logic,
Routledge, 14th edition, 2016.

[9] H. D. Ebbinghaus, J. Flum and W. Thomas: Mathematical Logic,
Springer-Verlag, 1994.

[10] H. B. Enderton: A mathematical introduction to logic, Academic Press,
1972.

[11] H. B. Enderton: Elements of set theory, Academic Press, 1977.

[12] G. Gentzen: Die Widerspruchsfreiheit der reinen Zahlentheorie,
Math. Ann. 112 (1936), 493-565.

[13] K. Godel: Die Vollstindigkeit der Axiome des logischen
Funktionenkalkiils, Monatsh. f. Mathematik und Physik 37 (1930),
349-360.

[14] K. Godel: Uber formal unentscheidbare Sitze der Principia
Mathematica und verwandter Systeme, Monatsh. f. Mathematik und
Physik 38 (1931), 173-198.

75



[15] A. G. Hamilton: Logic for mathematicians, Cambridge University Press,
2nd ed., 1988.

[16] L. Henkin: The completeness of the first-order functional calculus, J.
Symbolic Logic 19 (1949), 159-166.

[17] D. Hilbert and W. Ackermann: Principles of Mathematical Logic,
Chelsea Publ. Co., 1950.

[18] D. Hilbert and P. Bernays: Grundlagen der Mathematik, vol. 11, Springer,
Berlin, 1939.

[19] M. Lob: Solution of a problem of Leon Henkin, J. Symbolic Logic 20
(1955), 115-118.

[20] M. Machover: Set theory, logic and their limitations, Cambridge
University Press, 1996.

[21] W. McCure et al.: Short single axioms for Boolean algebras, J.
Automat. Reason. 29 (2002), 1-16.

[22] E. Mendelson: Introduction to Mathematical Logic, Wadsworth &
Brooks/Cole, 1987.

[23] C. A. Meredith: Single axioms for the systems (C,N), (C,0) and (A,N)
of the two-valued propositional calculus, J. Computing Systems 1
(1953), 155—164.

[24] ]. Paris and L. Harrington: A mathematical incompleteness in Peano
arithmetic, Handbook of mathematical logic, 1133-1142, Stud. Logic
Found. Math., 90, North-Holland, Amsterdam, 1977.

[25] W. V. Quine: Mathematical Logic (revised edition), Harvard University
Press, 1940.

[26] A. Robinson: An essentially undecidable axiom system, Proceedings
of the International Congress of Mathematics (1950), 729-730.

[27] J. B. Rosser: Extensions of some theorems of G6édel and Church, J.
Symbolic Logic 1 (1936), 87-91.

[28] H. M. Sheffer: A set of five independent postulates for Boolean
algebras, with application to logical constants, Trans. Amer. Math.
Soc. 14 (1913), 481-488.

[29] E. B. Stamm: Beitrag zur Algebra der Logik, Monatsh. fiir Mathematik
und Physik 22 (1911), 137-149.

[30] D. van Dalen: Logic and Structure, Springer-Verlag, 1994.

[31] A. N. Whitehead and B. Russell: Principia Mathematica, 3 volumes,
Cambridge University Press, 1910, 1912, 1913.

76



