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1 Baowkad otoyygia Yo 10 padnpa
Boowég avagpopég tov pabnpatoc:
* “Introduction to smooth manifolds”, J.Lee
* “A comprehensive introduction to differential geometry”, M. Spivak
Baowd 0épata tov pobnpatog:
* TomoAoyuéc TOALATAOTNTEG - OLOAEG TOAAOTAOTNTES
* ALOVOGHOTIKA TTESTD - EQUTTOUEVT] dEoUN
* ALOVUGLOTIKEG OEGLEG
* Yuve@antopevn déoun
* Immersions, submersions kot anekovicels otadepng TaENg
* Epgutevpéveg vmomoAlamAdtnteg
* Awvocpotikd medio Kot ot poég TovG
* [Mopdaywyog Lie
* Foliations - ®@smpnua tov Frobenious

* Oudoeg Lie

2  Tomoloyikég moALOTAOTTES

Eépovpe va kdvovpe dopopikd Kot 0AoKkANpoTkd Aoyiopud otov R™ 1 6g avolytd vrocHhvord Tov.
YKomd¢ ™G Bewpiog TV SPOPIK®Y TOAATAOTHTOV EIVOL VO 0PIOTOVY TOTOAOYIKOL YMPOL, AyOTEPO TE-
Tpévol amd tov R podlacpévol pe Ty KoTdAANAN doun OGTE va KAVOLLE TO 1010. Xe £val YEVIKO TOTO-
AOYIKO YDPO Y10 TOPAOELY LA, LTOPOVLE VO LUAT|GOVLLE Y10 GUVEXELD CLVOPTICEMV OAAL dev EYEL VOO VO,
LAGLLE Y10 OLOAEG GLUVOPTNOELS GE OVTOV.

H Boaown 6éa givatl va peAetnoovpe TomoA0YIKOHS YHPOVG oL “UotdlovV” TOTIKE [LE VOl TO VITOGV-
voAa tov R™. Avti 1 10€a pag 00MYel 6Ty €vvola TNG TOTOAOYIKNG TOAAATAOTITOC.

YrevOopon: Tororoykds xdpog (X, T) o6mov X givor chvoro ko 7 C P(X) dote

e 0. XeT



* Onowdnmote Evoon ototyeiowv tov T avikel oto 7.
Ta otoryeio tov T ta ovopdlovpe avorytd chvolra.

Opwopdg 1. Mio tomoloyixy moAlamiotyto oraotoons n > 0, aképalog, eivai Evog TOTOAOYIKOS YWPOS UE
TIC TOPOKAT® 1010THTES

» Eivor Hausdorff: Aniaon éyxer tqv 1010tyta ot yra kdbe dvo onueio v,y € M, x # y, vmapyovv
avorytd vmootvola UV C M, UNV =0, ucx € U,y € V.

» Eivou debtepog apiBunoyiog (second countable), Exer oniaon apiBunoyun Poon yio. tny tomoloyio tov.

* Kouin paoixi 1010tyro: Takabe v € M vmdpyet avoiyto vmoodvoio x € U C M kou oporopoppionog
¢ :U — U = ¢(U) CR™ Andadij n ¢ eivar ovveyig, 1 — 1, kou n aviiowpopii g ¢~ - U — U
elval exiong ooveyng.

Eva tétoo (¢, U) ovoudletar yapng 1§ obotnio. oovietayuévamy yopw omé 1o x.
Apeca mapadetypota
* O R” givon TomoAoyikn ToALaTAdTNTO.

* O X =R"/{zx ~ —x} dev givon molamrdtnro. Kopio yerrovid tov 0 dev givar opotopopeixn pe
avoytd vrooHvoro Tov R™: Av meplopicovpe v

7 :R" - R"/{x ~ -z}
otov R™\ 0 to1€ k@Og KapmdAn omd 1o x 6t0 —x amewoviletar o€ fpdyyo pe Baon o (). Avn > 3
KoL 0 Ympog tomikd Epotale pe R™ Ba Expene va UTOPOVLE VO, TOV TAPALOPDOCOVLE GE G UELD. ATOTO.
Inueiowon: €dd o X maipvel v totoroyia mnAiko, 6mov ta avoytd U otov eivar akpBdg T vmo-

cbvora pe 7 H(U) C X avoytod.

Mmropodpe va ypayovpe ke (¢, U) cav

110 k60e p € U, 6mov kébe ' : U — R eivon cuveyfig cuvaptnomn, 0god eival chvOeon cuveydv ametko-
vicewv
' =mo¢

pem : R" — R, m(zt, ..., 2") = 2.



2.1 TMHopoociypota
* Ipapnuarta cuvexymv cvuvapmoemv. Eoto U C R" xat
f:U—RF
o svveyng suvapon. To ypaenud g eivar to vTosHvoro Tov R
Gy = {(:El,...,a:”,yl, L) eRYE (W M) = f($1,...,xk)}
Aéyetar oo yapm ¢ : Gy — U mov opileton og

¢((m1,...,x",y1,...,yk)) = (2, ..., 2"

oL givan cuveyng kot M avtiotpoen Tov givoin ¢t U — Gy

oMt . 2 = (2. 2" f(at L a™))

Kol etvon gmiong cuveyng.

Inueiwon, £8® o yphenuo moipvel v tomoroyia and tov R dmov avorytd opilovrar ta vmo-
covora O N Gy k6Be avorytd O tov R™ T, emopévag eivon Sedtepog apdpfioiog kon Hausdorff
(apod TPoEpyETAL OO LETPIKO YDPO)

T Tapdderypo, av U = {|y| < 1,y € R"} kon f(y) = /1 — |y|? érovpe ypdonuo ndve and tov
avorytd povadiaio diocko otov R™. Avtd Ba gival to dvo nuoeaipto pio ceaipag S1doToong n 6TovV
R+,

S* = {z = (a,...,2", ") € R™? |z| = 1}

* Xpaipeg. 1o TponyodueVo Topddetypa eidape TAG Vo OTIAEOVE XAPTN YOP® amd KAOe onueio ™G
S™ pue 2" > 0. Mropovpe va kévoope to 1610 yio to onueio pe 2" < 0, opilovrag

fU—=R

f'(y) ==f(y).
[IéM 6pmg pog “Eepedyouy” o onueio pe 2" = 0. Ondte TPEMEL VO, KAVOVUE TO TOPATAV®D GL-
oTNUATIKG Y10, Oha T 2

Opilovpue
(', ..., 2" ") € S", z; > 0}

(z', ... 2" 2" € S 1y < 0}
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HE aVTIGTOL(OVS XAPTES

of Ur - U, ¢ U —U
o (2t ..., 2" ™) = (2, ... 2% 2™

oy (2t ..., 2" ™) = (2, ... 2% .. 2™,

KOl VTG TPOPOVG

@) W) = (s f W) "),
@) "Wy = (e = fW)s - y").

"Evag mo amodotikdg Tpdmog va opicovpe yapteg otnv S™ £ivat 1 6TEPEOYPAPIKN TPOPOAT.
Opilovpe ¢y : S"\ N — R" g
2

qu([l?l,...,Jjn):1_—$n+1(l‘1,...,1’n)

Kot avtiotoya opilovpe ¢g = S"\ S — R™ g
1 n 2 1 n
¢S<x7"'>x):1+xn+1( ’ 73:)

Acknon: unopsite va Bpeite 1o ¢ ', b5

[poPorikdg xdpoc. Eotow X = R\ {0}/{z ~ Iz, \ # 0}. H tonoroyia sivor n tomoroyia
TNAKOV TTOV TPOKVTTEL OO TNV OMEIKOVIOT| TNAIKO

T R — (R {0}) /{z ~ Az, X # 0}

YvpPoiilerar cuvnbwg pe RP™. Kabe onpeio Tov o oke@toOpaoTe Gav pio evbeia mov diEpyetot and
70 0.

Epdton: ywati o RP” givon second countable ko Hausdorft;

Xapteg: Ag ovpPorilovpe pe [zt ..., 2" € RP™ v kAdon 1codvvapuiag mov aviietolyei 6to
(zt, ... 2" € R, dnhadn

Ac opicovpe to vrosvvora U; C RP™
Uy=m ({(xb SR ’xn-i-l) € Rn+17$i 7é 0})

7



"Evog yptng mhveo and to U; eivan tote 0

ne
1 i—1 i+1 n+1
' nl]y T T T T n
¢l([I1’...,x ])—(;,, xi7 Ii7... xi GR

H ¢ eivan suveymg emedn n ¢ o m eivan suveyng (Pacikn 110t ta ¢ Tomoroyiog TnAiko)

O avtiotpo@odg g diveTan omd

—1/,.1 n 1 i—1 % n
¢; (x,...,2") =[xz, .2 a2
1 i—1 % n
=m(z,...,2" L2 2",
a@o¥ N T efva cuveyng ko N anewcdvion (xt, ... 2" — (2, ... 2t 12t L 2™) eniong.

O mpoforikdg yopog RP™ givar cupmayng: Av mepropicovpe v m ot povadiaio ceaipa T0Te

Tlsn : S" — RP"

z
||

Kot gmopéveg (£ ) = [z].

|z

elvar cvveyng kot extl, apov kabe z € R\ 0 givan tcodvvopo pe +
H oeaipa cuumoyng Tomoloyikog ydpog (KAEeTd Kot @porypévo vrostvoro tov R, kar n ewcdvo
GLUTOYOVG GLVOAOV KATM OO GUVEYN OEIKOVIOT) Elvol GUUTOYNG,.

I'wvopeva. ' Eotm My, . . ., M} TomTOAOYIKEG TOAAATAOTNTEG OLAGTACNG 1y, - - . , Ny AVTIGTOLYOL. O OEl-
Eovpe 0tLTo My X - -+ X M) givon TomoAoy1KY] TOAAATAOTNTO SIAGTAONG 121 + - - - + M.

‘Eoto p = (p1,...,pk) € My X ... x My ko xépteg (¢, U;) dote
pi € Ui C M;,

Tote, otV TomoAoyia yvopevo to Uy X - - - X Uy givar avorytd vroocvvoro tov My X - - - X My ko
pe U x - x U

H amewdvion
(I):UlX"'XUk%ﬁlx"'XﬁkCRnl % oo x RM — RO

Le
Q(p1,. - ok) = (01(p1), -+, Ok(Pr)) = (D1 X .. X ) (P1s - - -, k)

glvatl ovveyne, 1 — 1 kou emi, evd n avtioTpoen g

elvat emiong ovveyng (“kapTesLOVO YIVOUEVO” GLUVEXMY GLVOPTNGE®V EIVOL GLVEXNG)
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XPNGILOTOIDVTOG TO TOPUTAV® TOPASETYLOTO LITOPOVILE VO KOTOUCKEVAGOVLE TOAAES TOAAATAOTNTEC,
Y0 TOPADELY QL

+ S% x S2, kat yeviko YIVOUEVO GQOLPDY S™ X - - - X S
* Topog n-dibotaong (torus) T" = St x - -+ x St n aviiypaga kKixrov.
o St x R, kou yevikd “xdivdpor” SF x R”

¢ 52 x RIP? kot ToAMG AN



3  Oporéc moAAOTAOTNTES

3.1 IIpoPfinpa pe Tov 0pLopRO TNG OLUPOPLGINOTITUS CUVUPTICEOV GE TOTOAOYIKES
TOAMATTAOTNTES

‘Eoto n molamddtta didotaong 1, M = R. Ze avtv pmopovpe vo opicovpe 600 d10popeTIKons
xopteg o, : R =+ R

aeoL Kol ot 00 givar opolopopPiopoi Tov R pe Tov eavtd TOL.

‘Eoto f: M =R — R o cvveyng cuvdpton. [1ote Oa Aépe 6Tt givan Stapopiciun; Oa pmopovcape
va opicovpe 6Tt n f Aéyeton Swagopicyum avn f o ¢! : R — R eivon Stopopioun, yio KGmoto yaptn ¢
¢ . [Towdv yéptn dpmg Ba daiéovpe; Tov ¢ 1) TOV V5

[Mopatnpodpue oty myv f(z) = x

H pia eivon mopayoyioyn oto 0 1 GAAn OxL.

2TOV amEPOCSTIKO AOYIGHO OVGLUGTIKA £YOVUE KAVEL U0l EMAOYN, UE Tt €I00VG Ydptn O “uetpdpe” ™
SPOPICIHOTNTA, OALA EOD VTLAPYEL TO TAEOVEKTNLOL OTL VTLAPYEL KATO10G (TOAAOL) OAIKOG YApTNG. XE [
YEVIKY] TOTOAOYIKT TOAAUTAO TN T OUMOC, TOV OVOYKAGTNKA XPELOLOUOGTE EVOEYOUEVAOS TOAAOVG YAPTEG Y10
Vo TV KoAOWoLuE, eivan avaykaio kamolo cuvOnkn copfatdtntog: 0Tt OA0L 01 YAPTES “CLOLPO®VOVV” MG
TPOG TO TOLEG GLVAPTNGELS Elval S1aPopioLES Kol TOLEG O)L.

"o va yivoupe o cuykekpipévor, éotm M pa tomoloyikh) toAlamhotta didotaong n,(p, U), (v, V)
dvo yapteg mg M wdote U NV £ ().

["a va cupemvovy ot 6vo YapTes Mg TPOS TN daPoptodTnTo, OEAOVUE Yo KABe cuveyn f: U NV —
R, n obvOeon

foot:p(UNV)—=R

va glvar dtapopiotun ov Kot pdévo av m
foyp ™ :iyp(UNV) =R

etvat.
Mmnopodyie 101€ Vo Ypayoupe

foy™ =fog o(poy™h),
fooTt=fop T o(og )= foy T o(poy )

10



0oV

pop i p(UNV) = p(UNV).

H anewcovion ¢porh ™! etvon mévo opotopop@iopdc, apov etvor yépteg g Tomoroyikng moAlamidtntog M.
Tounepaivovpe OpmG 0Tt yia v, xovpe emmAéov th (ntovpevn cvpBatdtnta, Tpémet ¢ o 1! va givon Aeia
ue Aeia avtiotpoeo, va giva dniadn o apeoedpion tov cuvérev (U N V) C R™, ¢(UNV) C R™
H 13¢a givar Aowdv 6t av givar dvvatov va kaddyovue OAn v M e ydpteg mov givor cvpParot,
CLUUPO®VOVV HETAED TOVG YO TO TOLEG GUVOPTNOELS Elval OPAAEG, TOTE EYOVE L KOAG OpIGEVN Evvola
SLPOPICILOTNTAG CUVAPTNCEWMV AVECAPTHTH OO TNV ETIAOYN XOPTH (1] COOTHUOTOS COVIETAYUEVWV)

3.2 Opoiéc TOALATAOTNTES - OPLGUOG

Atdavrag tomoloyikng rollorAotntag: Av givol o TOTOAOYIKT TOALATAOTNTO S1AGTACNG 72, OVOUGL-
Covpe athavta A g M pa cvdhoyn and yépteg {(oi, U;) bier 610100 Dote M = U Us.

Ouoiog atdovrag: Eivon évag atiavtog A mov €xel v iddtrao:
To k60e (¢, U), (W, V) € ApeUNV # Doyt :p(UNV) = ¢(UNV) eivar aueidrapdpion.
Mo této10 omekovion ovoudletal amelkovion LeTaaong amd Tov 1) GToV .

Ioyvet (dev Ba to amodeifovpie) 6T1 KAOE OIS ATAAVTOG TEPIEYETOUL GE EVAV LOVOOIKO LEYIGTIKO OPLOAD
dthavta, o omoiog mepiéyel kbbe yaptn g M mov givar cupPartodg pe Tov apyiko.

Alopopikn) doun o€ pio TOTOAOYIKT TOAAATAOTNTA EIVaL £VOG LEYIOTIKOG OLOAOG dTtAavtac. Mia tomo-
AOYIKN TOAAATAGTNTA QOO UEV LE Lol SLOPOPIKT SoUT OVOUALETOL SLPOPIKT] TOAALATAOTNTA.

To mapdderypa pe tov R pog deiyvet 6Tt eivor e0KOAO Vol KATOGKEVAGEL OLULPOPETIKES SLOUPOPIKEG OOLES
0€ 0L TOTOAOYIKY TOAAATAOTNTA. YTTAPYEL OULMG VO GNLUELD TTOL OTOULTEL TPOGOYN, GTO 0010 Bl EMOVEN-
Bovpe cuvTopa, OTAV UATIGOVLLE Y10, SIOPOPICIUOTITO OTEIKOVICEDV PETAED TOAAATAOTITOV.

3.3 Hopoociypota
1. IToAlamAdtnreg dtbotaong 0.

2. R

3. Ovopaipeg S™: Av (U7, ¢;) xon (U, ¢7) tote ooz = (2!, ..., 2") € R, |z] < 1

¢f o ((ﬁj)_l(xl, ")y =@ (2t T T = o222

= (2, ..., 2 . 0 = )22t e,

oV pUopove va eEAEYEovE OTL lvat apEd1oopLoT).
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4. O mpaypatikodg tpoforikog xopog RP™: Acknon

5. Kapteoiavd yvopeva S10popik®V TOAAATAOTNTOV Elval S10popikéc ToALATAOTNTES: AGKNON

6. Eoto f(z) = |z| ko G5 10 ypaenua g f. To G givon opotopopeikd pe tov R kot enopéveg
KAnpovopel pio Stopopikn doun og £ENG:

H anewoévion F' : Gy — R, F(z,y) = x eivon opolopopeiopds. ‘Ecto o xapmg ¢ : R — R,
¢(x) = z, mov amo pdvog Tov oynuartiCel Evav doEopkd dtiavto yo o R. Tuvenme, n omekovion
¢ o F : Gy — R eivon évog ohkog xaptng yio 1o Gy, kar po oynpatilel Evov drapopikd dtiavta
v 70 G ¢ HETATPENOVTAG TO GE S10POPIKT) TOAAOTAOTNTOL.

AMAG TLyivetan pe ) dtaicOnon 6t to G dev eivar opard; Otav AGOVUE Y10, VTOTOAAATAOTNTEG
Ba yiver mo EexdBopo, aAld ag Kivov e TV €ENG TOPATHPNOT).

To G givon vroohvoro tng dragopikig toramidntog R?. Tav této10 vrdpyst o €EAG TPOTOG Va
emA£Eovpe Tt Oa mel “Srapopioun cvvapmon” oto G¢: va movpe Ot o f 2 Gy — R gtvan dropo-
ploun av kol povo emexteivetan og dtapopiciun cvvéptnon otov R2. Ag Sovpe av owtd coppovel
pe T Stopopiky) dopun mov opilel o xaptng ¢ o F.

H aneikovion L : R? — R, L(x,y) = y eivar Stopopicyn. Mapatnpodue opong 6tin
Lo(¢oF) " (z) = L(x,|z]) = |2

dev gtvar drapopioun. BAémovpe Aowmdv 6t n Stopopikny doun mov opicape oto G ¢ amorheiet v
L|g,; am6 10 6OvoLo TOV S10QOpIGIL®V GUVAPTIGE®DV.

Epatnon 1: Yrdpyet Stapopikdg drhavtag oto Gy dote N L va etvon Stopopioiun;
Avy R — R, p(x) = 23, 1616 1

Lo (o F) ! (z) = L(z*,|2°]) = ||

etvar Stagopioym. AAMG tote ) L' (z, y) = x/3, mov Sev eivon Stopopiciun otov R?, ikovomotet
L'o (Yo F)"H(z) = L'(a* |27]) = z,

7oV €lval TopaAyOYIGIUN MG TPOG OVTH TN SLLPOPIKT) OOUT].

7. Awvvopotikog xopog V' menepacuévng odotaong n. 'Eotm e; po fdon tov, n omola endyst Evav
weopopeopd L : R™ — V pe tov R" oote

n
L(z',... 2" = inei.
i=1

12



10.

Tote av ¢ = L1, 0 (V, ¢) elvan évag ohkdg xaptng kot diver otov V' Sopr| S10poptkhg ToAAOmAS-
™mrog.

Avt givar aveEaptn g emloyng Pdong, apod av mdpovpe o GAAN Bdon Kot Tov avticToryo
YAPTN ) TPOKVTLTEL OTLN Yo~ L glvan ol avTIGTPEWIUN YPOUIIKT amekovion Tov R™, kot amopéveg
APPLOLOPOPLON.

. Avorytég VTOTOAALATAOTNTES SLOPOPIKAOV TOALATAOTTOV. Av U C M givar avorytd vToGOVOAO0 LG

drapopikng toAhomAdtrag (pe dtiavra A), T0TE Pmopovpe vo opicovpEe Tov GTAovTo

Ay ={(V,¢) € A,V C U}.

Inueioon: TePopIoHOg £Vog XAPTNG GE OVOTYTO LTOGVVOAO TOV TESIOL OPIGLOV TOL Elval £miong
YEPTNG, TOV TEPLEYETOL GTOV 1010 LEYIOTIKO ATAAVTA.

To chvoro TV mvakwv. To GHVOLO TV N X M TVAK®V £ival SIOVOGUATIKOG YMPOS d1AGTACNG NI
Kot Gpol SopOPIKT TOAAATAOTNTO SLAGTACNG NIM.

Ot avtiotpéypot wivakes. Ot aviiotpéypot wivaxes Gl(n, R) givon
Gl(n) = {A € M,(R),det(A) # 0} = det '(R\ {0})

H det givon ovveyng anekovion, ko enopévas to Gl(n, R) givar avorytd vmootvoro tov M, (R) ko
dpa ovor T VITOTOALATAOTNTA TOV, dLAGTACNG NI
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4  Oporéc amEIKOVIGELS HETUED OUUIADYV TOALITAOTTOV

‘Eoto M, N 300 d10poptkég TOALATAOTITEC.

Opwopdg 2. Mia ameikovion F' : M — N egivou oualn (avtictoryo oiopopioun) ov yia kalde p € M
vmapyovy oporot yaptes (U, ), (V1) twv M kor N avtiororya, pe p € U ku F(U) C V dote n
Yo Fog™:¢(U)— (V) vaeivar ouodsi (aviiotorya dapopioyn).

Aéue ot F eivar Sropopioyn oto p € M av vrdpyer (U, @) ydpne e M ue p € U ko ydptng (V, 1)
e N ue F(U) CV dotenpo Fog™t: op(U) = (V) va eivar drapopion oo ¢(p).

ANppa 1. Av o azeikovion F' 2 M — N eivar opols, t0te €ivar kou ooveyng.
Amodeiln. 'Eotw p € M, 8éhovpe va deiEovpe 6tim F' etvat cuveyng oto p. Aeov 1 F' ivot opodn], and tov

optopd &xovpe oporoig yaptes. (U, ¢), p € U xon (V,4), F(U) CV @woteno Fog™t: ¢p(U) — (V)
va glvar opaAn. Tote yphoovpe v F' o¢

F=¢ylo(oFog¢p HNop:U—V,

dnAadn cvvOeon TV ancikovicewv ¢, (o Fog 1), 1~ mov eivar cuveygic 610 p, ¢(p), Yo F(p) avtictorya,
Ko dpa n F'etvat cuveyng oto p. [

Ao ™V GAAN, av yvopilovpe 0Tt (o ameikdvion elval GUVEXNS, LTOPOVLE TOL0 EVKOAN Vo EAEYEOLLLE
ot elvat opoAn, pe To akOA0LO0 AL,

Afqupe 2. Mio ovveynic armeixovion F - M — N eivar oualsj av yio ké@e (U, @) opold yapn e M kou
(V) opold yaptn e N n oovbeon

poFogt
eivar opoldn, aro medio opiopod s (av eivar un kevo)
Arddeién. ‘Eotw p € M, xou (U, ¢), (V, 1) opodoi yapteg omv M xouw N avtictoya dote p € U kot
F(p) € V. Ané m ovvégeio g F, F~1(V) givon avoytd xon dpato U = F~H(V)NU C U siva
avouyto, kot pdhota p € U'. Tlepropilovtag tov xapt ¢, Exovpe tov (¢, U') dote F(U’) C V. EmmAéov,
N oovleon 1 o F o ¢~ givon opat], Ko awtd apkel yia Ty omddeién tov Aqpporoc. O
Afqppa 3. Xovleon F; o Fy opoiav omeikovicewv Fy : My — My koa Fy © My — Ms eivar opal.
Amooeiln. Acknon U
Afqppa 4. (Emixolinon opolav axeixovioewv) Av Eyovue avoiyte U; C M mov kaidmrovv tyv M kai yio.
Kale 1
oUOES amelkovioels wote F;
yia kabe i.

vinv; = Fjlu.nu, ©0te vmapyer opaln ameixovion F': M — N aote F v, = F;
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Ardderén. Opilovpe ywo z € U;, F(x) = Fi(z). H F givon koAd opiopévn apod ot F; cuppovodv otig
touég U; N U;.

INa v opaddmra g F' £xovpe: yuo kaOe p vrapyel U; oote p € U; kau Fly, = F;. Epappolovrtag
TOV 0pIopd g opaddtrtag oto U; maipvoupe xdpteg tov U; (Tov givar avorytr vmomoAlamAotnTa g )
OV TANPOVV TOV OPIGHO, O 0TToT01 Elvan Kol apteg e M.... [

4.1 THopoociypota

1. H omewcdvion ¢ : S* — R givon opaky.

Eilvar cuveync aeod n tororoyia oty S™ e€apyng KOTACKEVAGTNKE OGTE 1) ¢ Va. VUL GUVEXNG.

Oa Bempicovpe Tov yapteg (U, ¢7), mov meptypdpovy ta “nuiceaipia” g S cav ypaeruota
nhvo and 1o {|z| < 1} C R™ TN tov R™™ 1 tavtotiky amewcovion eivar évag olkog xaptng, dev
Ba ypelaoTel va TNV YPAWYOLLLE.

"Eyxovpe Aowrdv
vo (¢f) Mat,. . a™) =zt et T — |22 2t L
= (2, ..., 2" :I:\/1—7|x|2, o),
mov glval PBePaing opoin 6to medio opiopol g.
2. Homewovion 7 : R™1\ {0} — RP™ givan opahs.

Eivar cvveyng enedn o RP™ éyel v tomoAoyio mnAiko. Av mépovpe éva xbptn (¢;, m(U;)), U; =
{(2', ... 2™ 2t #£ 0}

5 ([$1 ;):"“]) _ x_l Pl it !
7 ) ) xl-; ) {Ei ) [L’i g ee ey l’i
101¢ . L "
T A o "
¢ioﬁ($17""xn+1):¢i([$17"'axn+1]):(E""’ 33i ) l’i PN xi )7

OV €lval OLLOAY.

4.2 Apgowgopicelg
M amewcovion F': M — N Aéyetal apeoogopion ov

* Etvot opan

15



* Etvar 1 — 1 xou emt

« H avtiotpopn tg F'~! etvon opodn.

Av y1a 300 drapopikég toddamdAotntag M, N vrdpyet apedaeopion F' @ M — N, 16te Aépe 611 01
M, N givor apodtopopikés.

H oyéon: M ~ N av kot pévo av M, N etvor apedropopikés eivar oy€on tcoduvapiog.

Ytov R eiyape opicel 800 dapopetikég drapopikég dopés, v (R, ¢), (R, ), pe

T
€T .

Av Kot S10pOpETIKES, UTOPOVLLE VO SoVpE OTL Eival ApEOAPOPIKES HETAED TOVG, péom s f : R — R,
f(z) = 2'/3, yioti to1e

bofop H(x)=1o flz)=ux
EMOUEVOS KO

(o fod ) (z) =1,

Ko apa ot f, £ efvon opodég avapesa oTig Svo S10PopIKEG TOAAUTAITNTEC.

* Y@apyouv TOToAOYIKEG TOAAATAOTNTEG He OVO 1N TEPLOGOTEPES daPopikég dopég mov AEN eivan
AUPLOLOPOPIKES HETAED TOVG;

— (Munkres, Moise): K& tomodoywkn moAlanrddtnta dtdotacng < 3 £yl S10poptkn doun, Ho-
VadIKN ¢ TPOG AUPIOOPOPIGELS.

— R™, n # 4 &yl povadikn, o¢ TPog AUPIOPOPIGELS, dLUPOPIKT SouT.

— R*:"Exet vrepoptOpfoipo tAn0me pn apetdtopoptkdy Stapopikdv Sopmv

— (Kervaire — Milnor) H S7 éyg1 28 pn op@idiagpopixég dtopopikéc Sopés (EmTikég 6paipec)

* (Freedman — Donaldson) X¢ didotacn > 4 vadpyovv TOmOAOYIKEG TOAAATAOTNTES TOV OEV EYOLV
Kapio dtapopikn doun!

16



5 Awpepioeig tng povaoog - partitions of unity
Baowad eponuota:

¢ [Mwg pmopolpe vo EVOGOLUE OUOAES ATEIKOVIGELS OPIGUEVEG GE DITOGVUVOAN LETAED TOVG MOTE VO
TOPOVIE OLOAT OTTEIKOVIOT) OPIGUEVT GE OAOKANPN TNV dtapopikn TtollamAotnta; Eidaue 611 AN
€XOVUE OPAAEG OMEIKOVIGELS GE avOLyTé VTTOGVVOAN TTOL KaAvTTovv KAT avtéc cuppmvovv otig emt-
KOAOWYELG TOTE LILAPYEL OUAAT ATEWOVION ATtd OAN TNV TOAAATAOTNTAL.

¢ [lwg pmopovpe vo eTEKTEIVOVLE 10 OLOAT OTTEIKOVIGT) TOV EIVOL OPIGUEVT] GE VTOGVVOAO GE L0l TTOV

glval opiopévn g OAN T S10POPIKT TOAAATAOTNTAL,

5.1 Bump functions
Afqppa S. Yrapyer ouadn ameikovion H : R™ — R ue ¢ mapoxdrw 1010tnteg:

1. 0 < H(z) < 1yaxdbe x € R™

2. H(x) =1y kabe x € B1(0).

3. H(z) =0 paxdbe x € R™\ By(0), ontadn suppf = Bs(0).

['evikd, opifovpe To oTpLypa po cuvaptnong f

suppf = {z, f(x) # 0}

Ardderén. Av égovpe opoin h: R — R dote h(z) = 1y z < 1 ko h(x) = 0y x > 2 pmopodpue vo,
opicovpe mv H og H(x) = h(|z|) mov eivan opods, yoti yopw amd 1o 0, Tov £vagXOUEVOS VoL VTTAPYEL
TpOPANHO AOY® TG |z, n h givar otabepn.

Tnv A pmopovpe va TV KOTOGKELAGOVLE OEOTOUDVTOG T1 CLVAPTNON

et t>0

n omoia givar opadn, axdpa kot oto 0 (doknon), 0 < f(z) < 1 kon limy, o f(£) = 1, xou petd va
opicovpue v h

f2-1)
fQ=t)+ f(t=1)

OV 1KAVOmolel Tig {nrovpeveg 1010tNTESG (EAEYETE T0) [

h(t) =
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5.2 Toepaocvprdayelo,
ExAéntoven (refinement) ovorytod kodvpoatog U £vog Tomoroyukol ympov X, OnAaon
x=Ju
veu

etvan éva GAAo avoytd kaivpa V tov X dote yia kébe V € V vmapyer U € U ovote V C U.
I[TPOZOXH: 1 ekAémtuvon evog KOADUATOC OgV Eivail LITOKAAV L

Hoapacopmayng (paracompact) ovopdaletor £vog TomoAoYIKOS Y®PoS X mov Exel TV W10TNTA OTL KAOE
avorytd kdAopd tov U €xet o Tomkd nemepacpévn (locally finite) exAéntovon, onlodn kébe x € X
EYEL AVOLYTN TTEPLOYN TOL TEUVEL TO TOAD TemepacueEvo manboc and ta U € U.

portaon 1. Kabe ouain wolramiotnta M eivor wapacoumoyng, kai pudiioro kale ovoryto kdloud s U
EYEL LUL0O. TOTIIKG, TETEPATUEVY EKAETTOVEN VV TTOD

* Eivou apiQunoyun.
» N kalfe W € W vrdpyer oualog yoptns (W, ow), ¢ : W — B3 (0) C R™
« oV = {9, (B1(0)), W € W} eivar avorytd xéivua tng M.

Anooerln. H amnddeién ompiletar éviova 010 011 vToBEGaE €5’ 0PIGHOL OTL 0L TOTOAOYIKT TOAAATAO-
tta ivor second countable. Aev Ba yivel oto padnua, taporépmovpe otov Lee. [

5.3 Awpepioceig g povaodog

Opwopdc 3. Eotw U = {U, }aca éva avoiyto kdlvua evog tomoloyikod ywpov M. Aiauépion e uovidag
ovufori ue to kélvuo U eivar pia ooAloyi {1y taea ovvapticewv 1, : M — R dote

0 < u(x) < 1yparabex € M.

L]

suppp, C Uy

To 60v0lo {Suppiba }aca EVaL TOTIKG. TETEPAGUEVO.
* Y oeaVa(r) = Lyraxdle x € M: 10 dOpoloua eivor Temepacuévo Aoy tng mponyoduevig 1016THTOG.

Ozopnpa 1 (Yropén dwpepicemv g povadag). Av M eivar pio drapopiky moilamiotnra kou U =
{Uq}aca elvar éva (omorodnmote) avoiyto kdiopo e M, tote vmapyer dopépion e uovados {1q taca
ovupaty ue to kaAvuo U.
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5.3.1 Eo¢appoyéc
1. Bump functions tdve otV ToAlamAdtn o

Afqppo 6. Av M dwapopixn wollomlotyra, A C M xieioro kou U avoiyro ue A C U tote vmapyel
f: M — R aore

s fIA=1

c0<f<1

s suppf C U
Aréoeiln. Oewpovpe to kdhopo U = {Uy, Uy} pe Uy = U ko Uy = M\ A. Ao 10 Tponyoduevo
Bedprnua mwaipvoovpe Stapépion g Hovadag vy, 1. O@étovpe f = 1y kot Tpo@avag armd to Bedpnua

suppf C U. Eniongywxdbe x € M 1pg(x)+11(z) = 1. Opogsuppyy C Uy = M\ A kon emopévg
P1(z) = 0 o k@b z € A. Enopévag, f(x) = Yo(z) = 1 yiokébe z € A. O

2. Eméktaom opaA®dv GUVOPTNGEWDV:

Anppa 7. Av M ko1 A érewg oto mponyoduevo Ajuua koi éyovue | : A — R¥ ouals, téte yia kébe
U avoiyto ue A C U vrépyer ouods eméxraon F - M — R* we f dote F|4 = f xoa suppF C U.

Amooeiln.

* To 6tin f etvon opodr| onuaivel 6Tt yio k6Oe p € A vbpyet avorytod W, mov mepiéyet To p Ko
opoAn eméktaon F, : W, — R* g f.

* Mropodue va vrobécovue 6t to W, C U, maipvovtag topéc.
* OEAOVUE KATTOG VO EVOGOVUE OWTEG TIC ENEKTAGELS.
* Epappodlovpe to Bedpnpo Omapéng dapepicemv g LOVASOS 6TO KAAVLLOL
{Wy, pe A U{M \ A},
Kat oipvovpe 1, pe suppty, C W), ko ¢y pe suppyy C M\ A xou opilovpe
F(x) =) vp(a)Fy(a),
peEA

7oV giva dBpotspa opad®v cuvapToe®V (yYlotl ivon oparéc; yiati To dBpoicpa eivor opan
oLVapTNON;)
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* Yroloyilovue F'(z) yio kémowo = € A, ypnoomoudvrag 6t 1)y = 0 oto A

F(z) = Z#’p(@ﬂ?(@

pEA

= Yo(@) f(x) + ) () Fy(w)

pEA

— Yo(@) f(@) + 3 (@) f(2)

pEA

= (wo«x) + Z%(m)) e

peEA
= f(z).
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6 Amewkovicelg emkaivyng (covering maps) - ogv 6100 0Onke

Yuveyilovpe e E0IKES TEPUTTOCELS OUUADY OTEIKOVIGEMV, VTN TN POPA LLE TIG OMEIKOVIGELG ETUKOAV-
yne.

6.1 BoowkES 1010TNTES TOTOLOYIKMV UTEIKOVIGEMY EMKAAVYI)C.

Opropés 4. (Ameicévion emixoloync) Mio ameicovion m = X — X Aéyeton ameixovion emkciopnc av

1. X elval katd HovomaTio. COVEKTIKOG, KOl TOTIKGC, KOTO, LOVOTATIO. GOVEKTIKOS (Exel faon tomoloyiog
OO KOTO, LOVOTATIO. COVEKTIKG GOVOAQ,)

2. Eivou eni.
3. Kabe p € N éxer avoryrn yeitovia U C N waorte

» U ovvektikd odvolo.

* O mepropioudg g T oe kébe ovvektikij ovviotwoa V tov w1 (U) eivar ouotopoppiouds twv V-
kou U (Aéue ot1 n T elvoul TOTIKOS OUOLOUOPPLOUOGS)

» KéBe amewcdvion emkdioyng ivor avorytn ameikdvion.

* KéBe amewcdvion emukaioyng eivor Kot omekovion tniiko (aArd Oyt To avticTpopo)

Opopdg 5. Mia ovveyng ameikovion ™ : X — X, X, X tomoloyixoi ywpoi, ovoudletor ameikovion
TnAiko av givou eml kot ) tomoloyio, tov X eivor n tomoloyia wnliko, wov endyel amo v X n .

— U C X avoryé av ko pévo av w~ (U) C X avoryto.

« Avr: X — X givor aneovion emkdAoyng, 1t 0 TAndépidpog Tov cuvorov w1 (x) eivar ove-
EGptntog Tov x: elvar Tomkd otafepog.

« Avm: X — X eivon anewovion emcdhoyng kat F Y — X ovveyfic tote wa avdymon g F
elvan pa ovveyng amewovion F : Y — X oote F' =mo F.

— (Movadwodtnta) Av 600 avoydcelg g F cupepwvodv oe €va onpeio, 10t givar 1d1€6.

— (Aviywon povoratidv) Av xovpe cuvexn kapumodn v : I — X, y(0) = z xa 7(2) = z, 1018
vrapyel povadikn avoywon gy, 7 : I — X, wote ¥(0) = 7.
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6.2 Opolric ameikovicelg emKaAvYNg

Av ot M, N eivai d10poptkég TOALATAOTNTES, TOTE EXOVLE TOV OVTIGTOLXO OPIGLUO TNG OUOANG OTTEIKO-
VIOTG EMKOAVYNG:

Opwopoc 6. (Ouoln ameixovion emixaloyng) Mio ameikovion m @ M — N Aéyetar ouain ameikovion
ETIKAAVYNG Qv

1. Eivai ouan kou emi.
2. Kabe p € N éyer avoyyty yertovie U C N wote

* U ovvektixo ovvolo.
* O mepiopioude g T oe kébe ovvektikh ovviotwoa V tov mH(U) eivar aupidiapdpion twv V.
kou U (Aéue ot1 n m eivou Tomikn ou@ioropopion)
Hopadeiypota:

1. 7: R — S, 7(t) = (cost,sint), eivarl opadn anetcdvion extcdioymng.

2. 7:S" - RP", ® = moi,o6movi:S" — R"™ ka7 : R*™\ {0} — RP" n anewdvion aniiko,
elval OLOAY] OTEIKOVIOT EMKAALYNG.

INa k6Be (2] € RP™, 7 1([2] = {é_\v _|:xc_|}

Av [z] € V = 7(U;), to1e

(V) = (moi) (V)

=i '(x (V)
=i '(Uy)

=UuU;
ko 7|+ U;F — w(U;) Siveton and
7~r|Ui+(x1, oYy = w2 =2 2™
n omoia givar 1 — 1 (apov (z!,. .., 2" ) € S xou eni. Mropovpe eniong va ehéyEovpe (Goknon)

ot efvan opan pe opakd avtiotpogo. To ida woydovv kat ywoo mv 7|,- : U, — 7(U;) (doknon)
Apa n T elval OLOA OTTEIKOVIOT EMKAALYNG.

[MPOXOXH: n amekdvion miiko 7 dev eivat amekdvion exukdioyng!
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Mpétaon 2. (1010ty7eg)
» Kabe opualn ameixovion exikoivwng eivai ovoLyty ameikovioy.
* Mio 1 — 1 ouoldn ameikovion exikaioyng ivar aupiolopopion.

Afjppo 8. Av . M — M eivor o oualsi ameicévion emikéioyne, 1ote yio kdle x € M koa y € (),
vrapyetr avoryty yertovia x € U C M xau opuodn areixovion o - U — M mov ikavomoiei 7w o o = idy; Ko
o(x) = y. (Térowo 0 ovoualeror tomixij Toun ¢ 7. Eivar oveiaotikd o 1ok oviymon e TovTtoTikig
OTEIKOVIOHG)

Amodeicn. "Eoto U o yerrovid tov & dGTE 0L GUVEKTIKEG GOVIOTOGEG TOV T “HU) va givar opidiopopikég
tov U kot éot U pio amd avtés. Tote n 7y U — U sivor opeidiopopion. Emopéveg pmopodps vo
opicovpe o : U — M wgo = (7|7) " O

Yvvénela elvar 0ttav w : M — M eivon pia opoAn amekovion emkaioyng, tote o £ M — N
etvar opoAr av kot pévo avm Fromm : M — N etvon opoin:

Mo k60 z € M og népovpe U kow o : U — U TOTIKT] TOWUN TNG T, TTOL £ivol apedaopion. Tote
Fly=(Fom)oo
7oV givol cHVOECT] OLOADY Kot APOL OLLOAT).

Té\og,

Mpoétaon 3. Av M eivou pio ovvekTikij O109opiki] TOALOTACTITA OLAOTOGHS Ty KOL T8 - M — M e tomo-
loyiki ameovion emdloyne (M amid tomoloyids yipoc) wote M eivar tomoloyixii oldamldtnra ko
OEYETOL OLOPOPLKT] OOUN DOTE 1] T VO, EIVAL OUAAN OTEIKOVIOH EXIKGADYHG.

6.3 Proper maps

Muo proper aneikovion Hetalh TOTOAOYIKMV YDOPpmV eivar pio Tov £yel TNV 1010TNTO OTL OVTIGTPOPES
EIKOVEG CLUTAYDV Elvon GuUTaYEiC.

* Mua proper cuveyng anetkdvion Leta&h TOTOAOYIKAOV TOAAATAOTHTOV Eival KAELGTT: GTEAVEL KAEIGTA
o€ KAEOTA.

Mpétaon 4. Av o ozeikovion F - M — N eivar proper ko1 Tomik o0pU@LOI0QOPLON, TOTE EIVAL OTEIKOVION
ETIKAAVYHG.
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7 E@oaatopeva o10vOoNaTO 6€ OROAES TOAMATAOTTES

» I'eopetpikd epantdpeva davicpota. Eoto a € R” - 10 aviihapfovopacte cav onpeio. Tote ag
opicovpue

R? = {(a,v) e R" x R"}.

a

Kabe (a,v) € R pmopodue vo 10 oKeEPTONAOTE 6OV Eva dLavucpa mapdiinio oto v € R”™ ko
onueio epappoyng o a € R™.

* Moapaywyicec. Eoto M o dopopikh molkarddtnta. Ag ovpporicovpe pe C°(M) to cbhvoro
TV OpOA®V (Stapopicipumv) cuvaptioewv f: M — R.

Mu mapaymyion D oto p € M Oa ovopdlovpe k4B YpOopKn amekdvion
D:C>®R") — R,

omradn D(af + Bg) = aDf + SDg, kot mov emmAéov Kavomotel tov kavova tov Leibniz, doov
aQopd ot YIvopeva, dNAoT

D(fg) = f(p)D(g) + g(p) D(f)-

To chvoro 6AwV TV Topaywyicemv ce kamowo onueio p € M 0o to cvpPoiilovue pe T, M.

To T,,M etvon dravoouotikodg xopog mhve and 1o R pe tig npdéeig

(D1 + D2)(f) = Di(f) + Da(f),
(kD)(f) = kD(f).

* Moapaywyiceg otov R™. Tapatnpodpe 61t KGO yempetpkod epantopevo didvoopa v, = (a,v) € R?
emdyel o topoayoyon D, € T,R"™ oc e&nc:

Dy, (f) = = [fla+tv),

Aocknon: eléyEte OTL elval TopaydyLon.

MdMota, n arewcovion D : R — T,R™ elvon ypopLpuxr).

Eniong, av v, = (a,v) ue a = a'e;, v = v'e; ko Dy, (f) = 0 yio ka0 f € C(R™) 1618 O8T0VTOG
f = 2" maipvoopue

0=D,,(z)=—| 2'(a+tv)=—| (a"+t")=1"
=0



enopévag KerD = {(a,0)} ondten D givar 1 — 1.
AMG ko avtifeta, éotw D € T,R™ xou ag opicovpe v' = D(z") xor v = v'e;.

Amd 10 Odpnpa tov Taylor f(z) = f(a)+ X 1, 2L (a)(z'—a))+ 31, g:(z)(z'—a?), pe g'(a) = 0,

D,.(f) = +Zaxz (' —a +Zgz (@' — ) = 5= (a’

apkel va amodeifovpe 01 kdBe mapaydyion undevilel Tic oTafepEc GUVAPTNOELS, OALA KOl YIVOUEVL
fg ovvaptioeov pe f(a) = g(a) = 0. Av avtd woydovv, tote deiape 6tin D givor 1GOHOPPIOHOS
peta&d tov R? ko 7, R™. TIpokdnter pdhota 0tL o T, R™ etvon nenepacpévng dibotaocng n, 1o omoio
dev NTav €5’ ApyNS TPOPAVES.

Bo To 0modEIEOVLE AVTA OTN YEVIKN TEPITTMOT, Y10 LLdl SLOPOPIKT) TOAAATAOTNTO M .
Aqppa 9. Av M eivou drapopikn morlomiotnrop € M, ko D € T, M tote

1. Tia f = c € C®(M), wa orabepi ovvaptnon, D(f) = 0.

2. Lo f,g € C%(M) pe f(p) = g(p) = 0, wéte D(fg) = 0.

Arméoerén. T to mpdTo £xovpe, Yo kbe D € T,M war f(z) =

D(f) = D(f*) = f(p)D(f) + f(p) D(f) = 2D(f).

Kot pa D(f) = 0.
' to devtepo, av f,g € C°(M) pe f(p) = g(p) =0k D € T,M

D(fg) = f(p)D(g) + g(p)D(f) = 0.
O

Epantopeva dtavdcpato e dtopoptkég moALamAdTTEC. Mia d101popikT) TOAAATAOTITO OgV Ppicke-
Tt péca o€ EukAeidio ydpo, emopévmg dev UTOpOVUE VoL OPICOVUE EQATTOUEVO OLVOGLOTA LLE TOV
TOPOTAVE® YEMUETPIKO TPOTO. Epmvedpevol Opmg amd Tov 1IGopopPIopd HETAED YEOUETPIKMV OloL-
VOGLATOV Kot Tapaymyicemy tov R uropodue va OPIZOYME ta gpantdpevo S1ovicHaTo i¢ ol
poymYyiceLs.

‘Eotm howmov M dapopikiy moAranrotmra kot p € M. To covoro T, M tov Swgopicewv 610 p Ha
10 ovopdlovpe QonTOUEVO YDPO TG M GTO P Kot To GTOLKEID TOV EQOTTOUEVO SLOVOGLOTO GTO P.
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* O gpoamtopevog yopog 1, M £yel didotaon oon kot n toAlanAdtnta. H 10éa eivon va ypnoyomon)-
COVLE XAPTEG DOTE VO TEPAGOLLLE TN cv{iTnon otov R™.

"Eoto p € M kot (U, ¢) kémotog opardg xaptng yopo omd to p.
Ed® BAémovpe NoN pepikd mpoPAnporo:
1. ToY givon nopaydyon oty M oyt oto U, nhadn Y : C°(M) - R (oY : C*(U) — R)

2. Tpémet va kotahdfovpe mog oxetiCovior nopayowyicelg oto U pe Tig nopayoyioelg oto ¢(U)

* To pushforward pog mapaydyone. ‘Eoto F' @ M — N o dwagopiciun arewdvion (Omws yo
mapaderypa Evog xapme ¢ : U — R™) ko p € M. Opilovpe v anewkdvion pushforward

F.: T,M = Tpy N
oote Y kGbe Y € T,M xan f € C°(N)

(EY)(f) =Y (foF),
apov fo F e C™(M).

Aockmnon: va eAéyEete Ot Oviog N FLY eival mopaydyion (ypappuodtnto kot Leibniz)
Afqppa 10. (Iowtnteg pushforward) Eorw M, N, P diapopixés mollomiotntes kou F' @ M — N,
G : N — P dagpopioiueg arcixoviong, koi p € M. Tote

1. F,: T,M — Try)N eivar ypogyuxn ametcovion.

2. Avidy : M — M, idy(x) = x, ©01e (idpr )« = idr,nr

3. (GoF),=G.oF, :T,M — Tewp@p)P

4. Avn F eivar aupidioapdpion tote n F, eivar ioopoppiouds kow (F~1), = F1.

Anéoeiln. 1. 'Eoto Y € T,M xou f € C>(M). Tote
((ida)Y)(f) = Y (f oida) = Y (f) = (idg,me(Y))(f),

nov dgiyvetl To {nrovuevo.
2. Eoto f € C(P)
(GoF)LY)(f)=Y(foGoF)
— (F.Y)(f 2 G)
= G.(EY)(f)
— (G.o EY)(/)
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3. Tpoxdrtet omd To mopamdve agod F o F~1 = idy,.

* TomkOTTO TOV TOPAYOYIGEDV.

Afqppa 11. Eotw M dapopixin wolromiotnza, f,g € C°(M) kou U C M avoiyté wote f = g oto
U. Eotwop e Urku X €T,M. Tore

Arddeiln. 'BEotw h = f — g, Oa deilovpe 011 X (h) = 0, 6mov 1 h = 0 ot yerwrovid U tov p.
[Tapatnpovpe Ot

X(¥h) = h(p)X(¥) + ¢ (p) X (h).
®élovpe va ypayovue h = Yh ypnoorotmvtog o bump function mov va, iKavomotel
1. ¢ =1 6mote h # 0, AN ¥ |supp(n) = 1 (OOTE YYh = h.)
2. Y(p) = 0, yw to omoio apkei supp() C M\ {p}

Eidape 6Tt pmopodpe va Bpodpe tétota bump function, ypnoyonowdvrog to Anupa 6. [

* [opaywyicelg oe avoryTég VTOTOALATAOTITEC.
Afqppo 12. Eorw M owapopixny wrorlarmionta koa U C M avoiyth vromollomlotyd, the. Av
t:U— M, (x) =z xoup € U tote 10 pushforward v, : T,U — T, M eivar 16op0ppiouds.

Amooeiln.

— 1—1:Boto X € T,U dote 1,(X) = 0, dnhady yia ke f € C(M),

0= (LX)(f) = X(fou)

[péner va deiovpe 611 X = 0, 100d0vapa 6t yo kae f € C(U), X(f) = 0. Ta va
YPNOUYLOTOUGOVLE TO TOPATAV®D TPETEL Vo enekTeivovpe TV [ o€ OAn v M.

‘Ectw p € B C U avoytd, pe B C U. And 1o Afupa 7 égovpe dtiombpyel f € C°(M) dote
f = fotoB.

Enopévag, fo t|p = f| ot0 KU Gpar
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— Eni: 'Eoteo Y € T,M, npénet va Bpovpe X € T,U dote . X = Y. Opilovpe 10 X dote
1o k60 f € C°(U), av f € C°(M) givon o enéktaon mg f oy 1oL cupeovel oto B
(vmhpyel TOLVAQYLoTOV pia TéTola amd To Afpupa 7) Tote

X(f)=Y(]).
O opopdg givor aveEapTNTog TG EMEKTAOTG f POV OAEG GLHLPOVOLV GE YEITOVIAL TOL P.
O
Ady® TOV TOPOTAVEO 1GOUOPPIGHOD, OV Ba cupforilovpe SUPOPETIKA TOV EPATTOUEVO YDPO LUIOG

avoLy TG VIOTOAAUTAOTN TG, Kat oAl 0o ypdpovpe T, M, yiop € U, kGvovtag v tavtion 1, M ~
T,U.

Youmepaivoope owdv 6t av (U, ¢) eivar évag yapmg yopw amd to p € M tote
— 1y 1 TyU — T, M givor .copop@iopog yuo kade g € U
— ¢y TU — Ty R™ eivon icopopeiopos yio kabe g € U.

— Ty(gR™ givou 1oopop@o pe RY ) (v kdbe g € U) xau dpo didotacns n.

Xvvenag, T, M (yw kéBe ¢ € U) eivon Sudotaong n icopopekog pe to R™. Opilovue ta

0
oxt

= ¢, " (eilo());
q

omov N mapaydyon e; dpa og f € C(R™) wge;(f) = %.

Té1e t0 chHvoro {%L e % ‘q} eivan Baon tov T, M yo ke g € U.
Enopévog kabe X € T, M ypdoetar pe povadikod tpomo og
X=X (92:1- ,
q
6mov o1 cuvtetoypeveg Tov X, o X, umopodv vo VTOAOYIGTOVV MG
X(27) = X" 0 (z7)
o0x; .

= X167 el )
= X'eilg(q (27 0 971
= X'eils(q)(pr! 0o po )

. Opr/ Noi
=X'— = X"—
ax’ or’

= X6 = XV,
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* Apdon og cuvaptioels. Yroloyifovpe 0t yua pia suvaptmon f € C(U)

0| ,_dfoo™)

| =2 g

. ox

* To pushforward cov mapdymyoc pog oparng F' : M™ — N™ - ék@paon G€ GUVIETAYUEVEG,.

‘Ecto p € M, (U, @) xbptng ™mg M yopw amd to p ko (V) 1/)) xaptng TG NV yOpw amod 1o F(p), Kol
a 8 . ’ I3 r
57 =1,...,n,x0 W | iy’ J=1,...,motBaceg v T,M ko Tr, N oviictoya, ard

T0Ug dV0 YXapTeg (2 o1 uvteTaypéveg tov (U, ¢) evd ta. y eivan ot cuvtetaypéveg tov (V1))

£0TO

p’Z

Tote av F, : T,M — Trp) N, ko X = X’ a?;i

o
0
oxt
0
oxt

F.(X) = F. (X" )

p

).

p

= X'F(

Topa yio kdbe Fi( %

N Ve IC) 4
p)_YJW , Omov

F(p)

0

YI=F.(5
xl

)(¥)

p

o .
_ J
e p(y oF)
Iy o Fogp™")
oxt

(¢(p))

Av coppolicovps pe Fi(z!, ... 2") = (Y o F o ¢~Y) (!, ..., z") mv avamopdotaon g F péow
10V yoptav (U, @) ko (V,), ovpe ont F = (F1, ... F™),ue F/ =y o Fo¢™' : ¢(U) = R,
Ko Gpo
. OF7

= i (o(p))

onoTe
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omote o¢ eminedo cvvtetaypevov to pushforward divetatl and v aviictoryio

(X)icr, (X%F f <¢<p>>>

BAémovpe Aowdv 611 10 pushforward divetar, o€ cuvieTaypéveg, omd Tov mivoako
F! F!
(@) - Fm(6)

(D) - L ()

0 omofog eivan o TakmPravog mivakag mg F = ¢(U) — (V).

Enopévmg 1o pushforward F, mailel To poAo g mopaydyov g F', Kot 0o pmopovcape vo 10 GupL-
Boiicovpe kot pe DF' (o Lee to amopevyet, aArd cuvnbileton ot Pipioypapio)

Acieg (dropopioyles) Kapmoreg

Mua Agio KapmoAn og po dtopoptkr] moAlamidtnto M (amAd KopmoAn and 00 Kot 6To £ENG) elvan
o Aelo amewovion v : I — M, 6mov I C R eivon kémoto avorytd dtotnpa.

Av 0 € I xou % o € ToR n Baon tov ToR ¢ npog tov tawtotikd xapt tov R 1018 cupPodilovpe

7(0) == 7 (%

KoL T0 0vOpACovpE EPOTTOHEVO SLAVVG O TG KapmOANg v oto ¥(0).

) € TV(O)M-
0

Ipétaon 5. Kabe X € T,M mpoxinrer ue oavto tov wpomo, vrépyer oniadn koumoin y pe v(0) = p
wore X = ~'(0).

Andderén. "Eoto xaptng (U, ¢) yopw amd 1o p pe ¢(p) = 0, X = X* aii
evbeia o : R — R"

, Ko oG Beoproovpe Ty
o(t) = tX'e

Tote (¢~ 0 0). (£],) = X, ko emopévag apkei va Bécovpe ¥ = ¢~ o 0. O
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H 6pdon tov v/ (0) og o suvaptnon f € C*°(M) diverar and

o0 = (5] )
(fo)

0
= (f27)'(0).

oty

Emnopévag yio va vroroyicovpe to X (f) yo kamowo X € 1, M apkei va vhomomcovpe 10 X cav
10 gpamtdpevo dtvoopa 7' (0) kamolog KapmdAng Tov dEPYETAL and TO P.

* Pushforward kot kapmorec.

AvF: M — N, X =+'(0) € T,M t61¢

0

F.X =F, o0, (a
0

= (Fo). (5

= (Fon)(0).

)
)
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8 Eooantouevn 6éoun Kot O10VOGRUTIKA TESLOL.
* H gpantdpevn déopun opileton og 1 EEvn Evaon

T™ = | | T,M

peEM

Opilovpe v mpoforn 7 : T'M — M péom g cuvinikng 7(X) = p av ko povo av X € T,M. H
7 glval cuveNG amEKOVION).
« TM givon dopopikn modlamAotnta pe xapteg mov tpokvmrovy amd xaptes (U, ¢) g M. Zvyke-
kpwéva, (7 1(U), @) pe
W) = (por(W),w',... ,w"),

dnhadn yu p € U

i 0 . .
ow 2| ) = @), o"w) . w)
@x’p
av W = ' % (W)" Avtictpoga, av = = (z',...,2") € ¢(U), 161¢
-0
CID_I(ml,...,x”,wl,...,w”):uﬁW
T lo=1()

AVTO TPOKOTTEL PE EPAPLLOYT TOL EXOUEVOL, OPKETA YEVIKOD ANUATOG:

Afqppa 13. (Kataokxeon diopopixng rollomiotntag) Eotw éva advoilo M, wia oikoyévelo vwoovvo-
Aov U, C M, a € Akor 1 — 1 areikovioeic ¢, : U, — R"™ wote:

1. ¢o(Us) C R™ avoryto.

2. ¢u(Us NUg), ¢5(Us N Up) avoryrd vrocvvolia tov R™.

3. AvU,NUz # 0 toen

Oq © (ﬁgl : (bg(Ua N Ug) — ¢Q(Ua N Ug)

elvou oppLolapopion.
4. Ap1Bunoiua oro o U, kaldmroov tqy M.

5. Avp # q € M tote eite p,q € U, ya kdmoro « gite vmdpyovv «, 5 dote U, N U = 0 kou
p € Uq q € Up)
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Mmnopodpe va eréyEovpe mg yio TV e@amtopevn déoun, av (Uy, ¢, ) eivar opodot, aplOpnoipot 6to
mM0oc, xapteg g M mov v KeAdTTovy, T0TE 01 ameikoviceg Py, : (U, ) — R?™ wovomotovv
TIG TPOVTOOEGEIS TOV ANUULOLTOG,

Oa avaepepBodie cuykekpéva oty TpoimdOeon (4), vroroyiloviag v P, o @gl.

%%x))

I va cuveyicovpe ToV VTOAOYIGHO TPEMEL VO, SOVUE TAOG EKOPALOVTAL TAL SLUVOGILOTO GUVTIETOYUE-
VoV

-0
@aoégl(ajl,...,m”,wl,...,w") =, (wj By

0

dai

¢5 (2)

am6 tov xaptn (Us, dp) e GLVIETOYHEVES 2, ™G TPOG TOL SLUVOGHOTO GUVIETAYHEVOV

0
ozt

ba (%)

or6 tov xaptn (U, ) He GuVIETOYUEVEG T, OTOV ¢y © ¢§1(x) = 7.

Av ypéyovpe %légl(x) = u}(x) 2

6o () eloape otL
i 0 ~i T, a(ii © (/5_1) a(pri O (g © Cb_l)
w0 = 55|, B = g9 @) = —— (@) = ——— (),
B €T

KoL AP0l Ol GLVOPTIGELS u; : ¢p(Us NUg) — R givar oparéc, 0pov ot ¢, o gzbgl elval opaAés.

2VVENMG,

J 853@
_ (a1 n 7,1 JaM
(@ 2" wy, . wluf)
_ (~1 n )1 i n
= (..., 3" Wy, ..., wuf)

* Atovvopotikd wedio. ‘Eva dtavvopotiko medio oty M eivon pua aneikéovion X @ M — TM odote
moX =1d M-
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"Eva dtavvuopatiko medio givat opadd av X eivor opoin aneikovion. [codvvapa, av yio kaOe oporod
xapm (U, ¢) g M ot cvvapticeig X' : U — Rueqg e U

0

i
8xq

X(q) = X*(q)

Y

v Kabe g € U elvor opoarécs.

Av (U, ¢) givar évag opaAdg xGptng, Kol =¥ 0l GUVAPTAGELG GUVIETHYUEVOV, TOTE TO ¢ a?ci .

elval opaAd drovoopatikd medio oto U, apov o1 cuvteleotég eival otabepéc 0 1 1 Ko dpo opadEg
GUVOPTNGELS.

o)
oxt”

Av16 10 drtvuopaTikd medio Bo copforileTar amAd wg
Kokhog S*:
To ohvoAro T®V opoAdV dtavvuopotikdy Tediov otnv M Ba cvpBoriletar X' (M).

T k60e p € M xon X € T, M vrdpyer X € X (M) dote X (p) = X.

Apkel vo médpovpe cuvietayuéveg YOpm omd To p kot vo ypdyovpe X = X° aii » Tote av mapovpe
o bump function me 1(p) = 1 ko suppyy C U pmopodpe va opicovpe X (¢) = ¥(¢) X? %}q.

Av XY € X(M) xo f,g € C®°(M),tote fX + gY € X(M), 6mov
(fX +9Y)(p) = f(0)X () +9(0)Y () € T,M.

‘Eoto Y éva dtavvopotikd medio (0xt anopaitnta oparod), U C M avorytd xar f € C(U). Tote
10 Y dpa oV f v va dwcet pia véa cuvaptnon Y f mov opiletan g

YfeC®M)yukdbe f € C°(M) av ko povo av Y € X(M) (to Y eivar dniadn Opard)

Tati; Av mdpovpe cvotnua cuvietayuévoy (V) @) kar dpacovpe pe 10 X 6TIG GuVApTHOELS T
€xovue OTL

0

i
8xp

onote av Yt € C°(V) tote ko Y € X (V).

0

-| -
8xp

Y, =Y,(a") = (Ya')(p)
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[Na to avtioTpoo, yphpovpe

¥ F)(p) = (Y%p) o

)’

, 0
=Y'(p) 55| (f)
oz'|,
i 1 O(fog™)
=Y (p)T(¢(p)),
7oV €lval OLLOAT] GLVAPTNGT TOL P.
Znueiowon: v opoAn cuvapTnon a?;i f ™ ovuporilovpe kot pe g a{

+ KdBe opord dravvopatikd medio Y € X (M) opilet pio mapaydyion, SnA0S (i YPOLLUIKT OTEKO-
vion Y : C®°(M) — C*°(M) nov wavornotei tov kovova tov Leibniz, e kde onueio. Aniadn yo
Kk&Be p € M

Y(f9lp) = f)V(9)]Pp) + () [V()]Pp)-

Avto yivetw og YV f =Y f.

» Kot avtiotpoea, kdbe mapaydyion Y : O (M) — C*(M) mpoépyetor amd dovoopatikd medio.

lNo k6Be p € M n amewovion f — (Vf)(p) eivar pua mapaydyion 610 p, ETOUEVOS UTOPEL VoL
ek@pootel g Tpog povadko Y, € 1T, M, dnhodn

VH(p) = Y(f)-

‘Eyovpe dniadn pa amewodvion Y @ p — Y, mov Oa deifovpe 0tL efvar opodr) ko dpa opilet opord
dtovoopotikd medio Y. Eidape 6tito givat opalo av Kot Lovo ov 1) 0pacT) ToOL 6€ OUOIAEG GUVOPTNCELG
diver oporés ovvaptioels. Eoto Aowmdv f € C°(M).

Y )p) =Y(f) = (Y )p).
Aol n Y givon mapaydyon, n YV f € C®(M), apa Y € X (M).

* F-ovoyetiopéva media. 'Eotw F @ M — N po opodn aneikovion. Eyovpe ot 6t yuo kdbe X €
T,M, F.X € TrpN.

Avtopa X € X(M), X : M — TM oydel 6t 1y amewovion Fy, o X : M — TN eivor opodn,
OAAG Oev etvan dtavuopotiko medio oty NV, apov to medio optopod givar to M.

Av vtdpyet dtovoopatikd nedio Z € T'N dvote
Zrp) = FeXp,

v kéBe p € M 1t01e Aépe O6TL 10 Z glvar F-cuoyetiopévo pe to X.
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* Avo dovuopatikd nedia X € X (M), Y € X(N) eivar F-ovoyetiopéva ov kat povo av yio kabe
feC=(N)
X(foF)=YfoF.

AT 10yVEL EMELON

X(f o F)(p) = (FX,)(f)
(Yf o F)(p) = Y@ (f)-
Kou emopéveg FL.X,, Y, eivar ioeg mapaywyiceig 6to F(p).
« Avn F: M — N givan appiduapopion, tote v ke X € X(M) vedpyet povadwkd Y € X(N)
wote 10 Y va gival F-cuoyetiopévo pe to X.
INo k6B ¢ € N, opiovpe Yy = Fi X p-1(4). To Y eivar opakd av kot povo av yr kébe f € C*(N)
n Y f eivan opodn cuvaptnon. Apa vroroyilovpe
(Y f)(a) = Yo(f)
= P Xr-1(4)(f)
= Xp-1g(fo F)
= [X(foF)]o F(q),
7oV givat opodf cuvaptnon. Enopévac, 6étoviag ¢ = F(p) éxovpe
YfoF=X(foF)
Kot dpa to media elvar F-cuoyetiopéva.
* Mopéderypa: Eoto v : R — R? pe
~(t) = (cost,sint)
)

r o g i ) _ r .
Tote ta 7; Ko —y 7z + 25, £ivoL 7-CUGYETIGHEVAL

()= (G @5 (g o
’ ot t ’ ot t O (cost,sint) ' ot t ay (cost,sint)
d 0 d 0
= (—cost) — + (—sint) —
dt O (cost,sint) dt ay (cost,sint)
——sint2 —|—cost£
Ox (cost,sint) ay (cost,sint)
0 0
=—yo(t) o=| +zov(t) 5
0% L) Y |0

= |- 2—i—:z:'2
N y@x dy

36

7(t)



9 H aykvin Lie

* Eoto X, Y € X(M) xou f € C°(M). Tote X(f) € C°(M) pe

Ko péoto n avretoyio f — X (f) eivon mapaydyion, SnAadn £KTOG TG YPOLUKOTNTAG, WoYVEL
ko 6 X (fg) = fX(g) + gX(f).

Mmnopobpe tdpa va epappocovpe ot X (f) to dtovuopatikd tedio Y, dote va mdpovpe v opain
ovvaptnon Y (X (f)). Opileror Aowdv n

f—=Y(X(f)) € C®(M). 9.1)
Etvon mapaymyion;

Eivar ypappkn og mpog f, ag eAéyEovpe av ikavomotet Leibniz:

Y(X(fg)) =Y (fX(g) +9X(f))
=Y (f)X(g9) + fY(X(9)) +Y(9)X(f) + gY(X(f))
= fY(X(9)) + gY (X(f)) + Y (f)X(9) + Y (9)X(f).

Agv paivetor va givat, M)yw ™G VTAPENG TV dVO OP®V GTO TEAOS. AG VTOAOYIGOVLE Y10, TOPAIELY L
otovR%, X = 2.V = &, f(a,y) = 2, g(x,y) = y: (fg)(a,y) = zy

BAémovpe Aoutdv Ot dev etvan mopaydyion.

EvaAldcovtog ) oepd tov X, Y, 0 Tapardve vtoloyiopoc Opmg pog AEet emiong 0Tt

X(Y(fg)) = FX(Y(9)) +9X (¥ () + X(F)Y(9) + X(9)Y (f).

B\émovpe 611 01 dvo TEAEVTAIOL OpOL (TOVL EVOHVOVTAVY YL TNV OmDAELR TNG 1W010TNTAG Leibniz) etvan
axpPag ot idrot!
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* Apoa, UT®G M avTIGTOLYiN

X(Y(fg) -Y(X

fr= XY () =Y (X))

elvan Tapaydyon; [pdypatt, apop®dvtog TG Tapandve GYEGES TAIPVOULLE:

(f9)) =

f(X

(Y(9)) = Y(X(9) + g(X(V'(f)) = Y (X(/)))-

Bpnkape dnhadn| évav tpomo, Eekvavtag amd dvo opaAd dtuvvopatikd nedia X, Y € X (M) va
nhpovpe Eva Tpito (apov eidape OTL KAOE TOpAYDYIoN OVTIOTOLKEL G€ Eva dLovUoUATIKO TTEdT0). AvTO
70 dovuopatikd Tedio To ovopdlovpe “aykdin Lie” tov X, Y kot to cupPorifovpe pe [X, Y.

2vuyKekpyéva,

(X, YI(/)

= XY (/) = Y(X(f))

* Yrnohoyiopdg g aykOAng Lie og cvvietaypuéves. Ag dodpe Tdg ekppaletal, pe To antd Tpodmo, N

aykOAn Lie.

’ i 0 i
Eoto X =X BIE) Y=Y (9:131 ’
Tote, Yo k&g f € C(M)

®G TPOG KATO10 GVOTNHA CLVTETAYUEV®V (Opard xaptn) (U, ).

(X, Y](/) ZX(Y( ) = Y(X(/f))
i ;9
=X o dat ( 8:63 ) 8951 ( 8xj(f))
_ xi Y7 af 0% f
dx' dai ax@xﬂ
(9X3 af ixi O f
8:1:1 oxi 0x'0xI
O0Y7 of ,0X7 Of
Ozt OxJ Ozt Oz
Y o
iy Q%
A 707
oY 0X7\ 0 o O*f 0*f
7 _ 1 A —
[(X Ooxt Y 8xi) 8951} frXY <8xi8mf 8xj8xi>
,0Y7 o). CANNG)
KX o ) axi) 8x3} f‘

Enopévag, 1o dtavuopatikd medio [ X, Y] exppdletat o€ cuvietaypéveg g

(X,Y] = (Xz

0X

%)
xZ

0

0
ori”

oY’
ox’
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e Mopéderypa: Boto M = R? kan X = :vam + yay Y = —y(% + x . Tote, av o deiktmg i = 1
avTIoTOlYEL OTNV UETOPANTY = VD O deikNG ¢ = 2 ot uetaPAnT ¥:

1

X' (z,y) =
X3(z,y) =y
Y'(z,y) =
Y (z,y) =
Kot Gpo:
ox! ) oxX?* 0
Ox Yoo
ox! 0 oxX?* .
ay - ay -
oyt oY?
=0 1
Ox " Oz ’
oyt ot _ .
oy dy '
Yvvenag, av [X, Y] = 772 507> EXOVUE
oyt oyt ox?t oxX*t
z' = X! X2 Y= —Yy? =—y—(—y)=0
Ox + oy Ox oy y=(=y) =0,
oY? oy? 0X? 0X?
zZ? = X! o + X2 o -v! 2 -Y? 9y =" l+y-0—(-y)-0—2-1=0
Gpa [X,Y] = 0.

* Opoto, pmopovpe vo, VTOAOYIGOVHE OTL Yo KAOE OUAAO YAPTN, TO AVTICTOLYO O1VOGLLOTO GUVTOTOY-

HEVOV 1KOVOTO100V
o 0
s~ | = O
ox'’ OxJ

* 1810tteg g aykOAng Lie: Eoto X, Y, Z € X (M), a,b € R
1.

[aX +bY, Z] = a[X, Z] + b]Y, Z]

[X,aY +bZ] = a[X,Y] + b[XZ, Z]’.
2. [X,Y]=-[V, X]
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(X, gY] = g[X, Y]+ X(9)Y,

apa Ko
FX Y] = fIX Y] =-Y()X

Kot
[fX,gY] = fglX, Y]+ fX(9)Y —gY (f)X,

av f,g € C°(M).
4. Tovtdémra Jacobi: av XY, 7 € X (M)
(X, [V, 2]+ [V, [2, X]] + [Z,[X, Y]] = 0.
H amodeifelg yivovton pe amevbeiog mpaéels, Kot KAvovtag xpnon Tov opicpov. ['a mapdderypa, yio

KGbe f € C(M)

(X, Y 2] (f) = X(IY, Z1(f)) = [V, Z)(X ()
=X(YZf-2Y[)=YZ(X(f)) + Z2Y(X(f))
= XYZ(f) - XZY(f) = YZX(f) + ZY X(f)

KOl EMOUEVOG

Y, (2, X)\(f) = YZX(f) — YXZ(f) — ZXY(f) + X2V (f),
2, [X,Y)(f) = ZXY(f) - ZYX(f) - XY Z() + YXZ(]).

ABpoilovtag, BAémovpe O6TL 1oyvEL N TawTOTNTO Jacobi.

« AvF : M — N givau opadn kot éyovpe X, Y € X(M), VW € X(N) wote X,V ko Y, W
F-ovoyetiopéva 1ot
EIX Y] = [V, Wk,

oniadn ta [ X, Y] kou [V, W] eivan F-cuoyetiopéva. Avto yioti yuo kabe f € C°(N)

(X, Y|(foF)=XY(foF)—YX(foF)
=XWfoF)=Y(VfoF)
=VWfoF—-WVfoF
=(VWf-WVf)oF
= [V,W]foF,

Kot Gpa ta [ X, Y] ko [V, W] eivan F-ocvoyetiopéva.
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10 Awvvopoatikég 0éopes (Vector bundles)
* Mapéderypa kovovplog doung: M™ x RE,

— TToAamhdtra didetacng n + k.

— Yrdpyet oaneikévion 7 : M x R¥ — M, 7(q,v) = q

— T kabe g € M, 71(q) givar Srovvopotikdg ydpog dtdotaong k.
Eivat pio suAhoyn TpayaTikdy S1ovuoUATIKOY Y0PV dtdotaong b Tave ond kdbe onueio g M,
pi “o0éoun’ S1VUGLOTIKOV YDPMV.
Mio, “Séoun Stavvopatikdy xdpov’” o propovoe va sivar g popenig U x R¥ pévo tomikd yopm

a6 kéBe onueio g M. Odnyovpacte 6Tov akOA0VH0 0PIGUO.

* Atovvopotikny 0éoun E 16éng k mdvo and £va Tomoroyikd yopo M, etvar £vog TOTOAOYIKOS YMDPOG
podi pe po et cuveyn omewovion 7 @ K — M pe tig mapoakdto 1010TtnNTeg

1. T kGBe p € M 10 6Ovoro E, := 7 *(p) (iva méve amd 1o p) £xel Sopn Tporypatikod Stovo-
OUOTIKOD YDOPOL SACTACTG K.

2. Tha xéBe p € M vrbpyetl pa avorytr| yertovid p € U kot oLoopopetoog
o7 U) = U xRF

(TomKn TETPUPEVOTOINGT) DOTE
—prio® =, émovprt: U x R* = U, pri(q,v) = q.
— T kdOe ¢ € U o mepropiopog mg @ g, : £y — {q} X R¥ givon ypoppikdg 1G0LOPPIGHOC.
Av ot E ka1 M glvat 010popikéc ToALamAdTNTEG Ko 1) 7 €lval opoAn amekovion, Aépe 6t E etvan

opoAn dtovocpatikn déoun méve amd v M, TETPIUUEVOTOGELS TOV EVOL AUPIOOPOPIGELS TIG
ATOKOAOVLE EMIONG OLOAES.

E amoxaieitor oAKOG ydpog g 0éoung, M Paon, kot 7w 1 TpoPoAr g dEGUNG
* [opadeypa: H tavia tov Mobius.

T'empetpcn meprypaen: Eoto n Awpida S = [0, 1] x R ka1 oyéon woodvvapiog g S mov opileton
G

ko B = S/ ~ 0 xdpog mniiko. Opiletar n cvveyng kot eni amewovion 7 : £ — St g

([(2,y)]) = e
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evd ka0e w1 (e?®) = {[(z,y)],y € R} eivan mpaypatikdg Sravoopaticdg ydpog didotaong 1.

Eoto U = {2 x € (0,1)} kn V = {e*™ x € [0,1/2) U (1/2,1]}
d:7'(U)—-UxR

ue @([(x,y)]) = (¥, y) eivor pa TomKY TETPUEVOTOINGT).
AvticToryo Kot
a7t (V)= VxR

ue
/ B (2™ ),  z€0,1/2)
V() ={ S TS

* H epantopevn déoun T'M pog dwapopikr| morharmdotntoag M™ givar dtavoopatikny déopun taéng n
v omd v M.

T M eivor d1opoptkn) TOAATAOTNTAL.
H npoPo 7 : T'M — M eivor opon).

1.

2.

3. Tw ke p € M, 71 (p) = T,M mov givon Tporypoatikdg Slovuspatikdg xdpog Stictaong n.

4. Ta kdBe p € M éotw opardg xaptng (U, ¢), p € U, kmu a?:i e X(U),i =1,...,n 10
avTioTol o Pactkd O10VUGHATIKA TESIO CUVTETUYUEV®V.

H anewdvion @y : 7 HU) = U x R™ pe

0
oxt

Oy (v* )= (g, 0", ..., ")

q

elvar po Tomikn tetplupevonoinon g 1'M: givol opolopop@iopog (Kot PdAoto apeotogo-
pion), wovorotet T cuvinkm prt o @y = m kau BEPanan Py : T,M — {q} x R",

0
ox’

(I)U(’Ui ) = (q,vl,...,v")

q

etva YPOpIIKOG IGOUOPPIGHOG, 0OV { aii

=1,...,

* XVVOPTACELS HETAPAONG LLOG SOVUCUATIKNAG OEGUNG.
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Afqppo 14. Eoto 7 : E — M o Siavoouoetikiy Séoun taéng k mave and v M, koa @ : 7= 1(U) —
UxRFU:77YV) = V x R¥ dvo tomixéc terpiuuevomoriioeig ue U NV # (). Téte, 5 odvOeon

PoVU T (UNV)xRY - (UNV) xR*

éxel o) popyn

© oV (z,0) = (z,T(p)v)
omov T : UNV — GL(k,R) eivor opodsy amerxovion.
To Mpupa eivor cuvéneia Tov 611 0 TEPLOPIGHOG KADE TOMIKNG TETPIUpEVOTOiNGNG 68 KaOe vipo )y,
elvon ypappkdg 1opopeiopdg pe tov {g} x R¥, kot dpo yra k60e g, & o U=1(q,v) = (q,0(q)(v),
omov o(q) : {q} x R — {q} x RF givan ypappuodc 160pop@iopoc.

[Topdoetypa: Tarvia tov Mobius. H aneucovion petdfoong
Pod ' UNVXR—=UNV xR
dtvetar, yiaz € (0,1/2) U (1/2,1) (bote 2™ € UNV)

2mix
/ -1/ 2mix _ (6 7y) T € (07 1/2)
vourtey = { S e
Enopévog Tyy : UNV — GL(1,R) = R\ {0} diveton omd

2mix\ __ 1 T € (O’ 1/2)
Tyy(e™™) = { -1 xze(1/2,1)

Katockeun dlovuopuaTik®y 0EGUOV.

Afqppo 15, (Anquuo kataokevng orovoouotikwy deouwv) Eotw M™ diopopixn mollorlotyo kot ot
yia k&be p € M Eyovue éva mpoyuotiko dravoouatixd ywpo L, didoraong k.

Opitovue E = | | s By ko1 w(v) = p av kot uévo av v € E,. Eotw emiong
1. U,, a € A avoryto kaivua e M
2. &, mYU,) — Uy x R¥ 1 — 1 kau eni doore @, : E, — {p} x R va eivou ypogyurdg
1G0UOPPIOUOG.
3. AvU, NUgs # 0, vmépyer ouodi omeucovion
Top: Uy NUg — GL(k,R)
waorte
P, 0@, : Uy NUg x R = Uy N U x R

Vo, 01veTal amo ) oyéon
@a © Cbgl(q, U) = (Q7 T(lﬁ(q)v)'
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Tote n E déyetar doun drapopikng moilamlotnto. diaotacns n + k, kot eivar 0 0AKOG YWpog Lo
OUOLNS OLOVOOUATIKNG 0éoung Talng k movew amo v M, m eivar opain xpofoin kor P, oualés tomixes
TETPIUYUEVOTIOLOEIG.

["o Topadetypo, Lropovpe va KATAoKEVACOVE TV Tovio Mdbius, pe Hovadtkd dedopéva TIg GL-
VOPTNOELS LETAPOONG TOV VTTOALOYIGOLLE.

Topég dtavuopatik®v 0espudv. OpIoHdg avAA0YOS e TO OLOVUGHOTIKA TTEdT0L:

Opwopog 7. Eotw 7 : E — M o ouain owavoouotixny oéoun. Mio opoin arcikovien o M — E
Oo. ovouadletar opualn (odikn) toun (section) g oéoung av mo o = idyy.

Opwopdg 8. Avtiororyo, av U C M avoiyto, tote pio opodn omeikovion o : U — E pe mo o = idy
Oo. ovouaetar opoin tomikn toun (section) g déoung.

H undevucn topn givaan o(p) = 0, € Epiov @ - 7 1(U) — U x R” givon o opodn tetpupevo-
moinon (Kot apa apedtopopion) T0te

doo:U = UxRF

dtvetar omd
®oo(x) = (z,0),
K Gpa etvon Sapopioiun anetkovion. AAG o = &1 o (P o o) kot emopévag efvar Kot M o OUaAT.

To ohvoro T®V OpOAGV Topu®V g dtovuopatikng 6éoung £ — M to cvpPoliCovpe pe I'(E).
Mdhorta, av f,g € C®°(M) kow 01,09 € I'(E) 1618 kou foy + gos € T'(E).

IMapdderypo 1: Ta opard dtovooportikd tedio ivat Topés g epomtopevng déoung 7'M (pa X (M) =
L(TM))

Mapéderypa 2: Terpuéveg déopeg. KOs cuvapon f : M — RF opilet o topn o g teTpiupevng

Séopmg M x R* wg o(z) = (z, f(x)). Kan avtictpoga, kéOe toun o opilet o suvépmon f(r) =
2

preoao.

[Miaiocw. 'Eoto U C M avoytd, E — M"™ o dtovoopotikn déopun taéng k& kaw o; : U — E,
1 =1,..., m tomKég TopéEg g L.

Oa Mépe OTL 0y, . .., 0y elvon ave&dpeg, av Y ke p € U ta 01(p),...,om(p) € E, givon
YPoppKd aveEdptnTa.

Muo Swatetoypévn k-ada (o1, . . ., o) TOmKOV aveEdptntov Topdv o; : U — E ovopdleton tomikd
mhaiclo g E ndvo and to U. Emumiéov, av U = M toten (01, . . ., 0% ) ovopudletar oAko mhaicto
mg F.
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o Mapdderypa: Tty tetpuévn déoun M x R* mévew amd v M ot topég o; : M — M x RF.

a(p) = (p, ei),

omov e; N cuving Péon Tov RE, opilovv éva ohikd mhaicto (i, ..., 0r) g M x RE,
* Tomikd mlaicio 0pilovv TETPYLEVOTOIGELS KOl TO OVTIGTPOPO.

Ipotaon 6. Eotw E — M pua diavoouazixiy oéoun taéng k, U C M oavoytd, kai (o1, . . ., 0x) éva
tomiké mhaiolo g E mévew amé to U. Téte vrapyer tomixi tetpuevomoinon ¥ : 7 1(U) — U x RF
e E wote Vo 0,(p) = (p,e;) yia kabe p € U. Kaa avtiotpopa, kdbe tomiki tetpiupevoroinon
O : 7Y (U) = U x R¥ opiler éva tomixé mhaioio o;(p) = 1 (p, e;).

Anéoerén. Ago0 (o1, ..., 0,) eivar tomikd mhaiclo g £ téve omd to U, yiakébep € Uk 'V € E,
vrdpyoov v’ i = 1,..., k dote
V =v'oi(p).

Opilovpe t61e ¥ : U x R* — 77 1(U) g

U(p,vh,...,0") = v'oi(p).
Mmopet kaveic va eréyEet 6Tt ¥~ wavomotei Tic ouvOKkec dote va eivar TeTpruevonoinon: prl o
U =1 kon U, — {p} x R* ypappikds 1wopopeiopos. Mévet va eréyEovpe 6Tt givat apeidto-
Qopion.
A@ov (o4, . .., o) eivar tomikd mhaioto, givar 1 — 1 kot emi. Apkei va dei€ovpe 6Tt ivon dtapopioun
HE O10pOPIGIHO aVTIGTPOPO.

Fotop € Uk ® : 771 — V x R¥ o tomky tetppevomoinon mg £ dote p € V.
Toten®o W : (UNV) xRF = (UNV) x R* givan
Do U(g, v, ..., 0" = d(iai(q)) = v'®(04(q)),
0mov 610 TéLOG YpNCIHOTOMGauE 0TL N P|E, eivan ypopipk).
Ot anewoviceigc @ oo : UNV — 71U N V) givon Sagopioiueg, cav cvvbeon dapopiciumy
anewkovicemv. Apa kw1 ¢ o U givar dtapopicun yopw amd to p, dpo kot ¥ (apod n P sivan
OUELIPOPIOT).
Eneidn emmAiéov ) |, sivon ypappikog 1IG0HOPPIGHOG, UTOPOVLE VO, YPEYOLLLE
@0 W(g,e0) = (4, Alla)es) = ALla) - (4,¢5),
omov A: U NV — Gl(k,R) givar Sropopioyn, ka éotw B : U NV — Gl(k,R) dote B = A™!,
7oV elval TAM Olapopictun Kot
((I) © \D)_l(Q> ej) = (Q7 le(q)ez>

Ko Gpo etvar dapopiotun. [
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AECO CUUTEPOCLLOL: OV 10, OLLVOCUATIKY] OEGLU EXEL EVOL OAKO TAOIG10, TOTE EVOL TETPLUUEV.

Kpimpro opardttog topdv. Eoto 7 : £ — M o dStovoopatiky déoun taéng k mave amd v M.
Tote, wo topf 0 : M — E givar opad av kat pdvo av yo kabe tetpipevonoinon @ : 7 1(U) —
U x R¥ ue 05(q) = @7 1(p, ;) 10 avtictoyo mhaicto n o pmopet vo, ypagtel g

o= flo;
omov f: U — R eivar opadrég cuvapthcels (01 GUVIGTAOGES TG 0, O TPOG T0 TAeLG10 (071, . . ., 0%).)

AoV o; givor opodég (O opodny), av f* etvar oparéc To 1810 16yvEL Ko Y10 T O

Avtiotpo@a, av 1 o givor opoin tote ko1 P o o gtvan opadn], ocav cHvBeoT opaA®v, Kot pdAicTo

®oo(q) = (q.f'(q)es),
0oV ®(d;(q)) = (q, ;). Enopéva, ot f* etvor opaiéc.

[Mopairniomomcipdtnta: Av 1 epantopevn déoun pog tordamidmrag M elvon n) teTpipévn, Aéue
ot M eivon mapaiiniomomioiun.

— H S! eivar moparinhonomoiun - n epamtopevn déoun g etvon n tetpuévn: TS = St x R.
Av ~(t) = (cost,sint), tOte N o)YEom

0

T\ ot

opilet évo opard, un pndevikd dtavuopotikd medio otnv St dpa va okucd mhaicto g T'SL.
Emopévog etvar ) tetpupévn déoun, Kot Gpo TopaAANAOTOWG).

) € Tw(t)Sl
t

— H TS? 8ev eivar maporiinromomoiun. Mdhota Sev vrdpyet o0te pio OAMKY TOUY TOL VoL un
undeviCetar og Kavéva onpeio - dgv UTOPOVLE VoL TO 0modeiovpe aKOUa.

— HTS? givon maparinronomoun. H S? pmopet va meprypaget cav n opdda Lie (Sev éxovpe et
akopa yUowto) SU(2).

SU2) = H o } € My(C), [af? + b2 = 1}

H SU(2) dowmdv givar dtopopikr] molhamhodmTa S1dotacng 3 £T61 OOGTE 0 TOAAATANGLUGIOG
TVOKOV
-2 SU(2) x SU(2) — SU(2),

ko ovtietpoen « : SU(2) — SU(2), a(A) = A~ va givon Stapopicuec.
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Bewpdvtag S* C C?, dote
$* = {(a,b) € C, |a]* + |o]* = 1}

t0te M amewovion F: S* — SU(2)

F(a,b)—[_al—) b]

a
etvar apedaopion. Ipopavog elvar 1 — 1 ko ent. [ ) dtepopnoydTTa, 01 YAPTES TNG
SU(2) katackevdloviol U Topopoto Tpomo pe g S°.

Eniong, y1o. k60¢ (a,b) € S? opiletan n e€fg appidiapopion G : SU(2) — SU(2)

(L5 2D=15 ] 150

Apa £vag LGOHOPPIGHLOG Gl T1SU(2) = Tiap)SU(2), mov e&optdrar opard omoé o (a,b),
omov ovpPorilovpe pe [a, b] Tov mivake mov avtictoryel oto Levyog (a, b).
Enopévag, yio kdbe Baon tov T;SU(2) naipvovpe éva olkd mhaicio g T'SU(2). AvtA 1
dwdwacio etvor oAV To yevikn kot osiyvel 0Tt N epantdpuevn 0éoun Kabe opddag Lie eivon
TOPOAANAOTOM GLUN.
Mmnopovpe va ypayovpe oxptpag 3 Sravucpotikd medio tov anotelody mhaicto g T'S?

ozt 2%, 2% 1) = (2?2, —2t) 2?),

oo(2t, 2%, 2%, 1) = (—2° 2, 2!, —2?),

2

os(xt, 2%, 2%, 1) = (—at, 2%, 2% 2t).
* Kotaokevéc vE®V 10VUGHOTIKAOV OEGUAV 00 TAMES

1. Pull-back. Eoto f : My, — My opodn ameikovion kot 7 @ E — My puo dtovocpatikn déoun
14ENG k mave and v M.
o k6Be =z € M, ag Oewpricovpe Tov S10vVOGUATIKO XDPO E(,), Kot 0 opicovpe

fE= || {z} x By
reM;
xkou ' 2 f*E — M dote (2, v) = T av Kot povo av v € Ey (.
o x40g p € M) naipvovpe tetpuevonoinon mg £ yopo and 1o f(p), ® : 7 1(V) — V xR,
kou U C M; dote f(U) C V. Tote i ké0e (z,v) € (/)1 (U) — U x RF
U(x,v) = (z,prs o ®(v)).

MnopobLe VoL ¥PNGIULOTOGOVLE TO AU KATACKEVTG SLUVUGLOTIK®Y OEGUOV Y10l VO. KOTOL-
okevdoovpe  deoun pull-back
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2. Evbd abpoicua. Av &xovpe 600 davvouatikés déopeg mp @ By — M, my @ Ey — M tote
opileton po véa 6éoun, 1o €00V aBpowspa Fy & Ey — M. Mg oAMKo ydpo

Ey® E, = |_| (Er)z @ (E2)a.

zeM

Torte, 1 mpoPoin opiletar pe Tov mpogavn tpdmo (v B vs) € (E1), @ (Ea), — x. TToég eivan
Ol TETPLEVOTOGELG TNG;

* Amekovioels petalv oeop®v. 'Eotm 000 dtavuopotikéc 0éopeg mp @ By — My kou o @ Ey — My
Tévo amd Tig dpopikég Tolhaniotnteg My ko My avtictotya.
Muo omtekovion deopdv eivar éva (evyog (f, F) omov f: My — My ko F' @ By — Es

elvat opaAég amekovioels, dote mp o F' = f o mp. EmmAéov, ywo ke p € M,
Flgy, : (E1)p = (E2) )

elval YPOUUIKT) OTTEKOVION.

Mepkég popég Aépe otun F @ By — FE5 elvan pia omeikovion deou@v 1 omoio KaAvmter my f -
Ml — MQ.

Ioopopeiopdc petald deopmv eivon pa omekovion petald deopmv mov eivon 1 — 1, eni kKou 1 avti-
OTPOYT TNG VO EMIONG AMEIKOVIOT) SEGUDV.

Av &yovpe dVo davuopotikéc déouec F, E mave amd v idta molarlotnta,
T E—>M
7B — M,

Ape 6t e F' @ E — E' glvan o amekdvion deopmv nave amd mv M, av n F koldntel v
ToVTIKN anewkovion id : M — M. Av n F glval iIGOpopQIGHOG SEGUMV TOV KOAADTTEL TNV TOVTIKY,
Aéue 0T F givon ioopopeiopds decudv méve omd v M.

1. 'Eotw M pa dtoapopikn tolhamAotnta, Kot £ pia Stovocpatikn 0éoun taéng k mhve amd v
M. Tote n E sivar tetpiévn av Kot povo ov sivat 16opopeikn pe T déoun yvopevo M x RF

Tetpyévn déopn 14éNG k mave and v M amokorovpe pa déopun £ — M mov éyel po
TOTIKT] TETPYLEVOTONOT TAV® atd OAN TNV :

d:FE=r"M)— M xRF

Avt n @ elvan emumhéov pa ametkovion petald decudv move and v M, avapeca oty E
ko TV déoun ywvopevo B = M x R¥ e mpoPor 7’ : M x RF — M, ©' = pry:
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7o ®(v) = pri(m(v), pro(P(v))) = 7(v) = id o w(v),
Kot BEPara
O, E, > {p} xR =E,
elvatl YpopUKn - Kol LEAIGTO YPOUUIKOS IGOUOPPIoUOG.
Emmiéov, n @71 : M x R¥ — E givan eniong anscovion deopdv méve and tqv M, Kot yia
KGBe p € M
((I)il)|EZI) : E; = {p} X Rk — Ep.
elvat ypoppuk.
Apa o teTprupévn déoun givat IGOLopEN LE Lo OEGUN YIVOUEVO.
Avtictpoa, éotm 6Tt N VvHdpyel F @ B — M x RF icopopiopdc deopmv méve and thv M.
Tote E = n~ (M) xoan F &tvor ovtépota Tomikn teTpiuevonoinon méve omd to M, kot dpo.
n E eivon tetpiuévn déoun.
2. 'Eoto f : M — N o sweopioun aneikovion. Toten f, : TM — T'N givon puol omekdvion
JECUDV TTOL KOAVTTTEL TNV f.

‘Botw m : TM — M, m : TN — N ot avtictoryeg npoPoréc. Av X € T,M E€povpe ot
i X € TppyN xou Gpo s 0 fo(p) = f(p) = f omi(p).

EmmAéov, and 11g 1010t teg Tov pushforward éxovpe ot f, @ T, M — T, N eivon ypappuky
answkovion. Apan f, : TM — TN givol aneikoviorn Seoumv.

2nueiwon: Eldape 6t f, eivarl amewkdvion petald deoudv. And v dAAn yuo kdbe X €
X(M)=T(TM) eidape 6tun f. X € T(f*TN).
* AlLo TopOdEiypOTO:

1. Boton S? C R®. T k6be = € S? é6tm
E, ={(z,v) € $* xR v L 2},

ko ag opicovpe E = | | oo Ey, pe m: E — S? va givor n cuvnOiopévn npoPor m(z, v) = .

€S2
"BEoto UL, U, UF 1a avorytd vrocHvora e S?
1,Y9,Us X nge

(
(

,2°) € §% ' > 0},
) €S, o <0},

Ut xt r?
U- rt r?

{
{
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Mmnopobpe vo opiGOVLE TIG AMEIKOVIGELS

dF (Uf) — U x R?
B o 0%) = (),
OF (x, 0!, v? 1)3) = (v}, 0?),
OE(z, 0", 02 0%) = (v}, 0?).

Me avtd ta edopéva UTOPOVLLE VO YPTCLLOTOMGOVIE TO ALK KOTAGKEVTG OECUDV Y10, VO,
Smoovpe oty E doun piog dtovuopotikig déopunc taéng 2 méve amd thv S?. Mropodpe va
Sovpe 6ti M E eivar i6dpopen pe v epantopevn déoun g S%: apkel va opicovue
F:FE — TS
F(z,v) = D, € T,S?,
omov yio kée f € C°(S?), D,(f) = (foy)'(0) yiakdbey : (—e,e) — S* C R3 pue+/(0) = v,
Kot va ehéyEovpe OTL Elval IGOLOPPIGHOG OEGUDV.

. T ké0e = € S?, éotm
B = {(z,0) € S* x B, w//a},

:|_|E’

Ko

z€S?
pue 7 : B/ — S?, ' = pry. Opilovpe
U:F — S* xR,
x
U(z,w) = (z,w- —).
|z

Me autd To de00UEVA, TO ANUILOL KOTOGKEVTG OEGUMV LG OIVEL L1 SIOVOGLOTIKY OEGUN TAENS
1: v ovopdlovpe kadetn déopn g S? C R3.

MdéMota U eivar 1 — 1, ent Kot ypopUIKOS 1IGOUOPPULOS GTOL VILLOTOL, EMOUEVOC Elvan Evag
1GOUOPPIGUOC eV TEvm amd TV S2. Zvvendg, n £’ etvan ) tetpipévn Séoun.

3. Hdéoun E @ E' eivou n tetpuévn déoun t6éng 2 move omd v S2.

. évew omd tov Tpaypuotikd mpoPorikd xdpo RP™ = R™\ {0} /{z ~ Az, A\ # 0} pumopodue
VO KOTOGKEVAGOVUE TN AEYOUEVN TaDTOAOYIKT déoun].
[N kdBe [z] € RP" opilovpe

7o) = {([2],v) € R™", v/ [z}
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Kot

Tn = |_| Tix]

[z]eRP™
pep: 7 — RP", p = pry.

Avm: R™\ {0} — RP” givan ) angicodvion Tnhixo kot
Ui =m({(z',...,a""), 2" #0})
ag opicovpe

i pil(UJ — RP"™ x ]R,
i([2],0) = ([z],v - &),

Hopaziipnon 10.1. O RP! givor au@idiogpopixoc pe tov kokho St. H tavtoroyikh déoun 71 eivar
TOTE 1IGOHOPPN UE TNV Tovia Tov MObius, cav S1ovUCUATIKEG OEGUES (AoKN o).

Hopazipnon 10.2. T'evikd, opilovtor YEVIKOTEPES TAVTOAOYIKES OECLES TAV® OO TIG TOAAATAOTNTES
Grassmann (1011 tepintwon o Tpoforikdg xdpog). To evolapépmv eivar petd 6t kdbe dEoun v
amd po ToAAATAGTNTA, Elval I6OpopeN pe Kdmota déoun mov eivar pullback kdmoiog TowTOAOYIKNG
déoung maveo omd pio moAlamAdtnto Grassmann: dgite Milnor-Stasheff.

ATEIKOVIGELS SLUVUGHATIKAV dE6U®V Ko Topéc. Av F' @ E — E’ givol oameikdvion SEGUOV Tave
and v M ka0 € I'(E) tote opileton n topuf F(o) := F oo € I'(E’). Opileton emopévag o
anekovion (cvpporilovpe mwoh pe F)

F:T(E) = [(E),
F(o)=Foo.

H onewovion F' : I'(E) — T'(E') eivon ypopukn, apod n F' (cav amekévion deopdmv) givor ypoy-
pikn ota vipato. MdAota, v tov id1o Adyo, ivar C°(M)-ypappky, pe v évvola 0Tt yio kabe
felC*M),ocel'(F)

F(fo) = [F(o).

IMpétaon 7. Avrw : E — M, n' : E' — M eivar dvo dovoouatikés déoues mave omd v M,
tote o anewxovion F : T(E) — T(E") etvau C° (M )-ypoupikii av kot névo av omepyel omeikovion
oeouaww F 1 E — E' oote F(o) = F oo, pakdbe o € I'(E).
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11 H ovvepoamtopevn oéoun

* O dvikdg eviég dravvopatikoY yOpov. Av V' eivar évag mpaylatikds dtavuspHaTikos ympog, V>
ovpPoMieTon 0 TPOYUOTIKOG SLVUCUATIKOG YDPOG TTOL givart duikog tov V':

Vi={v*":V = R, v* ypoppikf}.

« Av{eq,...,e,} CV givar pa Baon tov V (dimV = n) tote ta {e!, ..., e"} C V*
ei(ej) = 5;"

etvan Baon tov V*, n Aeyouevn dvikn Baon mg {e1,. .., en}-

Avov =vle; +--- + v, 101¢
e'(v) = e'(vley + - +v",) = v

Eniong, av w = w;e’ 101¢
w(ej) = wie'(ej) = w;ds = wj.

* Yvvepamtopevn oéopn. Eoto M o dapopikn morhamidtnta dtdotaong n. ['o kébe z € M o
€QPUNTOUEVOG YDPOg T M elvor mporypoTikodg S10VLGHOTIKOG XMDPOG ddcTaonS n, kot £otm 1T M 1=
(T,,M)* o dvikdg tov. Opilovpe

"M = | | T;M
zeM
pem : T*M — M, m(w) = x av kor pévo av w € T M.

Av (U, ¢) givan évag opodos xapmg g M", pe SloopoTikd Tedio GUVTETOYUEVMV

0
oxt

qr—

q

Tote yio kGBe g € U n avtictoym dvikn don tov T M copfolrieton g
dz'|,
ywi=1,...,n. Eropévog kabe w, € T M ypaoeton wgw, = w;dz'|, Ko uTopovE Vo opicovpe
O(wida'|,) = (g, wi, -+ - W)

[ va ypnooromaoovpe 1o ANUUR KATooKeELNS ®oTe T 1T M vo omoKTGEL SOUT SLOVUCUOTIKNG
déoung, mpémet va dsiovpe 0TL av £yovpe avorytd kdivua ard avolotd U, C M, dote vo opilovrot
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ue Tov mopamdve tpomo d, : 7 H(U,) — U, X R™ (Gpa 0Aa to. U, ivor medio opiopod opoddv
xaptav g M), npénet, av U, N Uz # 0, n anewovicelg petdfaong

O, 0 ®5" : (Uy NU) x R" = (Ua NUps) X R”

Vo gtvon apedopopicels Kot LOAGTO VO 01 TEPIOPIGLOL GTA VIILATO VO EVOL YPOUUIKOL IGOHOPO1-
opoi ov petofdrovrat oparo. Anhadn ot yio w = (wi, ..., Wy),

Do 005 (q,0) = (0, Tup(0)(@)),

omov T : U, N Uz — Gl(n,R) givon opadn ametcovion.
YrevOopiCovpe 0t Gl(n, R) givan avoyt) vromorlkarnidtnta tov M, (R), kot 6ti 1 opakdtnTa TG
T onpatvetl 0t
aii(q) -+ ai(g)
T(q) = :
an1(q) -+ ann(q)
omov ot a;; : Uy, N Ug — R eivar oparkég cuvaptnoelg.

Ynohoyilovpe dourdv 1ig P, o P51, copPorioviac pe ¥ TIC GUVETAYHEVES TOV YAPTN (g KOL 4 TIC
GULVTETAYUEVEG TOV XAPTN Ppg.

Dy 0 D5l (q, @) = Po(widy'|y)-

[pémet va ekPPAcOLLE TO w;dy'|, oo Ypapikd cuvdvaoud tev w;dr’|,:
0

@:%@%<%;>
q
)

- oyt o
:Widyl|q< !/

dxi Oy*
_wa_yk(gi _w.a_yi
T oxd B T o

Enopévag,

o Iy’
(I)oz o (I)Bl(Q7w) = (Q7wl%)

= (¢, T(q)(@)),
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onov T(q)(wi, - - ., wn) = w; %

, KOl ETOUEVAG
q

oy’
T(q) = ( e
q

B i
O mivakog (%

q.

Oparég Topég TG cLVEPOTTOLEVNS déounc. Mia opaAn topf) w € I'(T* M) ovopdletor 1-popon.
"Exovpe dvo kpiripla opaldtnTog Yo topés: Mia 1-popon w eivol opoAr av kot povo av £va omd
TOL TOPAKATO GVUPaivet.

1. Twkabe X € X(M) n cuvdptnon ¢ — w,(X,) eivar opain.

2. Tw k@Be ovomua cvvietaypévov (U, ¢), av yio kGe ¢ € U ypayoope w, = w;(q)dz’|, ot

GUVAPTAGELS ¢ — w;(q) etvar opaAEg.

To dwapopkd pog opoing cvvaptnons. Eoto f @ M — R o opadn cuvaptnon. Tote yia kabe
p € M opilovpe 10 S0popiko df g f étor dote ya ke p € M ko X, € T, M

dfp<Xp) = Xp(f)'
To drapopikd givar pia dtopopikn 1-popeny, OnAaon etvor o opodn topn g 7 M. T'a va 1o dovpe
oVTO, HEVEL VO, delEovpe OTL £lvorl OpLOAT.
‘Eoto X € X(M). Tote
Af(X) = X(f) € C=(M),

apov f € C°(M) xarto X éva opard Slovuopatiko Tedio.

Avomapdotaon Tov dupopikol o cuvietaypéves. ‘Eoto (U, ¢) éva chotua cuvietaypévev, Kot
X € X(U). Tote av X = X':2: &xovpe

0
oxt )

- 0
= X' ()
0

= X' ()

df (X) = df (X




Enopévamg,
of
df = ——dx".
4 Bl
To 510.pop1Kd TOV GLVOPTAGEDY GUVTETAYHEVOV T¢. Tuykekpiuéva, Tapotnpovpe ottav ' : U — R
L0 GUVAPTNGT CLVIETAYUEVOV TO SLUPOPIKO TNG

i

i Ox
oxd
Edd, 670 apiotepd péhog to dat etvar To 109opikd Tg cuvApTHoNG ¥ eV 6T0 aploTePd PEROC etvat

TO GUUPOAO TOV YPNCYLOTOGALE Yia TN OVIKTN Pdon. BAémovpe 6Tt eivan ica, dStkaoAoymvTog £T61
10 cvpPoloud dx’ yio tn dvikn Paon.

dx

dz) = 5§dxj = dx’.

I6w6ttec. INa kabe f, g € C (M) 1oydet 6T
1. TwkdBe a,b € R, d(af + bg) = adf + bdyg.
2. d(fg) = fdg + gdf.
3. d(f/g) = (gdf — fdg)/g*.

Eniong, av ovo oporéc cuvapmoels f, g glvar ioeg og kamowo avoyyto U C M ko p € U 1018
df, = dg,. INati; Ooundeite v avtictoym W TA Y10 TIG TAPUYOYICEL.

Avn M givor cuvektikn tote df = 0 av kot uoévo av 1 f elvar otabepn): o€ kdbe cvoTHHO CLVTETAY-
Hévav

of
df = ——dx".
! X
Yuvenmg, av df = 0, % = 0, v kaOe 7, Tov onuaivel 6T M f eivon Tomikd otadepn. Anihadn o

oVVOAO

S={flp) = ¢}
etvar avoryto. Eivar 0pog khetotd and cvvéyeia dpa, apod n M elvar cuvektikng gite S = M egite
S = 0. Av opog ¢ = f(q) Yo koo ¢ € M, tote S # () ko po. S = M. Ankadn f(p) = ¢y
Kk&Oe p € M.

‘Eotow v : [ — M po opodn KopmdAn kou f @ M — R o opod) cuvaptnon. Tote yioa kdbe t € [
0

DRSVGDMKJOUHS ot
/)// t) =% | =
( ) Y ( ot t)

) f=(for)(t
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Enopévamg,

Ao ™V GAAN

0
f*’}/(t) = firx (E

)
=(fov)*<%

Apdvtog Tdve 6TV OpeAN GUVAPTNOTN GLVTETAYUEVDV t, TOV R €yovpe emiong

) S Tf(t)R.
t

£ ()(8) = (f o). (% ) (6)=(tof o). (% ) = (o (5] ) = (Fon
Kot apa
/ / a
[y (to) = (f 0 7)'(to) En

‘Exovpe dnhadn 600 exppdoelg yio v mapdywyo g f, ot omoieg eivar 160d0vapes KAT® amd TV
tavtion Tyh)R =~ R
0

a — — a.
ot

f)

Pullback piag 1-popens. ‘Eotw M, N dvo dtapopikéc molhamidtnteg ko F' @ M — N o opoAn
aneikovion peta&d Toug.

‘Eoto w € ['(T*N), wa 1-popen omv N. Tote n w péom g F opilel wa 1-popen, to pullback
F*wmgw, oty M pe tov e€ng Tpomo. Apyukd, yio ke p € M opilovue (F*w), € Ty M dote y
k&Oe X, € T,M

(Fw)p(Xp) = i) (FiXp).

Téte, n avrictoygia p — (F*w), opilet o, evdeyopévag oxt opoAn, toun g 7M. Tlpénet va
deiEovpe Ot1 givar opon.

AvT10 Ba T deiEov e YPAPOVTOS TNV W GE GUVIETAYUEVES, OAAG TPETEL TPMTO, VO KATAAABOVLE TMG
dovAevet 1o pullback og 1-pop@écg mov eite givorl dSopPoptkd OPOADY GLVOPTHCE®Y (OTWS Y10 TOPE-
derypo to dzt) gite elvan yvopevo cuvopticenv pe 1-popeés (dnog yio mopdderypo w;dr?)
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‘Boto f : N — R pa opakn) cuvéptnon, kat df to dwapopkd g. Tote, Yo kdbe X, € T, M
(F7df )p(Xp) = df (F.Xp) = FLXp(f) = Xp(f o F) = d(f o F),(X)),

enopévag F*(df) = d(f o F'). Anhad1| to pullback tov dtapopikod pag cuvaptnong eivot Kot avtd
SLLPOPIKO 10G GVVAPTNOTG.

Eniong, avw € I'(T*N)

[E*(fw)lp = F(f(F(p))wrw) = f(F(p)F wrp),

apa F*(fw) = (f o F)F*w.

‘Eoto tdpa toyaio p € M xou (U, ¢) évag xaptng g N yOpo amd to F'(p), e cuvaptioelg cuve-
taypévav ¥t : U — R.Tote ypagovpe Thv w 610 U 0

w = wdy’.
Av 0écovpe V = F~1(U), V tvor avoryto, ko 10te Y10 k60e g € V

(F*W)q = F*(Widyi)q
= (w0 P
— (wio F)(

(F*dyi)q

q)
Q)d(yi © F)q’

Todpa g — (w; o F)(q) etvor opad yrati n w koun F eivor oparés, evd d(y' o F) € T(T*N) agpo?d
n oovleon ' o I eivan opakr] cuvéptnon.

Hopotnpnon 11.1. 'Ecto f : M — N, opodn. 'Exet evologépov 011 eved 10 push-forward evog
dravoopotikoy medio dev opilet dtavuopotikd medio oty N (extdc Ko av n f elvar apugidoedopion)
1o pullback piag 1-popeng mg N eivar pua 1-popen oy M.

[opdderypo. Boto F : R? — R? ue
F(z,y,2) = (2%, +y).
TopBoriCovtag pe (u, v) T1g cuvietaypuéves otov R?, £61m
w = (u+v)du+ (u* + v*)dv.
Tote
(F*w)(,2) = F*((u+ v)du + (u® + v*)dv)

= (@*+x+y)duoF)+ (z* + (z +y)*)d(vo F).
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Topa, (uo F)(z,y,2) = 2? ko (vo F)(z,y,2) = x + ¥y, emopévac,

Enopévemg,

d(uo F) = 2xdz,
d(vo F) =dx+dy.

F*w = (2? + 2 + y)2xdr + (2* + (z + v)?)(dz + dy),
= (@4 z+y+at+ (z+y)?)de + (' + (z + y)*)dy.
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12 Oloxipoon 1-popeov

* O1 810p0op1KES LOPOES ETVaL TO KATAAANAO QVTIKEILEVO Y100 OLOKAp®OT - Oyt O GLVAPTHGELS. Oa TO
dovpe ovTo Yo 1-popeéc.

[pdra, opifovpe to orlokApopa pog 1-popeng w ot éva didotnua [a, b] C R. To [a, b] dev givan
oALomAOTNTA (£)EL 6VVOPO), adLG popovpe va vtobécovpe Ott[a, b] C (a, V') koun w emekteiveton
opaid og o 1-popeny w oto (a’, b').

[paopovpe og cuvtetaypéves wy = f(t)dt, ko opilovpe

/M]w - /abf(t)dt.

Metd, av M givor po dtoapopikn) toAhomddtzta, 7 : [a, b] — M korw o dtopopikn 1-popen oty

M. Opilovpue t61€
/ w= / v w.
¥ [a,b]

* To olokAfpopa gival avaALOIOTO KATO amd YvNGimg aVEOVGES AVATOPAUETPNGELS TG KOUTOANG.

‘Eoto 7 : [¢,d] — M o avomapopétpnon mg v, OOTE va vdpyet yvnoiong avéovoa ¢ : [c,d] —
[a, b] opaAn Ko pe opodn avticTpo@o Kot

V=700
Tote, yaxabe w = f(t)dt, o"w = ¢*(f(t)dt) = (f o 9)(t)dd = (f 0 ¢)()¢'(1)dt.

Enopévemg,
v [e,d] [e,d]

} ¢"(f(t)dt)

= PV w =
] [e,d

[e,d )
— [ reansa = [ (soons b
[c,d] c
b
(av ¢ yynoing avéovoa) —/ f(u)du—/[b] fy*w—/w.

a b
(av ¢ yvmoing ebivovoa) = /b fu)du = _/ Flu)du = _/[ b} V= — /w.
a a, y
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* M S10.popeTIKY £KPPaoT Yio To oOAoKANpopa pag 1-popenc. Eoto M pia Stoagoptkny ToAAATAS-
mra, v : [a,b] = M o opodn KopmdAn katw pa 1-popen. Xe évo ovotnua cuvtetaypévov (U, ¢),
gotw poy = (y1, ..., 9") (Snhadf v* = z' 0 7). Tote

)

(vw)e (%
)
)

t) = 7" (wi(y(t))dz' ] ) (%

— O (5

Z. 0
— O (3 37

= wi(7(1))da’ |, (7/(1))

KOl ETOUEVOC,

"Exovpe Aoutov ot

[e=] o2 ()it

* OloxAnpmvovtag éva dwapopikd. Eotw M pia dtapopiki) toAlanidotta, f € C(M) ko 7y :
[a,b] — M o opoAn kopmwoAn. Tote

/ydf - /a bdfv(t)(v/(t))dt
- /b(fo”Y)/(t)dt

a

= f(v(b)) = f(v(a)).

BAémovpie 611 T0 odokApopa givar aveEdptnto g Kopmding!! Mdalorta, av (b)) = v(a) (khewot
KOUTOAN ) TOTE
/ af = 0.
v

* 1310t Teg ohokAnpopdtov. Eoto v : [a, b] — M o opodn kopmdin.

1. f7(01w1 + cows) = ¢ f7 wy + ¢ f7 ws.
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2. Avy(t) = p € M yio x60¢ t toTE

/w =0.

Y

/w = w +/ w.
¥ 7 Vie,b)

* [opaderypa. Eidape 011 To 0AOKAN PO £VOC S1APOPIKOL KOTA UKOG LING KAEIGTNG KOUTOANG Etvat
unoév. To mapakdtm mopdoetypa delyvel OTL AVTO JEV 10YVEL YEVIKO.

Eoto M =R?\ {0},

3. Ava < c < b1ote

a,c]

dy — yd
W= 22Y YT (12.1)
«T2+y2

ko y(t) = (cost,sint), t € [0,27],7/(t) = —sint Z|  + cost a%

v(t) 7(15)'

Tote, 0pod (v1)2 + (12)? =1

l o= [ " s (1)t

. ., 0
= / (costdy|, ) — sintdz|, ) (— sint —| 4 cost —
0 Ox

0 )dt
Y1y

0

v(t)
27
— / (cos®t + sin’ t)dt = 2.
0

o Yvvinpnrikég 1-popeéc. Eidape 6ti to oAokANpmpa evog dtopopikov df Katé PNKog LG KOUITOANG
v la,b] = M, ue p = v(a),q = v(b) eivar aveEdptnto g KapmvAng Kot e€aptdat povo amd Tig
TWEG TNG GLVAPTNG f oTa GKpa, pEcm g Tocdtas f(q) — f(p). MdMota av p = ¢ 10 ohokApOpO
etvar mévra pndév.

Opwopog 9. Mia opodsy 1-uoppn w € T'(T* M) ovoualeroun axpific (exact) av vrdpyer oparsy covap-
mon [+ M — R wote
w = df.

[Tpopavmg, apod To dupopkd kabe otabepnc cuvaptong givon 0, df = d(f + ¢) enopévog w =
df =d(f + ¢). H ouovapton f dev kabopiletor povadikd omd Ty w.

Onwg avw = df = dg t61e d(f — g) = 0 xou gmopévog f — g = ¢y kdmowo ¢ € R (vmobétovpe
otin M etvon cvvektikn €d®). Apa g = f + ¢. Omdte n poéVN TYN U LovadkdtnTog oty f oV
TAPOTAV® OpLopoY elvar 1 Tpdcbeon Kamolog oTadepd.

To Aoywo epotnpa givon moteg dALeg 1-popeég Exovv avtn TV 1W10TTA:
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Opwopoc 10. Mia 1-popon w e M ovouadletar oovinpntikn ov yio. kGbe KAE10TH, KOTO, TUNULOTO,
ouorn koumoln v e M
/ w=0.
Y

Evkoio BAémovpe 0t o 1-popoenw € T'(T* M) givor cuvinprriky ov Ko pdvo av ya ke p, g € M
Ko Kopmores v,y ¢ [a, b] — M, kord tppota opodés, pe y(a) = y(a) = p,y(b) = ¥(b) = ¢

[

Enopévog avtd mov Exovpe amevbeiog eivar 0Tt kdOe akpiPng 1-popen eivor cuvinpntikng. Ze avt
v evotnra Ba deiovpe AT 1IGYHEL Kot TO OVTIGTPOPO.

Ozopnpa 2. Av uio opuoln 1-popen w eivor covTnpnTIKy T0TE VAL AKPIPIG.

Amooeiln. Apod nw eivor GuVTNPNTIKN, TO OLOKANpo U vl aveEAPTNTO TNG KOTA TULLOTO OLLOANG
KOUTOANG TToL oAokAnpadvovpe. Opilovpe Aowmov, Yo p,q € M

q
/“:/“’
p Y

omov 7 : [a, b] — M eivar pia (omol0dfmotTe) KATA TUALUATO OpOAN KopmOAn pe y(a) = p, y(b) = q.

[Ipémet va Bpovdpe oparn f : M — R wote w = df. Xrabepomotovpe p € M kot opilovpe f: M —
R og

[Mpénet va dei&ovpe 0Tt lvar opaAn kat 0Tl df = w.
Eotw ¢ € M xo (U, ¢) &vag oparog xaptng yopw amd 10 ¢ dote ¢(q) = 0 € R™, ko1 x* ot
GUVOPTNGEIC GUVIETAYUEVOV, KOL 0 YPAYoLUE w = w;dz’ oto U.

of
ozt

‘Eot® 1 kapmoAn v.(—e, ) — M

(p) (ko B dovpue 611 opileTan).

®o vroloyicovpe T0

10 t otV i-0é0m, dote v;(0) = q.
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Tote

Ymoloyilovpe
Vz(t) t )
[ o= [t
q 0
! 0
Wyiw) | a5 du
/0 ! (033 'Yi(u))
t
~ [atutuyin
0
Kot apa
t
FOu(0) = fa) + [ noitw))de
0
Emopévac
(f ©7)'(0) = wi(q)
KoL 0pOv

Ut

ocoumepaivovpe 0TI 1 f yOp® omd 10 ¢ £xEL GUVEYEIG UEPIKES TAPOYDYOLS Kot Gpol Eivart dtapopi-
own. MdMota ot pepicég mapdywyot divovtal amd TG CLVOPTNCELS GUVTETAYUEVOV TNG w (oL givat
opaAn) ko dpa m f givon exiong opoiny C° ko

q

0
4y ( oxt

omote df = w, Kot dpa M w givor axpiPnc. [

) - P w=(rom0)

* H 1-popon omv (12.1) dev etvar cuvinpntiky.
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* Yrndpyet 1pomog va eréyEovpe (pe vmoAoyopd) av po 1-popen sivar akpipng 1 6y, Na to eAéy-
Eovpe pe To Tponyovuevo Bempnua, EAEYXOVTAG av Elval cUVINPNTIKN €lval OVGKOAO, APOV aVTO
TPOVTOOETEL OLOKANPOGT WG TPOG OAEG TIG KAUTVUAEG.

‘Eoto 011w = df 101¢ o€ K@ GVOTNUA GUVIETAYUEVOV Ww; = %. [Mapoywyilovtac og mpoc 27 kot
HETOOETOVTOG TIG TAPAYMYOVS TAIPVOVLLE

dwi  Of  Of o
Ord  Oxidxt  Oridxi Ozt

Yvumepaivovpe 0Tt kB axping 1-popen, oe kdbe cHOTNUA CLVTETAYUEVOV, TPETEL VO IKAVOTOLEL

@wi i aw]'
Oxi — Oxt’

(12.2)

Opwopog 11. Kabe w € T'(T* M) mov ikavomoiei v (12.2) o¢ kabe oualé abotnuo. covietayuévav
¢ M ovoualeron kleioty (closed) 1-uopon.

Emopévmg éxovpe 10 TapakdTm Kprtnplo EAEYYOL:
Ipértaon 8. Kabe axpifng 1-uopen eivar kieror.

To avtioTpoo dev 1oyvel amapaitnta, N 1-popen w otnv (12.1) etvan KAe1oT, 0ALA 0L akp1PNg 6TO

R2\ {0}.
1. H 1-popen w = y cos xydx + x cos zydy otov R? eivar kheioth.

Wi = Y COS Ty,

Wy = T COS TY,

Ko pa
8w1 .
—— = cosxy — xy sinxy,
dy
(9w2 .
—— = cosxy — xysinxy,
Ox

nov gtvan ioa, apa etvar KAeoT. Agv pmopolpe va amo@avioipe and avtd Ott etvar akpipng
(av ko givo: w = d(sinzy))

2. Hw = zcos xydzr + y cos xydy OLmg dev eivorl KAELOTY], Kot dpa dev ivar axpipnic.
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Amo v 6N av opicovpe ™ cuvaptnon O(x, y) = arctan(y/z) oto {x > 0} C R?

[ Yy Yy
Or  22(1+ (y/z)?)  a2+y?
00 T €T

dy 21+ (y/e)?) 2+ y?

apa
_xdy ydr
24 Y2 2 4 qy2 -

oto {z > 0}. Avti 1 GuvapToN dpKG dev emekteivetal og oAOKANpPo o R? \ {0}.

do

w,

Evo n khelotomnta givor pia tomikn 1010t ta (tnv EAEYXOVUE LE VOV VTTOAOYICUO G€ KAOE GuoTN O
GUVTETAYUEV®V), TO oV po KAEWGT 1-popen eivar Kot akpiPng eEoptdtot amd TV OAKY| doun g
TOALOTAOTNTOGC, TNV TOTOAOYIO TNG. AVTN M 10€0, EMEKTETOUEVT € k-LopPég givar 1 fdon Tng ov-
vopoAoyiog deRham.

H mapaxdto tpodTacn evioyvel T 6OVOEGT TG TOTOAOYING LE TO OV Lo KAEIGTY] Lopen elval axpi-
BNg: avtd mpdypott cvpPaivel og vrooHvora tov R™ wov glvan “opotomikd pe onueio”, teTpuéva
TOTOLOYIKAL.

Mpétaon 9. Av to avoiyro U C R”™ eivar aotpouopgo, tote kobe kieioty 1-uopen aro U eivar kou
arpYBIG.

Anooeiln. 'Eoto 6t to U givar astpdpopeo og mpog to 0. ['ia k4be = € U opifovpe v KopmdAn
v:(t) = tx, t € [0, 1], xou opilovpe

‘Exovpe 0T

(7, (£))dt

(1)
Wyt (T

) /01 wi(xt)x'dL.

0
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Tote

of o [ ;

! 8
1

:/ <tg:;( 7'+ w; xt5)dt
0
1
0

) ! &u
(w Khewom) = /0 ( D mt)

'd

= i a(twj(xt))dt

I
£
—
Na¥

]

Hépwopa 1. Kdbe onucio p oe wio roAlomiotnra M Exer yeitovia omov kdbe kieioty 1-uopen sivou
Kai aKpifng.
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13

Amekovioelg ota0epng Taéng

« Botow F : M™ — N! wa opoly aneikévion avépesa og Sud Srapopikéc morlomhotteg M, N.

Ovopdlovue Ta&n ™ F' oto p € M, v td&N TG YPOLLLKNG OTEIKOVIONG
F,: TpM — TF(p)N,

onAaodmn v ddotaon g ewkovag g Fli, dim ImF..

YrevBopilovpe 6t av yopw and ta p kot F(p) emhéEovpe ovotparta cuvtetaypévov (U, ¢), (V, )
avtiotoya, dote p € U xou F(p) € V to1e ) avanapdotacn g F eivain

F=t¢oFopt=(F' ... FY:¢U) = V),

koov X, = X' 381« , T0TE
" Ip .
OF7 0
FX,=X"— — ,
0z 0y | pp)
TO 0010 KOTAYPNOTIKA GLVIO®G YPAPOLLLE ©OG
OF7 9
FX,=X"— — ,
ox' Oy’ F)

tavtilovtag v F' pue v ovamopdotact| g, 0ToV SOVAEVOVUE GE GUVTETAYUEVEG,.

H t4&n ¢ F' o1o p glvar katt cvykekpuévo: n téén tov lakmPravov mivaka e F' oto p:
OF7
oxt )

Av N té&n g F elvau n 101 o€ k4B onpeto p € M, n F' Aéue 6T €xel otabepn Taén.

Ewwég nepumtooeig anekovicewv otabepng tdéng lvon o immersions kot submersions.
Immersion: I : M™ — N' ovopdleton immersion av 1 F, : T,M — Tr, N eivar 1 — 1 o ke
onpeto p € M, <nhadn av n taEn g etvar m. [popavdg avtd etvor epiktd povo av m < [.

INo mapdderypa, ot My, My 300 dtopopikég ToAAamAdTNTEG KoL p1 € My, po € My. Ot angicovi-
OEI1G
t My — Myx Ma,  ui(q) = (q,p2)

Kot
Lty s My — My x My, L2(CI) = (P1>Q)
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eivon immersions: 'Eoto X € T,M pe (11),.X = 0. Tote, yua k60e f € C°(M;) unopodue vo.
opicovpe v f : My x My — R og

~

f(p,q) = f(p)

n omoia gtvor pa opaAn cuvédptnon méve oty Mi X Mo, Kot tkavomotel f ou(q) = f (¢,p2) = f(q).
"Exovpe Aowdv 611
0= [(t)X](f) = X(f o 1) = X(J),
enopéveg X = 0, omdte n (11). givar 1 — 1.
* Submersion: F' : M™ — N' ovopdleton submersion avn F, : T,M — Tr@yNetvon eni og kaOe
onueio p € M, kan emopéveg €xel otabepn taén L. Hpopavag avtd elval epiktd pdévo av m > [.

[No mapaderypa, Eotm My, My 600 dropopikég molhamAdtntec. Tote o1 Tpoforeg

m My x My — My, m(p,q) =p,
T My x My — Ms,  m(p,q) = q,

givar submersions: ‘Ecto Y € 15, (. M:. Tote vidpyet vy : (—e,e) = My x M, dote v'(0) =Y.
Av opicovpe ¥(t) = (y(t),q) € My x My 16t T3 0§ = 77 KOt

(m1):7'(0) = (m109)'(0) = +/(0),
Kol Emopévag 1 (). glvon emi.
* Opoin epevtevon (smooth embedding): Av F' : M — N glvar immersion, Kot Tovtdypova £vag
opotopopPopos peta&d tov F kot tov F(M).
T wopddetypa, éotw ¢ @ S* — 1(S") € R pe o(x) = z. H ¢ eivonr immersion, oAAG emiong n
avtiotpoen g ¢! 1 (S™) — S" givor cvverng, Kol ETOUEVAOS T L EIVAL OLOLOHOPPIGHOG.
* AM\o Tapodetypota
1. v : I — M o opodrs koumrdAn givar immersion av kot povo av /() # 0 ya kébe t € 1.
AvTéQ TIC KapmOAeg T ovoudlope “Kovovikés” otn Bempio KopmoAmy.

2. AvF : M — N givon puo tomkn apedoedpion, Fy etvat ypappukds 1coLopIopoc, ETOUEVOC
n F' eivon kot immersion Kot submersion.

3. Av FE givon po dStovoopotikn 6éopun move amd v M, ko 7w @ B — M givon  Tpofoin g,
tOtE M T €lvan submersion. ®a pwopoHoe va givorn Kol immersion;

4, F:R? - R3
F(¢,0) = ((2+ cos ¢) cos b, (2 + cos ¢) sinf, sin ¢)
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™G omoiog 1 edva givat 0 TOPOG TOV TPOKVATEL OO TEPLGTPOPT] TOL KOKAOV
(y—2)?+22=2

YOpw amd Tov dEova twv z. Eivar immersion, apod F1(¢,0) = (2 + cos ¢) cos§, F?(¢,0) =
(2 + cos @) sinf, F3(¢, ) = sin ¢ ondte 0 loxwProvog nivaxoeg eivar o

oFt  oF! . .
96 00 —sin¢gcosf —(2+ cos¢)sind
2 2 . . .
88% o | =| —singsing (2+cos¢)sind |,
%—If 86—1“;3 cos ¢ 0

Tov umopet va gheyybet 6L el Taén 2, yio kGbe (¢, 9).
H F oudg dev elvar opon epeitevon, apov dev elvar 1 — 1, kot oiyovpa o tOpog dev gival
OLLOIOUOPPIKOC pe Tov R,
Opwgn F endyet o opod epgdtevon G g St x St otov R3. INa vo 1o Sovpe avtd mpénet
TPAOTO VOL TOPUTNPHCOVLE OTLVTAPYEL OLOA amekovion entcdioyng 7 : R? — Stx ST ¢ C?
OPIGUEVT G

m(p,0) = (', 7).
Mia ametcdvion emkdAvYNG £IvaL TOTIKN oUEIO0PAPIoN, KOt ETOUEVMOG Immersion Kot submersion.
Eniong, o opodn amewcovion emkdAoyng yuo kébe onueio €xer por opadn “tomikn) toun”
optopévn og avoryto U C ST x ST yOpw omd 1o onueio, o : U — R? dote w0 00 = idgiy g1,
EMOUEVOG T, €lvan eMiong immersion ko submersion.
TNV CLYKEKPUEVT TIEPInTOOT, PLIopovpE va opicovpe v G 1ol wote av (p,q) = w(p, 0)
10te G(p,q) = F(¢,0). H G givan kodd opiopévn agod n F egivar otabepr| 610 6hvoro
7 1(p, q), Moyo meprodikdTnrag.
Eniong, n G eivar opodn) yuotin G o = F givar opodny. MdAota, av o gival o Tomk Toun
opiopévn o€ éva avorytod U, tote G|y = F o o kou emopéves av G, = F, o 0, oto U. Ondte
n G eivon immersion gnedn n F' etvar immersion. AALG todpa 1 G eivar kar 1 — 1 pe cvuveyn
OVTIGTPOPO, KOl ETOUEVMG U0 OLLOAT ELPVTELON.

* Tl o immersion dev givon amopaitmta opain pedtevon; Eidape 0tt £vag Aoymg givar 0Tt pmo-
petl va unv elvar 1 — 1, aAAd vdpyovv Kot dAAo @ovOpEVO TOV HTOPOLV oV GLUPBOLV, OT®G GTO
TOPOKATO TOPAdElyHaTA.

1. Hy: (—7/2,37/2) — R2,~(t) = (sin2t, cos t) givon 1 — 1 kar ' (t) # 0 yia kGOe ¢, enopEveg
etvar immersion. Opwg

lim ~(t) = (0,0)= lim_~(t) = 1(x/2).

t——7/2 t—3m/2

H ewdva g elvan emopévag éva oytdpt, Kot tvol GUUTAYNG, AP0 OEV EIVOL OLLOTOLOPPIKT LE
70 avorytd dwbotnua (—7/2,37/2), omdte dev givar OPAAT EUEVTEVOT).
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2. Boto S* x S € C? 0 t6poc, kar a € R dppnrog. Ocowpovpe Ty aneikévion v : R — St x St
,Y(t) — (6271-1‘1t7 62”‘”).

[TaM gdvkora BAémovpe 0TL v/ (1) # 0, emopévmg n v eivar immersion.

Eniong, etvo 1 — 1 apov €™ = 2™ qy kot povo av t; — ty € Z. Tote Ouwg aty — aty &€ 7,
aQov a GppNTog, Ko Gpa €2t £ e2™at2 omdre y(t1) # Y(ts) exTOg av t = Lo,

H F opog dev opoAn epevtevon. Av ftav, 1o obvoro y(Z) dev Ba gixe onueio cuoodpev-
one, 0gov ovte T0 Z &xet. O deifovue Opmg Ot &gt 10 chvoro {e?™" n € Z} C St
el onueio oveompevong, apod S cupmaymg, eved avtictoyo 2™ = (1,0). Exouévag
v(n) = ((1,0),e*@) € S x S! éye1 vraxorovdia mov cuyKAivel og Kamolo onueio oTov
T0p0.

Hpotaon 10. Av F' : M — N egivou oo 1 — 1 immersion. Tote o kabe pio omo ti¢ mopokat®
repimrwoeis N F etvou o ouorn supidtevon ue kAeioty sikova.

1. ovumayns

2. F proper (eAnvikn uetdppoon;,)
Amooerén. Koty tig 000 mepumtdoelc, | omdoeién faciletor 6to 0T1 kdbe 1 — 1, KAEIGTH KOt GUVEXNG

AmEKOVION PETOED TOTOAOYIKAOV XDPWV EVOL TOTOAOYIKT EUPVTEVOT) (ONAXOT] OLOTOUOPPIGLOS TOV
ed10V OPIGUOV LLE TNV EKOVAL)

Av N M givar copmoyng, tote KaBe KAE1GTO VITOGVLVOAD NG ivat £TioNG CLUTAYES Ko EMOUEVAGS T
€1KOVaL TOV GLUTAYNC, KO ETOUEVMG KAELGTO VTOGVVOAO.

Av 1 F' glvan proper (mpogkova, copmoryohs eivon cupumayés), tote avtopdtog n F' etvor kKAe1ot

(0¢eite to PiAio Tov Lie, kepdrato 2, dev Ba pmovpe o TEPIGCOTEPEG AETTOUEPELES) [

To Bedpnpa avticTPOENS AMEIKOVIONG GE TOALATAOTITEG.

Ozopnpa 3. Eorw M, N oiapopixés morloriotyres, p € M, F' : M — N o ouoin omeixovion
wote Iy TyM — Tpyp)N va eivar ypopypuxog icopopiouds. Tote vmdpyovy cuVeKTIKES pelTovIES
p € Uk F(p) € V avote

F‘U U -V

va. e1val ou@Lo10popIot,.

Emopévamg, dueco mopiopa etvar 6t av M, N €xovv v id1a d1dotacn ko 1 F' givar gite immersion
elte submersion, TOTE £lvol TOMIKTN OAUPIOOPOPIOT.

H anddeitn tov Bempnparog Paciletarl oto Bemdpnua aviictpoens anewkdvions otov R™.
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* To Bempnua otabepng TaENC.
Osopnpa 4. Eotw M™, N" owapopikés mollomiotnteg kou F' 2 M — N wia opuadn ameikovion

otalepnic taéng k. I'o ke p € M vrdpyovy oparés ovvietayuéves (xl, ... ™) ydpw and 1o p Ko
(yh, ..., y") yopw ané to F(p) wote n avamapdoracy e F va eivar
F(x17 7$k’xk+1’ 7‘/1;m) = ('Z‘17 7mk‘707 70)

‘Eva mopiopa etvon to €€1c.

Hépwopa 2. Av F : M™ — N™ eivou ouoin ametkovion kou n M eivar ovvextixy, tote n F Eyel
arobepn T6én av kou povo av yio ke onueio p € M 0TGpyovY GVOTHUOTO COVIETAYUEVOV YOPE® OTTO
10 p kou F'(p) aviiotoryo wote 5 avaropaotoon e F va eivar ypouuki aretkovion.

Ardderiln. - 'Eotm dtivondpyovv cvotpota cuvietaypuévoy (U, ¢), U C M,xa (V,¢), F(U) C
V ®ote 1 avanopdotaon g F, 1o F o ¢~ va givon ypoppikn. To Stapoptd piog ypopLpkig
amewdviong ivor n 101 1 ameEKOVIoN, Kol ETOUEVMG N TAEN TG €ivan 1) 10w o KABe onpeio
tov U. H té&n g F' emopévaog ivar tomikd otabepny, kot apov 1 M givar cuvektikn, n F éyet
otafepn Taén.

— "Eoto 6tin F €xel otabepn ta&n. Tote vrapyovv cvotiuata cvvtetaypsvev (U, ¢), U C M,
ko (V,9), F(U) C V dote n avarapbotacn e F, 1 o F o ¢! va givar

YpoFo¢ lzt, .. a™) = («,...,2%0,...,0).

O

Yuvvénela Tov Bempnpotog otadepng Taéng eivan to akdAovbo Bedpnua.
Ozopnpo 5. Av F : M™ — N" givou ouorn ametkovion otabepng taéng. Tote

1. Av n F eivou eni tote eivou submersion.

2. Avn F eivou 1 — 1 t0t¢ eivou immersion.

3. Avny F eivar 1 — 1 kou eni t0te eivor aupidiapopion.
Amodeiln. Oa deiovpe poOVO TOV de0TEPO 1GYLPICUO.
AoV n F €xel otaBepn TaEN, T0TE 08 KATAAANAQ GLGTHIOTA GUVIETAYUEVAOV EYEL TN LOPON

F(z',...,2™) = (z%,...,2%0,...,0).

Av F dgv givon immersion, mpénet k < m. Emopévog F(0,...,0,e) = F(0,...,0), yia & pikpd kot
emopéveg dev etvan 1 — 1. [
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o Inuovtikég 1010t teg TV submersions. 'Eoto 7 : M™ — N™ pio submersion.

1. 7 elvan por avoryt amekovion, dniadn ametkovilel avorytd GUVoAa GE VoL Td.
‘Eoto W C M avoytd, g € m(W) xar ¢ = 7(p). Mropovpe va Bpovpe yaptes (U, @) yOopw®
and 1o p ko (V1) yopw and 1o ¢ dote n avanopdotacn g F va givar

F(z',...,2™) = (z',...,2").
kot ¢(p) = 0, 1¥(q) = 0. BAémovpe apéowng 6t t0 m(W) mepiéyst éva avoyto, 1o ¢~ (B-(0)).
2. KdaBe onpeio g M eivar otny ewova piog tomkng topng mg 7. 'Eoto p € M, ¢ = 7(p) ko
oG YPAWOovE 0TS TPV TNV TOTIKY] AVOTOPEGTOCT) OG
F(z',....2™) = (z%, ..., 2"),
ue m > n, kot ¢(p) = 0, ¥(q) = 0. Todte pmopovpe va. opicovpe
o:V—=U
opiovtag TV TOmIKN TG avamapdotact g 1tpog Tovg xaptes (U, ¢) (V. 1) og
o(xt,...,a") = (2',...,2",0,...,0).

3. Av pa submersion givou emti, 10T givon amekdvion TnAiko. YrevOopilovpe 6Tt puo amekdvion
mnhixo elvar wa el cuveyng ameovion dote U C N givar avouytd av ko poévo av w1 (U) C
M givan avorytd. MdMota, o€ avti v nepintoon to N = M/ ~ éyet v tonoloyio TnAiko
OV EMAYETOL OO TNV 7.

Avt 1 00T Ta elvan cuvénela Tov Ot pia submersion givo avolytn amekdvion.

* Xpnowodmta TV eni submersions.
1. Kpupro opordmroc: Av m: M — N eivan ent submersion ko F' : N — P pio omeikovion.
Tote n F elvatl opodr] av kot povo av m o F' ivor opain.
Enéyovtag pia opoin tomkn toun mg m, o : U — M, U C N éyovpe 011 ™o 0 = idy.
Onote
Fly =(Fom)oo,
amd 10 omoio TPoKLTTEL TO {NTOVUEVO.

2. “Push-forward” cvvaptioewv. Av m : M — N eivon pia eni submersion kou F' : M — P
etvor o oporky amekévion 1 omoia efvon otadepn oo Ghvora m1({q}) o xébe ¢ € N. Tote
vdpyel povadikn opain anewoévion F' : N — P wote Fom = F,

A@o? F givar otabeph oto chvoro m1(q), yia ¢ € N, pmopodue vo, opicovpe

F(q) = F(p)

amd 6mov £xovpie owtopota Fom(p) = F(p), N omoio givat opas] amd To Kpripto opaAdTTag.
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3. MovadikotnTa TATK®YV.

"Eotm 011 éyovpe 600 ent submersions 1 : M — Nyand 7o : M — Ny kou éoto 6tim KaOe pia
elvar otaBepn| o1 Tpogkoveg TG AAANG. AnAadn yio kKaOe p € Ny kol g € Ny 01 amEIKOVIGELS

m 7y ({q}) = Ny
m 7 ({p}) = Na

etvan otabepéc,

Tote vrdpyer o apedoeopion F @ Ny — Ny dote F o mp = mo, 1 Onoio, TPOEPYETAL
epapuolovrtag to “push-forward” mapomdve otig 7 Ko 7o
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14 Ep@utevpéveg vmomoiharhotntes (embedded submanifolds)

* Tietvon o gpouteLpévn VTOTOAAATAGTNTAL.

Opwopoc 12. Eva vrocgdvolo S piag drapopixng morlamiotnras M oidotacns n ovoudletor eupo-
tevpévn vromordarlotyra didoraons k av yio kale p € S vrdpyer opalog yeptns (U, @) e M yopw
amd 1o p, pe ovvaptioelg ovvietayuévaoy vt : U — R

UﬂS:{(:L-l’.__’xk7xk+17”.7xn)7 lUkH:‘“:x”:O}_

O apBuog n — k ovopdletor cuvordotaon (codimension) tng S.
* Epgputevpéveg vmonoAlamlotnreg Kot OHOAES ELPLTEVCELC.

Ozopnpo 6. Av .S C M eivar o gupoteouévny k-vrorolilamlotnyta, t0te n S eivai TOTOLOYIKN TOA-
Aamlotnra, ue tomoloyia v exaywuevy omo v M. Emimléov, vmapyel Lovaoikn OLapopiky ooun
oty S wote n gupdtevon L 2 S — M vo givor ouain gupvtevoy.

Anooeiln. To S elvar Hausdorff ko dedtepo apbunopo, ywotin M eivar.

H S givar Tomoroyki morhamiotnyta. Tov dtiovia yio v S tov Katackevalovpe mg eEng. Na
KaOe p € S, éotw (U, ¢) opardg xaptng g M yopm and 10 p OOTE

Uﬂs:{({,(,’1’,..,[pk7gpk+1"“,xn)7 ZL’IH—IZ"':ZL‘n:O}’

kot to U N S etvar avorytd vmrochHvoro tov S (apod onTo £YEL TNV ETOYMUEVT TOTOAOYIO)

Opilovpe 10 U N S tov yGptn dote yio kabe g € U NS

Y(q) = 7o ¢(q)

omov 7 : R® — R* givan ) mpoPort| oTig k TpdTEG GLVIGTOGEC,

To cvvoro (U N S) C R¥ givon avorytéd yratin ¢ kot oL 7 eivar avorytéc ometkovicelc.

H avtiotpoen g ¢ elvar n amewcovion
(', .. 2" = o7t 2R, 0,...,0) =0 o j(at, ... ),

omov j(zt,...,2%) = (z%,...,2%,0,...,0) € R", 1 onoia eivar eniong cvveync. Emopévac n ¢
glval opotopopeopde.
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H S givan swa@opui] morramddotnta. Apkei va eAéyEovpe OTL Ol Topamdve xapteg etvor cupfartot.
‘Eoto (U, ¢) xau (U’ ¢') yaptegomv M ne UNU'NS # 0, ko (UNS, 4), (U'NS, ") oravrictoyot
xbpteg g S.

Tote,n o™ -y (UNU' NS) = ' (UNU' NS) Siveran omd

Y oyTt=mod 0pT oy,

Kol EMOPEVMGS givol OpaAr] ooy chHVOEST OUOADY OTEIKOVIGE®V.

H.: S — M givan oparn epevtevon. H ¢ eivar tororoyikn epgvtevon yoti S €xet tnv tomoloyio
emoyopevn ond mv M. Apkel va deiovpe 6Tt givor immersion.

H avanopdotacn g ¢ 6€ TOTIKEG GLVTETAYUEVEG, ETAEYOVTAS YOP® oo To L(p) = p €va xapTn
(U, ¢) g M xar tov avrtictoryo (U NS, 1) yra v S, eivar
poropHat,. .., ¥y =poroo (!, ... 2" 0,...,0)
= (z*,...,2%,0,...,0).

Enopévaog €xet 1aén k ko dpa eivol immersion.

H drwagopikn} dopi avti €ivar ] povadtkn @ote ¢ va givar opait] epevteven. Eotm 6tin S sivat
€QOOLOOUEVT LE KATOow, (100G S10pOPETIKT) d10pOopikh dopn A doTe 1 L va gival OpOAT ELEVTEVON.

Apxeiva deiéovpe otLav (V, 0) eivar évag opoddg xaptng oty A 16te antdg givar cupPotds pe Tovg
YOPTEG OV KATACKELAGTNKAV TTapamdve. Andadn av (U, ¢) givor yaptg g M dote VNUNS # 0
kon (U N S, 1) o avtiotoryog xaptng g S, 10te N

Yoft:0(VNUNS) = y(VNUNS)

glval apedeopon.

‘Exovpe 0T
Yol =moporof!,

omdte oav ouVOEST OPOAGDY anelkovicemy N 1) o 071 eivan opad omekovion.

A@o? gtvar 1 — 1 xon eni, apkel va dei&ovpe 0Tt glval TOTIKY| AUEOLLPOPIOTN KOt Y OVTO 0pKeL Vo
deiéovpe 6t1 etvon submersion (1) immersion). ‘Eyovpe Aowrodv

(Pob7 ")y =mog.ouo(07).

H (071), eivar 1copop@iopdg apod eivar opordg yapme. H ¢, o 1, etvar 1 — 1 agod 1 ¢, eivar 1 — 1
ko @y 1 — 1 woun eni, ko pom ¢y 0 1, 007 efvan 1 — 1.
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A7 tov oplopd g ¢

o100 (... y") = (a(y).....7"(1).0.....0),

EMOUEVOG
Im(¢porof™ ), NKerm, = 0.

Tovenmg N o0vleon m, o (oo 71, etvor 1 — 1 ondten 7o ¢ o 1 0 O~ givar immersion. O
[oyvel dpmg kot To avTicTPoPO.

Oesdpnpa 7. H sikova piag oporng eupitevons ivor UQUTEDUEV TOAAATAOTHTAL.

Amooerln. Eilvaiovvéneio tov Bempnpotog otabepng tdéng, apol o OpaAn epevTeLoN ivol immersion.
O

O £QanTOUEVOC YDPOG LIAG EUPVTEVUEVIG VITOTOALOTAOTNTOC. ATO T GTLYUN TTOV Y10 L0 ELPVTEL-
LEVT VTTOTOALOTAGTNTA 1) EUPUTEVGN ¢ : .S — M givon immersion, UTOPOVUE HECH TNG

L2 1,8 = T,M
VOl TODTICOVUE TOV EQATTONEVO XDpo 1,5 pe v gwova tov i, (1,S) C T,M: Ba ypaeovpe (LeTd
an6 avt) v evotta) 1,S avti yo i, (7,S).

Zvykexpyéva, av X € TS o mapaydyion, n dpdon tov X=uXoeofe C>® (M) givon
(L X)f = X(for) = X(fls).
Znuei@voupe 6Tt 6To TEAEVTOO PO YPNCUYLOTOUGOLUE TNV

fls=fou

Ot f xau m ¢ givor OpoAEG anekovioels, EmOpEVMS Ko 1 f|s eivorl opoAn - cuvémela Aoudv Tov 0Tt
N ¢ elval opoAr] epeHTELON (TOV PE TN CEPA TOV EIVOL GUVETELD TOV OPIGLOV TNG EUPLTEVUEVIG
ToALOTAOTNTOG LEGM TOV Oe®PNATOG 6) eivat OTL 0 TEPLOPICUOS OUAANG CLVAPTNONG EIvat OpOAN
GLVAPTNON.

Eidape emiong 0tL Vv mopdywyo UIOpoOE VO TNV VTOAOYIGOVUE YPNOUYLOTOIDOVTOS OUOAES KO-
umoreg. ‘Eoto f € C°(M) ko S o epgutevpévn vronoAramhomtd g M. Eoto p € S kot
X e T,M. O mapandve vroroyopos pog Aéet 6Tt av Béhovue vo vmoroyicovpe TV mapdywyo
X f(p) apkei va vroroyicovpe v mapdywyo fs(p), omov X € T,S dote 1, X = X.
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‘Eot® Aowtov v : —(e,e) — S C M i opany kapmoin pe v(0) = p xary/(0) = X. Tote

Xf(p)=i.Xf(p) = (for07)(0) = X(fls)(p)-

Yvvéneio Tov mapamdve givorl 0t n Topdyoyos wog f € C°(M) og katebBuvon epantopevn og
po euPonTuGUEV VTOTOAAATAGTNTO €E0PTATOL HOVO OO TOV TEPLOPIGUO TG f OTNV LTOTOAAQ-
TAOTNTO.

Y nomoALomAOTNTEG GTAOUNC.

Ozopnpo 8. Av M™ N™ eivar diopopixés mordamiotntes kou F' - M — N eivou puo opads ameixo-
vion atabepic taéng k tote yia kabe a € F (M) 1o obvoro aralung

F~({a})

eivar pio gupotevuévn vromoilamiotnto. ts M ovvolaoroons k, kot kigloto vroovvolo s M.

Andderén. Kébe F~1({a}) eivar khewotd omd cvvéygia. Tovg amapaitnrovg xapteg yio va dei&ovpe
omin F~1({a}) eivar vromodhomhotnta tovg Taipvovpe amd o Oedpnpa otabephc tdéng: YOpw omd
k60 onueio p € F~1({a}) n F avomopiotdrol pue KotdAAnAovg xaptes g

F(a', ... 2% o8 o a™) = (2. 2%,0,...,0) € R",

®ote 10 p va avtietoyei oto (0,...,0) € R™ kot 10 a ot0 (0,...,0) € R™. Enopévag, yopw and
10 p 10 sOvoro F1({a}) avuistorel (uésw tov yaptn (U, ¢) omqv M) 610

Enopévmg 10 ovvoro otdfung givor vmoroloamAotnta didotaong m — k Kot cuvdldotaong k. [l

Xmv mepintwon Aodv mov N F' givor submersion, n taén eivon dim N ondte Ta0 GVVOAL GTAOUNG
g F etvan khelotég vmomoAlandotteg g M cuvdidotaong dim V.

Oporoyia: av ¢ € F(M) tote

— Avywk@be p € M pe F(p) = e, Fy : T,M — Tpp)N sivar empopeiopds, t61e 10 ¢
ovouagetat opal Ty g F, kot o chvoro 6tddung F~1({c}) opord civoro otdung.

— Avywxanow p € M pe F(p) = ¢, Fy : T,M — TpgyN Sev givar empop@iopodg, t0te 10 ¢
ovopaletor kpiown tiun kot 1o p kpico onpeio g F.

Tote pmopovpe va amodeifovpe to €ENG.
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Ocopnpo 9. Eorw M, N diapopixés molramiotntes kor F 2 M — N o opoldn axeixovion. Tote
Kabe opalo eniredo aralung e F eivar puo klerioty vromoilamiotnro tns M ovviraoroons dim N.

Amooeiln. Aev yvopiloope av n F' €xel otabepn| Ta&n, aAld yvopilovpe 6T N F' €xel otabepn 1aén
dim N xotd pfixog tov oparod cuvorov otdbung S = F~1({a}).

Apkei Aowmdv va tepropicovpe v F' og o avoryth yertovida M’ tov S otnv omoion F €xet otabepn
TAEN, KAl VoL YPNOIULOTOGovUE To Oempnua 8, apod n M’ Ba givor pua ovorytr VToTOALUTAOTTAL
™mg M.

H dmapén g yerroviag M’ omov 1 F éxetl otabepn taén dim NV e€aceariletorl and ocvuvéyeia: yph-
eovpe 10 F, og cvvietaypéveg yopw and p € S cov dim N x dim M wivoka. Avtdg o mivakog
Exel téén dim N av kot povo av kdmoto vroopilovsd tov eivon pun undevikn. H opiovoa eéaptdron
GLVEXMG O TO GTOLXELN TOV Tivaka, oo OTov TPOKVTTEL TO {NTOVUEVO. [

[Teprypan tov pamtduevon Y®POov vOc GuVOLOL oTAOUNG.

ANppa 16. Eotw p € S C M o gupvteouévy vromorlomiomnra, p € U C M avoiyto ko
F : U — N submersion dote SNU = F~*({a}). Téte

T,S = KerF..

Anéoeiln. Fou: S — N givar otabept|, enopévag Fl o 1, = 0. Enopévag 1, (1,5) C KerF,.
[ va dei&ovpe v wodTT: 0oV F, glvan emi

dim KerF, = dmT,M — dimTr, N = dimT,S.

H televtaia 106t TO 1oY0EL €Medn 1 S €xel cvvdidotacn dim V.

[Tepropifovrag ancikovicelg o vomoAlanAdTTES. MTopel va amodetyBel Ot

1. Av F: M — N opor kou S C M guPantvopévn vromolanidtnto tote n Fls : S — N
elvar opon.

2. AvF : M — N opah), S C N gpPomtoopévn vronorramiomea kot F(M) C S, tote n
angwkovion F' : M — S etvor opoin.

Awvoopotikd tedio 6€ VITOTOAAATAOTNTES.

Opwopég 13. Eotw M dapopikn morlomlotnta kor S C M euputeouévy vromollamiotyro. Evo.
orovoouatixo wedio X € X (M) ovoualerar epomrouevo oty S av pakdbe p € S, X, € T,S.
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IMapotnpovpe 6Tt yevikd o mepropiopdg evog X € X (M) og o epfantoopévn vromolhomioTnTo
S C M dev givon d10vuGpHoTIKO TTEdio TG S. AvTo OUmG 1oyveL av to X gival epamtopevo oty S:

Mpoétaon 11. Av S C M eivou gupotevuévy vmomoilamiotnta kou ¢ : S — M n avtiotoiyn eu-
poevon, tote av X € X (M) eivor epomtopevo oty S t0Te DIAPYEL POVOOIKO JLOVOOUOTIKO TEDIO
Y € X(S) wote ta X, Y va eivou 1-ovoyetiouévo.

M epappoyn g Topondve TpoTacng eivol 1| TAPUKATE®.

Hpétaon 12. Eorw M odiopopixny morlomiotyro ko S C M eupoteouévy vwomolloxlotya. te.
Eotw Y1,Ys € X (M) epartouevo oty S. Tote 1o [Y1, Ya| eivau emiong epantépevo otnv S.
Arboeiln. Amd v mponyoduevn mpdtacn, vdpyovv X, Xo € X(S) dote 1, X; = Y;.

Tote, yuokébe p € S
D/I; }/é]L(p) = [L*le L*X2]L(p) = Ly [Xla X2]p7

enopévag to Y7, Ys] etvan epantopevo oy S. N

Hopoznpnon 14.1. Ty mapoandve Tpotacn uropel kaveig va v “dtopdoet’” ko og e&nc. H ayxoin
Lie [Y1, Y2, (p), Yo p € S, mapdro mov ta media Y7, Y5 eivar opiopéva oty M, s&aptdrar povo
OTTO TOVG TEPIOPIGUOVG TOVG GTNV LIOTOAAATAITNTA S, 0oV [YV7, Yol () = [ X1, Xo]p, kot dpo o
vroloyiopdg g [Y1, Ya),(p) Hmopel va yivel méve oty S, Eexvavtag v M.

1-popeég o vromoAlamhdtntes. Av w € ['(T*M) eivan o 1-popery omv M ko S C M pa
EULPLTELUEVT] VTTOTOAAATAOTNTA TNG, LE avTioToynepevTEVSoN ¢ : S — M 118 Opilovpe

wls ='w e I'(T9).
To mapakdtom mapdderypo Aettovpyel cav mTPogdomoinon yo v @UCT GVTOV TOL TEPLOPIGLOD.
Axopo kot av nw, # 0y éva p € S, pmopodpe va £xovpe 61t w|s = 0 610 p, opkei kerw, = 1,5,

aeov tote Yo V' € 1,5
wls(V) =rv'w(V) =w(V) =0.

"Ecto w = dy otov R? ko S = {y = 0} vwomoAhamAidtnra. Tote
wls =1"dy=d(yor) =0,
apov M y eivan otadepn kat ion pe 0 katd pikog mg S = {y = 0}.
Epoppoyn: Eoto f € C°(M) ka1 S C M guputevpévn vronorranida. Tote

d(fls) = (df)ls-
‘Eoto V' € T,S, o1

d(fls)(V) =V(f) = .V (f) = df (.V) = (df) = df]s.
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14.1 IMoALomTAOTNTES TIVAKOV TOV £IVAL GUVOLX 6TAOUNG

* Eidape 011 o1 Tpaypartikoi m X n wivakeg M, <, (R), cov mpaypatikdg dtavoopotikds ydpog did-
oTaoNG MmN, vl Kol S10pOPIKT TOAAATAITNTO SLAGTACTG 1MN.

Qg5 :aji’Yl(XKdOSi,j: 1,...,71,.

Sym, (R) eivar drapopikn morlramhotta didotaong @ Avtd pmopove vo 1o SoVUE [E dVO
1pomovg. O Guecog tpodmog eivan va topatnpioet kaveic 61t o Sym, (R) eivan ypoppikdg vdympog
00 M, (R) won pior féion tov givan ot mivakeg Sy Yoo a < b pe Sy = (s;5) 6mov

:{ si; =0 av{i,j}# {a,b}
sij =1 oav{i,j} ={a,b}

T opddetypa, po Baon tov Sym, (R) eivarn

ool Lo thv o]t

Ko ETOUEVMG 1) O14GTOCT) TOV gfvat % = 3.

Sij

n(n—1)
2

Mmnopodpe vo. to dovpe kot g e&Ng. 'Eatm n opadn (ypappikn) anewcovion F: M., (R) — R

_ 1424 4n—1
F((aij)) = (@12—(121, sy Al —0npl, A23 —A32, - - -, Q2p —Gp2, - - - G(n—1)n—an(n—1)) €R .

Mropovpe va eléyEovpe 0Tt givan submersion kon 61t Sym, (R) = F~1(0). Exopévoc, to Sym, (R)
gtvan kAgotn vromolamAdtnto e M, «, (R) cvvdidotaong @ Kot Apo. S10GTACTG

nQ_n(n—l) n(n+1).

2 2
BéBawa, apov n F' eivar ypappukn, Sym, (R) = KerF and émov pumopodpe va Bpodpe ) Baon.

* OpBoymviol Tivaxeg
O(n) = {P € M,,x,(R), PP" =1I,}.

Opilovtag v ancwovion F : My, (R) — Sym, (R) og
F(A) = AAT,
npémel va edéEyovpe Ot I, € Sym, (R) eivon opodn Ty g F.

‘Eotw A € O(n). Kibe X € TyM,,«,(R) eivan évag mivaxag X € M, (R) apod &idape 6t o1
TAPOYOYICELG GE EVOV S1OVUCUATIKO YDPO TAVTILOVTOL e KATO10 YEOMUETPIKO EPATTOUEVO OLAVUCHLAL,
onAaon

TaMpun(R) = {A} X Mpun(R) & Mpyxn(R).
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MdMota, propodpe vo avarapocticovpe 0 X = +/(0) 6mov
v(t) = A+tX,

KOl ETOUEVOG

F.X = (Fo~)(0) = o (A+tX)(A+tX)")
t=0
_ 4 (A+tX) AT+Ai (A+tXx)"
Cdt,, dt|,_,
= XAT + AXT.

INo kébe Y € Sym,, (R) ~ T;Sym,, (R) mapoatnpovpe oty X = %AY

1 1 Y+ Y7
F.X = FYA = S(YAAT + AATYT) = +2 Y,

Ko Gpa Fy : TaMyxn(R) — T7Sym,, (R) eivar eni.

Enopévag, n O(n) eivar khelot) vromoAromhomrta g M, ., (R) cvvdibdotaong dim Sym, (R) =
@, dpa drdotaong
1 —1
dimO(n) = n* — n(n2—i— ) = n(n2 )

Mdota, o gpamtopevos xdpog X € O(n) = KerF, (6mov 0étovpe A = ) kot Gpa
X+ X" =0.
O gpantdpevog yhpog Aourdv g O(n) oo I sivor ot avticvppetpucoi mivakeg X pe X = — X7,
H ewdwcn ypappukn opdda (special linear group) SL(n, R) C M., (R).
SL(n,R) ={A € M,x,(R), det A =1}

H arewovion F : M5, (R) — R
F(A) =detA,

givo opoy. Méhoto, copPorifovrag pe DF, = (F*)|Tp A Yuo o oproy F o Mo — N

(Ddet)a(X) = %(A—I—tX) =detA-tr(A71X).
t=0

Enopévog, yio A € SL(n,R)

(Ddet)a(A) =detA-tr] =ndetA=mn#0,
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Ko apa (D det) 4 0 TaM,(R) — T1R givon eni. AnAadn 1o 1 eivar opody) Ty g det.

BAénovpe howdv 6tin S L(n, R) eivar khetoth vronodramhotra g M, «, (R) cuvdidotaongdim R =
1, dpa dtdoToong
dim SL(n,R) =n* — 1.

O gpantdpevog yopog oto A = I, amoteleitor amd ekeivovg tovg mivakeg X pe
(Ddet)4(X) =detA-tr(A'X) =trX = 0.

Apa
T;SL(n,R) = {X € M,,»,(R), trX = 0}.

H &dwn opBoydvia opdda SO(n) = {A € O(n), detA = 1}. INa k4bs A € O(n) épovpue
AAT = [,,. aipvovrtog opiCovoeg BAémovpe ot (det A)? = 1 kau dpa det A = +1.

Apan O(n) éyel 8O0 GUVEKTIKEG GUVIGTAOGEG
O(n) = (O(n) N{det = 1}) U(O(n) N {det = —1}).

H SO(n) = O(n)N{det =1} = O(n) N SL(n,R) givar vroopdda g O(n) Kot avoryti VITOTOA-
AamAOTTA TNG. Emopévag éxovpe
n(n —1)

dim SO(n) = dimO(n) = 5
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15 OloKINPOTIKES KOPTUAES KOl POES OLOVUGUUTIKOV TEGIMV

* OLOKANPOTIKES KOAUTUAEG SLUVUGUOTIKOV TESIMV.
‘Eoto M wa dtapopikn molamddtnta ko V' € X (M) éva oparod dtovuopatikd medio. Mo opain
Kopmodn 7y : (a,b) — M ovopdletor 0AOKANPOTIKY] KOPUTOAY TOV S10vuoHOTIKOD TTEdiov V' av

v (t) = Vi (15.1)
v kéOe t € (a,b).
* [opadeiypara.
1. BEoto M = R? kw V = 2. Kébe kopmoin
V(t) = (t+c,d),

omov ¢, d € R, etvar odokinpotikn kopumOAn Tov X ywoti, av x, y €lval 0l GLVOPTHGELS GLVTE-
TOYUEVOV, TOTE

v2 = (5| ) @ = @orri -1
V()Y =7 <% t) (y) = (yoy)(t) =0,
ETOUEV®G ; ; )
=06 5] 1O g =g =X

2. Boto M =R%2 W = x§ — y%. Oéhovpe va BpodLE, v VITAPYOLV, OAOKANPOTIKEG KOUTOAEG
v(t) = (z(t), y(t) yio to W. Tote

Emopévmg, n v eivar ohokAnpotikn Kopmoin tov W oav kot pdvo av yio kébe ¢
V() = Wa

__, 9
B y@x

y(t) v(t)
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BAémovpe 0Tt 10 TPOPANLO EVPECTG OAOKANPOTIKOV KAUTOA®Y OVAYETOL TNV EMIAVCT| TOV
OLOTNHOTOG GLVNOWV SLUPOPIKADV EEICHOGEDY

2'(t) = —y
y'(t) = x.
Mmropobpe gite va paviéyoope T AOon, gite va vToAoyicovpE
(1) = ~y/(t) =~
y'(t) =2
omoTE

x(t) = acost — fsint
y(t) = —2/(t) = asint + [ cost.

ot =0, 2(0) = a, y(0) = B. Emopévar, av y(0) = (0,0) tote y(t) = (0,0) yue kébe t € R.

o | =L 15

EMOUEVOG | KOUTOAN TEPLOTPEPEL TO dtdvuopa (o, ) apiotepdotpoea, ®ote y(t) avtiotoyel
o€ oTPOYPT KOTd Yyovia £.

I'eviké,

Ot vororeg OAOKANPOTIKES Kapmbreg Aouov tov W givan kdKhot pe kévepo to (0,0) ko
apxn v(0) = (a, 5).

* H gbpeon ohokANpoTiK®OV KOUTOA®V TAVTO avAyeTon 6TV EXIAVOT VOGS GLGTNLOTOS GLVHO®V dla-
popdv e&onoemv. Ewdwotepa, dovkevovtag og éva xapt (U, ¢) g M pe cuvoptnoes cuvre-

taypévov 't .. 2", fotw ot éva V € X (M) ypagetol, 610 U, 6¢
o,
_ (2
Vi=v Oxt’

omov £d® Oewpovpe 6tL v : p(U) — R.
Ag vrobécovpe 0tL yayvovpe oto U pia olokAnpotikny Kapmdin v : I — U tov V. I'pdoovtag
7 oTIg cVVTETOYUEVEG, ME V(1) = (61 0 ) (t), 6mov

() = (3 (1), ..., 7"(1)),

&yovpe

V() = (Y () 5
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Emopévaog, yio va etvat n 7 oAokANpoTiKn KapmdAn tov V' mpémet

A () = 0" (G .. @), i=1,...,n. (15.2)

Ao ™ Bewpio cuvBwV S10POPIKOV EEICMGEMY, OOGUEVNG LG APYIKNG GUVONKNG

7(0) = (a',...,a") =a
VEGPYEL TAVTA e povedtki Aoon 7, = (31, ...,3") 1 (—e,e) = &(U), yuw e > 0 opketd pkpo,
tov (15.2). EmmAéov, n Abon v e€aptdTon pe opard TpOmo amd Tig apyikég GuVONKES, ONANST LITAPYEL
a € Vo C U wote 1 anekodvion

:Y : (_676) X % — ¢(U)
va givort opoAn).
Emopévag, yio kibe p € U pep = ¢~ (a',. .., a™) n hon 3(t) pe 3(0) = (a', ..., a™) avrictoyel
G€ Lo OMOKANPOTIKT KApUTOAN 7y : (—&,e) — U tov V mov diépyetar amd to p = v(0), mov e€aptdron
emiong pe opadd TpoOmo amod o p (e avTioTo(o TPOTO OTMG TOPATAV®, Yol TNV 7).

Av vy : (a,b) = M givar ohokdnpwtiky kapmoin evog V' € X' (M) tote xou | Kopmoin 7 (t) =
Yt —c),t € (a+c,b+ c), yw kamowo ¢ € R givar ohokAnpotikh Koprdin tov V, apod yio kabe
fe (M)

YO = (foy)(t)=(foy)(t—c) =7t =)f) = Via—o(f) = Vo (f),
Ko Gpa ¥ () = Vi), yia xdbe t € (a + ¢, b+ c).
OMkég poég - kivntpo: ‘Eotw V' € X'(M) kot ag vwoBéeovpe ot yio k4be p € M 1 0AoKANpOTIKY
KOUTOAN 7, TV V' pe 7,(0) = p eivor povadukn kor opileron Yo kGO ¢ € (—o0, 00). Aov ot
OAOKANPOTIKEG KOUTOAES EEQPTAOVTOL LE OROAD TPOTO Od TIG apyIKES GLVONKES VT N dadIKaGia
opilet o opain omewovion ¢ @ M x (—oo, +00) — M pe

®(p,t) = (1)

Ipopavag, ®(p,0) = pyuwkdbe t € R.

OpiCovpe emiong 11 anewoviceg O, - M — M, pe O,(p) = D(p, t) = 7, (¢), ot omoieg ompdyvouvv
Kké0e onpeio ™ TOALATAOTNTOG KATA UNKOG TNG AVTIGTOLYNG OAOKANPMTIKNG KOUTUANG Yo xpOVo ¢,
Ko

(I)O == ’ldM

[Mapatnpodpe exiong 0tL



H avtictoyeit — 7, (t+s) eivar oAokAnpoTikn kopmdin tov V, 0nwg eidapie mapandvo, petot = 0
VoL ovTIoTOL EL 0TO ONUEiD Y, (5). AAAG Ko ) avTisToryiont — 7., (5)(t) tvor oOLoKANPOTIKY KapTOAN
tov V' pe to t = 0 va avtictoyel 610 onpeio v,(s). And povaduodtnro, Tpénet va tavtilovat kot
apa

(pt+5 = ¢to®8' (153)

Tovénelo, antov, epdcov t+(—t) = 0 ko Py = idy, etvar 611 P, = O, dpoim P eivan avtioTpéyun
pe opaAn avtiotpo@o. Eivor onladn apeidiapopion.

Tn @ Aowmdv pmopovpe va T 0VUE GOV

® : R — Diff(M),

6mov Diff(M) = {F : M — M, F opedaeopion g M} éyet dopn opddag pe tnv mpaén g
ovvBeonc. H @ Aowmdv eivar évag popeiopdg opdadwv, Aoy g (15.3).

OMkéc poéc. Me kivntpo ta mopamdve opilovpe
Opwopog 14. Mio ouoldn ameikovion © : M x R — M mov ikavomoiei
O(®(p,t),s) = ®(t + 5,p)

1000bvauo. ov O,(p) = ®(p, t)
Qs = Dyo Dy (15.4)

ko1 ®(p,0) = p, ypia kabe p € M, ovoualetar odixr porj otnv M.
Onog eidaue 1 ovvorkn (15.4) pag Siver 6t @, : M — M sivan augidrogpopioeic, kon @, F = d_,.

‘Eoto &, : M — M wo ohky pon. Oa dei&ovpe 0Tt yio kdbe p € M ot OpHOAEG KOUTOAES v, (t) =
®,(p) eivar OLOKANPOTIKES KAUTOAES TOV SLUVOGUATIKOD TESIOV

Vo = 7,(0),
oL oVOpLETOL OMEPOCTOC YEVVITOPAG TNG P.

Hpétaon 13. Eotw ¢ : M x R — M pa ouodn odikn pon oty M xar ag opicovue yio kale
p € M v kouroAn v,(t) = O (p, t), kou tov ameipooto yevviropo e O, to (evoeyouévaws un ouaii)
olovoouatiko meoio V ootny ue

V, = (0).
Tote to V eivou évar opaldo dravoouatixd medio, ko 01 KOUTOAES Y, (t) elvon odoxAnpwties Koumdles
o0 V.
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Amodeiln. T va deiéovpe 011 10 V' glvar opard, apkel va dgi&ovpe 6t n dpdomn tov V f og kébe
opon cvvaptnon f € C°°(M) givar oporn cvvaptnon. Yroroyilovpe Aourov

0

VI =2(0)f = (Fo)(0) = =

(f o ®)(p,1).

(p,0)

Topa fod € C°(M x R) apov givar 6HvOeon opoAd®Y 0TEKOVIG®V KO TO SLOVUGHATIKO TEST0

S T(p7t)(M X R)
(p:t)

0
(p,t) = It

etvar opard, emopévag V f givar opon (Epdtnon, tog opiletat to % ‘ ». t);)

Mévet va dei&ovpe 6Tt kGBe v, (t) eivar ohokAnpotikn kapmdoin tov V. ‘Exovpe, yio toyaio fp € R
O(p,t +to) = B(Py (p), 1).

apoL Y (t =+ to) = Y (20) (). ZOVETOG
To(to) = V1) (0) = Vi (o)

OV OMOOEIKVVEL TO {NTOVUEVO. [

* [Moapadeiypara.

1. Zto mopaderypa pe M = R2 ko X = a% Y10 kG0e (2, y) € R? 11 OLOKANPOTIKY KOUTOAN (s,
00 X and 10 (z,y) (NAadH Tov Kavomotel Y, ) (0) = (z,y)) opileton yio kébe ¢ € R ko
dtveton amod

Vaw(t) = (E+2,9).
OpiCet Aowmov v odky pofy @ : R? x (—o0, +00) — R?

O((z,y), 1) = (t+z,y).

2. 1o nopdderypo ue M = R? kon W = xa% — ya% N PON} Y(z,y) TOO W amd 0 (z,y) opileTan
emiong Y kdbe t € R pe

Yz (t) = (xcost — ysint, xsint + ycost)
Ko emopévag opilet pa odkf pof @ : R? x (—o0, +00) — R?
O((z,y),t)) = (rcost —ysint, zsint + ycost).

H @ dev petaxivei to onpeio (0,0) evd petatomiCet kabe (z, y) # (0, 0) katd piKog TG Tept-
PépeLag Tov KOKAoL pe kEvrpo to (0, 0) depyduevov amd to (x,y) Kotd yovia t.
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* Opilovv 6Aa Ta Stovuopatikd medio 0AKES poéc; H amdvtnon ivat 0yt, 6mwg delyvouv To TapoKatm
Topoadetypota.

1. M ={(z,y) e R? : z < Ok X = 2. T xd0e (z,y) € M n avtictoym ohokinpotiky
KOUTOAN glvat, OTmg eldapie,
’Y(%y) (t) - (t + xz, y);
N omoia Opwg pévet oty M poévo 6co t + = < 0 dnhadn t < —z.

2. Oa pmopovoe Kaveic va woyvprotel 6Tl To TPONYOHUEVO Tapddstypa eival “texyntd”, emeldn
“koyope” tov R? otn péon. To axdrov0o mapddetrypa Opmg deiyvel 6Tt eivar Suvotdv Kot GTov
R? va &yovpe éva Sravucpotikd medio Tov omoiov o1 oAokANpoTIKEG KoumOAES dev opilovrol
o€ 6ho 10 R.

Eoto M = R? ko1 X = xza%. Ot ohokAnpotikég koumdres Tov Y(t) = (71(t), 12(t)) Bpioko-
VIO AOVOVTOG TO GUGTNILOL
nt) =)
%(t) = 0.

H devtepn eEiowon poag Mgl 6t 12(t) = d € R, gvd yio. ) dedtepn Exovpe

Nt = (n(1)*

(15.5)

1(t
= - (771(2)))2 =—1 avy(t) #0
- (5m) -~
S \m®/) 7
EMOUEVMC,

! =—t+c

M(t)
= )= —

Omndte, N OAOKANPOTIKY KopmOAn e apyr o (7,y) € R? diveton and

V) (t) = { ( <(1)73/) ovz =0

z—l_tay) av .z 7£ 0

BAémovpue ooy 6tLov o < 0 M e,y opiCetan yio ke ¢ € (%, +oo), oAb av z > 0N Yz
opiletor poévo yo
1
t e (—oo, —) ,
x
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KoL ETOUEVMG OeV 0pilEL pa OAIKN poT).

[ vo Katavorcovpe Alyo kaAvtepa antd To mapddetyua, agopicovpe N = {(u,v) € R?, u >
0} ko v amewovion
F:N—-M

= (Lo).

oV pumopovpe va eAEyEovpe 0Tt givar apedtagopion (Acknon).

Tote, ywo k6be f € C°°(M), éovpe (f o F)(u,v) = f(:,v), ondte yia kabe (z,y) € M
gyovpe (z,y) = F (2, y) xaw épa

ue

dt

t=0

YVVENAC,

apov — % Ly = %|t:0 (—t+ %,y) Kot F (—t + %,y) = (ﬁ,y), omoTE
1 d 1
F)(—t+— = — —_—
(foF) ( + xy> o t:of (x_l _t,y>
d 1
% o <CC_1 _tay) (f)
2 a
0 0
R[E¥N) Ty
H oloxdnpotikég kapmdreg tov V = —% dgv vmdpyovv yia 6ha ta t € R, yia tov 1610 Adyo
LE TO TTpoNyovuEVO TTapaderypa. Mmopel kaveig va dei 6t av y(t) givan por ohokAnpwtiky
Kapmoin Vo tote n F o () Oa givon pio ohokAnpotiky kopmdin tov FLV. Enueidvoope Ot
10 push-forward €d® opilet éva davvopatikod medio apov N F' elvar apeidroedpion).
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Mo vo to d0dpe avtd, ag vroroyicovue, Oétovrag v, = Y(t + s),

(For)()= 1
d

= &l Fen

= F.7,(0)
= F.V,,0) 0gob Ny givar oAoKANpmTIKY KopmdAn tov V'
- F*Vy(t)a

) (Fo~)(t+s)

Kot apa n F oy givor Tpdrypott oAokANp®TiKn KapmdAn tov FL V.
Méow apedtagopiong Aoutov, PAEmovue 0Tt T0 {fTNUO TOL eppavileTtol 6To deVTEPO TOPU-
derypa etvan g 010G UONG e TO TPOPANUA TOL TPAOTOL TOPASETYLLATOG.

* Tomikég poés. 'Eotm 60tim M eivan pua S10popikn TOAAATAOTNTOL.

‘Eva medio opiopod piag tomikng pong eivan éva avorytd vmoobvoro D C M x R dote yuo KGO
p € M to cbhvoro
Dr={teR, (t,p) € D}

glvai éva avorytd dtastnpa mov weptEyet To 0.

Mua tomiky| por| otnv M eivar por cuveyng ametkovion
®:D— M,
omov 10 D givar medio optool pong, MCTE VAL IKAVOTOLOVVTAL Ol GLVONKES

1. Twkdabe p € M, ®(p,0) = p.
2. Tw ke p € M, ovs € DP xart € D®P3) Gote s 4t € DP 1618

O(D(p, s),t) = D(t+ s,p).

Zvpporitovpe, dnwg mpw, av (p,t) € D,

Kot

Eniong, 1o dtavuopatikd nedio V' pe
Vo =7,(0)
OVOpALeTaL ameEPOsTOS YEVVNTOPaS TNG P.

Onog kot yio T 0MkEG poég, £xovpe TV akoOAovOn Tpdtao.
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Hpétaon 14. Av ® : D — M eivour pia opoAs) tomixn pon TOTe 0 ATEPOTTOS YEVVHTOPAS THG EIVAL EVO,
opold dravoouarixd medio oty M, ko kabe kourdin vy, p € M elvar pio olokinptiky Koumdin

T0V.

¢ Mapaderypa. Eotw M = {(z,y) € R* z < 0} kan X = a%' OpiCovpe

D = {((z,y),

omov yw ke (z,y) € M

t)ye M xR, t < —z},

DY) = (—o0, —1).

H anewovion @ : D — M

O((z,y),t) = (t +z,y)

glval pa Tomikr por apov

o((z,9),0) = (z,y)

kot av s € DEY) xa

t e DY@ — pltoy) — fH e Rt < —s — 2}

€xovpe OTL

O(D((,y),8),t) =P((s+z,9),t) = (t+s+z,y) =D((x,y),s + t).

O anelpootdg yevvntopag eivar to dtavvopotikd medio X, dote yio kabe (z,y) € M

Xtzw) = Vay)(0)

d

~ % 9 ¢
ol et
d

_ ¢
i, (x+1t,y)

B 0
0, )

& TPONYOLUEVO TTAPAdELY LA EIOAE OTL O OLOKANPOTIKEG KapmOAeg Tov X givat ot

Yy (t) = (x+t,y),

mov opilovton yio t < —z dnhadn yio kade t € DY)

(—o0, —x).

* To Bepehmodeg Bemdpnua Hapéng TOTK®OV POdV.
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Ocopnpo 10. Eorw M o diopopixn morlorxiotnra kor V éva ouolo diovoouorixo medio atny M.
Tote vrapyer pio. povaodikn ueyiotiky ouoln (tomikn) pon ® : D — M ¢ omoiag 0 amelpootog
vevviropas eivai to V. EmirAéov

1. Ta kabe p € M, n kouroln v,(t) = ®(p,t), t € DP eivou n uovodikh ueylotiky 0LokAnpwTiKny
Koumoln tov V omo o p.
2. Avs € DP t61e D*P®) =DP — s = {t — 5, t € DP}.
3. Lo kabe t € R 10 odvolo
M, ={pe M, (p,t) € D}
etvou ovoryto otnv M ko1 O, : My — M_; eivar oupioiopopion e ovtiotpopn P _;.

4. Lo kdabe (p,t) € D,
(®0).Vp = Vay(0)-

Me tovg 6poLG LEYIOTIKT POT| KOL LLEYLIOTIKT] OAOKANPMTIKT KOUTOATN EVVOOVLLE OTL O€V Eivail duvaTdv
va gnektafodv 6€ KATO10 PLEYAAVTEPO TTEHIO OPIGHOV.

To Bemdpnpa dev B to amodeiEovpe Aemtopuep®s, omAd 0o cu{NTNCOLLLE KATOLES 10£€G GTNV AmOOEIEN
TOV.

— Ipota and 6Aa, o Bedpnuo Paciletar oto Tapakdtm BEwpnua VIapEng MCEDV Y10 GLGTY-
pato cuvNBEV O1UPOPIKMV EEIGMCEMV.

Ocopnpa 11. Eotw U C R" avorytd kou V : U — R" wa opodn arcixovion. Ta ty € R ko
x=(x',... 2") € U éovue 1o mpdfinuo. apyikdv tyucv

(V') (t) = V' (7(2)),
V(o) = .
Tote

1. Ynopyer xq € U ka1 avoiyto Uy C U wote xy € Uy, kou avoryto daotnuo. ty € J, étot
aote yio kabe x € Uy vmdpyet paa Agto kouroin v, : J — U mov eivar Lo tov mopomdve
TPOPANUATOS APYIKDV TIUDV.

2. Avo Aeieg ADTEIS TOD TPOPINUATOS OPYIKMDV TIUDV EIVOL [0S OOV 0PIloVTol Kal 01 dDO.

3. Ouoin eéaptnon. Eotw n arncikovion © : Uy x J — U ue
O(x,t) = v,(1).

Tote n P eivou Aeia amekovion.
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— Amo6 ™ HOVASIKOTNTO TAIPVOLLE OTL oV S0 OAOKANPOTIKEG KapmOAeg Tov V', 7, 7 opilovion og
éva ddotnpa J kot yo kamowo ty € J €xovpe y(to) = F(to) tote ¥(t) = F(t) yia k6O t € J.
H amddeién avtov Paciletatl oto va deiéovpe 6Tt 10 cHvoro S C J 610 0moio ot dvo AVGELG
elvat iogg elval TanTdypova Kot avoryTo Kot KAEIGTO VITOGHVOAO TOV J, TO 0010 EIVOL GLUVEKTIKO
Kot gpa S = J.
H «leiotdtTo mpoépyeton amd T GLVEKELD TOV 7, 7.
INo va dgiéovpe 6t 10 S elvar avorytod, apkel va SOLAEYOLLLE TOTIKO, GE GUVTETOYIEVES, KOl VO,
YPNOUYLOTOGOVE TN HOVAIIKOTNTO TOV Be®PNaTOG VITOPENG KOt LOVASTKOTN TG AVOTG Y10
oV 0elg drapopikég eEIGADGELC.

— Mertd, opilovpe Ta cvvora DP yio kabe p € M g e&g:
To k& DP eivar n évoon kabe dauotrpatog mov mepiEyet to O kot givor medio opiopod oro-
KAMNPOTIKNG KOUTOANG TOL V' 0amd To p.

— Topa, yio ke p € M xort € DP, and tov opiopd tov DP vdpyel OLOKANPOTIKY KOUTOAN
7p TV V' e 7, (0) = p mov opiletar oto t. Emopévag, opiovpe v anekovion

O(p,t) = 1(t).

Eivaw kahd opiopévn yoti kabe dAAn olokAnpotikn kapmoin pe 7(0) = p mov opiletan oto
0, t] mpémer va tawtileton pe ™ 7y oto [0, ¢].
Eniongn ,(t) = ©(p, t) eivar  peyrotikn oOAOKANPOTIKN KapmoAn tov V' and 1o p.

D= UDP.

peEM

— Opilovpe

kot enektetvoope @ : D — M. Tote n ¢ awtoudtmg tkavomoiet 1o (1) Tov OewpuaToc, apov
nt — O(p,t) = 7,(t) eivor ohokinpatiky koumdAin tov V. Exiong ¢(p,0) = p yo kdbe
p e M.

— T va gtvon np @ tomikn pon TPEMEL EMTALOV VAL 1GYVEL OTL

av (p,s), (p,s+t),(P(p,s),t) € D. Avtd mdi, OTOG Kot 6TIG OMKEG POEG Eivat GUVETELN TOV
optopov G P pEc® 0AOKANPOTIKOV KAUTOA®Y TOL V', Kot Tov 4Tt HETAPOPA LG OAOKAN PO-
TIKNG KOUTOANG EIVOIL OAOKANPOTIKY KOUTOA).

- &, : My — M_; glvor apedrogopion, pe

M, ={pe M, (p,t) € D}
M_,={pe M, (p,—t) € D}.
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Avp € M, tétet € DP Kol EMOUEVMS VAPYEL OAOKANPOTIKN KOAUTOAN Y, ToV V dote @(p, t) =
Yp(t). Tote, N KaumOAn Y(s) = v, (s +1) eivar eniong ohokAnpatikn kopmdin tov V pe 5(0) =
Y,(t). Eniong 7(—t) = yp(—t + 1) = 7,(0) = p. And tov opiopd oo DEEPH gyovue 6t
—t € D®®) xou Gpa D(p,t) € M_,.

Eniong ®_; o &, = idy, kou &, 0 &_; = idy,_, xou emopévag n O, etvon opdapopion pe
(@) =D,

» [TApn Swavuopatikd tedio ovopdlovrol ekeiva ta OHaAd dVOGUATIKGE TEdiM TOV 1) TOMIKY| pon

Tovg etvar oAkY|. Ioodvvapa, ekeiva Tov omoimv Kabe oAoKANp®TIKY KaumOAn opiletal o€ OO TO
R.

Afqppa 17. Av eivou drapopixn wollomxAotnto kou V' éva ouoio dravoouotixo medio. Av vy givar o
0LOKANPOTIKY KOUTOAN TOL IOV dev opiletaun ae 6lo 10 R - oniadn mov dev umopel vo. emextabei e
oloxAnpwtikn kourvin tov V mwov opiletar oe 040 1o R. Tote n €1k0va THGS 7y OEV YIVETAL VO, TEPIEYETOL
o€ ooumoyes vwroovvolo e M.

Aréoeiln. ‘Eotw 6tiondpyery : (a,b) — M ohoknpwtiky kapumdrn tov V, ue v(0) = p, b < +oo,
Kol £0TM OTL OeV VILAPYEL OALOKANPOTIKTY KOUTOAN TOV V' amd 10 p mov va opiletor e peyaAdtepo
ddotnuo. ‘Eote ottvmapyet K C M ovumayég wote y(t) € K yuwkdbe t € (a,b).

Av mapovpe o axorovBeia t; — b, t0te Y(1;) € K xou emopévag apol 1o K eivan ovpmayég etvar
Kot akorovdiokd cupmayés, omdte vapyet vitakolovdio ™ 7y (¢;) Tov cuyKAivel o€ kKdmowo ¢ € K.

‘Eotw @ : D — M npontov V. Apov to D givar avoryto, vrapyovv e > Okarg € U C M avouyto,
oote (—e,e) x U C D.

Enopévog, viapyet t; 660 OéLovpe kovd 1o b, dote Y(t;) € U kot (—¢, ) € D),

Tote, n KapmTOAn

_ v(t) a<t<b
olt) = { Q4,0 (p) te(ty—e,tite)

AwAéyovtag 1o t; wote t; + € > b maipvovpe 0tL 1 o glval OAOKANPOTIKY| KaUmTOAN Tov V' amd 10 p
nov opiletatl og peyaAvTEPO drdoTNLa. ATOTO. O

Hépwopa 3. Kabe opualo diavoouatixo wedio ue avumayn popéo. (rmov givar 0 ééw amd ovumayés vwo-
obvolo) eivor TANpeg.

Eidwka, ov n M eivar ooumoyns kéle ouaio o1ovoouatiko meoio e eival mAnpeg.

Amddeiln. 'Eotw M dopopikn mtolhamAddtnto kot ag vrobécovpe 0Tt vapyet V' opadd dtovocpa-
TIKO Tedi0 6TV e cLpUmayn opéa To omoio oev ivar mApes. Eotw @ : D — M 1 por tov V.
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Ynépyet ETOpEVOG OAOKANPOTIKT KOUTOAN ¥, TOV V' 0omd kdmowo onpeio p € M ot omola Sev eme-
kteivetat to medio opiopov g og 6Xo o R, dnhadn DP # (—oo, +00).

Avt6 pmopei va oupfet dpog povo av p € K, yuri yio kibe ¢ € M\ K 1 ohokAnpoTiky| KopmoAn
o0 V and 10 g givar ot otabepn kapmon y(t) = g mov opiletan og 6A0 t0 R.

A@ov 1o medio oplopod g 7y, Oev ivar 6o To R, 0 mponyovpevo Appo pog Aget OtL vITapP)EL
t € DP dote ¢ = 7,(t) € M\ K. Zm yYAdooo TOV podV a0Td HETOAPPALETOL (O
Pe(p) = %(E) =g

Avn M etvan copmayng kow K = M apéowg avtd odnyet o€ dromo.
I'evikd Opmg, 6mmg eidaple, N OAOKANPOTIKY KOUTOAN Y, TOL V' amd 10 ¢ £ivar ) otobepn Kapmdin
74(t) = ¢, t € R. Enopévag, 0t € D7 kot pddoto,

®_7(q) = ¢

I'vopilovpe 611 @_; o O, = idyy, xor dpo Tpémet

p=o 70 dp) =P ¢(q) = q

Ouwmg g # p agov 1o éva ivor 6to K evd 10 AAAO dev givat, Atomo. O

[514lovta (singular) kot opaAd (regular) onpeio evog dtavoucpatikod mediov.

Av M dwpopikr) morlhamAdtnta Kot V' opado dtavocpatikd tedio otnv M tote

— Av p € M wavonotet V, = 0 161€ 10 p ovoudleton 161alov onueio tov V.

— Av p € M wovonotei V,, # 0 tote Aéyetar opodd onpeio tov V.
Eidape oty amdoeién tov mponyovpevou AUHatog 0Tt av p eivan 101alov, TOTE 1 avTicTolyn oAo-
KANpOTIKT KOUmOAN eiva otabepn}, Snhadn 7, (1) = ¢ kot emopévag opiletar e 610 to R.

Av p etvar opord, tote N Y, : DP — M eivar immersion. Icodbvaypo, 1 OAOKANPOTIKY KOUTOAN 7,
wovorotet v, (t) # 0, yia kée t € DP.

Tov Adyo Tov €idape eniong oty anddeién Tov Tponyoduevoy AMupatog. Av yua kérowo ¢ € DP
etyape 6L, () = 01018 T0 ¢ = 7, (%) o T W18Lov onpeio Tov V, 0o 1 7, eivar ohokAnpwtuc
KopuoAn kot pa Vg = v, (t).

A@ov howmov to ¢ eivon 11alov, Ba eiyape 0tL v, (t) = ¢ Yo KGOe ¢ Kot dpa

p=P_{(Pi(p) = P_i(q) = v4(~1) = q,

ATOTO.



Ag €xel xavelg 6To vou Tov, 6Tl oW and TOV POPUAMGTIKO TPOTO TNG amdOEENG, OOV YPNCLO-
momoape Tic 1wotteg P, o &, = Py kol 611 Py = d KPVPETOL OVOIACTIKA 1) LOVOSIKOTNTO TWV
Moewv TV cuVNO®VY S1POPIK®V EEICOCEMV.

Kavovikn popon dtavuopoticod tediov yopm amd opard onueio tov.

Ozopnpo 12. Eotw M diopopixn rorlarmiotyra kol V éva opalo dravoouatixo weoio atnyv M. Eotw
ot p € M eivor opadé onueio tov V (dntaon V, # 0). Tote vmapyer ovotnuo ovovietayuévav (U, ¢)
Yopw amd o p, pe ovvaptioels oovietayuévoy xt, . .. 1" dote

0
V’U — @.

Amooeién. Tpaota o amodeiEovpe To Bedpnuo otnv €01k wepintwon mov M = U C R, p =0
K1 70 Sravuopotikd medio karav ul, . . ., u™ eivor o1 cuvtetaypéveg otov R”, o Vj £xet pun undevikn
oVVIGTOGO, u'.

H avaywyn ot yevikn nepintoon yivetal petd €dkoAa, Yol o 1woyvpiopds tov Bewpnpatog etvor
tomkdc. 'Eotw @ : D — U n porjtov V. Apo¥ D givar avotyto, vrapyete > 0 kon W C R™ avoytod
pe 0 € W awote W x (—¢,e) C D.

‘Eoto
S={(u?...,u") e R (0,4%...,u") € W}

KoL 0 opioovpe TpdTo TV amedvion ¢ : (—e,e) x S — U pe
Yt u?, . u™) = 0,0, ... um).
H ¢ wavomotet:

1. ¥ (2) = V: &ovpe 6t

9 ,
9. =0 (0)7
ot (t,u2,...,um)
omov o(s) = (t + s,u?, ..., u"), ka1 Gpo a@od Y o 0 = Py (u?, ..., u™) = Vw2, um)(S)
a !/ /
1/)* a = (w o U) (O> = ’y(t,uQ,...7u”)<O) = V’l/)(t,u2,..~7un)
(t,u?,...,um)
2. ¢*(% 0) = % P YWl =2...n
‘Eoto 0;(s) = (0,0,...,s,...,0),t0 s omv i + 1 0éon. Tore,
0
/
0) = —
70) = 50|
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Kot

9 )
0. (5a] ) = weamro)
d d
- % ¢0<Oa 07 S, aO) - % 0 (07()’ y S, 70)
0
ou' |,

Agob 10 V éxet un undeviky u! cvviotdoo, PAénovpe 6t Vp, 22 5z | 01 82n etvan Bdon ko
apa 1o push-forward ¢, : THR" — ToR"™ eivon 1copopeiopds. Enopévmg, amd to Oedpnua avti-
otpoeng anewoviong vaapyovv Uy C U, xan Wy C (—¢,¢) x S avoyrd, pe 0 € Uy, 0 € Wy ko
apeweopon ¢ : Uy — Wy dote

=Yl

Apan (U, @) givar évag xaptng yopw amd 1o 0 kot av 01 GUVAPTHGELG GUVIETAYHEVOY oL 0pilet
glvar ot ' = u’ o ¢ 101E KAVOTOlEl

J J\
@—(Cb L(ﬁ)—v

Mopéderypo. Eoto M =Rk V = 22 — y 2.

To (1,0) eivor opodd onpeio Tov V, apod Vi ) = a i
H pony @ tov V' divetan, dnwg eidape, omd
O((x,y),t)) = (xcost — ysint, zsint + ycost).
Opilovpe ooy, cOpemva pe TV anddeEn tov Osmwpnpatog 12
¥(u,t) = (ucost,usint).

Av WO = {(x7t)a xr > 07t € ( 2?2} n¢ WO — ¢(W0) = UO = {(l‘,y), x > O} givan

AVTIOTPEYUN KO
Y (2, y) = (Va2 + y?, arctan(y /).

Emopévag, 0étovtag ¢ = 11, 1o Lduyog (Up, ¢) eivan yaptng tov R? yopw and 1o (1, 0) ot pro-
povpeE vo. emPefatdoovpe 0T w*(%) =V
0

d . D)
aw(ua t) = (—usint,ucost) = Y + xﬁ_y -V
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16 H mopdaymyog Lie

¢ [og mapaywyilovue éva dtovocpatid medio;

Ytov R™ éva dtavvoportikd nedio W € X (R™) pmopovpe va 1o d00UE e GLGLOAOYIKO TPOTO G pio
OULOAT] OTEIKOVION
W :R" - R"
TNV OTO10L LITOPOVUE VO TAPOLYMDYIGOVLE:
‘Eoto p € R" ko V' € T,R". Tote

d . W - W,
DyW(p) = — Wpitv = }glg —V P

* MmopovLLE VO YEVIKEDGOVUE OTY T Oad1IKacio o€ po ToAlomAotnta M

1. H mocoétta
Wp+tV - Wp
t
Yl Vo OpPIoTEL O Ol YEVIKT TOAAOTAOTNTA, YPELALETOL KATO10G TpOTOG doTe av dobel V' €
T, M vo umopovlpie vo. KoTaoKEVAGOVHE (ol KapUmOAn v, dote ¥(0) = p kary'(0) = V. Avtd
®ote vo, aviikataotadel to Wy pe W ).
2. Emiong mapatnpfiote 6tiepocov W) € Ty M ever W oy € T, 0)M m Srapopd W,y — W )
dev umopel va optoTel, apol aviKouV G€ SLUPOPETIKOVG SLOVVGLOTIKOVG YDPOVG,.

Ytov R™ éyovpe £va pUOTKO TPOTO VAL OVTIGTOLYOVUE EPOTTOUEVOVS YDPOLS GE OLOPOPETIKA oMLEiDL
- uéow petapopdc. Iog Ba to kdvoupe og o TOAAATAOTN T

* [t va unv ypnoHOTOCOVLE CUVTETAYUEVES MOTE Vo, 0oVUE T0 W Gav d1avuspatikod tedio otov
R™ xon va tapayoyicoope Onme mpiv;
I mapaderypa, av V' € T, M, ag ndpovpe éva cOotnpa cuvietaypévay (U, ¢) yopo and top € M
dote p(p) =0k V = %LJ. Tote av W € X (U) prnopovpe va yplyovpe
0
ox’
omote 10T€ Bo pmopovoape va opicovpe mapdywyo tov W wg mpog 10 epantouevo dtvoopo V' €

T,,M oto onpeio p, Dy W(p), og
Wi(t,O,...,O)—W’(O,...,O)) 0 (d

W =Ww?

- = | — 16.1
oxt dt (6.1

t—0 t

Dy W (p) = <lim

- 0
w* (t)) .
—0 oxt

p
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To mpoPAnUa pe avt TV TPocEyyion ivat 6Tt 1o amotélecpa dev gival KaAd optopévo - eEaptdrot
Ao TNV ETAOYT TOL GUOTNHLOTOG CUVTETOYUEVDV.

[Topatnprote OU®G OTL ALTO TOV OLGLOCTIKE KAVOVUE LE QTN TNV TPOGEYYION EIVOL VO, YPNOLLLO-
nomoovpe ™ pon P; tov dravuospoTikoy Tediov a%l Yo VoL Topay@yiGoupe, ool 1 por| YPAPETOL
GTO GUGTNLO GUVTETAYLEVAOV (G

Oy(ut,. . u") = go o (ut,. . ut) = (w4t ud, . un)

ka1 to push forward
(q),t)* : T@t(p)M — TpM

dtveton amd

. 0 , 0
(D). <Wz(t,0,...,0)ai >:Wz(t,0,...,0)ai ,
Tole(p) Tlp
a@oV o lakwprovog wivakag tov O, ko P_; ivor o TavtoTikdg mivakac.
Enopévaoc, o avtn ) yAdooa 1 (16.1) yiveton
(P )Wayp) — W, d
ltlin : = E - (q)t)*Wq>t(p). (162)

AALG Ko avTicTpo@a: Yo KOs pony P; pmopodpe va Bpodpe cHGTUA GUVIETAYUEVOV YOP® omtd
p € M dote o amepootos yevitopog V g @ va wcavorotel V|y = omtote M (16.2) petatpémeton
oty (16.1).

OvoaoTiKd 1 10£0 VO, YPNGLULOTOGOVE GUVTETAYUEVES Y10 VO TOPAY@YICOVUE eV EIVOL EVTIEADG
averapkng, amAdn (16.2) pog Aéet ot avtiototyei o€ mapaydyton evog W € X (M) otop € M kotd
pkog pag ponjg @ : D — M, kar oyt o€ KatevBuvopevn mapdywyo tov W oe o dievbovon V' €
T, M . Me dAla Ady1a, 1 €EGPTNOT 0O TV EMAOYT TOV GUGTIATOG GUVTETOYUEVOV KMOIKOTOLEITAL
o1 pon| D, - yopic avapopd e KATO10 GUGTNLO GUVTETOYUEVOV.

9
Oxl?

Mopdywyog Lie: Av V, W givan opod dStavvopatikd medio otnv M kot @ : D — M eivorn ponj Tov
V', 161¢ opilovpe ) mapdywyo Lie tov W ¢ mpog 10 V' g
(®-0)Wa,) =W, _ d

(LVW>]U = ltlg'l : = E o (Cbt)*W(pt(p).

Tnv mapdymyo Lie emopuévag dev TPpEMEL VoL T GKEPTOUAGTE GV Lo £VVola KaTevhuvopuevng mopo-
yoyov Tov W, aAdd Tapaydyiong tov W katd prkog g pong evog dtovuopatikoy tediov V.

INo va oprotet kKorevBuvoevn mopdymyog evog d10vuoUATIKOD TTEdIoV ypeldletal pia EmmAEOV doun
- woe ovvoyn (connection). Mo tétota doun opiletat pe PUOIKO TPOTO KAOE POPA TOL EYOVLE Lo
moAlamAdtnto Riemann - | Agyopevn Levi-Civita cuvoyn.

99



Afppa 18. Av V., W eivor opodd dravoouotixa nedio otnv M, tote n mapdywyog Lie (Ly W), vrdpyer
yo kabe p € M ko1 to p — (Ly W), eivar opaldé dravoouatixoé medio.

Anooeiln. 'Eotw ® : D — M n pon tov V, éva tuyaio onueio p € M kot éva cHGTNUO GUVTETAY-
uévov (U, 2*) yopo and 1o p.

A6 10 Bepehddeg Bedpnpa yio Tig poég, vapyete > Ok Uy C U, p € Uy dote Uy X (—¢,€) C D
dote ®(Uy X (—¢,¢)) C U. Oo propovoape e&apyng va Bewpnoovpe 6tt M = U, ko d : D — U.

Avn d = ¢ o ® yphoetor wg

O(z,t) = (®(x,1),...,0"(x,1))

101€ 0B (3(x 1), —1)
HP(x,t),—t -
D) We,(z) = A W7 (d(t, .
( t) CI)t( ) 81'] ( ( x)) axl .
Enopévag kot to (Ly W), e€aptdror opord oto . N
Osopnpa 13. Av V. W eivai ouald dravoouotixe wedia tote
LyW = [V, W], (16.3)

Arddeiln. '‘Eotw p € M éva oporod onpeio tov V, dniadn pe V), # 0.

Emiéyovtag éva cvotpa cuvietaypévav (U, z°) yopw omd to p dote V = %, N pon yphpeton
Oy(z) = (' +t,2% ..., 2")

Ko

~ 0
(P_ * x) — J ! t 2 " ~
( t) W<I>t( ) W (ZL’ + 1,27, , X ) 90

Y
x

a@o¥ o avtictoryog lakwpPiovdc mivakag etvat o TavToTIKOS.

Enopévag,
oW1
ozt

(zh, ..., 2") 9

oxd

(LyW)e =
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Eniong,

[V, W](a?) = V(W(a?)) = W(V(a7))
= V(W) — W (&)
ow
ozt

Enopéveg
oW

oxl

0

07 |,

V., W], = (zh,...,2")

= (LyW),.

Av 10 p dev givar opodd onueio tov V', vdpyovv 600 TEPITTOCELS

1. Ynapyet p; — p dote k4O p; va eivar opard. Tote | oxéon 1oydeL Kol GTO p amd GUVEKELX.

2. Av dgv vrapyetl akoAovbia 0nwg oto (1), T0tE VILdPYEL TEPLOYN TOL P OOV TO V' Undevilerar.
Ye avtf v mepoyn, kou n aykvin Lie [V, W] = 0 allé kor n pofy @, givon 1 tawtotikn
anewovion. Onote

((I)ft)*WCDt(x) - W:p
t

=0,
Ko dpa (Ly W), = 0.
O
* [d10tNTeg TG Tapaydyov Lie - TpokdTTOuY AUECH Od TIG AVTIGTOLYES 1010TNTEG TNG ayKVANG Lie.

1. LyW = =Ly V, ago0 [V, W] = —[W, V]
2. Ly[W, X] = [LyW, X]| + [W, Ly X| (ravtdétnta Jacobi), apod
V,[W. X][+ W X, V]I + X, [V,W]] =0
Ko pa

3. Lyw)X = Ly Lw X — Ly Ly X (eniong tawtémta Jacobi), apov

L[V,W}X = [[Vv W]>X] = —[[W,X],V] - HX> V],W] = [Va [VV,XH - [W7 [VaX”
=LyLwX — LywLyX.

4. Ly(fW) = (VW + fLyW
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5. Av F: M — N givar apgidoedpion 101
F.(LyW) = Lg,y F.W,
AoV &yovpe TNV avticToymn WdTNTa TG 0yKOANG Lie
F.[V,W] = [E.V, F.W].
* Aépe 011 dVo opod dtavucpatikd tedio V, W € X'(M) petatibevron av [V, W] = 0.

Xpnowo Mppa

Aqupa19. AvF : M — N oualij arweixovien totetaV € X (M), W € X(N) eivou F ovoyetiouéva
av Kai povo av yia g poss 0, n twv V ko W avtiororyo. 15y det

nokF =Fob,.

Aoxydote va to amodeilete, Paciletal oto 6t V, W elvan ot amepoctol yevitopeg tov 6, n ondte
0l OAOKANPOTIKEG TOVG KapTOAES divovtar omd t — 0;(p) kar t — 1, (p). Metd mpénet va ypnoipo-
TOWMGETE T LOVOIIKOTNTO TOV OAOKANPOTIKOV KOUTOAMYV.

Mpétaon 15. Ava V,W € X (M) épovv poés 0, n avtiotorya to1€ T0. 0kGL00O0L EIVaL 1GOIDVOLO,

L [V,W]=LyW =—LyV =0

2. To W &ivar avalloiwto kdrw amd ) porj tov 'V, dnlaodn yio kdbe (p, t) oto medio opiouod g O
(00) W, = W, ()-

3. To'V eivar avarloiwto kdtw amd ) porp tov W, dnladij yio ke (p, t) oro medio opiouod e n
() Vo = Vo)

4. Oons =ms 00

Andoderén. To (2) ovvendyetar 1o (1): Apov 1o (2) eivan icodvvapo pe Wy, = (0_;). Wy, (), mapaywm-
yilovtog maipvoovpe Ly W = 0.

To (1) cvvendyetar to (2): 'Eotw

X(t) = (0-¢)Wo, () € T,M.
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Tote
d
dt
d
ds

d
(Q—t)*WQt () — -

t=to S

(Q—to —s ) * W95+t0 (»)

s=0

(9—150 )* (‘9—8 ) * WQS (B¢ (p))

s=0
d
= (Q—to)* E (9—5)*W95(9t0(1?))
s=0

= (e—to)* (LVW)9t0 (p)-

To (2) givor woodvvapo pe 1o (4): yio avtd mopatnprote 0Tt To (2) givarl 1l6odvvapo pe to eENg: av
F: M, — M
F(x) = 0y(x)

10t W)y, €lvan F-ovoyetiopévo pe to Wy, _, . Eropévog n icodvvapio tov (2) pe to (4) mpokvmtet
a7t TO TPOTYOVUEVO ATLLLLOL. [

Kavovikn popen ave&dptntomv S1ovucsUATIKGOV TEdimV oL peTatifevat.

Ocdpnpa 14. Eotw M uio dwapopiki mollarlotyra diaoraong n ko Vi, ..., Vi, € X(U), U C M
avoiyto, ypouuike. aveloptnta oc kabe onueio tov U. Tote ta axolovBa eivar 16odvvao.

1. NiakdéBep € U vrdpyovy ovvretayuéves (Uy, u') yopw ard to p dote V; = %, not=1,... k.
2. [Vi, Vil =0.
Amooeiln. Ta kde cVOTNUHO GLVTETOYUEVOV TO OVTIGTOLYO OIVUGLLOTIKG TTEdiaL 6‘; petatiBevran,

QoL

o 0 9 (D 8 (0 o f
{%’ @} ()= g (@U)) e <8xi (f)) = oviow  widw "

Enopévamg 1o (1) ovvendyetal to (2).

INa 1o avtiotpoo, N anddelén eivan mapduota pe ekeivn tov Oswpniuatog 12, 41t yopw and Eva
oAb Tov onpeio kaBe dravuopoTikd medio givan % Yo KatdAAn Ao cvotua cuvtetoyévov. Ommg
Kol 6TV omdoeln 1o Oswpnuotog 12 apkel va dSovAéyoovpe oe va avolytd vrosvvoro U C R”,

n

ovpPolilovrag Tig GuvTETaypévEG TOV pE ut, . .., u.

Xopic PAaPn g yevikodttag pmopovpe enions va vrobécovpe 6tL oto 0 € R™ ta dtovdopata

0 0

(Vior- - (Vo 5 S (16.4)

0
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amotelovv Bdon tov THR™.

Eotw 0, : D; — U,1 =1,...,k ot poég twv Vi,...,V,. [lopatnpnote 611 pmopodpe vo fpovpe
W C U avorytd,0 € W xae > 0 wvoteylokabei = 1,....k

W x (—e,e) C D.

Ziyovpa pmopolpe va To kévovue Yo kébe pio amd tig poés 6;, oAAd pmopovpe pikpaivovrag to W
KOl € 0PKETA Vo, TO TETHYOVUE Yo OAa ta D;, 0o avtd eivon memepacuéva to TAnbog.

Opilovpue
S={@", ... u") eR"F (0,...,0,u" .. u") € W}

Kot : (—g,6)f x S — U g

Yty .ot ™ u™) = (1) 00 (O)y, (WFTE L u™).

H ypnowpomta g vmodeonc (2) tov Bewpnpotoc paiveton oe cuvovacud pe v [pdtaon 15: apod
ta [V, V;] = 0, n nopandve npdtacn pog Aéet 6Tt oL avtioTotyeg pog petatiBevtat, dniadm

(ei)sl ° (Qj>52 = (Qj)82 © (ej)sr

Av16 Hal 1O YPNCIUOTOMCOVLE Y1 VO oodeiEovpe 0Tty KaBe 1 = 1, ...k

0
v (a_n) =V

Ymoloyilovpe Aourdv

0 0
w* ~ 9. w<t17'"7ti717ti+3,ti+1,...,tk’uk+]‘"."ru/n)
atz (tlz"~7tk7uk+1,...,un) 88 s=0
d n
= - . (1), 00 (B:)tqs 0 -+ 0 (B ) (WL, u™),
! ), k+1 "
= % (Qi)ti"'SO(gl)hO"'o(Qi)ti+so"'0(9k)tk(u U )
s=0

(‘/i)(@i)tio(ﬁl)tlo'~~o@)7io~~~o(9k)tk(ukJFl ..... un)
= (Vi) (01)1, 0-0(01)1, 00 (00 )1y, (uh+1,...um)
= (Vi) w(ta,oo st b1, um)

Me avtioTtoryo Tpdmo, OTMG Kot 6TV amddeEn Tov Ocwpnuatog 12, pmopovpe va deifovpe emmAéov
o0ttoto 0 € R", yiakéBe s =k + 1,...,n &ovue

0 0
v (% 0) - ou
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AoV ta dtovocpata (16.4) amotelodv Baon tov ToR™, 10 Oedpnpa avTicTPoENS OTEKOVIONS LG
EMTPETEL VO AVTIGTPEYOLLE TNV 1) TOTIKE DOTE VOL KATOGKEVAGOVUE Eva YapTn ¢ = 1| 601, Yo Kamoo
avoyth mepoy Uy C (—¢,¢)F x Stov 0 € (—¢,¢)k x S C R™. O

o Mopdderypa. Eoto otov R? 1o Stavucpaticd medio

0 0
V=o——-y—
I@y Y or
0 0
W=az— —.
Tor * y(?y
XpNoonotdvtag Tig 110t eg g [, |, koot [a%’ a%] uropodue va vroroyicovpe 6t [V, W] = 0:
3 0
V. W| = —

0
8
0 0 0 0 0 0 0 0
- [a—ya—} i [‘"”a—y’ya—} i {‘ya—x’%—x} i {‘ya—x’ya—y}
:gﬁﬁﬂlxﬁ 2]+ @2“’[ Y 2}

Oy’ Ox Ay’ Oy

Jy Oz dy 0
oo 9oy oyo 990
Yor o Yor oz Yoray Y| Yor oy

N ox’ " Oy oy 4 oy’ Oy

0 g 0 o 0
Ty T {%79%} +y L}—yvy%]
B2 Y L] O L3 N )
oy Oy Oy oy’ 0

L Ao R A
Yor T Y or ox oz oz | " Yoy or By’ O

2 W = da , omote oto p = (1, 0) ta V,,, W, givon ypoppikd aveéaptnro.

EmmAfov, V() = B>

Enopévog amd 1o Oshdpnua 14 propovpe vo Bpodue xéptn tov R? dote ta Pactkd Stovoouotikd
nedia va etvan axpipog ta V, W.
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INo va Bpodpe awtd o XapTn, TPETEL VO VITOAOYiGOoVUE TPMOTO TIG poés Twv V, . 'HoN and mpon-
yoOuevo mapaderypa EEpovpe 6tTL N por @ tov V givan

0((x,y),t)) = (rcost — ysint, xsint + ycost).

Ag Bpodue ™ pon tov W = x% + ya%. Ot ohoxkAnpotikés kaumdres (z(t), y(t)) tov W and 1o
onpeio (xg, yo) KAVOTOLOVV

dr . dy
a0 oa
z(0) = z9, ¥y(0) = yo

KOl ETOUEVOS

z(t) = zoe’,  y(t) = yoe'.
H pon tov W givou Aoudv
n((z,y),t) = (e’ ye').
Opilovpue
U(t,s) =n;00,(1,0) = ny(cos s,sins) = (e’ cos s, e’ sin 5).
H ¢ emopévog avtiotpépetat tomikd, kot pdhota o (ntoduevog xaptng ydpw amod o (1,0) sivon

¢ {(z,y), >0} > R x (_g,g)

o(x,y) = <log v/ x? + y?, arctan %) )
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17

Mo e@appoyn) o€ pePIKES SaPOPIKES EELOMGEIS TPOTNS TAENS

* 'Eoto M pia dtopopikn moAramidtnta kot V' Eva opord dtavouopatiko nedio otnv M kot pio opoin

cuvaptnon g € C°(M).

®éhovpe va Bpodpe f € C°(M) dote va ikavomogitar 1 e&icwon
Vf=g. (17.1)

Ag ekppacovpe Vv (17.1) og Tpog tic olokAnpwtikés KapmvAeg tov V.’ Eotm Aowmdév @ : D — M
n pon tov V oy, : DP — M n ohokAnpotiky kapmdin tov V and 1o p € M. To kéOe t € DP,
7;)(75) = V1), emopévag n e€icwon (17.1) katd prKog TG 0AOKANPOTIKAG KOUTOANG YiveTa

Vo f = g(v(1)) (17.2)
= YO f=9(()) (17.3)
= (fo)(t) =g(x(1)) (17.4)

Mmnopovpe enopévag va Bpovpe v f(y(t)) ohokinpdvovtag v e&iocwon (17.4), av épovue pio
apykn covbfkn f(p) = f(7,(0)) = .

Ag vmoBécovpie 0TL Eyovpe Lo eLELTELUEVT VITOToALoTAOTNTa. N C M tétota wote 10 V' va punv
gpantetol oty NV og kavéva onpeio g, niadn yokabe p € N, V, ¢ T,N.

"‘Eoto emiong 6t éyovpe pia opoin cvvaptnon ¢ : N — R. AkoAovOdvtag Ty Topamdve d1odtko-

olo pmopovpe yuo kabe p € N va Adcovpe 10 TPOPANUO AP KOV TIUOV
(f o)1) = g((1))
(f 07)(0) = &(p).

Opilovtag £tot pia OpaAr] GuVAPTNON
f:U—=R,

omov N C U avouyto, kot 1 omoio ikavomotel
V=g,
f|N =@,
omote £yovpe Avoer v (17.1) oe po yertovid g V.
[Mopdaderypo. Eoto M = R2V = xa%—ya% ke N = {(x,0), z > 0}, g(z,y) = zxore : N — R.
Ot ohokAnpotikég kapmdres Tov V amd onpeia (,0) € N divovior and

Yz0)(t) = (zcost, zsint).
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H e&icoon V f = g yivetou Aowmdv

(f ©Yz0)) (t) = z cost,
EMOUEVOG

t
f(xcost,xsint):f(x,O)—i—/ xcostdt = p(z) + xsint.
0

AoV 110 (u,v) = (zcost,zsint) pe v > 0 propodue vo Moovpe (z,t) = (vVu? + v2, arctan 2),
TOPVOLLE TEMKA

flu,v) = p(Vu? 4+ v?) + Vu? + v? sinarctan% = p(Vu? +v?) +o.

I'evikevon. To mpdPAnua (17.1) éxer pia e&lowon kot éva dyvooTo.
B0 WToPOVCALE VO PAVTAGTOVLE Lo Yevikevor Tov oG eéng. 'Eotm Vi, . . ., Vi opaAd dtovucopotikd
nedia oty M kot ag Bewpnoovpe To opoyevég TpOPAN oL

Vif=0, i=1,...,k (17.5)
Topa avTo 10 TPOPANUA £XEL TEPIGGOTEPES EELGMGELS OO ALYVMOGTOVS, OTATE I5MG vaL UV £xEL ThvTaL
Moegic. To epoOTNUA TOL TPOKVTTEL AOTOV Elvar TOTE £l AVGELS Kol TOCEG.

Av yvopilape 6t [V;, V)] = 0 101e 1 poég 10V Srovuopatikdv nedinv petatifevtat Kot ETopévmg av
elyope apyKd 6edopEva o€ Lo VTOTOALATAOTNTO EYKAPSLO oTa V; B0 UTOpOVGOLE VO KOTAGKEV G-
COVUE [0l EMEKTACT, OTOOEPN OTIG OAOKANPOTIKES KOUTVAEG TV V.

T umopet va yiver Opmg av dev woyvet ot [V;, V] = 0; Mmopovpe vo petacynpuoticovpe Tig Elodoelg
(17.5) o¢ éva 1600HVa0 GVOTNHE EEICMGEMY TOV VO IKOVOTOLEL TV GY£0T LETABEONG;

[Na va to Tpoceyyicovpe OpmG xPpelOUACTE KATOWOV £I00VG YEVIKELON GE PEYAADTEPT SLAGTAOT)
NG £VVOLaG TNG OAOKANPOTIKNG KAUTOANG £VOG S1OVUGLOTIKOD TTEGTOV.

Anhaodn, 6mmg M OAOKANPOTIKY KOAUTOAN €@AmTETOL 6TO dtovuouatikd medio, £Tot Oa Béhape av
EYOVLLE 10 GLALOYY| SLVLCUATIKAOV TTeEdiV va Bpodie KATolo VTOTOAAATAGTNTA 1) OOl VAL EQA-
TTETAL GE OVTA, AV UTopel va yivel avtd. Avto Ba dodpe oty emdOUEVN EVOTNTOL.
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18

To Ocovpnua Tov Frobenius

18.1 k-kotavopéc Kol o1 OAOKANPOTIKES VTOTOALITAOTNTES TOVG,

‘Eoto M pa dtupopikn molhanrotnta. Mia k-katavoun D g eivor pia emAoyn v kébe p € M

evog k-didetotov voywpov D, € T, M.

M katovopn Ba Aépe Ot efvo opadn, av yio k60e p € M vrapyet i yertovid tov, U, Kot opoid
dovvopatikd tedia Vi, ..., Yy, € X (U) dote yo kdbe p € U

(Y1)ps .-, (Yr)p € D,
gtvar Baon tov D,
Amo €00 Kot 6T0 €ENG, OTOV A€ k-Katavoun Bao evvodue o opaAn k-KoTovoun.

To mpOPAnua mov Ba xortdEovpe tvar to €€NG: av D givor pol k-Katavopr] 0Tme mopamave Kot
p € M,vrapyer 1 — 1 immersion ¢ : N — M, dote p € 1(N) C M ko yo KOs = € N,

t(TyN) = D, ;

To cVvoro ¢(N) o To amokaAove OAOKANPOTIKY VIOTOAAUTAGT T TG D, diepydpevn and to p,
kot Oa ypapovpe andd N C M tavtilovrog to N pe v ewova tov. Avtiotorya Oa tovtilovpe
t(TyN) peto T, N.

Mopadeiypato

1. VeX(M)peV, #0yokde p € M. Tote D, = span(V},) opilet pa 1-karavoun otnv M.
Kdabe ohoxinpotiky kapmoin v, : (—&,¢) — M givon 1 — 1 immersion ov gpdntetol otnv
Katovoun D.

2. 'Eoto M = R" xou D tétolo wote

0 0
Dp:span<—1 e AR >
oz, oz,
Tote kdOe k-eminedo pe e€lodoelg
(2™ = (A, - - - an)

elvan epantopevo oty D.
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3. 'Eoto M = R? kot

0 0
Vi=a: 5
0
W B_y’

Kat oG opicovpe D v 2-katavopn pe D, = span(V),, W,,).
Mmnopobpe va do0pe OTL 0V VILAPYEL OMOKANPOTIKN VITOTOALOTAOTNTA. O € N OV VO EPATTE-
Tl oty D.

[Mopatpodpe 6t 0 dEovag TV T givar 1 KOV TG OAOKANPOTIKNG KAUTOANG Tov V' omd to 0,
Kot apa oV v pye vroroAramAotnta N 1o V' Ba fjtav epantopevo omnv N kot apa 0o vpye
e > 0 ®oTe TO TN TOL GEOVOL TV T e T € (—&,€) Oa mepieydtav oty V.

Emmléov, yuo tov id10 Adyo, kabe ohokAnpmtiky Kopmdin tov W ety pe apyn (x,0,0), v
x € (—¢,¢) Ba mepeydtav oy N. Mio tétowa ohokAnpotik kapumdrn a fitav 1 evbeio Tov
Ty emmédov TOPAAANAN oTov GEova TV Y, depyopevn and to (x, 0, 0).

Emopévog, n N yopw amd to 0 Ba Tov Tpunqpe Tov emumédov xy. Tote opmg to V' dev Ba ftav
gpantopevo ommv N, yio (z, y, z) kovtd oto 0 pe y # 0, ondte dev Umopei v VITAPYEL VITOTOA-
Aamddtta N epomtopevn otny Katavour D.

* Avaykoaio covOnkn YmapEng oAokANpoTIKNG vTomoAlamAdtntos. Eotw 0Tt £xovpe pa k-Kotovoun
D og o dwapopikr| moAramAdtnta M ko N po oAokANpOTIKY VToToAAATAGT T TG D.

‘Eoto X, Y € X(M) pe X,,,Y, € D, yuakébe p € M. Zuykekpipéva, ta dtovoopatikd tedio X, Y
gpantovton oty N kon enopévag yio kibe p € N, [X, Y], € T,N = D,

H mopakdto cuvOnkn Lowmdv eitvan avaykoio dcTe vo VTEpYovV OAOKANPOTIKES VITOTOALATAOTITOGC
mg D yOpw and kébe onueio p € M

Av XY e ¥X(M) xan X,,Y, € Dyyuokébep € M = [X, Y], € D, yioxdBe p € M. (18.1)

* Kd&Be k-katoavoun D mov &xetl v 1010t to 0TL KAOe p € M mepLéyeton 6 Pio OAOKANPMTIKT VLITO-
TOALOTAOTNTO TG D OMOKOAEITOL OLOKANPOGIUT KOTOVOLTY].

» Kda0Oe k-katavoun D mov éxet v 1016t to (18.1) amokaAeitar involutive.
* Omote deiéape TV mpdTOOT

Ipétaon 16. Kabe oloxinpwoiun katavoun givar involutive.
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* ' o Mapdderypo 3 Tapardve vroloyilovpe

0 o 0 o 0 0
[VaW]—[%ergaa—y}——[a—y,%er&}
__ |99 _%o |9 9
|0y oz Oy 0z Y oy’ 0z

9,
- _5 ¢ span(V, W)a

dpa m katavoun dev givar involutive, mov e&nyel yiati dev vTAPYEL OLOKANPMTIKY VTOTOAAATAOTN T
mov mepiéyel o 0. Mdhoto n [lpdtoon 16 pag Aéel ot kovéva onueio tov R? dev mepiéyeton o

OAOKANPOTIKT VTOTOAAATAOTNTO EKEIVNG TNG KOTOVOUNG.

* Amo T1¢ 1010TNTEG TG ayKVANG Lie cuvemdyeton 6Tt apkel va eAéyEovpe v involutivity yia & dtovv-
oUaTIKE TEdio TOV TOPAYOLV TNV KATAVOUR 6€ KABe onpeio.

18.2 To Os®mpnpua Tov Frobenius

* To Bempnua tov Frobenius pog Aéet 6T 16y0€L TO avtiotpogo g [Ipdtacng 16.

* MdaMota Oa deiovpe 6tLav D givon prua involutive k-kotavopun o€ pa dtopoptkt| toAloamiotnta M,

YOpw and kabe onueio p € M vrdpyet yapg (U, @) pe cvvaptioelg cuvietoypévey =t ... a",
ue 2'(p) = 0y xdbei = 1,..., n, Gote

1. Twakébe g € U

D 0 0
=span | —| ,..., —| |-
1 oxt| 77 Oxt
q q
2. To vroctvora tov U mov opifouv ot eElodoelg
k+1 __ n o _
T =y, =y

elval OAOKANPOTIKEG LTOTOAAATAOTNTEG TNG D.
"Evoc tétotog xaptg e M Oa amokodeital emimedog mg TPog TNV Katavoun D.

Oesopnpa 15. Av D eivou ia involutive k-kotavoun oe pio drapopixn rollarxiotyta M™, tote yopw
oo kale onueio s M vrapyel Yoptng eXinedos wg mpog v korovoun D.

2vykexpiuéva, kabe anueio e M mepiéyetor oe pio oloxAnpwrtixy vroroilamiotnta s D.
Amooeiln.
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Eexwvape amd v e€Ng €101KN Tepintmon: av 1 Katavoun D mopdyetol amd k YpopUUKe ove-
Eaptnra (oe kdBe onpeio) opard dtavocpatikd media Yy, . . ., Yy, Ta omoia petatifevron.

Ye avt TV mepintowon 10 Osopnuo 14 pog Aéel 6t yopw and Kabe onpeio p € M vrapyet
xapg (U, ¢) pe ovvapthoelg cuvietaypévov o', ... 2", pe 2'(p) = Oywokébei =1,...,n,
wote yiokéBe i = 1,..., k va woydet

Téte avtopdTmg 10 chHvoro

{peM, " (p)=---=a"(p) = 0},

elval OAOKANPpOTIKY VTOTOAAATAGTNTO TNG D OV TEPLEYEL TO P.

H yevikn mepintwon avdystal oy €101k TEPITTOOT, TOVAAYLIGTOV TOTIKA - TOL HOG OPKEL
YOI 0 IGYVPLIGHOG TOL Bewpnpatog eivor TOmKOC.

Ag vmoBécovpe Aowmov 6t M = U C R™ avorytd kot Yy, . . ., Yy dtovoouatikd media oto U,
ypappkd aveEdptnta oto 0, Kot pdAiota 0Tt

0

0
(Y1)o, -, (Ya)o, pany

7...7_7_'/
0 ox

0

etvar faon tov ToR™.

YnoOétovpe emmAéov 6tL og k6Be p € U

Vi, Yil, Cspan((Y1)y, ..., (Yi)p) = Dy

‘Eoto II : R® — R¥ n mpoPfoln o1ic k mpdteg cuvietaypéves, Sniady

ka1 to push-forward
Il : TU — TR*

omov ywo kébe ¢ € U

0
oxt

I1. (i: vt
i=1

O mupnvag tov 11, 6to 0 givon 0 vVITOYWPOC

k
;0
q> :;U oxt

11(q)

)

0

’...7_n
0 oz

0
Span W
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Enopévag, kavéve amd ta (Y1)o, - - -, (Yi)o 0ev givar otov mupnva, Kot ETopEVMS 1) arnetkdvion
(H*>’Do : DO — TH(O)Rk

elval 1IGopopPIGHOC.
Amo ovvéyela, To 1010 Ba oyvet kat og kdmota meproyn Uy tov 0, dniadn vadpyet Uy, 0 € Uy
ooTte Yo kébe g € Uy

(IL)|p, : Dg = TugR"
giva toopopeiopdg - apkel va Bpovpe v Uy dote ta (Y;), Vo Topapévouy ypoppkd ave&ap-
™ta kot 0yt otov mupfiva tov (IL,)|7,u.
Av10 pog emitpénet vo opicovpe ta dtoavouopatikd tedia oto Uy, dote Yo g € Uy

H(Q))

yk@dei = 1,..., k. Avtd amotedlodv Bdon tov Dy, apod N (IL)|p, eivar icopoppiouds. Oa
dei&ovpe 0t petatifevrat, To 0moio Hog AvAYEL GTNV EOTKT| TEPIMTOGT GTNV OPYT TNG ATOOEIENC
1OV Be®PNUATOG.

(X, = ()5, ( -

, . , , o , ,
Am6 0V 0p1op6 ToVG TOV X; T Slavuouatikd tedio X; kot 5 eivar [I-cuoyetiopéva, SnAadt

0

(X)) = -

I(q)

2VVETMC,

o 0

L ([XG, Xlg) = [L.XG, TLXn) = [67 @] W '
II(q

Emopévag, [X;, X;], avijket otov moprvae tov (IL,)|7,0.

Opog, emerdn n kotavopr) givan involutive kot (X;),, (X;), € D, yi0 k6 ¢, 1oydet kot 6Tt
[Xz‘an]q = Dq-

H (IL.)| p, 6peg eivon wsopopeiopds, ondte avaykaotd [X;, X;], = 0.

]

* Emotpépovtog oTig puepikés dapopikésg eE10AGELG TPOTNG TAENGS, To Bedpnua tov Frobenius €yet
TNV TOPOKAT® GUVETELD.

Mpétaon 17. Eotw Yy, ..., Y, ouata diovoouatixe wedio oe éva ovoryto U C R, ypouyura ove-
aptnrxa oc kabe onueio tov U. Tote ta moapoxdtw eival 16000vauo.
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1. H karavoun wov mopayovy ta. Yy, . .., Yy eivou involutive.
2. KaOe x € U éyer avoyyrn yeirovia, V koun—k opolés oovaptioeis f; -V - R I =1,... ,n—k
OV 1KAVOTTOLODY
Yiii=Yafi=- =Y /i =0,

ka1 emmiéov, yio kabe q € V ta dopopika (df1),, - . ., (dfi), eivor ypapard avelapryra.

Maiiota, oty mepintwon oo ta (1) ko (2) 1woydovv, kdbe Abon u twv eCiowoewy Yiu = 0 eiva
TOTIKG, GOVOPTHGN TV f1, ..., fo k.

Amddeiln. Oa amodeifovpe povo Vv 1odvvaptio LeTald (1) Kot (2) - AeTTOUEPELES YO TNV £KPOPOOT
Kk@0e Aong cav cuvdpmmon Tov fi, ..., fn_r umopeite va Ppeite oto PiAio Tov Lee.

— 'Eoto 6t 1 xotavoun D mov mapdyovv ta Yy, . .., Yy etvan involutive. Tote, yuo k60e © € U
uropodue vo. fpovpe Eva xaptn (V, ) eninedo og mpog v D, pe GuVapTHOELG GUVIETAYUEVMV
u'. Emopévag, Yo kéle g € V xoukdOe i = 1,. ..,k

‘1>

Ovul,l = k+1,...,n, stvon ot (nrodpeveg McelS - Ta Stapopikd du' sivon ypoppid ove-
Eapta og KaBe onpeio tov V' agov givarl n dvikn Paor, g Pdong % KGOe epamtdeEvoL
YDPOV.

0

7...’_k:
. ou

0
(Y:), € D, = span <%

omote ywokabe l =k +1,...,n,xne=1,...,k

Y;(u') = 0.

— T t0 avtioTpogo, Bepovpe TV opol ameikovion F: V. — R+

F(x) = (filz), ..., fa-k(2)).
A@ov ta dwapopkd (df;), eivon ypoppkd ave&dptnta oe kb onpeio ¢ € V, maipvoope 6tin
F' etvon submersion - Aoknon: ywoti;
Enmopévag, yia kébe y € F(V) C R™*, F~1(y) eivan epootevpévn vmomoAAamidtnTa cov-
duaotaong n — k, eTopEVmG dtdoTooNng k.
Apov Y fi =0ywkdBei =1,... kxoul =1,...,n—k, éovpe 6t (Y;), € KerF kot emopé-
vog av F(q) = y, to ypappkd aveédptnto dtavocpatikd nedia (Yi),, - . ., (Yi), epdnrovto
oV gpgutevpévn vronorhankomta N = F~1(y), mov éxet ddotaon k - omdte D, = T, N.
Télog, 0o ta Y; gpdmtoviatl oty vroroAlomiotta, éovpe ot [V, Y], € T,N = D,
omoTe 1 Kotavoun givat involutive.

]
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19 ®vilooeig - foliations

19.1 Immersed vromorhomrloTNTES

EeKVAE e TOV 0plopd piag immersed VTOTOAAATAOTNTOG.

Opwopog 15. Eva vroodvolo N C M piag diapopixng roliamdotntag Jéyetor immersed vmomoilamAoTno
didotaons k av eivou i eikéva wiag piog 0109opikig moAamAoTTaS dLGotacns k uéow o 1 —1 immersion,
Snhadhi vrapyer drapopixi wollamiotnra N kow 1 — 1 immersion F - N — M éote N = F (N ).

[No mapdderypo

1. Kabe gpputevpévn vmoroAramAdtnta dtdotaong k ivor kot immersed vromoAlamAdtnTol, TNG 1010
dloTOoNG.

T 37

2. To oytapt, 0 kapmorn v : (—35,2F) — R?, ~(t) = (sin2¢,cost) eivan 1 — 1 immersion, ondte 1
ewova g etvonr immersed vroroAhanAotnTa dStdcToong 1.

3. Hxapmoin v otov opo S x S? € C? pey(t) = (e2™, e2m9+9) av o a givan Gppnrog eivor immersed
VTOTOAAATAOTNTA, GAAL Oyl ELPVTEVUEVT] VTTOTOALATAOTITO.

4. To ypaoenua e GuvapTNoNG ¥y = Sin % givon immersed vromoAlomAdtnto drdotaong 1 tov R2.
"Evog 16060vapog optopdg pag immersed vromolloamAotntag eival o €ENG.

Opwopdg 16. Eva vrooivoilo N C M piag diapopikng molramiotnrog Aéyetoun immersed submanifold 16~
otaons k av 0€yetor tomoloyio kot O10popIK dOUI] TOV TO UETATPETEL OE OLAPOPIKH TOALOTAOTHTO. O1GAOTOTNS
k, téroia wote n gupdtevon v : N — M va eivar 1 — 1 immersion.

LHapotnpnon 19.1. H tonoAoyia piag immersed vromoAAamAOTNTAG EVOEYOUEVMOGS VO EIVOL STOPOPETIKT| AT
v tomoAoyio. Tov N cav vrocHvoro g M - yio mapddetypa 1o oxTdpt.

O Opiopodg 16 cvverndyetor tov Opiopd 15, apov n gppdtevon ¢ @ N — M givon 1 — 1 aAld Ko
immersion.

AMG kot 0 Optopde 15 cuvendyetor tov Opiopd 16. Tty ewdva N o 1 — 1 immersion F : N — N
opifovpe ta avorytd vroovvora ™ N va givat ot EIKOVES OvVOLYTMOV VITOGVVOAWV TG NV, EVA Yo KO
opokd xéptn (U, @) me N, opilovpe tov xaptn (F(U), ¢ o F~1) yia mv N - pévet va eheyei 6L dviag
etvan xapg, kot 6Tt 6dot pali opilovv o dagopikn dopun omv N wote ¢ : N — M va givor 1 — 1
immersion.

Oa Aéue 6Tt o immersed vromoAlamAdtta N C M givon GUVEKTIKY, OV Elval GUVEKTIKY] ®OG TPOG
TNV TomoA0Yio Tov TPOKVTTEL 0td TOV OPtopd 16 - Gyt WG TPOS TV EXAYDUEVT TOTOAOYIAL.
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[Mopdaderypa: Me Bdon avtd, T0 chvoro

S={(0,y)y € (-1, 1)} U { (x,sin %) > o}

etvon immersed vromoAlomAdtnTe Tov R? 0AAd Sev eivan GUVEKTIKY - av KoL TO GUVOLO S, EQOSIAGHEVO
ne TNV emaydpevn omd to R? tomoloyia, ivan cuvekTio.

19.2 Foliations

Oprwopig 17. Eotw M o dropopikn wolroamiotnta orgotacns n. Mia pdliwon F oidotaons k tns M eivou
uia dropépion g amd ovvektikés immersed vromoAlardoTntes { Fy taca, 00T Yopw ard kébe p € M va
vmapyer évag yaptns (U, @) dote yia kale o € A i touny Fo N U, av dev eivor kevij, givar éva vmoohvoro

00 U ¢ poppiig

k+1 _ no_
T = Cki1,-.-,T = Cp.

Ot vromoAdomAotyres F,, omokoalodvrar pilla.
ALEOT] GUVETELD TOV OPIGHOV Eival TO aKOAOVOO AnpLpaL.

Afqppa 20. Eotw F o pbiioon oe pia oropopikn roiloamiotnta M. H ovAloyn twv epantousvamy ywopwv
0wV twv pdlAwv e F opilovv wia katovoun atnv M mov givar involutive.

Ta mapddetypo, ag Ocopioovpe ™ evAAwon tov R3 pe gvALo o TopaBorostdn
Fo={(z,y,2) €R® z=12+y*+a},

a € R.

"Eva toyado (7,y, z) € R avikel 610 9OANO F, pe a = z — 22 — y?. Exiong, 0 pantopevog ydpog
100 F, 670 (2, ¥, 2) €lvon 0 Topfvag g mapoydyov g anstkoviong G, (z, y, 2) = 2% +y? — z + a, apov
Fo=GH0).

Ymohoyilovpe, yw p = (x,y, 2),

0 0 0
(DGa)p C1 _' + co _‘ + c3 —‘ = 2xc + 2ycy — cs.
ox » oy ’ 0z »

Enopévag, o mupnvag tov (DG,), avorotet
2xcy 4 2yco — c3 = 0.

o c; = 0, c; = 0 maipvoope c3 = 2x, evod Yo ¢; = 0, co = 1 maipvovpe c3 = 2y. Emopévag, Bdon tov
EPATTOLEVOVY YDPOL TOL F, efvorm
(ﬂcvy,Z)}

0 0
{Wﬁ,y,z) = %

2p
)+ x@z

0

0
Wiy = 90

92—
+ y@z

(2,2 (z,y,2) (z,y,2)
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Emopévmg, n pOAAwon opilet v 2-koatavoun D, pe
D(xuyvz) = Span{‘/(;my,z), W(a:,y,z)}-

H xotavoun givat involutive, kot pdiiota o dtovospoticd medio V, W petatiBevtot:
‘Boto F,(z,y) = (2,9, 2% + y* + a). And mv xotackevr] toug 0. V, W kavornoodv

(x,y)>

o 0
[V> W](m,y,z) = (Fz—xQ—y2>* ([%7 a_y‘|) =0

Ioyver Opwg kot To avtictpogo, involutive kotavopés divovv foliations.

0
Vi = (Fiat ) (a_

0
Wiase = (Fiosty2) (@—y

Enopévag,

Ozopnpa 16. (OLiko Frobenius) Eotw D o involutive k-kotavoun oe pia dropopixn morlarmiotyro. Tote,
1 VALY DAY TV UEVIGTIKWOV GUVEKTIKMV OAOKANPOTIKAV vIToTollomiothtwy s D opilel pa pdliwon
ms M, daoraong k.
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20

Opaoseg Lie

Opwopdg 18. Mo oudoo Lie G givou pia ouddo mov Exel doun) o10popikiG TOAAATAOTHTOS TETOIO DTTE O
TOALOTAQGIOOUOS THS OUAOAS

m:GxG—=G
m(g,h) = gh

KOl 1] QVTIoTPOPH

1:G =G
ilg) =g ",

VoL EIVOL OUOLES OTEIKOVIOEIG.

Mdora, yio va givon pia S1opopikn toAkamhotnta pe dopn opddag opada Lie, apkei n angikdvion
(g,h) — gh~! va givar opodn.

20.1 IMopadciypoto opadov Lie

1.
2.

O EvkAeidiog yopog R™ pe v mpdén g tpdcsbeong +, pe ovdétepo otoryeio o 0.

R* = {z € R,z # 0} givon opdda Lie pe mpa&n tov molamlactocud kot ovdétepo ototyeio to 1.

OR' = {z € R,z > 0}, eivon avoyty vromorlamhotnto tov R* kot viwoopdda tov, emopivag
elvar emiong opdda Lie.

. C* = {z € C,z # 0} eivar opdda Lie, pe mpdén tov pryadikd molhanioclocpo, Kot ovdETepo

ctoryeio o 1.

. O xoxkhoc S' = {e",t € R} ue tov mryadicd norhamhaciacud kot ovdétepo otoygio to 1 € C.

. Ot avtiotpéyol n X n wivakes, gite pe otoyeio omd 10 R - cvpfoirileton pe Gl(n,R), gite pe

otoyeia and to C - ovpBoiriletar pe Gl(n, C). Kot otig 800 nepmtdoeig 1o 0vdétepo otoryeio ival
0 TATOTIKOG Tivakag /,, Evd UmopoOUE EDKOAN VO, SOVUE OTL O TOAAATAACIOCUOG TIVAK®V Kol 1
OVTIOTPOPT TVAKOV fval OLOAES ATEIKOVIGELS.

. Ot opBoydviol mpaypatikoi n x n mivakeg O(n). Eidope 0Tt givat epeuTELHEVT VTOTOAAATAGTTO

mg Gl(n,R) didotoong @, alrd givon ko vroopdda g Gl(n, R). Eropévmg, o meplopiopdg

TOV TOAAATAQGIOC OV TIVAK®V KOl TG OVTIGTPOPNG TIVAK®OV TOPAUEVOVY OLOAES OTEIKOVIGELS 170
O(n) x O(n) = O(n) xari : O(n) — O(n).
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. To kapteoiavd ywvopevo G X - - - X G opddwv Lie Gy, . .., G eivar opdda Lie pe tov morromio-

GlGHo
(917- <. 7976) : (g/17 e ’g’;) = (919/17 E 7gkg;<:)

. T mapaderypo, o t6pog T" = St x - -+ x St givar opéda Lie.

. 'Eoto V' évag dtavuopatikog ydpog (tdve and 1o R 1 C) nenepacuévng didotaong, kot GL(V') to

GOVOAO TOV AVTIGTPEYLLOV YPOUUIKOV anEKovioe®v and Tov V' otov antd tov. Tote to GI(V) pe
TOALOUTAQGLOG O T1 GOVOEST YPAUK®OV amelkovicewy givar opdada Lie.

20.2 Mop@iopoi opadoov Lie

Opwopoc 19. Eotw G, H ouddeg Lie kou F - G — H o ouain ametkovion mov e1vol Kot OUOUOPPLOUOS
ouaowv. Tote n F' Jéyetar opopoppionog oucowv Lie.

20.2.1 TIlopodeiypoto poperiopov

1.

Hf:R — R* f(z) = e” givar popeiopdg opddwv Lie, apov f(x+y) = ™ = e%e? = f(x)f(y).
H gwdva tov givar  vroopdda Lie RT, evd  f : R — RT &get avtiotpoen f~1(y) = logy,
EMOUEVAG ELVOIL LIGOUOPPIGUAG Opddwv Lie.

. Opoimg, n f : C — C*, f(2) = €7, eivar popeiopdg opddmv Lie.
.Hf R —SY f(t) = e eivon popeiopog opddav Lie.
. Hepgdtevon ¢ : ST — C*, 1(e) = e eivon popeiopdc opddov Lie.

. H amewovion opifovoa det : Gl(n, R) — R* givan popeiopds opddmv Lie, apov

det(AB) = det(A) det(B).

Opoiwg ko n det : Gl(n,C) — C*.

. 'Eoto G wa apehavi opdda Lie. Tote n omewkodvion g aviiotpopic i : G — G, i(g) = g~ eivan

LOPOIGUOG OLAd®V, ApoD
(gh)y™' =h"lg" =g7'h7".

Eote G o opdda Lie, ko g € G. H amewovion ovluyiog Cy : G — G, Cy(h) = g 'hg givan

popeiopds opadwv Lie.
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20.3 AvoAiroimTo O10VUCHATIKG TEdLD 0€ o opada Lie
20.3.1 Aprotepn] kot 0e1d petatéomon

‘Eoto G o opdda Lie kat g € G. Xpnoponowwvrag tn doun opddag g G pmopolpe vo opicovpe
TG opoAég anewovicelg Ly, Ry : G — G

Lg(h) = gh
Rg(h) = hg,

OV T1G OVOLALOVUE aploTEPT KO SEEIG LETATOTION AVTIGTOLYO.
Eivar opokég yati pmopotv kat ot dvo va ypaptodv cav cOvheon opoidv anewkovicewv. [ mopd-
detypa, ywou v Ly opilovpe ¢y : G — G x G

ty(h) = (9,h),

oote L, = (mo,)(h).
A@o0 g tgh = gg~'h = h Brémovpe apéowg 6Tt L1 0 Ly = Ly o Lyt = idg, Kol ENOPEVOG 1)
aplotepn petatomion L, aviioTpépeTal Le avtiotpopn

Opota £govpe kot 0T
(Rg)il = Ry-1.

Zounepoivovpe Aoumdv 0Tt o1 anetkovicelg Ly, [, etvat avTioTpéyipeg kot paAota pe ot avtictpo@ol Tovg
gtvan emiong aprotepéc/dediéc petatonioelg, kot dpo oporéc ansucovioes. O Ly, IR, eivol Aowmov ap@r-
oraopioeig g opddoag Lie.

20.3.2 Aprotepd avoirLoi®TO SLOVOGUATIKA TESIN

Opwopog 20. Eotw G o opdoa Lie. Eva oualo diavoouotiko medio X € X (G) Aéyetar aplotepd avol-
Aoiwro av ya kabe g, h € G
(Lg)uXn = Xgn = X1,(n)- (20.1)

To X eivar oniadn L, ovoyetiouévo ue tov gowtd tov yia kale g € G. H Ly eivou aupidioapdpion ondte
umopovue vo. ypawovue v (20.1) wg
(Lg): X = X,

XOPIS VO VTLGPYEL KIVODVOS GOYYVOHG.

Mpétaon 18. To gdvolo twv apiarepd. avalloiwtwy d10voouoTIiKOY TEdIWY o€ pio. oudda Lie eivor ypou-
uikog vrdywpog tov X (G), klelotds wg mpog v aykodn Lie. Anladi av X,Y € X(G) eivar apiotepa
avalioiwra, tote kar  oykvln Lie [ X, Y] eivou apiotepd avalloiwrto diavoouatixé wedio otny G.
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Arddeién. 'Eotw X,Y € X(G) dbo apiotepd avarroimta dtavvopotikd nedia otnv G, dnladn yio kaOe
geiG

(L)X = X
(20.2)
(Lg)Y =Y.
Ao T ypoppukdTTa TG aneikoviong push forward ko v (20.2), £yovpe 6TL Y0 k6Oe g € G
(Lg)«(aX +0Y) = a(Ly). X +b(Ly).Y = aX +bY,
Kat apa 10 a X + DY givon emiong apiotepd avariroiwto.
Ao 116 1010t TEG TG 0yKOANG Lie éyovpe emiong, Adym g (20.2), 6Tt
(Lg)*[Xv Y] = [(Lg)*X’ (Lg)*Y] = [X7 Y]’
Kat emopévag to [ X, Y] givon apiotepd avarroiwro. O

20.4 H aiyeppa Lie prog opdodag Lie

Opwopdg 21 (AkyeBpeg Lie). Mia aAyefpa Lie givoi évag mpayuotikog o1ovoouatixog yawpos V epodiooué-
vag ue évay mordarlaciooud |, |V x V. — V mov ikavoroiel Tig mapakatw 1010tnTeg

* H aneikovion | , | eivar drypoyur).
* Hanewxovion | , | eivar avtiovppetpixy: [A, Bl = —[B, A] yia ka0 A, B € V.
* H[, | icavoroiei v tavtotyro Jacobi: yia kébs A, B,C € V
[A,[B,C| + [B,[C, A]] + [C, [A, B]] = 0.
"Exovpe kot Toug avtiototryovg opiopong g vodAyeBpag Lie kot tov opopopeiopod aiyefpav Lie.
Opwopog 22.
1. Mia ypoyyuxn ameixovion T -V — W uetalo alyefpav Lie wov ikavomolel
T([A, B)) = [T(A), T(B)
ovoualetor uoppiuog alyeppav Lie.

2. 'Evag vroywpog wag dlyePpag Lie (V[ , |) mov eivou kleiotog ws mpog v aykddn Lie ovoualerou
vrodifpa Lie g (V)| |).

O mupnvag Ko n eiodva vog popeiopot alyePpmv Lie eivor vrodAdyefpeg Lie. [a mapdaderypa, av
T :V — W eivon popoiopodg adyefpmv Lie ko A, € KerT, 16te

T([A, B)) = [T(A), T(B)] = [0.0] = 0.
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20.4.1 Ilopadeiypora aryeppov Lie

1. Av M givar drapopik morramddtma, Tote 10 6Hvoro X (M), TV OpHOADY SLUVOCUATIKOV TEdImV
mg M, eivon dhyeBpa Lie pe v aykoin Lie, apod avtn tkavomotet v tavtotnta Jacobi.

2. O dvoopatikog ydpog M« (R) tov mpaypatikdv n X n mvikov givor dhyefpa Lie, pe aykdin

ToV petafémn
[A,B] = AB — BA,

v onoia T cvpforilovpe pe gl(n, R). Yrevbopiolovpe 01t 0 Stavoopatikds ydpog M, ., (R) frav
0 EQATTOUEVOG YDPOG TOV OVTIOTPEYIH®V Tvakev G L(n, R) ntdvo amd o ovdétepo otoyegio 1,.

3. Avrictoyya, ot pryadikoi n X n mivakeg yivovtol pe tov idto tpoémo 1 aryefpa Lie gl(n, C).

4. To 6HVOLO TOV OVTIGLUUETPIKOV TPOYHATIKOV 1 X 1 mvekov A, dnkady pe AT = — A, pe mv S
aykOAn givon dlyefpa Lie mov cupforileton pe o(n) apov

[A, B]" = (AB — BA)" = (AB)" — (BA)" = BTAT — A"B" = BA - AB = —[A, B].

Y nevOupilovpe 0Tt GUVAVTAGALE TOVG AVTICLUHUETPIKOVG TIVAKEG 6oV TOV pantopevo ydpo 17, O(n),
g opddag Lie O(n).

5. Tevikd, av V' elval £vog SlovuopaTiKOg YMPOGS, TOTE TO GOVOLO TOV YPOUUIK®DV OTEIKOVICEDV Ao
tov V otov eavtd tov pali pe tov petabétn

[A, Bl(z) = A(B(z)) — B(A(x))
etvat o ddyePpa Lie, mov cvpPoriCeran pe gl(V).

6. 'Eoto V évag mpoyprotikds Slovuepatikog ydpog memepacpévig dtdotaong. Tote to Levyos (V. [, |)
omov Yo kGBe v, w € V, [v, w] = 0, glvan dhyePpa Lie, ko ovopdleton afeiavn diyeppa Lie.

Oa dovpe Oti elvar va YeVIKO QOIVOUEVO, O EPUTTOUEVOG YDPOG g opdoag Lie mivm amd 1o ovdétepo
otoyeio va givan ahyefpa Lie, dikarorhoydvrog o cupforiopd gl(n, R) kot o(n) ota maporive topadeiy-
Qoo

20.4.2 H aryeppa Lie puog opdoog Lie

Me Baon ta mapamave, n [pdtacn 18 uropet va dtatvmmbel wg eEnc.

Mpotaon 19. To gdvolo twv apiotepad avarloiwtwy diavoouatikwy mediwv uiog ouadas Lie G eivor vmo-
alyefpo. e dAyefpag Lie X (M).
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Tnv dhyefpa Lie tov apiotepd avorrloiwtov dtavuopuatikdv rediov pag opddos Lie G 6a ) cvppo-
MiCovpe pe Lie(G), | xpNOOTOIOVTOG TO AvVTIOTOYXO kPO YoTOIKO ypdppa, dnhadn g eivar n alyefpa
Lie tg opddag Lie G.

Evéd n dhyefpa Lie X(G) givon dmepng didotaong, 0o dodpe mopakdte 6t i dhyePpo Lie g o
opadog Lie G elvan memepacuévng didotaons. Malota sivol icopopen pe tov epantopevo yopo 1,.G, kot
emopEVMG M dtdotaon g givat ion pe tn didotacn g dlapoptkng moAromddotntog G.

Ozdpnpa 17. Eotw G o ouada Lie. H areixovion extiunonse : g — T.G, uee(X) = X, eivor ypoupuikog
1O0LOPPLOLLOG, KL ETOUEVMIS 1] § EIVOIL TEXEPOTUEVS O100TAOHS LoNG e T diaotoons s G.

Amodeiln. BAémovpe gbkoha 0TI M € elvar ypapukn amewkovion. ‘Exet eniong tetpipuévo mopnva, apov ov
X givon éva aprotepd avorroimto davvouatikd medio g G, Yo kdbe g € G

Xy = (Lg)a(Xe).

Enopévag av e(X) = X, € T.G Prénovpe 61t X, =0 € T,G ywo kdbe g € G.

Mévet va dgi&ovpe 6t 1 € gtvan empopeopos. Eotw v € T.G. Tpénet va dei&ovpe OTL vtapyet Eva
onaro, aprotepd avarroioto dwuvvopotikd nedio X g G dote X, = ¢(X) = v.

Eivar gedkolo va gmexteivoupe 10 dtvocpa v € T.G og 6An v G dote vo TidEovpe Eva aplotepd
aVOAAOIMTO, EVOEYOUEVMG U] OUOAD, LOVUGHATIKO TTEDTO.

Apkel va opicovpe yio kabe g € G

Xy = (Lyg) v, (20.3)
vt tote Yo kébe g, h € G
(Lg)«Xn = (Lg)x 0 (Ln)sv
= (Lgo Ly)ww
= (Lgn)sv
= Xgh;

emopévag mpdyuatt to X elval aprotepd avarlioimTo.
TN va dgi&ovpe 6t 10 X €ivar opard, Tapatnpodue tpdTa 6t yio kébe f € C°(G) ko g € G

(XF)(g) = ((Lg)v) f = v(f o Ly).

Yhomowdvtog to v € T.G g/ (0) = v, 6mov 7y : (—¢,e) — G pe v(0) = e égovue

(Xf)(g) =" (0)(f o Ly)
d

= G|, e Lo
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Eotw ¢ : (—e,e) x G = R

o(t,g) = foLyon(t) = fom(g,(t)).

H ¢ givar opodn wg ovvBeom opaddv ansikovioewv. [Hapatnpodpe o1t

Op d
= = (feLgen)(t),
Oy = g
EMOUEVAG
D
(0.9)
Kot dpan X f etvor opokn OGOV 1 ¢ gival opar). O

2uvémela TG amOdEIENg TOL TapATave Bempnpatog eivot To eENG.
Hoépwopa 4. Kale apiotepd avolioiwto diavoouotiko wedio puiog oudoog Lie eivar opalo.

Amodein. Kabe apiotepd avorioimto dtavuospotikd medio tkavomotetl v (20.3), emouévmg to emtyeipnpo
TOV TTOPOTAVED BE®PNUOTOG TOJEIKVOEL TO (NTOVUEVO. [

Eniong to O@sopnua 17 pag vmodeikvoet Evav Tpdmo vToAoYIoHOD 0ploTepd avaAloimT®V dlOVUCHa-
K@V nediov X € Lie(G). Mpota kabopilovpe 10 X, € G Kot 611 GLVEXELD TO enekTeivovpe e OAN T
G og

Xy = (Ly)e Xe. (20.4)

o Topddetypa, otnyv opdda Lie R”, éotw x € R"™. Tote L, (y) = x +vy, kou eropéveg to push forward
0

dtvetal and 5
(La)s <U ox’ e) U or

aov o laxmPravoc mivakag g L., ©G Tpog Tov cuvnOicuévo ydptn tov R”, eivat 0 To0ToTIKOG TTVOKOC.
Enopévamg, ta apiotepd avarrioimta dtavucpatikd tedio otov R™ givor to dStovuspotikd tedio Tomv omoiwv

?
xT

N €KEpaon G TPog T Pdon %, U % &xel otabepovg cuVTELESTEG, ival OnAadT| TG popeng X, =
v’ 52| yokade z € R™.

Emmdéov, gbkoro Aémovpe Ot yio kabe X, Y € Lie(R™)
(X, Y] =0,

enopévag N Lie(R™) givor afgliovn.
Oa amodei&ovpe apydtepa 0TL yevikd kabe apeliovi opdda Lie G €xel apehovn dhyePpa Lie(G).
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20.5 Emayopevor popgiopoi aiyeppov Lie

KébBe popoopog F' : G — H peta&d dvo opddwv Lie emdyst évo popeiopd tov avtiototyov olye-
Bpov Lie tovg g, h, péow g answcoviong push forward F, : T.G — T.H, apo¥ amd to Osdpnua 17 ot
epantopevol yopol 1.G, T. H ivar ioopopot pe tig ahyePpeg Lie g, h (edd cvpPorilovpe to ovdétepa
otoyyeio Kot Tmv dVo OUddmV e e)

Ocopnpa 18. Eotw G, H dvo ouadeg Lie, ue alyeppeg Lie g, b avtiororya, kor F - G — H évag poper-
ouog oudowv Lie. Tote yio ke opiotepd, avalloiwto otovvouatikod medio X € g OTGPYEL EVO UOVOOIKO
apioTEPa avarLoiwTo diavoouatiko medio Y € b mov eivan F-ovoyetiouevo ue to X, oniadn Yy = FiX,.
I'popovragY = F,. X, n ameikovion F., : g — b eivar poppiouog alyefpav Lie.

Amodeiln. 'Eotw X € g. Eidape 011 10 X xabopiletar mAinpwg amd 1o X, péow g oyéong
Xy = (Lg). Xe.

Avrtiotorya, K40 aprotepd avorioimto davuopatiko medio Y € b wkavomrotel
Vi = (Ln)+Ye,

v k0e h € H. H 10éa elvan va opicovpe éva Y € h 1é€too wote Y. = FL. X, ondte Bétovpe, v kabe
heH
Yh = (Lh)*F*Xe = (Lh O F)*Xe,

70 01010 ElVOL QVTOUATOS APLETEPE VOAAOIMTO KOl ETOUEVAOS OUAAD.
[Tpénet va dei&ovpe 6tL 10 Y givar F-cvoyetiopévo pe to X. Ia kdbe g € G éyovue

F.X,=F, o (Ly).X. = (FoL,).X.. (20.5)
ATo v GAAN, Yo kGbe g, ¢’ € G
(FoLg)(g') =Flgg') = F(g)F(g") = (Lre o F)(),
ondte F'o Ly = Lpy o F. Emouévag 1 (20.5) yiveton
F.X, = (FoLy).X. = (Lpy o F).X, = Y,

oniadn to Y eivar F-cvoyetiopévo pe to X.
[No va amodeiovpe 6tin F, eivon popeiopog aryeBpov Lie, mpémet va deiovpie ot dtatnpel tnv oyKOAN
Lie. YroAioyilovue Aowmov, yuo X1, Xo € g kot avtictoyo F-cvoyetiopéva Yy, Ys € b

P Xy, Xo] = [FLX0, FLXo| = [, Y2,

amd T1G 1010TNTEG TNG QlyKVLANG Lie. [
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Hopatipnon 20.1. TlpocéEte 6T M amewkdvion Fl : g — b mov opicape mapardve dev eivor andd to push
forward puo cuvnOopévNg opoAng ametkoviong pHetald 600 dapopik®y mollarAoty Ty £ M — N.

Xmyv tedevtaia mepintwon, o push forward kabopilel epantopeva davdcpata poévo oe KaOe onueio
™G gKoveg g F kol avtd pdvo av n F givar 1 — 1. Awgpopetikd, av F(z) = F(y) pe x # y Koi
7 € X(M), evdeyopévag Oa eiyope FiZ, # Z.y.

2y mepintmon opmg g [pdtaong 18 n F' etvon opopopeiopdg opddwv Lie ko v F, v opicayple
OTO 0PLOTEPE OVOALOI®TO SLOVUCHATIKA TTESTN §.

Agite Y1 mopaderypo ™ ypoppky anewovion T : R? — R2 T(z,y) = (2,0). Avtq eivar opaln
cav aneikovion omd tov R? 61ov £avtd Tov, 0l Kot opopop@iopdc opddmv Lie apod sivor ypappuky.
Eniong, Im(T) = {(z,0),z € R}.

Av Z givau éva omotodfmote Stavoopatiko tedio otov R? pe Z, ) EVO Z(

— 9
I7y2) - 6’y 4

Sy
oz (zy1)° ()

1018 otyovpa 1, Z(5 ) = (%}(&0) #0="T.Zyy,-

Av oumc to givot évo apiotepd availointo dtovuouatikd medio otov R? 1618, apeva yio kéde z € R
to. pushforward 7%, Z(,. ;) cuupwvodv yia kée y € R, apetépov vdpyer 1pémog va opiotei 1o 1.2 o€ 6ho
70 R?, péom mopdAining petatomonc. BAémovpe dniadn mdco kaipto poro mailel n Soun opddac 6tov
optopd tov F, : Lie(R?) — Lie(R?).

Na mopéderypa, av Z = 2 € Lie(R?) 16te F.Z = Z € Lie(R?), oe 6ho tov R? ka1 61 pévo otov
d&ova TV .

Mua epappoyn tov Osmpnpotog 18, ypnoyoroudvtog Tig 1010t Teg ToL push forward, eivorn akdoiovn
TPOTACN.

Ipotaon 20.
1. Av G givar oudoa Lie kot idg eivar 0 Ta0t0TIKOS OpOpOpPIoNoS, T0Te (ide )y = id,.
2. Eotw G, H, K &ivaa oudoes Lie ue avtiororyes alyefpes Lie g, h, ¢, kau Fy : G — H, Fo : H - K
0vo opouoppiouoi ouddwy Lie. Tote (Fy o Fy), = (F). 0 (F1). 1 g — t.
3. Av F : G — H &ivou 1oouoppiouds ouadwv Lie, tote n F, : g — b eivar 1copuoppiouog atysfpwv
Lie. Anloon, 10ouoppes ouaoes Lie Exovv 1couoppes alyefpes Lie.
Amodeiln. Aoxnon ]
[Na mopddetypa, eidape 6tim omewovion v : R — S, (1) = e givan popeiopdg opddwov Lie. Eriong
eldape 6tLya kébe a € R 1o dravvopatikd nedio Xy = a elval éva aplotepd avaAAOIMTO SLVUCUOTIKO
nedio tov R.
Svpupoiilovrag pe % = V% (%),to pushforward tov X etvar Aowmov v, X; = av. % ‘ . = @ 75| - EmOpE-

Vg Yo KaOe ap1oTepd avaAAOIMTO O1LVUGHATIKO TTEGTO a% € Lie(R) naipvovpe to apiotepd avoAroinTo
SLOVUOUOTIKO TTEDTIO

il
ot It

d

ai
do
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otov kKokho St

A@o0 k40g apiotepd ovarroiwto Y € Lie(Sh) Oa éxet Y; g popeng a d% | | Prémovpe 6T pe awtd Tov
TPOTO TTaipvovpE OAOL TO APIGTEPA OVOALOTI®TO O1VLGOTIKG TTEdin 6TOV KUKAO. [Godvvapa, Hmropovue va,
TovE OTL oV 0 KOKAog £xel Stdotaon 1 tote kon dim Lie(S') = 1."Hdn ta nedia g poperg a%, ae€R
amoTELOVV £V, povodidotato voympo g Lie(St), kon emopévag

d
Lie(S')=<{a—,a R} .
ie(SY) {adQ’ ac }
Mpétaon 21. Kabe afeliaviy oudoa Lie G éyer afichiovn dlyefpa Lie(Q).
Anddeiln. "Eyovpe det 011 og o offehovy opdda Lie n aneikdvion avtiotpoengi : G — G, i(g) = g !
elvar popeiopdc opddmv Lie.
Oélovpe va vroloyicovpe to push forward i, : T.G — T.G.'Eoto 7 : (—¢,¢) — G pe v(0) = e xan
7 (0) =v € T.G. Tote
d
U = — (v(1)).
=g i)
Aol i(y(t)) - v(t) = ey kdBe t € (—¢,¢), mapaywyifovtog oto t = 0 £xovpe, XPNOYWOTOIOVTOG TN
dwaomacn 1.0 (G x G) =T.G ® T.G,
d , :
0=—1 i(v(®) 7(t) =m.(iv S v)
t=0
=My (1,0 B 0) + m.(0 D v)
d d
= | (i(y(t))- - St
il G0+ 5 e
= 1,V + 0.

Emopévog, yio kébe v € T,G
1,0 = —.

YVVETMG, 0 AVTIOTOL0G LOPPIGUOC odyeBpdv Lie i, : g — g divetor amd
i.X = —X.
Topoa, éotw X, Y € g. Apov i, givor popeiopog aryeBpav Lie
—[X,Y] =i [X,)Y] =[i.X, Y] =[-X,-Y]| = [X,Y],

OTOTE TPAYLOTL
[X,Y]=0.
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20.6 Ymoopadoeg Lie

Opwopoc 23. Eorw G o opdda Lie. Evo vmogivoio H C G Aéyetar vmoouada Lie tns G ov
1. H givou vmooudda s G.

2. H H oéyetar tomoloyia kai drapopixn ooun waote vo, ivai givat opdda Lie koi immersed vromoiio-
aiotnta s G - onloon umopodue vo. dovue v H aav vy gixova piag 1 — 1 immersion aro v H
oty G (d¢eite v Evotnro 19.1).

H xaAbtepn mepintmon pog immersed vromoALamAOTNTOG EIVOIL U0 ELPVTEVUEVT] VITOTOAAOTAOTNTOL.
[No vroopddeg mov elvan Ko PPVTELUEVES VITOTTOAAATAOTNTES 1GYVEL 1| akOAOLOT, TOAD BondnTtikn, Tpo-
TOOM.

Mpotaon 22. Eotw G o ouddo Lie kou H pio vwoouddo tng G mov eivar ko UPVTEVUEV DTOTOAAOTAD-
mra s G. Tote n H eivar vroouada Lie tys. G, kot emmléov kAeioto vmoovvolo s G.

Anooerln. Apov n H eivan immersed vroroAlomAdtra, 1 eppdtevon ¢ : H — G givar immersion, Kot
emopévmg opoAn. Emopévag, av my : H x H — G givan o molamhaciooudg oty H, kot apov 1 glvat
vroopddo g G, pmopovpe va ypéyoope my (hy, ho) = m(c(hy), t(hs)), dnhadn

mg =moLDL.

BAémovpe cuvendc 0ti  my eivan opadn, wg ohvBeon oparmv ancikovicemv. To 110 emyeipnua delyvel
Kot OTL 1 avtiotpoen iy : H — G givol opodn amekovion).

Ziyovpa agoV 1 H givor vmoopdda e G, ot €1KOVES TV myy, iy mepiéxovion oty H. H H dpwg og
ELQPLTEVUEVT VTOTOAAATAGTNTA EYEL TNV TOTOAOYIOL TOV EMAYETAL OO TOV YKAEIOUO otV G, Kat dpa ot
myg : Hx H— H,ig : H— H sivon cuveyeig. To Aqppa 21 emopévmg pog Aéet 6Tt eivor Kot oparés,
emopévog n H eivarl vroopdda Lie g G.

o vo dsifovpe 6Tt H eivol kKAe16t6 vTosHvoro ™ G, éotm g € H xon oxohovBia h; € H pe

H 18¢a elvar 0T1 k40 g € G €xet ua yerrovid mov “potalet” pe yertovidtov e € H C G. Zoykekpyéva,
AOY® ouvvéyelag, 1 akoAovdio

9 'hi —e. (20.6)
A@od 1 H eivon gpgotevpévn vronoAhamiotnra, vdpyet xapmg (U, zt, ..., 2") mg G yopo and 1o
e ue z'(e) = 0 xon
HNU={z'=---=2"=0}.

MaéMota, to oovoro H N U givarl kielotd vroovvoro tov U.
EmimAéov, ywo toyaia 7, j
h;thy = (g7 hy) " ghi. (20.7)
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Xopig PAAPN TS YEVIKOTNTAG, AOY® GUVEYELNG TOV TOAAATAAGLOGHOD KOl TNG AvVTIOTPOPNG otV G Kot
twv (20.6), (20.7), umopobpe va vroBécovue oti yio ka0 7, J

g_lhj eU,
hthy = (g7 hy) " 'ghs € WO H C UNH,

onov W C U avorytdé pe W C U.
Stélvovtag, i — +oo maipvoope 0tL by hy — hi'g, emopévag hi'g € W C U. Agob to U N H eivan
K\e1o16 oto U, hj_lhi e UN H xat hj_lg € U, ovpnaipévoope 0Tt hj_l g € UN H. Enopévag

g= hjhj_1 g€ H,
mov delyver 61t H = H xat dpo. 1o H givor KAel616 vmosHvoro e G. [

Afqppa 21. Eotw M, N dvo dapopixés morlariotyres, F @ M — N ouoldn ameixovion, kou S C N uio
immersed vromoliomAotnto. e N. Avy Im(F) C S kar n F eivar ovveyng oav arewxovion F - M — S
tote n I eivar ua ouain ometkovion I = M — S, omov edw n S éxer tnv tomoloyio kar drapopikn doun
OV TPOKVTTEL ATO TNV 1010TNTA THS S immersed vmomoilamAdTnTa.

Amodeiln. Oa mopoleiyovpe TNV amOdEIEN G€ AVTEC TIG CNUELMGELS, TAPUTEUTTOVTOS 6TOo PiffAio tov Lie
- Kepdlawo 8. Agite Ou®g TNV TOPAKATO TOPATPNOT, OYETIKA LUE TNV avaykaldTnTo TNG vIdBeong TG
ovovéyelag g F: M — S. ]

LHapoznpnon 20.2. Na Qopicovpe 6tin tomoroyia poag immersed VTOTOAAATAOTNTAG eV ivar amapaitnTa
1 TomoAoyia mov endyetal and Tov eyKAEIGHO S C N kot emopévocn F : M — S 610 Topamdve Ao
dev elvat AVTOUATMOG GLVEYNC.

Iapte yro mopaderypor o oxtapt v = (=3, %) — R?, y(t) = (sin2t,cost), mov Siépyeton amod TV
apyn Tov aovov y(m/2) = (0, 0) ko e1KOVa TOV Eivat GUUUETPIKN ®G TPOog Tov dova TV x. Emopévac,
1 €1KOVO, TG OHOANG anekoviong o : (—¢,¢) — R?

o(t) = (sin2t, — cost),

TePIEXETAL AOY® oG TG cvupeTpiag otV ekdva g 7. Opwg, yio kébe ¢, — 7, agevag o(t,) —

o(m/2) = (0,0) (apod M o sivor cagmg cuveyhg anskovion and 1o (—¢,¢) otov R?), addd av ¢, < 0

umopovpe va dovpe 0tL o (t,) = v(s,) Yo s, = —m/2, kar oLy s, — /2 6mov y(m/2) = (0,0). Emo-

uévogn o : (—e,e) — Im(y) dev givan cuveync, ®g mpog v tomoroyio g immersed vromolhamAdTnTOG
T 37

Im(7y), n omoia eivan ap@idragoptn pe to ddotua (—75, 5°).

"Eyxovpe €idn o€t ta akdrovBa mapadeiyparta, to omoia ) [Ipdtaon 22 pog Aéet 0Tt lval OAX VTOOUAOES
Lie kdmowag peyoivtepng opddag Lie.

1. St cCr
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2. SO(n) C O(n) C GL(n,R)
3. SL(n,R) C GL(n,R)
4. SU(2) C GL(2,C).

"Exovpe dpmg kot 1o akdorovbo mapddetypa pog vroouddos Lie pag opdoag Lie mwov dev givor epgv-
TEVUEV VTOTTOAAATAO TN TAL.
'Eoto a € R dppnrog ko n opnddo Lie T? = St x S H~y : R — T?

,Y(t) — (627rit7 627raz‘t)

eivon immersed vromoAlomAdtnto Tov T2 1) omoio Sev eivar epputevpévn, Kot pdiioto 1 ekdvo TS ¥ etvar
mokv| otov T2.

H gwova I'm(v) etvon vroopddo Lie tov T2, ITpdypatt, sivol immersed vromoAlamAdtnto, Kot eniong
elvatl vwoopdda a@ov 1 7y givol OLOHOPPIGUAS OpAd®V, Kal pdAota 1oopopeikn pe tov R. Télog, n oa-
popikn doun g Im(y) xkévermv ¢ : R — Im(7y) po apeidiopdpion, Kot EToHEVOS 0 TOAUTAAGIOUOHOG
KoM avtiotpo@t] otov T? mepropiopéves oty Im(y) etvon opodég angikoviceis, apod aviiotorodv 6Tov
TOAOTAQGLOG O KOl TNV avTIoTpoPr| 6Tov R.

20.6.1 Ymodiyeppeg Lie vmoopadwv Lie

Mpétaon 23. Eorw G o ouada Lie, ue alyefpa Lie g, kor H C G o vmooudoo. Lie tne G. Tote n
alyefpa Lie Lie( H) eivar toopoppixi pe v vmodlyefpah C g

h={X € Lie(G), X. € T.H}

Anéoeiln. O eykheopdce : H — G givor opopopeiopds opddwv Lie kot enopévacn b := v, Lie( H) givan
vrodAyefpa g g. o v axpifeia n b awotereitarl and ta apiotepd avorioimta dStovvouatikd tedio X
g G 1o omoia givan TG popeng i,V yio kdmowo V' € Lie( H ). MaMota, tkavoroovuy

X. = 1. V,.

Kot pdiota kabopilovror povadikd amd avti ™ oxéon. Eedcov n ¢ etvan immersion, n ¢, : T.H —
(T, H) givar 1copopeiopoc.
Enopévag kabe V' € Lie( H) kabopilet éva povadied X € Lie(G) pe X, = 1.V, € T.H. N

20.7 MovomapapeTPKES VTOONAOES

Xe auT TNV LIOEVOTNTO B0l LG OTACYOAGOVY Ol POEC KOL Ol OAOKANPOTIKES KOUTOAEG OPLoTEPE
aVOALOIOTOV S1OVUGUATIKOV TTeEdiwV og opadag Lie.
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Mpétaon 24. Eotw pio oudoa Lie G. Tote kabe apiotepd, ovailoiwto diovoouortikd medio s G eival
TANpeg.

Arddeiln. '‘Eotw X € Lie(G) éva aprotepd avorloioTo dtavuopatikod medio Kot ag vrobécovpe 0Tt dgv
gtvar Tpec. Yrapyet Aowmov vy : (a,b) — G o PeYIoTIKN OAOKANPOTIKY TOV KAUTOAN €iTe e —00 < a
elte pe b < +00. Ag vroBécovpe ywpig PAEPN ™S yevikdTNTOag OTL b < 400 (SLopOopeTIKE PTOpoVLLE VL
Kavoupe 1o 1010 emyeipnpa yio 1o tedio —X)

®a doVUE OTL LWTOPOVLE VO, YPTCLUOTOUCOVUE TNV WO10TNTO TOV 0PIOTEPE AVOAAOIMTOV (MGTE VO KOl
TOOKEVAGOVLE L0 ETEKTOCT] TNG Y O £VOL SAOTNHA YVAGLO HEYOADTEPO TOL (a, b), avtiaivovtog TV
vdOeon OTL N 7y Elval LEYIOTIKT.

‘Eoto ¢1, ¢y € (a,b), ¢; < co. Ag opicovpe v Kapmoin o : (a4 ca — ¢, b+ ¢y — 1) — G

J(t) = Lv(02)7(01)‘1 (7(t +c1 —c2))

Torte
o(c2) = y(e2)y(cr) y(er) = v(e2)
Eniong,

o'(t) = (Ly(eayr(en 1), (V' ([t + 1 = e2))
= (Ly(eoyyien 1), Xa(trer—e)
= Xa(t)7

a@o¥ to X &ival aplotepd avoAAoimTo, EMOUEVMG OTTMG 1| 7Y £TCL KL T 0 £IVAL OAOKANPOTIKY KOUITOAT TOV
X, peo(cz) =7(c2).
Ané povadiotta, coprepaivovpe 6tim y(t) = o(t) yo kabe

te(a+cy—c1,b)=(a,b)N(a+cy—c1,b+co—cy).

YVVETMG, M
- V(t), teE(ab)
A(t) = _ _
o(t), te(a+ca—ci,b+co—cy)
etvar pa ohokANpotiKny Koapmdin tov X mov enekteivet ) v, dTomo. O

Av dowmdv G givar puo opdda Lie ko X € Lie(G), n pof) Tov X eivan ohkny, SnAadn opiletor g
.G xR —G.

Emndéov, apod 1o X eivan apiotepd avaririoimto, eivor Ly-GuoYETIGUEVO PE TOV EOVTO TOV Yo KAOE
g € G, xar gemopévog omd o Aupa 19 yio kdbe g € G kot € R éxovpe 01t

Lg O (I)t = ®t e} Lg. (208)
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2UVENMG, Yo KAOe ¢, s € R 1 oAokANp®TIKY KopmOAn tov X ond 10 e € G kavomnotel

Ye(s +1) = Pyys(e)
= d, 0 D(e)
= d; 0 Lo, (o)(e)
= Lo, ) 0 i(e)
= (e )'(I)t( )
= Ye(8) - ve(t) = Ye(t) - 7e(s).

Emopévemg deiéape 0Tt

Afqupa 22. Av G givor pua opdoa Lie kou X € Lie(qg), n oloxkdnpotixn kouroin . : R — G tov X eivou
EVag Hopeiouog ouddwv Lie.

Odnyoduacte Aoudv 6Tov aKOA0VHO 0pIGUO.

Opwopdg 24. Eorw G pa ouddo. Lie. Tote évag opoldos puoppiouog oudowv Lie F @ R — G Aéyerou
Hovomapouetpixy vroouaoo. g G.

To mapaxdtm Bedpnua pog Aéet 6Tt Kabe povomapapeTptkn vToopdda g G TPoépyeTol amd aploTeEPd
avaAAOIOTO SLVVOHOTIKA TTEdia, OTTMC Kol 6To Afuua 22.

Ocopnpna 19. Eorw G o ouddo Lie. Or povomapouetpixés vmwoouades e G eivor o1 0AOKANPTIKES
Koumdles amo 1o e € G TV aplotepd, avalloiwtmy d1ovoouatikwy mediwv s G.

Amddeiln. 'Eoto F : R — G o povomopapetptkn vroopddo e G. Apov % € Lie(R), ag opicovpe

X =F, (%) € Lie(G).

Oa deiEovpe 0TI M F' givar 1 0OAOKANP®OTIKY KOUTOAN Tov X 0md 10 e.
Agov n F givon opopopeiopdg opddmv, F(0) = e. Mével va dei€ovpe 6t 1 F' givar 0AOKANPOTIKA
KopoAn Tov X. Avtd 10 Taipvovpe omd TOV VTOAOYIGHO

t

Mpértaon 25. Eorw G o ouddo Lie kou H C G pio vwooudoa Lie. Tote 01 Hovomopouetpiés vmoouaoes
¢ H eivau o1 povoropapetpikés vmooudoesy - R — G e G ue~'(0) € T.H (= v.(T.H)), ave : H — G
eivar n ovtiotoyyn 1 — 1 immersion)

F'(t) = F, (%

]
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Amodeiln. 'Eotw v : R — H elvan pia povomapapetpikn vroopddo g H. Apov n H givor vmoopddo
Lie g G, n gpopvtevon ¢ : H — G eivan 1 — 1 immersion oAAG Kot pop@iopog opddov. Eropévac,
neo~vy : H — G eivar opaddg HOPOIGHOG OUAS®V, Kol GpO LOVOTOPAUETPIKT vtoopada g G, ue
v (0) e T.H.

Avtiotpooa, éot® v : R — G o povomapapetpicy vroopdda s G ue ' (0) € T, H. AgBewpnoovpe
EMMTAEOV TNV LOVOTAPOUETPIKTY VIToopdda v : R — H mov mapdyston and apiotepd avarroiwto medio
X € Lie(H) pe X, =+'(0).

Onwg mpwv, Bewpmvtag v 7 o¢ ansikovion 7 : R — G, PAEmovpe 6Tt eivon emiong o povomapo-
uetpikn vroopddo g G, pe 7' (0) = ~/(0). Eropévac, ot v, 5 mapdyovtotl amd to ido X € Lie(G), pe
Xe = 7/(0), kor emopéveg tavtilovrat. Zuvenme, 1 v €ivol LOVOTAPOUETPIKT VIToopudda g H. [

20.7.1 H yevikn} ypoppiki opdda GL(n, R)

Ag ovppolricovps pe X tig ovvietaypéves oty GL(n, R), n onoio etvar avoyt) vrorolhomidtnto
TOL SVVGHATIKOD YDPov M, (R).
Eidape 611
T;, GL(n,R) = M, «,(R).
‘Eoto A € T;,GL(n,R). To avtictotyo apiotepd avariotdto Stavvopoatikéd medio A pe A;, = A
divetar oto X € GL(n,R) and ) oyéon

Ax = (Lx). (4),

omov Lx(A) = X A. Tpéeovtog

.0
A= ox;
k

In

Ko xpnoiporoldvrag 6t ) anewkovion X — X A eivor ypappukr, vroloyilovpe 0t

(20.9)

To nopaxdre Oedpnpa pog divet Tig mapapetpikés vroopddss e G L(n, R), xypnoworoubvtag, epécmg
mv (20.9).

Ozdpnpa 20. o kdbe A € gl(n,R) n povorapouetpixi vrooudda e G L(n,R) wov mopayeror and to
eivar n F(t) = e, émov
et =

k=0
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Amoderén. H {nrodpevn LOVOTOpAUETPIKT VTOOUASO IKOVOTOLEL TO GUGTILLOL

~ . 0 d , )
F(t) = Apy = FOLAY s = SF@0), = F(), AL <= F(t) = F(t)A,
00X} Ft) dt
F(0) = I,
10 omoio &yel povadiky Avon. Apkel va edéyEovpe ot mpdypotin F(t) = e etvor Avon. [

Eqappoyég
1. O(n) C GL(n,R). Ot povorapapetpucég vroopddes g O(n) eivor ot F(t) = e pe
A€ T;,0(n) =o(n) = {A, AT = —A}.
Emopévac, Y1 kébe t € R kor A € o(n) épovpe 6t et € O(n).
2. SL(n,R) C GL(n,R)."Exovue 61t
T, SL(n,R) = {A,trA = 0}.

Emopévac, ot LovomapapueTpikéc voopddsg g S L(n, R) eivan mng popenig F(t) = ', petrA = 0.

20.8 H egxOetikn ameikovion puog opdoog Lie

Opwopog 25. Eotw G o ouada Lie, ue alyefpa Lie g. H exOcstin omeikoviaon exp : g — G opileron yia
kabe X € g wg
exp(X) = F(1),

omov F': R — G eivou n povorapouetpixi vwoouddo wov wopdyer 1o X.

Anhadn, yio kabe apiotepd avorroioTo dovucpatikd tedio X g G, to exp(X ) givar o onueio F(1)
NG OAOKANP®TIKNG KapmOANG Tov X amd 1o e € G.
EvoAloxtikd, pmopodpe vo 6KEPTOLOGTE TNV EKOETIKN OMEWKOVIOT| G

exp: 1T.G — G,

omov av V € T.G xaw X € Lie(G) givor 1o povadikd apiotepd ovorlointo davuopotikd medio 1o
Xe =V xar @ n pon T0v, tOTE
exp(V) = ®4(e).

H exBetikn aneucovion €xet T1g akdAovbeg 1010TNTEG.

Mpétaon 26. Eotw G uio oudoo Lie ue dlyefpo. Lie g. Tote
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1. H exOenixcn omeikovian s G, exp, €1vol uio. opoAn omeikovian (n g ivai O10VOGUATIKOS XWPOS Kal
ETOUEVWS Exel TN avvnBLouEVN dLopopikn ooun)

2. Na k6le X € g n omeikovion t — exp(tX) eivor n LOVOTOPOUETPIKE VTOOUGOO. TTOV TOPEYETAL ATTO
0 X.

3. Nokabe t,s € R, exp((t + s)X) = exp(tX) - exp(sX).

4. exp, : Tog — T.G kavoroiet
exp, (X) = X,

yo kabe X € Thg = g.
5. Yrapyoov 0 € U C gkoue € V C G avoiyta wote exp : U — V va givar aupioiopdpion.

6. To xabe opopoppiono oucowy Lie F' - G — g, o1 ancikoviceig expoF, F oexp : g — H xavo-
mo1o0V
expoF, = Foexp.

7. H pon ® evog apiotepa avarloiwtov dravoouotikod mediov X e G divetar omo
o, = Rexp(tX)-

Amodeiln. 1. Aev Ba to amodeitovpe - mapamépnovpe oto Piiio to Lee, Kepdiaio 20.

2. 'Eoto X € Lie(G), ® n pon tov xou F'(t) = Py(e) n povomapapetpikn vroopddo mov mapdyet to
X.Eoto t € R, v 1 kopumdAn

wavomnotet y(0) = e ko

Enopévag givar ohokAnpotikh kapmdoin tov tX € Lie(G) and 1o e pe 7' (0) = tX, kot emopévog

exp(tX) = 7(1) = B, (e) = F(t). (20.10)

3. H F, ®G LOVOTOpOUETPIKT] VITOOUAD, EIVOL OLOLOPPIGHOG OLAd®V, OTTOTE TO {NTOVUEVO ATOOEIKVV-
et amd v (20.10)kan ™ oxéon

F(t+s)=F() F(s).
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4. 'Boto X € g = Tog koun koumdoin o(t) =tX € gue o’ (0) = X € g. Tote

d
exp, X = —

o (expoo)(t)

t=0

- = tX
il . exp(tX)

=P
— X..

5. AoV exp,(X) = X, 1 exp, vl IGOHOPOIGHOS KOl ETOUEVMS TO OTTOTELEGHLOL EIVOL GUVETELD TOV
OemPNUATOSC AVTIGTPOPNG ATEIKOVIONG.

6. To {ntovpevo mpokvTTEL AV amodeiovpe 0Tl yio kébe t € R
exp(tF.X) = F(exp(tX)). (20.11)

To aprotepd pérog g (20.11) elvar n povorapapeTpiky] vroouddo g H mov mapdyet 1o F, X.
Apxel va deiéovpe 6T ko To de&i pédog eivar 1 povomapapetpiky vroopdda g H mov mopdyet to
F.X.

Opilovpe o(t) = F(exp(tX)). YroloyiCovpe 011 0(0) = F(exp(0)) = F(e) = F ko
o(t+s)=F(exp((t+s)X) = F(exptX -expsX) = F(exptX) - F(expsX) = o(t) - o(s),

emopévmg N o glvat opopopelopog opddwy. Eniong, stvot opair emeldn etvar chvOeomn opoddy omet-
kovicewv. Ymoloyilovpe téhog 6Tl

a(t) = %F(exp(tX)) = F*(% exp(tX)) = F. X,

EMOUEVMG EIVOL 1) LOVOTIOPAUETPIKT VITOOUAO TOV TTapdyeTot amd to F, X.
7. 'Eotow g € G. Torte
Rexpix(9) = g - exptX = Ly(exptX) = Lg(Pi(e)) = P1(Ly(e)) = e(g),

enedn 1 pon tov X ko m L, petratifevrar, Adym tov 61110 X £ivor Ly-GUoYETIGHEVO LE TOV EQVTO
TOV EMEWON €lvall AploTEPA OVOAAOIMTO.
O

Yvvéneia g [podtaong 25 eivon n Tapakdto TpdToon.
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Mpétaon 27. Eotw G o oucda Lie kor H C G o vwoouddo. Lie. Tote n exBetin ameixovion e H
elvau o wep1opiopdg g exbetiric omeikovions e G oty vroddyefpa Lie(H) C Lie(Q).

Ag voroyicovpe TNV eKOETIKN ATEIKOVIOT GE PEPIKA PacIKd Tapadelypota

1. H exBetikr anewcdvion g opddag Lie (R™, +), givon

.0
exp(vlaxi) = (v,...,0")
2. v opddo Lie C*, yia ké0e 2 € a = ae’? € C*
L.(2) = az.

Enopévog, n (Lgy)« : T1C* — T,C* eiviyun b € T1C* = C

(La)ub = (L), (%

(tb+1)) -2

a(tb+ a) = ab.

t=0 t=0

Enopévmg, Ta apiotepd avarloiota dtavocuatikd media eival ta media X g Hopeng
X, = ab = are' ¥,

ywo kémowo b = re? € C.

Evalloxtikd, av a = u + iv, b = o + iT, §govpe ab = (uo — vt) + i(urT + vo), ondTE TO , CAV
dravvopatikd medio otov R? \ {(0,0)} &~ C sivor 1o

0 0
X = (uo —v7) — + (ut +vo) — )
Oz |(,,.) Y |0

H oloxAnpotik) kopmodn v : R — C* amd 1o 1, pe y(t) = a(t)e™® da eivor n Aon tov mpopin-
LOTOG

V(t) = Xy == e +aipe’ = are®e? <= o +iay = re
<— o +iay’ = ar(cosh +isinb)
< o =arcosf, o =rsinb,

7(0) =1 <= «a(0) =1,(0) = 0.

Apa o = "% ka1 ¢ = rt sin . Emopévac,

[] coseez|b|sm9 _ e|b|(c056+zsm0) e|b|e .

exp(|ble”?) = e
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3. Xvveyilovtag to mponyovuevo mopddetypa, ag Osmprcovpe v vroopddo Lie S' ¢ C*. H avri-
otoyn vrodAyePpa Lie, eivar exeiva ta aprotepd avorrointo Stavoopatikd tedio tov C* mov ivot
¢ popefig X, = ab, yia b = 3. Ondte, éxovue 0 = 7, enopévmg TeAMKE

exp(if) = el = .

4. H exbetikf| anewcdvion me GL(n, R) eivat, yia A € gl(n, R)
exp(4) = e,
Ko [e Tov 1010 tpdmo divetan ko 1 ekbetikn ameovion kabe vmoopddog Lie e G L(n, R), nepro-
pilovtag TV ekBeTIKN OmEWOVIOT GTNV avTicTolyn VTodAyepa Lie.
20.9 H vmoopddoa Lie puog vroaryeppag Lie

Eidape 611 6¢ ke vmoopdda Lie pog opddag Lie G avtiotoryet, povoonpavta, pio vrodiyeppo Lie
mg Lie(G) mov givon wopopeikn pe v Lie(H) - pdota o 1oopopeiopdg divetor amd to pushforward
g epevtevong L - H — G. To mapaxdtom Osdpnpa woyvpiletal o aviiotpo@o.

Ozopnpa 21. Eotw G o oudoa Lie kor by C Lie(G) o vroddyefpa Lie. Tote vmapyel pio ovooikn
vmoouddo Lie H C wote Lie(H) va givar icopoppikiy ue my b, uéow g eupitevons 1 - H — G.

Amoderln. Oa mepryplyovE GUVOTTIKA TNV 10£a TNG amOdEENG, N omoia Paciletal 6To 0AKO Osmpnua
tov Frobenius, dcte va katackevaotel 1 ntovpevn vroopdda Lie cav 1o @UAAO LG KOTOAVOUNC.

1. Opilovue v xatavoun D mote yio kdbe g € G

D, ={X, € T,G,X € b C Lie(G)}.

2. H xatavoun givar involutive, ywti n b eivan vrodhyeBpa Lie g Lie(G).

3. Amo6 o6 Frobenius, vapyet pia @OAA®on ™G G amd 0AOKANPOTIKEG VTOTOALUTAOTNTES (PVALY)
ms D - ag ovpuforicovpe pe H, 1o OALO mov mepiéyerto g € G.

4. Ioyvet emiong 0t Ly(Hy) = Hyy. O Oprog Aoyog givar 6tin D givar avarloint kdto ord apt-
OTEPEG LETUTOTIGELG.

5. Opilovpe H = H, 10 @OALO TTOL TTEPLEYEL TO OVOETEPO GTOLYELD €, 0mOTE £lvatl avTopdTOS immersed
vromoAramAdtnta. [Ipopavag, ywa kdbe h € H, H), = H. = H, 0pod n eOAA®on givor Stapépion.
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6. H H givar vroopdda. Av h, h' € H = H, tote
hh' = Lh<h/> € Lh(He> =H, = H.,

Kot
h™'=h'ee Ly1(H,) = Ly (Hp) = Ho = H.

7. H amooeién oloxAnpavetor av deiEovpe 6Tt n H eivon opdda Lie, av givor epodiacuévn pe v
dtapopikn dopn g immersed VTOTOALATAOTNTOL.

20.10 Avtiotoryio opadmv Lie kon aryeppov Lie
Boowd etvar 1o €€ng Bempnpa.

Ocopnpoa 22. Eorw G kou H dvo ardd ovvextinég oucoes Lie, ue alyefpeg Lie g xar b aviioroiya. Tote
kabe poppiouog alyeppav Lie p : g — b emadyer évay povaoiko popeiouo oudowy Lie ® : G — H waore
D, = o

Yuvémela ToL TapaTdve BempnaTog Eival To TOPIGHAL:
[épropa 5. Av 600 amid 6VVEKTIKES ouaoes Lie Eyovv 1c0uoppes oAyefpeg Lie TOTe €1var 100U0PPIKES.

H vro0eon 61t o1 opddeg Lie etvan amhé cuvekticéc etvar avaykaio. o mopdderypa, o kdkhog St xon
0 R €yovv 100p0p@eg opadeg Lie, addd dev eivar 16opopeeg opdoeg Lie.

Ivopilovpe 6t1 kGOe opdda Lie G pag diver pio dhyePpa Lie Lie(G). MéMota, 166popees opddeg Lie
&xouvv 106p0peeg aAyePpeg Lie. Opileton €101 pia amedvion

. Opédoeg Lie AlyeBpeg Lie menepaocuévng d1dotaong
Lie : , — : .
(mod opopPioong) (mod 16opopPIGHoVG)

To IMopopa 5 pog emopévag pog AEeL OTL 0 TEPLOPICUOC TG Lie

Lie - AmAG cvvekTikéG opddeg Lie o AlyeBpeg Lie menepacpévng dtdotaong
' (mod 16opopPIoong) (mod 160HopPIeLOVS)

etvar 1 — 1. Elvan 6pog kou entt, £xovpe onAadn to akdAovbo Bedprpua.

Ocopnpoa 23. H azeikovion Lie opiler pio évo mpog éva kat el ovTiaToLyio Uetald KAGTEWY 160UOPPLoUDY
OTAG GUVEKTIK®V 0UaowV Lie kKol kKAGOEWY 160U0pPIoUDY OLYefpaV Lie Temepaouévns o160taong.
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H dvokoAia oty amddeiEn tov Bempnpatog etvat 6Tt Eekvdpe amd kdmola dAyeBpa Lie kot mpémetl va
KOTOGKELAGOLLE o opdda Lie amd autyv, e TIg GOOTEG 1010TNTEG.

H 10éa eivar 0t kabe dAyePpa Lie g pmopei vo avarapactadel oav vrodhyeBpa Lie g g(V) v
KAmoo dtovuopatikd yopo V nenepacpévng didotaong, ond 1o Osdpnua tov Ado. Eropéveg pmopovpe
va dovpe v g oav vrodhyefpa g Lie(GL(V)).

A 10 Oedpnpa 21 vdpyet pio vroopdda G g GL(V) pe Lie(G) = g. Av mdpovpe tov kaboAko
ydpo emkdivyng G g G, pmopodpe vo 3o0pe 0Tt givan emiong opdda Lie kot Lie(@ ) = Lie(G) = g.
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