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A KAKEYA-TYPE PROBLEM FOR CIRCLES

By THoMAS WOLFF

Abstract. We prove full Hausdorff dimension in a variant of the Kakeya problem involving circles
in the plane, and also sharp estimates for the relevant maximal function. These results can also be
formulated in terms of the wave equation in two space variables. A novelty in our approach is the
use of ideas from computational geometry.

The purpose of this paper is to prove a certain L3 — L3 maximal inequality,
Theorem 1 below.

Fix § > 0 and, for a € R? and r € [},2], let Cs(a,r) = {x e R%: r—6 <
|x—a| <r+6} If f: R2 >R, and 6 > 0, then we define Myf: [5,2] — R via

Mgf(r) = sup ————
of aelkg |Cs(a,r)| Cs(a.r)

| f(x)|dx.

THEOREM 1. If € > O then there is a constant A, such that

IMef 3421y < A8 ™Il
forall§ > 0 andf.

An immediate consequence by an argument which we learned from [1] is the
following

COROLLARY. A Borel set in the plane which contains a circle of every radius
must have Hausdorff dimension 2.

We refer to [4] for background and motivation. In [4] a partial result in the
direction of Theorem 1 is proved, which implies for example that a set as in the
corollary must have dimension at least %. Theorem 1 as stated will follow by
combining the approach in [4] with ideas from [3].

As is discussed in [4], Theorem 1 is related to a certain purely combinatorial
problem: one is given N circles Cy,...,Cy and roughly speaking has to control
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986 THOMAS WOLFF

the number of pairs (i,j) for which C; and C; are internally tangent, assuming,
say, that no three are internally tangent at a point. The condition for two circles
to be internally tangent is a quadratic equation in their centers and radii, which
may be regarded as points of R3. Thus the tangency counting problem is a variant
on the three dimensional unit distance problem considered in [3], and it is not
hard to see that their techniques lead to a bound of the form N %a(N) where a(N)
grows extremely slowly.

On a heuristic level, this bound for the number of tangencies corresponds
to Theorem 1, and the proof of Theorem 1 given below can be regarded as a
“continuum” version of the argument in [3].

The paper is organized as follows: in Section 1 we prove some lemmas
from elementary geometry which we need later on, and in Section 2 we present
a convenient form of the construction from [3]. In Section 3 we make some
preliminary reductions in the proof of Theorem 1, and in Sections 4 and 5 we
carry out the main steps in the proof.

We want to note that the following variant on Theorem 1 can be proved by
essentially the same argument. For x| € R, let

Mgsf(x)) = sup ———
't ,G[%IZ] |C5(X, r)l Cs(x,r) |f|
xR
where x = (x1,x;). Then
(1) Ve >0 EIA€Z ”M&f”L.’:(R) S Ce(s_e“f”}

Hence if « < 1 and F C R? is a set of Hausdorff dimension at least o, and E
is a set which contains circles centered at all points of F, then E has Hausdorff
dimension at least 1 + c.

The reason is that a circle is determined by three parameters, and the distin-
guished role played by the radial parameter in Sections 3-5 below can equally
well be played by the x;-coordinate of the center. We will not give an explicit
proof of (1), but in Appendix 1, we will prove the Hausdorff dimension state-
ment, since the argument is less immediate than the proof of the corollary to
Theorem 1.

It is also possible to reformulate Theorem 1 in terms of the wave equation
using spherical means. If one considers the solution to the wave equation in 2+1
dimensions, (Ju = 0 with (say) initial conditions u(-,0) = f, u,(-,0) = O, then a
standard argument which is sketched in [4] leads from Theorem 1 to the estimate
(on1<tr<?2)

€5 lullzrge S Wfll3 14er € >0

where the norm on the right is the inhomogeneous Sobolev norm. We reproduce
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 987

the argument in Appendix 2 for the convenience of the reader. Estimate (2) is
an endpoint for various interpolation scales, e.g. if one interpolates between (2)
and the energy estimate ||u|| Loz < If]l2 one obtains the bound (on 1 < ¢ < 2)
|Juel| s < ][f||§ 3te which was proved in the recent paper [8]. Estimate (2) is
also related to old results of Pecher ([6]), as is described in [4].

Acknowledgment. 1 thank W. Schlag for comments on a preliminary version
of this paper.

1. Geometric lemmas. In this section we collect some facts about inter-
sections of thin annuli which will be used below.

Notation will be as follows:

C(x, p): the circle {y € R?: |y — x| = p}.

C¢: the e-neighborhood of the circle C, i.e., if C = C(x, p), then C = {y €
R%: p—e<|y—x| <p+e}.

['(x, p): the light cone in R determined by x and p, i.e., T'(x, p) = {(,7) €
R’: |y—x[=|7—pl}.

d(C, C): the distance between the points corresponding to the circles C and
C defined by d(C(x, p), C(%, p)) = |x — | + |p — p|.

A(C, C): the distance from the point corresponding to the circle C to the light
cone corresponding to C, or vice-versa, defined by

AC,C) = [lx =3 = |p — All.

We will adopt the following conventions:

If, say, C is a circle, then % and § will be understood to mean the center and
radius of C. Similarly, x; and p; are the center and radius of C;j, etc.

The letter A will be used to denote large fixed constants.

We always assume that all circles C(x, p) satisfy

3) pell —ap 1+l x| <ap

where g is a small fixed constant; ag = ﬁ will work. The 7-rectangle of
C¢, C = C(x, p), corresponding to an arc vy of C with length 27p - 7 is the set
{yecs x+p~|—§:—i[ €7}

We will say such a “rectangle” is centered at a € C¢ if x+ p - 'Z—:% is the
center of ~y.

LEMMA 1.1. For any two circles Cy and C, with x| # xa, C{ N C5 is contained
in the union of at most A T-rectangles of C§, where

€

@) T /max @€, Ch). 0 max (A(C;.Cp). 6
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988 THOMAS WOLFF

Furthermore, the diameter of CiNCSis < 4/ %; in fact, C{ N C5 is contained
inanAj,/ 3—((%% rectangle of C{ centered at the point x + p; sgn (p; — pg)ﬁi—:—;—l‘l.

Proof. Notation aside, the lemma says that the intersection of the two annuli
. A(C1,Co)+e . . . . .
has diameter < 4/ C e and is contained in the union of finitely many (actually

just two) sets with diameter < 7. These facts are used in several other papers on
similar subjects, e.g. [7], and are not hard to check, so we omit the proof. O

LEMMA 1.2. Conversely, if x € C N C5 then C§ N Cy** contains a T-rectangle
of C{ centered at x, where T is given by (4).

Proof. This is again clear, since if we let d = d(C1, C2) and A = A(Cy, C2),
then the angle of intersection of C; and C; is = V/Ad. However, we will give a
detailed proof.

We use complex notation, e.g. rez is the real part of z, and may assume that
x; = 0,p; = 1, and x is on the positive real axis. Then x| + |1 — p2| < d,
[x2] = |1 — p2] | S A Also |x] € (1 —€,1+€), |x —x2] € (02 — €,p2 +€). We
claim that

(5) (imx)? < (d+ €)(A+e).

Namely, if |1 — p2| < 3€ then |x;] < A+ € and (5) is obvious. If |1 — pa| > 3e
then consider the triangle Oxx,. Let ¢ be the angle at x. Then (imx;)? < sin® ¢ <
1 — cos¢. On the other hand, by the law of cosines 2|x||x — x|(1 — cos¢) =
2|2 — (x| — |Jx — x2])%. Hence 1 —cos ¢ < x> — (|1 — p2| —2€)* S (d+€)(A+e)
and (5) follows. .

Now suppose § € [ — m, 7]. Then

e — x3)% — |1 — x| = 2rexy(1 — cos @) — 2imx, sin 6

= OB +0-/(d + €)(A + )

and therefore (using (3)) ||e?? — x3| — [1 — x2|| < d6? + 6/(d + €)(A + ¢). Hence
if |l —r| < eand |f] < then

l|re® — x| — |1 — x| S e+dr* + 7/ (d+e)(A+¢€) Se,
ie., |re?® — xa| = p2 + O(e), proving the lemma. m]

LEMMA 1.3. Assume that € < t and that Cy, C, and C are circles with

dCc;,0) <t
AC,C)< B
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 989

for i = 1,2 and that C¢ N C$ N C5 # 0. Then it follows that A(C1,Cp) <
A t([_3+€)
3d(CiCy
Proof. Again this is easy to see by considering angles of intersection, but we
give the proof. We use complex notation and normalize so that ¥ =0, = 1, and
CN C$NCS contains a point of the positive real axis, necessarily in (1 —¢, 1 +¢).
From the previous proof (cf. (5)) we have

limx;| < ViB+e), i=1,2

since € < t. Also for i = 1,2, we have |x; — 1| = p; + O(e), |xi| = |1 — pi| + O(B),
$O

|xi|* = 2rex; + 1 = p? + O(e)
xil> = 1 — 2p; + p} + O(BY).

Subtracting these equations gives rex; = 1 — p; + O(5t +¢€) and therefore, re (x; —
x2)* = (p1 — p2)* + O(1(Bt + €)). Hence

lx1 = x2]® = (01 — p2)* = te(x1 — x2)% — (p1 — p2)* +im (x) — x2)?

OB +e)),

i.e., A(Cy, Cr)d(Cy, Cy) < H(B + €) as claimed. m|

LEMMA 1.4. Assume that C,, C, and C are circles such that, with t > 4¢ and
122> ,/5

() sgn(p— p1) =sgn(p — p2).

() A(C,C)<eandd(C;,C) >t

(iii) There are points z; € C§ N C€ with |21 — 22| < .
Then C{NC5NA{C: |€ —z1] < AgA} #0.

Proof. There are two symmetric cases; we will assume g — p; and g — p; are
positive. It follows by (ii) that 5 — p; and § — py are > ¢, since ¢ > 4¢ implies
lo— pil > %t. (This type of argument will be used repeatedly.)

The assumption A(C;, C) < € means that there are circles C; concentric with
C; and contained in Cf which are tangent to C, necessarily at points ¢; with

IGi—z] S \/§ by Lemma 1.1. Note that p; < 5. Let v be the shorter of the two

arcs of C determined by ¢; and (». Since 5 — p; and 5 — 75, are small (cf. (3)) it
is then clear geometrically that C; and C, must intersect at a point p in the solid
angle determined by v (i.e. the set {z: X+ ﬁ]%;“ € v}) and that |p — ¢;| < A

We leave the details to the reader. Since C; C C§ we are done. m]
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990 THOMAS WOLFF

LEMMA 1.5. Assume that Cy,C,Cy,Ca are circles such that, with 1 > )\
€

=\n
(i) sgn(p; — py) is independent of j for each i. ‘
(i) d(C,C)) e (4,411) and d(Cy, C)) > 1.
(i) AC,Cj) <e
Assume that dist (C§ N C§, C$ N C5) < A Then also dist(C5 N C5, C5N C5) <
A5(/\% +3/5)

Proof. We note first of all that hypothesis (iii) implies C; N Cf #0.
By hypotheses (iii) and (i), for each i there is ¢; € {%1} such that ||x; — %;| +
ei(pi — pj)| < € for each j. Hence

lxi — 1| — |xi — %2| = €i(p1 — p2) + O(e)
so that
[er =& = o= % [ =] 2 — 1| = |2 — %2 [+ OCe)
and therefore, since |5; — p2| < 814,
(6) (Ix1 = %1| = [x1 — %2)* = (2 — 1] — |x2 — %2])> + O(ety).
Now consider the triangles %, x,%;. Let 6; € [0, w] be the angle at x;. By assumption

and the last statement in Lemma 1.1, ; < A. On the other hand, by the law of
cosines

%1 — 52— (% — x| — 1% — xi?
1—C089i= |x1 .X2‘ _ (lxl i‘t} lx2 Xz|)
205 — x| %2 — xi

so by (6)

(1 — cos B)|xX1 — x2| | %2 — x| = (1 —cosf)|x —x1| |%2 — x1| + O(ety)
< N2

By the form of the statement we can assume = is small. Then |%j —xp[ > %tz by
(i), hence 6, < /\%. The conclusion now follows from Lemma 1.1. O

The next two lemmas are versions of the 3-circle principle of Marstrand ([5]).
We first give a discussion which is relevant to both of them.

Fix three circles C, C,, C3. Then in the first place there are at most two
circles C = C(z, s) such that A(C,C;) =0, i =1,2,3, and such that no two of the
points of tangency x; + p; sgn(p; — s)ﬁﬁ coincide. We call these tangent circles.
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 991
Now consider the map G: R?> x R — R? defined by
x—xi| = lp—pil
G(x,p) = |x —x2| = [p — p2

|x —x3| = [p — p3]

What is actually shown in the proofs of the 3-circle lemma ([5]), Lemma 5.2
is the following. Assume A > A6\/§.

Consider the set Q. of all circles C = C(x, p) such that A(C,C;) < ¢, i =
1,2,3, and also d(C, C;) > t and dist (C°NCF, CEDC;) > ). Then for each tangent
circle C(z, s) contained in €2, ta there is an ellipsoid E(z,s) C R3 centered at (z, 5)

with volume < A3 and diameter < A2, such that Q. is contained in the
union of these (two at most) ellipsoids. Furthermore, on each ellipsoid E(z, s), G
is boundedly conjugate to its linear part, i.e.,

(7 |G(x, p)| = |DG(z,5) (x — z,p — 5)|

with the constant being universal.
This may be seen by reading between the lines in [5] or [4]. We give a
brief sketch following [4]. Namely, one checks that on Q_ £2 there are estimates

| det DG(x, p)| = A3, |IDG(x, p)"!|| < A2, and that the second derivatives of G
are < 1. Since ¢ is large compared with 37, the statement then follows using
the quantitative form of the inverse function theorem.

An immediate consequence (also used in [4]) is

Lemma 1.6, If A > Ag, /< the set

1
{pe [5,2] . 3x € R? with (x, p) € Qe }

is contained in the union of two intervals of length A7\~ e.

Another consequence is

Lemma 1.7. If \ > A6\/§ then for each i, the set

U c@pnc
(xaP)EQetA

is contained in the union of Ag \/g-rectangles of Ci.
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992 THOMAS WOLFF

Proof. 1t suffices to consider the part of Q,, which is contained in a single
ellipsoid E(z,s). Let ¢; = sgn (p; — s)]%fﬁ, so that x; + p;e; is the tangency point
between C(z,s) and C;. Then the ith row of the matrix DG(z,s) has the form
+(e;, 1) so if (x, p) € Q¢ , then

lei, 1) - (x—z,p—5)| <€
by (7). Consequently, for i # j,
® I(ei —€) - (x — 2)| < 2e.

We will prove the lemma with i = 1. Let ¢} € R? be a unit vector perpendic-
ular to e;. The assumptions together with Lemma 1.1 imply |e; — e;| > A for all
i and j. A little linear algebra shows that therefore e = a(e; — e2) + B(e; — e3)
with |a| + |8] < A~'. We conclude by (8) that |e} - (x — 2)| < %, hence also
le - (x — x1)| S 5 since z — x; is parallel to e;. So

X — X1
el -
! |x — x1]

< £
~ Xt

or in other words for an appropriate choice of +

The lemma follows. O

2. The cell decomposition. Assume we are given a set of n “circles,” i.e.,
of points (x, p) € R? x R*. We will assume that x and p satisfy (3). The purpose
of this section is to prove

ProproSITION 2.1. Fix e > 0, r < n. Suppose that we randomly choose r circles
(x,p) € C, independently with equal probability. We call these dividing circles.
Then, with probability at least % C may be partitioned as follows:

R
C=C*"U (U Ci) (disjoint union)
i=1

where C* = {(y,t) € C: ||x — y| — |p — || < € for some dividing circle (x, p)} and

9) R < Pa(r) with a(r) = O((log ®) Ya >0

nlogn

(10) n <A foreach i
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 993

where n; = |{(y,7) € C: ||x—y| — |p— 7|| < €for some (x, p) € C;}|. We will refer
to C; as a cell and will say that these n; circles enter C;.

The main part of the proof of Proposition 2.1 may be summarized as follows:
go through the argument on pp. 144150 of [3] replacing spheres by light cones.
We will sketch this argument below, leaving out some of the details since we see
no reason to repeat [3] verbatim. It leads to the following Lemma 2.2. (Added
July 1996: Lemma 2.2 actually is explicitly known—more generally the “vertical
decomposition” in [3] has been extended to the case of algebraic surfaces of fixed
degree in R3. See the recent book [9].) Here Qo is the unit square in RZ. At the
end of the section we show how Lemma 2.2 implies Proposition 2.1.

Remark. The conclusion (10) can be supplemented by other similar conclu-
sions which are stronger in some ways, for example, that Zf:l |Ciln: < Aé. This
will be clear to the reader who is familiar with [3]. However, (10) is the easiest
to prove and suffices for our purposes, basically because in Theorem 1 we do not
care about logarithmic factors.

LEMMA 2.2. Assume the points of C are in general position (i.e., belong to a
suitable dense open subset of (R* x R*)"), and that we randomly choose r dividing
circles. Then with probability at least %, there is a decomposition of Qo X R into
(open) cells Q; - - - Qg together with their boundaries, such that

(i) The boundary of each cell is contained in light cones T'(x, t), where (x,t) is a
dividing circle, and “vertical” submanifolds, i.e., submanifolds of the form v x R
where 7y is a curve in the x plane.

(i) R < rPa(r).

(i) n; < A"IO—}E, where 7i; = |{(x,1) € C: T(x,1) N ; # 0}

Proof. ([3]) It is convenient to be able to consider the two branches of
the light cone I'(x,?) separately, so we introduce the following notation: C =

{x, Y1 Tj =[x, pj), and for w € {£1},

I = T;0{(x,0: wt—p) >0}

= {0 |x —xj| =w( — pp}.
Thus each I'Y’ is the graph of a function f;”,

Y ={x0: t=f)},
where

};“’(x) = pj + wlx — xj].
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994 THOMAS WOLFF

For i #j we also let 7 = projection of [’ N TY on the x plane, i.e.
(11) 7;?“7={xeR2: wlx — xi| + pi = DOlx — x5 + pj}.

Note we do not define v when i = j.

For points in general position, the curves ;7 will be conic sections or the
empty set. Furthermore, the following properties will hold.

@) (e, p) €T (@ F K.

(if) x & 75 (7))

(iii) 7};"‘7 and 'y,ff are not tangent at a point, except of course when

{G,w), (j, @} = {(k, ), (1,O)}. In particular, 'y;}.’" and fy,ff are not identical,
except when {(i,w), (j,@)} = {(k, (), {, ¢)} or when both are the empty set.
For (iii), we note that fy;j‘.’@ and 7,5( do not intersect if (i) holds and p; # p;.
This may be seen from the defining equations (11). The remaining cases where
{i,j} # {k,1} are easily handled by perturbing one of the relevant points.

Now suppose a collection of r dividing circles is given. For the time being,
any collection will work and we will order so that they are Cj...C,; the ran-
dom choice will only become relevant at the end of the proof. In the following
arguments it is understood that all indices i,j,k,[ etc. are between 1 and r, i.e.
correspond to dividing circles.

Fix a curve 7,7‘:’ and define “upper and lower envelopes” fi: 'yi‘j‘f’ — RU

{00},

£ = min ({fE): k) ¢ {(i,w), (G, D)}, £ > 20}
and

f+(x) = 400 if no such f,f exists.

fo) = max ({f¢): (k) ¢ {G,w), Gy ®)} o) < f20)})
and

f-(x) = —o0 if no such f,f exists.

Define a + subdivision point to be a point of 'yff‘:’ where either f, = f{, or

else f; > f{ but there are two different pairs (k, () and (/, ¢) with f,f =fy = ff .
Define a — subdivision point analogously.
For each pair {(k, ), (I, )} # {(i,w), (j, @)} there are at most four points on

’y;f":’ where fkC = ff , since these points are intersection points between two conic

sections. Furthermore, because of (iii), the sign of f,f - ff must change when
we move along 'yfj‘-’d’ past any one of these points. Therefore, by the discussion
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 995

involving Davenport-Schinzel sequences on pp. 148-9 and 137 of [3] we have
the following:

(12) There are at most ra(r) + and — subdivision points on each 'y,‘-;’w.

We divide ,y;},@ N Qp into subarcs o using the + subdivision points and the
points where fyi‘}-’“"’ intersects Q. Corresponding to each arc o, we form the
submanifold (“type 1 vertical wall”)

{(x,0) € R x¢e o,ff(x) <t <fi(x)}.

We also perform the corresponding — operation: we subdivide ’y,-‘;?‘z’ N Qo using
the — subdivision points and the points where *yi‘}?‘:’ intersects 0Qp, and then form
the type 1 vertical walls

{(x,1) € R xe o.f(x) >t>f (0}

In view of (12) and the obvious fact that there are O(r%) curves fyfjf":’ , we have
erected only ra(r) vertical walls. Together with the cones I'; they divide Qo x R
into cells each of which has a unique top and bottom (these are cones I'¥' or the
plane at oo) and the rest of whose boundary consists of vertical walls. Using the
definition, one checks that two vertical walls can only intersect at points (x, t)
such that x is an endpoint of both corresponding arcs o. It follows by topology
that each vertical wall is part of the boundary of just two cells, and then that
there are at most ra(r) cells whose boundary contains some vertical wall. Also,
for each pair of cones there is a bounded number of cells with these cones as
top and bottom and with no vertical wall, since these cells are components of
the complement of the two cones in Q¢ x R. We conclude that there are at most
ria(r) cells altogether.

Now consider the x-projection m(C) of one of these cells C. Its boundary
07(C) consists of arcs of curves fyij’“" , segments of JQp and possibly also a point
component if the top and bottom are l"ii. We refer to these arcs, segments and
point as the pieces of 9w (C).

Following [3] we consider points p which are either an intersection point
between two pieces of dm(C), or else an x;-extreme point of a piece (i.e., a point
which is a local extremum for the function x — x;). We note that intersection
points between two pieces must be + or — subdivision points or appropriate points
of 0Qp. Through each point p we draw the maximal line segment [ parallel to
the x, axis such that [\{p} C n(C). These line segments decompose 7(C) into
subregions, each of which has piecewise smooth boundary consisting of at most
two line segments parallel to the x; axis and at most two other pieces, which can
be either arcs of curves 'y;j‘:’ or horizontal segments of 9Qy.
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996 THOMAS WOLFF

It requires a bit of work to see this last statement. Let ¥ be one of the
subregions and m = max (x;: x € X). Consider the set XN {x: m—§ < x; < m},
for small 6. It consists of finitely many nonintersecting curves. We can choose
two of these curves, o1 and o, so that the vertical segments with abcissa x;
connecting o; and o, belong to £ when m — § < x; < m. Now take such a
vertical segment and slide it to the left keeping the endpoints on o and o, and
the interior in X until no longer possible. When this happens, either one of the
o;’s has an x;-minimum point, one of the o;’s intersects another piece of 0C
or else the interior of the segment must touch a piece of OC, necessarily at an
xi-maximum point. In any of these cases, the limiting position of the segment is
contained in a line [ (or vertical segment of Qo) or is a singleton {p}. It follows
that the region swept out by the segment must be all of Z, and clearly its boundary
is contained in arcs of o; and o7 and (possibly degenerate) segments of / and of
{x: x; =m}.

For each of the line segments / just drawn, we erect a vertical wall over it
extending through C, i.e., form the vertical wall

{x,nn e C: xel}.

The resulting cell decomposition will be that of Lemma 2.2. Note that we have
erected at most a(r) new vertical walls, since each arc in the + or — subdivision
of 7,9]‘-":’ has at most two boundary points and (being generous) four xi-extreme
points, and corresponding to each point, we have drawn at most line segments
into at most two cells C. It follows that the cell decomposition still has at most
ra(r) cells.

Each cell has a top and bottom, and now also has at most four vertical
walls. Consequently each cell would also be a cell in the decomposition resulting
from a fixed finite number (six) of dividing circles. Namely, at most two circles
are needed for the top and bottom, then at most two more to determine curves
7,»‘;?‘7’ producing the two possible type 1 vertical walls, and at most two more
to determine intersection points p whose line segments produce the remaining
vertical walls.

Now suppose that the r dividing circles are chosen at random; we will show
that (iii) of Lemma 2.2 is valid with high probability (this argument is from [2]).
Fix a number v and consider P(v), the probability that #; > v for some i. Clearly
there are < n® sets Q C R® which are a cell in the decomposition resulting from
six or fewer dividing circles, and by the preceding remarks only these sets can
be a cell in the decomposition resulting from r dividing circles. For each €, let
SQ) = {i: T(xi,pi) N Q # 0} and A(Q) = [S(Q)|. If Q is to be a cell in the
decomposition resulting from a given set of r dividing circles then clearly none
of these r circles can belong to S(2), so the probability that € is a cell is at most
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 997

a- %Q))’. Consequently

s 5 (-1

Q: n(Q)>v
< n6 (1 — K)r
~ n
which is small if v = A"l"—rg—” with A large.

Proof of Proposition2.1. We may clearly assume the points of C are in general
position and may therefore apply Lemma 2.2. The key observation is now the
following.

Claim. Suppose €; is one of the cells from Lemma 2.2, and I'(y, 7) is a light
cone and (x,?) is a point of €; such that

@ Al 0,(y,7) <e

(i)  A((x, 1), (xj, pj)) > € for all dividing circles (x;, p;).
Then I'(y, 7) N Q; # 0.

Proof. This follows because I'(y, ) is transverse to the vertical boundaries
of Q;. Namely, I'(y,7) must contain a point (x,#) with |/ — f| < €; in fact
Y =t 4+ A(x, 1), (y,7)). If we move vertically from (x, 1) to (x,t’), then of course
we cannot cross any vertical submanifold. On the other hand, assumption (ii)
implies we do not cross any dividing I'(x;, p;). Hence by (i) of Lemma 2.2, (x,¢)
must still belong to the cell Q; proving the claim.

Let C; be the points (x,#) € C which belong to the closure of ; and satisfy
(ii) of the claim (if a point of C satisfies (ii) and belongs to the closure of more
than one ;, then we arbitrarily assign it to one of the possible C;’s). The claim
then implies that n; (in Proposition 2.1) is < 7; (in Lemma 2.2). Hence (10)
follows from (iii) of Lemma 2.2 and the proof is complete. O

3. Preliminaries. Given a family of circles C with centers and radii satis-
fying (3), we define a multiplicity ,ug as follows

(13) B = xee )

ceC

where xg is the characteristic function of E.
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998 THOMAS WOLFF
For fixed C = C(x, p) € C, t and 3 we define
cf ={CeC: t<|p—pl <21}
Cs ={Cec: AC,C) < B}
Cia = CE\CG

c
and will also consider the multiplicities uf’ , etc., defined by (13).

MAIN LEMMA. For any ng > O there is A < oo such that if C is any collection of
circles with §-separated radii, § < A~!, then there is a subcollection A C C with
|A| > A~YC| such that

C
(14) [{xeC%: " () > 6722} < 6

forall t and \.

If we assume the main lemma then it is easy to prove Theorem 1. Namely,
it suffices to prove the corresponding restricted weak type estimate

E
(15 1{p: Maxe(p) = A} < Aefs*e'A_J

and we may restrict to circles with centers and radii satisfying (3).
Fix E and \. Then there is a collection C of circles with é-separated radii
such that |[E N C%| > A|C®| for all C € C, and |C| = 6~ |{p: Msxe(p) > A}|.
Choose a subfamily A by the lemma (9 = §) so that [A| > A7'(C| and

|{x € C% ug‘f(x) > A7) < 66A
for all ¢ if C € A. Then also
[{re €% wie 2 67472 < INC)
if 6 is small, by a simple pigeonhole argument. So
E| > |EN{x: p3'(x) < 67AY

> AT ICNEN{pgt <57AY
CeA
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 999

s ol i

CeA

~ 6°N36| A
which is (15). O
The rest of the paper is the proof of the Main Lemma.

Lemma 3.1. (Measure estimates imply entropy estimates.) Assume that A <
1, 6 < e < min(B,1) and that

{x € C* ,qu€ > m}| < e

for a certain number m > %)\'1. Then the cardinality of a set of disjoint —ﬁ

rectangles of C¢ which each intersect at least 2m C€’s, C € Ct% cannot exceed

ANV,

€

Proof. First assume 3 < 1. Let R be an ﬁ rectangle of C*¢ which intersects
C; for m values of i. Since ﬁ < g we know d(C;,C) < t. Since € < min (3,1),

c
Lemma 1.2 implies that CA°E contains R for each i, i.e., p A"’ > m on R. Hence
the sum of measures of a d1s_]01nt set of R’s cannot exceed Ae and we’re done.
If § >  then we write

~ Cip =C U €L, NC)-

It suffices to show there are < /\3@ disjoint \/EE rectangles intersecting
m C’s from CS and similarly with CG_NC5
r P

C €
For C’; we use that any NG

3

e -
e rectangle R

and that < \/ﬁ R’s are in any given R, and then apply the 3 = ﬁ case.

For CC NCS, we use that |[CF| < § and that any C* intersects at most

a bounded number of ¢ ¢ rectangles of C* (this follows from Lemma 1 1, since
d(C,C) > t and A(C, C) > 4) It follows that there can be at most . dlsjomt

¢-rectangles which each intersect m C¢’s. Hence there can be at most \/? e =

s. With our assumptions

t
3@ < 3@/\ as claimed. O
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1000 THOMAS WOLFF

We will be interested in estimates of the following type:

€ C,% o € ) t “
x € C% py(x) > 6 ’7'5/\ max | 1, \/ -
€

Here Ag is the constant from Lemma 3.1 and we always assume 7; is a
positive constant and a € [0, %]. We also always assume that € > 6.

(16) < e

LEmMMA 3.2. Assume that € < min (f3,t) and that (16) holds for a certain circle

CelC, ¢ B, t,andall X € [N, 1]. Thenthereisk < )\03@ and a collection {Rj}]l‘:l
of \/GE-rectangles of C€ such that at most

t [e3
As™™M %)\62 max (Ao\/; 1) )\0@

Ce’s, C € CG, intersect C* outside the union of the R;’s.

Proof. We will use the notation

[e7
m(\) = 6~ =22 max (1,A\ﬁ)
0 €

and also define A\(m) by inverting this equation, i.e.,

(5—%1(%)1/2,”—1/2 if m > m,
a7 A(m) =

M 1 o1
b 2—-a(§)2—a(£)2——am 2~ lfmSm*

for a certain m, whose value is irrelevant.
Evidently m(A\) > -g—)\'2 so by Lemma 3.1 we know there are at most A/\@

€

disjoint NG rectangles of C¢ which intersect more than 2m(}) C’s, C € C.

€

We subdivide C¢ in disjoint =~ N rectangles R; and for each R; we let
nj=|{C € CG: C°NR; #0}|. By the preceding discussion,

VB

€

(18) [{j: nj >n}| < An)

if n < m(\o). Let {R; j’;, be the rectangles with n; > m(X). Then k < /\o@
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1001

. k
by (18). On the other hand, the number of C¢’s intersecting C* outside |J R; is
J=1
at most

(19) Yo 2l =2H S D 2N

2<m(Ao) 2L<m(Ag)

21\/?

Since the powers of m in (17) are > —1 we have ) 2025 < m(Xo)No.
2/<m(Xo)

So (19) is < m()\o))\0£ which is Lemma 3.2. O

Next we want to record some trivial cases of (16).

LeMMA 3.3. Estimate (16) is valid (with o = 0, hence for all o) if )\\/g <

A6 for a suitable constant A.
(b) If/\\/% < 63 then (16) is valid with oo = 0 ifC is replaced by Ctﬁ*

- cs;
Proof. (a) The cardinality of C, is < A%, so (everywhere) . < A%
%6‘"‘)\—2 i.e. the set in (16) is empty.
~A
b)) If C € C',ﬂ* then by Lemma 1.1, |C* N C%¢| < \/Etﬁ - €. Hence, by

IN

Tchebyshev’s inequality, for any m,

20) |{XGC€ y,A:)BE*(x)Zm}' < m—1 Z IcemCAOel
cecs,
< mYCE|—
| |\/—

Now |CF| < £, so taking m = 6" £A72, we get

e 0 = 6 EN2Y) 5 mlv\/% .
< 672 de m]

We will now reduce the number of parameters we have to deal with:

LeEmMaA 3.4. (tangent case suffices) Assume that (16) holds for acertaina, ny,C, C,
and t, for all A\, (3, € satisfying the following condition

€=0.
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1002 THOMAS WOLFF

Then in fact, if n > 0 and 6 is small enough,

c «
{x € C ,uif)e(x) > (5"’7'"’72/\'2 max <1,/\\/§) }

for any € and \.

< )Xe

Proof. If A,/ 2A;oe < 6% then this follows from Lemma 3.3(a) (take 8 =1

there). So we may assume /\,/ﬂ# > 6~7. Setm= 2406~ %A‘Z()\\/g)“, and
decompose CC as follows

(21) CE =CEp, U (Ug Ag) UCoye-

Here Az =CG N thg*, and (3 runs over dyadic numbers between 2Age and 2)?t.
By i

Lemma 3.3(b) and the assumption (applied with 3 and € in (16) equal to
2A¢¢€)

cC
(22) {x € C g™ 2 m}| S Ae
€ CICZA()C
(23) Hx € C: pye 2 m}| S Ae

and we will now show that
(24) {x e C: 1y > m}| S Ae

for all 3. Namely, apply Lemma 3.2 with the indicated value of 3, taking (in
Lemma 3.2), \g = A, ¢ = 3, and using the assumption. Since § < A2t we

have )\\/% 2 1. So we obtain a collection of \/?-rectangles {Ri}%, of CP, with
k < )\\/Z, such that at most A§~™ %/\‘2()\\/%)0‘“ CPs with C € C,% intersect

C” outside U;R;. Let R; = R;N C¢ and E = U;R;. Then [R;| S e- \/?, so |[E| £ Ae.
On the other hand, by Lemma 1.1, since Ag C CICQ s
3 *

Z |CAO€ N (CG\E)| <e- \/%1{(? € Aﬁi CAoe N (C\E) #@}l

C'E.AB
a+l
€ _ ﬂ -2 t
TN M| —
i e (s)

24N
™
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1003

[e3
6N (/\ %) e

< mXe

I

since § > e. It now follows by Tchebyshev’s inequality that
e\ . A8 <
[{re C\E: i) = m}| < Ae
and therefore

{xe € 1) > m}| < Ae+|E| < Ae

0€

which is (24). Combining (21), (22), (23), and (24), we get

«
e. O > l —-m €y-2 \/z
{x e C*: uAOE(x) > Alog 3 6 6)\ max | 1, )\ p

for a suitable constant A, since there are only logarithmically many terms in (21).
Applying this with A replaced by (say) Aé 3 gives the result. a

1
< log 5 A€

The next lemma says in particular that (16) is true when a = % This result
is essentially taken from Section 4 of [4] and we refer to [4] for the details of
the proof. It should be regarded as a “Canham threshhold” for our problem in
the sense of [3].

LemmMma 3.5. If ;y > 0, 6 is small enough, C is a family of circles with 6-
separated radii then there is a subfamily A C C with |A| > }|C| such that

1/3 2/3
c
{x € C%: uﬁ)’e(x) >6M %)\—2 max (1,/\\/§> min ( , (—S—It—c—l) }

for all values of the parameters t,e, A, and all C € A. In particular, (16) holds for
A with a = %

< Xe

Sketch of proof. Define

1/3 23
m=m(t,)\,e)=5—’71§)\—2 max <I,A\ﬁ) min( ’_5|tC|) .
€

If A< 51 \/? then, using (20) and then the trivial bounds

mit, A, €) > 6"“§/\‘2 min (1, @)
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1004 THOMAS WOLFF

and |C{| < min(|C|, §) we have

€

\/__
6/\2 min (|C|, 5) €

€ min(l, J-l)\/_

t
~ MM\, | =
\ 8

< 53M \e

[{xecC ﬂAifl*(x) >m}| < m7Cf | —=

oM

N

for any C € C. Accordingly, if the lemma fails, then there must be % circles
C € C such that, with 8y = § 3 \21,

A
{re € pim oo > my| > Ze

for some t, A, ¢ depending on C. By pigeonholing we can then find a subfamily
C C C with |C| > (log $)7'°|C| and fixed parameter values t,¢,\, 8 with € <
[ < max (€, 3)) so that the following holds.

For each C € C, the set

{xGCE: '{C’EC: x € CAoe, g

1 —10
> (log 5) m}
has measure > (log 3)~'%\e.

It then follows by Lemma 1.1 and a counting argument (cf. [4]) that there

are at least
1 —10 —10 \/—
(log 5) IC| - ( (log 6) )

quadruples of the form (C, €y, G2, C3) with C, €y, C,,C3 € C and C° N C< #
0,2 < max(e,A(C,C;) < Bforeachi, t < lo — pil < 2t for each i and
dist (C° 0 C‘f,C‘;106 N C% > (log })~""A when i # j. (Roughly speaking, this
is because for each C € C, Lemma 1.1 implies that C;, C, C3 may be chosen in
at least (m(log %)‘10/\3@)3 ways—details are in [4].)

< max (e, A(C,0)) < B, < |p — 7 <2t}'
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1005

On the other hand (cf. [4]) Lemma 1.6 implies there are at most

SCHN CHE

such quadruples. (This is because the three circles Cy, C,, C3 must satisfy |g; —
fj| < 4t so may be chosen in at most |C| min (|C|, £)? ways. Once they are chosen,
if we set X = (log 5)~''A then C must belong to the corresponding set Q 5,5. Note

that X > 6~ 1 (log b1 \/? Hence Lemma 1.6 implies there are < X_Zg ways
to choose C.)
Comparing the upper and lower bounds leads to

2 1/2 3/2 1\ 62
veactmin(ien5) (5) 5 () (o)
m’> < A\7° min |CI’6 3 AW log6
ol (8 (5) () ()
A )\\/;mm( ; , 1 3 5 log(S .
The factor (%)1/ 2 is < 1 and may be dropped. Hence
1/3 2/3 21
= (1) i (BL0) " 1)
A (A\/:) mm( ; , 1 ; log6

1 21
oM <log5) -m.

which is a contradiction for small §. O

3
I

4. Proof of Main Lemma. We will prove the Main Lemma by induction
on the parameter ¢. The following lemma will give the inductive step. Let n > 0
be very small and fixed, depending on 7o only.

Lemma 4.1. Assume C is a family of circles with §-separated radii. Fix Ay €
[6,11,20 € [6,1], €0 € [6, 1]. Make the following inductive hypotheses

(25) <€A

0

c
{x €C: ,uﬁ’;(x) > 6"”°§)\'2}

forallCeC, t<t,A<1, ec[b1)], and also

C a
{x € C Hﬁ:,é(x) > 5_"0”72)\_2 max (I,A\/§> }
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1006 THOMAS WOLFF

forall C € C, t € [t9,6 "], A < 1,e € [8, 1], for a certain o € (0, %]. Assume
also that

27) lp—pl < 6 o

forall C,C € C. Then there is a subfamily A C C with | A| > ;|C| such that

B8
C
{x € C: u;t’;(x) > 6”7"”’%/\‘2 max (1,/\\/2) }

forall C € A, t € [1to,67 o], A € [Mo,6 "o, € € [e0, 6 "eq]. Here 3= 252

2—a’

(28) < el

Proof of Main Lemma assuming Lemma 4.1. Suppose first that o is given and
that (25) holds when ¢ < t and that |p — | < 6 "ty VC, C € C. We claim there
is a subfamily A with |A| > A 1|C| such that (25) holds also when ¢ < §~"t.
Namely, by Lemma 3.5 there is a subfamily (still called C) such that (26) holds
for all values of the parameters with o = % Suppose now that we are given a
further subfamily so that (26) holds for all A < 1 and all € € [4, 1], for a certain
a. (28) is trivial for any G if A < é, say, and the interval [6, 1] can be covered by
< 71’ intervals of the form [Ag, 6 "7 Ao]. By applying Lemma 4.1 for each (A, €g)

in such a covering we obtain a subfamily with cardinality > 4‘A’7_2|C | so that

(28) holds for all A and e. Next, the map o — [(cv) 4 %igﬁ satisfies B(a) < «
if a € (0, %] and has zero as an attracting fixed point. Accordingly, by finitely
many iterations of (26)=-(28) starting from the case o = % we obtain a subfamily
with cardinality > A, 1IC| so that (28) holds for all A\ and ¢, with 8 < 7. This
means that (25) holds for t < 6§ .

We will now remove the hypothesis that |p — 5| < 6~ VC,C € C, i.e., we
will show the following

Claim. Assume that C is a family of circles with §-separated radii and (25)
holds when 7 < #o. Then there is a subfamily A with |A| > A 11C| so that (25)

holds when ¢t < (5_121t0.

To prove the claim, let A be the constant A, in the preceding paragraph. We
can cover [%, 2] with intervals I; of length < 6"ty in such a way that:

() If p,g € [%,2] and |p — p| < 46731y then p and j belong to a common
interval /;.

(ii) No point belongs to more than two ;’s, and the set {C(x,p) € C: p
belongs to two /;’s } has cardinality < A~'|C|.

This can be done because §~7 is small compared with §~7. Details are as
follows. Let P = {p: 3C(x, p) € C}. First cover [%,2] with a pairwise disjoint set
of intervals 7; of length %6‘%0. Let +; be the middle half of +;. For each j there
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1007

is an interval 4; C 7; of length 46~ 1 such that

Thus | U; 4; N P| < 1662 |C| < LA~1|C|. Define the covering {;} as follows.
)i Vi 2 j

Iy = [left endpoint of ~;, right endpoint of ;]
I; = [left endpoint of #;, right endpoint of 4;,] for 1 <j<n-—1
I,, = [left endpoint of +,, right endpoint of ~,].

It is easy to see that (i) and (ii) will hold. Now, apply the preceding construction
to CN{C: p € I;} for each j obtaining subfamilies A; with |A4;| > A~!|PN}|.
Let A= UjAj. Then

|Al = Y|4l = [{p € P: pbelongs to two I;’s}|

J

A7llel - 347l

v

_ 1l
= a7el.

Furthermore (25) will hold if ¢ < 6—';’70. This follows because for any given
circle C € A, all the C’s with |p — | < 2621y will be contained in a single A;
by (i). This proves the claim.

Now (25) is obvious if # < 0, say, and we have just seen that if it holds for
t < tg then it holds for r < 6";[1?0 after passing to a subfamily of proportional
size. By (’)(%) iterations of this procedure we obtain (25) for all . Hence by
Lemma 3.4 (the case o = 0)

< e

C
{x € Co i (x) > 6‘2”"%/\‘2}

for any C € A. Since 7 is arbitrary, the Main Lemma now follows by setting
e=0. O

The rest of the paper is the proof of Lemma 4.1. We always assume that
t, A\ € are as in Lemma 4.1, i.e. t € [tg, 6 "o, A € [No, 6 " Xol, € € [en, 6 "eg].
We consider three cases (i), (ii), (iii), with (iii) being the substantial one.

@) Ao\/g < 62000 Then /\\/E < 672921 50 (28) already holds for C by
Lemma 3.3(a) provided 7 is small enough.
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1008 THOMAS WOLFF

2
(ii) Ao\/g > §72000 pyt |C|)\3(%)1)§%6’70+2°” < 1. Then /\\/E > 1, hence by
Lemma 3.5 there is a subfamily A with | 4| > 1|C| and

1 2
e. AL 2 t\? [6|C|\7 €
{XGC-“AJN‘)Z‘S A (*\[) (T) 5

for all A, ¢, e. Under hypothesis (ii),

1 1 2
A r 2 QIQI < X ! ’ )\"§ (t_0)3 95—n0—20n§
€ t - € 0 € 1) t
3 2

W

(29) < Xe

IN
N
>

S
|S
\—/
N
S
wWIN
e
|S
N———"
(]

|fh
o
| o
%
3

0

S

3

N

3

Il
/N
>

S
g
\-/
|
D=
3
3
N
]
3

< § o,

Hence if 7 is small enough
i 2
§7IAT2 /\\/z (M>3 Ecsatsime
€ t 6 — 6
< §—mny—2&
<6 A 5

so that (29) implies (28).
(iii) The remaining case where

(30) Doy 2 > 57200m
€0

and
tle0)\} 6 o
31) ICIAd (—) 8 gmov20n > .
o/ €0
Then also

p —(1+a) 5
(32) IC|A2 (Ao,/—°> Z§m0+20m 5,
€0 €0
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1009

since the quantity on the left in (32) is obtained from the quantity in (31) by
multiplying by (Ao \/g )%“". We may therefore choose a positive integer r with

—(1+a)
(33) r2"°‘ < ’Cl)\% (}\0 t—0> £6770+1071 < 2r2—a.
V €0 €0

Note that r is small compared with |C|. We apply Proposition 2.1 with this value
of r, taking € in Proposition 2.1 to be 6 "¢y. One or the other of the following
must hold:

N 1
(34) "] = 5]

(35) Uil > 5l

We first consider the case where (34) holds. Let {C;}, be the dividing circles
in Propositian 2.1. We will “throw out” certain circles from C—the subfamily .A
will be the circles which are not thrown out. We start by throwing out all circles
not in C* and also all circles C such that |p — p;| < ﬁ% for some i. At least
(% - 5i0)|C | circles remain; we call this family of circles B.

LEmMMA 4.2. For each dividing circle C; and each T > W tpere is a Sfamily of

100r
circles Biy C B with |Biz| < 67 'irl, such that the set

U ¢ "once
L

C:
CeB!
T 6 Megy

C¢B;,

is contained in the union of at most

A5377& _r
rV 6—mey

- ; —-n
\/ é—:—E—Q—rectangles {R" j’~‘=1 of C;S €,

Proof. Note we can assume 7 < 8§~ "¢y (otherwise BTC" =), and B C C, so
the inductive hypothesis (25) or (26) is applicable for any € and \. To ease the
notation we let €; = 6 ¢y and also define

B
pi(x) = prgpe! ().
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1010 THOMAS WOLFF

Then (25) or (26) implies

«
{x € Ci': pi(x) > 6“”0%)\‘2 max (1,/\,/1) }
€1

This has the form (16) with n; =no, t =7, = € = ¢;. We will apply Lemma 3.2
with )¢ in Lemma 3.2 equal to 637’5,‘1. First we need to know the following:

(37) /€1 < 5%7}0&‘2.
T r

This is proved as follows. The choice of r (given by (33)) implies

I-a L(1+a)
P (,\0 ﬂ(ﬂ) ( 6|C‘ )2 5770+1077—%(1+a)77

< €A

(36)

€0 6ty

l—a
< (,/u)

since f_“,ﬂo < 1 by (27). Note in particular that g

follows that

1
2
(38) r< (,\01 /éﬂ) 5370
€0

ol
€0

> 1, since r > 1. It

since =2 < 1 and 51 > 1. Equivalently,
2
6|C §moy?
(39) ol ( s ) .
€0 0
Hence

€ 100r¢;
T o|C|
< 10672172 2\g8™

o
r

< &3m0

where the second inequality followed from (39). This proves (37).
We know by (37) that

(40) 53’7&1/1 > 1.
rvVe
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1011

In particular, ¢; < 7 so we may apply Lemma 3.2 as previously indicated. We
obtain \/g-rectangles {Rj}’.‘=1 of C;', with k < 63’7%\/5 such that (using (40))
at most

-2 a+l
(41) A(g—nofl (6377 29) (5377& 1) *
6 r rVe

ce’s, C € BY,, intersect C;' outside the union of the R;’s. To complete the
proof it suffices to show that the quantity (41) is < 6"'—(;—1. For this it suffices to

show that
—(a+]) §
P < AT gmran|c|ad (AO, /1> =
€0 €0

for a certain constant A. Here a = 1 + %( I — a) and we used the relationship
between ¢y and €;. Since 7 < 6~ "1y, it further suffices if

—(a+1)
(42) P < ATIEMH|CNS (AO‘ / t—°> s
€0 €0

where b =a + %(a +1) =5 — 3a. But (42) follows from (33) since 5 — 3a < 10,
so the lemma is proved. O
We throw out the family B;, for each i € {1,...,r} and each dyadic value of
7. In doing so, we are throwing out at most rlog % -5”@ circles, so the resulting
family A = B\ U;; B;; still has cardinality > %|C |.
We will now prove (28) for A. In fact, we will prove the following clearly
stronger statement.

(43) H{x € € 3 C € AS with x € T} < eXg

ifte [t(),(s_nto], € € [60,5_n60].
To show (43) it suffices to show

(44) Hxecv: 3Ce A

re, With x € ChoeY| < eoho

when 7 € [y, 6~ "tp]. Suppose then that C € A. Since C € C* we know there is a
dividing circle C; and a (dyadic) value of 7 such that C € Af"el , and this implies
C'NC;' # 0. Since C was not thrown out in passing from B to A we know that
C®' must intersect one of the rectangles R;T of Lemma 4.2. We now consider the
set

@5) {xeC9: 3C e A%, NAS, with CNRT #0 and x € G} D 4,
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1012 THOMAS WOLFF

with i, 7 and the rectangle R;:T held fixed. We will apply Lemma 1.5 with Cj in

Lemma 1.5 equal to C;, C2 = C, t; =T, t = t, € = Ager, A = /22, We can
split the C’s into four subfamilies so that hypothesis (i) in Lemma 1.5 holds for

any pair belonging to the same subfamily. The lemma then implies that A;; is
contained in the union of a bounded number of y-rectangles of C*' with

'y/\+\/—<5’7\/‘.

We used here that 7 < 67"t
In particular, |Airj| S € -6~ '7\/’ and therefore

A T € A
|Uj Al S 6122, | 61677, |2 < 67eg =2
r €1 T

The left side of (44) is bounded by | U;rj Airj| by the remarks before (45), and

Ao
'U”'J lTj| < Z)Uj lle S 2577 0— < 8" log 660)\0

iT

This proves (44), and therefore Lemma 4.1 in the case where (34) holds.
It remains to consider the case where (35) holds. In the next section, we will
use the 3-circle technique to prove the following.

LEMMA 4.3. Assume the inductive hypothesis (25), and that |p — p| < 67ty
forall C,C € C. Also assume that r satisfies

(46) P < 8103, |2
€0

and that (35) holds for the decomposition of Proposition 2.1 (with € = 6~ "eg). Then
there is A C U;C; with | A| > §|C| such that

7) [{x € C% pibe() > m}| < Ae

forallt € [ty, 6 "1p], A € [Ao, 6 "o, € € [€0,6 "€o]. Here

4 3 1
= def —no+2n € =2 =57 (E>§ (6_|C_|)5 (l_C_|>5 -%
m = m(t, \,€) = max (6 5/\ ,0 5 - = A5 ).

We assume Lemma 4.3 for now and complete the proof of Lemma 4.1.
Under our hypothesis (33) on r we have (38) and therefore also (46) provided 7
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1013

is small. So there is a subfamily A with %|C| circles so that (47) holds. Fix €, ¢, \.
If m= 6“”0"2’7%)\_2, then we clearly have (28). What remains is to verify that

4 3 1 B8
—sn (€)° ﬂﬂ) (ﬂ)s + !
() (D) D) s i (o]

with 3 = %2—3& Rearranging (33),

Lg—

fo €0

3Cl 1 &
0 € 6

r4
<5|C’) =a €0 (to) /\0‘4(2 o) 5= 32 (mo+10m).
o 6 €0

Note that %‘fl < 67" by 27, and %+ %(1 — ﬁ) > 0. It follows that

(5 (8)' (9 (9wt o
t - €

where A is a fixed constant whose value is irrelevant. Hence the left side of (48)
is

[
Ln|oo

€l
]

Q

(VY[

41—«
€(t §-¢ no—(A+5)n
5 3(2)5(2 ) 52-a 5(2 @)
4
-2 t — 35— M0—(A+5)n
(/\\/:) N O] A

The factor ﬁ is < 4 25 < 1, so we have (48), provided 7 is small enough. O

1l

[Sale)

5. Proof of Lemma 4.3. We start by throwing out all circles in C* and also
the following circles.

L. All circles which belong to a cell C; with |C;| < - 'CI . We will regard the

cells with |C;] < —J— as having been thrown out as well.

II. All c1rc1es Wthh enter at least (log 5)3 r= of the remaining cells.
We claim that less than 4|C’ | circles have been thrown out in steps I and II.
Namely, by 9,

C
}: ICi| < Pa(r) 3| | T
| r log-g
' I_r3log3-
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1014 THOMAS WOLFF

so that less than a(§~1)( log %)_1 circles are thrown out at step I. Next we have
the following lemma.

2
LemMA 5.1. For any £ and m there are at most A log %Jr%; circles C which enter
at least ¢ cells each containing at least m circles.

Proof. If B is the set of circles in question then, using (10),

|B|¢m < number of pairs (C, C) such that C enters the cell containing C

= Zn;lC;l

cp? 1
< —log —. O
Applying this lemma with m = 0 11 T and / = r*(log %)3, we see that the set of
&

circles thrown out at step II has cardinality

< [Clzlog% _ ]
~ 3 = T°
r-r? (log %) e logg

r3log %

We let the set of remaining circles be .A. We now assume that the conclusion
of Lemma 4.3 fails for A and will obtain a contradiction. To begin with we note
that 6—_;)'—@ is very small by (46). This fact will be used without mention below.

By pigeonholing, we can choose ¢ € [ty,6 19l e € [€9,6 "ep] and A €

[Ao, 6" Ao] such that
C 1 -3 1 -3
frecs el Yead)

for at least (log %)‘3 |A| circles C € A. For each of these circles, there are at
least 2(log %)_4/\\/5 disjoint \/g-rectangles of C¢ which each intersect at least
m(log $)=3 Ches, C e AL.

By pigeonholing again, we can find M > m(log %)“3 such that, for each of
at least 2(log %)“5|A| circles C € A, there are at least 2(log %)‘5)\\/5 disjoint
\/g-rectangles R of C¢ such that

{€ € AS: CYNR #£0}| € [M,2M].

Pigeonholing one more time, we can assume that these pairs (C, C) have a
common value of sgn(j — p). There are two symmetric cases for the sign and we
will choose +. Thus: There is M > m(log 1)~ such that for at least (log )| A
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1015

circles C € A, there are at least (log %)"5/\\/5 disjoint \/g—rectangles R of C¢
with the following property:

49) {C € AS: 5> pand C% R #0}| € [%,ZM] .

Pigeonholing again, we have the following lemma. Here, when we refer to a
set of n circles with n not an integer, of course we really mean [n] circles.

LEMMA 5.2. There is a value of k (< ra(r)) and k cells C; for each of which
there is a set of circles C € C; with the following property: each C¢ has at

k(log )5
least (log %)_5 )\\/g disjoint \/g -rectangles for which (49) holds.

We will refer to the cells C;, circles C and rectangles R in Lemma 5.2 as
being active. Thus every active circle belongs to an active cell, etc.

The next step is to define, for each active circle C, a certain collection of
“bad” active rectangles. Namely, a rectangle R is bad if one of the following two
things happens. Here A; is a suitable constant.

. o1 . —
I. There is 7 < ty such that there are at least 6~ ™ 2"/\_2§ circles C € Af
with

et
A

TY AR #£0.

II. With C; =cell containing C, there are 7 < 2t and o > \/g such that at
least

(50) 62"\~ o min <|c,~|, %)

circles C € C; N A€ satisfy C'“ N R # 0. Here R is the o-rectangle of CA1¢
concentric with R.

We will now show that for each active circle C at most 6%/\\/2 of its active
rectangles are bad. We first consider the type I rectangles. Note that the number 7
in the definition must be large compared with e, since § "’0’%")\‘25 < |AS L%
Since 7 < t9, we can invoke the inductive hypothesis (25). Thus for any ¢; and \;

< €1

A€
{x € C iy () > (5“”0%)\1—2}

Now apply Lemma 3.4 (the case o = 0) to conclude that

AL

{x € C: Kage, *) = 6"7"_516’7%2)\1_2} < e
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1016 THOMAS WOLFF

for any €1, €3, A\;. Hence, by Lemma 3.1, if ¢, < min (7, €;) then for any )\1 there
are at most A\ ¥ \/_ disjoint \/—2—— -rectangles of C? which intersect A§ " “E”—l)\

C%s, C € A€

T €]°

since € << 7 < t. Thus there are at most Aézsl/\\/g disjoint \/g—rectangles of

Now set €] —Al;,ez =Ajeand \| = 53 \. Then € < min (€1, 7)

. . o) —Aje, . N
C41¢ which each intersect 6~ ’76)\'2 ches. Summing over the logarithmi-

cally many possible dyadic values of 7, it follows that there are at most 6 10 A[
type I rectangles, say.

Now we consider the type II rectangles. Fix 7 and o, 0 > \/g . For each C

as in II, TY° N M€ s contained in a bounded number of o-rectangles of CAl€
by Lemma 1.1. Since there are < min (|Ci|, §) choices for C it follows that for

any N, at most A% disjoint o-rectangles can intersect N of these ches.
Let N be the quantity (50) and call the resulting set of o-rectangles {R;}. Then
every type Il rectangle with the given values of 7 and o must be contained in the

triple of one of the R;’s, and the triple of any given R; contains at most AJ\E
type II rectangles. We conclude that there are at most

P
Aa\/? _mnlGhe) 4510/t
€ 672"\~ lgmin (|Cil, §) €

type II rectangles with the given 7 and o so there are less than %6 10 /\\/g type 11
rectangles in all. This completes the estimate for the number of bad rectangles.
Define a rectangle to be good if it is not bad. The preceding estimate implies
that Lemma 5.2 is still valid if one replaces “rectangle” by “good rectangle” in
the statement. We now consider the set of all pairs (C, C) such that C is an active
circle and C € AS is a circle with 5 > p such that CA¢ intersects some good
rectangle of C¢. We call these active pairs. By Lemma 5.2 there are at least

L( 1)‘5 \ﬁﬂ~< 1)‘“ \f
k 1)6 log5 A i log(S |A|A eM

k (log 5

active pairs. This is because the four factors on the left side are lower bounds
for respectively the number of active cells, the number of active circles per cell,
the number of good rectangles per circle and the number of active pairs such
that C%¢ intersects the given rectangle. We have used that for fixed C each C*4o¢

intersects a bounded number of \/g-rectangles of C¢ by Lemma 1.1.
Consequently, for some n < |.A| there must be n circles C € A each of which

forms the second member of at least (log %)‘IZ%A\/EM active pairs. Now we
do some more pigeonholing.
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1017

There is a number £y such that at least éf of these n circles each enter
i

between £y and 2/, active cells. By Lemma 5.1, we have

n_ |A*1og }
log% ~ reo__l_ﬂ__

k(log%)6

(5D

1\%k|A
f°5(1°g;s‘> u

We may further choose a number ¢ < ¢; such that for each of at least (Kg%?
é

of the @ circles C in the preceding paragraph, there are at least £ active cells
8

C; such that C is the second member of at least (log %)“13%A\/§M active pairs
(C,C) with C € C;. We will call these circles C opposing circles.

Fix an opposing circle C. We are going to get a lower bound on the cardinality
of the following set 7 for some choice of o > Az\/g and 7 < 2t. Here Ay is a
large enough constant.

Te o {(C1, C3,C3): C; belong to the same cell, (C;, C) is an active pair for
each i, T < |p1 — pa| < 27, < |p1 — p3| < 27, and dist (C; N CY¢, CE N CY%) €
[0,A,0] for each (i,j) with i #j}.

Claim. For any given \/g-rectangle R of C*¢ there are at most 60~ 27)\~2<
active pairs (C, C) such that R intersects some good rectangle of C¢.

Proof. Suppose there are N such pairs {(C;, C)}¥ . For each i, we fix a good
\/g-rectangle R; of C¢ which intersects R. It follows by the definition of type I bad
rectangles that for any 7 < # there are at most 6"’70_%'7/\_2§ circles C € Afi 4,
with CA€ N R; # 0.

On the other hand, for a suitable constant A3 which should be chosen before
Ay, Cf“ will contain R for each i, by Lemma 1.2. Accordingly, for each i and j

(52) ChenClenc £0.

At least N —g} > %N{S" circles C; must have radii p; which lie in a fixed interval
of length #,. Hence we can fix 7 < fp and i € {1,...,N} such that for > ¥&

X gL
choices of j, we have |p; — p;| € [7,27]. If A is large enough then using (52)
and Lemma 1.3, we get A(C;,Cj) < A1 € for all such j, ie. C; € ASi Also

TAlfT!'

Cf‘f intersects R;, since C;“e contains R. Combining with the upper bound from
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1018 THOMAS WOLFF
the previous paragraph, we get

N6
log %

< g—m-%y-25

and the claim follows. O

Before proceeding with the main argument we need a lemma.

LeMMA 5.3. Fixn > 0and A with A sufficiently large depending on 1. Suppose
that {v;}Y, is a set of pairwise disjoint arcs of the unit circle with |y;| = w for all i,
and assume N > A%w™". Then for some 0 > Aw there are at least (Nw™)3 triples
Yirs Vir» Vi With dist (vi;, ;) € [0,Ac] for each j, k € {1,2,3} withj # k.

Proof. We normalize so that the unit circle has length 1. Choose an arc I of
the unit circle which satisfies the following:

(53) I contains at least %N|I|’7 arcs °;

and is as short as possible subject to this condition. Then —13—N [I|"w < |1, so

1
7] > (%Nw)m > A%w. Also, some semicircle must satisfy (53), so |I| < %
Consequently we can cover [ with < A disjoint arcs J; whose lengths are between
A~!I| and A~'|I| + w, in such a way that each ~; in (53) is contained in one of

the J;’s. Each J; contains at most
Ill K —1 =2\n171m 1 n
N X+w <SNA T +A )" < 10N|I|

7;’s, by minimality of /, and assuming we have chosen A large enough. On the
other hand the union of all the J;’s containing less than 1A=1N|I|" ~;’s will clearly
contain < %N 1|7 ~;’s. We conclude there must be five different J;’s which each
contain at least %A“N |1|7 ~;’s. If we order these in (say) the clockwise direction
then the first, third and fifth are mutually at distance between IALl and |/|. Take
the triples with one entry v; contained in each of these three J;’s. This gives at
least (JATIN|I|M? > N3(3A=1|1])>" > N3w?" triples so the proof of the lemma
is complete. O

We now continue with our opposing circle C. Fix one of the > ¢ active
cells in its definition, and let v > (log %)_13%/\\/EM be the number of active
pairs (C,C) with C € C;. By step II in the definition of A4, we know that ¢ <
(log 1)*r%, and by the assumption on r in Lemma 4.3 this means that £ < 69’7/\\/5 )
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1019

Accordingly

(54) v > gl

> §—o+6m) € 2
—_— 6 .

For the second inequality we used that n < |.A| and that

1\ 3 13 2 €\ 2
M > (log 5) m > (log 5) ot "5)\' )

Comparing (55) with the claim above, we conclude that for any given \/g—
rectangle R of C4¢ there are at most §*7v active pairs (C, C) with C € C; such
that R intersects a good rectangle of C¢.

By pigeonholing, there is a number N and a collection of N disjoint \/g-

rectangles R; of C*¢ such that for each j, there are at least m:—gf circles C € C;
- . é
such that (C, C) forms an active pair and R; intersects a good rectangle of C¢.

The estimate in the preceding paragraph implies that N > 6737, so we may apply
Lemma 5.3 with the given n and an appropriate large constant A. We conclude

that there is 0 > A 5 and at least (N(\/E)”)3 triples of rectangles R at mutual

distance € [o,A0]. For each such triple of R s we obtain ( l)2 triples of

circles Cy,, Cp,, C;; € C; such that (Ciy» C) is an active pair for p =1,2,3. Thus
altogether we have at least

() () 2 ()

triples C;,, Cp,, Ci;. We may order each triple so that o, — pi,| > |p1, — p1s| >
|p1, — p1, |, hence |p, — p13| > 1|p1, —pi, |- It is now clear that there is a value of 7 so
that for at least a ( log 3)~! proportion of these triples we have |p, —py,| € [37,27]
and |py, — pi,| € [37,271].

This procedure was carried out with respect to the fixed cell C;. There are
at least ¢ choices for C;, and by pigeonholing we can find at least (log %)"26 of
them which correspond to a common value of o and 7. Defining 7 with respect
to this ¢ and 7 we see that

s i () ()

This is our promised lower bound for |7|. Next, there are at least m choices
3
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1020 THOMAS WOLFF

of the opposing circle C. By pigeonholing, we can ﬁnd ,)4 which correspond
to a common value of ¢ and 7 in (55). With this o and T, we define

Q ={(C1,C3,C3,0): (C1,C2,C3) € T}

It is then immediate that |Q)| is bounded below by (—lgé’—l—); times the quantity in
55. This gives ’

2 3
(56) 9] > 814 (ﬂ) (MA\ﬁ) .
In €

We will now get an upper bound for |Q| which will contradict (56).

The first step is to count the number of allowable triples, i.e. triples
(Cy, C3, C3) for which some C with (Cy, C2,C3,C) € Q can exist. Namely, C;
is an arbitrary active circle, i.e. may be chosen in at most |.4| ways. Once C;
has been chosen, C, must belong to the same cell as C; and must also satisfy
|p2 — p1| < 27, hence may be chosen in < min (lél, Z) ways. Now we look how
many ways there are to choose Cs.

By definition of Q, the distance between any two of the CA€ N C¢’s, i €
{1,2,3} is < Ayo. Hence by Lemma 1.4 C‘?Oe must intersect both C’;"e and C‘;“’e
within a common Ajo-rectangle R. Furthermore, this rectangle must contain a

good ,/£- rectangle of Cf, since it contains CH¢N 5. We conclude the following
property for Cs: C3°¢ intersects C°¢ within an Ago-rectangle R of C{°¢ which

also contains (i) a point of CA"€ N CA0 and (ii) a good rectangle of Cf.
Because of (i) and Lemma 1.1, the rectangle R must be contained in one of

a bounded number (actually just two) of Asmax (o, \/g)-rectangles. Because of
(ii) we may then apply the definition of type II bad rectangles with o replaced
by As max (o, \/g) to conclude that there are

< 67272 max (a,,ﬁ) min (ﬂ Z)
T k6
choices for Cj.

Hence we may bound the number of allowable triples by

(57) ASTIIAT max< \/7> |A|mn(|'/:| 6) .

Next, for each allowable triple (C;, C,, C3), there are at most Ao choices
for C with (C;, Cy, C3, C) € Q. This follows from Lemma 1.6. In add1t1on there
are at most AM choices for C. This follows from Lemma 1.7, since we have also

—26
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1021

assumed the upper bound 2M in (49). Combining these bounds with (57), we get

58) 10 <6~ A max (/<) 1Al min (2L 2 min (025, m) .
¥ 5

The rest of the proof is just a calculation to show that (56) and (58) are
incompatible. Namely, if we combine (56) and (58) and make some obvious
manipulations we obtain

2
59) (Mx\f) ((A') < 67"X ' min (ﬂ,z> max (o, \/—E>
€ k6 T
. —2¢€
X min (cr 6’M> .
We now consider cases. If o < \/g then we estimate as follows:

A4 7 A\ 2

€ €

—< (22 e

m‘“(k 5) \ﬁ—(k> \[a

since the left-hand side is largest when 7 = %. So the right side of (59) is

b

< 575y~ (

~|

and (59) implies

M2

I/\

n\? /e 3 €\ 2
577 > = —4
éat () (5) (5
o k3| A2 e\: .
o) ()
o k2 SJAIN? |y
"2 (5 —r) AT

We used (51) to get the second inequality. Since k < ra(r) and ﬂ—;ﬂ <677, we
conclude that

= —

M? < 58,3 (

£
é
M < 6413 ¢

)
)\—2
which contradicts the choice of M if 7 is small.
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1022 THOMAS WOLFF

On the other hand if o > \/g then since

we may estimate the right side of (59) by

2
—=5ny—1 |A|) \/E
67\ (——k 6M

Then (59) implies [again using (51)]

Nl—

M>

IN
On
/—\
\_/
[\)
/N
~
v
w Im %‘

wi—

veen () (4)

which again contradicts the choice of M. Lemma 4.3 has therefore been proved.

N

[SeT e

N———
o
oo

Appendix 1. Here we will prove the following result.

COROLLARY 5.4. If a < 1 and if E is a Borel set in the plane which contains

circles centered at all points of a Borel set with Hausdorff dimension at least «,
then E has Hausdorff dimension at least 1 + a.

Proof. Using measure theory we can find a compact subset E of E, a compact
set F with Hausdorff dimension at least o, and a number p such that, for each
x € F, there is a circle centered at x with radius between p and 2p which intersects
E in a set whose angle measure at x is at least 7. We may assume that p = 1.

Let IT be the projection of F on the x| axis. By rotating coordinates and
applying Marstrand’s projection theorem, we may assume that I1 has Hausdorff
dimension > «. Fix § < «a and a measure p supported on IT with

(60) ud) S 11°
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1023

for all intervals 1. Let {D(x;,r;)} be a covering of E by discs with small radius ,
define

As= J D
{j: riel6.26)}

and let xs be the characteristic function of As. Let M be as in (1). Then the
hypothesis implies that ), M, _«(x,-«) 2 1 at all points of Il. Consequently,

Yok S My—ik(xp-1)dp 2 1. Now we want to replace p by Lebesgue measure.
Namely, we claim that (for any function x)

1
(61) /MadeS‘S 3 ﬂ)HM25XHL3(R,dx)'

This is proved as follows: if [ is an interval of length g then for any x,y € I,

(62) Mef(x) S Masf(y).

Now subdivide R in intervals {/;} of length . Then

[ Mexdn s 3 min Masx(@) - uth
j J

W

(Z u(lj)%)
J

<67 (Z |1;| min (Mzax(x))3)
i

2
3

IN

573 [ Masxls (Z N(Ij)%)
J

where we used (62) and Holder’s inequality. The last factor here may be estimated
as follows:

B8
2

S u)i S8 uip S8
J J

by (60) and the fact that  is a finite measure. This proves (61).
We therefore have

1Sy / M-k (xp-k)dp
k

a=5

S D IMyka Og-0l1328 =
k

D IPAMERIVWNE
k
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1024 THOMAS WOLFF

for any ¢ > 0, where the last line followed from (1) and the previous line
from (61). Consequently |A,_«| 2 27%“4<*1=P) for some k. This holds for every
covering, so dimE > 1+ 8 — 4e, and since # < a and € > 0 are arbitrary we’re
done. O

We remark that if & < 1 then a set in R* which contains a sphere centered
at each point of a set of dimension > o must have dimension > n — 1 + a.
When n > 3 this is much easier since one has an L? — L? estimate ||[Mf|2 S

(log %)% |If]l2, which can be proved similarly to Theorem 1’ of [4].

Appendix 2. Here we give the proof of (2). We will use x-space Fourier
transforms,

FO L [ st

Let f and u be as in (2). We may assume that f is real, else we consider odd
and even parts. Also, if suppf is contained in a fixed compact set then (recall we
are using inhomogeneous Sobolev spaces) the result is obvious, so we may fix a
sufficiently large constant A and assume that f vanishes when |¢| < A.

Let u'(x) = u(t,x) and let mi(x) = [7_ f(x +te”®)$. Then (denoting real part
of z by rez)

(63) u(€) = cos (t|E)F(©)
(64) mi(€) = re (a(tle) e 1 MENF(E)

where a(r) obeys the following: ¢ o lim,_, o a(r) exists and is nonzero, and
(letting a'? = jth derivative of a) |a"V(r)] < r~U*D for any fixed j € Z*. (64)
follows from the stationary phase asymptotics for the Fourier transform of surface
measure on the unit sphere S' C R2.

Now consider the functions g = ( — A)% f,h=(— A)_%f, where A is the R?

laplacian. Thus 2(€) = (27|€))2f(©), A(€) = @n|€)2f(£), so using the asymp-
totics (64) we obtain

— 2\ 2 el
m© = (2) re atighe0fe)
2T

Lo e = (7> * re (Giatlg]) + b(t, €)™ ()

where b obeys the estimates |Dgb(t,€)| < € |~(+leD for any fixed multiindex a,
uniformly in ¢ € [1,2]. Note the factor of 7 in the second formula. It follows
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A KAKEYA-TYPE PROBLEM FOR CIRCLES 1025

therefore that
il ey - (5%) : (,,ng(g) - i%@(@) NCRENINIG

where the function J; obeys estimates |[DgJ,(&)| S |€ |~t+leD yniformly in r €
[1,2]. Here we used that f (&) vanishes when |¢| is small. It follows that J; defines
an L*° bounded multiplier so (taking real parts and using (63)) we may conclude
that

t

4,
dr M|

S Mg lloo + l1migp lloo

(65) [e']loo S limglloo +

where the last line follows by differentiating under the integral sign in the defi-
nition of the spherical means.

Next, Theorem 1 may be interpreted in terms of Sobolev spaces: on ¢ € [1,2],
llmi qllzLee < Cellflle for any f and any fixed € > 0. The proof is standard,
namely: (i) f = Y25 f with suppfo C D(0,1), suppf; C {21 < [¢| < 2*1}
and 3, |Ifills,s S IIfll3.e, using a dyadic partition of unity in Fourier space. (ii)
If R is large then (using dilations) there are Schwartz functions pg and xg with
bounded L! norms, suppxzg C D(0,CR™Y), ||xrlleo < R?, and pr(&)xr(€) = 1
\j/hen 125 < €] < 2R. Consequ~ently if suppf C {§ < ~|§ | < 2R} and ife we set
F = prxf then [Im! [l < Maf(), where & & & and [lls S [Iflls < B3l
(iii) Let f; be as in (i) and define fj as in (ii), R = 2. Apply Theorem 1 to conclude
that ||Mgfi|ls S R#||fjl|3- Thus by (ii), ||mfﬁ|||L?L§o S R74|lfills,s. Now sum over
J to obtain the result.

We conclude using (66) that [|u'[| 3,0 < [[8ll3.e + [[VAll3.e. Clearly ||gll3e S
IIf115, L and also || VA3 < |Ifl5, Lie by L3 boundedness of the Riesz transforms.
The proof is complete.
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