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 A KAKEYA-TYPE PROBLEM FOR CIRCLES

 By Thomas Wolff

 Abstract. We prove full Hausdorff dimension in a variant of the Kakeya problem involving circles
 in the plane, and also sharp estimates for the relevant maximal function. These results can also be
 formulated in terms of the wave equation in two space variables. A novelty in our approach is the
 use of ideas from computational geometry.

 The purpose of this paper is to prove a certain L3 ?? L3 maximal inequality,
 Theorem 1 below.

 Fix 6 > 0 and, for a G R2 and r G [5,2], let C6(a,r) = {x G R2: r-6<
 \x - a\ < r + 6}. Iff: R2 -* R, and 6 > 0, then we define Mtf\ [?, 2] -> R via

 W(r)= sup / / |/(x)|d*. aeM2 \C?(a,r)\ Jc6(a,r)

 Theorem 1. Ife > 0 ?Aen ?Aere ?s a constant Ae such that

 \\M6f\\L3<l&)?A?~e\\fh

 for all 6 > 0 andf.

 An immediate consequence by an argument which we learned from [1] is the
 following

 Corollary. A Borel set in the plane which contains a circle of every radius
 must have Hausdorff dimension 2.

 We refer to [4] for background and motivation. In [4] a partial result in the
 direction of Theorem 1 is proved, which implies for example that a set as in the

 corollary must have dimension at least ^. Theorem 1 as stated will follow by
 combining the approach in [4] with ideas from [3].

 As is discussed in [4], Theorem 1 is related to a certain purely combinatorial
 problem: one is given Af circles C\,...,Cn and roughly speaking has to control

 Manuscript received February 14, 1996.
 Research supported in part by NSF grant DMS 93-07872.
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 986  THOMAS WOLFF

 the number of pairs (ij) for which Q and Cj are internally tangent, assuming,
 say, that no three are internally tangent at a point. The condition for two circles
 to be internally tangent is a quadratic equation in their centers and radii, which

 may be regarded as points of R3. Thus the tangency counting problem is a variant
 on the three dimensional unit distance problem considered in [3], and it is not
 hard to see that their techniques lead to a bound of the form N?a(N) where a(N)
 grows extremely slowly.

 On a heuristic level, this bound for the number of tangencies corresponds
 to Theorem 1, and the proof of Theorem 1 given below can be regarded as a
 "continuum" version of the argument in [3].

 The paper is organized as follows: in Section 1 we prove some lemmas
 from elementary geometry which we need later on, and in Section 2 we present
 a convenient form of the construction from [3]. In Section 3 we make some
 preliminary reductions in the proof of Theorem 1, and in Sections 4 and 5 we
 carry out the main steps in the proof.

 We want to note that the following variant on Theorem 1 can be proved by
 essentially the same argument. For x\ G K, let

 M?f(xl)= sup t^?J l/l
 x2eR

 where x = (x\,x2). Then

 (1) Ve > 0 3Ae: ||AVII_3(R) < Ce?re|[/||3.

 Hence if a < 1 and F c R2 is a set of Hausdorff dimension at least a, and E
 is a set which contains circles centered at all points of F, then E has Hausdorff
 dimension at least 1 + a.

 The reason is that a circle is determined by three parameters, and the distin
 guished role played by the radial parameter in Sections 3-5 below can equally
 well be played by the x\ -coordinate of the center. We will not give an explicit
 proof of (1), but in Appendix 1, we will prove the Hausdorff dimension state
 ment, since the argument is less immediate than the proof of the corollary to
 Theorem 1.

 It is also possible to reformulate Theorem 1 in terms of the wave equation
 using spherical means. If one considers the solution to the wave equation in 2+ 1
 dimensions, Ou = 0 with (say) initial conditions w(-,0) =/, ut(-,0) = 0, then a
 standard argument which is sketched in [4] leads from Theorem 1 to the estimate
 (on 1 < t < 2)

 (2) IMI_3_oo < ri|3,i+e, e > 0

 where the norm on the right is the inhomogeneous Sobolev norm. We reproduce
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  987

 the argument in Appendix 2 for the convenience of the reader. Estimate (2) is
 an endpoint for various interpolation scales, e.g. if one interpolates between (2)
 and the energy estimate ||w||?c?L2 < \\f\\2 one obtains the bound (on 1 < t < 2)

 \\u\\l5l5 ~ ll/IU 2-+ which was proved in the recent paper [8]. Estimate (2) is t x 2' 10

 also related to old results of P?cher ([6]), as is described in [4].

 Acknowledgment. I thank W. Schlag for comments on a preliminary version
 of this paper.

 1. Geometric lemmas. In this section we collect some facts about inter
 sections of thin annuli which will be used below.
 Notation will be as follows:

 C(x,p): the circle {y G R2: \y-x\=p}.
 Ce: the 6-neighborhood of the circle C, i.e., if C = C(x, p), then Ce = {y G

 R2: p- e < \y-x\ < p + e}.
 F(x,p): the light cone in R3 determined by x and p, i.e., T(x, p) = {(y,r) G

 R3: \y-x\ = \r~p\}.
 d(C, C): the distance between the points corresponding to the circles C and

 C defined by d(C(x,p), C(x, p)) = \x ? x\ + \p ? p\.
 A(C, C): the distance from the point corresponding to the circle C to the light

 cone corresponding to C, or vice-versa, defined by

 A(C,C) = ||x-x|-|p-/5||.

 We will adopt the following conventions:
 If, say, C is a circle, then x and p will be understood to mean the center and

 radius of C. Similarly, Xj and pj are the center and radius of C/, etc.
 The letter A will be used to denote large fixed constants.
 We always assume that all circles C(x, p) satisfy

 (3) p E [1 ? an, 1 + an], \x\ < an

 where an is a small fixed constant; an = j?q will work. The r-rectangle of
 Ce, C = C(x, p), corresponding to an arc 7 of C with length 2irp r is the set

 {yeCix + p-f?e-r}.
 We will say such a "rectangle" is centered at a G Ce if x + p #5^ is the

 center of 7.

 Lemma 1.1. For any two circles C\ and C2 with x\ ^ x2, C\C\ C2 is contained
 in the union of at most A\ r-rectangles ofC\, where

 Vmax (d(Ci, C2), e) max (A(Ci, C2), e) '
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 988  THOMAS WOLFF

 Furthermore, the diameter ofC\ HC\ is < yd(c'c2)+e' infact> C\ ^^2 contained

 in anA\J ?,cl 'c2 w rectangle of C\ centered at the point x\+ p\ sgn(p\ ? P2)i^5fLT

 Proof. Notation aside, the lemma says that the intersection of the two annuli

 has diameter < y?lcUc2)+e anc* *s contained in the union of finitely many (actually
 just two) sets with diameter < r. These facts are used in several other papers on
 similar subjects, e.g. [7], and are not hard to check, so we omit the proof.

 Lemma 1.2. Conversely, ifx G C\ D C\ then C\ fl C^26 contains a r-rectangle
 ofC\ centered at x, where r is given by (4).

 Proof. This is again clear, since if we let d = d(C\,C2) and A = A(Ci, C2),
 then the angle of intersection of C\ and C2 is ? y/Kd. However, we will give a
 detailed proof.

 We use complex notation, e.g. rez is the real part of z, and may assume that
 xi = 0, pi = 1, and x is on the positive real axis. Then |jc^ | + |1 ? P2I ^ d,
 11*21 - |1 - P2II < A. Also |*| G (1 - e, 1 + e), \x - x2\ G (p2 - e,p2 + e). We

 claim that

 (5) (imx2)2<(d + e)(A + e).

 Namely, if |1 - P2I < 3e then \x2\ < A + e and (5) is obvious. If |1 - P2I > 3e
 then consider the triangle 0x*2. Let 4> be the angle at x. Then ( imx2)2 < sin2 <fi ?S
 1 ? coscf). On the other hand, by the law of cosines 2|jc||jc ? x2\(l ? coscf)) =
 |jc2|2-(W - \x-x2\)2. Hence 1 -cos</> < \x2\2 - (\l -p2\ -2e)2 < (d + e)(A + e)
 and (5) follows.

 Now suppose 9 G [ ? n, 7r]. Then

 \ei0 -x2\2 - \l -x2\2 = 2rejc2(l-cos(9)-2imjc2sin(9

 = 0(d92 + 9y/(d + e)(A + e))

 and therefore (using (3)) \\eie - x2\ - \l - x2\\ < d92 + 9^J(d + e)(A + e). Hence
 if |1 - r\ < e and |0| < r then

 ||r^_X2|_|1_X2||<e + dr2 + r^ + e)(A + e)<e?

 i.e., \rel6 - x2\ = p2 + 0(e), proving the lemma.

 Lemma 1.3. Assume that e < t and that C\,C2 and C are circles with

 d(Ci, C) < t
 A(Q,C)<?
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  989

 for i = 1,2 and that Ce n C\ n C\ 4 0. Then it follows that A(d,C2) <
 ^d(cuc2y

 Proof. Again this is easy to see by considering angles of intersection, but we
 give the proof. We use complex notation and normalize so that x = 0, p = 1, and
 Ce fl C\ n C\ contains a point of the positive real axis, necessarily in (1 ? e, 1 + e).
 From the previous proof (cf. (5)) we have

 \imxi\<y/t(? + e)9 i =1,2

 since e < t. Also for i = 1,2, we have |x? ? 11 = p? + (9(e), |jc?| = 11 ? p?| + ?(?),
 so

 |x/|2-2rejc/ + l = p2 + 0(e)

 |x?|2 = l-2P/ + p2 + O(/30.

 Subtracting these equations gives rex? = 1 ? px + ?(?t + e) and therefore, re (jci
 xi)2 = (pi - p2)2 + CWr + 0). Hence

 |*i - *i\2 - (Pi - Pif = (x\ - x2)2 - (pi - p2)2 + im(xi - x2)2

 = ?(t(? + 6)),

 i.e., A(Ci, C2)rf(Ci, C2) < i(/3 + e) as claimed. D

 Lemma 1.4. Assume that C\, C2 ?m<Z C ar^ circles such that, with t > 4e and

 1 > A > /f,
 (i) sgn (p - pi ) = sgn (p - p2).

 (ii) A(Q, C) < e and d(Q, C) > t.

 (iii) There are points Zi G C\ fl C w/iA |zi ? Z2| < A.

 Then Cf n C| H {0 |C - z\\ < MX} 4%

 Proof. There are two symmetric cases; we will assume p ? pi and p- pi are
 positive. It follows by (ii) that p ? p\ and p ? p2 are > e, since t > 4e implies
 \p ? Pi\ i> \t. (This type of argument will be used repeatedly.)

 The assumption A(C?, C) < e means that there are circles C,- concentric with
 C,- and contained in C\ which are tangent to C, necessarily at points Q with

 IC ? -Z/1 < wf, by Lemma 1.1. Note that p? < p. Let 7 be the shorter of the two

 arcs of C determined by Ci and ?2- Since p - p! and p-p2 are small (cf. (3)) it
 is then clear geometrically that Ci and C2 must intersect at a point p in the solid

 angle determined by 7 (i.e. the set {z: x + PifEfrl G 7}) and that \p - Q\ < A.
 We leave the details to the reader. Since C/ C C] we are done. D
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 990  THOMAS WOLFF

 Lemma 1.5. Assume that C\,C2,C\,C2 are circles such that, with 1 > A
 > *? - y h

 (i) sgn (pi ? pj) is independent of j for each i.

 (ii) d(Cu Cj) G [?,4*i] andd(C2, Cj) > t2.

 (iii) A(Ci,Cj)<e.
 Assume that dist(Cf n C\, C\ H C|) < A. Then also dist(C| n C\, C\ D Ce2) <

 A^xti + #
 Proof. We note first of all that hypothesis (iii) implies Cf D CJ ^ 0.
 By hypotheses (iii) and (i), for each i there is e,- G {?1} such that ||*/ ? */| +

 ?(Pi ? pj)\ < e for each/ Hence

 \x? -x\\- \x? -x2\= e/(pi - p2) + O(e)

 so that

 | \xi - x\\ - \xi - x2\ 1 = 1 |x2 - X\| - |x2 - *2| | + 0(e)

 and therefore, since |pi ? P2I < 8fi,

 (6) (|*i - xiI - |*i - *2|)2 = (\x2 - x\ I - |*2 - *2|)2 + O(eti).

 Now consider the triangles xix?x2. Let 9? G [0, n] be the angle at jc?. By assumption
 and the last statement in Lemma 1.1, 9\ < X. On the other hand, by the law of
 cosines

 |*1 - *2|2 - (|*i - */| - |*2 - Xi\)2 1 - COS?/ = -?-?-:
 2|*i -Xi\ 1*2 -Xi\

 so by (6)

 (\ ? co$92)\x\ ? x2\\x2?x2\ = (1 ? cos#i)|*i ? *i| |*2 ? *i| +0(et\)

 By the form of the statement we can assume ^ is small. Then \x? ? x2\ > \t2 by
 (ii), hence 92 < X^. The conclusion now follows from Lemma 1.1. D

 The next two lemmas are versions of the 3-circle principle of Marstrand ([5]).
 We first give a discussion which is relevant to both of them.

 Fix three circles C\,C2,C^. Then in the first place there are at most two
 circles C = C(z, s) such that A(C, Cf) = 0, i = 1,2,3, and such that no two of the

 points of tangency *,- + p,- sgn(p/ - s)-^fi coincide. We call these tangent circles.
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  991

 Now consider the map G:  R - K3 defined by

 / \x-xi\-\p-pi\\

 G(x, p) =  \X-X2\ - \p-p2\

 V  *3| - \P  n\l
 What is actually shown in the proofs of the 3-circle lemma ([5]), Lemma 5.2

 is the following. Assume A > A^J-r
 Consider the set ?let\ of all circles C = C(x, p) such that A(C, Cf) < e, i =

 1,2,3, and also d(C, Q) > t and dist (C nCf, Cer\Cj) > X. Then for each tangent
 circle C(z, s) contained in Q * x there is an ellipsoid F(z, s) C R3 centered at (z, ^) e2 2
 with volume < A_3e3 and diameter < A_2e, such that ?l t\ is contained in the
 union of these (two at most) ellipsoids. Furthermore, on each ellipsoid E(z,s),G
 is boundedly conjugate to its linear part, i.e.,

 (7)  \G(x,p)\^\DG(z,s)(x-z,p-s)\

 with the constant being universal.
 This may be seen by reading between the lines in [5] or [4]. We give a

 brief sketch following [4]. Namely, one checks that on Qtx there are estimates e2 2
 |detDG(;c,p)| > A3, \\DG(x,pyl\\ < A-2, and that the second derivatives of G

 are < t~l. Since t is large compared with ^, the statement then follows using
 the quantitative form of the inverse function theorem.

 An immediate consequence (also used in [4]) is

 Lemma 1.6. IfX > A$J-t the set

 {pe V 3x G K2 with (x, p) G Q ?a}

 is contained in the union of two intervals of length A7 A 2e.

 Another consequence is

 Lemma 1.7. IfX > A^J-t then for each i, the set

 U Ce(x,p)nCf
 (x,P)e?ietx

 is contained in the union of As J^-rectangles of Cf.
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 992  THOMAS WOLFF

 Proof It suffices to consider the part of Q.et\ which is contained in a single

 ellipsoid E(z,s). Let e? = sgn(p? ? s)r^i, so that je,- + p?e? is the tangency point
 between C(z,s) and C,-. Then the ith row of the matrix DG(z,s) has the form
 ?(eh 1) so if (x, p) G Qe,A, then

 \(ei,l)-(x-z,p-s)\ < e

 by (7). Consequently, for i ?Lj,

 (8) \{ei-ej)-(x-z)\<2e.

 We will prove the lemma with / = 1. Let e\ G IR2 be a unit vector perpendic
 ular to e\. The assumptions together with Lemma 1.1 imply \e? ? ef[ > X for all
 i and/ A little linear algebra shows that therefore e\ = a(e\ - e2) + ?(e\ ? e^)
 with \a\ + \?\ < A-1. We conclude by (8) that \e* (x - z)\ < j, hence also
 \e\ - (x ? x\)\ < j since z ? xi is parallel to e\. So

 * *-*i
 ex >-,-;  ~ A/ |JC ? JCi

 or in other words for an appropriate choice of ?

 x ? X\ ei?  ~ xt~Vt x\\

 The lemma follows. D

 2. The cell decomposition. Assume we are given a set of n "circles," i.e.,
 of points (x, p) eR2 xR+. We will assume that x and p satisfy (3). The purpose
 of this section is to prove

 Proposition 2.1. Fix e > 0, r < n. Suppose that we randomly choose r circles
 (x, p) G C, independently with equal probability. We call these dividing circles.

 Then, with probability at least ^, C may be partitioned as follows:

 C = C* U I U C; J (disjoint union)

 where C* = {(y, t) G C: \\x ? y\ ? \p - t\\ < efor some dividing circle (x,p)} and

 (9) R < r3a(r) with a(r) = 0(( log r)a) Va > 0

 nlogn
 (10) nt < A-for each i
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  993

 where nt = |{(y,r) G C: \\x ? y\ ? \p ? r\\ < e for some (*, p) G C?}|. We will refer
 to Ci as a cell ?m?/ w/// .say ?/za? ?/iese n? circles enter C?.

 The main part of the proof of Proposition 2.1 may be summarized as follows:
 go through the argument on pp. 144-150 of [3] replacing spheres by light cones.

 We will sketch this argument below, leaving out some of the details since we see
 no reason to repeat [3] verbatim. It leads to the following Lemma 2.2. (Added
 July 1996: Lemma 2.2 actually is explicitly known?more generally the "vertical
 decomposition" in [3] has been extended to the case of algebraic surfaces of fixed
 degree in R3. See the recent book [9].) Here go is the unit square in R2. At the
 end of the section we show how Lemma 2.2 implies Proposition 2.1.

 Remark. The conclusion (10) can be supplemented by other similar conclu
 sions which are stronger in some ways, for example, that Ylf=\ \Ci\ni < ^nr~- This
 will be clear to the reader who is familiar with [3]. However, (10) is the easiest
 to prove and suffices for our purposes, basically because in Theorem 1 we do not
 care about logarithmic factors.

 Lemma 2.2. Assume the points of C are in general position (i.e., belong to a
 suitable dense open subset o/(R2 x R+)n), and that we randomly choose r dividing

 circles. Then with probability at least ^, there is a decomposition of Qo x R into
 (open) cells Qi Q# together with their boundaries, such that

 (i) The boundary of each cell is contained in light cones F(x, t), where (*, t) is a
 dividing circle, and "vertical" submanifolds, i.e., submanifolds of the form 7 x R
 where 7 is a curve in the x plane.

 (ii) R < r3a(r).
 (iii) ni < A^p, where n? = |{(*, t) G C: T(x, t) H Q,- i 0}|.

 Proof. ([3]) It is convenient to be able to consider the two branches of
 the light cone T(x,t) separately, so we introduce the following notation: C =

 {xj>Pj}jL\, F/ = r(xj9pj)9 and for u G {?1},

 ry = r7-n {(*,*): w(t-Pj)>o}

 = {(*, i): I* - Xj\ = u(t - pj)}.

 Thus each r^ is the graph of a function^,

 rf = {(x,t): * = ?"(*)},

 where

 f},,(x) = pj + u;\x-Xj\.
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 994  THOMAS WOLFF

 For / 4j we also let 7^ = projection of Tf D Tf on the x plane, i.e.

 (11) t;^ = {xGIR2: u\x - jc,-| + p? = Q\x - Xj\ + pj}.

 Note we do not define 7^ when i =j.
 For points in general position, the curves 7^ will be conic sections or the

 empty set. Furthermore, the following properties will hold.
 (i) (xk,pk) $ Yi (i^k).
 Cn)xktif (i?Jl
 (iii) 7^ and 7^ are not tangent at a point, except of course when

 {(i,uj), (j,?)} = {(k, Q, (/, ?}. In particular, 7^ and 7^ are not identical,
 except when {(1,0;), (j,?)} = {(k, Q, (I, ()} or when both are the empty set.

 For (iii), we note that 7^ and 7^ do not intersect if (i) holds and p? ^ pj.
 This may be seen from the defining equations (11). The remaining cases where
 {i,j} 4 {?,/} are easily handled by perturbing one of the relevant points.

 Now suppose a collection of r dividing circles is given. For the time being,
 any collection will work and we will order so that they are Ci ... Cr; the ran
 dom choice will only become relevant at the end of the proof. In the following
 arguments it is understood that all indices ij,k,l etc. are between 1 and r, i.e.
 correspond to dividing circles.

 Fix a curve 7^ and define "upper and lower envelopes" f?: 7^ -^KU
 {?oc},

 U(x) = mm({f?(x): (k,Q ? {(i,u),(j,Q)}, f?(x) >ff(x)})

 and

 f+(x) = +00 if no such/^ exists.

 /_(*) = max({/<(x): (k,Q t {(Uuj),(j,Q)}, f?(x) <f?(x)})

 and

 f-(x) = ? 00 if no such/^ exists.

 Define a + subdivision point to be a point of 7^ where either/. =/a;, or

 else/. > ff but there are two different pairs (k,Q and (/,<f) with/^ =/+ =ff.
 Define a ? subdivision point analogously.

 For each pair {(k, Q, (/, ()} 4 {(/, u), (j, uj)} there are at most four points on

 7^ where/^ = /, since these points are intersection points between two conic
 sections. Furthermore, because of (iii), the sign offj* ?ff must change when
 we move along 7^ past any one of these points. Therefore, by the discussion
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  995

 involving Davenport-Schinzel sequences on pp. 148-9 and 137 of [3] we have
 the following:

 (12) There are at most ra(r) + and ? subdivision points on each 7^.

 We divide ~fijQ Pi Qo into subarcs a using the + subdivision points and the
 points where 7^ intersects dgo- Corresponding to each arc a, we form the
 submanifold ("type 1 vertical wall")

 {(*,*) G R3: * G a,f?(x) < t </+(*)}.

 We also perform the corresponding - operation: we subdivide 7^ n Qo using
 the ? subdivision points and the points where 7^ intersects dQo, and then form
 the type 1 vertical walls

 {(*,0 G R3: * G a,ff(x) > t >/_(*)}.

 In view of (12) and the obvious fact that there are 0(r2) curves 7^, we have
 erected only r^a^) vertical walls. Together with the cones r? they divide Qo x R

 into cells each of which has a unique top and bottom (these are cones iy or the
 plane at 00) and the rest of whose boundary consists of vertical walls. Using the
 definition, one checks that two vertical walls can only intersect at points (*, t)
 such that * is an endpoint of both corresponding arcs a. It follows by topology
 that each vertical wall is part of the boundary of just two cells, and then that
 there are at most r3a(r) cells whose boundary contains some vertical wall. Also,
 for each pair of cones there is a bounded number of cells with these cones as
 top and bottom and with no vertical wall, since these cells are components of
 the complement of the two cones in Qo x R. We conclude that there are at most
 r3a(r) cells altogether.

 Now consider the *-projection ir(C) of one of these cells C. Its boundary
 ?7r(C) consists of arcs of curves 7^, segments of dQo and possibly also a point
 component if the top and bottom are Tf. We refer to these arcs, segments and
 point as the pieces of ?7r(C).

 Following [3] we consider points p which are either an intersection point
 between two pieces of dir(C), or else an x\ -extreme point of a piece (i.e., a point
 which is a local extremum for the function * ?? *i). We note that intersection
 points between two pieces must be + or ? subdivision points or appropriate points
 of dQo. Through each point p we draw the maximal line segment / parallel to
 the *2 axis such that l\{p} C 7r(C). These line segments decompose n(C) into
 subregions, each of which has piecewise smooth boundary consisting of at most
 two line segments parallel to the x2 axis and at most two other pieces, which can

 be either arcs of curves 7^ or horizontal segments of dQo.
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 996  THOMAS WOLFF

 It requires a bit of work to see this last statement. Let S be one of the
 subregions and m = max (*i : * G 2). Consider the set <9Xf? {*: m - 6 < x\ < m},
 for small 6. It consists of finitely many nonintersecting curves. We can choose
 two of these curves, a\ and a2 so that the vertical segments with abcissa x\
 connecting a\ and a2 belong to Z when m ? 6 < x\ < m. Now take such a
 vertical segment and slide it to the left keeping the endpoints on a\ and a2 and
 the interior in E until no longer possible. When this happens, either one of the
 afs has an x\ -minimum point, one of the afs intersects another piece of dC
 or else the interior of the segment must touch a piece of dC, necessarily at an
 *i-maximum point. In any of these cases, the limiting position of the segment is
 contained in a line / (or vertical segment of Qo) or is a singleton {/?}. It follows
 that the region swept out by the segment must be all of X, and clearly its boundary
 is contained in arcs of a\ and a2 and (possibly degenerate) segments of / and of
 {*: *i = m}.

 For each of the line segments / just drawn, we erect a vertical wall over it
 extending through C, i.e., form the vertical wall

 {(x,t) eC: *G /}.

 The resulting cell decomposition will be that of Lemma 2.2. Note that we have
 erected at most r'a(r) new vertical walls, since each arc in the + or ? subdivision

 of 7fyw has at most two boundary points and (being generous) four x\ -extreme
 points, and corresponding to each point, we have drawn at most line segments
 into at most two cells C. It follows that the cell decomposition still has at most
 r^a^r) cells.

 Each cell has a top and bottom, and now also has at most four vertical
 walls. Consequently each cell would also be a cell in the decomposition resulting
 from a fixed finite number (six) of dividing circles. Namely, at most two circles
 are needed for the top and bottom, then at most two more to determine curves

 7^ producing the two possible type 1 vertical walls, and at most two more
 to determine intersection points p whose line segments produce the remaining
 vertical walls.

 Now suppose that the r dividing circles are chosen at random; we will show
 that (iii) of Lemma 2.2 is valid with high probability (this argument is from [2]).
 Fix a number v and consider P(v), the probability that ?? > v for some /. Clearly
 there are < n6 sets QcR3 which are a cell in the decomposition resulting from
 six or fewer dividing circles, and by the preceding remarks only these sets can
 be a cell in the decomposition resulting from r dividing circles. For each f?, let
 S(Q) = {/: T(xi,pi) ?1??/?} and 7f(Q) = |5(Q)|. If Q is to be a cell in the
 decomposition resulting from a given set of r dividing circles then clearly none
 of these r circles can belong to 5(Q), so the probability that Q is a cell is at most
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES 997

 (1 _ 3Qiyt Consequently

 Q: ?(Q)>i/ v 7

 which is small if v = A^^ with A large.

 Proof of Proposition 2.1. We may clearly assume the points of C are in general
 position and may therefore apply Lemma 2.2. The key observation is now the
 following.

 Claim. Suppose Q? is one of the cells from Lemma 2.2, and T(y, r) is a light
 cone and (x, t) is a point of Q,- such that

 (i) A((xj),(y,r))<e.

 (ii) A((jc, t), (xj, pj)) > e for all dividing circles (xj, pj).

 Thenr(y,r)nQ,-^0.

 Proof This follows because T(y,r) is transverse to the vertical boundaries
 of Qj. Namely, T(y,r) must contain a point (jc, t*) with \tf ? t\ < e; in fact
 t! = t ? A((jc, f), (y, t)). If we move vertically from (jc, t) to (jc, tf), then of course

 we cannot cross any vertical submanifold. On the other hand, assumption (ii)
 implies we do not cross any dividing T(xj, pj). Hence by (i) of Lemma 2.2, (jc, t')

 must still belong to the cell Q,- proving the claim.
 Let d be the points (jc, t) G C which belong to the closure of ?2? and satisfy

 (ii) of the claim (if a point of C satisfies (ii) and belongs to the closure of more
 than one Q?, then we arbitrarily assign it to one of the possible C/'s). The claim
 then implies that n? (in Proposition 2.1) is < ?? (in Lemma 2.2). Hence (10)
 follows from (iii) of Lemma 2.2 and the proof is complete.

 3. Preliminaries. Given a family of circles C with centers and radii satis
 fying (3), we define a multiplicity pf as follows

 (13) P^)=X>Ce(*)
 cec

 where \e is the characteristic function of F.
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 998  THOMAS WOLFF

 For fixed C = C(x, p) EC, t and ? we define

 Cf = {C EC: t<\p-p\< It)

 C% = {CeCf: A(C,C)</?}
 CC _ nC \ nC t?* - W \ W/3

 cc
 and will also consider the multiplicities pet , etc., defined by (13).

 Main Lemma. For any 770 > 0 there is A < 00 such that ifC is any collection of
 circles with 6-separated radii, 6 < A-1, then there is a subcollection A ? C with
 \A\ > A~l\C\ suchthat

 (14) \{xeC6: pf (x) > (T^A"2}! < 6X
 for all t and X.

 If we assume the main lemma then it is easy to prove Theorem 1. Namely,
 it suffices to prove the corresponding restricted weak type estimate

 05) \{p: M6XE(p)>X}\<Ae6-e^
 and we may restrict to circles with centers and radii satisfying (3).

 Fix E and A. Then there is a collection C of circles with ?-separated radii
 such that |?n C6\ > X\CS\ for all C C, and \C\ > 6~l\{p: M6xe(p) > A}|.

 Choose a subfamily A by the lemma (770 = f) so that |.4| > A^^CI and

 |{x G C6: iif{x) > Ae6~^AX-2}\ < ?U\

 for all tifCeA. Then also

 \{xeC6: p,f(x) > 6-e\~2}\ < \\\C6\
 if 8 is small, by a simple pigeonhole argument. So

 \E\ > \EC\{x: p,f(x) < 6-?\~2}\

 > (6-e\-2yl 53 \c6 n E n {?? < 6-e\~2}\
 ceA
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES 999

 > (?-eX-2yl J2\C z ceA

 ? 6eX36\A\

 which is (15). D

 The rest of the paper is the proof of the Main Lemma.

 Lemma 3.1. (Measure estimates imply entropy estimates.) Assume that X <
 1> ?> < e < min (?, t) and that

 \{xeC*:pC?>m}\<\e

 for a certain number m > |A_1. Then the cardinality of a set of disjoint -4=

 rectangles of Ce which each intersect at least 2m Ce 's, C G Cf3 cannot exceed

 Proof First assume ? < |. Let R be an -4= rectangle of Ce which intersects

 C\ for m values of i. Since ? < | we know d(C[, C) < t. Since e < min (/?, i),
 cc

 Lemma 1.2 implies that Cf? contains R for each /, i.e., pA^ > m on R. Hence
 the sum of measures of a disjoint set of /?'s cannot exceed Ae and we're done.

 If /3 > ^ then we write

 It suffices to show there are < X^? disjoint -4= rectangles intersecting

 m C 's from Cct and similarly with CCL H Cf?. 4 4 ^
 For Cct we use that any -4= -rectangle /? is contained in an -4=-rectangle R

 '4 y/?t yj\t

 and that < y | 7?'s are in any given #, and then apply the ? = ^ case.
 For C^ n C^, we use that |C,C| < | and that any C intersects at most

 a bounded number of ~ rectangles of Ce (this follows from Lemma 1.1, since

 d(C,C) > t and A(C, C) > |). It follows that there can be at most ^ disjoint

 j-rectangles which each intersect m C 's. Hence there can be at most yf^ =

 ^^ disjoint -4= -rectangles which each intersect m Ce's. With our assumptions

 ^ < ^A as claimed. D
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 1000  THOMAS WOLFF

 We will be interested in estimates of the following type:

 (16) |* G C: p%(x) > <T^A-2max h, A^M |
 < Ae.

 Here Ao is the constant from Lemma 3.1 and we always assume rj\ is a
 positive constant and a G [0, j]. We also always assume that e> 6.

 Lemma 3.2. Assume that e < min (?, t) and that (16) holds for a certain circle

 C G C, e, ?, t, and all X G [Ao, 1]. Then there is k < Ao^r- and a collection {/?y}j_i
 of -4= -rectangles ofC6 such that at most

 Ar^A0-2max?Ao^,lj A0
 VW

 Ce's, C G Cf?, intersect Ce outside the union of the Rj's.

 Proof. We will use the notation

 m(A) = (5-7/1-A-zmax 1,AW 0 V V 6

 and also define X(m) by inverting this equation, i.e.,

 / ?-^(1)1/2^-1/2 ifm>m* (17) X(m)= ^ ___ _^_L
 \# 2-a(|)2-a(I)2-am 2-a if W < m*

 for a certain m* whose value is irrelevant.

 Evidently m(A) > f A-2 so by Lemma 3.1 we know there are at most A A ^?
 disjoint -j= rectangles of C which intersect more than 2m(A) Ce's, C G Cf?.

 We subdivide Ce in disjoint ? -4= rectangles /?, and for each Rj we let

 nj = \{C eCf?'. Ce n fl, t?0}|. By the preceding discussion,

 (18) |{/: /i/>n}|<A(n)-^

 if rc < m(Ao). Let {/?/}j_i be the rectangles with rij > m(Ao). Then A: < Ao^r
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES 1001

 by (18). On the other hand, the number of Ce's intersecting Ce outside |J Rj is
 7=1

 at most

 (19) ? 2'|{/: nj > 2l}\ < ? 2<A(2<)^. 2/<m(A0) 2'<m(Ao)

 Since the powers of m in (17) are > -1 we have Y, 2^(2') < m(Ao)Ao.
 2/<m(A0)

 So (19) is < m(A0)Ao^ which is Lemma 3.2.

 Next we want to record some trivial cases of (16).

 Lemma 3.3. Estimate (16) is valid (with a = 0, hence for all a) if XJ -e <

 A~l6~ 2 for a suitable constant A.

 (b) IfXJjj < 6~^ then (16) is valid with a = 0 ifCfo is replaced by C^.

 cc
 Proof, (a) The cardinality of C? is < A|, so (everywhere) p^e < A^ <

 |<S_7?1A-2, i.e. the set in (16) is empty.

 (b) If C G C^ then by Lemma 1.1, \Ce H CA?e| < -j= e. Hence, by
 Tchebyshev's inequality, for any m,

 (20) \{xeC: p%\x)>m}\<m-1 ? \CeDCA?*\

 Now |C,C| < |, so taking m = ?>~m f A-2, we get

 |{*GCe: P^*W>^^A-2}| < ^A2W^-e
 < ^Xe. n

 We will now reduce the number of parameters we have to deal with:

 Lemma 3.4. (tangent case suffices) Assume that (16) holds for a certain a, 771, C, C,
 and t, for all A, ?, e satisfying the following condition

 = /?.
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 1002  THOMAS WOLFF

 Then in fact, ifr)>0 and 6 is small enough,

 ?x e a: ?(x) > ?-"'-" I A"2 max ( 1, Ay^j |
 < Ae

 for any e and A.

 I- ^1

 Proof. If Aw^ < <5~T then this follows from Lemma 3.3(a) (take ? = 1

 there). So we may assume xJ^ > 8'^. Set m = 2A0S~^ ? X~2(X^l)a, and
 decompose Cf as follows

 (21)  Cf = ^2^0(^^)00^.
 Here A? = C^ Pi Cc? , and /3 runs over dyadic numbers between 2Aoe and 2A2f.
 By

 Lemma 3.3(b) and the assumption (applied with ? and e in (16) equal to
 2A0e)

 (22)  \{xea: M/0f'* > m}| < Ae

 (23) |{* C?: ?f^ > m}\ < Ae
 and we will now show that

 (24) \{xeC: /x?>m}|<A6

 for all /?. Namely, apply Lemma 3.2 with the indicated value of /?, taking (in
 Lemma 3.2), Ao = A, e = ?, and using the assumption. Since ? < X2t we

 have Aw? > 1. So we obtain a collection of J^-rectangles {#/}j_i of C^, with

 * - A\/?' such that at most A6~m f A~2(A\/?)a+1 ^'s with ^ G C^ intersect
 C^ outside UjRj. Let /?,- = ?, n Ce and ? = UjRj. Then |/fy| < 6 ^/f, so |?| < Ae.
 On the other hand, by Lemma 1.1, since A? ? Cc? ,

 53 |CAoen(Ce\?)| < 6-^=|{C ^: C^n(Ce\?)^0}| CG^6
 a+\
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES 1003

 a

 = 6-^-X~2{ Ai/4: I -A

 < mXe

 since ? > e. It now follows by Tchebyshev's inequality that

 \{xeC*\E: ?Z(x)>m}\<\e
 and therefore

 \{xeC<: p^ (x)>m}\<\e+\E\<\e

 which is (24). Combining (21), (22), (23), and (24), we get

 Ix Ce: ?{x) > A log i 6-"' | A"2 max ( 1, Ay^ J  ? log ? Ae

 for a suitable constant A, since there are only logarithmically many terms in (21). 22
 Applying this with A replaced by (say) X6 3 gives the result.

 The next lemma says in particular that (16) is true when a = ^. This result
 is essentially taken from Section 4 of [4] and we refer to [4] for the details of
 the proof. It should be regarded as a "Canham threshhold" for our problem in
 the sense of [3].

 Lemma 3.5. If rj\ > 0, 6 is small enough, C is a family of circles with 6

 separated radii then there is a subfamily AC C with \A\ > \\C\ such that

 1/3 / *\r\\V*

 |jcGCe: p?(jc)>^^A-2maxil,A^ min(l.^i)
 < Xe

 for all values of the parameters t, e, A, and all C G A. In particular, (16) holds for

 A with a = ^.

 Sketch of proof. Define

 m = m(?,A,e) = ?-r?^A-2max(l,AW^j mmU,6-^\ .

 If A < 6 10 y 7 then, using (20) and then the trivial bounds

 m(t, A, e) > 6'm - A"2 min (l, ^\

This content downloaded from 
�������������94.71.156.37 on Fri, 27 Mar 2026 11:33:54 UTC�������������� 

All use subject to https://about.jstor.org/terms



 1004  THOMAS WOLFF

 and \Cf\ < min(|C|, |) we have

 \{xeC: ?(x)>m}\ < m~l\C^

 <ci,,<5A2_____il_l_.e
 ~? ?Amin(1,^)^

 < ?s'-Ae

 for any CeC. Accordingly, if the lemma fails, then there must be hf circles
 C EC such that, with ?\ = 6^X2t,

 \{xea: ?{x)>m}\>?e

 for some t, A, e depending on C. By pigeonholing we can then find a subfamily

 C C C with \C\ > (log ?)~10|C| and fixed parameter values t,e,X,? with e <
 ? < max (e, ?\) so that the following holds.

 For each C G C, the set

 |* G C : ?C eC: * G C406, | < max (e, A(C, C)) < ?,t < \p - p\ < 2t\

 !x-io
 > ( log- ) m

 has measure > (log |)_10Ae.
 It then follows by Lemma 1.1 and a counting argument (cf. [4]) that there

 are at least

 i\"'0,?, ( I, ?VWwY
 (logI)" |C|. L(,ogI)" a:

 quadruples of the form (C,Ci,C2,C3) with C,Ci,C2,C3 G C and Cf? ilCe/
 0, | < max (e, A(C, C/)) < /? for each/, r < \p - p?\ < 2t for each i and
 dist(Cf?e H C\Cf?e H Ce) > (log|rnA when i ? j. (Roughly speaking, this
 is because for each C G C, Lemma 1.1 implies that C\, C_, C3 may be chosen in

 at least (m(log i)-10A---^)3 ways?details are in [4].)
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES

 On the other hand (cf. [4]) Lemma 1.6 implies there are at most

 1005

 |C|min(|C|,  log^
 -11

 A  I
 6

 such quadruples. (This is because the three circles Ci,C2,C3 must satisfy |p? -

 Pj\ < At so may be chosen in at most \C\ min (\C\, |)2 ways. Once they are chosen,
 if we set A = ( log |)-11 A then C must belong to the corresponding set Q*ty Note

 that A > 6~ io (log ^)~n y 7. Hence Lemma 1.6 implies there are < A | ways
 to choose C.)

 Comparing the upper and lower bounds leads to

 m3 < A-5min(|C|,|)2(^
 ,/2e/e\3/2/ 1
 Al) llog?

 62

 = A"?Aw-min  S\C\ ,1  -V ?)  1 l\62
 log?]

 The factor (f)1/2 is < 1 and may be dropped. Hence

 m < X-2 ?Xf^
 1/3

 mm | ?-, 1  2/3 /, P21
 6 Vs* 6,

 m.

 which is a contradiction for small 6.

 4. Proof of Main Lemma. We will prove the Main Lemma by induction
 on the parameter t. The following lemma will give the inductive step. Let r? > 0
 be very small and fixed, depending on 770 only.

 Lemma 4.1. Assume C is a family of circles with 6-separated radii. Fix An G
 [6,1], to G [6, l],en G [6,1]. Make the following inductive hypotheses

 (25)  {xGCe:^W>r^A-2}
 <eA

 for all C eC, t < t0, X < 1, e G [6,1], and also

 (26) \{x G Ce: tffe(x) > (T^A^max ( 1,X^ <eX
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 1006  THOMAS WOLFF

 for all C G C, t G [to, 6 vto], X < 1, e G [6,1], for a certain a G (0, ^]. Assume
 also that

 (27) \p-?\<6~%

 for all C,C G C. Then there is a subfamily A C C with \A\ > \\C\ such that

 (28)  [x Ce: //?(x) > ?-*+^A-2max ( 1,AA/ 6  <eA

 /*r *// CeA?E [to J-^ toi X G [A0,?-^A0], e G [eo^eo]. 7/ere /? = ?_^.

 Proof of Main Lemma assuming Lemma 4.1. Suppose first that to is given and
 that (25) holds when t < t0 and that |p - p\ < ?-7?r0 VC, C G C. We claim there
 is a subfamily ^4 with |.A| > A"1 |C| such that (25) holds also when t < <S~%.
 Namely, by Lemma 3.5 there is a subfamily (still called C) such that (26) holds

 for all values of the parameters with a = ^. Suppose now that we are given a
 further subfamily so that (26) holds for all A < 1 and all e G [6,1], for a certain
 a. (28) is trivial for any ? if A < 6, say, and the interval [6,1] can be covered by
 < i intervals of the form [Ao,<5-r?Ao]. By applying Lemma 4.1 for each (Ao,eo)

 in such a covering we obtain a subfamily with cardinality > 4~Ar] \C\ so that

 (28) holds for all A and e. Next, the map a ?> ?(a) = | ^^ satisfies /3(a) < a
 if a G (0, j] and has zero as an attracting fixed point. Accordingly, by finitely

 many iterations of (26)=>(28) starting from the case a = ^ we obtain a subfamily
 with cardinality > A~l\C\ so that (28) holds for all A and e, with ? < 77. This
 means that (25) holds for t < ?>_77?o.

 We will now remove the hypothesis that \p ? p\ < <5-r??o VC, C G C, i.e., we
 will show the following

 Claim. Assume that C is a family of circles with ?-separated radii and (25)
 holds when t < to. Then there is a subfamily A with |.4| > A"1^! so that (25)
 holds when t < 6 2 ?0.

 To prove the claim, let A be the constant A^ in the preceding paragraph. We

 can cover [\,2] with intervals 7/ of length < ?>_T??o in such a way that:
 (i) If p, p G [5,2] and |p - p\ < 46~ 2 to then p and p belong to a common

 interval 7;.
 (ii) No point belongs to more than two 7/s, and the set {C(x,p) G C: p

 belongs to two If s } has cardinality < ^A_1|C|.
 This can be done because <5~2 is small compared with 6~v. Details are as

 follows. Let P = {p: 3C(x, p) G C}. First cover [\, 2] with a pairwise disjoint set
 of intervals 7y of length ^?>_77io- Let 7/ be the middle half of 7;. For each y there
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  1007

 is an interval 7/ C 7/ of length 46 2 to such that

 l-yDPl - It/I

 Thus I Uj 7, H P\ < 1662 |C| < 5A_1|C|. Define the covering {/,} as follows.

 /o = [left endpoint of 71, right endpoint of 71]

 Ij = [left endpoint of 7/, right endpoint of 7/+i] for 1 < j < n ? 1

 /? = [left endpoint of %, right endpoint of 7?].

 It is easy to see that (i) and (ii) will hold. Now, apply the preceding construction

 to C H {C: p e Ij} for each y obtaining subfamilies Aj with \Aj\ > A~l\P fl //|.
 Let ^4 = U7v4/. Then

 \A\ = Y2 \Aj\ -\{p G P: p belongs to two //s}|
 j

 >a-'\c\-\a-'\c\
 = U-X\c\.

 Furthermore (25) will hold if t < 6 2 to. This follows because for any given

 circle C G v4, all the C's with \p ? p\ < 26~ 2 to will be contained in a single Aj
 by (i). This proves the claim.

 Now (25) is obvious if t < 6, say, and we have just seen that if it holds for
 t < to then it holds for t < 6 2 to after passing to a subfamily of proportional
 size. By O(-) iterations of this procedure we obtain (25) for all t. Hence by
 Lemma 3.4 (the case a = 0)

 A?
 xea-. p?(x)>?-2^-A  < Ae

 for any C G A. Since 770 is arbitrary, the Main Lemma now follows by setting
 e = 6. D

 The rest of the paper is the proof of Lemma 4.1. We always assume that
 t, A, e are as in Lemma 4.1, i.e. t G [to,?~vto],X G [An,<S-r?Ao],e G [eo><5-r^o]

 We consider three cases (i), (ii), (iii), with (iii) being the substantial one.

 (i) Aoy^J < ?T2007?. Then Ay^ < ?'202^, so (28) already holds for C by
 Lemma 3.3(a) provided rj is small enough.
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 1008  THOMAS WOLFF

 (ii) Ao^? > <r200\ but |C|a|(|)H^0+20'' < 1. Then XyJ\ > 1, hence by
 Lemma 3.5 there is a subfamily A with \A\ > \\C\ and

 (29)  x a- pfjix) > 6-n-21 A  (?
 2
 3 e

 < Ae

 for all A, t, e. Under hypothesis (ii),

 < (AoJ^I'ao1^)5!^0-20^
 'to

 Hence if 77 is small enough

 -wyiv^yf^-'^  <5

 < ?r^A-2

 so that (29) implies (28).
 (iii) The remaining case where

 (30)

 and

 (31)

 Then also

 (32)

 XoJ- > a'200*1 V eo

 |C|a| (e-?Y is*?*70? > 1.

 1 \~(1+a) ?
 ICIAgiAoJ-J -^+20, >! eo / eo
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  1009

 since the quantity on the left in (32) is obtained from the quantity in (31) by

 multiplying by (Any &)?~a. We may therefore choose a positive integer r with

 / i?\ -(!+?) .

 (33) r2~a < \C\X2 XoJ- A^o+ior, < 2r2-a^ \ V e?J e?
 Note that r is small compared with \C\. We apply Proposition 2.1 with this value
 of r, taking e in Proposition 2.1 to be 8~r)eo. One or the other of the following
 must hold:

 (34) |C*| > \\C\

 (35) |U/Cf|>i|C|.

 We first consider the case where (34) holds. Let {Q}[=1 be the dividing circles
 in Proposition 2.1. We will "throw out" certain circles from C?the subfamily A

 will be the circles which are not thrown out. We start by throwing out all circles

 not in C* and also all circles C such that \p ? p,-| < y^-y^ for some i. At least
 (\ ? jq)\C\ circles remain; we call this family of circles B.

 ci/"?!

 Lemma 4.2. For each dividing circle Ci and each r > y?^ there is a family of

 circles Bir C B with \BiT\ < ?^^r, such that the set

 U c6"1* n cre?
 C?BCi

 C?BiT

 is contained in the union of at most

 ??3?Ao
 ?-veo

 .?^-rectangles {R?}^ o/Cf""60.

 Proof Note we can assume r < 6~vto (otherwise BTl = 0), and B C C, so
 the inductive hypothesis (25) or (26) is applicable for any e and A. To ease the
 notation we let ei = <5_77en and also define

 BCi
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 1010

 Then (25) or (26) implies

 (36)

 THOMAS WOLFF

 L ? Cp: pi(x) > S'^jX^max (l,xJ^Y\ <e,A.

 This has the form (16) with r?\ = 770, t = r, ? = e = e\. We will apply Lemma 3.2

 with Ao in Lemma 3.2 equal to 83v^f. First we need to know the following:

 ?i<^^. (37)

 This is proved as follows. The choice of r (given by (33)) implies

 8\C\ J.-OL
 V e0

 ]~a id+a)
 S-ito

 ?Tj0+\0r]-^(l+a)r]

 < A01  IS\C[

 l-a

 fiV0+9rj

 since ^j- < 1 by (27). Note in particular that Xo\J^ > i? since r > 1. It follows that

 (38)  '<lWf! **
 L-^l

 since ^^ < j and ?r^ > \- Equivalently,

 (39)

 Hence

 8\C\ (8-^r2S
 eo  Ao

 ei /lOOre!
 8\C\

 < m-br-lxoS
 r

 where the second inequality followed from (39). This proves (37).
 We know by (37) that

 (40)  ?3?Ao [L>L r V ei
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  1011

 In particular, e\ < r so we may apply Lemma 3.2 as previously indicated. We

 obtain W^-rectangles {Rj}j={ of C'1, with k<63^^J^ such that (using (40)) at most

 -2 / \ /-=-\ Ot+l

 (4i) A6-**(6?i*?y (6^^jl) 6 V r J V r y eiJ
 7Q

 Cei's, C G BTlex, intersect C\x outside the union of the /?/s. To complete the

 proof it suffices to show that the quantity (41) is < S^y-. For this it suffices to
 show that

 r2-a < A-l^o^|C|A2 (\Q JT\ \ V eo/
 F\ ~(a+1) 5

 ^o

 for a certain constant A. Here a = 1 + |(1 - a) and we used the relationship
 between en and e\. Since r < 8~r]to, it further suffices if

 (42) r2~a < A-^-^ldAg ( AoW - )
 0

 where A = a + ?(a + 1) = 5 - 3a. But (42) follows from (33) since 5 - 3a < 10,
 so the lemma is proved.

 We throw out the family B[T for each / G {1,..., r} and each dyadic value of

 r. In doing so, we are throwing out at most rlog ^ 671-}- circles, so the resulting
 family A = B\ UiT BiT still has cardinality > \\C\.

 We will now prove (28) for A. In fact, we will prove the following clearly
 stronger statement.

 (43) |{jc eCe: 3C E Af with x G CA?e}| < eA0

 if te [to^-^tol eG [eo^en].
 To show (43) it suffices to show

 (44) |{jc G Cei : 3Ce Actex with x G CA?ei }| < e0X0

 when t G [to, ?~vto]. Suppose then that C e A. Since C G C* we know there is a
 dividing circle C,- and a (dyadic) value of r such that C G Ar^x, and this implies
 Cex Pi C]x ^ 0. Since C was not thrown out in passing from B to A we know that

 C l must intersect one of the rectangles /?jr of Lemma 4.2. We now consider the
 set

 def
 (45) {jc G C l : 3C G ^ei H *4fej with Cei H flf ^ 0 and jc G CA? l} = A(  tTJ
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 1012  THOMAS WOLFF

 with i,r and the rectangle RjT held fixed. We will apply Lemma 1.5 with Ci in

 Lemma 1.5 equal to C,-, C2 = C, t\ = r, t2 = t, e = A0ei, A = y^^- We can
 split the C's into four subfamilies so that hypothesis (i) in Lemma 1.5 holds for
 any pair belonging to the same subfamily. The lemma then implies that AiTJ is
 contained in the union of a bounded number of 7-rectangles of Cei with

 7 = A? + \ ? < S '\ ?. t2 V h V r

 We used here that r < 6~vt.

 In particular, |AiT7| < e\ 6~VJ^- and therefore

 I U; AiTj\ < <S3^/^ e,?-\/^ < ?"?? r y ei Vr r

 The left side of (44) is bounded by | U/Ty A?Tj\ by the remarks before (45), and

 I U,y,- AiTJ\ < ? | U; A;ry| < ? ?"e0^ < ?>" log ie0A0. ir ir

 This proves (44), and therefore Lemma 4.1 in the case where (34) holds.
 It remains to consider the case where (35) holds. In the next section, we will

 use the 3-circle technique to prove the following.

 Lemma 4.3. Assume the inductive hypothesis (25), and that \p ? p\ < 6~T]to
 for all C,C G C. Also assume that r satisfies

 (46) r2 < 6l0r>Xox

 and that (35) holds for the decomposition of Proposition 2.1 (with e = 8~r)eo). Then

 there is A C U,-C,- with \A\ > \\C\ such that

 (47) |{*GC : p?(*)>m}|<Ae
 for all te [/0,n0Ue [Ao^AoLe G [e0, <5_77e0]. Here

 We assume Lemma 4.3 for now and complete the proof of Lemma 4.1.
 Under our hypothesis (33) on r we have (38) and therefore also (46) provided 77
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES 1013

 is small. So there is a subfamily A with \\C\ circles so that (47) holds. Fix e, t, A.
 If m = 6~Vo+2r] | A-2, then we clearly have (28). What remains is to verify that

 with /? = ?2=^. Rearranging (33),

 l^i _21iaa I*? I _ to e0 6

 ?

 r* r4
 l

 Note that ^ < 8^ by 27, and \ + ?(1 - ^) > 0. It follows that

 where A is a fixed constant whose value is irrelevant. Hence the left side of (48)
 is

 < | (i)5FS) \-l-l ^?-5(2V*)-(A+5)r7 r^> o V e /

 = Ia-2 (Av^r <5"^)r7?-(A+5)r?.

 The factor Wz^j is < _| < 1, so we have (48), provided rj is small enough.

 5. Proof of Lemma 4.3. We start by throwing out all circles in C* and also
 the following circles.

 I. All circles which belong to a cell C,- with \Cf\ < 3j i- We will regard the ? 6

 cells with I Ci I < A ' i as having been thrown out as well. 1 ' ? rs log j ?

 II. All circles which enter at least (log |)3r2 of the remaining cells.
 We claim

 Namely, by 9,
 We claim that less than \\C\ circles have been thrown out in steps I and II.

 \Ci\<
 / ICI r 1U& 6

 r3logl
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 1014  THOMAS WOLFF

 so that less than a(6 !)(log |) 1 circles are thrown out at step I. Next we have
 the following lemma.

 Lemma 5.1. For any ? and m there are at most A log | L_L circles C which enter
 at least ? cells each containing at least m circles.

 Proof. If B is the set of circles in question then, using (10),

 \B\tm < number of pairs (C, C) such that C enters the cell containing C

 = 5>ic,-i

 rv  r ? 6

 - \c\
 Applying this lemma with m = 3 x and ? = ^(log |)3, we see that the set of ? 6

 circles thrown out at step II has cardinality

 |C|2log| \C\
 ~ ^r^iV.j^ logi r3 log ? (log?)

 We let the set of remaining circles be A. We now assume that the conclusion
 of Lemma 4.3 fails for A and will obtain a contradiction. To begin with we note

 that 6 ^e? is very small by (46). This fact will be used without mention below.
 By pigeonholing, we can choose t [to,6~vto],e E [eo,<5_r7en] and A G

 [Ao,<5-r7Ao] such that

 L G Ce: p^(x) > m (log i) ' 1 > A (log i)
 -3

 e

 for at least (log ^) 3|*4| circles C G v4. For each of these circles, there are at

 least 2(log|)~4Ay Le disjoint y y-rectangles of Ce which each intersect at least
 m(\og\)~3 CA?e's, CeAg.

 By pigeonholing again, we can find M > m(log ^)~~3 such that, for each of

 at least 2(log |)-5|*4| circles C G A, there are at least 2(log^)~5Ay^ disjoint
 y y-rectangles R of C such that

 \{C G Afe: CAoenR? 0}| G [M,2M].

 Pigeonholing one more time, we can assume that these pairs (C, C) have a
 common value of sgn(p ? p). There are two symmetric cases for the sign and we

 6^ will choose +. Thus: There is M > m(log i) 3 such that for at least (log i) 5\A\
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  1015

 circles C A, there are at least (log|) 5XJ^ disjoint J-t-rectangles R of Ce
 with the following property:

 (49)  \{C eAfe: p> p and CA?e n R ? 0}| G  ?.?
 Pigeonholing again, we have the following lemma. Here, when we refer to a

 set of n circles with n not an integer, of course we really mean [n] circles.

 Lemma 5.2. There is a value ofk (< r*a(r)) and k cells Ci for each of which
 there is a set of * \6 circles C G C; with the following property: each Ce has at

 least ( log ^)-5 A y l- disjoint y ^-rectangles for which (49) holds.

 We will refer to the cells C?, circles C and rectangles R in Lemma 5.2 as
 being active. Thus every active circle belongs to an active cell, etc.

 The next step is to define, for each active circle C, a certain collection of
 "bad" active rectangles. Namely, a rectangle R is bad if one of the following two
 things happens. Here Ai is a suitable constant.

 I. There is r < to such that there are at least ?~vo~ 2V X~2 j circles C G Ac A et ? o T A\ ? 1 T

 with

 cAien/?^0.

 least

 (50)

 II. With d =cell containing C, there are r < 2t and a > J| such that at

 6-^X~la min f\Ci\,~)

 circles C G C/ H A^ satisfy C4*6 fl R ^ 0. Here R is the a-rectangle of CA]
 concentric with R.

 We will now show that for each active circle C at most ?To Xy^ of its active
 rectangles are bad. We first consider the type I rectangles. Note that the number r

 in the definition must be large compared with e, since 6~Vo~2^X~2^ < \A%\ < J.
 Since r < to, we can invoke the inductive hypothesis (25). Thus for any e\ and Ai

 {xGC^4;;'(x)>?-*|Ar2} <eiAi

 Now apply Lemma 3.4 (the case a = 0) to conclude that

 |xec?- 4;?i(x)>r^-^|Ar2} < e2Ai
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 1016  THOMAS WOLFF

 for any ei,e2, Ai. Hence, by Lemma 3.1, if e2 < min(r, ei) then for any Ai there

 are at most AAi *1^- disjoint -^-rectangles of C 2 which intersect A?~ri0~2?ri^-X]'2

 C 2,s,Cg ^ 1.Nowsetei =Ai^,e2 =AieandAi =6*\. Then e2 < min (ei, r)
 since e << r < t. Thus there are at most AS^xJ1- disjoint y y-rectangles of

 CAl which each intersect ?-770"7?!A-2 c ie's. Summing over the logarithmi

 cally many possible dyadic values of r, it follows that there are at most ??6w Ay *
 type I rectangles, say.

 Now we consider the type II rectangles. Fix r and a, a > y 7. For each C

 as in II, C^ie n CAl is contained in a bounded number of a-rectangles of CA{

 by Lemma 1.1. Since there are < min(|C;|, J) choices for C it follows that for

 any N, at most Amm N $ disjoint a-rectangles can intersect N of these Crie's.
 Let N be the quantity (50), and call the resulting set of a-rectangles {Rj}. Then
 every type II rectangle with the given values of r and o must be contained in the

 triple of one of the /?/s, and the triple of any given Rj contains at most AaJ1
 type II rectangles. We conclude that there are at most

 ?m mm(lC,|,5)_=AfifA./7
 c 6-2*\-i(Tnan(\Ci\9$) Ve

 type II rectangles with the given r and a so there are less than \8^xJ*- type II
 rectangles in all. This completes the estimate for the number of bad rectangles.

 Define a rectangle to be good if it is not bad. The preceding estimate implies
 that Lemma 5.2 is still valid if one replaces "rectangle" by "good rectangle" in
 the statement. We now consider the set of all pairs (C, C) such that C is an active

 circle and C G Afe is a circle with p > p such that CA?e intersects some good
 rectangle of Ce. We call these active pairs. By Lemma 5.2 there are at least

 active pairs. This is because the four factors on the left side are lower bounds
 for respectively the number of active cells, the number of active circles per cell,
 the number of good rectangles per circle and the number of active pairs such
 that CA?e intersects the given rectangle. We have used that for fixed C each CA?e

 intersects a bounded number of y y-rectangles of Ce by Lemma 1.1.

 Consequently, for some n < \A\ there must be n circles C G A each of which

 forms the second member of at least (log |)_12^Ay f-M active pairs. Now we
 do some more pigeonholing.
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  1017

 There is a number ?0 such that at least -^ of these n circles each enter

 between io and 2^o active cells. By Lemma 5.1, we have

 (51) T^T <  l^l2 log ?

 108 r'^

 We may further choose a number ? < io such that for each of at least ,, WK,
 J ? (log?)2

 of the pV circles C in the preceding paragraph, there are at least ? active cells

 Ci such that C is the second member of at least (log \)~n~j}^y Le^ active pairs
 (C, C) with C G Ci. We will call these circles C opposing circles.

 Fix an opposing circle C. We are going to get a lower bound on the cardinality

 of the following set Tq for some choice of a > A2J-t and r < 2t. Here A2 is a
 large enough constant.

 def
 T? = {(Ci, C2, C3): C/ belong to the same cell, (C?, C) is an active pair for

 each /, \ < |pi - p2| < 2r, ? < |pi - p3| < 2r, and dist(Cf n CA?e, CJ n CA?e) G
 [a,A2(j] for each (/J) with / ^j}.

 Claim. For any given Wy-rectangleR of CA?e there are at most 6 m 2r]X

 active pairs (C, C) such that jR intersects some good rectangle of Ce.

 2_
 (5

 Proof Suppose there are N such pairs {(Ci, C)}^. For each /, we fix a good

 w y-rectangle /?,- of Cf which intersects /?. It follows by the definition of type I bad
 1 o C

 rectangles that for any r < to there are at most ?"^"^A-2! circles C e A l ^

 withCAien/?/ t?0.
 On the other hand, for a suitable constant A3 which should be chosen before

 Ai, Cf36 will contain R for each /, by Lemma 1.2. Accordingly, for each / and j

 (52) cA3 n cf36 n cf3 ? 0.

 At least Nf?t > ^N6V circles C; must have radii p? which lie in a fixed interval
 of length io- Hence we can fix r < ?o and * {1,..., Af} such that for > --^

 choices of j, we have |p? ? Pj\ G [r,2r]. If Ai is large enough then using (52)
 and Lemma 1.3, we get A(C?, Cj) < A\* for all such j, i.e. C, G *4C'. ^. Also 1 r

 Cy intersects /??, since C^ie contains & Combining with the upper bound from
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 1018  THOMAS WOLFF

 the previous paragraph, we get

 log I 6

 and the claim follows.

 Before proceeding with the main argument we need a lemma.

 Lemma 5.3. Fix rj > 0 and A with A sufficiently large depending on r\. Suppose

 that {7i}^i is a set ofpairwise disjoint arcs of the unit circle with \j?\ = ufar all i,
 and assume N > A2u~rl. Then for some o > Au> there are at least (Nc?v)3 triples

 7/i?7i2?7i3 with dist(7//>7/fc) G [<r, Aa] for each j,k G {1,2,3} withj ? k.

 Proof. We normalize so that the unit circle has length 1. Choose an arc / of
 the unit circle which satisfies the following:

 (53) / contains at least ^N\I\V arcs 77

 and is as short as possible subject to this condition. Then ^N\I\vu < |/|, so

 |/| > (^N??)1^ > A2??. Also, some semicircle must satisfy (53), so |/| < i.
 Consequently we can cover / with < A disjoint arcs // whose lengths are between
 A_1|/| and A_1|/| +u, in such a way that each 77 in (53) is contained in one of
 the Ji's. Each J? contains at most

 7/s, by minimality of /, and assuming we have chosen A large enough. On the
 other hand the union of all the 7/'s containing less than ^A~lN\I\r) 7/s will clearly
 contain < ^A^/l77 7/s. We conclude there must be five different 7/'s which each
 contain at least ^A~]N\I\T] 7/s. If we order these in (say) the clockwise direction

 then the first, third and fifth are mutually at distance between ^ and |/|. Take
 the triples with one entry 7/ contained in each of these three /?'s. This gives at

 least (\A-lN\I\^)3 > N3(?A-l\I\)3ri > N3uj3ti triples so the proof of the lemma
 is complete.

 We now continue with our opposing circle C. Fix one of the > ? active

 cells in its definition, and let v > (log |)~13^Ay l-M be the number of active
 pairs (C, C) with C G C,-. By step II in the definition of A, we know that ? <

 ( log \)3r2, and by the assumption on r in Lemma 4.3 this means that I < 89rixJ^.
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  1019

 Accordingly

 (54) v > <r8-^M---! n
 > ?-(V0+^V)1\-^^

 For the second inequality we used that n < \A\ and that

 M > (log i) m > (log -^ 6-^+2^X~2.

 Comparing (55) with the claim above, we conclude that for any given J-f
 rectangle R of CA?e there are at most <54r?z/ active pairs (C, C) with C G C? such
 that /? intersects a good rectangle of Ce.

 By pigeonholing, there is a number Af and a collection of N disjoint J-t
 rectangles R? of CA? such that for each /, there are at least A,/ , circles C G C? b J J> N log j
 such that (C, C) forms an active pair and Rj intersects a good rectangle of Ce.
 The estimate in the preceding paragraph implies that N > 6~3r], so we may apply
 Lemma 5.3 with the given rj and an appropriate large constant A. We conclude

 that there is a > AJ-t, and at least (N(J^)11)3 triples of rectangles Rj at mutual
 distance G [a,Ao]. For each such triple of Rfs we obtain ( u L)3 triples of

 circles C/j,C/2,C/3 G C? such that (Cip,C) is an active pair for p = 1,2,3. Thus
 altogether we have at least

 n(./tiy.( * y^Mjy1
 triples Ci{,Ci2,Ci3. We may order each triple so that |p/t ? p/2| > |p/j ? p/3| >
 |p/2 ? p/31, hence |p/t ? p/31 > \\pix ? pi21. It is now clear that there is a value of r so
 that for at least a ( log |)_ 1 proportion of these triples we have |p/, ? p/21 G [\r, 2r]
 and \ph - ph\ G [?t,2t].

 This procedure was carried out with respect to the fixed cell C/. There are

 at least ? choices for C/, and by pigeonholing we can find at least (log \)~2? of
 them which correspond to a common value of a and r. Defining 7? with respect
 to this a and r we see that

 (55)

 This is our promised lower bound for VTA. Next, there are at least ,, " choices 1 Ul (log^)2
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 1020  THOMAS WOLFF

 of the opposing circle C. By pigeonholing, we can find nL 4 which correspond
 to a common value of o and r in (55). With this o and r, we define

 S = {(d,C2,C3,C): (Ci,C2,C3)GTe}.

 It is then immediate that \Q\ is bounded below by nl 4 times the quantity in

 55. This gives

 (56) '^^'(^(WI)
 We will now get an upper bound for \Q\ which will contradict (56).
 The first step is to count the number of allowable triples, i.e. triples

 (Ci,C2,C3) for which some C with (Ci,C2,C3,C) G Q can exist. Namely, C\
 is an arbitrary active circle, i.e. may be chosen in at most \A\ ways. Once C\
 has been chosen, C2 must belong to the same cell as C\ and must also satisfy

 |P2 ? Pi | < 2r, hence may be chosen in < min (}-^, j) ways. Now we look how
 many ways there are to choose C3.

 By definition of Q, the distance between any two of the CA?e (1 Cf s, i G
 {1,2,3} is < A2cr. Hence by Lemma 1.4 cf?e must intersect both C^?e and C^?e

 within a common A4cr-rectangle R. Furthermore, this rectangle must contain a

 good y j- rectangle of Cf, since it contains CAoe?lC\. We conclude the following

 property for Cy. C^?e intersects cf?e within an A4 o -rectangle R of Cf?e which
 also contains (i) a point of Cf?e f? d2e and (ii) a good rectangle of Cf.

 Because of (i) and Lemma 1.1, the rectangle R must be contained in one of

 a bounded number (actually just two) of A5 max (cr, y ^)-rectangles. Because of
 (ii) we may then apply the definition of type II bad rectangles with a replaced

 by A5 max (a, y ^) to conclude that there are

 <H*A-m?(,.yi)mi.(!?j)
 choices for C3.

 Hence we may bound the number of allowable triples by

 (57) Atf-^A"1 max (o, J^\ \A\ min 0^-, ?) .

 Next, for each allowable triple (C\,C2, C3), there are at most Aa_2f choices
 for C with (C\,C2, C3, C) G Q. This follows from Lemma 1.6. In addition, there
 are at most AM choices for C. This follows from Lemma 1.7, since we have also
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES 1021

 assumed the upper bound 2M in (49). Combining these bounds with (57), we get

 (58) IQI^?-^n-^ax^^l^lmin^^,^ min (^~2^m) .
 The rest of the proof is just a calculation to show that (56) and (58) are

 incompatible. Namely, if we combine (56) and (58) and make some obvious
 manipulations we obtain

 x min [a~2-,M

 We now consider cases. If a < y ^ then we estimate as follows:

 minl"F'?J VtHtJ v?

 since the left-hand side is largest when r = -1^-. So the right side of (59) is

 and (59) implies

 4

 I . . 2 .-. ... 2

 .^(.)'(M)?v
 4

 We used (51) to get the second inequality. Since k < Pa(r) and -^ < 6 y], we
 conclude that

 M2<6-^r--2(l)2X-4
 M<6~^r-L4lX-2

 which contradicts the choice of M if r\ is small.
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 1022  THOMAS WOLFF

 On the other hand if er > y ^ then since

 amin ( a 2-,M) <

 M2 < g-** ( ^

 we may estimate the right side of (59) by

 Then (59) implies [again using (51)]

 tj\6
 \A\2 ?e\i le < 6-6t> I I?

 2 t  L-4

 M < s-* ?'i^l
 \A\6

 1 , x A

 6 A ?

 which again contradicts the choice of M. Lemma 4.3 has therefore been proved.

 Appendix 1. Here we will prove the following result.

 Corollary 5.4. If a < 1 and ifE is a Borel set in the plane which contains
 circles centered at all points of a Borel set with Hausdorff dimension at least a,
 then E has Hausdorff dimension at least 1 + a.

 Proof. Using measure theory we can find a compact subset F of F, a compact
 set F with Hausdorff dimension at least a, and a number p such that, for each
 x G F, there is a circle centered at x with radius between p and 2p which intersects
 F in a set whose angle measure at jc is at least tt. We may assume that p = 1.

 Let Ft be the projection of F on the x\ axis. By rotating coordinates and
 applying Marstrand's projection theorem, we may assume that II has Hausdorff
 dimension > a. Fix ? < a and a measure p supported on fl with

 (60)  P(/)  <|/|'
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES 1023

 for all intervals /. Let {D(xj, rj)} be a covering of F by discs with small radius ,
 define

 ?8 = U DJ
 {/: rje[6,26]}

 and let xs De the characteristic function of A?. Let Ms be as in (1). Then the

 hypothesis implies that J2k M2-k(X2-k) ^ 1 at a^ points of n. Consequently,
 Ylkl M2-k(X2-??p> ^ 1- Now we want to replace p by Lebesgue measure.
 Namely, we claim that (for any function x)

 (61) ?Msxdp < S-i(1-?)\\M2sx\\LHR,m

 This is proved as follows: if / is an interval of length | then for any x,y G /,

 (62) Mtf(x) < M2af(y).

 Now subdivide R in intervals {//} of length |. Then

 / Msxd/? ^ ^rmnM26X(x) p(Ij)
 j *

 <6-Mx;i/ii^(^2?xw)3) (em/?)'
 2

 A5

 where we used (62) and Holder's inequality. The last factor here may be estimated
 as follows:

 ]>>(/,.)?<5f?>(/7)<?f

 by (60) and the fact that p is a finite measure. This proves (61).
 We therefore have

 1 <
 ' k J2 / M2-k{x2~k)dp

 < Y,\\M2-kAx2-k)h2k^ ' k

 < ?2^>|A2_*
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 1024  THOMAS WOLFF

 for any e > 0, where the last line followed from (1) and the previous line
 from (61). Consequently |A2-*| > 2~*(4e+1-/3) for some k. This holds for every
 covering, so dim/? > 1 + ? ? 4e, and since ? < a and e > 0 are arbitrary we're
 done.

 We remark that if a < 1 then a set in Rn which contains a sphere centered
 at each point of a set of dimension > a must have dimension > n ? 1 + a.

 When n > 3 this is much easier since one has an L2 ?> L2 estimate H-M^l^ <

 (log |)21[/||2, which can be proved similarly to Theorem 1' of [4].

 Appendix 2. Here we give the proof of (2). We will use Jt-space Fourier
 transforms,

 KO =' / f(x)e~2^<dx. m2

 Let / and u be as in (2). We may assume that / is real, else we consider odd
 and even parts. Also, if supp/ is contained in a fixed compact set then (recall we
 are using inhomogeneous Sobolev spaces) the result is obvious, so we may fix a
 sufficiently large constant A and assume that/ vanishes when |?| < A.

 Let u'(x) = u(t,x) and let m|(jc) = H^fix + te16)^. Then (denoting real part
 of z by rez)

 (63) ?(0 = cos(i|?|)Ao
 (64) m}(0 = re(a(i|^|)(i|e|)-^2^l)/(0

 def
 where a(r) obeys the following: c = linv^oo #(r) exists and is nonzero, and
 (letting aU) = jth derivative of a) \au\r)\ < r~{J+l) for any fixed j G Z+. (64)
 follows from the stationary phase asymptotics for the Fourier transform of surface
 measure on the unit sphere S1 C M2.

 Now consider the functions g = ( ? A)*/, h = ( ? A)-*/, where A is the R2

 laplacian. Thus g(0 = (2tt|?|)2/(?), h(0 = (27r|f |)~5/(f), so using the asymp
 totics (64) we obtain

 (^)%e(a(^|)^^l)/(0

 (y ) 2 re ((ifl(i|?|) + W, OV27r'"?|)/(0

 where i> obeys the estimates \D^b(t,0\ ?S |?|"~(1+l<*l) for any fixed multiindex a,
 uniformly in t G [1,2]. Note the factor of ' in the second formula. It follows

 m'JO =

 dt m'hiO =
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 A KAKEYA-TYPE PROBLEM FOR CIRCLES  1025

 therefore that

 ? *mko = (?)2 fat) - ijfiio) (c~l +uo)?o
 where the function Jt obeys estimates \D^Jt{0\ < |?|~tl+lal) uniformly in t e
 [1,2]. Here we used that/(?) vanishes when |?| is small. It follows that Jt defines
 an L?? bounded multiplier so (taking real parts and using (63)) we may conclude
 that

 (65) ||?'||oo < IKIU + g *
 ? t
 dt ?

 < IlifiilU + \\m>  |V/z|lloo

 where the last line follows by differentiating under the integral sign in the defi
 nition of the spherical means.

 Next, Theorem 1 may be interpreted in terms of Sob?le v spaces: ont e [1,2],

 IW/iIIl3/,00 ? ^ell/Ike for any/ and any fixed e > 0. The proof is standard,

 namely: (i) / = J^fj with suppjb C D(0,1), supp/ C {2f-v < |?| < 2*1}
 and Yjj llZ/lk- ^ li/lko using a dyadic partition of unity in Fourier space, (ii)
 If R is large then (using dilations) there are Schwartz functions pr and xr with
 bounded L1 norms, suppx/? C D(0,CR~l), \\xr\\<x> < R2, and Pr(Oxr(0 = 1
 when ? < |?| < 2R. Consequently if supp/ C {? < |?| < 2R} and if we set
 f = PR*f then \\m\f{ ||z~ < Msf(t), where 6 ? ?, and \\f\\3 < \\f\\3 < JT ! \\f\\3,e.
 (iii) Let fj be as in (i) and define^ as in (ii), R = 2? Apply Theorem 1 to conclude

 that llalla < tf\\fjh. Thus by (ii), U^IL^o < R^Wfjlht Now sum over
 j to obtain the result.

 We conclude using (66) that IKH^?, < ||g||3,e + IIVA||3,e. Clearly \\g\\u <
 II/II3 i+e> and also || VA||3e < \\f\\3 \+e by I? boundedness of the Riesz transforms.

 The proof is complete.

 Department of Mathematics, 253-37 Caltech, Pasadena, CA 91125
 Electronic mail: wolff@cco.Caltech.edu
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