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Preface

This is a book on geometric measure theory and Fourier analysis. The main
purpose is to present several topics where these areas meet including some
of the very active recent interplay between them. We shall essentially restrict
ourselves to questions involving the Fourier transform and Hausdorff dimension
leaving many other aspects aside.

The book is intended for graduate students and researchers in mathematics.
The prerequisites for reading it are basic real analysis and measure theory.
Familiarity with Hausdorff measures and dimension and with Fourier analysis
is certainly useful, but all that is needed will be presented in Chapters 2 and 3.
Although most of the material has not appeared in book form, there is overlap
with several earlier books. In particular, Mattila [1995] covers part of Chapters
4-7, Wolff [2003] of Chapters 14, 19, 20 and 22, and Stein [1993] of 14 and
19-21. Several other overlaps are mentioned in the text. The surveys Iosevich
[2001], Laba [2008], [2014], Mattila [2004], Mitsis [2003a] and Tao [2001],
[2004] are closely related to the themes of the book.
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1

Introduction

The main object of this book is the interplay between geometric measure the-
ory and Fourier analysis on R”. The emphasis will be more on the first in the
sense that on several occasions we look for the best known results in geometric
measure theory while our goals in Fourier analysis will usually be much more
modest. We shall concentrate on those parts of Fourier analysis where Haus-
dorff dimension plays a role. Much more between geometric measure theory
and Fourier analysis has been and is going on. Relations between singular inte-
grals and rectifiability have been intensively studied for more than two decades;
see the books David and Semmes [1993], Mattila [1995] and Tolsa [2014], the
survey Volberg and Eiderman [2013], and Nazarov, Tolsa and Volberg [2014]
for recent break-through results. Relations between harmonic measure, partial
differential equations (involving a considerable amount of Fourier analysis) and
rectifiability have recently been very actively investigated by many researchers;
see, for example, Kenig and Toro [2003], Hofmann, Mitrea and Taylor
[2010], Hofmann, Martell and Uriarte-Tuero [2014], and the references given
therein.

In this book there are two main themes. Firstly, the Fourier transform is a
powerful tool on geometric problems concerning Hausdorff dimension, and we
shall give many applications. Secondly, some basic problems of modern Fourier
analysis, in particular those concerning restriction, are related to geometric
measure theoretic Kakeya (or Besicovitch) type problems. We shall discuss
these in the last part of the book. We shall also consider various particular
constructions of measures and the behaviour of their Fourier transforms.

The contents of this book can be divided into four parts.

PART I Preliminaries and some simpler applications of the Fourier transform.

PART II Specific constructions.
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PART III Deeper applications of the Fourier transform.

PART IV Fourier restriction and Kakeya type problems.

Parts I and III are closely linked together. They are separated by Part II
only because much of the material in Part III is rather demanding and
Part IT might be more easily digestible. In any case, the reader may jump
over Part IT without any problems. On the other hand, the sections of Part II are
essentially independent of each other and only rely on Chapters 2 and 3. Part
IV is nearly independent of the others. In addition to the basics of the Fourier
transform, given in Chapter 3, the reader is advised to consult Chapter 11 on
Besicovitch sets and Chapter 14 on oscillatory integrals before reading Part IV.

The applicability of the Fourier transform on Hausdorff dimension stems
from the following three facts. First, the Hausdorff dimension of a Borel set A C
R", dim A, can be determined by looking at the behaviour of Borel measures
u with compact support spt u C A. We denote by M(A) the family of such
measures u with 0 < u(A) < oo. More precisely, by Frostman’s lemma dim A
is the supremum of the numbers s such that there exists u € M(A) for which

w(Bx,r) <r* forxeR", r>0. (1.1)

This is easily transformed into an integral condition. Let

Is(u)=/ |x —y[ dpx duy

be the s-energy of . Then dim A is the supremum of the numbers s such that
there exists u € M(A) for which

I;(u) < oo. (1.2)

For a given p the conditions (1.1) and (1.2) may not be equivalent, but they
are closely related: (1.2) implies that the restriction of u to a suitable set with
positive i measure satisfies (1.1), and (1.1) implies that u satisfies (1.2) for
any s’ < s. Defining the Riesz kernel k;, k;(x) = |x| ™, the s-energy of u can
be written as

() = /ks * pdp.

For 0 < s < n the Fourier transform of k, (in the sense of distributions) is la =
y(n, s)k,—s where y(n, s) is a positive constant. Thus we have by Parseval’s
theorem

I(n) = / kI =y, s) f x| || dx.
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Consequently, dim A is the supremum of the numbers s such that there exists
uw € M(A) for which

/|x|f—"|ﬁ(x)|2dx < 0. (1.3)

Thus, in a sense, a large part of this book is a study of measures satisfying one,
or all, of the conditions (1.1), (1.2) or (1.3). As we shall see, in many appli-
cations using (1.1) or (1.2) is enough but often (1.3) is useful and sometimes
indispensable. In the most demanding applications one has to go back and forth
with these conditions.

The first application of Fourier transforms to Hausdorff dimension was
Kaufman’s [1968] proof for one part of Marstrand’s projection theorem. This
result, proved by Marstrand [1954], states the following.

Suppose A C R? is a Borel set and denote by P,, e € S!, the orthogonal
projection onto the line {re : t € R}: P,(x) = e - x.

() If dim A < 1, then dim P,(A) = dim A for almost all ¢ € S'.
(2)If dim A > 1, then £'(P,(A)) > 0 for almost all e € S'.

Here L' is the one-dimensional Lebesgue measure.

Marstrand’s original proof was based on the definition and basic properties
of Hausdorff measures. Kaufman used the characterization (1.2) for the first
part and (1.3) for the second part. We give here Kaufman’s proof to illustrate
the spirit of the techniques used especially in Part [; many of the later arguments
are variations of the following.

To prove (1) let 0 < s < dim A and choose by (1.2) a measure u € M(A)
such that /() < oo. Let u, € M(P,(A)) be the push-forward of u under P,:
1e(B) = n(P;'(B)). Then

/ L) de = / f le- (= )|~ dux duy de
St St

Z///l le (—li:);l)rx delx —y|™ duxdpy = c(s)I;(1) < 00,
S J

where for v € S!, c(s) = fs' le-v|™de < oo as s < 1. Referring again to
(1.2) we see that dim P,(A) > s for almost all e € S'. By the arbitrariness of
5,0 < s < dim A, we obtain dim P,(A) > dim A for almost all ¢ € S'. The
opposite inequality follows from the fact that the projections are Lipschitz
mappings.

To prove (2) choose by (1.3) a measure pu € M(A) such that
[ |x|7' @& @)|? dx < oo. Directly from the definition of the Fourier transform
we see that ji,(t) = Ji(te) for t € R, e € S'. Integrating in polar coordinates
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we obtain

o0 o0
f / |fe(0)|* dt de = 2/ f |Ti(te)|* dt de = 2f|x|*1|ﬁ(x)|2dx< 0.
StJ—o0 stJo

Thus for almost all e € S', i, € L>(R) which means that i, is absolutely
continuous with L? density and hence £'(P,(A)) > 0.

The interplay between geometric measure theory and Fourier restriction,
that we shall discuss in Part IV, has its origins in the following observations:

Let g be a function on the unit sphere $"~!, for example the restriction of
the Fourier transform of a smooth function f defined on R”. Let us fatten the
sphere to a narrow annulus S(§) = {x : 1 —§ < |x| < 1 + §}. We can write
this annulus as a disjoint union of & §!~"/2 spherical caps R}, each of which
is almost (for a small §) a rectangular box with n — 1 side-lengths about /8
and one about §. Suppose we could write g = > ; & where each g; is a smooth
function with compact support in R; (which of course we usually cannot do).
Then f =) ; fj where f; is the inverse transform of g;, which is almost the
same as the Fourier transform of g;. A simple calculation reveals that f; is
like a smoothened version of the characteristic function of a dual rectangular
box 13; of R;; it decays very fast outside If!: This dual rectangular box is a
rectangular box with n — 1 side-lengths about 1/+/8 and one about 1/8, so it
is like a long narrow tube. Thus studying f based on the information we have
about the restriction of its Fourier transform on §"~!, we are lead to study huge
collections of narrow tubes and the behaviour of sums of functions essentially
supported on them. These are typical Kakeya problems.

A concrete result along these lines is:

If the restriction conjecture is true, then all Besicovitch sets in R” have
Hausdorff dimension 7.

The restriction conjecture, or one form of it, says that the Fourier transform
of any function in L”(R") can be meaningfully restricted to $"~! when 1 <
p < nz—;_’l In the dual form this amounts to saying that the Fourier transform
defines a bounded operator L>(8"~!) — L(R") for g > nzTnl in the sense that
the inequality

[ Loy < Cr @ Sl Looisr)

holds. For n = 2 this is known to be true and for n > 2 itis open. The restriction
conjecture is related to many other questions of modern Fourier analysis and
partial differential equations. We shall discuss some of these in this book.
Besicovitch sets are sets of Lebesgue measure zero containing a unit line
segment in every direction. They exist in R” for all n > 2. It is known, and we
shall prove it, that all Besicovitch sets in the plane have Hausdorff dimension 2,
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but in higher dimensions it is an open problem whether they have full dimension
n. Fattening Besicovitch sets slightly we end up with collections of narrow tubes
as discussed above.

Now I give a brief overview of each chapter. Chapter 2 gives preliminaries
on Borel measures in R” and Chapter 3 on the Fourier transform, including the
proofs for the characterization of Hausdorff dimension in terms of (1.1), (1.2)
and (1.3). In Chapter 4 we repeat the above proof for Marstrand’s theorem with
more details and study Falconer’s distance set problem: what can we say about
the size of the distance set

D(A) ={|x —y|:x,y € A}

if we know the Hausdorff dimension of a Borel set A C R"? For instance,
we show that if dim A > (n + 1)/2 then D(A) contains an open interval. In
Chapter 5 we sharpen Marstrand’s projection theorem by showing that the
Hausdorff dimension of the exceptional directions in (1) is at most dim A and
in (2) at most 2 — dim A. We also give the higher dimensional versions and
introduce the concept of Sobolev dimension of a measure, the use of which
unifies and extends the results. In Chapter 6 we slice, or disintegrate, Borel
measures in R” by m-planes and apply this process to prove that typically if an
m-plane V intersects a Borel set A C R” withdim A > n — m, itintersects it in
dimension dim A + m — n. We also prove here an exceptional set estimate and
give an application to the Fourier transforms of measures on graphs. Chapter 7
studies the more general question of generic intersections of two arbitrary Borel
sets. We prove that if A, B C R" are Borel sets and dim B > (n + 1)/2, then
for almost all rotations g € O(n) the set of translations by z € R” such that
dim A N (g(B) + z) > dim A + dim B — n — ¢ has positive Lebesgue measure
for every ¢ > 0.

We start Part II by studying in Chapter 8§ classical symmetric Cantor sets
with dissection ratio d and the natural measures on them. We compute the
Fourier transform and show that it goes to zero at infinity if and only if 1/d
is not a Pisot number. Bernoulli convolutions are studied in Chapter 9. They
are probability distributions of random sums Zj +1/,0 < A < 1. We prove
part of Solomyak’s theorem which says that they are absolutely continuous
for almost all A € (1/2,1). In Chapter 10 we investigate projections of the
one-dimensional Cantor set in the plane which is the product of two standard
symmetric linear half-dimensional Cantor sets. We show in two ways that it
projects into a set of Lebesgue measure zero on almost all lines and we also
derive more detailed information about its projections. Using the aforemen-
tioned result we construct Besicovitch sets in Chapter 11. We shall also prove
there that they have Hausdorff dimension at least 2. We shall consider Nikodym
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sets, too. They are sets of measure zero containing a line segment on some line
through every point of the space. In Chapter 12 we find sharp information
about the almost sure decay of Fourier transforms of some measures on tra-
jectories of Brownian motion. The decay is as fast as the Hausdorff dimension
allows, so the trajectories give examples of Salem sets. In Chapter 13 we
study absolute continuity properties, both with respect to Lebesgue measure
and Hausdorff dimension, of classical Riesz products. In Chapter 14 we derive
basic decay properties for oscillatory integrals [ ¢/***)y(x) dx and apply them
to the Fourier transform of some surface measures.

Beginning Part IIT in Chapter 15 we return to the applications of Fourier
transforms to geometric problems on Hausdorff dimension; we apply decay
estimates of the spherical averages f gt |’/i(rv)|2 dv to distance sets. We con-
tinue this in Chapter 16 and prove deep estimates of Wolff and Erdogan using
Tao’s bilinear restriction theorem (which is proved later) and Kakeya type
methods. This will give us the best known dimension results for the distance
set problem. In Chapter 17 we define fractional Sobolev spaces in terms of
Fourier transforms. We study convergence questions for Sobolev functions and
for solutions of the Schrodinger equation and estimate the Hausdorff dimension
of the related exceptional sets. The Fourier analytic techniques of Peres and
Schlag are introduced in Chapter 18 and they are applied to get considerable
extensions of projection type theorems, both in terms of mappings and in terms
of exceptional set estimates.

In Part IV we first introduce in Chapter 19 the restriction problems and prove
the basic Stein—Tomas theorem. It says that

I Fllo@n < Cou @Il f 21y forg = 2(n + 1)/(n — 1).

In fact, we do not prove the end-point estimate for ¢ = 2(n + 1)/(n — 1), but
we shall give a sketch for it in Chapter 20 using a stationary phase method. We
shall also prove the restriction conjecture

||ﬂ|L4(R2) S COIfllzeesy forg >4

in the plane using this method.

In Chapter 21 we first prove Fefferman’s multiplier theorem saying that for
aball BinR", n > 2, the multiplier operator T, f;;? =¥ Bf, is not bounded
in L? if p # 2. This uses Kakeya methods and really is the origin for the
applications of such methods in Fourier analysis. We shall also briefly discuss
Bochner—Riesz multipliers. In Chapter 22 we introduce the Kakeya maximal
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function
Ksf: 8" — [0, o0l,

Ks /(@) !
e)= sup ——
’ weir LT3 @) J7sa

and study its mapping properties. Here T(a) is a tube of width § and length 1,
with direction e and centre a. The Kakeya maximal conjecture is

|fldL”

”’C(Sf”Ln(Sn—l) S Cg(s_S”f”Ln(]Rn) fOr all £ > O, f [S Ln(Rn)

We shall prove that it follows from the restriction conjecture and implies the
Kakeya conjecture that all Besicovitch sets in R” have Hausdorff dimension 7.
We shall also show that the analogue of the Kakeya conjecture is true in the
discrete setting of finite fields.

In Chapter 23 we prove various estimates for the Hausdorff dimension of
Besicovitch sets. In particular, we prove Wolff’s lower bound (n + 2)/2 with
geometric methods and the Bourgain—Katz—Tao lower bound 6n/11 + 5/11
with arithmetic methods. In Chapter 24 we study (n, k) Besicovitch sets; sets
of measure zero containing a positive measure piece of a k-plane in every
direction. Following Marstrand and Falconer we first give rather simple proofs
that they do not exist if k£ > n/2. Then we shall present Bourgain’s proof
which relies on Kakeya maximal function inequalities and extends this to
k > (n + 1)/3, and even further with more complicated arguments which we
shall only mention.

The last chapter, Chapter 25, gives a proof for Tao’s sharp bilinear restriction
theorem:

I fifollzaeny S N filleacs—n)ll fall oy forg > (n +2)/n,

when f; € L*(S"™") with dist(spt fi, spt f>) & 1. In fact, we shall prove a
weighted version of this due to Erdogan which is needed for the aforementioned
distance set theorem. We shall also deduce a partial result for the restriction
conjecture from this bilinear estimate.
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Preliminaries and some simpler
applications of the Fourier transform
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Measure theoretic preliminaries

Here we give some basic information about measure theory on R”. Many proofs
for the statements of this section can be found in Mattila [1995], but also in
several other standard books on measure theory and real analysis. We shall
also derive the Hausdorff dimension characterizations (1.1) and (1.2) from the
Introduction, that is, we shall prove Frostman’s lemma.

2.1 Some basic notation

In any metric space X, B(x, r) will stand for the closed ball with centre x and
radius r. The diameter of a set A will be denoted by d(A) and the minimal
distance between two non-empty sets A and B by d(A, B) and between a point
x and a set A by d(x, A). The open §-neighbourhood of A is A(§) = {x :
d(x, A) < 8}. The closure of A is A and its interior is Int(A). The characteristic
function of A is denoted by x 4.

The space of continuous complex valued functions on X will be denoted
by C(X) and its subspace consisting of functions with compact support by
Co(X). As usual, the support of f, spt f, is the closure of {x : f(x) # 0}. The
sets CT(X) and CJ’ (X) consist of non-negative functions in C(X) and Cy(X),
respectively. For an open set U in a Euclidean space, C*(U) consists of k times
continuously differentiable functions on U and C°°(U) of infinitely differen-
tiable functions on U; C(’§(U ) and C§°(U) are their subspaces of functions with
compact support.

In the n-dimensional Euclidean space R" Lebesgue measure is denoted by
L" and the volume of the unit ball will be

a(n) = L'(B(0, 1)).

We denote by 6" ! the surface measure on the unit sphere "' = {x € R" :
|x| = 1}, and sometimes also by o™ the surface measure on m-dimensional

11
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unit spheres in R”. For r > 0, 0,"~! will stand for the surface measure on the
sphere S(r) = S"7'(r) = {x € R" : |x| = r} of radius r.

The Dirac measure &, at a point a is defined by §,(A) = 1, if a € A, and
3,(A) =0,ifa & A.

The L?” space with respect to a measure u is denoted by L” (1) and its norm
by || - l|Lr(u)- Sometimes we also write || f || Lo, a) = ([, | |7 dp)'/?. When p
is a Lebesgue measure we usually write more simply L” and || - || ,, or L”(A)
and || - || .»a) When we consider L” functions in a Lebesgue measurable set A.
Often we also use the notation L”(S"~1) and | - || .»(s»—1) instead of L?(c" 1)
and || - || L»(s»—1). These, as well as other function spaces considered in this book,
are spaces of complex valued functions.

We shall mean by a <, b that a < Cb where C is a constant depending
on «. If it is clear from the context what C should depend on, we may write
only a < b. In the notation a <, b the parameters included in « do not always
contain all that is needed. For example, we often do not write explicitly the
dependence on the dimension n of R". If a < b and b < a we write a ~ b. By
C(a) and c(«) we shall always mean positive and finite constants depending
only on «.

By N we denote the set of positive integers and by N the set of non-negative
integers.

2.2 Borel and Hausdorff measures

We mean by a measure on a set X what is usually meant by outer measure, that
is, a non-negative, monotone, countably subadditive function on {A : A C X}
that gives the value O for the empty set. As usual, the Borel sets in a metric space
X form the smallest o -algebra of subsets of X containing all closed subsets of
X. By a Borel measure in X we mean a measure u for which Borel sets are
measurable and which is Borel regular in the sense that forany A C X thereis a
Borel set B such that A C B and u(A) = p(B). The additional requirement of
Borel regularity is not really restrictive for our purposes since if for a measure
u the Borel sets are « measurable, then v defined by v(A) = inf{u(B) : A C
B, B is a Borel set} is Borel regular and agrees with ;« on Borel sets, as
one easily checks. But requiring Borel regularity has the advantage that Borel
measures are uniquely determined by their values on Borel sets. From this it
follows that in R" they are uniquely determined by integrals of continuous
functions with compact support. A Borel measure is locally finite if compact
sets have finite measure. Locally finite Borel measures are often called Radon
measures.
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The support of a measure  on X is the smallest closed set F such that
w(X \ F) = 0.1Itis denoted by spt u. For A C X the set of all Borel measures
won X with 0 < u(A) < oo and with compact spt u C A will be denoted by
M(A).

New measures can be created by restricting measures to subsets: if @ is a

measure on X and A C X, the restriction of 1 to A, wl_ A, is defined by
nl_A(B)=pu(ANB) for B C X.

It is a Borel measure if w is a Borel measure and A is a u measurable set with
HU(A) < oo.

The image or push-forward of a measure p under a map f: X — Y is
defined by

fan(B) = u(f~'(B)) for B CY.

It is a Borel measure if p is a Borel measure and f is a Borel function. The
definition is equivalent to saying that

/gdfm:/gOfdu

for all non-negative Borel functions g on X. This formula will be used
repeatedly.

A measure p is absolutely continuous with respect to ameasure vif v(A) = 0
implies ©(A) = 0. We denote this by u <« v. Borel measures n and v are
mutually singular if there is a Borel set B C X suchthat u(X \ B) = v(B) = 0.

The integral [ fdu or [ f(x)dux means always the integral [, f du over
the whole space X. In case n is Lebesgue measure on R” we often omit
the measure and write simply, for example, [ f = [ fdL" and [ f(x)dx =
[ fx)dLx.

If g is a non-negative ; measurable function we denote by gu the measure
such that gu(B) = fB g du for Borel sets B. Thus il A = 4. If g is com-
plex valued, g means the obvious complex measure. Non-negative Lebesgue
measurable functions g on R” will be identified with the measures gL".

We shall often use Hausdorff measures H*, s > 0. By definition,

Hi(A) = lim H3(A),
§—0
where, for 0 < § < oo,

Hy(A) = inf Y ()2 d(E))* : AC| JE;. d(E)) <8

J J
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Here «(s) is a positive number. For integers n we have already fixed that
a(n) is the volume of the n-dimensional unit ball (with «(0) = 1). Then in
R", H" = L". When s is not an integer, the value of «(s) is insignificant. To
avoid unnecessary constants at some later estimates, let us choose «(s)2™° = 1,
when s is not an integer.

The Hausdorff dimension of A C R" is

dim A = inf{s : H*(A) = 0} = sup{s : H'(A) = oo}.

Since (as an easy exercise), H*(A) = 0 if and only if H} (A) = 0, we can
replace H* in the definition of dim by the simpler H? . So, more simply,

dimA =inf{s: Ve > 03E,, E,,--- C X such that

AC UE/ and Zd(Ej)S <e
J J

For the definition of dimension, the sets E; above can be restricted to be balls,
because each E; is contained in a ball B; with d(B;) < 2d(E). The spherical
measure obtained using balls is not the same as the Hausdorff measure but it is
between H* and 2°H?.

The m-dimensional Hausdorff measure restricted to a sufficiently nice, even
just Lipschitz, m-dimensional surface is the standard surface measure, but we
shall not really need this fact. We shall frequently use the surface measure
"' on the unit sphere §"7! = {x € R" : |x| = 1}. A useful fact about it
is that up to multiplication by a constant it is the unique Borel measure on
S"=1 which is invariant under rotations. More precisely, the orthogonal group
O(n) of R" consists of linear maps g : R” — R” which preserve the inner
product: g(x) - g(y) = x - y for all x, y € R". Then 6"~ is determined, up to
a multiplication by a constant, by the property

" '(g(A)) = 0" 1(A) forall A CR", g€ On).

Since O(n) is a compact group, it has a unique Haar probability measure 6,,.
This means that 6, is the unique Borel measure on O(n) such that 8,(0(n)) = 1
and

6,{goh:heA})=6,{hog:heA})
=6,(A) forall A C O(n), g € O(n).
The measures o' and 6, are related by the formula

0,({g € On): g(x) € AY) = 0" 1 (A)/o" 1(§"") forAc " !, xes™ !
2.1
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This follows from the fact that both sides define a rotationally invariant Borel
probability measure on S"~! and such a measure is unique.

2.3 Minkowski and packing dimensions

We shall mainly concentrate on Hausdorff dimension, but in a few occasions
we shall also discuss Minkowski and packing dimensions. The Minkowski
dimension is often called the box counting dimension. Recall that

A@Q) ={x:(x, A) <&}
is the open §-neighbourhood of A.
Definition 2.1 The lower Minkowski dimension of a bounded set A C R” is
dim,, A = inf{s > 0: lign_)i(r)lfS“_”ﬂ"(A@)) = 0},
and the upper Minkowski dimension of A is

dimy A = inf{s > 0 : limsup 8° " L"(A(8)) = 0}.
§—0

Let N(A, §) be the smallest number of balls of radius é needed to cover A.
Then

log N(A, 8
dim, A = liminf 222 (4:9)
s—0  log(1/6)

9

and

. log N(A, 8
dimy A = lim sup 22 V(A %)
50 log(1/8)

We have also that
dim A < dim,, A < dimyA.
These facts are easy to verify, or one can consult Mattila [1995], for example.
Definition 2.2 The packing dimension of A C R" is
(o)
dimp A = inf { supdimyA; : A = | J A;, A} is bounded
j 2
Then

dim A < dimp A < dimyA.
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2.4 Weak convergence

The proof of Frostman’s lemma below and many other things are based on
weak convergence:

Definition 2.3 The sequence (1) of Borel measures on R" converges weakly
to a Borel measure p if for all ¢ € Co(R"),

/(pd,uj —>/g0du.

The following weak compactness theorem is very important, though not
very deep. It follows rather easily from the separability of the space Cy(R").

Theorem 2.4 Any sequence (u;) of Borel measures on R" such that
sup; u;(R") < 00 has a weakly converging subsequence.

We shall mainly be interested in singular measures, but it will be very useful
to approximate them with smooth functions. This can be done with approximate
identities:

Definition 2.5 We say that the family {y/, : ¢ > 0} of non-negative continuous
functions on R" is an approximate identity if spty, C B(0, &) and [y, = 1
forall e > 0.

Usually one generates an approximate identity by choosing a non-negative
continuous function v with sptyr C B(0, 1), f ¥ = 1, and defining

Ve(x) = 7" Y (x/e).

Such a C*-function ¥ is ¥ (x) = ce'/*"=D for |x| < 1 and ¥(x) = 0 for
|x| > 1, where ¢ is chosen to make the integral 1.
The convolution f * g of functions f and g is defined by

fxglx) = /f(x — gy dy,
and the convolution of a function f and a Borel measure u by

fxplx) = /f(x—y)duy,

whenever the integrals exist. The convolution of Borel measures @ and v on
R” is defined by

/god(,u*v): //(p(x—}—y)d,uxdvy for ¢ EC;(R”).
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Theorem 2.6 Let {{. : ¢ > 0} be an approximate identity and i a locally
finite Borel measure on R". Then v, x u converges weakly to i as € — 0, that
is,

/fp(l/fa*u)dﬁ” —>/¢du

for all ¢ € Cop(R™).

The proof is rather straightforward and can be found for example in Mattila
[1995].

Note that the functions ¥, * u are C* if ¥, are and they have compact
support if p has. If © has compact support, the convergence in Theorem 2.6
takes place for all ¢ € C(R").

2.5 Energy-integrals and Frostman’s lemma

Although bounding Hausdorff measures and dimension from above often is
easy, one just needs to estimate some convenient coverings, it usually is much
more difficult to find lower bounds; then one should estimate arbitrary cov-
erings. Frostman’s lemma transforms the problem to finding measures with
good upper bounds for measures of balls. It has turned out to be extremely
efficient. Its proof can be found in many sources, for example in Bishop and
Peres [2016], Carleson [1967], Kahane [1985], Mattila [1995], Morters and
Peres [2010], Tolsa [2014] and Wolff [2003]. The proofs in Bishop and Peres
[2016], Morters and Peres [2000] and Tolsa [2014] are somewhat non-standard
and the second proof given in Mattila [1995], Theorem 8.8, due to Howroyd, is
quite different from others since it is based on the Hahn—-Banach theorem and
it applies in very general metric spaces. However, as this result is very central
for this book, we prove it also here, although leaving some details to the reader.
We give the proof only for compact sets, which is all that is really needed in this
book. For Borel, and more general Suslin (or analytic) sets, see, e.g., Bishop
and Peres [2016] or Carleson [1967].

Considering only compact sets in fact is not a restriction of generality
for our purposes. By a result of Davies [1952b], see also Federer [1969],
Theorem 2.10.48, or Mattila [1995], Theorem 8.13, any Borel (or even Suslin)
set A C R" with H*(A) > 0 contains a compact subset C with 0 < H*(C) <
00. The proof of this is rather complicated, but when one studies H* measurable
sets A with H*(A) < oo one gets this much easier by standard approximation
theorems, see for example Mattila [1995], Theorem 1.10. Finally, the essence
of our results is usually already present for compact sets.
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Since Davies’s result and Frostman’s lemma hold for Suslin sets, essentially
all our results formulated for Borel sets are valid for this more general class.
The only reason for stating them for Borel sets is that these are better known.

Theorem 2.7 [Frostman’s lemma]
Let 0 <s < n. For a Borel set A CR", H*(A) > 0 if and only there is |1 €
M(A) such that

W(B(x,r)) <r® forallx e R", r >0. 2.2)
In particular,
dim A = sup{s : there is © € M(A) such that (2.2) holds}.

A measure satisfying (2.2) is often called a Frostman measure or an s
Frostman measure.

Proof One direction is very easy: if u € M(A) satisfies (2.2) and B;, j =
1,2, ..., are balls covering A, we have

D d(B)’ = Y (B)) = u(A) > 0,
J J

which implies H*(A) > 0.
For the other direction, suppose A is compact. Assume H*(A) > 0. Then
there is ¢ > 0 such that

Y d(E)) = c (2.3)
J

forall coverings E;, j = 1,2, ..., of A. We construct the measure p as a weak
limit of measures 11;. To define j1; look at the dyadic cubes of side-length 27
in a standard cubical partitioning of R". First we define a measure jt; ; which is
a constant multiple of Lebesgue measure on each such cube Q. For Q such that
AN Q # @, we normalize Lebesgue measure on Q so that u; 1(Q) = d(Q)*
and for the cubes Q such that A N Q = @& we let j4¢; be the zero measure on Q.
This measure would be fine for balls with diameter < 27* but not necessarily
for the bigger balls. Thus we modify it to a measure 1, » by investigating the
dyadic cubes of side-length 2!7*. On each such cube Q we let ;5 be s
if ui1(Q) < d(Q)*, otherwise we make it smaller by normalizing 14 on Q
so that ux2(Q) = d(Q)°. We continue this until we come to a single cube
Qo which contains our compact set A (we may assume to begin with that the
dyadic partioning is chosen so that A is inside some cube belonging to it). Let
i be the final measure obtained in this way. Then, since we never increased
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the measure along the process, u;(Q) < d(Q)’* for all dyadic cubes with side-
length at least 27%. In fact, this holds for all dyadic cubes by the first step of
the construction. This implies easily that ui(B) <, d(B)* for all balls B. The
construction yields that every x € A is contained in some dyadic subcube Q of
Qo with side-length at least 27* such that

m(Q) = d(Q)’.

Choosing maximal, and hence disjoint, such cubes Q ;, they cover A and thus
by (2.3),

R =" 1(Q)) =Y _d(Q))" = c. (24)
J J

We can now take some weakly converging subsequence of (u) and consider
the limit measure w. Then it is immediate from the construction that spt u C A
(here we use that A is compact). It is also clear that u(B) <,, d(B)* for all balls
B. The only danger is that i might be the zero measure, but (2.4) shows that
this cannot happen. OJ

One of the most fundamental concepts in this book will be the s-energy,
s > 0, of a Borel measure pu:

I(w) = / |x =y duxduy = /ks * pdu,
where k; is the Riesz kernel:
ke(x) = x|, x eR"
If 1« has compact support we have trivially,
I;() < oo implies I,(u) < oo for0 <t <s.

We can quite easily relate the energies to the Frostman condition (2.2) using
the standard formula

)
B )
/|x—y|_5duy=s/ Md}"
0 s+l

This immediately gives that if © € M(R") satisfies (2.2), then for0 < ¢ < s,

d(spt 1) B d(spt )
L) < t// at t(ilr)) drdux < tu(R”)/ P dr < oo,
r 0

On the other hand, if /;(x) < oo, then [ |x — y|~™* dux < oo for p almost
all x e R" and we can find 0 < M < oo such that the set A = {x:
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J lx — y|™ dpux < M} has positive u measure. Then one checks easily that
(ul_A)B(x,r)) <2°Mr* for all x € R", r > 0. This gives:

Theorem 2.8 For a Borel set A C R",
dim A = sup{s : there is u € M(A) such that I,(n) < oo}.
Let us look at a few very easy examples:

Example 2.9

(i) Let w = £'_[0, 1]. Then dim[0, 1] = 1, & € M([0, 1]) and I;(n) < oo
if and only s < 1. Similarly, if A C R" is Lebesgue measurable and
bounded with £*(A) > 0 and u = L£"_ A, then (1) < oo if and only

s <n.
(ii) Let u = H'L_T where I' is a rectifiable curve. Again I;(u) < oo if and
only s < 1.

(iii) Let u be the natural measure on the standard 1/3-Cantor set C, that is,
w = H*_C where sy = log2/log3 is the Hausdorff dimension of C.
Then © € M(C) and I (1) < oo if and only s < sp.

As an easy application of Frostman’s lemma we obtain the inequality for
dimensions or product sets:

Theorem 2.10 Let A and B be non-empty Borel sets in R". Then
dimA x B > dim A + dim B.

Proof Choose 0 <s <dimA,0 <r <dimB, u € M(A) with u(B(x,r)) <
r* and v € M(B) with v(B(x,r)) <r'. Then the product measure u X
v belongs to M(A x B) with u x v(B((x,y),r)) <r't" from which the
theorem follows. O

2.6 Differentiation of measures

For u € M(R") define the lower derivative and derivative of p at x € R" by

n(B(x,r))

D(u, x) = liminf
D(u, x) = limir P
and

e (B, 1))
D(u,x)—rlgr(l) a(n)rn

the latter if the limit exists. We shall make use of the following basic
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differentiation theorem of measures, for a proof, see, e.g., Mattila [1995],
Theorem 2.12:

Theorem 2.11 Let n € M(R"). Then

(a) the derivative D(i, x) exists and is finite for L almost all x € R",
(b) fB D(u, x)dx < u(B) for all Borel sets B C R" with equality if u < L",
(c) n < L" if and only if D(j, x) < oo for u almost all x € R".

Perhaps a lesser known fact in this theorem is part (c), its proofs given in
Mattila [1995] and Federer [1969] both use Besicovitch’s covering theorem;
Bishop and Peres [2016] give a very simple proof without it in Section 3.5.

2.7 Interpolation

We shall review the basic interpolation theorems that will be used in the book.
The proofs can be found in many sources and we skip them here.

Let (X, ©) and (Y, v) be two measure spaces. The first interpolation theorem
is the Riesz—Thorin theorem. For a proof, see for example Grafakos [2008] or
Katznelson [1968].

Theorem 2.12 Let 1 < pg, p1,qo, q1 < o and let T be a linear operator on
LP(u) + L7 () taking values in the space of v measurable functions on Y
such that

1T zow) = Coll fllemgy forall f e LP(w)

and

1Ty = Cill flleriy  forall € LP ().
Then forall 0 < 6 < 1,

IT (e < Co C fllLrg  forall f e LP(),

where

1 1-6 6 I 1-6 6
= +— and - = + —.
p Po D1 q q0 q1
Various maximal operators are not linear but only sublinear: |7(f + g)| <
|Tf|+ |Tg|. However, one can usually apply the Riesz—Thorin theorem to
linearized operators and get essentially the same result. More precisely, suppose
Tf(y) = sup, T,(| f])(y), where each T, is a linear operator with 7g > 0 when
g > 0. Given p and g as above and a non-negative function f € L”(u), choose
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for each y € Y a parameter a(y) such that 7f(y) ~ T, f(y) and the function
y = Ty f () is v measurable (which usually is possible). Defining Lg(y) =
Tu»8(y), L is linear, || T f| zey ~ ||Lf||Le(vy and |[Lg| < Tg. Then apply the
theorem to L. Since we required f to be non-negative, this does not give
precisely the constant C)~?CY, but we just need to multiply it by 3. That is
enough, for example, for the applications to Kakeya maximal functions in the
last part of the book.

Often one only has weak type inequalities to start with and the operator is
just sublinear. The Marcinkiewicz interpolation theorem generalizes the Riesz—
Thorin theorem to this setting with the expense of having weaker information
on the constants. We say that T is of weak type (p, g) if there is a finite constant
C such that

v({y € Y [T(HO| > A} < (CAT| fllrgo)? forall f € LP(un), > 0.
2.5)

Theorem 2.13 Let 1 < pg, p1, 40,91 < 00, po # p1,q0 7% q1 and let T be
a sublinear operator on LP°(u) + LP' () taking values in the space of v
measurable functions on Y such that T is of weak type (po, qo) and of weak

type (p1, q1)- Then forall0 <6 < 1,

1Ty < Coll fllrgy  forall f e LP(w),

where

1 1—-6 0 1 1-0 0

- = 4+ — and - = + —

p Po P1 q qo q1
and Cy in addition to 0 depends on py, p1, qo, q1 and the constants in the
(po, qo) and (p1, q1) weak type inequalities of T .

For a proof, see for example Grafakos [2008], Theorem 1.4.19. Often one
says that T is of strong type (p, @) if | T(f)| ey S | fllLrq forall f € LP(w).
Clearly strong type implies weak type.

One can generalize further: it is enough to assume the restricted weak type.
This means that (2.5) is required to hold only for all characteristic functions
f = xa of u measurable sets A. Theorem 1.4.19 in Grafakos [2008] is proven
in this generality; see also Stein and Weiss [1971], Section V.3.

2.8 Khintchine’s inequality

We shall have a couple of applications for a probabilistic result called Khint-
chine’s inequality. Let w;, j = 1,2, ..., be independent random variables on
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a probability space (€2, P) taking values 1 with equal probability 1/2. One
can take for example Q = {—1, ny, ;((xx)) = x;, and P the natural measure
on €2, the infinite product of the measures %(8_1 + 81). Denote by E(f) the
expectation (P-integral) of the random variable f. The independence of the w;
implies that

E(wjwr) = E(wj)E(wy) =0 for j #k,

and that for any finite subset J of N and any bounded Borel functions g; : R —
C, j € J, the random variables g; o w;, j € J, are independent, in particular,

E(Tljesgj o wj) = Ije,E(g; o ;).

Theorem 2.14 Foranyay,...,ay € Cand0 < p < o0,

P r/2

N N
2
ElD wa| |~ Dl
j=1 j=1

Proof We shall prove this for | < p < oo, which is the only case we shall need.
If p = 2, the claim follows from independence as equality. Next we prove the
inequality <’. We may obviously assume that the a; are real. Let # > 0. For a
fixed j, E(e'%®) = %(e’“f + e7'%). Thus by the independence,

1
E(e' 29 = I1,E(e'“®) = T ,E(e’“f + e71),
The elementary inequality %(e" +e )< e /2 implies that
E(etz/-ujw,-) < DY a;

This gives for all # > 0, . > 0, by Chebychev’s inequality

Pliw: Za.,-a).,- > A =P{w:eé Xjajo; > M)
J

< e—AtE(eijajwj) < e—)\.l+([2/2)zja%'

Take r = ﬁ Then

22

- 2
Pllw: E ajw; > ry | <e i
J
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and so

22

P w: E ajw;i| > i <2e v,
J

Applying this and the formula (which follows from Fubini’s theorem)

E(f1") = p/O WP | f(@)] = A} da,

we get by a change of variable

P p/2

00 a2
E E ajwj §2p/ APTle 2Tid dx = c(p) E ajz- ,
- 0 -
j

J

which is the desired inequality.

To prove the opposite inequality we use duality. Suppose p > 1 and let
q= #. Then by the two previous cases, p = 2 and ‘<’, and by Holder’s
inequality,

2 p\ l/p g\ /4
Z|aj|2:E Zaja)j SE Zaja)j E Zaja)j
J J J J
o\ /P 1/2
SE(Y ajo; > ai”]
J J
which yields
p\ Up 1/2
E(> ajo, 2 2 laf
J J
and proves the theorem. O

2.9 Further comments

An excellent source for basic measure theory is the book A. Bruckner,
J. Bruckner and Thomson [1997]. Hausdorff measures and dimensions, Frost-
man’s lemma and energy-integrals, and other dimensions are widely discussed,
for example, in Bishop and Peres [2016], Falconer [1985a], [1990] and Mattila
[1995].
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Frostman proved his lemma, Theorem 2.7, in his thesis in 1935 with applica-
tions to potential theory in mind, see for example Carleson [1967] and Landkof
[1972] for these. For the applications to harmonic functions the clue is that the
fundamental solution of the Laplace equation in R”, n > 3, is ¢(n)|x|>~". This
on many occasions leads to representations of harmonic functions as poten-
tials [ |x — y|*™ dpx with suitable measures y (in the plane one has to use
logarithmic potentials) and further to connections with Hausdorff dimension
via Theorem 2.8. This is not just restricted to harmonic functions, but similar
features are present for other function classes and for the solutions of many
other partial differential equations, in particular for complex analytic functions
where the fundamental solution is the Cauchy kernel; see Tolsa’s book [2014]
for that.

The proof of Khintchine’s inequality was taken from Wolff [2003]. It can
also be stated in terms of Rademacher functions; see Grafakos [2008] for this
and more.
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Fourier transforms

This chapter is a quick introduction to Fourier transforms. We shall pay particu-
lar attention to Fourier transforms of measures. Apart from the standard theory,
we will develop the formula for the Fourier transform of the surface measure
on the unit sphere and we will prove the representation of the energy-integrals
in terms of the Fourier transform, the crucial relation for this book which was
already discussed in the Introduction.

3.1 Fourier transforms in L' and L?

The Fourier transform of a Lebesgue integrable function f € L'(R") is defined
by

FHE) = f&) = / fee 8 dx, & e R". 3.1)

Then fis a bounded continuous function. The following formulas easily
follow by Fubini’s theorem:

/fg = ffjgj f.g € L'\(R"), (product formula), (3.2)

(f+g) = fe, f.ge L' (R"), (convolution formula). (3.3)

Trivial changes of variables show how the Fourier transform behaves under

simple transformations. For a € R" and r > 0 define the translation 7, and
dilation §, by

,(x)=x+a, §(x)=rx, xeR".

26
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Then for f € L'(R"), &£ € R",
fota) = M f(E),  F(eX™er f)E) = f(¢ —a),  (3.4)
fo8:(6) =rfure). (3.5)

Recall that the orthogonal group O(n) of R" consists of linear maps g :
R"™ — R" which preserve inner product: g(x) - g(y) = x - y for all x, y € R".
Then

fog=fog forge O). (3.6)
The proof of the following Riemann—Lebesgue lemma is also easy:
f(€) > 0 when |§] - oo and f € L'(R"). (3.7

The inversion formula is a bit trickier to prove:

fx) = / f©E dg if f, f e L'(R"), (inversion formula). (3.8)

Of course, we must interpret this being true after possibly redefining f in a
set of measure zero.
Proof Define
|2

Wx) = e W) = e,

Then ¥ = . This follows from the definitions by complex 1ntegrat10n or by
observing that W(x) = el el and when n = 1, ¥ and v satisfy
the same differential equation f’ (x) = —2mxf(x) with the initial condition
f(0) = 1. We have by (3.5),

V(€)= e
Write
I.(x) = / Feye el s g

Then by Lebesgue’s dominated convergence theorem,
I(x) — / FE)E  dg  ase — 0.

On the other hand, setting g,(y) = e TP e2mixy e have by 3.4) g:(y) =
W, (y —x) = V¥(x — y), where W*(y) = e "W(y/¢e). By the product formula
(3.2),

1) = / Foo = / f& =Wk fx).
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As [V = U(0) = 1, the functions ¢, & > 0, provide an approximate identity
for which W* x f — f ase — 0almost everywhere; they do not have compact
support, but the rapid decay at infinity is enough. The combination of these two
limits gives the inversion formula. U

Corollary 3.1 If f and fare integrable, then f is continuous.

We denote the inverse Fourier transform of g € L'(R") by
F 0 =700 = [ e@e ds,

Then the inversion formula means that F~'(f) = fif f, / € L'(R"). Defining
f(x) = f(—x) each of the following three formulas is a restatement of the
inversion formula:

~ & =X A ~ - =
f=r=r5 f=r5 r=r (3.9)
Applying the inversion formula to the convolution formula (3.3) we get
fe=TF*8. iffig. fs.].g€L'®. (3.10)

The Schwartz class S = S(R") of rapidly decreasing functions is very con-
venient in Fourier analysis. It consists of infinitely differentiable complex val-
ued functions on R” which together with their partial derivatives of all orders
tend to zero at infinity more quickly than |x|™* for all integers k. Observe that
CP(R™) C S(R™).

The first basic fact is that

feSM®") ifandonlyif feS®R. (3.11)

This follows from the formulas for partial derivatives, which in turn follow
easily by partial integration: if f € S (or more generally under some obvious
conditions):

0% (&) = mig) f (), (3.12)
3% (&) = F(=2mix)* f)(&). (3.13)
Here o = (o1, ..., ap),0; € {0, 1,...}, x¥ = x{"---x% and 9 means «;

partial derivatives with respect to x;.
Secondly, we have

/ fg = / F2, fgeSMR"), (Parseval), (3.14)
I fll2 = IIJ?llz, f.g € SR"), (Plancherel). (3.15)
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Parseval’s formula (which of course gives Plancherel’s formula) is an easy
consequence of the inversion formula and the product formula:

f fg= / 7=z dx = f Fg(—x)dx = / FOh(x) dx,

where h(x) = g(—x). We see immediately from the definition of the Fourier
transform that ﬁ(x) = 2(x), which proves Parseval’s formula.

So the Fourier transform is a linear L? isometry of S(R") onto itself. The
formula (3.1) cannot be used to define the Fourier transform for L? functions;
the integral need not exist if f is not integrable. But S(R") is dense in L*(R"),
so (3.11) and (3.15) give immediately a unique isometric linear extension of
the Fourier transform to L2. Thus we have fdeﬁned forall feL'UL?
Parseval’s and Plancherel’s formulas now extend at once to L?:

/f§= /f?, f. g € L*(R"), (3.16)
Ll =1Fl2. £ g € LAR™. (3.17)

Hence the Fourier transform is a linear isometry of L? onto itself. Similarly,
the translation and dilation formulas (3.4) and (3.5) continue to hold for L?
functions almost everywhere.

If f e CP(R"), then by (3.11) fe S(R™), but it cannot have compact
support unless f is identically zero. In fact, we can say much more. For
simplicity assume n = 1. The function g,

g(2) = / e M f(x)dx, zeC,

agrees with fon R and it is a non-constant complex analytic function in the
whole complex plane provided f € CS°(R) is not the zero function. Hence
its zero set is discrete and so also {x € R : f(x) = 0} is discrete. The same
argument and statement obviously hold also for measures u € M(R) in place
of f. These facts are a reflection of the Heisenberg uncertainty principle: a
function and its Fourier transform cannot both be small. For more on this, see
Havin and Joricke [1995] and Wolff [2003].

Example 3.2 The fact that every Schwartz function is a Fourier transform of
another Schwartz function is very useful for construction of various examples
with desired properties. For example, we can find a non-negative function ¢ €
S(R™) such that ¢ > 1 on B(0, 1),¢ > 0 and sptg C B(0, 1) (or vice versa,
@ > 1on B(0, 1) and sptyp C B(0, 1)). To see this choose first a non-negative
function ¥ € S(R") for which sptyy C B(0,1/2) and [ =2 and set n =
FU W = ¥) = ||? where ¥/ (x) = ¥ (—x). Then 77 =  * 9/, both  and 7 are
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non-negative, and n(0) = ¥ (0)> = ([ ¥)* = 4. Tt follows that spt7) C B(0, 1)
and for some 0 < r < 1, n(x) > 1 when |x| < r. Define ¢(x) = n(rx). Then
@ > 1on B(0, 1) and ¢(x) = r"7(x/r), whence sptp C B(0,r) C B(0, 1).

3.2 Fourier transforms of measures and distributions

The Fourier transform of a finite Borel measure  on R” is defined by

1) = /6‘2’”5”‘ dux, &eR". (3.18)

When 1 € M(R"), that is, .« has compact support, 1t is a bounded Lipschitz
continuous function:

oo < w(R") and |f(x) — @(y)| < Ru@®")|x —y| forx,yeR",
(3.19)

if spt o C B(0, R). This is an easy exercise. But & need not be in L? for any
p < oo; for example 3,(€) = e~ 2mit,

The product and convolution formulas have by Fubini’s theorem easy exten-
sions for measures: for f € L'(R™), u, v € MR"),

/ af= f fdu. (3.20)

/ﬁdu = /’v\d,u, (3.21)

fen=rn, (3.22)
fii=fx*u, (3.23)
Lxv =M. (3.24)

As discussed in the previous chapter, we can approximate measures with
smooth compactly supported functions using convolution. Let {{, : £ > 0} be
a C® approximate identity such that

Ye(x) = "Y(x/e), € >0, v >0, sptyy C B0, 1), /w =1.
Then

Tu&) = P(e8) — $(0) = fw “ 1 ase 0.
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Setting 1, = v, * w for a finite Borel measure 1, we have that 1, converges
weakly to ¢ as ¢ — 0 and

. = Y.l — & uniformly.
This immediately gives for u, v € M(R"),
W=7 implies u =v. (3.25)

We further have for u© € M(R"),

fu=7F*a feSRM, (3.26)
/?du = f TR, feS®RY, 3.27)
/f?du = /f(ﬁ x7), [ geSRY. (3.28)

These follow by approximating & as above by v, * u and using the basic
formulas for Schwartz class functions. We leave the easy details to the reader.

As usual, we shall identify absolutely continuous measures with functions:
if y is absolutely continuous (with respect to £"), it is by the Radon—-Nikodym
theorem of the form p = fL" for some f € L'(R") and we shall identify 1
and f.

Theorem 3.3 Let n € M@R"). If i1 € L2 (R"), then i € L*(R").

Proof Since the Fourier transform maps L?(R") onto L?*(R"), there is f €
L?(R") such that I = f. Write

pe = Ve * 1, fo = e x f.
Then by the convolution formula,
Be= Vet = Ve f = [
and so u, = fe. As ue — pnand f, — f, wehave u = f. O
Theorem 3.4 Let i € M(R"). If it € L'(R"), then i is a continuous function.

Proof Let 1. be as in the previous proof. Then ., € S(R") and by the inversion
formula and the dominated convergence theorem,

pe(x) = / [e(§)e*™ dE = / V(e§)RE)e™ " ds

— / (E)e T dE =: g(x)
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as ¢ — 0. Since [ € L', the function g is continuous. On the other hand s,
converges weakly to i, so u = g. O

Definition 3.5 A tempered distribution is a continuous linear functional T :
S(R™) — C. Its Fourier transform is the tempered distribution 7" defined by

T(p) =T @) forgpe SER.

We shall not make any real use of the theory of tempered distributions
so we do not specify what continuity means here. This can be found in
Duoandikoetxea [2001] and in many other Fourier analysis books.

All L? functions, 1 < p < oo, and more generally all locally integrable
functions f such that | f(x)| < |x|™ when |x| > 1 for some fixed m, can be
considered as tempered distributions 7’;:

Tf(‘/)):/f‘/)» ¢ € SR,

and so they have the Fourier transform as a tempered distribution. In particular
this is true for the Riesz kernel k.

To define the Fourier transform of an L” function when 1 < p < 2, we
can also make use of L' and L?: any f € L?,1 < p < 2, can be written as
f=fi+ fr.fiel', f € L> Then we can define fz j‘\l + ]/‘\2, and this
agrees with the distributional definition. For p = 2 we have the Plancherel
identity, ||f||2 = || fl2, and for p = 1 we have the trivial estimate:

1 F oo < 17111

From these the Riesz—Thorin interpolation theorem 2.12 gives the following
Hausdorff-Young inequality:
i p
17l < N7l forfelll<p<2g=—77. (29

No such inequality holds when p > 2. This can be shown with the help of
Khintchine’s inequality; see Wolff [2003].

3.3 The Fourier transform of radial functions,
Bessel functions

One of the goals of this section is to find the Fourier transform of the surface
measure on the sphere $"~! = {x € R" : |x| = 1} and of the Riesz kernels
ks, 0 < s < n. Let us first compute the Fourier transform of radial functions.
We shall skip here some lengthy but elementary calculations which are well
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presented for example in the books of Grafakos [2008] and of Stein and Weiss
[1971]. We assume here that n > 2.

Suppose f € L'(R"), f(x) = ¥ (|x]), x € R", for some ¥ : [0, oo) — C.
We shall use the following two Fubini-type formulas which can either be
proven by basic calculus or deduced from a general coarea formula.

The first is the standard integration in polar coordinates formula: if f €
L'(R™), then

fdcr =/ ([OO f(rx)r"_ldr) do" 'x. (3.30)
R sn=1 \Jo

For the second, fix e € S"~! and let Sy = {x € "' 1 e-x = cos @} for
0 <60 < m. The set Sy is an (n — 2)-dimensional sphere of radius sin 6 (which
is a 2-point set when n = 2), so

o1 3(Se) = b(n)(sin0)" 2,

sin 6

where b(n) = 0"~2(S"2). Then for g € L'(5""),

/ gda”_1=/ </ g(x)dagn—gx)de. (3.31)
N 0 So

Applying (3.30) and Fubini’s theorem,

f(re) — /f(y)e—2nire~y dy :/ I/I(S)Sn_l (/ e—27rirse-x do_n—lx> ds.
0 g1

The inside integral can be computed with the help of (3.31), since e 27" s
constant in Sy:

/ e—2mrse~x do,n—lx
gn—1

T m
— / e_ZﬂirSCOSG(Tgn_OZ(SQ)dQ — b(n) e—znirSCOSO(Sine)n—z 4o.
0 0

Changing variable cos — —t and introducing for m > —1/2 the Bessel

functions J,,: [0, c0) — R:

(u/2)" !
T(m + 1/2)T(1/2) ),

T () = e — 2y 12 gy, (3.32)

with ['(x) = [~ +*'e™ dt, we obtain

1
/ e—2nirse~x dcr"_l(x) — b(f’l)/ eZﬂirsl(l _ 12)(n—3)/2 dt
Sl —1

= c(n)(rs)""=2/2 Jn—222mrs).
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This leads to the formula for the Fourier transform of the radial function f:

) = c())x| 77272 fo ” Y (8)Jin—22 (27 |x|$)s™/ dis. (3.33)
The following estimate is obvious:
[Ja ()] < Cm)t™  fort > 0. (3.34)
A basic property of Bessel functions is the following decay estimate:
[T ()| < Cm)t™"* fort > 0. (3.35)

We shall see in Chapter 14 that this follows from general results on oscilla-
tory integrals. Here we derive it from explicit asymptotic formulas, which we
shall later need anyway.

Whenm =k —1/2,k € {1,2, ...}, repeated partial integrations show that
the Bessel function J,, can be written in terms of elementary functions in the
form from which (3.35) easily follows. In particular,

ﬁ sint. (3.36)
T

All Bessel functions behave roughly like this at infinity, that is,

Jip(t) =

10 = Y2 cost —am/2—njdy+ 0GP, 100, (337
Jrt
This can be verified with a fairly simple integration, see Stein and Weiss [1971],
pp- 158-159, or Grafakos [2008], Appendix B8. Both of these books, as well as
Watson’s classic [1944], contain much more information on Bessel functions.
The above asymptotics is a special case of general asymptotic expansions of
oscillatory integrals as derived in Chapter 6 of Wolff [2003] and Chapter VIII
of Stein [1993].
We shall also need the following recursion formulas:

d
E(f’” In(0)) = —t" T2 (1), (3.38)
d
E(tm I (@) = t" T (2). (3.39)

Their proofs are rather straightforward differentiation, see Grafakos [2008],
Appendix B2, for example.

A simple consequence of the formulas (3.33), (3.39) and (3.35) is the decay
estimate for the characteristic function of the unit ball in R”:

|XBo.nHX)| < C()|x|~" TV for x € R, (3.40)
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We now return to the surface measure ¢! on the sphere S"~!. One checks
easily that ¢"~! is the weak limit of the measures §~' £ (B(0, 1 + §) \
B(0,1))as 5§ — 0.

Applying the formula (3.33) to the characteristic function of the annulus
B(0,1+68)\ B(0, 1) and letting § — 0, we get

o1 (x) = c(n)|x| T2 Jm0) (27 |x ). (3.41)
Consequently,
lo"=1(x)| < Co)|x|"™/%  for x € R". (3.42)

This is the best possible decay for any measure on a smooth hypersurface, in
fact, on any set of Hausdorff di/ngnsion n — 1, cf. Section 3.6. The reason for
getting such a good decay for o"~! is curvature; for example segments are not
curving at all but circles are curving uniformly. Also for more general surfaces
curvature properties play a central role in the behaviour of Fourier transforms.
We shall discuss this more in Chapter 14.

To illustrate the effect of the lack of curvature, let us compute the Fourier
transform of the length measure A on the line segment I = [—(1, 0), (1, 0)] in
R

1

1
/):(TI,S)=/ e 2t tE0) gy =/ cos(Qmnx)dx =
—1 —1 n

sin(27n)

We see that /):(77, &) tends to O for a fixed & when 1 tends to oo, but it remains
constant for a fixed n when & tends to oo, and hence does not tend to 0 when

(n, §)] = oo.

3.4 The Fourier transform of Riesz kernels

Now we compute the Fourier transform of the Riesz kernels k;, ks(x) =
|x|™*,0 < s < n. This computation is valid in R, too.

Theorem 3.6 For 0 < s < n there is a positive and finite constant y(n, s)
such that kg = y(n, s)k,—s as a tempered distribution, that is,

/ k@ = y(n.s) / koo for € SR). (3.43)

The constant y (n, s) will be fixed throughout the book.
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Proof Suppose first that n/2 < s < n. Then
ky€e L'+ L*:={fi+ fr: fiel', el

because

/ ks < oo and / kK < oo.
B(0.1) R™\B(0,1)

As observed before, for any f = f; + f» € L' + L? we can define
f=h+hel®+L%

Thus for n/2 < s < n we have defined k, as a function in L® + L2. Since
k, is radial and satisfies k;(rx) = r“ky;(x) for r > 0, it follows from (3.33)
and (3.5) that l’c\Y is also radial and satisfies lg(rx) = rs_"lg(x). Thus it is of
the above form y (n, s)k,—,. Using the product formula (verified by Fubini’s
theorem also in this case), we obtain for any ¢ € S(R"),

/ks(ﬁ:/i{:‘p-

This means that Ig = y(n, s)k,—s is also the Fourier transform of k; as a
tempered distribution.

Now we should show that y(n, s)k,—s is the Fourier transform of k; as
a tempered distribution also when 0 < s < n/2. From the inversion formula,
recall (3.9), we see that for a radial function f € S, the Fourier transform of
fis f. The analogous relation is valid also for tempered distributions by the
following lemma:

Lemma 3.7 Suppose that g is a locally integrable even function on R" such
that its distributional Fourier transform f is a locally integrable function. Then

f=g

Proof Using the product formula and (3.9) we have for ¢ € S,
f(co)=f(@=ff$=/§¢=fg$
= /g(X)fp(—X)dx = /g(—X)w(X)dx = /gfp,
from which the lemma follows. O

So for 0 < s < n/2, the Fourier transform of k; = y(n,n — s)_lk/n; (as
n/2<n—s<n)isym,n—s)"k,_,.
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The case s = n/2 follows by a limiting argument: if Ign./\z is the Fourier
transform of &, /> (as a tempered distribution), and ¢ € S(R") , then

En/Z(‘ﬂ) = /kn/2¢= Sl_ig}szsa

= i _s@ = .
S_l)rlgzy(n,S)/kn NG /kn/zfﬂ

The interchange of limit and integration can be verified by the dominated
convergence theorem. There is a small problem: why is limy_,,» y(n, s) = 1?
To see that apply (3.43) for s # n/2 and ¢(x) = e~ ™* Then ® = ¢ and we

obtain
/kyw = fk?¢\= )’(”,S)/kn—xfp,

/|x|_‘ye_”|x|2dx = y(n,s)/ |x|s_"e_”|"|2 dx.

that is,

This gives immediately that lim,—, > y(n, s) = 1 and completes the proof of
the theorem. O

Remark 3.8 Computing the integrals in the last formula of the above proof one
finds that

(=
y(n,s) = G wx 2 ) (3.44)
r(s)
Theorem 3.6 gives easily the following lemma:
Lemma3.9 If 0 <s < nandg € S(R"), then
ks =y, ) % ks and @ xk = y(n, ko,

Proof Clearly, gk, € L'(R"). For_any ¥ € S(R") we have by Fubini’s
theorem, the formula (3.9); f = f, Theorem 3.6 and the convolution and
product formulas,

/ Y (1, )@ * hns ) = f Y, $Yps (G5 ) = / Y (1, $Yons (@ % 1)
= / y(n, Vs F N (@%) = / ko = / ko yr.

It follows that Jk\s = y(n, s)@ * k,—s. The second formula can be proven in
the same way, or it can also be reduced to the first. O



38 Fourier transforms

3.5 Fourier transforms and energy-integrals of measures

The following formula is the key to relating Hausdorff dimension to the Fourier
transform:

Theorem 3.10 Let p € M(R") and 0 < s < n. Then

L) = y(n.s) / BRI dx. (3.45)

Proof Let us try to prove this formally using the basic formulas. By the Parseval
and convolution formulas and by Theorem 3.6,

15 (1)
— [ ks = [E3m = [RIaF = yons) [ 1oy dx

Since the Fourier transform of k; exists only in distributional sense we have
to be more careful and justify that we can use the Parseval and convolution
formulas in this situation.

Let ¢ € S(R") be real valued. Then changing z = y — x below and denoting
again @(x) = @(—x), we obtain

Ii(p) = f f ks(y — x)p(x)p(y)dx dy

- / / k@l — Dp(y) dzdy = [ (@ % 0).

By (3.10) and (3.9) @ * ¢ is the Fourier transform of » ¢ = |@]?, whence by

Theorem 3.6,

1(@) = y(n, ) / ks |9 = (. 5) / P B0OP dx.

Thus we have proved the theorem for such smooth measures ¢.

To finish the proof we approximate p with . = ¥, * u as before using
a non-negative function ¥ € C$°(R") with [ = 1. Applying the above to
@ = U We get

// (// |x — | e (x — DY (y —w)dx dy) dpz dpw
= // <|X—y|_5/¢a(x—z)duz /wg(y—w)d,uw) dxdy

= 1u) = y5) [ RPIT 0PI d.
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The last term approaches y (n, s) [ [f(x)|*|x|* ™" dx as& — 0. By the change
of variables u = (x — z)/e and v = (y — w)/¢ we get for the inner integral in
the first term,

/ ¥ = [T e (x = )Yy —w) dx dy
= / le(u —v) + z — w|" Y @Y (v) dudv.

This tends to |z — w|™ when ¢ — 0 and z # w. So it is enough to show that
we can interchange the limit and integration above in the first term. With the
help of the above identity, the following estimate is easy to check:

/ % — YT — Dy — wydxdy S |z — |~

Using this we complete the proof applying the dominated convergence theorem
provided /(n) < oo. If I;() = oo, we get by Fatou’s lemma

oo = I(n) < lirrij(r)lf//U |x =y e (x — D)Pe(y — w)dx dy>duz dpw

— v timint [ RPITEOR K™ dr = y.s) [ ROPLP dx.
This completes the proof of the theorem. O

We can also obtain such a formula for signed measures. But since we shall
only need it for bounded functions we give it for them. For f, g € L>°(R") the
mutual energy I,(f, 2),0 < s <n, is

I(f, g)=f lx =y f(x)g(y)dx dy.

This is defined if f and g are non-negative. For general functions I;(f, g) is
defined if I,(| f|, |g|) < oo. If in addition, f, g € L'(R"), the proof of (3.45)
gives

I(f.8) =y(n,s) f FOZE)|x| " dx. (3.46)

By approximation this remains valid for f, g € L®°(R") N L*(R") with
I,(| f1, |g]) < oo. Notice that when f = g we have

I(f) == L(f, ) = y(n, S)/ |FP [ dx = 0, (3.47)

even if f were not non-negative.
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A natural setting for the mutual energy is the space of signed Borel measures
w for which I;(w) is finite. Then (e, v) defines an inner product in this space,
see Landkof [1972].

3.6 Salem sets and Fourier dimension
Suppose n© € M(R") and I;(n) = y(n, s)f |72(x)|?|x|* ™" dx < oo. Then
)] < [x] 772

for ‘most” x with large norm. Here ‘most’ simply means what is needed in
order that the above integral would be finite. For example we must have

Jim R7"L(x € B(O, R) : [A(x)| > x|/} = 0.
—00
On the other hand, if
(x| < |x|™*/* forall x € R, (3.48)

then I;,(u) < oo forall # < s. This implies by Theorem 2.8 that dim(spt i) > s.
Thus if © € M(A) and dim A = s, the best decay at infinity we can hope for
the Fourier transform of u is that given by (3.48). This motivates the following
definition.

Definition 3.11 A set A C R”" is a Salem set if for every s < dim A there is
n € M(A) such that (3.48) holds.

Another way to say this is to define first the Fourier dimension:
Definition 3.12 The Fourier dimension of a set A C R”" is
dimy A = sup{s < n :3Iu € M(A) such that |(x)| < |x|™*/* Vx € R"}.

Then for Borel sets A, dimp A < dim A, and A is a Salem set if and only
dimr A = dim A.

Often Fourier dimension is defined slightly differently: instead of measures
€ M(A) one uses Borel probability measures p such that ©(A) = 1. These
definitions agree for closed sets, but they do not agree for all Borel sets, not
even for all F,-sets, as follows from Ekstrom, Persson and Schmeling [2015].

Notice thatif A C R" is a Salem setand 0 < s < dim A, we can always find
€ M(A) such that both (3.48) and I;(11) < oo hold.

If e M(0, 1]") with |1i(z)| < |z|™*/? for z € Z" and ¢ € S(R"), then
lori(x)| < |x|7*/? for x € R", see Lemma 9.A.4 in Wolff [2003]. It follows
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that the Fourier dimension of subsets of the unit cube [0, 1]” can be determined
by just looking at the Fourier coefficients ji(z), z € Z", of the measures p in
M(A).

By (3.42) spheres are Salem sets, but subsets of m-dimensional planes in
R”, m < n, are not. The Fourier dimension, and thus the property of being a
Salem set, depends on the space where the set is embedded in: if A C R” C R”
and m < n, then for any u € M(A), the Fourier transform 7z(x) does not tend
to zeroasx € R", |x| — oo, because ft(x) depends only on the R coordinates
of x. Hence all subsets of hyperplanes have zero Fourier dimension. We shall
encounter more interesting examples of sets with positive Hausdorff dimension
and zero Fourier dimension in Chapter 8.

Korner [2011] showed that for any 0 < ¢ < s < | there exists a compact set
of the real line which has Hausdorff dimension s and Fourier dimension .

There are many random Salem sets; we shall come to this in Chapter 12.
Non-trivial deterministic fractal Salem sets are however hard to construct. The
following result was proved by Kaufman [1981]:

Theorem 3.13 Let o > 0and let E, be the set of x € R such that for infinitely
many rationals p/q,

Ix — p/q| < g .

Then E is a Salem set withdim E = 2/(2 + «).

We shall not prove this result, a proof can be found in Kaufman [1981] and
also in Wolff [2003], Chapter 9. Let us quickly see what kind of set this is.
By a classical theorem of Dirichlet on Diophantine approximation, for every
irrational x there are infinitely many rationals p/g such that |x — p/q| < g2,
and this is essentially the best one can say for all x. The set E, consists of
real numbers which are much better approximable by rationals. The upper
bound 2/(2 + «) for the Hausdorff dimension of E, is easily derived using
coverings of EN[—N,N], N =1,2..., with intervals of the type [p/q —
g~ p/g + q~?T®] where p and ¢ are suitable integers. The lower bound
is harder. It can be derived without Fourier transforms; see Section 10.3 of
Falconer [1990]. But in order to verify that E, is a Salem set, one needs to
construct u € M(E,) with sufficient decay for the Fourier transform, and this
will automatically also give the lower bound. Kaufman constructed such a u
with

@] S Tog x| x| 7VEF, x| > 2.
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Could one construct non-integral dimensional Salem sets E with more struc-
ture than just the knowledge of the dimension? For example, could they be
Ahlfors—David regular? This means that E would be the support of a mea-
sure v such that v(B(x, r)) ~ r°forx € E,0 <r < d(E), and forevery t < s
there would exist a measure 1 € M(E) for which [i2(x)| < |x|7//? for x € R".
One could also hope to find a single measure satisfying both conditions:
Mitsis [2002b] asked for which values of s do there exist measures u € M(R")
such that u(B(x,r)) ~ r® for x € sptu,0 < r < 1, and [f1(x)| < |x|7*/? for
x € R"? Presently any examples of this type are only known for integers s and
they are measures on smooth s-dimensional surfaces. Partial results have been
obtained by Laba and Pramanik [2009] and by Chen [2014a]. In particular,
Chen constructs measures as in Mitsis’s question, except that he needs a log-
arithmic factor in one of the conditions. Related results can also be found in
Korner [2011] and Shmerkin and Suomala [2014].

From the above we know that if a set has zero s-dimensional Hausdorff
measure, then it cannot support a non-trivial measure whose Fourier transform
would tend to zero at infinity faster than |x|~*/2. But how quickly can they tend
to zero in terms of ¢(|x|) for various functions ¢? And what if H* is replaced by
Hausdorff measures defined by general gauge functions in place of *? Recent
results on this delicate question were obtained by Korner [2014]. This paper
also contains an excellent brief survey on the topic.

The existence of measures with a certain speed of decay of Fourier trans-
forms has various consequences for the Hausdorff dimension. We shall return to
this for instance in the case of distance sets, but now we give one simple appli-
cation as an example. Denote hereby A¥ = A + .- + Aandpu* = pu*---x
(k times) the k-fold sum-set and convolution product.

Proposition 3.14 Let A C R be a Borel set and k be a positive integer.

(a) If dimp A > 1/k, then L'(A¥) > 0.
(b) If dimp A > 2/k, then A* contains an open interval.

Proof Let 0 < s < dimyp A and u € M(A) such that

=2 forx € R.

(o] < |x|
We have ¥ € M(A¥)and |k (x)| < |x| 7%/ forx € R.Ifks > 1, this implies
that u* € L?. Hence by Theorem 3.3 u* is absolutely continuous, whence
LY(A*) > 0. If ks > 2, uk € L', so we have by Theorem 3.4 that u* is a
continuous function which implies that the interior of A* is non-empty. O
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3.7 Spherical averages

For ;© € M(R"), n > 2, we define the L? spherical averages of i by
o(u)(r) = / Ao do" v = r'™" / [A@)Pdo) v (3.49)
gn—l S(r)

for r > 0. Using integration in polar coordinates and the formula (3.45), the
energy-integrals of p can be written in terms of these:

I(n) = y(n, s)/ o)) tdr, 0<s <n. (3.50)
0

Although the Fourier transform need not tend to zero at infinity for measures
with finite energy, the spherical averages behave better: they do tend to zero
and we have quantitative estimates. We return to these estimates and their
applications to distance sets and intersections in Chapter 15. Here we only give
the following simple estimate:

Lemma3.15 If0 <s < (n—1)/2and u € M@R") with I;(n) < o0, then for
r>0,

o(u)(r) = Cn, s)L;(uyr=".

Proof We can assume, by approximation with 1, * p as before, that  is a
smooth non-negative function f with compact support. By the formula (3.28)

o(f)r)=r'"" [

§71(r)

|f)do v =" /(f x o) f.
Since rl_”;,”-—\l(x) = cﬁ—\l(rx), we have

o) = [[ o=t = s s dvas. (3.51)
Evidently,
o T = S 1< (rlx =y,
if r|x — y| < 1, and by (3.42)
0" (e = )| £ (e = 37702 < e =y

if r|x — y| > 1. Inserting the estimate |c;1?1(r(x — )| < (rlx — y))~* into the
formula (3.51), we obtain the desired inequality for f, and hence also for . [

It is clear from (3.50) that the decay r—* is the best we can hope for.
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One can also show that without any energy assumptions the averages o (14)(r)
tend to zero as r — oo for every continuous measure u € M(R"), n > 2; see
Mattila [1987].

Instead of spheres one could also look at the convergence along lines through
the origin. Kaufman [1973] proved that if u € M(R?) with I;(1) < oo, then &
tends to zero along almost all lines through the origin. Moreover, if u satisfies
the Frostman condition u(B(x,r)) <r°,x € R*,r > 0, for some 1 < s < 2,
then the exceptional set of the lines has Hausdorff dimension at most 2 — s.
This is sharp as Kaufman showed using number theoretic examples similar to
those in Section 3.6.

Simple as it is, Lemma 3.15 is not completely trivial: it is essential that
we consider non-negative measures and functions. Stated in terms of Fourier
transforms the inequality of Lemma 3.15 is

[ aeodert < cosy [ @l dx,
SV‘I* Rn

It is clear that such an estimate cannot hold even for all smooth compactly
supported functions with varying sign.

3.8 Ball averages

It is much easier to control averages over solid balls than over spheres. First, if
n € M(R") with I;() < oo we have by (3.45),

f |)|>dx < R’Hf x|SO dx < RS Ii(w).
B(0,R) B(0.R)
But we can easily obtain such an estimate also from the Frostman condition
w(B(x,r)) <Cr® forx €sptu, r>0, (3.52)
which does not imply that /() < oo.
To see this, choose ¢ € S(R") such that ¢ > 0 and ¢(x) = 1 when |x| < 1.

Define (x) = R"@(Rx) when R > 0. Then @g(x) = @(x/R) and we obtain
by (3.22) and (3.27),

/ |ﬁ|25/¢;|ﬁ|2=/mﬁ=/wudugm—s,
B(O,R)



3.8 Ball averages 45

where the last inequality follows from
@R * pu(x) = R"/w(R(x —y)duy S R"u(B(x, 1/R)

o0
+R"Y 27T u(B(x, 2/ /R) \ B(x, 277 /R)) < R",
j=1

using (3.52) and the fast decay of ¢.
If u satisfies with some positive constant ¢ the lower regularity

w(Bx,r))>cr® forx esptu, 0<r<l, (3.53)

then for R > 1,

/ Al 2 R
B(O,R)

The proof is a slight modification of the above: recalling Example 3.2 choose
@ sothat ¢ > 0,¢ > 1 on B(0, 1) and sptg C B(0, 1), and observe that then
Js0.8) IZ|* Z [ @rlizl* and @g * p(x) = R"*. In particular if u is Ahlfors—
David regular, that is, both (3.52) and (3.53) hold, we have fB(o,R) |7]? ~ R"™*
for R > 1.

Strichartz [1989] and [1990a] made a much more detailed study of such
ball averages and related matters. For instance, he showed that if u satisfies
(3.52) and the limit lim, o 7~ u(B(x, r)) exists and is positive for u almost
all x € R", then for all f € L%(w),

lim RS‘”/ | Fl? = c(n,S)/ |fI*du,
B(0,R)

R—o00

for some positive and finite constant c(n, s). To get an idea when f =1,
notice that if @ approximates well the characteristic function of B(0, 1) and
@ is as above, then R*™" fB(O,R) | Fi|? is close to RS™" [ ¢r * wdp by the
above arguments, and the convergence of r —* u(B(x, r)) as r — 0 implies that
R f(pR * 0 dpu converges as R — 00.

The existence of the positive and finite limit lim, o r~*w(B(x, r)) for u
almost all x € R” is a very restrictive condition. It forces s to be an integer
by Marstrand’s theorem, see Mattila [1995], Theorem 14.10, and u to be a
rectifiable measure by Preiss’s theorem, see Mattila [1995], Theorem 17.8,
or Preiss [1987]. On the other hand, rectifiable measures include all surface
measures on smooth surfaces and much more.
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3.9 Fourier transforms and rectangular boxes

At later stages of this book it will be essential to understand how the Fourier
transform of a smooth function supported in a rectangular box behaves. The
answer is: it lives essentially in a dual box, defined below. By the Heisenberg
uncertainty principle it cannot have compact support so we mean by this that it
decays quickly outside such a box.

Let us first quickly look at balls. If ¢ is infinitely differentiable on R”, n >
2, with spto C B(0, 1) and for a € R",r > 0, ¢, (x) = ¢((x —a)/r), then
spt@,., C B(a,r),

Par(X) = / e Vo((y —a)/r)dy = e TV G(rx),

andforall N =1,2,...,
|@ar )| Sy "N x|V,

So @,., decays fast outside B(0, 1/r); this is our dual ball for B(a, r).

Let R be a rectangular box in R” (as in (3.54) below). We say that it is
an (ry, ..., rp,)-box if rj <--- <r, are its side-lengths. The (;- L 1 ) box
centred at the origin with the — side parallel to the r; side of R is Called the
dual of R and denoted by R. More formally, let Q¢ = [0, 1]" and fix for the
(r1, ..., ry)-box R an affine mapping A which maps Qg onto R written as

Ar(x) =g(Lx)+a,g € O(n),a € R", Lx = (rixy,...,ryx,) forx e R".
Then
R =Ag(Qo) and R = g(L™'(Q)). (3.54)

Fix a non-negative function ¢ € S(R")suchthaty = 1on Qpandspty C 2Qy.
For t > 0 we shall denote by ¢ R the rectangular box which has the same centre
as R and the side-lengths equal to those of R multiplied by ¢. We define

QYR =@ O A;l so that o = 1 on R and sptogr C 2R. (3.55)
Lemma 3.16 With the above notation
GrR(x) = ri - e QLI (). (3.56)
For any M € N and for any (ry, ..., r,)-box R,

o0
R < Clo, Myry ooy Y 27 0 5(x)  forx € R". (3.57)
j=1
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Moreover,

lerll = ll@l:- (3.58)

Proof Let g, L and a be as above. The Fourier transform of ¢ is
Pr(x) = / e gp(§)ds = f e (AR E))d &

Setting n = A'(&) we get d& = |det(g o L)|dn = ry -+ r,dn. Furthermore,
since g(x)-g(y) = x -y for all x, y € R" and L satisfies L(x)-y = x - L(y)
forall x, y € R,

PROX) =r1---1, / ¢TI AR D () dny
=rp-- rne—Z”iJ"“ / e—2ﬂix'8(L(n))¢(n) dn
=y -rpe 2T / ¢~ 2TILET O () dy

=rp-rpe TG(L(gT (X)),

which proves (3.56).
For ¢ we have by its fast decay,

o0
[pCo)| Sm Zz_MjXQiQO()C) for x € R".
j=1

Hence
o0 oo
BRCO Swrr1--1a Y 27 00, (L™ ) = ryev e Y 27 M g (),
j=1 j=1
proving (3.57). Finally (3.58) is obvious by a change of variable. ]

In Chapter 16 we shall convolve Frostman measures with the above functions
@x and make use of the following lemma.

Lemma 3.17 Let u € M(R"),0 < s < n, and suppose that
W(B(x,r) <r’ forallx e R",r > 0. (3.59)
Let R C R" be an (ry,ra, ..., r2)-box with ry < r,. Define

Ur = |@r| * 1.
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Then,

lerlloo < Clo)ry™, (3.60)
lrll = @1 @), (3.61)

and
/KR ur(x +y)dy < C(@)K*ri'r}™ forallK >1, xeR". (3.62)
For any cube Q C R",
/B( )/LQ(y)dy <C(p)r* forallx e R", r >0. (3.63)

Proof By (3.57) forany M > 1,

o0
nr(x) = / Pr(x = W dpy Sy riry™! ZZ_Mj / Xaig(x —y)dpuy.
=1

!

As 2j§ is a (zj
radlus Taklng M = s + 1 and using (3.59) this gives

2/ '
1 (s+1)j n—s
r(x) Srirh” E 2- =),
Hr(X) S "\ P

j=1

) box it can be covered with roughly 2 > balls of

..,r,r

proving (3.60).
Furthermore by (3.58),

lrll = / ] = f IFR(x — Wl dy dpx = [Grll @ = [G]w®),

which proves (3.61).

Next we prove (3.62). By (3.57) and the fact thatif y € KRandx + y—zE€
2j§, thenz=y—-(x+y—2z)+x¢€ Kﬁ—Zjﬁ—l—x = (K+2j)§+x, as
R is centred at the origin, we obtain

/~MR(X+Y)dy=/~/|6R(x+y—z)|duzdy
KR

Swmriry 122 M’//XKR(y)xm(x +y—2)duzdy

j=1

< rlré’_lz Z_Mj//X(K+2.i)ﬁ+x(Z)X2/ﬁ(x +y—2dyduz

=it ZZ_MJL”(ZJ R)u((K +2)R + x)).
j=1
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As in the proof of (3.60) (K + 2/ )E + x can be covered with roughly "—?
balls of radius (K + 2/ )y ! whence

/NMR(ery)dy
KR
i K +2/
—1 —Mj
rirl 27 =
< s z 2 (22 )

20mMI I (K 427

,F“qg

1

~
I

2(n+X—M)jrl—1r21—S(2K)X — (ZK)le—lrzl Y’

M

1

~.
Il

where we used also that K + 2/ < 211K and we chose M =n + s + 1.
Finally (3.63) follows from (3.62) whenr > 1/r;, where r; is the side-length

of Q: choose K = ryr, then B(x,r) C K@ + x. When r < 1/ry, it follows

from (3.60). O

The rectangular boxes will enter when we study restrictions of Fourier
transforms on spheres. The reason is simple; a spherical cap on S"~! of radius
8 is contained in a C8? x C8 x --- x C8-box where C depends only on 7.

In Lemma 3.16 the Fourier transform of our function ¢ becomes small when
we go far away from the dual box of R, but we did not get any information
how it behaves on the box itself. It will be useful to have functions which are
large on those dual boxes. This is the content of the following lemma, often
called the Knapp example. Here, as well as later, by the Fourier transform of a
function f € L'(5§"!") we mean the Fourier transform of the measure fo” '

R e N S
Lemma 3.18 Lete, = (0,...,0,1) e R",n > 2, and set for0 < § < 1,
Cs={xeS" ' 1—-x-¢,<68%, Ds={xeCs: |x—1] < 82}.
Then with ¢ = 1/(12n) we have for f = xc,, 8 = X,

|F(&)] = 0" N(Cs)/2 for& € Ry

and

18&)| = 0" '(Ds)/2 for& € S;,
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where
Rs={£eR":|§| <c/Sforj=1,....n—1,|&] <c/8%},
Ss={§ eR":|§| <c/Sforj=1,....,n=2,|6—1]| < /8 |&] < c/8?}.

Proof Notice that Cy is a spherical cap of radius roughly &, more precisely,
lx;| < V268 for x € Cs,j=1,...,n—1.For& e R",

/ e—2m€~x dO’n_l.X
Cs

/ e—27‘ri$~(x—en) do,n—lx
Cs

17| =

> / cos(2E - (x —ey))do" ' x.
Cs

We only used that [e™275¢| = 1 and that the absolute value of a complex

number is at least its real part. One checks easily that
|27& - (x —e,)| < /3 forx € Cs, & € Ry,
whence
cos(2rw& - (x —e,)) > 1/2 forx € Cs, & € Ry,
and so
F &)z 0"(Cs)/2 for§ € Ry
The argument for g is exactly the same using that

|27& - (x —e,)| < /3 forx € Dy, & € S;. O

We shall use the first part of this example to show the sharpness of the Stein—
Tomas restriction theorem 19.4 and the second part to show the sharpness of
Tao’s bilinear restriction theorem 25.3.

3.10 Fourier series

Much of the theory of the Fourier transform has analogues for the Fourier
series. We shall use one-dimensional Fourier series only twice, in connection
with Cantor measures, Chapter 8, and Riesz products, Chapter 13. In the last
chapter we shall also need higher dimensional Fourier series in the form of the
Poisson summation formula. We now state a couple of fundamental results in
general dimensions without proofs and then prove a few others. For the basics
of the one-dimensional Fourier series, see, for example, Katznelson [1968],
Chapter 1, and for the multi-dimensional theory Grafakos [2008], Chapter 3.
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Let
Op={xeR":0<x;<Iforj=1,...,n}

be the unique cube. For © € M(Q,,) the Fourier coefficients of | are

() = / e qux, ze 7"

n

Then we have again Parseval’s formula for f, g € L*(Q,),

Y F3@ = / F)E(x)dx. (3.64)
On

ZEZM

If f is continuous on Q, and w is a finite signed Borel measure on Q,, this
remains valid provided the series ZZGZ” f(2)11(z) converges. Then

Y Fone) = fQ fdu. (3.65)

ZEL"
See Katznelson [1968], Section 1.7, for the one-dimensional case, which is

all that we shall need for this fact. As a corollary we have that the Fourier
coefficients determine uniquely measures on Q,: if u, v € M(Q,), then

1(z) =V(z) forall z € Z" implies u = v. (3.66)

We have also the Fourier inversion formula: if f e L'(Q,) and
> .ez | f(2)] < 0o, then f is continuous and

f@) =) F@e*™ = forx € Q. (3.67)

ez
More precisely, f canbe redefined so that it becomes continuous and 1-periodic:
f&x)=f(y)forx,y € Q,withx; —y; =0,1or—1forall j =1,...,n.In
fact, for the theory of Fourier series instead of Q, it is more natural to use the
torus (S')" as the underlying space, or consider 1-periodic functions on R", but
this will not be essential for us.

The Fourier inversion formula gives easily the Poisson summation formula:

Theorem 3.19 If f € S(R"), then
Z f(x+2) = Z f(z)ezmz"‘ forx € R".
ez ez
Proof Define the periodic function F' by
Fx)=) flx+2).

ZEZ"
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Then for z € Z",

F(z) = / F(x)e™ dx = Y F()e T dx = f(z).

n €D On—z

Hence ) ;. |F(z)| < oo and the result follows from the inversion formula.

O
Corollary 3.20 If f € S(R") and sptfc B(0, 1), then
Zf(x+z)=/f for x € R".
ZEZL!
Proof We now have f(0) = [ f and f(z) = Oforz € Z", z # 0. O

The s-energy of u € M(Q,) can essentially be written also in terms of the
Fourier coefficients:

Theorem 3.21 If 0 <s < nand u € M(Q,), then
L(w)/Cn,s) < p®) + Y |[B@PI ™ < Co, 9)I(w).  (3.68)
z€Z"\{0}

Proof Since we are not going to use this formula, we shall only prove it in the
special case where spt u is contained in the interior of Q,,; for the general case,
see Hare and Roginskaya [2002]. Then we may assume that p is a smooth
non-negative function with compact supportin Q,: let, as before, . = ¥, * u
where V., ¢ > 0, is a standard approximate identity. Then, as ¢ — 0,

Is(pee)

=y(n,s) / [V (eR@P[x ™" dx — y(n, s) / B ™" dx = I (w)
by Theorem 3.10, and

Yo m@PET = Y WeER@Pl T = Y APl

z€Z"\{0} z€Z"\{0} €7\ {0}

Solet f € C*°(R")with f > Oandspt f C Int(Q,). Recalling Example 3.2
we choose ¢ € S(R") such that both ¢ and ¢ are non-negative, ¢ > 1 on
0, — 0, and sptp C B(0, 1/2). Then

Lih~ [hox
Set g, = V. * (¢ky). Then g, — @k, in L'(R") as ¢ — 0 which implies

/ (g% ) — / (ko) % /).
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Using Lemma 3.9 we have

2:2) = y (0, V(P * kn—s(2) = ¥ (1, )P * ky—(2) = § % ky(2).

By the properties of ¢; @ >0 and sptg C B(0, 1/2), we have readily
@ x ky(z) ~ |z|°™", when |z| > 1, and @ * k;(0) ~ 1. Therefore by Parseval’s
formula (3.64) for the Fourier series,

[Gxnf = ¥ g@IFor - X7« RoIFF ~ For
ZELN ZELN

+ Y I F@PI

z€Z"\{0}

Since f(O) = [ f, the combination of these formulas yields the theorem. [

3.11 Further comments

Duoandikoetxea’s book [2001] and Strichartz’s book [1994] are excellent first
quick guides to Fourier analysis. Grafakos [2008] does the same and, com-
bining with Grafakos [2009], gives a very wide view of Fourier analysis. The
presentation of this chapter is largely based on Wolff’s lecture notes [2003].

Bessel functions are extensively studied in Grafakos [2008], Stein and Weiss
[1971] and Watson [1944].

In one dimension the expression of energy-integrals in terms of the Fourier
transform and Fourier series and applications to Hausdorff dimension goes
back at least to the works of Kahane and Salem, see Kahane and Salem [1963],
and in higher dimensions to Carleson’s [1967] book. For n = 1 the Fourier
series formula (3.68) appears essentially already in the first volume of Zyg-
mund’s book [1959], page 70. In higher dimensions it was proved by Hare and
Roginskaya [2002].

Hare and Roginskaya [2003] proved a formula analogous to (3.45) on
Riemannian manifolds. In Hare and Roginskaya [2004] they studied ener-
gies of complex measures and their relations to Hausdorff dimension. Hare,
Parasar and Roginskaya [2007] investigated energies with respect to more gen-
eral kernels than the Riesz kernel k;.

Salem sets in R” can have any dimension s € [0, n]. Salem [1951] was
first to construct them in R in this generality as random Cantor sets. A related
construction was given by Bluhm [1996]. We shall discuss other random Salem
sets in Chapter 12. The first non-trivial deterministic fractal Salem set, but only
with dimension 1 in R, was found by Kahane [1970]. Kaufman’s [1981] result,
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Theorem 3.13, gave deterministic Salem sets in R with dimensions filling (0, 1).
A modification of Kaufman’s construction was made by Bluhm [1998].

There is a rich literature on number theoretic sets, such as the set used by
Kaufman, their Hausdorff dimensions and Fourier transforms of measures on
them. This topic was pioneered by Jarnik and Besicovitch in the 1920s and
1930s. In particular, the Hausdorff dimension of the set E, in Theorem 3.13
was found by Jarnik [1928] and [1931]. Dimension formulas for some other
sets of this type can be found in Section 8.5 of Falconer [1985a], in Chapter 10
of Falconer [1990] and in Chapter 1 of Bishop and Peres [2016]. These books
contain many references for the work done on this topic. Often these questions
also have relationships to ergodic theory, see Jordan and Sahlsten [2013] for
recent results and references.

Fourier dimension has not been much investigated systematically, but
recently such a study was made by Ekstrom, Persson and Schmeling [2015].
They considered two definitions of the Fourier dimension: the one above and
another one using Borel probability measures  such that u(A) = 1 instead of
n € M(A). These two definitions do not always agree. Among other things
they showed that for both definitions Fourier dimension is not finitely sta-
ble: max{dimy A, dimz B} < dimr(A U B) by the obvious monotonicity but
the inequality may be strict; for the latter definition an example was given
by Ekstrom [2014]. The above authors also defined the modified Fourier
dimension

dimyr A = sup{s < n :3Iu € M(R") such that
w(A) > 0and |[(x)| < |x|7*/? Vx € R"},

and showed that it is countably stable.

Fourier transforms and series of measures and distributions on the real line
and on the circle have deep connections to many other topics, such as number
theory, complex analysis and operator theory. The books of Kahane and Salem
[1963], Salem [1963], Travaglini [2014] and of Havin and Joricke [1995] are
good sources. Recent interesting papers are those of Poltoratski [2012] and
Kozma and Olevskii [2013]. Measures whose Fourier transform tends to zero
at infinity are called Rajchman measures. Lyons [1995] gives an excellent
survey on them, concentrating on measures on the circle.

Lemma 3.17 is due to Erdogan [2004].
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Hausdorff dimension of projections
and distance sets

In this chapter we give the first applications of the Fourier transform to geomet-
ric problems on the Hausdorff dimension. We begin by considering orthogonal
projections and prove Marstrand’s projection theorem stating that almost all
projections of a Borel set are as big as the dimension of the set allows. We
shall prove this here only for the projections onto lines in order to bring forth
the basic ideas in the simplest cases. In the next chapter we shall give various
extensions of these results including projections onto m-dimensional planes in
R". Our second application will be on Falconer’s problem on the size of the
distance sets. We shall also prove that there are no Borel subrings of R with the
Hausdorff dimension strictly between 0 and 1.

4.1 Projections
Fore € S ', n > 2, define the projection
P,:R" >R, P,(x)=e-x.

This is essentially the orthogonal projection onto the line {te : t € R}. As P,
is Lipschitz,

dim P,(A) <dimA forall A C R".

In the plane we shall often parametrize these projections with the angle the line
makes with the positive x-axis and use the notation:

Do : R?> > R, po(x,y) =xcosf + ysin6,0 € [0, ).
Theorem 4.1 Let A C R”" be a Borel set and s = dim A. If s < 1, then

dim P,(A) =s foro" " almostalle € S"". 4.1)

55
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If s > 1, then
LY(P.(A) >0 foro" " almostalle € S"'. 4.2)

Proof If u € M(A) and e € S"~!, the image p, = P,;u of w under the pro-
jection P, is defined by

pe(B) = w(P;(B)), B CR.

Then y. € M(P.(A)) and

o0
f(r) = / e dppx = / IO duy = fi(re)  (43)

o0 n
for all » € R. To prove (4.1), suppose 0 < s =dimA < 1. Fix0 <t < s and

pick by Theorem 2.8 i € M(A) such that I,(i) < co. Using Theorem 3.10,
(4.3) and (3.30) we obtain,

o0
/ L(pn)do" e = y(l, t)/ (/ | (r)|?r ! dr) do" e
Sn—1 Sn—1 —00

o0
=2y(1,1) (f [Z(re)|*r ™! dr) do" e
sn=1 \Jo

=2y(1,1) / 720 |x|' " dx
Ru
=2y(1, )y (n, ) " I,(w) < oco.

In particular, I,(1.) < oo for 0"~ ! almost all ¢ € §"~! and dim P,(A) > ¢ for
such e. Considering a sequence (), t; < s, t; — s, we find that dim P,(A) > s
for almost all e € S"~ 1.

Suppose now that s > 1. Then there is u € M(A) such that I;(u) < oo.
Arguing as above witht = 1,

o0
/ <f |/Te(r)|2dr> do" Ve =2y, )" I1(n) < oo, (4.4)
sn=l —00

whence /1, € L*(R) for 6"~! almost all e € $"~!. Thus by Theorem 3.3, i, €
L%(R) for 6"~ ! almost all e € $"~!. In particular, 1, is absolutely continuous
with respect to £! for 6"~ ! almost all e € S"~!. As u, € M(P.(A)) we have
LY(P,(A)) > 0 for such e. O

For a proof of the previous theorem without Fourier transforms, see Mattila
[1995], Chapter 9.

Theorem 4.2 Let A C R" be a Borel set and dim A > 2. Then P,(A) has
non-empty interior for o"~" almost all e € §"~".
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Proof Let2 < s < dim A and choose u € M(A) such that I;() < oo. Defin-
ing (. as in the previous proof, we obtain by Schwartz’s inequality

/ / |fe(r)| dr do" e
=1 JR

o0
54"/|@WWMP%ummwﬂwﬂ
Sn=1J1

00 172
<2 (/ / |a(re))?rs "t dr da”_le>
S"_l 1
00 12
X </ / =S dr da”_1> + C()
st J 1

n—1 Sn—l 12 1/2
52<1—L—3) (flmnﬂﬂ“ﬂh) +C(
s—2 R»

< C(n, )I,(W)'"* + C(u) < oo.

Hence i, € L'(R) for o"~! almost all ¢ € §"~! and by Theorem 3.4 1, is
a continuous function for such e. As u, € M(P,(A)), we conclude that the
interior of P,(A) is non-empty for ¢! almost all e € S~ O

I do not know any proof without Fourier transforms for this theorem,
although I am not sure if anyone has seriously tried to find one. The bound 2
is sharp: using Besicovitch sets we shall give in Chapter 11 an example of a
Borel set in the plane whose complement has Lebesgue measure zero and all
of whose projections have empty interior.

Let us derive as another consequence of the proof of Theorem 4.1 a quanti-
tative estimate for the average length of projections:

Theorem 4.3 Let A C R" be Lebesgue measurable and let u € M(A) with
Ww(A) = 1 and I)(n) < oo. Then

1 w1 v, Do (STh?
/E (P,(A)do" e > 2100 .

Proof The measurability of the function e — L£'(P,(A)) is easily checked for
compact sets A and from that it follows for measurable sets by approximation.
From the formula (4.4) we see that for 0" ~! almost all ¢ € S"~! the projection
e = P,y is absolutely continuous and, using Parseval’s theorem, it moreover
belongs to L>(R) with

‘/ (/wuam%h)dﬂ*e=2ﬂm1rwmm.
sn=1 —00
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By Schwartz’s inequality,

2
I = Pup(R) = ( / uedcl) < L(P.(A)) / prdL.
Pe(A)
A combination of these two inequalities gives

/[,I(Pe(A))_ldo"_le < // p2dlL ' do" e = 2y(n, T (w).

Thus by Schwartz’s inequality,

\Y

-1
/Ll(Pe(A))da”_le > (/ ,Cl(Pe(A))_ldU”_le> "l (sm?

Ty, Do" (" L(w ™. O

IV

4.2 Distance sets

Now we study another geometric problem on Hausdorff dimension, estimating
the size of distance sets. The distance set of A C R" is

D(A) ={lx —y|: x,y € A} C [0, 00).
The following Falconer’s conjecture seems plausible:

Conjecture 4.4 1f n > 2 and A C R” is a Borel set with dim A > n/2, then
L'(D(A)) > 0, or even Int(D(A)) # @.

This is open in all dimensions n > 2. In R it is false; it is easy to construct
examples of compact sets A C R with dim A = 1 and £'(D(A)) = 0. Below
we shall give an example to show that n/2 could not be replaced by any smaller
number.

A weaker conjecture on dimensional level is

Conjecture 4.5 If n > 2 and A C R”" is a Borel set with dim A > n/2, then
dim D(A) = 1.

This too is open in all dimensions n > 2. But it is true for example for many
self-similar sets. Theorem 4.6 below only gives dim D(A) > 1/2 if dim A >
n/2. This has been improved by Bourgain to dim D(A) > 1/2 4+ ¢,, ¢, > 0.
We shall briefly discuss these partial results in Section 4.4.

Steinhaus’s theorem, a simple application of Lebesgue’s density theorem,
saysthatif A C R" is Lebesgue measurable with £"(A) > 0, then the difference
set {x —y :x,y € A} contains a ball centred at the origin. It is easy to give
examples which show that no such statement holds, neither for the difference
set nor for the distance set, under the assumption that dim A is large. In Theorem
4.6 there may be no interval (0, ), € > 0, inside D(A) even if dim A = n.
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First we shall prove some weaker partial results. In Chapters 15 and 16 we
shall prove the best known results.

Theorem 4.6 Let A C R", n > 2, be a Borel set.

(a) Ifdim A > (n + 1)/2, then Int(D(A)) # @.
(b) If(n—1)/2 <dim A < (n + 1)/2, then dim D(A) > dim A — (n — 1)/2.

We use a similar technique as with the projections; we map a measure
un € M(A) to its distance measure 8(ju) € M(D(A)) defined for Borel sets
B C Rby

S(0(B) = / Wiy - |x — y| € By dux. @.5)

In other words, §(u) is the image of @ x w under the distance map (x, y) —
|x — y|, or equivalently, for any continuous function ¢ on R,

/godrs(u) = // e(lx —yDduxdpy.

Let us first see some simple properties of distance measures. Obviously,
sptd(u) C D(spt ). (4.6)
Another simple observation is that
8(ui) = 8(n) weakly if u; — pu weakly. “4.7)

Recall that 0! is the surface measure on the sphere {y € R" : |y| = r}.
Its Fourier transform is (recall (3.42))

o 1(x) = r"lonl(rx)  with |orl(x)] S D2 |02,
For a smooth function f with compact support, §( f) is also a function. It is
given by

S(f)(r) = / (/" * f)f. (4.8)

To prove this one can check by Fubini’s theorem and integration in polar
coordinates that for any continuous function g with compact support in R,

/g(r)/(dr"_l * ) f(x)dxdr = // g(lx —=yDf(x) f(y)dxdy,

which is also [ g8(f) by the definition of 8( f).

Let ¥ be a smooth function with compact support in R”", [ =1,
Ye(x) = "Y(x/e) and pu, = Yo *x u. Then u, — pu weakly, as ¢ — 0,
whence §(u) — 8(u) weakly. Moreover [1.(x) = 1}(8x)ﬁ(x) — u(x) for all
x € R".
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We have now by (4.8) and Parseval’s formula,

8(pe)(r) = / (0" % pepe = / oL = / o= 0P (ex) B
4.9)
Suppose then, recalling (3.45), that

It (R) = y(n, (n +1)/2) [ x| 12 |0 dx < oo

Then, as ¢ — 0, the right hand side of (4.9) converges to [ a/,”—\l 72> by
Lebesgue’s dominated convergence theorem, because

o7~ () PR S5 2] 00 .
On the other hand, the left hand side of (4.9) converges weakly to §(it). So if

T12() < 00, 8(u) is a function given by

s = [ @l = [ TeoEwPd @0
This is all that is needed to prove the first part of Theorem 4.6:

Proof of Theorem 4.6(a) If dimA > (n 4+ 1)/2 we can find a measure u €
M(A) with I(,41)/2() < 0o by Theorem 2.8. Then 8(i1) is the function given
by (4.10) which is easily seen to be continuous by Lebesgue’s dominated
convergence theorem. As spt§(u) C D(A) by (4.6), it follows that D(A) has
non-empty interior. O

For the second part of Theorem 4.6 we need some estimate of the §(u)-
measure of the intervals [r, r 4+ n]. Let R > 0 be such that sptu C B(0, R).
Then spt§(u) C [0,2R]. Let 0 < n < r < 2R. By the definition of §(u),

S)([r,r +nD) =y eR" :r < |x —y| <r +nhdpx =/g’~n * pdp,

where g, is the characteristic function of the annulus {x € R" : r < |x| <
r+n}.
Letting 1. be as above, we have by Parseval’s formula

S(ue)([r, r +n)) = /(gr,;7 * e he = /EZI/@IZ-
Letting ¢ — 0, we find that
S(u)([r, 7 + ) = / alal (4.11)

In fact, we first get this by the weak convergence for all but at most countably
many r and 7, for those with §(u)({r, r + n}) = 0, but since the right hand side
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is continuous in r and », this holds for all r and 7. Since g, is radial, we have
by (3.33),

r+n
G(X) = c(n)|x|7"2/2 / J—2)2(27|x|s)s"/* ds
r

il i @.12)
= c(n)|x|_” /l | ](n_z)/g(ZNM)Mn/ du.
This gives by (3.35)
— L [ —1)/2 —1)/2) . |(1=n)/2
g S x| /H Y b e A C R k)

To get another estimate we use the formula (3.39),

d
g(sm‘]m(s)) =s" m—1(8)

and again (3.35) getting

(r+mlx|

—1 —n d n/2
c(m)2m)™ x| E(u Jnp2mru)) du

rlx|
= |e(m)2m) " x| + |x )2 R (r + n)lx])

— (r|x )" JuppQrr|x))|
< r(nfl)/2|x|7(n+1)/2'

gy =

Using (4.11), these two estimates for |g;,(x)| and (3.45) we obtain for 0 <
t S 1’

SGuy(lr, r +n) S rV 2y / x| 172 | )| dx
{x:lx|<1/n}

+ r(n—l)/2/ |x|_("+l)/2|ﬁ(x)|2 dx
fclx[>1/n}

< r(n—l)/2nt <f |x|(l—n)/2+t—l|ﬁ(x)|2 dx
{x:lxl=1/n}

+/ |x|—(n+1)/2+t|ﬁ(x)|2 dx>
{x:lx|>1/n}

— r(n—l)/2nt/|x|(n—1)/2+t—n|ﬁ(x)|2dx

=y, (n—1)/24+ 07 r" 20 Lo g ().

Proof of Theorem 4.6(b) We may assume thatdim A > (n — 1)/2.Let0 <t <
1 be such that (n — 1)/2 4+ ¢t < dim A. Then we can find a measure u € M(A)
with J,—1y/24+(1t) < 00. The above estimate yields that 8(u)([r, r + n1) Sk 7'
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when 0 < n < r < 2R. By aslight modification of the easy part of Frostman’s
lemma 2.7 this implies that H'(D(A)) > 0 and completes the proof. ]

For later use we derive the following consequence of the above arguments:

Lemma 4.7 Ifs > (n + 1)/2 and u € M@R") with I;(1) < oo, then for all
O<n<r,

pwx (e, y)ir < lx—yl <r+n) < Con, ) Lnr ™" (4.14)

Moreover,

[8(W)lloe < C(n, $)d(spt n)*~ I(1). (4.15)

Proof Let g,,, be again the characteristic function of the annulus {x € R" : r <
|x| <r +n}.If x € R" and r|x| > 1, we have by (4.13),

|§a(x)| 5 nr(n—l)/2|x|(l—n)/2 — n|rx|(n+l)/2—srs—l|x|s—n < nrs—1|x|s—n.

If r|x| <1, we have by (4.12) and (3.34),

. (r+mn)lx| 5
|8 (¥)| = |C(n)|x|_n/ Jn—2)22ru)u"’* dul

|

— —1 —s_s—1 §— s—1 s—
ST T nlx ] = G )T T T < g

Using these inequalities and (4.11), we obtain

8(u)([r.r + 1) =f§r?|ﬁ|2 S nrH/IXIHIﬁ(X)IZ =y, s)"  L(wnr ™",
which is (4.14). (4.15) follows immediately from (4.14). O

No proof without Fourier transforms is known for Theorem 4.6. It is not
known if the bound (n + 1)/2 is the best possible in order for D(A) to have
non-empty interior. It is not sharp in order for D(A) to have positive Lebesgue
measure; we shall discuss some improvements later. Recall Conjecture 4.4
saying that dim A > n/2 should be enough for £!(D(A)) > 0, and perhaps
also for non-empty interior. This would be the best possible. We now show this
by an example.

Example 4.8 Forn > 2 and 0 < s < n/2 there exists a compact set C C R”
with dim C = s and dim D(C) < 2s/n.

Proof To find such a set we could start by trying to find large finite sets
with few distances, that is, many distances realized by many pairs of points.
Subsets of scaled copies of the integer lattice have this property. The example
is obtained with a Cantor type construction using cubes centred at such sets.
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More precisely, let (m;) be a rapidly increasing sequence of positive integers,
say myyq > m’,ﬁ and define

Ce={xeR":0=<x; <1,|x; — p;j/my] fmk_n/s

for some integers p; and for j = 1,...,n},

o0
C = ﬂ Cy.
k=1

Then dim C = s; this can be checked by for example modifying the method that
is used for the Cantor sets Cy; in Chapter 8, or one can consult Falconer [1985a],
Theorem 8.15. Clearly, D(C) C ﬂ,fil D(Cy). Let d € D(Cy),d > 0, say

d = |x — x| with integers p;, p}, j =1,...,n, satisfying |x; — p;/my| <
m"" and |} = pf/m| < m ", Then, with p = (py,...,p,) and p' =
(pia"-’p:l)a

/s /s

lp/my — p'/mi| =2nm. """ <d < |p/my— p'/mi| + 2nm;"".

Here |m ' p| < 2nand|m'p’| <2n,so|p — p'|*isaninteger at most 16n>m?.
It follows that D(Cy) is covered with at most 16n2m% intervals I ; of length
4nm;""”, whence

2s/n < limi \2s/n
H (D(C))_hkrglogf E d(Iy.i)
< liminf 16n°m2(4nm;""*)>/" = 16n24n)>/",
k—o00

which gives dim D(C) < 2s/n. O

It is not difficult to modify the above construction to get dim C = n/2 and
LY(D(C)) = 0.

Our second example shows that, at least in the plane, we need s > (n + 1)/2
in order that I;() < oo would imply §(u) € L*°(R) as in Lemma 4.7:

Example 4.9 For any 0 < s < 3/2 there exists i € M(R?) such that I;(u) <
oo and 8(u) € L*=(R).

Proof We may assume s > 1. Let s — 1 <t < 1/2 and let v e M(R), C =
spt v, be such that with some positive constants a and b,

ar' <v(x —r,x +r]) <br' forxe C, O<r<1]l.

For example p, in Chapter 8 with t+ = log2/log(1/d) is fine. Consider the
measure A which is obtained essentially summing v and its translate by 1:

AMA) =v(AUA—1), ACR.
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Let u be the product measure of A and Lebesgue measure on the unit interval:
w=rx (L0, 1]).

Then . € M(R?) with I;() < coand spt i = F := (C U (C + 1)) x [0, 1].

Let x = (x1, xp) € F. By simple geometry we see that for small § > 0 the
annulus {y : 1 —§ < |x — y| < 1 4+ 8} contains a rectangle I x J where the
interval / has length § and centre (either x; —lorx; +1)in C U (C + 1) and
J has length c+/3 for some absolute positive constant ¢. Hence

u@y:1—=8<|x—y| <148} >acs /2
and so
S(((1 =8, 1+ 8)) > acu(F)s' T2,

Since ¢ < 1/2 and this holds for arbitrarily small §, §(i¢) cannot have a bounded
Radon—-Nikodym derivative. U

4.3 Dimension of Borel rings

As an application of the projection theorems we prove here that there are no
Borel subrings of R having a Hausdorff dimension strictly between 0 and 1:

Theorem 4.10 Let E C R be a Borel set which is also an algebraic subring
of R. Then either E has Hausdorff dimension zero or E = R.

Proof The proof is based on the study of the effect of linear functionals ¢ :
R* — R on the k-fold Cartesian product EX. Suppose that dim E > 0. Then by
the basic inequality for product sets, Theorem 2.10, we have dim £ k> kdimE,
so that we can choose k for which dim E¥ > 2. Then by Theorem 4.2 there is a
linear functional ¢ : R¥ — R, say ¢ = P, for some e € S*~!, such that ¢(E*)
has non-empty interior and so, as ¢(E¥) is a subgroup of R, ¢(E¥) = R.

Lemma 4.11 Let E C R be a subring. Assume that there is a positive integer
k and a linear functional ¢ : R¥ — R such that o(E*) = R. Then such k and
@ may be found so that ¢ maps E* bijectively onto R.

Proof Let k be the least positive integer such that there is a linear functional ¢ :
R¥ — R with ¢(E¥) = R. We claim that ¢ is injective on EX. Let {ey, ..., e}
be the standard basis of R and write r; = ¢(e;). Now ¢(E*) = R implies that

k
Zajrj:al,...,akeE =R. (4.16)
j=1
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Assume that ¢ is not injective on EX. Then there are by, ..., be € E, not all
zero, so that Z];=1 b;r; = 0. We may assume that by # 0, so

Let s € R. Then s/b; € R and by (4.16) there exist ay, ..., a; € E such that
s/by = Z_I;zl a;r;. Therefore

k=1 k=1 k—1
—b:
s = Zbkajrj + bkak Z b—Jrj = Z(bkaj —Clkbj)l"j.
j=1 =1 k =l
This implies that

k=1
Zajrj tdy,...,ai—; € E} =R,
j=1

So restricting ¢ to the first k — 1 coordinates we have a linear functional
R*=! — R which maps E¥~! onto all of R. This contradicts the minimality of
k and proves that ¢ is injective on EX. O

Lemma 4.12 Let E C R be a subring and a Borel set. Let k be a positive
integer and ¢ : R¥ — R a linear functional such that ¢ maps E* bijectively
ontoR. Thenk = 1 and E = R.

Proof Let ¥ : R — EX be the inverse of the restriction of ¢ to EX. Since
¢ : R¥ — R is continuous and one-to-one on EX, it maps Borel subsets of E¥
onto Borel sets by a standard result on Borel sets, see, e.g., Federer [1969],
p. 67, or Bruckner, Bruckner and Thomson [1997], Theorem 11.12. Thus ¢
is a Borel measurable group homomorphism. Let {ey, ..., e;} be the standard
basis of R* and write r; = ¢(e;). Let 7; : R* — R be the projection onto
the first coordinate. Then v = 7y o ¢y maps R — R, 7(x 4+ y) = t(x) + t(y)
for all x, y € R and t is Borel measurable. Therefore there is a constant ¢
such that 7(x) = cx for all x € R. This can be seen as follows. The equality
T(x + y) = t(x) + t(y) for all x, y € R immediately yields t(q) = 7(1)q for
all g € Q. If we show that t is continuous, it follows that 7(x) = cx for all
x € R with ¢ = 7(1). It is enough to show that 7 is continuous at 0. Let ¢ > 0.
Since

7 'Bg.e/2) =R,
q€Q
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thereis go € Q for which £'(t7! B(qy, £/2)) > 0. Then by Steinhaus’s theorem
there exists 6 > 0 such that

B(0,8) C t'B(qo, £/2) — T ' B(qo, £/2)
C v ' (B(qo, £/2) — B(qo. £/2))
=1t7'B(0, ¢),

which shows that 7 is continuous. Now t(r;) = 1,s0 ¢ # 0. Butif k > 1, there
would be r, # 0 with t(r,) = 0, which is a contradiction. Therefore k = 1, so
the linear functional ¢ : R — R has the form ¢(x) = ax for some constant a.
Since ¢ maps E onto all of R, we have £ = R. O

The proof of Theorem 4.10 now follows combining Lemmas 4.11 and 4.12
and the observation preceding them. O

Instead of using Theorem 4.2 we could have used Steinhaus’s theorem and
part (4.2) of Theorem 4.1, whose proof does not require Fourier transforms.

4.4 Further comments

Dimensions of projections have been studied actively from many perspectives.
Recent surveys are given by Falconer, Fraser and Jin [2014] and Mattila [2014].

Theorem 4.1 is due to Marstrand [1954]. Kaufman [1968] gave a simple
potential-theoretic proof, in particular the Fourier analytic argument for the
second part is due to him. Theorem 4.2 was found independently by Fal-
coner and O’Neil [1999] and by Peres and Schlag [2000]. Lima and Moreira
[2011] gave a combinatorial proof of Marstrand’s theorem and discussed its
significance for dynamical systems. Much of this stems from the fact that the
sum set A + B is essentially the projection of the product set A x B and sum
sets and their dimensions play an important role in dynamical systems. Thus
results on the dimensions of the projections of product sets have a particu-
lar interest; see, for example, Peres and Shmerkin [2009], and Hochman and
Shmerkin [2012].

The dimension preservation which holds for the Hausdorff dimension fails
for the Minkowski and packing dimensions. However sharp inequalities and
other related results have been proven by Falconer and Howroyd [1996], [1997],
M. Jarvenpaa [1994] and Falconer and Mattila [1996]. For projection theorems
in infinite dimensional Banach spaces, see Ott, Hunt and Kaloshin [2006] and
the references given there.

Often it is difficult to determine the dimension of the projections in all
directions, or in some specified directions. In Chapter 10 we shall discuss
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this problem in light of a particular example. However, for many self-similar
and random constructions one can get such more precise information; see, for
example, Falconer and Jin [2014a], Rams and Simon [2014a], [2014b], Simon
and Vagé [2014], and Peres and Rams [2014].

Theorem 4.3 along with its higher dimensional versions was proved in
Mattila [1990]. The constant in it is sharp at least when n =2 and n = 3
with equality when A is a ball and p is the normalized equilibrium measure
for the capacity related to the Riesz kernel k;. The formula for y(n, 1) was
given in (3.44). In particular the sharp constant of Theorem 4.3 is 72 when
n = 2. For further discussions on the isoperimetric type questions related to
average projections and capacities, see Mattila [1990], [1995], Remarks 9.11,
and [2004], and with connections to stochastic processes, Betsakos [2004] and
Banuelos and Méndez-Hernandez [2010].

Theorem 4.6 was proved by Falconer [1985b] but with Int(D(A)) # @
replaced by £'(D(A)) > 0. Falconer also gave the example 4.8, including
the case dimA = n/2 and £'(D(A)) = 0. In Chapter 15 we shall see that
LY(D(A)) > 0 already follows from dim A > n/2 4+ 1/3. The existence of
interior points with Holder continuity and smoothness estimates for the distance
measures was obtained by Mattila and Sjolin [1999].

Mitsis [2002a] improved Theorem 4.6 intherangen = 2,1/2 <dim A < 1,
from the dimension statement to the following measure statement: if 1/2 < s <
land A C R?isaBorel set with %*(A) > 0, then H*~'/2(D(A)) > 0. The proof
is rather simple and does not use Fourier transforms. To my knowledge this is
the only general result of this type not relying on Fourier transforms.

The above proof for the first part of the Theorem 4.6 uses only the decay
estimate |07~ 1(x)| < |x|'"="/2 for the Fourier transform of the surface measure
on the unit sphere. So the proof and the result hold for any norm with such
a decay property. For this it is enough that this surface has non-vanishing
Gaussian curvature, as we shall discuss later. The problem in this generality
was studied by losevich, Mourgoglou and Taylor [2012]. They also derived
Holder continuity and smoothness estimates for the corresponding distance
measures. The proof of the second part uses more explicitly the Euclidean
sphere in terms of Bessel functions. Perhaps this part could also be generalized
by studying the derivatives of the respective Fourier transform.

Greenleaf, Tosevich, Liu and Palsson [2013] gave a proof for Falconer’s
theorem; dim A>m+1/ 2 implies £'(D(A)) > 0, without using the decay
properties of o"~!. Instead they used the rotational symmetry of the problem
in the sense that for any xi, x;, y1, y» € R" with |x; — x3| = |y; — y»| there
corresponds g € O(n) for whichx; —x; = g(y; — y2).If n > 2, there are many
such rotations but they form a lower dimensional submanifold of O(n). The
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relation to distance sets comes from the following. If © € M(RR"), define for
g € O(n) the measure v, by

/fdvg =// fx—g(y)duxduy.

That is, v, is the image of v X p under the map (x, y) = x — g(y). Greenleaf,
Tosevich, Liu and Palsson showed that

|| iang~ [ s
O(n) n R

assuming that the measures in question are absolutely continuous. The Fourier
transform of v, is Ve (x) = (x)it(g "' (x)). Using the easy indentity

f |72(x))? / (g~ (x))|* db,gd x = /0 o))’ r"dr/o" (8"

and the easy estimate of Proposition 15.8, this leads to the proof of Falconer’s
theorem (cf. also the proof of Lemma 7.1).

The example 4.9 in R? showing that for §(11) € L™ one needs I,(j1) < 0o
with s > (n + 1)/2 was given in Mattila [1985]. Tosevich and Senger [2010]
observed that it can be modified also to R3, but it is not clear if such an example
can be constructed in higher dimensions. However, losevich and Senger proved
in the same paper that in any dimension there are norms whose unit sphere
is smooth and has non-vanishing Gaussian curvature such that for no s <
(n 4+ 1)/2 does I;(i) < oo imply that the corresponding distance measure
would be in L*°.

Falconer [2005] investigated the distance set problem for polyhedral norms;
the unit ball is a symmetric polytope with finitely many faces. Then it may hap-
pen that the distance set of A has measure 0 although dim A = n. Falconer’s
method was not constructive. Konyagin and Laba [2006] constructed explicit
examples. The distance set problem for non-Euclidean norms was also studied
by Iosevich and Laba [2004], [2005] and Iosevich and Rudnev [2005], and for
random norms by Hofmann and Iosevich [2005] and Arutyunyants and Iose-
vich [2004]. Eswarathasan, losevich and Taylor [2011] proved the statement
dim A > (n + 1)/2 implies £L'(D(A)) > 0 for some metrics with curvature
conditions not necessarily coming from a norm.

Orponen [2012a] proved for arbitrary self-similar planar sets K with
H'(K) > 0 that dim D(K) = 1. Generalizations and related results were
obtained by Falconer and Jin [2014a] and by Ferguson, Fraser and Sahlsten
[2013]. Rams and Simon [2014b] proved for a class of random sets arising
from percolation that dim K > 1/2 is sufficient to guarantee that D(K) con-
tains an interval. Some of these results were based on the powerful techniques
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developed by Hochman and Shmerkin [2012]. Other results on distance sets of
special classes of sets can be found in Iosevich and Laba [2004] and Iosevich
and Rudnev [2005], [2007a].

There is an analogous difficult discrete Erdds distance problem: given N
points in the plane (or in R"), how many different distances must there at least
be between these points for large N ? Denoting this minimal number by g(N),
Erdés [1946] proved that g(N) < N/+/Tog N . Guth and Katz [2011] obtained
a nearly optimal bound by showing that g(N) = N/log N. Although this and
the continuous distance set problem, which we have discussed in this chapter,
are analogous, methods developed for one have not appeared to be useful for
the other. There is an exception for this in finite fields: Iosevich and Rudnev
[2007c] found a way of modifying the spherical averages method to prove
estimates for distance sets in finite fields. We shall discuss this a bit more in
Section 15.4.

Tosevich and faba [2005] and Tosevich, Rudnev and Uriarte-Tuero [2014]
proved that results of the type ‘dim A > s implies £'(D(A)) > 0’ imply results
on some particular discrete sets.

The monograph Garibaldi, losevich and Senger [2011] discusses various
aspects of the Erdds distance problem in an easily accessible manner.

D. M. Oberlin and R. Oberlin [2013a] studied the corresponding unit dis-
tance problem estimating the size of {(x,y) € Ax A : |x —y| = 1} both in
the discrete case and continuous case. Bennett, losevich and Taylor [2014]
investigated sets of finite chains

{(|X1 —x2|,...,|xk—xk+1|)€Rk:xj EA}

and showed that for any k > 2 they have positive k-dimensional Lebesgue mea-
sure provided A C R" is a Borel set withdim A > (n 4+ 1)/2. For k = 1 this is
Falconer’s distance set result. Greenleaf, Iosevich and Pramanik [2014] studied
sets of necklaces of constant length ¢ > 0, that is, sequences (x1, ..., Xz), X; €
A, x; #x; for i # j, such that |x; —x;4i|=1¢ for j=1,...k—1 and
|xx — x1| = t. They showed that if n > 4,k is even and A C R" is a Borel
set with dim A > (n + 3)/2, then there is an open interval / C R so that such
a necklace exists for all # € I. In R? this is false for compact sets A with
dim A = 3 due to an example of Maga [2010], but they proved a related result
for all n > 3 involving also a hypothesis on the Fourier dimension of A.
Theorem 4.10 was proved with the above argument by Edgar and Miller
[2003], and independently by Bourgain [2003] with a different argument which
we shall discuss below. This answered a question of Erdés and Volkmann
[1966]. In that paper Erd6s and Volkmann proved that there exist Borel sub-
groups of R of any dimension between 0 and 1. Edgar and Miller also proved,
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with a rather similar method as was presented above, that any Borel subring
of C of positive Hausdorff dimension is either R or C. These results hold for
Suslin subrings, too.

The result of Erd6s and Volkmann immediately extends to R": there are
dense Borel subgroups of any dimension between 0 and n. In Lie groups this is
sometimes true and sometimes false as shown by de Saxcé [2013], [2014] and
by Lindenstrauss and de Saxcé [2014].

Falconer [1984] showed that assuming the continuum hypothesis there exist
non-Borel subrings of R of any dimension between 0 and 1. He also gave a
very simple proof in Falconer [1985b] using his distance set result showing that
there exist no Borel subrings of R with dimension strictly between 1/2 and 1.

Katz and Tao [2001] formulated discrete, discretizing at a level §, versions of
the distance set problem, the Furstenberg problem (see 11.5) and the above ring
problem. They showed that these discretized problems are in a sense equivalent.
Unfortunately this does not seem to help for the continuous problems: although
we have now a relatively simple proof for the ring conjecture, it has not led to
any progress on the other two questions. Tao [2000] gave a simpler presentation
in finite fields of these connections.

When one discretizes at a level §, one approximates sets with finite unions
of balls with radius §. Let us call such sets §-discrete. A natural analogue of
Frostman measure, recall (2.2), is a (8, 5),-set. This is a §-discrete set A C R”
satisfying

L(AN B(x,r)) < 8"(r/8)* forallx e R", r > 6.

Katz and Tao formulated discrete conjectures involving (8, s),-sets which cor-
responded (but are not necessarily equivalent) to the following questions, the
first of them is a special case of Conjecture 4.5.

(1) Does dim A > 1 imply dim D(A) > 1/2 + ¢, for Borel sets A C R? and
for some constant ¢y > 0?

(2) Are there Borel subrings of R of Hausdorff dimension 1,/2?

We skip here the formulation of the discrete analogue of (1), as well as the
discrete Furstenberg conjecture. The discrete ring conjecture corresponding to
(2) is:

LetO <8 < landlet A C Rbea (6, 1/2);-set of measure ~ /8. Then

LA+ A)+ LM(A-A) > 817,

where ¢; > 0 is an absolute constant. Bourgain [2003] proved this and even
more replacing 1/2 by 0,0 < o < 1, see also Bourgain [2010]. As a conse-
quence he got the positive answer to (1) and negative answer to (2), and more
generally that there are no Borel subrings of R with dimension strictly between
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0 and 1. Bourgain’s proof is much more complicated than that of Edgar and
Miller [2003], but the discrete result seems to be much deeper and more influ-
ential. Bourgain’s paper led to further developments on several questions in Lie
groups, see de Saxcé [2013] and Lindenstrauss and de Saxcé [2014], and the
references given there.

In a way, the distance set question asks how the Hausdorff dimension of a
set affects the distribution of pairs of points taken from that set. In addition to
looking at distances, one can study many other configurations. For example,
directions ﬁ e s x, y € A, x # y. It follows immediately from the line
intersection theorem as discussed in Chapter 6 and in Mattila [1995], Chapter
10, that the set Dir(A) of such directions has ¢”~!(Dir(A)) > 0if A C R"is a
Borel set with dim A > n — 1. This is best possible, because o" ! (Dir(A)) = 0
if A lies in a hyperplane. Iosevich, Mourgoglou and Senger [2012] studied
the induced direction measure, analogous to the distance measure. Considering
triples of points one can ask about angles. This was done by Harangi, Keleti,
Kiss, Maga, Mathé, Mattila and Strenner [2013] and by Tosevich, Mourgoglou
and Palsson [2011].

A special, but very interesting and delicate, case of k point configurations is
that of the existence of arithmetic progressions in various types of sets. Classi-
cal number theory problems deal with the existence of arithmetic progressions
in subsets of the integers, but Hausdorff dimension versions also make perfect
sense. Large Hausdorff dimension alone does not help, due to examples of
Keleti [2008] and Maga [2010], but combined assumptions on Hausdorff and
Fourier dimensions do help. Laba and Pramanik [2009] proved deep results
of this type for subsets of the reals. Chan, Laba and Pramanik [2013] estab-
lished very general extensions of these results to higher dimensions covering
many interesting particular cases. Korner [2009] proved some sharp results on
algebraic relations for points in the support of a measure with a given Fourier
decay.

For other results on k-point sets and associated geometric configurations,
such as k-simplices, see Erdogan, Hart and losevich [2013], Eswarathasan,
Iosevich and Taylor [2011], Grafakos, Greenleaf, losevich and Palsson [2012],
Greenleaf and losevich [2012], Greenleaf, losevich and Mourgoglou [2014],
Greenleaf, Iosevich, Liu and Palsson [2013], and Liu [2014].
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Exceptional projections and Sobolev dimension

Here we shall extend the projection results of the previous chapter in several
ways proving estimates for the dimension of the exceptional sets of projec-
tions, introducing the Sobolev dimension to unify such estimates, and proving
corresponding results in general dimensions.

5.1 Exceptional sets for one-dimensional projections

We shall first give a different proof, without Fourier transforms, to the first part
of Theorem 4.1 and we improve it by estimating the Hausdorff dimension of
the exceptional set. Here again P, : R” — R, P,(x) = e - x, is the orthogonal
projection fore € S, n > 2.

Theorem 5.1 Let A C R" be a Borel set with s = dim A < 1. Then for all
t €10, s],

dim{e € §"' :dim P,(A) <t} <n—2+1. (5.1)

Proof Let o <t <s. By Theorem 2.8 there exists u € M(A) such that
I,(u) < oo.Fore € "7 ! let . € M(P.(A)) be as before:

1e(B) = w(P7'(B)), BCR. (5.2)
By Theorem 2.8 it suffices to show that
dim{e € "' : I, () =00} <n—2+1.
Suppose this is false. Then

H 2 (fe e "7 I (ne) = 00}) > 0.

72
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By Frostman’s lemma 2.7 there is v € M(Ss), Where S = {e € S"7':
I, (i,) = oo}, such that v(B(x, r)) < r"~>* forall x € R" and r > 0. In order
to apply Frostman’s lemma we should check that S, is a Borel set, but we leave
it as an exercise. We shall use the general formula for the integral (f > 0),

/fd)» = foo)\({x D f(x)=rhdr,
0
and the estimate,
v({e € 8" |P(x)| < 83) S (8/1x)' (5.3)

which is trivial for n = 2 and follows for n > 2 by checking that the belt
{e € "7 :|P,(x)| < 8} can be covered with roughly (8/|x|)>~" balls of radius
3/|x|. We obtain for all x € R" \ {0},

/ | P dve = / v(fe € S [P = rhdr
s 0

oo

< (S Hx|[T7 + |x|_’/ r dr

x|~
n—1 g —0
- (v(S )+ —) Mad
t—o

Hence by Fubini’s theorem,

/ Ia(ue)dvezf </ [Pe(x — )77 duxduy) dve
Sn—l Sn—l
= // (/ [Po(x —y)|77 dve) duxdpy S I,(p) < oo.
Sn—l

In particular, v(Seo) = 0, which contradicts the assumption v € M(So) and
proves the theorem. O

5.2 Sobolev dimension

We want to prove similar results for the exceptional sets of the second part
of Theorem 4.1 and of Theorem 4.2. For this we need Fourier transforms. We
can give a unified treatment and prove these two results simultaneously by
introducing the Sobolev dimension of a measure:

Definition 5.2 The Sobolev dimension of a measure © € M(R"),n > 1, is

dimgt = sup{s e R : / IO+ |x]) ™" dx < oo}
RVI
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Observe that dimg u > 0, because fRn [P + |x|) " dx < ooifs <0
due to the boundedness of . Thus 0 < dimg u < oo. If w is a function in
S(R™), then dimg u = oo.

Using (1 + |x|)*™" instead of |x|*~" is often just a technical convenience of
having alocally bounded factor instead of a locally integrable one. For s > 0 the
integrals [g, [(x)|*(1 + |x|)* ™" dx and [, [@(x)|*|x[* ™" dx are comparable,
but for example for the Dirac measure &, for which 36 = 1, the latter integral
is infinite for all s € R, whereas [, [ZCO)P(1 + |x|)* ™ dx < oo if s < 0. In
particular, dimg 69 = 0.

The term comes from Sobolev spaces. A function f € L*(R") belongs to
the Sobolev space H*?(R") if the kth order distributional partial derivatives
of f belong to L>(R"). By the formula for the Fourier transform of the partial
derivatives and by Parseval’s formula

[ i = b [ 170Rw ax

lor|=k

Replacing the exponent 2k on the right hand side with 20, 0 € R, leads to
‘fractional order’ Sobolev spaces. We shall study these in Chapter 17. We have
used the exponent of the form s — 7 instead of 20, because then s relates more
naturally to the Hausdorff dimension.

The Sobolev dimension for us is motivated by its relation to energy-integrals
coming from the formula

L) = y(n.5) / BCOPI " dx

of Theorem 3.10. Let us extend this notion to all s € R using the right hand
side:

Definition 5.3 The Sobolev energy of degree s € R of a measure u© € M(R")
is

Z.0 = [ [Pl dx.
Then
dimg p = sup{s : Z;(n) < oo}, 5.4

where we have interpreted sup @ = 0.

The formula for Z,(u1) as a double integral [[ |x — y|™ duxdupy does
not extend beyond 0 < s < n; for instance for s = n this double integral is
infinite for smooth non-negative functions f, not identically zero, whereas
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Z,(f) = | f3, and for s = O the double integral is || f||7 and Z,(f) = oo if
fO)=/[f#0.

The greater the Sobolev dimension is, the smoother the measure is in some
sense. The following result captures some parts of this principle:

Theorem 5.4 Let i € M(R").

(a) If 0 < dimg p < n, then dimg . = sup{s > 0: I;(n) < oo}.
(b) If dimgu > n, then p € L*(R").
(c) If dimg u > 2n, then w is a continuous function.

Proof Part (a) follows readily from Theorem 3.10 and the definition of the
Sobolev dimension. In part (b) & € L>(R"), and so also u € L>(R") by
Theorem 3.3. Part (c) is proven as Theorem 4.2 with Schwartz’s inequality:
when s € (2n, dimg i),

1/2 1/2
/ |ﬁ|§</ |ﬁ<x>|2<1+|x|)f‘"dx> (/ <1+|x|>"‘de> o,
Ry Rr R"

and p is a continuous function by Theorem 3.4. O

Now we prove a result on the dimension of the exceptional sets involving
Sobolev dimension of projected measures. As before we denote by p, the
image of u € M(R") under the projection P,, e € S"!.

Theorem 5.5 Let u € M(R"),0 <s < nand I;(n) < co. Then forallt,0 <
t<s,
dim{e € "' :dimgp, <t} <n—-2+4+1t if s<I,
dim{fe € "' :dimgpe <t} <n—1+t—s if 1<s<n—1+rt.
The first inequality is essentially Theorem 5.1 and follows by the same

proof. The second is by part (a) of Theorem 5.4 a special case of the following
more general statement:

Theorem 5.6 Let u € MR"). Then forallt > 0,
dim{e € "7 : dimg . < 1} < max{0,n — 1 + r — dimg . (5.5)

Proof Let S; = {e € $"™' : dimg u, < t} and s = dimg . Then S, is a Borel
set; we leave the poof of this as an exercise. Suppose that (5.5) is false for
some ¢t > 0 and choose 7 > 0 such that n — 1 4+t —s <t < dimS,. Then
Frostman’s lemma gives us a measure v € M(S,) for which v(B(x,r)) <r°®
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for all x € R" and r > 0. We shall show that
/ / | () *(1 + |u]) "' dudve < . (5.6)
s JR

This will give a contradiction with the definitions of S, and v and proves the
theorem.

In order to get to the integrals defining the Sobolev dimension of u we
choose an auxiliary function ¢ € S(R") such that ¢(x) = 1 for all x € spt u.
Then &t = @u and £ = @ = @ * . Hence by Schwartz’s inequality

2
AP < ( [ 1= dy)

< / 7] / B — WO dy < [7] * [AP).

when x € R". As @ € S(R"), we have forall N € N, [g(x)| Spv (14 |x)7V,
x € R". By (4.3), jt.(u) = i(ue) = pp(ue) for u € R. Using this, the above
estimates and Fubini’s theorem, we obtain

f / @)1+ |u)) ™" dudve
s—1 JR

S / / @] * |ﬁ|2(14€)(1 + |u|)t_1 dudve
s JR

= / / ( [p(ue — )| || dx> (1 4+ |u]) " dudve
si=1 Jr \JRe

=f o) (/ /Ifﬁ(ue—X)l(l+|u|)’_'dudve> dx
R~ Snfl R

< mess (/sn—l /R(l + lue — x|)N( + |u]) " du dve) dx.

R}l
In order to complete the proof we need to show that the last integral is finite.
Set

Le={ue:ucR} foreeS"
Then for any r > 0,
v({e e " id(x, L) <r}) < (r/|x]). (5.7)

This follows from the easy fact that the set in question can be covered with two
balls of radius ~/2(r/|x]).
We shall now show that for large enough N and for x € R”, x # 0,

/ /(1+|ue—x|)—N(1+|u|)’—‘dudue§(1+|x|)’—‘—f. (5.8)
st JR
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This will complete the proof, because then

/ / | )*(1 + |u]) ™" dudve
st JR
5/ IO+ [x) ™" dx < () < oo,
]Rn

sincet—1—1 <s—n.
Fix N > max{l + 7, ¢}. In addition to (5.7) we shall use the elementary
inequality

/(1 + lue —x) N du < 1. (5.9)
R
We split the integration into dyadic annuli centred at x and estimate

f /(1 + jue —x|)"N( + |u)) "' dudve
st JR

= f/ (A + |ue —x)™NA + Ju) "' dudve
{u:lue—x|<1/2}
+ Z// (1 + Jue = xy™(1 + ul) " dudve
{u:2i='<|ue—x|<27}

<a +|x|>’—‘/

/(1 + lue —x)™N du dv(e)
{e:d(L,,x)<1/2}

+ > // (1 + |ue —x)N( + |ul) "  dudve
{u:2/—'<|ue—x|<27}

J20,Jx[>27+1

+ Z // (A + ue —x)™MA + |u)) "' dudve
{u:2i='<lue—x|<27}

JZ0,|x[<2/!

SA+EDTTTH A+ T Y22 ude s d, L) < 27

j=0
+ > 2—Nf‘/ (I u) ™ du S A+ |x)~'7F
j=0,|x|<2+1 Isl=2772
o0
+ (1 + le)l*lfr 22(17N+r)j + Z 2([*N)j S (1 + |x|)t71717
j=0 J=0,]x|<2/+!

because N > 1 4+ v and N > ¢. Thus we have verified (5.8) and the proof is
complete.
O

We shall now combine Theorem 5.1 and the three previous theorems to get:
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Corollary 5.7 Let A C R",n > 2, be a Borel set and s = dim A.
(a) If s < 1l andt € (0, s], then
dim{e € "' :dim P,(A) <t} <n—2+1.
(b) If s > 1, then
dim{e € §"7': LY(P.(A)) =0} <n —s.
(c) If s > 2, then

dim{e € §"~' : the interior of P.(A) is empty} <n + 1 —s.

5.3 Higher dimensional projections

The above results have rather straightforward generalizations to projections
onto m-dimensional planes in R" where 0 < m < n. We just need some basic
information about the Grassmannian:

G(n,m) ={V : V is an m — dimensional linear subspace of R"}.

It is a smooth m(n — m)-dimensional compact submanifold of some Euclidean
space. This can been seen using the following local coordinates. If Vj €
G(n,m), the planes V € G(n, m) in a neighbourhood of V; can be written
as graphs over Vy:

V={x+Lx:xeVy,L:Vy— V§ linear},

and the correspondence between V and L is one-to-one.

There is a unique orthogonally invariant Borel probability measure y,, ,, on
G(n,m). It can be obtained conveniently from the Haar measure 6, on O(n)
by the formula

Vn,m(A) = Gn({g € O(n) : g(V()) € A}),

where Vj is any fixed plane in G(n, m), see, e.g., Mattila [1995], Section 3.9.

We shall denote by Py : R — V the orthogonal projection from R" onto V.
Recall that H™ |V is the Lebesgue measure on V € G(n, m). Theorem 4.1
has the following higher dimensional generalization.

Theorem 5.8 Let A C R" be a Borel set and s = dim A.
(a) If s < m, then

dim Py(A) = s for vy, almostall V e G(n, m).
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(b) If s > m, then
H"(Py(A)) >0 for Y, almostall V € G(n, m).

As before, this is an immediate consequence of the following measure
version.

Theorem 5.9 Let u € M@R") with I,(n) < oo.
(a) If s < m, then
I;(Pyspt) < 00 for yum almostall V € G(n, m).
(b) If s > m, then
Pyu K H" LV for Yy, almostall V € G(n, m).

This is proven in Mattila [1995] without Fourier transforms, a similar
Fourier-analytic proof as that of Theorem 4.1 can also easily be given. But
now we shall discuss more general results, the higher dimensional versions of
the previous exceptional set estimates.

For any x € R" \ {0} the set {V € G(n, m) : x € V} is a smooth submani-
fold of dimension (m — 1)(n — 1 — (m — 1)) = (m — 1)(n — m): its elements
are W + L,, where L, € G(n, 1) is the line through x, and W runs through the
(m — 1)-planes in L)J;. This implies that for x € R” \ {0} and for any § > 0, the
set, essentially a §/|x|-neighbourhood of {V € G(n,m) : x € V} when |x| > §,

{VeGn,m):dx,V)<é}

can be covered with roughly (§/|x|)~™=P"=" balls of radius 8/|x|. Thus if v
is a Borel measure on G(n.m) which satisfies

v(B(V,r)) <r* forallV € G(n,m)andr > 0, (5.10)
we have
v({V € Gn,m) 1 d(x, V) < 8}) < (8/[xr D, (5.11)
In the same way (5.10) implies
v({V € G(n,m) : |Py(x)| < 8}) < (8/|x[)r =" D, (5.12)

because | Py (x)| = d(x, V1.
This is essentially all we need in order to generalize the proofs of
Theorems 5.5 and 5.6 to get the following results:
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Theorem 5.10 Letip € M(R"),0 < s <nand () < oo. Thenforallt,) <
t < s, with uy = Pysu,
dim{V € G(n,m) :dimgpuy <t} <mmn—m—1)+1t ifs <m,
dim{V € G(n,m) :dimguy <t} <mmn—m)+1t—s

ifm<s <mm—m)+t.
Theorem 5.11 Let u € M(R") withn > 2. Then

dim{V € G(n,m) : dimg uy < t} < max{0, m(n —m) +t — dimg pu}
(5.13)
forallt > 0.

The first part of Theorem 5.10 follows with essentially the same proof as the
first part of Theorem 5.5: for a measure v satisfying v(B(V, r)) < pm—m=D+
we use (5.12) to replace (5.3). The second part is again a special case of
Theorem 5.11. This in turn can be proven with small modifications of the proof
of Theorem 5.6 using (5.11). We give now some details for that.

Let s =dimgu, T > m@m —m) +t—s and let v € M(G(n, m)) be such
that

v(B(V,r) <r® forV e Gn,m).

As in the proof of Theorem 5.6 it is enough to prove that
f / | Pyape() (1 + [ul) ™ dH"udvV < oo. (5.14)
Gn,m)JV

The proof for the one-dimensional projections relied on the formula i, (1) =
1t(ue). This is now replaced by

Pyoji(u) = iu) foru € V € G(n, m), (5.15)
which follows from

m(u) — /E—Zniu-Pv(x)de — /e—Zniwx dux = ).

o~

Let ¢ € S(R") be such that ¢(x) = 1 for all x € sptu so that & = @i =
@ = 1. We have again

IO < 1@ * |7 (),
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and forall N € N, [p(x)| Sp.v (1 + |x|)™", x € R". Hence
/ / | PyanoP(1 + [ul) ™" dH" u dvV
Gn,m)JV
= / / |7 *(A + |u)) ™™ dH"u dvV
G(n,m) JV
N / / < |@(u —x)||ﬁ(x)|2dx) (I + u)) "™ dH"udvv
G(n,m) JV R~

- [ e ( / / |a<u—x>|<1+|u|>f—"’dH'"udvv) dx
G(n,m) JV

R~

< | 1)) (f /(1 +lu—x)VA + [u) d?—l’”udvv) dx.
Gn,m)JV

R

Now we need to show that for x € R", x # 0,
/ / A4 Ju—xD™NA + u)) ™™ dH " udvV < |x|/Tmemmmn=T
Gn,m)JV

This will complete the proof as for Theorem 5.6. The proof of this estimate is
a routine modification of the proof (5.8) using (5.11) and

/(1 +lu—x)™NdH"u < 1
%

in place of (5.9). We leave the details to the reader.
Again we have the corollary:

Corollary 5.12 Let A C R” be a Borel set and s = dim A.
(a) If s <mandt € (0, s], then
dim{V € G(n,m) : dim Py(A) <t} <mn—m —1) + ¢.
(b) If s > m, then
dim{V € G(n,m) : H"(Py(A)) =0} <m(n —m)+m —s.
(c) If s > 2m, then
dim{V € G(n, m) : the interior of Py(A) is empty} < m(n —m)+2m—s.

(d) In particular if s > 2m, the interior of Py(A) is non-empty for y, ,, almost
all Ve G(n, m).

The upper bound in (a) is sharp when ¢t = s, but not in general. We shall
discuss this a bit more below. The upper bound in (b) is sharp, as we shall
soon see. I do not know if the upper in (c) is sharp. For m = 1 the assumption



82 Exceptional projections and Sobolev dimension

s > 21n (d) is necessary: as remarked in the previous chapter, Besicovitch sets
can be used to give examples of sets of dimension 2 whose projections on all
lines have empty interior. Probably the condition s > 2m in (d) is not sharp
when m > 1, but no example is known. We shall now show the sharpness of
the upper bound in (b):

Example 5.13 Forany m < s < n there exists a compact set C C R”" such that
dim C = s and

dim{V € G(n,m) : H"(Py(C)) =0} = m(n —m) + m — s.

Proof We first assume that m = 1. We shall use sets defined by Diophantine
approximation properties. Let 0 < § < 1. Fix a rapidly increasing sequence
(m) of positive integers, for instance m 1 > mj forall j € Nsuffices. Denote
by ||x|| the distance of the real number x to the nearest integer and define the
sets

C={xel0,1]": lmx;| <m; ™" forall j eN,i=1,....n}

Es = {(y1, ..., Yo—1) € R"" : for infinitely many j € N there is

—n/s

1=8)(n—s)/s
q; eNﬂ[l,m(j =95 such that ||g || <gqjm;

foralli =1,...,n—1}.
Then
dimC =5 and dimEs; = (1—-58)(1n —s).

Here C is the same set we used in Example 4.8. We shall not prove the
second formula. When n = 2 the set Ej is a slight modification of the set
E, in Kaufman’s Theorem 3.13 and the proof given for it in Wolff [2003],
Theorem 9.A.2, works also in this case. One can easily check that Falconer’s
argument for Jarnik’s Theorem 10.3 in Falconer [1990] applies, too. Moreover,
it extends readily to higher dimensions. Other references are given before
Theorem 8.16 in Falconer [1985a].
For every j € N we have

C c | BG/mj.nm"") where Z; = 2" ([0, m;]". (5.16)

2€Z;

We shall now show that
L'y (C)) =0 forall y € Es, (5.17)
where Y = (y, 1) € R” and 7y,

ay(x)=Y-x, xeR"
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is essentially the orthogonal projection onto the line {tY : ¢ € R}. From this it
follows that

dim{L € G(n, 1) : H'(PL(C)) = 0} > (1 — 8)(n — s).

Letting § — O will then complete the proof in the case m = 1.
(1=8)(n—s)/s

Let y € Es and let qjeN,lqufmj , be related to y for
infinitely many j € N as in the definition of Es. Then, for these j, there
are integers p;;,i = 1,...,n — 1, such that

lyi = piil/qil < m;"/s.

Then |p;;| S m(jl_a)("_‘y)/ *, the implicit constant is allowed to depend on y.

Again let Y = (y1,..., yu—1, 1) and P; = (p;1/q;. ..., pjn-1/4;,1). Then
Y —Pj| < \/ﬁmj_"/ *, which implies that

/s

|7y (x) = 7p,(x)| < nm ;" forallx € C. (5.18)

We shall now estimate the number of points in 7p,(Z;) where Z; is as in
(5.16). Let z = (z;) € Z;. Then

p(2) = qil.(pj,lzl + o+ Pin—1Zn—1 + qj2n)s

1+(1=8)(n—s
where [pj1z1 + -+ Pjn—1Za—1 + qj2n| S m_,'+( Jomor

take < m}+(l—6)(n—.v)/ * values. Recalling (5.16) we get that 7p (C) is covered

with < mjﬂl_a)("_s)/ % intervals of length < m;”/ ¥, Combining this with (5.18)

h 5 m}+(1—5)(n—5)/3

. Thus 7p,(z) can

we find that 7y (C) is covered wit] intervals of length <

—n/s . .
m; ", which gives

1 < liminf 1‘+(1—8)(n—s)/s—n/s —
LY (7y(0) S im inf m, 0,

because the exponent 1 + ((1 — 8)(n — s) — n)/s is negative.

We have now finished the proof in the case m = 1. Suppose then thatm > 1.
Let C; C R*™™™*! with dim C; = s — m + 1 be the set we found above for the
case m = 1 with the exceptional set

Ei={LeGn—m+1,1):H(P.(C)) =0}, dimE, =n—s.
Then
C=C x[0,1"'cR"

serves the purpose in the general case.
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It is obvious that dim C = s. We should check that
E ={V € G(n,m): H"(Py(C)) = 0}

has dimension at least m(n —m) + m — s. By simple linear algebra, identi-
fying R""+1 = R*+1 x {0} C R", E contains all m-planes L + W, L €
E\,WeGm,m—1)with W L. The set {W € G(n,m—1): W C L}
is essentially G(n — 1, m — 1) and has dimension im — )(n — 1 — (m — 1)) =
(m — 1)(n —m). Thus (this requires a small argument which we leave to the
reader)

dmE >dmE,+(m—1)n—m)=n—s+ (m—1)(n —m)

=mmn—m)+m-—s

as required. OJ

5.4 Further comments

Theorem 5.1 (which is Corollary 5.7(a)) was proved by Kaufman [1968] in
the plane; the higher dimensional generalization Corollary 5.12(a) was done
by Mattila [1975]. The example proving the sharpness of the upper bound
was constructed by Kaufman and Mattila [1975], extending a previous exam-
ple of Kaufman [1969]. It is given (for m = 1, n = 2) in Falconer [1985a],
Theorem 8.17. Corollaries 5.7(b) and 5.12(b) were proven by Falconer [1982].
Example 5.13 above proving their sharpness is rather similar to the one of Kauf-
man and Mattila [1975]; its details were written down by Peltomaki [1987] in his
licentiate thesis. Peres and Schlag [2000] introduced the Sobolev dimension and
proved the results of this chapter related to it, together with Corollaries 5.7(c)
and 5.12(c) as their consequences. They proved their results in a much more
general setting which we shall discuss in Chapter 18. Orponen [2012b] proved
various results on exceptional sets involving packing dimension and Baire cat-
egory. See also Sections 9.2 and 10.5 for exceptional set results concerning
self-similar measures and sets.

As far as I know the sharp bound in Theorem 5.1 for # < dim A is unknown.
The upper bound ¢ in Theorem 5.1 in the plane is not always sharp due to the
following result of Bourgain [2003], [2010] and D. M. Oberlin [2012]:

Theorem 5.14 Suppose A C R? is a Borel set. Then

dim{e € S' : dim P,(A) < dimA/2} = 0.
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The construction of Kaufman and Mattila [1975] can be used to get for any
0 <t <s<?2acompactset A C R? with dim A = s such that

dim{e € S' : dim P.(A) > 1} > 2t —ss.

Could 27 — s be the sharp upper bound in the range s/2 <t < min{l, s}? In
any case this shows that to get dimension 0 for the exceptional set, the bound
dim A/2 is the best possible.

Bourgain’s estimate is somewhat stronger than the above. He obtained his
result as part of deep investigations in additive combinatorics, whereas Ober-
lin’s proof is much simpler and more direct. Oberlin also had another excep-
tional set estimate in Oberlin [2014a].

Orponen [2014c] has a related discrete level result for product sets.

There have been some interesting recent developments on restricted families
of projections and projection-type transformations. For example, one can take
some smooth submanifold G of G(n, m) and ask how projections Py, V € G,
affect Hausdorff dimension. Such restricted families appear quite naturally in
Heisenberg groups, see Balogh, Durand Cartagena, Fassler, Mattila and Tyson
[2013], Balogh, Fassler, Mattila and Tyson [2012] and Fassler and Hovila
[2014]. Another motivation for studying them comes from the work of E.
Jarvenpaa, M. Jarvenpaa and Ledrappier and their co-workers on measures
invariant under geodesic flows on manifolds; see E. Jarvenpaa, M. Jarvenpaa
and Leikas [2005] and Hovila, E. Jarvenpaa, M. Jarvenpaa and Ledrappier
[2012b]. They are also connected to Kakeya-type questions. A very simple
example is the one where G C G(3, 1) corresponds to projections g onto the
lines {t(cos @, sin6,0) : t € R}, 6 € [0, 27). Since 74(A) = my((;w(A)) where
w(x,y,z) = (x,y), and dim A < dimm(A) + 1, it is easy to conclude using
Marstrand’s projection Theorem 4.1 that for any Borel set A C R, for almost
all 6 € [0, 2m),

dimmg(A) > dimA — 1 if dimA <2,
dimmy(A) = 1 if dim A > 2.

This is sharp by trivial examples; consider product sets A = B x C, B C
R?, C C R. The reader can easily state and check the corresponding result for
projections onto the orthogonal complements of the above lines. E. Jarvenpaa,
M. Jarvenpaa, Ledrappier and Leikas [2008] showed that such sets of inequal-
ities remain in force for any smooth, in a suitable sense non-degenerate, one-
dimensional families of orthogonal projections onto lines and planes in R3. In
fact, they proved such inequalities in more general dimensions and E. Jarvenpaa,
M. Jarvenpaa and Keleti [2014] found the complete solution in all dimensions;
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sharp inequalities for smooth non-degenerate families of orthogonal projections
onto m-planes in R".

However, this solution is not always sharp for a given family. In particular,
the results remain true if one replaces the projections gy with the projections py
onto the lines {r(cos 0, sin 0, 1) : ¢t € R}, but the trivial counter-examples do not
work anymore. Actually one can now improve the above estimates relatively
easily by showing that if A C R? is a Borel set with dim A < 1/2, then

dim pg(A) > dim A for almost all 6 € [0, 27).

The restriction 1/2 comes because using Kaufman’s method one is now led to
estimate integrals of the type

2
/ la + sin6|~* do
0

for s < dim A, and they are bounded only if s < 1/2. So this is the best one can
get without new ideas. Introducing some new geometric arguments Fassler and
Orponen [2014] and Orponen [2013a] were able to improve these results. A
little later D. M. Oberlin and R. Oberlin [2013b] obtained other improvements
using the deep decay estimate theorem 15.5 of Erdogan for spherical averages.

One reason for the possibility of such improvements is that the second family
is more curved than the first one. That is, the set of the unit vectors generating
the first family is the planar curve {(cos 8, sin8, 0) : 6 € [0, 27t ]} while for the
second it spans the whole space R3.

There are also constancy results for projections: the dimension of the projec-
tions is the same for almost all planes. For the full Grassmannian and Hausdorff
dimension this is obvious by Marstrand’s projection theorem. For the packing
and Minkowski dimension it is not obvious but true as shown by Falconer
and Howroyd [1997]. Fassler and Orponen [2013] proved such results for cer-
tain restricted families of projections and Hausdorff, packing and Minkowski
dimensions.

What more in addition to dimension estimates could be said about the
exceptional sets? Are there interesting cases where there are no exceptions or
where the exceptional set is countable? We shall discuss this in Chapter 10 in
light of a particular example and with comments on more general self-similar
sets. Can something be said about their structure, for example, could smooth
sets or simple self-similar sets appear as exceptional sets or are they necessarily
more complicated as in Example 5.13?

In addition to Sobolev dimension, there are many different dimensions for
measures; see, for example, Falconer’s book [1997], Chapter 10, and Bishop
and Peres [2016], Chapter 1. In particular, in dynamical systems they are widely
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used. For instance, one can define the Hausdorff dimension of © € M(R") as
dim p = sup{s : “?l,%lf log w(B(x, r))/logr > s for u almost all x € R"}.
It follows that (see Falconer [1997])
dim ¢ = inf{dim A : A is a Borel set with (A) > 0}.

Then it is easy to show that dimg ¢+ < dim p and that strict inequality can occur,
even with dimg & = 0, dim . = n. However, if 0 < s < dim pu, there is a Borel

set with £(A) > 0 and dimg(l_ A) > s.
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Slices of measures and intersections with planes

Let A C R"” be a Borel set with dim A > m. We know from Theorem 5.8 that
H™(Py(A)) >0 for y,,, almostall V € G(n, m).

This means that for y, ,, almost all V € G(n, m) the set of a € V for which
the plane section A N (VL 4+ a) is non-empty has positive 4" measure. But
how large are these plane sections typically? The answer is that typically they
have dimension dim A — m. A proof without the Fourier transform is given in
Mattila [1995], Chapter 10. Here we give a Fourier analytic proof and estimate
the dimension of the exceptional set of the planes V.

6.1 Sliced measures and estimates for energy-integrals

Letu € M(R").Forany V € G(n, m)and H" almostall a € V, we can define
sliced measures jy , with the properties that

Sptiy. o C sptu N Vj‘ where VaJ‘ =vt+ a, 6.1)

and for ¢ € Cy(R"),

//(pd,uv,ad’Hma = fwd,u if Py.u < H"LV. 6.2)
%

We follow the construction of Mattila [1995], Section 10.1, where a few more
details are given. Recall that if 7, (1) < oo, then by Theorem 5.9, the push-
forward measure Py ;u is absolutely continuous with respect to the Hausdorff
m-measure H™_V for y, , almost all V € G(n, m).

We start with a continuous non-negative compactly supported function ¢ on
R" and define a Radon measure v, by setting

mm=ﬁww

88
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for all Borel sets A C R". Then Py,v, is a Radon measure on V and by
Theorem 2.11 the limit, the Radon—-Nikodym derivative D(Py vy, a),

1y.a(@) := lima(m)~'6™" Py, v,(B(a, §)) = limot(m)_l3_m/ pdup
v 840 Py (B(@.8))

exists for H™ almost all @ € V. In the above construction we first fixed ¢ and
then defined puy ,(¢) for H™ almost all a. The exceptional set of the points a for
which the limit does not exist will a priori depend on the choice of ¢. However,
by the separability of Cgr (R™), one can easily eliminate the dependence on
¢. Thus we can define for H™ almost all a € V a non-negative functional on
Cy (R") by
@ lima(m)_lc?_’"/ pdpu.
540 Py (B(a,8)

This functional extends to a positive linear functional on Cy(R") and it follows
by the Riesz representation theorem that for H"” almost all a € V there exists
a Radon measure py , so that

/wduv,a = lima(m)_‘rs_'”/ pdu
840 Py~ (B(a,8))

for all ¢ € Co(R"). This gives immediately (6.1). We call uy , the sliced
measure associated to the subspace V at the point a.
Theorem 2.11 implies that for any Borel set B C V and any ¢ € C(j' RM),

/ D(Py vy, a)dH"a < Py,v,(B) = / pdu (6.3)
B Py Y(B)

with equality if Py,v, < H"™. This means that

f f diy.odH"a < / odu (6.4)
B Py L(B)

with equality if Py u < H™, since Pyyu < H™ implies Py v, < H™ for all
(NS C(;" (R™). Hence (6.2) holds, and in particular

f 1y (R dH"a = w(R") if Py < H™. (6.5)
\%4

Using the fact that every non-negative lower semicontinuous function on R” is
a non-decreasing limit of functions in C(;" (R™) we conclude that (6.4) holds for
functions which are merely lower semicontinuous: for each lower semicontin-
uous g : R" — [0, oo] we have

f fgduv,a,d%l"’a ff gdp (6.6)
B Py Y(B)
for all Borel sets B C V, with equality if Py,u < H™.
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Let ¢ be a non-negative C*°-function on R” with compact support and such
that ¥ (x) > (a(m)a(n —m))~' for x € B(0,2). For ¢ > 0 define .(x) =
e7"r(x/e) and set for u € M(R"), e = Ve * L.

Lemma 6.1 Letu € MR") with I,,(n) < 00,V € G(n,m)anda € V. Then
for any lower semicontinuous function g : R" x R" — [0, oo],

/f glx, y)duyaxdpy .y

< liminf/ / gu+ta,v+a)yu(u+ a)u.(v+a)dH" "udH" v
vt JyLt

e—>0

provided the sliced measure Ly , exists.
This lemma follows immediately from the following lemma since 1, < fi.

Lemma 6.2 Let u € M@R") with I,(n) < oo, V € G(n,m), a € V and sup-
pose that the sliced measure [Ly , exists. Define

C={xeR":|Py(x)| <land|Pyr(x)| <1},
Xe(x) = (a(m)a(n —m))"'e ™" xc(x/e)

and

L = Xe * [L.

(i) For any continuous function ¢ : R" — [0, oo] with compact support,
/wduv,a = lim/ o+ a)is(u + a)dH" "u.
e—>0 yvLi

(ii) For any continuous function ¢ : R" x R" — [0, oo] with compact support,

// o, y)dpuy xdily gy

=0,

= hm/ / (p(u +a,v+ a)/_ra(u + a)/.Ig(U + a)dH"—mudHn—mv.
vt JyvL

Proof The statement in (i) means that the measures [,dH" " VaJ- converge
weakly to ity , as e — 0. Similarly, in the product space R"” x R”, the statement
in (ii) means that the product measures [Z.dH" ™Vt x g.dH"™"L_ v+t
converge weakly to y , X py 4 as € = 0. Thus (ii) follows from (i) and the
following general fact.

Ifo, € M(R?), 7. € M(RY),e > 0,0, — o and r, — T weaklyase — 0,
theno, X 7, > 0 X 7.

This is easily verified. The convergence of [¢@do, x 7, to [@do x T is
immediate when ¢ € Co(R?19) is of the form ¢(x, y) = ¢;(x)@»(y), and the
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general case follows since finite linear combinations of such products are
dense in Co(R?19), either by the Stone—Weierstrass approximation theorem or
by some simple direct argument.

So we have left to prove (i). To do this let ¢ € Co(R") and & > 0. Then by
Fubini’s theorem, the definitions of /i, and x,, and the fact that f Xe =1,

a(m)_'s_’"/ pdu —/ o+ a):(u + a)dH" "u
Py (B(a.e)) v

=(x(m)_18_’”/ pdup —/ (p(u+a)/ x—u—ayduxdH" "u
P VL

v~ (B(a.e))

= a(m)_ls_’"/ pdu —//L(p(u +a)x.(x —u—a)dH" " "udux
P %

v (B(a.e))

=a(m) e / odp —a(m)le™
Py (B(a.¢))

X / an—m)" e / o+ a)dH" " "udux
Py (Bla,e) VLNB(P, L (x).6)

= a(m)_ls_m/ a(n—m) em "
P

V! (Bla.e)

x / (p(x) —@u +a)dH" "udux.
VLNB(P, 1 (x).6)

In the last integrals |u — Py 1 (x)| < ¢ and |a — Py(x)| < e, whence |u + a —
x| =|u— Pyi(x)+a— Py(x)| <2¢. Thus given n > 0, we have |¢p(x)—
o +a)l <n when e is sufficiently small. Then the last double
integral is less than na(m)_'s_’”u(Pv_l(B(a)) in absolute value. As
a(m)~le™ Jpv=1(Baey 9 d1e converges to [@duy, and no(m)~le™ x
,u(Pv_1 (B(a)) converges to nuy ,(R"), which are finite, (i) follows. This com-
pletes the proof of the lemma. OJ

Proposition 6.3 Letm <s <n,u € MR")and V € G(n, m). Then
/ Lw(py)dH"a < C(nym,s) | |Pyr(o)] " |2(x)]* dx. (6.7
14 R~

Proof Let ¢, and . = . * u be as above. By Lemma 6.1 we have fora € V,

Is—m(/-'LV,a) = // |)C - y|m—s d“V,ax dMV,ay

(6.8)

< liminf/ / lu —v|" e + a)ye(v + a)dH" "udH" "v.
vt Jyt

&—>0
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Write pe o(#) = pe(u + a)andy = y(n —m, s —m). Applying Theorem 3.10
in the (n — m)-space V-, we have
/ / lu —v|" " ue(w + a)pe(v + a)dH" " udH" v
vt Jvt
= / (ks—m * Ms,a)ﬂs,a dH"™" = 7// |M|S—n|/fg’\a(u)|2d7_ln—mu
VL VL

— [l
v+

Integrating over V and using Parseval’s theorem on V and Fubini’s theorem,
we obtain

/V/Vl /VJ- lu —v|" " ue(w + a)pe(v + a)dH" "udH"  "vdH" a

2
— ]// |u|s—n/ / e—27‘riu~vus(v 4 a) dAH" vl dH"adH""u
vt vIJvi
— )// |u|s—n/ / e—Zﬂia-h/ e—ZJriu-UME(U +b)d7{n_mvd%mb
v+ vIiJv v+

xdH"adH" "u

— )// |u|s—n/ / / e—2rri(u+a)~(v+b)'u6(v + b) dan—mvd/Hmb
VL viJvJvL

xdH"adH" "u

2
dH" "u.

f e—27riu-v'us(v + a)dan—mv
vL

2

2

2
=y [Pyo(x)"™" dl"x
er

—y f Py () B0 dx
RVI

/ eI (y)d Ly

—y / Py O [To )P IR P dx

S|Py A dx.
R)l

Combining this with (6.8) we get
/ [s—m(//LV,a)dea S / |PVJ_(_x)|S_"|/_’I(_x)|2dx,
1% R”

as desired. O

Proposition 6.4 Letm <s <n, u € M(R")andletv € M(G(n, m)) be such
that for somet > m(n —m) +m — s,

v(B(V,r)) <r" forV e Gmn,m),r > 0.
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Then
/ / Loy dH™a dvV < C(n,m. )1, (). 6.9)
Vv

Proof Integrating (6.7) with respect to v we obtain by Fubini’s theorem
/ / Io(iy.) dH"a dvV < /R / [Py (1) dvV [0 dx.
v "
To estimate the inner integral we observe first that for x € R" \ {0},
[ 12vcormavy =1 [ ipesce/ebr avy,

then write v = x/|x| and use (5.11) to get
oo
/|Pvl(v)|s_” dvV =/ v({V [Py > u})du
K 0
<v(G(n, m)) +f v({V 1 d(, V) < u“") du
1

o0 t—(m—1)(n—m)
<1+ u s du <1,
1

since t > m(n —m) + m — s. Thus
// Is_m(uv,a)d’H'"ade§/|x|“_”|ﬁ(x)|2dx =y, s) "(w. O
\%

As before Proposition 6.4 immediately gives with the help of Frostman’s
lemma
Theorem 6.5 Letm < s < nand u € MR") with I;(j) < oo. Then
dim{V € G(n, m) : / Li—m(uy ) dH"a = oo} <m(m —m)+m —s.
(6.10)

6.2 Dimension of plane sections

Now we are ready to get information about the dimension of plane sections of
sets. First we derive easily an upper bound:

Proposition 6.6 Let s > m and A C R" with H*(A) < oo. Then for any
V e G(n, m),

HTMAN(VE 4+ a)) <oo  for H™ almostalla € V.
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Proof Cover A for every k = 1,2, ... with compact sets E;;,i =1,2,...,
such that d(Ey ;) < 1/k and

D a2 d(Eri) < Hij(A) + 1/k.

Let
Foi={aeV:E,;,NVt+a) #o).
Then d(Fy ;) < d(E\;), whence
H™ (Fii) < a(m)d(Ey;)".

Denoting by [ * the upper integral and using Fatou’s lemma we obtain

/ HAN(VE +a)dH"a = / lim M40 (VE + @) dH"a

k—o00

< / limianoz(s —m)2" S d(Er; N (VY +a) ™ dH"a

o

< liminf Za(s —m)2"s / d(Ex; N (VY +a)) ™ dH"a
k—>o00 ; Fi

<liminf Y (s —m)2"*d(Ey ;) " H" (Fy.;)
k—>00 -

<a(s —m)2 a(m)l}{rgg}f Z d(Ex;)
< C(m, s)liminf(?—[{/k(A) + 1/k) = C(m, s)H’(A) < oo.
k—>00
This gives the proposition. O

The following theorem improves Corollary 5.12(b). Notice in particular that
the exceptional set E has y, , measure zero.

Theorem 6.7 Letm < s <nandlet A C R" be a Borel set withO) < H*(A) <
00. Then there is a Borel set E C G(n, m) such that

dmE <mn—m)+m—s
and
H'Qa eV :dmAN(VEr+a)=s—m}) >0 forallV e Gn,m)\E.

Proof By Frostman’s lemma there is © € M(A) such that u(B(x, r)) < r*® for
all x e R" and r > 0. Then [,,(x) < oo for all m < u < s. By Theorem 5.10
Py < H™L_V forall V € G(n, m) outside a set of Hausdorff dimension at
most m(n —m) + m — s. By Theorem 6.5 [ I,—, (v ) dH™a < oo outside
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a set of Hausdorff dimension at most m(n —m) + m — u. Thus setting for
i=1,2,...,s —1/i > m,

E; = {V € G(n,m): Pyyu L H" LV or/ Li—1)i—m(y o) dH"a = oo} ,
e-A0E

i

Il
~.

J

wehavedim E; <mmn —m)+m —s + 1/ianddim E < m(n —m) +m —s.

LetV € G(n,m) \ E.Thenthereis j suchthat V ¢ E; foralli > j, whence
Py < H™_V and Is—1ji—m(v,q) < oo for H™ almost all a € V. The first
of these statements implies by (6.5) that py ,(R") > 0 for a € V in a set of
positive H" measure, and the second that for H™ almost all such a, dim A N
(VL +a)>s—1/i —m.Itfollows that for V € G(n, m) \ E,

H'@a eV :dmAN(VE+a)>s—m})>0.
The theorem follows now combining this with Proposition 6.6. OJ

Theorem 6.8 Letm <s <n and let A C R" be a Borel set with dim A > s.
Then there is a Borel set E C G(n, m) such that

dmE <mn—m)+m—s
and
H"{aeV: dimA NVt +a) >s—m})>0 forallVeGn,m)\E.

The same proof as that of Theorem 6.7 gives this.

We state without proof an alternative version of Theorem 6.7. This follows
from Theorem 6.7 by the argument for the proof of Theorem 10.10 in Mattila
[1995]:

Theorem 6.9 Letm < s < nandlet A C R" be a Borel set with H*(A) < o0.
Then there is a Borel set E C G(n, m) such that

dmE <m(n—m)+m—s
and for H*® almost all x € A,

dmAN(VY+x)=s—m forallV e G(n,m)\E.



96 Slices of measures and intersections with planes

6.3 Measures on graphs

We give here an application of the inequality (6.7) to measures on fractal graphs.
The graph of a continuous function f : [0, 1] — R can have large Hausdorff
dimension, even equal to 2. Thus one could expect that at least some such
fractal graphs in R? would support measures whose Fourier transforms decay
at infinity more quickly than 1/ \/m . The surprising result of Fraser, Orponen
and Sahlsten [2014] shows that the opposite is true:

Theorem 6.10 For any function f : A — R"™™ A C R"™, we have for the
graph Gy = {(x, f(x)) : x € A},

dimg Gf < m.

Recall from Section 3.6 the definition of the Fourier dimension dimg. The
theorem means that for any € M(G y) the decay estimate |f(x)| < [x|™/2
can hold only if s < m. No measurability for f is required. This is because the
only property of the graph that is used is that it intersects the (n — m)-planes
{(a,y):y e R"™™} a € R™, in at most one point.

Proof Suppose that s > 0 and u© € M(G y) are such that
7o) <A+ |x)~** forx € R™. (6.11)

We have to show that s < m. Suppose on the contrary that s > m and let m <
t < s. We shall apply the inequality (6.7) with V. = R™ x {0} identified with
R™. As before in (5.15), fvt\,u(x) = 1i(x) for x € V. Hence the decay estimate
(6.11), with s > m, implies that Py.; € L2(V) and so Py.ju < H"_V. By
(6.7)

/ lon(y.)dH"a < / Py O RGO dx

N / |Pyo()"™"( + |x|) ™ dx < oo.
]Rn

The finiteness of the last integral easily follows by Fubini’s theorem since
t < s.Thus I,_,(uy,4) < oo for H™ almost alla € V. By (6.5) puy (R") > 0
fora € V inasetof positive H” measure. Since also by (6.1) sptiuy , C sptue N
vicG,nvl wegetdimG;NV>: >t —m > 0byTheorem 2.8. But this
is impossible as Gy N VaJ- contains at most one point for every a € V. OJ

6.4 Further comments

Theorem 6.8 without the exceptional set estimate, that is with y,, ,(E) = 0,
was proved by Marstrand [1954] in the plane, and in general dimensions by
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Mattila [1975]. A proof with sliced measures and energy-integrals was given
by Mattila [1981]. The exceptional set estimates and the Fourier analytic proof
are due to Orponen [2014a].

Results on dimensions of sliced measures were proven by Falconer and Mat-
tila [1996], M. Jarvenpaa and Mattila [1998] and E. Jarvenpaa, M. Jarvenpaa
and Llorente [2004].

The upper bound m(n —m) + m — s in Theorem 6.7 for the dimension of
the exceptional set is sharp, since it was sharp already for Corollary 5.12(b). The
exceptional set estimates in Theorems 6.7 — 6.9 concern only the Grassmannian
part. Could it be possible to obtain some dimension estimates also for subsets
of A, for example in Theorem 6.9 replacing H* almost all by #H' almost all
for some # < s? One could also ask for dimension estimates for sets where
dimANWVLt+x)<rtor dimAﬂ(VJ-+x)> u when t <s—m < u. An
easy estimate of this sort says that we can improve Proposition 6.6 to the the
statement H* (A N (VL + a)) < oo for H! almost all @ € V for 0 <t < s.
This follows by a straightforward modicifation of the proof of Proposition 6.6
or using the general inequality in Theorem 2.10.25 of Federer [1969].

There are more precise results for particular self-similar and related sets.
Many of them say that in a fixed direction the dimension of the sections typ-
ically is a constant depending on the direction. Typically here refers to almost
all planes in that direction meeting the set. A rather general result of this type
was obtained by Wen and Xi [2010]. But often in some special directions, for
example, in the direction of the coordinate planes or diagonal in R” x R” orina
countable dense set of ‘rational’ directions, this constant is smaller than the one
for generic directions given by the results of this chapter. This is the case, for
example, by the results of Hawkes [1975] for Cy /3 x Cy3, where C} 3 is the clas-
sical one third Cantor set, by Kenyon and Peres [1991] for products C x D of
more general Cantor sets, by Liu, Xi and Zhao [2007] and Manning and Simon
[2013] for the Sierpinski carpet, and by Barany, Ferguson and Simon [2012] for
the Sierpinski gasket. Benjamini and Peres [1991] estimated the dimension of
vertical sections in a planar fractal costruction with sharp dimension bounds for
the corresponding exceptional set. Classes of self-similar sets were found by
Wen, Wu and Xi [2013] for which some explicit directions could be determined
such that the sections typically have exactly the generic value dim A — m. Typ-
ically could also refer to almost all lines with respect to the projected measure
instead of the Lebesgue measure. Then the results are often different and the
dimension may be bigger than the generic value, see Manning and Simon
[2013], Barany, Ferguson and Simon [2012] and Barany and Rams [2014].

The above mentioned results for products of Cantor sets C and D in R
actually give dimensions of typical intersections C N (D + z), z € R, but this
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is the same as intersecting C x D with lines parallel to the diagonal. Bishop
and Peres [2016] give a detailed discussion on such intersections.

Let A C R" be a Borel set with 0 < H*(A) < oo for some m < s < n.
Proposition 6.6 tells us that the intersections of A with n — m planes typically
have finite (s — m)-dimensional Hausdorff measure. Marstrand [1954] gave
an example showing that almost all intersections may have zero measure.
In general, determining whether the measure is positive or zero seems to be
difficult even for simple self-similar sets. Kempton [2013] managed to prove
the positivity for some self-similar sets. Orponen [2013b] proved that for many
self-similar sets the generic intersection has infinite packing measure. For
non-integral s it does not seem to be easy to find sets A with positive H’
measure for which H*™" measure of A NV would be finite for all (n — m)-
planes V. Shmerkin and Suomala [2012] succeeded in this: they used random
constructions to show that for any n — 1 < s < n there exist compact sets
F C R" with 0 < H*(F) < oo such that H*™"T(F N L) < C(F) < oo for
every line L C R".In Shmerkin and Suomala [2014] they develop an interesting
theory for a very general class of random measures with many results on
projections, intersections and Fourier transforms. This paper also is a good
source for references for related work.

In a way the slicing of a measure with plane sections is a special case of
Rokhlin’s [1962] general disintegration theorem, but it is essential for us in
addition to have the concrete limit formulas for the sliced measures. Rokhlin’s
theorem gives for amap f : X — Y and a measure i on X the disintegration

formula
[ran=| (/fduy) dfory

under very general conditions. Here the measures p, are called conditional
measures and they are carried by the level sets F(y); ry(X\ f_l(y)) =0.
They are defined for fyu almost all y € Y, whence setting (4 s, = (), these
measures are defined for u almost all x € X.

Furstenberg [2008] proved a general dimension conservation formula for
homogeneous fractals, which include many self-similar fractals. Often this
formula can be stated as

dim fpu +dimpuy, = dimp  for u almost all x € X.

In particular, for many self-similar measures and for typical measures in dynam-
ical zooming processes which Furstenberg defined, this holds for every pro-
jection f = Py, V € G(n, m), not only for almost every projection. Hochman
[2014] developed this much further. See also Barany, Ferguson and Simon
[2012] for a discussion about Furstenberg’s formula in connection with the line
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sections of the Sierpinski gasket and Falconer and Jin [2014a], [2014b] in
connection with a general setting including many deterministic and random
self-similar sets.

Theorem 6.10 was proved by Fraser, Orponen and Sahlsten [2014]. In this
paper it is also shown that for typical, in the Baire category sense, continuous
functions f : [0, 1] — R, dimp G = 0, and more precisely

lim sup [(x)| > 1/5

|x|—00
for any probability measure u € M(G y). This paper answers the question of
Kahane, see Shieh and Xiao [2006]: the graphs of the one-dimensional Brow-
nian motion are almost surely not Salem sets. This is in contrast to trajectories
which are almost surely Salem sets; see Chapter 12 for that. However, the inter-
esting question about the almost sure Fourier dimension of the graphs of the
Brownian motion is left open; Fraser, Orponen and Sahlsten [2014] only says
that it is at most 1. It also seems to be open whether the level sets of Brownian
motion are almost surely Salem sets.

We shall study smooth surfaces with non-zero Gaussian curvature in
Section 14.3 and we show there that the Fourier transform of the surface
measure has similar optimal decay as for the spheres. So the result of Fraser,
Orponen and Sahlsten tells us that no better decay can take place on fractal
surfaces than on smooth ones.
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Intersections of general sets and measures

In this chapter we look at the general case where we have two arbitrary Borel
sets A and B in R", we keep A fixed, we move B by rotations g € O(n) and
translations 7, : x > x 4+ z,z € R”, and we try to say something about the
dimension of the intersections A N t,(g(B)).

7.1 Intersection measures and energy estimates

Recall that 6, is the unique Haar measure on the orthogonal group O(n) with
Let u,v e M(R"). For g € O(n) and x, y € R" define

Se(x,y) =x —g).

Observe that x € A N 7,(g(B)) if and only x € A and x = g(y) + z, that is,
Se(x,y) =z, for some y € B. Now we try to define intersection measures
supported in sptu N 7.(g(sptv)) = w({(x, y) € sptu x sptv, Se(x, y) = z}),
where 7 (x, y) = x. This is done by slicing as in the previous chapter. In fact,
the process below is exactly slicing the product measure p x gy with the
n-planes parallel to the diagonal {(x,y) € R* : x = y} and then projecting
with 7.

Lety € CS' (R") and define the measure A, € M(R") setting for Borel sets
A CR",

Ag(A) = // p(x)dux dvy.
S71(A)

This means that A, is the image of (¢u) X v under the map S,. Then by the
differentiation theorem 2.11 the limit

lima(n) "6 A, (B(z, 8)) = lima(n)~'6™" / / o(x)dux dvy
540 540 {

(x,y):lx—g(y)—z|<8}

100
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exists and is finite for £" almost all z € R”". Thus as in the previous chapter we
can define for £" almost all z € R” the intersection measures j N (7, © g)sv
with the properties

/gpdu N(t;08)V = lima(n) 18" ff o(x)dux dvy
340 {0, y):lx—g(n)—z|<8}

for ¢ € Co(R"), whence

/hd,u N(r,0g)v < lima(n)~'s™" // h(x)dux dvy
340 {.y)lx—g(n)—zl<8}
(7.1)
for any lower semicontinuous / : R" — [0, oo],

spti N (t; 0 g)gv C sptu N (g(sptv) + 2), (7.2)

/ /hdu N(t,og)kvdLl'z < / h(x)d(u x v)(x,y) (7.3)
B S71(B)

for any Borel set B C R"” and any lower semicontinuous 4 : R" — [0, o],
with equality if S,:(u x v) < L", in particular,

/u N(r,0 2R AL z = pn(RMHVR")  if Sea(u xv) K L', (7.4)
Lemma 7.1 Suppose 0 <s <n,0<t<n,s+t>nand t>n+1)/2.
If v e MR"), Ii(n) < oo and I;(v) < 00, then Sg(p x v) K L" for 6,

almost all g € O(n).

Proof We prove this with S, replaced by T, T,(x, y) = g '(x) — y, which is
equivalent. For u € R",

Tgmv)(u) = // o 2miu(gT (0)—y) dux dvy
= [ e O [ avy = i
We shall use the identity

Pl dsug = [ froydo™ v/or (57,

o)
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It is enough to prove this when |x| = 1 and then it is a consequence of (2.1).
Sincen —t < (n—1)/2and n —r < s we have by Lemma 3.15

f / | Tex (it X )W) du db, g
= f 7)o (w)|* du db, g
~ [otodubimup s [l B dut,-,
=y, ) LW L= () S L) (1) < 0.

Hence Tg:(u xv) € L*(R") for 6, almost all g € O(n), and the lemma
follows. [

Since the support of S,:(u X v) is contained in the algebraic difference
set spt . — g(sptv), this lemma gives immediately for sets (cf. the proof of
Theorem 7.4 below).

Corollary 7.2 If A and B are Borel sets in R" with dim A + dim B > n and
dim B > (n 4 1)/2, then for 6,, almost all g € O(n),

L"(A —g(B)) > 0.

Lemma 7.3 Suppose 0 <s <n,0 <t <n,s+t>nandt>n+ 1)/2. If
w,v e MM®"), I,(n) < oo and I,(v) < oo, then

[[ 1simstun o gy agrzdong < Lot
Proof Setr =s +t—n > 0andforg € O(n),z € R",
We:(8) = {(x, y) : [Sg(x, y) — 2| = 6}
Using (7.1), Fatou’s lemma, Fubini’s theorem and (7.3) we have
// L(uN(t,0g)v)dL" zd0,g

N //// v —ul (N (z 0 gyv)x d(p N (z. 0 @)vIudL"2db,g

< liminfa(n)~'s™" f/// |x —u|™"
840 Wi ()

xd(u xv)(x, y)d(puN(t; 0 g)v)udLl"zdb,g
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= liminf a(n)~'8™" /// /Ix —ul™"
540 {z:lx—g(y)—z|<8}

xd(puN(t;0g)vudLl'zd( x v)(x,y)db,g

< liminfa(n)~'s™" ff/ lx —u|™"
840 {0 (=g () —(u—g ()| <8}

X d(p x v)(u, v)d(u X v)(x, y)dbng
= h%nfa(nr%‘" / On({g : |(x — g(») — (u — g()| < 8H|x —u| ™
X d(p X v)(u, v)d(p X v)(x, y).
For the 6, measure we have the estimate
Ou({g 1 1(x — () — (u — g)| <8} S 8" —u|'™.

Moreover,

(g 1 |(x —g(y) —(u—gW)| <8})=0

if [|x —u|—|y—v]| > 8.
The second of these is obvious. The first follows easily from (2.1): for
a,beR" a+#0,

0,({g : la —gb)| < 8}) = 6,({g : |a/|a| — g(b/la])| < 8/|al})
=0,({g : 1g” " (a/lal) — b/lal| < 8/|al})
= 0,(1g : |g(a/|al) = b/lal| < 8/|al})
="' (8" N Bb/lal.8/al) < 8" al'".
Define
As ={(u,v,x,y) € (R”)4 S —ul =y —v|| <8 <|x —ul/2},
Bs = {(u,v,x,y) € R : |x —u| <28, |y —v| <38}

Then
J[ oo guacrzasg

< liminf 8~ lx — "™ d(pu x v x X v)u, v, x,y)
840 As

+ limsup 8™ |x —u|™" d(uxvxuxv)(u,v,x,y)
540 By

=S+T.
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For S we use the estimate (4.14):

S fliminf(S_l/ |x —u|' ™
840 {(u.2):x—u| 226}

x v X v({(v, y) ¢ [lx —ul = |y = vl| <8} d( x @, x)
<L) / / = ul ™ dpudpx = y(n, )" LGO L)

To estimate 7', observe that by Fubini’s theorem,

T < limsup(St—”/ |x —ul™ d(u x pn)(u, x)
80 {(u,x):|lu—x| <28}

x 87 x v({(v, y) t [v — y| < 38}).

For the first factor we have for0 < § < 1,
& f [x —u|™" d(u x p)(u, x)
{(u,x):|lu—x|<28}

<2 / |x —ul|™ d(p x u)(u, x),
{(u,x):lu—x| <28}
which goes to zero as § — 0 since /(i) < oo. For the second factor,
57w xvi(w ) o -yl =30 =3 o = ¥ d(o X V), ¥).

{@.y)ylv—y[=<38}

which also goesto 0 as § — 0, since I;(v) < co. Hence T = 0. This completes
the proof of the lemma. U

7.2 Dimension of intersections of sets

Theorem 7.4 Suppose 0 <s <n,0<t<n,s+t>nandt > n+1)/2.
If A and B are Borel sets in R" with H*(A) > 0 and H'(B) > 0, then for 0,
almost all g € O(n),

L'{zeR":dmAN(t,og)B)>s+1t—n}) > 0.

Proof By Frostman’s lemma there are u € M(A) and v € M(B) such that
w(B(x,r)) <r®and v(B(x,r)) <r' for x € R" and r > 0. Then [,(u) < 0o
forO0 < p < sand I,(v) < oofor0 < g < t. When in addition p + ¢ > n and
q > (n + 1)/2 we have by Lemma 7.3 for 6, almost all g € O(n),

Iyiqn(p N (z; 0 8)4v) < 0o for L" almost all z € R".



7.3 Further comments 105

Using Lemma 7.1 and (7.4) we have

/,u N (t; 0 gpvR"dL"z = n(R")v(R") > 0
for 6, almost all g € O(n), whence
L'(E) >0 where E,={zeR":puN(rog)yv{R") >0}

This gives dim A N (t; 0 g)(B) > p + g —n for L" almost all z € E,. Since
E, is independent of p and ¢, we can let p — s and ¢ — ¢ to complete the
proof. O

7.3 Further comments

The above results were also presented in Mattila [1995], where one can find
more comments and examples. They were originally proven in Mattila [1985].
It is not known if the condition ¢ > (n + 1)/2 is needed. Of course, we could
replace it with s > (n + 1)/2. This restriction is not needed and the results are
valid also in R if the orthogonal group O(n) is replaced by a larger transforma-
tion group, for example with the maps x — rg(x),x e R", g € O(n),r > 0,
as proven by Kahane [1986] and Mattila [1984]. Such results also hold in R,
but they fail completely if only translations are used, as shown by the examples
of Mattila [1984] and Keleti [1998]. More generally Kahane showed that any
closed group of linear bijections of R” acting transitively in R” \ {0} is fine.
Kahane also applied such intersection results to multiple points of stochastic
processes.

Results on Hausdorff and packing dimensions of intersection measures were
proven by M. Jarvenpaa [1997a], [1997b].

Bishop and Peres [2016] discuss in Chapter 1 the dimension of the intersec-
tions of some Cantor sets with their translates. Such results play an important
role in dynamical systems, see Moreira and Yoccoz [2001]. Other results on
intersections of Cantor sets are due to, among others, Peres and Solomyak
[1998] and Elekes, Keleti and Mathé [2010].

Donoven and Falconer [2014] proved similar results as above for subsets of
a fixed self-similar Cantor set; the group of transformations consists now of the
intrinsic similarities of the Cantor set.

Minkowski dimensions of intersections with estimates on the exceptional
sets were studied by Eswarathasan, Tosevich and Taylor [2013].
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Cantor measures

In this chapter we study Fourier transforms of measures on some Cantor sets.

8.1 Symmetric Cantor sets C;, and measures /¢,

We begin with standard symmetric Cantor sets. For 0 < d < 1/2 we define the
Cantor set with dissection ratio d by the usual process. Let I = [0, 1]. Delete
from the middle of / an open interval of length 1 — 2d and denote by /;,; and
I, » the two remaining intervals of length d. Next delete from the middle of
each /; ; an open interval of length (1 — 2d)d and denote by I, ;,i =1, 2, 3, 4,
all the four remaining intervals of length d. Continuing this we have after k
steps 2¥ closed intervals I;;,i = 1, ..., 2k, of length d*. Define

oo 2k

Ca = Iki-

k=1i=1
Let 14 be the ‘natural’ probability measure on C,. This is the unique Borel
measure iy € M(Cy) which is uniformly distributed in the sense that

pa(he) =275 fori=1,....,25 k=1,2.... (8.1)

The uniqueness follows easily by, for example, checking that this condition
fixes the values of integrals of continuous functions. The existence can be
verified by showing (easily) that the probability measures

2k
Qd)*Y Lk

i=1

converge weakly as k — oo to such a uniformly distributed measure 4.

109
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Define
sq =log2/log(l/d), thatis, 2d% = 1.
Notice that then
wa(li) = d(I ) fori=1,...,25 k=1,2....
Using gy we can now check that
0<HCy)<1 and dimC,; = s,.

The upper bound H*(Cy4) < 1 is trivial since

2k

Y d) =24a) =1

i=1
for all k. To prove that H*(Cy) > 0O it is enough by Frostman’s lemma to
show that u,(J) < d(J)* for every open interval J C R. To prove this we
may assume that J C [0, 1]and C; N J # @. Let I; ; be the largest (or one of
them) of all the intervals /; ; contained in J. Then J N C; is contained in four
intervals I, j =1, j,, ..., 1, j,, whence

ra(J) = 4pa(ly ;) = 4d(1 ;)" < 4d(J)*,

and so H*(Cy) > 0.
By a modification of the above argument one can show that in fact

H LCd =ug and H(Cy) = 1.
This argument also easily yields with some positive constants a and b,
ar® < ug(x —r,x +r]) <br’* forxeCy;, 0O0<r<l. 8.2)

In order to compute the Fourier transform of u, it is helpful to express u  as
a weak limit of finite linear combinations of Dirac measures indexed by binary
sequences. To do this we observe that

o0
Ca=1{> &il—d)d’™" :e;=00re; =1¢g. (8.3)
j=1

Let

&k ={(81""’8k):8j =0org; = 1},

k
ae) =Y e;(1—d)d’™" fore = (¢)) € &.
j=1
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and define

Vi = 2_k Z Sa(s)'

cE€EL

Then
v — g weakly as k — oo.
By the definition of the Fourier transform,
Sa(u) = e fora,u € R,

SO

Bw) = 2753 Sy = 275 7 e = g7k 37 i Ximiy

c€E e€E c€E
where u; = =27 (1 — d)d’~'u. Here
. k .

Z ol =18t — 1‘[’]?:1(1 + ")

c€EL
as one can see by expanding the right hand side as a sum and checking that it
agrees with the left hand side. Thus
(1 4 ')

2

= eZim PTTE_ cos(u;/2),

T = IT5_, = TI5_ " 115, cos(u;/2)

where we have used the formula
1+ ¢*
2
Recalling the definition of u; we see that

= /2 cos(x/2).

k k
Y iup/2 =" —wi(l —d)d’'u = —i(1 — d“)u.
j=1

j=1
Therefore we obtain
B(w) = eI cos(r (1 — d)d! ™ ).
Letting k — oo we finally obtain
fra(u) = e 77T, cos(r (1 — d)d’ ™' u). (8.4)
When d = 1/3 we have for the classical ternary Cantor set

[T1/3(u) = ¢TI, cos(2m3 7 ).
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It follows that ;Il\/3(u) does not tend to 0 as u tends to oo; look at u = 3%, k =
1,2,....

We shall now show that if 1/d > 3 is an integer, then there is no measure
in M(C,) whose Fourier transform would tend to zero at infinity. The proof
relies on the following fact: letting / = (d, 1 —d)and N = 1/d,

[N*x1 &1 forallx e Cyk=1,2,..., (8.5)

where for y > 0, [y] stands for the fractional part of y, that is, [y] € [0, 1) and
y — [y] € N. To see this recall that by (8.3) C; consists of points

o0 o
x=)Y e(l—d)d™' =(N-1)> &N~
j=1 j=1
where ¢; = O or¢; = 1. Then

oo k=1 )
W= 00 D3 = (S S
j=1 Jj=0 j=1

Thus
o0
[N*x] = (N = 1)) ey ;N7 € Ca IO 1]\ 1.
j=1

Theorem 8.1 If 1/d >3 is an integer, then for any u e M(Cy),
lim supy,_, o [2(x)] > O.

Proof Tt is more convenient to use Fourier series than transform and we shall
show a bit more: the Fourier coefficients i1(k) donottend to zeroas k € Z, |k| —
00. Suppose there exists u € M(Cy) such that (k) — 0 as k € Z, |k| — oc.
Choose a function ¢ € S(R) such that sptg C (d,1 —d) and [¢ = 1. Let
again N = 1/d and define for j = 1,2, ...,

j(x) = ¢(IN’x]) forx € [0, 1].
Then by (8.5) sptg; N C; = @, and by the Fourier inversion formula (3.67)

0;i(x) =Y Gk Nk xe0,1],
ke€Z
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0 @;(N’k) = @(k) and the other Fourier coefficients of ¢; vanish. Therefore
by the Parseval formula (3.65) for any j and any m > 1,

0= / g =Y G 0R®K)

k€EZ
=Y G NIORN'k) =Y GRORNk)
kEZ kEZ
=200 + Y PRORNK + Y PUENK).
1<|k|<m |k|>m

The first term is u(Cy,) > 0. For the last term we have

Y PWRNTK)| < w(Ca) Y 130,

[k|>m |k|>m

which we can make arbitrarily small choosing m large, since ¢ € S(R). For
any m we have for the middle term

Y PWANb| <2m sup )
1<|k|<m HENENIE

which goes to zero as j — oo. It follows that ;«(Cy;) = 0, which is a contradic-
tion. O

All we needed in the above proof for C = C, is that there is a non-degenerate
interval / C [0, 1] and an increasing sequence (k;) of positive integers such
that

[kjx]¢1 forallxeC,j=1,2,.... (8.6)

Theorem 8.1 holds true for any compact set C C [0, 1] with this property.

8.2 Pisot numbers and the corresponding measures

Next we will characterize the values of d for which ty(u) tends to 0 at infinity.
For this we need the concept of a Pisot number.

Definition 8.2 A real number 6 > 1 is a Pisot number if there exists a real

number A # 0 such that

Z sinz(kek) < 0. (8.7)
k=0
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This not a standard definition of Pisot numbers, but it is the form we shall
use. Usually one defines Pisot numbers as algebraic integers whose conjugates
have modulus less than 1. By a theorem of Pisot from 1938 these two definitions
are equivalent. A proof can be found in Kahane and Salem [1963], Chapter VI,
and in Salem [1963], Chapter 1. The first indication that the above definition
might be related to the number theoretic nature of 6 is the following: write

205 = 7ng + 8, where ny € Z and —mw/2 <6 < m/2.

Then (8.7) is equivalent to Y 72, 87 < oo.

Algebraic integers are special types of algebraic numbers; they are solutions
of polynomial equations with integer coefficients and with leading coefficient
1. That is, 0 is an algebraic integer if there are integers my, ..., m;—; such
that P(9) = 0 where P(x) = x* 4+ my_x*=! + --- + my. The conjugates of 6
are the other complex solutions of P(z) = 0. For further information one can
consult Appendix VI of Kahane and Salem [1963] and Salem [1963].

Obviously all integers greater than 1 are Pisot numbers. The smallest non-
integral Pisot number is 1.3247.... It is a solution of x* —x — 1 = 0. Some
quadratic equations giving Pisot numbers are x> — x — 1 = 0, which gives the
golden ratio # = 1.618034..., and x> —2x — 1 = 0, which gives 1 +
V2 =2414214....

Theorem 8.3 Let 11y,0 < d < 1/2, be the Cantor measure as above. Then
lim wa(u) =0
u—>00

if and only if 1/d is not a Pisot number:

Proof Let 8 = 1/d. Suppose that 1zy(u) does not tend to O at infinity. Then
there exist § > 0 and an increasing sequence (u) such that u; — oo and

|fa(u)| > 8
for all k. We can write
7'[(1 — d)uk = )»kemk

where 1 < A, < 6 and (my) is an increasing sequence of positive integers.
Replacing the sequence (A;) by a subsequence if needed we can assume that
A —> A, 1 <X <0.By(84),

8 < |ma(u)| = [T, cos(r (1 — d)d’ ™" uy)|

= |52, cos(a0™ /)] =< [TL, cos(he07)].
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which gives
7L (1 = sin(u67)?) > 82,

Using the elementary inequality x < —log(1 — x) for 0 < x < 1 this yields

my
> sin’(0467) < log(1/8%).
j=0

Hence for [l > k,

mg mj
Z sin?(,07) < Zsmz(mi) < log(1/8?).

j=0 j=0

Keeping k fixed and letting [ — oo we get

my
Z sin®(A07) < log(1/8%),
j=0

and letting k — oo,

> sin’(267) < log(1/8%).
j=0

Hence 6 = 1/d is a Pisot number.

To prove the converse, suppose that & = 1/d is a Pisot number. Then there
exists a real number A # 0 such that

o0
Z sin(A07) < oo.
j=0
Reversing the above argument this implies that
p =52 cos(A6/)| > 0.
Using the formula (8.4) we get for u; = A0%/(n (1 — d)),
|[Fa(u)| = [T, cos(hd’~'0%)| = [T, cos(h07)|| T3, cos(16))|
> p|TI§Zycos(A077)| = pq,
where g > 0 by similar calculus as above; Z;.io sin?(A0~7) < oo since 6 > 1.
Hence 1ty (1) does not tend to O at infinity which proves the theorem. ]

More is true: there is u € M(C,) such that lim, . £(u) = 0 if and only
if 1/d is not a Pisot number. In fact, one can show that the Cantor sets C; have
a property similar to (8.6) if 1/d is a Pisot number; see Kahane and Salem
[1963], Salem [1963] and Kechris and Louveau [1987].
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The above results are related to the characterization of sets of uniqueness
among the Cantor sets C,, which is one of the main motivations for their study
in Kahane and Salem [1963]: a compact set C C [0, 1] is said to be a set of
uniqueness if

> e =0Vr €[0,1]\ C implies ¢ =0 Vk.

keZ
Otherwise C is said to be a set of multiplicity. The following result can be found
on page 57 in Kahane and Salem [1963]:

If C C [0, 1] is compact and there is . € M(C) such that f(u) tends to 0
at infinity, then C is a set of multiplicity.

This leads to, see Theorem IV, page 74, in Kahane and Salem [1963]:

C, is a set of uniqueness if and only if 1/d is a Pisot number.

Here we again have a manifestation of the fact that the pointwise decay
at infinity of the Fourier transform of a measure u € M(R") is a delicate
matter which depends on other properties than size. Recall, however, that the
average decay in the sense of the convergence of the integrals [ [x[*~"|7(x)|* dx
depends solely on the size, that is, on the finiteness of the integrals [/ |x —
y|™* dux dpy which is determined by estimates on measures of balls.

8.2.1 Modified Cantor sets

We can easily modify the construction of the Cantor sets C,; and the cor-
responding measures [y to find for any 0 < s < 1 measures u € M(R) such
that I;(11) < oo and () does not tend to zero as u — oo. To see this choose
positive integers 1 < N < M and set

L;=1I[j/N,j/N+1/M], j=0,1,...,N—1

The next level intervals I, ;, j = 1,2..., N2, have length M2 and each Iy
contains N of them in the same relative position as above. Continuing this
yields the Cantor set Cy y of Hausdorff dimension log N/log M and the
natural uniformly distributed measure py n € M(Cy y). Now we can write
C M,N as

o0
Cun =1 &M N:e;e{0,....N—1}
j=0

Hence we can again get this measure as the weak limit of the discrete measures

Vi = N_k Z 5,1(5)

c€&y
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where
E={(e1,...,8) 165 €1{0,..., N = 1}},

k
a(e) = Zng_j/N for e = (g;) € &.
j=0

Then, as before for 14,

N Lk 1 -
) = N4 Y S = Ty (1 i
c€&
+ ezniu(N—l)M*-f/N).

Thus

— 1 I — ) _
/J/M,N(u) — H;)ilﬁ(l + eZmuM J/N ot eZmu(N—I)M //N)‘
Ifu = NM™,m € N, the jth factor in this product is 1 if j < m which implies
that [L/A/L\]v(NMm) does not tend to zero as m — oo:

liminf |2 y(NM™)| > 0. (8.8)

m—>00
We also have now with sy y = log N/log M and with some positive con-
stants a and b,

ar’™ < puy n(x —r,x +7r]) <br'¥ forx e Cyny,0<r <1. (8.9)

Observe that /;(u) < oo if s < sy y and the numbers sy y accumulate
at 1.

8.3 Self-similar measures

The above Cantor measures are a subclass of more general self-similar measures
which we now define. A mapping S : R” — R”" is a (contractive) similarity if
there is 0 < r < 1 such that [S(x) — S(y)| = r|x — y| for all x, y € R". This
means that S has the representation

Sx)=rg(x)+a, xeR",

for some g € O(n) and a € R”.
A Borel measure u € M(R") is said to be self-similar if there are sim-
ilarity maps Si, ..., Sy and numbers pi,..., py € (0, 1) such that N > 2,
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Zj’v=1 pj=1land
N
= p;Sisu. (8.10)
j=1

Given any such §; and p; there exists a unique self-similar probability measure
1 generated by this system by a theorem of Hutchinson [1981]. The proof is
an elegant and simple application of the Banach fixed point theorem. It is also
presented in the books Falconer [1985a] and Mattila [1995]. The support of
W is the unique non-empty compact invariant set K of the iterated function

system (as it is generally called) S;, j = 1, ..., N. This means that
N
K =[] S;(K).
j=1

Often one chooses p; = r; where r; is the contraction ratio of §; and s is the
similarity dimension, that is, the unique number such that Z;\’:l r; = 1. If the
pieces S;(K) are disjoint, or more generally if the S; satisfy the so-called open
set condition (see Hutchinson [1981], Falconer [1985a] or Mattila [1995]), then
dim K = s, moreover 0 < H*(K) < oo and H*_ K is a self-similar measure.

The above classical Cantor sets C; and measures /44 fit into this setting with
Si(x) =dx and S)(x) =dx +1—d.

Suppose now that S;, p;, j =1,..., N, are as above and pu is the cor-
responding self-similar probability measure. Set

jmz{(jla~~7jl11):ji6{17~~,N}}, m=1,2,...,
Sy =S8j 008, pr=pje pj, forJ =(ji, ..., jm) € Tn.
If S; is given by S;(x) =r;g;j(x) +aj,x € R", then S;, J = (ji, ..., ju) €
T, 18 given by
Syx)=rjgs(x)+ay,x eR", withr; =7rj ----- Fins
g =gj,0-0gj,,a; €R".
Of course, the translation vectors a; can easily be written explicitly in terms
of the translations a;, the dilations r; and the rotations g;, but that would not

help us here.
Iterating the equation (8.10) we get foreverym = 1,2, ...,

w= Y piSu. (@.11)
JETm
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We can now obtain the following limiting formula for the Fourier transfom
of u:

Proposition 8.4 For a self-similar measure u € M(R") as above

(x) = lim Z pre  Fiar forx € R
m—>00 JeT

with uniform convergence on compact sets.

Proof If x € R" we have

A = [ duy = 3 py [0 dy

JETn
= Z pJ/e_zmx'(rjgj(y)'i‘a.r)duy
JE€Tm
— Z p]e—2nix~aj/e—Znirjgfl(x)-y d,LLy
JE€Tn
i~ —1
= > pse YR8 ().
JE€Tm

Since r; < (maxj<j<y ;)" for J € Jp, {(r;g7 (x)) = [2(0) = 1as J € T,
and m — oo uniformly on compact sets. The proposition follows from this. [J

Strichartz [1990b], [1993a] and [1993b] studied the behaviour of Fourier
transforms of self-similar measures systematically, in particular the asymptotic
behaviour of L? averages over large balls.

8.4 Further comments

The main reference for this chapter is the classical book Kahane and Salem
[1963]. In addition to the simplest Cantor sets C, it discusses much wider
classes, both deterministic and random, of Cantor sets and Fourier analytic
questions related to them. Salem [1963] and Kechris and Louveau [1987] are
also excellent references.

The product formula (8.4) of course immediately generalizes to product
measures fig, X --+ X [g, in R" because

Fpg, X -+ X g X1, ooy Xp) = r(xg) -+ o (X).

A product formula for a special but more general class of self-similar measures
can be found in Chapter 4 of Strichartz [1990b].
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Bernoulli convolutions

Problems on self-similar sets and measures become very delicate if no separ-
ation condition is assumed. We shall now investigate a very important class
of self-similar measures, the Bernoulli convolutions, with emphasis on the
overlapping case.

9.1 Absolute continuity of the Bernoulli convolutions

Let 0 < A < 1. The (infinite) Bernoulli convolution v, with parameter X is the
probability distribution of

o0
pEN
j=0

where the signs are chosen independently with probability 1/2. The term comes
from the fact that this is the limit as kK — oo of the k-fold convolution product

of the measures (65—, + 8,,), j = 1, ..., k. A formal definition of the above
probabilistic description is the following.
Let

Q={-1,1}" ={(w): wj=lorw;=—1,j=0,1,...},

and let u be the infinite product of the probability measure (§—; + §;)/2 with
itself. Then u is determined by its values on the finite cylinder sets:

plw:w; =a;forj=0,1,....,k}) =2""Va; e {~1,1},
j=01,....kk=0,1,....

120
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Define the ‘projection’
o0
Q>R i)=Y o).
j=0

Then v, is defined as the image measure of p under IT;:
V,(B) = u{w € Q : I;(w) € B}) for B C R.

We can also write v, as the weak limit,
o —k—1 . _
v = kILIEOZ Z{SZI;:UQ)/A" twj € {1, 1}}.

So the v, have a fairly similar expression to the Cantor measures w; of the
previous chapter. In fact, for 0 < A < 1/2, v, is just u, but constructed on
the interval [—1/(1 —A), 1/(1 — A)] instead of [0, 1]. For A = 1/2, vy, is
even simpler: it is the normalized Lebesgue measure on [—2, 2]. But when
A > 1/2 things become much more complicated. One can still think of the
construction of v, in the same spirit as the Cantor construction for0 < A < 1/2,
but now the construction intervals overlap. And when one continues the iterative
construction the overlaps become very complicated and difficult to control by
hand. Anyway, v; is still a self-similar measure but without any separation
conditions. To see this observe first that p is shift invariant: defining the shift
o by o(wy, w1, ...) = (w1, w1, ...) we have u(A) = u(o~'(A)) for A C Q.
Using this we compute for B C R,

vi(B) = u({w : M (w) € B})
= u({w:wy = 1,1+ Al (0 (w)) € B})
+ u{w : wy = =1, =1 + AT, (0 (w)) € B})

1 1

Eu({a) 11 4+ ATl (0(w)) € B}) + EM({O) :—1+ A (o(w)) € B})
11'1—‘131 11'1—‘131

z“( ' (x< - 0)*5“( ' (x< " >>>

1 1B | 1 1B |
3V (X( - ))+§VA <X( + ))-

It follows that v, satisfies the equation
1 1
2 2
with the similarities S;(x) = Ax + 1 and S>(x) = Ax — 1.

To find the Fourier transform of v, we can go through the computation in
Chapter 8 for the formula (8.4) and see that it is valid for all 0 < A < 1 and

vy = =Sipvn + =Suwn
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gives
Ui(u) = T2, cos(2m A u). 9.1)

One of the main questions concerning the Bernoulli convolutions is: for
which A is v, absolutely continuous with respect to Lebesgue measure? The
complete answer is still unknown and we shall discuss some known partial
results.

It is clear that v, is singular for 0 < A < 1/2: its support is a Cantor set like
C,.. We have already observed that vy, is just Lebesgue measure on [—2, 2].
For 1/2 < A < 1 the absolute continuity of v, depends on the number theoretic
nature of L. The Pisot numbers appear again. Erd6s [1939] proved that the
Fourier transform of v, does not tend to zero at infinity if 1/A is a Pisot
number; the fact we know for 0 < A < 1/2 from Theorem 8.3. This implies by
the Riemann-Lebesgue lemma that v, is not absolutely continuous (in fact, it
is even singular) if 1/ is a Pisot number. No other values of A in (1/2, 1) apart
from the reciprocals of the Pisot numbers are known for which v, is singular.
Later Salem [1944] showed that also the converse of Erd3s’s results is true: the
Fourier transform of v, tends to zero at infinity if 1/A is not a Pisot number. But
of course this does not guarantee that v, would be absolutely continuous. Erd6s
[1940] also proved that v, is absolutely continuous for almost all A in some
interval (a, 1), a < 1. There were several other results but the real breakthrough
was the following theorem of Solomyak [1995], part of whose proof we shall
present.

Theorem 9.1 v, is absolutely continuous with respect to Lebesgue measure
for almost all & € (1/2, 1). Moreover, v, € L? for almost all . € (1/2, 1).

The proof below is due to Peres and Solomyak [1996]. It does not use Fourier
transform methods and was inspired by a non-Fourier proof of the second part
of the projection theorem 4.1.

Proof We shall only give the proof for A € [1/2,27?/?] and make some com-
ments for the rest at the end. We shall use the lower derivative of v € M(R):

([x —r,x+rD

D(v, x) = liminf > . xeR
r—>0 2r

Due to Theorem 2.11 in order to prove that v is absolutely continuous for
almost every A on an interval J, it is enough to show that

I(J)://Q(vx,x)dvxxd)»<oo. 9.2)
JJR
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We shall prove this for suitable intervals J. In fact, it will then also show
that v, € L? for almost every A on J; once one knows the absolute continuity,
one can fairly easily show that 1(J) = f ; f]R D(vy, x)*dx d (heuristically

dv;,
(&

By Fatou’s lemma and the definition of v,

Ydx = %d v;). We shall leave all measurability questions as exercises.

1(J) < 1imi(r)1f(2r)_1 / / V([T (w) — 1, Ty (w) + M) dpuwda.
r—> J Q

Applying Fubini’s theorem to the characteristic function of {(w,t, 1) :
|TT; (w) — I, (7)| < r}, we obtain

I(J) < limi(r)lf(Zr)_I/ / L' e T | (w) — ()| < r)dpwdurt.
r—> Q Q

9.3)
Define
o0
Yo () = (@) = (1) = Y (w; — /)1
i=0
We need to estimate
Lr € T 2 gu W] <))
To do this, observe that w, — 7, € {—2, 0, 2} and write
Po.c (V) = 204D g (), (9.4)

where k(w, 7) is the smallest j such thatw; # 7; and g is of the form (assuming
without loss of generality that wi(,,r) > Tk(w,r))

e}

gx) =1+ bjx/ withb; € {~1,0,1}. 9.5)
j=1

The essential ingredient in the proof is to find intervals J where the following
8 transversality condition holds:

For any g as in (9.5), any § > 0 and any x € J, g(x) < 8 implies g’'(x) < —8,
9.6)
and to use this condition to estimate the integral 1(J).

We shall first show that the § transversality on J C (1/2, 1) implies that

1(J) < oo, consequently v, is absolutely continuous for almost every A € J.
So suppose that (9.6) holds for J = [Xg, A;] C (1/2, 1). We claim that then for
g asin (9.5) and for all o > 0,

L'{r e T g < o)) <20/8. .7
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This is obvious if ¢ > §. Suppose that ¢ < §. Then g’(A) < —§ whenever
|g(M)] < 0. Thus g is monotone on the set of (9.7) with |g’| > 8, which implies
9.7).
By (9.4), |¢w.-(A)| < rimplies that|g(A)| < Aak(w’r)r/ZforA € J. Applying
(9.7) with ¢ = 25" ?r/2, we obtain
L4 € T o] <)) < 87125"r.

Substituting this in (9.3) yields

I(J)flimi(r)lf(2r)_1/ / 57 P r dpwdpt
r—> Q Q

= (20)"' Z)‘akﬂ({w Ck(w, 7)) =kY)dut = (28)7! Z)Lakz—k—l < 00,

k=0
where we used Ao > 1/2 in the last step. So we have shown that the § transver-

sality on J implies that v, is absolutely continuous for almost every A € J.
Transversality will be established by finding x-functions:

Definition 9.2 A power series / is called a x-function if for some £ > 1 and
ar € [-1,1],

h(x)—l—Zx/—i—akx + Z x/.

Jj=k+1

Lemma 9.3 Suppose that 0 < § < 1,0 < xo < 1| and there is a x-function h
such that

h(xg) > 8 and h(xg) < —6.
Then the § transversality (9.6) holds on [0, xq].
Proof We shall use the following elementary lemma.

Lemma 9.4 Let

k 0
fa)y =Y cixl = Y il x €0, 1),
j=1 j=k+1

withc; >0,j=1,2....Ifx € (0, 1) and f(x) <O, then f'(x) < 0. More-
over, f can have at most one zero on (0, 1).

Proof The first assertion follows from

Z]c x/ 1<(k/x)Zc]x/ < (k/x) Z cjxl < Z jejxi7t.

j=k+1 Jj=k+1

The second assertion follows from the first. O
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To prove Lemma 9.3, note that Lemma 9.4 gives that 2” has at most one
zero on [0, xg]. We have h/(0) = —1 < —§ if k > 1 and A'(0) < h'(xy) < =8
otherwise. Since lim,_.1— #’(x) = oo, we must have h'(x) < —§ for all x €
(0, x0), otherwise h” would have at least two zeros. It follows that h(x) >
h(xg) > 6 for x € (0, xq).

Let g be as in (9.5) and f(x) = g(x) — h(x). Then f(x) = ZI,:] cjxj —
Z?‘;H_l cjxj,wherecj >0andl =k—1orl =k. If x € [0, x¢] étndg(x) <
3, then f(x) < 0. So by Lemma 9.4 f’(x) < 0 which gives g’'(x) < —4. This
completes the proof of the lemma. O

We return to the proof of the theorem. From (9.1) we see that by (3.24)
Uh(u) = 02 (u)v2 () = vz * 63, (w),

where 0, (A) = v,2(A"'A). Hence v, = v,> * 0, and so vy, is absolutely con-
tinuous if v,z is. Therefore if we can prove the absolute continuity of v, for
almost every A € [1/2, 27121 we get it also in [1/2, 2~1/4], and then again in
[1/2,27'/8], and so on. Consequently, it suffices to prove that v; is absolutely
continuous for almost every A € [1/2, 2-1/2],

Here is a -function & with #(27%3) > 0.07 and #'(27%/3) < —0.09 (which
Peres and Solomyak have found by computer search):

o0
hx)=1—-x—x>—x3 +O.5x4+2xj.
j=5

So by Lemma 9.3 v, is absolutely continuous for almost all A € [1/2,272/3].
There is still a gap from 272/3 to 27!/2, To fill this one can employ two more
*-functions and apply the above methods to some modified random sums. For
the details, see Peres and Solomyak [1996]. O

There really is a need for the additional tricks, because the whole interval
(1/2, 1) is not an interval of § transversality. In fact, Solomyak [1995] found a
power series as in (9.5) which has a double zero at some point of the interval
[0.649, 0.683].

9.2 Further comments

Bernoulli convolutions appear in a wide variety of topics; in Fourier analysis,
probability, dynamical systems and number theory. An excellent survey on them
is given by Peres, Schlag and Solomyak [2000]. The notion of transversality
for power series was introduced and applied by Pollicott and Simon [1995]. We
shall see it in action in a more general setting in Chapter 18 , also with further
applications to Bernoulli convolutions.
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Kahane [1971] noticed that a method of Erd6s [1940] gives that there is a set
E C (0, 1) of Hausdorff dimension O such that for every A € (0, 1) \ E there
is o > 0 for which |V (1)| < |u|™%. The proof of this with some extensions is
also presented in Peres, Schlag and Solomyak [2000] and Shmerkin [2014].
Using this decay estimate Shmerkin proved that

dim{A € (1/2, 1) : vy is not absolutely continuous} = 0.

Shmerkin’s proof essentially relied on the deep techniques developed by
Hochman [2014] who had already proved that dimv, = 1 outside a set of
parameters A of dimension zero. Later Shmerkin and Solomyak [2014] proved
that v, € L? for some p > 1 outside a zero-dimensional exceptional set of
the numbers A. We shall discuss other related exceptional set estimates in
Sections 10.5 and 18.5.

The above results have natural analogues for asymmetric Bernoulli convo-
lutions; the plus and minus are taken with probability pand 1 — p,0 < p < 1.
These are again examples of self-similar measures. Much more general self-
similar measures have also been studied extensively. Hochman’s [2014] theory
deals with them and Shmerkin [2014] and Shmerkin and Solomyak [2014]
proved absolute continuity and integrability results with zero-dimensional
exceptional sets for a large class of such measures.
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Projections of the four-corner Cantor set

In this chapter we study projections of a particular planar one-dimensional Can-
tor set. We shall give two proofs to show that almost all projections have length
zero. This will be used in the next chapter for a construction of Besicovitch
sets.

10.1 The Cantor sets C(d)
In this chapter we investigate orthogonal projections of the Cantor set
Cd)y=CyxCyqy, 0<d<1)2,

where C, is the linear Cantor set of Chapter 8.
The term four-corner Cantor set comes from the geometric construction in
the plane, see Figure 10.1:

00 4k
cdy=ud. vl =] (10.1)
k=1 i=1

Here each Q;; is a closed square of side-length d¥, and they are defined as
follows. First the Q;; are the four squares in the four corners of the unit
square [0, 1] x [0, 1], that is, [0, d] x [0, d], [0,d] x [1 —d, 1], [1 —d, 1] x
[0,d]and [1 —d, 1] x [1 —d, 1]. If the squares Qy ;,i = 1, ..., 4%, have been
constructed, the Q1 ; are obtained in the same way inside and in the corners
of the Oy ;.

Defining s; by

log 4
a4d =1, e, sq=—or
log(3)

127
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oo oo oo oo
oo oo oo oo
oo oo oo oo
oo oo oo oo
oo oo oo oo
oo oo oo oo
oo oo oo oo
oo oo oo oo

Figure 10.1 Four-corner Cantor set, more precisely the approximation U3l "

we have
0 <H*C(d) <oo and dimC(d) = s4.

This is easily derived directly from (10.1), for example as in Chapter 8 for
the linear Cantor sets Cy.

10.2 Peres—Simon—Solomyak proof for the projections
of C(1/4)

We shall now look at the projections of C(d). Instead of parametrizing the
orthogonal projections onto lines by the unit circle as before, we parametrize
them with the angle the line makes with the x-axis; we set

po(x,y) = xcosf + ysinf, (x,y) € R% 0 €[0, ).
So with our earlier notation
po = Py with @ = (cos 0, sin9).

We notice immediately that when & = O or & = 7, that is, when we project into
the coordinate axis, we get the Cantor sets C,; whose dimension is 1(1)‘;%;) = % d-
Looking more carefully at these projections with different angles 6 we easily
find a countable dense set of angles 6 for which py(C(d)) is a Cantor set in R
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with dimension strictly less than s,. This happens always when p, maps two
different squares Qy ; exactly onto the same interval. However, this behaviour
is exceptional due to Marstrand’s general projection theorem 4.1.

We now turn to the one-dimensional Cantor set C(1/4). Observe that
po(C(1/4)) is an interval when tan® = 1/2. Soon we shall get precise infor-
mation about other projections too. We have also H!(C(1/4)) = V2, see com-
ments in Section 10.5. We shall now prove the following.

Theorem 10.1
El(pg(C(1/4))) =0 foralmostall 0 € [0, 7).

The following elementary proof is due to Peres, Simon and Solomyak
[2003]. Another proof is given by Kenyon [1997], which we shall also present
below. It gives a sharper result, which in particular implies that there are only
countably many directions 6 for which LY po(C(1/4))) > 0. The set of such
directions is countably infinite and dense.

Setnow C = C(1/4). We can write

A
i=1

0), c3 = (0 3), cy = (% %) Hence, writing again

where ¢ = (0,0), ¢, = (3 7

I
0 = (cos 0, sin6),

4

1
po(©)=J (ZPG(C) +6- ci) CR.

i=1
Let us first look more generally at this type of self-similar subset of R. Let
K C R be compact such that for some integer m > 2 and some dy, ..., d,, € R

(d; # d; fori # j),
m 1
K = K; ith K; = —K +d;.
iL:JI w1 P +

Lemma 10.2

(1) LY(K; N K;)=0fori # j.
(2) K; NK; # O for somei # j.

Proof (1) follows easily from

m m 1
LK) <Y LYK=Y —L'(K)=L'(K).
2K =2,



130 Projections of the four-corner Cantor set

If K;,NK; = for all i # j, then for some ¢ >0 the open &-
neighbourhoods K;(¢) of the K; are also disjoint. The e-neighbourhood of
K, = miK + d; is (%K)(s) +d; = miK(ms) + d;, whence

LY(Ki(e)) = L <1K(m8)> = iﬁl(K(ms)).
m m
It follows that

1 _ N 1 . _ - l 1 —_ rl
LUK () =) L'(Kie) = ; — L' (K (me)) = L!(K (me)).

i=1

This is a contradiction, since K (&) is a strict subset of K(me) and both are

bounded open sets. O
Since
K—ll(—i-al—1 CJ ]K—i-d —i—d—LmJK
t—m 1—m = m J I_j_l i,j»

where K;; = mlzK + %d, + d;, we can write K also as the union of the m?
sets K;;. Set

T={1,...,m},
T*={u:u=(,....,ip), i;€l}, k=12,....
Then for each k,

K = U K,, where K, =m*K +d,.
u€rLk

The translation numbers K, were defined above for k = 1, 2, and the general
case should be clear from this.
The following notion is due to Bandt and Graf [1992].

Definition 10.3 Let ¢ > 0. We say that K, and K, are e-relatively close if
u, v € I¥ for some k, u # v, and

|d, —d,| < ed(K,) = ed(K)m™*.
Observe that this means that
K, =K, +x
with x = d, —d, and |x| < ed(K,,).

Lemma 10.4 If for every ¢ > 0 there are k and u,v € IF with u # v such
that K, and K, are e-relatively close, then L'(K) = 0.
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Proof To prove this suppose £!(K) > 0 and let 1/2 <t < 1. Then there is
some interval I such that £Y(K N T) > t£Y(I). Pick small ¢ > 0 and K,
and K,, u,velr u # v, which are e-relatively close. By an iteration
of Lemma 10.2(1) £Y(K, N K,) = 0. Setting I, =m*I +d, and I, =
m=*I +d,, LYK, N 1,) > tL'(1,), L' (K, N 1,) > tL'(I,) and L' (I, \ I,,) <
ed(K)m™*. It follows that

2em~* LN = tL£Y(1,) + tLY(1)
<cNK,N1L)+ LYK, N 1) =LK, NI)U(K,NL))
< LY + LY, \ L) < (L) + ed(K ))m™.

This is a contradiction if ¢ is sufficiently small. O

Proof of Theorem 10.1 We now return to the proof that £'(ps(C)) = 0 for
almost all 8. Let py(C) = C? to fit more conveniently with the notation Cf
above. For ¢ > 0 let

Ve=1{0€[0,7):3k, u, vsuchthatu,v e I* u #v

and Cff and Cﬁ are e-relatively close}.
It follows from Lemma 10.4 that it suffices to show that for every ¢ > 0,

L([0, 7)\V:) = 0.
Then also ﬁl([O, 7\ ) VS) = El([O, )\ F% Vl_) =0.Solete >0and0 €
e>0 j=1 "

[0, 7). By Lemma 10.2(2), C/ N C # & for some i # j. This means that
there are x € C; and y € C; such that pox = pyy. Let k > 1 be an integer.
Then x € C, and y € C,, for some u, v € I* with u # v. Let 6y € [0, ) be
such that pg,(C,) = pg,(C,) (that is, pg, maps the squares of side-length 47
which contain C, and C, onto the same interval). Then |6 — 6y| < c4™* with
some ¢ > 1 independent of k. Moreover, C% and C% are ‘O-relatively close’,
and a simple geometric inspection shows that C;; and C¢ are e-relatively
close when |¢ — 6| < be4™*, where 0 < b < 1 is independent of k. Hence
[6 —2c47%, 0 4+ 2¢47%]1 N V, contains an interval of length be4~*. Since this
is true for every k, it follows that £'([0, )\ V) = 0 as required. ]

10.3 Kenyon’s tilings and projections of C(1/4)

Here we shall give the proof of Kenyon for the fact that almost all projections
of C = C(1/4) have measure zero. In fact, we shall derive, following Kenyon
[1997], much more precise information about the projections. Instead of
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projections we shall consider essentially the same mappings 7; : R*> — R,
t >0

m(x,y) =tx +y.

Theorem 10.5 can of course be immediately turned into a statement for the
projections pyg.
For any positive integer m, let m* € {1, 2, 3} be defined by

m* = md=J mod 4

where jo is the largest integer j such that 4/ divides m. So 6% = 2,20* =
1,112* =3, and so on. If t = p/q is a positive rational in the reduced form,
that is, p and ¢ are positive integers having 1 as their greatest common divisor,
then one quickly checks that p* and ¢* cannot both be even.

Theorem 10.5 Lett > 0.

(a) Ift is irrational, L' (,(C)) = 0.
If t = p/q is rational in the reduced form, then

(b) L'(m,(C)) = 0and dim 7,(C) < 1, provided both p* and q* are odd (that
is, 1 or3),

(¢) 7,(C) contains a non-degenerate interval and it is the closure of its interior,
provided either p* or q* is even.

Proof Kenyon’s main idea is to study tilings of R with translates of certain
self-similar subsets of R. By a tiling of an open interval / C R we mean a
covering of / with measurable sets A, Aj, --- C R such that ﬁl(Aj NnIl)y=20
forall j and £L'(A; NA;) = 0fori # j.

For the proof we shall use the arithmetic expression (8.3) for C(1/4):

o0
C=1{>3-47(e .60)) e €40, 1}

Jj=1

Then

o0
m(%C):B,:: Z4‘jsj:eje{0,l,t,t+1} ) (10.2)

j=1

We shall now concentrate on the linear sets B, forgetting about C. We restrict
tot € (0, 1], which we may since B, = ¢tB1 fort > 0. Then B, C [0, 2/3].
First we make some simple observations. Obviously Bj is the same as
the standard Cantor set C/4 (scaled to the interval [0, 1/3]), so it has Haus-
dorff dimension 1/2. Similarly, B; is also a simple Cantor set of dimension
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log 3/1log 4. On the other hand,
B, =10,1] and B;p =10,1/2].

Observe also that B, is self-similar. More precisely,

oo
5= U Y 47Vejtei/die; €40, 1,00+ 1}
e1€{0,1,r,0+1} | j=2

= U B+

1€{0, 10,041}
We shall also study dilations of B, and we write the above formula as
4B, = B, + {0, 1,t,t + 1} =: B, + V,. (10.3)
Iterating this we have
4"B, =B, +V, form=1,2,..., (10.4)
where, for ¢ € (0, 1],

V=10, L, t,t + 1} + 40, 1, ¢, ¢ + 1} +---+4"710, 1, ¢, + 1} C[0,4™].
(10.5)
From (10.3) we see as in Lemma 10.2 that

AL\B) = L'4B) < Y L'(B, +v) =4L'(B)),

veV
so L'((B; + v)) N (B; + vp)) = 0 for vy, v; € Vi, v; # v,. Similarly, the dif-
ferent translates of B, in (10.4) intersect in measure zero:
LY(B, +v)N (B, + 1) =0 forv, vy €V,,v; #vy,m=1,2,....
(10.6)

We shall now prove four lemmas. Part (a) of Theorem 10.5 obviously follows
Lemmas 10.6 and 10.9.

Lemma 10.6 If £'(B,) > 0, then B, contains a non-degenerate interval.

Lemma 10.7 If B; contains a non-degenerate interval, it is the closure of its
interior.

Lemma 10.8 If #V,, < 4™ for some m = 1,2, ..., then L'(B,) =0, and
moreover,

log #V,,
mlog4’

dim B; <



134 Projections of the four-corner Cantor set

Lemma 10.9 [f B, contains a non-degenerate interval, then t is rational.
Proof of Lemma 10.6 As L'(B,) > 0, B, has a point of density x. Then

lim £'@™(B, —x)N[=1,1) = lim 4"C' (B, N[x =47, x +47"])=2,
m—00

m—>00

or equivalently by (10.4),
lim LB+ Vi —4"x)N[-1,1]) = 2,
and further,
Jim LB, + W) N [=1,1]) =2, (10.7)

where W, is the set of v € V,, — 4" x for which (B, + v) N [—1, 1] # @. As
B, C [0, 1], we have B, + v C [-2,2] and v € [-2, 2] for v € W,,. Since the
sets B, + v are pairwise almost disjoint, we obtain

#W,, < 4/L'(B)). (10.8)

Thus the sets W,,,,m = 1,2, ..., are finite subsets of [—2, 2] with uniformly
bounded cardinality. It follows that some subsequence of them converges to a
finite set W C [-2, 2]. By (10.7),

LB, +W)N[-1,1]) = 2.

Thus (B; + W) N [—1, 1] is a dense closed subset of [—1, 1], so (B; + W) N
[—=1, 1] = [—1, 1]. Hence the finite union of closed sets B, + w, w € W, has
non-empty interior and so, as an easy topology exercise, some B; + w has
non-empty interior and Lemma 10.6 follows. O

Proof of Lemma 10.7 Let x € By, let I be an open interval contained in By,
and let y € 1. Then by (10.4) there are v,, € V,,,, m = 1,2..., such that x €
47B, +4 "y, and y,, :=4""y + 47", € 4" +47""v,, C B,. Thus the
points y,, are interior points of B, converging to x. O

Proof of Lemma 10.8 Let N = #V,,. By (10.4), B, = 47" B, + 47"V,,, and so
B, is covered with N translates of 47" B,. Iterating this we see that for every

k=1,2,..., B; is covered with N* translates of 4% B, each of them having
diameter at most 4 *"d(B;) < 47%" Lettings = nll"]ngAa, we have N¥(4=Fmy =
1 from which the lemma follows. O

Proof of Lemma 10.9 Suppose B, contains an open interval J. Then by
Lemma 10.8, #V,, = 4" foreverym = 1, 2, ..., that is, the expressions defin-
ing V,, have no multiple points.
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We have for all m,
lvi —va| > L1(J) for vy, vs € Vy, vy # v2; (10.9)

otherwise two translates of J by elements of V,, would intersect in a non-
degenerate interval which would contradict (10.6).

Fix a large integer N such that d(4~V B,) < d(J). By (10.4) B, is covered
with 4" almost disjoint translates, by elements of 4=V Vi, of 4=V B,. Therefore
for large enough N there are vy, v, € 4~V Vy with v; < v, such that

J1=4_N]+U1CJ,J2=4_NJ+U2CJ and JiNJ=a.

Let us extract from the covering of B, with4 VB, + v, v € 4 ¥V, a minimal
covering, that is a tiling, for J:

Jc |J @B+, vy ca V.

veV(J)

Then fori =1, 2,

J; C U @2NB, + 4Ny + v)).
vEV(J)

Set V(J;) = 47V V(J) + v;. Observe that V(J;) C 4 N Vy +v; C 472V Vo
We get the tilings of J; and J;:

hc | @B+,
veV(J))

hc |J @B+,
vEV ()

where the second is obtained from the first translating by v, — v;. Such tilings
are unique due to the almost disjointness of these translates. We shall use these
to find a periodic tiling of R with period v, — v;. First we shall construct a
tiling of J extending the above tiling of J;.

Let I} = (a, b) be the largest open interval such that

JiCIC U 42N B, + v).
veV(Jy)

Observe that (42VB, +v) NI, = @ for all v € 472N Vyu \ V(J)). Indeed,
if (472VB, +v)N 1, # @ for some v € 42N V,y \ V(J)), then this inter-
section would contain a non-degenerate interval by Lemma 10.7 and thus
472N B, + v would intersect some 42V B, + v’, v/ € V(J;), in a positive mea-
sure which would contradict (10.6). Since also d(4™2¥ B, + v) < d(4™NJ) =
d(Jy) < d(I), every set 472V B, + v, v € 472V V,u \ V(J)), lies either to the
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left or to the right of 7. The sets 472V B, 4+ v, v € 472NV, cover J but none
of them for v € V(J;) contains a neighbourhood of b (by the maximality of ;).
Hence, as the sets 472V B, 4 v are closed, there exists v(b) € 42N Vo \ V(J})
such that B; 4+ v(b) contains b, and then it contains b as its left extreme point.
For any other 472V B, 4+ v, v € 472NV, \ V(J)), on the right of I}, the left
extreme point must be at least b + 472N L) by (10.9). Therefore the sets
47NB 4y, v e W, = V(J)U {v(b)}, cover (a, c¢) for some ¢ > b. Let b,
be the largest of such numbers c, that is, let I, = (a, b,) be the maximal open
interval for which

L ChC U 472V B, +v).

veW,

Observe in passing that the above argument shows that any extension of a
tiling of an open interval with translates of 4=>" B, is unique.

We can repeat the same procedure obtaining W, := W; U {v(b,)} and the
maximal open interval

I =(a,by)C | @B +v),

vEW,

with by > b, + L£1(J). We continue this until, after finitely many steps,
we cover the right end-point d of J. On the way we find again the
unique tiling of J, with the translates 472N B, + v, v € V(J,), which, as we
already stated, is the translate by r := vy — v, of 472V B, +v,v € V(J)).
Hence the tiling of (a,d) we have found is periodic with period r in the
sense that if 42V B, + v, v € V. C 472N V,, tile an interval Iy C (a, d), then
472NB, + v +r,v €V C 47N Vyy, tile the interval Iy + r provided it is con-
tained in (a, d). Consequently we can extend this tiling to an r-periodic tiling of
(a, 00) by periodicity. Multiplying by 4" we geta p = 4>V r-periodic tiling of
(4*Na, oo) with tiles B, 4+ v, with v € V,y for the tiles meeting (4* a, 4?Vb).
We can do the analogous construction to the left of J;. Using again the
uniqueness of these tilings we get a p-periodic tiling of the whole line R:

R=|JB +w). (10.10)
weWw
Here W is a discrete subset of R. Moreover, by periodicity, W = A + pZ for
some finite set A. The interval (4*Va, 4" b) is covered with tiles B, + v for
which v € Vay.
Multiplying this tiling by 4™ and using (10.4) once more, we obtain

R = U U(B,+v+4mw). (10.11)

weW veV,,
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For large m > 2N only the tiles B; + v+ 4"w with w =0 meet
4*Na, 4’V b). Since Voy C V,,, we conclude that (10.10) and (10.11) induce
the same tiling for (4*N a, 4°N b), whence these tilings of R must be identical
by our previous observation about uniqueness.

Since (10.11) was obtained from (10.10) multiplying by 4™, the inter-
val (4*N+mg 42N+mpy is covered with tiles of the form B, + v + 4" w, v €
Vin, w € Vo, which further are of the form B; + v, v € Voy4+,,. Each v €
Van+m can be written as

o0
v= (e;+m4, ejn; €0, 1}, (10.12)
Jj=0

where ¢; = n; = 0 for all but finitely many values of j. Using (10.4) and
the fact, stated at the beginning of the proof, that there are no multiple points
for V,,, we see that both terms of the form v = Z?‘;o 4g; e W,e; €40, 1},
and of the form v =3Y%2,4/tn; € W,n; € {0, 1}, are needed to cover
(@N+mg 42N+mpy c 42NTm B Since W = A + pZ with A finite, we see,
letting m — oo, that there are two different sequences (¢;) and (8}) and two
different sequences (1) and (1) such that both (finite sums) Z?io(e = 8;)4j
and 1 3~72(n; — n;) 4/ are integer multiples of p. This obviously implies that
t is rational and completes the proof. O

It remains to study the rational case. Let t = p/q with the irreducible
expression. Let us first check

Lemma 10.10 [feither p* or g* is even, then #V,, = 4™ forallm = 1,2, ....

Proof We write again

m—1
V=1 (e + 4 1 ej.m; €40, 1}
j=0
The assertion of the lemma is that there are no multiple points for the sums
above. This means that for any rational » the equation

o o0
Z 8(,~4j +t Z nj4j =r

j=—00 j=—00

has at most one solution among ¢;, n; € {0, 1} which are non-zero only for
finitely many j; the extension of the summation to negative values of j is no
problem as the reader easily checks considering a suitable 4%r. With a bit of
algebra this allows us to assume that p = p* and ¢ = ¢*.
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The property of no multiple points means now that the equation

(o) o0 o0 (o)
) e +p) nA =q) ¥ +p) md
=0 =0 =0 =0

has only the solutions &; = ¢/, n; = n/; among ¢;, &, n;, 7 € {0, 1} which
are non-zero only for finitely many j, or equivalently that the equation

o0 o0
g v+ p > =0 (10.13)
=0 j=0

has only the trivial solutions y; = A; = 0 among y;, A; € {—1,0, 1} which
are non-zero only for finitely many ;.

Suppose now that this last equation holds for p = p* and ¢ = ¢*, and either
p* or ¢* is even. Then

o+ p =0 mod 4.

Since p* = 2and¢* = lor3,org¢* = 2and p* = 1 or 3, this is only possible
if y9 = Ao = 0. Knowing this, we deduce from (10.13) that y; = A; = 0, and
soon, y; = A; = 0 forall j. Thus there are no multiple points for the original
sums, and the lemma follows. O

To finish the proofs of the statements (b) and (c) of Theorem 10.5 we
introduce a measure i on B;. Let u,, be the probability measure on 4~ "V,
giving equal measure 1/#V,, to all of its points. We can extract a subsequence
which converges weakly to a probability measure @ on B, (since 4~"V,, C B;).

Suppose now that #V,,, = 4™ for all m = 1,2, .... By Lemma 10.10 this
is the case if either p* or ¢* is even, but we shall use the statement obtained
below also in the opposite case. Since w,({v}) =4~ for all v € V,, and
|vy — vy > 1/q for all vy, v, € V,,, v1 # vy, we have for any interval J of
length at least 1/(g4™), w.(J) < 2¢g.L'(J), whence also

w(J) <2qLJ). (10.14)

This implies that p is absolutely continuous and thus L!(B;) > 0. By
Lemmas 10.6 and 10.7 this finishes the proof of the statement (c) of
Theorem 10.5.

We have left (b). We shall now show that if p* and ¢* are both odd, the
Fourier transform of 1« does not tend to zero at infinity, consequently p is not
absolutely continuous. Above we showed that this yields that #V,,, < 4™ for
somem = 1,2, ..., and then appealing to Lemma 10.8, (b) follows.
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So let us now proceed to study the Fourier transform of w. Using (10.2) and
calculating as in Chapter 8 we find that

ﬁ(u) — ;)o l%(l te —2mid~ Iy toe —2mwid~ I tu +g—2ni4_’(1+1)u)
_ HOO (1 +e —2mid4™ /u)(l —2ﬂi4_/tu)
12 .

Using again the formula M = ¢/*/?

cos(x/2), we obtain
[i(u)| = |H ° cos(md™ /u)Hoo L cos(rdV tu)|.
Recalling that # = p/g and taking u = g4™, m € N, we get
[(uw)| = |1'I’" | cos(md™™ j )1'[] 1 cos(wd" I q)

x T} cos(w4™™ J )l'I<_m+1COS(7T4m_jP)|-

The products from 1 to m equal 1. The products from m + 1 to oo are indepen-
dent of m, and the only way they could vanish is that at least one factor should
be zero. But this is impossible when p* and ¢* are odd.

It follows that if p* and ¢* are both odd, the Fourier transform of x does
not tend to zero at infinity, which completes the proof of Theorem 10.5. O

10.4 Average length of projections

Since L£!(py(C(1/4))) = 0 for almost all & € (0, ), the integrals

L= / £ (po(U*)) d6
0

1
tend to O when k tends to oo; recall the definition of U} from (10.1). But how
fast do they converge? Theorem 4.3 gives easily the lower bound

/n L (pe(UY)) a0 = k7. (10.15)
0

To prove this it is enough to check that I1(uy) < k when i is the normalized
Lebesgue measure on U, kl /* and then apply Theorem 4.3. Bateman and Volberg
[2010] improved this to

/” L (pe(U)) d6 = (oghyk™". (10.16)
0

Getting good upper bounds has turned out to be a very difficult problem.
Using the notion of e-relative closeness more effectively Peres and Solomyak
[2002] derived a quantitative, but rather weak, upper bound. This was consider-
ably improved by Nazarov, Peres and Volberg [2010] who proved with delicate
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Fourier analytic and combinatorial arguments that for every § > 0,

/ L' (po(Uy") do <5 k27°. (10.17)
0

Several authors developed this technique and result further. Laba and Zhai
[2010] proved similar upper bound estimates for more general Cartesian prod-
uct Cantor sets. They also used the tiling methods of Kenyon [1997], which
we discussed above, and of Lagarias and Wang [1996]. Bond, Laba and
Volberg [2014] extended these results to larger classes of product sets. Bond
and Volberg [2010] managed without product structure proving an estimate of
the type (10.17) for the one-dimensional Sierpinski gasket. Bond and Volberg
[2012] proved the upper estimate [, < e—V10ek for rather general self-similar
constructions with equal contraction ratios and without rotations. Bond and
Volberg [2011] proved the lower bound (10.16) with orthogonal projections
replaced by circular transformations. Bond, Laba and Zhai [2013] studied the
analogous question for radial projections from points. Peres and Solomyak
[2002] showed that the estimate I; ~ k~' holds almost surely for some ran-
dom Cantor sets. A good survey on this topic was given by Laba [2012].

A lower bound of the type (10.15) was proved in Mattila [1990] for a much
larger class of sets, without any self-similarity assumptions. Tao [2009] proved
an upper estimate for a very general class of sets.

The integral fon L'(pe(U)) db gives the probability for a random line in the
plane to meet the set U. Therefore it is often called Buffon’s needle probability
as a generalization of Count Buffon’s famous eighteenth-century problem in
geometric probability.

10.5 Further comments

As mentioned before, the proof we gave for Theorem 10.1 is due to Peres,
Simon and Solomyak [2003]. It is also given in Bishop and Peres [2016],
Section 9.5.

The presentation for the proof of Theorem 10.5 was based on Kenyon [1997]
and influenced by Kahane [2013]. Very precise information about tilings of R
was obtained by Lagarias and Wang [1996].

Theorem 10.5 left open what are the Hausdorff dimensions of the projections
for the irrational values of ¢ and for the rational ¢ in the case (b). For the
latter Kenyon [1997] gave a formula in the case of the Sierpinski gasket,
Corollary 10 in his paper, but the same method works for our set C. We
know by Marstrand’s projection theorem that dim,(C) = 1 for almost all
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t € R. Furstenberg conjectured that this would hold for all irrational 7. Recently
Hochman [2014] verified this conjecture.

The four-corner Cantor set is an example of a self-similar set without rota-
tions. That is, the generating similarities are composed only of dilations and
translations, which makes it possible to check the dimension drop in many
directions. Peres and Shmerkin [2009] proved that for many planar self-similar
sets with rotations the situation is quite different; there are no exceptional direc-
tions for the dimension preservation. More precisely, let K = U?’ZIS i(K) be
a self-similar set such that S;(x) = r;g;(x) +a;,0 <r; <1,g; € 02),a; €
Rz,j =1, ..., N.If the subgroup of O(2) generated by g;, j =1,..., N,is
dense in O(2), then

dim py(K) = min{dim K, 1} for all 6 € [0, ).

Very roughly the idea is the following. By Marstrand’s theorem 4.1 there are
projections for which the dimension is preserved, assuming dim K < 1. Thus
an approximation of K at a small scale § > 0 satisfies a kind of discretized
8 level dimension preservation. The self-similarity, the denseness assumption
and an ergodic theorem imply that similar configurations appear at arbitrary
small scales in every direction.

Nazarov, Peres and Shmerkin [2012] proved related results for convolutions
of self-similar measures. Earlier Moreira [1998] had proven similar results
for attractors of some non-linear dynamical systems. These are now included
in a very general result of Hochman and Shmerkin [2012]. They proved the
dimension preservation for a large class of sets and measures, and not only for
projections, but for all non-singular C! maps. Other related results are due to
Ferguson, Jordan and Shmerkin [2010] and Farkas [2014].

Fulfilling the above program of Peres and Shmerkin is far from trivial. But
it does not seem to give an answer for the analogous question when dim K >
1: is then £'(py(K)) > 0 for all 6 € (0, w)? However, Shmerkin [2014] and
Shmerkin and Solomyak [2014] have later proved that the exceptional set in
this and many other similar settings has dimension zero.

Originally the fact that C(1/4) projects into a set of measure zero in almost
all directions is due to Besicovitch. It follows from his general theorem that
any purely unrectifiable plane Borel set with finite one-dimensional Hausdorff
measure has this property. The pure unrectifiability means that the set meets
every rectifiable curve in zero length. For the proof and related matters, see, for
example, Falconer [1985a], Section 6.4, or Mattila [1995], Chapter 18.

For the values of d other than 1/4 there are several open problems about the
Hausdorff dimension and measures of the projections py(C(d)). Again Theo-
rem 4.1 tells us thatif d < 1/4, thatis, dim C(d) < 1, then dim py(C(d)) = s4
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for almost all 6. But what can be said about the measures? For example for
what values of d is H*(pg(C(d))) > O for almost all 6? This is true when
d < 1/9 by an easy argument, see Mattila [2004]. This argument shows for
all 0 < d < 1/4 that H*(pe(C(d))) > 0 for a non-empty open set of angles
6. Peres, Simon and Solomyak [2000] proved that when 1/6 < d < 1/4, then
also the set of 8 with H*(py(C(d))) = 0 has positive measure. It is not known
what happens when 1/9 < d < 1/6.

The four-corner Cantor is sometimes called Garnett set or Garnett—Ivanov
set. This is because Garnett and Ivanov showed in the 1970s that it has zero
analytic capacity. Later many people studied it and related sets in connection
with analytic capacity and the Cauchy transform. One can consult Chapter 19
of Mattila [1995] and in particular Tolsa’s book [2014] for this.

Often it is not easy to compute the exact value of the Hausdorff measure even
for fairly simple fractal sets. Davies gave in 1959 a simple elegant proof for
the fact that H'(C(1/4)) = V/2; this is unpublished, I am grateful to Kenneth
Falconer for this information. Xiong and Zhou [2005] established formulas for
the measures of a class of Sierpinski carpet type sets, including C(1/4). These
sets have dimension at most one. Computing the measure for sets of dimension
bigger than one seems to be much harder. For example, the exact value for the
von Koch snow-flake curve appears to be unknown.
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Besicovitch sets

We say that a Borel set in R", n > 2, is a Besicovitch set, or a Kakeya set, if
it has zero Lebesgue measure and it contains a line segment of unit length in
every direction. This means that for every e € S"! there is b € R" such that
{te +b:0 <t < 1} C B.Itis not obvious that Besicovitch sets exist but they
do in every R”, n > 2, as we shall now prove. We shall also show that their
Hausdorff dimension is at least 2. Moreover, we shall discuss related Nikodym
and Furstenberg sets.

11.1 Existence of Besicovitch sets

We show that Besicovitch sets exist using duality between points and lines.

Theorem 11.1 For any n > 2 there exists a Borel set B C R" such that
L"(B) = 0 and B contains a whole line in every direction. Moreover, there
exist compact Besicovitch sets in R".

Proof 1t is enough to find B in the plane since then we can take B x R"~2 in
higher dimensions.

Let C C R? be a compact set such that 7(C) = [0, 1], where 7 (x, y) = x
for (x,y) € R?, and L' (ps(C)) = 0 for £ almost all 6 € [0, 7). Here py is
again the projection onto the line through the origin forming an angle 6 with
the x-axis. We can take as C a suitably rotated and dilated copy of C(1/4)
or we can modify the construction of C(1/4) by placing the first four disjoint
closed squares of side-length i inside [0, 1] x [0, 1] so that their projections
cover [0, 1]. Consider the lines

la,b)={(x,y):y=ax +b}, (a,b)eC,
and define B as their union:

B= |J t@b)={x.ax+b):x €R, (a.b) € C}.
(a,b)eC

143
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From the latter representation it is easy to see that B is o-compact and
hence a Borel set. If we restrict x to [0, 1], B will be compact, which will give
us compact Besicovitch sets. Since 7(C) = [0, 1], B contains a line £(a, b)
for some b for all 0 < a < 1. Taking a union of four rotated copies of B we
get a Borel set that contains a line in every direction. It remains to show that
L3*(B) = 0.

We do this by showing that almost every vertical line meets B in a set of
length zero and then using Fubini’s theorem. For any ¢ € R,

BN{(x,y):x=t}={(t,at +b):(a,b) € C}
(11.1)
= {t} x m(C),
where m;(x,y) =tx + y. The map 7w, is essentially a projection py for
some @, and hence we have £'(77,(C)) = 0 for £' almost all + € R. Thus
L3(B) = 0. O

11.2 Hausdorff dimension of Besicovitch sets

Reversing the above argument, we now use the projection theorems of Chapter 4
to prove that Besicovitch sets must have Hausdorff dimension 2 at least.

Theorem 11.2 For every Besicovitch set B, dim B > 2.

Proof If B is a Besicovitch set in R” and IT is the projection, I1(x) = (x1, x2),
then TT(B) is contained in a Gs set B’ which contains a unit line segment
in every direction and for which dim B’ = dim I1(B) < dim B. Thus we can
assume that B is a G Besicovitch set in the plane. For a € (0,1),b € R
and g € Q denote by I(a,b,q) the line segment {(q +t,at +b):0 <
t <1/2} of length less than 1. Let C, be the set of (a,b) such that
I(a,b,q) C B. Then each C, is a G;-set, because for any open set G, the
set of (a,b) such that I(a,b,q) C G is open. Since for every a € (0, 1),
some [(a, b, q) C B, we have m(UyeqCy) = (0, 1), with 7(x, y) = x, and
so there is ¢ € Q for which H'(Cq) > (0. Then by Theorem 4.1, for almost
all t € R, dimm,;(C,y) = 1, where again m;(x, y) = tx + y. We have now for
0<t=<1/2,

{q—i—t}xn,(Cq)
={(g+t,at+b):(a,b)e Cy} CBN{(x,y):x =q +1}.

Hence for a positive measure set of ¢, vertical z-sections of B have dimension 1.
By Proposition 6.6 we obtain that dim B = 2. O
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We give another proof for compact Besicovitch sets which shows more;
even the Fourier dimension is at least 2. Recall from Section 3.6 the definition
of the Fourier dimension dimg and the fact that dimy < dim.

Theorem 11.3 For every compact Besicovitch set B, dimp B > 2.

Proof We first skip the measurability problems and return to them at the end of
the proof. For e € S§"~! let a, € R” be such that a, + te € B forall 0 < ¢ <
1. Fix a non-negative function ¢ € C$°(R) with spte C [0, 1] and [ ¢ = 1.
Define u € M(B) by

1
/.gd,u =/ / g(a. + te)p(t)dt do" ‘e
s=1Jo

for continuous functions g on R". Let0 < o < 1 and & € R” with || > 1. The
Fourier transform of u at £ is given by

ﬁ(g_—) — / /e—ZniE-(ae"rte)(p(t) dt dUn_le,
Sn—1

which yields
)| < / & - o) do" e
Srl—]

Letn >0and S;, = {e € S" ' : |&-¢e| < nl&]}. Then 0"~ !(Ss ;) < n and so
forany N > 1,

7| Sy n+ gD~

Choosing n = |£]7% and N such that N/(N + 1) = «, we have

)] S [E177

This yields dimp B > 2.

The measurability problem disappears if ¢"~! is replaced by a discrete
measure oy = Z;":'l Ck,jOe, ;- The above proof goes through if o} satisfies
ox(S" 1) <1 and 0k(Sg,) S n for k > k,. We leave it as an easy exercise for
the reader to check that o”~! can be written as a weak limit of such measures oy.
Then for a given & € R” with |§| > 1, the corresponding measures p; satisfy
[k (8)] <o |&|7¢ for large k. Moreover, they converge weakly to a measure
u € M(B) with [1x(&)| So |E]7, which completes the proof. O

Both proofs above give more. Let us consider this in the plane. Suppose that
B C R? is a Borel (compact in the case of Theorem 11.3) set and E C S' is
a Borel set such that dim £ = s and B contains a unit line segment in every
direction ¢ € E. Then dim B > s + 1 and dimy B > 2s. The first statement
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follows when one applies the generalization of Proposition 6.6 mentioned in
Section 6.4. For the proof of the second statement one replaces o' by a Frostman
measure on E.

To find good lower bounds for the Hausdorff dimension of Besicovitch sets
is an interesting problem to which we shall return extensively. The conjecture,
usually called Kakeya conjecture, is:

Conjecture 11.4 Every Besicovitch set in R" has Hausdorff dimension r.

This is true for n = 2 and open for n > 3. One can state the corresponding
conjectures for the upper and lower Minkowski dimensions and for the packing
dimension. In the plane they follow from the Hausdorff dimension version and
for n > 3 they too are open.

Recall from the Introduction the connection to Stein’s restriction conjecture.
We shall return to this in Chapters 22 and 23.

Now we go back to orthogonal projections and use Besicovitch sets to show
that in the plane there is no non-trivial analogue of Theorem 4.2:

Example 11.5 There is a Borel set A C R? such that dim A = 2, and even
L2(R*\ A) = 0, but the interior of py(A), Int ps(A), is empty for all 8 € [0, 7).

Proof Let B be the Besicovitch set of Theorem 11.1 and
A =R%\ U(B+q).
qeQ?
Then A has all the required properties. O

Let us still make a simple observation about the relations between different
dimensions of Besicovitch sets:

Proposition 11.6 Iffor all n every Besicovitch set in R" has Hausdorff dimen-
sion at least n — c(n), where lim, o c(n)/n = 0, then for all n every Besicov-
itch set in R" has packing and upper Minkowski dimension n.

Proof The packing, dimp, and upper Minkowski, dim,,, dimensions were
defined in Section 2.3. Since dimp < ﬁM, it is enough to consider the
packing dimension. The only properties we need for it are the trivial inequal-
ity dim < dimp and the simple product inequality (see, e.g., Mattila [1995],
Theorem 8.10):

dimp(A x B) < dimp A + dimp B.

This holds for the upper Minkowski dimension, too, and is even simpler.
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Suppose we have a Besicovitch set B in R” of packing dimension less than
n. Then forlarge k € N,dimp B < n — c(kn)/(kn). But this gives for the k-fold
product BF C R¥,

dim(B*) < dimp(B*) < kdimp B < kn — c(kn),

which is a contradiction, since BF is a Besicovitch set in R¥", O

11.3 Nikodym sets

In 1927 Nikodym [1927] constructed a kind of relative of Besicovitch sets;
a Borel set A in the unit square [0, 1] x [0, 1] such that L*(A) =1 and for
every x € A there is a line L through x for which L N (A \ {x}) = &. Davies
[1952a] simplified Nikodym’s construction and also showed that it is possible
to construct the set A so that there are uncountably many lines through every
x € A which meet A only at x. Davies’s construction of Nikodym sets is
presented in de Guzman’s book [1981] too.

We shall call Nikodym sets the complements of sets like A. More precisely,
we say that a Borel set N C R” is a Nikodym set if L"(N) = 0 and for every
x € R" thereis aline L through x for which L N N contains a unit line segment.

As Besicovitch sets, Nikodym sets allow a dual construction based on pro-
jections. We shall present it below in the plane following Falconer [1986].
This paper also contains higher dimensional formulations and other interesting
and surprising related results and phenomena, see also Chapter 7 in Falconer
[1985a] and Chapter 6 in Falconer [1990]. In particular, the following theorem
is valid in R” for any n > 2 with lines replaced by hyperplanes.

Theorem 11.7 There is a Borel set N C R? such that L>(N) = 0 and for
every x € R? there is a line L through x for which L \ {x} C N.

For an arc G in G(2, 1) (identifying G(2, 1) with S') we let 2G be the
arc with the same centre as G and with double length. Recall that P, is the
orthogonal projection onto the line L € G(2, 1).

Lemma 11.8 Ler Q C R? be a square, £; > 0,j =1,2,..., and let G; be
subarcs of G(2,1) such that Gy D Gy D .... Then there are compact sets
C; C R? such that C,>C, D ..., and QNL C Pr(C;) for L € G; and
HU(PL(C))) < &j for L € G2,1)\ 2G;.

Proof This follows by the iterated Venetian blind construction. The idea of the
construction is presented in Figure 11.1. There a line segment is replaced by
many short parallel line segments. These project into small length in directions
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Figure 11.1 Venetian blinds

belonging to a small neighbourhood of the direction of these line segments,
but outside a slightly bigger neighbourhood their projection contains that of
the original segment. Next all these segments are replaced by many much
shorter parallel line segments in a different direction. Then two intervals result
where the union has small projection, but still nothing is lost in most directions.
Iterating this in a suitable manner we find a finite union B; of line segments such
that Q N L C P.(B))forL € GyandH'(P.(B))) < &, forL € G(2, 1)\ 2G,.
Enclosing each of these segments into a sufficiently narrow closed rectangle,
the union of these will have the same properties as Bj. This is our first set
C;. Next we can perform a similar process inside each of the rectangles to get
C, C C;. Continuing this yields the lemma. We leave the details to the reader,
or see Falconer [1986]. O

Lemma 11.9 For every L € G(2, 1) there is a Borel set A; C L such that
H'(AL) =0 and if x € L, then there is y € R* such that P.(y) = x and
Pp(y) € Ay forevery L' € G(2,1), L’ # L.

Proof Write R? = U2, Q,, where the Q,, are pairwise disjoint squares of
sidelength 1. Let Gy ; C G(2,1), j =1, L2k k= 1,2..., provide foreach
k a decomposition of G(2, 1) into dyadic arcs such that U;G; ; = G(2, 1),
2.1(Gr,j) = 27k and, in the usual way, each Gy ; splits into two disjoint
arcs Gyy1,j, and Gyyy j,. With the aid of Lemma 11.8 we find compact sets
Cuij CRY, j=1,...,25 k,m =1,2..., such that

Cm.kf,j/ C Cm,k,j if Gk/,j/ C Gk,j, (11.2)
O.NL C PL(Cm,k.j) forall L € Gr.j (11.3)

and

H (PL(Cpij) < 277" forall L € G2,1)\ 2Gy .
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Set

AL = ﬂ U PL(Cm,k,j)~

I=11<j<2%k>l.m>1,LEG(2,1)\2Gy;

Then H'(A.) = 0.

Let L e G(2,1) and x € L. Then x € Q,, N L for some m and there is a
sequence (ji) such that L € Gy ; forallk > 1. Thusby (11.3)x € Q,, N L C
Pr(Cpk,j) and we find y; € Cy, 1 j, such that Pp(yr) = x. Using (11.2) we
find a limit point y of the sequence (y;) which belongs to C,, x, ; for all k.
Clearly also P.(y) = x.

Suppose then that L' € G(2, 1) and L’ # L. Then for sufficiently large k,
L' & 2Gy j,. Therefore Pr/(y) € Ay, and the lemma follows. O

Proof of Theorem 11.7 We use the duality between lines and points induced by
the reflexion in the unit circle. For x € R?\ {0}, let L, € G(2, 1) be the line
through x, let x’ = |x|™2x and let M, be the line orthogonal to L, passing
through x’. Then y € M, if and only if the vectors y — x” and x are orthogonal,
that is, (y — [x|™2x)-x = y-x — 1 = 0. Since this is symmetric in x and y,
we have y € M, if and only if x € M. Observe also that y € M, if and only
if P (y) =x'.
For L € G(2,1)let A, C L be as in Lemma 11.9 and define

N={xeR*\{0}:x €A}

Then every line through the origin meets N in a set of length zero, so L2(N) = 0.
Let x € R?\ {0}. Then by Lemma 11.9 there is y € R? such that P (y) = x’
and Pr(y) € A forevery L € G(2,1),L # L,. Then y € M, and thus x €
M, Ifz € Myandz # x,theny € M ,s0z = P;_(y) € A;. and z € N. This
means that M, \ {x} C N.

We only considered x # 0. But replacing N by N U (N + a) for some
a € R?\ {0} we obtain the desired set. O

Analogously to the Kakeya conjecture we have the Nikodym conjecture:
Conjecture 11.10 Every Nikodym set in R" has Hausdorff dimension 7.

Now we show using a projective transformation that every Nikodym set
generates a Besicovitch set. Define

I . ~
F(X,x,) = —(&, 1) for(X,x,) €R" x, #0. (11.4)
Xn

If e € "1 with e, #0and a € R-LF maps the half-lines {re + (a,0) :
t # 0} onto the half-lines {u(a, 1) + ei(?, 0) : u # 0}. Hence F maps every
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Nikodym set, or even a set which contains a unit line segment in some line
through (a, 0) for all a € R"™!, to a set which contains a line segment in
every direction (a, 1), a € R"~!. Taking the union of finitely many dilated and
translated copies of these images one gets a Besicovitch set.

The following theorem is an immediate consequence of the above construc-
tion and Theorem 11.2:

Theorem 11.11 [f 1 < s < n and there is a Nikodym set in R" of Hausdorff
dimension s, then there is a Besicovitch set in R" of Hausdorff dimension
s. In particular, dim N > 2 for every Nikodym set N in R" and the Kakeya
conjecture implies the Nikodym conjecture.

Reversing the previous argument only gives partial Nikodym sets from
Besicovitch sets, lines going through all points of a fixed hyperplane. I do not
know if the Nikodym conjecture implies the Kakeya conjecture.

According to Lebesgue’s theorem on differentiation of integrals

1
;
3 L1(B)

/ fdL" = f(x) foralmostall x € R"
B

for any locally integrable function f. Here B — x means that the limit is taken
with balls B containing x and tending to x. The existence of Nikodym sets
implies easily that balls cannot be replaced with arbitrary rectangular boxes
even when f is a characteristic function. De Guzman’s books [1975] and
[1981] discuss extensively differentiation theory of integrals and validity of
such results with different classes of sets and functions.

11.4 Lines vs. line segments

We defined Besicovitch sets as sets of measure zero containing a unit line
segment in every direction, but we showed in Theorem 11.1 that there exist
sets of measure zero containing a whole line in every direction. In general, is
there a difference in the sizes of these types of sets? This question was studied
by Keleti [2014]. We present here some of his results.

First, as concerns Lebesgue measure there is a great difference. Let N be a
Nikodym set of measure zero as in Theorem 11.7. Then for every x € R? there
is an open half-line L, C N with end-point x. These half-lines cover a set of
measure zero, but the corresponding lines, and even the corresponding closed
half-lines, cover the whole plane.

For dimension the situation turns out to be different. Keleti posed the fol-
lowing line segment extension conjecture:
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Conjecture 11.12 1f A is the union of a family of line segments in R” and B
is the union of the corresponding lines, then dim A = dim B.

This is true in the plane:
Theorem 11.13 Conjecture 11.12 is true in R>.

We skip some measurability arguments, which are given in Keleti [2014],
and consider only the case where B is a Borel set parametrized by another
Borel set C as before. More precisely, we again let

l(a,b) ={(x,y):y =ax + b},

and we set
£(C) = | Jilta. b) : (a.b) € C}.

Notice that £(C) is a Borel set, if C is o-compact. If C is a Borel set, then
L(C) is a Suslin set, which also would suffice for the argument below.
For the proof of Theorem 11.13 we use the following lemma:

Lemma 11.14 [fC C R? is a Borel set, then
dim £(C)N{(z,y): y € R} = min{dim C, 1} foralmostallt € R.

Proof As in the proof of Theorem 11.1, we have L(C)N{(t,y):y €
R} = {t} x 7;(C), where m,(x, y) = tx + y. The lemma follows then from
Marstrand’s projection theorem 4.1. OJ

Proof of Theorem 11.13 As already mentioned, we only handle the case where
B = L(C) for some Borel set C. Let J(a, b) C I(a, b) be the corresponding
line segments composing A. We may assume that dimB > 1. Let 1 <s <
dim B. Decomposing C into a countable union, we can suppose that for each
(a,b) € C, J(a, b) meets two fixed line segments / and J which form the
opposite sides of a rectangle.

SetL,, ={x € R?:v-x =t} forv e S' t € R. By Theorem 6.7 we have
for o! almost all v € S!, dimL,, N B >s—1fort € T, where T, C R with
L'(T,) > 0. Fix such a non-exceptional unit vector v in a way that there are
parallel lines [y and /; which are orthogonal to v and which separate the line
segments / and J. Rotating the whole picture we may assume that v = (1, 0).
Let L, be the vertical line {(z, y) : y € R}. Thenly = L, and/; = L for some,
say, o < B.

We now have that for every (a, b) € C the line segment J(a, b) C I(a, D)
meets both lines L, and Lg. Hence L,, N A =L,, N B for all t € [, B].
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As above,
dimL,,NB>s—1 forteT,.
Since T, has positive measure we get by Lemma 11.14 that
dimL,, N B>s—1 foralmostalls e R.
Hence
dimL,;, NA>s—1 foralmostallt € [c, B].

Therefore Proposition 6.6 yields that dim A > s, from which the theorem
follows. O

If true, the line segment extension conjecture would imply the Kakeya
conjecture for the packing, and hence for upper Minkowski, dimension, and it
would improve the known Hausdorff dimension estimates (discussed in Chapter
23) in dimensions n > 5:

Theorem 11.15 (1) If Conjecture 11.12 is true for some n, then, for this n,
every Besicovitch set in R" has Hausdor{f dimension at least n — 1.

(2) If Conjecture 11.12 is true for all n, then every Besicovitch set in R" has
packing and upper Minkowski dimension n for all n.

Proof (2) follows from (1) by Proposition 11.6. To prove (1) we use the pro-
jective transformation F as in (11.4):

F(X,x,) = l()7, 1) for (X, x,) € R", x, #0.
For e € S"~! with e, # 0 and a € R""!, let L(e, a) be the punctured line
{te + (a,0) : t # 0}. As already observed, F maps it onto the punctured line
Z(e, a) = {u(a, 1)+ i('é’, 0) : u # 0}. If B is a Besicovitch set in R”, it con-
tains for every e € §"~! for some a, € R"~! a line segment J, C L(e, a,).
Thus F(B) contains a line segment on Z(e, a,)foreverye € S"~! with e, # 0.
The union of the line extensions of these segments contains {é(?, 0):e€
§"=1 e, # 0}, which is the hyperplane R"~! x {0} of Hausdorff dimension
n — 1. Hence, assuming Conjecture 11.12, dim F(B) > n — 1, which implies
thatdimB >n — 1. O

11.5 Furstenberg sets

The following question is in the spirit of Besicovitch sets: Let 0 < s < 1 and
suppose that F C R? is a compact set with the property that for every e € S!
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there is a line L, in direction e for which dim L, N F > s. What can be said
about the dimension of F? Wolff [2003], Section 11.1, showed that dim F >
max{2s, s + 1/2} and that there is such an F with dim F = 3s/2 + 1/2. The
lower bound 2s is easier and its proof resembles the proof of Theorem 22.9. In
Wolff [1999] he also connected this problem to the decay estimates of the L'
spherical averages of the Fourier transform. When s = 1/2 Bourgain [2003]
improved the lower bound 1 to dim F > 1 4 ¢ for some absolute constant
¢ > 0 using the work of Katz and Tao [2001]. Recall also Section 4.4 for the
discrete level results in Katz and Tao [2001]. D. M. Oberlin [2014b] improved
Wolff’s lower bound for a class of sets related to the four-corner Cantor set.
Some other recent results on this problem were obtained by Molter and Rela
[2010], [2012] and [2013].

The above question comes from Furstenberg and the sets appearing in it are
called Furstenberg sets. The origin seems to be the following remarkable result
of Furstenberg [1970]:

For a positive integer p a closed subset A C [0, 1] is called a p-set if
pPACAUA+1DU---U(A+ p—1). Suppose that p and g are not powers
of the same integer, A is a p-set, B is a g-set, C = A x B, and s > 0 is an
arbitrary positive number. If there is a line with positive, finite slope which
intersects C in a set of Hausdorff dimension greater than s, then for almost
every u > 0, there is a line of slope u intersecting C in a set of dimension
greater than s.

11.6 Further comments

Besicovitch [1919] was the first to construct a set named after him solving a
question on Riemann integrability. It was republished in Besicovitch [1928]. In
doing this he also solved a problem of Kakeya [1917]: in how small (in terms
of area) a plane domain a unit segment can be turned around continuously? The
answer is: arbitrarily small. But in the plane it is impossible to turn around a unit
segment continuously in a set of measure zero, as was shown by Tao [2008b].
However, in higher dimensions this is possible, as proven by E. Jarvenpaa, M.
Jarvenpaa, Keleti and Mathé [2011].

Laba [2008] has an interesting discussion on Besicovitch and his early work.

Fefferman [1971] was the first to apply these constructions to problems of
Fourier transforms, to the ball multiplier problem. We shall return to this later
as well as to other relations between Besicovitch sets and Fourier analysis.

Elementary geometric constructions of Besicovitch sets can be found, for
example, in Falconer [1985a], de Guzman [1981] and Stein [1993]. They are
based on the Perron tree. This is a construction where a triangle is divided
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A, SN
AN

Figure 11.2 Perron tree

into many subtriangles and they are translated in order to have large overlap,
whence a small area, but no directions of the unit line segments from the
original triangle are lost. Such a construction where a triangle 7 is partitioned
into eight subtriangles 7} is presented in Figure 11.2.

Simple and more analytic constructions are presented in Wolff [2003],
Chapter 11 (due to Sawyer [1987]), and Bishop and Peres [2016], Section 9.1.
Bishop and Peres also present a random construction of Besicovitch sets. In
that book it is also shown, a result due to Keich [1999], that the Lebesgue
measure of the §-neighbourhood of a Besicovitch set B can be < 1/1log(1/§).
This is optimal, as follows from Cérdoba’s Kakeya maximal function estimate,
Theorem 22.5. So this gives a sharp result on gauge functions with respect to
which the Minkowski contents of Besicovitch sets are positive. Keich’s paper
also contains partial results for generalized Hausdorff measures, but sharp
results for them seem to be unknown. Babichenko, Peres, Peretz, Sousi and
Winkler [2014] constructed Besicovitch sets using games. They also gave a
different proof for Keich’s estimate.

Besicovitch [1964] used his general projection theorem and duality between
points and lines to get a completely new way of finding Besicovitch sets. The
construction presented above is in the same spirit but followed Falconer’s
modification in Falconer [1985a], Section 7.3. Kahane [1969] showed, see
also Kahane [2013], that connecting {(_%x, 0):x € Cipafto {(%x + _%, ):x e
C\/4} (recall Chapter 8 for the notation) with all possible line segments gives
a Besicovitch set. Again the reason that this set has Lebesgue measure zero
is that almost all projections of the four-corner Cantor set C(1/4) have zero
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measure. Alexander [1975] related a compact plane set to every sequence
X1, X2, -+ € [0,2/3], in a way somewhat similar to that of Kahane. He showed
by an easy argument that for almost all such sequences it is a Besicovitch set.
Moreover, using the above projection property of a set like the four-corner
Cantor set, he showed that it is a Besicovitch set for every constant sequence
x;=x€[0,2/3].

Korner [2003] showed that Besicovitch sets are generic; one can show their
existence by the Baire category theorem. Fraser, Olson and Robinson [2014]
proved some other category properties of Besicovitch sets.

Theorem 11.2 is due to Davies [1971] and Theorem 11.3 to D. M. Oberlin
[2006a]. Later we shall give another proof for Theorem 11.2, due to Cérdoba,
and we shall obtain better lower bounds for the Hausdorff dimension of Besi-
covitch sets in dimensions bigger than two. Tao [1999a] used the projective
transformation (11.4) to associate Nikodym sets to Besicovitch sets and thus
the Kakeya conjecture to the Nikodym conjecture. The line segment extension
conjecture and the related results in Section 11.4, as well as Proposition 11.6,
are due to Keleti [2014]. Some further related results were obtained by Falconer
and Mattila [2015].

Another interesting open question is: for which pairs of integers (k, n),
0 < k < n,arethere Borel sets B C R" such that £"(B) = Oand B contains a k-
plane in every direction? We know that they exist when & = 1 for all n. They do
not exist when k > 7. This follows from Corollary 5.12 by the same argument
we used for Example 11.5: if such a set B exists, then A = R"\ qu@,,(B +q)
would contradict Corollary 5.12(c) because dim A = n > 2(n — k) and Py (A)
has empty interior for all V € G(n,n — k). We shall discuss in Chapter 24
some sharpenings of this by Marstrand [1979] and Falconer [1980a], in the
case k > n/2, and by Bourgain [1991a] in the case k < n/2.

One could also ask about the existence of multi-line Besicovitch sets, sets of
measure zero containing many line segments in every direction. Laba and Tao
[2001b] derived from their general results, which will be briefly discussed in
Section 24.4, dimension estimates for such multi-line Besicovitch sets. In par-
ticular, if B C R? contains a positive Hausdorff dimension collection of unit
line segments in every direction, then £2(B) > 0. Orponen [2014b] gave an
elegant direct proof for this and a related result.

The above Besicovitch’s duality method can be adapted to many other curve
packing problems. For example, there are circles in the plane centred at every
point of a given line segment covering only a set of measure zero. To see this, let

B= [J i, »:(x—a) +y =d* +b},
(a,b)eC
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where C is as in the proof of Theorem 11.1, and modify the argument for that
proof. However, if the centres form a set of positive Lebesgue measure, then
the union of the circles must have positive Lebesgue measure. This was proved
independently by Bourgain [1986] and Marstrand [1987]. In fact, Bourgain
proved more; he showed that the circular maximal operator My,

Mgf(x)=sup/ |f(x —ry)|do'y, xeR?
r>0JS!

is bounded from L”(R?) into LP(R?) for p > 2. The same result, with
p > n/(n—1) and due to Stein, for the spherical maximal operator, is valid
and easier in higher dimensions. A consequence is the spherical differentiation
theorem: if f € L”(R") and p > n/(n — 1), then

rli_r)r(l) - fx —ry)do" 'y = f(x) foralmostall x € R".
See Stein [1993], Chapter XI, Grafakos [2008], Section 5.5, and de Guzméan
[1981], Chapter 12, for these and other results on maximal and differentiation
theorems along curves and surfaces.

The above circle and sphere packing result can be sharpened: if the centres
of the spheres form a set of Hausdorff dimension bigger than one in R", then
the union of these spheres must have positive Lebesgue measure. This was
proved by Mitsis [1999] for n > 3 and by Wolff [2000] for n = 2. Mitsis’s
argument, which worked only for 3/2 in place of 1 in the plane, is geometric
while Wolff’s proof'is very complicated involving geometric, combinatorial and
Fourier analytic ideas. In fact, Wolff proved more: he showed that if £ C R” x
(0,00) and F C R", n > 2, are Borel sets such that dim E > 1 and H"~'({y :
ly —x|=r}N F) > 0for(x,r) € E, then L"(F) > 0. D. M. Oberlin [2006b]
gave a simpler proof for this in dimensions n > 3.

On the other hand, one can again show by the duality method that there
is a family of circles containing a circle of every radius and covering only a
set of measure zero, see Falconer [1985a], Theorem 7.10. The same is true
with spheres in R”, n > 3, as pointed out by Kolasa and Wolff [1999]. In
that paper they proved for n > 3 that such a family of spheres must have
Hausdorff dimension n. Wolff [1997] extended this to n = 2. More precisely,
he proved that if the set of centres has Hausdorff dimension 5,0 < s < 1, the
corresponding union has dimension at least 1 4 5. See also the discussion in
Wolff [2003], Section 11.3. More generally, one would expect that if E C
R" x (0,00) and F C R",n > 2, are Borel sets suchthat 0 < s =dimE <1
andH"'{y: |y—x| =r}NF)> 0for(x,r) € E,thendimF > n —1 +.
D. M. Oberlin [2007] proved this for n > 3.
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Wisewell [2004] proved a very general result on packing curves and surfaces
into a set of measure zero.

In analogy to the spherical average operator and the related maximal opera-
tor, losevich, Sawyer, Taylor and Uriarte-Tuero [2014] proved L? () — L2(v)
inequalities for the operator f +— A * (f i), where the measures p and v satisfy
Frostman growth conditions and A satisfies a Fourier decay condition.

Kaenmaki and Shmerkin [2009] proved dimension results for Kakeya (or
Besicovitch) type self-affine subsets of the plane.



12

Brownian motion

In this chapter we shall study subsets of Brownian trajectories and Fourier
transforms of measures on them. In particular we shall see that they give us
Salem sets of any dimension s, 0 < s < 2.

12.1 Some facts on Brownian motion

We present first without proofs some basic facts about Brownian motion.

The n-dimensional Brownian motion (or one realization of it) is a probability
measure on the space €2, of continuous functions w : [0, o0) — R” such that
w(0) = 0, the increments w(f;) — w(t)) and w(fy) — w(t3) are independent for
0 <t <t <t3 <t4 and such that w(t + h) — w(t) has Gaussian distribution
with zero mean and variance 4 for ¢+ > 0 and & > 0. In particular,

Q
P,(lw: |o(t + h) — @) < o)) = ch—"ﬂ/ Pl g (12.1)
0

fort > 0,h > 0and o > 0. Here c is chosen so that ¢2"/? fooo rle dr = 1,
which means P,(€2,) = 1. This gives

/ lo(t + h) — o)™ dPyw = cih™*/? (12.2)

fort > 0,h > 0and 0 < s < n. This formula is quite close to saying that the
paths @ € €2, are almost surely Holder continuous with exponent 1/2. That
is not quite true, but they are Holder continuous with exponent s for any
0 < s < 1/2, see Falconer [1985a], Lemma 8.22, for example. Hence for any
A C [0, 00),dimw(A) < 2dim A for P, almost all w € ,,.

As usual, we shall denote by E the expectation:

E(/) = f fdp,.

158
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As a consequence of the Gaussian distribution and the fact that e™" 4P s its own
Fourier transform (recall Section 3.1) we have the formula for the expectation
of e~ 27ix@) (the characteristic function):

E(e—erixw(t)) — e—2ﬂ|x|21. (12.3)

12.2 Dimension of trajectories

We introduce for any u € M([0, 00)) and w € 2, the image of u under w:

Mo = oz € M(R")

/gduw=/gowdu

for continuous functions g. In particular, when we take u = L0, 1] we get
a natural probability measure on the trajectory from O to w(1).

Theorem 12.1 Let p € M([0,00)). If 0 <s < land u([x —r,x +r]) <r’
for all x € R and r > 0, then for P, almost all o € Q, and for all x € R",
x| =2,

characterized by

()] < Cu, @)(log(lx[)'/?[x] ™
Proof By the definition of j,,

/jl:;)(x) — /e—Zﬂi)C'w(t) d/J/t

Let us compute E(|fz,(x)|>) for positive integers g. We have by Fubini’s
theorem

o)) = /"'feXP(Zﬂix-(w(tl)+---+w(tq)—w(ul)—w(uq)))
xduty---dpty dpuy ---dpug.

Since the integrand is symmetric with respect to #1, .. ., t,, the ¢-integrals over
Io(1y < *++ < lg(q) are equal for all permutations o of 1, ..., g and their sum
is the full #-integral, and similarly for the u-integrals. Since there are ¢! such
permutations we obtain (the integrand is as above),

|@mW=me

O<ty <<ty

/ exp(...)duty...dutydpuy ... duug,.
O<uy<-<uy

It is enough to integrate over variables 1y, ..., t,, ui, ..., uy such thatt; # u;
for all i and j, because singletons have zero p measure. Then for any given
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f, ..., 1y, Ui, ..., Uy, we can write them in the increasing order v; < vy <
-+ < vy, and we can write

o) + -+ oty) — o) —o(uy) = erw(vy) + -+ + e2gw(v2g),

where ¢; € {—1, 1} are such that Ziqzl ej=0,¢e; =1if v; =1 for some i

and ¢; = —1if v; = u; for some i. Conversely, every sequence ¢y, ..., &, €
{—1, 1} with Ziqzl g; = 0 determines uniquely the order of the variables
i, ..., 1q, U1, ..., Uy inthis manner. It follows that we can write the above inte-

gral summing over all sequences (¢;), &; € {—1, 1}, such that Ziil g; =0
[Eo()! = @)y / exp(2rix - (e100(t1) + -+ + E2400(12)))
;) O<ty <<ty

X duty - -dutyy.

Next we write
grw(ty) + -+ + e2g0(t2y)
= (&1 + -+ eg)w(ty) + (82 + - -+ + &3¢ w(tr) — w(ty))
+ oo+ ey (w(tzy) — w(trg—1)).

For 0<t <--- < g, o), o) —w(ty), ..., w(lzq) — a)(l‘zq_l) are inde-
pendent random variables. Thus using (12.3),

E(expQrix - (g10(t)) + -+ + £240(12))))
= E(expQ2rix - (&1 + -+ + &2g)(11))) -
x E(exp2mix - e24(w(trg) — w(trg—1))))
= exp(=27 [x|*((e1 + -+ + £20)*11 + - + £3,(12g — 1ag—1)))
Seta; = 2m|x|*(e; + -+ + €2,)*. Thena; > Oforall j anda; > |x|? for even

j. We have now

E(io0)l) = @)Y / exp(—aity —ax(ty —h) — ...

() O<ty <<ty

— ayy(trg — trg—1))duty - -dutyy,.

For any a > 0 we have by our assumption on u,

1
/ e ) g = / w(t > to 1 e > Yy dr
1>ty 0
1
= f wlt 19 <t <ty+alog(1/r)})dr
0

1
< a_S/ (log(1/r))*dr = C(s)a™".
0
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Using this and integrating the above first over ¢; with even j we obtain

E(| o (x)]*)

< (g"? Z(C(s)|x| 2f)q/ / Ldpt; duts - -~ djutyy—

(&) O<t) <tz <<tyy—|

2g)! )
= (q—!)u(R)‘f(C(s>|x|‘2°>‘1,

(Zq)

(binomial coefficient)
sequences (&) to consider and the last multiple integral is w(R)? /gq! by the same
symmetry reasons as before. Since % < 29g9, we have with some constant
C, independent of ¢,

E(|(x)]*) < (Cqlx| ™). (12.4)

Choose a set Z C R" \ B(0, 1) such that |z; — zz| > min{|z;|™*, |z2|*}/2 for
71,22 € Z, 71 # 72, and that for every x € R” there is z € Z for which |x —
7| < |x|™*. Thenfork = 1,2... the number of points z € Z such that 2! <
|z| < 2F is about 2"+ DK 50 that

Z |Z|—n(s+2) < oo.

€7

For z € Z let g, be the integer for which log |z| < ¢, < log|z| + 1. Then
by (12.4)

Z| |_n(5+2) |Mw(Z)| - 0.
= (Cqc|z| =)

Thus for P, almost all w the term in the series tends to zero as z € Z, |z| — oo,
which gives that

|10 (2)] < C(w)(log |z])"/?|z] 7,

that is, our claim for the points in Z is proven. Recall from (3.19) that 1z,
is Lipschitz. By the choice of Z, for every x € R” there is z € Z for which
|x — z| < |x|™*, whence, when |x| > 2,

o)l S [Ra@)] + |x[7 < Qog [x)"/2[x] . O

Combining this theorem with the fact that dim w(A) < 2dim A and using
Frostman’s lemma we obtain
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Theorem 12.2 Let A C [0, 00) be a Borel set. For P, almost all w € Q:

(a) ifn > 2, thendimw(A) = 2dim A,
(b) if n =1, then dimw(A) =2dim A provided dim A < 1/2, otherwise,
LY (w(A)) > 0.

Proof If 0 < s < dim A, Frostman’s lemma gives us a measure u € M(A)
which satisfies the assumptions of Theorem 12.1. If n > 2 or s < 1/2, then
for P, almost all w € 2, I,(11,,) < oo for 0 < t < 2s by Theorem 3.10, which
implies dim w(A) > 2¢. This proves the case n > 2 and the first part forn = 1.
In the second part dim A > 1/2 and we can take s > 1/2, which yields that
ity € L*(R) proving that £'(w(A)) > 0 by Theorem 3.3. O

Recall Salem sets from Definition 3.11.

Corollary 12.3 If A C [0, 00) is a Borel set, then for P, almost all w €
Q, w(A) is a Salem set.

12.3 Further comments

The results of this chapter are due to Kahane from 1966. The presentation
here follows very closely Kahane [1985], Chapter 17. In that book Kahane
presents various results on Fourier transforms, the Hausdorff dimension and
many other stochastic processes. See also the notes on pages 288-289 and
the references given to Kahane’s papers, and to many interesting papers of
Kaufman related to this topic. Xiao [2013], Section 4.2, discusses many recent
results and references on Fourier dimension and stochastics processes. Other
good references for Brownian motion and its relations to Hausdorff dimension
are Morters and Peres [2010], Falconer [1985a], [1990], and Bishop and Peres
[2016].

The almost sure Hausdorff dimension of the graph {(¢, w(t)) : t > 0}is 3/2,
if n =1, and 2, if n > 2, see Morters and Peres [2010] or Falconer [1990].
Recall however from Section 6.3 that the graphs are not Salem sets.

When n = 1 Kaufman [1975] proved that almost surely Intw(A) # @ if
A C [0, c0) is a Borel set with dim A > 1/2. For a more general result, see
Theorem 2 in Chapter 18 of Kahane [1985].
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Riesz products

In this chapter we introduce an important class of measures on the real line,
called Riesz products. We study their absolute continuity, singularity and rela-
tions to the Hausdorff dimension. We shall also use them to construct a singular
measure which locally behaves very much like a Lebesgue measure.

13.1 Definition of Riesz products

Formally the Riesz product induced by the sequences (a;), a; € [—1, 1], and
(A;), A; € N, is the infinite product

Hf"zl(l +ajcos2rijx)), x €][0,]1].
We shall always assume that
Ajr1 = 3A; forall j.

This guarantees that every integer m has at most one representation in the form
m =) ejk;wheree; € {—1,0, 1}. To check this, observe first that for all k,

Mt =A== A > de+ 0+ A

and reduce the claim to this.

The first question is: in what sense does the Riesz product exist? If
3 j la;j| < oo this product converges pointwise to a continuous function. In
general pointwise convergence may fail and we should consider the product as
a measure. Observe that we get Lebesgue measure if all a; = 0.

Define

fu@) = (1 +ajcos@rix),  x €0, 1].
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Using the formula
cosa cos B = (cos(a + B) + cos(a — B))/2

we can expand fy as a trigonometric polynomial of the form
v =1+ me cos(2mx)

where m attains the values

N
m:Zgj)\J, 8j€{—1,0,1},
Jj=1
and

N
bu =T, 20(a;/2) when m = &;i;.
j=1

(13.1)

(13.2)

By (13.1) fol fn(x)dx = 1forall N and we can think of fj as a probability
measure on [0, 1]. By the general weak compactness Theorem 2.4 we can
extract weakly converging subsequences of (fy). But we want to show that
the whole sequence converges. This follows if we can show that the limit
measure is the same for every converging subsequence. To achieve this we use
Fourier analysis on [0, 1]. Then instead of the Fourier transform we consider
the Fourier coefficients fi(k), k € Z. Recall from (3.66) that we have for u, v €

M([0, 11), u = v if and only if (k) = (k) for all k € Z.

We can compute the Fourier coefficients of f from the formulas (13.1) and

(13.2). For |k| < Ay we get

fulk) =T, x0a;/2) if k=) e, with e €{~1,0 1}
J

with the interpretation 3‘;(0) =1, and

?;(k) = 0 if k does not have such a representation.

From this we see that for every k € Z there is N such that
Fnk) = fy (k) forall N > Ny.
This gives that for any weak limit measure .,

ak) = f, (k) forallk € Z,

which implies the uniqueness of p and the weak convergence of the Riesz

product.
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Definition 13.1 For the sequences a = (a;),a; € [-1,1],and A = (%), A; €
N with A ;41 > 34, the Riesz product

Mas = ta = M52 (1 4 aj cos(2m A x))

is the weak limit of the partial products fy, fy(x) = H?’:l(l +ajx
cos(2mdjx)), x € [0,1],as N — oo.

We shall use the notation j,, when the sequence A will be kept fixed and a
will vary.
We still record from the above calculations the Fourier coefficients of j, ;:

an(k) =TI 20(a;/2) if k=) e;h; with & €{-1,0,1}, (13.3)
J

Has.(k) = 0 if k does not have such a representation. (13.4)

13.2 Absolute continuity of Riesz products

Riesz products are continuous measures, that is, the singletons have measure
0, see for example Zygmund [1959], Section V.7. Some Riesz products are
singular and some absolutely continuous.

Theorem 13.2 The Riesz product |, is absolutely continuous with respect to
Lebesgue measure if and only leJ ajz < o0. In that case p, € L*([0, 1]). If

Zj ajz = 00, iy and L' are mutually singular.

Proof Assume first that ) ; ajz. < 00. We shall prove that the L? norms of fy are
uniformly bounded. It is then an exercise to show using Holder’s inequality and
basic properties of weak convergence that i, € L?. We estimate the squares of
the factors in the product by
2 2 2a;
(14 a;cos2ur;x)’ < (1+aj) (1 + e cos(27r)»_,-x)> )
J

Hence we can conclude

1 1
/ [y dx = / Y, (1 + a; cos(2m 1jx))* dx
0 0

1
2a
l'[;vzl(l +af)/0 Hﬁ-vzl (1 + 1+jaz cos(27r)»pc)> dx

j
M (1 +a3) <T52, (1 +a3) < oo.

IA
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Suppose then that Zj a? = 00. We see from (13.3) that

/eﬂni)\_,-x djex = ﬁa(i)»_j) = a.,-/2,
and
/e:i:271iij:|:2nik/x dpax = Qa(Er; £ 1) = aja /4 for j#1.

These relations yield that the functions
X > 2T —aj/2

form a bounded orthogonal sequence in L(11,). As ) ; a = oo, we can find

j
¢; such that

Zcf < oo,cjaj >0 and chaj = 0.

J J
An easy way to see this is to apply the Banach—Steinhaus theorem to
the linear functionals Ly : I> — R, Li(c;) = ZI;=1 ajcj, with norms || L[| =
(Z’]‘.:l a)'? — coask — oo.

Now the series Y c;(e*™"** —a;/2) is an orthogonal series converg-
ing in L*(14,). On the other hand the series ), c;e*™* is an orthogo-
nal series converging in L*(L£'[_[0, 1]). Any series converging in L? has
almost everywhere converging subsequences. So there is a sequence (N,,)
such that the sequence ZN'" Ccj (ez’”“‘ aj/2) converges i, almost every-
where to a finite value  Next there is a subsequence (N,,) of (N,,) such
that the sequence Z ml ¢j e2™%* converges L£! almost everywhere to
a finite value. Then also 377 Ly ¢j(@T Y —a;/2) converges ju, almost every-
where. If 11, and £! were not mutually singular there would be a point x where
both of these sequences converge. Then also their difference would converge.
But the difference is ) j¢jaj/2 = oo. This contradiction completes the proof
of the theorem. O

13.3 Riesz products and Hausdorff dimension

We shall now show that sets with sufficiently small Hausdorff dimension have
zero 1, measure for certain Riesz products.

Theorem 13.3 Suppose that there is C < oo such that Aj+1 < CA;j forall j.
Then for 0 < s < 1, I;((tq,2) < oo if and only if

Zx; T (1 + a3 /2) < oo
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Proof By Theorem 3.21 the condition /5(t,,,) < oo means that
Yz m)Pim~" < oo,
meZ

From (13.3) we see that this means that
s—1

Z( A0S ) ZEI < 00,

&

where the summation is over the sequences ¢ = (g;),&; € {—1,0,1}, j =
1,2, ... suchthate; # 0 for some but only for finitely many indices j. For any
such & denote by k, the largest j for which ; # 0. Then due to the condition
Ajr1 =345,

Z{;‘j)»j ~ )hkg-
J

For any ji < j» < --- < j there are 2/ sequences ¢ such that {j : &; # 0} =
{jis ..., ji}. Writing b; = <L it follows that

%
s—1 .
S () [Sen| X X (nwg) i
e k=1 ek, =k
- BT - 1 2, 5—1
:Z Z 2 (Hz 12> Mg :Z Z (Hi=lbji) Mg
k=1 ji<-<ji=k k=1 ji<-<ji=k

Il
o>

DT+ (34 (0P (03 4 9”4 0ab)

+ (bibab3)*)Ay + Zbk (1+53) (1457 )2

M

(M= (14 65) = T2 (14 27)) M

»
Il

1

with the interpretation H’J‘;ll(l + b?) = 1 when k = 1. Using )L‘,i - +11 ~
237! one sees that the finiteness of the last sum is equivalent to

o
Zki_lnlj‘»zl(l + bf) < 00
k=1
and the theorem follows. O

The above theorem immediately yields sufficient conditions for the absolute
continuity of u, ; with respect to Hausdorff measures. For example, we have
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Corollary 13.4 Ifi; = )Lé >3 forall janda; = ag € (—1,1) forall j, then
for every Borel set A C R,

log (1 + a%/Z)

dimA < 1— implies 1y (A) = 0.
log Ag ’
Proof LetdmA <s < 1 — %. Then by Theorem 13.3 I(11,4,,) < oo.

If wa5(A) were positive, we could find by a standard approximation theo-
rem (for example, Mattila [1995], Theorem 1.10) a compact set C C A with
a2 (C) > 0.Since also I (i, 5 L C) < oo, this would lead to the contradiction
dim C > s by Theorem 2.8. O

13.4 Uniformly locally uniform measures

We shall now use Riesz products to construct measures on [0, 1] which locally
look very much like Lebesgue measure but are singular. To express this more
precisely we consider blow-ups of u € M([0, 1]):if I = [a,b] C [0, 1],a <
b, we define

wi(B) = u(ix : (x —a)/(b —a) € BY)/u(la, b)) for B C R.

This means that y; is the image of i under the map x — (x — a)/(b — a), which
maps [a, b] onto [0, 1], normalized to a probability measure. In particular, if
I = [a, b] then

_ wlla,a+ yb—a))
nr([0, yD) = (.5 for y € [0, 1].

If u; is close to Lebesgue measure on [0, 1] whenever d(7) is small, p itselfis in
a sense nearly uniformly distributed over [0, 1]. Clearly, p is then a continuous
measure; it cannot have point masses. We shall now use Riesz products to show
that x could still be singular.

Two useful metrics which metrize weak convergence are given by,

d(w, v) = sup{|u(la, b)) — v(la, bD| : [a, b] C [0, 11},
dy(p, v) = sup{|u([0, y]) —v([0, yD| : y € [0, 1]}

One checks easily that d, (i, v) < di(u, v) < 2dr(u, v).
Following Freedman and Pitman [1990] we give the following definition.

Definition 13.5 A measure u € M([0, 1]) is called locally uniform at x €
[0, 17if

wr — L'L[0,1] weakly when x € I,d(I) — 0.
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If this convergence is uniform in [0, 1] with respect to the above metrics d; and
d,, we say that w is uniformly locally uniform.

Thus p is uniformly locally uniform if and only if

lim sup sup{|u;(la, b)) — (b —a)|: [a,b] C [0, 1]} =0,
5—>0d(1)

or, equivalently,

lim Sup sup{|w;([0, yI) — y[ - y € [0, 1]} = 0,

§—0 d
which means that for any ¢ > 0,

pla,a+ yd—a)l)
n(la, b])
whenever 0 < a < b < 1 and b — a is sufficiently small.
These conditions can be translated to the behaviour of u on adjacent dyadic
intervals. We say that the subintervals I and J of [0, 1] are adjacent dyadic
intervals if they are of the form

—y| <e forally €0, 1]

I=[275G+D275,7 =[G+ D275 (G +227,
j=0,1,...,2"=2, keN.

In the case (j + 2)27% = 1 we take J to be the closed interval [1 — 275, 1].

Lemma 13.6 A measure u € M([0, 1]) is uniformly locally uniform if and
only if

wH/ ) —1 ask - o0
uniformly over all pairs of adjacent dyadic intervals of length 27,

Proof The ‘only if” is easier and not needed here, so we skip it. Assume that
the above condition holds. Let us say for a positive integer N that the dyadic
intervals / and J of the same length are N-adjacent if there are dyadic intervals
Io, Iy, ..., Iy such that M < N, I;_, and [; are adjacent for all j, Iy =/
and Iy, = J. Then for a fixed N, u(I)/u(J) — 1 uniformly as k — oo for all
N-adjacent dyadic intervals I and J of length 27,

Let r > 1 and let N be a large integer. Let 0 <a < b < 1 with b —a so
small that u(l)/u(J) <t for all (N + 1)-adjacent dyadic intervals / and
J with d(I) = d(J) < b —a. We can choose (N + 1)-adjacent intervals /;,
j=0,1,...,N + 1,suchthatd(/;) < b —a and

N+1

UI C la, b]cUI
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Then forany i € {0, 1,..., N + 1},

N+1
p(la, b]) = Z ulj) = (N 4+ 2t u(l;).

j=0
In the same way, using the inclusion U?’zl I; C[a,b],
w(la, b]) = (N /().

Let 0 <y =<1 and let N, be the number of the intervals I; contained in
[a,a + y(b —a)]. Then [a, a + y(b — a)] is contained in N, + 2 intervals /;
and by the above argument for all i such that I; C [a,a + y(b — a)],

(Ny/Duly) < ula, a + y(b —a)]) = (Ny + 2)tpu(l).
Denoting by d the length of the intervals /; we have
(b—a)/d =2 <N <(b-a)d, yb—a)/d—2<N, < yb-a)/d,
o)
YN -2 <N, < y(N +2).
Putting all these estimates together we find, when I; C [a, a + y(b — a)],

@ yb-al) _ (N +md) _ N+2 2
man10-9D = =y S Ty S N T

and
2172
N+2' N+2
Since we can choose ¢ arbitrarily close to 1 and N arbitrarily large, the lemma
follows. O

10 p ([0, y]) > 72

Theorem 13.7 There exists a singular uniformly locally uniform Borel mea-
sure on [0, 1].

Proof We choose the sequence a = (a;) such that a; — 0 and Z_,' a? = 00,
for example, a; = 1/./j will do. Then by Theorem 13.2 p, ; is singular for
any sequence A = (A;) as before. Now we choose the integers A; so that the
ratios A ;41 /A; are integers greater than or equal to 3 and they are of the form
A; = 2*U). The sequence k() of positive integers will be defined inductively.
Making it very rapidly increasing will make 1, , uniformly locally uniform.
From now on we shall write . = ;. We continue to use the notation fy
as before. The first observation is that p is invariant under translation by 1/A;.
This means that [ ¢(x + 1/A1)dux = [ ¢(x)dpx for continuous functions ¢.
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This follows from the definition of « and the fact that A divides every A,,. In
particular,

w(li/r, G+ D/A)) = 1/x; foralli =0,1,..., 2 — 1. (13.5)

Lemma 13.8 Fix N. Let j, k and m be non-negative integers with j < k and
mk+1) < AN+1. Set

I =[mj/ins1,m(j + D/Ays1), I =[mk/iypr, mk + 1)/iy41).
If
b< fn&x)/fn(y) <c forallx el,y e J,
then
b <u)/nlJ) <c.
Proof Let
Uy = H?‘;NH(I + a;j cos(2m X jx)).

Then 1 can be written as u(A) = [ A Jn duy, so in particular,

(I = / Fedpy and  p(J) = f Fu diin.
I J

Applying (13.5) to uy we see that uy (1) = un(J); notice that 7 and J are com-
posed of m intervals of the type [i /An+1, ( + 1)/An+1), 1 =0, 1, ..., Ans1 —
1. The lemma follows immediately from these facts. OJ

Now we shall define the sequence k() inductively. We take k(1)=1. Sup-
pose that k(1) < --- < k(j) have been defined. Then f; is strictly positive and
uniformly continuous, whence we can choose k(j + 1) > k(j) + 2 so large
that

?E))C’i <1l+4ajy1 provided [x—y|< 2I7KGHD - (13.6)
J

This completes the inductive definition.
Let j > 2. Then

fj(x) = fj_](x)(l + a; COS(Z]T)\.j.x)).

1—aj+1 <

Thus

(I—ap)fi—1(x) < fi(x) = +a;)fj-1(x).

Let / and J be adjacent dyadic intervals of length 27% with k(j) <k <
k(j+1).Ifxel and y € J, then |x —y| <2'7F < 2!=%(), Thus we can
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apply (13.6) with j replaced by j — 1 to obtain

fi) _ (I +a)fiax) _ A +a;)?
i) = A=apfia(y) = 1—a;

(1—a;)?

The lower bound

is obtained in the same way. Hence we have by

1+aj
Lemma 13.8
—a:)? 32
I —a)) < pdl) < d+a)”
1+a; u(J) 1 —a;
Appealing to Lemma 13.6 completes the proof of the theorem. O

13.5 Further comments

F. Riesz [1918] introduced the measures carrying his name.

Theorem 13.2 is classical, Peyriére [1975] and Brown and Moran [1974]
proved more generally that 11, and 1, are mutually singularif > j laj —b; | =
oo. The results for the Hausdorff dimension are due to Peyriére from the same
paper, in fact, Peyriére proves considerably better estimates than Corollary 13.4,
see also Kahane [2010]. Notice that these do not follow by the same energy
method, since Theorem 13.3 is sharp. Hare and Roginskaya [2002] used the
energy method to obtain results relaxing on the condition A ;11 > 34;.

Freedman and Pitman [1990] introduced the concept of uniformly locally
uniform measure with a probabilistic motivation. Locally uniform measures are
essentially the same as the measures whose only micromeasure in the sense of
Furstenberg [2008] is Lebesgue measure. They are also essentially the same as
the measures whose tangent measures in the sense of Preiss [1987] are constant
multiples of Lebesgue measure. Such an example with tangent measures was
constructed by Preiss [1987]. The main difference between tangent measures
and the above blow-ups is that for tangent measures one blows up the whole
measure, and not only locally, whence they have usually unbounded support.
This is important in the applications of Preiss [1987]; see also Mattila [1995],
Chapters 14 and 17.

The locally uniform measures and measures whose tangent measures are
constant multiples of Lebesgue measure possess some regularity properties,
for example some doubling properties. However, Orponen and Sahlsten [2012]
constructed a very badly non-doubling measure all of whose tangent measures
are equivalent (but not equal) to Lebesgue measure.

Various aspects of Riesz products have been discussed in many books,
see Zygmund [1959], Kahane [1985], Katznelson [1968], Havin and Joricke
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[1995], Graham and McGehee [1970] and Grafakos [2008]. Much more than
discussed here has been done on Riesz products in different settings and their
relations to Hausdorff dimension; see, for example, Fan and Zhang [2009] and
Shieh and Zhang [2009] and the references given there.
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Oscillatory integrals (stationary phase) and
surface measures

In this chapter we study integrals of the type
I = / My (x)dx, A >0, (14.1)

and in particular their behaviour as A — oco. As a standing assumption the
functions ¢ and v defined on R” will be infinitely differentiable and v will
have compact support, ¢ is real valued and ¥ complex valued. The reader will
easily see that often much less smoothness suffices. As special cases we obtain
the estimates for the Bessel functions and the Fourier transform of the surface
measure on the sphere presented in Chapter 3.

14.1 One-dimensional case

In this section ¢ and i will be defined on R.
Theorem 14.1 If ¢'(x) # 0 when x € spt s, then for every N € N,

I(V) < Clp, ¥, N)A™N  forx > 0.
d (m)‘ dx
dx \ ¢'(x)

_ L d e
[1(V)] = ‘/ o) dx (e9) r(x) dx

_ ‘_/eiwmi <M) dx
dx \irg'(x)

The cases N > 2 follow by similar calculations. O

When N = 1, we can take

Clo. ) = /

Proof Integrating by parts,

< C(p, ¥)/r.

174
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If ¢’(x) = 0 but some higher order derivative does not vanish, the following
van der Corput’s lemma is useful:

Theorem 14.2 Supposek € {1,2, ... }issuchthat |p®(x)| > 1forx € [a, b].
Then with C, = 5-2F1 -2,

b
/ M) g x
a

(i) ifk = 1 and ¢’ is monotone, or
(ii) ifk > 2.

<AV fora >0, (14.2)

Proof Suppose first (i). Integrating by parts
b irg(b) irp(a) b
a irg'(b) irg'(a) Jq dx \irg'(x)

b
52,\‘1+r1/ i( ! )‘dx
a |dx \¢'(x)

=gt M)/(b)—l —w/(a)_l’ <3,

where in the last equality and inequality we used the facts that %(q),zx)) and
¢'(x) do not change sign on [a, b].

Suppose then that k > 2. We use induction on k and assume that (14.2) holds
for k — 1. We may assume that e®(x) > 1 for x € [a, b], since ¢* does not
change sign on [a, b]. Then ¢*~V is strictly increasing and there is a unique
c € [a, b] such that |¢%*~D(x)| has its minimum at ¢. Either ¢*~"(c) = 0 or
c=a or ¢ = b. Suppose p*"D(c) =0 and let § > 0. Then |p*~D(x)| > &
when x € [a, b] \ [c — §, ¢ + §] and the induction hypothesis gives

c—6 )
/ W dx
a

< Cry(A8)"VED

and
b .
/ M9 dx| < Cr (A8) VD,
c+6
Since
c+46 )
/ e dx| < 28,
c—38
we obtain

< 2C;—1(A8) V=D 4 25,

b
/ &%) g x
a
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(Here we only consider the case a < ¢ —§, ¢ + 6 < b; the reader can easily
check the remaining cases.) Choosing § = A~ /% we get

b
/ eik(p(x) dx
a

If ¢ = a or ¢ = b, a similar argument gives

b
/ et)wp(x) dx
a

< (2Ci—1 + 27 VE,

< G (0)7 16,

and we take again § = A~/

As2Ci_1 +2=5-21_2 =, the proof is complete. O
Corollary 14.3 Under the assumptions of Theorem 14.2, for any C*°-function
v:R—>C,

b b
/ My (x)dx| < Cea~VE <|1//(b)| + / v/ (x)] dx) for x> 0.
Proof Let
F(x) = / 0 gt
Then

b b b
/ MY (x)dx = / F'(x)y(x)dx = F(b)y(b) — / F(x)y/(x)dx,

and by Theorem 14.2, |F(x)| < Ci2~ Yk for all x € [a, b], from which the
theorem follows. O

We now discuss applications to Bessel functions and the surface measure
"1 on the sphere S"~!. We defined in (3.32)
(t/2)" !

_ itsc1 _ 2ym—1/2
I = F i ra J, ¢ s s,

form > —1/2. For the formula for radial functions, (3.33), and for "1, (3.41),
we only need the integral and half integral values of m. When m + 1/2 is a
positive integer, we already saw in Section 3.3 that the estimate (3.35)

| T ()] < Cm)t™ Y% fort > 0,

holds. This case was almost trivial; then J,, is a linear combination of simple
elementary functions. Now we derive (3.35) from Corollary 14.3 when m is a
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non-negative integer. First when m € Ny, we have the alternative formula:

1 2 o )

Jm([) — _f eztsmee—zm@ 4o.
27'[ 0

This is easily checked for m = 0, and for m > 0 it follows by induction from

the recursion relation (3.38):

d
E(t_mfm(t)) = —t" Jn11(0).

We leave the details for the reader or one can consult Grafakos [2008],
Appendix B. This alternative formula combined with Corollary 14.3 yields
(3.35): we apply Corollary 14.3 with A = ¢ and ¢(x) = sinx. Then ¢'(x) = 0
when x is /2 or 37 /2 and ¢”(x) = +1 for these values of x. We can find
smooth non-negative functions v, ¥, and ¥3 such that ¥, + ¥, + 3 =1,
Y has support in a small neighbourhood of 7 /2 and it equals 1 in a smaller
neighbourhood of /2, and similarly v, has support and it equals 1 near 37 /2.
Then we can write J, () as a sum of three terms; to two of them we apply
Corollary 14.3 with k = 2, and to one of them we apply Theorem 14.1.

Thus we get the decay estimate (3.42) for the spherical surface measure. This
argument is heavily based on the radial symmetry of the sphere; via integration
in polar coordinates we could employ the estimates for the one-dimensional
integrals (14.1). For other surface measures we need analogous estimates for
higher dimensional integrals, which we now investigate.

14.2 Higher dimensional case

For the rest of this chapter ¢ and ¥ will be smooth functions in R”, and as
before ¥y has compact support, ¢ is real valued and vy complex valued. We let
again

I(x) = /ei’\“’(")W(x)dx for A > 0.
Theorem 14.4 [f Vo(x) # 0 when x € spt, then for every N € N,

I(0) < Clp, ¥, N)OA™N  forx > 0. (14.3)

Proof Suppose first that for some j, d;¢(x) # Oforx € spty. Then by Fubini’s
theorem, writing X = (xy, ..., Xj—1, Xj41,...,%,),and C = {X : x € spty/},

I(}) = / ( / e"*w()f)w(x)dx,) dx.
C R
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An application of Theorem 14.1 to the inner integral yields (14.3); obviously
the proof of Theorem 14.1 shows that the constants involved depending on X
are uniformly bounded.

In the general case we can cover spty with finitely many balls B; such
that some 9;,¢(x) 7 0 for x € By. Writing ¢ = ), ¥y with spty, C By, the
theorem follows. O

Next we consider points where the gradient vanishes. We call such points
critical. A point x is called a non-degenerate critical point of ¢ if V(xg) = 0
and the Hessian determinant

hy(x0) 1= det(d; dep(xp)) # 0. (14.4)
The corresponding Hessian matrix is denoted by
Hy(xo) := (9;0rp(x0)).
Theorem 14.5 If all critical points of ¢ in sptyr are non-degenerate, then
[T(M)] < Clp, vI)L™?  forx > 0. (14.5)

Proof We may assume that spty C B(0, 1), [|[¥]lco <1, |[V¥|loo <1 and
|Hylloo < 1. We first consider the case where ¢ is a special quadratic polyno-
mial, ¢ = Q:

Q00) = x{ + - xf =iy = — Xy

for some k =1, ..., n. We use induction on n to prove that for any special
quadratic polynomial Q in R" as above and for any smooth ¥ in R" with
spty C B(0, 1) and with [|0%Y ||eo <, 1 for any partial derivative 9%y of
order || < n,

‘/e”‘Q(")w(x)dx <, AT

The case n = 1 follows from Corollary 14.3. Suppose the result holds for
n — 1 and let ¥ € C*°(R") be as above. By Fubini’s theorem

10 =277 / Mt Dy o ) (e LX),

where

(X2, -y Xp) =kl/z/eiu‘zllf(xl,-..,xn)dxl.



14.2 Higher dimensional case 179

Corollary 14.3 applied to ¢ and its partial derivatives tells us that
10%Y oo <u 1 for |@| < n — 1. The induction hypothesis gives that

‘ [ ety ) d )| S0

The theorem follows from these for such quadratic polynomials.
For the general case we use the following calculus lemma, called Morse’s
lemma:

Lemma 14.6 Let ¢ : U — R be a C* function with U C R" open, and let
xo € U be such that ¢(xp) = 0, Vo(xo) = 0 and hy(xo) # 0. Then there exists
a diffeomorphism G : V. — W with V, W C R" open, 0 € V, xo € W C U,
G(0) = x¢, and for some k € {1, ..., n},

k—1 n
poG(x)= ijz — ijz forx eV.
j=1 j=k

Proof We may assume xo = 0. We may also assume that the matrix H,(0) is
diagonal with all diagonal elements non-zero. This is achieved by first diagonal-
izing H,(0) by an orthogonal transfomation O so that S = O~ o H,(0) 0 O is
diagonal. By direct computation using the chain rule Hy.(0) = o7 o H,(0) o
0. Since the transpose O7 is O™, we have H,00(0) = S, which justifies our
assumption.

Under this assumption, 9;¢(0) = 0 and 32¢(0) # 0. By the implicit function
theorem there is a smooth function g : W; — R, W; C R"~! open, 0 € W,
such that g(0) = 0 and

d19(g(¥),X) =0, 37(g(X),X) #0 forX = (xp,...,x,) € Wy,

and 91¢(x1,X) #0 when (x1,X) € U,X € W; and x; # g(X). Let ¢ =
poF,F(x)=(x; +gX),x). Then by the chain rule 9;v(0,X) =0 and
37Y(0,X) # 0 for ¥ € Wy and by Taylor’s theorem, taking W, sufficiently
small, we can write

Y(x) = (0, %) £ h(x)x?

where £ is a strictly positive smooth function. Define E(x) = ( X). Then

waok
Vo E(x) = +x7 4+ ¥(0,%)

and so

@ o FoE(x)=%xi + ¥(0,%).
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We leave it to the reader to check that F o E is a diffeomorphism in a neigh-
bourhood of the origin. The lemma follows by repeating this with (0, X) in
place of ¢(x) and so on. ]

We can now complete the proof of Theorem 14.5. Each point of spt ¢ has
a ball neighbourhood where either Vi # 0 or we can perform the change of
variable by a diffeomorphism G provided by Morse’s lemma. Covering the
whole sptyr with a finite number of such balls B; and using a partition unity
to write ¥ = >, y; with sptyy; C Bj, we can write I(A) = >, I;(1) with
1;() = [ €@y (x)dx. If j corresponds to a non-critical point, |7;(1)| <
17"/2 by Theorem 14.4. For j corresponding to non-degenerate critical points
we have

1) = / MDY (G () Jg, (x) dx,

where G; and Q; = ¢ o G; are given by Morse’s lemma. For these |7;(1)] <
17"/2 by the special case considered above. OJ

14.3 Surface measures

We shall consider Fourier transforms of measures on smooth hypersurfaces of
R".If o is the surface measure on such a surface S, we shall consider measures
w of the type dju = {do where ¢ is a smooth function with sufficiently small
compact support. Moreover, we shall assume that spt¢ N S is a graph of a
smooth function ¢ over its tangent plane at a point p € S. Without loss of
generality we assume that p = 0 and the tangent plane is R"~! = R"~! x {0}.
The reader can of course easily deduce various generalizations from this basic
case.

So let U ¢ R"! be bounded and open, and let 0 e U, ¢ : U — R and
¢ : R" — R be smooth functions, { with compact support, such that

S ={(x,px)) : x € U},
¢(0) =0, Vg(0) =0,
spte C{(x,t):x e U,t € R}.

Then the measure u = {o is given by
/gdu = / 8(x, ()Y (x)dx
U

for g € Co(R™) where

Y (x) = ¢(x, o))V 1+ Vo).
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Thus the Fourier transform of p is, writing & = (E, &),
aE) = / e*2ﬂi(§'x+$u<0(x))w(x)dx'

In order to obtain the optimal decay |£|!~"/2 as in the case of the sphere, we
need to make curvature assumptions. The Gaussian curvature of S at (x, ¢(x))
is the Hessian determinant /,(x), which is the the product of the principal
curvatures, that is, the eigenvalues of H,(x).

Theorem 14.7 With the above assumptions, if hy(x) # 0 for x € U, then
2©)] = Clp, Ols1"™" fors e R".
Proof Let &€ = Anp with A = |£] > O and || = 1, and
Op(x) = 2w (mix1 + - Mpo1Xp1 + a@(x)), x €U.
Then we need to show that

i) = ‘/e[’\‘ﬂ”(")w(x)dx <, A2,

The implicit constant may a priori depend on 1, since the integral is a continuous
function of 7 and hence attains a maximum on §"~'.
We have

Vo, (x) = =27 ((n1, .. ., Na—1) + 1. V(X))
and
Hy (x) = =27, Hy(x).

If n, =0, Vg,(x) # 0 for all x € U, and the required estimate follows from
Theorem 14.4. If n, # 0, the assumption A, (x) # 0 for x € U implies that
hy,(x) # 0 for x € U, and the required estimate follows from Theorem 14.5.

O

14.4 Further comments

The contents of this chapter are classical and they are discussed in the books of
Grafakos [2008], Muscalu and Schlag [2013], Stein [1993], Sogge [1993] and
Wolff [2003]. In particular Stein [1993] includes many historical comments and
goes much further. For example, it gives rather precise asymptotic formulas, not
only decay estimates, and studies also surfaces for which some of the principal
curvatures may vanish.






PART III

Deeper applications of the
Fourier transform






15

Spherical averages and distance sets

15.1 The Wolff-Erdogan distance set theorem

In this chapter we show how the spherical averages of Fourier transforms
of measures, o(u)(r) = fsn—' |72(rv)|> do"'v, can be used for distance set
estimates. From Theorem 4.6 we see that for a Borel set A C R”,

dimA > (n + 1)/2 implies EI(D(A)) > 0,
where D(A) is the distance set:
D(A) ={|x —y|:x,y € A}.
The conjecture is
dimA > n/2 implies L'(D(A)) > 0.

This will remain open but we shall be able to improve Falconer’s result above
to the following theorem of Wolff [1999] for n = 2 and Erdogan [2005] for
general n:

Theorem 15.1 Let A C R" be a Borel set and n > 2.

(a) Ifdim A > n/2 + 1/3, then L' (D(A)) > 0.
(b) Ifn/2 <dim A < n/2 + 1/3, then diim D(A) > 8dmA+2=n,

In this chapter we show that certain decay estimates for the spherical aver-
ages imply this theorem; these estimates will be proven in the next chapter. In
fact, when n > 2 the proof relies on Tao’s bilinear restriction theorem which
will be proven only in Chapter 25.

The lower bound in (b) holds also for dim A < n/2, but then the bound
dim A — (n — 1)/2 given by Theorem 4.6 is better.

As mentioned before, in R there is no such result: one can construct compact
sets C C R such that dim C = 1 and £1(D(C)) = 0.

185
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15.2 Spherical averages and distance measures

Recall from Section 3.7 the quadratic spherical averages of u € M(R"): for
r >0,

o(u)(r) = / o) do" v = r'" / [i)|* do)' v
Snfl S”fl(r)

For the energy-integrals of 1« we have as before in (3.50):

Ii(n) = y(n, s)/ooo(u)(r)rs_1 dr, 0<s <n. (15.1)
0

Recall also from Section 4.2 the distance measure 5(u) € M(D(A)) of a
measure u € M(A) defined by

/ o ds() = / / o(x — v dux dpy

for continuous functions ¢ on R. We shall also consider the weighted distance
measure A(u) defined by

[ vanw = [ g stun
and the weighted spherical averages X (u);

2()r) = "o ().

Suppose now that /(,41y,2(p) < oo. Notice that then X(u) € L' because of
(15.1). By integration in spherical coordinates and by the formulas (3.41) and
(4.10), for u > 0 these two are related by

A(p)(u) = C(n)ﬁ/O V1 Ju—2)pQuru) Z(p)(r) dr. 15.2)

Here again J(,—)» is a Bessel function for which we have the asymptotic
formula (3.37),

2 _ _ -3/2
cos(u —mm/2 —m/4) 4+ O(u ), u— oQ.

_ V2
) = =

Hence
1
c(m)Ju—2)22mu) = ﬁ(al cos(2rru) + by sin(2wru)) + K(u),

where

|K ()| < minfu=3/2, w12, (15.3)
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Here and below a; and b; are complex constants depending only on n. The
local estimate for K with u~'/% holds since J—2)/2 s bounded. Thus foru > 0,

A(p)(u) = S(u)(u) 4 L(1)(u), (15.4)

S(u)(u) = ay /00 cosQRmrru)X(u)(r)dr + b2/ sin(2rru) X () (r)dr,
0 0
L(p)(u) = ﬁ/o VrE(w)(r)K (ru)dr.

Let X;(u) be the even extension of X(u) to the negative reals; X;(u)(r) =
S(w)(|r]), and Zo(u) the odd extension; To(u)(r) = —X(u)(|r]) for r < 0.
Then for u > 0 we can write S as

S(u)(u)

= (az/E)/oo cosQmrru)X(u)(r)dr + (bz/Z)/oo sin(2rru) X (u)(r) dr

= (a2/2) / e IS (u)(r)dr + (iby/2) / e IS (u)(r) dr.

As A(u)(m) =0 for u < 0, (15.4) stays in force for u < 0 when we define
S(u) = L(u)(u) = 0foru < 0. Then forall u € R, u # 0,

S(uw)(w) = (az/4)/ e S (W)(r) dr + (az/4) sgn(u)
x f eI () (r) dr + (iby/4) / e TS, (W) (r) dr

oo

+ (iba/4) sgn(u) f e IS (u)(r) dr,

where the sign function is defined by sgn(u) = 1 if # > 0 and sgn(u) = —1 if
u < 0. Since the Fourier transform maps L? onto itself isometrically we can
define the Hilbert transform

H:L*R)— L*R), Hf =—isgnf with
|Hfll2 = fll for f € L*R).

If () € L*(R), we can now write S as

S(w) = Flaz(X1(w) + i H(X1(w) + b3(Ea(n) + i H(E2(w))).  (15.5)



188 Spherical averages and distance sets

To estimate L(w) suppose (n—1)/2<s <+ 1)/2 and set a =
(n 4+ 1)/2 —s € [0, 1]. Then for u > 0 by (15.3) and (15.1),

IL()w)| = ‘«/ﬁfo VrE@)K (ru) dr

1/u 00
S / r" Ve (wyrydr +u”! f r" = 2e (u)(r)dr
0 1/u

1/u
—u / (ru)r"= o (u)(r) dr (15.6)
0

o0
4 u—a (ru)”_'r(”_l)/z_"a(u)(r) dr
1/u

o0
< u‘“/ P lo(wrydr = y(n, )" WP L),
0
Recall that we have worked under the assumption /(4 1)2(1t) < o0.
Proposition 15.2 Suppose u € M(R"),n > 2,s > 0 and I;(n) < oo.

(a) If s > n/2 and floo o(u)(r)*r"~dr < oo, then A(n) € L*(R). In partic-
ular, §(n) < L.

b) If 0<t<l1l,s>m+t—1)/2 and floc o(W)(r)*r" T2 dr < oo, then
[, (A(p)) < o0.

Proof To prove (a) we may assume s < (n + 1)/2, because I;(i) < oo implies
Iy(n) < oo for s’ <s. Let fo = ¥, x u where ¥, ¢ > 0, is an approximate
identity as in Section 3.2 with ﬁ(x) = fp\(ex)ﬁ(x) — 1(x) as ¢ — 0 and
|ﬁ(x)| < |@(x)|. First we have by (15.5) and Plancherel’s theorem,

ISl S ITESDl2 = IE w2 < oo,
because by the assumption in (a), £(1) € L*(R). Secondly by (15.6)
1 1
/ L(f)@)du < / W dul () S L),
0 0

as 2s > n, and, applying (15.6) with s = (n — 1)/2,

/ L)@l du < / W dul, (£ < 1w
1 1

Thus by (15.4) the norms || A(fe)]|2, € > 0, are uniformly bounded from which
one easily concludes that A(u) € L*(R).

Notice that in the above proof for part (a) we did not need any information
about the Hilbert transform beyond Plancherel’s formula, which we used to
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define it. For part (b) we shall use the following inequality for 0 < ¢ < 1:

/ rNHE ) dr S, f Y () dr. (15.7)

—0o0 —00

We do not prove this here. It follows from standard weighted inequalities for
singular integrals using the fact that |r|'~' is a so-called A,-weight; see, for
example, Duoandikoetxea [2001], Theorem 7.11.

To prove (b) we assume first that p is a smooth non-negative function f
with compact support. Recall from (3.46) the mutual energy

I(g.h) = f =y g(h(y) dx dy
= y(Lr)/ K| g0 dx, 0 <1 <1,

for g, h € L*°(R) N L*(R) such that I,(| f], |g|) < oo. Recall also, see (3.47),
that 7,(g) = I,(g, g) > 0. The functions S(f) and L(f) are bounded with suf-
ficient decay at infinity so that we can apply this to them. For instance, the
estimate |L(f)(u)| < |u|~" follows easily from the definition of L(f), or from
(15.6), and then the same estimate holds for S(f) by (15.4) since A(f) has
compact support. In particular, L(f), S(f) € L?*(R). From the identity

A(HAf)w) = S(H@)S(HHW) + A w)L(f) ()
+ AHWL(f)u) = LOH@)L(f)(v),

we get

L(ACS) = L(S() 4 2L(Af), L(f) = L(L(f))
< L(S() + 2L(ACS), L))

Using (15.5), (15.7) and the obvious fact that the energy can be written in terms
of the inverse Fourier transform in place of the Fourier transform, we obtain

LS(f) =y, 1) / " THFNSN@ P dr < /0 S dr
= /00 ;”""‘_20(]‘)(;")2 dr.
0

To estimate I;(A(f), L(f)) we use (15.6) and the elementary fact

o0
/ v u — v|_bdv ~u'""Pforu>0,a,be O, 1).
0
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Thus
LA, L) = ’ / / AL )W)t — v~ du dv
0 0
< 1(f) f RN / R dudy
0 0

~ Is(f)/oo S(F) (w02 Hs—tD2=04 T gy
0

= I,(f) / h Sy~ du
0
- Is(f)lnflfrH(f) Sj Is(f)zv

where the last equality follows from the definition of §( f) and the last inequal-
ity from the fact that n — 1 — s 4+ ¢ < 5. Combining these estimates we have
established

LACH) < L(S(H)) + 2L(A), L(f) < /0 rF e () dr + ()

We apply this with f = i, * u as above. The above inequality remains valid
in the limit which completes the proof. O

Proposition 15.2 immediately leads to the following proposition:

Proposition 15.3 Suppose that C, s and t are positive numbers, t < s, and
w € MMR"), n > 2, is such that I;(;1) < oo and

o(u(r) <Cr™' (15.8)
forallr > 0.

(a) Ifs +t > n, then L' (D(spt i) > 0.
(b) If s +t < n, thendim D(sptu) > s+t +1—n.

Proof In case (a),

/ o(w)(r?*r"dr < C/ o ()" dr
1 1
=ym,n—1)Cl—(w) S L(1) < 0.

By Proposition 15.2, (i) < L' and so L!(D(spt i1)) > 0.
Incase (b),setu = s +t + 1 —n.Thenu < 1 and we may of course assume
that # > 0. We may also assume that ¢ < s, which gives s > (n +u — 1)/2,
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and we can apply Proposition 15.2(b) with ¢ replaced by u. We have

/Oo o))’ r" T dr = /00 o () rt=ar
! 1

o0
sc/ o (w)(r)r'~ dr = y(n,5)”' Cly(u) < oo.
1
By Proposition 15.2, I,,(A(u)) < oo and so dim D(spt ) > u. ]

Recall the definition of Salem sets from 3.11.
Corollary 15.4 Let A CR",n > 2, be a Borel Salem set.

(a) Ifdim A > n/2, then L' (D(A)) > 0.
(b) IfdimA > (n —1)/2, thendim D(A) > 2dim A + 1 —n.

Proof For any 0 <s <dimA there is u € M(A) with I (u) < oo and
|(x)|> < C(w)|x|™*. Then also o(u)(r) < C(u)r~°. We apply the above
proposition with s =¢: if s >n/2 we get (a), and if s > (n —1)/2, we
get (b). ]

15.3 The decay of spherical averages

In view of the previous results, good answers to the following question are
likely to give improvements for the distance set problem.
For what pairs (s, t) of positive numbers is the estimate

o(W(r) S r ' I(w) (15.9)

valid for all © € M(B(0, 1)) and for all » > 1? Unless we are in the optimal
case s = t, we have to restrict to u € M(B(O0, 1)) for scaling reasons. We
should emphasize that although getting such estimates is easily reduced to
getting them for non-negative smooth functions with compact support, the
non-negativity is essential: there is no hope of getting the same estimates for
general real valued smooth functions with compact support.

We already derived in Lemma 3.15 the easy estimate which says that (15.9)
holds with t = s if s < (n — 1)/2. Obviously this implies

o(u)(r) < Cls, ) (wyr~"=Y2 fors > (n — 1)/2.

The following estimate was proved by Wolff for n = 2 and by Erdogan for
general n. Combined with Proposition 15.3 it gives immediately Theorem 15.1.
We shall prove this estimate in the next chapter.
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Theorem 15.5 Forall(n —2)/2 <s <n,n >2,& > 0and n € M(R") with
sptu C B(0, 1),

o(w)(r) < Cn, s, e)r* "2 () forr > 1.

Up to ¢ this is the best possible for 1 < s < 2 in the plane, but it is not
known if it is the best possible when n > 2 for the relevant interval n/2 < s <
(n + 2)/2. Outside these intervals of s the estimates can be improved, as we
shall see below, but the known improvements do not improve the distance set
results. In addition to s < (n — 1)/2, which we have already settled, we now
discuss these estimates for other values of s.

Define

1 ()
= sup{t : o ()(r) Spgp v () for all w € M(R") with sptu C B(0, 1)}.
It is clear by the formula (3.50) that #,(s) < s for any s. By Lemma 3.15

thi(s)y=sfor0<s <(nm—1)/2.
In R? the exact value of #,(s) is known for all 0 < s < 2:

Theorem 15.6
Kis)y=s for 0<s=<1/2,
=1/2 for 1/2<s5 <1,
=s/2 for 1<s<2.
In order to complete the proof of this after what already has been said, we
need to give examples showing that 7,(s) < 1/2 for 1/2 < s < 1 and #,(s) <

s/2 for 1 < s < 2. This will be done below.
In R", n > 2, the best known estimates are the following:

Theorem 15.7
t(s)=s for O0<s<(mn-—1)/2,
>m—-1/2 for (n—1)/2 <s<n/2,
>n+2s—2)/4 for n/2<s5s=<{m+2)/2,
>s—1 for (n+2)/2<s <n,
<s for mn—1)/2<s<n-2,
<s/2+n/2—-1 for 1<n—-2=<s<n.

We already know the first three lines and the fifth one. Now we verify the
fourth.

Proposition 15.8 If1 <s < n, thent,(s) > s — 1.
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Proof Let u € M(RR") and choose a radial C* function ¢ on R" with sptg C
B(0, 1) such that @ is non-negative and @ > 1 on sptu. Let v=0"'u €
M(R"). Then & = gv = ¢ * . Thus we have for r > 2 using Schwartz’s
inequality, Fubini’s theorem, the fact sptgp C B(0, 1) and (3.45),

2
do" v

o(n)(r) = / | % D(rv)|* do" v = / '/w(x —rv)v(x)dx

< / (f |<p(x—rv)|dx/|(p(x—rv)||’17(x)|2dx) do" '

<ol lelloo f / D0 dx do™ v
[x—rv|<1

5/ o"'({u: [y —rv| < 1Y) dx

[lx|—rl<1

< pl=n Y 2 ~ 1S SN 2

<r Vx)|“dx =~ r |x [ vix)|” dx
[lx|—=rl<1 [lx|—r|<1

< r'_‘Y/IXI“_"I?(x)Ide =y, s) ' L) < yn, ) r T ().

The last inequality follows since /;(v) < I;(u) by the definition of v and the
fact that @ > 1 on spt . We have also used the obvious estimate o~ !({v :
ly —v| <o) o' 'forally e R", o > 0. O

We shall now discuss the counter-examples giving the upper bounds in
Theorems 15.6 and 15.7. First we prove the missing part in R?:

Proposition 15.9 We have t:(s) < 1/2 for 0 <s <1 and t,(s) < s/2 for
1<s<?2.

Proof To prove the first statement we show that if 0 < s < 1 there is u €
M(R?) such that I,(i) < oo and

o)z 1/ J/r for some arbitrarily large r > 0.

For this we can take as p one of the measures uy y € M(R) constructed in
8.2.1 considered as a measure in the x-axis in R2. As we observed there we have
such a u for which I;(t) < oo and fi(x, 0) does not tend to zero as x — oo.
Notice that as spt © C {(x,0) : x € R},

a(x,y) = (x,0) forall y € R.

Since 1t is Lipschitz continuous we can then find a positive number a and
arbitrarily large values r > 0 such that

[i(x,y)| >a forallx €[r—a,r], ye€R.
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The length of the arc C(r) = {(x, y) : |(x,y)| =r,r —a < x <r} is at least
b./r for some b > 0 independent of r. Therefore,

() = ! / B)dov > a2/ F
S(r)

as desired.
For the second statement we need to show thatif 1 <s <2 and r > 5/2,
then there is u € M(R?) such that /(i) < oo and

o(u)(r) 2 r~" for some arbitrarily large r > 0.

We shall again make use of the measures 1y v € M(R) and also of the standard
Cantor measures ity. Choose positive numbers sy, 57, sé, g € (0, 1) such that

s<si+sy<s+sy5<2t and (1+55)/2+¢<t.
Let ) be one of the measures j), y with the properties
mx —e.x+eol) Se" forxeR, ¢>0,
and for somea > 0, L > 1 and L¥ < r, < LK1,
)| >aforr,—a<x<r, k=12 ....

The existence of such a measure follows from (8.8) and (8.9) using again the
Lipschitz continuity of 17. Let 15 be the measure u, with s, = log 2/ log(1/d);
it has by (8.2) the properties

wo([x —o,x +0) S 02 forxeR, 0>0
and
ISE(MZ) = OQ.

As in the proof for the first part, we see again that the length of the arc
Clr) ={(x,y) 1 |(x, Y)| =rk, me —a < x < ri} is at least b/ri. By (3.45)
with rg = 0,

Ixé (I'LZ)

©  byi o by
]~ s5—1)/2 —_—
= J/(l»sé)Z/ @ dy Y / () dy.
k=1 ba/rkfl 0

k=1

As I (p2) = oo there are arbitrarily large values of k for which

s [PV
A [ P dy > L 2 (15.10)
0
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Let u be the product measure &t = 1 X uy. Then I(n) < oo and i(x, y) =
w1 (x)a(y). For those k for which (15.10) is valid we get

o(wr) = ry! / [ m(y))* do, (x, y)
S(re)

b
_ _ —1—(s4=1)/2— _
> a’ry 1/ B dy = a*r, " = O
0

It remains to verify the last line of Theorem 15.7:
Proposition 15.10 We have t,,(s) < s/2+n/2—1for1 <s < n.

Proof Observe first that if 0 < ¢ < 1,(s), then

/ | Fro))?de" v < r T L F]) (15.11)

for all (not only non-negative) smooth functions f with spt f C B(0, 1).
Choose non-negative C*® functions ¢ on R and ¥ on R"™!' with sptg C
(—1/4,1/4),9(0) > 0,sptyy C B(0, 1/2)and ¥(0) > 0. Fix R > 1 and define

F(x) = RN o )Ry (RV2X) forx = (x1,x') € R x R*™!,
Then
F1, &) = @& — g (R,

from which one checks that for some positive constants @ and b independent
of R, |f(Rv)| > awhenv € S ' N B((1,0,...,0), b/~/R). This yields

/ | F(Rv)|*do" v > R™0D/2, (15.12)

Set also g = | f|, for which we have
8ELE) = EY(R™'E).
Thus
I(g) = y(n,s) / 1" [@ED [y (R™V2E) | dt.
Lete > 0 and
D={.&)eR": [&] < R, |&'] < R},

We split the integration in the formula for /;(g) over D and its complement.
For any positive integer N the fast decay of ¢ and ¥ gives

/ EPBEDRITR NP de < RV
R"\D
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For the integral over D we get

/D e[ [@ED 1w (R dg

R1/2+e

5/ €] d& + R’“’/ w2 du.
lé1|<Re.|&' | <Re ¢

The first of the integrals on the right hand side is < R*¢. The bound on the
second depends on the range of 5. If 0 <s < 1, itis S Re. If s = 1, it is
< R°logR. If s > 1, it is < R6~D/2+¢ Combining this with (15.11) and
(15.12), we get when s > 1,

R—(n—l)/2 < R—t+(s—1)/2+ss

which yields (n —1)/2 >t — (s —1)/2 — se, and leads to the last estimate
t(s) <s/2+n/2 —1 of Theorem 15.7. The case s < 1 does not lead to any-
thing new, but when n = 2, it gives another way to see that #,(s) < 1/2 for
0<s <l O

Let us give a dual characterization of #,(s):

Proposition 15.11 For any 0 < s < n we have that t,(s) is the supremum of
the numbers t such that

/|go”—‘(rx)|d,ux < Cr || gll 2y forr > 1,

for all u € M(B(O0, 1)) with I,(u) < oo and for all g € L>(S"~1).

Proof Let € M(B(0, 1)). By duality in L*(S"~") and the product formula
for the Fourier transform,

2
o(u)(r) = / [iGrv))?do" v = sup / a(rv)g)do" v
”g”LZ(sn*l)Sl
/\ 2
= sup /ga”“(rx)du,x
”g”LZ(Sn—I)fl

We still need to get absolute values inside the integral sign in the last integral.
This can be done by observing that

[|g/aﬁ(rx)|dﬂx -  sup /g/aﬁ(rx)h(x)dux,
||h||L°°(M)§]

writing i = hy — hy + i(hs — h4) with non-negative functions /; and investi-
gating the measures £ t. O
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This proposition is from Wolff [1999] and Barceld, Bennett, Carbery and
Rogers [2011]. The authors of the latter paper also proved an L? version: t,(s)
is the supremum of the numbers ¢ such that

/|g0""(rx)|2dux < C(u)r_’||g||iz(sn,l) forr > 1

for all & € M(B(0, 1)) with I,(1) < oo and for all g € L2(S"™1).

15.4 Distance sets in finite fields

Tosevich and Rudnev [2007c] have developed analogues of some of the above
methods and results in finite fields. Here we shall give a very brief sketch, for
more details and related references, see Iosevich and Rudnev [2007c], Hart,
Tosevich, Koh and Rudnev [2011] and Chapman, Erdogan, Hart, Iosevich and
Koh [2012]. Let IF be a finite field of g elements and n a positive integer. For
A C F" we take now

AA) = 1Y 0=y s (e X)), (B ) € A
j=1

for the distance set, and we ask about its size (cardinality) as compared to the
size of A. In particular, when is A(A) all of IF, or has cardinality ~ ¢? Iosevich
and Rudnev [2007c] proved, among other things, that there is a constant C (any
C > 2 works) such that

AA) =TF if#A > CqtV/2,

This can be considered as the analogue of Theorem 4.6(a). This is fairly sharp, at
least when n is odd: Hart, Iosevich, Koh and Rudnev [2011] showed that then
the condition #A > cq(”+1)/ 2 with some positive constant ¢ is not sufficient
to guarantee that A(A) = F. However, for n = 2, Chapman, Erdogan, Hart,
Tosevich and Koh [2012] showed that #A > q4/ 3 suffices, which is analogous
to Wolff’s distance set Theorem 15.1(a) in the plane. Also for subsets of the
sphere {x € F" : Z?:l xj? = 1} better estimates hold, see Hart, Iosevich, Koh
and Rudnev [2011].

To prove such results with Fourier methods one needs the Fourier transform.
For f : F" — Citis

FO=q7"Y x(—x-&)fx). &eF",
x€f"

where x is a non-trivial additive character, that is, a homomorphism of the
additive group F into the multiplicative group of non-zero complex numbers,
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which is not identically 1. By x - £ we mean the usual inner product in F”.
Sets now play the role of measures and the spherical averages o(u)(r) =
J |(rv)|* do" v are replaced by

oA = Y [Xa@I.
lgl2=r

The sums
3n+1

_4 2
S ) = G D oalr)
ref
take the role of the integrals fooo o (u)(r)>r"~' dr.losevich and Rudnev proved,
in analogy to Proposition 15.2(a), that if n > 2, #A > ¢"/?> and S(A, q) < 1,
then #A(A) 2 g.

15.5 Further comments

Theorems 15.1 and 15.5 were proven by Wolff [1999] for n = 2 and by Erdogan
[2005] for n > 2. The underlying ideas in the method come from developments
in the study of Fourier restriction and related problems, which we shall inves-
tigate in the last part of the book. They were first used for the distance set
problem by Bourgain [1994], who proved a weaker result. Theorems 15.1 and
15.5, with the proofs we shall present, hold for general norms for which the
unit ball is a convex set whose smooth boundary has non-vanishing Gaussian
curvature.

The method of application of spherical averages to distance sets was devel-
oped by Mattila [1987] where Propositions 15.2, 15.3 and Corollary 15.4 were
obtained. Greenleaf, Iosevich, Liu and Palsson [2013] gave a different proof for
the first part of Proposition 15.2 by the methods discussed in Section 4.4 avoid-
ing the calculations with Bessel functions. Shayya [2011] proved the following
extension: if n/2 < s <n,v € M(R"), [ |x|™ dx < oo and

o0
/ |/|T7(rv)do"_lv|2r"_1 dr < oo,
0

then £'({|x| : x € sptv}) > 0. Proposition 15.2(a) follows from this with v =
w * L where [1(A) = u(—A). The proof follows similar lines as the one above
combined with another result from Shayya [2011]: if o is a finite complex
Borel measure on R” with compact support and & € L?({x : v -x > 0}) for
some half-space {x : v-x > 0}, then o is absolutely continuous.

The first two decay estimates in Theorem 15.7 and the planar exam-
ples discussed above also originated in Mattila [1987]. The fourth and last
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estimates of Theorem 15.7 were proven by Sjolin [1993]. The simple proof of
Proposition 15.8 is due to Wolff [2003].

Wolff [1999] investigated also L”, 1 < p < oo, averages fsl [ix(rv)|? do'v
in the plane. The estimates for p > 2 obtained from p = 2 by interpolation
are sharp, Wolff constructed examples to show this. For 1 < p < 2 sharp esti-
mates are not known. Wolff related L' estimates to dimension estimates for
Furstenberg sets, recall Section 11.5.

Bennett and Vargas [2003] improved Wolff’s L' estimates. The method uses
random sums, which Wolff also used, and some of the interesting estimates for
them are sharp.

Many variants of spherical averages have been studied. Sjolin [1997] proved
estimates for radial functions and for averages over the boundaries of cubes. In
Sjolin [2002] he investigated linear combinations of products of radial functions
and spherical harmonics. Sjolin and Soria [2003] studied averages with respect
to very general measures in place of the surface measure on the sphere. In
all these three papers the authors looked at both general and non-negative
functions. The behaviour differs considerably for these two classes. The upper
bounds for #,(s) given in Theorems 15.6 and 15.7 are valid for much more
general surfaces than the sphere. Barceld, Bennett, Carbery, Ruiz and Vilela
[2007] constructed worse counter-examples for the paraboloid than what are
known for the sphere. Worse behaviour can also occur if one considers signed
measures in place of positive ones, see losevich and Rudnev [2007b]. Tosevich
and Rudnev [2009] showed that certain bad estimates of Fourier averages of
measures imply some structural properties of these measures.

In Proposition 15.2 we saw that A(u) € L? if ¥(u) € L?. There is a much
more precise relation between the L? norms, namely

f ” A()(u)* du = c(n) / ” Z(w)(r)*dr.
0 0

The key to this is the formula (15.2) which gives A(u) as the so-called Hankel
transform of X(u). Then the above identity is a Plancherel type formula for
this transform which is proved for example in Watson [1944].

From Theorem 7.4 it follows that if A and B are Borel sets in R" with
dimB > (n 4+ 1)/2 and dim A + dim B — n > u, then for 6, almost all g €
O(n),

L£'({z € R" : dim A N (t, 0 g)(B) > u}) > 0. (15.13)

Combining the results in Section 6 of Mattila [1987] with the Wolff~Erdogan
estimate in Theorem 15.5 gives some further information for the case when the
assumption dim B > (n + 1)/2 is not valid. Namely, if dimA < (n + 1)/2,
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dimB <(n+ 1)/2and dim A + dim B/2 — (3n + 2)/4 > u > 0, then for 0,
almost all g € O(n), (15.13) holds. Notice that these conditions imply that
dimA >n/2+1/3ordmB > n/2+1/3.

As mentioned in Section 5.4 D. M. Oberlin and R. Oberlin [2013b] used
Erdogan’s estimate in Theorem 15.5 to prove certain projection theorems in
R3.

A note added in proof

Very recently Luca and Rogers [2015] improved some of the estimates for #,,(s)
inthe range n/2 4+ 2/3 + 1/n < s < n with applications to partial differential
equations in the spirit of Chapter 17.



16
Proof of the Wolff-Erdogan Theorem

We now begin the proof of Theorem 15.5 and we will prove the following
almost equivalent

Theorem 16.1 For all (n —2)/2 <s <n,n>2,6 >0 and every u €
M(R™) with sptw C B(0, 1) and

w(B(x,0)) <o° forallx e R", o0 >0, (16.1)

the spherical averages satisfy
o(n)r) < C(n,s, 8);/,(R")r‘9_n+317h2 for r > 1. (16.2)

This gives Theorem 15.1 by Frostman’s lemma, Proposition 15.3 and the
fact that (16.1) implies 7;(n) < oo for 0 <t < 5. It is not quite enough to
get Theorem 15.5, because a measure with finite energy need not satisfy any
uniform growth condition on measures of balls. At the end of this chapter we
shall explain how to repair this. Briefly the idea is that the proof of Theorem
16.1 goes through assuming u(B(x, 0)) < ¢ onlyforp > 1/r,and givenr > 1
any u € M(B(0, 1)) with I;() < oo can be written as a sum of roughly log r
measures satisfying (16.1) foro > 1/r.

Since the proof of Theorem 16.1 is rather complicated, I first give a sketch. It
is fairly easy to see that instead of integrating over the sphere S(r) it suffices to
estimate the integral of |[1|*> over the annulus A, = {x :r — 1 < |x| <r + 1},
and then by duality this is reduced to proving

/ |f|2 dp < petOn=2s=2/4 (16.3)

for functions f with || f|| = 1 and spt f C A,. Assume that spt f is contained
in a part of A, above a cube Iy C R"~! with d(Iy) ~ r. Consider a Whitney
decomposition of Iy x Iy \ {(x, x) : x € Iy} with cubes I x J and let A,(I) be

201
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IxJ

Figure 16.1 The Whitney decomposition

the part of A, above /. Then we can, just from the definition of the Fourier
transform, write

fey = Z Yo hOLE+ Y. AEFE),

=k, IXJEE; IxXJe&

where f; = fxa, ) and for I x J € & both A,(I) and A,(J) are dyadic sub-
regions of A, of diameter roughly 277 and the distance between A, (/) and
A,(J) is also roughly 27%r. Here 27% ~ 1/./r, see Figures 16.1 and 16.2.
The second sum consists of similar terms with £ = k, and it is much easier to
estimate. To estimate the contribution of the first sum we first observe that since
there are < logr values of k to consider, it is enough to get the upper bound
of (16.3) for each of them separately. This rather easily reduces our problem to
getting the estimate

/ T Tl < OB £,

for any fixed I x J € &.

A simple geometric observation is that the support of f; * f; is contained
in a rectangular box R; ; with n — 1 side-lengths ¢27*r and one side-length
c27%kr. Let gg, , be a smooth approximation of the characteristic function of
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~ 27y
A
' ' 7-3 2_2kr
e
I J

Figure 16.2 The dyadic subregions

R; ; asin Lemma 3.16 such that ¢, , = 1 on R; ;. Then we find that

[y A

where g, , = |@g,,| * p is as in Lemma 3.17. This lemma gave us estimates
on [Lg, , based on the growth condition u(B(x, 0)) < ¢°. In order to use these
effectively we decompose the space into rectangular boxes P € P withn — 1
side-lengths ¢27% and one side-length c. Letting ¥/p be a suitable smooth
approximation of the characteristic function of P we find by simple estimation

/ 77 du = / Flon,, - (fr * o)l du

S Z (/ |Jﬁm|2>2 (/(MR,,/T/fP)z)Z,

PeP

where f p is defined by localizing the Fourier transform of f; to P; ]71,\,: =

Yp fr1.
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Let us now assume that n = 2. The second factor in the above sum is
estimated by Lemma 3.17 which gives

/(MRI,] WP)2 SJ r2—52—/<.

The first factor is estimated by the support properties of the functions f; p.
More precisely, the support of f; p is contained in a slight fattening A.(I) of
A,(I), which again has diameter about 27%r and the distance between Z,(I )
and Z,(]) is about 27%r. Since the ‘angle’ between X,(I) and AV,(J) is about
27 it follows by simple geometry that

LX(—A(D) +x) N A () S 2F (16.4)

for all x € R". Using this one can estimate

/Ifz,\znfﬁlz52k/|fz,P|2fIfJ,P|2-

These estimates lead to (16.3) when n = 2 but the corresponding inequalities
in higher dimensions would not be good enough. When n > 3 deep bilinear
restriction estimates come to the rescue and they can be used to complete the
proof.

We now begin the detailed proof of Theorem 16.1. The following proposition
allows us to estimate integrals over annuli instead of spheres:

Proposition 16.2 Let n € M(B(0, 1)) and let o > 0. Let
A, ={xeR':r—1<|x|<r+1} forr>1.

If u(R") < landforall0 <e <1,r > 1,
ri / RO dx S p(RFE (16.5)
A
then forall0 <e < 1,r > 1,

o (W) Sa.e wRre™e.

Proof Choose ¢ € S(R"), ¢ > 0, such that ¢ = 1 on spt u. Let N € N. Then
as ¢ € S(R"),

o] < Cyly|™ forall y € R".



Proof of the Wolff—-Erdogan Theorem 205

We may assume that 7' =% > 2 so that » — r® > 1. Using Schwartz’s inequality
we derive,

o(u)(r) = / IZrv)[Pdo" v = / lp(rv)|* do" v
Sn—l S

n—I1

2

:/ | * m(rv)|>do™ v :/ ’/g’ﬁ(rv—x)ﬁ(x)dx do" v
Sn—1 sn—1
5/ /|$(VU—X)|dX/|¢(rv—x)||ﬁ(x)|2dxda"_1v
Snfl
= [ 1@l [ ipers - ol dx oo
Sn—l

5/ /Ia(rv—X)Ilﬁ(X)Izdxda”_lv
n—1

<[ do" o E)P dx
{(x,v):[rv—x|<re}

" Z// 190rv — X)|| () dx do" .

=1 Y M) <lru—x| <)ty

Let

Li(r) = // do" |(x))* dx
{(x,v):lrv—x|<re}

and

o0
h(r) = Z// 00 — ||| dx do" v,
i1 Hewey slro—xl <oy

First we estimate /;(r). For (x, v) satisfying [rv — x| < r® we have |r — |x|| <
r¢ and,

X x_ X -1 e—1
v —| < |lv—— —— | =r (rv—x|+ x| —r]) <2rF ",
|x| rto e x]
SO
X
o e s jrv—x| <rf)) <ot ({v e s v—ﬁ < ZrE_1}>
X

< plEe=Dn—=1)

Covering the interval (r — r®, r + r®) with k < 2r° intervals of length 2, we
findr; € (r —r%,r +7r%),i = 1,...,k, such that

k
{x:r—r€<|x|<r+r€}CUAr,,,

i=1
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Therefore, applying (16.5)

Li(r) S re7 DD / ()| dx

{xir—re<|x|<r+re}

k
(e—1)(n—1) ~ 12
<r [(x)|” dx
X/,
i=1 i
k

5 r(s—l)(n—l) Z }’in_H_S_a/L(R”)

i=1

5 r(s—l)(n—1)+£+n—1+s—aM(Rn) — r(n-i-l)a—aM(Rn).

For I,(r) we have, as |{1(x)]? < u(R™")? < w(R™),

o0
L(r) < Z Cyr—eNi LYBrv, re9tDy)) do"Top(R)

—1
i=1 ¥

o0
— CNO,n—l(Sn—l)a(n) Z r—SNj+n€(]+l)M(Rﬂ)
j=1
e ¢]

= Cnyo" (8" Ha(n)r® Z PN (R
j=1

SE,N rne—i—(n—N)sM(Rn) < r—aM(Rn)’
when N is chosen big enough so that (N —2n)e > «. O

Proposition 16.3 Let n € M(B(0, 1)) and « > 0. If
/ |F1Pdp Sae retm1e, (16.6)

forall r > 1 and f € L>(R") such that || f|l, = 1 and spt f C A,, then the
estimate (16.5) follows.

Proof By duality, the product formula and Schwartz’s inequality,

2 2
/ [iZl> = sup /fﬁ = sup /fdu < sup /Iflzduu(R”)-
Ar Il fl2=1 I fl2=1 I fll=1
spt fCA, spt fCA, spt fCA,

O

Proof of Theorem 16.1 With Propositions 16.2 and 16.3 in mind it is enough
to prove thatif r > 1 and 0 < ¢ < 1, then

/ |ﬂ2 du <. petn=l=rt2=2)/4 _ Le+Gn—25-2)/4 (16.7)
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provided

[flla=1,sptf C A, ueM(BO,1) and
w(B(x, ) <o’ forallx € R", o > 0. (16.8)

The rest of the proof of Theorem 16.1, and hence of Theorem 15.1, consists of
proving that (16.8) implies (16.7). We shall do this with a bilinear approach, that
is, we write f2 =) 1.y J1fs forsuitable functions f; and estimate the integrals
J 1 f1 fr1du. The functions f; are supported in spherical dyadic annuli. To
get the needed spherical decomposition of A, more formally we may and
shall assume that f lives above some cube [0, 727% )"~ with 27% ~ 1/n.
Then the standard dyadic decomposition of [0, 727%)*~! gives the desired
decomposition of the part of A, above it.

Solet fand wbeasin (16.8),r > land0 < ¢ < 1.Let [y = [0, p22knyn=l
with 2% < 1/n, and for any cube I C I let

A ={xeR":(x1,....x—)ELx,>0,r—1<|x| <r+1}
By easy geometry
A,(I) C Ry (16.9)

where R; is a rectangular box with n — 1 side-lengths ¢;d(I) and one side-
length clr(d(l)/r)2 = cld(l)z/r. Here and later in this chapter ¢y, ¢, ... will
be positive constants depending only on n. Clearly, d(A, (1)) ~ d(I).

We may now assume that spt f C A,(/p). Consider the dyadic partition
Dy of I into disjoint subcubes of side-length 2% k=ky k,+1,.... We
express Iy x Iy \ {(x, x) : x € Iy} as a Whitney type decomposition by cubes
1 x J with disjoint interiors;

Io X I)\{(x,x) :x € [} = U U IxJ

k=k, IXJ€&E;

such that 7, J € Dy and
r27F <d,J)<2n-r27% whenever I xJ € &. (16.10)

There are several easy ways to achieve this. One way to define & is to declare
that I x J € & if I,J € Dy and I and J are not adjacent but their parents
are. Adjacent means that the cubes are disjoint but their closures intersect. The
parent of I € D is the unique cube in Dj_; which contains /. Let k, be the
largest integer such that 27% > 1/./r. So k, ~ log /7 and we have for some
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c >0,

ke

{(x,y)elyxIy:|x —y| > can/r} C U U IxJ.

k=k, IXJ€EE,

Then Iy x Iy \ U],;;k“ Usxseg, I < J is the union of disjoint cubes I x
J,1,J € Dy, of side-length ~ /1 call this family £. Hence

k,
10><10=U U IxJU U IxJ,

k=k, IXJE€& IxXJe&

the whole union being disjoint. Let £ be the family of those cubes I € Dy
for which there is J € Dy, suchthat I x J € €, and for [ € & set E() = {J :
I xJ e &}. Clearly I € £(I) and #£(I) is bounded by a constant depending
only on n. We also have the disjoint union

kr
Ay x Aty = U Amxanu [ A0 xa0).

k=k, IXJ€E, IxXJe&E

Note that d(A,(1)) ~ d(A,(J)) ~ 27%r when I x J € &.
For & € R" we now have

2
f&? = ( f e‘z”'f*.f(mdx)

— [ [ e papgdxdy
A, (lo) Y A, (o)

k,

= Z/ / eTHECED £ () f(y) dx dy
A1) JA ()

k=k, IXJ€&
+ f / TECE () f(y)dx d
Iég A () Ar(J)e * ey
k.
=Y Y AOL®+ Y F®HE),
k=k, IXJ€E;, IXJEE
where
Jr = fxam-
Set
k, . R
SiE=>" > e fHE (16.11)

k=k, IXJ€E
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and

@ =Y HEFE). (16.12)
IxJe&
For I x J € &, ky <k <k, f1fy = fi * fs. Recalling (16.9) it follows by
elementary geometry that for some c3,

sptfl*ffCAr(I)+Ar(J)CR1+R]CR1_J, (1613)

where R; ; is a rectangular box with n — 1 side-lengths c3r27% > /r and
one side-length c3r27 % Thus R;jis a (c3r27%K, c3r27%, .., c3r27%)-box
according to the terminology of Section 3.9. For I x J € £, we have also
(16.13) with Ry ; a(c3, c3+/7, . .., c34/r)-box. Let us recall some facts about
such boxes from Section 3.9.

The dual R of an (r1,...,ry)-box R is the (ri, el %)-box centred at the

origin with the ri side parallel to the r; side of R. We associated an affine
J

mapping Ag and a smooth function g to each (r, ..., r,)-box R such that,

denoting Qo = [0, 1]*, Ay is of the form

Ar(x)=g(Lx)+a, geOm),aeR", Lx=(rixy,...,ryx,) forxeR",

R = Ar(Qo). R=g(L7'(Qu). (16.14)
and
pr=@oAyx' with grg=1 on R and sptgg C2R. (16.15)

Here ¢ € S(R") is such that ¢ = 1 on Q( and sptey C 2Qy. Then by Lemma
3.16

PR(X) =1+ TUGL(gT (1)), (16.16)

o0
GRS riorn D27 M o p(x) forx € R", M €N, (16.17)
j=1

and
ezl = 12l. (16.18)
We shall also use the estimates for the function
Ur = |Qr| * 1
given in Lemma 3.17.

First we estimate [ [Sy(¢)| dué. Recalling (16.12), S, = 3, ;e f1 /7 and
spt fi C R; where R;isa(c3, c34/7, .. ., c3+/7)-box. Thus, as g, = 1 on R,

Fi = Gon f0) = @&, * .
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Applying Schwartz’s inequality and (16.18), we deduce
|fi0] = ‘f@?,(x —y)ﬁ(y)dy‘

< (/ |¢,;(x_y)|dy>2 (f |¢,;(x_y>||ﬁ(y)|2dy>2

1
1 —~ 2
= |@l; (/ |@r, (x = 1) dy) .
Hence by (3.60) and Plancherel’s theorem,

[1irans [l wlil s« [17E=rit [1nr
(16.19)
Recall that £’ is the set of I such that I x J € £ for some J and E(I) = {J :
I x J € &}. For every I € £ there are only boundedly many elements, say at
most N, in £(1). Here N depends only on n. Denote by J(I) a cube J € £(I)
for which the integral [ | f;|?du is largest. Then, as I € E(I),

/|ﬁ|2du 5/|m>|2du.

Moreover, again any J can appear as J (/) for at most N different cubes 7, so
any x € R” can belong to at most N sets Ag(J (1)), which gives

DAl =D xawuanl fIP < NIFP.

reg’ Ieg’
Using these facts, Schwartz’s inequality, the fact that || f|| = 1 and (16.19),
we get

/|52(5)|dM5 <y /|ﬁﬁ|du
IxXJeE
R 12 _ 12
<y (/|f,|2du> (/Ifxlzdu>
IXJeE
N 12 _ 12
- Y ([1fran) X ([ 17Ran)
Ieg JEE)
N 12 - 12
< Z (/|f1|2dﬂ> N(/|f1<1)|2du>
1€&’
=3 [1Tkdns ¥ [17ar
1€e&’ 1€&’
= 2 Ul < N [gp <
1e&’
3n—25—2

, which is better than the desired estimate (16.7).
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We are left with estimating [ |S;(§)| duu&. Recall from (16.11) and (16.13)
that

k
Si=Y. > il
k=k, IXJ€E,

with
spt f1 * f1 C Ry

where Ry ; is a (c3r27%, c3r27%, ... c3r27%)-box. It is enough to prove for
every I x J € & that

[ T 75 N < OB £ (16.20)

because if (16.20) holds, using the facts that k, < r® and that for every I € Dy
there are at most N cubes J € Dy such that I x J € &, we obtain

flSlldMSFE{Sup > [ 1ifdu

kiksk} 1x geg,

3n—25—2)/4
SO sup N fillall 412

{k:k<k,} IXJEE,

S r5+(3n*23*2)/4 sup Z “f[ ”%
{k:k<k.} 1€Dy;

= peH i/ £ )12

_ .e+(Bn—2s-2)/4
=r s

yielding the required estimate (16.7).

Let P be a partition of R” into a union of disjoint (c4 - 275, ..., ¢4 - 275, c4)-
boxes P such that their longer sides are parallel to v where v is an arbitrarily
fixed vector in Ag(1) U Ag(J) with |v| = r. Choose ¢ € S(R") such that

/gﬁ:l,tﬂzo and Sptl\ﬁ/CQo.
We can get such a i as ¥ = (m) = [17]* where 7 satisfies
1 ~
n>0,sptn C EQO and 7(x) = n(—x) forall x € R".

Forany P € Pletyp = ¢ o A,'. Then as every ¥p is bounded and decays
quickly off P,

Y ypa, 1 forl <p<oc. (16.21)
PeP
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Let
fro=F'\Wpf)=Vp* fi forPeP,
so that ]71; = 1//1:]?1. Set S; p = spt f;.p. Then
Si.p Cspt fi + sptip.

As in (16.16) and (16.14) wp(x) = Aplp(L(g_l(x))) Ap e C, and P =
g(L71(Qy)). Thus the fact that sptlﬁ C Qp implies that sptwp C P, hence

SipCsptfi+ P c A+ P.

Define 7 (xy,...,x,) = (x1,...,x,—1). We shall now check that if ¢4 is
chosen large enough, but depending only on n,

S1,p C A+ F

; - (16.22)
CixeR":m(x)e 71, r =2 < x| <r+2} =1 A(),

and similarly S, p C A,(J). Notice that by (16.10)

d(A(1), A(J) > 275 ~ d(A (D) ~ d(A,(J)) forl x J € &.
(16.23)
Recall that P is a (1/c4, 25 /c4, ..., 2% /c4)-box centred at the origin whose
shorter sides are parallel to v and

A)={xeR":a(x)el,x, >0,r—1<|x| <r+1},

where [ is a cube in R"~! with side-length 27%7. We restricted k to 2% < /7,
so 2k < Z_krfnd d(};) < n2k/C4 < 2"‘r/4 if ¢4 > 4n. Then 7w (x) € %I for
xe€A)+ P.

To verify r — 2 < |x| < r + 2 for the points of A, (1) + P we may assume
thatr > 2andv = (0,...,0,r). Then A,(I) C A, N B(v, 5n27*r) by (16.10)
and we are reduced to showing that r —2 < |x| < r 4+ 2 whenever x = y +
zwithy € A, N B(v,5n27%r) and |z;| < 2%/esfor j=1,....,n—1, |z,] <
1/c4. We have

x> =y +z> =y + 2P +2y -z,
where

r—1 <|y|<r+1,|yj|§5n2*kr forj=1,....,n—1,|y,| <2r,
lzjl <2%/ca < frjea forj=1,....n—1,|z,| < 1/ca,
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whence
|x|2 = |y|2 + |z|2 +2y-z<(r+1D*+ nr/ci + 10nr/cq + 2r/cq
< (r+ 1>+ 15nr/cy,
|x|2 = |y|2 + |z|2 +2y-z2> (=1 —10nr/cs — 2r/cy
> (r —1)* = l4nr/cy,

and so

x| <V + D + 15nr/cs < r + 1+ (15nr/cy)/(r + 1) <7 +2,

and

Ix| = V=12 = 14nr/cs > r — 1 — (14nr/cy)/(r — 1) > r — 2,

provided ¢y is sufficiently large; here we used the inequalities /T +a < 1 4+ a
and V1 —a>1—avalidfor0O <a < 1.

We shall first finish the proof of (16.20) for n = 2. We have g, , - (f7 *
f1) = fi * fr, because spt f; * f; C Ry ; and by (16.15) g, , = 1 on Ry, ;.
Hence using (16.21) with p = 3 and Schwartz’s inequality,

/IﬁfjldMZ/If(qu,,_,'(fz*fx))ldMZ/lfxT_., « F(fy # )l du
5//|<ﬁ,,,(x—y)ﬁ/*\fj(y)ldydux
- / 167, — Wl dux | ) F )| dy

= [1R7 (e ) ~ X [ 17 Bl v

PeP

D AR
PepP

< |ffw2|2>z< (ter,, ¥ >2>2
};,(/ 1fivp / R VP

- |ffl2>2( i, ¥ )2)2'
L (f 77 (Jo

(16.24)

We have the geometric estimate:

LX(=S1.p +X) N Spp) < LA + )N A(J) < 2¢ forallx € R
(16.25)
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This follows from (16.22) and the following simple plane geometry lemma
scaling by r and taking [ = 27, o = 2/r. Recall that A(p) is the open o-
neighbourhood of A.

Lemma 16.4 Letl,0 € (0,1) and let S, S, C {(x,y) € S' : y > 0} be arcs
with d(Sy, S») > 1. Then

L2(S1(0) N (S2(0) + 2)) < Co?/1 forall z € R?,
where C is an absolute constant.

Proof Observe that any two unit tangent vectors of S; and S, form an an
angle 2 [. Therefore, the length of the arc S, = S1(0) N (S2 + 2) is < o/1.
Since S;(0) N (S2(0) + z) is essentially the p-neighbourhood of S, the lemma
follows from this. O

Now we can estimate the right hand side of (16.24). For the first integral we
have by Plancherel’s theorem and Schwartz’s inequality,

/lfz}fﬁﬁ =f|(f1.p x fr.p) = / \(fr.p * fr.0)]?

< / (£2(<—s,,p+x> NS;p) / Ifz,p(x—y)lzlff,p(y)lzdy> dx.

Hence by (16.25),

2
dx

f Jr.px =) frp(y)dy
(=S, p+x)NS) p

flffpfﬁlzﬁf‘/Ifz,plzflf/,plz. (16.26)

The second integral on the right hand side of (16.24) is estimated by
using Lemma 3.17. To simplify notation let R = R, ;. Recall that R is a
(c3r27%, e3r27F)-rectangle, R is a (c5'r~'2%, ¢5'r~12%)-rectangle centred at
the origin and every P € Pisa(c427%, c4)-rectangle. Hence denoting the centre
of P by cp,

P C K§+ cp with K = C3C4r272k.

By (3.60),

/M?ew?a < / lglloomr¥p < (r2"‘)2‘S/uR1/f%. (16.27)
Furthermore by the definition of ¥/p,

Yp(x)* <2760 forx €2/P\ 2P, jeN.
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Thus by (3.62)

[ee)
/MRW% S/MR +ZZ_‘j(S+])/ IR
P o 2P\ P

o0
< / pr(x —cp)dx + 22"(““)/ pr(x —cp)dx
KR = VKR

oo

g Ks(r2—2k)—1(r2—k)l—s + Z2—j(S+l)(2jK)S(r2—2k)—l(r2—k)l—s
j=l1

— 2K‘YI’_S2k(1+S) — 2(0304)‘Y2k(1—$).

Combining this last estimate with (16.27) we get

/ uryd <Ptk (16.28)

Finally using (16.24), (16.26),(16.28), Schwartz’s inequality, Plancherel’s the-
orem and (16.21), we obtain

/Iﬁﬁlduif;)ﬁ </|fua|2/IfJ.Plz)ér“iz‘@
Z/|fJ,P|2>Z

<ri= | f1, |2>2 (
(Z ) (2
=4 |f|2w2)2( |f|2w2)2
(g fiee) ([ o
< (/W)z (/|ﬁ|2>2

-
= r' 2 fall2ll £ s

which proves (16.20) in the case n = 2.

It remains to consider n > 3. For that we need to use the following bilinear
estimate which will be proven at the end of Chapter 25. The proof below works
also for n = 2, but taking into account the difficulty of the proof of the bilinear
estimate we have preferred to give a separate proof for n = 2.

Theorem 16.5 Let (n —2)/2 <s <n,n>2,q >
M(R™) such that

4s
m,C>Oal’ld,bL€

w(B(x,0)) <0* forallx eR", o> 0.



216 Proof of the Wolff—-Erdogan Theorem

There is a constant n, € (0, 1) depending only on n such that if 0 < n <
Nt >1/n, f; € L*(R"), spt fj C A, NBj,nr), lvj|=r,j=1,2,cnr <
d(A, N B(vy, nr)), A, N B(va, nr)) < nr, then

1f1 fillogo < Cluus, g, ™4 r) = =) fill2ll f21l2-

Notice that s > (n — 2)/2 means that —5— +2Y > 1. To continue the proof of
(16.20), let g be as in the above theorem. We first estimate by (16.21) and
Holder’s inequality with ¢" = ¢ /(g — 1),

/Ifzfjldu~ Zf|f Frlwpt " dp

PEP

=> / o Frpld " di < 37 I fie Frpllsallvel)?.

pPep PeP

As sptfip C A(I) and sptf,p C A.(J) by (16.22), d(spt f1.p) <
27%r, d(spt f7.p) < 27%r and d(spt f1.p, spt f7.p) ~ 27*r by (16.23), we can
apply Theorem 16.5 with n ~ 27* to estimate

I Frp Frp oo < 297 ey =109 f1 pllall £r.p 123

we can assume that r is big enough so that n < n,. By the fast decay of {p
outside P we have

/ Vpdi S ZZ—ZW / Xoipdp = ZZ—Zsju(sz).
J J

The (c4277%, ..., c42/7%, ¢427)-box 2/ P can be covered with roughly 2* balls
of radius c42/7%. Hence (27 P) < 2(c42/7%)* and so

\/va lef < Zz*Zszk(zj*k)s — Zk(lfs) szsj ~ 2k(17s).
J J
Putting these estimates together we get
/ Fifoldu S 2k 1msla= gt 6= =1=s/a ) £, oo | £ .

PeP

The factor of —k in the exponent of 2 isn—1—s/q —1/q + (s —1)/q¢' =
n—2+s—2s/q > 0 by the assumption on g. Furthermore, given ¢ > 0 we

can choose ¢ such that 1/g = % — £ which means that n — 1 —s/q =
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&+ W This leads to

[ BT £ 3 S el el

PeP

1/2 1/2
ret (Z ||f1p||2) (Z ||fJ,P||%)

PeP PeP

3n— ;—2 3,,_7;_2
ret Ifell2ll fall2 = ro*

This completes the proof of (16.20) and thus also of Theorems 15.1 and
16.1. -

We still have to explain how Theorem 15.5 follows from Theorem 16.1.
Going through the proof of Theorem 16.1 one finds that once a big enough r is
fixed the growth condition u(B(x, 0)) < o* is only used for o = 1/r.

Let u € M(B(0, 1)) with I;(u) < oo and let r > 1. Replacing pu with
w(@®")~' L we may assume that (R") = 1. Set

O(u, x) = sup o’ wn(B(x,0))
o=1/r

for x € B(0, 1). Then
270 <0, x) Srh.
Hence there are < log r values of k € Z for which the set
Ep ={x € B(0,1): 25" < 6(u, x) <21}
is non-empty. Let p; = 2%l Ey. Then o = Y, 2%y and
ui(B(x,0)) <2'0" forx €eR", o>1/r.

This inequality follows observing that if ui(B(x, 0)) > 0, then B(x, ) C
B(y, 20) for some y € Ej. Moreover, ui(R") < 2721 (). To see this cover
E) with balls B; = B(x;, 0;),0; = 1/r, such that Z_,' x8, S 1and u(B)) >
2"_2Q§. The existence of such balls follows from Besicovitch’s covering theo-
rem, see, for example, Mattila [1995], Theorem 2.7. Then

f x =y duy = Qo) u(B)) = 277
B;
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for x € B;, whence

R <Y ju(By) <275 " u(B;)
J J

S22y x =y dpydux < 27 I(w).
7 VB JB;

Therefore, applying Theorem 16.1 to puy, we get
o (1)) S logr supo (2 () = 2% log r sup o (u)(r) S =57 L),
k k

Theorem 15.5 follows from this.

16.1 Further comments

As mentioned before Theorem 16.1 is due to Wolff [1999], for n = 2 and due
to Erdogan [2005], for n > 2. Erdogan [2004] first gave a different proof from
that of Wolff, and some related results, when n = 2 and in Erdogan [2006] he
gave a weaker estimate than the one in Erdogan [2005].

Erdogan and D. M. Oberlin [2013] used methods similar to those presented
in this chapter to investigate L? averages of Fourier transforms of measures
over certain polynomial curves in the plane.
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Sobolev spaces, Schrodinger equation and
spherical averages

We begin this chapter by giving a Fourier analytic definition of Sobolev spaces.
Then we study the Hardy-Littlewood maximal function and convergence of ball
averages of Sobolev functions. One of the main goals of this chapter is to show,
using results of Barceld, Bennett, Carbery and Rogers [2011], how estimates
of spherical averages can be used to derive information on the behaviour of
some integral operators related to partial differential equations.

17.1 Sobolev spaces and the Hardy-Littlewood
maximal function

For o > 0 we define the fractional order Sobolev space H° (R") as
HOR") ={f € L*R") : | fll o) < o0},

where

_ 12
ey = ( [1F@ra +iepr ds)

is the Sobolev norm. Recall that in Chapter 5 we already introduced this norm
for measures. There we also observed that for integers o these spaces are
classical Sobolev spaces with the weak derivatives of order ¢ in L?%. Of course,
HO(R") = L*(R").

For o« € R we can define, at least as a tempered distribution, the Bessel
kernel G, by

G (&) =(1+ )2, geR".

219
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Then H°(R") consists of all Bessel potentials G, * g of functions g € L*(R").
These and related potential spaces have been extensively studied for example
by Adams and Hedberg [1996].

The case when o > n/2 is simple, for the questions we are interested in.
Then, if f € H°(R")and, forexample, f € L'(R"), it follows from Schwartz’s
inequality that fe L'(R") and thus f is continuous (recall Corollary 3.1).
Therefore we shall only consider o < n/2. We shall prove estimates using
measures with finite energy, in particular (n — 20 )-energy. Hence we shall
often assume o < n/2.

Notice that

H®[R") Cc H*'(R") if o7 < o0s. 17.1)
Another easy observation is that smooth functions are dense in Sobolev spaces:
Lemma 17.1 C§°(R") is dense in H° (R").

Proof Let {1, : ¢ > 0} be a smooth approximate identity; ¥.(x) = e "¢ (x/¢)
where ¢ is a C* function with spt ¥ C B(0, 1) andfl/f = 1. Iff € H°(R"),
then f, = ¥, *x f is infinitely differentiable, fs(é‘) w(eé ) f (¢) and

R R 172
If = fellaemn = (/ (1= Y& fFEPA + £ d&) -0

as ¢ — 0. Thus C*°-functions are dense in H?(R"). This would be enough
for us and we leave it as an exercise to get the approximation by compactly
supported C*°-functions. O

The following lemma is useful for studying various integral operators.

Lemma 17.2 Let 0 <o <n/2,u e M(B(0,1)), and let n:R"—
C,9o:R" >R and o :R" — (0,00) be Borel functions such that n €
L*®R"), [7(x)| S A+ [xD™"7" and for some o >n/2—o,[n(x)] < 1+
|x)™¢ for x € R". Then

/ ' / 1(0(x)) F(£)e*™ CEH¢® el dux < Cn, o, Ny Tnzo W f || 110 @)
(17.2)

forall f € H°(R"). In particular, the constant depends neither on ¢ nor on Q.

Proof We may assume that o is bounded below by some positive constant
c; consider the measures ul_{x : o(x) > 1/j}, j = 1,2,.... By duality it
suffices to show that for any Borel function w € L*(u) with [[w]|zee) < 1
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we have

‘ / / 1@COE) TETETO gy () dpx| < v/Tooan GO e @y

(17.3)

We would like to apply Fubini’s theorem. This is legitimate because

/ In(0(x)&) F(&)| d& dpux

12 _ 12
s(/ |n<e<x>s>|2dsdux) (/ |f<s>|2dsdux)

1/2
= ( / f o) " [n(O)I* d¢ dux) | £ (R

—n/2
< c"u®Mnl2l fll2 < oo
Writing 27 i (6 +¢E) — o27i¢()p2mix8 and using Schwartz’s inequality, we see

then that the square of the left hand side of (17.3) is bounded by

2
f |F@&)PIE P de / ‘ / neE)™ w(x)dux| 77 dk,

Expressing the inner integral squared as a double integral and using again
Fubini’s theorem, which we can by our assumptions on 7, we find that it
suffices to show that

/ f f n(e(xX)E)M(e(NE)*™ e dgw(x)yw(y) dpx diy S Limae ().

For this it is enough that for 0 < o < n/2,

‘ / N(rEmré)|E| 727 I dE | < — yP " (17.4)

for x, y € R" and for all positive numbers r; and r,. In the left hand side we
have the value at y — x of the Fourier transform of r;"'r;"n, 0,k Where
N (&) = r'"n(r&) and ky, is the Riesz kernel. By Lemma 3.9 the inequality
(17.4) reduces to

700 % (") * kneao (2] <[22

for z € R" and for all positive numbers r; and r,. For this we only need that

|(r™" 1) % ko (X)| =

[ =l ] S e
for x € R" and r > 0. By change of variable z = y/r this reduces to

‘/ﬁ(x —2)|z|* " dz

20—,
S e




222 Sobolev spaces and the Schrodinger equation

for x € R". This is easily checked by our decay assumption on 7:

o0
‘/ﬁ(x _Z)|Z|20—n dz 5 Zz—(n-}-l)j/ |Z|2a—n dz S |x|20—n’
=1 b

(x,27)

where we used the elementary inequality
[ ey S P
B(x,r)

valid for x € R" and and r > 0, whose easy verification we leave to the reader.
O

We define a Hardy—Littlewood maximal function M f by

am~r" / f
B(x,r)

where a(n) = L"(B(0, 1)). Notice that this is not the usual definition; we have
absolute value signs outside the integral. This is because we have to be a

M f(x) = sup , xeR",

r>0

little careful in the coming estimates, since the absolute value of a function
in H? (R") need not always be in H°(R"). Lemma 17.2 leads to information
about the boundedness of M f and further to a refinement (not a generalization)
of Lebesgue’s differentiation theorem:

Theorem 17.3 Let 0 <o <n/2 and u € M(B(0, 1)) with I,—,(1) < oo.
Then

1M £l < C0y 0 Tn—ao GO f || 1o ey

forall f € H°(R™). Moreover, the finite limit lim, am)lr fB(”) fdcr
exists for y almost all x € R".

Proof Let n be the inverse transform of the characteristic function of the unit
ball; 7 = xp.1), and define n,(x) = r"n(rx) forx € R, r > 0. Then 7,(x) =
7(x/r) and

/ fdL" =i x f(x).
B(x,r)

Thus we can easily find a Borel function r : R” — (0, co) such that

M f(x) Ssup [r gy« f(x)] < 12r(x) e * f(x)] forallx € R™.
r>0
Observe that by the Fourier inversion formula

/ n(r()E) F(©)e™*E deg = r(x) " F ' pooy () = r(x) " Tren) * f(x).
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1t follows that
1M flloig S / ‘ f n(r(x)8) f(&)e¥ € dg | dux. (17.5)

The function n satisfies the decay condition of Lemma 17.2 by (3.40). Hence
the first part of the theorem follows now immediately from Lemma 17.2. The
second part follows with a standard argument. Let A > 0, ¢ > 0 and choose,
by Lemma 17.1, a smooth function ¢ for which || f — ¢|| o) < Ae. Since
lim, o o(n)~'r™" fB(x’r) @dL" = p(x), we have

lim sup
ri<ra,r,—0

a(n)_lrz_"/ fdc' — ot(n)_]rl_"/ fdcr
B(x,r2) B(x,ry)

= limsup
ri<ra,r,—>0

am " /B (f —@)dL" —am)~'r" /B (f —p)dL"

(x,r2) (x,r1)
<2M(f — @)(x).

Hence by the first part of the theorem we see that

/L({x : lim sup
ri<ry,rp—>0
< u(fx : 2M(f — @)x) > 2D S V2o W f — @l ey /2
< V62 (.

Thus

oz(n)_lrz_"/ fdcr — a(n)_lrl_”f fdrc'
B(x,rp)

B(x,ry)

)

lim sup =0

ry<ry,ro—>0

a(n)_lrz_” / fdL' — a(n)_lrl_” / fdct
B(x,r) B(x,ry)

for p almost all x € R" and the Cauchy criterion implies that a(n)~'r™" x
/, B dL" converges for such points x. O

Corollary 17.4 If0 <o <n/2, then forall f € H°(R"),

: n . : —1..—n
dlm(R\{x.Elrlg%a(n) , /B

Proof Because of (17.1) we may assume that o < n/2. It is easy to see that
the set B where a(n)~'r ™" fB(”) f fails to converge is a Borel set. If we had
dim B > n — 20 we could find by Theorem 2.8 © € M(B) with I,,_», (1) < 0o
which would contradict Theorem 17.3. OJ

fdr' e (C}) <n-—2o.

(x,r)

The upper bound n — 20 is sharp. This follows from the relations between
Bessel potentials, Bessel capacities and Hausdorff dimension, see Adams and
Hedberg [1996], in particular Proposition 2.3.7 and Corollary 5.1.14.
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Of course in the above corollary we cannot have that the averages converge
to f outside a set of Hausdorff dimension at most n — 20, because f is only
defined almost everywhere. But this corollary gives a way to define f more
precisely. We shall now turn to similar questions for integral operators related
to partial differential equations.

17.2 Schrodinger equation and related integral operators

Consider the Schrodinger equation
2midu(x, 1) + Acu(x,t) =0, xeR'relR.

Here ¢ represents time and uo = u(-, 0) gives the initial values of the solution.
When uy € S(R") the solution can be written explicitly as

u(x, 1) = / i2o(£)eXm I EIER) g (17.6)

When uo € L2(R"), this integral can be interpreted in the L? sense to mean
that for a fixed ¢ the Fourier transform of u(-, t) is e‘zmﬂé‘zﬁf)(é). Then also
u(x,t) = up(x) in L* as t — 0. We shall be interested in pointwise conver-
gence.

More generally, let m > 1 and

ux, 1) = /@(s)ezﬂf@f—f‘él"‘) dt. (17.7)

When m = 1, these integrals are closely related to the solutions of the wave
equation

Pu(x, 1) —cAu(x,1) =0, xeR"teR.

For more details, see, for example, Section 4.3 of the book Evans [1998].

Below we shall consider these integral operators for general m > 1. We now
fix such an m for the rest of this chapter.

One of the main questions is: when and in what sense does u(x, t) converge
to u(x,0) when ¢ approaches 0?7 The natural setting beyond smooth initial
values to study this and related questions is that of Sobolev spaces.

Again, the case o > n/2 is simple: in that case if ug € H°(R"), then iz €
L'(R") and the function u defined by (17.6) is continuous in R" 1.

It is natural to approach the convergence and boundedness properties of the
integrals in (17.6) by introducing the approximating operators S defined for
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teRand N =1,2,...,by

SN f) = f VE/N FEP M ge |y e R

Here most of the time i could be any real valued radial Schwartz function in
R" with ¥(0) = 1, but for slight convenience let us fix it to be

Y() = y(lx)) = e
If up € S(R™), it is obvious that

lim SNugp(x) = u(x,t) forallx e R", teR, (17.8)
N—o00

where u(x, t) is given by (17.7). The point here is that if uy only is in some
Sobolev space H? (R"), one can still get, depending on o, almost everywhere
convergence, or even almost everywhere convergence with respect to a certain
Hausdorff measure. If izg is not integrable, we cannot define u(x, t) by the
formula (17.7), but we can take (17.8) as the definition of u(x, r) whenever the
limit exists.

Theorem 17.5 Let0 <o <n/2,t € Rand u € M(B(0, 1) with I,_»,(1) <
00. Then

[ ;UPI ISY Flll i < C, o) Tz || | e ey
>

for all f € H°(R"). Moreover, the finite limit limy_s oo S,Nf(x) exists for
almost all x € R".

Proof We can easily find a Borel function o : R” — (0, co) such that
sup |SY f(x)] <2 V Y(eW)IENFE) M gg|  forall x € R".
N>1

The first part of the theorem follows now immediately from Lemma 17.2

choosing (&) = —r|&|™.
The second part follows as the second part of Theorem 17.3. O

Corollary 17.6 If0 <o <n/2andt € R, then forall f € H° (R"),
dim (R”\ {x :3 lim S,Nf(x) € C}) <n-—20.
N—o00

This follows by the same argument as Corollary 17.4.
We shall now consider boundedness over + € R and convergence when
t — 0. Recall from Section 15.3 that #,(s) is the supremum of the numbers ©
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such that

o(ur) = / [Erv)fP do" v S r T (k)
for all u € M(B(0, 1)).
Lemma 17.7 If f € L*(R") and x € R", then

sup sup S,Nf(x) = sup sup Sle(x).
t€ER N>1 teQ N>1

In particular, the function sup,cg SUp - SN f is a Borel function.

Proof If sup,cp supys; SV f(x) > a, then S" f(x) > a for some N > 1 and
t € R, whence also for some ¢ € Q. Hence sup,cq Supy> SN f(x) > a and the
lemma follows. O

Theorem 17.8 Let n >2,0<s <n,20 >n —t,(s) and u € M(B(0, 1))
with I;(u) < oo. Then

sup sup |SY f| < C(n, o, )WL e ey

teR N>1

L'(w)

for all © € M(B(0, 1)) and f € H°(R"). Moreover, for v almost all x € R"
the finite limit limy—o0 S f(x) exists for all t € R. That is, the j exceptional
set is independent of t.

Proof Choose 0 < t < t,(s) such that 20 > n — 17 > 0. Using polar coordi-
nates we have

[S7 ] = V¢(|~’§|/N)ﬂg)62m<x-s—zlsl'">ds’

ﬁrv)ez”irx'” do" 'vdr
S»x—l

— ‘/OO 1//(r/]\])rn—le—27‘[itr
0

o0
< / rnfl
0

Thus by Fubini’s theorem

oo
< // rn—]
- 0

S —_—
=/ r”—lf|f,on—1(x)|duxdr,
0

ﬂrv)eZHirx-v danfl v
gn—1

dr.

sup sup |S,Nf| drdux

ﬂrv)eZUirx~v dan—l v
teER N>1 Sn—1

L' ()
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where we have written f,.(v) = f(—rv). Using the dual characaterization of
t,(s) in Proposition 15.11 and Schwartz’s inequality we get

o0
S \/Is(M)/ "R o)l ey dr
0

sup sup |5, f|

1ER N>1 Liw

n—1— 1/2 1/2

< VI(w) /00; dr /OOIIfr 12 cumry (1 + 72" L dr .
- o (1472 0 L

Here the first integral is finite by the choice of 7. The second integral is
0 o0
fo g (L4 727" dr = /0 / |frv)*do" v(1 + r?)7r" " dr

= / 7P + [£]Y)7 dg = 1 2o -
Thus
S VLW 1 e ey
LY (1)

The proof of the second statement is similar to the proof of the second part
of Theorem 17.3. Set now

S* f(x) = sup sup |SY f(x)|
teR N>1

N
sup sup |S," f
teR N>1

and

S** f(x) =sup limsup [SM f(x)—SM f(x)].

t€ER Ni<Ny,Ni—>o0

Then $** f(x) < 2S8* f(x). Let L > 0, & > 0 and choose ¢ € S(R") for which
I f — @llwo@ny < Ae. Then S**@(x) = O for all x € R". Therefore

px s S f0) > A} = p({x 0 S — @)(x) > A})
< u(ix 1 28*(f — @)(x) > A})
SVVEWI S = ellae@y < VIdwe.
It follows that ;(B) = 0 where B = {x : $** f(x) > 0}. By the definition of

S** f(x), for all x € R" \ B the sequence (S f(x))y>1 is a Cauchy sequence
for all ¢ € R, from which the second statement follows. O

Corollary 179 Let n>2,0<s <n, 20 >n—t,(s) and f € H°(R").
Then there exists a Borel set B C R" such that dim B < s and the limit
limy—o0 SN f(x) € C exists forall x € R" \ B and all t € R.

Proof Define $** f(x) and B = {x : $** f(x) > 0} as above. Since, as before,
the supremum over ¢ can be taken over rationals, B is a Borel set. Moreover,
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dim B < s, because otherwise we could find © € M(B) with I;(t) < co and
this would contradict Theorem 17.8. The corollary follows from this. O

Letus now consider the convergence as f tends to 0 of u(x, ) asin (17.6) with
Sobolev initial values u(. More precisely, as mentioned earlier, we define u(x, t)
as the limit in (17.8) whenever it exists. If n > 2,0 <5 < n, 20 > n — t,(s)
and ug € H? (R"), we then have by Corollary 17.9 that u(x, t) exists for every
t € R for x outside a set of Hausdorff dimension at most s, and also for u
almost x € R”, if u € M(R") with I;(u) < oo.

Theorem 17.10 Ifn >2,0 <s <n and 20 > n —t,(s), then for all uy €
H° (R™),

dim{x : u(x,1) A up(x)ast — 0} <s.

Proof If vy € S(R"), then for the corresponding function v, v(x, t) tends to
vo(x) as t — O for all x € R”. Moreover, if x is such that u(x, t) is defined for
all ¢,
lim sup |u(x, t) — uo(x)|
t—0

= lim S&lp [(u(x, 1) — v(x, 1)) — (uo(x) — vo(x)| < 28 (ug — vo)(x)

with the notation of the proof of Theorem 17.8. The theorem follows from these
observations with same arguments as above. O

We somewhat reformulate the previous results. Recall that SV depends also
on m > 1. For 0 < o0 < n/2 denote by s, ,(c) the infimum of the positive
numbers s such that

N
sup sup S, £
teER N>1

SVEWIS e @
Liw

for all u € M(B(0, 1)), f € H°(R"). Then, as before, if up € H°(R"),
dim{x : u(x, 1) /A up(x) ast — 0} < s,,.,(0).

Taking into account Theorem 17.8 and the lower bounds we had for #,(s) in
Theorem 15.7, we obtain

Theorem 17.11 Letn > 2 and 0 < o < n/2. Then
Sm,n(a)§n+1_20' if 1/2 <0 <n/4,

Smn(0)<3n/2+1—-40 if n/d<o=<=(n+1)/4,
Sma(0)<n—20 if (n+1)/4 <0 <n/2.
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Proof By Theorem 17.10 s, ,(0) < s when 20 > n — t,(s). All we have to do
is to substitute 7,(s) from Theorem 15.7, solve s in terms of o, and check the
ranges of o corresponding to the ranges of s in Theorem 15.7. O

We now prove that the last estimate is sharp.
Theorem 17.12 We have for all n, m and o,
Sman(0) >n—20.
In particular,
Smn(0)=n—20ifn>2and(n+1)/4 <o <n/2.

Proof Let fy be the Fourier transform of the characteristic function of the ball
B(0, N)and u = N"L"|_B(0, 1/N). Then

S fu(x) :/ Y(|E]/N)T D g x e R

B(O,N)

Taking 1 = N™"/12 we have that the real part of ¢*/§~"EI") s at least
cos(r/3) = 1/2 when & € B(0, N) and x € B(0, 1/(12N)). Hence

/ sup |SY fyldp = N” / / W(lE]/N) dEdx ~ N".
B(0,1/(12N)) J B(O,N)

O<t<l

On the other hand, () ~ N* and || fy II%MR,,) A~ N"T2% 5o that the inequality

H/ sup |8, fwl S VI Ee e

O<r<1

L'(w)
is possible only if N < N*/2T1/2%9 which for large N yields s > n — 20, as
required. O

We shall now use another, more traditional, method to obtain estimates in
the one-dimensional case.

Theorem 17.13 Suppose thatn = 1 and m > 1. Then for 1/4 <o < 1/2,

< Cm, o)W 2o ()| f | 5o w)

L'(p)

forall w € M([—1, 1)) and f € H° (R). In other words,

N
sup sup |S," f|
teR N>1

Sm1(0)<1—=20 if m>1 and 1/4 <o <1/2.

We need the following lemma due to Sjolin [2007].
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Lemma 17.14 Suppose thatm > 1,1/2 <y < 1 and n € S(R). Then

‘ / n(E /N M |7 ag | < COm, y, m)|x|” ™!

forallx,t € Randall N > 1.

Before discussing the proof of the lemma we show how Theorem 17.13
follows from it.

Proof of Theorem 17.13 We again find Borel functions ¢ : [-1,1] - R, N :
[-1,1] = [1,00) and w : [-1, 1] = C with ||w|c < 1 such that

N
sup sup |S," f|
1€R N>1

< 2/ Sﬁ;(f)f(x)w(x)dux.
L' (1)
Using the definition of SV f, Fubini’s theorem twice and Schwartz’s inequal-
ity, we obtain
2

2
= ‘ / Y(E]/N ) F(£)PTCETOEM ggp(x) dpux

‘/‘ng)f(x)w(x)dux

2
&7 d

< / | F@&)Ple> d& f ‘ / Y (|&]/ N (x))e* SOy (x) dux

<N f e @) f / f Y€/ N (|E]/N (y))e?m Tl £ =20

x dEw(x)w(y)dux duy.

We now apply Lemma 17.14 with n =1 which we can do since
by our choice y(§) =e™¥. We then have y(|&]/NCY(I&I/NG)) =
n(&/v/N(x)? + N(»)?). This gives

‘ / Y&/ NP (E]/N(y))e? T WIEM | £1720 g | < |x — y|2o~1,

The double p integration completes the proof of the theorem. O

The proof of Lemma 17.14 consists of several applications of van der
Corput’s lemma, more precisely of Corollary 14.3.

Proof of Lemma 17.14 We may assume that x # 0 and r > 0. We write

/ n(E/N)e' |7 ag = 1) + I,
where

I = / n(E/N)ECEE e |7 g
l&l<1/]x]
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and
L= [ n(E/N)ECEE e |7 g
[&]>1/]x]|

The estimate for [, is trivial:

1l LI
|11|<2||n||oo/ 67 ds = S,

To estimate I, suppose first that |x|™ < /2. We apply van der Corput’s lemma
with @(§) = x& — t&™ for & > 1/|x|. Then
= ol (e 1)
2x ™
> I (‘ ol

1) =

Obviously, ¢’ is monotonic on [1/]x|, o). For ¥ in van der Corput’s lemma
we choose ¥ (§) = £E7Vn(&/N). Then

V') =&y (E/N)/N —y& 7 'n/N)

tml

' ©)] = |x] |1

and
//l W) dE < N~ 1W/| |n<5/N)|ds+y||n||oofu| £ 5 I

Therefore Corollary 14.3 with k = 1 yields

/ " e/ N Vds‘
1/1]

1//<s>e’“’@> ds‘ < xPh
1/]x|

The integral over (—oo, —1/|x|] has the same estimate, so the estimate in the
case |x|™ < t/2 is complete.

We have left the case |x|™ > t/2. The proof proceeds along similar lines:
the integral is split into three subintegrals and van der Corput’s lemma is applied
to each of them, twice with k = 1 and once with k = 2. We skip the details and
refer the reader to Sjolin [2007]. O

Corollary 17.15 Ifm > 1, then
Smi(o)=1—=20 for 1/4 <0 <1/2.
In particular, for all ug € H°(R) with 1/4 <o < 1/2,
dim{x : u(x,t) A up(x)ast — 0} < 1—20.

This follows immediately from Theorems 17.12 and 17.13.
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One can rather easily modify the above argument to get the following result,
for the details, see Barceld, Bennett, Carbery and Rogers [2011].

Theorem 17.16 Suppose thatn > 2 and m = 2. Then forn/4 <o < n/2,

< C(1, )W 20 W f | 1o @y

L(w)

sup sup |Sth|
teER N>1

Sforall uw € M(B(0, 1)) and f € H°(R"). In other words,
son(0)<n—20ifn>2 and n/4 <o <n/2,
and hence for alluy € H°(R*) withn/4 <o <n/2,
dim{x : u(x,t) % up(x)ast — 0} <n —2o.

Let us see briefly how the above relates to some classical results on the
one-dimensional Schrodinger equation. Carleson [1980] proved that, in the
casem = 2,n = 1,ifuy € HY*(R), then lim,_,¢ u(x, t) = uo(x) for almost all
x € R. Dahlberg and Kenig [1982] showed that this is false for any o < 1/4.
So combining with Corollary 17.15 we see that somewhat surprisingly there is
a jump from no estimate for o < 1/4 to a dimension estimate 1/2 foro = 1/4.
We shall now give an example that confirms this.

Example 17.17 Let0 < o < 1/4. Then there is uyp € H°(R) such that
Siuo(x) = u(x, 1) = /%(@ehi(ﬁﬂ% dt

(defined in the L? sense, recall (17.6)) fails to converge as t — 0 in a set of
positive Lebesgue measure. More precisely,

L ({x € R : limsup |S;up(x)| = oo}) > 0.
t—0

Proof We do not give the full proof. We shall only show that the weak type
inequality

c! ({x : sup. 1S, f(x)] = A}) SATf e @) (17.9)

fails when 0 < o < 1/4. Then we shall discuss how the failure of almost
everywhere convergence follows essentially from this.
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Choose N > 1 and let fy be the inverse Fourier transform of the character-
istic function of [N, N + VN ]. Then

N++/N 12
I vl e w) = (/ (1+&%° dé) ~ NV4te, (17.10)
N

On the other hand with the change of variable £ = v/N¢ 4+ N we compute

N++/N ,
|Ssz(x)| — / 827'”()(6—[5 )dé
N

=N

1
/ ezm(x(ﬁ;+N)—Nt(g2+2ﬁ;+N))dg_'
0

_ VN

1
/ ezni(ﬁ(x—th)(—Nt;~) d{‘ _
0
For any x € [0, 1/3] we choose t = t(x) = x/(2N) and have

1 1
S0 fv ()] = \/NV e dr| > Jﬁ/ cos(mxz?)de = VN /2.
0 0

Consequently, if (17.9) holds, we have by (17.10) forall N > 1,

1/3 < ! ({x 2osup |8 fv(x)] > ﬁﬂ})

O<r<1

S N_1||fN||2 Ry N N2+ g20—1/2

which forces o > 1/4.

To conclude the proof one can apply a very general result of Nikishin
[1972] for certain families of operators 7;,0 <t < 1, on L”(v) spaces with
1 < p < 2. Roughly speaking it says that the almost everywhere finiteness of
limsup,_,, |7, f(x)| forevery in f € LP(v) implies a weak type inequality. We
can apply such a result with

T, f(x) = / FECTCETD gg x e R, f e LA + £ dE).

We saw above that the weak type inequality (17.9) fails if o < 1/4, so almost
everywhere convergence fails too. For more precise details, see Dahlberg and
Kenig [1982]. O

Nikishin [1972] extended a theorem of Stein [1961]; Stein considered trans-
lation invariant operators, Nikishin’s operators are much more general. De
Guzman’s book [1981] presents both of these results and others with proofs.
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17.3 Further comments

Theorem 17.3 is classical. Description of fine behaviour of Sobolev functions
can be expressed by various capacities more precisely than with Hausdorff
measures. See, for example, Adams and Hedberg [1996], Chapter 6, Evans and
Gariepy [1992], Section 4.8, and Ziemer [1989], Section 3.3.

The results of this chapter are mainly from Barceld, Bennett, Carbery and
Rogers [2011]. That paper gives a thorough discussion on earlier related results.
The authors developed there also a third method, based on Tao’s bilinear restric-
tion theorem 25.3, to improve Theorems 17.11 and 17.16 for certain ranges.
Namely, they proved that

n+3
n—+1

Smn(0) < (n—20) if m>1landn > 2.

In addition to the example giving Theorem 17.12, the paper of Barceld,
Bennett, Carbery and Rogers contains other examples. They show thato > 1/4
is a necessary condition to get any non-trivial estimates for any values of m
and n. Moreover,

Sma(0)>n+1—40 if o <n/4,
and
sin(0)>=n+2—-40 if o <(@m+1)/4.

It follows that Theorem 17.11 is sharp when n =2 and m = 1: s512(0) =
4 —4o for 1/2 <o <3/4 and sy 2(0) =2 —20 for 3/4 < o < 1. In higher
dimensions it probably is not sharp, because the estimates for spherical averages
probably are not sharp.

Bennett and Rogers [2012] proved the sharp estimate

dim{x : u(x,t) A up(x)ast — 0} <n—20

for all radial functions uy € H°(R") with 1/4 <o < 1/2.

Example 17.17 is due to Dahlberg and Kenig [1982]. I am grateful to Keith
Rogers for a simplified presentation.

There are many recent results on boundedness and almost everywhere con-
vergence (with respect to Lebesgue measure) in higher dimensions, see, for
example, Lee [2006b], Lee, Rogers and Seeger [2013], Bourgain [2013], Sjolin
[2013] and Sjolin and Soria [2014] (sharp one-dimensional results were dis-
cussed above). Bourgain [2013] proved that when m = 2 almost everywhere
convergence takes place for f € H°(R") if o > 1/2 — 1/(4n); for n = 2 this
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was previously shown by Lee [2006b]. Bourgain’s proof relies on recent results
and methods developed by Bourgain and Guth [2011] on multilinear restric-
tion theory, see Section 25.13. Bourgain also constructed examples to show
that at least o > 1/2 — 1/n is needed for almost everywhere convergence
when n > 5.
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Generalized projections of Peres and Schlag

In Chapter 5 we proved several estimates on dimensions of exceptional
sets related to orthogonal projections, many of them sharp. For example in
Theorem 5.6

dim{e € §"7! : dimg 1, < 1} < max{0,n — 1 4 ¢ — dimg pu}.

In this chapter we present a setting, due to Peres and Schlag [2000], where
such results can be established for much more general parametrized families of
mappings ;. The crucial property required for such mappings, in addition to
standard regularity properties, is transversality. This means, roughly speaking,
that if |m;,(x) — 75, ()] is too small relative to d(x, y) for some Ay € J, then
the mapping A — |, (x) — 7, (y)| is rapidly growing in a neighbourhood of 1,.
Orthogonal projections obviously possess such a property (we say a bit more
below).

18.1 Tranversality of degree 0 in the one-dimensional case

First we shall consider one-dimensional families of mappings and later explain
how the results can be extended to cases where the parameter space is higher
dimensional. The setting in this section and Section 18.2 will be the following:

Setting: Let (€2, d) be a compact metric space, and let / C R be a bounded
open interval. Let

m:Q—>R, ArelJ,

be a family of mappings such that the function A — m,(x) is in C*°(J) for
every fixed x € 2, and to every compact interval / C J and [ =0, 1, ...,

236
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there corresponds a finite positive constant C; ; such that
|0/ m(x)| < Cpp forallael, x € Q. (18.1)

We shall always assume these derivative bounds of all orders. Peres and
Schlag also formulate results on restricted regularity, where for some positive
integer N (18.1) is only assumed for 0 </ < N.

Definition 18.1 Set

Dy (x,y) = M forhelJ, x,yeQ,x #y.

d(x,y)

The family m;, A € J, is transversal, if there exists a positive constant Cy such
that

|Pu(x, I =Co = [0, Pslx, )| = Co (18.2)

forx € J and x,y € Q,x # y. The family m;, A € J, is regular, if to every
| € N there corresponds a positive constant C; such that

|D,(x, )| <Co = |3, ®i(x, )| = C (18.3)
forhe Jandx,ye Q, x #y.

Often the bounds on derivatives as in (18.3) hold for all x, y and [, but they
will be needed only for the critical values for which |®; (x, y)| is small.

Later on we shall consider a generalization, transversality of degree g >
0; then the above definition corresponds to the case 8 = 0. We shall first
present the detailed proofs in this special case in order to have the main ideas
less obscured by technicalities. Then we shall sketch the changes required
to deal with the general case of B transversality. The case 8 = 0 is enough
for geometric applications, such as orthogonal projections and pinned distance
sets, but 8 > 0 is needed for some other applications, in particular for Bernoulli
convolutions.

Notation: For 7 : 2 — R as in Definition 18.1, we write

i = mg for p € M(S).

Then ) € M(R) and u;(B) = u(n;'(B)) for B C R. The s-energy, s > 0,
of u € M() is as before

I(pw) = // d(x,y)" duxdpy,
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and the Sobolev ¢-energy, t € R, of v € M(R™),
Mw=fmm%Fﬂm
with, due to (3.45),
y(m,t)L;(v) = I,(v) for0 <t <m.
Recall also from (5.4) the Sobolev dimension dimg p,
dimg v = sup{r : Z;(v) < oo}. (18.4)

Our goal is to show that the finiteness of the energy /;(w) implies that the
Sobolev dimensions dimg p; are large. The obstacle is that the m; could be
badly non-injective. The transversality puts obstacles to this obstacle: if 7,
maps x and y close to each other, then 7;, does not map them too close to each
other when A’ moves away from A.

Example 18.2 A basic example comes from orthogonal projections in R which
we now write as

(X1, X2) = x;cosA + xpsink, A€ J =][0,m).

For © we can take any closed disc containing the support of . Then
X—=Yy
x =yl

®,(x,y) =ucosr +vsinA where (u,v)=
and

d
d—)\(bx(x, y) = —usinA + vcosAi.

All the conditions of Definition 18.1 are clearly satisfied with g = 0. Other
examples will be discussed at the end of this chapter.

The main general theorem in this setting (for 8 = 0) is:

Theorem 18.3 Let u € M(QQ) with I;(;1) < oo for some s > 0. Assume that
the mappings ,, A € J, satisfy the transversality and regularity conditions of
Definition 18.1. Then

[ Zwan < c6. o (18.5)
I
for compact intervals I C J. Therefore,

dims u; > s foralmostall A € J. (18.6)
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Furthermore, for any t € (0, s] we have the estimates

dim{ix € J :dimg u <t} <t, (18.7)
dim{r € J :dimgpu; <t} <1+t—s ifl+t—s5s>0, (18.8)

and
dimgu; >s—1 forallx e J. (18.9)

As in the case of orthogonal projections this gives us the corollary:
Corollary 18.4 Let A C 2 be a Borel set and s = dim A.
(a) If s < 1l andt € (0, s], then
dim{x € J : dimm (A) <t} <t.
(b) If 1 <s <2, then

dim{r € J :dimm,(A) <t} <1+4+t—s ifl+t—s>0,
dimm,(A)>s—1 forallk e J,

and
dim{r € J : L1(m(A) =0} <2 —5.
(c) If2 <s <3, then
dim{A € J : the interior of m; (A) is empty} <3 —s.

As remarked above, our enemies in the proof of Theorem 18.3 will be triples
(x, y, &) such that |®; (x, y)| is small. The following lemma gives some control
over what is happening around them.

Lemma 18.5 Fixx,y € Q, x # y, writer = d(x, y) and suppose that (18.2)
and (18.3) hold. Then

N
{heJ:|0ux,y)] < Cob = I,
j=1

where the I; are disjoint open subintervals of J such that:

(i) El(Ij) <2forall j, El(lj) > 2Cy/ Cy for all but at most two indices j,
and N < C1LY(J)/(2Co) + 2.
(ii) The function A — @, (x, y) is strictly monotone on any interval I ;.
(iii) There exist points A; € Z which satisfy: if » € 1;, then |®;(x, y)| =
| B, (x, y)| and |®;(x, y)| = Co|r — 4;].



240 Generalized projections of Peres and Schlag

(iv) There exists a constant § > 0 depending only on Cy with the following
properties. Except for at most two exceptional values of j, ®; (x,y) =0
and @) (x, y)| < Co/2 for |L—x;| < 8. For each of the ‘two pOSsSi-
ble exceptional values of j, either |®;(x,y)| > Co/4 for all A € I;
or |®,(x, y)| < Co/2 for all » € J for which |A —A;| <. For all j,
JNO;—8,r;+68)C ;.

Proof Since {A € J : |®,(x,y)| < Co} is open, it can be written in a unique
way as a union of disjoint open intervals /;. On each of these by (18.2) either
0, P, (x,y) > Cyord; P, (x, y) < —Cy. Theitem (ii) follows immediately from
this. The first inequality of (i) is also easy: for A1, Ay € I; with 41 < A,

A2
2C) = | Py, (x, y) — Dy, (x, ¥)| = ‘/ HhPr(x, y)dr| = Co(hy — Ay).
Al

For all but at most two intervals /; we have E C J,s0 D,(x,y) = £Cj at the
end-points, with both values attained. Hence by (18.3)

2C) = < C LY.

/ 0, P (x, y)dA
I

J

The last two statements of (i) follow from this.

If I_, C J, then I; contains the unique zero A ; of ®,(x, y). For the possible
one or two other values of j for which ®, (x, y) does not have zero, we take A ;
as the end-point of Z which gives the minimum for |®; (x, y)| on E (extending
@, (x, y) in the obvious way to the end-points of Z which are not in J).

To prove (iii), let A € I;. The inequalities

|©5(x, )| = [@s(x, y) — Py, (x, ¥)| = Colr — 4]

follow from the monotonicity and the mean-value theorem. The last item (iv)
is also easy and we leave its checking to the reader. O

We begin the proof of Theorem 18.3 with (18.7). It is considerably sim-
pler than the rest. In particular the proof does not involve the use of Fourier
transforms.

Proof of (18.7) If (18.7) fails for some ¢ € (0, s], then for some 7t < ¢,
H' (A € J :dimguy, < 1)) > 0.

The set S; = {A € J :dimg u; < v} is a Borel set. This is easily proven:
check first that A — [, (1) is continuous for a fixed u € J, whence Z, (1) is
lower semicontinuous for every o € R, then use the definition of the Sobolev
dimension. Hence Frostman’s lemma gives us a measure v € M(S;) with
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V(B(x,r)) <r' for x e R and r > 0. Given x,y € Q,x # y, write B, , =
{A e J :|®,(x,y)| < Co}, and split

/Iz(m)deZ///Im(X)—m(y)l_td/Lxduydw\
J JJQIQ

=// (f |<I>x(x,y)|_fdw\>d(x,y)_fduxduy
eJa \JJ\B,,

(18.10)

+/ / (/ |®(x, )| 7F dV}‘) d(x,y) "duxdpy.
eJo \Us,.,

(18.11)

The integral on line (18.10) is easily estimated:

//(/ |<I>A(x,y)|_fdvk>d(x,y)_’duxduy
QJo \JJ\B,,

= Co_")(f)/ / dix,y) "duxduy S IL(n) S Li(p) < oo,
QJQ

because T <t < s. To estimate the integral on line (18.11), let B, , = U§V=llj

and A; € I; be as in Lemma 18.5. The estimate |®;(x, y)| > Co|r — A;| for
A € I; gives

//(f |<I>x(x,y)|’dvk)d(x,y)’duxduy
eJa \/B,,

N
Z// Z/ |®,(x, )| " dvr | d(x, y) " duxdupy
QJIQ N =1V
N
SCO_T// Z/ A=A Tdva | d(x, y) " duxdpy.
QJQ ; I
j=1""

Here

o0
/|A—Aj|_’dvk=/ v({r €1 A= T" = r}dr
I; 0

o0

- / v(BOj, r~ YY) dr

0

1 e’}
5/ U(R)dr+/ r Ut dr <1,
0 1
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since t > 7. As the number of the intervals /; is bounded independently of x
and y, we obtain

//(/ |¢A(X7Y)|Td‘})\> d(x,y)”duxduyﬁ//d(x,y)”duxduy
el \VB,, QJa

The expression on the right is again finite, since T < ¢ < s and /;(u) < oo. So
we have shown that fj I.(u;)dvi < 0o, and, in particular, I;(u;) < oo for v
almost all & € J. This implies that dimg u; > t for v almost all A € J. This
contradicts v € M(S;) and finishes the proof. |

A central tool in the rest of the proof of Theorem 18.3 is the following
Littlewood—Paley (dyadic) decomposition of the Sobolev norm:

Lemma 18.6 There exists a Schwartz function € S(R™) with the following
properties:

(i) ¥ >0andspt  C{x e R": 1< |x| <4},

(i) Y, WQ27x) = 1 forx € R\ {0},
(iii) forallv € M(R™) andt € R the following decomposition of the Sobolev
norm holds:

()~ 200 / (Y21 * v)(x) dvx,
Rm

JEZ
where Yro—;i(x) = 2" (2 x).

Proof Take aradial function n € S(R™), n(x) = h(]x|), with & non-increasing,
0<n<1and nkx)=1 for all x € B(0, 1) and sptn C B(0, 2). Since also
x = n(x/2) — n(x) is a Schwartz function, we may choose ¥ € S(R™) so that

Y(x) =n(x/2) —nx), xeR"

The function ¥ has the desired properties:

(i) The claim {E > (0 follows directly from the fact that 1(x) is non-increasing
in |x|. The properties n = 1 on B(0, 1) and n = 0 outside B(0, 2) imply that
spty C{x e R™: 1 < |x| <4}

(ii) Fix x € R™ \ {0} and let k € Z be such that 2= +D|x| < 1 < 27%|x|.
Then |27 x| > 4, whence

Y e Tn=92 )+ ¥R =02 ) — @ F=1-0=1.
JEZL
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(iii) Let v € M(R™) and ¢t € R. For x € R™ \ {0} let k € Z be as in the
proof of (ii). Then 2% ~ |x|, whence
Z 2j(t—m)$(2—jx) — 2k(t—m){/7(2—kx) + z(k—l)(t—m){/;(zl—kx)
JEZ

~ xR ) + 2 ) = x|

Finally, note that 1/7; i(x) = f/7 (277 x) and apply Parseval’s theorem in the form
of (3.27) to get

Z,(v) = / x| [D(x)|* dx
Rm

~ Zzﬂf—"’) / Y0P dx
Rm

i€z

— sz(f—m/ (Yr—i * v)(x)dvx.
Rm

JEZ O

To get a better feeling of the proof of (18.5) we first prove a simple variant
under the strong transversality condition:

[0, @s(x, )| >¢c>0 forallie J,x,yeQ, xF#y. (18.12)

Theorem 18.7 If(18.12) holds and i € M(S2) with I;(i) < oo, then for any
compact interval I C J,

/|;ﬂ(u)|2dk < C(s, DI;(w)|u|™ forallu € R. (18.13)
I
In particular, for 0 <t <'s,
/L(Mx)d/\ < C(s,t, DI(). (18.14)
I

Proof Let o € C§°(R) with spto C J and ¢ = 1 on /. Then

/, TP dh = / B0 Po(h) da

o

0
:/ /e_ZHiMUdMAU/ezmuwd,u)\wg()»)d)»
—0o0

o0
— / f/ e 2riu(m ()= (y) dux duyo(h) di
—00
o0
= /// e indC NP o (Y dh dpx dy.
—0o0

Let u € R,u #0, and x, y € Q with x # y; note that since (i) < oo,
the singletons have p measure O and so it is enough to consider x # y. Let
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r = d(x, y). Because of (18.12) we can apply the estimate of Theorem 14.1 to
obtain

oo
‘ f e AN (Vg (2) dx‘ < (uldGe, y)™,
—00

and the first estimate follows integrating twice with respect to w. The second
estimate follows from the first, since |1, (1)]> < w(R2)* < d(Q)° I,(n):

o0
/ T d = / / "5 0) 2 du
I I J—o00

1 0
< L) ( f lul" ™" du + / i du) ~ I(1).
0 1

Above (18.14) also holds for = s, as we shall prove even under the weaker
hypothesis of Theorem 18.3.

O

Proof of (18.5) This will be based on the following inequality: Let ¢ € S(R)
be the function provided by Lemma 18.6, let o € C$°(R) be any function with
support in J, and let g € N. Then forall x, y € Q and j € Z,

VRQ(WPQ"(M(X) —m A S (A +27d(x, y) 7, (18.15)

with the implicit constant independent of x, y and j.

Before we start proving (18.15), let us see how the estimate (18.5) follows
from it. Suppose / is a compact interval with / C J.Choose ¢ € C{°(R) so that
spt o C J,0 <p < 1and p|l = 1. Furthermore, let ¢ € N with ¢ > s. Then,
by applying the assertion (iii) of Lemma 18.6 to the measures u; € M(R) we
obtain by (18.15)

/ T(w)dh < /R T,(u)o00) dx
I

~ f 2 e ( / (W2 */u)(u)dmu> 00 d2
R R

=/

= [ ( [ [vea-manvann) oo
R ez R JR

= f f > oo ( / W(Zj(m(x)—m(y)))Q(?»)dk> dpydpx
Q QjeZ R

§f[Zst(l+2jd(x,y))_qduydux. (18.16)
QJIQ

j€z
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Fix x,y € Q, x # y, and write r = d(x, y) > 0. Then the series inside the
integral is

ZZ”(I +2/1)71 < Z 2Js 4 pa Z 2J(s=49)
JEL 2i<1/r 2i>1/r

AT TN = 20T = 2d(x, y) 7,

since the value of a geometric series is roughly its dominating term. Plugging
this into (18.16) gives

/Is(m)d)» S / / dx, ) duydux = I;()
1 QJIQ

as required.
Now we shall deal with (18.15). Fix x,y € Q,x # y, and write again
r =d(x,y). Then m,(x) — m(y) = r®,(x, y) =: r&(1). We may assume that

27 > 1. (18.17)

Choose an auxiliary function ¢ € C{°(R) with0 < ¢ < 1,¢|[-1/2,1/2] =1,
spt ¢ C [—1, 1], and split the integration in (18.15) into two parts:

/R oMY (2 (m(x) = m(y)) dA
= /HQQ()»)lﬁ(2‘ir<I>(>»))<p(C6' P(A)) dA (18.18)
+ /RQ(/\)w(ZJ'rCD(A))(l — p(Cy ' D(M))) d. (18.19)
Here Cp > 0is the transversality constant of Definition 18.1. The integral of line
(18.19) is easy to bound: since the integrand vanishes whenever |®(A)| < Cp/2.
But if |®(A)| > Cp/2, we have for all ¢ € N the estimate
W@ @O S (1 + Co2 "' S (1 + 2171,
whence
‘ /R oY IroO)(1 — e(Cy ' @) dr| S (1 +2/r) 79, (18.20)
Moving on to line (18.18), let the intervals I, .. ., Iy, the points A; € I; and

the constant 6 > 0 be as in Lemma 18.5. Choose another auxiliary function
x € CPR) with 0 < x <1, x|[(=68/2,8/2) =1, spt x C (=4, 6), and split
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the integration on line (18.18) into N + 1 parts:

/R 0OV QIrd())P(Cy d(1)) d

N
= ZAQO‘)XO‘ — MY Q@I r®())P(Cy ! D)) din (18.21)
i=1

N
+ / o) (1 - x(— m) V@I eG))e(Cy PG dh. (18.22)
R i=1
With the aid of parts (iii) and (iv) of Lemma 18.5, the integral on line (18.22)
is easy to handle. If the integrand is non-vanishing at some point A € J, we
must have ¢(Cy 'd(1)) # 0, which gives that |®(1)| < Co: in particular A € I;
for some 1 <k < N.Then y(A — A;) = 0 fori # k by Lemma 18.5(iv). But,
since the integrand is non-vanishing at A, this enables us to conclude that
x (A — Ax) < 1:in particular, |A — Ax| > §/2. Then Lemma 18.5(iii) shows that
|®(L)| = Co|r — Ax| = Cpd/2, and using the rapid decay of ¥ as in (18.20)
one obtains
N

/ o) (1 =Y x0— m) Y2 e()e(Cy @) dA| S (1 +2/r) 77,
R

i=1

Now we turn our attention to the N integrals on the line (18.21). Since N is
bounded, it is enough to get the required estimate for each of them separately.
They are of the form

/ J@)p(ag(h))da

where f € CSP(R), || flloo S 1,a =2/r > 1 and g(A) = ®;(x, y). We have
also that |g’(A)] > Cy on an interval containing spt f. We need to show that

‘ / F )y (ag(h)) dk‘ <ai. (18.23)

ByLemma 18.6, sptfﬂ C {u : 1 < |u| < 4},soallthe derivatives offp\vanish
at 0. But the Fourier transform of u +— /v (1) is (=2mi) 7'y ?, whence

/ ) du = (=27) "'y P0) = 0
R

for / > 0. Since g is strictly monotone, say, strictly increasing, on an interval /
containing spt f, we can change variable; A = h(n) with & = (g|1)™", to write

/ FON(ag(h)dh = / FCR)H () (an) dn.
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Let

J (h(m)

F(n) = f(h(n)h'(n) = .
() = f(h()h () 200

By Taylor’s formula

2(q—1)
Fip =Y
=0

(1)() ! Qq=1) (1201
n+ OF T n™™).

Thus

/ F)Y(ag(r)) dr

2(g—1)

= / wan)(Z OO 1y oy 1))
nl<1/a n

=0

+/ O((a|n)~>~"H|F(m)|dn,
InI>1/+/a

where in the second integral we have used the rapid decay of ¢. The second
integral is easy: since [g'(A)| > Co onspt f, |h'(n)| < Cy' and so || Flleo < 1,
whence

‘ f O((@ln) ™= H|F ()] dn‘ S / (aln)™Nydn = q~'a™ ",
[nl=1//a Inl=1/a
which is what we want. In the first integral we use

/ uly(u)du = 0.
R

This gives

/ w(a )(Z (1)(0) I+O(F(2q 1)()7)77211 1)) d77
Inl<1//a S

=0
2(¢g—1)

B _/Inlzl/f “ Z

As the derivative of 1 = (g|1)! is bounded below by a positive constant and
all the derivatives of f and g are bounded by constants depending on the
degree, it follows by routine calculus that ||F® | <; 1 for 1 =0,1,2,.

<’>< )
n'd / O(F D>~y dn.
! Inl<1/y/a
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and so
[ et an s
Inl<1/y/a

Finally by the rapid decay of v and our assumption a = 2/r > 1,

o0
V W(an)n’dn‘ 5/ a 2y gy < g7
[n1=1/+/a 1/Ja

These estimates give (18.23), and hence also (18.15) and (18.5).

Both (18.8) and (18.9) are derived from (18.5) with the help of the following
Hausdorff dimension result. We present it in higher dimensions since it will
also be used in Section 18.3. ]

Lemma 18.8 Let U C R" be an open set, and let hj € C*°(U), j € N. Sup-
pose there exist finite constants B > 1, R > 1, C > 0and C,, > 0 for all multi-
indices 1 € Njy such that (a) |3"h;|lco < C,B/'" and (b) ||h;|, < CR™/ for
jeN Letl <r <R.

(i) If B" < R/r, then }_; ri|h;(W)| < oo forallx € U.
(ii) If o € (0, n) is such that B < R/r, then

dim{reU: er|hj(x)| =00} <n-—o.
JjEN

Proof Let0 < 8 < o, let Q be a compact cube in U, and set
oo o0
E;={eQ: o =G "LE=E):
k=1 j=k
Then
oo o0
reQ: > rihml=oor c(JE)
J k=1 j=k

Thus to prove (i) it suffices to show that E; = & for large enough j, and to
prove (ii) it suffices to show that dim E; < n — B for large enough ;.

If NeNand u; +tye U for all 0 <t <N, then N applications of
the fundamental theorem of calculus together with the formula (11\/ ) =
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MY+ () 1 <i <N -1, yield

1

N N » .
Z<i><—1)'h,<u1+zy>
i=0
N—1 N—1 )
= Z( ,- )(—n’(h,-(m+(i+1>y>—h,»<u1+iy>)
i=0

NN ~ Gty

> (( . )(—n’ / h;(u2) duz)
i=0 l uytiy

N—1 N—1 .

> ( ; )(—n’h;(uz +iy)

u+y
S/
ui P —

i=0
ui+y purty uy—+y )

f/ / / |hl (uN+1)|duN+1~--du2
up uz uy ’

1Y looly Y < Ch(BZ[yDY,

du2

IA

IA

where, of course, we are considering the /; as one-dimensional functions on
subline-segments of [u, u; + Ny]. Soif the closed cube Q(A, N L) with centre
A and side-length 2N L is contained in U, we have for y € Q(0, NL),

N
A N .
00l < CxBV Y + 3 ( | )|h_,-<k iyl

i=1 !

Integrating gives
NN
2'L" ()] < cNBfo lyMdy+) ( . ) / |+ iy)| dy

0(0.L) im \L/ Jowo.n

N
. N

fz’lnNCNB/NLN-f-n_'_Z(.)/ |hj(k+y)|dy

l Q(0,NL)

i=1

<2'nNCyB/N LNt 4 2”/ |hj(x 4+ y)|dy.
Q(O,NL)

Suppose now that A € E; so that |h;(A)| > (j*r/)~!. We choose L = L; y

in order to have

1 o
2L w00l = 5201 NG T ZNf I+ )l dy,
QO.NLj )

so that
1 - 22 i\— n - 2 j\—lgrn
/ [0+ Wldy = 32 NPT QLN = 27N )T
OWO,NL; n)

(18.24)
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This is achieved by L =L,y := B7/(C}j*r/)""N, where C) =2n"
Cy.

To prove (i), assume B"” < R/r and choose N € N so large that 7"/N B" <
R/r.If A € E;, assumption (b), the inequality (18.24) and the definition of

L y imply
C>R f O+ )l dy > RIZNGRA)L
OO,NL; n)
= RI27NGIr DT (BTI(Cy jrr) YY"

R J
_ A—Np'=n/N -=2(14n/N) [ "
=27"Cy <Bnr1+n/N> )

Since WLH/N > 1, this shows that j € N cannot be arbitrarily large, and E is
thus empty for large j € N.

To deal with (ii), fix N € N for a moment. For every j € N choose closed
cubes Qj 1, ..., Qjm;, of side-length NL; y such that every Q;; meets £},
the cubes Q; and Q;; have disjoint interiors for k # [, and E; C Q; U

U Qjm, Pickpoints A;; € E; N Q;; and apply (18.24):

m2 VR < Z/ )l dy < Ayl < CR,
Q()le NL/N

because any point in R" can belong to at most boundedly many cubes
O(ji, NLjy),i =1,...,m;. This gives

Bnyl+n/N J
R

m; <2V AL CRT = 2N ey A0t (

Now we choose N appropriately: suppose, as in (ii), that B < R/r and choose
numbers B € (0,0) and N € N such that B’r#/N < R/r. Since L; y < Ly
for j > k, wehave d(Q;;) <nNL;y <nNLyy for j > k, and so

o0 oo mj
—B
HunLn UEj <sz(Q”)" ﬁ<ij(nNLJN) —F
=k j=k i=1
00 Bnrl—i-n/N ] .
ngZ(H_n/N) <T> (I’ZNB_J(C;V‘].Z}”])_I/N)”_/S
=k

o0 BBy 1+B/N
) < oo,

~ 2(1+B/N)
Y (S

J=
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since Bfr!TA/N < R. This implies

o0
n— — Tl "B e n—p _
H'HE) = lim H ) () < liminf 07 JE | =0
Jj=k
whence dim £ < n — . Letting 8 — o completes the proof. O

The estimates (18.8) and (18.9) immediately follow from (18.5) once we
have proved the following proposition, which we also formulate in higher
dimensions:

Proposition 18.9 Let (2, d) be a compact metric space, let U C R" be open,
and let

T Q—=R" AreU.
Assume that the mapping A + 1, (x) is in C*°(U) for every fixed x € Q and
|8/ ()] = Cm). & €U,
for all multi-indices n € Njj. If © € M(Q), s > 0 and

/ Zi(u) dx < oo,
U

where [, = m L, then for0 <t <,
dm{l e U :dimguy <t} <n—s+t if n—s+t>0, (18.25)
and
dimguy >s—n forall € U. (18.26)

Proof We may assume that r < s. Let ¢ € S(R™) be the function given by
Lemma 18.6 and v,—; (x) = 2/™(2/x) so that Yr,—; (x) = ¥ (27 /x).For j € Z,
define the functions z; € C*°(J) by

hj() = 277" - Vo-i * o d iy, = /Q/QW(W'W,\(X) —m(y))dpxduy.

By Parseval’s theorem, (3.27),
hiGy =27 | @n0|@ )P dx = 0,
Rm

since {p\ > 0.
Part (iii) of Lemma 18.6 tells us that for any ¢ € R,

T, () ~ sz<”—m>/ Voi % iy dp;, = sz”h,-(x). (18.27)
Rm

JEZ j€z
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Therefore

Z/ 275 (W) da ~ / Zs(pa) dr < o0,
U U

JEZL

S0
Il S 277
For the partial derivatives of &; we have
187100 <5 271,
For any ¢ > 0 we have by (18.4) and (18.27)
{peJ dimgu, <t} C{reJ :L4.(uy) = o0}

red: Zzﬂf“)hj(x) = 0
jez

red: sz'(f“)hj(x) =00},
jeN
since the functions / ; are uniformly bounded.

Suppose n —s +1¢ > 0. Let ¢ > 0 with 7 + ¢ < s and apply Lemma 18.8
with B=2,r =2't* R =2%and 0 = s —t — ¢ to conclude that the last set
has Hausdorff dimension at most n — s 4t + ¢. Letting ¢ — 0 completes the
proof of (18.25). Finally, if 1 < s —n, 3~y 2/'h;(1) < oo for all » € U by
Lemma 18.8, which gives (18.26). O

18.2 Transversality of degree g

We shall now consider a weaker concept of transversality involving a non-
negative parameter . The case B = 0 is the one we have studied so far.

Definition 18.10 Let w; and @, be as in Definition 18.1 satisfying (18.1).
The family m;, A € J, is said to satisfy transversality of degree f > 0, if there
exists a positive constant Cg such that

|@;(x, y)| < Cpd(x,y)) = (3, Du(x,y)| > Cpd(x,y)f  (18.28)

for A € J and x, y € Q. The family m,, A € J, is said to satisfy regularity of
degree B > 0, if to every I € N there corresponds a positive constant Cg; such
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that

|®5(x, y)| < Cpd(x, y)) = [0, ®s(x, y)| < Cpud(x, )™ (18.29)
forae Jandx,y € Q.

The main theorem in this case is

Theorem 18.11 There exists an absolute constant b > O such that the fol-
lowing holds. Let u € M(Q) with I;(i) < oo for some s > 0. Assume that
the mappings m,, A € J, satisfy the transversality and regularity conditions of
Definition 18.10 for some > 0. Then

/Iz(m)d?» =C(B.s,t, DI(w) (18.30)
1
for compact intervals I C J and for 0 < (1 + bp)t < s. Therefore,

dimg u; > s/(1 + bB) foralmostall A € J. (18.31)

Furthermore, for any t € (0, s — 3] we have the estimate

dim{} € J : dimg u; <t} <t. (18.32)
For any t € (0, s] we have the estimate
K S
dim{x € J : di t}<141t-— if14+1t— >0,
im{ imgpy <ty <1+ 1+bﬂUC+ T8 =
(18.33)
and
s
di > —1 IxelJ. 18.34
img 4y > 15 0p fora ( )

The proof differs from that of Theorem 18.3 only in some technicalities.
First Lemma 18.5 is replaced by:

Lemma 18.12 Fix x,y € Q,x # y, write r = d(x, y) and suppose that
(18.28) and (18.29) hold. Then

N
e @yl < Corfy = 1.

Jj=1
where the I are disjoint open subintervals of J such that:

(i) El(Ij) <2forall j, El(lj) > (2Co/ C1)r*? for all but at most two indices
j,and N < (C1/2Co)r—2PLN(1}).
(ii) The function A — @, (x, y) is strictly monotone on any interval I;.
(iii) There exist points A; € Z which satisfy: if » € 1;, then |®;(x, y)| =
|@3,(x, )| and | (x, y)| = Cprf i — ).
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(iv) There exists a constant § > 0 depending only on Cy and [ with the
following properties. Except for at most two exceptional values of j,
®; (x,y) = 0and |P)(x, y)| < CprP /2 for | — Aj| < 8. For each of the
two possible exceptional values of j, either |®;(x, y)| > Cﬂrﬂ/4 for all
reljor|®,(x,y)| < Clgrﬂ/2f0rall)» € J with |\ — Xj| < 6. Forall j,
JNOM;—8,r;+6)C ;.

The proof of this is about as simple as that of Lemma 18.5. The derivative
of @ (x, y) satisfies now r# < |®;(x, y)| < r~# on the intervals I;.

Secondly, the proof (18.32) is essentially the same as that of (18.7). The main
complications arise in the proof of (18.30). The estimate (18.15) is replaced by

‘ f oMY Q2 (m(x) = () dA| S (1 +27d(x, ) FH)T1 (18.35)
R

Once this is established, the rest of the proof is practically the same as
before. The deduction of (18.30) from (18.35) involves only inserting B (or
B multiplied by a constant) in appropriate places. Lemma 18.8 is completely
independent of 8 and in its application to get (18.33) B comes into play only
in the ranges of parameters.

The steps to prove (18.15) can be used to prove also (18.35). The splitting
in (18.18) and (18.19) is replaced by

AQ(X)W(ZJ [m2.(x) — (W] dA
= fR oMY QI rd())e(Cy'r P o(1)) da
+/RQ(A)w(2fr<1>(,\))(1 —o(Cy'r o)) dn,
and the splitting in (18.21) and (18.22) is replaced by

/R oMY 2 r e (Cylr P dM)) di
N
=> fR 0IX (G = 2P (2T r D)) (Cy ' r P () dA
i=1

N
+ / o) (1 =Y xeFo- A,-») Y2 re0)e(Cy ' r P o) da.
R i=1

In the final calculations and estimations of derivatives of composite and
inverse functions one has to be more careful, since the constants now depend
on d(x, y) and its powers. The details can be found in Peres and Schlag [2000].
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18.3 Generalized projections in higher dimensions

In this section we discuss higher dimensional versions of the previous results.
This means that the parameter space can be an open subset of a higher dimen-
sional Euclidean space and the generalized projections can be vector valued.
We still have (€2, d) a compact metric space, now Q C R” is an open connected
set, and we have the mappings

T Q—R", reQ,

such that the mapping A — m;(x) is in C*°(Q) for every fixed x € 2, and
to every compact K C Q and any multi-index n = (91, ..., n,) € Nj there
corresponds a positive constant C), x such that

|0/, ()| < Cpk, AEK. (18.36)

We shall give detailed proofs only in the case where the mappings are
real-valued and satisfy the following strong transversality condition:

|V, ®@;(x,y)|>c>0 forallhe Q,x,ye Q,x #y, (18.37)
where again

<I>)\()c,y)=M forhe Q, x,y e Q,x # y.

d(x, y)

Theorem 18.13 Ifm = 1 and (18.37) holds and n € M(2) with I;(i) < oo,
then for any compact K C Q,

/ |T6.)>dr < C(s, K)I ()|~ forallu € R™. (18.38)
K
In particular,

/ T d < Cls, 1, K)Iy (1) (1839)
K

for O <t < s. Therefore,
dimg u; > s foralmostall . € Q. (18.40)
Furthermore, for any t € (0, s] we have the estimates
dim{} € Q :dimgu <t} <n—1+4t, (18.41)

and

dim{l € Q:dimgu; <t} <n—s+t ifn+t—s>0. (18.42)
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Proof The proof of (18.38) is the same as that of (18.13); we just use
Theorem 14.4 in place of Theorem 14.1. The estimate (18.42) follows from
Proposition 18.9.

The proof (18.41) is simple. Define for a compact set K C Q, for x, y €
Q,x # y,and for § > 0,

S(K,x,y,8) ={r €K :D,(x,y) <8

It follows from (18.37) that {A € Q : ®,(x, y) = 0} is a smooth hypersurface
such that for x,y € Q,x # y, and § > 0, S(K, x, y, §) can be covered with
Ck8'™" balls of radius § where Ck is independent of x, y and § > 0. Now we
proceed as in the proof of the estimate (18.7) of Theorem 18.3. Suppose that
(18.41) fails for some ¢ € (0, s]. Then for some compact set K C Q and some
O<t<t,

HI(n e K dimg ;< 1)) > 0.

Hence by Frostman’s lemma there is a measure v € M({A € K : dimg u; <
t}) with v(B(x, r)) < "' for x € R" and r > 0. Thus

v(S(K,x,y,8) < 6.
We write now

/Ir(/“)dvkz/‘/ (/ |<I>A(x,y)|_’dvk)d(x,y)_rduxduy.
K eJa \Jk

The inner integral is bounded:
o0
[ @i = [ atr e k(@ > upd
K 0
o0 oo
=/ v(S(K, x,y,u V")) du < 1 +/ T du < 1.
0 1
Therefore,

f L) dvi < 1) < 1(w) < oo.
K

This implies that dimg u; > 7 for v almost all A € J which contradicts the
choice of v and finishes the proof. O

We have again the corollary:

Corollary 18.14 Suppose again thatm = 1 and (18.37) holds. Let A C Q2 be
a Borel set and s = dim A.



18.3 Generalized projections in higher dimensions 257

(a) If s < 1l andt € (0, s], then

dim{\ € Q :dimm (A) <t} <n—1+4t.
(b) If1 <s <n—+1, then

dim{A € Q :dimm;,(A) <t} <n—s+t ifn—s+1r>0
and

dim{x € Q: LY(m(A) =0} <n—s+ 1.

(c) If2 <s <n+ 2, then
dim{\ € Q : the interior of w;,(A) is empty} < n —s + 2.
Now we give the general definition of transversality in higher dimensions.

Definition 18.15 The family {m;, A € Q}, is said to satisfy transversality of
degree > 0, if there exists a positive constant Cg such that

| @5 (x, y)| < Cpd(x,y)’ = det(D, @, (x, y)(D; ®s(x, y)")) > Cpd(x, y)’

(18.43)
for A € Q and x,y € Q, x # y. The family 7;, A € J, is said to satisfy reg-
ularity of degree B > 0, if to every multi-index n = (1, ..., n,) € N" there

corresponds a positive constant Cg, such that

|®5.(x, Y)| < Cpd(x, y)P = [3]®s(x, y)| < Cppd(x, y) 1 (18.44)
forhe Qandx,y € Q,x # y.

Here is the general theorem in higher dimensions:

Theorem 18.16 There exists a constant b > 0 depending only on m and n
such that the following holds. Let @ € M(Q) with I(n) < oo for some s > 0.
Assume that the mappings m,, . € Q, satisfy the transversality and regularity
conditions of Definition 18.15 for some > 0. Then

/K-Zt(:u“)x)d)" = C(B.s,t, K)Is(1) (18.45)
for compact sets K C Q and for 0 < (1 + bB)t < s. Therefore,
dimg pw; > s/(1 4+ bB) foralmostall . € Q. (18.46)
Furthermore, for any t € (0, s — bB] we have the estimate

dim{l € Q :dimguy, <t} <n-4+t—m. (18.47)
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For any t € (0, s] we have the estimate

dim{\ € Q : dimg u; <t} < max {O, n+t— } , (18.48)

S
1+ b8

and

dimg p; > —n forie Q. (18.49)

s
14568

The proof of Theorem 18.16 runs along similar lines as that of
Theorem 18.3, or of Theorem 18.11 when 8 > 0. I only sketch here some
parts in the case § = 0. First, in the proof of Lemma 18.5, which was needed
for the change of variables in the proof of (18.5), we could use very elementary
arguments based on monotonicity. In higher dimensions when m = n we still
have that if ®;(x, y) is small its Jacobian determinant (with respect to 1) is
non-zero and we have a quantitative estimate for it. Then the inverse function
theorem (in a suitable quantitative form) gives useful local inverse mappings.
When m < n this is of course impossible, but then one can invert local restric-
tions of @, (x, y) to translates of some n — m coordinate m-planes. Here is a
higher dimensional version of Lemma 18.5:

Lemma 18.17 Fixx,y € Q andwriter = d(x, y). Suppose that the transver-
sality and regularity conditions of Definition 18.15 hold for = 0. Let U be
open with compact closure in Q. Then there exist positive constants Cy and C;
such that for some 7y, ..., Ay € U depending on x and y,

N
(L eU: @i, y)| < Co} C | B®y. ),

j=1
where N < C, and the open balls B; = U(L;,2Cy) C Q have the following
properties. For each j =1,..., N, we can select n —m coordinate direc-
tions iy < -+ < iy, such that for every k = (k1, ..., ky—n) the restriction of
A= Ou(x,y)to{A€Bj: Ay =ki,..., A

morphism with

= Ky—m}, Say F, is a diffeo-

tn—m

|det(DF,)™'| < C, and |(DF)™'| < Cs.

Let V={1 e U:|D,(x,y)| < Cy}. To begin the proof, choose C; <
d(U, 9Q)/2 small enough so that we have by (18.43)

det(D; @y (x, y)(D; Pi(x, y)")) = Cop/2

whend(A, V) < 2C. Then any balls B(A;, Cy), A; € V, covering V for which
Aj € V and the balls B(A;, C1/5) are disjoint will do; their existence follows



18.4 Applications 259

by a standard covering lemma. The required coordinate directions are found by
some linear algebra, namely by the Cauchy—Binet formula.

The main technical difficulty comes in the proof of the analogue of (18.15).
The splitting into pieces goes still in the same way as before using Lemma
18.17, but the estimation of integrals such as in (18.21) requires more delicate
higher dimensional calculus. For the details we refer to Peres and Schlag [2000].

18.4 Applications

18.4.1 Bernoulli convolutions

Recall from Chapter 9 that for 0 < A < 1 the Bernoulli convolution v, is the
probability distribution of

o0
Z +2/
j=0

where the signs are chosen independently with probability 1/2. In that chapter
we already presented them in a way that readily fits to the scheme of generalized
projections. Namely,

v, = I,
where
Q={-1,1" ={w): wj=lorw;=—1,j=0,1,...},

( is the infinite product of the probability measure (6—; + 8;)/2 with itself and

o0
M:Q—>R, M=) wh

j=0

There are many natural ways to make 2 a compact metric space. We fix an

interval J = (A, 11),0 < X9 < A; < 1, and use the metric

d(w,t) =1} where k = min{j : wj # T},
when w # 7. Then it is easy to check that

L(pn) < 00 &= A} > 1/2. (18.50)

We discovered before that v, is singular for0 < A < 1/2 and it is absolutely
continuous with L? density for almost all A € (1/2, 1). The results of this chap-
ter allow us to sharpen the information on the interval (1/2, 1) by estimating
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the Hausdorff dimension of the exceptional set of A. However, a lot will remain
unanswered as it is not known if the exceptional set could be countable.
We set again

@A(w,z)=w, LeO 1), w,T€Q, w#T.

In order to apply the general results of this chapter we should verify the
appropriate regularity and transversality conditions. In particular, we shall relate
®, (w, T) to power series and B transversality to the § transversality of power
series as considered in Chapter 9.

Let w, 7 € Q, w # 7, and let k be the smallest integer j such that w; #
7;. Taking into account that d(w, 7) = )Jl‘ we can write as in the proof of
Theorem 9.1,

(0, 1) = 2(A /ah)g(0), (18.51)
where g is of the form (assuming that w; > ;)
o0
g) =1+ bja/ withb; € {~1,0,1}. (18.52)
j=1

The derivatives of g are bounded in absolute value by those of ) 72,1/ =
1/(1 —A).Hence foralll =0,1,2,...,

18200 < (1 =a)™" for i € J.

Differentiating (18.51) we have for any g > 0 that 8,(\1)d>x(a), 7) is a sum of 2/
terms of the form 217 %k(k — 1)--- (k — jH)A*"7gP(X), 0 < j <[, each of them
in absolute value <, k'. Hence

‘Bf)%(w, r)‘ SK < = d(w, 07,

where the second inequality uses only the facts 0 < A; < 1 and 8 > 0. So we
have the derivative bounds required by (18.29). For the transversality we shall
use the following lemma:

Lemma 18.18 Suppose that J = [Ao, A 1], Ao < Ay, isaninterval of § transver-
sality in the sense of (9.6). If B > 0 and Ay > k:+ﬂ, then J is an interval of
transversality of degree B.

Proof Using the above notation, suppose |®; (w, )| < Cgd(w, T)f = Sb,g)»‘lgk
with Cg = 8bg, where the constant bg will be determined below. Then by
(18.51) for A € J,

2(h8 /28 1g0)] < 2(WF /2%) g < sbgatt,



18.4 Applications 261

whence [g(1)| < Sbﬁ(kalki+ﬁ)k/2. We choose bg so that
by < ho(rg' M) /k  forall k € N.
Then |g(1)| < 8/2 < § and so by § tranversality |g'(A)| > 8. This gives
0:@3(0, )] = [2(47'2)" (&' ) + k7 g0
= 227" %0) " (I’ W) = kag g )
> 2075 = 8/2) = 2" > Cpd(w, T)F.

The last inequality is valid when we also choose bg < 1. Thus the transversality
condition (18.28) holds. ]

Theorem 18.19 Suppose that J = [Ao, A{)] C (1/2,1) is an interval of §
transversality in the sense of Chapter 9. Then

dimg v, > log2/(—logX) foralmostall A € J.

Moreover,

log 2
dim{i € J v, ¢ LA(R)} <2 — —8

—logho

Proof Let B > 0 be small and cover J with intervals J; = [A;, Aj+1] C J,i =

1,...,m, such that A; > (1 + ,B)Al.lj_'f; this can be done when f > 0 is suf-

ficiently small (depending on ;). By Lemma 18.18 these are intervals of
transversality of degree 8, when we use the metric d;, d;(w, ) = kf.‘ 41 With

. log2 . ;
k the smallest j such that w; # 7;. Let 1 <o < —?(;ggki’ that is, A7 | > 1/2.

Then I, (1) < oo by (18.50) and Theorem 18.11 implies that

dimy v, > o;(1 +bB)~"  for almost all A € J;
and
dim{x € J; : v, & L*R)} <2 —a;(1 + bp)" L.

. ) log2 . log2 < log 2 .
Letting o; — “Togi B — 0 and observing that —==— Togis = Togii) finishes

the proof. O

Recalling the discussion in Chapter 9, closed subintervals J of [27!,27%/3)
are intervals of § transversality so the theorem applies to them. But, as remarked
in Chapter 9, the theorem can only apply up to some Ao < 1/+/2, in particular
the upper bound in the second inequality is positive. One can proceed further,
see Peres and Schlag [2000], and obtain estimates for the whole interval (1/2, 1)
and information about high order derivatives for A close to 1:
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Theorem 18.20 For any iy > 1/2 there are €(1g) > 0 and s(rg) > 0 such
that

dim{x € (Ao, 1) : v, & L2(R)} < 1 —&(Xo),

dim; v, > s(Xo) for almost all A € (Ao, 1) and s(hg) = o0 as Ly — 1.

In their paper Peres and Schlag considered also asymmetric Bernoulli con-
volutions where the signs + and — in Zfio +/ are chosen with probabilities
pand 1 — p for a given 0 < p < 1. Recall also from Section 9.2 the paper of
Shmerkin and Solomyak [2014] proving that for A outside a set of dimension
zero v, belongs to L? for some p > 1.

18.4.2 Pinned distance sets

Recall that the distance set of a Borel set A C R” is by definition the following
subset of the reals:

D(A) ={|x —y|:x,y € A}.

The question we have discussed before is: what is the least number c(n) > 0
such that dim A > c(n) implies £'(D(A)) > 0? In Chapter 4 we gave a
relatively simple proof yielding Falconer’s estimate c(n) <n/2+ 1/2. In
Chapter 16 we gave a very delicate proof for the best known result c(n) <
n/2 + 1/3 due to Wolff and Erdogan. We also saw in Chapter 4 thatc(n) > n/2.
The distance sets are related to generalized projections via the mappings

dy:R" >R, dyx)=|x—yl, yeR".
Then

D(A) = | Ja,4).

yEA

The generalized projection theorems give us as a special case that dim A >
(n + 1)/2 implies £'(D(A)) > 0. But they give more, since they yield infor-
mation about the pinned distance sets

Dy(A) ={|x —y|: x € A}.

The required conditions are now easy to check. To obtain smoother maps
we switch from d, to m,:

o R R, mx)=|x—xi]*>, 1eRY
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which of course does not change our problems. The regularity conditions are
obvious. We now have, following our earlier notation,

) —m(y) A —xP—|r—y?

q))u(-xa )’) = -
lx =yl lx =yl
_ PP +24 (- )
lx =yl '
and thus
2(y — x)
Vi®,(x,y) = ——,
lx — ¥l
so that
[V, @y (x, )| =2,

and the strong transversality as in (18.37) holds. Hence Corollary 18.14 gives:
Theorem 18.21 For any Borel set A C R",

dim{y € R" : dim D,(A) <t} <n 4+t —max{dim A, 1},
dim{y € R" : L1(Dy(A)) =0} <n+1—dimA

and
dim{y € R" : Int(D,(A)) = @} <n +2 —dimA.
From this we immediately obtain:

Corollary 18.22 Let A C R” be a Borel set. If dim A > (n + 1)/2, then there
is y € A such that

LY(D,(A)) > 0.
Ifdim A > (n + 2)/2, then there is y € A such that
Int(Dy(A)) # @.
We have also the following extension of Theorem 18.21:
Theorem 18.23 For any Borel set A C R" and any hyperplane H C R",

dim{y € H : dimDy(A) <t} <n—141t—max{dimA, 1},
dim{y € H : LY(Dy(A)) = 0} <n—dimA

and

dim{y € H : Int(D,(A)) = I} <n+1—dimA.
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To prove this we have to consider the mappings 7; for A € H. Then we no
longer have strong transversality, but transversality with 8 = 0 holds. For the
proof see Peres and Schlag [2000], or the interested reader may want to check
this as a rather easy exercise when n = 2.

18.5 Further comments

The results of this chapter are due to Peres and Schlag [2000]. As we mentioned
earlier the crucial concept of transversality originates from Pollicott and Simon
[1995].

Orponen [2014a] studied sliced measures under generalized projections in
analogy to Chapter 6 extending some of the results of that chapter from plane
sections to estimates of the dimensions of the level sets 7; '{u}. In particu-
lar, he showed that for Bernoulli convolutions these level sets are typically
uncountable, with a dimension estimate for the set of exceptional parameters
A. But good dimension estimates for the level sets themselves are lacking in
this case.

Although using the above machinery we were able to extend Falconer’s
theorem, dim A > (n + 1)/2 implies £'(D(A)) > 0, to pinned distance sets,
we could not extend Theorem 4.6(a) to them. That is, it is an open problem
whether dim A > (n + 1)/2 implies Int D,(A) > 0 for many, or even some,
y € R". At the other extreme, it also is open whether dim A > n/2 implies
Int D,(A) > 0 or Ll(Dy(A)) > 0 for many, or even some, y € R", but these
are open for the full distance sets D(A), too.

D. M. Oberlin and R. Oberlin [2014] improved the first estimate in Theo-
rem 18.21 to

dim{y e R" : dim D,(A) <t} <n—1+ 2t —dimA.

They related the problem to mixed norm estimates for the spherical averaging
operators S; Sf(x,r) = fs'l—' f(x —rv) do" v,

Erdogan, Hart and Iosevich [2013] proved that if A C S"~! is a Borel set
with dim A > n/2, then £!(D,(A)) > 0 for many points y € A. Again they
derived this, as well as other consequences, from a projection theorem.

Shayya [2012] proved that if the Fourier transform of a finite Borel measure
w on R" vanishes in the interior of a cone of opening less than 7, then £ ({|x —
y|:x € GNsptu}) > Owhenevery € R*, G C R"isopenand u(G) > 0. He
used the method of spherical averages from Chapter 15. In case the cone has
opening greater than 7, such a p is absolutely continuous by classical results
going back to Bochner.
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Peres and Schlag [2000] gave a large number of applications of their theory.
These include much stronger results on Bernoulli convolutions than described
above, asymmetric Bernoulli convolutions; + and - taken with probabilities
p and 1 — p, the so-called {0, 1, 3}-problem; the Hausdorff dimension of
{Z?io ajkj taj €{0, 1, 3}}, dimensions of sums of Cantor sets, and dimen-
sions of certain self-similar sets.

Applications to measures invariant under geodesic flow on manifolds were
found by E. Jarvenpaa, M. Jarvenpaa and Leikas [2005] and continued by
Hovila, E. Jarvenpaa, M. Jarvenpaa and Ledrappier [2012a] and [2012b]. This
was based on a result of Ledrappier and Lindenstrauss [2003]: they proved that
for two-dimensional surfaces the projection from the tangent bundle into the
surface of such an invariant measure is absolutely continuous if the dimension of
the measure is bigger than 2. Although there is only one projection the methods
used for families of projections can be applied. The Jarvenpaas and Leikas
showed why this is so; they formulated the problem in terms of generalized
projections and verified the required transversality. They also showed that on
higher dimensional surfaces transversality is missing and, in fact, the analogous
result is false.

Hovila, the Jarvenpaas and Ledrappier [2012a] proved the analogue of the
Besicovitch—Federer projection theorem for transversal families of generalized
projections. This fundamental result of geometric measure theory says that if
an H™ measurable set A with H"(A) < oo intersects every m-dimensional C'
surface in zero H" measure, then it projects to zero measure into almost all m-
planes. Hovila [2014] verified that the proper submanifold of the Grassmannian
G(n, m) consisting of isotropic subspaces satisfies the transversality, and so
combining with the afore-mentioned result, the Besicovitch—Federer projection
theorem holds for these subspaces.
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Restriction problems

Here we introduce the restriction problem and conjecture, and we shall prove
the basic Stein—Tomas restriction theorem.

19.1 The problem

When does J/‘\|S”*1 make sense? If £ € L!(R") it obviously does, since fis a
continuous function and as such defined uniquely at every point. If f € L>(R")
it obviously does not, since the Fourier transform is an isometry of L>(R") onto
itself and consequently fis only defined almost everywhere and nothing more
can be said. In this chapter we shall see that for f € LP(R") the restriction
ﬂS"‘l does make sense also for some 1 < p < 2. This follows immediately
if we have for some g < oo an inequality

1 £ a1y < €, py I f Loy (19.1)

valid for all f € S(R"). Then the linear operator f fhas a unique contin-
uous extension to L”(R") — L4(S"™") by the denseness of S(R") in L?(R").
Hence the Fourier transform fis defined as an LY function in S"~! satisfying
(19.1). Later on when we write inequalities like (19.1) for f € L”, they should
usually be understood in the above sense.

The restriction problems ask for which p and ¢ (19.1) holds. This is open
in full generality, but we shall prove a sharp result when g = 2.

By duality (19.1) is equivalent, with the same constant C(n, p, g), to

1A ey < €y e I F sy (19.2)

Here p’ and ¢’ are the conjugate exponents of p and ¢ and f means the
Fourier transform of the measure fo"~!'. The inequalities of this type are
called extension inequalities.

269
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The equivalence of (19.1) and (19.2) is contained in the more general
Proposition 19.1. For the proof of this proposition notice that for any u €
M(R") the Schwartz space S(R") is dense in L”() when 1 < p < co. This
follows easily by Lusin’s theorem and the Weierstrass approximation theorem.
Hence

gl = sup {/gh di:h e SR, [|hllLrpy < 1} .
This formula holds also when p = oo as one can easily check separately.

Proposition 19.1 Let 1 < p, g < oo and let u € M(R"). The following are
equivalent for any 0 < C < oo:

(D) [ flleogo < Cllf oy forall f € SR,
2) N f el @y = ClLf Nl forall fe SRM).
In the case q = 2, (1) and (2) are equivalent to

(3) @ * fllpr@n = C2If Loy forall f € SR,

Proof Suppose (1) holds and let g € S(R") with ||g||.r@») < 1. Then by (3.20)

/ Fig = / F3dp < 1f Lo o8l o
< Cll v lglre < ClLF i o

Taking supremum over g € S(R") with | g|lLr®r) <1 gives (2). Then (1)
follows from (2) with a similar argument.
To deal with (3) we use the formula

/ @ * g = / Fedy.

valid for all f, g € S(R"), recall (3.28). If (1) holds for ¢ = 2, we have thus
for f, g € S(R"),

V(ﬁﬁ)g‘:’/?@du

which yields (3). Finally, if (3) holds, (1) follows applying the above formula
with f = g. O

-~ - 2
< 2w lglizzg < CollfllLr@n gL,

Remark 19.2 If one of the conditions (1)—(3) holds, then it holds for all f
in the corresponding Lebesgue space, in the sense of extended operators as
above. For (1) and (3) this follows from the denseness of S(R"). Since u has
compact support, we do not need the extension argument for (2), because then
L9 (u) C L'(w) and fﬁ is a pointwise defined continuous function.
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19.2 Stein-Tomas restriction theorem

We shall now prove a sharp restriction theorem due to Tomas and Stein from the
1970s. We formulate it for general measures. When o =n —1and g = (n —
1)/2 we get from Theorem 14.7 a large class of surface measures which satisfy
these assumptions. But the theorem also applies to many lower dimensional
surfaces and fractal measures.

Theorem 19.3 Let0 <« < n, B > 0and let 0 € M(R") be such that
o(B(x,r)) <C(o)y® forxeR", r >0, (19.3)
and
G| < Co)1 + &) forg eR". (194)
Then we have for f € L*(o),
I Fo @ < Cn. g, . B. CO)I 10
forqg >2n+pB—a)/p.

Notice that measures o satisfying both assumptions can only existif 8 < «/2
and the case B = «//2 corresponds to the Salem set situation, recall Section 3.6.

Proof 1t is enough to consider ¢ < co. By Proposition 19.1 the claim is equiv-
alent, with C = C(n, q, , 8, C(0)), to

5 * fllg < C*llflly for f € SRM. (19.5)

Let x € C*°(R") be such that x > 0, x(x) = 1, when |x| > 1, and x(x) =
0, when |x| < 1/2, and set

p(x) = x(2x) — x(x).
Then
spto C{x e R" : 1/4 < |x| < 1},

and

o0
Z 927 7x)=1 when |x|> 1.
j=0
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Write

o0

G=K+)Y K
j=0

K;i(x) = ¢~ x)5(x),

K(x) = 1—Z<p(2*fx) 5 (x).

j=0
Then K and K ; are Lipschitz functions with compact support, spt K C B(0, 1),

and spt K; C {x : 2/72 < |x| < 2/}. Young’s inequality for convolution (see
for example Grafakos [2008], Theorem 1.2.12) states that

1 1
lig * hllg < llgllpllall-  when1 < p,q,r < oo, i I=—+-

1
p

Applying this with g = K, h = f, p = ¢/2 and r = ¢’ and using || K|, <
IK |loo < 1, we obtain

1K fllg < 1 fllg- (19.6)
For j = 0,1, ..., we have by (19.4),
1K lloo <277

~

Thus
1K * flloo S 2771 f -
Define ¥, ¥; € S(R") by
V=0, () =2"y@2x).

Then 1//; = ¢ and {/E(x) = @(27/x) so that K; = @3 = m by (3.22).
Thus by (3.9) I?: = V¥, * 0 where g(x) = g(—x). Hence

1K) =

2"j/1ﬁ(2j(—§ —m)don

< Z"j/(l +271& + )" don,
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since ¥ € S(R™). Thus

K;(6)] < 2v </ (142716 +n)) ™" don
B(—§,277)

+ /

I; B

<2v <o<B<—s, 27N+ ) 2o (B(—¢, 2"“‘]’)))

k=0

(L+2/1E + D™ dan)
(=& 21—\ B(—£.251)

oo
<2 (2‘“1' - 22—""2““‘—”) = C(n, )2
k=0

This gives for f € S(R"),
1K % £l = 1K % fll = 1K Flla < 27| £ o
Above we had
1K * flloo S 2771 £

Let 0 € (0, 1) be defined by 6/2 + (1 —0)/oco = 1/q, thatis, 6 = 2/q. Then
by the Riesz—Thorin interpolation theorem 2.12,

1K) * flly S 207027 U0 f g = 27C0FPm0la=B) | £,

Since g > 2(n + B —«)/B, wehave 2(n + f —a)/q — B < 0, so
o0
DK Fllg S 1Sl
j=0

By (19.6) we also have,

1K fllg S 1 fllg-

This and the representation ¢ = K + ZJOOZO K; give the required inequality
(19.5). O

We now state the result for the sphere:
Theorem 19.4 We have for f € L>(S"™1),
1o = COn )l f 125y

for q = 2(n+1)/(n—1). The lower bound 2(n + 1)/(n — 1) is the best
possible.
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Proof For g > 2(n + 1)/(n — 1) this follows from Theorem 19.3. For the end
point result, see Stein [1993], Section IX.2.1; we shall give a sketch for this in
the next chapter.

We prove the sharpness using the Knapp example from Lemma 3.18. So let
e, =@0,...,0,HeR",0<d8 <1,

Cs={xce Sl —x-e, < 82},

and f = xc,. Then
I fllz2s-1y = o™ H(Cs)!? ~ 877172, (19.7)

By Lemma 3.18, with ¢ = 1/(12n),

F®)l 20" (C5)/2 forg € Ry,
where

Rs={ eR":|&| <c/Sforj=1,....n—1,[&] <c/8}.
Since £(Rs) = 2"¢"87"~!, we get
”ﬂlL'l(R”) > (0" (C5)/2)L" (Rs)"4 ~ §" 17D/,

Combining with (19.7) we see that in order to have

1P lzon S I e ~ 8072,

we must have §"~!=0FD/a < §=D/2 for small §, which means n — 1 —

(n+1)/q = (n—1)/2,thatis, g > 2(n + 1)/(n — 1) as claimed. ]
The dual inequality for Theorem 19.4 is
- 2(n+1)
n—ty < ey, 1< p < —"F,
A 2=y S I llrey =P 3

which of course is also sharp. We shall illustrate the sharpness of it in the
plane by a slightly different example. When n = 2, 20 = 8 For0 <6 < I,
consider the annulus

As={EeR*:1-8<|¢| <148}

Our inequality is equivalent to

R 2/p
IfIP<s (f Ifl”) ; (19.8)
A(; R2

this is easily checked, or one can consult Proposition 16.2. If ¢ > 0 is small
enough, the rectangle

Ry =1{ eR*:|g — 1| < 8, |&] < cv/8)
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is contained in the annulus As. Let g € S(R) with g(¢§) > 1 when |§| < ¢ and
define f by

FOrr,x0) = g(x1)e > g(v/6x2)8°)2,
which means that
FE1L8) = (& — 1)/8)3(E/V5).
Thus f(£) > 1 when & € Ry. Then, if (19.8) holds,

~ ~ 2/p
7= [ 17 56(/ |f|”) .
Rs As R2

Plugging in the formulas for f and fand changing variables, we derive from
this

00 0o 2/p
EES) (/ |g(8x1)|? dxy / 1g(v/8x2)|7 dx283p/2>
—00 —00
~ 8(6—15—1/283[)/2)2/]) — 34—3/[)’

which yields the desired p < 6/5.

19.3 Restriction conjecture

Let us now contemplate on which pairs (p, g), | < p, g < oo, the inequalities
(19.1) and (19.2) might hold. It is enough to look at only one of them, since
they are equivalent. Let us choose (19.2) and write it as

1 ANl zony < COr, Py @I f llogs- (19.9)

The first easy observation is that if (19.9) holds for some pair (p, q),
then it holds for every pair (p, q) with p > p and ¢ > ¢. For p this fol-
lows from Holder’s inequality. Since ||ﬂ|Lw(Rn) <\ fllzrs—y SN f e
we can argue for g,

1Nl = [ 17T luoeolt S VAV ol W

whence
/|f|q < ”f”LOO(]R")”f”Lp(S»t 1) 5 ”f”Lp Sn— I)

By (3.41) and the asymptotic formula (3.37) for the Bessel functions, cﬁ—\l 4
L>/@=1(R™), Hence in order that (19.9) could be valid when f = 1, we must
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have
2n
n—1"

q> (19.10)

A second restriction comes from the example in the proof of Theorem 19.4: if
we replace there 2 with p, (19.7) is replaced by || f || Lr(si—1) ~ 8"~ D/ and we
arriveatn — 1 —(n + 1)/qg > (n — 1)/p, thatis,q > (n + 1)p’/(n — 1). So in
order that (19.9) could be valid we must have

i
nt (19.11)

>
q_n—l

When p =2, 2 p = 204D s the exponent of the Stein-Tomas
theorem 19.4, whence (19.11) is also a sufficient condition in this case. Interpo-
lating this (using the Riesz—Thorin interpolation theorem 2.12) with the trivial

inequality

[l zoe@n < I FllLis—,

we find that (19.9) holds if

2 1 1
20D a2y (19.12)
n—1 n—1
or equivalently if
2 1 1
S FD gty (19.13)
n—1 n—1

The restriction conjecture asks whether this could be extended from the range
qg > 2(n+1)/(n — 1) to the optimal range g > 2n/(n — 1).

Conjecture 19.5 ||ﬂ|LLI(]Rn) <Cmn, )| fllprs—r forg > 2n/(n —1)andg =

n+1 7/
n—lp .

The restriction conjecture is true in the plane and we shall discuss the proof
in the next chapter.
A seemingly weaker conjecture is whether this could hold with p = oo:

Conjecture 19.6 ||ﬂ|Lq(Rn) < C(n, Q| f || Loosn—1) for g > 2n/(n — 1).

We shall now proceed to prove a result of Bourgain saying that, in fact, these
two conjectures are equivalent. Moreover, we add one more:

Conjecture 19.7 ||f||Lq(R»t) < Cn, I flLacsr—1y for g > 2n/(n — 1).
Theorem 19.8 The conjectures 19.5, 19.6 and 19.7 are equivalent.

Obviously Conjecture 19.7 implies Conjecture 19.6. Once we have proved
that Conjecture 19.6 implies Conjecture 19.7, the equivalence of 19.5 and 19.6
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follows by interpolation; observe that if ¢ = 2n/(n — 1) and ¢ = "'H =+ p’, then

p = g. We turn to the dual statements and prove the following theorem which
gives immediately Theorem 19.8 by ‘dualizing back’. More precisely, as a
special case of Theorem 19.9 we have that for | < p <2,

I fllzis—n S Nflleraey implies || fllzas—1y S | fllown forl <gq < p.

The dual of this is: for 2 < p < o0,

I fllr@ny S W flloos—1y implies || fllLo@ny S 1 flLa@n) for g > p.
Theorem 19.9 Suppose that1 < p <2,0 < Cy < o0, and
o (f{x e " |f(x)| > A < CO)\_1||f||L[’(R'l) for A >0, f € S(R").

(19.14)
Then

" ({x € S| Fl > AN < Cn, p COXP | F 11 o,
forr >0, f € S(R"), (19.15)

and

||f||u(s" ny < Cn,q,C)llflleewny forl <q <p,feL{R"). (19.16)

Proof Leto = 0"~ Jo"~1(§"~!) be the normalized surface measure on the unit
sphere. The estimate (19.16) follows from (19.15) by the Marcinkiewicz inter-
polation theorem 2.13; interpolate (19.15) with the trivial estimate || f|| L) =
|| f |l L1y Suppose now that (19.14) holds. We first prove that if A > 0 and
fis fr o € SR with Y52 1 fi 17 gy < 1, then

o <:x € 5" sup | f5(x)| > x}) < CyaP/Atp) (19.17)
J

with C; depending only on Cy, n and p. We shall use Khintchine’s inequality
for this. It is enough to prove the asserted inequality for finitely many functions
fis.ooy fu € S(RM). Let, as in Section 2.8, Q = {—1, 1}V and let P be the
infinite product of the measures %(871 + 81). For w € Q define g, by

go(x) = Za)jfj(x), x e R",

so that g,(x) = Y7 la)jfj(x) For fixed x € "' and j =1,...,m, we
have P({w : |g,(x)| > |fj (x)|}) = 1/2. This follows from the fact that for any
complex numbers a and b, either |a + b| > |b| or |a — b| > |b|. Hence for a
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fixed x,

P ({w |8 (x)] = sup|f,-<x>|}) > 1/2. (19.18)
J

Set

1
E={weQ:|glr@ > 1’ ith 6 = ——.
HO) gollLr@geny > A7} w b+l

Then using (19.18) and the hypothesis (19.14) we obtain

o(fx e s sup |f,(x)| > A})
j

2[ - P iw:|g)] = sup|f;(x)| ¢ | dox
{xsup; | £;()[>2} /

2[ P({w : |go(x)| > A} dox

A

IA

= 2/0({)5 Dge@)| > AN dPw

< 2/ dPw + 2C00”_1(S"_')_')F'/ g0l Ly d P>
E Q\E

<2170 / 18017 s gny d P +2Coa" (8" ™1A

Now we shall use Khintchine’s inequalities 2.14 which give, since p < 2,

P
/”ngIZF(Rn)deZ /:/ Za)jfj(x) dxdPw
i=1
p/

2
~f SR dxf/Zlfj(x)lpdx <1
Jj=1 j=1

Plugging this into the previous inequality and recalling that § = p# we get

+1
(19.17).
Next we shall show thatif 0 < n < 1 there exists a Borel set B C §"~! such
that o(B) < n and

o({x € "I\ B 1 [F0)] > A1) < /ORI
for A > 0, f € S(R"). (19.19)
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We shall apply this with n = 1/2, so we then have the required inequality
valid on half of the sphere. To prove (19.19) define M > 0 by

CIM™ 7+ =7, thatis, M’ =@n/C) """

Let B be the family of all Borel sets B C §"~! such that there exists f €
S(R™) for which || f||, < I and U(B)|f(x)|" > MP? for x € B, and let U be
the collection of all disjoint subfamilies of 5. We order ¢/ by inclusion and
use Zorn’s lemma to find a maximal family {B;} € U. Let f; € S(R") be the
corresponding functions and set ¢; = o(B;)"/? and B = U; B;.If x € B, then
x € Bj for some j, whence cj|fj(x)| > M and so

B C {x : sup|cjfj(x)| > M} .
J
Since also
Y oleifilh =Y oBHIfillh <Y oB) <1,
J J J

we obtain by (19.17)

P

o(B) <o ({x : sup|cj]/‘\j(x)| > M}) <C\M »+i
Jj

Il
=

Suppose then that (19.19) is false. Then there exist f € S(R") and A > 0
such that

o(fx € SN\ B |f(0)| > A} > MPATP| f15.
Define g = f/|| fll, and B’ = {x € "'\ B : [g(x)| > A/ fll,}. Then
o(B)=0c({x € S\ B:|f(x)| > A} > MPA7P|| f|”,

so that o(B”)|g(x)|? > MP for x € B’, which is a contradiction with the max-
imality of {B;} € U, since B’ N B; = @& for all j. This proves the existence of
B asin (19.19).

To finish the proof of the theorem we shall use the following lemma:

Lemma 19.10 If E and F are Borel subsets of S"™', then there is gy € O(n)
such that

o (E N go(F)) = o(E)o(F).

Proof Recall that 6, is the Haar probability measure on O(n). The function
g +— o(E N g(F)) is easily seen to be continuous, which implies that there is
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go € O(n) for which
/U(E Ng(F))do,g = o(E N g(F)).

Foranyx € S ', A — 6,({g € O(n) : x € g(A)})is an orthogonally invariant
Borel probability measure on S"~!, so it agrees with o due to the uniqueness
of such measures. Hence by Fubini’s theorem,

o(ENgo(F)) = /G(E Ng(F))do,g = // Xengry(x)dox do, g

= / 0,{g e On):x € g(F)})dox = o(E)o(F). O]
E

Let f € S(R") with || f]|, =1, A > 0,
E={xes " [fx)]> 1},
and let B be as in (19.19) with n = 1/2 so that o(B) < 1/2 and
o(fx € "I\ B2 > A SATPlIgl g, forg € SR™).  (19.20)
Finally let gy € O(n) be given by Lemma 19.10 so that
o(ENgo(B)) =o(E)a(B) = o(E)/2,

whence o (E N go(S"~!'\ B)) > o(E)/2. Clearly, go(B) also satisfies (19.20)
in place of B, so

o(E) <20(E N gy(S"~'\ B))
=20({x € "\ go(B) : [F)| > 2D S AN 1wy

which completes the proof of the theorem. O

19.4 Applications to PDEs

One of the main motivations to restriction results is their applications to partial
differential equations. Here is a quick glance at that.
Consider the Schrodinger equation as in Section 17.2:

2midou(x,t) + Ayu(x,t) =0, u(x,0 = f(x), ((x,7)eR"xR,

where f € S(R"). Its solution is given by
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Let

S ={(x,—|x|*): x e R"}
and let o be the surface measure on S. Defining g by

F©) = g ~EPV1 + 48,
and observing that 4|£|> = |Ve(&)|? with ¢(§) = —|£|?, we have
u(x,r) = go(x,r)

and the restriction theorems give for certain values of p,

180 lLr@exry < N8l L2¢0)-
But, provided f has support in a fixed bounded set,

Il ~ 1@ = 1F e,

o)

lullLrexry S I1Lf 12

This method with variations applies to many other equations. For the wave
equation

Btzu(x, 1) = Ayu(x,t), u(x,0)=0, %u(x, 0)= f(x), (x,1)eR"xR,

there is a similar connection with the cone {(x,t): |x| = ¢} and one needs
restriction theorems for surfaces with zero Gaussian curvature.

19.5 Further comments

The presentation of this chapter is largely based on Wolff’s lecture notes [2003].
This topic is also discussed in the books Grafakos [2009], Muscalu and Schlag
[2013], Sogge [1993] and Stein [1993] where much more information on the
restriction problem can be found.

Stein started the research on restriction problems in the 1960s by observ-
ing that curvature makes it possible to restrict the Fourier transforms of L”
functions for some p > 1 to sets of measure zero. The Stein—Tomas restriction
theorem 19.4 was proved by Tomas [1975] for ¢ > 2(n + 1)/(n — 1) and by
Stein [1986] for the end-point. We shall still discuss this further in the next
chapter including the end-point result and the sharp two-dimensional result. In
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the last chapter we shall discuss bilinear restriction results and their applications
to the linear restriction.

The version of the Stein—Tomas restriction theorem for general measures,
Theorem 19.3, is due to Mitsis [2002b] and Mockenhaupt [2000]. Bak and
Seeger [2011] proved that the end-point estimate holds too. Hambrook and
Laba [2013] constructed some delicate examples which show that the range of
the exponents in Theorem 19.3 is sharp in R when = «/2; the case < «/2
was done by Chen [2014a]. On the other hand, Chen also gave conditions under
which the range of exponents can be improved and Shmerkin and Suomala
[2014] verified these conditions for a large class of random measures.

In addition to the sphere, typical cases of hypersurfaces studied are the
paraboloid {(X, x,) € R" : x, = |X|?}, for which the basic results are the same
as for the sphere, and the cone {(X, x,,) € R" : x,, = |X|}, for which the results
differ due to the fact that one of the principal curvatures is zero. For the cone
the sharp restriction theorem is known for n = 3, due to Barcel6 [1985], and
for n = 4, due to Wolff [2001].

The literature on restriction and its applications and connections to other
topics is huge involving work on various other types of surfaces such as hyper-
surfaces with some principal curvatures vanishing; Lee and Vargas [2010] and
Miiller [2012], curves and other surfaces of codimension bigger than 1; Stein
[1993], Section VIII.4, Bak, D. M. Oberlin and Seeger [2009], [2013], Dendri-
nos and Miiller [2013], and work on restriction theorems with general, perhaps
fractal, measures; Mockenhaupt [2000], Hambrook and f.aba [2013], Bak and
Seeger [2011], Chen [2014a], [2014b] and Ham and Lee [2014]. These are just
some recent sample references whose bibliographies contain many more.

Theorem 19.9 is due to Bourgain [1991a]; he observed that it follows from
some general results of Pisier and others discussed in Pisier [1986]. The proof
presented above is due to Vargas [1991] from her master’s thesis.
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Stationary phase and restriction

In this chapter I describe a method based on the stationary phase (recall
Chapter 14) to prove restriction theorems. Since this is well covered in many
sources, I shall be rather brief and the presentation will be sketchy in parts.

20.1 Stationary phase and L? estimates

Recall that in Chapter 14 we investigated the decay as A — oo of the integrals
IQ%:/dwmw@ML A > 0.

We found in Theorem 14.5 that they decay as A~"/2 provided that the critical
points of ¢ are non-degenerate on the support of . In this chapter we allow ¢
and ¢ to depend also on &, we now denote them by ® and W, and we look for
LP? — L4 estimates for the operators

L.fé¢) = / FPEOU(x, E) f(x)dx, EER', >0 (20.1)
Rn
This leads to restriction theorems on surfaces via local parametrizations. We
shall also see how this method can be used to prove the sharp restriction theorem
in the plane.
Under the non-degeneracy of the Hessian we have a fairly simple L result:

Theorem 20.1 Suppose that ® : R” - R and W :R> — C are C*-
functions, W with compact support. If

2
det (M) £0 for(x,&) esptW, (20.2)
9x;0&;

283
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then the operators T, satisfy
1T Sl S 2721 f N2 forall f € LX®"), 2>0.  (203)

Proof We can write

1T f 13 = / / K6, ) F T dx dy,

where
Ki(x.y) = / HECITEOD(x, £)W(y, ) dE.

For |x — y| < 1 we have

I P(x, £)

Ve(@(x, §) — D(y, ) = ( ox 08,
J

) (x =)+ 0(x =y
Assuming that spt W is sufficiently small we then have for some ¢ > 0,

[Ve(P(x, §) — D(y, §)] = cfx — vl

when (x, &), (v, &) € spt¥. We can reduce to small support for ¥ as in
Chapter 14 with finite coverings. Reducing the support of W further if needed
we can assume that for some j =1, ..., n,

aigj@(x, §)—(y.8)| = clx -yl

when (x, &), (v, &) € spt W. Then similar partial integrations as in Chapter 14
(more precisely, checking the dependence of the constants in Theorems 14.1
and 14.4) yield

K, I Sy A+ Ax—yD™, N=1,2,...,

for x, y € R". Applying this with N = n + 1 we find that
f |K(x, y)|dy S A" forx € R,
/ |Ks(x, y)|dx <A7" fory e R".
Defining

Te, f(y) = / Ko(x. ) f () dx
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we obtain from the previous inequalities and Schur’s test, which we discuss
below, that

1T f13 = / (T, F < 1T, Flall £l S 27171
as required. 0

Schur’s test is the following general very useful boundedness criterion:

Theorem 20.2 Let (X, i) and (Y, v) be measure spaces and K : X x Y — C
a | X v measurable function such that f |K(x, y)|*dux < oo for y €Y.
Suppose that

/IK(x,y))|de <A foryeY

and
/IK(x,y))Idvy <B forxeX.
Define
Tef0) = [ KGaonfeidis fory e, f el
Then

1Tk fllz20y < VABI fllizg  for f € L*(w). (20.4)

Proof The finiteness of the L? integral of K is only assumed to guarantee that
Tk f is pointwise defined. The inequality (20.4) follows if we can prove that

/ |[K(x, y)g(x)f(W)|duxdvy < VAB

whenever ||gll;2) = 1 and || f||;2) = 1. To verify this we use Schwartz’s
inequality:

// |K (x, y)g(x) f(»)|dpx dvy

12
- ( [[ 1K er duxavy [ |K<x,y>||g<x>|2duxdvy)

12
- ( / / K e )] dux] f ) dvy / / |K<x,y>|dvy|g<x>|2dux)

< Vv AB. O
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20.2 From stationary phase to restriction

Let us now see how the stationary phase can be applied to restriction problems.
We are interested in the inequalities

1 Fllzocs) SN fllerny  for f € S(R™). (20.5)

Here S is a smooth surface in R” with non-vanishing Gaussian curvature.
Assuming that S is the graph of a smooth compactly supported function ¢
(20.5) reduces to inequalities like

R 1/q
( / 7 oENI &) ds) L. (206)

where ¢ and ¥ are compactly supported C* functions in R"~! with ¢ >
0, (0) = 0, Vp(0) = 0 and h,(0) # 0 (recall (14.4)). The Fourier transform
of f on S is given by

fE 9) = / e HIETHOOMW f(xydx, X = (X1, ...y Xnm1)-

n

Let  be a non-negative compactly supported C* function on R" with
n7(0) = 1 and define

T, f(€) = /ef“’“fhy(x,g)f(x)dx, geR™!, A>0, (20.7)
where

D(x, §) = =27(& - X + 9(§)xn).
Y(x, &) = ¥ E)mx).

Suppose we could prove, with p’ = p/(p — 1),
IT5 £ oy S AP N f Lo (20.8)

Applying this to f3, fi(x) = f(Ax), we get

q 1/q
</ ‘/eimx,é)n(x)f(m)dx V() d§>

SATN Sy = 27PN fllp = A7 M-

Change of variable y = Ax gives, since A®(x, §) = P(&, Ax),

( / ‘ / SO0y /0) £ () dy

When A — oo, n(y/A) — 1, and the last inequality gives (20.6).

q 1/q
vy ds) <1£1.
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The inequality (20.8) can be proven for much more general phase functions
than ® above, and it has applications to many problems in addition to restriction.
It is true for

2(n + 1) n—1 ,
< E—— = p.
n+3 n—+1
For the Fourier transform this is the Stein—Tomas restriction range (recall
(19.12) in the dual form). For general ®, defined on R"~! x R", it is the best
possible range of exponents when n > 3; see the discussion in Section 23.4.
For n = 2 the range can be extended to 1 < p < 4/3, cf. Theorem 20.3. This
range is sharp also for the Fourier transform.

The main part of the proof of (20.8) is for p = 2(::31), q = 2. The rest
follows by interpolation between this and the trivial case | T3 f |loo < || f1I1- We
can write

1 <

1T f o, = / [ K(x ) )T dx dy,

where
Ki(r. y) = /ﬂw FHOEO-0Ny (v £)T(y. E) dE.
Let
Urg(x) = /Kx(x, gy dy.
Then
e (A
So we need

_2 /
10 Ly S 32 | lanc

This can be obtained by fairly complicated real and complex interpolation
techniques. One benefit of going from T; to U, is that we now have an operator
which acts on functions in R” to functions in R” (not from R” to R"~! as for
T;). The formal way to go from T} to U, is that the adjoint 7,* of T} is

T fx) = / IO B £(£) dE
SO
UA = TA*T)“

A serious problem with U, still is that the oscillating factor in its kernel
K depends on the variables in R"~! and R" and cannot have non-degeneracy
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corresponding to the earlier conditions of non-vanishing Hessian determinant.
Here one needs to study the (n — 1) X n matrix

I’ D(x, §)
ax;08 )

What helps is that in many situations it has maximal rank n — 1, and this is
one of the assumptions for a general theorem. This can be used by freezing
one coordinate x; and applying Fubini arguments or by adding to ® an auxil-
iary function ®y(x, r), r € R, which gives a non-zero Hessian determinant for
D(x, &, ..., E-1) + Do(x, &). Then results like Theorem 20.1 can be applied.
Many missing details can found in Muscalu and Schlag [2013], Stein [1993]
and Sogge [1993].

Observe that the above method also gives the end-point estimate in the
Stein—Tomas Theorem 19.4.

20.3 Sharp results in the plane

In this section we shall prove a sharp L? — L?-inequality for the operators 7}
in the two-dimensional case. This will solve the restriction conjecture in the
plane.

First let us observe a corollary to Theorem 20. 1 : under the assumption (20.2),
the operators 75, of (20.1) satisfy

T fly S 277N fl, forall f € LPRY, A>0, 1<p<2.
(20.9)

This follows readily interpolating (20.3) with the trivial case ||T5 f|lco <

71l

We now formulate and prove in the plane a sharp result for operators as
in (20.7). The variable £ will be a real number and x € R?. We shall denote

derivatives with respect to & by ’ and with respect to x; with subscript x;. So,
3 D(x,£)

for example, @Z}, (x,8) = o,

Theorem 20.3 Suppose that ® :R>xR - R and ¥ :R>xR — C are
smooth functions such that ¥ has compact support and

O (x,5) @, (x,§)
O (x,E) D (x,§)

Then the operators T,*,

‘ £0 for(x, &) € sptW. (20.10)

T} fx) = fR FOEOY(c ) () dE, x €R, A >0,
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satisfy

1T fllowey S A fllrwy forall f € LP(R), A > 0,9 =3p’,q > 4.
(20.11)

Remark 20.4 Observe that we have formulated the theorem for the adjoint
operators of the operators T3,

T,.f(§) = / ePOU(x &) f(x)dx, E€R, A>0,
Rz
that we considered before. The theorem is equivalent to
1T f oy S AP\ fllr forall f e LYR?), A > 0,3g = p'.q > 4/3.

Proof What will help is that we have now g > 4 = 2 - 2. This allows us to work
with

I f () = /R | HEEETTREEI (e, £ (x, &) f (1) f (E2)dE1 ds,
xeR% 1> 0.
We would like to apply Theorem 20.1 with the weight function
E(x, §) = V(x, ENV(x, &), (x,§) e R* xR?,
and with the phase function

®(-x»%-):(p(xa§1)+q)(xa§2)v (xvé)Eszst

but the determinant det(=2 7 a S (x, &)) vanishes for&; = &,. Computing this deter-
minant and applying Taylor s theorem one finds that

<32®( s>) O (x, &) D (x,E)
ox, 05 O (x, &) D (x,E)

Assuming as before that W has small support, we have by (20.10) for some
c >0,

& —E)+ 0(& —& ).

‘d <a (x. g))‘zd&—gq when (x,&)€sptEZ.  (20.12)
0x; 08k

Now we would like to make a change of variable in & to get rid of the factor |&; —
&1|. We obtain this with ¢ = (& + &, & - &) =: g(&1, &). The determinant of
Dg(&) is & — &. Notice that g is two to one in {& : & # &} . Moreover,
g(&) =g(&)ifandonly if § =&’ or & = &) and & = §&/. Set

D(x, ) = Ox, &) = D(x, &) + D(x, &),
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and

E(x, ) = E(x,£) = W(x, &) - ¥(x, &),

when ¢ = g(&). Then we have the well defined functions ® and E. They
are smooth because of the symmetricity of ®(x, &) + ®(x, &) and W(x, &) -
W(x, &) with respect to & and &;. To relate the determinant det( aijzi, (x,0))
to the determinant in (20.12), set

G.(§) = (39, 0(x, £), 8,0(x, £)) and G ,(£) = (3, D(x, £), 8, D(x, £)).

Then G, = 5x o g and, when ¢ = g(§),

LRIC) ~
det ( 3 (x,§ )> = det(DG(§)) = det(DG«(g(§))) det(Dg(§))
Xjagk

_ det 9P
=de (axkagj(x’§)> &1 —&).

Hence it follows from (20.12) that

det 92D )
¢ (axka;j . ¢)

Now we have (2 in front comes from the two to one property)

>c¢ for(x,¢)e sptﬁ.

T f(x)? = 2/2 MCOZ(x VF(0)de, x € RE,A >0,
R

where, when ¢ = g(&),

fE)- f(&)
|6 — &

So we have won by getting a non-vanishing determinant for ®, but lost by
getting a singularity at the diagonal for F. Define r by 21’ = ¢g. Assuming, as
we may, that ¢ < oo, we have then 1 < r < 2 and we can apply (20.9) getting

r'/r
/|Tx*f|q =/|(Tx*f)2|r/§)»_2 (/|F(§)|’d§> -

Changing from ¢ to & we have

F(¢) =

1
f [FEI dg = 3 / | FEDFEI|E — &I dE dé.

To estimate the last integral we use the following Hardy—Littlewood—Sobolev
inequality for functions of one variable, see, for example, Stein [1993], (31) in
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Chapter VIII; here again k, is the Riesz kernel, k,, (y) = [y|™”, y € R:

&y, * gl S Ngllsw when 0<y <1, 1<s<t<oo,

1 1
-=—-4y—-1
t s

This and Holder’s inequality yield

2/s
[ lstcosetie el as de: < ( / |g|S)

when0<y<1,l<s<2,%=2—y. We apply this with g = | f|", y =

r — 1. Then
) 2r' [(rs)
[z s (/ |f|”> .

The choices of the parameters imply rs = p and 2r’/(rs) = q/p, and the
theorem follows. O

If ¢ is a local parametrization of a curve S and

O(x, §) = 2 (§x1 + @(§)x2)

as before in the applications to restriction, then the determinant in the assump-
tions of Theorem 20.3 is

P (x, &) DL (x,§)

:4 2 n .
& (r.6) @) T

So the non-vanishing determinant condition means that the curve has non-zero
curvature. Recalling the argument ‘(20.8) implies (20.5) and checking that
the conditions on exponents match we obtain from Theorem 20.3 (recall the
formulation in Remark 20.4):

Theorem 20.5 Let S be a smooth compact curve in R* with non-vanishing
curvature and length measure o. Then

1/q
(/ Iflqdcr) <l for f € LP@RD), 3q = p. q>4/3.
S

This means in particular that the restriction conjecture 19.5 is valid for the
circle S'.
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20.4 Further comments

The presentation of this chapter is largely based on Stein [1993], Chapter IX.
Muscalu and Schlag [2013] and Sogge [1993] have also a lot on this topic.
These books contain much more information on this and related matters.

Theorem 20.5 is due to Zygmund [1974]. Theorem 20.3 is due to Carleson
and Sjolin [1972].
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Fourier multipliers

This is another topic well covered by several books. I mainly wanted to include
it since historically Fefferman’s solution of the multiplier problem for the ball,
Theorem 21.5 below, is the starting point for Kakeya type methods in Fourier
analysis. We shall also discuss Bocher—Riesz multipliers.

21.1 Definition and examples

Let m € L*®(R") be a bounded function. For any function f in L>(R") we can
define the following operator 7, using the Fourier transform:

T,f=mf, thatis, T,f =(mf)".
Using Plancherel’s theorem we get,

1T flla = [mFl, < Imloo | Fl, = Imlloo 1/

and therefore 7, is a bounded linear operator from L? to L? with norm bounded
by [|m]| o - In fact, this norm is exactly ||m|| o,, Which is an easy exercise.

As another simple exercise one can check that the operator norm of 7,
is invariant under translations and dilations. That is, T,, and T,,, ,, m, (x) =
m(rx + a), have the same operator norms for alla € R", r > 0.

The function m € L*°(R") is said to be an L?-multiplier, 1 < p < oo, if
the operator 7, can be extended to L”(IR") as a bounded operator from L”(R")
to L”(R").

For a measurable set A C R” we denote

Ty =T,,.

Let us look at some examples:

293
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Example 21.1 Let m be the sign function sgn in R; sgn(x) = —1 for x <0
and sgn(x) = 1 for x > 0. Then

ﬁ?:—isgnf,

where H is the Hilbert transform. So Ty, = i H and sgn is an L”-multiplier
for all 1 < p < oo by the well-known (but highly non-trivial) results on the
Hilbert transform.
The above Fourier formula can be taken as the definition of the Hilbert
transform, but it can also be defined by
1 J)

Hf(x) = lim —
e20 T Jix—y|se X — Y

dy

for integrable Lipschitz functions f, for example. One can consult for instance
Duoandikoetxea [2001] for the properties of the Hilbert transfrom.

Example 21.2 Let T be the multiplier for the half line (0, co),
THf = X000
Then, in the L? sense,

R
Tt f(x) = Jlim f FETEqe  for f € LAR).
—o00 Jo

We can easily express T in terms of the Hilbert transform:

— 1 —~ id+iH
TTf = xooof = 5(1 +sgn)f = }'(Tf),
whence
— id+iH
= TR

Similarly we can write multipliers for bounded intervals with the Hilbert
transform: For the characteristic function x|, of the interval [a, b] let
Sa.p = Ty, , be the corresponding multiplier operator. This easily reduces to
the previous example by the formula

Su = 5(My o H o My = My o H o M_y).

where M, is the multiplication operator: M, f(x) = e*"%* f(x). It follows
that x4 is an LP-multiplier for all 1 < p < oo. Moreover, its multiplier
norm is < C, with C, depending only p. For a = —R, b = R, this gives
for f € LP(R) N L*(R) (we restrict to L? in order to have pointwise almost
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everywhere defined Fourier transform),

R
f(x) = lim / ¥ F(£)dE  inthe LP sense.
R—o0 J_p

To prove this, check first that the formula is valid for functions in S(R") and
then use the denseness of S(R") in L?.

Example 21.3 As in the previous example, do we also have for f € LP(R") N
L*(R") whenn > 2,

f(x) = lim " F(E)dE  inthe L” sense?
R—>00 J (0, R)

When p = 2 we do have. When p # 2 we do not have. This follows from the
fact that in R", n > 2, the characteristic function xp(,1) is an L” multiplier
if and only if p = 2; one can use the Banach—Steinhaus theorem and some
scaling arguments to prove that unboundedness implies non-convergence.

The proof of the unboundedness of the ball multiplier for p # 2 will be
the main content of this chapter. Recall that the operator norms of T, 1) and
Tp.ry forany a € R", r > 0, are equal because of the translation and dilation
invariance.

Example 21.4 Let P C R" be a polyhedral domain. Then xp is an L”-
multiplier forall 1 < p < oo. By definition a polyhedral domain is an intersec-
tion of finitely many half-spaces. Thus the claim reduces to showing that the
characteristic function of a half-space is an L”-multiplier. This in turn reduces
to the one-dimensional examples above. The details are left as an exercise.

21.2 Fefferman’s example

The following result is due to Fefferman [1971]:

Theorem 21.5 The characteristic function of the unit ball B(0, 1) inR", n > 2,
is an L? multiplier if and only if p = 2.

Proof We shall first consider n =2 and comment on the general case
later. The proof is based on Kakeya type constructions. We need a lemma,
Lemma 21.6, which is a modification of a lemma used to construct Besicovitch
sets.

Lemma 21.6 Given ¢ > 0, there exist an integer N > 1 and N+l open
rectangles Ry, ..., Ryv, RY, ..., R}y in the plane, each with side-lengths 1
and 27N, such that:
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(i) for each j, the rectangles R; and R}k are disjoint and have one shorter
side in common,
N
(ii) L2 (szl R,) <s,
(iii) the rectangles R;‘ are disjoint, and so

2N
clYr =1
Jj=1
The proof of this lemma is based on elementary geometric iterative con-
structions, such as the Perron tree construction in Section 11.6. Technically it
is the most complicated part of the proof of Theorem 21.5. We omit the proof
here; it can be found in Stein [1993], Theorem X.1.1, and Bishop and Peres
[2016], Section 9.2, and also in de Guzman [1981], Section 8.2, and Grafakos
[2009], Section 10.1, in slightly different versions.
Next we establish the following general inequality in the spirit that L”
boundedness for some scalar valued operators implies L” boundedness with
the same norm for vector valued operators:

Lemma 21.7 Let T : LP(R") — LP(R"), 1 < p < oo, be any bounded lin-
ear operator; |Tf||, < Cp | fll, for all f € LP(R"). Then for every finite
sequence of functions { f; }’;:l in L?(R") we have,

2

k k
X:|Tfj|2 =G Z|fj|2
j=1 j=1

P

)=

p

Proof Set f = (f1,..., fiyand Sf = (Tf1,..., Tfr). Forw € ST we have
by the linearity of T,

[wesr= [ raepr=cy [ wesr. ey
R~ R~ R

For any y € R¥ we have,

/sk—l |w-y|? do*'w = c|y|? (21.2)

where c is independent of y. Using Fubini’s theorem, (21.2) and (21.1) we get

[ assr= [ (f IT(w-f)l"> do* 1w
Rn Skfl R~
< C;;/ ( |w-f|”) do*lw = c;;c/ Vi
Skfl Rn Rn

This is the required inequality and the proof of the lemma is finished. O
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The next lemma associates the multiplier operator of the unit ball to those
of half-spaces:

Lemma 21.8 Assume that for some 1 < p < oo the multiplier operator T =
Ts(0.1) of the characteristic function of the unit ball B(0,1) C R" satisfies
ITfll, < Cpllfll,for f € LP(R")N L*(R"). Let {vj}’]‘.:1 be a finite sequence
of unit vectors in R". Let H; be the half-space,

Hi={x eR":vj-x >0},

and T; = Ty,. Then for any sequence { f; }’]‘.:1 in LP(R™) N L2(R") we have,

k 2

k
Z\ijjf =G Z\fi’z
j=1

Jj=1

1
2

p p

Proof We assume that f; € S(R"); the general case follows by simple approx-
imation. Let B; be the ball of centre rv; and radius r > 0. The characteris-
tic functions ypr convergence pointwise to xp, outside dH; as r — oo. Let
T f = (XB;]’“\)V. Then for f € S(R"), T} f converges to T; f as r — oo both
pointwise and in L7 (R"). Thus it will suffice to prove that for all » > 0,

k 2 k 2
SATA) | = | X6l ] 213)
j=1 j=1
P

p

Observe that,
T/ f(x) = ™ T (e f)(x),

where 7, is the multiplier operator of the ball B(0,r). Set g;(§) =
e—Znirv,'Efj(%‘). Then

1 1

k 5 2 k )
Y1175 ={[ > I7el
j=1 j=1

p p

2
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As mentioned before, the operator norms of 7, and T are equal. Therefore
Lemma 21.7 yields

2

k % k 2
ZIT}f,|2 = Z|Tr8j|2
i=1 =1

P p
k , 2 k , :
<C, Z|gj| =Gy Z|fj| )
j=1 j=1
P P
so that (21.3) holds and the proof of the lemma is finished. O

The next lemma tells us how the operators 7 of the previous lemma act on
some rectangles.

Lemma 21.9 Let R, R* C R? be disjoint open rectangles whose longer sides
are in the direction v € S' and such that they have one shorter side in common
(as in Lemma 21.6). Let H, be the half-plane

H,={xeR*>:v-x >0
Then
T, ()] > —
H,\XR)| = 13XR*-

Proof By rotating and translating we may assume that v = (0,1), R =
(—a,a) x (=b, b) and R* = (—a, a) x (b, 3b) with a < b. We have

Tr, (XR)(x1, X2) = ((m, XR)" (X1, X2) = X(—a.a)X1)(X(0.00) X(—b.5)) " (X2)

because xp, (X1, X2) X& (€15 £2) = X—a.a)(EDX0.00/(X2) X(—b.)(62). Recalling the
multiplier 7T of (0, oo) from Example 21.2 we obtain

T, (XR)(X1, X2) = X(ca.) DT T (X(epp))(x2) = %H(X(—h,h))(xz)

when (x1, x») € R* = (—a, a) x (b, 3b). Here

1 b
| H (X(—b,p))(x2)| = ‘—/
T J-p

and the lemma follows. O
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We shall now finish the proof of Theorem 21.5 when n = 2. Let B =
B(0, 1) C R? be the unit disc. We have by Parseval’s theorem for f, g € L*(R?),

/T3f§=/(Tgfﬁz/xB%:ffxT@:ffW:/fﬁg.

It follows that T is an L? multiplier if and only it is an L?" multiplier with

p = Ll Hence we may assume that p < 2. Suppose T were an L7
multiplier.
Let ¢ >0 and let R;, j = 1,....2Y be rectangles as in Lemma 21.6,

fi = xr,»letv; € S' be the directions of the longer sides of R; and let T; be
the half-plane multiplier related to v; as in Lemma 21.8.
First notice that by Lemmas 21.9 and 21.6 we have with ¢y = 1/13,

1
k : k 2 1/p

k
sl > 1Y (coxa:)’ =al’ [|JR}] =c.
j=1

j=1 j=1
P P
since the rectangles R;‘ are disjoint.
Let E = U?A;IRJ- and let g be the dual exponent of 2/p; 1/g = 1— p/2.
By Lemma 21.8, Holder’s inequality and Lemma 21.6,

1 1

2 2

k k
Yl <G [ XInl
j=1 j=l1

P

k 2
<C, /ZXR,- LYHE)/PD < Cpsl/(p‘”,
j=1

because [ ) P XR; = Zj L*(R;) = 1. This is a contradiction for sufficiently
small ¢, which completes the proof for n = 2.

For n > 2, fix some nice function f on R"2, for example the characteristic
function of the unit ball. Then proceed as above using the functions f;,

Fitns o oooxn) = Xy (%1, x2) f(x3, .., Xn).

One can also prove and use a Fubini-type result stating that if m is an L?
multiplier on R then for almost every & € R™, n + m(&, n) is an L?
multiplier on R" with norm bounded by that of m. For this see Grafakos
[2008], Theorem 2.5.16. O
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21.3 Bochner—Riesz multipliers

This is a brief introduction to this important topic and its connections to restric-
tion problems. I skip here some proofs. For them and further results and com-
ments, see Duoandikoetxea [2001], Grafakos [2009], Stein [1993] and Sogge
[1993].

We now know that we do not have the convergence asked for in
Example 21.3 if n > 2 and p # 2. But what about some modified type of
convergence, for example,

R—o00

f(x) = lim (1 - %) e E F(E)dE  inthe L sense?
B(0.R)

This is analogous to some classical facts for Fourier series: it is easier to
get the convergence for instance in the Cesaro sense, leading to the Fejér
kernel, than for the usual Fourier partial sums; see, e.g., Duoandikotxea [2001].
So we are asking about results for the multiplier (1 — |£|)+, or equivalently
for m(€) = (1 — |£]?)4, instead of the ball multiplier. Here a4 = max{a, 0}.
Raising m to a small power § > 0 we get closer to the characteristic function
of the unit ball.

Definition 21.10 The Bochner—Riesz multiplier ms with parameter 6 > 0 is
defined by

ms) = (1= 5P}, &R
The corresponding multiplier operator is S;;
Ssf = (mzsf)v.
For f € S(R") we have
Ss f = K5 * f.

The kernel K4 can be computed from the formula for the Fourier transform of
a radial function with the aid of some Bessel function identities. It is

Ks(x) = c(n, §)|x| "> I, o452 |x]).

From the properties of Bessel functions it follows that K is bounded and
its asymptotic behaviour at infinity is,

Ks(x) ~ Fy(x)|x| /270712,

where F3 is a bounded trigonometric term. Consequently, K5 € LP(R") if

and only if p > nﬁﬁ This implies that ms is not an L? multiplier if
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p= +21’;25 By duality, neither is it when p > 1 55

conjecture believes that these are the only restrictlons

The Bochner—Riesz

Conjecture 21.11 mg is an L? multiplier if and only if

2n 2n 21.4)
—_— << < ——. .
nt1+20 T o1
Notice that the above condition is equivalent to
‘ 1 1 ' 26 + 1
< .

p 2 2n

Again, this conjecture is open for n > 3 and true for n = 2. In R? it is
very close to the restriction conjecture and was proved by Carleson and Sjolin
[1972]; Theorem 20.3 which gave the restriction conjecture gives also this,
see Stein [1993], IX.5.5. Hormander [1973] observed that both restriction and
Bochner—Riesz problems have such a common approach. Tao [1999a] proved
that the Bochner—Riesz conjecture implies the restriction conjecture and there
are also some partial results in the opposite direction, see Tao’s paper. For
the parabolic case Carbery [1992] proved that in the natural ranges of the
exponents the restriction implies Bochner—Riesz. This means that the sphere
is replaced by the paraboloid {(%, |X]?) : ¥ € R"~!} and the multiplier is now
X (X)(x, — [X]*)°, where x € CO(R").

We illustrate the applicability of restriction theorems by the following the-
orem, which is rather close to the best that is known. We first prove it for
the exponent ¢ = 2(”“) of the Stein—Tomas restriction theorem 19.4 and then

n—
discuss briefly the general case. Notice that this q 1s in the necessary range

(21.4) under the condition (21.6). In fact, if § = 2(n+1), then %’125 = 2(::1),
so this is a kind of end-point case.
Theorem 21.12 m; is an L? multiplier if
2n 2n 215)
—_——<p< —, .
nt1+25 P n—1-2
and
n—1
> —. (21.6)
2+ 1)

n

Proof The proof is easy if § > %‘, because then K5 € L'. It is simpler than in
the full range for
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for that, see Duoandikoetxea [2001]. For the full range we can write

ms(€) =Y 2P (&),

k=0
where the functions ¢ are smooth, sptg, C (1 —2'7%, 1 —2727%) for k >

1, and |@ (1) < C;29 for 1 € R, j = 0,1,2,.... Let Ty be the multiplier

operator

T f (&) = g(EDFE).
Then

o0
S5 = Zz—km.
k=0

To estimate |7y f| o) suppose first that f € S(R") has support in
B(0, 2%). For such an f by the Fourier inversion formula,

1—2727k

ka(x)=/1 - /s—l 627”'”"5]?(}’C)(pk(r)ahf”_lgr"_1 dr.

Hence by Minkowski’s integral inequality,

1—272k
Tl s [ [ @ fendore|
l_zl—k Sn—l L‘f(R")
Theorem 19.4 yields then with ¢ = 2(":1) ,
n

1—2727*
ITicf o) S /1 N Ml R

From this we obtain using Schwartz’s inequality, the fact that r ~ 1 and
Plancherel’s theorem,
1/2

1—p—2
Y 2 —1 —k/2 —k/2
1T fll Loy S </ @y dr) 272 < | fll o272
1—-21=

Since spt f C B(0, 2¢), we get by Holder’s inequality,

_ q—2 n—1
1T fll oy S 2752255 || fllpamny = 25505 || £ ]| Locoy-

Notice now that the kernel of 7} (the Fourier transform of ¢;(|&])) decays
very fast for |x| > 2. This implies that the last estimate holds without the
assumption spt f C B(0, 2¢); we leave to the reader some technical details
needed for the verification of this. Recalling now that S5 = Y ;o 27T} and

that § > we see that S; is bounded from L7 to L9 for g = ndl)

n—1
2(n+1)° n—1
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To prove the full theorem, we observe first that by duality, Ss is also bounded
from L? to L? for the dual exponent p = 2(;’:31)
by complex interpolation. In fact, one can prove more. The multipliers ms can
be defined for complex § with the same formula. The above argument works if
(21.6) holds with the real part :§ in place of §. If RN > % the boundedness
from L' to L' is trivial because K; is then integrable. Then interpolation
and duality imply that for any complex § satisfying R§ > 2("11;4_1]), mg is an
L? multiplier if (21.5) holds. See Grafakos [2009], Section 10.4.3, for a few
more details and Grafakos [2008], Theorem 1.3.7, for the required complex

interpolation theorem. O

. The rest of the theorem follows

To prove Theorem 21.12 Stein [1993], Section IX.2, again uses the stationary
phase. The key lemma is:

Lemma 21.13 Let vy be a smooth function with compact support in R". Define

Gufw) = [N —nsdy. x e R0,
Then for 1 < p < %andk > 0,

G fllpy S AU f -

A difference to the earlier case is that the phase function |x — y| is not
smooth. To overcome this one can consider

G, fx) = f T — 3 fO)dy,

where the support of 1} does not meet the origin. For this and other details, see
Stein [1993], Section IX.2.

21.4 Almost everywhere convergence and tube null sets

For f € L?>(R"and x € R", R > 0, set
Sefeo= [ Floemae.
B(O,R)

Then Sg f — fin L? for f € L*>(R"). By a classical result of Carleson, when
n =1, Sg — f almost everywhere as R — oo, and by Hunt’s generalization
this also holds for f € LP(R)for1 < p < o0; see Grafakos [2009], Chapter 11.
However, it is not known if S — f almost everywhere when f € L?(R") and
n > 2. Thus it is a question of great interest to find out as much information as
possible on divergence sets for L? functions. Here is something about that.
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Let us say that A C R",n > 2, is tube null if for every & > O there
are §;-neighbourhoods L;(3;) of lines L; such that A C U?‘;le(Sj) and
Z?‘;l 8;?_' < ¢. Carbery, Soria and Vargas [2007] proved that if A C B(0, 1)
is tube null, then there is f € L*(R") such that Sk f(x) fails to converge as
R — oo forall x € A.

It is clear that tube null sets have Lebesgue measure zero, sets of Hr!
measure zero are tube null and that there exist tube null sets of Hausdorff
dimension n; any set whose projection on a hyperplane has zero measure is
tube null. This raises the question: how small a dimension can sets which are
not tube null have? Shmerkin and Suomala [2012] solved this, showing by
random constructions that there exist sets in R” which are not tube null and
have both Hausdorff and Minkowski dimension n — 1; see also Shmerkin and
Suomala [2014]. They also considered curved tube null sets, where lines are
replaced by curves, as well as the behaviour of Hausdorff measures in tubes.
The latter question was also discussed by Carbery [2009] and Orponen [2013c].
Questions of covering with §-neighbourhoods of Lipschitz graphs is central in
the deep work of Alberti, Csornyei and Preiss [2005], [2010] on the structure
of Lebesgue null sets and differentiability of Lipschitz functions. Then any
Lebesgue null set is tube null with respect to Lipschitz graphs.

21.5 Further comments

The material of this chapter is discussed in the books Duoandikoetxea [2001],
Grafakos [2009], de Guzman [1981], Stein [1993], Sogge [1993], and Bishop
and Peres [2016]. Many more details and related results can be found there.

Lemma 21.6 is very close to the existence of Besicovitch sets and geometric
constructions for them. So it goes essentially back to Besicovitch’s work [1919]
and [1928]; recall the discussion in Section 11.6. Fefferman [1971] used it to
solve the multiplier problem for the ball, proving Theorem 21.5. This was
the beginning of the geometric methods, usually called Kakeya methods, in
Fourier analysis. We shall discuss these methods rather extensively in the next
two chapters.

The application of restriction theorems to Bochner—Riesz multipliers, giving
Theorem 21.12, is due to Fefferman [1970]. The presentation above was based
on Stein [1993], Section IX.6.9, and the lecture notes of Ana Vargas. There
are several later improvements based on bilinear and multilinear methods. We
shall discuss them briefly in Chapter 25.
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Kakeya problems

Recall from Section 11 that a Borel set in R” is a Besicovitch set, or a Kakeya
set, if it has zero Lebesgue measure and it contains a line segment of unit
length in every direction. We proved that such sets, even compact, exist in
every R", n > 2. In this and the next chapter we shall study them and related
Kakeya maximal functions. We shall also establish a connection to restriction
problems. The first instance of such interplay between Kakeya methods and
Fourier analysis was Fefferman’s solution of the ball multiplier problem in
1971 which we presented in the previous chapter.
The dimension n of the space will be at least 2 for the rest of the book.

22.1 Kakeya maximal function

It is natural to approach these problems via a related maximal function. For
aeR" ee S !and § > 0, define the tube Te‘s(a) with centre a, direction e,
length 1 and radius §:

T)(a)={x eR":|(x —a)-e| < 1/2,|x —a—((x —a)-e)e| <8}

Observe that £"(T2(a)) = a(n — 1)8"~!, where a(n — 1) is the Lebesgue mea-
sure of the unit ball in R"~!.

Definition 22.1 The Kakeya maximal function with width § of f € L} (R")

loc
is the function

Ksf: S = [0, o],

1
K — -
WO =S @) /ma)

We have the trivial but sharp proposition:

|fldL”.

305
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Proposition 22.2 Forall0 <8 < land f € L} (R"),

loc
IKCs £ Nl Loo(sr=1y < I1f ooy and
I1KCs f | Loogsr—1y < c(n = D)8 "|| £l 11 -
If p < oo, there can be no inequality
”IC(SfHLq(S”_') E C”f”LP(R”) fOr aHO < 5 < l, f S Lp(Rn),
with C independent of 8. This follows from the existence of Besicovitch sets:
let B C R”" be such a compact set (with £"(B) = 0) and let
f = xs,, B(6) =1{x e R":d(x, B) < §}.
Then Ksf(e) =1 for all e € "1, so |Ksf|lLas—1y =~ 1 but || f|lLr@e =
L"(Bs)'/? — 0 as § — 0. Consequently we look for inequalities like
I1Ks fllLees—1y < Cn, p, &)\ fllLr@ny forall
e>0, 0<d6<1, feLP@"). (22.1)

Even this cannot hold if p < n. Let f = xp(.. Since B(0,8) C T,)(0), we
have for all e € §"!,
L"(B(0, 9))
K — = 2O
Bf(e) £H(T66 (0))
But
| fllLe@eny = L"(B(O, SHYP ~ 8117,

and 8 is much bigger than §"/?~° for small § if p <n and n/p —e > 1. The
Kakeya maximal conjecture wishes for the next best thing:

Conjecture 22.3 (22.1) holds if p = n, that is,

||’C5f||L"(S”_]) E C(n, 8)8_8||f||Ln(Rn) for al]
e>0, 0<é§<1, felL'MR".

We shall see that this holds in R? even with a logarithmic factor in place of
87%. In R", n > 3, the question is open. Also in higher dimensional estimates
67° could usually be replaced by powers of log(1/5), but we shall not keep
track of that. In any case higher dimensional estimates given later probably are
never sharp.

Instead of (L”, L?)-inequalities (22.1) we could also search for (L?, L?)-
inequalities of the form

ICs f Nl Lagsr—y < Cln, p, &)8~ W P7IH| fll oy for all
e>0, 1<p=<n, g=m-1p. (22.2)
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This is a natural range since interpolating (cf. Section 2.7) Conjecture 22.3 with
the trivial estimate [|KCs f | zoo(sr—1) < C()8" || £ || 1wy gives (22.2).

We shall soon prove that the Kakeya maximal conjecture implies the Kakeya
conjecture 11.4 according to which every Besicovitch set in R” should have
Hausdorff dimension n. Recall that this too is true for n = 2 and open for
n > 3.

First we shall discretize and dualize the Kakeya maximal inequalities
(22.1). We say that {e;,...,e,} C §"! is a §-separated subset of S"~! if
le; —ex| > 8 for j # k. It is maximal if in addition for every e € S"~! there
is some k for which |e —e¢| < 8. We call Ty,..., T, §-separated -tubes
if T, = Tfk(ak), k=1,...,m, for some §-separated subset {ei,...,e,} of
§"=1 and some aj, ..., a, € R". Clearly, m < §'™" for all §-separated sets
{er,...,ent C " Vand m ~ 8™ for all maximal §-separated sets.

Later on the next three propositions will be applied with M of the form
M=6"F.

The key fact leading to the discretization is the following simple observation:
ife, e’ € "' with |e — ¢/| <6, then

Ks f(e) < C(m)Ks f(e).

This holds because any T’(a) can be covered with some tubes T5(a;), j =
1,..., N, with N depending only on n.

Proposition 22.4 Let 1 <p<oo,q=pL,O<8<l and 0 < M < oo.

—1
Suppose that

m

Z Ik X1y =M

k=1 L4(R")
whenever Ty, ..., T,, are §-separated §-tubes and t,, . . . , t,, are positive num-
bers with

m
n—1 q
5yl < 1
k=1

Then

I1Ks fllres—1y < CO)M|| fllLrgny forall f € LP(R").

Proof Let{ey, ..., e,} C S"! be amaximal §-separated subset of S"~!. If e €
S"=1'N B(ey, 8), then by the key fact mentioned above, K5 f(e) < CKs f(ex)
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with C depending only on n. Hence

1K £ g1y = Z/ (Ks f)P do"™!
k=1"8

(ex.8)
<Y CPKsfle)’ o (Bler. 8) £ Y Ks flen)'s" ™.
k=1 k=1

By the duality of [” and /9, forany a; > 0,k =1, ..., m,

m 1/p m m
(Za,f) =max{Zakbk:bk20,qu=l}.
k=1

k=1 k=1

Applying this to @y = §"~V/PIC; f (er) we get

m 1/p
1KCs fll Loy S (Zw("—”/”/caf(ek»ﬂ)

k=1

=D 8"V fleb = 8" Y 0k f (ex)
k=1 k=1
where Y ;o b = 1,1, = 817/, and s0 "' Y7, 1 = 1. Therefore for
some a; € R",

s £ lloesn S 8"t |fldc”.
k=1

1
LT (@) J13 @

Since E”(Tfk (ar)) ~ 8", we obtain by Holder’s inequality

m m
IKs fllrs—y S )t |fldL" = tXts @) | 1 fF1dL"
k
k=1 Y75 k=1
m
ZlkXTgk(ak)
=1

=

| fllr@ny < M fllLemn.
Li(R")

O

Before going on along these lines we apply the previous lemma to solve the
Kakeya maximal conjecture in the plane:

Theorem 22.5 Forall0 < § < 1 and f € L*(R?),

11Cs f Nl 2sty < C/log(1/O) fll 22

with some absolute constant C.
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Proof Let Ty, = Tfk (ap), k =1, ..., m, be §-separated §-tubes and #; positive
numbers with § Y, t,f < 1. By Proposition 22.4 we need to show that

m
Z Ik X,
k=1

The following elementary inequality is the key to the proof:

< log(1/8).

L*(R?)

82
L2(Tia)NTd)) < ——— 22.3
(2@ N 1) S = (22.3)
fore, ¢ € S', a,a’ € R? with |e — ¢’| > §. We leave the verification of this
as an exercise to the reader. Using (22.3) we estimate

ZthTk

For any fixed k, |e; — ex| takes essentially values i§,i =1,..., Ny ~ 1/4,
when |e; — ex| < 1. Moreover, for a given i the number of j for which |e; — |
is about /4 is bounded. Thus (the contribution coming from |e; — ex| > 1 is
trivially bounded)

52
= thtkLZ(T NT) < Zt,tk

ej—e| +68
LZ(RZ) jk k|+

5 5 1
< _ ~ 1og(1/5).
;|ej—ek|+3~;ja+5 rr - leel/o)

Similarly with j and k interchanged. Hence we can apply Schur’s test,
Theorem 20.2, to conclude

< Z\/_t]\/_tkm
L2(R?) Jik
< log(1/8) Y (Von)* < log(1/8). .
k

Now we return to Proposition 22.4. We get rid of the coefficients # and
obtain a discrete characterization of the Kakeya maximal inequalities. Observe
that m8"~! below is essentially the L'-norm of >, x7,.

Proposition 22.6 Ler | < p < o00,q = #,1 <M <ooand 0 <§ < 1.
Then

11Cs fll o=y Snope MS™E| fllerny  forall f € LP(R"),e >0, (22.4)
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if and only if

m
ZXTA,
k=1

and for all 5-separated 5-tubes Ty, . .., T,,.

Spge MST5 8" OV forall e > 0, (22.5)
L4(R")

Proof Suppose we have (22.5). Let T, ..., T,, be §-separated §-tubes and let
t, ..., t, be positive numbers with sn—l ZZ’ZI t,f < 1. By Proposition 22.4 it
suffices to show

m

Z e X1,
k=1

Observing that || Y7, 8" ' xp |lrewny S 1 and # < 817/4, we see that it
suffices to sum over k such that 8"~ < ¢ < §17/4_Split this into ~ log(1/8)
subsums over k € I; = {k : 27! <1 <2/} and let m; be the cardinality of
I;. Then applying our assumption (22.5) with £ /2 we get

Z e X1,

k:sn=l<p <s(—m/a

Snnge M8 (22.6)
La(R")

La(R")

=3 1> 2 => 2>

J kel; La(R") J kel; L9(RY)

<, sz'M(s*Sﬂ(mja"*l)l/q < Mlog(1/8)87/> < M6s™¢,
J
because m ;279 < Y7 (217 < 29817
To prove the converse, assume that (22.4) holds and let Ty,..., 7T,
be §-separated §-tubes with directions ey, ...,e,. Let g € LP(S" 1) with
llgllLrs—1) < 1. Then by (22.4),

m

/ Yoxng=) f g5 ) Ksgles"™
k=1 k=1"Tk k=1
m

sY [ kg s [ Kigdo™
k=1 Y Blex.d) Ur B(ex.8)

< |Ksglloes—1y0" (U, Blex, )7 <o MS*(ms™ ")/

by (22.4). We used here again the fact, which appeared already in the proof of
Proposition 22.4, that KCsg(er) < Ksg(e) for e € B(ey, §). Now (22.5) follows
taking supremum over such functions g. O
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Notice that in (22.5) m8"~! < 1, and m§"~! ~ 1 means that the §-separated
set {er,...,e,} C 8" is essentially maximal. The following proposition
says that it suffices to study such essentially maximal sets. The proof of the
proposition uses very little geometry; only the rotational symmetry of the
sphere is involved. The reader might notice some resemblance to the proof of
Theorem 19.9.

Proposition 22.7 Letl < g < 00,1 <M < o0, and0 < § < 1. Then

> xn Snge MTEmS"™ MY forall e > 0, (22.7)
k=1 La(Rm)

and for all 5-separated 5-tubes Ty, . . ., T,, provided

m
Z ATy

k=1

Snnge M8~ foralle > 0, (22.8)
La(R?)

and for all §-separated tubes Ty, . . ., T,,.

Proof Let mg be the maximal cardinality of §-separated subsets of S"~!, then
my ~ 8'™". For every m = 1, ..., my, let c(m) denote the smallest constant
such that

m

Z ATy

k=1

< c(m)

L4 (R")

for all §-separated §-tubes T, ..., T,. We set also c(t) = 0 for any 7 < 1,
cty=mforanym <t <m+1,m=1,...,myg—1, and c(m) = c(my) for
m > mg. By our assumption (22.8) we know that c(m) < M3~*, and we need
to improve this to

c(m) < Ms~¢(ms" e, (22.9)

Fix m < my for a while and choose a §-separated set S C S"~! of cardinality
m and the corresponding § tubes T,, e € S, such that

>

e€S

= c(m)

La(R")

(which exist by an easy compactness argument, although 2|| 3" ¢ x7, |l Lo@r) =
c(m) would be enough for us).

Now we consider rotations of S with g € O(n) such that S and g(S) are
disjoint, which of course is true for 6, almost all g € O(n). Denote by Ty, the
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rotated tube g(7,). Then we also have

Z XTg(e)

e€S

= c(m).

L4(R")

From the trivial inequality || f + gl >[I /]l4 + lgl§ for non-negative func-
tions, we see that

> o > 2V c(m). (22.10)
e€SUg(S) LI(RY)
If S U g(S) were 8-separated, we would get c(m) < 27'/9¢(2m), and iterating
this we could easily finish the proof. Of course, there is no reason why we
should be able to find g such that S U g(S) is §-separated and instead we try to
find big 8-separated subsets of S U g(S).

Define
a(S,g) = #{(e,e’) € S x g(S) : le —€'| < 8}.
Then
/ a(S,g)db,g =) Y fle, )
c€S ¢'es
where

fle,e) = / xBo.5)(e —g(e)) db,g.
By the rotational symmetry of the sphere f (e, ¢’) is independent of ¢’, so
flee) = g [ [ xoste - g€ o™ e dog
’ O-nfl(Snfl) 5(0.9) ne:

The inner integral is at most 58" ' ~1(S"~!), whence f(e, ¢/) < b6"~!, where
b depends only on n. This gives

/a(S, g)db,g < bs" 'm?.

Hence wecan find g € O(n)suchthata(S, g) < b8"'m?. Then we can express
S U g(S)as

SUg(S):Sl USZ’
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where both S| and S, are §-separated and S, has cardinality < 58"~ !'m?; for S,
we only need that trivially it has cardinality at most 2m. Indeed, we can choose

Sy ={e €S :3e € g(S)such that |e —¢'| <6},
S =(S\ 82) U g(S).

This decomposition implies by Minkowski’s inequality

Z XT, < c(2m) + c(b8"'m?).
e€SUg(S)

LI(R")
Combining this with (22.10) we get
2Y4c(m) < c(2m) + c(b8"'m?).

Above we can choose b so that h§"~! =27V for some integer N. It is
enough to prove the claim (22.9) for m of the formm =2V % k =1,..., N.
Then m = 27%p~1817", Set

o =2M1c@7F b8, k=1,...,N.
Then the last inequality becomes
ck < et + 27 gy, (22.11)

Our claim (22.9) means now that cx <, 4. M8~° for all k. This obviously
holds for k < ko if ko depends only on n and g. Moreover, ¢, = 0 if k 2
log(1/8). We modify the sequence (c;) slightly by defining with a suitable
positive constant c,

di = (1 + 2749y,

If ¢ is chosen sufficiently large, but depending only on ¢, and ky is sufficiently
large, but depending only on g and ¢, then by a straightforward calculation,
using only (22.11) and the definition of d,

di < dy—1 +27%9((doy — dy) + (dy—1 — dy)) for k > ko.

This implies that the maximum value of dj, is attained with some k = k; < ko,
SO

o < di < dkl g Ms™¢

for all k, which completes the proof. O
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Combining the last two propositions we have:
__»r
Corollary 22.8 Letl < p < 00,q = ﬁ,O < B <oo,and0 < § < 1. Then
ICs fllrisr—1y Sn.p.e SPN fllor@ny forall f € LP(RY), e >0, (22.12)
if and only if

m

Z ATy
k=1

and for all §-separated 5-tubes Ty, . .., T,,. In particular, the Kakeya maximal
conjecture 22.3 holds if and only if

m
Z XT;
k=1

and for all 5-separated 5-tubes Ty, . . ., T,,.

Supe 8P foralle > 0, (22.13)
La(Rm)

Snped © foralle >0,

Ln/(n—l)

22.2 Kakeya maximal implies Kakeya

In this section we show that L? estimates for the Kakeya maximal function
imply lower bounds for the Hausdorff dimension of Besicovitch sets.

Let us first see that proving a lower bound for the Minkowski dimension
from L7 estimates is almost trivial: Suppose we have for some p and 8 > 0 the
estimate || Cs f || Losi—1y < 8P| £, for 0 < § < 1. The §-neighbourhood B(S)
of the Besicovitch set B contains an open §-tube in every direction, so we have
for the characteristic function f of B(8) that Ks f(e) = 1 foralle € S"~!. Our
estimate then gives

LR N £ sy S 87PPL(BO)),

form which it follows that dim,, B > n — fp.

We shall now extend this to Hausdorff dimension. The problem is that we
have to use coverings of B with, say, balls of very different sizes. As often, the
trick is to decompose such a covering into subfamilies of balls of essentially
the same size.

Theorem 22.9 Suppose that 1 < p < oo, > 0andn — Bp > 0. If

IKCs flos—y < Cn, p, BSPUSI, forall0 <8 <1, feLP(RY,
(22.14)

then the Hausdorff dimension of every Besicovitch set in R" is at least n —
Bp. In particular, if (22.1) holds for some p, 1 < p < oo, then the Hausdorff
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dimension of every Besicovitch set in R" is n. Thus Conjecture 22.3 implies the
Kakeya conjecture 11.4.

Proof Let B C R" be a Besicovitch set. Let 0 <o <n—fp and B; =
B(xj,r;),j =1,2,...,be balls such that r; < 1 and B C Uj B;. It suffices
to show that 3, ¢ 2 1.

For e € §"!'let I, C B be a unit segment parallel to e. For k = 1,2, ...,
set

Jo=1{j:27F < < 27K,
and

Se=qees 1 [ L[] B

2 —_
) 2k?
JE€Jk

Since )", 3> < 1 and

or'lnlUs | =HU)=1,
k

JE€Jk

we have

U S = Sn—l;

k

if there were some e € "'\ {J, Sk, we would have H'(I, N U, B)) < 3z
for all k, and then

ZHI IemUBj <ZL2<1,
3 j€d . 2k

which is impossible.
Let

fi = xp, with F = U B(x;,2r)).
J€Jk

If e € S, then, letting a, be the mid-point of /,, we have by simple geometry

—k 1 —k
LT (a) N F) 2 k—zﬁ"(TZ (@),
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whence Ky« fi(e) > 1/k> for e € S. This and assumption (22.14) give
050 S [ g da!

<K*C(n, p, B)r2" f [l =1Cn, p, BYr2r L (F).

(22.15)
But £(F}) < #J,a(n)2@~%" whence
"N (Sy) S kAP TR g = ARy g < ke
and finally
D= w22y e (S 2 L,
J k k
as required. O

We shall now give a different, Fourier analytic, proof for Theorem 22.5. We
do it in general dimensions obtaining a fairly sharp L? estimate.

Theorem 22.10 Forall0 < § < 1 and f € L*(R?),
I1Ks flr2sty < Cy/log(1/O)| f 12®2),

with some absolute constant C.
InR", n >3, we have forall0 < § < 1l and f € L*(R"),

I1KCs £l 2cs—y < C8E™2|| £l L2y
where the exponent (2 — n)/2 is the best possible.

Proof Let n > 2. We may assume that f is non-negative and has compact
support. Changing variable and using the symmetry of 7,°(0) we have

1

Ksf(e) = sup ————
’ aeﬂg’ LT (a)) Th(a)
=sup — fla—x)dx = sup o5 * f(a),
aerr a(n — 13" Jrs) aeRr
where

1
= T
Let ¢ € S(R) be such that sptg C [—1, 1], ¢ > 0and ¢(x) > 1 when |x| < 1.
Define

05 =

Yx) =8""p(x)e(X]/8), x=(@x,¥)eR", x eR, XeR"
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Then (&1, &) = @(€))P(8|€]) and so
spty C [—1,1] x B"~10, 1/9). (22.16)

Since ¢(x1) > 1and ¢(|X|/8) > 1 when |x;| < 1 and |X| < §, we have o5' < v,
withe; = (1,0, ..., 0), and so

Ksf(e1) < sup ¢ * f(a). (22.17)

a€R”

For e € §"7!, let g. € O(n) be a rotation for which g.(e;) = e. Then
ge(Te‘Sl 0)) = Te‘S(O). Hence defining ¢, = ¥ o g,, we get from (22.17)

KCs f(e) < sup ¥ * f(a).

a€R”

As f has compact support, ¥, * f € S(R") (that v is not differentiable on
the line {x : X = 0} does not cause problems for this). Hence by the inversion
formula and Schwartz’s inequality the previous inequality leads to

Ks £(&) < W % fllioeer < 150 % Flligen = f ToI7]

—~ — 1/2 -
5(/ |1//e($)||f(«§)|2(1+|$|)d§) ( |1W+<T2: g)

Since Yo(§) = ¥ 0 go(§) = P(g.(£)), we get from (22.16)
spt, C C, := g, '([—1, 1] x B"~(0, 1/5)).

Suppose first n = 2. Then

[ZG]] </ ! /‘/5 I (1)
dé ~ dt ~ 1 —-).
v ot e Lt s
Thus

IIICstIL(Sl)<10g< )// T F@PA + [E)dE do'e

10g( )f (/ Ve(®)| do €>|f(5)| (14 [&])dé.

Using again that spt@ C C, we get for all £ € R?,

o'fee S Y ) #£0) <o'(fee S :eC) <

1+ g|

The last inequality is a simple geometric fact. Consequently,

o
/we(sndoew Fan
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and
s £ sy S tog( 5 ) [ e IF@R + gD ds = tog( 5 ) I£12
o) LZ(SI) ~ g 5 R? 1 + |§,| - g 8 LZ(RZ).
If n > 2, we have
7. 1
1+ [§] c. 1+ 5]
We still have the estimate
1
n—1 n—1
oc" " ({lee ST £ €C,)) S ,
1+ [§]
and
”]C(Sf”%Z(Sn—l) 5 Sz_n”f”iz(ﬂ@n)
follows.
Finally, that the power in §?~/2 cannot be improved can be seen using
f = xB(,s as at the beginning of this chapter. OJ

Combining Theorems 22.9 and 22.10 we obtain the following, which we
already proved in Theorems 11.2 and 11.3 with different methods.

Corollary 22.11 All Besicovitch sets in R", n > 2, have Hausdorff dimension
at least 2.

22.3 Restriction implies Kakeya

Next we prove that the restriction conjecture

1oy Sng Il for f € LYS"™"). g > 2n/(n—1)  (22.18)

implies the Kakeya maximal conjecture 22.3, and hence it also implies the
Kakeya conjecture 11.4. Recall Section 19.3 for discussion on the restriction
conjecture.

For the proof we shall use Khintchine’s inequality; we recall it from
Section 2.8.

Theorem 22.12 Suppose that 2n/(n — 1) < g < oo and
| Fllzo@n Sng I oy for f e LIS™, (22.19)
Then with p = q /(g — 2),

s fllLoisiy Sng 87742 VNfll,  forall0 <8 <1,  f e LP(RY.
(22.20)
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In particular, the restriction conjecture (22.18) implies the Kakeya maximal
conjecture 22.3.

Proof We first check the second statement assuming that the first part of the
theorem is valid. Observe that2(n — 1) —4n/q — Oasq — 2n/(n — 1). Hence
for any ¢ > 0 we can choose ¢ > 2n/(n — 1) for which2(n — 1) —4n/q < e.
Then p = q/(qg —2) < n and

ICs fllzes—y S 6 N fller@n forall fe LP(RY).
Interpolating this with the trivial inequality
1Co £ Nl < 11 f oo
we get
1o Flliosy S 87 I f sy forall0 <8 <1, f € L"(R"),

as required.
To prove the first part, let p’ = p/(p — 1) = g/2.{e1, ..., en} C S"! be
a §-separated set, letay, ..., a, € R"and ¢, ..., 1, > 0 with

m
Y i <1,
k=1

and let T, = T, (ax). We shall show that

m
ZthTk
k=1

By Proposition 22.4 this implies (22.20).
Let 7, be the 872 dilation of Tj: t; is the tube with centre §~2ay, direction
e, length 672 and cross-section radius . Let

< stamemh, (22.21)
L (R")

Si={eeS" ' :1—e-e <C28%.

Then S; is a spherical cap of radius ~ C~'8 and centre ¢;. Here C is chosen
big enough to guarantee that the Sy are disjoint. Define f; by

fi(x) = ¥y g (x).

Then || fx|loo = 1, spt fr C Sk and the Fourier transform of f; is a translate by
8 2ay of x5, by (3.4); fr(§) = X5,(E — 8 %ay). Provided C is sufficiently large,
but still depending only on n, the Knapp example, Lemma 3.18, gives that

|7e®)| 28" foré e n.
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Fixsg > 0,k=1,...,m,and forw = (w1, ..., w,) € {—1, 1}" let

m
fo =) ousifr.
k=1

We shall consider the wy as independent random variables taking values 1 and
—1 with equal probablility, and we shall use Khintchine’s inequality.
Since the functions f; have disjoint supports,

m m

—1

ol sty = D sicfellygrmry = D sf8" "
k=1 k=1

By Fubini’s theorem and Khintchine’s inequality 2.14,

m

q/2
IE(Hﬁu%q(Rn)) = [ (| fu(®)|1) dE ~ / (Zs%lﬁ(snz) d

k=1

m q/2
25"(”‘1)/ (Zslfxfk(é)) ds,
k=1

since | fi| = 8" g,
By our assumption the restriction property (22.19) holds and we get

I follLagn S N follLacs—1)-

Combining these three inequalities, we obtain

m q/2 m
o (Zx) <83
k=1

k=1

Now we choose sy = 4/ and have

m m
§rDN st =8Nl <1
k=1 k=1

Thus

m P’
5q(n—1)/ <Z zerk) <1
k=1

Changing variable y = §%x, ; goes to T} and so

q

m p
84(n—1)8—2n/ (ZthTk) 5 1,
k=1



22.4 Nikodym maximal function 321

that is,

5 54n/q—2(n—l)’

m
ZthTk
k=1

as required. O

Ly (R™)

Since the Kakeya maximal conjecture implies the Kakeya conjecture we
have:

Corollary 22.13 The restriction conjecture (22.18) implies the Kakeya
conjecture 11.4.

Combining Theorems 22.9 and 22.12 we have also
Corollary 22.14 If2n/(n — 1) < g < o0 and

I Fllzany < COu QI flpa—ry  for e LIS"™H,

then dim B > (2n — (n — 2)q)/(q — 2) for every Besicovitch set B in R".

22.4 Nikodym maximal function

Recall from Section 11.3 that a Nikodym set is a Borel subset N of R" of
measure zero such that for every point x € R” there is a line L containing x
such that L N N contains a unit line segment. We found that such sets exist.
The related maximal function of a locally integrable function f is the Nikodym
maximal function defined for0 < § < 1 by

Nofe) =sup 0y [ Iflac e,
xX€T T

where the supremum is taken over all tubes T = T (a) containing x. In analogy
to the Kakeya maximal conjecture 22.3 we have:

Conjecture 22.15 Nikodym maximal conjecture:
INs fll@ey < Cn, €)8 || fllrgny foralle >0, 0<8<1.

Theorem 22.9 holds for N f in place of Ksf and Nikodym in place of
Kakeya. This follows by a straightforward modification of the proof. In partic-
ular, the Nikodym maximal conjecture implies Nikodym conjecture 11.10 that
all Nikodym sets in R” have Hausdorff dimension n. Recall that we proved in
Theorem 11.11 that Kakeya conjecture 11.4 implies the Nikodym conjecture.
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Theorem 22.16 Kakeya maximal conjecture 22.3 and Nikodym maximal con-
Jecture 22.15 are equivalent.

This is due to Tao [1999a]. We only sketch the proof here.

Although it was easy to prove that the Kakeya conjecture implies the
Nikodym conjecture and the converse is open, on maximal level the details
for showing that the Nikodym maximal conjecture implies the Kakeya maxi-
mal conjecture are simpler than for the converse.

Going from Nikodym maximal to Kakeya maximal is based on the following
pointwise inequality:

8Ks f(e) S New f5(x), (22.22)

where 1/3 <|x| <1/2,e=x/|x|, f € L'(R") with spt f C B(0, 1), f5(y) =
f(/8),0 <8 < 1 and C is a positive constant depending only on n. We are
restricted to functions in the unit ball. This suffices for proving L” inequalities
both for Kakeya and Nikodym maximal functions. We leave checking this for
the reader as an exercise.

To verify (22.22),let T = Tf(a) be a §-tube intersecting B(0, 1). Then

[i=s7[ 151

By simple geometry, with some constant C depending only on n, §7T is
contained in a C§%-tube U which also contains x. Thus

527"/ [f] < 5272"/ | f5] < Nes2 f5(x),
T U

from which (22.22) follows by taking supremum over tubes 7 in direction e.
Applying (22.22) and integrating in polar coordinates, we obtain

n

12
3”/ (Ks )P do"™! = T/ V"_I/ (OKs f(e) do"edr
§nt 270 =37" Jiss §nt

A

12
/ r”_1/ (Nes: f3(re))? do"edr
1/3 i1

< / Nes f5)P,
that is,

SIKCs OllLres—1y S INes fsll Lo
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If the Nikodym maximal conjecture holds, we have
- 1_
INes: fsll ey S 8N follnny = 8N f lnee.-

Combining the last two inequalities we get the Kakeya maximal conjecture.
For the opposite implication we use the same projective transformation that
we used to prove the corresponding set implication:

1
F(X,x,) = —(&,1) for(X,x,) eR", x,#0.
Xn

With it we have the pointwise estimate:

Nsf(X,0) < Kes(f o F) ( (f’ D ) , (22.23)
|(x, D)

provided f has supportin {x € B(0, 1) : 1/2 < x,, < 1}. This follows by quan-
tifying the argument of Theorem 11.11; tubes through (X, 0) are transformed

by F to tubes in direction Iggl Integrating (22.23) leads to

/ N5 f(X,0)P dX < / (KesfoF)Ydo" ' < / (Kes )P do" 1.

Without the restriction spt f C {x € B(0, 1) : 1/2 < x, < 1} we could replace
0 by any x,, |x,| < 2, in the above inequality and we would be done by Fubini’s
theorem. The general case can be reduced to this special case by decomposing
the unit ball into dyadic belts {x € B(0,1): 2% <x, <2""% k=1,2,...},
and using a scaling argument. We leave the details to the reader.

22.5 Summary of conjectures

I collect here the conjectures we have discussed and some relations between
them:

(1) Kakeya conjecture 11.4:

Every Besicovitch set in R” has Hausdorff dimension n.

(2) Kakeya maximal conjecture 22.3:
||IC(§f||Ln(Su—1) Sn,s 8_8||f||Ln(]Rn) foralle >0, 0<§<1.

(3) Nikodym conjecture 11.10:
Every Nikodym set in R” has Hausdorff dimension 7.

(4) Nikodym maximal conjecture 22.15:

||Mf||L:x(Srz—l) 5’1,8 6_8||f||Ln(Rn) forall ¢ > 0, 0<d8<1.
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(5) Restriction conjecture 19.5-19.7:

| Fllzewny Snge I fllLeos—1y O Spge Il fllLas—1y) forg >2n/(n —1).

(6) Bochner—Riesz conjecture 21.11:
mg is an L? multiplier if and only if

2n 2n
—_—<p< ———.
n+1+28 n—1-—26

(7) Keleti’s line segment extension conjecture 11.12:
If A is the union of a family of line segments in R” and B is the union of the
corresponding lines, then dim A = dim B.

We proved that (1) implies (3) in Theorem 11.11, (2) implies (1) in
Theorem 22.9, similarly (4) implies (3), and we proved that (5) implies (2)
in Theorem 22.12. By Theorem 22.16 (2) and (4) are equivalent and (6) implies
(5) by Tao [1999a]. It is not known if (5) implies (6), but, as mentioned in
Section 21.3, Carbery [1992] verified this in the parabolic case. Due to
Theorem 11.15 (7) implies the packing and upper Minkowski dimension ver-
sions of (1). All these conjectures are true in R?. As far as I know, the other
implications are unknown.

There is also Sogge’s local smoothing conjecture from Sogge [1991] for the
wave equation, which is open in all dimensions n > 2 and implies all the other
conjectures (1)—(6) above.

If u is a solution of the wave equation

9%u ou

—— =Au, ulx,0)= f(x), —ulx,)= =gkx), (x,1)eR" xR,
02t ot
then for p > % and for all o > n(% — %) — %,

||u||L”(]R”X[1-2]) 5 ”f”p,o + ”g”p,a—l'

Here || f||,o is a Sobolev norm of f in the spirit of Chapter 17. Estimates of
this type are called Strichartz estimates; they originate in Strichartz [1977].

This problem is related to restriction and multiplier questions for the cone
{(x,1) e R" x R : |x| = t}. Wolff [2000] proved that the estimate is valid for
n = 2 and p > 74. This was extended for arbitrary n > 3, and a certain range
of p, by Laba and Wolff [2002]. Heo, Nazarov and Seeger [2011] improved
the range of p when n > 5, including also the end-point o = n(% - %) - %
when n > 4. Their method is based on an interesting characterization of radial
Fourier multipliers. For further discussion, see Sogge [1993], Chapter 7, Stein
[1993], X1.4.12, Wolff [2003], Section 11.4 and Tao [1999a].
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Wolff’s estimates in the case n = 2 had the consequence mentioned in
Section 11.6: if the centres of a family of circles in the plane cover a set of
Hausdorff dimension bigger than one, then the union of these circles must have
positive Lebesgue measure.

There is also a connection between the Kakeya maximal conjecture and
Montgomery’s conjecture on Dirichlet sums. Let T < N2, g; € C with |a;| <
1, and

N
D(t) = Zakk“, t eR.
k=1

Montgomery’s conjecture asks whether it is true that for every measurable set
EC[0,T],

/ D) dt < NN + LY(E)).
E

Bourgain [1993] proved that this implies the Kakeya conjecture and Wolff
[2003], Section 11.4, showed further that it implies the Kakeya maximal con-
jecture, too.

22.6 Kakeya problems in finite fields

A natural setting for studying Kakeya problems is that of finite fields. A standard
example of such a field is Z,, integers modulo p, when p is a prime. So let ¥
be a field of ¢ elements. The line in F" passing through x € " with direction
vel"\{0}is

L(x,v)={x+tv:relF}.

The basic question now is: how big are the subsets of [ which contain a line
in every direction? Let us call such sets Besicovitch sets in [F”.

Since we are in a finite setting, we measure size by cardinality. We shall
now prove (modulo some facts from algebraic combinatorics) the following
theorem of Dvir [2009] which essentially says that the analogue of the Kakeya
conjecture in finite fields is true:

Theorem 22.17 There exists a constant ¢, > 0 depending only on n such that
#B > c,q"
for every Besicovitch set B in F" for any finite field IF of q elements.

Proof Study of polynomials in ' forms the main ingredient of the proof. We
pay attention to the obvious fact that two different polynomials may have the
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same values, for example x and x” in Z,,. In particular, the zero polynomial is
the polynomial with all coefficients zero. The two basic facts used are: if the
degree d of the polynomials considered is fixed, then, firstly, for any small set A
there exists a non-zero polynomial of degree d vanishing on A, and, secondly,
if a non-zero polynomial of degree d vanishes on a big set, then it must the zero
polynomial.
The first fact is the following lemma:

Lemma 22.18 Let d be a non-negative integer and A C F" with #A < (”Jn“d).
Then there exists a non-zero polynomial P on F" of degree at most d which
vanishes on A.

Proof Let V be the vector space over F of polynomials on F” with degree
at most d. Then the dimension of V is ("jlrd); this is an easy combinatorial
result. On the other hand the dimension of the vector space of all functions
f i A—>TFis#A < dim V. So the map P + P|A is not injective. Thus there
exist two different polynomials Py, P, € V for which P;|A = P,|A. Hence

P = P, — P, is what we want. O
The second fact is part of the standard factor theorem:
Lemma 22.19 [f P is a non-zero polynomial on F of degree d, then
#xeF:Px)=0}<d.
Now we combine these lemmas to prove a third lemma:

Lemma 22.20 Let B C F" be a Besicovitch set. If P is a polynomial on F" of
degree at most #F — 1 and P vanishes on B, then P is the zero polynomial.

Proof Suppose that P has degree d and it is not the zero polynomial. Write
P = ijl P;, where P; is a homogeneous polynomial of degree j. Then Py
is not zero. For v € " \ {0} let x, € F" be such that L(x,, v) C B. Then the
polynomial P, of one variable,

Py(t) = P(x, +1tv), teF,

vanishes on F. Since deg P, < #F, P, is the zero polynomial by Lemma
22.19. We have P,(t) = P;(v)t“+ lower order terms, whence P;(v) = 0 for
all v € F" \ {0}. Then P,;(v) =0 for all v € F", since P; is homogeneous.
Fixing xp, ..., x, € F, x = Py(x,x2,...,x,),x € F, is a polynomial in F of
degree at most #F — 1 which vanishes identically, whence it is the zero poly-
nomial by Lemma 22.19. Repeating this with the remaining n — 1 variables,
we infer that all coefficients of P, are zero. This is a contradiction which proves
Lemma 22.20. O
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Combination of Lemmas 22.18 and 22.20 immediately yields
Corollary 22.21 If B C F" is a Besicovitch set, then

4B > <#F+n—1>'
n

q+n—1

Theorem 22.17 follows from this since ( N

) = -:q"+ lower order terms.
O

22.7 Further comments

The presentation of this chapter is largely based on Wolff’s [2003] lecture notes.
Kakeya maximal functions are also discussed in the books Grafakos [2009],
Stein [1993] and Sogge [1993] . The proof of Proposition 22.7 was taken from
Tao’s [1999b] UCLA lecture notes.

Kakeya maximal inequalities were pioneered by Cérdoba [1977]. In par-
ticular, he proved Theorem 22.5 with the geometric argument we also used.
In fact, instead of Kakeya maximal functions Cérdoba studied Nikodym max-
imal functions Nj f, which we introduced in Section 22.4, but his methods
work also for Kakeya. Keich [1999] showed that the factor /Tog(1/8) in
Theorem 22.5 is sharp. Cérdoba applied his results to multiplier estimates.
See also Grafakos’s book [2009], Sections 10.2 and 10.3, for such applications
and other estimates on Nikodym maximal functions including results on the
sharpness of the constants.

Bourgain [1991a] introduced Kakeya maximal functions and gave the
Fourier-analytic proof for Theorem 22.10. This and Cérdoba’s proof can
also be found in Wolff [2003]. Fefferman’s [1971] result on ball multipliers,
Theorem 21.5, is already close to a ‘restriction implies Kakeya’ type statement.
More explicitly for restriction such a result was proved by Beckner, Carbery,
Semmes and Soria [1989]. Finally, essentially Theorem 22.12 was proved by
Bourgain [1991a] and discussed also in Bourgain [1995].

Bourgain [1991b] investigated curved Kakeya sets and related maximal
functions, curves in place of line segments, and their relations to estimates on
oscillating integrals. Many further interesting results on these were proven by
Wisewell [2005].

Katz [1996] and Bateman and Katz [2008] studied Kakeya maximal func-
tions where the directions of the tubes are restricted to certain Cantor sets.
They proved that even then there is no boundedness with constants indepen-
dent of §. Further recent related results are due to Bateman [2009], Kroc and
Pramanik [2014a] and [2014b] and to Parcet and Rogers [2013]. In particular,
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the papers of Bateman [2009] in the plane and of Kroc and Pramanik [2014b]
in higher dimensions give interesting equivalent conditions on unboundedness
of maximal operators, existence of Kakeya type constructions and lack of lacu-
narity, all related to a given set of directions. Katz [1999] and Demeter [2012]
proved sharp bounds for a Nikodym type maximal operator over a finite set of
directions.

Kim [2009] and [2012] proved Kakeya maximal function estimates when
the line segments are restricted to lie in a smooth field of planes in R*. Under
certain conditions estimates are essentially the same as in the Euclidean plane,
but in some cases essentially sharp estimates are much worse. Such situations
arise from Heisenberg groups.

Theorem 22.17, and a more general form of it, was proved by Dvir [2009].
The presentation here also used Tao’s [2008a] blog. The study of Kakeya
problems in finite fields was proposed by Wolff [2003] with some preliminary
results. Since then several people have contributed to this topic; see the ref-
erences given by Dvir [2009]. One motivation for this is that understanding
easier questions in a discrete setting might help to understand more difficult
questions in Euclidean spaces. But it is not only that; Kakeya-type problems in
finite fields have interesting relations to many other combinatorial problems,
see for example the papers of Bourgain, Katz and Tao [2004], of Guth and
Katz [2010], and of Dvir and Wigderson [2011]. Ellenberg, R. Oberlin and Tao
[2010] applied Dvir’s method to Kakeya problems in algebraic varieties over
finite fields.

Tao [2014] discusses the polynomial method, an example of which is the
proof of Dvir’s theorem, in relation to a large number of topics. Guth [2014a]
used the polynomial method to prove the best known restriction estimate in R3:

||ﬂ|L‘I(R3) SIS llpeeszy  for £ e L2(SH, g > 3.25.

Very likely, many more applications of this method will be found to problems
in Euclidean spaces.
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Dimension of Besicovitch sets and Kakeya
maximal inequalities

Since we cannot solve the Kakeya conjecture, we could at least try to find lower
bounds for the Hausdorff dimension of Besicovitch sets. The trivial one is 1.
We have also the lower bound 2 from Theorem 11.2. In this chapter we improve
this in dimensions bigger than two and we prove Kakeya maximal inequalities.

23.1 Bourgain’s bushes and lower bound (n + 1)/2

Here we shall derive the lower bound ”J{' . The results of this section will be

improved in the next one, but it might be useful to look at the ideas in a simpler
case first.

Theorem 23.1 Suppose that for some 1 < p < oo and p > 0,
0" '(fe € 8" Ks(xp)e) > A}) < C(n, p, S PPATPLYE)  (23.1)

for all Lebesgue measurable sets E C R" and for all 0 <§ <1 and X > 0.
Then the Hausdorff dimension of every Besicovitch set in R" is at least n — Bp.

This follows from the proof of Theorem 22.9 since (22.15) is a consequence
of (23.1).

Our next plan is to verify (23.1) for p = (n + 1)/2 and 8 = ﬁ to get
the lower bound (n + 1)/2 for the Hausdorff dimension of Besicovitch sets.
Before doing this let us contemplate a little what (23.1) means. It is a restricted
weak type inequality (restricted since it only deals with characteristic func-
tions) which would follow immediately by Chebyshev’s inequality from the
corresponding strong type inequality (if we knew it):

IKs flocsi-1y S 82N F 1l p-

The converse is not true, but if we have restricted weak type inequalities for
pairs (p1, g1) and (p2, g2) we have the strong type inequality for the appropriate

329
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pairs (p, g) between (py, q1) and (p2, ¢») by the interpolation results discussed
in Section 2.7.
Recall the Kakeya maximal conjecture 22.3:

1Cs f Nl ooty < Cn, €)8F|| flln foralle >0,
and the equivalent conjecture (22.2) obtained by interpolation:

s f || Lagsn—1y < C(n, p, &)W~ £,
forall ¢>0, 1<p=<n, g=m-1p.

In the next theorem we shall prove the restricted weak type version of this
correspondingto p = (n + 1)/2, g =n + 1.

Theorem 23.2 For all Lebesgue measurable sets E C R",
0" (e e S Ks(xp)e) > A}) < Cm)s' A" "' LYEY  (232)

forall 0 < § < 1 and A > 0. In particular, the Hausdorff dimension of every
Besicovitch set in R" is at least (n + 1)/2.

Proof Clearly the inequality (23.2) implies

0" (e € 8" Ks(xp)(e) > A}) S 8UTAAT D LR,

n—1
n+1

which means that the assumption (23.1) holds with p = % and 8 = SO

that the statement about Besicovitch sets follows from Theorem 23.1.
Let 81! = {e € "7 : ¢, > 1/2}, just to avoid antipodal points, and

A= {e e "7 Ks(xe)(e) > )\].

To prove (23.2) it is enough to estimate the measure of A. We can choose a

§-separated set {e|, ..., ey} C A such that N > §'™"0""!(A) and tubes T; =
Tfj (a;) for which
LENT;) > NT)) ~ 28" (23.3)
It then suffices to show that
L'(E) > VN§"AE (23.4)

Let m be the smallest integer such that every point of E belongs to at most m
tubes 7. This means that

> xear, <m (23.5)
J
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and there is x € E which belongs to m tubes 7. Integration of (23.5) over E
gives by (23.3) that

L'(E) > Zm_lﬁ”(E NT;)>m "N """ (23.6)
J

To make use of x assume that it belongs to the first m tubes T;; x € T; for
j =1,...,m.Let c be a positive constant depending only on n such that

LM(B(x,ch) N TA(a)) < %E"(T;‘(a))

forevery e € S§"~1 a € R”; the existence of such a constant is an easy exercise.
Then by (23.3) for j =1, ..., m,

A
LUENT;\ Bx, cd) > ZL(T)) ~ A8l (23.7)

By simple elementary plane geometry (this is again Cérdoba’s inequality
(22.3)) there is an absolute constant b > ¢ such that forany e, ¢’ € Sf;__l ,a,a €
R",

bé

d(T)(@)NT)(@)) < e (23.8)

e—e
Let e, ..., e/, be a maximal %—separated subset of e, ..., e,. Here % >4
when we assume, as we of course may, that 1 < 1. The balls B(e], %), k=

1,...,m’, cover the disjoint balls B(e;, 8/3), j = 1, ..., m. Thus
mé" ! a o U B(e;,8/3) | <o™! O B (e/ @> <m/'(§/2)"!
j=l . B k=1 © e - ,

whence m’ > A""'m. By (23.8) the sets E N T/\B(x,cA),k=1,....m,
(T} corresponds to e}) are disjoint. Therefore by (23.7),

LYE) > 28" 'm’ > A8 m. (23.9)
Now both inequalities (23.6) and (23.9) hold. Consequently

LY(E) > max{A"8" 'm, m I N1s" !}
> /O Tm)(m—TNAS" 1) = /N§" A

n+1
2

and (23.4) follows. ]
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23.2 Wolff’s hairbrushes and lower bound (n + 2)/2

Bourgain’s bushes in the above proof are bunches of tubes containing acommon
point. Replacing these with Wolff’s hairbrushes, many tubes spreading out from
afixed tube, will improve the bound (n 4 1)/2to (n 4 2)/2. We give two proofs
for this. The second is a little more complicated than the first, but it gives a
better L9 estimate.

The geometric fact behind both proofs is the following lemma:

Lemma 23.3 Let «, B,y,8 € (0,1) be positive numbers, and let T =
Tf(a), T, = Tfj(aj),j =1,..., N, be §-tubes in R". Suppose that the tubes
T;,j=1,...,N,are$-separated and forall j = 1,...,N, T; N T # & and
lej —e| > ap. Then forall j =1,..., N,

#i:le—e| <B.TNT; #2,dT;NT,, TiNT) >y}
< C(n,a)Bs 'y>™. (23.10)

Proof As#{i : |e; —e;| < B} < B"'8'7", we may assume that § is very small
as compared to y. Keeping this in mind should help the reader to form the
proper geometric picture of the situation.

Denote by I the index set whose size we should estimate. The tubes T
and T contain some line segments / and /; of unit length which intersect at
an angle 2 B at some point, say at the origin. We can assume that / and /;
generate the (x, x2)-plane. For i € I, the tube 7; meets both tubes 7" and T;
in a way that the angle between T; and 7; is at most constant, depending on
a, times the angle between T and 7. It follows by simple plane geometry
from this and the fact d(T; N T;, T; N T) > y (which is much bigger than §)
that 7; intersects 7; outside the cy-neighbourhood of 7' N 7; for some positive
constant ¢ depending only on n and «. This implies that the central unit segment
of 7; makes an angle < 8/y with the (x|, x»)-plane. Moreover, e; € B(e;, B).
From this one concludes that

e € Blej, p)Nix € SV x| <¢'8)yk=3,...,n} foriel,

where ¢’ depends only on 7. The surface measure of this setis < B(8/y)" 2 so
it contains < B8~y 2" §-separated points. This implies (23.10). 0

Let us say that a collection 7;, j = 1,..., N, of §-separated §-tubes is
an (N, 8)-hairbrush if there is a §-tube T such that 7, N T # & for all j =
1,...,N.
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Lemma 23.4 Suppose thatT;, j = 1,..., N, forman (N, §)-hairbrush. Then
foralle > 0andn/(n—1) < p <2,

N p
/(an) < C(n, p,e)s"nbr=ensn—t, (23.11)
i=1

Proof We may assume that |¢; — e;| < 1foralli and j, mainly in order to avoid
that far away directions would correspond to nearby tubes. Let T; = Tfj (a;)and
let T = Tf (a) be the base tube which all the others intersect. For non-negative
integers k with § < 27F < 2, set

Iy ={iel:27F <|e; —e| <27}

Since there are only about log(1/§) values of k to consider, it suffices to show
that for each k,

P
D xp | SeeThrENg (23.12)
i€l(k)
Writing
p p—1 p—1
Iz u)=[(Za)(Zu)] =X [T ]
i€l(k) jelk) iel(k) jei) ' Ti \ierk)

(23.12) becomes

p—1

Z / Z XT; ,S Sn_(n_l)P—SN(Sn—I.
Tj

JeEI) iel(k)
Hence it suffices to show that for each j € I(k),

p—1

31_”/ Z Xz, gén—(n—l)P—s.
T,

7 \i€lk)

Fixk and j € I(k) and for positive integers / > k — 2 and m with 27l p7m >
8/2, define

Ik, j,Lom)={i € I(k): 27" < |e;—¢;| <27, T;NT; # 2,
82"t < d(Ty NT;, Ty N T) < 82,
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and form = 0,
Ik, j,1,0) = {i € [(k): 27" <|ei—¢;| <2'7.T;NT; # 2,
d(T;NT;, T;NT) <82}

We only consider [ > k — 2, because otherwise these sets are empty. Then by
Lemma 23.3 for m > 1 and for m = 0 trivially,

#I(k, j,1,m) < 271571 (s2mth2n = =l (mtlyzmngl-n, (23.13)
Again there are only about log(1/§) possible values of / and m and it suffices

to show that for fixed &, j, [, m,

p—1

8]—n / Z Xt 5 511—(11—1)17'
T,

i \i€l(k,jlm)

Fori € I(k, j,I, m) the diameter of 7; N T; is at most ¢2!8 for some posi-
tive constant ¢ depending only on n. Hence, by the definition of /(k, j, [, m),
we only need to integrate over T;(/,m,8):={xeT;:dx,T,NT) <
(1 4 ¢)82™*'} and for this set we have L(T;(I, m, §)) < 2"*!8". Observing
also that £(T; N T;) S 26" when i € I1(j, k, 1, m) we argue using Holder’s
inequality and (23.13)

p—1 p—1
61—'1/ Z Xz, < Sl—n / Z Xt ﬁ”(Tj(l, m, 8))2—p
T \ier(k, jlm) Tjierk, j.im)
p—1
S_, 31—11 Z £n(T] n ’Tz) (2m+18n)2—p
i€l(k,j.lm)
<8 (S Ik, 1, m))" T @y
5 81—}1 (218'12—1(2m+l)2—n81—n)P_I (2"1"1‘1811)2_[7
— 2(n—(n—l)p)(m+l)8n—(n—l)p < an—(n—l)p' D

Theorem 23.5 Let 0 < § < 1. Then for f € L"(R"),

2—n _
||IC5f||Ln(Sn—I) S C(n, 8)8 2n EHf”Lu(Rn) (2314)

for all ¢ > 0. In particular, the Hausdorff dimension of every Besicovitch set
in R" is at least (n + 2)/2.

Proof The statement about Besicovitch sets follows immediately from
Theorem 22.9.
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Let7; = Te‘sl_(aj), jel={l,...,m}, where {e, ..., e,} is a §-separated
subset of S§"7! (with |e; —e;| <1 for all i and j as before). By
Proposition 22.6 it suffices to show that

. n/(n—1)
/ > xr, < 8T E ! (23.15)
j=1

As in the proof of Lemma 23.4 this is reduced to

m m 1/(n=1)

2—n
Z/ (Zxﬂ) SEEGU (23.16)
j=17Ti \i=1

Let
1 ky=4{iel: 27" <les—ej| <278}

when j € I and § <27% < 1. Using the elementary inequality (a + b)* <
a® + b* for positive numbers a, b and o with @ < 1 we see that

J

J

1/(n—1)

m 1/(n—=1) Njs m
(Z XT,-) < ZfT > o + L(T;),
i=1 k=1 J

i€l(j.k)

where N; &~ log(1/5). The last summand is harmless, since Zj LNT) <
m8"~'. Fix k and cover $"~! with balls B(v;, 27%) so that the balls B(v;, 2! %)
have bounded overlap with a constant depending only on n. If i € I(j, k), then
e; and e; belong to the same ball B(v;, 217k for some /. Thus fixing a ball B
of radius 2%, our claim is reduced to showing

1/(n—=1)

2/ 3 < 8T E ST IHI(B), (23.17)
T

jersyY1i \ier)

where I(B) ={i €I : ¢; € B}.

Let N be a positive integer to be fixed later. Now we want to extract as many
(N, &)-hairbrushes as possible from the tubes indexed by 7(B). Pick one such
hairbrush ; (if any exists) and let H; C I(B) be the corresponding index set.
Next choose a hairbrush H, with indices in H, C I(B) \ Hj, and so on. In this
way we find the hairbrushes H; = {T; : i € H;},l =1, ..., M, so that settting
H=H U---UHyand K = I(B)\ H,the collection of the tubes 7}, i € K,
contains no (N, 8)-hairbrushes. This means that for any §-tube 7,

MicK:T,NT #2} <N. (23.18)
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Since #I(B) < 27 "=Dk§l=" we have

M <2~ bkgl=n/p (23.19)
We can estimate the sum in (23.17) with
1/(n—1)
> oo < S(H, H) + S(H, K) + S(K, H) + S(K, K),
jers) YT \iers)
(23.20)
where
1/(n—1) n/(n—1)
S(H, H) = Zf (fo) (Zm) ,
JjEH i€EH i€EH
1/(n=1)
S(K, H) = Z/ (ZXT)
JEK i€EH
1/(n—1)
S(H, K) = Z/ (ZXT)
JjE€H i€EK
1/(n—1)
S(K, K) = Z/ (Zm) .
JEK ieK

The first term is estimated by the hairbrush lemma 23.4. For every [ €

{1,..., M} we have

n/(n—=1)

/ Z XT; S S_S#H](Sn_l,

i€H,

whence by Minkowski’s inequality

(n—=1)/n _
S(H, H) o H Z X n/(n—1)
ieH

M
T n/(n—1) = ; H lGZH, T,

M
5 2(5_8#['][8"_1)(”_1)/”,
=1

and so by Holder’s inequality

M n/(n=1)
S(H,H) < (Z(a_E#H,(S”_I)("_”/”) < MY Ds—eg s

=1
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Inserting (23.19) we get
S(H, H) < (2= bkgl=n  Nyl/ =D s=e41(B)s" !, (23.21)

To estimate the second term we use Holder’s inequality twice, the fact that the
directions of 7; and 7; make an angle roughly 2% and (23.18) to obtain

1/(n—=1)
S(K,H)gz(/rz)m) 2

jek iieH
1/(n—1)

< (#K)(n—2)/(n—1) / X7, . 8n—2
1/(n—=1)
= (#K)"~2/=D Z Z LT, N T)) L8"72,
ieH jek
1/(n—=1)
g (#K)(n—Z)/(n—l) Z Z 2k5n X 8}1—2

i€H jeK, T,NT;#2

1/(n—=1)
< (K" (Z N2k8) i

i€EH
= #K)"2/0D (#HN2RS) TV 5 <1 (B) (N2¥5) T e

Finally the third and fourth terms can be estimated in the same way to get

1/(n—1)

S(H,K) + S(K, K) < #1(B) (N2%5) sn

Choosing N ~ 27*n/2571/2 4]l the above upper bounds yield

2—n

S(H,K)+ S(K,H) + S(H,K) + S(K, K) < #I(B)sx— "1,

as required for (23.17). ]

We now give a different argument. It does not improve the dimension bound,
but it gives a better maximal function estimate; (23.14) follows interpolating
(23.22) with the trivial estimate ||Ks f|| oo(sn—1y < || f || Loo@®n). It should also
give further insight into the situation.

Theorem 23.6 Let 0 < § < 1. Then for f € L"% (R™),

2o _
||K§f||Ln;2 51y < C(n, )82+ €||f||L,,erz @ (23.22)

for all ¢ > 0. In particular, the Hausdorff dimension of every Besicovitch set
in R" is at least (n + 2)/2.
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Proof As before the statement about Besicovitch sets follows from
Theorem 22.9.

The proof of (23.22) is long, but much of it consists of simple reductions.
Let7; = Tf]_ (aj),j=1,...,m,where{eq, ..., e} is a §-separated subset of
§"=!, By Corollary 22.8 we need to show that

q

/ Soxr | se (23.23)
j=1

foralle > Owithg = (n +2)/n < 2.

We may assume that |¢; —¢;| < 1/4 for all i and j in order to avoid that
far away directions would correspond to nearby tubes and for slight technical
convenience later. We shall use a ‘bilinear approach’, that is, we write the gth
power of the left hand side of (23.23) as

2 q/2 q/2

q
m m
/ > xm, =f > xm, =f > xnxr,
=1 =1 i

Next we split this double sum into parts according to the distance (or angle)
between the directions. Let N be the smallest integer such that 27V < § and
set

102{1,...,1’11},
Jk={(i,j)elox10:2_k§|e,-—ej| <278y k=1,...,N.

Now we have

ZXTXT —Z Z X1, XT, +2ZXT

k=1 (i, j)€J; i€l

Since ¢/2 <1, we have the elementary inequality (a + b)?/?> < a9/ +
b4/?,a, b > 0. Applying this we obtain

. PR a/2 a/2

[(Z0) <2 [{ £ ] 2f (S

i=1 k=1 (i, )€k i€l
Since there are about log(1/§) values of k, the theorem will follow if we can
prove foreveryk = 1,..., N,

q/2

f Yo amar | <S8 (23.24)

@))€y
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because the estimate for the sum corresponding to [ is trivial: as ¢ /2 < 1,

q/2

/ ZXT; S/ZXT,,SI-

i€l i€l

Sofix k € {1,..., N}. Cover S"~! with balls B(v,, 2700 =1,..., Ny ~
201=Dk Then for every pair (i, j) € Ji, e, e¢; € By := B(v;, 227%) for some .
It follows that

q/2 N q/2
k
J{Zam) X[ ¥ wm
(.)€ =1 (.)€ Jireive €B)
As N ~ 20=Dk we are reduced to showing for every /,
q/2
S x| STV (23.25)

(i, j)€Jyei,e;€B

Our next step will be to reduce this essentially to the case k = 1, that is,
le; — ej| ~ 1. Thus we claim that it suffices to prove that

q/2
2—n _
/ Z X1, XT, Sé T, (23.26)
(i,))€K
provided
K ={G,j):|ei —ej| > 2co},
where ¢ is a positive constant depending only onn, T; = Te‘f (a)),i=1,...,m,
and {eq, ..., e, is a §-separated subset of S"~!.

So suppose we know (23.26). Let k >3 and [/ be as above; we may
assume that v; = (0,...,0,1). Consider the linear mapping L, L(x) =
1y, oo, 28 %, 1, 27 x,). Then det L = 20~ D&=D=1 gpd XT; © L7l =
XL(r;)- By change of variable,

q/2 q/2

/ Z XT; XT; = 21—(n—1)(k—1)/ Z XL XL(T))

(i,])EJx.ei,e;€EB (i,j)€Jx.ei.e;EB

For a sufficiently small absolute constant ¢, > 0 the sets L(7;) are contained in
2k=15-tubes whose directions e/ satisfy |e] — e;| > ¢ for the pairs (i, j) which
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appear in the above sum. We can therefore apply our assumption (23.26) to get
q/2
Z XTI XTI S 2—(}1—1)/{(21{8)

(i,j)€Jx.eie;€B

2=n —n _

t—e S 2—(n—1)k827 €

Let us make one more reduction: partition $"~! into disjoint subsets S, | =
1,..., N(n), of diameter less than ¢y /2. Then for any (i, j) € K there are k and
I,k #1, such that ¢; € Sy and e; € §;. To prove (23.26) it suffices to consider
each such pair (k, /) separately. That is, it suffices to prove that

q/2 q/2

2—n

[{(Ze)(ze]) ~[{ 2 ] <o
iel jeJ iel,jel
(23.27)
where I, J C {1,...,m} such that |e; —e;| > cowheni € I, j € Jandm S
s,
For w,v € {1, ..., m}, set
Eyv=3x:pn= an(X) <2u,v = ZXTj(x) <2v
iel jers
Then we have for the left hand side of (23.27)
q/2

/ (ZXT') 21 q/zzuzu:f% (an) DX,

i€l jeJ i€l jeJ
< @uv)PLUE,,),
TRy

where the summation is over the dyadic integers p and v of the form 2/ <
m, [ > 0. There are only < log(1/8)* pairs of them. Thus we can find such a
pair (i, v) for which

q/2

/ doxn || D] xn S 8T (L (B ).

jel jeJ
Taking also into account that g = (n + 2)/n, the required inequality (23.27) is
now reduced to

()L E, ) S 8ETInE (23.28)

Keeping fixed the pair (, v) which we found, we define for dyadic rationals «
and A of the form 27,1 =0, 1,...,

Le =i € 1: (/DL T) < LYT N Ey,) = LT},
Jo=4{j €T :0/DLNT;) < LYT; N E,) < ALN(T))Y.
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By the definition of £, ,,
[ X s~ wot B
Ewv jer jey
‘We can write this as
S [ < L
i Y Euv el jeu,

where the summation in x and A is over dyadic rationals as above. To prove
(23.28) we may assume puvL"(E, ) > 1. Then we can restrict « and A to be
at least 6", since, for example,

Z/E ZZxTixrfsi 3 #J/E S

<o Euv jel jeu, I=1 2~1pn < <21~1gn i€l
[e%s)
1—n 1=l ¢n pn
S8y N AT S 8.
=1 i€l

Thus we again have only & log(1/8) values to consider and we find and fix «
and A for which

WL (Ey) S 8¢ / DD KX, (23.29)
Euwvier, jel,
Then by the definition of £, ,,
uvL"(E,y) < a—fuf Z X1, =8V ZL‘”(EW, nT)
Euv jer, iel,

<5 %k ZE”(T,-) A~ 8 vk#l 8" < 8wk

i€l
Thus
WL (E ) S8 k. (23.30)
By (23.29) we find and fix j € J, such that
8" VLN (Eu,) S67° / Z Xt xr, =8 ° le"(Ti NT)).
i€l i€l

Since above the directions of T; and T; are separated by co, it follows that
LYT; N T;) S 8", and we conclude

" LN E,,) ST eI, TN T; # o).

Now we have found a useful hairbrush: tubes 7;, on the number of which we
have a good lower bound, intersecting a fixed tube T;. Next we shall make use
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of this in a somewhat similar manner as we used Bourgain’s bushes in the proof
of Theorem 23.2.
So now we have fixed u, v, k, A and j € J,. Let

T={icl:T,NT # 2}
so that
ST WL (E,,) S 8TOHI. (23.31)

Then for i € T, LYT; N E,,) > (k/2)L"(T;). Let L; be the line containing
the central segment of 7;. By simple geometry there is a positive constant b
depending only on n such that when we set

U={xeR":dx,Lj)> 2bk},

we have fori € T, , LN(T; \ U) < (k/4)L"(T;); recall that the directions e; and
ej of T; and T satisty |e; — ej| > cp. Therefore

LY NE,, NU) = (e/HLUT).

Summing over i gives

Z XT,NU z K8n_1#1.
Eur el

By Schwartz’s inequality,

K(sn_l#TS ZXTI.QUQE/M ,Cn(EM’U)l/z.
iel 2

We shall prove that

> xnovn,, | S &SI, (23.32)
il 2
Let us first see how we can complete the proof of the theorem from this.
Combining (23.32) with the previous inequality, we obtain

K" TVHT < LNE ).
Bringing in (23.31) we get
K"8" 2w < 87,
Recalling also (23.30) this gives

Mn+l‘)£n(Eu,v)n 5 52—n—s'
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Interchanging p and v,
/¢LU"+1L1”(EM'V)” 5 52—n—s'

Thus

LN(E, )" SV (=T 182 (u o182 = ()T
which is the desired inequality (23.28).
We still have left to prove (23.32). The square of the left hand side of it is
2
Y xwovne,., | =D LT NT NUNEL).
iel ii'el
If « <38,
Z LT NTy NUNE,,) S8 #N? Sl <> "84,
iirel
and (23.32) follows. Hence we assume from now on that bk > 2§, where b is
as before. Then (23.32) follows provided we can show for every i’ € I,

LT NTNU) ST (23.33)
iel

Obviously it suffices to sum over i # i’. We split this into the sums over

Li=f{iel: 2% <|ej—es| <2 X, T,NTy NU # 2},
k=1,...,N ~log(1l/§):
N N
Y LTNTNU) =) Y LTNTNU)S Y #24s",

iel k=1jel, k=1

since, as before, by simple geometry, £"(T; N T; N U) < 2%8" fori € Ir. Once
more we use the fact that there are no more than about log(1/§) terms in this
sum to reduce (23.33) to

#1257 < 2l (23.34)

To see where this geometric fact follows from let us recall the situation. We
have fixed the two tubes 7; = Tfr_ (aj)and Ty = Tef/ (a;) which intersect at an
angle ~ 1. For i € Zc, the tube 'Ti = Tg‘? (a;) meets both tubes 7; and 7. It
intersects 7;» in U. Since bk > 26 it therefore intersects 7;; outside the bk-
neighbourhood of T; by the definition of U. Moreover, |e; — e;/| < 2!7%. Thus
Lemma 23.3 implies (23.34) and completes the proof of the theorem. O
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23.3 Bourgain’s arithmetic method and lower
bound cn + 1 —c¢

In this section we use an arithmetic method introduced by Bourgain and devel-
oped further by Katz and Tao to improve the dimension bounds for the Besi-
covitch sets in high dimensions. The new bounds behave for large n like cn
with some constant ¢ > 1/2, while the earlier bounds behave like n /2.

Recall from Definition 2.1 that the lower Minkowski dimension of a bounded
set A C R"is

dim,, A = inf{s > 0 : liminf §° 7" L"(A(5)) = 0},
5—>0

where A(§) = {x : d(x, A) < &} is the open §-neighbourhood of A.

We first prove a lower bound for the lower Minkowski dimension of Besi-
covitch sets. Then, using some deep number theoretic results which we do not
prove, we extend this to Hausdorff dimension.

Theorem 23.7 For any bounded Besicovitch set B in R", dim,, B > 6n/11 +
5/11.

Note that this improves, for the Minkowski dimension, Wolff’s lower bound
(n +2)/2 whenn > 12.

Proof We shall prove the theorem for slightly modified Besicovitch sets. We
leave it to the reader to check that the proof can be modifed for the general case.
Namely, we assume that for every v € [0, 177! there is x € [0, 1]"~! such that
B contains the line segment

I(x,v) :={(x,0)+¢t(w,1):0<1r<1}.

‘We make the counterassumption that dim,, B < cn 4+ 1 — c for some ¢ < 6/11
and try to achieve a contradiction. By the definition of the Minkowski dimension

£n(B(28)) < 8(]—0)(1’1—1)

for some arbitrarily small § > 0, which we now fix for a moment. For any
A CR" et

Al = AN R x {1})

be the horizontal slice of A at the level 7. By Fubini’s theorem

1
/ E"_I(B(ZS)(t))dz < 8(]—6)(7!—1)’
0
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so Chebyshev’s inequality gives,
L't €10, 17: L7 YB@28)(1)) > 10081790~y < 1/100.
Setting
A={tel0,1]: L7 (B@28)(r)) < 10081 ~=1y

we have £'(A) > 99/100. From this it follows that there are s, s + d, s + 2d €
A with d = 1/10; otherwise [0, 1/2] would be covered with the complements
of A, A—d and A — 2d, which is impossible. In the rest of the argument we
only use these three slices and we can assume that s = 0 and d = 1/2 so that
our numbers are now 0, 1/2 and 1.

Fort € [0, 1] set

Blt] ={i € 8Z" ' : (i,1) € B()}.

Then the balls B((i, t), §/3),i € B[t], are disjoint and contained in B(24).
Combining this with the fact that 0, 1/2, 1 € A we obtain by a simple measure
comparison

#B[0], #B[1/2], #B[1] < 5™, (23.35)

Define for u, v € R"~! the 8-tubes Ts(u, v) = {y € R" : d(y, I(u, v)) < 8},
modified to our situation, and

G = {(x,y) € B[0] x B[1] : (x,0), (y, 1) € Ts(u, v) C B(8) for some
u,vel0, 17",

Then

#Hx+yeG:(x,y) e Gy sU™m
and

#x—yeG:(x,y)e Gy =8

To check the first of these inequalities observe that for (x, y) € G, (x + y)/2,
1/2) belongs to the same tube as (x,0) and (x, 1), so it belongs to B(J).
Since it also belongs to %(SZ”_I, the cardinality of {x +y € G : (x, y) € G}
is dominated by the cardinality of B[1/2], and the first inequality follows.
The second inequality is a consequence of the Besicovitch property of B:
there are roughly §'~" §-tubes with §-separated directions contained in B(S),
each of these contains points (x,0) and (y, 1) for some (x, y) € G and for
different tubes the differences x — y, essentially the directions of these tubes,
are different.
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So the sum set of G is small and its difference set is large. From this we
immediately obtain a contradiction using the following proposition:

Proposition 23.8 Ler g = 1/6. Suppose that A and B are finite subsets of
AZ™ for some m € N and L > 0, #A < N and #B < N. Suppose also that
G CAXBand

#x+yeG:(x,y)e G} <N. (23.36)
Then
#Hx—yeG:(x,y)e G} < N7, (23.37)

This is a purely combinatorial proposition and, as will be clear from the
proof, it holds for any free Abelian group in place of AZ™. Theorem 23.7
follows applying the proposition to what we did before with N = §60=/11 if
d is sufficiently small.

Observe that the proposition is trivial for &g = 0. The application of this
gives anyway dim,, B > (n + 1)/2, which is not completely trivial but much
less than we already know. In general, the above argument gives that if the
proposition is valid with &, then dim,,B > (n + 1 — &y)/(2 — &) for every
Besicovitch set B in R".

If this proposition holds for all &y < 1, the Kakeya conjecture would follow.
But this is not so: one cannot take &g larger than 2 — log 6/ log 3 = 0.39907 . . ..
This follows from the example where

A=B={0,1,3}CZ
and
G =1{(0,1),(0,3),(1,0),(1,3),(3,0), (3, D}.
Then#A =#B =3 =N,
#Hx+yeG:(x,y)eGy={1,3,4} =N,
and
#{x—yeG:(x,y)e G} =1{-3,-2,—-1,1,2,3} =6.

In order to have 6 < 3274 we need gp < 2 — log6/log 3.

In the applications we only need #{x —y € G : (x,y) € G} < N> for
large sets, but the same restriction is needed even then: replace A, B and G
with AM | BM and GM with a large integer M.

Proof of Proposition 23.8 We begin the proof of Proposition 23.8 with the
following combinatorial lemma:
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Lemma 23.9 Let X and Ay, ..., A,, be non-empty finite sets and let f; : X —
Aj,j=1,...,m, be arbitrary functions. Then

#{(x0, ..., xn) € X" fitxj—) = fi(xj) forall j =1,...,m}
(#X)m-l-]

> A (23.38)
M7 #A;

Proof We prove this by induction on m. The lemma is trivial for m = 0, but we
could also begin the induction from m = 1, because by Schwartz’s inequality

2
#X)* = (Z #x: fito) = a}) < ) GHx: filx) = a})HA,

a€A| a€A

= Y #Hx, ) ) = A1) = adA = #(x, y) : filx) = LHA

a€A,

Suppose then that (23.38) holds for some m — 1 in place of m.
We say thata € A,, is popular if

#xeX: fux)=a} > WA

Let
X' ={x € X': f,,(x) is popular}.

For every unpopulara € A, there are at most #X /(2#A,,) elements x € X with
fm(x) = a, whence at most #X /2 are mapped to unpopular elements and the
rest to popular ones. This means that

#X' > #X/2. (23.39)
Applying the induction hypothesis to X’ we have

#{(x0, ..., xp—1) € (X" 2 fi(xj=) = fi(xpforj=1,...,m—1}
. ﬂ,
=T#4,

Since here x,,—; € X’ and so f,,(x,,—1) is popular, we get

#{(XQ, ey xm) € (X/)m x X : f,‘()Cj_]) = fj(x]‘) fOI‘j = 1, ey m}
U #X) #X
T IIZI#A; 2HA,
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Combined with (23.39) this gives

#{(x0, .- xm) € X" fi(xjon) = fi(xp) for j=1,...,m}
m+1
> 2‘”’“—(?{) .
TI7_ #A,

We need to get rid of the factor 27"~!. To do this we choose a large integer
M and apply what we proved so far with X, A; replaced by X", A} and f;
replaced by M : X" — Al defined by

et ) = (D, ).
Then

#H(xos s X)) € X" fi(xjm) = fixj)forj =1,...,mH"

M
m+1
S gm-l (#rjf ) _
IT_ #A;
Taking the Mth root, and letting M — oo completes the proof of the lemma.
O
Using this lemma we now prove Proposition 23.8. Set
C={x+yeG:(x,y)eG}.

By removing some elements from G we may assume that the map (a, b) —
a — b is injective on G. Thus we have that A, B and C have cardinalities at
most N and we have to show that #G < N!!/¢_ Define

V ={(a,b,b'’ye AxBxB:(a,b),(a,b)ec G}
Applying Lemma 23.9 withm = land f, : G — A, fi(a, b) = a, we find that

2
#V > (#]i) . (23.40)

Next we shall apply Lemma 23.9 with m = 3 and
fi:V—>CxC, fila,b,b)=(a+b,a+?),
fr:V—>BxB, fa, b b)=(b,Db),
f3:V—>CxB, f3a,bb)=(a+b,Db).
Define
S = {(vo, v1, v2,v3) € V* 2 fiwo) = fivn), fo(vr) = fa(v2),
f3(v2) = f3(v3)}.
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Then by Lemma 23.9,
4
_ @
= NG
Write v; = (a;, b;, b)) fori = 0, 1, 2, 3 and define

1

#S

(23.41)

g:S—>VxAxB, g, v, v3)=(vy,as, b3).

We claim that g is injective. To prove this observe first that if (vg, vy, v2, v3) € S,
then

ap+ by =ay + by, ay+by=a+ b, (23.42)
because f1(vo) = fi(v1),
by = by, by =0, (23.43)
because f>(vy) = f>(v2),
a»+ by = a3 + by, b, =0, (23.44)
because f3(vg) = f3(v;). Using (23.42) and (23.43) we get
bo — by = (ay + by — ag) — (a1 + b}, —ag) = by — b, = by — ). (23.45)
By (23.44) and (23.45),

a3—bg=a2+b2—b3—bg=a2+b2—b/2—b3=a2—|—bo—b6—b3.
(23.46)

Suppose now that (vy, vy, v2, v3), (09, U, U2, U3) € S with g(vg, vy,
v, v3) = g(Vg, U1, V2, U3). We want to show that v; = v; fori =0, 1, 2, 3.
By the definition of g,

vo =19, ay=ay, by=Dbs. (23.47)
Using this and the analogue of (23.46) for the v; we obtain
as — bg = L’ZE — l;;

Since (a,b) > a —b is injective on G and (a3, b)), (573,1;/3) € G, we get
(a3, by) = (a3, b}), so v3 = v3. Then (23.44) and (23.47) give v, = 0,. Finally
(23.42) and (23.43) lead to v; = 7.

Now that g is injective, we have

#S <#(V x A x B) < N*#V.
Combining this with (23.41), we get
#V < N33,
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and then (23.40) yields the desired inequality
#G < VN#V < N'!/°, O

Recalling what we said earlier, this completes the proof of Theorem 23.7.
O

We shall now extend Theorem 23.7 to Hausdorff dimension. For that we
need the following deep number theoretic result which we shall not prove here.

Proposition 23.10 There are positive numbers My and ¢ with the following
property: if M > Myand S C {1, ..., M} has cardinality at least M /(log M)°,
then S contains an arithmetic progression of length 3; there are i,i + j,i +
2j€S.

This was proved by Heath-Brown [1987]. It generalized a classical result of
Roth [1953] which required the lower bound M/ loglog M.
Theorem 23.11 For any Besicovitch set B in R", dim B > 6n/11 + 5/11.

Proof We assume that B C [0, 1]". We can make this reduction because the

proof will only use that for some S C $"~! with 0"~!(S) > 0 and some d > 0

the set B contains for every e € § a line segment of length d in direction e, and

B can be written as a countable union of such sets with diameter less than 1.
Lets >dimB,0<e <land0 < n < 1. Set

=2 k=12 ...,

so loglog(1/8x) = nklog2 + loglog2. We choose n so small that 27 < 1 +
e/s, then 82“ < &4, For kg € N we can cover B with open balls B; such that
d(B;) < 8, and ) _; d(B;)* < 1. Writing for k = ko, ko + 1, ...,
Iy ={i :ép1 <d(B;) <8} and Ny =#I,
we have N;8; ¢ < 1. Let
E. =B
i€l

Then

N(Ey, 8) < Np < §.°7°, (23.48)

where N(A, §) denotes the smallest number of balls of radius § needed to cover
the set A.

For every e € S"~! there is a unit line segment [, C Uy Ey with direction
e. It is easy to see that we can choose these segments in such a way that
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e +— H'(E; N 1,) is a Borel function for every k. We only use the segments
I, with e-e, > 1/2 where ¢, = (0,...,0, 1). If ko is large enough so that
Y ey, 1/ k% is smaller than o"~'(§"~") and 1, it follows that there are k > ko
and a closed set S C {e € S""! : ¢-¢, > 1/2} such that

HYENL)>1/k* foreeS and 1/k*<o" 1(S) < 1.

Otherwise 0" '({e : H'(Ex N 1,) > 1/k?}) < 1/k* for all k > ko, whence
o
o" (e : HN(Ex N 1,) > 1/k* for some k > ko}) < > 1/k* < o"7'(8"™1),
k=k0

and we could find e € S"~! such that H'(E, N 1) < 1/k> forall k > ko, which
is impossible since 1, is covered with the sets Ej.

Now we fix this &, set § = §; and let N be the integer for which N <
8" < N + 1 and M an integer such that M N§ > 1 and M ~ §~". Define for
i=0,1,....,.M,and j =0,1,...,N — 1,

Ajj={xeR": j6+iNS<x, < jS+iNSs+ 6},

M
A =JAj.
i=0
Eyj=E NA;,
I,j=1,NA;foreeS.

Then,ase-e, > 1/2,

)

1
HY(L, )~ M§ ~ 8" ~ —

(I, ;) N
and

N—1
/ Z’HI(E,W- N1, )do" e = /Hl(Ek N L)do" ‘e > 1/k*.
R — S

Let
T = {j €{0,1,...,N—1}: /Hl(Ek,,- N1 do" ‘e > 1/(2Nk4)}.
N

Then
N—1 1 1
4 Z 1 n—1 _—
1/k" < j—o/sH (Erj NI j)do" e < ﬁ#j tove

whence

#J > N/Q2k*) ~ 8771/ k* > 82171, (23.49)
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Similarly for j € J there is a closed S; C S for which
HY(Er; N 1) > 1/(4NK*) for eeS; and o"7'(S;) > 1/(4k").
Fore € §; set
Tj={ie{l,....,M}:Ex;NI;NA;; # 3}
Then
1/4NK*) < HU(E, j N 1) < #T, 26,
SO
#T, ;> 1/(8SNKk*) ~ 87"/k* ~ M/ k*.

Recall thatk ~, loglog(1/§) ~, loglog M.Hence, if § is sufficiently small, we
can use Proposition 23.10 to find i, i + i’,i + 2i’ € Z, ;. This is the reason we
used the double dyadic power; 2~ would not have been enough. Consequently,
for every e € S there are

ae, b, € E j(n8) N I, j(né) N 8Z" such that
(a. +b.)/2 € Er j(n8) N I, j(né) N 8Z"

and a, and b, belong to different sets A ; ;. The sets A ; ; for differentindices i are
at least distance N§ — § & §" apart. Thus if § is sufficiently small, |a, — b.| >
8"/2.

We now apply Proposition 23.8 with A = {a, : e € S;}, B ={b, : e € §;}
and G = A x B. Then

HA#B, #Hx +y:(x,y) € G} <#(Er j(nd) NSZ") S N(Ej, ),
where the last inequality is easily checked. Thus Proposition 23.8 gives
#{x—y:(x,y) € G} S N(Ey;,8)"°.

Since a, and b, are in the né-neighbourhood of I, and |a, — b,| > §"/2 for
e € §;, it follows that balls roughly of radius 817" centred at the unit vectors
(a. —b.)/|a. —b.|, e € S;, cover S;. This implies, as a”fl(Sj) > 1/(4k*),

#a, —b, - e € S;} 2 80NNt > s@n= =D
We have also #{a, — b, : e € S;} = #{x — y : (x, y) € G}, whence

§ETNO=D <y — vt (x,y) € G} S N(Ey ;, 9)'°.
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The sets Ey j, Ex, j» for |j — j’| > 2 are separated by a distance bigger than
2§. Therefore by (23.49),

§O/D@I=n=lF 2=t < SONRID=Ng 7 < N N(E, . 8) S N(E, ).
jeTJ
Recalling (23.48) we obtain §©/1DCn=D=DF2n=1 < §=s=¢ = \hich gives
©6/1D)A =2n)(n—1)—2n+ 1 < s + ¢. We can choose ¢ and n as small as
we wish,sos > (6/11)(n — 1) + 1 = (6/11)n 4+ 5/11. Letting s — dim B, the
theorem follows. O

23.4 Further comments

The lecture notes of Tao [1999b] and of Tosevich [2000] have been very helpful
for the presentation of this chapter.

The lower bound (n + 1)/2 for the Hausdorff dimension of Besicovitch sets
is due to Drury [1983], although he did not state it explicitly. The explicit
L®FD/2 estimate for the Nikodym maximal function was proved by Christ,
Duoandikoetxea and Rubio de Francia [1986].

Drury proved the following estimate for the X-ray transform

Xf(L):/f, L CcR" Lalinein R":
L

I1Xfllzey SN fllerny forl < p <@+ 1)/2,n/p—m—1)/q = 1.
(23.50)

The measure A on the space of lines can be defined for example as

/ F(L)d\L = / F(L,)dH" 'vdo" e,
€J‘

Sn*l
where L, , = {v+te:t € R}.

Such estimates are very close to Kakeya estimates. We shall discuss them
a bit more in Chapter 24. Let us quickly see how (23.50) yields the lower
bound (n + 1)/2 for the lower Minkowski dimension of Besicovitch sets in
R”. Arguments as in the proof of Theorem 22.9 then give it for the Hausdorff
dimension, too.

If dim B < s for some s > 0, we can find arbitrarily small § > O such that
for the §-neighbourhood B(8) of B, L"(B(58)) < §"*. Let f be the charac-
teristic function of B(8). Then || f| Lr@n) < 8“7, For each e € S"~! the
set of v € et for which H'(B(8) N L,,,) > 1 has measure > 8"~!. This gives
| Xf Loy = 8"~1/4. Combining these estimates with (23.50) with p close to
(n 4+ 1)/2, thus g close to n + 1, gives that s cannot be much smaller than
(n + 1)/2, as desired.
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The method with ‘bushes’, bunches of tubes containing a common point, is
due to Bourgain [1991a]. Bourgain improved the lower bound (n + 1)/2 and the
corresponding Kakeya and Nikodym maximal function estimates. This method
also led to the non-existence of (1, k) Besicovitch sets for 28~ + k > n (which
we shall discuss in the next chapter), to the first partial results on the restriction
conjecture better than those following from the Stein—-Tomas theorem by inter-
polation, and to some improvements on Bochner—Riesz multiplier estimates.

Bourgain’s Kakeya estimates in R were proved again by Schlag [1998]
with an interesting geometric method.

Wolff [1995] developed further Bourgain’s method introducing the hair-
brushes. He simultaneously derived the same estimate for the Nikodym max-
imal function by axiomatizing the situation. Thus he proved Theorem 23.6
which still to date gives the best known lower bound (n + 2)/2 for the Haus-
dorff dimension of Besicovitch sets in dimensions 3 and 4, and the best known
Kakeya and Nikodym maximal function estimates in dimensions 3 <n < 8.
Employing Bourgain’s [199 1a] machinery he also improved the restriction esti-
mates. These however have later been surpassed by multilinear methods which
we shall discuss in the last chapter. The proof given here for Theorem 23.5 is
due to Katz, it was also used by Wisewell [2005] for curved Kakeya sets. The
proof of Theorem 23.6 was taken from the lecture notes of Tao [1999b]. Both
of these proofs are different and simpler than Wolff’s original proof.

An essential technical point in the arguments for Bourgain’s theorem 23.2
and Wolff’s theorem 23.6 is to avoid situations where a set under consideration
would be too much concentrated in small parts of tubes. Wolff [1995] made
this more explicit and this principle is often called two-ends reduction. Tao
discusses it in Tao [2011], Section 4.4.

Section 23.3 is part of the recent developments in additive combinatorics
and their applications to various fields. The book of Tao and Vu [2006] gives
an excellent detailed overview of this topic. Bourgain [1999] introduced the
arithmetic method discussed here. He proved Proposition 23.8 with ¢g = 1/13.
This gives by the above argument involving slicing and triples in arithmetic
progression that the Hausdorff dimension of all Besicovitch sets in R” is at
%n + % Bourgain also used this method to get L” estimates for the
Kakeya maximal operator. Katz and Tao [1999] further improved the Haus-
dorff dimension estimate to %n + ]—51 with the proof which we presented here;
Proposition 23.8 with &g = 1/6 is due to them. For the Minkowski dimension
they got a further improvement: dim,, B > ‘%n + % For this they showed that
(23.37) holds with &g = 1/4 if one adds the assumption

least

#{x+2yeG:(x,y) e G} <N.
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One applies this using four slices of B instead of three. The transfer to Hausdorff
dimension does not work anymore as there are not sufficient estimates for
arithmetic progressions of length four. The Hausdorff estimate is better than
Wolff’s # if n > 12 and the Minkowski estimate if n > 8.

Later on Katz, Laba and Tao [2000] combined arithmetic and geometric
ideas to get deep structural information about Besicovitch sets. In particular,
they proved that the upper Minkowski dimension of Besicovitch sets in R?
is greater than 5/2 + ¢ for some absolute constant ¢ > 0. For the Hausdorff
dimension Wolff’s bound 5/2 is still the best that is known. Laba and Tao
[2001a] extended the ";2 + &, Minkowski bound to all n. Finally Katz and
Tao [2002a] developed the arithmetic methods further with sophisticated iter-
ations and improved the Minkowski bound when n > 7, the Hausdorff bound
when n > 5, and Kakeya maximal function inequalities when n > 9, as stated
below. An excellent survey on this progress can be found in Katz and Tao
[2002b].

Here is a summary of the best bounds known at the moment for n > 3, g,
is a very small absolute constant, &y = 10710 suffices, and « is the biggest root
of the equation @’ —4a +2 =0, that is, « = 1.67513. .. for a Besicovitch
set B C R",

n+2

dim B >

forn = 3,4, Wolff [1995],

dimB > (2 — «/E)(n —4) 4 3 forn > 5, Katz and Tao [2002a],
— 2

dimy B > % + g9 for n = 3, 4, Katz, Laba and Tao [2000],

F.aba and Tao [2001a],
dimy B > (2 — v/2)(n —4) + 3 for 5 < n < 23, Katz and Tao [2002a],

_ —1
dimyB > ~—— 4 1forn > 24, Katz and Tao [2002a],
o

IKs £ opo < 5%—€||f||L,, 2 g, fOrE > 0.3 < n < 8, Wolff [1995],

7 (Snfl) ~ 2 (R
3=3n _
||lC5f||L4n:rs 1) < §us £||f||L@i(R") fore > 0,n > 9,

Katz and Tao [2002a].

Carbery [2004] proved a multilinear generalization of the Cauchy—Schwarz
inequality which is related to Lemma 23.9. This paper also contains an inter-
esting extensive discussion of the context of inequalities of this type.

Minicozzi and Sogge [1997] studied Nikodym maximal functions on n-
dimensional Riemannian manifolds. They proved the analogue of the (n + 1)/2
estimate, tubes are now taken around geodesics. They also gave examples of
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manifolds where (n + 1)/2 cannot be improved. Sogge [1999] proved the 5/2
estimate on 3-dimensional Riemannian manifolds of constant curvature.
Let us consider the operators Tj as in (20.1):

T, f (&) :/ PO Y(x E)f(x)dx, EeR", A>0.

]R"_l
Here again & and W are smooth functions, ® is real valued and W has
compact support. Natural conditions to assume are that the (n — 1) X n matrix
2P(x,8) : : 0P(x.8)
(#Z);Ef) has the maximal rank n — 1 and the mapping x +— (%),x €
R"~!, has only non-degenerate critical points. A generalization of the Stein—
Tomas restriction theorem, which we mentioned in Chapter 20 in the dual form

(recall (20.8)), says that
1T fllg S 2790 f1l, forall f e LPR"™)

provided ¢ >2(n + 1)/(n—1) and g = %p’. Hormander [1973] asked
whether this could be extended to the optimal range g > 2n/(n — 1). This
is true for n = 2, as we discussed in Chapter 20. Somewhat surprisingly Bour-
gain [1991b] proved that when n = 3 the answer is negative even for very
simple phase functions @ such as

d(x, &) = x1&1 + X262 + x10283 + X7E5 /2,

and moreover Stein’s range g > 4 is optimal for such a ®. His proof involved
curved Kakeya methods. That is, in the definitions line segments are replaced by
curves and straight tubes by curved tubes. Again one can show that appropriate
estimates for 7, lead to Kakeya estimates and so counter-examples can be
obtained from the failure of Kakeya estimates.

Wisewell [2005] continued this. She showed that the (n 4+ 1)/2 dimension
estimate for curved Besicovitch sets holds for very general curves whereas
the (n + 2)/2 estimate may fail even for very simple quadratic curves, such
as Bourgain’s curve above. She also presented classes of quadratic curves for
which the (n + 2)/2 estimate is valid and used the arithmetic method to obtain
improvements in higher dimensions.
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(n, k) Besicovitch sets

What can we say if we replace in the definition of Besicovitch sets the line
segments with pieces of k-dimensional planes?

As before we denote by G(n.k) the space of k-dimensional linear subspaces
of R” and by y, x its unique orthogonally invariant Borel probability measure.
Recall that it is defined by

Vnk(A) = 0,({g € O(n) : g(Vo) € A}), A C G(n, k),

where 6, is the Haar probability measure on the orthogonal group O(n) and
Vo € G(n, k) is any fixed k-plane. For k = 1 and k = n — 1 we can reduce this
measure to the surface measure on §"~'; setting L, = {tv : ¢t € R},

Yu1(A) = cn)o" v e s : L, € A}), ACGn,l),
Yan—1(A) = c(n)o" (v € §"7 1 : LvL € A}, ACGm,n-—1).

Definition 24.1 A Borel set B C R” is said to be an (n, k) Besicovitch set
if £%(B) = 0 and for every V € G(n, k) there is a € R" such that B(a, 1) N
(V +a)CB.

24.1 Marstrand and the casen =3,k =2

The first question is: do they exist if kK > 1? Probably not, at least no such
pair (n, k) is known. We now prove in three different ways that they do not
exist when k is sufficiently large as compared to n. We begin with Marstrand’s
[1979] geometric argument forn = 3, k = 2:

Theorem 24.2 There are no (3, 2) Besicovitch sets. More precisely, if E C R3
and L3(E) = 0, then for ys3, almost all V € G(3,2), H*(EN(V 4+a)) =0
foralla € R3.

Proof Clearly we can assume that E C B(0, 1/2). Set for v € S* and A C
B0, 1),
(A, v) = sup{H*(AN(LL +a)):a e R,

357
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We shall prove that

* 2
(/ f(A,v)d02v> < L£3(A), (24.1)

where [ *isthe upper integral. The theorem clearly follows from this. Obviously
it suffices to prove (24.1) for open sets A. It is easy to check that if B; C
R3 is an increasing sequence of Borel sets with B = U; B;, then f(B,v) =
lim; o f(B;, v). Therefore it is enough to prove (24.1) for disjoint finite
unions of cubes of the same side-length with sides parallel to the coordinate
axis. Thus let B = U, Q; C B(0, 1) where the cubes Q; are disjoint with
side-length §.

For every v € S? the functiona +— H*(B N (LvL + a)) attains its supremum
for some a € R?; except for the vectors v orthogonal to coordinate planes it is
a continuous function of a and for these six exceptional vectors it takes only
finitely many values. Choose for every v € S some a € R? such that with
A(v) = L,J; + a we have f(B,v) = H*(B N A(v)). Clearly this choice can be
made so that the function v — f(B, v) is a Borel function.

We can now estimate using Schwartz’s inequality and Fubini’s theorem,

2 2
</ f(B, v)d02v> = (/ H*(B ﬁA(v))dazv>

2
m m 2
- ZfHZ(Qj NA@)do™v | <mYy_ </ HA(Q; N A(v))d02v>
j=1 j=1

=my_ H2 x HA(Q; x Q) N (A(W) x A(w))) d(c? x 62)(v, w)

i=1 §2x8?

=m H? x HA(UT_1(Q) x Q) N (Av) x Aw)) d(0” x 6°)(v, w)
S$2x$2

<m H2 x H2((x, ) € A() x A(w) : |x|, [y] < 1, |x — y| < v/38})
$2xS2
x d(0? x o¥)(v, w)

<m / / H2(B(x, v/38) N A(w)) dH xd(0> x o>)(v, w)
S2xS2 J B

(0.DNA(v)
< 378%m ’Hz({x € B(O,HNA(W):d(x, A(w)) < x/§8})
S2x S
X d(a2 X 02)(v, w).
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We estimate the last integrand by elementary geometry. For this we may assume
v # tw and that the planes A(v) and A(w) go through the origin. Then A(v) #
A(w) and A(v) and A(w) intersect along a line L € G(3, 1). Denote by «(v, w)
the angle between v and w. Then if x € A(v) N B(0, 1) and d(x, A(w)) <

/38, we must have x| < = /38 . This implies that our set is contained
sin(a(v,w))

in a rectangle with side-lengths W% and 2. This gives

4:/38

H2({x € B0, 1) N A(v) : d(x, A(w)) < V/38}) < ————,
sin(a(v, w))

and

2
(/ f(B, v)d02v> < 37'[82m/ ﬂ d(o? x o®)(v, w).

sin(a(v, w))

For any fixed w € S we have, for example by (3.31),

/sin(ot(v, w)) ! do’v ~ 1.

Combining these we conclude

2
(/ f(B, v)dozv) < mé* = L3(B),

as required. 0

24.2 Falconer and the case k > n/2

It is easy to modify the above proof for k = n — 1 for any n > 3. Now we
extend this to k > n/2 using the argument of Falconer [1980a]:

Theorem 24.3 There are no (n, k) Besicovitch sets for k > n/2. More pre-
cisely, if k >n/2 and E CR" with L"(E) =0, then for y,x almost all
Ve Gn, k),

HYENV 4+a)=0 forallaeR".

Proof We shall use the following formula, say for non-negative Borel functions

f

f f Ix|F fF()dH" *xdy, V= cn, k) | fdL". (24.2)
G(n,k) JvL Rn
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To prove this, integrate the left hand side in the spherical coordinates of V+:

/ f lx[* £y dH"Fx dyn iV
G(n,k) JV+
o
=/ / / rkf(rv)do"_k_lvr”_k_ldrdyn,kV
G,k Jo yLnsi—l

o0
=/ r"_1/ / frv)yde"*dy,  V dr.
0 G(n,k) JyLnst—!

For non-negative Borel functions on "1,
/ / gy do" *vdy,  V = c(n, k) gdo" !,
Gn,k) JvLns'~! st

because the left hand side defines an orthogonally invariant measure on S"!
and such a measure is unique up to multiplication by a constant. Thus

f f Ix[* £ () dH" ™ x dy, 1 V
G(n,k) JVL

o0
= c(n, k)/ r! frvyde" Yvdr = c(n, k) fdcr.
0 gn-1 R

Suppose now f € L'(R")N L*(R"). Let V € G(n, k). If £ € VL, then,
writing for a moment x = xy + xj,,xy € V, xj, € VL, we have by Fubini’s
theorem,

o) = / i / fdHt dxly = F(e),
Vi V4xi,
where
Fy(x}) :/ fdH* forx, e VL.
V4xi,

Thus by (24.2) and Schwartz’s inequality,

f / |Fy (&) dH"™ & dy,,V
G(n.k) J{gevL:|g|>1}

-[ |F@) aH ¢ dy, v
G(n.k) J{geVLi|E|=1}

= c(n, k) | F(&)]|g|7* g
{EeR:|g]=1}

R 1/2 12
< k) ( / |f($)|2d$> ( / g ds)
{g€R™:|&|=1}

=, b f2,
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where ¢/(n, k) < oo since 2k > n. As ||]"\||Oo < || fll1 and k < n, we also have

f / By ()] dHE dyn iV
G(n.k) J{gevL:|g|<1}

= ¢(n, k) |F®llEl™ dg S f I
{geRm|g|<1}

So we see that for almost all vV € G(n, k), fv e LYV, By Fubini’s theorem
also Fy € £Y(V1) for all V € G(n, k). Thus the Fourier inversion formula
implies || Fy || poo(y1y < || Fyv|l1(v1) for almost all V € G(n, k). Consequently,

/ 1P ooy dyniV < f f@@Nd%"—"sdyn,kvs||f||1+||f||2.
G(n,k) Gn,k)J v+

Suppose now that f is a continuous function with compact support. Then
FYy is also continuous and the above inequality turns into

MEFOYdyaiV S I+ 1F D2 (24.3)
G(n,k)

where M¥ f is the maximal k-plane transform,

MEF(V) = sup

xpevit

/ fd?-[k‘ for V € Gn, k). (24.4)
V+xi,

By easy approximation (24.3) extends from continuous functions to all
f € L'N L% To see this observe first that if (24.3) holds for all f; in an
increasing sequence of non-negative functions in L' N L2, then it holds for
lim; o f;.Thusitis enough to verify (24.3) for simple functions Z;”:l ajxa;-
Approximating each A; with open sets, we are reduced to the case where
the sets A; are open. Such functions ", a; x4, are increasing limits of
continuous functions with compact support and (24.3) follows for all f €
L' N L?. Applying (24.3) to the characteristic functions of bounded measurable
sets completes the proof of the theorem. 0

24.3 Bourgain and the case k > (n + 1)/3

Next we get a further extension by proving a result of Bourgain [1991a]. The
proof makes use of Kakeya maximal function inequalities.

Theorem 24.4 If k > (n + 1)/3, there are no (n, k) Besicovitch sets. More
precisely, if E C R" with L"(E) = 0, then for almost all V € G(n, k),

HYENV +a)=0 foralla e R".
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Proof We may assume that £ C B(0, 1). We begin with the following corollary
of the formula (24.2): if g € S(R"), R > 0 and sptg C B(0,4R)\ B(0, R),
thenforl =1,...,n—1,

c(n,l)
4Ry

n n— C(nsl) n
[sracr< [ [ JaPantan,y < G2 [ rac

Rll
(24.5)

where gy is defined by

gv(x) = / g(x +v)dv forx € V&,
v

To prove this let V € G(n, [) and observe that
Zv(x) =32(x) forxe Vvt

where gy is the Fourier transform of gy in the (n — [)-dimensional Euclidean
space V1. Applying Plancherel’s theorem both in V- and in R” and using also
(24.2) we obtain

/ / ey dH " dy,, v = / / G dH dy,, v
G, JvL G, JV+L

= [ [ erawtany <&t [ [ aigwpane-an,y
Gn,l) JvL Gn,l) JV+

=cn, DR | [81*dL" = cn, DR | |g|*dL".
R* R*

The other inequality follows in the same way.
Let f be a non-negative continuous function with support in B(0, 1). Choose
¢ € S(R") such that

p(x)=1 forx € B(0,1) and ¢@(x)=0 forx € R"\ B(0,?2),

and define for j = 1,2, ...,

@jlx) = 2/"p(2/x) forx e R",
for which @;(x) = (27 x). Define also

fi=F*xoi—f*@j,

where ¢y = 0. Then

f@x) =) fi(x) forx eR",

J

and

fi=Ff@ —¢gm) with sptf; C{x:2/7" < x| <2/
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Fix j for a while and let g = f; and § = 27/. Define also as above
gv(x) = / gx +v)dv forx e R",V € G(n, k),
14

and let M* g be the maximal k-plane transform of g as in (24.4). Using the fact
that spt f C B(0, 1) it follows by Fubini’s theorem that

lgv ()| = 2@l flloo (24.6)

where (k) is the volume of the k-dimensional unit ball. We claim that with
Vo ={v+te:veV,teR}

Mrg(V,) < Ks(gv)(e) foree VL,V e Gn, k). (24.7)

To prove this, notice first that gy = v; * fy with ¢; = ¢; —¢;_; and

/ g:f/g(x+v+te)dvdt:/gv(x—i—te)dt.
Ve+x RJV R

Fixing V and e define

F(x):/fv(x—i—te)dt and G(x):/gv(x—i—te)dt for x € R".
R R

(24.8)
Then G = ; * F and to get (24.7) from this we first prove:

Lemma24.5 Lety € S(R") with spt 17] compactandlet F € L'(R"). Defining
for§ >0, Ys = 67" (x/8), we have forall § > 0, x € R”,

[¥s * F(x)| < C(¥) sup 57"/ |¥s * F(y)|dy.
ZERn B(z,8)
Proof By change of variable we may assume § = 1. Set

s = SUP/ [V« F(y)|dy.
B(z.1)

ZER"

Choose ¢ € S(R") with = 1 on spty/. Then ¢ = oy = m, so Y =
¢ x . Thus ¥ * F(x) = ¢ * (¥ % F)(x) so that

W FOol < /

B(x,1)

II/I*F(y)Idy+/ lo(x — )Y * F(y)|dy

R"\B(x,1)

5s+/ lo(x — ) % F)|dy.
R\ B(x,1)

We estimate the remaining integral by dividing R"” \ B(x, 1) into dyadic
annuli B(x,2/)\ B(x,2/7"), j =1,2,..., and covering each such annulus
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with roughly 27" balls B;; of radius 1. Then using the fast decay of ¢,

lpx — )Y * F(y)|dy < / lp(x — )Y * F(y)|dy
A”\B(X,l) J;Z Bj‘,’

L
oo 00 0o
Sy [y oy = 3302 s £ 300 =
j=1 i Bji FEri =

O

Returning to G = /; * F as in (24.8) and setting T"f(a) ={y+te:|y—
al <8/2,t € R} (recall that § = 27/), Lemma 24.5 gives that

[ d=1emis s [ Gy sw s [ levldy.

Ve+x zER" B(z,8) ac€R” T3 (a)
where the last inequality is easy to check.

Finally to get to Ks(gy)(e) we need to show that the averages over infinite
tubes in the last term are dominated by averages over tubes Tf (a) of length
one. For this we can use the same trick as in the proof of Lemma 24.5. Choose
¢ € S(R") with =1 on sptg/b? and write again gy = ¥; * fy = @ * /; *
fv = ¢ * gy. Then

/N lgvMldy S sup / lgv(Mldy
Th(a) bET}(a) J T)(b)
follows by the fast decay of ¢, as in the proof of Lemma 24.5. This completes
the proof of (24.7).
The measure y, , can be written as

f hdyny = c [ / h(V.)doyedyn 1V
G(n,k—1) J Sy

for non-negative Borel functions & on G(n, k), where Sy = VLN st and
oy is the surface measure on Sy. This follows from the fact that with a proper
normalization constant ¢ the right hand side defines an orthogonally invariant
Borel probability measure on G(n, k).

Let ¢ > 0 be such that 3k —n —1)/2 — & > 0. Applying (24.7) and the
Kakeya maximal inequality (23.22) on VL.V eGm, k—1),we get with p =
(n+3—k)/2,

IMEg(Vo)IP dove S | Ks(gv)(e) doye
SV SV

S 8(k—n+1)/2—8 /L |gv|p d%n_k-H.
\%
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Integrating over G(n, k — 1) and using (24.6) and the above formula for y, x
we get

/ (M* )P dy, i S 8*T V272 102 /

/ lgv > dH" ™ dy, i V.
G k—1)Jvi '

Recalling (24.5) and the fact that sptg C B(0,2/8) \ B(0, 1/(28)) we obtain
[t ang g oo [ lpac,
Returning to f = ; fj» and replacing back ¢ = f; and § = 277, we deduce

k k
IME Fllegno < D IME fill Lo
J

1-2 2 j 1-3k)/2 1-2 2
SNAISYPIfI5P D " aiedi=satelnr < g L2l £ 15/,
j

because || fillo S || fll2and (n + 1 —3k)/2 + ¢ < 0.
We have now proved the inequality

IME Fllognn S IFISZ 2N (24.9)

for continuous functions with support in B(0, 1). The same approximation
that we used at the end of the proof of Theorem 24.3 yields it for all f €
L N L? with spt f C B(0, 1), and the theorem follows again applying this to
characteristic functions. O

24.4 Further comments

Theorem 24.2 was proved by Marstrand [1979] and Theorem 24.3 by Fal-
coner [1980a]. Falconer [1985a], Theorem 7.12, gave a duality proof for
Theorem 24.2, similar in spirit to the one we gave for Theorem 11.2. The above
proof of Theorem 24.3 shows that for almost all V' € G(n, k) the functions Fy
agree almost everywhere with continuous functions. It can be developed to give
more information about the differentiability properties of these functions for
f € L7?; see Falconer [1980a].

Falconer [1980b] related the problem of the existence of (n, k) Besicovitch
sets for k > 2 to certain projection theorems for lower dimensional families of
the Grassmannians. Unfortunately there is a gap in the proof and it remains
open whether this type of approach could be used. Recall Section 5.4 for a
discussion on some such restricted projection theorems, but these are far from
being applicable to (n, k) Besicovitch sets.
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Theorem 24.4 is due to Bourgain [1991a]. In fact, Bourgain proved with
a rather complicated induction argument the stronger result that there exist
no (n, k) Besicovitch sets if 27! + k > n. R. Oberlin [2010] extended this
for (1 + 2"+ k > n. It is an open question whether there exist (n, k)
Besicovitch sets for any k > 1.

We can also get a maximal inequality for the k-plane transform: if p >
(n+3—k)/2and k > (n 4+ 1)/3, then

IME Fllegr S I (24.10)

for LP(R") with spt f C B(0, 1). This follows by interpolation combining
(24.9) and results of Stein, see Theorem 1 and its corollaries in Stein [1961].
Falconer [1980a] obtained such inequalities for certain values of p when k >
n/2 and Bourgain [1991a] when 2k=1 4 k > n. R. Oberlin [2007] and [2010]
extended them further using the Kakeya maximal function estimates of Katz
and Tao [2002a].

This kind of estimate immediately tells us that we can foliate the space
by parallel planes none of which intersects a given set in a large measure. For
example, already (24.3) gives the following: if A C B(0, 1) (in R") is Lebesgue
measurable and k > n/2, then there is V € G(n, k) such H*(A N (V + x)) <
A/ L'(A) forall x € R™. Of course, because of Besicovitch sets such inequalities
are false for k = 1, and again they are open for small £ > 1. However Guth
[2007] was able to find a good foliation with curved surfaces for all k > 1.
Gromov and Guth [2012] applied inequalities of this type to embeddings of
simplicial complexes into Euclidean spaces.

Estimates for k-plane transforms have been studied and applied extensively.
The cases k = 1 (X-ray transform) and k = n — 1 (Radon transform) are par-
ticularly important. Fix ak, 1 <k <n — 1, and let

Tf(W)= / f, W ak-plane in R".
W
Parametrizing the k-planes as

Wyw={v4+w:veV} VeG(n,k),weVJ‘,

one is led to search for mixed norm estimates

r/q I
(f ([, 17 areo) dyn,kv) <l @411
Vv

for various values of p, g and r, with obvious modifications if ¢ or r is co. The
norm on the right hand side could also be replaced by a Sobolev norm.
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I do not go here into details on the known and conjectured (the full solution
is still missing for all k) ranges of exponents. I only make a few comments
and the reader can complete the picture from the references given. The case
q = oo corresponds to maximal transforms we just discussed. When ¢ = co
and k = 1, (24.11) is false because of the existence of Besicovitch sets. For
other values of ¢ the case k = 1 is close to properties of Besicovitch sets
and Kakeya maximal function estimates. We already mentioned Drury’s X -ray
estimate (withk = 1, r = ¢)in Section 23.4 and its application to the (n + 1)/2
bound. Its range of exponents was improved by Christ [1984], who also proved
estimates for general k. Wolff [1998] developed further his geometric methods
from Wolff [1995] in R? to improve known mixed X-ray estimates. L.aba and
Tao [2001b] generalized this to R”. In these two papers relations between
Kakeya methods and mixed estimates are pursued in a deep way.

Mixed norm estimates as in (24.11) are closely related to estimates on
maximal k-plane Kakeya functions

Kisf(V) = sup

—_— |fldLt, Ve G, k),
ackr LY(TP() J1ia)

where T{f (a) is the §-neighbourhood of (V + @) N B(a, 1). Such estimates were
proven by Mitsis [2005] and R. Oberlin [2007], [2010]. They give again lower
bounds for the Hausdorff dimension of (n, k) Besicovitch sets. Mitsis [2004a]
proved that the Hausdorff dimension of (n, 2) Besicovitch sets (if they exist) is
at least 2n/3 + 1. R. Oberlin [2010] proved that

n—=k
(1 + V2)

dimB >n—

for all (n, k) Besicovitch sets.

It is not always necessary to consider all planes in the Grassmannian: if
G C G(n,n — 1) is a Borel set and if a Borel set A C R” intersects a translate
of every plane V € G in a set of positive n — 1 measure, then £"(A) > 0, if
dimG > 1,and dimA >n —1+4+dimG, if 0 <dim G < 1. This was shown
by D. M. Oberlin [2007] who first proved a restricted weak type inequality
for the maximal Radon transform involving measures with finite energy on the
space of hyperplanes. It also follows from Falconer and Mattila [2015] with a
duality method. See Mitsis [2003b] and Oberlin [2006a] for results preceding
these. Oberlin [2007] proved similar estimates for families of spheres, too. In
Oberlin [2014a] he obtained analogous, but weaker, results for k£ planes when
1 <k <n— 1. Rogers [2006] proved estimates for the Hausdorff dimension
of other restricted (n, k) sets; the planes considered form a smooth submanifold
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of the Grassmannian. For instance, he showed that if a subset of R> contains a
translate of every plane in a sufficiently curved one-dimensional submanifold
of G(3, 2), then it must have Hausdorff dimension 3.

By Falconer’s result in Falconer [1986], for any n > 2 there exist (n,n — 1)
Nikodym sets, that is, Borel sets N C R” of Lebesgue measure zero such that
forevery x € R" \ N thereis ahyperplane V through x for which V \ {x} C N.
Mitsis [2004b] showed that they have Hausdorff dimension 7.



25

Bilinear restriction

In this chapter we prove a sharp bilinear restriction theorem and we show how
it can be used to improve the Stein—Tomas restriction theorem.

25.1 Bilinear vs. linear restriction

Earlier we studied the restriction and extension inequalities such as

I Fllzony S N fllzogsy for f e LP(S"Y).

Recall that by fwe mean here the Fourier transform of the measure fo"~!.
By Schwartz’s inequality we can write this in an equivalent form

”ﬁﬁ”LWZ(R”) S AllLrsoll flle—y  for fi, for € LP(S™™.  (25.1)

As such there is not much gain butif f; and f, are supported in different parts of
the sphere, we can get something better. Let us look at the case p = 2, g = 4.
By Plancherel’s theorem the inequality

I f1folleeny S Wfillzas— Il f2ll z2esn1y (25.2)

reduces to the non-Fourier statement

ICFio" ™ % (Ho" Dl S 1Az | ol (25.3)

I % 0! behaves like

If n = 2, this inequality fails when f; = f, = 1, because o
|2 — |x]|~"/? when |x| &~ 2. But if the distance between the supports of f; and
f> is greater than some constant ¢ > 0, its validity is rather easy to verify. We

have the following more general theorem:

Theorem 25.1 Let S, and S, be compact C' hypersurfaces in R" such
that their unit normals n;(x;) at x; € S; satisfy d(n(xy), na(x2)) > ¢ for all
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x; €8;,j =1,2, and for some positive constant c. Then

I 71 oll 2y < €Sty SO fllzes)N foll 2y
forall f; € Lz(Sj),j =1,2

Proof Let 0 < § < 1 and let S;(5) be the 5-neighbourhood of S;. Due to the
transversality assumption we have

L"(=81(8) + x) N $,(8)) < 8%

Let g; € L>(R") with sptg; C S;(8). Then forall x € R", g;(x — y)ga2(y) # 0
implies y € (—S1(8) + x) N S>(5). Hence by Schwartz’s inequality

/ lg1 * g2(x)|* dx < / / 181x — )P 1g2(F dy L7 (—S1(8) + x) N $2(8))dx

582/|g1|2/|g2|2.

The theorem now follows approximating functions f; € L(S;) by functions
gj=g;) € Lz(Sj((S)) and letting § — 0. O

In the plane this theorem is sharp, but not in higher dimensions. The main
purpose of this chapter is to prove a sharp theorem in every R”, n > 3. But then
we shall also need curvature assumptions in addition to transversality.

The bilinear restriction problem on the sphere asks for what exponents p and
g the inequality (25.1) holds for f; € LP(S"™1, j =1,2, or for fi € S(R"),
if spt f; C §; and Sy and S, are transversal (normals pointing to separated
directions) subsurfaces of $”~!. More generally, S; and S, can be some other
type of surfaces (pieces of paraboloids, cones, etc.). The essential conditions
required are usually a certain amount of curvature and that the surfaces are
transversal.

The point in bilinear estimates is not only, nor mainly, in getting new types
of inequalities, but it is in their applications. In particular, they can be used to
improve the linear estimates, and that is what we are going to discuss soon. One
way (and equivalent to others we have met) to state the restriction conjecture
is (recall Conjecture 19.5):

Conjecture 25.2
I f Nl < CO. @l f sy for feLP(S"™),

P s )
b= '
By the Stein—Tomas theorem this is valid for p =2, =2(n + 1)/(n — 1),

and as observed in Section 19.3 also for ¢ > 2(n 4+ 1)/(n — 1). The Kakeya
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methods developed by Bourgain and Wolff give some improvements for this,
but still better results can be obtained via bilinear restriction: we reach g >
2(n + 2)/n. This is based on two facts: a general result of Tao, Vargas and
Vega [1998] of the type ‘bilinear restriction estimates imply linear ones’ and a
bilinear restriction theorem of Tao [2003]. The latter is the following:

Theorem 25.3 Let ¢ > 0 and let S; C {x € "' : x, > ¢}, j = 1,2, with
d(Sy, S2) > ¢ > 0. Then

1A Fallsy < Cg. Ol fillizesy follizesy  forg > (n+2)/n
and for all f; € L2(Sj) withspt f; C §;,j =1,2.

The lower bound (n + 2)/n is the best possible. This can been seen using
the second part of Lemma 3.18 in the same way as we used the first part to
prove the sharpness of Stein—Tomas theorem 19.4. More precisely, let0 < § <
l,ep—1 =(0,...,0,1,0),¢, =(0,...,0,1) e R*, ¢ = 1/(12n) and

D, ={x¢€ sl [xXp—1]| < 2, 1—x-e, < 82},

D,={xesS": x| < 82,1 —x-e,_1 <84
with ¢"~'(D;) ~ §". Then we have as in Lemma 3.18 for g; = xp,,

gj(€)] 2 8" for& €Sy,

where
Ss={§ eR":|§| <c/dforj=1,...,n=2, |6 | < /8 |&| < c/8%}
and £"(Ss) ~ §7"2. If the estimate of Theorem 25.3 is valid for some g we
get

8 S NG e S Igillzs)lg2llas,) ~ 8"

Letting § — 0, we obtain g > (n + 2)/n.

Theorem 25.3 is not quite enough to get improvements for the linear restric-
tion inequalities; we need such estimates for more general surfaces. We need
these also for the application to distance sets, and for that we need a version for
more general measures on the left hand side. So let us now present the setting
where we shall prove a bilinear restriction theorem.

25.2 Setting for the bilinear restriction theorem

We have positive constants Cy, cg, &9 and Ry and we have for j = 1, 2, bounded
open sets V; C R"~' C B(0, Ry), V; is the g9-neighbourhood of V;, Vj* is the



372 Bilinear restriction

4¢p-neighbourhood of ‘7j, C?-functions ¢; : Vj* — Rsatisfying: the maps Vo;
are diffeomorphisms such that for all v; € V;, det(D(Vg;)(v;)) # 0 and

Vel < Co, (25.4)
|ID(Vo)(v;)(x)| > colx| forx e R", (25.5)
ID(Ve)@) ™ (Vea(v2) — Vi (v1)) - (Va(va) = Vor(v)| = co,  (25.6)
[D(Ve2)(w2) ™ (Vi (v1) = Vo (v2)) - (Vi (v1) = Vo (v2))| = ¢, (25.7)
S; =1{(x,¢j(x)) : x € V;}, j = 1,2, are the corresponding surfaces,
s and ¢ are positive numbers with s < n and

| mi 4s n+2 (25.8)
> go = max 4 1, min , , .
7> 9 n—+2s—2 n

w € L*°(R") such that
0>0, ol <1 and w(B(x,r)) <r® forallx e R", r > 0. (25.9)

Here, as before, we identify w with a measure and w(A) means f A O,

u is a Borel measure on R” such that w(B(x,r)) <r®forallx € R",r > 0.

(25.10)
Notice that these inequalities yield that there is a positive constant cy,

depending only on Cy and ¢y, such that
[Voi(v1) = Vo ()] = ¢ (25.11)

for all v, € ‘71, vy € \72 Since (Vg;(vy), 1) and (Vg,(v,), 1) give the normal
directions of the surfaces §; and S,, these surfaces are transversal.

If the eigenvalues of the Hessians D(Vg;), whose matrix elements are the
second order partial derivatives 9;9d;¢;, are all positive, which means that the
principal curvatures of the surfaces S; are positive, then (25.11) is equivalent
to the conditions (25.6) and (25.7), at least if we restrict to sufficiently small
subdomains of V| and V,. This is easy to check. In general, (25.11) does not
imply (25.6) and (25.7). We have formulated here the conditions (25.6) and
(25.7) not only because of greater generality but because they appear quite
naturally at the end of the proof.

25.3 Bilinear restriction theorems

We shall prove the bilinear restriction theorem for ¢ > gg. Of course, when

1 = w is Lebesgue measure, s = n. Then ¢y = "j:z and we have the same
. _ 4s . e n—2 n+2.
range as in Theorem 25.3. We have ¢y = oy if and only if 5 Ss <55

this range is all, and even more, than we need for applications to distance sets.
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Compact spherical subcaps of open half-spheres can be parametrized as
above. Later we shall need surfaces which are obtained by scaling small spher-
ical caps to unit size. If we scale all directions by the same factor, we would
get flatter and flatter surfaces from smaller and smaller caps. In order to have
uniformly curving surfaces we need to scale caps of size n by 1/1 in the tan-
gential directions and by 1/7? in the normal direction. The following example
presents this more precisely.

Example 25.4 Let n be a small positive number and C; and C, spherical
caps in S"~! with d(Cj) =~ d(Cy, Cy) ~n. We could as well assume that
C; = S8""'NB(v;,n) such that v; = (29,0,...,0,/1 —(2n)?) and v, =

(vz,l ,0,...,0,, /1 — v%ﬁl) with (4 + ¢)n < v2,; < Cn with some positive con-
stants ¢ and C. Let ¢, ¢(x) = /1 — |x|2, x € B"~1(0, 1/2), parametrize these
caps.

We use the linear map 7' : R* — R”",

Tx =n"'(xp, .o Xm0 ' x),  x €RY,
to scale the caps C; and C,. Define
Si=1{x,9jx):xeV;}, j=12,
where
Vi=Bn 'u;, ) R with v = (uj,v;,)
and
@j(x) =21 —n*|x[H'? forx e V.

Then we have T(C;) C S;,V; C B(0,C + 1)\ B(0, 1) and d(Vy, V») > c.
Moreover forx € V;,

—X
Voi(x) = W’
the matrix of D(Vg;)(x) is —0ki B 02X .
J (1_n2|x|2)1/2 (1_n2|x|2)3/2

If 7, is sufficiently small and 0 < n < n,, the inequalities (25.4)—(25.7) are
easily checked with constants depending only on 7.

The bilinear restriction theorem we shall prove is the following:

Theorem 25.5 Suppose that the assumptions of Section 25.2 are satisfied. Then

I i Follogo < Cllfillzespll Plliasy  for fi € LX(S)),  j=1,2,
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where the constant C only depends on the numbers n, s, q, Cy, co, Ry and &g
in Section 25.2.

Remark 25.6 As in Section 19.3 once we have this theorem for some ¢, it
follows for any larger ¢. In particular, it suffices to consider ¢ < ’::11 , just for
some technical reasons which will appear later.

Here as before the Fourier transform f; means that of the measure f;o;
where o; is the surface measure on §;. It is equivalent to consider the actual
surface measure, that is, the Hausdorff (n — 1)-dimensional measure restricted
to S;, or Lebesgue measure lifted from R"~! onto the graph. It will be more
convenient to use the latter and we shall denote it by o;. Then the integrals over
S; (and similarly for other graphs that will appear) mean

/gdoj:/ g(x, @j(x))dx. (25.12)
s v;

J J

In particular, E means

Fin = frojx.n = / OO £y o (1) d,
Vi

(x,1) e R x R. (25.13)

At some instances, in particular in Section 25.5, it will be more convenient
to work with the bounded weight w instead of the measure p, so we shall now
reduce Theorem 25.5 to the following:

Theorem 25.7 Suppose that the assumptions of Section 25.2 are satisfied. Then
11 2ol o) < CUA N 2ol follasy  Sor fi € LA(S)).  j=1,2,

where the constant C only depends on the numbers n, s, q, Co, co, Ry and &g
in Section 25.2.

Proof that Theorem 25.7 implies Theorem 25.5 Choose ¢ € S(R") such that
o(—x) = p(x), = lonspt(f; * f2).Then f| f» = (f1f>) * ¢ and by Holder’s
inequality with ¢’ = ¢ /(¢ — 1) we have for x € R",

(TPl < / GOl -yl dy

PN 1/q 1/q’
< (/Iflfz)(y)l"lw(y—X)Idy> </ I<p(y—X)|dy>

PN /q
< ( [ 17 R —x>|dy) .
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1t follows that
/|ﬁfz>|‘fdus//|f?ﬁ><y>|q|¢<y—x>|dydux =f|ﬁfz>|qw

with ® = |¢| * . Using the fast decay of ¢ and the growth condition (25.10)
for p it is easy to check that |w| e < C(s, ¢) and w(B(x,r)) < C(s, ¢)r® for
all x € R", r > 0. Consequently, Theorem 25.7 implies Theorem 25.5. O

25.4 Bilinear restriction implies restriction

Before starting to prove Theorem 25.7, let us go to the theorem of Tao, Vargas
and Vega mentioned above.

Theorem 25.8 Let M > 0,1 < p,q < 00,q > 2n/(n — 1) and p' < "=1q. If

the estimate

I f1follLon@ry < M| fillLeespll f2llzecsy) (25.14)

holds for all surfaces Sy and Sy as in 25.2, then also the estimate
| Fllzo@n < C, )M fllos
holds.
Combining Theorems 25.3 and 25.8 , we obtain

Theorem 25.9 The restriction conjecture holds for g > 2(n + 2)/n:
| Fls@n < COLDISf lursry for [ € LP(S™),

-1
o < Z+ 94> 2(n +2)/n.

To check this, we only need to consider the case where g is smaller than
the Stein—Tomas exponent 2(n 4 1)/(n — 1). Then p > 2 and we can apply
Theorem 25.3 with p in place of 2.

Observe that these results again give the restriction conjecture in the plane.
Proof of Theorem 25.8 We give the proof only for p’ < ,’1:11 q, allowing the
constant to depend also on p. For the end-point result, see Tao, Vargas and
Vega [1998].

We only consider the case where ¢ < 4. This is actually enough by the
Stein—Tomas theorem and the fact that the restriction conjecture is valid in the
plane.
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It is enough to consider f € S(R"). Moreover we may and shall assume that
S"=1'N spt f liesin a part of $"~! which has a parametrization (v, ¢(v)), v € Q,
where Q is a cube in R"~! and ¢ > 0. Then we can write the Fourier transform
of f as

fln = f e ) £y () dv,  (x,1) € R"T' xR,
0

Next we write

712 A2
||f||Lq(R») = ||(f) ||L‘f/2(R")s

and
(f"\)Z(x’ t) :/ / e—2]‘[i(xﬂ)+t(p(v))f(v’ (p(v))e—zni()('w"rfgﬂ(w))f(w’ (p(U))) dvdw.
Qv 0

As in Chapter 16 we introduce a Whitney decomposition of O x O \ A, A =
{(v, w) : v = w}, into disjointcubes I x J € Qy, k = ko, ko + 1, ..., where I
and J are dyadic subcubes of Q such that d(I) = d(J) = 27%d(Q) ~ d(I, J)
when I x J € Q. Let f;(v, p(v)) = f(v, (v))x;(v). Then we have

- S It
1l =D D ffs <> Ah
k IXJEQy La/2(RMY k IxXJ€Qy; La2(R)

(25.15)
The Fourier transform of the measure f; x f; is ﬁ\f = f,f} We have
spt fr % fr CSU,J):={(w,0):vel+J,0<t<2}.

Denoting by 21 the cube with the same centre as / and with the double side-
length, we have that for I x J € Oy, 21 + 2J liesina C2_"—neighbourhood of
21 + 21 for some constant C depending only on n, so the sets S(21,2J), I x
J € Q, have for each fixed k bounded overlap with a constant independent
of k. Choose smooth compactly supported functions 0 < (1, J) <1 such
thaty (I, J) = lon S(I, J),sptyr({, J) C S(21,2J)and ||m)||l ~~ 1,and
define the operators 77 ;j by

T8 =vU, J)*g.

Using the bounded overlap of the supports of the functions m ),
(I, J)(x) = ¥(I, J)(—x), Plancherel’s theorem gives the L? estimate for
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arbitrary L? functions g; s,

2 2
> Tisgn =| > vU.Dha
IXJE€Qy LZ(R") IXJEQ, LZ(R")
— 2 2
S Z ||gI,J||L2(]Rn)= Z ”gI,J”LZ(Rn)'
IXJ€Q; IXJ€Qy

The L'-estimate

Z T1.y81.4 S Z lgrs L1

IXJ€Q, LR IxXJeQ,

for arbitrary L'-functions g; ; follows by ||T7.;¢7.1l1 < |lgs.s]li and trian-
gle inequality. These two inequalities tell us that the operator Ty, Tx(g;.s) =
> ix 7€0, T;.581.y, acting on vector valued functions is bounded from
L"(R",I") to L"(R") for r = 1 and r = 2. By the Riesz—Thorin interpola-
tion theorem for such operators, see, e.g., Grafakos [2008], Section 4.5, T} is
also bounded from L4/>(R", [9/?) to L4/>(R™), since 1 < ¢g/2 < 2 (all of course
with norms independent of k). Thus

q/2

2
Z T1.081.4 S Z ||81,J||%/2(Rn)-

IXJ€Qy Lal2(RY) IXJ€Qy

Recall that ¢/(1, J) = 1 on the support of f; * f;, so

T f) = v, 1) (Fifr) = FQr U, D s £0) = Fi frs

whence
q/2

Y Nl DD V] s (25.16)

IxXJEQy La/2(RrY IxJ€Qy

In order to apply our bilinear assumption we have to scale f; and f; back to
the unit scale. Let I x J € Q. After a translation and rotation we may assume
that I U J C B(0, C27%) c R"~!. Then the appropriate scaling is (v, (v)) >
(2%v, 2% p(v)) := (w, Y (w)). Define, with this notation,

gl(w? 1//(11))) = fl(vv §0(U)), gj(w’ W(w)) = fl(vv (p(v))
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The change of variable formulas give (g7 and g; are now of course with respect
to the graph G, of ¥/, recall our convention (25.12)),

Fr(x, 1) = 27Kn=Dg 2~k x 2724y F(x, 1) = 27D gy (2 x, 27%¢),

/ |f[fj|q/2 = 2—k(f1(n—l)—(n+l))/ |g,\1é\1|q/2,

/ lg/|P = 20D / 1P, / lgs|P = 240D / 1.

By Example 25.4 we can apply (25.14) to get,

~ ~ 1q/2 2 2 2
18181190 gy < M N1 106, N80 100, -
Combining these statements we find

=) _ (atD)

> 2 2~—k 7 2 2
17 PPy < M2 =0y e e

Recalling (25.15), inserting the last estimate into (25.16), and using the fact
that for each I there are only boundedly many J such that I x J € Qy, we
obtain

2/q

~ y k(@S et ) )
1y S SO S w22 O = 02 e
k IXJEQ)

2/q

- ZMZ_zk(‘",%/”—("I”) D [
k

1€D;

Here Dy is the collection of all dyadic subcubes of Q of diameter 27Xd(Q).
The factor ("p;,l) — @ is positive by our assumptions. So the theorem follows
if we have

Z ||f1||?‘p(sn—l) E ||f||([]‘P(Sn—I)~

1€D;

This is true if g/p > 1. Choosing p’ sufficiently close to ﬁq we do have
q/p = 1 due to the assumption g > 2n/(n — 1); if p’ = 271, then q/p =

q— ’::11 > 1. Moreover, getting the result for some p gives it also for larger p
(and smaller p’). O

25.5 Localization

We now proceed towards the proof of Theorem 25.7 proving first a localization
theorem of Tao and Vargas. In the following theorem the relations between p
and g probably are not sharp, but all that is really needed is that if the assumption
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holds for all & > 0, then the assertion holds for all p > ¢. In this section we
shall assume that S; and S, are compact (n — 1)-dimensional graphs of C?
functions ¢; and ¢, with non-vanishing Gaussian curvature. More precisely,

S =1{x, 9j(x) 1 x € K},

where ¢; : V; — R is a C? function, V; is open, K; C V; is compact and the
assumptions of Theorem 14.7 are satisfied. We do not need here the transver-
sality assumptions (25.6) and (25.7).

Theorem 25.10 Let f; € L2(Sj),j =1, 2. Suppose that w € L®°(R") with
>0, |l <landl < p < :‘:ll.lfa >O,i(1 +n4Tal)<$+n2—ﬁl’Ma >
1 and

I f1f2ll L0, Boe.R) < Mo R || fillL2cs Il f2 1l 22¢s,) (25.17)
forx €R". R > 1, f; € LX(S)). j = 1,2, then

1 Bollee < CMal fillizsoll Bllizs,y  for £ € LAS),  j=1,2,
(25.18)

where C depends only on the structure constants of Section 25.2.

By Theorem 14.7 the Fourier transform of the surface measure o; on §;
satisfies

G50 < Ci(1 + |x[)" D2 x e R, (25.19)

We shall use this information in order to be able to apply the Stein—Tomas
restriction theorem 19.4:

18l 2atn < Callgjllics,)- (25.20)

We need that the constant C,, and so also C, only depends on the structure
constants given in Section 25.2. Theorem 14.7 as given and proved is not
quite enough for that, but one can for example use the argument of Stein
[1993], Section VIIL.3.1, to get the sufficient estimate for the constant. On
the other hand, just for proving the bilinear restriction theorem 25.3 for the
sphere and for the application to the distance sets, Corollary 25.25, only the
surfaces in Example 25.4 are needed and for these the required dependence of
the constants is immediate. We do not really need the rather delicate end-point
result of Theorem 19.4, since we have open conditions for the exponents in
Theorem 25.10. We could in place of (25.20) use

&1l < Callgjllras;) (25.21)

sufficiently close to %

2(n+1)

with any r > ==



380 Bilinear restriction

Our assumptions on p and ¢ in terms of 8 = (n — 1)/2 read as
1 1 2 1

1<P<'B;, —<1+—a><—+ *

B p p qg 1+p

Instead of applying Theorem 14.7 and assuming non-vanishing Gaussian cur-
vature, it would be enough to assume the decay condition

IG5 S A+ [xD~P, xeR”,

with some 8 > 0. Then by the general form of Stein—Tomas restriction theorem,
Theorem 19.3, (25.21) holds for r > % The proof below works under these
conditions. Thus the method also gives a version of the theorem for example
for conical hypersurfaces.

The proof of Theorem 25.10 will be based on three lemmas. The first of
these says that the hypothesis (25.17) yields a similar statement if the functions
live in neighbourhoods of the surfaces. Recall that A(r) stands for the r-
neighbourhood {x : d(x, A) < r} of a set A and Cy is the upper bound for
IVe;lleo givenin (25.4). By LP(A) we shall now mean the space of functions
in L?(R") which vanish outside A.

Lemma 25.11 Let 1 < g < o0, let M be a positive number and let |1 be a
Borel measure on R".

(a)If
oo < M fllzasy for £ € L(S),  j=1.2, (25.22)
then for all r > 0,
1 F1lLog < CCOMNTIIfIl2 for f € LA(S;(r)). (25.23)
(b) If
1A Bollag < M fillzsoll follsy  for f; € LX(S),  j=1,2, (25.24)
then for all r > 0,

17 Bolleag < CCOMr| filal ol for f; € LAS;(r)),  j = 1,2.
(25.25)

Proof We prove only (b). The proof of (a) is similar. Let S; , = {(x, ¢;(x) 4+ 1) :
x € Vj}and S = Uy <, S Itis enough to prove the lemma for S’ in place of
S;(r).
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Let f; € L*(S)) and fj,(z) = fi(x,9;(x) +1) for z=(x,9;(x)) €
S;, |t| < r. Then by change of variable u 4+ ¢;(y) = s and Fubini’s theorem,

|jc;(x, t)| — // e_2ni(x'y+”)fj(y, $)ds dy’
— // e—Zni(x.y-i-t(u+<pj(y)))fj(y’ u+ ;) du dy‘

-
= / fe_Z”i("‘>'+’(“+‘/’f(y)))iju(y, ¢j(y)) dy du
—-r

— / e—2ﬂituﬁ(x’ 1) du

—-r

5/ |7j:(x,t)|du.

Thus using Minkowski’s integral inequality, (25.24), Schwartz’s inequality and
Fubini’s theorem,

~ ro__ ro__ q 1/q
I fifallLoge < (/ ([ |f1,u(Z)|du/‘|f2’v(z)|dv> duz)
q 1/q
(/ (/ / |f1u(Z)f2v(Z)|dudv> d,uz)

r r
= / / ”fl,ufZ,v”L"(M) dudv
—r

M/ f | frull 2csn L ool 12csy) du dv
, 12 , 12
EMVZT </ |f1,u|2du> v 2r (/ |f2,u|2dv)
—r J S —r JS

~ Mr| fill2]l f21l2- 0

The second lemma shows that for functions living in neighbourhoods of the
surfaces §;, a local hypothesis, namely (25.26), gives a global estimate.

Lemma 25.12 Let 1 < g < oo, let M and R be positive numbers and let |1 be
a Borel measure on R" such that

1A Bolleoe by < MUl forx € RY,
fi € LXS;2/R)), j=1,2. (25.26)

Then

1 Blliegy < Co, M| filall folla for £; € LAS;(1/R)), j=1,2.
(25.27)
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Proof Let f; € L2(Sj(1/R)),j =1,2. Let ¢ € SR") be such that 0 <

v <1,¥y~1 on B(0,1) and sptyr C B(0,1). Cover R" with balls

B(xx, R/2),k =1,2,..., such that ), xpw.r ~ 1 and define ¥y(x) =
2q 2q

w((ic/— xx)/R). Then ", ¥ %\Zk VA Y XL Vi ~ 1. Moreover

spty C B(0, 1/R), whence sptyy * f; C S;(2/R). Applying (25.26) and

Plancherel’s theorem, we obtain

—

1WE fi Foll Lo 8o my = 1k * fiie * foll Loge. B Ry
< M|y x fil2ll¥w * f2ll2 = MY fill2 ¥ f2l2-

Summing over k we get by Schwartz’s inequality,

17 2l S D I xseer ¥ i 2l Lo
k

= Y WA Pl sry < MY VAl Vi fallo
k k

1/2 1/2
5M<Z||wkfi||%> (anfzné)
k k

~ M| fill2ll follz = M fill2] foll2- O

Corollary 25.13 Assuming (25.17) we have for all R > 1,

17 Bl < €, g, CoOM R fill2] 22
for fj € LA(S;(1/R)), j=1,2. (25.28)
Proof Applying the assumption (25.17) and Lemma 25.11 with p =
wl"|_ B(x, R) we have

I APl om0y S MaR* T filllfll2 forx € R f; € L7(S;2/R)),
j=12.
Hence the corollary follows by Lemma 25.12. O

The third lemma tells us how estimates in the neighbourhoods of the surfaces
S; lead to estimates for functions defined on the surfaces themselves. Recall
that C; is the Stein—Tomas constant in (25.20).

Lemma 25.14 For any F € L°@®R") N L'R") with |Flleoc <1 and any
N,R>1,

free

2

o0
S C(nv C27 N)R_(n_l)/ZHFHZZ(ni]) + Z R2_kN||F§\2||i2(Sl(2k/R))s

n+3 k=0
(25.29)
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forall g; € L*(S)), j = 1,2, with lgjllaes,y < 1, and
2
‘ f Fgiha| < C(n, Co, Co, NIRRTV F|3,0,

n+3

[e%e}
—kN | T2
+ Z R2 ”FhZ”LZ(Sl(Z/‘/R))’ (2530)
k=0

forall g1 € Lz(Sl), hy € LZ(S2()\./R)), A > 0 with ||g1 ||L2(Sl) <1, ||h2||2 <.

Proof By the product formula (3.20), Schwartz’s inequality and (3.28) (we
leave it to the reader to check here and below that these formulas hold in the
needed generality),

fres

By Holder’s inequality and (25.20),

2

2
= =12 2
- ‘ [ Fasido| < 1FGla, s,

~ [F@aFglali, < [ FEaIFE

IF&l1 < [1Fllaetn 1820 ety < Cofl Fllautn. (2531
n+3 n—1 n+3

Choose ¢ € S(R") such that ¢ = 1 on B(0, 1), ¢ vanishes outside B(0, 2) and
write o as

or=1+1n with T(x) = @(x/R)G1(x).
Then
1Blloe S RT"TV2,
and so by (25.31)
V F+DFD| < Bl F&IT S RV Flur,.  (2532)

n+3

Next we estimate | [[(Fg, * 71)Fg|. By (3.28) (note that 7, € L?)
s [1F@PIal

Using the rapid decay of ¢ one checks easily that

‘ / FH+DFH

()| = ‘R"/WR(y —x)doy| Sy R(1+d(x, $)~".
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Hence

o0
—kN || =12
SJN ZRZ ||Fg2||L2(S](2k/R))c

’/ (Fg2*xT)F&
k=0

This proves (25.29). To prove (25.30) we argue in the same way but use the
Stein—Tomas theorem in combination with Lemma 25.11(a) to have

Ih2]] 20t < C(Co, COAZR™I2, O
n—I1

In order to complete the proof of Theorem 25.10 we shall prove that for any
measurable set A C R” with 1 < w(A) < o0,

Ixag18llLiw S Maw(A)l/p/”gl||L2(Sl)||g2||L2(S2) forg; € L*(S)), j =1,2.
(25.33)

Let us first see how this implies the theorem. Let p, g and o be as in the
assumptions of Theorem 25.10 and choose p; < p so thatalso p; satisfies these
conditions. Fix f; € L*(S;), j = 1,2, with I fillz2s,) = 1. Apply (25.33) with
p1 in place of p and with

A={x:|fip(x)|>A}, A>0.

Note that w(A) < oo because f; e LP(R") for some py < oo by the Stein—
Tomas restriction theorem and w is bounded. Then by (25.33), if w(A) > 1,

3o(A) < 1 xafi Pl S Maw(A)'7,
which gives
o(x : |ia)] > 1)) < ML max{i =", 1),
Combining this weak type inequality with the trivial inequality

171 f2lloo < Cs,

with C3 depending only on the structure constants, (25.18) follows from
o s S
/ | fifolPo = / ox : | fi (0] = A} dr
0

cl
< Mg/ ATPYP d) < oo
0

It remains to verify (25.33). For this it suffices to show that if ¢ is a measur-
able function with |¢| = 1 and if we set {4 = ¢ x4, then

‘ / ;Aagzw‘ < Moo g1l 25l 265 (25.34)
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Applying Lemma 25.14 with N = 3 and choosing (notice that the exponent

. s +1
below is positive as 1 < p < 7=7)

R — w(A)%(Zi?—%), (25.35)

we obtain

‘/CAglgzw

2

SR 1)/20)(14)""" +ZR2 3k||§A0)g2||LZ(Sl(2k/R))
k=0

o0
= oA + 3 R Ca0R sy
k=0

Here

/§Aw82h1 k
/§A82h1 kw‘

We can repeat the above argument with g, playing the role of g; and A ;
playing the role of g>. Now A4 is in L?(S;(2%/R)) with norm at most 1 and
we have by (25.30)

- =
ICawglliacs, 24 ry) =
hl k”L (S](Z’”/R))Sl

”hl k”L (s](zk/R))fl

2
‘f {Agzhl w| S 2R w(A)Z/p + Z R2™ 31”{,‘,40)}11 k||L2(Sl(2‘/R))
1=0
Again
lCawhi il r)y = /é’Awhuhzl
||h21||L2<Sz(2’/R))—
= sup ||§Ah1.kh2.l||Ll(w)~

”hZ,l ”Lz(Sz(Zl/R))Sl

By Holder’s inequality

ARt bl < (A |7y thas || o)
By Corollary 25.13 we have for k <1,

||h1kh2l||L‘1(a)) < Mo(R/2Y" < M R*12.
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Combining these inequalities,

‘ [aggo

o0 o0

< (AP + M? Z R23 Z R273 (A4 R
k=0 =0

~ w(A)YP + M2 (A9 R,

2

Recalling how we chose R in (25.35) we see that

4o n+3_ 2

(A1 R = (AT,

Since by the assumption of the theorem,

4o n+3 2
(£32-2)

24"+ n+1 p

n—1

the desired inequality (25.34) follows and the proof of the theorem is
complete.

25.6 Induction on scales
The second crucial idea is an induction on scales argument due to Wolff:

Proposition 25.15 Suppose that the assumptions of Section 25.2 are satisfied.
Then there is a constant ¢ > 0 such the following holds. Assume that (25.17)
holds for some o > 0:

I /1 foll Lo, Boe Ry < Mo R\ fill 2o Il f2ll 22csy) (25.36)
forx e R", R > land f; € L2(S‘,~),j =1,2. Then forall0 < §,¢ < 1,
171 Foll oo B ry < CR™CATDETEY £ Foll sy (25.37)

forx eR", R > 1and f; € L2(Sj),j =1, 2, where the constant C depends
only on the structure constants of Section 25.2 and on M, § and €.

The point here is that once we have this proposition we can argue inductively
to get down to arbitrarily small «. That is, Proposition 25.15 implies (25.17) for
all « > 0. To see this note that ||fj lloo < I1f7ll22(s;) by Schwartz’s inequality,
whence (25.17) holds for « = oy = 5/q. Fix ¢ > 0 and define

ajr =cajf(aj+c)+e,  j=0,1,2,....
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Suppose (25.17) holds for & = «; for some j. Apply Proposition 25.15 with
8 =46; =a;/(aj+c). Then

max{a;(1 —9), 8} = ca;/(ej + ),

and it follows that (25.17) holds for o = o; 1. It is easy to check that if & is
chosen small enough, the sequence («;) is decreasing and

aj = (e 4+ Ve + 4ce) /2.

Since we can choose ¢ arbitrarily small, (25.17) holds for all « > 0.

So Proposition 25.15 together with Theorem 25.10 yield Theorem 25.7.
Before giving the details for the proof of Proposition 25.15 we give a sketch of
the main ideas in the case w = 1.

25.7 Sketch of the proof of Theorem 25.7

The proof of Proposition 25.15, which is the core of the whole argument,
uses the third basic tool: the wavepacket decomposition. Fix R > 1 and let
fi€ If(S 1) with || fj [l 22¢s;) < 1. The wavepacket decomposition allows us to
write f; asasum of functions py ,. which together with their Fourier transforms
are well localized:

i, ) =y, pu,(x, 1), j=1,2. (25.38)

The indices w; (where w; always is related to f; and w, to f>) are of the
form (y;, v;) where the v; run through a 1/ V/R-separated set in V; and the
y; run through a V/R-separated set in R"~'. The functions Puw, are essentially
supported in the tubes (that is, they decay very fast off them)

T, = {(c.0) ¢ [t] < R, |x = (y; — 1Vg;(0)] < RV}

and their Fourier transforms have supportsin S; N B((v;, ¢;(v;)), 2/ VR). The
transversality assumptions on S; and S, guarantee that any two tubes 7),, and
T, are transversal.

The proof of the wavepacket decomposition involves several technicalities,
but in principle it is not very difficult. Here are the main ideas. First find
C-functions 1 and ¥ on R"~! such that

spt7 C B(0, 1), sptyy C B(0, n),
Y=k = Y Y-k =1forx eR""

kezr—! kezr—1!
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Define for y; € RY?Z" " andv; € R7'2Z"' NV,

Iy, () = 1 (xjﬁy") @ = Y(VRw—v)), xveR"

Then
7, (v) = R"=D20iv(J/Ro), sptily, © B(O, 1/V/R),
spt ¥, C B(vj,n/~/R).
Defining g; on V; by g;(v) = f;(v, ¢(v)), we have

Zn_,,j =1 and gj=21ﬂu/gj-
Vi v
Thus

g =y F (g

V.Y

Now the functions p, ,;,
Py, (X, 1) = f TG FIL ey W) dy,  (x, 1) € R xR,
V:

have the required properties. The decomposition fj(x, t) = X, P, (x,t) and
the fact sptﬁw\j C S; N B((vj, ¢;j(v))), Z/ﬁ) are easily checked. The fast
decay of p,,, outside T,,, follows by stationary phase estimates, more precisely,
by Theorem 14.4.

In order to prove Proposition 25.15 (when @ = 1), we need, by (25.38), the
estimate

”Ew;pw]pwzlqu(Q(R)) Sj RS(R(I—(S)a + RCB)_

Here Q(R) is the cube of side-length R centred at the origin. Some pigeonholing
arguments and normalizations of the functions p,,; reduce this to

IZw,ew, Pun Pun a0y S RERITD + RO)/HW #W,
for arbitrary subsets W; of the index sets under the conditions
1Pu,lloc < R,

Next the cube Q(R) is decomposed into cubes Q € Q of side-length R'™%.
Then

| Zw;ew; Pw, P, | L1c0R) < Zoeall Zw;ew; Pw, Puw, lIL9(0),
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and the problem easily reduces to the estimation of each Q summand on the
right hand side. For a fixed Q € Q the sum over w; and wy is split to the local
part, denoted w; ~ Q and w, ~ Q, and the far-away part, w; % Q or w, % Q.
Local here means that for a given w; the cubes Q with w; ~ Q are contained
in some cube with side-length ~ R'~® which allows us to use the induction
hypothesis (25.36) to get the upper bound R® R~ \/#W,#W, for this part of
the sum.

The far-away part will be estimated by R® R \/#W #W,. First there is the
L'-estimate

> PuPus| S RGW)EW,)'?,
w1 EW, w2 €W, w12 Q or w0 L1(0)

which follows by some L? estimates for the functions Puw,- Hence by interpo-
lation the required estimate is reduced to showing that for every Q € Q,

> P P < ROTOTDI W) (W) 2.
wi €W, wr€Wa, w1 #£Q or wy#Q L2(0)

Next Q(R) is split into cubes P € P of side-length ~/R. We are led to show
that for any Q € Q,

2

> > PunPus | S REOTOTIPHEW)HW).

PeP,PC20 ijWj,R5Pﬂij7é®,wl74Q or w2 Q 5

The reduction to R®P N T,,; # @ follows from the fast decay of p,,, outside
T,,,. Writing

Z Puw, Puw,

w €U, wr€U;

Z /pwlpwzpwipwév

2 wy,wi €U, wy,wh €U,

and
/pwlpwzpw{sz = \/pwlpwgpwipw; = /(ﬁw\l * ﬁw\z)ﬁu{ * EU\Q
the support properties of the Fourier transforms p,,, are used to estimate

< R—(n—2)/2'

~

‘/ Pw; Pw, Pwi Pw)
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Furthermore, the support properties yield that if we fix w; and w) and if
w/ is such that [ Pw, Pun Pw| P, # 0 for some ws, then vy lies in an R~/
neighbourhood of a smooth hypersurface depending on w; and w/. The geom-
etry of this surface is well understood because of the initial transversality and
curvature assumptions for the surfaces S;. These and the transversality of the
tubes 7, and T, lead to good estimates on the number of indices for which
[ P Pu, Pw Pu, 7 0, which together with some combinatorial arguments will
complete the proof.

25.8 Extension operators

We shall now go to the remaining details of the proof of Theorem 25.7.
Recall that f; means

fj(-xv t) = f]U](x’ t)
= / AW fi(0, 0 (0)dv,  (x, 1) € R"TT xR
Vi
Just as a change of notation, instead of functions on S; we can, and shall,
as well consider functions on V;, which we always extend as 0 outside V;, and

we set (the change of sign in the exponential is irrelevant and only for slight
later convenience),

Ejfi(x,t)= f vt £y dy,  (x,1) e R"TT xR
Vi

The operators E; are called Fourier extension operators. Theorem 25.7 now

reads as

Theorem 25.16 Suppose the assumptions of 25.2 are satisfied. Then
IEVfiE2 ol < ClAl2Nfollz for £ € LA(V)), j = 1,2,

where the constant C depends only on the structure constants of Section 25.2.

By Theorem 25.10 and Remark 25.6 it will be enough to prove the following
localized version: for all @ > 0,

IE1fLE2 follow, 0. k) Sa RN fill2ll fll2 forx € R", R > 1,
fieLA(V),j=1,2. (2539
Here Q(x, R) is the cube with centre x and side-length 2 R. Notice that (25.39)
holds for R > 1 if and only if it holds for R > R, with some R, > 0. We shall

obtain (25.39) by the induction on scales argument, recall Proposition 25.15.
That is, we shall prove
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Proposition 25.17 There is a constant ¢ > 0 such the following holds. Suppose
that (25.39) holds for some a > 0:

[E1 fLE2 foll Lo, 00, r)y = Mo R (| fill2]] f21]2 (25.40)

forx e R", R > land f; € L2(Vj),j =1,2.Then forall0 < §,¢e < 1,

IE1 fiE2 foll oo, 0t ry < CR™ME=D3F | g o (25.41)

fora e R", R > 1land f; € Lz(Vj),j =1, 2, where the constant C depends
only on the structure constants of Section 25.2 and on My, § and €.

Now we begin the long proof of Proposition 25.17. As stated before, this will
complete the proof of Theorem 25.7. Suppose o > 0 is such that (25.40) holds.
Fix R > 1, which we can choose later as big as we want. To prove (25.41) we
may assume a = 0 and nR™'/? < g;. Recall that ‘7] is the eo-neighbourhood
of V;.

Notation: Until the end of the proof of Proposition 25.17 the notation <
will mean that the implicit constant depends only on the structure constants
of Section 25.2 and on M,,, § and ¢. Other dependencies will be denoted with
subindices, for example <y .

25.9 Wavepacket decomposition

Set
y — RI/ZZn_l,
VJ — R—l/2zn—1 N V]’
Wj = y X Vj.

For each w; = (y;, v;) € W; define
To, ={(,0) 1 ]1] < R, Jx — (v, —1Ve;(u))| = R} (25.42)

Then Ty, is a tube with centre (y;,0) and direction (Vg;(v;), 1). Notice
that #V; < RU=M/2 and for a fixed v j the tubes T, ,y € ), have bounded
overlap.

The main tool for the proof of Proposition 25.17 is the following wavepacket
decomposition of E; f;, j = 1,2, in terms of functions which are essentially
localized in the tubes T, and whose Fourier transforms in x-variable are
localized in the balls B(v;, CR™'/?),v; € V;.
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Lemma 25.18 Let Co be as (25.4). Let f; € L2(Vj ). Then there are functions
Puw; € L*°(R") and non-negative constants Cy,,wj € W;, j=1,2, with the
following properties for (x,t) € R"™™' x R:

(l) E]f](xa t) = ijGW/ijpwj(xa t)

(ii) Pw; = Ej([)wj('a 0)).

(iii) || pu,lloc S RO/,

(iv) spt py, (-, 1) C B(vy, 2nR™1/?%).

(v) Puw, is a measure in M(R") with

sptﬁw\/ CSiN{x,t):|x—vj| < 2nR™Y%
C B((vj, ¢(v))), 2n(1 + Co)R™'/?).

(i) Yo em, 1Cu 2 S 15512

(vii) If L is a sufficiently large constant and |t| <R or |x —(y; —
tVo;;)| > LR™'2|t|, then

lx — (v; —tVo;(v;))]
vR

—N
| pu, (x, )] Sy RO/ (1 + ) forallN € N.

In particular, if |t| < Rand A > 1,
P, O S5 RT1™ i d((x, 1), Ty = RTV2,
|pw, OIS GRT™ if d((x,1). Tu) = AR.
(viii) If |t| < R, then for any W C W;,
2

Z pw,('st) S#W

w;EW 2

(ix) The product p, pw, € L2(R™).

The notation is not quite correct: p,, could be different from p,,, although
w; = w, and similarly for Cy, but this should not cause any confusion; we
prefer not to complicate notation writing p; ., , for example.

The main estimates are those for |[f| < R. We only need the estimate for
|t| > R in (vii) to get (ix), and only to be able to use Plancherel’s theorem for

pwlpwz-
Proof We can choose C*-functions 1 and ¥ on R"~! such that 77 = 7,
sptii C B(0, 1), spty C B(0, n),
Y=k =Y Ya-k=1 for xeR""

kezr—! kezr—!
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By the Poisson summation formula, Corollary 3.20, we can take for 5 any
radial C*°-function such that [ n = 1 and spt7) C B(0, 1). For ¥ we can take
any non-negative C*°-function of the form ¥ (x) = g(x)/(}_ezm—1 §(x — k),
where spt g C B(0,n) and g(x) > 0 for x € [—1, 1]""".

Fory € YV and v; € V;, define

X + n—
ny(x) =1 <ﬁ})> Y, (V) = V(VR(v — v;), x,veR"L

Then

() = R"=D12270 v /Ru),  sptif, C B(0, 1/4/R),

spt,, C B(vj, n/~/R). (25.43)

‘We have

Zn_v:l and f; = Z Vo, fj = Zlﬁu/fj,

yey v;ERTI2Zn—1 v EV;

since f; vanishes outside V; and nR™!/2

R™127"=1\ V;. Thus

< &o, and 80 ¥, f; = 0 when v; €

fi= > F'@u Sy

v;€EV;,yEY
whence
Eifi= > . (25.44)
Vi€V, yEY
where
Gy, = Ej(F ' Gy, fimy)),
that is,

Gy, (X, 1) = / AT VHG FEL G En Yy du,  (x,1) € R xR
\4

Then gy, (-, 0) = F~ (F "W, f11,)), 50 4y 0, 0) = F (4, f37,) and thus
Byo; = E;(@y0, (5 0). (25.45)

We define the Hardy—Littlewood maximal function Mg in R"~! by

r>0

Mg(x) = suprl_”/ lg|ldci—t.
B(x,r)
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We also set L(¢;) = 3nLip(Vg;):
IV (x) = V()| = Ligj)lx — y|/(Bn).
Now we show
Lemma 25.19 Lery € Y, v; € V;, j = 1,2. Forall (x,1) e R"™' xR,
100, D] S M, (). (25.46)
If|t| < Ror|x —y+tVe;(v))| = 4L(p;)R™"/?|t|, then for any N € N,

lx — (y —tVe(v)))]
VR

Proof Since spt F~' (Y., f;1,) C spti, + spt F~(1,) C B(v;, 2n/~/R), we
find a C*-function ¥ such that sptyy C B(0,3n) and ¥, =1 on
spt}“_l(tpvjfjny) where ¥, (v) = 1//(\/?(1) —v;)). Set F,, =¥, f;. Then,
changing v R(v — vj)tov,

—N
gy.0,(x, ] Sn M(wv/f,-)(—y)(1+ ) . (25.47)

Gy, (. 1) = / TR EEL G, Finy )W), () dv
_ // eZni(x.v+t(pj(v)+z.v)ij(Z)ny(z)lzvj(,U) dzdv
= RO~ / K+ 2, 0F, (R + y)dz,
where
K(x, 1) = /eZni(R’1/2x-v+x~vj+f(o,»(R’1/2v+vj)){;(v)dv‘
Using the fast decay of n we conclude

|Gy, (x, )] <RI/ / |y, (2n(R™V2(z + )| dz

oo
< R(l—n)/Z/ |Fu| + R(l—n)/2
By VR 2

j=1
<[ 2R, |
B(=y.2/ VR\B(=y,2/~'V/R)
o0
< M(F,))(=y) + Y 27/ M(F,))(—y) = 2M(F, ().
j=1

and (25.46) follows.
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Suppose that |¢| < R.If v € spt ¥, then
R™2|1Ve;(R™?v + v)) = 1V¢;(v))| < Lip(Ve))lv| = L(g)).

Hence if |t| < R and |x + tVg;(v;)| > 2L(p;)R'/?,
IV,(R™?x v +x- v+ t(pj(R_l/zv + )= RV x + tV(p_,-(R_l/zv + v))|

> R™'2|x + 1V, )| = R™2(1Ve;(v)) = 1V, (R™?v + v))|

> R™|x + 1Vg;(v))]/2.
Thus by Theorem 14.4,
1+ |x + tV(p(vj)|>N.

VR

This holds trivially if |x + Ve, (v;)| < 2L(¢;)R"?, so

|Ku¢n5N(

|qy.0,(x, D] S R“_")/z/ |K(x +z—y, On(R™'?2)F,,(z — y)|dz

_ + z| - _
< R "W/ <1 Ll ) (R™V2)F, (z — y)|dz
~ ﬁ |77 v; y |

witha = x — (y —tVg;(v))).
Thus to prove (25.47) it suffices to show that for L > 1,a € R F e
Llluc(Rn_])’

1—n |a + Z| - |Cl| -
I:=x 1+ ; [n(z/A)F(z)|dz <y 1+ = MF(0).
(25.48)
If |a| < 2A, we get as above,
- N la]\ ™"
I <A77 | In(z/MF()|dz S MF©O) <3V (14 o MF(0).

Thus we may assume that |a| > 22 so that (1 + “;—l)_N A (|f‘\—|)_N. We have

o0
I = Zlk,
k=0

where

—-N
_ -
Iy = 2! "/ <1 + la—z|) In(z/MF(2)|dz,
B() A

—N
[k:kl_”/ S (1+T) In(z/MF(2)|dz, k=1,2,....
BQRKW\BQ2K 1))
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If |a| < 25T'A, we use the rapid decay of 7, [n(z/A)| Sy 27N+ for 7 €
B(2*0) \ B(2¥"11), to get for k > 1,

I <Al / 1/ F ()| dz
B(2l‘)»)\B(21‘_')»)

<y 2Rk / |F(2)|de < 272V (lal /0y MF(0).
B(2k))

It Ja| > 213 and z € BQ)\ B3, then |a+z| > |al/2 and
In(z/M)| < 27%, whence

I < 212 (lal /2~ / In(z/MF )| dz
BQE\BF12)

v 272N (lal /TN @0 / |F(z)|dz < 272 (la|/2) " MF(0).
B(2k))

Also

Io S 2%(lal/2) ™A f |F(2)|dz < 2V(Ja|/») " MF(0).
B(»)

Summing over k gives (25.48) and proves (25.47) for |t| < R.

To prove the remaining part of (25.47) assume that |f| > R and |x — y +
tVe;(vj)| > 4L(p;))R™'?|t|. Then |x —y +tVe;(v;)| > 4L(p;)R">. We
have again as above,

Gy, (x, 1) = R / K(x—y+z On(R™?2)F, (z— y)dz,
where

Kx—y+z,1) = /eZm'(R*l/z(x—y+z)-v+(x—y+z)~vj+t¢/(R71/2U+U/))IF/}I(U)dv.

Now we have for v € spt 1},
R™'2|tVe;(R™"?v 4+ v;) — tVg;(v;)| < L(p))R™'|t].
Iflx —y+z4+1tVe;w))| > |x —y +1Ve;(;)|/2,
IVo(R™'VP(x =y +2) v+ (x —y+2) v + 19;(R™v + v)))|
=R " x —y+z+1tVe;(R"v + v))|
>RV x —y+ 2+ 1tV — RtV (R™?v 4+ v)) —tVg;(v))|
>RV x —y+z+ 1tV — Lig)R 1|
> RV x —y +1Ve;(v))|/4,
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whence
lx —y + 1Y)\ "
IK(x—y+z,0) 3 <1+ ~
N JR
This gives
|Qy,vj(xv t)|

S RUTR / |K(x + 22—y, 0On(R™?2)F,, (z — y)ldz

_ —y+ 1Y\,
< pU ,1)/2/<1 + |[x —y j\Vj R™1/2; F, (z — dz
S NG In( Yy, (z — )

n R(l—n)/Z/ In(R™'?2)F,,(z — y)| dz.
B(y—x—tVo;;),|y—x—1Ve;;)|/2)

The first term is dominated by M (m)(—y)(l + W)_N as in the
case |t| < R. Settingu = y —x —tVg;(v;) we have |u| 2 V'R and so by the
fast decay of n we get for the second term,

R(l—n)/2/ In(R™'?2)F,,(z — y)| dz
B, Jul/2) ‘

< RO-M2(Ju ] /Ry N+ f IFy (2 — )l dz

B(0,2|ul)

< (|lul/VRYVMF,,(~y).

We shall now show that
Cyv, = R"VEMEy f)(=Y). Py, = Gy, / Cyon,

satisfy the claims of Lemma 25.18. Here p,, =0 if Cy, =0, that is, if
Y, fj = 0. It follows for example from Lemma 25.20 below that M (m )(—=y)
is finite.

First, (i) is clear by (25.44) and (ii) follows from (25.45). (iii) follows from
(25.46). To see (iv) note that

Gy, (D) = ETOFTLy, fimy)) = T, f) % 7)),
so by (25.43)
SPLGy., (5 1) C 5Pty f) + sptily C B(vj,n/~'R) + B(O, 1/v/R)

from which (iv) follows. By its definition g, ,; is the inverse transform of

the measure v; for which [ gdv; = [ g(v, (pj(v))]:_l(mny)(v)dv, from
which (v) follows by (25.43) and using (25.4) for the second inclusion.
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For (vi) we use:

Lemma 25.20 If f € L'(R")and spt f C B(a, r), then M(f)(y) ~ M(f)(y’)
when |y —y'| < 1/r.

Proof Let W be a C*°-function on R” such that W = 1 on B(0, 1) and spt ¥ C

B(0,2). Define ¥, , = W((x —a)/r). Then ¥, , = lonspt f,s0 f = VY, *
frand U, ,(x) = r*e 274 W(rx). Let o > 0.1f 20 > 1/r, then

0" / 171 <3"Go)™ / |71 <3"M(HG. (25.49)
B(y,0) B(y',30)
Suppose 20 < 1/r. We have

g—"/ 7] 9—"[
B(y,0) B(y,0)

< Q_"r"/lf\(z)I/B( )I@(r(x—z))ldxdz
y,0

o0
< / |F@ldz+o7"r" )y / 172
B(y',2/r) =1 ¢ BG 2 M\B(Y 2/ r)

x/ |U(r(x —2))| dx dz.
B(y,0)

dx

f f@)¥,,(x —2)dz

The first summand is < 2”M(f)(y’). In the second if x € B(y,0) and z €
B(y', 2% /r)\ B(y',2"/r), then

rlx =zl >rly =zl —rly =yl —rly—x| = 2" =1 —rg > 2 =3/2 > 2F2,

whence |U(r(x — z))| < 27" +Dk Therefore

o "r" f | f(2)| |W(r(x —2))| dx dz
B(y’ 21 /m\B(y" .2k /1) B(y,0)

< 2H@FH ) / 17 dz < 27 MDY,

B(y, 241 /r)
Summing over k we get

o~

0" f 1S M(HO. (25.50)
B(y,0)

The lemma follows from (25.49) and (25.50). O
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Using Lemma 25.20, the L? boundedness of M and Plancherel’s theorem,
we have

YolculP~ Y /B

MRS Y / M )

weW; YEV,VEV; (y’“/}) vEY;
T2 2 2
s [k =% [k s e
vEY; vEY;

so that (vi) holds. The first statement of (vii) follows from Lemma 25.19. The
second follows from the first.
(viii) follows by Plancherel’s theorem, (iv) and (vii): for every W C W;,

2

I o= (| X paen

wew vEV; yEY:(y,1)EW
2 2
5 Zf Z py,u("t) = Z/ Z py,v('»t)
veY; yEY:(y,v)EW vEY; YEY:(y,v)EW

DY /Ipy,v(-,t)lzg#w,

vEV; yEY:(y,V)EW

where the last two inequalities follow from (vii); the first of them by the
bounded overlap of T, ,,y € Y, the second of them since (vii) implies that
f |py,v('s t)|2 ,S 1.

The function p,, p., is bounded by (vii) and it decays very fast outside the
intersection of the sets {(x, 1) : [x —y; +tVo;(v;)| > Colt|/~/R}, j =1,2.1t
follows from (25.11) that for sufficiently large R this intersection is a bounded
set which implies that p,, p,, € L. O

25.10 Some pigeonholing

We now assume (25.40), and fix f; € L*(V;) with || f;|>, =1 for j =1, 2.
Then we have the wavepacket representations as in Lemma 25.18. Recall also
from (25.8) that

1 mi 4s n-+2
> go = max { 1, min ) .
7> n+2s—2 n

To prove Proposition 25.17, it suffices to prove that

> 2 CuCurbuipu, < R ROV 4 R, (25.51)
w1 EW) w, €W, L4(w, O(R))
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for some positive constant ¢, where Q(R) is the cube in R” with centre 0 and
side-length R.

Below ¢ will always depend on the setting described in 25.2, but we will
often increase its value while going on.

We now make some reductions in this sum. First, it is enough to consider
w; for which

T,, N5Q(R) # @ forj=1,2. (25.52)

To see this split the rest of the sum into three parts where 7,,, N 5Q(R) = @
and T,,, NSQO(R) # @, T,, NSQ(R) = @ and T\, N 5Q(R) # &, and T, N
5Q(R) = @ and T, N 5Q(R) = @. They can all be dealt with in the same
way, so we only consider the first one. By (iii) and (vi) of Lemma 25.18,
|Cw, Cu, Pu,| S 1. The cardinality of w, € W, such that T, N 5Q(R) # &
is roughly R"~!. The number of w; € W such that 5*R < d(T,,, Q(R)) <
5K+ R is dominated by (v/R)Y*™'(5*+/R)*~! = (5*R)"~". Thus using Lemma
25.18(vii) and (25.9), we get

Z Cwl szpwlpwz
(W1, w)EWIXWa, T,y NSQ(R)=2, T, NSQ(R)# LD

(o)
-1
SRy > I Pw [l 20@. 0y

k=0 w;€W,,5*R<d(T,, . Q(R)<5TIR

Li(w,Q(R))

WK

<) R"#{w, € W, : 55R < d(T,,, Q(R)) < 5*T'RY(SFR)™'™(5FR)"/4

k=0

57kRT™M < 2RT",

WK

S

k=0

Secondly, the number of pairs (w;, w,) satisfying (25.52) is < R*"~D,
so the sum over such pairs of the terms ||Cy, Cy, Pu, Pus || L2, 0(r)) Such that
|Cuw,| < R7'" or |C,,| < R71%is < R™%". Therefore we can assume that for
some constant C,

R <c, =<C. (25.53)

From now on we replace the sets WW; by their subsets which correspond to
those w; for which (25.52) and (25.53) hold. Evidently #/V; < R" and just to
fix an upper bound we assume that #/V; < R*".

Thirdly, we get rid of the Cy,. The number of dyadic rationals 27, j ez,
in [R™'%" C] is about log R, so the L9(w, Q(R))-norm of >_ Cy,, Cs, Puo, Py
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over (wy, w,) which satisfy (25.52) and (25.53) is <

2
(log R) > > Cu, Cosy Py P
w1 €W, k1 <Cypy <21 w2 €Wk <Cyy <212 L4(0, O(R)
for some dyadic rationals x| and «;. Writing ﬁw‘f = (Cu,/Kj)Pw; and W; for

the set of w; € W; for which x; < Cy; < 2«; we have

Z Z Cu, Cu, Pw, Py

w1 €Wk ZCoy 261 w2 €W <Cyy <2k

Y. D Pubn

w € Wy wa€ W

Li(w, Q(R))

K1K>.
Li(w, Q(R))

Since by Lemma 25.18(vi) \/#W; < 1/«; and since the functions p,,, satisfy
all the conditions (ii)—(v) and (vii)—(ix) (we shall not anymore make use of (i)
and (vi)), it suffices to show that

ST pubw

w1 € Wy wr€ Wy

for Wy C Wy, W, C W,

Now we fix W, C W, W, C W, for the rest of the proof. Decompose Q(R)
into R®" cubes Q € Q of side-length R'™® (without loss of generality we may
assume that R® is an integer). Then

Z Z Pw P,

w €W wr €W,

< RE(RY™) o REOYHW #W,, (25.54)
Li(w,Q(R))

<2

Li(,0(R) Q€2

Z Z Pw, Pw,

w €W w €W,

Li(w,Q)
(25.55)

We define a relation ~ between w; € W; and Q € Q and split the sum into the
parts where w; ~ Q and w,; ~ Q and where w; £ Q or w; £ Q. To define
this relation we also decompose Q(R) into R"/ 2 cubes P € P of side-length
VR (assuming that VR too is an integer) . For P € P, set

Wi(P)={w; € W; : T, N R'P # o). (25.56)
For dyadic integers 1 <k, k3 < R?" set
Ak, k2) ={P € P:ky <#W(P) <2k, ky < #Wi(P) < 2k2}, (25.57)
and for w; € W;,

Mwj, k1, k2) = #{P € Qky, k2) : Ty, N R°P # @}, (25.58)
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and for dyadic integers 1 < A < R?",
W/'()x, K1, K2) = {w_,- € Wj A< )L(w]‘, Ky, k) < 2)»}. (25.59)

For dyadic integers 1 < A, k1, k3 < R?*" and w; € W;(A, ki, k2) we choose a
cube Q(wj, A, k1, k2) € Q which maximizes the quantity

#{P e Q. k2): Ty, NR°P # 2, PN Q # @}
among the cubes Q € Q. Since #Q = R _ it follows that

#{P € Qk1,k2) : Ty, NR°P # @, PN Q(wj, A, k1, k2) # @} = ART™.
(25.60)
We define for w; € W; and Q € Q,

w; ~ Q if for some dyadic integers A, 1, k2 € [1, R™],
0 N10Q(wj, A, k1, k2) # .

There are roughly (log R)* dyadic triples (A, k1, k2) € [1, R*"]3, so for all
w; € Wj,

#HO0eQ:w; ~ 0} SR

Thus by (ii) and (viii) of Lemma 25.18, the induction hypotheses (25.40) (recall
that Q is an R'~*-cube), Plancherel’s theorem and Schwartz’s inequality,

2 2 2 pupe

0€Q ||wieW,wi~Q0 wr€Wr,wa~Q

Li(w,Q)
<Y IE |l D) PuGO|E| D pu0)
QeQ wEW,wi~Q0 wrEWH, wy~Q0 L9(0.0)

SR pu(,0) > pw0)

0€Q |[wiEW;,wi~Q 5 ||w2EW2,wa~Q )
< RUTY Z(#{wl € Wi :wy ~ ON'P#wr € Wy wy ~ QD'

0€Q

12 12
ER““_‘”(Z #{QGQ:w1~Q}> (Z #{QGQ:wz~Q})
wi €W, wrEW,

SJ RSRO!(]—(S)(#WI)I/Z(#WZ)I/Z'
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Hence, recalling (25.54) and (25.55), it is enough to prove
> > Pun P < ROHW) W),
Q€eQ wIEWI,WZGWZ,wl”]LQ or wZ?‘Q Li(w,Q)

Since #Q = R™, it suffices to show for all Q € O,

> Py P S ROHW) 2 (#W)' 2. (25.61)
wi EW wr €W, w170 or wy# 0 L9(w,0)

25.11 Reduction to L>(R")

We shall prove

> Pubu,| S ROTUTIIAEW) W),
wi €W, wr€Wa, w170 or wy#Q L2(0)
(25.62)

Let us check that this implies (25.61). Suppose first that ¢ > 4s/(n — 2 + 2s);
this corresponds to the case s < (n + 2)/2 in (25.8). Recall also from Remark
25.6 that ¢ < 2. Assuming (25.62) we have by Holder’s inequality and (25.9),

Z Pw, Pw,

wi €W, wr€Wa, w1 #£Q or wy#Q Li(w,0)
(2—q)/2q)
2/(2—
- > Do P ( / L2 q>>
wi €W, wr€Wa, w17 Q or wy#Q L2(0) 0

(2—q)/(2q)
< RO, )21y, </ a)2/(2—q))
9]

Q2=a)/Q2q)
< RO=O=2/A w2 W,) /2 </ w>
< Rc~8—<n—2)/4+<s(2—q>/(2c1>)<1—6>(#W§1/2(#W2)1/2
< RO=0=2/A5C=0)/Co W )2 W) 2 < RO HW,) V2 #W,) /2,
since s(2 — ¢q)/(2q) < (n —2)/4 when g > 4s/(n — 2 + 2s).

Next we show that (25.62) implies (25.61) for (n + 2)/n < g < 2. This
settles the remaining case. Here we only use that ||w||ec < 1, that is, we switch
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to Lebesgue measure without making use of the fact that || Bler) @ is much
smaller than £"(B(x, r)) when r is large and s < n. We decompose the sum
into the parts w; £ Q and w, £ Q, w; ~ Q and w, £ Q, and w; £ Q and
wy ~ Q. They can all be treated in the same way and we consider only the first
one. By Schwartz’s inequality and part (viii) of Lemma 25.18,

> Pun P,

w1 EWy,wr€Wo, w1 £Q and wy#Q L(Q)

S Z DPw, Z Puw,

w1 €W, w1 #0 L2(Q) wy €W, w27 Q L2(Q)
2 1/2

/ f Dw,(x,1)| dxdt
Rr—1

w €W, wy;LQ

IA

» 1/2
/ f Duw,(x,1)| dxdt
Rt wr €Ws, wo';LQ

< RAW)V2#W,) 2,

Thus we have the L! estimate

> Pun P < RGW)DP#W)' 2.,
Wi EW L wr €Wa,wi#£Q or wrtQ L1(Q)

This with (25.62) and the inequality [|g|l, < [lgll3~"/|l¢[*"*"%, which is an
immediate consequence of Holder’s inequality, yields that the left hand side of
(25.61) is bounded by /#W;#W, times

R(€=(n=2)/42(q—D/q pC=a)/q — Re82q—D/q p—((n=2)/42(¢—D/q+2—q)/q

< ROO2g=Dlq,

where the last inequality holds since —((n — 2)/2)(g — 1)/g + 2 —¢q)/q <0
due to the assumption ¢ > (n + 2)/n. Since we are allowed to change the value
of ¢, (25.61) follows.

For (25.62) it is enough to show that

> / Puspus| S REODHW W,
PEP,PC20Q w; EW; wlff/Q or wytQ
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Recall the definitions of W;(P), Q(k1, k2) and W;(A, k1, k») from (25.56),
(25.57)and (25.59). If w; & W;(P)for j = lor j = 2,then |py, pu,| S R0
on P by parts (iii) and (vii) of Lemma 25.18. Since #(W; x W>) < R*", we
have on P,

—8
> | P, Pus| S R
w; €W, w €W (P) or wy&W>(P)

Writing
Z pwlpr = g + h’
w; €W, wi#Q or watQ

where g consists of the terms for which w; € W;(P) for j = 1 and j = 2 and
h consists of the rest, we have |g| < R*", |h| < R™% on P and

/|g+h|zs/ |g|2+2/ |gh|+/ |h|25/ gl + R,
P P P P P

There are < R" cubes P € P with P C 2(Q, so it suffices to show that
2
Z Z Pw, Pw, 5 Rc&—(n—Z)/Z#Wl#Wz.
PeP,PC2Q ||w;€W;(P),w;#Q or w70 L2(P)

Pigeonholing as before we can reduce to sum over P € Q(k, k2), P C 20,
for some dyadic integers «y, k, € [1, R*']. By further pigeonholing we can
replace W;(P) by W;(P) N W;(X;, k1, k2) for some dyadic integers A;, A, €
[1, R?"]. Let us put

WHO(P, hker, k) = {w; € Wi(P) N Wikt i) 2 w) £ O},
and for U; C W,
Uj(P)={w; €U;: T, NRP # &}.

Breaking the sum over w; £ Q or w, # Q into the three sums over w; 4 Q
and wy % Q, wy £ Q and wy ~ Q, and w; ~ Q and wy % Q, it is enough to
show that for any U, C W, and any dyadic integers 1 < A, k1, k» < R*",

2

Z Z Z Pw, Pw, S, RC(S_(n_Z)ﬂ#Wl#Wz.

PEQ(112). PC2Q |y e w#O(p 1.y sep) W2EV2(P) )

(25.63)
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25.12 Geometric arguments

Now we approach the stage where geometric properties of the surfaces are used.
For this we reduce the open sets V| and V, to more convenient ones. Recall the
setting from Section 25.2. Covering V; with finitely many small cubes, say of
diameter at most &y, we may assume that V; is such a cube. Then we gain that

v+ v —v; €V, whenever v;,v] €V, and v} € Vy,

and vice versa with respect to V; and V,. Moreover, when these cubes are
sufficiently small

|V, (v)) = Vg;(vj)| <& whenever v, v} e \7/ (25.64)

vihere €1 1s a small constant that will be specified later. Define for v, € ‘71, v €
Va,
@yt Vi = R @y y(v]) = @1 (1) + 2(v] + 3 — v1) — @1(v]) — ¢2(v3),
and

M, ., = {v] € Vi : &, ,(v]) = O}

Then by (25.11),

V@, ()] = [Vea(v] 4+ vy — v1) = Vi (v)] = ¢ > 0. (25.65)
Set for U, C Wy,
Ny = sup #w| €U v eI, 4(C R}, (25.66)
UIEVI,UQEVZ

where again A(r) denotes the r-neighbourhood of the set A. The constant C|
will be determined below.

Lemma 25.21 For P € Pand U; C W;(P), j = 1,2,

2
Z Pw, Pw,

< ROTOTDRN(U WU #U,. (25.67)
w €U, ur€U; 2
Proof Recall first that p,, p,, € L*(R") by Lemma 25.18(ix). We write

2
I A
pwlpwz Wy, Wy, W,

w1 €U, wr €U, 2 wy,wi €U, wiel,

where

le,w{,wé = Z /PwlpszuJ{ng'

wr €U,
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Now
[ vtz = [ pemniam = [ s mm e

By Lemma 25.18(v) the ﬁ,; are measures for which, with C, = 2n(1 + Cy),

SPt Puy * Pun C B((v1 + v2, 01(v1) + 92(v2)), 2C2R™),

SPt P * Py C B((W] + 05, 91(v]) + ¢2(v))), 2C,R™'7?),
Hence [ pu, puw, Pu) Puy, = 0 unless

lup + va — (V] + V)| < 4C,R™/? (25.68)

and

lo1(v1) + @2(v2) — (@1 (V) + @2(v)))| < 4CLR™2. (25.69)
U1y ) w, # 0, then there is v, such that (25.68) and (25.69) hold. Thus

@y, (WD = l@1(v1) + @2(v) + vy — v1) = (@1(v)) + @2(v)))]
< l@i1(v1) + @2(v2) — (@1 (V) + ©2(v)))]
+ |@2(v2) — 2(v] + v5 — v1)]
< (40, + 4Gy Verlle)R™2 < 8CIRTV2.

Therefore by simple elementary analysis using (25.65) v} is contained in
Hv],w;(ClR_'/z) where C; depends only on ¢; and ¢;; this is the constant
we use to define N (U)) in (25.66). Hence the left hand side of (25.67) is

Z Z Z Z f Pw, Pw; P Pu,-

wi €Uy wyel, w| €U, v €l E(CIR*I/Z) wy€UL, v, €B(v] +vj—v,,4C,R™1/2)

V],V

Given w;, w), w, there are boundedly many points v, in the above sum. Since
all the tubes T,,, meet R° P, there are at most O(R®) points wy if v, is fixed
because y, € ) are ~/R-separated. By the transversality between the tubes Ty,
and T, (recall (25.11)), the measure of their intersection is < R™/2. By parts
(vii) and (iii) of Lemma 25.18 the product py, pu, Pu Py decays very fast off
this intersection and it is uniformly < R'™". These give easily

5 R—(n—2)/2‘

/ Pw, Pw, Pw| Pw)

Therefore for fixed w;, wh, wi,

2

wr €U, v, € B(v+v;—v1,4CLR™1/2)

/puupwzpw{pwé 5 ROT022,

The lemma follows from this. O
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The proof of the theorem will be finished by the following lemma.

Lemma 25.22 For any dyadic integers 1 <k, k3, A < R Qe Q,Pc
k1, k2), P C 20,

NWFCP, k1, 12)) S ROEW2/(hica).

Let us see that this implies (25.63). For any P € Q(ky, k2), #U,(P) <
#W,(P) < 2«,. Using this, Lemma 25.21 and the definitions (25.57)—(25.59),
we get

> > Y. Pubu

PEQ112). PC2Q ||y, e W O(p . iy ) W2EU2(P) o

SROTODR N NWOP. kL k) W] P A Ky kU (P)
PeQ(ky,k2),PC20

#W,
SRR N WPk aHUN(P)
K2 peoira).Pc20

_ 2HW-
< R2c8—(n—2)/2T2 Z #WPC(P, A, k1, k)
PeQ(k1,k2),PC2Q

28W.
< chsf(an)/Z_z Z #{P € Q(KI, K2) : Tw1 N RaP 7é Q}

w1 €W (A k1,K2)

< 4R =D28 W HW, .

So we have (25.63) which implies the theorem.
To prove Lemma 25.22 we need to show that for any v; € Vi, vé € V, and

Py € Qk1, k2), Py C 20,

SHW
#w) € WPy, k1, k0, 1) v} € T, (CIRTVA)) S ROT22. (25.70)

)\.Kz ’
Set
W7 eI, ) = {w) € W] (P, ki k2. 1) 1 o) € T, (CRT2).

Letw| € W/ (I, ;). Then T,y N R*Py # @and Q N 100w}, A, k1, k2) =
@. Since Py C 20,

d(PO’ 2Q(w/17 )"1 K1, KZ)) > Rl_sv
so by (25.60),

#{P € Qk1,k2) : T,y NR°P # @,d(P, P) = R'"™°} = AR™".
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Since k; < #Wh(P) < 2, for P € Q(ky, k»), we get
#{(P, w), ) € QUicr, k2) x WIO(IL,, 1) x W :
Ty NRP #@,T,, NR°P # @,d(P, P)) > R'’} (25.71)
> ARTHWT (M, ko

We shall prove Lemma 25.22 by finding an upper bound for the left hand
side of this inequality. This is accomplished by

Lemma 25.23 Let w, € W, and set
S ={(P,w)) € Qlky, k2) X WfLQ(l'Ivl,vé) i Ty N RP # &,
T,, NR°P # &,d(P, Py) > R'™°}.
Then #S < R,
Combining this with (25.71) yields immediately (25.70) and Lemma 25.22.
Proof of Lemma 25.23 Define
Cypop = {Gsu,8) € R xR :u € Voi(I1,, 1), |s| < 2R}

For w| € W/(I1,, ,;), we have v} € 1, ,,(CiR™?) and T,y N R Py # @,
whence
U Ty C Cyy iy (C3RV*T0) 4 Py,
wiew/ 2, 1)
for a constant C3 > 1. If (P, w}) € S, then T,y N R'P # @, 50
P C C, 1 (CsR'*T) + Py,

Since d(P, Py) > R'~® and both P and P, meet qu, we have

P CCy (R R R Py if (P,w)) €S forsome wj,
where for a suitable constant ¢, > 0,

thvé(Rl/2+37 R R. Py
= Cy y(CaRPF) N {(x, 1) 1 2R < |t < R} + Po.

Furthermore, T,,, N R°P # @ if (P, w}) € S, so

U PCRT,NC, (R R R Py,

(P,w})€ES for some w]

where

R°T,, = {(x,1): [t]| < R, |x — (y2 — t Vg (12))| < (2 + Co)R'*},
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with Cy as in (25.4). We claim that
R°T,, N Cy, 1, (RV*T° R R, Py) C B(yo, R'/**) (25.72)

for some y, € R" and some positive constant c¢. This is a consequence of the
fact that the tube T, intersects transversally the surface C,, ,; due to our basic
assumptions on the functions ¢;. We shall formulate this geometric fact in
Lemma 25.24 below. From (25.72) it follows that for each w) there are O(R®)
cubes P with (P, w}) € S. Since d(P, Py) > R'™° the number of possible w]
for which T,,; meets both R?P and R? Py is also O(R®). Lemma 25.23 follows
from this. O

We still need to check the transversality stated in (25.72). Part of this will
be done by the following lemma. For a smooth hypersurface S in R” we denote
by Tan(S, p) the tangent space of S at p considered as an (n — 1)-dimensional
linear subspace of R”". Then the geometric tangent plane is Tan(S, p) + p.

Lemma 25.24 Let ¢ > 0 and let T1 be a smooth hypersurface in R"™" with
I C B(0, 1) such that T1 = {v € R"™' : ®(v) = 0} where ® is of class C* and
[V®(v)| > cforallv e B, 1). Set

CID ={s(x,NeR"!'xR:0<s<1,x el

For y,veR" v # 0, let 1, be the line in direction (v, 1) through (y, 0),
that is,

Liy={(x,0)eR""xR:x =y+ vt}
Suppose for some v € B(0, 1),
d(, Tan(IT, x) + x) > ¢ forall x € II.
Then forany y € R" and 0 < § < 1,
1y »(8) N CIT1)(8) C B(yo, C) (25.73)
for some yy € R", where C depends only on ¢ and n.
Proof We claim that for all p € C(I1),
d((v, 1), Tan(C(I1), p)) > ¢/2. (25.74)

This means that /, , meets transversally C(IT) if it meets C(IT) at all. This
gives easily (25.73) and proves the lemma. To prove (25.74),let p = s(x, 1) €
C(IT), x € II. Note that

Tan(C(IT), p) = Tan(I1, x) x {0} + {t(x, 1) : t € R}.
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Suppose d((v, 1), Tan(C(I1, p)) < c¢/2. Then there are u € Tan(IT, x) and 1 €
R such that |(v, 1) — (u + tx, t)| < ¢/2. This gives |v —u —tx| < ¢/2 and
|1 —¢] < ¢/2. Thus |v — (u + x)| < ¢ and so d(v, Tan(T1, x) + x) < ¢ giving
a contradiction. This completes the proof of the lemma. O

It remains to see that Lemma 25.24 implies (25.72). Recall that the maps
Vo;, j = 1,2, are diffeomorphisms. Define

W) = o1(01) + ¢2((VoD ™ (V) + V5 = v) = o1 (Vo)™ () — p2(v))
when v € Vg;(V}). Then
VoI, ;) C{v e R w(v) = 0}.
By a straightforward computation,
VU (Vei(v))) = D(Ve@) ™ (Vga(v] 4 v5 — v1) — Ve (v)).

The normal vector to the surface Vgol(HU],vé) at Vo, (v}]) is parallel to this
gradient, so the tangent space is

Tan(Vei(T1,, ), Vei(v) = {x 1 x - V¥ (Ve (v))) = 0}.

Let wy, = (32, v2) € W,. Using (25.6) and choosing € in (25.64) small enough
we have

VW (Vo (v)) - (Vea(v2) — Vo (v)]
= |D(Ve)W) ' (Vea(v] 4+ vy — v1) — Vi (v)) - (Va(v2) — Veor ()]
> [D(Ve)() ™ (Vea(v2) = Vor(v)) - (Vea(v2) = Ve (1))
— ID(Ve)@W) ' (Voa(v] + vh — v1) — Vga(12)) - (Vo (v2) — Vo (v)))]
> ¢o/2.
Then

d(Vgy(v2), Tan(Ve (T, 1), Vi (v))) + Vi (v))
~ VU (Vi () - (Vga(v2) — Vo (v))]
> co/2.
We now apply Lemma 25.24 to the surface [T = Vg (I1,, ;) withv = Vs (v2)
and § replaced by R*~!/2. Scaling by R (25.72) follows and the theorem is
proven.

For the distance sets we need the following corollary, which was already
stated as Theorem 16.5. Recall that

A, ={x:r—1<|x|<r+1}.
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Corollary 25.25 Let(n —2)/2 <s <n,q >
such that

néﬁ,c > 0and un € M(R")

w(B(x,0)) <o° forallx eR", o> 0. (25.75)

There is a constant n, € (0,1) depending only on n such that
l.f0< 77 < nnvr > 1/777fj € LZ(RH)7Sptfj C Ar nB(Uj,nr), |vj| =r7j =
1,2, enr < d(A, 0 B(vy, nr)), Ay 0 B(vy, nr)) < 1r, then

11 2ollzsgo < Class, g, n™ 1 ary" ==/ fill2l fall2-

Proof Notice that that - Jé‘;_z > 1 and so ¢ satisfies (25.8). We may assume that

v =2, 0,...,0,/r?—@2nr)?) and vy = (v2.1,0,...,0, v5,) with vy | >
4+ c)pr.Let T : R* — R” be the linear map defined by
Tx = r) ' xq, oo X1, 17 ).
Set
S; =T(S" '(r)yN B, nr)), j=1,2.

If 0 < n < n, and n, is sufficiently small, the surfaces S; satisfy the conditions
in the setting of Theorem 25.5, as was already stated in Example 25.4.
Define

gi(x) = fi(T7'x), Jj=1.2

Then
- | o .
[i) = o G(T ') =nry'g (T '), j=1,2.
Therefore
o ” /9
I A follogo = n*(r)™ ( / 181 (T eNg(T (x)] d/uc)
1/q
=’ (gr)™" (/ RGOk dTn_'uy)
= *(r)y" ' (r) ™ 818l Lo
= > V4" 818 )| Loy
where

v=n(r)T, .
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To check the growth condition (25.10) for v, let z € R" and ¢ > 0. Then

v(B(z, 0)) = n(nr)* (T (B(z, 0)) < n(yr)n~'(nr)*o* = o',

where the last estimate follows by covering T (B(z, 0)) with roughly n~! balls
of radius (r)~! ¢ and applying (25.75). Since spt g; is contained ina C; /(r)-
neighbourhood of S; for some positive constant Cy, we have by Theorem 25.5
and by Lemma 25.11(b),

~ 2 \—
1812821 sy S ) lgill2llg2ll2-

We have also

lgillo =n~"2r) ™" 2| fill,  j=1,2.

Putting all these together we obtain

15 Pollogoy = n*~ 4@y 11| g1 &2 Loy
L RERAL OT0 AT CRo Wl [P PY P P
= 0> Y4 ary" ) T ) T Al A
= 4 ry 1 il foloe 0

25.13 Multilinear restriction and applications

Recall the bilinear restriction theorem 25.1 in the plane:

I f1f2ll2wey S Wfillzespll f2ll sy (25.76)

where §; and S, are compact smooth transversal curves. We did not need any
curvature assumptions for these curves whereas such assumptions are needed
for the sharp bilinear restriction theorem in higher dimensions. In this spirit
the following local n-linear theorem of Bennett, Carbery and Tao [2006] is a
natural analogue of (25.76): for every ¢ > 0,

Ifi-- fallzze—nio.ry S RENfillzaes) -+ 1 fallzas,)s (25.77)

forall R > 1, where S, ..., S, are compact smooth hypersurfaces in R” which
are transversal in the sense that for all x; € S; their normals n;(x;) at x; span
the whole space. To prove this result the authors use Kakeya methods. We
have seen that restriction estimates imply Kakeya estimates via Khintchine’s
inequality. Although Bourgain and Wolff could partially reverse this, any kind
of equivalence is lacking in the linear case. But in the multilinear case such
an equivalence was established by Bennett, Carbery and Tao which allowed
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them to prove (25.77). More precisely, they first proved the following Kakeya
estimate: for ¢ > n/(n — 1) and for every ¢ > 0,

Yoxnc Y < (8"HTY) - - (8"IHT,), (25.78)

€T T,€T, La/n(Rr)

for any transversal families 7; of §-tubes. Tranversality here means that the
directions of all tubes in 7; are in a fixed neighbourhood of the basis vector
e;. Different tubes in any 7; need not be separated, they can even be parallel.
Then (25.77) is derived using this Kakeya estimate.

Guth [2010] gave a different proof for these Kakeya estimates and he also
established the end-point estimate for ¢ = n/(n — 1). The proof uses rather
heavy algebraic topology and the polynomial method of Dvir; recall Section
22.6. Carbery and Valdimarsson [2013] gave a proof avoiding algebraic topol-
ogy and using the Borsuk—Ulam theorem on continuous maps on the sphere
instead. See also Guth [2014b] for a short proof for a weaker version of the
inequality (25.78).

Bourgain and Guth [2011] used the above results, together with other meth-
ods, to improve the restriction estimates in all dimensions greater than 2. For
example, in R? they showed

1 F oy S I f Nl for f € L®(S?), ¢ > 33/10.

Recall that Tao’s bilinear estimate and Theorem 25.9 gave this for ¢ > 10/3.
They also proved Bochner—Riesz estimates in the same range. Temur [2014]
gave further improvements on the restriction exponent in R®. His method also
works in dimensions n = 3k, k € N, and itis based on the ideas which Bourgain
and Guth used in R?.

More recently, Guth [2014a] improved the restriction estimate in R3 to
q > 3.25 using the polynomial method; recall Sections 22.6 and 22.7.

Bennett [2014] has an excellent survey on recent multilinear developments
with many other references.

25.14 Further comments

Theorem 25.3 is due to Tao [2003]. In fact, Tao proved his results for
paraboloids, but as he says in the paper, the method works for more gen-
eral surfaces including spheres. Before that Wolff [2001] proved the sharp
bilinear restriction theorem for the cone. Many of the ideas in Tao’s proof, and
presented here, originate in that paper of Wolff, in particular the induction on



25.14 Further comments 415

scales argument. The class of surfaces was further extended by Lee [2006a].
We have mostly followed Lee’s presentation. The weighted version of Theorem
25.7 and its application to distance sets is due to Erdogan [2005].

Tao, Vargas and Vega [1998] proved Theorem 25.8; getting restriction from
bilinear restriction. Based on earlier work of Bourgain, Tao and Vargas [2000]
proved the localization theorem 25.10.

Lee [2004] used bilinear restriction theorems to obtain improvement for
Bochner—Riesz estimates; he proved them for the same range p > 2(n + 2)/2
as appeared in Theorem 25.9. This was also surpassed by Bourgain and Guth.

Many other results on bilinear restriction can be found in the above men-
tioned references and in Tao’s [2004] lecture notes.



References

D.R. Adams and L. I. Hedberg [1996] Function Spaces and Potential Theory, Springer-
Verlag.

G. Alberti, M. Csornyei and D. Preiss [2005] Structure of null sets in the plane and
applications, in European Congress of Mathematics, Eur. Math. Soc., Ziirich, 3-22.

[2010] Differentiability of Lipschitz functions, structure of null sets, and other prob-
lems, in Proceedings of the International Congress of Mathematicians. Volume III,
Hindustan Book Agency, New Delhi, 1379-1394.

R. Alexander [1975] Random compact sets related to the Kakeya problem, Proc. Amer.
Math. Soc. 53, 415-419.

G. Arutyunyants and A. lIosevich [2004] Falconer conjecture, spherical averages and
discrete analogs, in Towards a Theory of Geometric Graphs, Contemp. Math., 342,
Amer. Math. Soc., 15-24.

Y. Babichenko, Y. Peres, R. Peretz, P. Sousi and P. Winkler [2014] Hunter, Cauchy
rabbit, and optimal Kakeya sets, Trans. Amer. Math. Soc. 366, 5567-5586.

J-G. Bak, D. M. Oberlin and A. Seeger [2009] Restriction of Fourier transforms to
curves and related oscillatory integrals, Amer. J. Math. 131, 277-311.

[2013] Restriction of Fourier transforms to curves: an endpoint estimate with affine
arclength measure, J. Reine Angew. Math. 682, 167-205.

J-G. Bak and A. Seeger [2011] Extensions of the Stein—-Tomas theorem, Math. Res. Lett.
18, 767-781.

Z. M. Balogh, E. Durand Cartagena, K. Fassler, P. Mattila and J. T. Tyson [2013] The
effect of projections on dimension in the Heisenberg group, Rev. Mat. Iberoam. 29,
381-432.

Z. M. Balogh, K. Fassler, P. Mattila and J. T. Tyson [2012] Projection and slicing
theorems in Heisenberg groups, Adv. Math. 231, 569-604

C. Bandt and S. Graf [1992] Self-similar sets. VII. A characterization of self-similar
fractals with positive Hausdorff measure, Proc. Amer. Math. Soc. 114, 995—
1001.

R. Banuelos and P. J. Méndez-Hernandez [2010] Symmetrization of Lévy processes and
applications, J. Funct. Anal. 258, 4026-4051.

B. Barany, A. Ferguson and K. Simon [2012] Slicing the Sierpinski gasket, Nonlinearity
25, 1753-1770.

416



References 417

B. Barany and M. Rams [2014] Dimension of slices of Sierpinski-like carpets, J. Fractal
Geom. 1, 273-294.

B. Barcel6 [1985] On the restriction of the Fourier transform to a conical surface, Trans.
Amer. Math. Soc. 292, 321-333.

J. A. Barceld, J. Bennett, A. Carbery and K. M. Rogers [2011] On the dimension of
divergence sets of dispersive equations, Math. Ann. 349, 599-622.

J. A. Barceld, J. Bennett, A. Carbery, A. Ruiz and M. C. Vilela [2007] Some special
solutions of the Schrodinger equation, Indiana Univ. Math. J. 56, 1581-1593.

M. Bateman [2009] Kakeya sets and directional maximal operators in the plane, Duke
Math. J. 147, 55-717.

M. Bateman and N. H. Katz [2008] Kakeya sets in Cantor directions, Math. Res. Lett.
15, 73-81.

M. Bateman and A. Volberg [2010] An estimate from below for the Buffon needle
probability of the four-corner Cantor set, Math. Res. Lett. 17, 959-967.

W. Beckner, A. Carbery, S. Semmes and F. Soria [1989] A note on restriction of the
Fourier transform to spheres, Bull. London Math. Soc. 21, 394-398.

I. Benjamini and Y. Peres [1991] On the Hausdorff dimension of fibres, Israel J. Math.
74, 267-279.

J. Bennett [2014] Aspects of multilinear harmonic analysis related to transversality,
Harmonic analysis and partial differential equations, Contemporary Math. 612,
1-28.

J. Bennett, T. Carbery and T. Tao [2006] On the multilinear restriction and Kakeya
conjectures, Acta Math. 196, 261-302.

J. Bennett and K. M. Rogers [2012] On the size of divergence sets for the Schrodinger
equation with radial data, Indiana Univ. Math. J. 61, 1-13.

J. Bennett and A. Vargas [2003] Randomised circular means of Fourier transforms of
measures, Proc. Amer. Math. Soc. 131, 117-127.

M. Bennett, A. Iosevich and K. Taylor [2014] Finite chains inside thin subsets of RY,
arXiv:1409.2581.

A. S. Besicovitch [1919] Sur deux questions d’intégrabilité des fonctions, J. Soc. Phys-
Math. (Perm) 2, 105-123.

[1928] On Kakeya’s problem and a similar one, Math. Zeitschrift 27, 312-320.
[1964] On fundamental geometric properties of plane line—sets, J. London Math. Soc.
39, 441-448.

D. Betsakos [2004] Symmetrization, symmetric stable processes, and Riesz capacities,
Trans. Amer. Math. Soc. 356, 735-755.

C. J. Bishop and Y. Peres [2016] Fractal Sets in Probability and Analysis, Cambridge
University Press.

C. Bluhm [1996] Random recursive construction of Salem sets, Ark. Mat. 34, 51-63.

[1998] On a theorem of Kaufman: Cantor-type construction of linear fractal Salem
sets, Ark. Mat. 36, 307-316.

M. Bond, I. Laba and A. Volberg [2014] Buffon’s needle estimates for rational product
Cantor sets, Amer. J. Math. 136, 357-391.

M. Bond, I. Laba and J. Zhai [2013] Quantitative visibility estimates for unrectifiable
sets in the plane, to appear in Trans. Amer. Math. Soc., arXiv:1306.54609.

M. Bond and A. Volberg [2010] Buffon needle lands in e-neighborhood of a I-
dimensional Sierpinski gasket with probability at most |loge|™¢, C. R. Math.
Acad. Sci. Paris 348, 653-656.



418 References

[2011] Circular Favard length of the four-corner Cantor set, J. Geom. Anal. 21,
40-55.
[2012] Buffon’s needle landing near Besicovitch irregular self-similar sets, Indiana
Univ. Math. J. 61, 2085-2019.
J. Bourgain [1986] Averages in the plane over convex curves and maximal operators, J.
Anal. Math. 47, 69-85.
[1991a] Besicovitch type maximal operators and applications to Fourier analysis,
Geom. Funct. Anal. 1, 147-187.
[1991b] L?-estimates for oscillatory integrals in several variables, Geom. Funct.
Anal. 1, 321-374.
[1993] On the distribution of Dirichlet sums, J. Anal. Math. 60, 21-32.
[1994] Hausdorff dimension and distance sets, Israel J. Math. 87, 193-201.
[1995] Some new estimates on oscillatory integrals, in Essays on Fourier Analysis in
Honor of Elias M. Stein, Princeton University Press, 83—112.
[1999] On the dimension of Kakeya sets and related maximal inequalities, Geom.
Funct. Anal. 9, 256-282.
[2003] On the Erdds—Volkmann and Katz—Tao ring conjectures, Geom. Funct. Anal.
13, 334-365.
[2010] The discretized sum-product and projection theorems, J. Anal. Math. 112,
193-236.
[2013] On the Schrodinger maximal function in higher dimension, Proc. Steklov Inst.
Math. 280, 46—60.
J. Bourgain and L. Guth [2011] Bounds on oscillatory integral operators based on
multilinear estimates, Geom. Funct. Anal. 21, 1239-1235.
J. Bourgain, N. H. Katz and T. Tao [2004] A sum-product estimate in finite fields, and
applications, Geom. Funct. Anal. 14, 27-57.
G. Brown and W. Moran [1974] On orthogonality for Riesz products, Proc. Cambridge
Philos. Soc. 76, 173-181.
A. M. Bruckner, J. B. Bruckner and B. S. Thomson [1997] Real Analysis, Prentice Hall.
A. Carbery [1992] Restriction implies Bochner—Riesz for paraboloids, Math. Proc.
Cambridge Philos. Soc. 111, 525-529.
[2004] A multilinear generalisation of the Cauchy-Schwarz inequality, Proc. Amer.
Math. Soc. 132, 3141-3152.
[2009] Large sets with limited tube occupancy, J. Lond. Math. Soc. (2) 79, 529-543.
A. Carbery, F. Soria and A. Vargas [2007] Localisation and weighted inequalities for
spherical Fourier means, J. Anal. Math. 103, 133-156.
A. Carbery and S. 1. Valdimarsson [2013] The endpoint multilinear Kakeya theorem via
the Borsuk—Ulam theorem, J. Funct. Anal. 264, 1643—-1663.
L. Carleson [1967] Selected Problems on Exceptional Sets, Van Nostrand.
[1980] Some analytic problems related to statistical mechanics, in Euclidean Har-
monic Analysis, Lecture Notes in Math. 779, Springer-Verlag, 5-45.
L. Carleson and P. Sjolin [1972] Oscillatory integrals and a multiplier problem for the
disc, Studia Math. 44, 287-299.
V. Chan, I. Laba and M. Pramanik [2013] Finite configurations in sparse sets, to appear
in J. Anal. Math., arXiv:1307.1174.
J. Chapman, M. B. Erdogan, D. Hart, A. losevich and D. Koh [2012] Pinned distance
sets, k-simplices, Wolff’s exponent in finite fields and sum-product estimates, Math.
Z.271, 63-93.



References 419

X. Chen [2014a] Sets of Salem type and sharpness of the L*-Fourier restriction theorem,
to appear in Trans. Amer. Math. Soc., arXiv:1305.5584.

[2014b] A Fourier restriction theorem based on convolution powers, Proc. Amer.
Math. Soc. 142, 3897-3901.

M. Christ [1984] Estimates for the k-plane tranforms, Indiana Univ. Math. J. 33, 891—
910.

M. Christ, J. Duoandikoetxea and J. L. Rubio de Francia [1986] Maximal operators
related to the Radon transform and the Calderon-Zygmund method of rotations,
Duke Math. J. 53, 189-209.

A. Cérdoba [1977] The Kakeya maximal function and the spherical summation of
multipliers, Amer. J. Math. 99, 1-22.

B. E. J. Dahlberg and C. E. Kenig [1982] A note on the almost everywhere behavior
of solutions to the Schrodinger equation, in Harmonic Analysis, Lecture Notes in
Math. 908, Springer-Verlag, 205-209.

G. David and S. Semmes [1993] Analysis of and on Uniformly Rectifiable Sets, Surveys
and Monographs 38, Amer. Math. Soc.

R. O. Davies [1952a] On accessibility of plane sets and differentation of functions of
two real variables, Proc. Cambridge Philos. Soc. 48, 215-232.

[1952b] Subsets of finite measure in analytic sets, Indag. Math. 14, 488—489.
[1971] Some remarks on the Kakeya problem, Proc. Cambridge Philos. Soc. 69,
417-421.

C. Demeter [2012] L? bounds for a Kakeya type maximal operator in R, Bull. London
Math. Soc. 44, 716-728.

S. Dendrinos and D. Miiller [2013] Uniform estimates for the local restriction of the
Fourier transform to curves, Trans. Amer. Math. Soc. 365, 3477-3492.

C. Donoven and K.J. Falconer [2014] Codimension formulae for the intersection of
fractal subsets of Cantor spaces, arXiv:1409.8070.

S. W. Drury [1983] L? estimates for the X-ray transform, lllinois J. Math. 27, 125-129.

J. Duoandikoetxea [2001] Fourier Analysis, Graduate Studies in Mathematics Volume
29, American Mathematical Society.

Z. Dvir [2009] On the size of Kakeya sets in finite fields, J. Amer. Math. Soc. 22,
1093-1097.

Z. Dvir and A. Wigderson [2011] Kakeya sets, new mergers, and old extractors, SIAM
J. Comput. 40, 778-792.

G. A. Edgar and C. Miller [2003] Borel subrings of the reals, Proc. Amer. Math. Soc.
131, 1121-1129.

F. Ekstrom, T. Persson, J. Schmeling [2015] On the Fourier dimension and a modifica-
tion, to appear in J. Fractal Geom., arXiv:1406.1480.

F. Ekstrom [2014] The Fourier dimension is not finitely stable, arXiv:1410.3420.

M. Elekes, T. Keleti and A. Mathé [2010] Self-similar and self-affine sets: measure of
the intersection of two copies, Ergodic Theory Dynam. Systems 30, 399-440.

J. S. Ellenberg, R. Oberlin and T. Tao [2010] The Kakeya set and maximal conjectures
for algebraic varieties over finite fields, Mathematika 56, 1-25.

M. B. Erdogan [2004] A note on the Fourier transform of fractal measures, Math. Res.
Lett. 11, 299-313.

[2005] A bilinear Fourier extension problem and applications to the distance set
problem, Int. Math. Res. Not. 23, 1411-1425.
[2006] On Falconer’s distance set conjecture, Rev. Mat. Iberoam. 22, 649-662.



420 References

M. B. Erdogan, D. Hart and A. losevich [2013] Multi-parameter projection theorems
with applications to sums-products and finite point configurations in the Euclidean
setting, in Recent Advances in Harmonic Analysis and Applications, Springer Proc.
Math. Stat., 25, Springer, 93—103.

M. B. Erdogan and D. M. Oberlin [2013] Restricting Fourier transforms of measures to
curves in R?, Canad. Math. Bull. 56, 326-336.

P. Erd6s [1939] On a family of symmetric Bernoulli convolutions, Amer. J. Math. 61,
974-976.

[1940] On the smoothness properties of a family of Bernoulli convolutions, Amer. J.
Math. 62, 180-186.
[1946] On sets of distances of n points, Amer. Math. Monthly 53, 248-250.

P. Erd6s and B. Volkmann [1966] Additive Gruppen mit vorgegebener Hausdorffscher
Dimension, J. Reine Angew. Math. 221, 203-208.

S. Eswarathasan, A. losevich and K. Taylor [2011] Fourier integral operators, fractal
sets, and the regular value theorem, Adv. Math. 228, 2385-2402.

[2013] Intersections of sets and Fourier analysis, to appear in J. Anal. Math.

L. C. Evans [1998] Partial Differential Equations, Graduate Studies in Mathematics 19,
Amer. Math. Soc.

L. C. Evans and R. F. Gariepy [1992] Measure Theory and Fine Properties of Functions,
CRC Press.

K. J. Falconer [1980a] Continuity properties of k-plane integrals and Besicovitch sets,
Math. Proc. Cambridge Philos. Soc. 87, 221-226.

[1980b] Sections of sets of zero Lebesgue measure, Mathematika 27, 90-96.

[1982] Hausdorff dimension and the exceptional set of projections, Mathematika 29,
109-115.

[1984] Rings of fractional dimension, Mathematika 31, 25-27.

[1985a] Geometry of Fractal Sets, Cambridge University Press.

[1985b] On the Hausdorff dimension of distance sets, Mathematika 32, 206—
212.

[1986] Sets with prescribed projections and Nikodym sets, Proc. London Math. Soc.
(3) 53, 48-64.

[1990] Fractal Geometry: Mathematical Foundations and Applications, John Wiley
and Sons.

[1997] Techniques in Fractal Geometry, John Wiley and Sons.

[2005] Dimensions of intersections and distance sets for polyhedral norms, Real
Anal. Exchange 30, 719-726.

K. J. Falconer, J. Fraser and X. Jin [2014] Sixty years of fractal projections,
arXiv:1411.3156.

K. J. Falconer and J. D. Howroyd [1996] Projection theorems for box and packing
dimensions, Math. Proc. Cambridge Philos. Soc. 119, 287-295.

[1997] Packing dimensions of projections and dimension profiles, Math. Proc. Cam-
bridge Philos. Soc. 121, 269-286.

K. J. Falconer and X. Jin [2014a] Exact dimensionality and projections of random
self-similar measures and sets, J. London Math. Soc. 90, 388-412.

[2014b] Dimension conservation for self-similar sets and fractal percolation,
arXiv:1409.1882.

K. J. Falconer and P. Mattila [1996] The packing dimension of projections and sections
of measures, Math. Proc. Cambridge Philos. Soc. 119, 695-713.



References 421

[2015] Strong Marstrand theorems and dimensions of sets formed by subsets of
hyperplanes, arXiv:1503.01284.

K. J. Falconer and T. O’Neil [1999] Convolutions and the geometry of multifractal
measures, Math. Nachr. 204, 61-82.

A.-H. Fan and X. Zhang [2009] Some properties of Riesz products on the ring of p-adic
integers, J. Fourier Anal. Appl. 15, 521-552.

A. Farkas [2014] Projections and other images of self-similar sets with no separation
condition, arXiv:1307.2841.

K. Fassler and R. Hovila [2014] Improved Hausdorff dimension estimate for vertical
projections in the Heisenberg group, Ann. Scuola Norm. Sup. Pisa.

K. Fassler and T. Orponen [2013] Constancy results for special families of projections,
Math. Proc. Cambridge Philos. Soc. 154, 549-568.

[2014] On restricted families of projections in R?, Proc. London Math. Soc. (3) 109,
353-381.

H. Federer [1969] Geometric Measure Theory, Springer-Verlag.

C. Fefferman [1970] Inequalities for strongly singular convolution operators, Acta
Math. 124, 9-36.

[1971] The multiplier problem for the ball, Ann. of Math. (2) 94, 330-336.

A. Ferguson, J. Fraser, and T. Sahlsten [2015] Scaling scenery of (xm, xn) invariant
measures, Adv. Math. 268, 564—-602.

A. Ferguson, T. Jordan and P. Shmerkin [2010] The Hausdorff dimension of the projec-
tions of self-affine carpets, Fund. Math. 209, 193-213.

J. Fraser, E. J. Olson and J. C. Robinson [2014] Some results in support of the Kakeya
Conjecture, arXiv:1407.6689.

J. Fraser, T. Orponen and T. Sahlsten [2014] On Fourier analytic properties of graphs,
Int. Math. Res. Not. 10, 2730-2745.

D. Freedman and J. Pitman [1990] A measure which is singular and uniformly locally
uniform, Proc. Amer. Math. Soc. 108, 371-381.

H. Furstenberg [1970] Intersections of Cantor sets and transversality of semigroups,
Problems in Analysis, Sympos. Salomon Bochner, Princeton University, Princeton,
N.J. 1969, Princeton University Press, 41-59.

[2008] Ergodic fractal measures and dimension conservation, Ergodic Theory
Dynam. Systems 28, 405-422.

J. Garibaldi, A. Iosevich and S. Senger [2011] The Erdds distance problem, Student
Mathematical Library, 56, American Mathematical Society.

L. Grafakos [2008] Classical Fourier Analysis, Springer-Verlag.

[2009] Modern Fourier Analysis, Springer-Verlag.

L. Grafakos, A. Greenleaf, A. losevich and E. Palsson [2012] Multilinear gener-
alized Radon transforms and point configurations, to apper in Forum Math.,
arXiv:1204.4429.

C. C. Graham and O. C. McGehee [1970] Essays in Commutative Harmonic Analysis,
Springer-Verlag.

A. Greenleaf and A. losevich [2012] On triangles determined by subsets of the Euclidean
plane, the associated bilinear operators and applications to discrete geometry,
Anal. PDE 5, 397-409.

A. Greenleaf, A. Iosevich, B. Liu and E. Palsson [2013] A group-theoretic viewpoint on
Erdos-Falconer problems and the Mattila integral, to appear in Rev. Mat. Iberoam.,
arXiv:1306.3598.



422 References

A. Greenleaf, A. Iosevich and M. Mourgoglou [2011] On volumes determined by subsets
of Euclidean space, arXiv:1110.6790.

A. Greenleaf, A. losevich and M. Pramanik [2014] On necklaces inside thin subsets of
R?, arXiv:1409.2588.

M. Gromov and L. Guth [2012] Generalizations of the Kolmogorov—Barzdin embedding
estimates, Duke Math. J. 161, 2549-2603.

L. Guth [2007] The width-volume inequality, Geom. Funct. Anal. 17, 1139-1179.

[2010] The endpoint case of the Bennett—Carbery—Tao multilinear Kakeya conjecture,
Acta Math. 205, 263-286.

[2014] A restriction estimate using polynomial partitioning, arXiv:1407. 1916.

[2015] A short proof of the multilinear Kakeya inequality, Math. Proc. Cambridge
Philos. Soc. 158, 147-153.

L. Guth and N. Katz [2010] Algebraic methods in discrete analogs of the Kakeya
problem, Adv. Math. 225, 2828-2839.

[2015] On the Erdés distinct distance problem in the plane, Ann. of Math. (2) 181,
155-190.

M. de Guzman [1975] Differentiation of Integrals in R", Lecture Notes in Mathematics
481, Springer-Verlag.

[1981] Real Variable Methods in Fourier Analysis, North-Holland.

S.Ham and S. Lee [2014] Restriction estimates for space curves with respect to general
measures, Adv. Math. 254, 251-279.

K. Hambrook and I. Laba [2013] On the sharpness of Mockenhaupt’s restriction theo-
rem, Geom. Funct. Anal. 23, 1262-1277.

V. Harangi, T. Keleti, G. Kiss, P. Maga, A. Mathé, P. Mattila and B. Strenner [2013]
How large dimension guarantees a given angle, Monatshefte fir Mathematik 171,
169-187.

K. E. Hare, M. Parasar and M. Roginskaya [2007] A general energy formula, Math.
Scand. 101, 29-47.

K. E. Hare and M. Roginskaya [2002] A Fourier series formula for energy of mea-
sures with applications to Riesz products, Proc. Amer. Math. Soc. 131, 165-
174.

[2003] Energy of measures on compact Riemannian manifolds, Studia Math. 159,
291-314.
[2004] The energy of signed measures, Proc. Amer. Math. Soc. 133, 397-406.

D. Hart, A. losevich, D. Koh and M. Rudnev [2011] Averages over hyperplanes, sum-
product theory in vector spaces over finite fields and the Erdds-Falconer distance
conjecture, Trans. Amer. Math. Soc. 363, 3255-3275.

V. Havin and B. Joricke [1995] The Uncertainty Principle in Harmonic Analysis,
Springer-Verlag.

J. Hawkes [1975] Some algebraic properties of small sets, Quart. J. Math. 26, 195—
201.

D.R. Heath-Brown [1987] Integer sets containing no arithmetic progressions,J. London
Math. Soc. (2) 35, 385-394.

Y. Heo, F. Nazarov and A. Seeger [2011] Radial Fourier multipliers in high dimensions,
Acta Math. 206, 55-92.

M. Hochman [2014] On self-similar sets with overlaps and inverse theorems for entropy,
Ann. of Math. (2) 180, 773-822.



References 423

M. Hochman and P. Shmerkin [2012] Local entropy averages and projections of fractal
measures, Ann. of Math. (2) 175, 1001-1059.

S. Hofmann and A. lIosevich [2005] Circular averages and Falconer/Erdds distance
conjecture in the plane for random metrics, Proc. Amer. Math. Soc 133, 133-
143.

S. Hofmann, J. M. Martell and 1. Uriarte-Tuero [2014] Uniform rectifiability and har-
monic measure I1: Poisson kernels in L? imply uniform rectifiability, Duke Math.
J. 163, 1601-1654.

S. Hofmann and M. Mitrea and M. Taylor [2010] Singular integrals and elliptic bound-
ary problems on regular Semmes—Kenig—Toro domains, Int. Math. Res. Not. 14,
2567-2865.

L. Hormander [1973] Oscillatory integrals and multipliers on FL?, Ark. Math. 11,
1-11.

R. Hovila [2014] Transversality of isotropic projections, unrectifiability, and Heisenberg
groups, Rev. Math. Iberoam. 30, 463-476.

R. Hovila, E. Jarvenpaa, M. Jarvenpaa and F. Ledrappier [2012a] Besicovitch-Federer
projection theorem and geodesic flows on Riemann surfaces, Geom. Dedicata 161,
51-61.

[2012b] Singularity of projections of 2-dimensional measures invariant under the
geodesic flow, Comm. Math. Phys. 312, 127-136.

J. E. Hutchinson [1981] Fractals and self-similarity, Indiana Univ. Math. J. 30, 713—
747.

A. lTosevich [2000] Kakeya lectures, www.math.rochester.edu/people/faculty/iosevich/
expositorypapers.html.

[2001] Curvature, Combinatorics, and the Fourier Transform, Notices Amer. Math.
Soc. 48(6), 577-583.

A. losevich and 1. Laba [2004] Distance sets of well-distributed planar point sets,
Discrete Comput. Geom. 31, 243-250.

[2005] K-distance sets, Falconer conjecture and discrete analogs, Integers 5,
11 pp.

A. Tosevich, M. Mourgoglou and E. Palsson [2011] On angles determined by fractal
subsets of the Euclidean space via Sobolev bounds for bi-linear operators, to
appear in Math. Res. Lett., arXiv:1110.6792.

A. Tosevich, M. Mourgoglou and S. Senger [2012] On sets of directions determined by
subsets of R?,J. Anal. Math. 116, 355-3609.

A. Tosevich, M. Mourgoglou and K. Taylor [2012] On the Mattila-Sjolin theorem for
distance sets, Ann. Acad. Sci Fenn. Ser. A I Math. 37, 557-562.

A.Tosevich and M. Rudnev [2005] Non-isotropic distance measures for lattice generated
sets, Publ. Mat. 49, 225-247.

[2007a] Distance measures for well-distributed sets, Discrete Comput. Geom. 38,
61-80.

[2007b] The Mattila integral associated with sign indefinite measures, J. Fourier
Anal. Appl. 13, 167-173.

[2007¢] Erdds distance problem in vector spaces over finite fields, Trans. Amer. Math.
Soc. 359, 6127-6142.

[2009] Freiman theorem, Fourier transform, and additive structure of measures, J.
Aust. Math. Soc. 86, 97-109.


www.math.rochester.edu/people/faculty/ iosevich/expositorypapers.html
www.math.rochester.edu/people/faculty/ iosevich/expositorypapers.html

424 References

A. losevich, M. Rudnev and 1. Uriarte-Tuero [2014] Theory of dimension for large
discrete sets and applications, Math. Model. Nat. Phenom. 9, 148-169.
A. Tosevich, E. Sawyer, K. Taylor and I. Uriarte-Tuero [2014] Measures of polynomial
growth and classical convolution inequalities, arXiv:1410.1436.
A. losevich and S. Senger [2010] On the sharpness of Falconer’s distance set estimate
and connections with geometric incidence theory, arXiv:1006.1397.
V. Jarnik [1928] Zur metrischen theorie der diophantischen approximationen, Prace
Mat. Fiz., 36(1), 91-106.
[1931] Uber die simultanen diophantischen Approximationen, Mat. Z. 33, 505-543.
E. Jarvenpaa, M. Jarvenpaa and T. Keleti [2014] Hausdorff dimension and non-
degenerate families of projections, J. Geom. Anal. 24, 2020-2034.
E. Jarvenpaa, M. Jarvenpaa, T. Keleti and A. Mathé [2011] Continuously parametrized
Besicovitch sets in R", Ann. Acad. Sci. Fenn. Ser. A I Math. 36, 411-421.
E. Jarvenpaa, M. Jarvenpaa, F. Ledrappier and M. Leikas [2008] One-dimensional
families of projections, Nonlinearity 21, 453—463.
E. Jarvenpaa, M. Jarvenpaa and M. Leikas [2005] (Non)regularity of projections of
measures invariant under geodesic flow, Comm. Math. Phys. 254, 695-717.
E. Jarvenpaa, M. Jarvenpai and M. Llorente [2004] Local dimensions of sliced measures
and stability of packing dimensions of sections of sets, Adv. Math. 183, 127-154.
M. Jarvenpaa [1994] On the upper Minkowski dimension, the packing dimension, and
orthogonal projections, Ann. Acad. Sci. Fenn. Ser. A I Math. Dissertationes 99,
1-34.
[1997a] Concerning the packing dimension of intersection measures, Math. Proc.
Cambridge Philos. Soc. 121, 287-296.
[1997b] Packing dimension, intersection measures, and isometries, Math. Proc. Cam-
bridge Philos. Soc. 122, 483-490.
M. Jarvenpaa and P. Mattila [1998] Hausdorff and packing dimensions and sections of
measures, Mathematika 45, 55-77.
T. Jordan and T. Sahlsten [2013] Fourier transforms of Gibbs measures for the Gauss
map, to appear in Math. Ann., arXiv:1312.3619.
A. Kaenmaki and P. Shmerkin [2009] Overlapping self-affine sets of Kakeya type,
Ergodic Theory Dynam. Systems 29, 941-965.
J.-P. Kahane [1969] Trois notes sur les ensembles parfaits linéaires, Enseign. Math. 15,
185-192.
[1970] Sur certains ensembles de Salem, Acta Math. Acad. Sci. Hungar. 21, 87-89.
[1971] Sur la distribution de certaines séries aléatoires, in Colloque de Théories des
Nombres (Univ. Bordeaux, Bordeaux 1969), Bull. Soc. Math. France Mém. 25,
119-122.
[1985] Some Random Series of Functions, Cambridge University Press, second edi-
tion, first published 1968.
[1986] Sur la dimension des intersections, in Aspects of Mathematics and Applica-
tions, North-Holland Math. Library, 34, 419-430.
[2010] Jacques Peyriére et les produits de Riesz, arXiv:1003.4600.
[2013] Sur un ensemble de Besicovitch, Enseign. Math. 59, 307-324.
J.-P. Kahane and R. Salem [1963] Ensembles parfaits et séries trigonométriques,
Hermann.
S. Kakeya [1917] Some problems on maxima and minima regarding ovals, Tohoku
Science Reports 6, 71-88.



References 425

N. H. Katz [1996] A counterexample for maximal operators over a Cantor set of
directions, Math. Res. Lett. 3, 527-536.

[1999] Remarks on maximal operators over arbitrary sets of directions, Bull. London
Math. Soc. 31, 700-710.

N. H. Katz, I. L.aba and T. Tao [2000] An improved bound on the Minkowski dimension
of Besicovitch sets in R3, Ann. of Math. (2) 152, 383-446.

N. H. Katz and T. Tao [1999] Bounds on arithmetic projections, and applications to the
Kakeya conjecture, Math. Res. Lett. 6, 625-630.

[2001] Some connections between Falconer’s distance set conjecture and sets of
Furstenburg type, New York J. Math. 7, 149-187.

[2002a] New bounds for Kakeya problems, J. Anal. Math. 87, 231-263.

[2002b] Recent progress on the Kakeya conjecture, Proceedings of the 6th Interna-
tional Conference on Harmonic Analysis and Partial Differential Equations, El
Escorial, 2000, Publ. Mat., 161-179.

Y. Katznelson [1968] An Introduction to Harmonic Analysis, Dover Publications.

R. Kaufman [1968] On Hausdorff dimension of projections, Mathematika 15, 153-155.

[1969] An exceptional set for Hausdorff dimension, Mathematika 16, 57-58.

[1973] Planar Fourier transforms and Diophantine approximation, Proc. Amer. Math.
Soc. 40, 199-204.

[1975] Fourier analysis and paths of Brownian motion, Bull. Soc. Math. France 103,
427-432.

[1981] On the theorem of Jarnik and Besicovitch, Acta Arith. 39, 265-267.

R. Kaufman and P. Mattila [1975] Hausdor{f dimension and exceptional sets of linear
transformations, Ann. Acad. Sci. Fenn. Ser. A I Math. 1, 387-392.

A. S. Kechris and A. Louveau [1987] Descriptive Set Theory and the Structure of
Sets of Uniqueness, London Math. Soc. Lecture Notes 128, Cambridge University
Press.

U. Keich [1999] On L? bounds for Kakeya maximal functions and the Minkowski
dimension in R?, Bull. London Math. Soc. 31, 213-221.

T. Keleti [1998] A 1-dimensional subset of the reals that intersects each of its translates
in at most a single point, Real Anal. Exchange 24, 843-844.

[2008] Construction of one-dimensional subsets of the reals not containing similar
copies of given patterns, Anal. PDE, 1, 29-33.

[2014] Are lines bigger than line segments?, arXiv:1409.5992.

T. Kempton [2013] Sets of beta-expansions and the Hausdorff measure of slices through
fractals, to appear in J. Eur. Math. Soc., arXiv:1307.2091.

C. E. Kenig and T. Toro [2003] Poisson kernel characterization of Reifenberg flat chord
arc domains, Ann. Sci. Ecole Norm. Sup. 36, 323-401.

R. Kenyon [1997] Projecting the one-dimensional Sierpinski gasket, Israel J. Math. 97,
221-238.

R. Kenyon and Y. Peres [1991] Intersecting random translates of invariant Cantor sets,
Invent. Math. 104, 601-629.

J. Kim [2009] Two versions of the Nikodym maximal function on the Heisenberg group,
J. Funct. Anal. 257, 1493-1518.

[2012] Nikodym maximal functions associated with variable planes in R, Integral
Equations Operator Theory 73, 455—480.

L. Kolasa and T. W. Wolff [1999] On some variants of the Kakeya problem, Pacific J.
Math. 190, 111-154.



426 References

S. Konyagin and 1. Laba [2006] Distance sets of well-distributed planar sets for polyg-
onal norms, Israel J. Math. 152, 157-179.
T. Korner [2003] Besicovitch via Baire, Studia Math. 158, 65-78.
[2009] Fourier transforms of measures and algebraic relations on their supports,
Ann. Inst. Fourier (Grenoble) 59, 1291-1319.
[2011] Hausdorff and Fourier dimension, Studia Math. 206, 37-50.
[2014] Fourier transforms of distributions and Hausdorff measures, J. Fourier Anal.
Appl. 20, 547-556.
G. Kozma and A. Olevskii [2013] Singular distributions, dimension of support, and
symmetry of Fourier transform, Ann. Inst. Fourier (Grenoble) 63, 1205-1226.
E. Kroc and M. Pramanik [2014a] Kakeya-type sets over Cantor sets of directions in
RO arXiv:1404.6235.
[2014b] Lacunarity, Kakeya-type sets and directional maximal operators,
arXiv:1404.6241.
I. Laba [2008] From harmonic analysis to arithmetic combinatorics, Bull. Amer. Math.
Soc. (N.S.) 45, 77-115.
[2012] Recent progress on Favard length estimates for planar Cantor sets,
arXiv:1212.0247.
[2014] Harmonic analysis and the geometry of fractals, Proceedings of the 2014
International Congress of Mathematicians.
I. Laba and M. Pramanik [2009] Arithmetic progressions in sets of fractional dimension,
Geom. Funct. Anal. 19, 429-456.
I. Laba and T. Tao [2001a] An improved bound for the Minkowski dimension of Besi-
covitch sets in medium dimension, Geom. Funct. Anal. 11, 773-806.
[2001b] An X -ray transform estimate in R", Rev. Mat. Iberoam. 17, 375-407.
I. Laba and T. W. Wolff [2002] A local smoothing estimate in higher dimensions,
J. Anal. Math. 88, 149-171.
1. Laba and K. Zhai [2010] The Favard length of product Cantor sets, Bull. London
Math. Soc. 42, 997-1009.
J. Lagarias and Y. Wang [1996] Tiling the line with translates of one tile, Invent. Math.
124, 341-365.
N. S. Landkof [1972] Foundations of Modern Potential Theory, Springer-Verlag.
F. Ledrappier and E. Lindenstrauss [2003] On the projections of measures invariant
under the geodesic flow, Int. Math. Res. Not. 9, 511-526.
S. Lee [2004] Improved bounds for Bochner—Riesz and maximal Bochner—Riesz oper-
ators, Duke Math. J. 122, 205-232.
[2006a] Bilinear restriction estimates for surfaces with curvatures of different signs,
Trans. Amer. Math. Soc. 358, 3511-3533.
[2006b] On pointwise convergence of the solutions to Schrédinger equations in R?,
Int. Math. Res. Not., Art. ID 32597, 21 pp.
S. Lee, K. M. Rogers and A. Seeger [2013] On space-time estimates for the Schrodinger
operator, J. Math. Pures Appl.(9) 99, 62-85.
S. Lee and A. Vargas [2010] Restriction estimates for some surfaces with vanishing
curvatures, J. Funct. Anal. 258, 2884-29009.
Y. Lima and C. G. Moreira [2011] Yet another proof of Marstrand’s theorem, Bull. Braz.
Math. Soc. (N.S.) 42, 331-345.
E. Lindenstrauss and N. de Saxcé [2014] Hausdor{f dimension and subgroups of SU (2),
to appear in Israel J. Math.



References 427

B. Liu [2014] On radii of spheres determined by subsets of Euclidean space, J. Fourier
Anal. Appl. 20, 668-678.

Q. H. Liu, L. Xi and Y. F. Zhao [2007] Dimensions of intersections of the Sierpinski
carpet with lines of rational slopes, Proc. Edinb. Math. Soc. (2) 50, 411-427.

R. Luca and K. M. Rogers [2015] Average decay of the Fourier transform of measures
with applications, arXiv:1503.00105.

R. Lyons [1995] Seventy years of Rajchman measures, J. Fourier Anal. Appl., 363-377,
Kahane Special Issue.

P. Maga [2010] Full dimensional sets without given patterns, Real Anal. Exchange 36
(2010/11), 79-90.

A. Manning and K. Simon [2013] Dimension of slices through the Sierpinski carpet,
Trans. Amer. Math. Soc. 365, 213-250.

J. M. Marstrand [1954] Some fundamental geometrical properties of plane sets of
fractional dimensions, Proc. London Math. Soc. (3) 4, 257-302.

[1979] Packing planes in R?, Mathematika 26, 180—183.
[1987] Packing circles in the plane, Proc. London Math. Soc. 55, 37-58.

P. Mattila [1975] Hausdor{f dimension, orthogonal projections and intersections with
planes, Ann. Acad. Sci. Fenn. Ser. A I Math. 1, 227-244.

[1981] Integralgeometric properties of capacities, Trans. Amer. Math. Soc. 266,
539-554.

[1984] Hausdorff dimension and capacities of intersections of sets in n-space, Acta
Math. 152, 77-105.

[1985] On the Hausdorf{f dimension and capacities of intersections, Mathematika 32,
213-217.

[1987] Spherical averages of Fourier transforms of measures with finite energy;
dimension of intersections and distance sets, Mathematika 34, 207-228.

[1990] Orthogonal projections, Riesz capacities, and Minkowski content, Indiana
Univ. Math. J. 39, 185-198.

[1995] Geometry of Sets and Measures in Euclidean Spaces, Cambridge University
Press.

[2004] Hausdorff dimension, projections, and the Fourier transform, Publ. Mat. 48,
3-48.

[2014] Recent progress on dimensions of projections, in Geometry and Analysis of
Fractals, D.-J. Feng and K.-S. Lau (eds.), Springer Proceedings in Mathematics
and Statistics 88, Springer-Verlag, 283-301.

P. Mattila and P. Sjolin [1999] Regularity of distance measures and sets, Math. Nachr.
204, 157-162.

W. Minicozzi and C. Sogge [1997] Negative results for Nikodym maximal func-
tions and related oscillatory integrals in curved space, Math. Res. Lett. 4, 221—
237.

T. Mitsis [1999] On a problem related to sphere and circle packing, J. London Math.
Soc. (2) 60, 501-516.

[2002a] A note on the distance set problem in the plane, Proc. Amer. Math. Soc. 130,
1669-1672.

[2002b] A Stein-Tomas restriction theorem for general measures, Publ. Math. Debre-
cen 60, 89-99.

[2003a] Topics in Harmonic Analysis, University of Jyvaskyla, Department of Math-
ematics and Statistics, Report 88.



428 References

[2003b] An optimal extension of Marstrand’s plane-packing theorem, Arch. Math.
81, 229-232.

[2004a] (n, 2)-sets have full Hausdorff dimension, Rev. Mat. Iberoam. 20, 381-393,
Corrigenda: Rev. Mat. Iberoam. 21 (2005), 689—-692.

[2004b] On Nikodym-type sets in high dimensions, Studia Math. 163, 189—-192.

[2005] Norm estimates for a Kakeya-type maximal operator, Math. Nachr. 278, 1054—
1060.

G. Mockenhaupt [2000] Salem sets and restriction properties of Fourier transforms,
Geom. Funct. Anal. 10, 1579-1587.

U. Molter, and E. Rela [2010] Improving dimension estimates for Furstenberg-type sets,
Adv. Math. 223, 672-688.

[2012] Furstenberg sets for a fractal set of directions, Proc. Amer. Math. Soc. 140,
2753-2765.
[2013] Small Furstenberg sets, J. Math. Anal. Appl. 400, 475-486.

C. G. Moreira [1998] Sums of regular Cantor sets, dynamics and applications to number
theory, Period. Math. Hungar. 37, 55-63.

C. G. Moreira and J.—C. Yoccoz [2001] Stable intersections of regular Cantor sets with
large Hausdorff dimensions, Ann. of Math. (2) 154, 45-96.

P. Morters and Y. Peres [2010] Brownian Motion, Cambridge University Press.

D. Miiller [2012] Problems of Harmonic Analysis related to finite type hypersurfaces in
R3, and Newton polyhedra, arXiv:1208.6411.

C. Muscalu and W. Schlag [2013] Classical and Multilinear Harmonic Analysis I,
Cambridge University Press.

F. Nazarov, Y. Peres and P. Shmerkin [2012] Convolutions of Cantor measures without
resonance, Israel J. Math. 187, 93—116.

F. Nazarov, Y. Peres and A. Volberg [2010] The power law for the Buffon needle
probability of the four-corner Cantor set, Algebra i Analiz 22, 82-97; translation
in St. Petersburg Math. J. 22 (2011), 61-72.

F. Nazarov, X. Tolsa and A. Volberg [2014] On the uniform rectifiability of AD regular
measures with bounded Riesz transform operator: the case of codimension 1, Acta
Math. 213, 237-321.

E. M. Nikishin [1972] A resonance theorem and series in eigenfunctions of the Laplace
operator, Izv. Akad. Nauk SSSR Ser. Mat. 36, 795-813 (Russian).

O. Nikodym [1927] Sur la measure des ensembles plans dont tous les points sont
rectilinearément accessibles, Fund. Math. 10, 116—168.

D. M. Oberlin [2006a] Restricted Radon transforms and unions of hyperplanes, Rev.
Mat. Iberoam. 22, 977-992.

[2006b] Packing spheres and fractal Strichartz estimates in R? for d > 3, Proc. Amer.
Math. Soc. 134, 3201-3209.

[2007] Unions of hyperplanes, unions of spheres, and some related estimates, Illinois
J. Math. 51, 1265-1274.

[2012] Restricted Radon transforms and projections of planar sets, Canad. Math.
Bull. 55, 815-820.

[2014a] Exceptional sets of projections, unions of k-planes, and associated trans-
forms, Israel J. Math. 202, 331-342.

[2014b] Some toy Furstenberg sets and projections of the four-corner Cantor set,
Proc. Amer. Math. Soc. 142, 1209-1215.

D. M. Oberlin and R. Oberlin [2013a] Unit distance problems, arXiv:1307.5039.



References 429

[2013b] Application of a Fourier restriction theorem to certain families of projections
in R3, arXiv:1307.5039.
[2014] Spherical means and pinned distance sets, arXiv:1411.0915.
R. Oberlin [2007] Bounds for Kakeya-type maximal operators associated with k-planes,
Math. Res. Lett. 14, 87-97.
[2010] Two bounds for the X-ray transform, Math. Z. 266, 623—-644.
T. Orponen [2012a] On the distance sets of self-similar sets, Nonlinearity 25, 1919—
1929.
[2012b] On the packing dimension and category of exceptional sets of orthogonal
projections, to appear in Ann. Mat. Pur. Appl., arXiv:1204.2121.
[2014a] Slicing sets and measures, and the dimension of exceptional parameters, J.
Geom. Anal. 24, 47-80.
[2014b] Non-existence of multi-line Besicovitch sets, Publ. Mat. 58, 213-220.
[2013a] Hausdorff dimension estimates for some restricted families of projections in
R3, arXiv:1304.4955.
[2013b] On the packing measure of slices of self-similar sets, arXiv:1309.3896.
[2013c] On the tube-occupancy of sets in R?, to appear in Int. Math. Res. Not.,
arXiv:1311.7340.
[2014c¢] A discretised projection theorem in the plane, arXiv:1407.6543.
T. Orponen and T. Sahlsten [2012] Tangent measures of non-doubling measures, Math.
Proc. Cambridge Philos. Soc. 152, 555-569.
W. Ott, B. Hunt and V. Kaloshin [2006] The effect of projections on fractal sets and
measures in Banach spaces, Ergodic Theory Dynam. Systems 26, 869-891.
J. Parcet and K. M. Rogers [2013] Differentiation of integrals in higher dimensions,
Proc. Natl. Acad. Sci. USA 110, 4941-4944.
A. Peltomaki [1987] Licentiate thesis (in Finnish), University of Helsinki.
Y. Peres and M. Rams [2014] Projections of the natural measure for percolation fractals,
arXiv:1406.3736.
Y. Peres and W. Schlag [2000] Smoothness of projections, Bernoulli convolutions, and
the dimension of exceptions, Duke Math. J. 102, 193-251.
Y. Peres, W. Schlag and B. Solomyak [2000] Sixty years of Bernoulli convolutions, in
Fractal Geometry and Stochastics II, Birkhauser, 39-65.
Y. Peres and P. Shmerkin [2009] Resonance between Cantor sets, Ergodic Theory
Dynam. Systems 29, 201-221.
Y. Peres, K. Simon and B. Solomyak [2000] Self-similar sets of zero Hausdorff measure
and positive packing measure, Israel J. Math. 117, 353-379.
[2003] Fractals with positive length and zero buffon needle probability, Amer. Math.
Monthly 110, 314-325.
Y. Peres and B. Solomyak [1996] Absolute continuity of Bernoulli convolutions, a simple
proof, Math. Res. Lett. 3, 231-239.
[1998] Self-similar measures and intersections of Cantor sets, Trans. Amer. Math.
Soc. 350, 4065-4087.
[2002] How likely is Buffon’s needle to fall near a planar Cantor set?, Pacific J.
Math. 204, 473-496.
J. Peyriére [1975] Etude de quelques propriétés des produits de Riesz, Ann. Inst. Fourier
Grenoble 25, 127-169.
G. Pisier [1986] Factorization of operators through L 0o or L, and noncommutative
generalizations, Math. Ann. 276, 105-136.



430 References

M. Pollicott and K. Simon [1995] The Hausdorff dimension of A-expansions with deleted
digits, Trans. Amer. Math. Soc. 347, 967-983.
A. Poltoratski [2012] Spectral gaps for sets and measures, Acta Math. 208, 151—
209.
D. Preiss [1987] Geometry of sets and measures in R"; distribution, rectifiability, and
densities, Ann. of Math. (2) 125, 537-643.
M. Rams and K. Simon [2014] The dimension of projections of fractal percolations, J.
Stat. Phys. 154, 633-655.
[2015] Projections of fractal percolations, Ergodic Theory Dyn. Systems 35, 530—
545.
F. Riesz [1918] Uber die Fourierkoeffizienten einer stetigen Funktion von Beschréinkter
Schwankung, Math. Z. 2, 312-315.
K. M. Rogers [2006] On a planar variant of the Kakeya problem, Math. Res. Lett. 13,
199-213.
V. A. Rokhlin [1962] On the fundamental ideas of measure theory, Trans. Amer. Math.
Soc., Series 1, 10, 1-52.
K. Roth [1953] On certain sets of integers, J. London. Math. Soc. 28, 104—-109.
R. Salem [1944] A remarkable class of algebraic integers. Proof of a conjecture by
Vijayaraghavan, Duke Math. J. 11, 103-108.
[1951] On singular monotonic functions whose spectrum has a given Hausdorff
dimension, Ark. Mat. 1, 353-365.
[1963] Algebraic Numbers and Fourier Analysis, Heath Mathematical Monographs.
E. Sawyer [1987] Families of plane curves having translates in a set of measure zero,
Mathematika 34, 69-76.
N. de Saxcé [2013] Subgroups of fractional dimension in nilpotent or solvable Lie
groups, Mathematika 59, 497-511.
[2014] Borelian subgroups of simple Lie groups, arXiv:1408.1579.
W. Schlag [1998] A geometric inequality with applications to the Kakeya problem in
three dimensions, Duke Math. J. 93, 505-533.
B. Shayya [2011] Measures with Fourier transforms in L? of a half-space, Canad. Math.
Bull. 54, 172-179.
[2012] When the cone in Bochner’s theorem has an opening less than 7, Bull. London
Math. Soc. 44, 207-221.
N.-R. Shieh and Y. Xiao [2006] Images of Gaussian random fields: Salem sets and
interior points, Studia Math. 176, 37-60.
N.-R. Shieh and X. Zhang [2009] Random p-adic Riesz products: Continuity, singular-
ity, and dimension, Proc. Amer. Math. Soc. 137, 3477-3486.
P. Shmerkin [2014] On the exceptional set for absolute continuity of Bernoulli convo-
lutions, Geom. Funct. Anal. 24, 946-958.
P. Shmerkin and B. Solomyak [2014] Absolute continuity of self-similar measures, their
projections and convolutions, arXiv:1406.0204.
P. Shmerkin and V. Suomala [2012] Sets which are not tube null and intersection prop-
erties of random measures, to appear in J. London Math. Soc., arXiv:1204.5883.
[2014] Spatially independent martingales, intersections, and applications,
arXiv:1409.6707.
K. Simon and L. Vag6 [2014] Projections of Mandelbrot percolation in higher dimen-
sions, arXiv:1407.2225.



References 431

P. Sjolin [1993] Estimates of spherical averages of Fourier transforms and dimensions
of sets, Mathematika 40, 322-330.
[1997] Estimates of averages of Fourier transforms of measures with finite energy,
Ann. Acad. Sci. Fenn. Ser. A I Math. 22, 227-236.
[2002] Spherical harmonics and spherical averages of Fourier transforms, Rend.
Sem. Mat. Univ. Padova 108, 41-51.
[2007] Maximal estimates for solutions to the nonelliptic Schrodinger equation, Bull.
London Math. Soc. 39, 404-412.
[2013] Nonlocalization of operators of Schrodinger type, Ann. Acad. Sci. Fenn. Ser.
A 1 Math. 38, 141-147.
P. Sjolin and F. Soria [2003] Estimates of averages of Fourier transforms with respect
to general measures, Proc. Royal Soc. Edinburgh A 133, 943-950.
[2014] Estimates for multiparameter maximal operators of Schrodinger type, J. Math.
Anal. Appl. 411, 129-143.
C. D. Sogge [1991] Propagation of singularities and maximal functions in the plane,
Invent. Math. 104, 349-376.
[1993] Fourier Integrals in Classical Analysis, Cambridge University Press.
[1999] Concerning Nikodym-type sets in 3-dimensional curved spaces, J. Amer. Math.
Soc. 12, 1-31.
B. Solomyak [1995] On the random series Y =\" (an Erdés problem), Ann. of Math.
(2) 142, 611-625.
E. M. Stein [1961] On limits of sequences of operators, Ann. of Math. (2) 74, 140-170.
[1986] Oscillatory integrals in Fourier analysis, Beijing Lectures in Harmonic Anal-
ysis, pp. 307-355, Annals of Math. Studies 112, Princeton University Press.
[1993] Harmonic Analysis: Real Variable Methods, Orthogonality, and Oscillatory
integrals, Princeton University Press.
E. M. Stein and G. Weiss [1971] Introduction to Fourier Analysis on Euclidean Spaces,
Princeton University Press.
R. Strichartz [1977] Restrictions of Fourier transforms to quadratic surfaces and decay
of solutions of wave equations, Duke Math. J. 44, 705-714.
[1989] Besicovitch meets Wiener—Fourier expansions and fractal measures, Bull.
Amer. Math. Soc. (N.S.) 20, 55-59.
[1990a] Fourier asymptotics of fractal measures, J. Funct. Anal. 89, 154-187.
[1990b] Self-similar measures and their Fourier transforms I, Indiana Univ. Math. J.
39, 797-817.
[1993a] Self-similar measures and their Fourier transforms II, Trans. Amer. Math.
Soc. 336, 335-361.
[1993b] Self-similar measures and their Fourier transforms II1, Indiana Univ. Math.
J.42,367-411.
[1994] A Guide to Distribution Theory and Fourier Transforms, Studies in Advanced
Mathematics, CRC Press.
T. Tao [1999a] Bochner—Riesz conjecture implies the restriction conjecture, Duke Math.
J. 96, 363-375.
[1999b] Lecture notes for the course Math 254B, Spring 1999 at UCLA, www.math.
ucla.edu/tao/254b.1.99s/
[2000] Finite field analogues of the Erdos, Falconer, and Furstenburg problems,
www.math.ucla.edu/tao/preprints/kakeya.html.


www.math.ucla.edu/tao/254b.1.99s/
www.math.ucla.edu/tao/254b.1.99s/
www.math.ucla.edu/tao/preprints/kakeya.html

432 References

[2001] From rotating needles to stability of waves: emerging connections between
combinatorics, analysis, and PDE, Notices Amer. Math. Soc. 48, 294-303.

[2003] A sharp bilinear restriction estimate for paraboloids, Geom. Funct. Anal. 13,
1359-1384.

[2004] Some recent progress on the restriction conjecture in Fourier analysis and
convexity, 217-243, Appl. Numer. Harmon. Anal., Birkhauser Boston, Boston,
MA.

[2008a] Dvir’s proof of the finite field Kakeya conjecture, http://terrytao.
wordpress.com/2008/03/24/dvirs- proof-of-the-finite-field-kakeya-conjecture, 24
March 2008.

[2008b] A remark on the Kakeya needle problem, http://terrytao.wordpress.com/2008/
12/31/a-remark-on- the-kakeya-needle-problem.

[2009] A quantitative version of the Besicovitch projection theorem via multiscale
analysis, Proc. London Math. Soc. 98, 559-584.

[2011] An epsilon of room, 1I: pages from year three of a mathematical blog, Amer.
Math. Soc.

[2014] Algebraic combinatorial geometry: the polynomial method in arithmetic com-
binatorics, incidence combinatorics, and number theory, EMS Surv. Math. Sci. 1,
1-46.

T. Tao and A. Vargas [2000] A bilinear approach to cone multipliers I. Restriction
estimates, Geom. Funct. Anal. 10, 185-215.

T. Tao, A. Vargas and L. Vega [1998] A bilinear approach to the restriction and Kakeya
conjectures, J. Amer. Math. Soc. 11, 967-1000.

T. Tao and V. Vu [2006] Additive Combinatorics, Cambridge University Press.

F. Temur [2014] A Fourier restriction estimate for surfaces of positive curvature in R®,
Rev. Mat. Iberoam. 30, 1015-1036.

X. Tolsa [2014] Analytic capacity, the Cauchy Transform, and Non-homogeneous
Calderon-Zygmund Theory, Birkhauser.

P. A. Tomas [1975] A restriction theorem for the Fourier transform, Bull. Amer. Math
Soc. 81, 477-478.

G. Travaglini [2014] Number Theory, Fourier Analysis and Geometric Discrepancy,
London Mathematical Society Student Texts 81, Cambridge University Press.

A. Vargas [1991] Operadores maximales, multiplicadores de Bochner—Riesz y teoremas
de restriccion, Master’s thesis, Universidad Autonoma de Madrid.

A. Volberg and V. Eiderman [2013] Nonhomogeneous harmonic analysis: 16 years of
development, Uspekhi Mat. Nauk. 68, 3—58; translation in Russian Math. Surveys
68, 973-1026.

N. G. Watson [1944] A Treatise on Bessel Functions, Cambridge University Press.

Z.-Y. Wen, W. Wu and L. Xi [2013] Dimension of slices through a self-similar set with
initial cubical pattern, Ann. Acad. Sci. Fenn. Ser. A I Math. 38, 473-487.

Z.-Y. Wen and L. Xi [2010] On the dimension of sections for the graph-directed sets,
Ann. Acad. Sci. Fenn. Ser. A 1 Math. 35, 515-535.

L. Wisewell [2004] Families of surfaces lying in a null set, Mathematika 51, 155—
162.

[2005] Kakeya sets of curves, Geom. Funct. Anal. 15, 1319-1362.

T. W. Wolff [1995] An improved bound for Kakeya type maximal functions, Rev. Mat.
Iberoam. 11, 651-674.


http://terrytao.wordpress.com/2008/03/24/dvirs-proof-of-the-finite-field-kakeya-conjecture
http://terrytao.wordpress.com/2008/03/24/dvirs-proof-of-the-finite-field-kakeya-conjecture
http://terrytao.wordpress.com/2008/12/31/a-remark-on-the-kakeya-needle-problem
http://terrytao.wordpress.com/2008/12/31/a-remark-on-the-kakeya-needle-problem

References 433

[1997] A Kakeya-type problem for circles, Amer. J. Math. 119, 985-1026.

[1998] A mixed norm estimate for the X-ray transform, Rev. Mat. Iberoam. 14,
561-600.

[1999] Decay of circular means of Fourier transforms of measures, Int. Math. Res.
Not. 10, 547-567.

[2000] Local smoothing type estimates on LP for large p, Geom. Funct. Anal. 10,
1237-1288.

[2001] A sharp bilinear cone restriction estimate, Ann. of Math. (2) 153, 661-698.

[2003] Lectures on Harmonic Analysis, Amer. Math. Soc., University Lecture Series
29.

Y. Xiao [2013] Recent developments on fractal properties of Gaussian random fields,
in Further Developments in Fractals and Related Fields, J. Barral and S. Seuret
(eds.), Trends in Mathematics, Birkhauser, 255-288.

Y. Xiong and J. Zhou [2005] The Hausdorff measure of a class of Sierpinski carpets, J.
Math. Anal. Appl. 305, 121-129.

W. P. Ziemer [1989] Weakly Differentiable Functions, Springer-Verlag.

A.Zygmund [1959] Trigonometric Series, volumes I and II, Cambridge University Press
(the first edition 1935 in Warsaw).

[1974] On Fourier coefficients and transforms of functions of two variables, Studia
Math. 50, 189-201.



Index of basic notation

B(x,r), 11 F (). 3,28
d(A), D(A, B),d(x, A), 11 S(RM), 28
A(S), 11 Jin, 33
A, Int(A), 11 y(n,s), 35
xa, 11 dimp, 40
C(X), CT(X), Co(X), CO+(X), 11 o(w), 43
CHU). C*°), 11 o, 46
spt, 11 P, pg, 55
R", 11 D(A), 58
L, an), 11 8(uw), 59
o Lol 11 dimg, 73
s Ty(p), 74
84, 12 G(n,m), Yn.m, 78
LP(w), LP, 12 Py, 78
- lzrgos - 1o I Tzpe,a). 12 W .a, 88
a Sas 12 w0 (z; 0 g)v, 101
C(a), c(@), 12 Cy, JLa, 109
N, No, 12 Cym.N, MmN, 116
M(A), 13 C(d), 127
lLLA, 13 Ha.ns Ha> 165
fot, 13 i 178
n<KLv, 13 ¢ e
[ fdu, 13 HO®R"), || - [l mo @y, 219
2. a(s), 13 M, 222
dim, 14 T, 236

®,, 237

0(n), Oy, 14

dim,,, dimy. 15 M, 237

N(4,8),15 Dy(A), 262

dimp, 15 Tn, 293

Frg 16 ms, 300

1oy, 19 T3(a), 305

oo 19 K5, 305

D, x). D(i, x), 20 N 321

E(/).23 Ej, 390

F), f: 26 Y, Vj,Wj,ﬂ)j,392
T4, 80,26 Pwj» 391

434



Author index

Alberti, G., 304
Alexander, R., 155
Arutyunyants, G., 68

Babichenko, Y., 154

Bak, J.-G., 282

Balogh, Z. M., 85

Bandt, C., 130

Banuelos, R., 67

Barany, B., 97, 98

Barcel6, B., 282

Barceld, J. A., 197, 199, 219, 232, 234

Bateman, M., 139, 327

Beckner, W., 327

Bennett, M., 69

Bennett, J., 197, 199, 219, 232, 234, 413, 414

Besicovitch, A. S., 1, 54, 141, 153-155, 265,
304

Betsakos, D., 67

Bishop, C. J., 17,21, 154

Bluhm, C., 53

Bond, M., 140

Bourgain, J., 7, 58, 69, 70, 84, 153, 155, 156,
198, 234, 235, 276, 282, 325, 327, 328, 332,
344,354, 356, 361, 366, 371, 413415

Brown, G., 172

Carbery, A., 197, 199, 219, 232, 234, 301, 304,
324,327,355,413,414

Carleson, L., 53, 232, 292, 301, 303

Chan, V., 71

Chapman, J., 197

Chen, X., 42, 282

Christ, M., 353, 367

Cordoba, A., 154, 155, 327, 331

Csornyei, M., 304

Dahlberg, B. E. J., 232-234
David, G, 1

Davies, R. O., 17, 142, 147, 155
Demeter, C., 328

Dendrinos, S., 282

Donoven, C., 105

Drury, S. W., 353, 367
Duoandikoetxea, J., 53, 353
Durand Cartagena, E., 85

Dvir, Z., 325, 328, 414

Edgar, G. A., 69, 71

Eiderman, V., 1

Ekstrom, F., 40, 54

Elekes, M., 105

Ellenberg, J. S., 328

Erdogan, M. B., 6, 7, 54, 71, 86, 185, 191,
197, 198, 200, 218, 262, 264, 415

Erdés, P., 69, 70, 122, 126

Eswarathasan, S., 68, 71, 105

Falconer, K. J., 5,7, 41, 55, 58, 6668,
70, 82, 84, 86, 97, 99, 105, 142, 147,
148, 154, 155, 185, 262, 264, 359, 365,
366, 368

Fan, A.-H., 173

Farkas, A., 141

Fissler, K., 85, 86

Federer, H., 265

Fefferman, C., 6, 153, 293, 295, 304, 305,
327

Ferguson, A., 68, 97, 98, 141

Fraser, J., 66, 68, 96, 99, 155

Freedman, D., 168, 172

Furstenberg, H., 70, 98, 141, 152, 153,
172

435



436

Garibaldi, J., 69

Graf, S., 130

Grafakos, L., 53, 71

Greenleaf, A., 67-69, 71, 198
Gromov, M., 366

Guth, L., 69, 235, 328, 366, 414, 415

Ham, S., 282

Hambrook, K., 282
Harangi, V., 71

Hare, K. E., 52,53, 172
Hart, D., 71, 197, 264
Havin, V., 29, 54

Hawkes, J., 97
Heath-Brown, D. R., 350
Heo, Y., 324

Hochman, M., 66, 69, 98, 126, 141
Hofmann, S., 1, 68
Hormander, L., 301, 356
Hovila, R., 85, 265
Howroyd, J. D., 17, 66, 86
Hunt, B., 66

Hutchinson, J. E., 118

Tosevich, A., xi, 67-69, 71, 105, 157, 197-199,
264, 353

Jarnik, V., 54, 82

Jarvenpad, E., 85, 97, 153, 265
Jarvenpai, M., 66, 85, 97, 105, 153, 265
Jin, X., 66-68, 99

Jordan, T., 54, 141

Joricke, B., 29, 54

Kiaenmaki, A., 157

Kahane, J.-P,, 53, 54, 99, 105, 119, 126, 140,
154,162, 172

Kakeya, S., 1, 153

Kaloshin, V., 66

Katz, N. H., 7, 69, 70, 153, 327, 328, 344, 354,
355, 366

Kaufman, R., 3, 41, 44, 53, 66, 82, 84-86,
162

Keich, U., 154, 327

Keleti, T., 71, 85, 105, 150, 153, 155, 324

Kempton, T., 98

Kenig, C. E., 1, 232-234

Kenyon, R., 97, 129, 131, 132, 140

Kim, J., 328

Kiss, G., 71

Koh, D., 197

Kolasa, L., 156

Author index

Konyagin, S., 68

Korner, T., 41, 42,71, 155
Kozma, G., 54

Kroc, E., 327, 328

Laba, 1, xi, 42, 68, 69, 71, 140, 153, 155, 282,
324, 355, 367

Lagarias, J., 140

Ledrappier, F., 85, 265

Lee, S., 234,282, 415

Leikas, M., 85, 265

Lima, Y., 66

Lindenstrauss, E., 70, 71, 265

Liu, B., 67, 68,71, 198

Liu, Q. H., 97

Llorente, M., 97

Lyons, R., 54

Maga, P., 69, 71

Manning, A., 97

Marstrand, J. M., 3, 5, 7, 45, 55, 66, 96, 98,
129, 140, 141, 155, 156, 357, 365

Martell, J. M., 1

Maithé, A., 71, 105, 153

Mattila, P., xi, 44, 66-68, 71, 84, 85, 97, 105,
140, 142, 198, 199

Méndez—Hernandez, P. J., 67

Miller, C., 69, 71

Minicozzi, W., 355

Mitrea, M., 1

Mitsis, T., xi, 42, 67, 156, 282, 367, 368

Mockenhaupt, G., 282

Molter, U., 153

Moran, W., 172

Moreira, C. G., 66, 105, 141

Morters, P., 17

Mourgoglou, M., 67, 71

Miiller, D., 282

Nazarov, F, 1, 139, 141, 324
Nikishin, E. M., 233
Nikodym, O., 147

Oberlin, D. M., 69, 84-86, 153, 155, 156, 200,
218, 264, 282, 367

Oberlin, R., 69, 86, 200, 264, 328, 366, 367

Olevskii, A., 54

Olson, E. J., 155

O’Neil, T., 66

Orponen, T., 68, 85, 86, 96-99, 155, 172, 264,
304

Ott, W., 66



Author index

Palsson, E., 67, 68, 71, 198

Parasar, M., 53

Parcet, J., 327

Peltomaiki, A., 84

Peres, Y., 6, 17, 21, 66, 67, 84, 97, 105, 122,
125, 126, 129, 139-142, 154, 236, 237, 254,
259,261, 262, 264, 265

Peretz, R., 154

Persson, T., 40, 54

Peyriére, J., 172

Pisier, G., 282

Pitman, J., 168, 172

Pollicott, M., 125, 264

Poltoratski, A., 54

Pramanik, M., 42, 69, 71, 327, 328

Preiss, D., 45, 172, 304

Rams, M., 67, 68

Rela, E., 153

Riesz, F., 172

Robinson, J. C., 155

Rogers, K. M., 197, 219, 232, 234, 327, 367
Roginskaya, M., 52, 53, 172
Rokhlin, V. A., 98

Roth, K., 350

Rubio de Francia, J. L., 353
Rudnev, M., 68, 69, 197-199
Ruiz, A., 199

Sahlsten, T., 54, 68, 96, 99, 172

Salem, R., 6, 40, 53, 54, 119, 122

Sawyer, E., 154, 157

Saxcé De, N., 70, 71

Schlag, W., 6, 66, 84, 125, 126, 236, 237, 254,
259, 261, 262, 264, 265, 354

Schmeling, J., 40, 54

Seeger, A., 234,282, 324

Semmes, S., 1, 327

Senger, S., 68, 69, 71

Shayya, B., 198, 264

Shieh, N.-R., 99, 173

Shmerkin, P., 42, 66, 69, 98, 126, 141, 157,
262,282, 304

Simon, K., 67, 68, 97, 98, 125, 129, 140, 142,
264

Sjolin, P., 67, 199, 229, 231, 234, 292, 301

Sogge, C., 324, 355, 356

Solomyak, B., 5, 105, 122, 125, 126, 129,
139-142, 262

Soria, F., 199, 234, 304, 327

437

Sousi, P, 154

Stein, E. M., 6, 50, 146, 156, 233, 271, 281,
356, 366

Strenner, B., 71

Strichartz, R., 45, 53, 119, 324

Suomala, V., 42, 98, 282, 304

Tao, T., xi, 6, 7, 50, 70, 140, 153, 155, 185,
234,301, 322, 324, 327, 328, 344, 353-355,
366, 367, 371, 375, 378, 413415

Taylor, K., 67-69, 71, 105, 157

Taylor, M., 1

Temur, F,, 414

Tolsa, X., 1, 17

Tomas, P. A., 6, 50, 271, 281

Toro, T., 1

Tyson, J. T., 85

Uriarte-Tuero, L., 1, 69, 157

Viégo, L., 67

Valdimarsson, S. 1., 414

Vargas, A., 199, 282, 304, 371, 375, 378, 415
Vega, L., 371, 375, 415

Vilela, M. C., 199

Volberg, A., 1, 139, 140

Volkmann, B., 69, 70

Wang, Y., 140

Wen, Z.-Y., 97

Wigderson, A., 328

Winkler, P., 154

Wisewell, L., 157, 327, 354, 356

Wolff, T. W., 6, 7, 53, 153, 156, 185, 191,
197-199, 218, 262, 281, 282, 324, 327,
328, 332, 344, 354, 355, 367, 371, 386, 413,
414

Wu, W., 97

Xi, L., 97
Xiao, Y., 99, 162
Xiong, Y., 142

Yoccoz, J.-C., 105

Zhai, K., 140

Zhang, X., 173

Zhao, Y. F.,, 97

Zhou, J., 142
Zygmund, A., 53, 292



Subject index

x-function, 124 convolution formula, 26, 30
§ transversal, 123, 260 critical point, 178
§-separated, 307 non-degenerate, 178
approximate identity, 16 derivative of a measure, 20
arithmetic method, 344 dimension
Fourier, 40
Bernoulli convolution, 120, 259 Hausdorff, 14
Besicovitch set, 4, 143 Minkowski, 15
(n, k) Besicovitch set, 357 packing, 15
existence, 143 similarity, 118
Fourier dimension, 145 Sobolev, 73, 238
Hausdorff dimension, 144, 314, 329, 355 dimension conservation formula, 98
in finite field, 325 dimension of measure, 86
Minkowski dimension, 146, 344, 355 Dirac measure, 12
Besicovitch—Federer projection theorem, distance measure, 59, 186
265 distance set, 58, 185
Bessel function, 33, 176 finite field, 197
Bessel kernel, 219 pinned, 262
Bessel potential, 220 dual rectangular box, 46
bilinear restriction, 369
Bochner—Riesz conjecture, 301, 324 energy
Bochner—Riesz multiplier, 300 mutual, 39, 189
Borel measure, 12 of a measure, 19, 238
Borel regular, 12 Sobolev, 74, 238
Borel ring, 64 with Fourier transform, 38
Borel set, 12, 17 Erdés distance problem, 69
Bourgain’s bushes, 329 extension inequality, 269
Brownian motion, 158 extension operator, 390
Cantor measure, 109 Falconer’s conjecture, 58, 185
Cantor set finite field
modified, 116 distance sets, 197
symmetric, 109 Kakeya problem, 325
characteristic function, 11 four-corner Cantor set, 127
convolution, 16 Fourier coefficient, 51

438



Subject index

Fourier dimension, 40

modified, 54
Fourier series, 50
Fourier transform, 26

and energy, 38

inverse, 28

of a distribution, 32

of a measure, 30

of a radial function, 34
Frostman measure, 18
Frostman’s lemma, 18
Furstenberg set, 152

Gaussian curvature, 181
generalized projection, 236
geodesic flow, 265
Grassmannian, 78

hairbrush, 332
Hankel transform, 199
Hardy-Littlewood maximal function, 222
Hausdorff dimension, 14
Besicovitch set, 144, 314, 329
Borel rings, 64
Brownian motion, 159
distance sets, 59, 185
generalized projections, 239, 256
intersections, 104
plane sections, 94
projections, 55, 78
Riesz products, 166
Hausdorff measure, 13
Hausdorff—Young inequality, 32
Heisenberg uncertainty principle, 29
Hessian determinant, 178
Hessian matrix, 178
Hilbert transform, 187

image of a measure, 13
induction on scales, 386
integral, 13
interpolation, 21
intersection measure, 100

Kakeya conjecture, 146, 323

Kakeya maximal conjecture, 306, 323
Kakeya maximal function, 305, 355
Khintchine’s inequality, 23, 277, 318
Knapp example, 49, 274, 319

Lebesgue measure, 11

line segment extension conjecture, 150, 324

Littlewood—Paley decomposition, 242
local smoothing conjecture, 324
localization, 378

locally uniform, 168

Marcinkiewicz interpolation theorem, 22
Marstrand’s projection theorem, 3, 55
maximal function

Hardy-Littlewood, 222

Kakeya, 305, 355

Nikodym, 321
measure, 12

absolutely continuous, 13

Borel, 12

Borel regular, 12

Dirac, 12

distance, 59, 186

Hausdorff, 13

image of, 13

intersection, 100

Lebesgue, 11

locally finite, 12

on G(n,m), 78

on O(n), 78

Radon, 12

restriction of, 13

singular, 13

sliced, 88

support of, 13

surface, 180
Minkowski dimension, 15, 354

Besicovitch set, 146, 344
Montgomery’s conjecture, 325
Morse’s lemma, 179
multilinear restriction, 413
multiplier

L?,293

Bochner—Riesz, 300

Nikodym conjecture, 149, 323
Nikodym maximal conjecture, 321, 323
Nikodym maximal function, 321
Nikodym set, 147

orthogonal group, 14
orthogonal projection, 78
one-dimensional, 55

oscillatory integral, 174

packing dimension, 15, 146
Parseval’s formula, 28, 29
Perron tree, 153

439



440

pinned distance set, 262
Pisot number, 113, 122
Plancherel’s formula, 28, 29
Poisson summation formula, 51, 393
product formula, 26, 30
projection

average length, 139

generalized, 236

orthogonal, 55, 78

restricted families, 85

Radon measure, 12
Rajchman measures, 54
rectangular box, 46
regularity of degree 8, 252
restricted weak type, 22, 329
restriction conjecture, 276, 318, 324
restriction inequalities, 269
restriction of a measure, 13
Riemann-Lebesgue lemma, 27
Riesz kernel, 19

Fourier transform, 35
Riesz product, 163
Riesz—Thorin interpolation theorem, 21

Salem set, 40, 162
Schrodinger equation, 224, 232, 280
Schur’s test, 285, 309
Schwartz class, 28
self-similar, 117

set of multiplicity, 116

set uniqueness, 116
similarity, 117

similarity dimension, 118
sliced measure, 88

Sobolev dimension, 73, 238
Sobolev energy, 74, 238

Subject index

Sobolev norm, 219, 242
Sobolev space, 74, 219
spherical average, 43, 185, 226
stationary phase, 174

and restriction, 283
Stein—Tomas restriction theorem, 271
Strichartz estimates, 324
strong type inequality, 22
support

of a function, 11

of a measure, 13
surface measure

on a graph, 180

on the sphere, 11
Suslin set, 17

tempered distribution, 32
tiling, 132
transversal, 237
$8, 123,260
degree 8, 252
power series, 123
strong, 243
tube null set, 304

uniformly locally uniform, 169

van der Corput’s lemma, 175
Venetian blind, 147

wave equation, 224, 281, 324
wavepacket decomposition, 387, 391
weak convergence, 16

metrics, 168
weak type inequality, 22
Wolff’s hairbrushes, 332
Wolff-Erdogan theorem, 185



	Cover
	Half title
	Series
	Title
	Copyright
	Dedication
	Contents
	Preface
	Acknowledgements
	1 Introduction
	Part I Preliminaries and some simpler applications of the Fourier transform
	2 Measure theoretic preliminaries
	2.1 Some basic notation
	2.2 Borel and Hausdorff measures
	2.3 Minkowski and packing dimensions
	2.4 Weak convergence
	2.5 Energy-integrals and Frostman's lemma
	2.6 Differentiation of measures
	2.7 Interpolation
	2.8 Khintchine's inequality
	2.9 Further comments

	3 Fourier transforms
	3.1 Fourier transforms in L[sup(1)] and L[sup(2)]
	3.2 Fourier transforms of measures and distributions
	3.3 The Fourier transform of radial functions,Bessel functions
	3.4 The Fourier transform of Riesz kernels
	3.5 Fourier transforms and energy-integrals of measures
	3.6 Salem sets and Fourier dimension
	3.7 Spherical averages
	3.8 Ball averages
	3.9 Fourier transforms and rectangular boxes
	3.10 Fourier series
	3.11 Further comments

	4 Hausdorff dimension of projections and distance sets
	4.1 Projections
	4.2 Distance sets
	4.3 Dimension of Borel rings
	4.4 Further comments

	5 Exceptional projections and Sobolev dimension
	5.1 Exceptional sets for one-dimensional projections
	5.2 Sobolev dimension
	5.3 Higher dimensional projections
	5.4 Further comments

	6 Slices of measures and intersections with planes
	6.1 Sliced measures and estimates for energy-integrals
	6.2 Dimension of plane sections
	6.3 Measures on graphs
	6.4 Further comments

	7 Intersections of general sets and measures
	7.1 Intersection measures and energy estimates
	7.2 Dimension of intersections of sets
	7.3 Further comments


	Part II Specific constructions
	8 Cantor measures
	8.1 Symmetric Cantor sets Cd and measures μ[sub(d)]
	8.2 Pisot numbers and the corresponding measures
	8.3 Self-similar measures
	8.4 Further comments

	9 Bernoulli convolutions
	9.1 Absolute continuity of the Bernoulli convolutions
	9.2 Further comments

	10 Projections of the four-corner Cantor set
	10.1 The Cantor sets C(d)
	10.2 Peres–Simon–Solomyak proof for the projectionsof C(1/4)
	10.3 Kenyon's tilings and projections of C(1/4)
	10.4 Average length of projections
	10.5 Further comments

	11 Besicovitch sets
	11.1 Existence of Besicovitch sets
	11.2 Hausdorff dimension of Besicovitch sets
	11.3 Nikodym sets
	11.4 Lines vs. line segments
	11.5 Furstenberg sets
	11.6 Further comments

	12 Brownian motion
	12.1 Some facts on Brownian motion
	12.2 Dimension of trajectories
	12.3 Further comments

	13 Riesz products
	13.1 Definition of Riesz products
	13.2 Absolute continuity of Riesz products
	13.3 Riesz products and Hausdorff dimension
	13.4 Uniformly locally uniform measures
	13.5 Further comments

	14 Oscillatory integrals (stationary phase) and surface measures
	14.1 One-dimensional case
	14.2 Higher dimensional case
	14.3 Surface measures
	14.4 Further comments


	Part III Deeper applications of the Fourier transform
	15 Spherical averages and distance sets
	15.1 The Wolff–Erdogan distance set theorem
	15.2 Spherical averages and distance measures
	15.3 The decay of spherical averages
	15.4 Distance sets in finite fields
	15.5 Further comments

	16 Proof of the Wolff–Erdogan Theorem
	16.1 Further comments

	17 Sobolev spaces, Schrӧdinger equation and spherical averages
	17.1 Sobolev spaces and the Hardy–Littlewood maximal function
	17.2 Schrodinger equation and related integral operators
	17.3 Further comments

	18 Generalized projections of Peres and Schlag
	18.1 Tranversality of degree 0 in the one-dimensional case
	18.2 Transversality of degree β
	18.3 Generalized projections in higher dimensions
	18.4 Applications
	18.5 Further comments


	Part IV Fourier restriction and Kakeyatype problems
	19 Restriction problems
	19.1 The problem
	19.2 Stein–Tomas restriction theorem
	19.3 Restriction conjecture
	19.4 Applications to PDEs
	19.5 Further comments

	20 Stationary phase and restriction
	20.1 Stationary phase and L[sup(2)] estimates
	20.2 From stationary phase to restriction
	20.3 Sharp results in the plane
	20.4 Further comments

	21 Fourier multipliers
	21.1 Definition and examples
	21.2 Fefferman's example
	21.3 Bochner–Riesz multipliers
	21.4 Almost everywhere convergence and tube null sets
	21.5 Further comments

	22 Kakeya problems
	22.1 Kakeya maximal function
	22.2 Kakeya maximal implies Kakeya
	22.3 Restriction implies Kakeya
	22.4 Nikodym maximal function
	22.5 Summary of conjectures
	22.6 Kakeya problems in finite fields
	22.7 Further comments

	23 Dimension of Besicovitch sets
	23.1 Bourgain's bushes and lower bound (n + 1)/2
	23.2 Wolff's hairbrushes and lower bound (n + 2)/2
	23.3 Bourgain's arithmetic method and lower bound cn + 1 - c
	23.4 Further comments

	24 (n, k) Besicovitch sets
	24.1 Marstrand and the case n = 3, k = 2
	24.2 Falconer and the case k > n/2
	24.3 Bourgain and the case k > (n + 1)/3
	24.4 Further comments

	25 Bilinear restriction
	25.1 Bilinear vs. linear restriction
	25.2 Setting for the bilinear restriction theorem
	25.3 Bilinear restriction theorems
	25.4 Bilinear restriction implies restriction
	25.5 Localization
	25.6 Induction on scales
	25.7 Sketch of the proof of Theorem 25.7
	25.8 Extension operators
	25.9 Wavepacket decomposition
	25.10 Some pigeonholing
	25.11 Reduction to L[sup(2)](R[sup(n)])
	25.12 Geometric arguments
	25.13 Multilinear restriction and applications
	25.14 Further comments


	References
	Index of basic notation
	Author index
	Subject index

