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Preface

This is a book on geometric measure theory and Fourier analysis. The main
purpose is to present several topics where these areas meet including some
of the very active recent interplay between them. We shall essentially restrict
ourselves to questions involving the Fourier transform and Hausdorff dimension
leaving many other aspects aside.

The book is intended for graduate students and researchers in mathematics.
The prerequisites for reading it are basic real analysis and measure theory.
Familiarity with Hausdorff measures and dimension and with Fourier analysis
is certainly useful, but all that is needed will be presented in Chapters 2 and 3.
Although most of the material has not appeared in book form, there is overlap
with several earlier books. In particular, Mattila [1995] covers part of Chapters
4–7, Wolff [2003] of Chapters 14, 19, 20 and 22, and Stein [1993] of 14 and
19–21. Several other overlaps are mentioned in the text. The surveys Iosevich
[2001], Łaba [2008], [2014], Mattila [2004], Mitsis [2003a] and Tao [2001],
[2004] are closely related to the themes of the book.
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Introduction

The main object of this book is the interplay between geometric measure the-
ory and Fourier analysis on Rn. The emphasis will be more on the first in the
sense that on several occasions we look for the best known results in geometric
measure theory while our goals in Fourier analysis will usually be much more
modest. We shall concentrate on those parts of Fourier analysis where Haus-
dorff dimension plays a role. Much more between geometric measure theory
and Fourier analysis has been and is going on. Relations between singular inte-
grals and rectifiability have been intensively studied for more than two decades;
see the books David and Semmes [1993], Mattila [1995] and Tolsa [2014], the
survey Volberg and Eiderman [2013], and Nazarov, Tolsa and Volberg [2014]
for recent break-through results. Relations between harmonic measure, partial
differential equations (involving a considerable amount of Fourier analysis) and
rectifiability have recently been very actively investigated by many researchers;
see, for example, Kenig and Toro [2003], Hofmann, Mitrea and Taylor
[2010], Hofmann, Martell and Uriarte-Tuero [2014], and the references given
therein.

In this book there are two main themes. Firstly, the Fourier transform is a
powerful tool on geometric problems concerning Hausdorff dimension, and we
shall give many applications. Secondly, some basic problems of modern Fourier
analysis, in particular those concerning restriction, are related to geometric
measure theoretic Kakeya (or Besicovitch) type problems. We shall discuss
these in the last part of the book. We shall also consider various particular
constructions of measures and the behaviour of their Fourier transforms.

The contents of this book can be divided into four parts.

PART I Preliminaries and some simpler applications of the Fourier transform.

PART II Specific constructions.

1



2 Introduction

PART III Deeper applications of the Fourier transform.

PART IV Fourier restriction and Kakeya type problems.

Parts I and III are closely linked together. They are separated by Part II
only because much of the material in Part III is rather demanding and
Part II might be more easily digestible. In any case, the reader may jump
over Part II without any problems. On the other hand, the sections of Part II are
essentially independent of each other and only rely on Chapters 2 and 3. Part
IV is nearly independent of the others. In addition to the basics of the Fourier
transform, given in Chapter 3, the reader is advised to consult Chapter 11 on
Besicovitch sets and Chapter 14 on oscillatory integrals before reading Part IV.

The applicability of the Fourier transform on Hausdorff dimension stems
from the following three facts. First, the Hausdorff dimension of a Borel setA �
Rn, dimA, can be determined by looking at the behaviour of Borel measures
μ with compact support sptμ � A. We denote by M(A) the family of such
measures μ with 0 < μ(A) < 1. More precisely, by Frostman’s lemma dimA

is the supremum of the numbers s such that there exists μ 2 M(A) for which

μ(B(x, r)) � rs for x 2 Rn, r > 0. (1.1)

This is easily transformed into an integral condition. Let

Is(μ) D
∫∫

jx � yj�s dμx dμy

be the s-energy of μ. Then dimA is the supremum of the numbers s such that
there exists μ 2 M(A) for which

Is(μ) < 1. (1.2)

For a given μ the conditions (1.1) and (1.2) may not be equivalent, but they
are closely related: (1.2) implies that the restriction of μ to a suitable set with
positive μ measure satisfies (1.1), and (1.1) implies that μ satisfies (1.2) for
any s0 < s. Defining the Riesz kernel ks, ks(x) D jxj�s , the s-energy of μ can
be written as

Is(μ) D
∫

ks � μdμ.

For 0 < s < n the Fourier transform of ks (in the sense of distributions) is k̂s D
γ (n, s)kn�s where γ (n, s) is a positive constant. Thus we have by Parseval’s
theorem

Is(μ) D
∫

k̂s jμ̂j2 D γ (n, s)
∫

jxjs�njμ̂(x)j2 dx.



Introduction 3

Consequently, dimA is the supremum of the numbers s such that there exists
μ 2 M(A) for which ∫

jxjs�njμ̂(x)j2 dx < 1. (1.3)

Thus, in a sense, a large part of this book is a study of measures satisfying one,
or all, of the conditions (1.1), (1.2) or (1.3). As we shall see, in many appli-
cations using (1.1) or (1.2) is enough but often (1.3) is useful and sometimes
indispensable. In the most demanding applications one has to go back and forth
with these conditions.

The first application of Fourier transforms to Hausdorff dimension was
Kaufman’s [1968] proof for one part of Marstrand’s projection theorem. This
result, proved by Marstrand [1954], states the following.

Suppose A � R2 is a Borel set and denote by Pe, e 2 S1, the orthogonal
projection onto the line fte : t 2 Rg: Pe(x) D e � x.
(1) If dimA � 1, then dimPe(A) D dimA for almost all e 2 S1.
(2) If dimA > 1, then L1(Pe(A)) > 0 for almost all e 2 S1.

Here L1 is the one-dimensional Lebesgue measure.
Marstrand’s original proof was based on the definition and basic properties

of Hausdorff measures. Kaufman used the characterization (1.2) for the first
part and (1.3) for the second part. We give here Kaufman’s proof to illustrate
the spirit of the techniques used especially in Part I; many of the later arguments
are variations of the following.

To prove (1) let 0 < s < dimA and choose by (1.2) a measure μ 2 M(A)
such that Is(μ) < 1. Let μe 2 M(Pe(A)) be the push-forward of μ under Pe:
μe(B) D μ(P�1

e (B)). Then∫
S1
Is(μe) de D

∫
S1

∫∫
je � (x � y)j�s dμx dμy de

D
∫∫∫

S1
je � ( x�y

jx�yj )j
�s dejx � yj�s dμx dμy D c(s)Is(μ) < 1,

where for v 2 S1, c(s) D ∫
S1 je � vj�s de < 1 as s < 1. Referring again to

(1.2) we see that dimPe(A) � s for almost all e 2 S1. By the arbitrariness of
s, 0 < s < dimA, we obtain dimPe(A) � dimA for almost all e 2 S1. The
opposite inequality follows from the fact that the projections are Lipschitz
mappings.

To prove (2) choose by (1.3) a measure μ 2 M(A) such that∫ jxj�1jμ̂(x)j2 dx < 1. Directly from the definition of the Fourier transform
we see that μ̂e(t) D μ̂(te) for t 2 R, e 2 S1. Integrating in polar coordinates
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we obtain∫
S1

∫ 1

�1
jμ̂e(t)j2 dt de D 2

∫
S1

∫ 1

0
jμ̂(te)j2 dt de D 2

∫
jxj�1jμ̂(x)j2 dx< 1.

Thus for almost all e 2 S1, μ̂e 2 L2(R) which means that μe is absolutely
continuous with L2 density and hence L1(Pe(A)) > 0.

The interplay between geometric measure theory and Fourier restriction,
that we shall discuss in Part IV, has its origins in the following observations:

Let g be a function on the unit sphere Sn�1, for example the restriction of
the Fourier transform of a smooth function f defined on Rn. Let us fatten the
sphere to a narrow annulus S(δ) D fx : 1 � δ < jxj < 1 C δg. We can write
this annulus as a disjoint union of � δ(1�n)/2 spherical caps Rj , each of which
is almost (for a small δ) a rectangular box with n � 1 side-lengths about

p
δ

and one about δ. Suppose we could write g D ∑
j gj where each gj is a smooth

function with compact support in Rj (which of course we usually cannot do).
Then f D ∑

j fj where fj is the inverse transform of gj , which is almost the
same as the Fourier transform of gj . A simple calculation reveals that fj is
like a smoothened version of the characteristic function of a dual rectangular
box R̃j of Rj ; it decays very fast outside R̃j . This dual rectangular box is a
rectangular box with n � 1 side-lengths about 1/

p
δ and one about 1/δ, so it

is like a long narrow tube. Thus studying f based on the information we have
about the restriction of its Fourier transform on Sn�1, we are lead to study huge
collections of narrow tubes and the behaviour of sums of functions essentially
supported on them. These are typical Kakeya problems.

A concrete result along these lines is:
If the restriction conjecture is true, then all Besicovitch sets in Rn have

Hausdorff dimension n.
The restriction conjecture, or one form of it, says that the Fourier transform

of any function in Lp(Rn) can be meaningfully restricted to Sn�1 when 1 �
p < 2n

nC1 . In the dual form this amounts to saying that the Fourier transform
defines a bounded operator L1(Sn�1) ! Lq(Rn) for q > 2n

n�1 in the sense that
the inequality

kf̂ kLq (Rn) � C(n, q)kf kL1(Sn�1)

holds. For n D 2 this is known to be true and for n > 2 it is open. The restriction
conjecture is related to many other questions of modern Fourier analysis and
partial differential equations. We shall discuss some of these in this book.

Besicovitch sets are sets of Lebesgue measure zero containing a unit line
segment in every direction. They exist in Rn for all n � 2. It is known, and we
shall prove it, that all Besicovitch sets in the plane have Hausdorff dimension 2,
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but in higher dimensions it is an open problem whether they have full dimension
n. Fattening Besicovitch sets slightly we end up with collections of narrow tubes
as discussed above.

Now I give a brief overview of each chapter. Chapter 2 gives preliminaries
on Borel measures in Rn and Chapter 3 on the Fourier transform, including the
proofs for the characterization of Hausdorff dimension in terms of (1.1), (1.2)
and (1.3). In Chapter 4 we repeat the above proof for Marstrand’s theorem with
more details and study Falconer’s distance set problem: what can we say about
the size of the distance set

D(A) D fjx � yj : x, y 2 Ag
if we know the Hausdorff dimension of a Borel set A � Rn? For instance,
we show that if dimA > (n C 1)/2 then D(A) contains an open interval. In
Chapter 5 we sharpen Marstrand’s projection theorem by showing that the
Hausdorff dimension of the exceptional directions in (1) is at most dimA and
in (2) at most 2 � dimA. We also give the higher dimensional versions and
introduce the concept of Sobolev dimension of a measure, the use of which
unifies and extends the results. In Chapter 6 we slice, or disintegrate, Borel
measures in Rn by m-planes and apply this process to prove that typically if an
m-plane V intersects a Borel set A � Rn with dimA > n � m, it intersects it in
dimension dimA C m � n. We also prove here an exceptional set estimate and
give an application to the Fourier transforms of measures on graphs. Chapter 7
studies the more general question of generic intersections of two arbitrary Borel
sets. We prove that if A,B � Rn are Borel sets and dimB > (n C 1)/2, then
for almost all rotations g 2 O(n) the set of translations by z 2 Rn such that
dimA \ (g(B) C z) � dimA C dimB � n � ε has positive Lebesgue measure
for every ε > 0.

We start Part II by studying in Chapter 8 classical symmetric Cantor sets
with dissection ratio d and the natural measures on them. We compute the
Fourier transform and show that it goes to zero at infinity if and only if 1/d
is not a Pisot number. Bernoulli convolutions are studied in Chapter 9. They
are probability distributions of random sums

∑
j ˙λj , 0 < λ < 1. We prove

part of Solomyak’s theorem which says that they are absolutely continuous
for almost all λ 2 (1/2, 1). In Chapter 10 we investigate projections of the
one-dimensional Cantor set in the plane which is the product of two standard
symmetric linear half-dimensional Cantor sets. We show in two ways that it
projects into a set of Lebesgue measure zero on almost all lines and we also
derive more detailed information about its projections. Using the aforemen-
tioned result we construct Besicovitch sets in Chapter 11. We shall also prove
there that they have Hausdorff dimension at least 2. We shall consider Nikodym
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sets, too. They are sets of measure zero containing a line segment on some line
through every point of the space. In Chapter 12 we find sharp information
about the almost sure decay of Fourier transforms of some measures on tra-
jectories of Brownian motion. The decay is as fast as the Hausdorff dimension
allows, so the trajectories give examples of Salem sets. In Chapter 13 we
study absolute continuity properties, both with respect to Lebesgue measure
and Hausdorff dimension, of classical Riesz products. In Chapter 14 we derive
basic decay properties for oscillatory integrals

∫
eiλϕ(x)ψ(x) dx and apply them

to the Fourier transform of some surface measures.
Beginning Part III in Chapter 15 we return to the applications of Fourier

transforms to geometric problems on Hausdorff dimension; we apply decay
estimates of the spherical averages

∫
Sn�1 jμ̂(rv)j2 dv to distance sets. We con-

tinue this in Chapter 16 and prove deep estimates of Wolff and Erdoğan using
Tao’s bilinear restriction theorem (which is proved later) and Kakeya type
methods. This will give us the best known dimension results for the distance
set problem. In Chapter 17 we define fractional Sobolev spaces in terms of
Fourier transforms. We study convergence questions for Sobolev functions and
for solutions of the Schrödinger equation and estimate the Hausdorff dimension
of the related exceptional sets. The Fourier analytic techniques of Peres and
Schlag are introduced in Chapter 18 and they are applied to get considerable
extensions of projection type theorems, both in terms of mappings and in terms
of exceptional set estimates.

In Part IV we first introduce in Chapter 19 the restriction problems and prove
the basic Stein–Tomas theorem. It says that

kf̂ kLq (Rn) � C(n, q)kf kL2(Sn�1) for q � 2(n C 1)/(n � 1).

In fact, we do not prove the end-point estimate for q D 2(n C 1)/(n � 1), but
we shall give a sketch for it in Chapter 20 using a stationary phase method. We
shall also prove the restriction conjecture

kf̂ kLq (R2) � C(q)kf kL1(S1) for q > 4

in the plane using this method.
In Chapter 21 we first prove Fefferman’s multiplier theorem saying that for

a ball B in Rn, n � 2, the multiplier operator TB, T̂Bf D χBf̂ , is not bounded
in Lp if p 6D 2. This uses Kakeya methods and really is the origin for the
applications of such methods in Fourier analysis. We shall also briefly discuss
Bochner–Riesz multipliers. In Chapter 22 we introduce the Kakeya maximal
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function

Kδf : Sn�1 ! [0,1],

Kδf (e) D sup
a2Rn

1

Ln(T δ
e (a))

∫
T δ
e (a)

jf j dLn

and study its mapping properties. Here T δ
e (a) is a tube of width δ and length 1,

with direction e and centre a. The Kakeya maximal conjecture is

kKδf kLn(Sn�1) � Cεδ
�εkf kLn(Rn) for all ε > 0, f 2 Ln(Rn).

We shall prove that it follows from the restriction conjecture and implies the
Kakeya conjecture that all Besicovitch sets in Rn have Hausdorff dimension n.
We shall also show that the analogue of the Kakeya conjecture is true in the
discrete setting of finite fields.

In Chapter 23 we prove various estimates for the Hausdorff dimension of
Besicovitch sets. In particular, we prove Wolff’s lower bound (n C 2)/2 with
geometric methods and the Bourgain–Katz–Tao lower bound 6n/11 C 5/11
with arithmetic methods. In Chapter 24 we study (n, k) Besicovitch sets; sets
of measure zero containing a positive measure piece of a k-plane in every
direction. Following Marstrand and Falconer we first give rather simple proofs
that they do not exist if k > n/2. Then we shall present Bourgain’s proof
which relies on Kakeya maximal function inequalities and extends this to
k > (n C 1)/3, and even further with more complicated arguments which we
shall only mention.

The last chapter, Chapter 25, gives a proof for Tao’s sharp bilinear restriction
theorem:

kf̂1f̂2kLq (Rn) � kf1kL2(Sn�1)kf2kL2(Sn�1) for q > (n C 2)/n,

when fj 2 L2(Sn�1) with dist(spt f1, spt f2) � 1. In fact, we shall prove a
weighted version of this due to Erdoğan which is needed for the aforementioned
distance set theorem. We shall also deduce a partial result for the restriction
conjecture from this bilinear estimate.





PART I

Preliminaries and some simpler
applications of the Fourier transform
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Measure theoretic preliminaries

Here we give some basic information about measure theory on Rn. Many proofs
for the statements of this section can be found in Mattila [1995], but also in
several other standard books on measure theory and real analysis. We shall
also derive the Hausdorff dimension characterizations (1.1) and (1.2) from the
Introduction, that is, we shall prove Frostman’s lemma.

2.1 Some basic notation

In any metric space X, B(x, r) will stand for the closed ball with centre x and
radius r . The diameter of a set A will be denoted by d(A) and the minimal
distance between two non-empty sets A and B by d(A,B) and between a point
x and a set A by d(x,A). The open δ-neighbourhood of A is A(δ) D fx :
d(x,A) < δg. The closure of A is A and its interior is Int(A). The characteristic
function of A is denoted by χA.

The space of continuous complex valued functions on X will be denoted
by C(X) and its subspace consisting of functions with compact support by
C0(X). As usual, the support of f , spt f , is the closure of fx : f (x) 6D 0g. The
sets CC(X) and CC

0 (X) consist of non-negative functions in C(X) and C0(X),
respectively. For an open set U in a Euclidean space, Ck(U ) consists of k times
continuously differentiable functions on U and C1(U ) of infinitely differen-
tiable functions on U ; Ck

0 (U ) and C1
0 (U ) are their subspaces of functions with

compact support.
In the n-dimensional Euclidean space Rn Lebesgue measure is denoted by

Ln and the volume of the unit ball will be

α(n) D Ln(B(0, 1)).

We denote by σn�1 the surface measure on the unit sphere Sn�1 D fx 2 Rn :
jxj D 1g, and sometimes also by σm the surface measure on m-dimensional

11
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unit spheres in Rn. For r > 0, σn�1
r will stand for the surface measure on the

sphere S(r) D Sn�1(r) D fx 2 Rn : jxj D rg of radius r .
The Dirac measure δa at a point a is defined by δa(A) D 1, if a 2 A, and

δa(A) D 0, if a 62 A.
The Lp space with respect to a measure μ is denoted by Lp(μ) and its norm

by k � kLp(μ). Sometimes we also write kf kLp(μ,A) D (
∫
A

jf jp dμ)1/p. When μ

is a Lebesgue measure we usually write more simply Lp and k � kp, or Lp(A)
and k � kLp(A) when we consider Lp functions in a Lebesgue measurable set A.
Often we also use the notation Lp(Sn�1) and k � kLp(Sn�1) instead of Lp(σn�1)
and k � kLp(σn�1). These, as well as other function spaces considered in this book,
are spaces of complex valued functions.

We shall mean by a �α b that a � Cb where C is a constant depending
on α. If it is clear from the context what C should depend on, we may write
only a � b. In the notation a �α b the parameters included in α do not always
contain all that is needed. For example, we often do not write explicitly the
dependence on the dimension n of Rn. If a � b and b � a we write a � b. By
C(α) and c(α) we shall always mean positive and finite constants depending
only on α.

By N we denote the set of positive integers and by N0 the set of non-negative
integers.

2.2 Borel and Hausdorff measures

We mean by a measure on a set X what is usually meant by outer measure, that
is, a non-negative, monotone, countably subadditive function on fA : A � Xg
that gives the value 0 for the empty set. As usual, the Borel sets in a metric space
X form the smallest σ -algebra of subsets of X containing all closed subsets of
X. By a Borel measure in X we mean a measure μ for which Borel sets are
measurable and which is Borel regular in the sense that for anyA � X there is a
Borel set B such that A � B and μ(A) D μ(B). The additional requirement of
Borel regularity is not really restrictive for our purposes since if for a measure
μ the Borel sets are μ measurable, then ν defined by ν(A) D inffμ(B) : A �
B,B is a Borel setg is Borel regular and agrees with μ on Borel sets, as
one easily checks. But requiring Borel regularity has the advantage that Borel
measures are uniquely determined by their values on Borel sets. From this it
follows that in Rn they are uniquely determined by integrals of continuous
functions with compact support. A Borel measure is locally finite if compact
sets have finite measure. Locally finite Borel measures are often called Radon
measures.
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The support of a measure μ on X is the smallest closed set F such that
μ(X n F ) D 0. It is denoted by sptμ. For A � X the set of all Borel measures
μ on X with 0 < μ(A) < 1 and with compact sptμ � A will be denoted by
M(A).

New measures can be created by restricting measures to subsets: if μ is a

measure on X and A � X, the restriction of μ to A, μ A, is defined by

μ A(B) D μ(A \ B) for B � X.

It is a Borel measure if μ is a Borel measure and A is a μ measurable set with
μ(A) < 1.

The image or push-forward of a measure μ under a map f : X ! Y is
defined by

f
μ(B) D μ(f �1(B)) for B � Y.

It is a Borel measure if μ is a Borel measure and f is a Borel function. The
definition is equivalent to saying that∫

g df
μ D
∫

g ı f dμ

for all non-negative Borel functions g on X. This formula will be used
repeatedly.

A measureμ is absolutely continuous with respect to a measure ν if ν(A) D 0
implies μ(A) D 0. We denote this by μ 	 ν. Borel measures μ and ν are
mutually singular if there is a Borel setB � X such thatμ(X n B) D ν(B) D 0.

The integral
∫
f dμ or

∫
f (x) dμx means always the integral

∫
X
f dμ over

the whole space X. In case μ is Lebesgue measure on Rn we often omit
the measure and write simply, for example,

∫
f D ∫

f dLn and
∫
f (x) dx D∫

f (x) dLnx.

If g is a non-negative μ measurable function we denote by gμ the measure
such that gμ(B) D ∫

B
g dμ for Borel sets B. Thus μ A D χAμ. If g is com-

plex valued, gμ means the obvious complex measure. Non-negative Lebesgue
measurable functions g on Rn will be identified with the measures gLn.

We shall often use Hausdorff measures Hs , s � 0. By definition,

Hs(A) D lim
δ!0

Hs
δ(A),

where, for 0 < δ � 1,

Hs
δ(A) D inf

⎧⎨⎩∑
j

α(s)2�sd(Ej )s : A �
⋃
j

Ej , d(Ej ) < δ

⎫⎬⎭ .
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Here α(s) is a positive number. For integers n we have already fixed that
α(n) is the volume of the n-dimensional unit ball (with α(0) D 1). Then in
Rn,Hn D Ln. When s is not an integer, the value of α(s) is insignificant. To
avoid unnecessary constants at some later estimates, let us choose α(s)2�s D 1,
when s is not an integer.

The Hausdorff dimension of A � Rn is

dimA D inffs : Hs(A) D 0g D supfs : Hs(A) D 1g.
Since (as an easy exercise), Hs(A) D 0 if and only if Hs1(A) D 0, we can

replace Hs in the definition of dim by the simpler Hs1. So, more simply,

dimA D inf

⎧⎨⎩s : 8ε > 0 9E1, E2, � � � � X such that

A �
⋃
j

Ej and
∑
j

d(Ej )s < ε

⎫⎬⎭ .

For the definition of dimension, the sets Ej above can be restricted to be balls,
because each Ej is contained in a ball Bj with d(Bj ) � 2d(Ej ). The spherical
measure obtained using balls is not the same as the Hausdorff measure but it is
between Hs and 2sHs .

The m-dimensional Hausdorff measure restricted to a sufficiently nice, even
just Lipschitz, m-dimensional surface is the standard surface measure, but we
shall not really need this fact. We shall frequently use the surface measure
σn�1 on the unit sphere Sn�1 D fx 2 Rn : jxj D 1g. A useful fact about it
is that up to multiplication by a constant it is the unique Borel measure on
Sn�1 which is invariant under rotations. More precisely, the orthogonal group
O(n) of Rn consists of linear maps g : Rn ! Rn which preserve the inner
product: g(x) � g(y) D x � y for all x, y 2 Rn. Then σn�1 is determined, up to
a multiplication by a constant, by the property

σn�1(g(A)) D σn�1(A) for all A � Rn, g 2 O(n).

Since O(n) is a compact group, it has a unique Haar probability measure θn.
This means that θn is the unique Borel measure on O(n) such that θn(O(n)) D 1
and

θn(fg ı h : h 2 Ag) D θn(fh ı g : h 2 Ag)

D θn(A) for all A � O(n), g 2 O(n).

The measures σn�1 and θn are related by the formula

θn(fg 2 O(n) : g(x) 2 Ag) D σn�1(A)/σn�1(Sn�1) for A � Sn�1, x 2 Sn�1.

(2.1)
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This follows from the fact that both sides define a rotationally invariant Borel
probability measure on Sn�1 and such a measure is unique.

2.3 Minkowski and packing dimensions

We shall mainly concentrate on Hausdorff dimension, but in a few occasions
we shall also discuss Minkowski and packing dimensions. The Minkowski
dimension is often called the box counting dimension. Recall that

A(δ) D fx : (.x,A) < δg
is the open δ-neighbourhood of A.

Definition 2.1 The lower Minkowski dimension of a bounded set A � Rn is

dimMA D inffs > 0 : lim inf
δ!0

δs�nLn(A(δ)) D 0g,
and the upper Minkowski dimension of A is

dimMA D inffs > 0 : lim sup
δ!0

δs�nLn(A(δ)) D 0g.

Let N (A, δ) be the smallest number of balls of radius δ needed to cover A.
Then

dimMA D lim inf
δ!0

logN (A, δ)

log(1/δ)
,

and

dimMA D lim sup
δ!0

logN (A, δ)

log(1/δ)
.

We have also that

dimA � dimMA � dimMA.

These facts are easy to verify, or one can consult Mattila [1995], for example.

Definition 2.2 The packing dimension of A � Rn is

dimP A D inf

⎧⎨⎩sup
j

dimMAj : A D
1⋃
jD1

Aj ,Aj is bounded

⎫⎬⎭ .

Then

dimA � dimP A � dimMA.
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2.4 Weak convergence

The proof of Frostman’s lemma below and many other things are based on
weak convergence:

Definition 2.3 The sequence (μj ) of Borel measures on Rn converges weakly
to a Borel measure μ if for all ϕ 2 C0(Rn),∫

ϕ dμj !
∫

ϕ dμ.

The following weak compactness theorem is very important, though not
very deep. It follows rather easily from the separability of the space C0(Rn).

Theorem 2.4 Any sequence (μj ) of Borel measures on Rn such that
supj μj (Rn) < 1 has a weakly converging subsequence.

We shall mainly be interested in singular measures, but it will be very useful
to approximate them with smooth functions. This can be done with approximate
identities:

Definition 2.5 We say that the family fψε : ε > 0g of non-negative continuous
functions on Rn is an approximate identity if sptψε � B(0, ε) and

∫
ψε D 1

for all ε > 0.

Usually one generates an approximate identity by choosing a non-negative
continuous function ψ with sptψ � B(0, 1),

∫
ψ D 1, and defining

ψε(x) D ε�nψ(x/ε).

Such a C1-function ψ is ψ(x) D ce1/(jxj2�1) for jxj < 1 and ψ(x) D 0 for
jxj � 1, where c is chosen to make the integral 1.

The convolution f � g of functions f and g is defined by

f � g(x) D
∫

f (x � y)g(y) dy,

and the convolution of a function f and a Borel measure μ by

f � μ(x) D
∫

f (x � y) dμy,

whenever the integrals exist. The convolution of Borel measures μ and ν on
Rn is defined by∫

ϕ d(μ � ν) D
∫∫

ϕ(x C y) dμx dνy for ϕ 2 CC
0 (Rn).
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Theorem 2.6 Let fψε : ε > 0g be an approximate identity and μ a locally
finite Borel measure on Rn. Then ψε � μ converges weakly to μ as ε ! 0, that
is, ∫

ϕ(ψε � μ) dLn !
∫

ϕ dμ

for all ϕ 2 C0(Rn).

The proof is rather straightforward and can be found for example in Mattila
[1995].

Note that the functions ψε � μ are C1 if ψε are and they have compact
support if μ has. If μ has compact support, the convergence in Theorem 2.6
takes place for all ϕ 2 C(Rn).

2.5 Energy-integrals and Frostman’s lemma

Although bounding Hausdorff measures and dimension from above often is
easy, one just needs to estimate some convenient coverings, it usually is much
more difficult to find lower bounds; then one should estimate arbitrary cov-
erings. Frostman’s lemma transforms the problem to finding measures with
good upper bounds for measures of balls. It has turned out to be extremely
efficient. Its proof can be found in many sources, for example in Bishop and
Peres [2016], Carleson [1967], Kahane [1985], Mattila [1995], Mörters and
Peres [2010], Tolsa [2014] and Wolff [2003]. The proofs in Bishop and Peres
[2016], Mörters and Peres [2000] and Tolsa [2014] are somewhat non-standard
and the second proof given in Mattila [1995], Theorem 8.8, due to Howroyd, is
quite different from others since it is based on the Hahn–Banach theorem and
it applies in very general metric spaces. However, as this result is very central
for this book, we prove it also here, although leaving some details to the reader.
We give the proof only for compact sets, which is all that is really needed in this
book. For Borel, and more general Suslin (or analytic) sets, see, e.g., Bishop
and Peres [2016] or Carleson [1967].

Considering only compact sets in fact is not a restriction of generality
for our purposes. By a result of Davies [1952b], see also Federer [1969],
Theorem 2.10.48, or Mattila [1995], Theorem 8.13, any Borel (or even Suslin)
set A � Rn with Hs(A) > 0 contains a compact subset C with 0 < Hs(C) <
1. The proof of this is rather complicated, but when one studiesHs measurable
sets A with Hs(A) < 1 one gets this much easier by standard approximation
theorems, see for example Mattila [1995], Theorem 1.10. Finally, the essence
of our results is usually already present for compact sets.
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Since Davies’s result and Frostman’s lemma hold for Suslin sets, essentially
all our results formulated for Borel sets are valid for this more general class.
The only reason for stating them for Borel sets is that these are better known.

Theorem 2.7 [Frostman’s lemma]
Let 0 � s � n. For a Borel set A � Rn,Hs(A) > 0 if and only there is μ 2
M(A) such that

μ(B(x, r)) � rs for all x 2 Rn, r > 0. (2.2)

In particular,

dimA D supfs : there is μ 2 M(A) such that (2.2) holdsg.
A measure satisfying (2.2) is often called a Frostman measure or an s

Frostman measure.

Proof One direction is very easy: if μ 2 M(A) satisfies (2.2) and Bj , j D
1, 2, . . . , are balls covering A, we have∑

j

d(Bj )s �
∑
j

μ(Bj ) � μ(A) > 0,

which implies Hs(A) > 0.
For the other direction, suppose A is compact. Assume Hs(A) > 0. Then

there is c > 0 such that ∑
j

d(Ej )s � c (2.3)

for all coverings Ej , j D 1, 2, . . . , of A. We construct the measure μ as a weak
limit of measures μk . To define μk look at the dyadic cubes of side-length 2�k

in a standard cubical partitioning of Rn. First we define a measure μk,1 which is
a constant multiple of Lebesgue measure on each such cube Q. For Q such that
A \ Q 6D ∅, we normalize Lebesgue measure on Q so that μk,1(Q) D d(Q)s

and for the cubesQ such thatA \ Q D ∅ we letμk,1 be the zero measure onQ.
This measure would be fine for balls with diameter < 2�k but not necessarily
for the bigger balls. Thus we modify it to a measure μk,2 by investigating the
dyadic cubes of side-length 21�k . On each such cube Q we let μk,2 be μk,1

if μk,1(Q) � d(Q)s , otherwise we make it smaller by normalizing μk,1 on Q

so that μk,2(Q) D d(Q)s . We continue this until we come to a single cube
Q0 which contains our compact set A (we may assume to begin with that the
dyadic partioning is chosen so that A is inside some cube belonging to it). Let
μk be the final measure obtained in this way. Then, since we never increased
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the measure along the process, μk(Q) � d(Q)s for all dyadic cubes with side-
length at least 2�k . In fact, this holds for all dyadic cubes by the first step of
the construction. This implies easily that μk(B) �n d(B)s for all balls B. The
construction yields that every x 2 A is contained in some dyadic subcube Q of
Q0 with side-length at least 2�k such that

μk(Q) D d(Q)s .

Choosing maximal, and hence disjoint, such cubes Qj , they cover A and thus
by (2.3),

μk(Rn) D
∑
j

μk(Qj ) D
∑
j

d(Qj )s � c. (2.4)

We can now take some weakly converging subsequence of (μk) and consider
the limit measure μ. Then it is immediate from the construction that sptμ � A

(here we use that A is compact). It is also clear that μ(B) �n d(B)s for all balls
B. The only danger is that μ might be the zero measure, but (2.4) shows that
this cannot happen.

One of the most fundamental concepts in this book will be the s-energy,
s > 0, of a Borel measure μ:

Is(μ) D
∫∫

jx � yj�s dμx dμy D
∫

ks � μdμ,

where ks is the Riesz kernel:

ks(x) D jxj�s , x 2 Rn.

If μ has compact support we have trivially,

Is(μ) < 1 implies It (μ) < 1 for 0 < t < s.

We can quite easily relate the energies to the Frostman condition (2.2) using
the standard formula∫

jx � yj�s dμy D s

∫ 1

0

μ(B(x, r))

rsC1
dr.

This immediately gives that if μ 2 M(Rn) satisfies (2.2), then for 0 < t < s,

It (μ) � t

∫∫ d(sptμ)

0

μ(B(x, r))

rtC1
dr dμx � tμ(Rn)

∫ d(sptμ)

0
rs�t�1 dr < 1.

On the other hand, if Is(μ) < 1, then
∫ jx � yj�s dμx < 1 for μ almost

all x 2 Rn and we can find 0 < M < 1 such that the set A D fx :
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∫ jx � yj�s dμx < Mg has positive μ measure. Then one checks easily that

(μ A)(B(x, r)) � 2sMrs for all x 2 Rn, r > 0. This gives:

Theorem 2.8 For a Borel set A � Rn,

dimA D supfs : there is μ 2 M(A) such that Is(μ) < 1g.
Let us look at a few very easy examples:

Example 2.9

(i) Let μ D L1 [0, 1]. Then dim[0, 1] D 1, μ 2 M([0, 1]) and Is(μ) < 1
if and only s < 1. Similarly, if A � Rn is Lebesgue measurable and
bounded with Ln(A) > 0 and μ D Ln A, then Is(μ) < 1 if and only
s < n.

(ii) Let μ D H1 � where � is a rectifiable curve. Again Is(μ) < 1 if and
only s < 1.

(iii) Let μ be the natural measure on the standard 1/3-Cantor set C, that is,
μ D Hs0 C where s0 D log 2/ log 3 is the Hausdorff dimension of C.
Then μ 2 M(C) and Is(μ) < 1 if and only s < s0.

As an easy application of Frostman’s lemma we obtain the inequality for
dimensions or product sets:

Theorem 2.10 Let A and B be non-empty Borel sets in Rn. Then

dimA 
 B � dimA C dimB.

Proof Choose 0 � s < dimA, 0 � t < dimB, μ 2 M(A) with μ(B(x, r)) �
rs and ν 2 M(B) with ν(B(x, r)) � rt . Then the product measure μ 

ν belongs to M(A 
 B) with μ 
 ν(B((x, y), r)) � rsCt from which the
theorem follows.

2.6 Differentiation of measures

For μ 2 M(Rn) define the lower derivative and derivative of μ at x 2 Rn by

D(μ, x) D lim inf
r!0

μ(B(x, r))

α(n)rn

and

D(μ, x) D lim
r!0

μ(B(x, r))

α(n)rn
,

the latter if the limit exists. We shall make use of the following basic
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differentiation theorem of measures, for a proof, see, e.g., Mattila [1995],
Theorem 2.12:

Theorem 2.11 Let μ 2 M(Rn). Then

(a) the derivative D(μ, x) exists and is finite for Ln almost all x 2 Rn,
(b)

∫
B
D(μ, x) dx � μ(B) for all Borel sets B � Rn with equality if μ 	 Ln,

(c) μ 	 Ln if and only if D(μ, x) < 1 for μ almost all x 2 Rn.

Perhaps a lesser known fact in this theorem is part (c), its proofs given in
Mattila [1995] and Federer [1969] both use Besicovitch’s covering theorem;
Bishop and Peres [2016] give a very simple proof without it in Section 3.5.

2.7 Interpolation

We shall review the basic interpolation theorems that will be used in the book.
The proofs can be found in many sources and we skip them here.

Let (X,μ) and (Y, ν) be two measure spaces. The first interpolation theorem
is the Riesz–Thorin theorem. For a proof, see for example Grafakos [2008] or
Katznelson [1968].

Theorem 2.12 Let 1 � p0, p1, q0, q1 � 1 and let T be a linear operator on
Lp0 (μ) C Lp1 (μ) taking values in the space of ν measurable functions on Y

such that

kT (f )kLq0 (ν) � C0kf kLp0 (μ) for all f 2 Lp0 (μ)

and

kT (f )kLq1 (ν) � C1kf kLp1 (μ) for all f 2 Lp1 (μ).

Then for all 0 < θ < 1,

kT (f )kLq (ν) � C1�θ
0 Cθ

1 kf kLp(μ) for all f 2 Lp(μ),

where

1

p
D 1 � θ

p0
C θ

p1
and

1

q
D 1 � θ

q0
C θ

q1
.

Various maximal operators are not linear but only sublinear: jT (f C g)j �
jTf j C jT gj. However, one can usually apply the Riesz–Thorin theorem to
linearized operators and get essentially the same result. More precisely, suppose
Tf (y) D supa Ta(jf j)(y), where each Ta is a linear operator with T g � 0 when
g � 0. Given p and q as above and a non-negative function f 2 Lp(μ), choose
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for each y 2 Y a parameter a(y) such that Tf (y) � Ta(y)f (y) and the function
y 7! Ta(y)f (y) is ν measurable (which usually is possible). Defining Lg(y) D
Ta(y)g(y), L is linear, kTf kLq (ν) � kLf kLq (ν) and jLgj � T g. Then apply the
theorem to L. Since we required f to be non-negative, this does not give
precisely the constant C1�θ

0 Cθ
1 , but we just need to multiply it by 3. That is

enough, for example, for the applications to Kakeya maximal functions in the
last part of the book.

Often one only has weak type inequalities to start with and the operator is
just sublinear. The Marcinkiewicz interpolation theorem generalizes the Riesz–
Thorin theorem to this setting with the expense of having weaker information
on the constants. We say that T is of weak type (p, q) if there is a finite constant
C such that

ν(fy 2 Y : jT (f )(y)j > λg) � (Cλ�1kf kLp(μ))
q for all f 2 Lp(μ), λ > 0.

(2.5)

Theorem 2.13 Let 1 � p0, p1, q0, q1 � 1, p0 6D p1, q0 6D q1 and let T be
a sublinear operator on Lp0 (μ) C Lp1 (μ) taking values in the space of ν

measurable functions on Y such that T is of weak type (p0, q0) and of weak
type (p1, q1). Then for all 0 < θ < 1,

kT (f )kLq (ν) � Cθkf kLp(μ) for all f 2 Lp(μ),

where

1

p
D 1 � θ

p0
C θ

p1
and

1

q
D 1 � θ

q0
C θ

q1

and Cθ in addition to θ depends on p0, p1, q0, q1 and the constants in the
(p0, q0) and (p1, q1) weak type inequalities of T .

For a proof, see for example Grafakos [2008], Theorem 1.4.19. Often one
says that T is of strong type (p, q) if kT (f )kLq (ν) � kf kLp(μ) for all f 2 Lp(μ).
Clearly strong type implies weak type.

One can generalize further: it is enough to assume the restricted weak type.
This means that (2.5) is required to hold only for all characteristic functions
f D χA of μ measurable sets A. Theorem 1.4.19 in Grafakos [2008] is proven
in this generality; see also Stein and Weiss [1971], Section V.3.

2.8 Khintchine’s inequality

We shall have a couple of applications for a probabilistic result called Khint-
chine’s inequality. Let ωj , j D 1, 2, . . . , be independent random variables on
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a probability space (�,P ) taking values ˙1 with equal probability 1/2. One
can take for example � D f�1, 1gN, ωj ((xk)) D xj , and P the natural measure
on �, the infinite product of the measures 1

2 (δ�1 C δ1). Denote by E(f ) the
expectation (P -integral) of the random variable f . The independence of the ωj

implies that

E(ωjωk) D E(ωj )E(ωk) D 0 for j 6D k,

and that for any finite subset J of N and any bounded Borel functions gj : R !
C, j 2 J , the random variables gj ı ωj , j 2 J, are independent, in particular,

E(�j2J gj ı ωj ) D �j2JE(gj ı ωj ).

Theorem 2.14 For any a1, . . . , aN 2 C and 0 < p < 1,

E

⎛⎝∣∣∣∣∣∣
N∑

jD1

ωjaj

∣∣∣∣∣∣
p⎞⎠ �p

⎛⎝ N∑
jD1

jaj j2
⎞⎠p/2

.

Proof We shall prove this for 1 < p < 1, which is the only case we shall need.
If p D 2, the claim follows from independence as equality. Next we prove the
inequality ‘�’. We may obviously assume that the aj are real. Let t > 0. For a
fixed j , E(etajωj ) D 1

2 (etaj C e�taj ). Thus by the independence,

E(et
∑

j ajωj ) D �jE(etajωj ) D �j

1

2
(etaj C e�taj ).

The elementary inequality 1
2 (ex C e�x) � ex

2/2 implies that

E(et
∑

j ajωj ) � e(t2/2)
∑

j a
2
j .

This gives for all t > 0, λ > 0, by Chebychev’s inequality

P

⎛⎝⎧⎨⎩ω :
∑
j

ajωj � λ

⎫⎬⎭
⎞⎠ D P (fω : et

∑
j ajωj � eλtg)

� e�λtE(et
∑

j ajωj ) � e�λtC(t2/2)
∑

j a
2
j .

Take t D λ∑
j a

2
j

. Then

P

⎛⎝⎧⎨⎩ω :
∑
j

ajωj � λ

⎫⎬⎭
⎞⎠ � e

� λ2

2
∑

j a2
j
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and so

P

⎛⎝⎧⎨⎩ω :

∣∣∣∣∣∣
∑
j

ajωj

∣∣∣∣∣∣ � λ

⎫⎬⎭
⎞⎠ � 2e

� λ2

2
∑

j a2
j .

Applying this and the formula (which follows from Fubini’s theorem)

E(jf jp) D p

∫ 1

0
λp�1P (fω : jf (ω)j � λg) dλ,

we get by a change of variable

E

⎛⎝∣∣∣∣∣∣
∑
j

ajωj

∣∣∣∣∣∣
p⎞⎠ � 2p

∫ 1

0
λp�1e

� λ2

2
∑

j a2
j dλ D c(p)

⎛⎝∑
j

a2
j

⎞⎠p/2

,

which is the desired inequality.
To prove the opposite inequality we use duality. Suppose p > 1 and let

q D p

p�1 . Then by the two previous cases, p D 2 and ‘�’, and by Hölder’s
inequality,

∑
j

jaj j2 D E

⎛⎜⎝
∣∣∣∣∣∣
∑
j

ajωj

∣∣∣∣∣∣
2
⎞⎟⎠ � E

⎛⎝∣∣∣∣∣∣
∑
j

ajωj

∣∣∣∣∣∣
p⎞⎠1/p

E

⎛⎝∣∣∣∣∣∣
∑
j

ajωj

∣∣∣∣∣∣
q⎞⎠1/q

� E

⎛⎝∣∣∣∣∣∣
∑
j

ajωj

∣∣∣∣∣∣
p⎞⎠1/p ⎛⎝∑

j

∣∣aj ∣∣2
⎞⎠1/2

,

which yields

E

⎛⎝∣∣∣∣∣∣
∑
j

ajωj

∣∣∣∣∣∣
p⎞⎠1/p

�

⎛⎝∑
j

∣∣aj ∣∣2
⎞⎠1/2

and proves the theorem.

2.9 Further comments

An excellent source for basic measure theory is the book A. Bruckner,
J. Bruckner and Thomson [1997]. Hausdorff measures and dimensions, Frost-
man’s lemma and energy-integrals, and other dimensions are widely discussed,
for example, in Bishop and Peres [2016], Falconer [1985a], [1990] and Mattila
[1995].
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Frostman proved his lemma, Theorem 2.7, in his thesis in 1935 with applica-
tions to potential theory in mind, see for example Carleson [1967] and Landkof
[1972] for these. For the applications to harmonic functions the clue is that the
fundamental solution of the Laplace equation in Rn, n � 3, is c(n)jxj2�n. This
on many occasions leads to representations of harmonic functions as poten-
tials

∫ jx � yj2�n dμx with suitable measures μ (in the plane one has to use
logarithmic potentials) and further to connections with Hausdorff dimension
via Theorem 2.8. This is not just restricted to harmonic functions, but similar
features are present for other function classes and for the solutions of many
other partial differential equations, in particular for complex analytic functions
where the fundamental solution is the Cauchy kernel; see Tolsa’s book [2014]
for that.

The proof of Khintchine’s inequality was taken from Wolff [2003]. It can
also be stated in terms of Rademacher functions; see Grafakos [2008] for this
and more.
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Fourier transforms

This chapter is a quick introduction to Fourier transforms. We shall pay particu-
lar attention to Fourier transforms of measures. Apart from the standard theory,
we will develop the formula for the Fourier transform of the surface measure
on the unit sphere and we will prove the representation of the energy-integrals
in terms of the Fourier transform, the crucial relation for this book which was
already discussed in the Introduction.

3.1 Fourier transforms in L1 and L2

The Fourier transform of a Lebesgue integrable function f 2 L1(Rn) is defined
by

F(f )(ξ ) D f̂ (ξ ) D
∫

f (x)e�2πiξ �x dx, ξ 2 Rn. (3.1)

Then f̂ is a bounded continuous function. The following formulas easily
follow by Fubini’s theorem:∫

f̂ g D
∫

f ĝ, f, g 2 L1(Rn), (product formula), (3.2)

̂(f � g) D f̂ ĝ, f, g 2 L1(Rn), (convolution formula). (3.3)

Trivial changes of variables show how the Fourier transform behaves under
simple transformations. For a 2 Rn and r > 0 define the translation τa and
dilation δr by

τa(x) D x C a, δr (x) D rx, x 2 Rn.

26
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Then for f 2 L1(Rn), ξ 2 Rn,

f̂ ı τa(ξ ) D e2πia�ξ f̂ (ξ ), F(e2πia�xf )(ξ ) D f̂ (ξ � a), (3.4)

f̂ ı δr (ξ ) D r�nf̂ (r�1ξ ). (3.5)

Recall that the orthogonal group O(n) of Rn consists of linear maps g :
Rn ! Rn which preserve inner product: g(x) � g(y) D x � y for all x, y 2 Rn.
Then

f̂ ı g D f̂ ı g for g 2 O(n). (3.6)

The proof of the following Riemann–Lebesgue lemma is also easy:

f̂ (ξ ) ! 0 when jξ j ! 1 and f 2 L1(Rn). (3.7)

The inversion formula is a bit trickier to prove:

f (x) D
∫

f̂ (ξ )e2πiξ �x dξ if f, f̂ 2 L1(Rn), (inversion formula). (3.8)

Of course, we must interpret this being true after possibly redefining f in a
set of measure zero.

Proof Define

�(x) D e�π jxj2
, �ε(x) D e�πε2jxj2

.

Then �̂ D �. This follows from the definitions by complex integration, or by
observing that �(x) D e�π jx1j2 � � � e�π jxnj2

and when n D 1, � and �̂ satisfy
the same differential equation f 0(x) D �2πxf (x) with the initial condition
f (0) D 1. We have by (3.5),

�̂ε(ξ ) D ε�ne�π jξ j2/ε2
.

Write

Iε(x) D
∫

f̂ (ξ )e�πε2jξ j2
e2πiξ �x dξ.

Then by Lebesgue’s dominated convergence theorem,

Iε(x) !
∫

f̂ (ξ )e2πiξ �x dξ as ε ! 0.

On the other hand, setting gx(y) D e�πε2jyj2
e2πix�y , we have by (3.4) ĝx(y) D

�̂ε(y � x) D �ε(x � y), where �ε(y) D ε�n�(y/ε). By the product formula
(3.2),

Iε(x) D
∫

f̂ gx D
∫

f ĝx D �ε � f (x).
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As
∫
� D �̂(0) D 1, the functions �ε, ε > 0, provide an approximate identity

for which �ε � f ! f as ε ! 0 almost everywhere; they do not have compact
support, but the rapid decay at infinity is enough. The combination of these two
limits gives the inversion formula.

Corollary 3.1 If f and f̂ are integrable, then f is continuous.

We denote the inverse Fourier transform of g 2 L1(Rn) by

F �1(g)(x) D zg(x) D
∫

g(ξ )e2πiξ �x dξ.

Then the inversion formula means thatF�1(f̂ ) D f if f, f̂ 2 L1(Rn). Defining
f̃ (x) D f (�x) each of the following three formulas is a restatement of the
inversion formula:

zf D ̂̃f D ˜̂f , ̂̂f D f̃ , f D ̂̂
f . (3.9)

Applying the inversion formula to the convolution formula (3.3) we get

f̂g D f̂ � ĝ, if f, g, fg, f̂ , ĝ 2 L1(Rn). (3.10)

The Schwartz class S D S(Rn) of rapidly decreasing functions is very con-
venient in Fourier analysis. It consists of infinitely differentiable complex val-
ued functions on Rn which together with their partial derivatives of all orders
tend to zero at infinity more quickly than jxj�k for all integers k. Observe that
C1

0 (Rn) � S(Rn).
The first basic fact is that

f 2 S(Rn) if and only if f̂ 2 S(Rn). (3.11)

This follows from the formulas for partial derivatives, which in turn follow
easily by partial integration: if f 2 S (or more generally under some obvious
conditions):

∂̂αf (ξ ) D (2πiξ )αf̂ (ξ ), (3.12)

∂αf̂ (ξ ) D F((�2πix)αf )(ξ ). (3.13)

Here α D (α1, . . . , αn), αj 2 f0, 1, . . . g, xα D x
α1
1 � � � xαn

n and ∂α means αj

partial derivatives with respect to xj .
Secondly, we have∫

f g D
∫

f̂ ĝ, f, g 2 S(Rn), (Parseval), (3.14)

kf k2 D kf̂ k2, f, g 2 S(Rn), (Plancherel). (3.15)
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Parseval’s formula (which of course gives Plancherel’s formula) is an easy
consequence of the inversion formula and the product formula:∫

f g D
∫ ̂̂f (�x)g(x) dx D

∫ ̂̂f (x)g(�x) dx D
∫

f̂ (x )̂h(x) dx,

where h(x) D g(�x). We see immediately from the definition of the Fourier
transform that ĥ(x) D ĝ(x), which proves Parseval’s formula.

So the Fourier transform is a linear L2 isometry of S(Rn) onto itself. The
formula (3.1) cannot be used to define the Fourier transform for L2 functions;
the integral need not exist if f is not integrable. But S(Rn) is dense in L2(Rn),
so (3.11) and (3.15) give immediately a unique isometric linear extension of
the Fourier transform to L2. Thus we have f̂ defined for all f 2 L1 [ L2.
Parseval’s and Plancherel’s formulas now extend at once to L2:∫

f g D
∫

f̂ ĝ, f, g 2 L2(Rn), (3.16)

kf k2 D kf̂ k2, f, g 2 L2(Rn). (3.17)

Hence the Fourier transform is a linear isometry of L2 onto itself. Similarly,
the translation and dilation formulas (3.4) and (3.5) continue to hold for L2

functions almost everywhere.
If f 2 C1

0 (Rn), then by (3.11) f̂ 2 S(Rn), but it cannot have compact
support unless f is identically zero. In fact, we can say much more. For
simplicity assume n D 1. The function g,

g(z) D
∫

e�2πixzf (x) dx, z 2 C,

agrees with f̂ on R and it is a non-constant complex analytic function in the
whole complex plane provided f 2 C1

0 (R) is not the zero function. Hence
its zero set is discrete and so also fx 2 R : f̂ (x) D 0g is discrete. The same
argument and statement obviously hold also for measures μ 2 M(R) in place
of f . These facts are a reflection of the Heisenberg uncertainty principle: a
function and its Fourier transform cannot both be small. For more on this, see
Havin and Jöricke [1995] and Wolff [2003].

Example 3.2 The fact that every Schwartz function is a Fourier transform of
another Schwartz function is very useful for construction of various examples
with desired properties. For example, we can find a non-negative function ϕ 2
S(Rn) such that ϕ � 1 on B(0, 1), ϕ̂ � 0 and spt ϕ̂ � B(0, 1) (or vice versa,
ϕ̂ � 1 on B(0, 1) and sptϕ � B(0, 1)). To see this choose first a non-negative
function ψ 2 S(Rn) for which sptψ � B(0, 1/2) and

∫
ψ D 2 and set η D

F�1(ψ � ψ̃) D jψ̂ j2 where ψ̃(x) D ψ(�x). Then η̂ D ψ � ψ̃ , both η and η̂ are
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non-negative, and η(0) D ψ̂(0)2 D (
∫
ψ)2 D 4. It follows that spt η̂ � B(0, 1)

and for some 0 < r < 1, η(x) > 1 when jxj � r . Define ϕ(x) D η(rx). Then
ϕ � 1 on B(0, 1) and ϕ̂(x) D r�nη̂(x/r), whence spt ϕ̂ � B(0, r) � B(0, 1).

3.2 Fourier transforms of measures and distributions

The Fourier transform of a finite Borel measure μ on Rn is defined by

μ̂(ξ ) D
∫

e�2πiξ �x dμx, ξ 2 Rn. (3.18)

When μ 2 M(Rn), that is, μ has compact support, μ̂ is a bounded Lipschitz
continuous function:

kμ̂k1 � μ(Rn) and jμ̂(x) � μ̂(y)j � Rμ(Rn)jx � yj for x, y 2 Rn,

(3.19)

if sptμ � B(0, R). This is an easy exercise. But μ̂ need not be in Lp for any
p < 1; for example δ̂a(ξ ) D e�2πiξ �a .

The product and convolution formulas have by Fubini’s theorem easy exten-
sions for measures: for f 2 L1(Rn), μ, ν 2 M(Rn),∫

μ̂f D
∫

f̂ dμ, (3.20)∫
μ̂ dν D

∫
ν̂ dμ, (3.21)

f̂ � μ D f̂ μ̂, (3.22)

f̂zμ D f̂ � μ, (3.23)

μ̂ � ν D μ̂ ν̂. (3.24)

As discussed in the previous chapter, we can approximate measures with
smooth compactly supported functions using convolution. Let fψε : ε > 0g be
a C1 approximate identity such that

ψε(x) D ε�nψ(x/ε), ε > 0, ψ � 0, sptψ � B(0, 1),
∫

ψ D 1.

Then

ψ̂ε(ξ ) D ψ̂(εξ ) ! ψ̂(0) D
∫

ψ D 1 as ε ! 0.



3.2 Fourier transforms of measures and distributions 31

Settingμε D ψε � μ for a finite Borel measureμ, we have thatμε converges
weakly to μ as ε ! 0 and

μ̂ε D ψ̂εμ̂ ! μ̂ uniformly.

This immediately gives for μ, ν 2 M(Rn),

μ̂ D ν̂ implies μ D ν. (3.25)

We further have for μ 2 M(Rn),

f̂ μ D f̂ � μ̂, f 2 S(Rn), (3.26)∫
f dμ D

∫
f̂ μ̂, f 2 S(Rn), (3.27)∫

f̂ ĝ dμ D
∫

f (μ̂ � g), f, g 2 S(Rn). (3.28)

These follow by approximating μ as above by ψε � μ and using the basic
formulas for Schwartz class functions. We leave the easy details to the reader.

As usual, we shall identify absolutely continuous measures with functions:
if μ is absolutely continuous (with respect to Ln), it is by the Radon–Nikodym
theorem of the form μ D fLn for some f 2 L1(Rn) and we shall identify μ

and f .

Theorem 3.3 Let μ 2 M(Rn). If μ̂ 2 L2(Rn), then μ 2 L2(Rn).

Proof Since the Fourier transform maps L2(Rn) onto L2(Rn), there is f 2
L2(Rn) such that μ̂ D f̂ . Write

με D ψε � μ, fε D ψε � f.

Then by the convolution formula,

μ̂ε D ψ̂εμ̂ D ψ̂εf̂ D f̂ε,

and so με D fε. As με ! μ and fε ! f , we have μ D f .

Theorem 3.4 Letμ 2 M(Rn). If μ̂ 2 L1(Rn), thenμ is a continuous function.

Proof Let με be as in the previous proof. Then με 2 S(Rn) and by the inversion
formula and the dominated convergence theorem,

με(x) D
∫

μ̂ε(ξ )e2πiξ �x dξ D
∫

ψ̂(εξ )μ̂(ξ )e2πiξ �x dξ

!
∫

μ̂(ξ )e2πiξ �x dξ D: g(x)
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as ε ! 0. Since μ̂ 2 L1, the function g is continuous. On the other hand με

converges weakly to μ, so μ D g.

Definition 3.5 A tempered distribution is a continuous linear functional T :
S(Rn) ! C. Its Fourier transform is the tempered distribution T̂ defined by

T̂ (ϕ) D T (ϕ̂) for ϕ 2 S(Rn).

We shall not make any real use of the theory of tempered distributions
so we do not specify what continuity means here. This can be found in
Duoandikoetxea [2001] and in many other Fourier analysis books.

All Lp functions, 1 � p � 1, and more generally all locally integrable
functions f such that jf (x)j � jxjm when jxj > 1 for some fixed m, can be
considered as tempered distributions Tf :

Tf (ϕ) D
∫

f ϕ, ϕ 2 S(Rn),

and so they have the Fourier transform as a tempered distribution. In particular
this is true for the Riesz kernel ks .

To define the Fourier transform of an Lp function when 1 < p < 2, we
can also make use of L1 and L2: any f 2 Lp, 1 < p < 2, can be written as
f D f1 C f2, f1 2 L1, f2 2 L2. Then we can define f̂ D f̂1 C f̂2, and this
agrees with the distributional definition. For p D 2 we have the Plancherel
identity, kf̂ k2 D kf k2, and for p D 1 we have the trivial estimate:

kf̂ k1 � kf k1.

From these the Riesz–Thorin interpolation theorem 2.12 gives the following
Hausdorff–Young inequality:

kf̂ kq � kf kp for f 2 Lp, 1 < p < 2, q D p

p � 1
. (3.29)

No such inequality holds when p > 2. This can be shown with the help of
Khintchine’s inequality; see Wolff [2003].

3.3 The Fourier transform of radial functions,
Bessel functions

One of the goals of this section is to find the Fourier transform of the surface
measure on the sphere Sn�1 D fx 2 Rn : jxj D 1g and of the Riesz kernels
ks, 0 < s < n. Let us first compute the Fourier transform of radial functions.
We shall skip here some lengthy but elementary calculations which are well
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presented for example in the books of Grafakos [2008] and of Stein and Weiss
[1971]. We assume here that n � 2.

Suppose f 2 L1(Rn), f (x) D ψ(jxj), x 2 Rn, for some ψ : [0,1) ! C.
We shall use the following two Fubini-type formulas which can either be
proven by basic calculus or deduced from a general coarea formula.

The first is the standard integration in polar coordinates formula: if f 2
L1(Rn), then ∫

Rn

f dLn D
∫
Sn�1

(∫ 1

0
f (rx)rn�1 dr

)
dσn�1x. (3.30)

For the second, fix e 2 Sn�1 and let Sθ D fx 2 Sn�1 : e � x D cos θg for
0 � θ � π. The set Sθ is an (n � 2)-dimensional sphere of radius sin θ (which
is a 2-point set when n D 2), so

σn�2
sin θ (Sθ ) D b(n)(sin θ )n�2,

where b(n) D σn�2(Sn�2). Then for g 2 L1(Sn�1),∫
Sn�1

g dσn�1 D
∫ π

0

(∫
Sθ

g(x) dσn�2
sin θ x

)
dθ. (3.31)

Applying (3.30) and Fubini’s theorem,

f̂ (re) D
∫

f (y)e�2πire�y dy D
∫ 1

0
ψ(s)sn�1

(∫
Sn�1

e�2πirse�x dσ n�1x

)
ds.

The inside integral can be computed with the help of (3.31), since e�2πirse�x is
constant in Sθ :∫

Sn�1
e�2πirse�x dσ n�1x

D
∫ π

0
e�2πirs cos θσ n�2

sin θ (Sθ ) dθ D b(n)
∫ π

0
e�2πirs cos θ (sin θ )n�2 dθ.

Changing variable cos θ 7! �t and introducing for m > �1/2 the Bessel
functions Jm : [0,1) ! R:

Jm(u) :D (u/2)m

�(m C 1/2)�(1/2)

∫ 1

�1
eiut (1 � t2)m�1/2 dt, (3.32)

with �(x) D ∫ 1
0 tx�1e�t dt , we obtain∫

Sn�1
e�2πirse�x dσ n�1(x) D b(n)

∫ 1

�1
e2πirst (1 � t2)(n�3)/2 dt

D c(n)(rs)�(n�2)/2J(n�2)/2(2πrs).
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This leads to the formula for the Fourier transform of the radial function f :

f̂ (x) D c(n)jxj�(n�2)/2
∫ 1

0
ψ(s)J(n�2)/2(2π jxjs)sn/2 ds. (3.33)

The following estimate is obvious:

jJm(t)j � C(m)tm for t > 0. (3.34)

A basic property of Bessel functions is the following decay estimate:

jJm(t)j � C(m)t�1/2 for t > 0. (3.35)

We shall see in Chapter 14 that this follows from general results on oscilla-
tory integrals. Here we derive it from explicit asymptotic formulas, which we
shall later need anyway.

When m D k � 1/2, k 2 f1, 2, . . . g, repeated partial integrations show that
the Bessel function Jm can be written in terms of elementary functions in the
form from which (3.35) easily follows. In particular,

J1/2(t) D
p

2p
πt

sin t. (3.36)

All Bessel functions behave roughly like this at infinity, that is,

Jm(t) D
p

2p
πt

cos(t � πm/2 � π/4) C O(t�3/2), t ! 1. (3.37)

This can be verified with a fairly simple integration, see Stein and Weiss [1971],
pp. 158–159, or Grafakos [2008], Appendix B8. Both of these books, as well as
Watson’s classic [1944], contain much more information on Bessel functions.
The above asymptotics is a special case of general asymptotic expansions of
oscillatory integrals as derived in Chapter 6 of Wolff [2003] and Chapter VIII
of Stein [1993].

We shall also need the following recursion formulas:

d

dt
(t�mJm(t)) D �tmJmC1(t), (3.38)

d

dt
(tmJm(t)) D tmJm�1(t). (3.39)

Their proofs are rather straightforward differentiation, see Grafakos [2008],
Appendix B2, for example.

A simple consequence of the formulas (3.33), (3.39) and (3.35) is the decay
estimate for the characteristic function of the unit ball in Rn:

jχ̂B(0,1)(x)j � C(n)jxj�(nC1)/2 for x 2 Rn. (3.40)
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We now return to the surface measure σn�1 on the sphere Sn�1. One checks
easily that σn�1 is the weak limit of the measures δ�1Ln (B(0, 1 C δ) n
B(0, 1)) as δ ! 0.

Applying the formula (3.33) to the characteristic function of the annulus
B(0, 1 C δ) n B(0, 1) and letting δ ! 0, we get

σ̂ n�1(x) D c(n)jxj(2�n)/2J(n�2)/2(2π jxj). (3.41)

Consequently,

jσ̂ n�1(x)j � C(n)jxj(1�n)/2 for x 2 Rn. (3.42)

This is the best possible decay for any measure on a smooth hypersurface, in
fact, on any set of Hausdorff dimension n � 1, cf. Section 3.6. The reason for
getting such a good decay for σ̂ n�1 is curvature; for example segments are not
curving at all but circles are curving uniformly. Also for more general surfaces
curvature properties play a central role in the behaviour of Fourier transforms.
We shall discuss this more in Chapter 14.

To illustrate the effect of the lack of curvature, let us compute the Fourier
transform of the length measure λ on the line segment I D [�(1, 0), (1, 0)] in
R2:

λ̂(η, ξ ) D
∫ 1

�1
e�2πi(ηxCξ0) dx D

∫ 1

�1
cos(2πηx) dx D sin(2πη)

πη
.

We see that λ̂(η, ξ ) tends to 0 for a fixed ξ when η tends to 1, but it remains
constant for a fixed η when ξ tends to 1, and hence does not tend to 0 when
j(η, ξ )j ! 1.

3.4 The Fourier transform of Riesz kernels

Now we compute the Fourier transform of the Riesz kernels ks, ks(x) D
jxj�s , 0 < s < n. This computation is valid in R, too.

Theorem 3.6 For 0 < s < n there is a positive and finite constant γ (n, s)
such that k̂s D γ (n, s)kn�s as a tempered distribution, that is,∫

ksϕ̂ D γ (n, s)
∫

kn�sϕ for ϕ 2 S(Rn). (3.43)

The constant γ (n, s) will be fixed throughout the book.
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Proof Suppose first that n/2 < s < n. Then

ks 2 L1 C L2 :D ff1 C f2 : f1 2 L1, f2 2 L2g,
because ∫

B(0,1)
ks < 1 and

∫
RnnB(0,1)

k2
s < 1.

As observed before, for any f D f1 C f2 2 L1 C L2 we can define

f̂ D f̂1 C f̂2 2 L1 C L2.

Thus for n/2 < s < n we have defined k̂s as a function in L1 C L2. Since
ks is radial and satisfies ks(rx) D r�sks(x) for r > 0, it follows from (3.33)
and (3.5) that k̂s is also radial and satisfies k̂s(rx) D rs�nk̂s(x). Thus it is of
the above form γ (n, s)kn�s . Using the product formula (verified by Fubini’s
theorem also in this case), we obtain for any ϕ 2 S(Rn),∫

ksϕ̂ D
∫

k̂sϕ.

This means that k̂s D γ (n, s)kn�s is also the Fourier transform of ks as a
tempered distribution.

Now we should show that γ (n, s)kn�s is the Fourier transform of ks as
a tempered distribution also when 0 < s � n/2. From the inversion formula,
recall (3.9), we see that for a radial function f 2 S , the Fourier transform of
f̂ is f . The analogous relation is valid also for tempered distributions by the
following lemma:

Lemma 3.7 Suppose that g is a locally integrable even function on Rn such
that its distributional Fourier transform f is a locally integrable function. Then
f̂ D g.

Proof Using the product formula and (3.9) we have for ϕ 2 S ,

f̂ (ϕ) D f (ϕ̂) D
∫

f ϕ̂ D
∫

ĝϕ̂ D
∫

g ̂̂ϕ
D

∫
g(x)ϕ(�x) dx D

∫
g(�x)ϕ(x) dx D

∫
gϕ,

from which the lemma follows.

So for 0 < s < n/2, the Fourier transform of ks D γ (n, n � s)�1k̂n�s (as
n/2 < n � s < n) is γ (n, n � s)�1kn�s .
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The case s D n/2 follows by a limiting argument: if k̂n/2 is the Fourier
transform of kn/2 (as a tempered distribution), and ϕ 2 S(Rn) , then

k̂n/2(ϕ) D
∫

kn/2ϕ̂ D lim
s!n/2

∫
ksϕ̂

D lim
s!n/2

γ (n, s)
∫

kn�sϕ D
∫

kn/2ϕ.

The interchange of limit and integration can be verified by the dominated
convergence theorem. There is a small problem: why is lims!n/2 γ (n, s) D 1?
To see that apply (3.43) for s 6D n/2 and ϕ(x) D e�π jxj2

. Then ϕ̂ D ϕ and we
obtain ∫

ksϕ D
∫

ksϕ̂ D γ (n, s)
∫

kn�sϕ,

that is, ∫
jxj�se�π jxj2

dx D γ (n, s)
∫

jxjs�ne�π jxj2
dx.

This gives immediately that lims!n/2 γ (n, s) D 1 and completes the proof of
the theorem.

Remark 3.8 Computing the integrals in the last formula of the above proof one
finds that

γ (n, s) D πs�n/2 �
(
n�s

2

)
�
(
s
2

) . (3.44)

Theorem 3.6 gives easily the following lemma:

Lemma 3.9 If 0 < s < n and ϕ 2 S(Rn), then

ϕ̂ks D γ (n, s)ϕ̂ � kn�s and ϕ̂ � ks D γ (n, s)ϕ̂kn�s .

Proof Clearly, ϕks 2 L1(Rn). For any ψ 2 S(Rn) we have by Fubini’s
theorem, the formula (3.9); zf D ˜̂f , Theorem 3.6 and the convolution and
product formulas,∫

γ (n, s)(ϕ̂ � kn�s)ψ D
∫

γ (n, s)kn�s(˜̂ϕ � ψ) D
∫

γ (n, s)kn�s(zϕ � ψ)

D
∫

γ (n, s)kn�sF�1(ϕψ̂) D
∫

ksϕψ̂ D
∫

k̂sϕψ.

It follows that ϕ̂ks D γ (n, s)ϕ̂ � kn�s . The second formula can be proven in
the same way, or it can also be reduced to the first.
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3.5 Fourier transforms and energy-integrals of measures

The following formula is the key to relating Hausdorff dimension to the Fourier
transform:

Theorem 3.10 Let μ 2 M(Rn) and 0 < s < n. Then

Is(μ) D γ (n, s)
∫

jμ̂(x)j2jxjs�n dx. (3.45)

Proof Let us try to prove this formally using the basic formulas. By the Parseval
and convolution formulas and by Theorem 3.6,

Is(μ)

D
∫

ks � μdμ D
∫

k̂s � μμ̂ D
∫

k̂s jμ̂j2 D γ (n, s)
∫

jμ̂(x)j2jxjs�n dx.

Since the Fourier transform of ks exists only in distributional sense we have
to be more careful and justify that we can use the Parseval and convolution
formulas in this situation.

Let ϕ 2 S(Rn) be real valued. Then changing z D y � x below and denoting
again ϕ̃(x) D ϕ(�x), we obtain

Is(ϕ) D
∫∫

ks(y � x)ϕ(x)ϕ(y) dx dy

D
∫∫

ks(z)ϕ(y � z)ϕ(y) dz dy D
∫

ks(ϕ̃ � ϕ).

By (3.10) and (3.9) ϕ̃ � ϕ is the Fourier transform of ϕ̂ ϕ̂ D jϕ̂j2, whence by
Theorem 3.6,

Is(ϕ) D γ (n, s)
∫

kn�s jϕ̂j2 D γ (n, s)
∫

jxjs�njϕ̂(x)j2 dx.

Thus we have proved the theorem for such smooth measures ϕ.
To finish the proof we approximate μ with με D ψε � μ as before using

a non-negative function ψ 2 C1
0 (Rn) with

∫
ψ D 1. Applying the above to

ϕ D με we get∫∫ (∫∫
jx � yj�sψε(x � z)ψε(y � w) dx dy

)
dμz dμw

D
∫∫ (

jx � yj�s

∫
ψε(x � z) dμz

∫
ψε(y � w) dμw

)
dx dy

D Is(με) D γ (n, s)
∫

jμ̂(x)j2jψ̂(εx)j2jxjs�n dx.
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The last term approaches γ (n, s)
∫ jμ̂(x)j2jxjs�n dx as ε ! 0. By the change

of variables u D (x � z)/ε and v D (y � w)/ε we get for the inner integral in
the first term, ∫∫

jx � yj�sψε(x � z)ψε(y � w) dx dy

D
∫∫

jε(u � v) C z � wj�sψ(u)ψ(v) du dv.

This tends to jz � wj�s when ε ! 0 and z 6D w. So it is enough to show that
we can interchange the limit and integration above in the first term. With the
help of the above identity, the following estimate is easy to check:∫∫

jx � yj�sψε(x � z)ψε(y � w) dx dy � jz � wj�s .

Using this we complete the proof applying the dominated convergence theorem
provided Is(μ) < 1. If Is(μ) D 1, we get by Fatou’s lemma

1 D Is(μ) � lim inf
ε!0

∫∫ (∫∫
jx � yj�sψε(x � z)ψε(y � w) dx dy

)
dμz dμw

D γ (n, s) lim inf
ε!0

∫
jμ̂(x)j2jψ̂(εx)j2jxjs�n dx D γ (n, s)

∫
jμ̂(x)j2jxjs�n dx.

This completes the proof of the theorem.

We can also obtain such a formula for signed measures. But since we shall
only need it for bounded functions we give it for them. For f, g 2 L1(Rn) the
mutual energy Is(f, g), 0 < s < n, is

Is(f, g) D
∫∫

jx � yj�sf (x)g(y) dx dy.

This is defined if f and g are non-negative. For general functions Is(f, g) is
defined if Is(jf j, jgj) < 1. If in addition, f, g 2 L1(Rn), the proof of (3.45)
gives

Is(f, g) D γ (n, s)
∫

f̂ (x )̂g(x)jxjs�ndx. (3.46)

By approximation this remains valid for f, g 2 L1(Rn) \ L2(Rn) with
Is(jf j, jgj) < 1. Notice that when f D g we have

Is(f ) :D Is(f, f ) D γ (n, s)
∫

jf̂ (x)j2jxjs�n dx � 0, (3.47)

even if f were not non-negative.
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A natural setting for the mutual energy is the space of signed Borel measures
μ for which Is(μ) is finite. Then Is(μ, ν) defines an inner product in this space,
see Landkof [1972].

3.6 Salem sets and Fourier dimension

Suppose μ 2 M(Rn) and Is(μ) D γ (n, s)
∫ jμ̂(x)j2jxjs�n dx < 1. Then

jμ̂(x)j � jxj�s/2

for ‘most’ x with large norm. Here ‘most’ simply means what is needed in
order that the above integral would be finite. For example we must have

lim
R!1R�nLn(fx 2 B(0, R) : jμ̂(x)j > jxj�s/2g) D 0.

On the other hand, if

jμ̂(x)j � jxj�s/2 for all x 2 Rn, (3.48)

then It (μ) < 1 for all t < s. This implies by Theorem 2.8 that dim(sptμ) � s.
Thus if μ 2 M(A) and dimA D s, the best decay at infinity we can hope for
the Fourier transform of μ is that given by (3.48). This motivates the following
definition.

Definition 3.11 A set A � Rn is a Salem set if for every s < dimA there is
μ 2 M(A) such that (3.48) holds.

Another way to say this is to define first the Fourier dimension:

Definition 3.12 The Fourier dimension of a set A � Rn is

dimF A D supfs � n : 9μ 2 M(A) such that jμ̂(x)j � jxj�s/2 8x 2 Rng.
Then for Borel sets A, dimF A � dimA, and A is a Salem set if and only

dimF A D dimA.
Often Fourier dimension is defined slightly differently: instead of measures

μ 2 M(A) one uses Borel probability measures μ such that μ(A) D 1. These
definitions agree for closed sets, but they do not agree for all Borel sets, not
even for all Fσ -sets, as follows from Ekström, Persson and Schmeling [2015].

Notice that if A � Rn is a Salem set and 0 < s < dimA, we can always find
μ 2 M(A) such that both (3.48) and Is(μ) < 1 hold.

If μ 2 M([0, 1]n) with jμ̂(z)j � jzj�s/2 for z 2 Zn and ϕ 2 S(Rn), then
jϕ̂μ(x)j � jxj�s/2 for x 2 Rn, see Lemma 9.A.4 in Wolff [2003]. It follows
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that the Fourier dimension of subsets of the unit cube [0, 1]n can be determined
by just looking at the Fourier coefficients μ̂(z), z 2 Zn, of the measures μ in
M(A).

By (3.42) spheres are Salem sets, but subsets of m-dimensional planes in
Rn,m < n, are not. The Fourier dimension, and thus the property of being a
Salem set, depends on the space where the set is embedded in: if A � Rm � Rn

and m < n, then for any μ 2 M(A), the Fourier transform μ̂(x) does not tend
to zero as x 2 Rn, jxj ! 1, because μ̂(x) depends only on the Rm coordinates
of x. Hence all subsets of hyperplanes have zero Fourier dimension. We shall
encounter more interesting examples of sets with positive Hausdorff dimension
and zero Fourier dimension in Chapter 8.

Körner [2011] showed that for any 0 � t � s � 1 there exists a compact set
of the real line which has Hausdorff dimension s and Fourier dimension t .

There are many random Salem sets; we shall come to this in Chapter 12.
Non-trivial deterministic fractal Salem sets are however hard to construct. The
following result was proved by Kaufman [1981]:

Theorem 3.13 Let α > 0 and let Eα be the set of x 2 R such that for infinitely
many rationals p/q,

jx � p/qj � q�(2Cα).

Then E is a Salem set with dimE D 2/(2 C α).

We shall not prove this result, a proof can be found in Kaufman [1981] and
also in Wolff [2003], Chapter 9. Let us quickly see what kind of set this is.
By a classical theorem of Dirichlet on Diophantine approximation, for every
irrational x there are infinitely many rationals p/q such that jx � p/qj � q�2,
and this is essentially the best one can say for all x. The set Eα consists of
real numbers which are much better approximable by rationals. The upper
bound 2/(2 C α) for the Hausdorff dimension of Eα is easily derived using
coverings of E \ [�N,N ], N D 1, 2 . . . , with intervals of the type [p/q �
q�(2Cα), p/q C q�(2Cα)] where p and q are suitable integers. The lower bound
is harder. It can be derived without Fourier transforms; see Section 10.3 of
Falconer [1990]. But in order to verify that Eα is a Salem set, one needs to
construct μ 2 M(Eα) with sufficient decay for the Fourier transform, and this
will automatically also give the lower bound. Kaufman constructed such a μ

with

jμ̂(x)j � log jxjjxj�1/(2Cα), jxj > 2.
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Could one construct non-integral dimensional Salem setsE with more struc-
ture than just the knowledge of the dimension? For example, could they be
Ahlfors–David regular? This means that E would be the support of a mea-
sure ν such that ν(B(x, r)) � rs for x 2 E, 0 < r < d(E), and for every t < s

there would exist a measure μ 2 M(E) for which jμ̂(x)j � jxj�t/2 for x 2 Rn.
One could also hope to find a single measure satisfying both conditions:
Mitsis [2002b] asked for which values of s do there exist measures μ 2 M(Rn)
such that μ(B(x, r)) � rs for x 2 sptμ, 0 < r < 1, and jμ̂(x)j � jxj�s/2 for
x 2 Rn? Presently any examples of this type are only known for integers s and
they are measures on smooth s-dimensional surfaces. Partial results have been
obtained by Łaba and Pramanik [2009] and by Chen [2014a]. In particular,
Chen constructs measures as in Mitsis’s question, except that he needs a log-
arithmic factor in one of the conditions. Related results can also be found in
Körner [2011] and Shmerkin and Suomala [2014].

From the above we know that if a set has zero s-dimensional Hausdorff
measure, then it cannot support a non-trivial measure whose Fourier transform
would tend to zero at infinity faster than jxj�s/2. But how quickly can they tend
to zero in terms of ϕ(jxj) for various functions ϕ? And what if Hs is replaced by
Hausdorff measures defined by general gauge functions in place of rs? Recent
results on this delicate question were obtained by Körner [2014]. This paper
also contains an excellent brief survey on the topic.

The existence of measures with a certain speed of decay of Fourier trans-
forms has various consequences for the Hausdorff dimension. We shall return to
this for instance in the case of distance sets, but now we give one simple appli-
cation as an example. Denote here by Ak D A C � � � C A and μk D μ � � � � � μ

(k times) the k-fold sum-set and convolution product.

Proposition 3.14 Let A � R be a Borel set and k be a positive integer.

(a) If dimF A > 1/k, then L1(Ak) > 0.
(b) If dimF A > 2/k, then Ak contains an open interval.

Proof Let 0 < s < dimF A and μ 2 M(A) such that

jμ̂(x)j � jxj�s/2 for x 2 R.

We have μk 2 M(Ak) and jμ̂k(x)j � jxj�ks/2 for x 2 R. If ks > 1, this implies
that μ̂k 2 L2. Hence by Theorem 3.3 μk is absolutely continuous, whence
L1(Ak) > 0. If ks > 2, μ̂k 2 L1, so we have by Theorem 3.4 that μk is a
continuous function which implies that the interior of Ak is non-empty.
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3.7 Spherical averages

For μ 2 M(Rn), n � 2, we define the L2 spherical averages of μ by

σ (μ)(r) D
∫
Sn�1

jμ̂(rv)j2 dσn�1v D r1�n

∫
S(r)

jμ̂(v)j2dσn�1
r v (3.49)

for r > 0. Using integration in polar coordinates and the formula (3.45), the
energy-integrals of μ can be written in terms of these:

Is(μ) D γ (n, s)
∫ 1

0
σ (μ)(r)rs�1 dr, 0 < s < n. (3.50)

Although the Fourier transform need not tend to zero at infinity for measures
with finite energy, the spherical averages behave better: they do tend to zero
and we have quantitative estimates. We return to these estimates and their
applications to distance sets and intersections in Chapter 15. Here we only give
the following simple estimate:

Lemma 3.15 If 0 < s � (n � 1)/2 and μ 2 M(Rn) with Is(μ) < 1, then for
r > 0,

σ (μ)(r) � C(n, s)Is(μ)r�s .

Proof We can assume, by approximation with ψε � μ as before, that μ is a
smooth non-negative function f with compact support. By the formula (3.28)

σ (f )(r) D r1�n

∫
Sn�1(r)

jf̂ (v)j2 dσn�1
r v D r1�n

∫
(f � σ̂ n�1

r )f.

Since r1�nσ̂ n�1
r (x) D σ̂ n�1(rx), we have

σ (μ)(r) D
∫∫

σ̂ n�1(r(x � y))f (y)f (x) dy dx. (3.51)

Evidently,

jσ̂ n�1(r(x � y))j � 1 � (rjx � yj)�s ,

if rjx � yj � 1, and by (3.42)

jσ̂ n�1(r(x � y))j � (rjx � yj)�(n�1)/2 � (rjx � yj)�s ,

if rjx � yj � 1. Inserting the estimate jσ̂ n�1(r(x � y))j � (rjx � yj)�s into the
formula (3.51), we obtain the desired inequality for f , and hence also forμ.

It is clear from (3.50) that the decay r�s is the best we can hope for.
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One can also show that without any energy assumptions the averages σ (μ)(r)
tend to zero as r ! 1 for every continuous measure μ 2 M(Rn), n � 2; see
Mattila [1987].

Instead of spheres one could also look at the convergence along lines through
the origin. Kaufman [1973] proved that if μ 2 M(R2) with I1(μ) < 1, then μ̂

tends to zero along almost all lines through the origin. Moreover, if μ satisfies
the Frostman condition μ(B(x, r)) � rs, x 2 R2, r > 0, for some 1 < s < 2,
then the exceptional set of the lines has Hausdorff dimension at most 2 � s.
This is sharp as Kaufman showed using number theoretic examples similar to
those in Section 3.6.

Simple as it is, Lemma 3.15 is not completely trivial: it is essential that
we consider non-negative measures and functions. Stated in terms of Fourier
transforms the inequality of Lemma 3.15 is∫

Sn�1
jμ̂(rv)j2 dσn�1v � C(n, s)r�s

∫
Rn

jμ̂(x)j2jxjs�n dx.

It is clear that such an estimate cannot hold even for all smooth compactly
supported functions with varying sign.

3.8 Ball averages

It is much easier to control averages over solid balls than over spheres. First, if
μ 2 M(Rn) with Is(μ) < 1 we have by (3.45),∫

B(0,R)
jμ̂(x)j2 dx � Rn�s

∫
B(0,R)

jxjs�njμ̂(x)j2 dx � Rn�sIs(μ).

But we can easily obtain such an estimate also from the Frostman condition

μ(B(x, r)) � Crs for x 2 sptμ, r > 0, (3.52)

which does not imply that Is(μ) < 1.

To see this, choose ϕ 2 S(Rn) such that ϕ̂ � 0 and ϕ̂(x) D 1 when jxj � 1.
Define ϕR(x) D Rnϕ(Rx) when R > 0. Then ϕ̂R(x) D ϕ̂(x/R) and we obtain
by (3.22) and (3.27),∫

B(0,R)
jμ̂j2 �

∫
ϕ̂Rjμ̂j2 D

∫
ϕ̂R � μμ̂ D

∫
ϕR � μdμ � Rn�s ,
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where the last inequality follows from

ϕR � μ(x) D Rn

∫
ϕ(R(x � y)) dμy � Rnμ(B(x, 1/R)

C Rn

1∑
jD1

2�j (sC1)μ(B(x, 2j /R) n B(x, 2j�1/R)) � Rn�s ,

using (3.52) and the fast decay of ϕ.
If μ satisfies with some positive constant c the lower regularity

μ(Bx, r)) � crs for x 2 sptμ, 0 < r < 1, (3.53)

then for R > 1, ∫
B(0,R)

jμ̂j2 � Rn�s .

The proof is a slight modification of the above: recalling Example 3.2 choose
ϕ so that ϕ � 0, ϕ � 1 on B(0, 1) and spt ϕ̂ � B(0, 1), and observe that then∫
B(0,R) jμ̂j2 �

∫
ϕ̂Rjμ̂j2 and ϕR � μ(x) � Rn�s . In particular if μ is Ahlfors–

David regular, that is, both (3.52) and (3.53) hold, we have
∫
B(0,R) jμ̂j2 � Rn�s

for R > 1.
Strichartz [1989] and [1990a] made a much more detailed study of such

ball averages and related matters. For instance, he showed that if μ satisfies
(3.52) and the limit limr!0 r

�sμ(B(x, r)) exists and is positive for μ almost
all x 2 Rn, then for all f 2 L2(μ),

lim
R!1Rs�n

∫
B(0,R)

jf̂ μj2 D c(n, s)
∫

jf j2 dμ,

for some positive and finite constant c(n, s). To get an idea when f D 1,
notice that if ϕ̂ approximates well the characteristic function of B(0, 1) and
ϕR is as above, then Rs�n

∫
B(0,R) jf̂ μj2 is close to Rs�n

∫
ϕR � μdμ by the

above arguments, and the convergence of r�sμ(B(x, r)) as r ! 0 implies that
Rs�n

∫
ϕR � μdμ converges as R ! 1.

The existence of the positive and finite limit limr!0 r
�sμ(B(x, r)) for μ

almost all x 2 Rn is a very restrictive condition. It forces s to be an integer
by Marstrand’s theorem, see Mattila [1995], Theorem 14.10, and μ to be a
rectifiable measure by Preiss’s theorem, see Mattila [1995], Theorem 17.8,
or Preiss [1987]. On the other hand, rectifiable measures include all surface
measures on smooth surfaces and much more.
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3.9 Fourier transforms and rectangular boxes

At later stages of this book it will be essential to understand how the Fourier
transform of a smooth function supported in a rectangular box behaves. The
answer is: it lives essentially in a dual box, defined below. By the Heisenberg
uncertainty principle it cannot have compact support so we mean by this that it
decays quickly outside such a box.

Let us first quickly look at balls. If ϕ is infinitely differentiable on Rn, n �
2, with sptϕ � B(0, 1) and for a 2 Rn, r > 0, ϕa,r (x) D ϕ((x � a)/r), then
sptϕa,r � B(a, r),

ϕ̂a,r (x) D
∫

e�2πix�yϕ((y � a)/r) dy D rne�2πix�aϕ̂(rx),

and for all N D 1, 2, . . . ,

jϕ̂a,r (x)j �N rn�N jxj�N .

So ϕ̂a,r decays fast outside B(0, 1/r); this is our dual ball for B(a, r).
Let R be a rectangular box in Rn (as in (3.54) below). We say that it is

an (r1, . . . , rn)-box if r1 � � � � � rn are its side-lengths. The ( 1
rn
, . . . , 1

r1
)-box

centred at the origin with the 1
rj

side parallel to the rj side of R is called the
dual of R and denoted by R̃. More formally, let Q0 D [0, 1]n and fix for the
(r1, . . . , rn)-box R an affine mapping AR which maps Q0 onto R written as

AR(x) D g(Lx) C a, g 2 O(n), a 2 Rn, Lx D (r1x1, . . . , rnxn) for x 2 Rn.

Then

R D AR(Q0) and R̃ D g(L�1(Q0)). (3.54)

Fix a non-negative functionϕ 2 S(Rn) such thatϕ D 1 onQ0 and spt ϕ � 2Q0.
For t > 0 we shall denote by tR the rectangular box which has the same centre
as R and the side-lengths equal to those of R multiplied by t . We define

ϕR D ϕ ı A�1
R so that ϕR D 1 on R and sptϕR � 2R. (3.55)

Lemma 3.16 With the above notation

ϕ̂R(x) D r1 � � � rne�2πix�aϕ̂(L(g�1(x)). (3.56)

For any M 2 N and for any (r1, . . . , rn)-box R,

jϕ̂R(x)j � C(ϕ,M)r1 � � � rn
1∑
jD1

2�Mjχ2j R̃(x) for x 2 Rn. (3.57)
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Moreover,

kϕ̂Rk1 D kϕ̂k1. (3.58)

Proof Let g,L and a be as above. The Fourier transform of ϕR is

ϕ̂R(x) D
∫

e�2πix�ξϕR(ξ ) dξ D
∫

e�2πix�ξϕ(A�1
R (ξ ))d ξ.

Setting η D A�1
R (ξ ) we get dξ D j det(g ı L)jdη D r1 � � � rndη. Furthermore,

since g(x) � g(y) D x � y for all x, y 2 Rn and L satisfies L(x) � y D x � L(y)
for all x, y 2 Rn,

ϕ̂R(x) D r1 � � � rn
∫

e�2πix�AR (η)ϕ(η) dη

D r1 � � � rne�2πix�a
∫

e�2πix�g(L(η))ϕ(η) dη

D r1 � � � rne�2πix�a
∫

e�2πiL(g�1(x))�ηϕ(η) dη

D r1 � � � rne�2πix�aϕ̂(L(g�1(x))),

which proves (3.56).
For ϕ̂ we have by its fast decay,

jϕ̂(x)j �M

1∑
jD1

2�Mjχ2jQ0 (x) for x 2 Rn.

Hence

jϕ̂R(x)j �M r1 � � � rn
1∑
jD1

2�Mjχ2jQ0 (Lg�1(x)) D r1 � � � rn
1∑
jD1

2�Mjχ2j R̃(x),

proving (3.57). Finally (3.58) is obvious by a change of variable.

In Chapter 16 we shall convolve Frostman measures with the above functions
ϕ̂R and make use of the following lemma.

Lemma 3.17 Let μ 2 M(Rn), 0 < s � n, and suppose that

μ(B(x, r)) � rs for all x 2 Rn, r > 0. (3.59)

Let R � Rn be an (r1, r2, . . . , r2)-box with r1 � r2. Define

μR D jϕ̂Rj � μ.
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Then,

kμRk1 � C(ϕ)rn�s
2 , (3.60)

kμRk1 D kϕ̂k1μ(Rn), (3.61)

and∫
KR̃

μR(x C y) dy � C(ϕ)Ksr�1
1 r1�s

2 for all K � 1, x 2 Rn. (3.62)

For any cube Q � Rn,∫
B(x,r)

μQ(y) dy � C(ϕ)rs for all x 2 Rn, r > 0. (3.63)

Proof By (3.57) for any M � 1,

μR(x) D
∫

jϕ̂R(x � y)j dμy �M r1r
n�1
2

1∑
jD1

2�Mj

∫
χ2j R̃(x � y) dμy.

As 2j R̃ is a ( 2j

r2
, . . . , 2j

r2
, 2j

r1
)-box it can be covered with roughly r2

r1
balls of

radius 2j

r2
. Taking M D s C 1 and using (3.59) this gives

μR(x) � r1r
n�1
2

1∑
jD1

2�(sC1)j r2

r1

(
2j

r2

)s

D rn�s
2 ,

proving (3.60).
Furthermore by (3.58),

kμRk1 D
∫

jϕ̂Rj � μ D
∫

jϕ̂R(x � y)j dy dμx D kϕ̂Rk1μ(Rn) D kϕ̂k1μ(Rn),

which proves (3.61).
Next we prove (3.62). By (3.57) and the fact that if y 2 KR̃ and x C y � z 2

2j R̃, then z D y � (x C y � z) C x 2 KR̃ � 2j R̃ C x D (K C 2j )R̃ C x, as
R̃ is centred at the origin, we obtain∫
KR̃

μR(x C y) dy D
∫
KR̃

∫
jϕ̂R(x C y � z)j dμz dy

�M r1r
n�1
2

1∑
jD1

2�Mj

∫∫
χKR̃(y)χ2j R̃(x C y � z) dμz dy

� r1r
n�1
2

1∑
jD1

2�Mj

∫∫
χ(KC2j )R̃Cx(z)χ2j R̃(x C y � z) dy dμz

D r1r
n�1
2

1∑
jD1

2�MjLn(2j R̃)μ((K C 2j )R̃ C x)).
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As in the proof of (3.60) (K C 2j )R̃ C x can be covered with roughly r2
r1

balls of radius (K C 2j )r�1
2 , whence∫

KR̃

μR(x C y) dy

�M r1r
n�1
2

1∑
jD1

2�Mj 2nj

r1r
n�1
2

r2

r1

(
K C 2j

r2

)s

D
1∑
jD1

2(n�M)j r�1
1 r1�s

2 (K C 2j )s

�
1∑
jD1

2(nCs�M)j r�1
1 r1�s

2 (2K)s D (2K)sr�1
1 r1�s

2 ,

where we used also that K C 2j � 2jC1K and we chose M D n C s C 1.
Finally (3.63) follows from (3.62) when r � 1/r1, where r1 is the side-length

of Q: choose K D r1r , then B(x, r) � KQ̃ C x. When r < 1/r1, it follows
from (3.60).

The rectangular boxes will enter when we study restrictions of Fourier
transforms on spheres. The reason is simple; a spherical cap on Sn�1 of radius
δ is contained in a Cδ2 
 Cδ 
 � � � 
 Cδ-box where C depends only on n.

In Lemma 3.16 the Fourier transform of our functionϕR becomes small when
we go far away from the dual box of R, but we did not get any information
how it behaves on the box itself. It will be useful to have functions which are
large on those dual boxes. This is the content of the following lemma, often
called the Knapp example. Here, as well as later, by the Fourier transform of a
function f 2 L1(Sn�1) we mean the Fourier transform of the measure f σn�1:

f̂ (ξ ) D
∫

f (x)e�2πiξ �x dσ n�1x, ξ 2 Rn.

Lemma 3.18 Let en D (0, . . . , 0, 1) 2 Rn, n � 2, and set for 0 < δ < 1,

Cδ D fx 2 Sn�1 : 1 � x � en � δ2g, Dδ D fx 2 Cδ : jxn�1j � δ2g.
Then with c D 1/(12n) we have for f D χCδ

, g D χDδ
,

jf̂ (ξ )j � σn�1(Cδ)/2 for ξ 2 Rδ

and

ĵg(ξ )j � σn�1(Dδ)/2 for ξ 2 Sδ,
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where

Rδ D fξ 2 Rn : jξj j � c/δ for j D 1, . . . , n � 1, jξnj � c/δ2g,
Sδ D fξ 2 Rn : jξj j � c/δ for j D 1, . . . , n � 2, jξn�1j � c/δ2, jξnj � c/δ2g.

Proof Notice that Cδ is a spherical cap of radius roughly δ, more precisely,
jxj j � p

2δ for x 2 Cδ, j D 1, . . . , n � 1. For ξ 2 Rn,

jf̂ (ξ )j D
∣∣∣∣∫

Cδ

e�2πiξ �x dσ n�1x

∣∣∣∣
D

∣∣∣∣∫
Cδ

e�2πiξ �(x�en) dσn�1x

∣∣∣∣ �
∫
Cδ

cos(2πξ � (x � en)) dσn�1x.

We only used that je�2πξ �en j D 1 and that the absolute value of a complex
number is at least its real part. One checks easily that

j2πξ � (x � en)j < π/3 for x 2 Cδ, ξ 2 Rδ,

whence

cos(2πξ � (x � en)) > 1/2 for x 2 Cδ, ξ 2 Rδ,

and so

jf̂ (ξ )j � σn�1(Cδ)/2 for ξ 2 Rδ.

The argument for g is exactly the same using that

j2πξ � (x � en)j < π/3 for x 2 Dδ, ξ 2 Sδ.

We shall use the first part of this example to show the sharpness of the Stein–
Tomas restriction theorem 19.4 and the second part to show the sharpness of
Tao’s bilinear restriction theorem 25.3.

3.10 Fourier series

Much of the theory of the Fourier transform has analogues for the Fourier
series. We shall use one-dimensional Fourier series only twice, in connection
with Cantor measures, Chapter 8, and Riesz products, Chapter 13. In the last
chapter we shall also need higher dimensional Fourier series in the form of the
Poisson summation formula. We now state a couple of fundamental results in
general dimensions without proofs and then prove a few others. For the basics
of the one-dimensional Fourier series, see, for example, Katznelson [1968],
Chapter 1, and for the multi-dimensional theory Grafakos [2008], Chapter 3.
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Let

Qn D fx 2 Rn : 0 � xj � 1 for j D 1, . . . , ng
be the unique cube. For μ 2 M(Qn) the Fourier coefficients of μ are

μ̂(z) D
∫
Qn

e�2πiz�x dμx, z 2 Zn.

Then we have again Parseval’s formula for f, g 2 L2(Qn),∑
z2Zn

f̂ (z)̂g(z) D
∫
Qn

f (x)g(x) dx. (3.64)

If f is continuous on Qn and μ is a finite signed Borel measure on Qn, this
remains valid provided the series

∑
z2Zn f̂ (z)μ̂(z) converges. Then∑

z2Zn

f̂ (z)μ̂(z) D
∫
Qn

f dμ. (3.65)

See Katznelson [1968], Section 1.7, for the one-dimensional case, which is
all that we shall need for this fact. As a corollary we have that the Fourier
coefficients determine uniquely measures on Qn: if μ, ν 2 M(Qn), then

μ̂(z) D ν̂(z) for all z 2 Zn implies μ D ν. (3.66)

We have also the Fourier inversion formula: if f 2 L1(Qn) and∑
z2Zn jf̂ (z)j < 1, then f is continuous and

f (x) D
∑
z2Zn

f̂ (z)e2πiz�x for x 2 Qn. (3.67)

More precisely,f can be redefined so that it becomes continuous and 1-periodic:
f (x) D f (y) for x, y 2 Qn with xj � yj D 0, 1 or �1 for all j D 1, . . . , n. In
fact, for the theory of Fourier series instead of Qn it is more natural to use the
torus (S1)n as the underlying space, or consider 1-periodic functions on Rn, but
this will not be essential for us.

The Fourier inversion formula gives easily the Poisson summation formula:

Theorem 3.19 If f 2 S(Rn), then∑
z2Zn

f (x C z) D
∑
z2Zn

f̂ (z)e2πiz�x for x 2 Rn.

Proof Define the periodic function F by

F (x) D
∑
z2Zn

f (x C z).
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Then for z 2 Zn,

F̂ (z) D
∫
Qn

F (x)e�2πiz�x dx D
∑
z2Zn

∫
Qn�z

f (x)e�2πiz�x dx D f̂ (z).

Hence
∑

z2Zn jF̂ (z)j < 1 and the result follows from the inversion formula.

Corollary 3.20 If f 2 S(Rn) and spt f̂ � B(0, 1), then∑
z2Zn

f (x C z) D
∫

f for x 2 Rn.

Proof We now have f̂ (0) D ∫
f and f̂ (z) D 0 for z 2 Zn, z 6D 0.

The s-energy of μ 2 M(Qn) can essentially be written also in terms of the
Fourier coefficients:

Theorem 3.21 If 0 < s < n and μ 2 M(Qn), then

Is(μ)/C(n, s) � μ(Rn)2 C
∑

z2Znnf0g
jμ̂(z)j2jzjs�n � C(n, s)Is(μ). (3.68)

Proof Since we are not going to use this formula, we shall only prove it in the
special case where sptμ is contained in the interior of Qn; for the general case,
see Hare and Roginskaya [2002]. Then we may assume that μ is a smooth
non-negative function with compact support in Qn: let, as before, με D ψε � μ

where ψε, ε > 0, is a standard approximate identity. Then, as ε ! 0,

Is(με)

D γ (n, s)
∫

jψ̂(εx)μ̂(x)j2jxjs�n dx ! γ (n, s)
∫

jμ̂(x)j2jxjs�n dx D Is(μ)

by Theorem 3.10, and∑
z2Znnf0g

jμ̂ε(z)j2jzjs�n D
∑

z2Znnf0g
jψ̂(εz)μ̂(z)j2jzjs�n !

∑
z2Znnf0g

jμ̂(z)j2jzjs�n.

So let f 2 C1(Rn) with f � 0 and spt f � Int(Qn). Recalling Example 3.2
we choose ϕ 2 S(Rn) such that both ϕ and ϕ̂ are non-negative, ϕ � 1 on
Qn � Qn and spt ϕ̂ � B(0, 1/2). Then

Is(f ) �
∫

((ϕks) � f )f.

Set gε D ψε � (ϕks). Then gε ! ϕks in L1(Rn) as ε ! 0 which implies∫
(gε � f )f !

∫
((ϕks) � f )f.
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Using Lemma 3.9 we have

ĝε(z) D γ (n, s)ψ̂(εz)ϕ̂ � kn�s(z) ! γ (n, s)ϕ̂ � kn�s(z) D ϕ̂ � k̂s(z).

By the properties of ϕ; ϕ̂ � 0 and spt ϕ̂ � B(0, 1/2), we have readily
ϕ̂ � k̂s(z) � jzjs�n, when jzj � 1, and ϕ̂ � k̂s(0) � 1. Therefore by Parseval’s
formula (3.64) for the Fourier series,∫

(gε � f )f D
∑
z2Zn

ĝε(z)jf̂ (z)j2 !
∑
z2Zn

ϕ̂ � k̂s(z)jf̂ (z)j2 � jf̂ (0)j2

C
∑

z2Znnf0g
jf̂ (z)j2jzjs�n.

Since f̂ (0) D ∫
f , the combination of these formulas yields the theorem.

3.11 Further comments

Duoandikoetxea’s book [2001] and Strichartz’s book [1994] are excellent first
quick guides to Fourier analysis. Grafakos [2008] does the same and, com-
bining with Grafakos [2009], gives a very wide view of Fourier analysis. The
presentation of this chapter is largely based on Wolff’s lecture notes [2003].

Bessel functions are extensively studied in Grafakos [2008], Stein and Weiss
[1971] and Watson [1944].

In one dimension the expression of energy-integrals in terms of the Fourier
transform and Fourier series and applications to Hausdorff dimension goes
back at least to the works of Kahane and Salem, see Kahane and Salem [1963],
and in higher dimensions to Carleson’s [1967] book. For n D 1 the Fourier
series formula (3.68) appears essentially already in the first volume of Zyg-
mund’s book [1959], page 70. In higher dimensions it was proved by Hare and
Roginskaya [2002].

Hare and Roginskaya [2003] proved a formula analogous to (3.45) on
Riemannian manifolds. In Hare and Roginskaya [2004] they studied ener-
gies of complex measures and their relations to Hausdorff dimension. Hare,
Parasar and Roginskaya [2007] investigated energies with respect to more gen-
eral kernels than the Riesz kernel ks .

Salem sets in Rn can have any dimension s 2 [0, n]. Salem [1951] was
first to construct them in R in this generality as random Cantor sets. A related
construction was given by Bluhm [1996]. We shall discuss other random Salem
sets in Chapter 12. The first non-trivial deterministic fractal Salem set, but only
with dimension 1 in R, was found by Kahane [1970]. Kaufman’s [1981] result,
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Theorem 3.13, gave deterministic Salem sets in R with dimensions filling (0, 1).
A modification of Kaufman’s construction was made by Bluhm [1998].

There is a rich literature on number theoretic sets, such as the set used by
Kaufman, their Hausdorff dimensions and Fourier transforms of measures on
them. This topic was pioneered by Jarnik and Besicovitch in the 1920s and
1930s. In particular, the Hausdorff dimension of the set Eα in Theorem 3.13
was found by Jarnik [1928] and [1931]. Dimension formulas for some other
sets of this type can be found in Section 8.5 of Falconer [1985a], in Chapter 10
of Falconer [1990] and in Chapter 1 of Bishop and Peres [2016]. These books
contain many references for the work done on this topic. Often these questions
also have relationships to ergodic theory, see Jordan and Sahlsten [2013] for
recent results and references.

Fourier dimension has not been much investigated systematically, but
recently such a study was made by Ekström, Persson and Schmeling [2015].
They considered two definitions of the Fourier dimension: the one above and
another one using Borel probability measures μ such that μ(A) D 1 instead of
μ 2 M(A). These two definitions do not always agree. Among other things
they showed that for both definitions Fourier dimension is not finitely sta-
ble: maxfdimF A, dimF Bg � dimF (A [ B) by the obvious monotonicity but
the inequality may be strict; for the latter definition an example was given
by Ekström [2014]. The above authors also defined the modified Fourier
dimension

dimMF A D supfs � n : 9μ 2 M(Rn) such that

μ(A) > 0 and jμ̂(x)j � jxj�s/2 8x 2 Rng,
and showed that it is countably stable.

Fourier transforms and series of measures and distributions on the real line
and on the circle have deep connections to many other topics, such as number
theory, complex analysis and operator theory. The books of Kahane and Salem
[1963], Salem [1963], Travaglini [2014] and of Havin and Jöricke [1995] are
good sources. Recent interesting papers are those of Poltoratski [2012] and
Kozma and Olevskii [2013]. Measures whose Fourier transform tends to zero
at infinity are called Rajchman measures. Lyons [1995] gives an excellent
survey on them, concentrating on measures on the circle.

Lemma 3.17 is due to Erdoğan [2004].
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Hausdorff dimension of projections
and distance sets

In this chapter we give the first applications of the Fourier transform to geomet-
ric problems on the Hausdorff dimension. We begin by considering orthogonal
projections and prove Marstrand’s projection theorem stating that almost all
projections of a Borel set are as big as the dimension of the set allows. We
shall prove this here only for the projections onto lines in order to bring forth
the basic ideas in the simplest cases. In the next chapter we shall give various
extensions of these results including projections onto m-dimensional planes in
Rn. Our second application will be on Falconer’s problem on the size of the
distance sets. We shall also prove that there are no Borel subrings of R with the
Hausdorff dimension strictly between 0 and 1.

4.1 Projections

For e 2 Sn�1, n � 2, define the projection

Pe : Rn ! R, Pe(x) D e � x.
This is essentially the orthogonal projection onto the line fte : t 2 Rg. As Pe

is Lipschitz,

dimPe(A) � dimA for all A � Rn.

In the plane we shall often parametrize these projections with the angle the line
makes with the positive x-axis and use the notation:

pθ : R2 ! R, pθ (x, y) D x cos θ C y sin θ, θ 2 [0, π ).

Theorem 4.1 Let A � Rn be a Borel set and s D dimA. If s � 1, then

dimPe(A) D s for σn�1 almost all e 2 Sn�1. (4.1)

55
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If s > 1, then

L1(Pe(A)) > 0 for σn�1 almost all e 2 Sn�1. (4.2)

Proof If μ 2 M(A) and e 2 Sn�1, the image μe D Pe
μ of μ under the pro-
jection Pe is defined by

μe(B) D μ(P�1
e (B)), B � R.

Then μe 2 M(Pe(A)) and

μ̂e(r) D
∫ 1

�1
e�2πirx dμex D

∫
Rn

e�2πir(y�e) dμy D μ̂(re) (4.3)

for all r 2 R. To prove (4.1), suppose 0 < s D dimA � 1. Fix 0 < t < s and
pick by Theorem 2.8 μ 2 M(A) such that It (μ) < 1. Using Theorem 3.10,
(4.3) and (3.30) we obtain,∫

Sn�1
It (μe) dσ

n�1e D γ (1, t)
∫
Sn�1

(∫ 1

�1
jμ̂e(r)j2rt�1 dr

)
dσn�1e

D 2γ (1, t)
∫
Sn�1

(∫ 1

0
jμ̂(re)j2rt�1 dr

)
dσn�1e

D 2γ (1, t)
∫

Rn

jμ̂(x)j2jxjt�n dx

D 2γ (1, t)γ (n, t)�1It (μ) < 1.

In particular, It (μe) < 1 for σn�1 almost all e 2 Sn�1 and dimPe(A) � t for
such e. Considering a sequence (ti), ti < s, ti ! s, we find that dimPe(A) � s

for almost all e 2 Sn�1.
Suppose now that s > 1. Then there is μ 2 M(A) such that I1(μ) < 1.

Arguing as above with t D 1,∫
Sn�1

(∫ 1

�1
jμ̂e(r)j2 dr

)
dσn�1e D 2γ (n, 1)�1I1(μ) < 1, (4.4)

whence μ̂e 2 L2(R) for σn�1 almost all e 2 Sn�1. Thus by Theorem 3.3, μe 2
L2(R) for σn�1 almost all e 2 Sn�1. In particular, μe is absolutely continuous
with respect to L1 for σn�1 almost all e 2 Sn�1. As μe 2 M(Pe(A)) we have
L1(Pe(A)) > 0 for such e.

For a proof of the previous theorem without Fourier transforms, see Mattila
[1995], Chapter 9.

Theorem 4.2 Let A � Rn be a Borel set and dimA > 2. Then Pe(A) has
non-empty interior for σn�1 almost all e 2 Sn�1.
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Proof Let 2 < s < dimA and choose μ 2 M(A) such that Is(μ) < 1. Defin-
ing μe as in the previous proof, we obtain by Schwartz’s inequality∫

Sn�1

∫
R

jμ̂e(r)j dr dσn�1e

� 2
∫
Sn�1

∫ 1

1
jμ̂e(r)j dr dσn�1e C 2μ(Rn)σn�1(Sn�1)

� 2

(∫
Sn�1

∫ 1

1
jμ̂(re)j2rs�nCn�1 dr dσn�1e

)1/2



(∫

Sn�1

∫ 1

1
r1�s dr dσn�1

)1/2

C C(μ)

� 2

(
σn�1(Sn�1)

s � 2

)1/2 (∫
Rn

jμ̂(x)j2jxjs�n dx

)1/2

C C(μ)

� C(n, s)Is(μ)1/2 C C(μ) < 1.

Hence μ̂e 2 L1(R) for σn�1 almost all e 2 Sn�1 and by Theorem 3.4 μe is
a continuous function for such e. As μe 2 M(Pe(A)), we conclude that the
interior of Pe(A) is non-empty for σn�1 almost all e 2 Sn�1.

I do not know any proof without Fourier transforms for this theorem,
although I am not sure if anyone has seriously tried to find one. The bound 2
is sharp: using Besicovitch sets we shall give in Chapter 11 an example of a
Borel set in the plane whose complement has Lebesgue measure zero and all
of whose projections have empty interior.

Let us derive as another consequence of the proof of Theorem 4.1 a quanti-
tative estimate for the average length of projections:

Theorem 4.3 Let A � Rn be Lebesgue measurable and let μ 2 M(A) with
μ(A) D 1 and I1(μ) < 1. Then∫

L1(Pe(A)) dσn�1e � γ (n, 1)σn�1(Sn�1)2

2I1(μ)
.

Proof The measurability of the function e 7! L1(Pe(A)) is easily checked for
compact sets A and from that it follows for measurable sets by approximation.
From the formula (4.4) we see that for σn�1 almost all e 2 Sn�1 the projection
μe D Pe
μ is absolutely continuous and, using Parseval’s theorem, it moreover
belongs to L2(R) with∫

Sn�1

(∫ 1

�1
μe(r)2 dr

)
dσn�1e D 2γ (n, 1)�1I1(μ).
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By Schwartz’s inequality,

1 D Pe
μ(R)2 D
(∫

Pe(A)
μedL1

)2

� L1(Pe(A))
∫

μ2
e dL1.

A combination of these two inequalities gives∫
L1(Pe(A))�1 dσn�1e �

∫∫
μ2
e dL1 dσn�1e D 2γ (n, 1)�1I1(μ).

Thus by Schwartz’s inequality,∫
L1(Pe(A))dσn�1e �

(∫
L1(Pe(A))�1 dσn�1e

)�1

σn�1(Sn�1)2

� 1
2γ (n, 1)σn�1(Sn�1)2I1(μ)�1.

4.2 Distance sets

Now we study another geometric problem on Hausdorff dimension, estimating
the size of distance sets. The distance set of A � Rn is

D(A) D fjx � yj : x, y 2 Ag � [0,1).

The following Falconer’s conjecture seems plausible:

Conjecture 4.4 If n � 2 and A � Rn is a Borel set with dimA > n/2, then
L1(D(A)) > 0, or even Int(D(A)) 6D ∅.

This is open in all dimensions n � 2. In R it is false; it is easy to construct
examples of compact sets A � R with dimA D 1 and L1(D(A)) D 0. Below
we shall give an example to show that n/2 could not be replaced by any smaller
number.

A weaker conjecture on dimensional level is

Conjecture 4.5 If n � 2 and A � Rn is a Borel set with dimA > n/2, then
dimD(A) D 1.

This too is open in all dimensions n � 2. But it is true for example for many
self-similar sets. Theorem 4.6 below only gives dimD(A) � 1/2 if dimA �
n/2. This has been improved by Bourgain to dimD(A) � 1/2 C cn, cn > 0.
We shall briefly discuss these partial results in Section 4.4.

Steinhaus’s theorem, a simple application of Lebesgue’s density theorem,
says that ifA � Rn is Lebesgue measurable withLn(A) > 0, then the difference
set fx � y : x, y 2 Ag contains a ball centred at the origin. It is easy to give
examples which show that no such statement holds, neither for the difference
set nor for the distance set, under the assumption that dimA is large. In Theorem
4.6 there may be no interval (0, ε), ε > 0, inside D(A) even if dimA D n.



4.2 Distance sets 59

First we shall prove some weaker partial results. In Chapters 15 and 16 we
shall prove the best known results.

Theorem 4.6 Let A � Rn, n � 2, be a Borel set.

(a) If dimA > (n C 1)/2, then Int(D(A)) 6D ∅.
(b) If (n � 1)/2 � dimA � (n C 1)/2, then dimD(A) � dimA � (n � 1)/2.

We use a similar technique as with the projections; we map a measure
μ 2 M(A) to its distance measure δ(μ) 2 M(D(A)) defined for Borel sets
B � R by

δ(μ)(B) D
∫

μ(fy : jx � yj 2 Bg) dμx. (4.5)

In other words, δ(μ) is the image of μ 
 μ under the distance map (x, y) !
jx � yj, or equivalently, for any continuous function ϕ on R,∫

ϕdδ(μ) D
∫∫

ϕ(jx � yj) dμx dμy.

Let us first see some simple properties of distance measures. Obviously,

spt δ(μ) � D(sptμ). (4.6)

Another simple observation is that

δ(μi) ! δ(μ) weakly if μi ! μ weakly. (4.7)

Recall that σn�1
r is the surface measure on the sphere fy 2 Rn : jyj D rg.

Its Fourier transform is (recall (3.42))

σ̂ n�1
r (x) D rn�1σ̂ n�1(rx) with jσ̂ n�1

r (x)j � r (n�1)/2jxj(1�n)/2.

For a smooth function f with compact support, δ(f ) is also a function. It is
given by

δ(f )(r) D
∫

(σn�1
r � f )f. (4.8)

To prove this one can check by Fubini’s theorem and integration in polar
coordinates that for any continuous function g with compact support in R,∫

g(r)
∫

(σn�1
r � f )(x)f (x) dx dr D

∫∫
g(jx � yj)f (x)f (y) dx dy,

which is also
∫
gδ(f ) by the definition of δ(f ).

Let ψ be a smooth function with compact support in Rn,
∫
ψ D 1,

ψε(x) D ε�nψ(x/ε) and με D ψε � μ. Then με ! μ weakly, as ε ! 0,
whence δ(με) ! δ(μ) weakly. Moreover μ̂ε(x) D ψ̂(εx)μ̂(x) ! μ̂(x) for all
x 2 Rn.
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We have now by (4.8) and Parseval’s formula,

δ(με)(r) D
∫

(σn�1
r � με)με D

∫
σ̂ n�1
r jμ̂εj2 D

∫
σ̂ n�1
r (x)jψ̂(εx)j2jμ̂(x)j2dx.

(4.9)
Suppose then, recalling (3.45), that

I(nC1)/2(μ) D γ (n, (n C 1)/2)
∫

jxj(1�n)/2jμ̂(x)j2 dx < 1.

Then, as ε ! 0, the right hand side of (4.9) converges to
∫
σ̂ n�1
r jμ̂j2 by

Lebesgue’s dominated convergence theorem, because

jσ̂ n�1
r (x)jjψ̂(εx)j2jμ̂(x)j2 �r jxj(1�n)/2jμ̂(x)j2.

On the other hand, the left hand side of (4.9) converges weakly to δ(μ). So if
I(nC1)/2(μ) < 1, δ(μ) is a function given by

δ(μ)(r) D
∫

σ̂ n�1
r jμ̂j2 D rn�1

∫
σ̂ n�1(rx)jμ̂(x)j2 dx. (4.10)

This is all that is needed to prove the first part of Theorem 4.6:

Proof of Theorem 4.6(a) If dimA > (n C 1)/2 we can find a measure μ 2
M(A) with I(nC1)/2(μ) < 1 by Theorem 2.8. Then δ(μ) is the function given
by (4.10) which is easily seen to be continuous by Lebesgue’s dominated
convergence theorem. As spt δ(μ) � D(A) by (4.6), it follows that D(A) has
non-empty interior.

For the second part of Theorem 4.6 we need some estimate of the δ(μ)-
measure of the intervals [r, r C η]. Let R > 0 be such that sptμ � B(0, R).
Then spt δ(μ) � [0, 2R]. Let 0 < η < r < 2R. By the definition of δ(μ),

δ(μ)([r, r C η]) D
∫
μ(fy 2 Rn : r � jx � yj � r C ηg)dμx D

∫
gr,η � μdμ,

where gr,η is the characteristic function of the annulus fx 2 Rn : r � jxj �
r C ηg.

Letting με be as above, we have by Parseval’s formula

δ(με)([r, r C η]) D
∫

(gr,η � με)με D
∫

ĝr,ηjμ̂εj2.
Letting ε ! 0, we find that

δ(μ)([r, r C η]) D
∫

ĝr,ηjμ̂j2. (4.11)

In fact, we first get this by the weak convergence for all but at most countably
many r and η, for those with δ(μ)(fr, r C ηg) D 0, but since the right hand side
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is continuous in r and η, this holds for all r and η. Since gr,η is radial, we have
by (3.33),

ĝr,η(x) D c(n)jxj�(n�2)/2
∫ rCη

r

J(n�2)/2(2π jxjs)sn/2 ds

D c(n)jxj�n

∫ (rCη)jxj

rjxj
J(n�2)/2(2πu)un/2 du.

(4.12)

This gives by (3.35)

jĝr,η(x)j � jxj�n

∫ (rCη)jxj

rjxj
u(n�1)/2 du � r (n�1)/2jxj(1�n)/2η. (4.13)

To get another estimate we use the formula (3.39),

d

ds
(smJm(s)) D smJm�1(s)

and again (3.35) getting

jĝr,η(x)j D
∣∣∣∣∣c(n)(2π )�1jxj�n

∫ (rCη)jxj

rjxj
d

du
(un/2Jn/2(2πu)) du

∣∣∣∣∣
D jc(n)(2π )�1jxj�nj((r C η)jxj)n/2Jn/2(2π (r C η)jxj)

� (rjxj)n/2Jn/2(2πrjxj)j
� r (n�1)/2jxj�(nC1)/2.

Using (4.11), these two estimates for jĝr,η(x)j and (3.45) we obtain for 0 <

t � 1,

δ(μ)([r, r C η]) � r (n�1)/2η

∫
fx:jxj�1/ηg

jxj(1�n)/2jμ̂(x)j2 dx

C r (n�1)/2
∫

fx:jxj>1/ηg
jxj�(nC1)/2jμ̂(x)j2 dx

� r (n�1)/2ηt
(∫

fx:jxj�1/ηg
jxj(1�n)/2Ct�1jμ̂(x)j2 dx

C
∫

fx:jxj>1/ηg
jxj�(nC1)/2Ct jμ̂(x)j2 dx

)
D r (n�1)/2ηt

∫
jxj(n�1)/2Ct�njμ̂(x)j2 dx

D γ (n, (n � 1)/2 C t)�1r (n�1)/2ηtI(n�1)/2Ct (μ).

Proof of Theorem 4.6(b) We may assume that dimA > (n � 1)/2. Let 0 � t �
1 be such that (n � 1)/2 C t < dimA. Then we can find a measure μ 2 M(A)
with I(n�1)/2Ct (μ) < 1. The above estimate yields that δ(μ)([r, r C η]) �R ηt
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when 0 < η < r < 2R. By a slight modification of the easy part of Frostman’s
lemma 2.7 this implies that Ht (D(A)) > 0 and completes the proof.

For later use we derive the following consequence of the above arguments:

Lemma 4.7 If s � (n C 1)/2 and μ 2 M(Rn) with Is(μ) < 1, then for all
0 < η < r ,

μ 
 μ(f(x, y) : r � jx � yj � r C ηg) � C(n, s)Is(μ)ηrs�1. (4.14)

Moreover,

kδ(μ)k1 � C(n, s)d(sptμ)s�1Is(μ). (4.15)

Proof Let gr,η be again the characteristic function of the annulus fx 2 Rn : r �
jxj � r C ηg. If x 2 Rn and rjxj � 1, we have by (4.13),

jĝr,η(x)j � ηr (n�1)/2jxj(1�n)/2 D ηjrxj(nC1)/2�srs�1jxjs�n � ηrs�1jxjs�n.

If rjxj � 1, we have by (4.12) and (3.34),

jĝr,η(x)j D jc(n)jxj�n

∫ (rCη)jxj

rjxj
J(n�2)/2(2πu)un/2 duj

� jxj�n(rjxj)n�1ηjxj D η(rjxj)n�srs�1jxjs�n � ηrs�1jxjs�n.

Using these inequalities and (4.11), we obtain

δ(μ)([r, r C η]) D
∫

ĝr,ηjμ̂j2 � ηrs�1
∫

jxjs�njμ̂(x)j2 D γ (n, s)�1Is(μ)ηrs�1,

which is (4.14). (4.15) follows immediately from (4.14).

No proof without Fourier transforms is known for Theorem 4.6. It is not
known if the bound (n C 1)/2 is the best possible in order for D(A) to have
non-empty interior. It is not sharp in order for D(A) to have positive Lebesgue
measure; we shall discuss some improvements later. Recall Conjecture 4.4
saying that dimA > n/2 should be enough for L1(D(A)) > 0, and perhaps
also for non-empty interior. This would be the best possible. We now show this
by an example.

Example 4.8 For n � 2 and 0 < s < n/2 there exists a compact set C � Rn

with dimC D s and dimD(C) � 2s/n.

Proof To find such a set we could start by trying to find large finite sets
with few distances, that is, many distances realized by many pairs of points.
Subsets of scaled copies of the integer lattice have this property. The example
is obtained with a Cantor type construction using cubes centred at such sets.
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More precisely, let (mk) be a rapidly increasing sequence of positive integers,
say mkC1 > mk

k , and define

Ck D fx 2 Rn : 0 � xj � 1, jxj � pj/mkj � m
�n/s
k

for some integers pj and for j D 1, . . . , ng,

C D
1⋂
kD1

Ck.

Then dimC D s; this can be checked by for example modifying the method that
is used for the Cantor sets Cd in Chapter 8, or one can consult Falconer [1985a],
Theorem 8.15. Clearly, D(C) � ⋂1

kD1 D(Ck). Let d 2 D(Ck), d > 0, say
d D jx � x0j with integers pj , p

0
j , j D 1, . . . , n, satisfying jxj � pj/mkj �

m
�n/s
k and jx0

j � p0
j /mkj � m

�n/s
k . Then, with p D (p1, . . . , pn) and p0 D

(p0
1, . . . , p

0
n),

jp/mk � p0/mkj � 2nm�n/s
k � d � jp/mk � p0/mkj C 2nm�n/s

k .

Here jm�1
k pj � 2n and jm�1

k p0j � 2n, so jp � p0j2 is an integer at most 16n2m2
k .

It follows that D(Ck) is covered with at most 16n2m2
k intervals Ik,i of length

4nm�n/s
k , whence

H2s/n(D(C)) � lim inf
k!1

∑
i

d(Ik,i)
2s/n

� lim inf
k!1 16n2m2

k(4nm�n/s
k )2s/n D 16n2(4n)2s/n,

which gives dimD(C) � 2s/n.

It is not difficult to modify the above construction to get dimC D n/2 and
L1(D(C)) D 0.

Our second example shows that, at least in the plane, we need s � (n C 1)/2
in order that Is(μ) < 1 would imply δ(μ) 2 L1(R) as in Lemma 4.7:

Example 4.9 For any 0 < s < 3/2 there exists μ 2 M(R2) such that Is(μ) <
1 and δ(μ) 62 L1(R).

Proof We may assume s > 1. Let s � 1 < t < 1/2 and let ν 2 M(R), C D
spt ν, be such that with some positive constants a and b,

art � ν([x � r, x C r]) � brt for x 2 C, 0 < r < 1.

For example μd in Chapter 8 with t D log 2/ log(1/d) is fine. Consider the
measure λ which is obtained essentially summing ν and its translate by 1:

λ(A) D ν(A [ (A � 1)), A � R.
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Let μ be the product measure of λ and Lebesgue measure on the unit interval:

μ D λ 
 (L1 [0, 1]).

Then μ 2 M(R2) with Is(μ) < 1 and sptμ D F :D (C [ (C C 1)) 
 [0, 1].
Let x D (x1, x2) 2 F . By simple geometry we see that for small δ > 0 the

annulus fy : 1 � δ < jx � yj < 1 C δg contains a rectangle I 
 J where the
interval I has length δ and centre (either x1 � 1 or x1 C 1) in C [ (C C 1) and
J has length c

p
δ for some absolute positive constant c. Hence

μ(fy : 1 � δ < jx � yj < 1 C δg) � acδtC1/2,

and so

δ(μ)((1 � δ, 1 C δ)) � acμ(F )δtC1/2.

Since t < 1/2 and this holds for arbitrarily small δ, δ(μ) cannot have a bounded
Radon–Nikodym derivative.

4.3 Dimension of Borel rings

As an application of the projection theorems we prove here that there are no
Borel subrings of R having a Hausdorff dimension strictly between 0 and 1:

Theorem 4.10 Let E � R be a Borel set which is also an algebraic subring
of R. Then either E has Hausdorff dimension zero or E D R.

Proof The proof is based on the study of the effect of linear functionals ϕ :
Rk ! R on the k-fold Cartesian product Ek . Suppose that dimE > 0. Then by
the basic inequality for product sets, Theorem 2.10, we have dimEk � k dimE,
so that we can choose k for which dimEk > 2. Then by Theorem 4.2 there is a
linear functional ϕ : Rk ! R, say ϕ D Pe for some e 2 Sk�1, such that ϕ(Ek)
has non-empty interior and so, as ϕ(Ek) is a subgroup of R, ϕ(Ek) D R.

Lemma 4.11 Let E � R be a subring. Assume that there is a positive integer
k and a linear functional ϕ : Rk ! R such that ϕ(Ek) D R. Then such k and
ϕ may be found so that ϕ maps Ek bijectively onto R.

Proof Let k be the least positive integer such that there is a linear functional ϕ :
Rk ! R with ϕ(Ek) D R. We claim that ϕ is injective on Ek . Let fe1, . . . , ekg
be the standard basis of Rk and write rj D ϕ(ej ). Now ϕ(Ek) D R implies that⎧⎨⎩

k∑
jD1

aj rj : a1, . . . , ak 2 E

⎫⎬⎭ D R. (4.16)
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Assume that ϕ is not injective on Ek . Then there are b1, . . . , bk 2 E, not all
zero, so that

∑k
jD1 bj rj D 0. We may assume that bk 6D 0, so

rk D
k�1∑
jD1

�bj

bk
rj .

Let s 2 R. Then s/bk 2 R and by (4.16) there exist a1, . . . , ak 2 E such that
s/bk D ∑k

jD1 aj rj . Therefore

s D
k�1∑
jD1

bkaj rj C bkak

k�1∑
jD1

�bj

bk
rj D

k�1∑
jD1

(bkaj � akbj )rj .

This implies that ⎧⎨⎩
k�1∑
jD1

aj rj : a1, . . . , ak�1 2 E

⎫⎬⎭ D R.

So restricting ϕ to the first k � 1 coordinates we have a linear functional
Rk�1 ! R which maps Ek�1 onto all of R. This contradicts the minimality of
k and proves that ϕ is injective on Ek .

Lemma 4.12 Let E � R be a subring and a Borel set. Let k be a positive
integer and ϕ : Rk ! R a linear functional such that ϕ maps Ek bijectively
onto R. Then k D 1 and E D R.

Proof Let ψ : R ! Ek be the inverse of the restriction of ϕ to Ek . Since
ϕ : Rk ! R is continuous and one-to-one on Ek , it maps Borel subsets of Ek

onto Borel sets by a standard result on Borel sets, see, e.g., Federer [1969],
p. 67, or Bruckner, Bruckner and Thomson [1997], Theorem 11.12. Thus ψ

is a Borel measurable group homomorphism. Let fe1, . . . , ekg be the standard
basis of Rk and write rj D ϕ(ej ). Let π1 : Rk ! R be the projection onto
the first coordinate. Then τ D π1 ı ψ maps R ! R, τ (x C y) D τ (x) C τ (y)
for all x, y 2 R and τ is Borel measurable. Therefore there is a constant c
such that τ (x) D cx for all x 2 R. This can be seen as follows. The equality
τ (x C y) D τ (x) C τ (y) for all x, y 2 R immediately yields τ (q) D τ (1)q for
all q 2 Q. If we show that τ is continuous, it follows that τ (x) D cx for all
x 2 R with c D τ (1). It is enough to show that τ is continuous at 0. Let ε > 0.
Since ⋃

q2Q

τ�1B(q, ε/2) D R,
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there is q0 2 Q for whichL1(τ�1B(q0, ε/2)) > 0.Then by Steinhaus’s theorem
there exists δ > 0 such that

B(0, δ) � τ�1B(q0, ε/2) � τ�1B(q0, ε/2)

� τ�1 (B(q0, ε/2) � B(q0, ε/2))

D τ�1B(0, ε),

which shows that τ is continuous. Now τ (r1) D 1, so c 6D 0. But if k > 1, there
would be r2 6D 0 with τ (r2) D 0, which is a contradiction. Therefore k D 1, so
the linear functional ϕ : R ! R has the form ϕ(x) D ax for some constant a.
Since ϕ maps E onto all of R, we have E D R.

The proof of Theorem 4.10 now follows combining Lemmas 4.11 and 4.12
and the observation preceding them.

Instead of using Theorem 4.2 we could have used Steinhaus’s theorem and
part (4.2) of Theorem 4.1, whose proof does not require Fourier transforms.

4.4 Further comments

Dimensions of projections have been studied actively from many perspectives.
Recent surveys are given by Falconer, Fraser and Jin [2014] and Mattila [2014].

Theorem 4.1 is due to Marstrand [1954]. Kaufman [1968] gave a simple
potential-theoretic proof, in particular the Fourier analytic argument for the
second part is due to him. Theorem 4.2 was found independently by Fal-
coner and O’Neil [1999] and by Peres and Schlag [2000]. Lima and Moreira
[2011] gave a combinatorial proof of Marstrand’s theorem and discussed its
significance for dynamical systems. Much of this stems from the fact that the
sum set A C B is essentially the projection of the product set A 
 B and sum
sets and their dimensions play an important role in dynamical systems. Thus
results on the dimensions of the projections of product sets have a particu-
lar interest; see, for example, Peres and Shmerkin [2009], and Hochman and
Shmerkin [2012].

The dimension preservation which holds for the Hausdorff dimension fails
for the Minkowski and packing dimensions. However sharp inequalities and
other related results have been proven by Falconer and Howroyd [1996], [1997],
M. Järvenpää [1994] and Falconer and Mattila [1996]. For projection theorems
in infinite dimensional Banach spaces, see Ott, Hunt and Kaloshin [2006] and
the references given there.

Often it is difficult to determine the dimension of the projections in all
directions, or in some specified directions. In Chapter 10 we shall discuss
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this problem in light of a particular example. However, for many self-similar
and random constructions one can get such more precise information; see, for
example, Falconer and Jin [2014a], Rams and Simon [2014a], [2014b], Simon
and Vágó [2014], and Peres and Rams [2014].

Theorem 4.3 along with its higher dimensional versions was proved in
Mattila [1990]. The constant in it is sharp at least when n D 2 and n D 3
with equality when A is a ball and μ is the normalized equilibrium measure
for the capacity related to the Riesz kernel k1. The formula for γ (n, 1) was
given in (3.44). In particular the sharp constant of Theorem 4.3 is π2 when
n D 2. For further discussions on the isoperimetric type questions related to
average projections and capacities, see Mattila [1990], [1995], Remarks 9.11,
and [2004], and with connections to stochastic processes, Betsakos [2004] and
Banuelos and Méndez-Hernández [2010].

Theorem 4.6 was proved by Falconer [1985b] but with Int(D(A)) 6D ∅
replaced by L1(D(A)) > 0. Falconer also gave the example 4.8, including
the case dimA D n/2 and L1(D(A)) D 0. In Chapter 15 we shall see that
L1(D(A)) > 0 already follows from dimA > n/2 C 1/3. The existence of
interior points with Hölder continuity and smoothness estimates for the distance
measures was obtained by Mattila and Sjölin [1999].

Mitsis [2002a] improved Theorem 4.6 in the rangen D 2, 1/2 < dimA < 1,
from the dimension statement to the following measure statement: if 1/2 < s <

1 andA � R2 is a Borel set withHs(A) > 0, thenHs�1/2(D(A)) > 0. The proof
is rather simple and does not use Fourier transforms. To my knowledge this is
the only general result of this type not relying on Fourier transforms.

The above proof for the first part of the Theorem 4.6 uses only the decay
estimate jσ̂ n�1(x)j � jxj(1�n)/2 for the Fourier transform of the surface measure
on the unit sphere. So the proof and the result hold for any norm with such
a decay property. For this it is enough that this surface has non-vanishing
Gaussian curvature, as we shall discuss later. The problem in this generality
was studied by Iosevich, Mourgoglou and Taylor [2012]. They also derived
Hölder continuity and smoothness estimates for the corresponding distance
measures. The proof of the second part uses more explicitly the Euclidean
sphere in terms of Bessel functions. Perhaps this part could also be generalized
by studying the derivatives of the respective Fourier transform.

Greenleaf, Iosevich, Liu and Palsson [2013] gave a proof for Falconer’s
theorem; dimA > (n C 1)/2 implies L1(D(A)) > 0, without using the decay
properties of σ̂ n�1. Instead they used the rotational symmetry of the problem
in the sense that for any x1, x2, y1, y2 2 Rn with jx1 � x2j D jy1 � y2j there
corresponds g 2 O(n) for which x1 � x2 D g(y1 � y2). Ifn > 2, there are many
such rotations but they form a lower dimensional submanifold of O(n). The
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relation to distance sets comes from the following. If μ 2 M(Rn), define for
g 2 O(n) the measure νg by∫

f dνg D
∫∫

f (x � g(y)) dμx dμy.

That is, νg is the image of μ 
 μ under the map (x, y) 7! x � g(y). Greenleaf,
Iosevich, Liu and Palsson showed that∫

O(n)

∫
Rn

ν2
g dθng �

∫
Rn

δ(μ)2,

assuming that the measures in question are absolutely continuous. The Fourier
transform of νg is ν̂g(x) D μ̂(x)μ̂(g�1(x)). Using the easy indentity∫

jμ̂(x)j2
∫

jμ̂(g�1(x))j2 dθngd x D
∫ 1

0
σ (μ)(r)2rn�1 dr/σn�1(Sn�1)

and the easy estimate of Proposition 15.8, this leads to the proof of Falconer’s
theorem (cf. also the proof of Lemma 7.1).

The example 4.9 in R2 showing that for δ(μ) 2 L1 one needs Is(μ) < 1
with s � (n C 1)/2 was given in Mattila [1985]. Iosevich and Senger [2010]
observed that it can be modified also to R3, but it is not clear if such an example
can be constructed in higher dimensions. However, Iosevich and Senger proved
in the same paper that in any dimension there are norms whose unit sphere
is smooth and has non-vanishing Gaussian curvature such that for no s <

(n C 1)/2 does Is(μ) < 1 imply that the corresponding distance measure
would be in L1.

Falconer [2005] investigated the distance set problem for polyhedral norms;
the unit ball is a symmetric polytope with finitely many faces. Then it may hap-
pen that the distance set of A has measure 0 although dimA D n. Falconer’s
method was not constructive. Konyagin and Łaba [2006] constructed explicit
examples. The distance set problem for non-Euclidean norms was also studied
by Iosevich and Łaba [2004], [2005] and Iosevich and Rudnev [2005], and for
random norms by Hofmann and Iosevich [2005] and Arutyunyants and Iose-
vich [2004]. Eswarathasan, Iosevich and Taylor [2011] proved the statement
dimA > (n C 1)/2 implies L1(D(A)) > 0 for some metrics with curvature
conditions not necessarily coming from a norm.

Orponen [2012a] proved for arbitrary self-similar planar sets K with
H1(K) > 0 that dimD(K) D 1. Generalizations and related results were
obtained by Falconer and Jin [2014a] and by Ferguson, Fraser and Sahlsten
[2013]. Rams and Simon [2014b] proved for a class of random sets arising
from percolation that dimK > 1/2 is sufficient to guarantee that D(K) con-
tains an interval. Some of these results were based on the powerful techniques
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developed by Hochman and Shmerkin [2012]. Other results on distance sets of
special classes of sets can be found in Iosevich and Łaba [2004] and Iosevich
and Rudnev [2005], [2007a].

There is an analogous difficult discrete Erdős distance problem: given N

points in the plane (or in Rn), how many different distances must there at least
be between these points for large N? Denoting this minimal number by g(N ),
Erdős [1946] proved that g(N ) � N/

p
logN . Guth and Katz [2011] obtained

a nearly optimal bound by showing that g(N ) � N/ logN . Although this and
the continuous distance set problem, which we have discussed in this chapter,
are analogous, methods developed for one have not appeared to be useful for
the other. There is an exception for this in finite fields: Iosevich and Rudnev
[2007c] found a way of modifying the spherical averages method to prove
estimates for distance sets in finite fields. We shall discuss this a bit more in
Section 15.4.

Iosevich and Łaba [2005] and Iosevich, Rudnev and Uriarte-Tuero [2014]
proved that results of the type ‘dimA > s implies L1(D(A)) > 0’ imply results
on some particular discrete sets.

The monograph Garibaldi, Iosevich and Senger [2011] discusses various
aspects of the Erdős distance problem in an easily accessible manner.

D. M. Oberlin and R. Oberlin [2013a] studied the corresponding unit dis-
tance problem estimating the size of f(x, y) 2 A 
 A : jx � yj D 1g both in
the discrete case and continuous case. Bennett, Iosevich and Taylor [2014]
investigated sets of finite chains

f(jx1 � x2j, . . . , jxk � xkC1j) 2 Rk : xj 2 Ag
and showed that for any k � 2 they have positive k-dimensional Lebesgue mea-
sure provided A � Rn is a Borel set with dimA > (n C 1)/2. For k D 1 this is
Falconer’s distance set result. Greenleaf, Iosevich and Pramanik [2014] studied
sets of necklaces of constant length t > 0, that is, sequences (x1, . . . , xk), xj 2
A, xi 6D xj for i 6D j , such that jxj � xjC1j D t for j D 1, . . . k � 1 and
jxk � x1j D t. They showed that if n � 4, k is even and A � Rn is a Borel
set with dimA > (n C 3)/2, then there is an open interval I � R so that such
a necklace exists for all t 2 I . In R3 this is false for compact sets A with
dimA D 3 due to an example of Maga [2010], but they proved a related result
for all n � 3 involving also a hypothesis on the Fourier dimension of A.

Theorem 4.10 was proved with the above argument by Edgar and Miller
[2003], and independently by Bourgain [2003] with a different argument which
we shall discuss below. This answered a question of Erdős and Volkmann
[1966]. In that paper Erdős and Volkmann proved that there exist Borel sub-
groups of R of any dimension between 0 and 1. Edgar and Miller also proved,
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with a rather similar method as was presented above, that any Borel subring
of C of positive Hausdorff dimension is either R or C. These results hold for
Suslin subrings, too.

The result of Erdős and Volkmann immediately extends to Rn: there are
dense Borel subgroups of any dimension between 0 and n. In Lie groups this is
sometimes true and sometimes false as shown by de Saxcé [2013], [2014] and
by Lindenstrauss and de Saxcé [2014].

Falconer [1984] showed that assuming the continuum hypothesis there exist
non-Borel subrings of R of any dimension between 0 and 1. He also gave a
very simple proof in Falconer [1985b] using his distance set result showing that
there exist no Borel subrings of R with dimension strictly between 1/2 and 1.

Katz and Tao [2001] formulated discrete, discretizing at a level δ, versions of
the distance set problem, the Furstenberg problem (see 11.5) and the above ring
problem. They showed that these discretized problems are in a sense equivalent.
Unfortunately this does not seem to help for the continuous problems: although
we have now a relatively simple proof for the ring conjecture, it has not led to
any progress on the other two questions. Tao [2000] gave a simpler presentation
in finite fields of these connections.

When one discretizes at a level δ, one approximates sets with finite unions
of balls with radius δ. Let us call such sets δ-discrete. A natural analogue of
Frostman measure, recall (2.2), is a (δ, s)n-set. This is a δ-discrete set A � Rn

satisfying

Ln(A \ B(x, r)) � δn(r/δ)s for all x 2 Rn, r � δ.

Katz and Tao formulated discrete conjectures involving (δ, s)n-sets which cor-
responded (but are not necessarily equivalent) to the following questions, the
first of them is a special case of Conjecture 4.5.

(1) Does dimA � 1 imply dimD(A) � 1/2 C c0 for Borel sets A � R2 and
for some constant c0 > 0?

(2) Are there Borel subrings of R of Hausdorff dimension 1/2?
We skip here the formulation of the discrete analogue of (1), as well as the

discrete Furstenberg conjecture. The discrete ring conjecture corresponding to
(2) is:

Let 0 < δ < 1 and let A � R be a (δ, 1/2)1-set of measure � p
δ. Then

Ln(A C A) C Ln(A � A) � δ1/2�c1 ,

where c1 > 0 is an absolute constant. Bourgain [2003] proved this and even
more replacing 1/2 by σ, 0 < σ < 1, see also Bourgain [2010]. As a conse-
quence he got the positive answer to (1) and negative answer to (2), and more
generally that there are no Borel subrings of R with dimension strictly between
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0 and 1. Bourgain’s proof is much more complicated than that of Edgar and
Miller [2003], but the discrete result seems to be much deeper and more influ-
ential. Bourgain’s paper led to further developments on several questions in Lie
groups, see de Saxcé [2013] and Lindenstrauss and de Saxcé [2014], and the
references given there.

In a way, the distance set question asks how the Hausdorff dimension of a
set affects the distribution of pairs of points taken from that set. In addition to
looking at distances, one can study many other configurations. For example,
directions x�y

jx�yj 2 Sn�1, x, y 2 A, x 6D y. It follows immediately from the line
intersection theorem as discussed in Chapter 6 and in Mattila [1995], Chapter
10, that the set Dir(A) of such directions has σn�1(Dir(A)) > 0 if A � Rn is a
Borel set with dimA > n � 1. This is best possible, because σn�1(Dir(A)) D 0
if A lies in a hyperplane. Iosevich, Mourgoglou and Senger [2012] studied
the induced direction measure, analogous to the distance measure. Considering
triples of points one can ask about angles. This was done by Harangi, Keleti,
Kiss, Maga, Máthé, Mattila and Strenner [2013] and by Iosevich, Mourgoglou
and Palsson [2011].

A special, but very interesting and delicate, case of k point configurations is
that of the existence of arithmetic progressions in various types of sets. Classi-
cal number theory problems deal with the existence of arithmetic progressions
in subsets of the integers, but Hausdorff dimension versions also make perfect
sense. Large Hausdorff dimension alone does not help, due to examples of
Keleti [2008] and Maga [2010], but combined assumptions on Hausdorff and
Fourier dimensions do help. Łaba and Pramanik [2009] proved deep results
of this type for subsets of the reals. Chan, Łaba and Pramanik [2013] estab-
lished very general extensions of these results to higher dimensions covering
many interesting particular cases. Körner [2009] proved some sharp results on
algebraic relations for points in the support of a measure with a given Fourier
decay.

For other results on k-point sets and associated geometric configurations,
such as k-simplices, see Erdoğan, Hart and Iosevich [2013], Eswarathasan,
Iosevich and Taylor [2011], Grafakos, Greenleaf, Iosevich and Palsson [2012],
Greenleaf and Iosevich [2012], Greenleaf, Iosevich and Mourgoglou [2014],
Greenleaf, Iosevich, Liu and Palsson [2013], and Liu [2014].
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Exceptional projections and Sobolev dimension

Here we shall extend the projection results of the previous chapter in several
ways proving estimates for the dimension of the exceptional sets of projec-
tions, introducing the Sobolev dimension to unify such estimates, and proving
corresponding results in general dimensions.

5.1 Exceptional sets for one-dimensional projections

We shall first give a different proof, without Fourier transforms, to the first part
of Theorem 4.1 and we improve it by estimating the Hausdorff dimension of
the exceptional set. Here again Pe : Rn ! R, Pe(x) D e � x, is the orthogonal
projection for e 2 Sn�1, n � 2.

Theorem 5.1 Let A � Rn be a Borel set with s D dimA � 1. Then for all
t 2 [0, s],

dimfe 2 Sn�1 : dimPe(A) < tg � n � 2 C t. (5.1)

Proof Let σ < t � s. By Theorem 2.8 there exists μ 2 M(A) such that
Iσ (μ) < 1. For e 2 Sn�1 let μe 2 M(Pe(A)) be as before:

μe(B) D μ(P�1
e (B)), B � R. (5.2)

By Theorem 2.8 it suffices to show that

dimfe 2 Sn�1 : Iσ (μe) D 1g � n � 2 C t.

Suppose this is false. Then

Hn�2Ct (fe 2 Sn�1 : Iσ (μe) D 1g) > 0.

72
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By Frostman’s lemma 2.7 there is ν 2 M(S1), where S1 D fe 2 Sn�1 :
Iσ (μe) D 1g, such that ν(B(x, r)) � rn�2Ct for all x 2 Rn and r > 0. In order
to apply Frostman’s lemma we should check that S1 is a Borel set, but we leave
it as an exercise. We shall use the general formula for the integral (f � 0),∫

f dλ D
∫ 1

0
λ(fx : f (x) � rg) dr,

and the estimate,

ν(fe 2 Sn�1 : jPe(x)j � δg) � (δ/jxj)t , (5.3)

which is trivial for n D 2 and follows for n > 2 by checking that the belt
fe 2 Sn�1 : jPe(x)j � δg can be covered with roughly (δ/jxj)2�n balls of radius
δ/jxj. We obtain for all x 2 Rn n f0g,∫

Sn�1
jPe(x)j�σ dνe D

∫ 1

0
ν(fe 2 Sn�1 : jPe(x)j�σ � rg) dr

� ν(Sn�1)jxj�σ C jxj�t

∫ 1

jxj�σ

r�t/σ dr

D
(
ν(Sn�1) C σ

t � σ

)
jxj�σ .

Hence by Fubini’s theorem,∫
Sn�1

Iσ (μe) dνe D
∫
Sn�1

(∫∫
jPe(x � y)j�σ dμx dμy

)
dνe

D
∫∫ (∫

Sn�1
jPe(x � y)j�σ dνe

)
dμx dμy � Iσ (μ) < 1.

In particular, ν(S1) D 0, which contradicts the assumption ν 2 M(S1) and
proves the theorem.

5.2 Sobolev dimension

We want to prove similar results for the exceptional sets of the second part
of Theorem 4.1 and of Theorem 4.2. For this we need Fourier transforms. We
can give a unified treatment and prove these two results simultaneously by
introducing the Sobolev dimension of a measure:

Definition 5.2 The Sobolev dimension of a measure μ 2 M(Rn), n � 1, is

dimS μ D supfs 2 R :
∫

Rn

jμ̂(x)j2(1 C jxj)s�n dx < 1g.
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Observe that dimS μ � 0, because
∫

Rn jμ̂(x)j2(1 C jxj)s�n dx < 1 if s < 0
due to the boundedness of μ̂. Thus 0 � dimS μ � 1. If μ is a function in
S(Rn), then dimS μ D 1.

Using (1 C jxj)s�n instead of jxjs�n is often just a technical convenience of
having a locally bounded factor instead of a locally integrable one. For s > 0 the
integrals

∫
Rn jμ̂(x)j2(1 C jxj)s�n dx and

∫
Rn jμ̂(x)j2jxjs�n dx are comparable,

but for example for the Dirac measure δ0, for which δ̂0 D 1, the latter integral
is infinite for all s 2 R, whereas

∫
Rn jμ̂(x)j2(1 C jxj)s�n dx < 1 if s < 0. In

particular, dimS δ0 D 0.
The term comes from Sobolev spaces. A function f 2 L2(Rn) belongs to

the Sobolev space Hk,2(Rn) if the kth order distributional partial derivatives
of f belong to L2(Rn). By the formula for the Fourier transform of the partial
derivatives and by Parseval’s formula∫ ∑

jαjDk

j∂αf j2 D c(n, k)
∫

jf̂ (x)j2jxj2k dx.

Replacing the exponent 2k on the right hand side with 2σ, σ 2 R, leads to
‘fractional order’ Sobolev spaces. We shall study these in Chapter 17. We have
used the exponent of the form s � n instead of 2σ , because then s relates more
naturally to the Hausdorff dimension.

The Sobolev dimension for us is motivated by its relation to energy-integrals
coming from the formula

Is(μ) D γ (n, s)
∫

jμ̂(x)j2jxjs�n dx

of Theorem 3.10. Let us extend this notion to all s 2 R using the right hand
side:

Definition 5.3 The Sobolev energy of degree s 2 R of a measure μ 2 M(Rn)
is

Is(μ) D
∫

jμ̂(x)j2jxjs�n dx.

Then

dimS μ D supfs : Is(μ) < 1g, (5.4)

where we have interpreted sup ∅ D 0.
The formula for Is(μ) as a double integral

∫∫ jx � yj�s dμx dμy does
not extend beyond 0 < s < n; for instance for s D n this double integral is
infinite for smooth non-negative functions f , not identically zero, whereas



5.2 Sobolev dimension 75

In(f ) D kf k2
2, and for s D 0 the double integral is kf k2

1 and In(f ) D 1 if
f̂ (0) D ∫

f 6D 0.
The greater the Sobolev dimension is, the smoother the measure is in some

sense. The following result captures some parts of this principle:

Theorem 5.4 Let μ 2 M(Rn).

(a) If 0 < dimS μ < n, then dimS μ D supfs > 0 : Is(μ) < 1g.
(b) If dimS μ > n, then μ 2 L2(Rn).
(c) If dimS μ > 2n, then μ is a continuous function.

Proof Part (a) follows readily from Theorem 3.10 and the definition of the
Sobolev dimension. In part (b) μ̂ 2 L2(Rn), and so also μ 2 L2(Rn) by
Theorem 3.3. Part (c) is proven as Theorem 4.2 with Schwartz’s inequality:
when s 2 (2n, dimS μ),∫

Rn

jμ̂j �
(∫

Rn

jμ̂(x)j2(1 C jxj)s�n dx

)1/2 (∫
Rn

(1 C jxj)n�s dx

)1/2

< 1,

and μ is a continuous function by Theorem 3.4.

Now we prove a result on the dimension of the exceptional sets involving
Sobolev dimension of projected measures. As before we denote by μe the
image of μ 2 M(Rn) under the projection Pe, e 2 Sn�1.

Theorem 5.5 Let μ 2 M(Rn), 0 < s < n and Is(μ) < 1. Then for all t, 0 <

t � s,

dimfe 2 Sn�1 : dimS μe < tg � n � 2 C t if s � 1,

dimfe 2 Sn�1 : dimS μe < tg � n � 1 C t � s if 1 � s � n � 1 C t.

The first inequality is essentially Theorem 5.1 and follows by the same
proof. The second is by part (a) of Theorem 5.4 a special case of the following
more general statement:

Theorem 5.6 Let μ 2 M(Rn). Then for all t > 0,

dimfe 2 Sn�1 : dimS μe < tg � maxf0, n � 1 C t � dimS μg. (5.5)

Proof Let St D fe 2 Sn�1 : dimS μe < tg and s D dimS μ. Then St is a Borel
set; we leave the poof of this as an exercise. Suppose that (5.5) is false for
some t > 0 and choose τ > 0 such that n � 1 C t � s < τ < dim St . Then
Frostman’s lemma gives us a measure ν 2 M(St ) for which ν(B(x, r)) � rτ
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for all x 2 Rn and r > 0. We shall show that∫
Sn�1

∫
R

jμ̂e(u)j2(1 C juj)t�1 du dνe < 1. (5.6)

This will give a contradiction with the definitions of St and ν and proves the
theorem.

In order to get to the integrals defining the Sobolev dimension of μ we
choose an auxiliary function ϕ 2 S(Rn) such that ϕ(x) D 1 for all x 2 spt μ.
Then μ D ϕμ and μ̂ D ϕ̂μ D ϕ̂ � μ̂. Hence by Schwartz’s inequality

jμ̂(x)j2 �
(∫

jμ̂(x � y)ϕ̂(y)j dy
)2

�
∫

jϕ̂j
∫

jμ̂(x � y)j2jϕ̂(y)j dy � jϕ̂j � jμ̂j2(x),

when x 2 Rn. As ϕ̂ 2 S(Rn), we have for all N 2 N, jϕ̂(x)j �ϕ,N (1 C jxj)�N ,
x 2 Rn. By (4.3), μ̂e(u) D μ̂(ue) D ϕ̂μ(ue) for u 2 R. Using this, the above
estimates and Fubini’s theorem, we obtain∫

Sn�1

∫
R

jμ̂e(u)j2(1 C juj)t�1 du dνe

�
∫
Sn�1

∫
R

jϕ̂j � jμ̂j2(ue)(1 C juj)t�1 du dνe

D
∫
Sn�1

∫
R

(∫
Rn

jϕ̂(ue � x)jjμ̂(x)j2 dx
)

(1 C juj)t�1 du dνe

D
∫

Rn

jμ̂(x)j2
(∫

Sn�1

∫
R

jϕ̂(ue � x)j(1 C juj)t�1 du dνe

)
dx

�
∫

Rn

jμ̂(x)j2
(∫

Sn�1

∫
R

(1 C jue � xj)�N (1 C juj)t�1 du dνe

)
dx.

In order to complete the proof we need to show that the last integral is finite.
Set

Le D fue : u 2 Rg for e 2 Sn�1.

Then for any r > 0,

ν(fe 2 Sn�1 : d(x, Le) � rg) � (r/jxj)τ . (5.7)

This follows from the easy fact that the set in question can be covered with two
balls of radius

p
2(r/jxj).

We shall now show that for large enough N and for x 2 Rn, x 6D 0,∫
Sn�1

∫
R

(1 C jue � xj)�N (1 C juj)t�1 du dνe � (1 C jxj)t�1�τ . (5.8)
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This will complete the proof, because then∫
Sn�1

∫
R

jμ̂e(u)j2(1 C juj)t�1 du dνe

�
∫

Rn

jμ̂(x)j2(1 C jxj)t�1�τ dx � Is(μ) < 1,

since t � 1 � τ < s � n.
Fix N > maxf1 C τ, tg. In addition to (5.7) we shall use the elementary

inequality ∫
R

(1 C jue � xj)�N du � 1. (5.9)

We split the integration into dyadic annuli centred at x and estimate∫
Sn�1

∫
R

(1 C jue � xj)�N (1 C juj)t�1 du dνe

D
∫∫

fu:jue�xj�1/2g
(1 C jue � xj)�N (1 C juj)t�1 du dνe

C
1∑
jD0

∫∫
fu:2j�1<jue�xj�2j g

(1 C jue � xj)�N (1 C juj)t�1 du dνe

� (1 C jxj)t�1
∫

fe:d(Le,x)�1/2g

∫
(1 C jue � xj)�N du dν(e)

C
∑

j�0,jxj>2jC1

∫∫
fu:2j�1<jue�xj�2j g

(1 C jue � xj)�N (1 C juj)t�1 du dνe

C
∑

j�0,jxj�2jC1

∫∫
fu:2j�1<jue�xj�2j g

(1 C jue � xj)�N (1 C juj)t�1 du dνe

� (1 C jxj)t�1�τ C (1 C jxj)t�1
1∑
jD0

2j2�Njν(fe : d(x, Le) � 2j g)

C
∑

j�0,jxj�2jC1

2�Nj

∫
jsj�2jC2

(1 C juj)t�1 du � (1 C jxj)t�1�τ

C (1 C jxj)t�1�τ

1∑
jD0

2(1�NCτ )j C
∑

j�0,jxj�2jC1

2(t�N)j � (1 C jxj)t�1�τ ,

because N > 1 C τ and N > t . Thus we have verified (5.8) and the proof is
complete.

We shall now combine Theorem 5.1 and the three previous theorems to get:
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Corollary 5.7 Let A � Rn, n � 2, be a Borel set and s D dimA.

(a) If s � 1 and t 2 (0, s], then

dimfe 2 Sn�1 : dimPe(A) < tg � n � 2 C t.

(b) If s > 1, then

dimfe 2 Sn�1 : L1(Pe(A)) D 0g � n � s.

(c) If s > 2, then

dimfe 2 Sn�1 : the interior of Pe(A) is emptyg � n C 1 � s.

5.3 Higher dimensional projections

The above results have rather straightforward generalizations to projections
onto m-dimensional planes in Rn where 0 < m < n. We just need some basic
information about the Grassmannian:

G(n,m) D fV : V is an m � dimensional linear subspace of Rng.
It is a smooth m(n � m)-dimensional compact submanifold of some Euclidean
space. This can been seen using the following local coordinates. If V0 2
G(n,m), the planes V 2 G(n,m) in a neighbourhood of V0 can be written
as graphs over V0:

V D fx C Lx : x 2 V0, L : V0 ! V ?
0 linearg,

and the correspondence between V and L is one-to-one.
There is a unique orthogonally invariant Borel probability measure γn,m on

G(n,m). It can be obtained conveniently from the Haar measure θn on O(n)
by the formula

γn,m(A) D θn(fg 2 O(n) : g(V0) 2 Ag),

where V0 is any fixed plane in G(n,m), see, e.g., Mattila [1995], Section 3.9.
We shall denote by PV : R ! V the orthogonal projection from Rn onto V .

Recall that Hm V is the Lebesgue measure on V 2 G(n,m). Theorem 4.1
has the following higher dimensional generalization.

Theorem 5.8 Let A � Rn be a Borel set and s D dimA.

(a) If s � m, then

dimPV (A) D s for γn,m almost all V 2 G(n,m).
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(b) If s > m, then

Hm(PV (A)) > 0 for γn,m almost all V 2 G(n,m).

As before, this is an immediate consequence of the following measure
version.

Theorem 5.9 Let μ 2 M(Rn) with Is(μ) < 1.

(a) If s � m, then

Is(PV 
μ) < 1 for γn,m almost all V 2 G(n,m).

(b) If s > m, then

PV 
μ 	 Hm V for γn,m almost all V 2 G(n,m).

This is proven in Mattila [1995] without Fourier transforms, a similar
Fourier-analytic proof as that of Theorem 4.1 can also easily be given. But
now we shall discuss more general results, the higher dimensional versions of
the previous exceptional set estimates.

For any x 2 Rn n f0g the set fV 2 G(n,m) : x 2 V g is a smooth submani-
fold of dimension (m � 1)(n � 1 � (m � 1)) D (m � 1)(n � m): its elements
are W C Lx, where Lx 2 G(n, 1) is the line through x, and W runs through the
(m � 1)-planes in L?

x . This implies that for x 2 Rn n f0g and for any δ > 0, the
set, essentially a δ/jxj-neighbourhood of fV 2 G(n,m) : x 2 V g when jxj � δ,

fV 2 G(n,m) : d(x, V ) � δg
can be covered with roughly (δ/jxj)�(m�1)(n�m) balls of radius δ/jxj. Thus if ν
is a Borel measure on G(n.m) which satisfies

ν(B(V, r)) � rτ for all V 2 G(n,m) and r > 0, (5.10)

we have

ν(fV 2 G(n,m) : d(x, V ) � δg) � (δ/jxj)τ�(m�1)(n�m). (5.11)

In the same way (5.10) implies

ν(fV 2 G(n,m) : jPV (x)j � δg) � (δ/jxj)τ�m(n�m�1), (5.12)

because jPV (x)j D d(x, V ?).
This is essentially all we need in order to generalize the proofs of

Theorems 5.5 and 5.6 to get the following results:
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Theorem 5.10 Letμ 2 M(Rn), 0 < s < n and Is(μ) < 1. Then for all t, 0 <

t � s, with μV D PV 
μ,

dimfV 2 G(n,m) : dimS μV < tg � m(n � m � 1) C t if s � m,

dimfV 2 G(n,m) : dimS μV < tg � m(n � m) C t � s

if m � s � m(n � m) C t.

Theorem 5.11 Let μ 2 M(Rn) with n � 2. Then

dimfV 2 G(n,m) : dimS μV < tg � maxf0,m(n � m) C t � dimS μg
(5.13)

for all t > 0.

The first part of Theorem 5.10 follows with essentially the same proof as the
first part of Theorem 5.5: for a measure ν satisfying ν(B(V, r)) � rm(n�m�1)Ct

we use (5.12) to replace (5.3). The second part is again a special case of
Theorem 5.11. This in turn can be proven with small modifications of the proof
of Theorem 5.6 using (5.11). We give now some details for that.

Let s D dimS μ, τ > m(n � m) C t � s and let ν 2 M(G(n,m)) be such
that

ν(B(V, r)) � rτ for V 2 G(n,m).

As in the proof of Theorem 5.6 it is enough to prove that∫
G(n,m)

∫
V

jP̂V 
μ(u)j2(1 C juj)t�m dHmu dνV < 1. (5.14)

The proof for the one-dimensional projections relied on the formula μ̂e(u) D
μ̂(ue). This is now replaced by

P̂V 
μ(u) D μ̂(u) for u 2 V 2 G(n,m), (5.15)

which follows from

P̂V 
μ(u) D
∫

e�2πiu�PV (x)dμx D
∫

e�2πiu�x dμx D μ̂(u).

Let ϕ 2 S(Rn) be such that ϕ(x) D 1 for all x 2 sptμ so that μ̂ D ϕ̂μ D
ϕ̂ � μ̂. We have again

jμ̂(x)j2 � jϕ̂j � jμ̂j2(x),
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and for all N 2 N, jϕ̂(x)j �ϕ,N (1 C jxj)�N , x 2 Rn. Hence∫
G(n,m)

∫
V

jP̂V 
μ(u)j2(1 C juj)t�m dHmu dνV

D
∫
G(n,m)

∫
V

jμ̂(u)j2(1 C juj)t�m dHmu dνV

�
∫
G(n,m)

∫
V

(∫
Rn

jϕ̂(u � x)jjμ̂(x)j2 dx
)

(1 C juj)t�m dHmu dνV

D
∫

Rn

jμ̂(x)j2
(∫

G(n,m)

∫
V

jϕ̂(u � x)j(1 C juj)t�m dHmu dνV

)
dx

�
∫

Rn

jμ̂(x)j2
(∫

G(n,m)

∫
V

(1 C ju � xj)�N (1 C juj)t�m dHmu dνV

)
dx.

Now we need to show that for x 2 Rn, x 6D 0,∫
G(n,m)

∫
V

(1 C ju � xj)�N (1 C juj)t�m dHmu dνV � jxjtCm(n�m)�n�τ .

This will complete the proof as for Theorem 5.6. The proof of this estimate is
a routine modification of the proof (5.8) using (5.11) and∫

V

(1 C ju � xj)�N dHmu � 1

in place of (5.9). We leave the details to the reader.
Again we have the corollary:

Corollary 5.12 Let A � Rn be a Borel set and s D dimA.

(a) If s � m and t 2 (0, s], then

dimfV 2 G(n,m) : dimPV (A) < tg � m(n � m � 1) C t.

(b) If s > m, then

dimfV 2 G(n,m) : Hm(PV (A)) D 0g � m(n � m) C m � s.

(c) If s > 2m, then

dimfV 2 G(n,m) : the interior of PV (A) is emptyg � m(n � m)C2m�s.

(d) In particular if s > 2m, the interior of PV (A) is non-empty for γn,m almost
all V 2 G(n,m).

The upper bound in (a) is sharp when t D s, but not in general. We shall
discuss this a bit more below. The upper bound in (b) is sharp, as we shall
soon see. I do not know if the upper in (c) is sharp. For m D 1 the assumption
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s > 2 in (d) is necessary: as remarked in the previous chapter, Besicovitch sets
can be used to give examples of sets of dimension 2 whose projections on all
lines have empty interior. Probably the condition s > 2m in (d) is not sharp
when m > 1, but no example is known. We shall now show the sharpness of
the upper bound in (b):

Example 5.13 For any m < s < n there exists a compact set C � Rn such that
dimC D s and

dimfV 2 G(n,m) : Hm(PV (C)) D 0g D m(n � m) C m � s.

Proof We first assume that m D 1. We shall use sets defined by Diophantine
approximation properties. Let 0 < δ < 1. Fix a rapidly increasing sequence
(mj ) of positive integers, for instancemjC1 > m

j
j for all j 2 N suffices. Denote

by kxk the distance of the real number x to the nearest integer and define the
sets

C D fx 2 [0, 1]n : kmjxik � m
1�n/s
j for all j 2 N, i D 1, . . . , ng,

Eδ D f(y1, . . . , yn�1) 2 Rn�1 : for infinitely many j 2 N there is

qj 2 N \ [1,m(1�δ)(n�s)/s
j ] such that kqjyik � qjm

�n/s
j

for all i D 1, . . . , n � 1g.
Then

dimC D s and dimEδ D (1 � δ)(n � s).

Here C is the same set we used in Example 4.8. We shall not prove the
second formula. When n D 2 the set Eδ is a slight modification of the set
Eα in Kaufman’s Theorem 3.13 and the proof given for it in Wolff [2003],
Theorem 9.A.2, works also in this case. One can easily check that Falconer’s
argument for Jarnik’s Theorem 10.3 in Falconer [1990] applies, too. Moreover,
it extends readily to higher dimensions. Other references are given before
Theorem 8.16 in Falconer [1985a].

For every j 2 N we have

C �
⋃
z2Zj

B(z/mj , nm
�n/s
j ) where Zj D Zn \ [0,mj ]n. (5.16)

We shall now show that

L1(πY (C)) D 0 for all y 2 Eδ, (5.17)

where Y D (y, 1) 2 Rn and πY ,

πY (x) D Y � x, x 2 Rn,
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is essentially the orthogonal projection onto the line ftY : t 2 Rg. From this it
follows that

dimfL 2 G(n, 1) : H1(PL(C)) D 0g � (1 � δ)(n � s).

Letting δ ! 0 will then complete the proof in the case m D 1.
Let y 2 Eδ and let qj 2 N, 1 � qj � m

(1�δ)(n�s)/s
j , be related to y for

infinitely many j 2 N as in the definition of Eδ . Then, for these j , there
are integers pj,i , i D 1, . . . , n � 1, such that

jyi � pj,i/qj j � m
�n/s
j .

Then jpj,i j � m
(1�δ)(n�s)/s
j , the implicit constant is allowed to depend on y.

Again let Y D (y1, . . . , yn�1, 1) and Pj D (pj,1/qj , . . . , pj,n�1/qj , 1). Then
jY � Pj j � p

nm
�n/s
j , which implies that

jπY (x) � πPj
(x)j � nm

�n/s
j for all x 2 C. (5.18)

We shall now estimate the number of points in πPj
(Zj ) where Zj is as in

(5.16). Let z D (zi) 2 Zj . Then

πPj
(z) D 1

qj
(pj,1z1 C � � � C pj,n�1zn�1 C qj zn),

where jpj,1z1 C � � � C pj,n�1zn�1 C qj znj � m
1C(1�δ)(n�s)/s
j . Thus πPj

(z) can

take � m
1C(1�δ)(n�s)/s
j values. Recalling (5.16) we get that πPj

(C) is covered

with � m
1C(1�δ)(n�s)/s
j intervals of length � m

�n/s
j . Combining this with (5.18)

we find that πY (C) is covered with � m
1C(1�δ)(n�s)/s
j intervals of length �

m
�n/s
j , which gives

L1(πY (C)) � lim inf
j!1 m

1C(1�δ)(n�s)/s�n/s
j D 0,

because the exponent 1 C ((1 � δ)(n � s) � n)/s is negative.
We have now finished the proof in the case m D 1. Suppose then that m > 1.

Let C1 � Rn�mC1 with dimC1 D s � m C 1 be the set we found above for the
case m D 1 with the exceptional set

E1 D fL 2 G(n � m C 1, 1) : H1(PL(C1)) D 0g, dimE1 D n � s.

Then

C D C1 
 [0, 1]m�1 � Rn

serves the purpose in the general case.
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It is obvious that dimC D s. We should check that

E D fV 2 G(n,m) : Hm(PV (C)) D 0g

has dimension at least m(n � m) C m � s. By simple linear algebra, identi-
fying Rn�mC1 D Rn�mC1 
 f0g � Rn, E contains all m-planes L C W,L 2
E1,W 2 G(n,m � 1) with W � L?. The set fW 2 G(n,m � 1) : W � L?g
is essentially G(n � 1,m � 1) and has dimension (m � 1)(n � 1 � (m � 1)) D
(m � 1)(n � m). Thus (this requires a small argument which we leave to the
reader)

dimE � dimE1 C (m � 1)(n � m) D n � s C (m � 1)(n � m)

D m(n � m) C m � s

as required.

5.4 Further comments

Theorem 5.1 (which is Corollary 5.7(a)) was proved by Kaufman [1968] in
the plane; the higher dimensional generalization Corollary 5.12(a) was done
by Mattila [1975]. The example proving the sharpness of the upper bound
was constructed by Kaufman and Mattila [1975], extending a previous exam-
ple of Kaufman [1969]. It is given (for m D 1, n D 2) in Falconer [1985a],
Theorem 8.17. Corollaries 5.7(b) and 5.12(b) were proven by Falconer [1982].
Example 5.13 above proving their sharpness is rather similar to the one of Kauf-
man and Mattila [1975]; its details were written down by Peltomäki [1987] in his
licentiate thesis. Peres and Schlag [2000] introduced the Sobolev dimension and
proved the results of this chapter related to it, together with Corollaries 5.7(c)
and 5.12(c) as their consequences. They proved their results in a much more
general setting which we shall discuss in Chapter 18. Orponen [2012b] proved
various results on exceptional sets involving packing dimension and Baire cat-
egory. See also Sections 9.2 and 10.5 for exceptional set results concerning
self-similar measures and sets.

As far as I know the sharp bound in Theorem 5.1 for t < dimA is unknown.
The upper bound t in Theorem 5.1 in the plane is not always sharp due to the
following result of Bourgain [2003], [2010] and D. M. Oberlin [2012]:

Theorem 5.14 Suppose A � R2 is a Borel set. Then

dimfe 2 S1 : dimPe(A) < dimA/2g D 0.
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The construction of Kaufman and Mattila [1975] can be used to get for any
0 < t � s < 2 a compact set A � R2 with dimA D s such that

dimfe 2 S1 : dimPe(A) � tg � 2t � s.

Could 2t � s be the sharp upper bound in the range s/2 � t � minf1, sg? In
any case this shows that to get dimension 0 for the exceptional set, the bound
dimA/2 is the best possible.

Bourgain’s estimate is somewhat stronger than the above. He obtained his
result as part of deep investigations in additive combinatorics, whereas Ober-
lin’s proof is much simpler and more direct. Oberlin also had another excep-
tional set estimate in Oberlin [2014a].

Orponen [2014c] has a related discrete level result for product sets.
There have been some interesting recent developments on restricted families

of projections and projection-type transformations. For example, one can take
some smooth submanifold G of G(n,m) and ask how projections PV , V 2 G,
affect Hausdorff dimension. Such restricted families appear quite naturally in
Heisenberg groups, see Balogh, Durand Cartagena, Fässler, Mattila and Tyson
[2013], Balogh, Fässler, Mattila and Tyson [2012] and Fässler and Hovila
[2014]. Another motivation for studying them comes from the work of E.
Järvenpää, M. Järvenpää and Ledrappier and their co-workers on measures
invariant under geodesic flows on manifolds; see E. Järvenpää, M. Järvenpää
and Leikas [2005] and Hovila, E. Järvenpää, M. Järvenpää and Ledrappier
[2012b]. They are also connected to Kakeya-type questions. A very simple
example is the one where G � G(3, 1) corresponds to projections πθ onto the
lines ft(cos θ, sin θ, 0) : t 2 Rg, θ 2 [0, 2π ). Since πθ (A) D πθ ((π (A)) where
π (x, y, z) D (x, y), and dimA � dimπ (A) C 1, it is easy to conclude using
Marstrand’s projection Theorem 4.1 that for any Borel set A � R3, for almost
all θ 2 [0, 2π ),

dimπθ (A) � dimA � 1 if dimA � 2,

dimπθ (A) D 1 if dimA � 2.

This is sharp by trivial examples; consider product sets A D B 
 C,B �
R2, C � R. The reader can easily state and check the corresponding result for
projections onto the orthogonal complements of the above lines. E. Järvenpää,
M. Järvenpää, Ledrappier and Leikas [2008] showed that such sets of inequal-
ities remain in force for any smooth, in a suitable sense non-degenerate, one-
dimensional families of orthogonal projections onto lines and planes in R3. In
fact, they proved such inequalities in more general dimensions and E. Järvenpää,
M. Järvenpää and Keleti [2014] found the complete solution in all dimensions;
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sharp inequalities for smooth non-degenerate families of orthogonal projections
onto m-planes in Rn.

However, this solution is not always sharp for a given family. In particular,
the results remain true if one replaces the projections πθ with the projections pθ

onto the lines ft(cos θ, sin θ, 1) : t 2 Rg, but the trivial counter-examples do not
work anymore. Actually one can now improve the above estimates relatively
easily by showing that if A � R3 is a Borel set with dimA � 1/2, then

dimpθ (A) � dimA for almost all θ 2 [0, 2π ).

The restriction 1/2 comes because using Kaufman’s method one is now led to
estimate integrals of the type∫ 2π

0
ja C sin θ j�s dθ

for s < dimA, and they are bounded only if s < 1/2. So this is the best one can
get without new ideas. Introducing some new geometric arguments Fässler and
Orponen [2014] and Orponen [2013a] were able to improve these results. A
little later D. M. Oberlin and R. Oberlin [2013b] obtained other improvements
using the deep decay estimate theorem 15.5 of Erdoğan for spherical averages.

One reason for the possibility of such improvements is that the second family
is more curved than the first one. That is, the set of the unit vectors generating
the first family is the planar curve f(cos θ, sin θ, 0) : θ 2 [0, 2π ]g while for the
second it spans the whole space R3.

There are also constancy results for projections: the dimension of the projec-
tions is the same for almost all planes. For the full Grassmannian and Hausdorff
dimension this is obvious by Marstrand’s projection theorem. For the packing
and Minkowski dimension it is not obvious but true as shown by Falconer
and Howroyd [1997]. Fässler and Orponen [2013] proved such results for cer-
tain restricted families of projections and Hausdorff, packing and Minkowski
dimensions.

What more in addition to dimension estimates could be said about the
exceptional sets? Are there interesting cases where there are no exceptions or
where the exceptional set is countable? We shall discuss this in Chapter 10 in
light of a particular example and with comments on more general self-similar
sets. Can something be said about their structure, for example, could smooth
sets or simple self-similar sets appear as exceptional sets or are they necessarily
more complicated as in Example 5.13?

In addition to Sobolev dimension, there are many different dimensions for
measures; see, for example, Falconer’s book [1997], Chapter 10, and Bishop
and Peres [2016], Chapter 1. In particular, in dynamical systems they are widely
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used. For instance, one can define the Hausdorff dimension of μ 2 M(Rn) as

dimμ D supfs : lim inf
r!0

logμ(B(x, r))/ log r � s for μ almost all x 2 Rng.
It follows that (see Falconer [1997])

dimμ D inffdimA : A is a Borel set with μ(A) > 0g.
Then it is easy to show that dimS μ � dimμ and that strict inequality can occur,
even with dimS μ D 0, dimμ D n. However, if 0 < s < dimμ, there is a Borel

set with μ(A) > 0 and dimS(μ A) > s.
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Slices of measures and intersections with planes

Let A � Rn be a Borel set with dimA > m. We know from Theorem 5.8 that

Hm(PV (A)) > 0 for γn,m almost all V 2 G(n,m).

This means that for γn,m almost all V 2 G(n,m) the set of a 2 V for which
the plane section A \ (V ? C a) is non-empty has positive Hm measure. But
how large are these plane sections typically? The answer is that typically they
have dimension dimA � m. A proof without the Fourier transform is given in
Mattila [1995], Chapter 10. Here we give a Fourier analytic proof and estimate
the dimension of the exceptional set of the planes V .

6.1 Sliced measures and estimates for energy-integrals

Let μ 2 M(Rn). For any V 2 G(n,m) and Hm almost all a 2 V , we can define
sliced measures μV,a with the properties that

sptμV,a � sptμ \ V ?
a where V ?

a D V ? C a, (6.1)

and for ϕ 2 C0(Rn),∫
V

∫
ϕ dμV,a dHma D

∫
ϕ dμ if PV 
μ 	 Hm V. (6.2)

We follow the construction of Mattila [1995], Section 10.1, where a few more
details are given. Recall that if Im(μ) < 1, then by Theorem 5.9, the push-
forward measure PV 
μ is absolutely continuous with respect to the Hausdorff
m-measure Hm V for γn,m almost all V 2 G(n,m).

We start with a continuous non-negative compactly supported function ϕ on
Rn and define a Radon measure νϕ by setting

νϕ(A) D
∫
A

ϕ dμ

88



6.1 Sliced measures and estimates for energy-integrals 89

for all Borel sets A � Rn. Then PV 
νϕ is a Radon measure on V and by
Theorem 2.11 the limit, the Radon–Nikodym derivative D(PV 
νϕ, a),

μV,a(ϕ) :D lim
δ#0

α(m)�1δ�mPV 
νϕ(B(a, δ)) D lim
δ#0

α(m)�1δ�m

∫
PV

�1(B(a,δ))
ϕ dμ

exists for Hm almost all a 2 V . In the above construction we first fixed ϕ and
then defined μV,a(ϕ) for Hm almost all a. The exceptional set of the points a for
which the limit does not exist will a priori depend on the choice of ϕ. However,
by the separability of CC

0 (Rn), one can easily eliminate the dependence on
ϕ. Thus we can define for Hm almost all a 2 V a non-negative functional on
CC

0 (Rn) by

ϕ 7! lim
δ#0

α(m)�1δ�m

∫
PV

�1(B(a,δ))
ϕ dμ.

This functional extends to a positive linear functional on C0(Rn) and it follows
by the Riesz representation theorem that for Hm almost all a 2 V there exists
a Radon measure μV,a so that∫

ϕ dμV,a D lim
δ#0

α(m)�1δ�m

∫
PV

�1(B(a,δ))
ϕ dμ

for all ϕ 2 C0(Rn). This gives immediately (6.1). We call μV,a the sliced
measure associated to the subspace V at the point a.

Theorem 2.11 implies that for any Borel set B � V and any ϕ 2 CC
0 (Rn),∫

B

D(PV 
νϕ, a) dHma � PV 
νϕ(B) D
∫
P�1
V (B)

ϕ dμ (6.3)

with equality if PV 
νϕ 	 Hm. This means that∫
B

∫
ϕ dμV,a dHma �

∫
P�1
V (B)

ϕ dμ (6.4)

with equality if PV 
μ 	 Hm, since PV 
μ 	 Hm implies PV 
νϕ 	 Hm for all
ϕ 2 CC

0 (Rn). Hence (6.2) holds, and in particular∫
V

μV,a(Rn) dHma D μ(Rn) if PV 
μ 	 Hm. (6.5)

Using the fact that every non-negative lower semicontinuous function on Rn is
a non-decreasing limit of functions in CC

0 (Rn) we conclude that (6.4) holds for
functions which are merely lower semicontinuous: for each lower semicontin-
uous g : Rn ! [0,1] we have∫

B

∫
g dμV,a, dHma �

∫
P�1
V (B)

g dμ (6.6)

for all Borel sets B � V , with equality if PV 
μ 	 Hm.
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Let ψ be a non-negative C1-function on Rn with compact support and such
that ψ(x) � (α(m)α(n � m))�1 for x 2 B(0, 2). For ε > 0 define ψε(x) D
ε�nψ(x/ε) and set for μ 2 M(Rn), με D ψε � μ.

Lemma 6.1 Let μ 2 M(Rn) with Im(μ) < 1, V 2 G(n,m) and a 2 V . Then
for any lower semicontinuous function g : Rn 
 Rn ! [0,1],∫∫

g(x, y) dμV,ax dμV,ay

� lim inf
ε!0

∫
V ?

∫
V ?

g(u C a, v C a)με(u C a)με(v C a) dHn�mu dHn�mv

provided the sliced measure μV,a exists.

This lemma follows immediately from the following lemma since μ̃ε � με.

Lemma 6.2 Let μ 2 M(Rn) with Im(μ) < 1, V 2 G(n,m), a 2 V and sup-
pose that the sliced measure μV,a exists. Define

C D fx 2 Rn : jPV (x)j � 1 and jPV ? (x)j � 1g,
χε(x) D (α(m)α(n � m))�1ε�nχC(x/ε)

and

μ̃ε D χε � μ.

(i) For any continuous function ϕ : Rn ! [0,1] with compact support,∫
ϕ dμV,a D lim

ε!0

∫
V ?

ϕ(u C a)μ̃ε(u C a) dHn�mu.

(ii) For any continuous function ϕ : Rn 
 Rn ! [0,1] with compact support,∫∫
ϕ(x, y) dμV,ax dμV,ay

D lim
ε!0

∫
V ?

∫
V ?

ϕ(u C a, v C a)μ̃ε(u C a)μ̃ε(v C a) dHn�mu dHn�mv.

Proof The statement in (i) means that the measures μ̃εdHn�m V ?
a converge

weakly toμV,a as ε ! 0. Similarly, in the product space Rn 
 Rn, the statement
in (ii) means that the product measures μ̃εdHn�m V ?

a 
 μ̃εdHn�m V ?
a

converge weakly to μV,a 
 μV,a as ε ! 0. Thus (ii) follows from (i) and the
following general fact.

If σε 2 M(Rp), τε 2 M(Rq), ε > 0, σε ! σ and τε ! τ weakly as ε ! 0,
then σε 
 τε ! σ 
 τ .

This is easily verified. The convergence of
∫
ϕ dσε 
 τε to

∫
ϕ dσ 
 τ is

immediate when ϕ 2 C0(RpCq) is of the form ϕ(x, y) D ϕ1(x)ϕ2(y), and the
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general case follows since finite linear combinations of such products are
dense in C0(RpCq), either by the Stone–Weierstrass approximation theorem or
by some simple direct argument.

So we have left to prove (i). To do this let ϕ 2 C0(Rn) and ε > 0. Then by
Fubini’s theorem, the definitions of μ̃ε and χε, and the fact that

∫
χε D 1,

α(m)�1ε�m

∫
PV

�1(B(a,ε))
ϕ dμ �

∫
V ?

ϕ(u C a)μ̃ε(u C a) dHn�mu

D α(m)�1ε�m

∫
PV

�1(B(a,ε))
ϕ dμ �

∫
V ?

ϕ(u C a)
∫
χε(x � u � a) dμx dHn�mu

D α(m)�1ε�m

∫
P�1
V (B(a,ε))

ϕ dμ �
∫∫

V ?

ϕ(u C a)χε(x � u � a) dHn�mu dμx

D α(m)�1ε�m

∫
P�1
V (B(a,ε))

ϕ dμ � α(m)�1ε�m



∫
P�1
V (B(a,ε))

α(n � m)�1εm�n

∫
V ?\B(P

V? (x),ε)
ϕ(u C a) dHn�mu dμx

D α(m)�1ε�m

∫
P�1
V (B(a,ε))

α(n � m)�1εm�n



∫
V ?\B(P

V? (x),ε)
(ϕ(x) � ϕ(u C a)) dHn�mu dμx.

In the last integrals ju � PV ? (x)j � ε and ja � PV (x)j � ε, whence ju C a �
xj D ju � PV ? (x) C a � PV (x)j � 2ε. Thus given η > 0, we have jϕ(x) �
ϕ(u C a)j < η when ε is sufficiently small. Then the last double
integral is less than ηα(m)�1ε�mμ(PV

�1(B(a)) in absolute value. As
α(m)�1ε�m

∫
PV

�1(B(a,ε)) ϕ dμ converges to
∫
ϕ dμV,a and ηα(m)�1ε�m 


μ(PV
�1(B(a)) converges to ημV,a(Rn), which are finite, (i) follows. This com-

pletes the proof of the lemma.

Proposition 6.3 Let m < s < n,μ 2 M(Rn) and V 2 G(n,m). Then∫
V

Is�m(μV,a) dHma � C(n,m, s)
∫

Rn

jPV ? (x)js�njμ̂(x)j2 dx. (6.7)

Proof Let ψε and με D ψε � μ be as above. By Lemma 6.1 we have for a 2 V ,

Is�m(μV,a) D
∫∫

jx � yjm�s dμV,ax dμV,ay

(6.8)
� lim inf

ε!0

∫
V ?

∫
V ?

ju � vjm�sμε(u C a)με(v C a) dHn�mu dHn�mv.
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Writeμε,a(u) D με(u C a) and γ D γ (n � m, s � m). Applying Theorem 3.10
in the (n � m)-space V ? , we have∫

V ?

∫
V ?

ju � vjm�sμε(u C a)με(v C a) dHn�mu dHn�mv

D
∫
V ?

(ks�m � με,a)με,a dHn�m D γ

∫
V ?

jujs�njμ̂ε,a(u)j2 dHn�mu

D γ

∫
V ?

jujs�n

∣∣∣∣∫
V ?

e�2πiu�vμε(v C a) dHn�mv

∣∣∣∣2 dHn�mu.

Integrating over V and using Parseval’s theorem on V and Fubini’s theorem,
we obtain∫

V

∫
V ?

∫
V ?

ju � vjm�sμε(u C a)με(v C a) dHn�mu dHn�mv dHma

D γ

∫
V ?

jujs�n

∫
V

∣∣∣∣∫
V ?

e�2πiu�vμε(v C a) dHn�mv

∣∣∣∣2 dHma dHn�mu

D γ

∫
V ?

jujs�n

∫
V

∣∣∣∣∫
V

e�2πia�b
∫
V ?

e�2πiu�vμε(v C b) dHn�mv dHmb

∣∣∣∣2

 dHma dHn�mu

D γ

∫
V ?

jujs�n

∫
V

∣∣∣∣∫
V

∫
V ?

e�2πi(uCa)�(vCb)με(v C b) dHn�mv dHmb

∣∣∣∣2

 dHma dHn�mu

D γ

∫
Rn

jPV ? (x)js�n

∣∣∣∣∫
Rn

e�2πix�yμε(y) dLny

∣∣∣∣2 dLnx

D γ

∫
Rn

jPV ? (x)js�njμ̂ε(x)j2 dx

D γ

∫
Rn

jPV ? (x)js�njψ̂ε(x)j2jμ̂(x)j2 dx

�
∫

Rn

jPV ? (x)js�njμ̂(x)j2 dx.

Combining this with (6.8) we get∫
V

Is�m(μV,a) dHma �
∫

Rn

jPV ? (x)js�njμ̂(x)j2 dx,

as desired.

Proposition 6.4 Letm < s < n,μ 2 M(Rn) and let ν 2 M(G(n,m)) be such
that for some t > m(n � m) C m � s,

ν(B(V, r)) � rt for V 2 G(n,m), r > 0.
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Then ∫∫
V

Is�m(μV,a) dHma dνV � C(n,m, s)Is(μ). (6.9)

Proof Integrating (6.7) with respect to ν we obtain by Fubini’s theorem∫∫
V

Is�m(μV,a) dHma dνV �
∫

Rn

∫
jPV ? (x)js�n dνV jμ̂(x)j2 dx.

To estimate the inner integral we observe first that for x 2 Rn n f0g,∫
jPV ? (x)js�n dνV D jxjs�n

∫
jPV ? (x/jxj)js�n dνV,

then write v D x/jxj and use (5.11) to get∫
jPV ? (v)js�n dνV D

∫ 1

0
ν(fV : jPV ? (v)js�n > ug) du

� ν(G(n,m)) C
∫ 1

1
ν(fV : d(v, V ) < u1/(s�n)g) du

� 1 C
∫ 1

1
u

t�(m�1)(n�m)
s�n du � 1,

since t > m(n � m) C m � s. Thus∫∫
V

Is�m(μV,a) dHma dνV �
∫

jxjs�njμ̂(x)j2 dx D γ (n, s)�1Is(μ).

As before Proposition 6.4 immediately gives with the help of Frostman’s
lemma

Theorem 6.5 Let m < s < n and μ 2 M(Rn) with Is(μ) < 1. Then

dimfV 2 G(n,m) :
∫

Is�m(μV,a) dHma D 1g � m(n � m) C m � s.

(6.10)

6.2 Dimension of plane sections

Now we are ready to get information about the dimension of plane sections of
sets. First we derive easily an upper bound:

Proposition 6.6 Let s � m and A � Rn with Hs(A) < 1. Then for any
V 2 G(n,m),

Hs�m(A \ (V ? C a)) < 1 for Hm almost all a 2 V.
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Proof Cover A for every k D 1, 2, . . .with compact sets Ek,i, i D 1, 2, . . . ,
such that d(Ek,i) < 1/k and∑

i

α(s)2�sd(Ek,i)
s < Hs

1/k(A) C 1/k.

Let

Fk,i D fa 2 V : Ek,i \ (V ? C a) 6D ∅g.
Then d(Fk,i) � d(Ek,i), whence

Hm(Fk,i) � α(m)d(Ek,i)
m.

Denoting by
∫ � the upper integral and using Fatou’s lemma we obtain∫ �

Hs�m(A \ (V ? C a)) dHma D
∫ �

lim
k!1Hs�m

1/k (A \ (V ? C a)) dHma

�
∫

lim inf
k!1

∑
i

α(s � m)2m�sd(Ek,i \ (V ? C a))s�m dHma

� lim inf
k!1

∑
i

α(s � m)2m�s

∫
Fk,i

d(Ek,i \ (V ? C a))s�m dHma

� lim inf
k!1

∑
i

α(s � m)2m�sd(Ek,i)
s�mHm(Fk,i)

� α(s � m)2m�sα(m) lim inf
k!1

∑
i

d(Ek,i)
s

� C(m, s) lim inf
k!1 (Hs

1/k(A) C 1/k) D C(m, s)Hs(A) < 1.

This gives the proposition.

The following theorem improves Corollary 5.12(b). Notice in particular that
the exceptional set E has γn,m measure zero.

Theorem 6.7 Letm < s � n and letA � Rn be a Borel set with 0 < Hs(A) <
1. Then there is a Borel set E � G(n,m) such that

dimE � m(n � m) C m � s

and

Hm(fa 2 V : dimA \ (V ? C a) D s � mg) > 0 for all V 2 G(n,m) n E.

Proof By Frostman’s lemma there is μ 2 M(A) such that μ(B(x, r)) � rs for
all x 2 Rn and r > 0. Then Iu(μ) < 1 for all m < u < s. By Theorem 5.10
PV 
μ 	 Hm V for all V 2 G(n,m) outside a set of Hausdorff dimension at
most m(n � m) C m � s. By Theorem 6.5

∫
Iu�m(μV,a) dHma < 1 outside
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a set of Hausdorff dimension at most m(n � m) C m � u. Thus setting for
i D 1, 2, . . . , s � 1/i > m,

Ei D
{
V 2 G(n,m) : PV 
μ 6	 Hm V or

∫
Is�1/i�m(μV,a) dHma D 1

}
,

E D
1⋂
jD1

1⋃
iDj

Ei,

we have dimEi � m(n � m) C m � s C 1/i and dimE � m(n � m) C m � s.
LetV 2 G(n,m) n E. Then there is j such thatV 62 Ei for all i � j , whence

PV 
μ 	 Hm V and Is�1/i�m(μV,a) < 1 for Hm almost all a 2 V . The first
of these statements implies by (6.5) that μV,a(Rn) > 0 for a 2 V in a set of
positive Hm measure, and the second that for Hm almost all such a, dimA \
(V ? C a) � s � 1/i � m. It follows that for V 2 G(n,m) n E,

Hm(fa 2 V : dimA \ (V ? C a) � s � mg) > 0.

The theorem follows now combining this with Proposition 6.6.

Theorem 6.8 Let m � s � n and let A � Rn be a Borel set with dimA > s.
Then there is a Borel set E � G(n,m) such that

dimE � m(n � m) C m � s

and

Hm(fa 2 V : dimA \ (V ? C a) > s � mg) > 0 for all V 2 G(n,m) n E.

The same proof as that of Theorem 6.7 gives this.
We state without proof an alternative version of Theorem 6.7. This follows

from Theorem 6.7 by the argument for the proof of Theorem 10.10 in Mattila
[1995]:

Theorem 6.9 Let m < s � n and let A � Rn be a Borel set with Hs(A) < 1.
Then there is a Borel set E � G(n,m) such that

dimE � m(n � m) C m � s

and for Hs almost all x 2 A,

dimA \ (V ? C x) D s � m for all V 2 G(n,m) n E.
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6.3 Measures on graphs

We give here an application of the inequality (6.7) to measures on fractal graphs.
The graph of a continuous function f : [0, 1] ! R can have large Hausdorff
dimension, even equal to 2. Thus one could expect that at least some such
fractal graphs in R2 would support measures whose Fourier transforms decay
at infinity more quickly than 1/

√jxj. The surprising result of Fraser, Orponen
and Sahlsten [2014] shows that the opposite is true:

Theorem 6.10 For any function f : A ! Rn�m,A � Rm, we have for the
graph Gf D f(x, f (x)) : x 2 Ag,

dimF Gf � m.

Recall from Section 3.6 the definition of the Fourier dimension dimF . The
theorem means that for any μ 2 M(Gf ) the decay estimate jμ̂(x)j � jxj�s/2

can hold only if s � m. No measurability for f is required. This is because the
only property of the graph that is used is that it intersects the (n � m)-planes
f(a, y) : y 2 Rn�mg, a 2 Rm, in at most one point.

Proof Suppose that s > 0 and μ 2 M(Gf ) are such that

jμ̂(x)j � (1 C jxj)�s/2 for x 2 Rn. (6.11)

We have to show that s � m. Suppose on the contrary that s > m and let m <

t < s. We shall apply the inequality (6.7) with V D Rm 
 f0g identified with
Rm. As before in (5.15), P̂V 
μ(x) D μ̂(x) for x 2 V . Hence the decay estimate

(6.11), with s > m, implies that P̂V 
μ 2 L2(V ) and so PV 
μ 	 Hm V . By
(6.7) ∫

V

It�m(μV,a) dHma �
∫

Rn

jPV ? (x)jt�njμ̂(x)j2 dx

�
∫

Rn

jPV ? (x)jt�n(1 C jxj)�s dx < 1.

The finiteness of the last integral easily follows by Fubini’s theorem since
t < s. Thus It�m(μV,a) < 1 for Hm almost all a 2 V . By (6.5) μV,a(Rn) > 0
for a 2 V in a set of positiveHm measure. Since also by (6.1) sptμV,a � sptμ \
V ?
a � Gf \ V ?

a , we get dimGf \ V ?
a � t � m > 0 by Theorem 2.8. But this

is impossible as Gf \ V ?
a contains at most one point for every a 2 V .

6.4 Further comments

Theorem 6.8 without the exceptional set estimate, that is with γn,m(E) D 0,
was proved by Marstrand [1954] in the plane, and in general dimensions by
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Mattila [1975]. A proof with sliced measures and energy-integrals was given
by Mattila [1981]. The exceptional set estimates and the Fourier analytic proof
are due to Orponen [2014a].

Results on dimensions of sliced measures were proven by Falconer and Mat-
tila [1996], M. Järvenpää and Mattila [1998] and E. Järvenpää, M. Järvenpää
and Llorente [2004].

The upper bound m(n � m) C m � s in Theorem 6.7 for the dimension of
the exceptional set is sharp, since it was sharp already for Corollary 5.12(b). The
exceptional set estimates in Theorems 6.7 – 6.9 concern only the Grassmannian
part. Could it be possible to obtain some dimension estimates also for subsets
of A, for example in Theorem 6.9 replacing Hs almost all by Ht almost all
for some t < s? One could also ask for dimension estimates for sets where
dimA \ (V ? C x) < t or dimA \ (V ? C x) > u when t < s � m < u. An
easy estimate of this sort says that we can improve Proposition 6.6 to the the
statement Hs�t (A \ (V ? C a)) < 1 for Ht almost all a 2 V for 0 � t � s.
This follows by a straightforward modicifation of the proof of Proposition 6.6
or using the general inequality in Theorem 2.10.25 of Federer [1969].

There are more precise results for particular self-similar and related sets.
Many of them say that in a fixed direction the dimension of the sections typ-
ically is a constant depending on the direction. Typically here refers to almost
all planes in that direction meeting the set. A rather general result of this type
was obtained by Wen and Xi [2010]. But often in some special directions, for
example, in the direction of the coordinate planes or diagonal in Rn 
 Rn or in a
countable dense set of ‘rational’ directions, this constant is smaller than the one
for generic directions given by the results of this chapter. This is the case, for
example, by the results of Hawkes [1975] forC1/3 
 C1/3, whereC1/3 is the clas-
sical one third Cantor set, by Kenyon and Peres [1991] for products C 
 D of
more general Cantor sets, by Liu, Xi and Zhao [2007] and Manning and Simon
[2013] for the Sierpinski carpet, and by Barany, Ferguson and Simon [2012] for
the Sierpinski gasket. Benjamini and Peres [1991] estimated the dimension of
vertical sections in a planar fractal costruction with sharp dimension bounds for
the corresponding exceptional set. Classes of self-similar sets were found by
Wen, Wu and Xi [2013] for which some explicit directions could be determined
such that the sections typically have exactly the generic value dimA � m. Typ-
ically could also refer to almost all lines with respect to the projected measure
instead of the Lebesgue measure. Then the results are often different and the
dimension may be bigger than the generic value, see Manning and Simon
[2013], Barany, Ferguson and Simon [2012] and Barany and Rams [2014].

The above mentioned results for products of Cantor sets C and D in R
actually give dimensions of typical intersections C \ (D C z), z 2 R, but this
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is the same as intersecting C 
 D with lines parallel to the diagonal. Bishop
and Peres [2016] give a detailed discussion on such intersections.

Let A � Rn be a Borel set with 0 < Hs(A) < 1 for some m < s < n.
Proposition 6.6 tells us that the intersections of A with n � m planes typically
have finite (s � m)-dimensional Hausdorff measure. Marstrand [1954] gave
an example showing that almost all intersections may have zero measure.
In general, determining whether the measure is positive or zero seems to be
difficult even for simple self-similar sets. Kempton [2013] managed to prove
the positivity for some self-similar sets. Orponen [2013b] proved that for many
self-similar sets the generic intersection has infinite packing measure. For
non-integral s it does not seem to be easy to find sets A with positive Hs

measure for which Hs�m measure of A \ V would be finite for all (n � m)-
planes V . Shmerkin and Suomala [2012] succeeded in this: they used random
constructions to show that for any n � 1 < s < n there exist compact sets
F � Rn with 0 < Hs(F ) < 1 such that Hs�nC1(F \ L) � C(F ) < 1 for
every lineL � Rn. In Shmerkin and Suomala [2014] they develop an interesting
theory for a very general class of random measures with many results on
projections, intersections and Fourier transforms. This paper also is a good
source for references for related work.

In a way the slicing of a measure with plane sections is a special case of
Rokhlin’s [1962] general disintegration theorem, but it is essential for us in
addition to have the concrete limit formulas for the sliced measures. Rokhlin’s
theorem gives for a map f : X ! Y and a measure μ on X the disintegration
formula ∫

f dμ D
∫ (∫

f dμy

)
df#μy

under very general conditions. Here the measures μy are called conditional
measures and they are carried by the level sets f �1(y);μy(X n f �1(y)) D 0.
They are defined for f#μ almost all y 2 Y , whence setting μf,x D μf (x), these
measures are defined for μ almost all x 2 X.

Furstenberg [2008] proved a general dimension conservation formula for
homogeneous fractals, which include many self-similar fractals. Often this
formula can be stated as

dim f#μ C dimμf,x D dimμ for μ almost all x 2 X.

In particular, for many self-similar measures and for typical measures in dynam-
ical zooming processes which Furstenberg defined, this holds for every pro-
jection f D PV , V 2 G(n,m), not only for almost every projection. Hochman
[2014] developed this much further. See also Barany, Ferguson and Simon
[2012] for a discussion about Furstenberg’s formula in connection with the line
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sections of the Sierpinski gasket and Falconer and Jin [2014a], [2014b] in
connection with a general setting including many deterministic and random
self-similar sets.

Theorem 6.10 was proved by Fraser, Orponen and Sahlsten [2014]. In this
paper it is also shown that for typical, in the Baire category sense, continuous
functions f : [0, 1] ! R, dimF Gf D 0, and more precisely

lim sup
jxj!1

jμ̂(x)j � 1/5

for any probability measure μ 2 M(Gf ). This paper answers the question of
Kahane, see Shieh and Xiao [2006]: the graphs of the one-dimensional Brow-
nian motion are almost surely not Salem sets. This is in contrast to trajectories
which are almost surely Salem sets; see Chapter 12 for that. However, the inter-
esting question about the almost sure Fourier dimension of the graphs of the
Brownian motion is left open; Fraser, Orponen and Sahlsten [2014] only says
that it is at most 1. It also seems to be open whether the level sets of Brownian
motion are almost surely Salem sets.

We shall study smooth surfaces with non-zero Gaussian curvature in
Section 14.3 and we show there that the Fourier transform of the surface
measure has similar optimal decay as for the spheres. So the result of Fraser,
Orponen and Sahlsten tells us that no better decay can take place on fractal
surfaces than on smooth ones.
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Intersections of general sets and measures

In this chapter we look at the general case where we have two arbitrary Borel
sets A and B in Rn, we keep A fixed, we move B by rotations g 2 O(n) and
translations τz : x 7! x C z, z 2 Rn, and we try to say something about the
dimension of the intersections A \ τz(g(B)).

7.1 Intersection measures and energy estimates

Recall that θn is the unique Haar measure on the orthogonal group O(n) with
θn(O(n)) D 1.

Let μ, ν 2 M(Rn). For g 2 O(n) and x, y 2 Rn define

Sg(x, y) D x � g(y).

Observe that x 2 A \ τz(g(B)) if and only x 2 A and x D g(y) C z, that is,
Sg(x, y) D z, for some y 2 B. Now we try to define intersection measures
supported in sptμ \ τz(g(spt ν)) D π (f(x, y) 2 sptμ 
 spt ν, Sg(x, y) D zg),
where π (x, y) D x. This is done by slicing as in the previous chapter. In fact,
the process below is exactly slicing the product measure μ 
 g
ν with the
n-planes parallel to the diagonal f(x, y) 2 R2n : x D yg and then projecting
with π .

Let ϕ 2 CC
0 (Rn) and define the measure λϕ 2 M(Rn) setting for Borel sets

A � Rn,

λϕ(A) D
∫∫

S�1
g (A)

ϕ(x) dμx dνy.

This means that λϕ is the image of (ϕμ) 
 ν under the map Sg . Then by the
differentiation theorem 2.11 the limit

lim
δ#0

α(n)�1δ�nλϕ(B(z, δ)) D lim
δ#0

α(n)�1δ�n

∫∫
f(x,y):jx�g(y)�zj�δg

ϕ(x) dμx dνy

100
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exists and is finite for Ln almost all z 2 Rn. Thus as in the previous chapter we
can define for Ln almost all z 2 Rn the intersection measures μ \ (τz ı g)
ν
with the properties

∫
ϕ dμ \ (τz ı g)
ν D lim

δ#0
α(n)�1δ�n

∫∫
f(x,y):jx�g(y)�zj�δg

ϕ(x) dμx dνy

for ϕ 2 C0(Rn), whence∫
h dμ \ (τz ı g)
ν � lim

δ#0
α(n)�1δ�n

∫∫
f(x,y):jx�g(y)�zj�δg

h(x) dμx dνy

(7.1)
for any lower semicontinuous h : Rn ! [0,1],

sptμ \ (τz ı g)
ν � sptμ \ (g(spt ν) C z), (7.2)∫
B

∫
h dμ \ (τz ı g)
ν dLnz �

∫
S�1
g (B)

h(x) d(μ 
 ν)(x, y) (7.3)

for any Borel set B � Rn and any lower semicontinuous h : Rn ! [0,1],
with equality if Sg
(μ 
 ν) 	 Ln, in particular,∫

μ \ (τz ı g)
ν(Rn) dLnz D μ(Rn)ν(Rn) if Sg
(μ 
 ν) 	 Ln. (7.4)

Lemma 7.1 Suppose 0 < s < n, 0 < t < n, s C t � n and t � (n C 1)/2.
If μ, ν 2 M(Rn), Is(μ) < 1 and It (ν) < 1, then Sg
(μ 
 ν) 	 Ln for θn
almost all g 2 O(n).

Proof We prove this with Sg replaced by Tg, Tg(x, y) D g�1(x) � y, which is
equivalent. For u 2 Rn,

̂Tg
(μ 
 ν)(u) D
∫∫

e�2πiu�(g�1(x)�y) dμx dνy

D
∫

e�2πiu�g�1(x) dμx

∫
e2πiu�y dνy D μ̂(g(u))̂ν(u).

We shall use the identity∫
O(n)

f (g(x)) dθng D
∫
Sn�1

f (jxjv) dσn�1v/σn�1(Sn�1).
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It is enough to prove this when jxj D 1 and then it is a consequence of (2.1).
Since n � t � (n � 1)/2 and n � t � s we have by Lemma 3.15∫∫

j ̂Tg
(μ 
 ν)(u)j2 du dθng

D
∫∫

jμ̂(g(u))̂ν(u)j2 du dθng

�
∫

σ (μ)(juj)ĵν(u)j2 du �
∫

jujt�n ĵν(u)j2 duIn�t (μ)

D γ (n, t)�1It (ν)In�t (μ) � It (ν)Is(μ) < 1.

Hence Tg
(μ 
 ν) 2 L2(Rn) for θn almost all g 2 O(n), and the lemma
follows.

Since the support of Sg
(μ 
 ν) is contained in the algebraic difference
set sptμ � g(spt ν), this lemma gives immediately for sets (cf. the proof of
Theorem 7.4 below).

Corollary 7.2 If A and B are Borel sets in Rn with dimA C dimB > n and
dimB > (n C 1)/2, then for θn almost all g 2 O(n),

Ln(A � g(B)) > 0.

Lemma 7.3 Suppose 0 < s < n, 0 < t < n, s C t > n and t � (n C 1)/2. If
μ, ν 2 M(Rn), Is(μ) < 1 and It (ν) < 1, then∫∫

IsCt�n(μ \ (τz ı g)
ν) dLnz dθng � Is(μ)It (ν).

Proof Set r D s C t � n > 0 and for g 2 O(n), z 2 Rn,

Wg,z(δ) D f(x, y) : jSg(x, y) � zj � δg.

Using (7.1), Fatou’s lemma, Fubini’s theorem and (7.3) we have∫∫
Ir (μ \ (τz ı g)
ν) dLnz dθng

D
∫∫∫∫

jx � uj�rd(μ \ (τz ı g)
ν)x d(μ \ (τz ı g)
ν)u dLnz dθng

� lim inf
δ#0

α(n)�1δ�n

∫∫∫∫
Wg,z(δ)

jx � uj�r


 d(μ 
 ν)(x, y) d(μ \ (τz ı g)
ν)u dLnz dθng
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D lim inf
δ#0

α(n)�1δ�n

∫∫∫
fz:jx�g(y)�zj�δg

∫
jx � uj�r


 d(μ \ (τz ı g)
ν)u dLnz d(μ 
 ν)(x, y) dθng

� lim inf
δ#0

α(n)�1δ�n

∫∫∫
f(u,v):j(x�g(y))�(u�g(v))j�δg

jx � uj�r


 d(μ 
 ν)(u, v) d(μ 
 ν)(x, y) dθng

D lim inf
δ#0

α(n)�1δ�n

∫
θn(fg : j(x � g(y)) � (u � g(v))j � δg)jx � uj�r


 d(μ 
 ν)(u, v) d(μ 
 ν)(x, y).

For the θn measure we have the estimate

θn(fg : j(x � g(y)) � (u � g(v))j � δg) � δn�1jx � uj1�n.

Moreover,

θn(fg : j(x � g(y)) � (u � g(v))j � δg) D 0

if jjx � uj � jy � vjj > δ.
The second of these is obvious. The first follows easily from (2.1): for

a, b 2 Rn, a 6D 0,

θn(fg : ja � g(b)j � δg) D θn(fg : ja/jaj � g(b/jaj)j � δ/jajg)

D θn(fg : jg�1(a/jaj) � b/jajj � δ/jajg)

D θn(fg : jg(a/jaj) � b/jajj � δ/jajg)

D σn�1(Sn�1 \ B(b/jaj, δ/jaj)) � δn�1jaj1�n.

Define

Aδ D f(u, v, x, y) 2 (Rn)4 : jjx � uj � jy � vjj � δ � jx � uj/2g,
Bδ D f(u, v, x, y) 2 (Rn)4 : jx � uj � 2δ, jy � vj � 3δg.

Then ∫∫
Ir (μ \ (τz ı g)
ν) dLnz dθng

� lim inf
δ#0

δ�1
∫
Aδ

jx � uj1�s�t d(μ 
 ν 
 μ 
 ν)(u, v, x, y)

C lim sup
δ#0

δ�n

∫
Bδ

jx � uj�r d(μ 
 ν 
 μ 
 ν)(u, v, x, y)

D: S C T .
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For S we use the estimate (4.14):

S � lim inf
δ#0

δ�1
∫

f(u,x):jx�uj�2δg
jx � uj1�s�t


 ν 
 ν(f(v, y) : jjx � uj � jy � vjj � δg) d(μ 
 μ)(u, x)

� It (ν)
∫∫

jx � uj�s dμu dμx D γ (n, s)�1Is(μ)It (ν).

To estimate T , observe that by Fubini’s theorem,

T � lim sup
δ#0

δt�n

∫
f(u,x):ju�xj�2δg

jx � uj�r d(μ 
 μ)(u, x)


 δ�t ν 
 ν(f(v, y) : jv � yj � 3δg).

For the first factor we have for 0 < δ < 1,

δt�n

∫
f(u,x):ju�xj�2δg

jx � uj�r d(μ 
 μ)(u, x)

� 2n�t

∫
f(u,x):ju�xj�2δg

jx � uj�s d(μ 
 μ)(u, x),

which goes to zero as δ ! 0 since Is(μ) < 1. For the second factor,

δ�t ν 
 ν(f(v, y) : jv � yj � 3δg) � 3s

∫
f(v,y):jv�yj�3δg

jv � yj�t d(ν 
 ν)(v, y),

which also goes to 0 as δ ! 0, since It (ν) < 1. Hence T D 0. This completes
the proof of the lemma.

7.2 Dimension of intersections of sets

Theorem 7.4 Suppose 0 < s < n, 0 < t < n, s C t > n and t > (n C 1)/2.
If A and B are Borel sets in Rn with Hs(A) > 0 and Ht (B) > 0, then for θn
almost all g 2 O(n),

Ln(fz 2 Rn : dimA \ (τz ı g)(B) � s C t � ng) > 0.

Proof By Frostman’s lemma there are μ 2 M(A) and ν 2 M(B) such that
μ(B(x, r)) � rs and ν(B(x, r)) � rt for x 2 Rn and r > 0. Then Ip(μ) < 1
for 0 < p < s and Iq(ν) < 1 for 0 < q < t . When in addition p C q > n and
q > (n C 1)/2 we have by Lemma 7.3 for θn almost all g 2 O(n),

IpCq�n(μ \ (τz ı g)
ν) < 1 for Ln almost all z 2 Rn.
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Using Lemma 7.1 and (7.4) we have∫
μ \ (τz ı g)
ν(Rn) dLnz D μ(Rn)ν(Rn) > 0

for θn almost all g 2 O(n), whence

Ln(Eg) > 0 where Eg D fz 2 Rn : μ \ (τz ı g)
ν(Rn) > 0g.
This gives dimA \ (τz ı g)(B) � p C q � n for Ln almost all z 2 Eg . Since
Eg is independent of p and q, we can let p ! s and q ! t to complete the
proof.

7.3 Further comments

The above results were also presented in Mattila [1995], where one can find
more comments and examples. They were originally proven in Mattila [1985].
It is not known if the condition t > (n C 1)/2 is needed. Of course, we could
replace it with s > (n C 1)/2. This restriction is not needed and the results are
valid also in R if the orthogonal group O(n) is replaced by a larger transforma-
tion group, for example with the maps x 7! rg(x), x 2 Rn, g 2 O(n), r > 0,
as proven by Kahane [1986] and Mattila [1984]. Such results also hold in R,
but they fail completely if only translations are used, as shown by the examples
of Mattila [1984] and Keleti [1998]. More generally Kahane showed that any
closed group of linear bijections of Rn acting transitively in Rn n f0g is fine.
Kahane also applied such intersection results to multiple points of stochastic
processes.

Results on Hausdorff and packing dimensions of intersection measures were
proven by M. Järvenpää [1997a], [1997b].

Bishop and Peres [2016] discuss in Chapter 1 the dimension of the intersec-
tions of some Cantor sets with their translates. Such results play an important
role in dynamical systems, see Moreira and Yoccoz [2001]. Other results on
intersections of Cantor sets are due to, among others, Peres and Solomyak
[1998] and Elekes, Keleti and Máthé [2010].

Donoven and Falconer [2014] proved similar results as above for subsets of
a fixed self-similar Cantor set; the group of transformations consists now of the
intrinsic similarities of the Cantor set.

Minkowski dimensions of intersections with estimates on the exceptional
sets were studied by Eswarathasan, Iosevich and Taylor [2013].
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Specific constructions





8

Cantor measures

In this chapter we study Fourier transforms of measures on some Cantor sets.

8.1 Symmetric Cantor sets Cd and measures μd

We begin with standard symmetric Cantor sets. For 0 < d < 1/2 we define the
Cantor set with dissection ratio d by the usual process. Let I D [0, 1]. Delete
from the middle of I an open interval of length 1 � 2d and denote by I1,1 and
I1,2 the two remaining intervals of length d. Next delete from the middle of
each I1,j an open interval of length (1 � 2d)d and denote by I2,i , i D 1, 2, 3, 4,
all the four remaining intervals of length d2. Continuing this we have after k
steps 2k closed intervals Ik,i , i D 1, . . . , 2k , of length dk . Define

Cd D
1⋂
kD1

2k⋃
iD1

Ik,i .

Let μd be the ‘natural’ probability measure on Cd . This is the unique Borel
measure μd 2 M(Cd ) which is uniformly distributed in the sense that

μd (Ik,i) D 2�k for i D 1, . . . , 2k, k D 1, 2 . . . . (8.1)

The uniqueness follows easily by, for example, checking that this condition
fixes the values of integrals of continuous functions. The existence can be
verified by showing (easily) that the probability measures

(2d)�k

2k∑
iD1

L1 Ik,i

converge weakly as k ! 1 to such a uniformly distributed measure μd .

109
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Define

sd D log 2/ log(1/d), that is, 2dsd D 1.

Notice that then

μd (Ik,i) D d(Ik,i)
sd for i D 1, . . . , 2k, k D 1, 2 . . . .

Using μd we can now check that

0 < Hsd (Cd ) � 1 and dimCd D sd .

The upper bound Hsd (Cd ) � 1 is trivial since

2k∑
iD1

d(Ik,i)
sd D 2k(dk)sd D 1

for all k. To prove that Hsd (Cd ) > 0 it is enough by Frostman’s lemma to
show that μd (J ) � d(J )sd for every open interval J � R. To prove this we
may assume that J � [0, 1] and Cd \ J 6D ∅. Let Il,j be the largest (or one of
them) of all the intervals Ik,i contained in J . Then J \ Cd is contained in four
intervals Il,j1 D Il,j1 , . . . , Il,j4 , whence

μd (J ) � 4μd (Il,j ) D 4d(Il,j )sd � 4d(J )sd ,

and so Hsd (Cd ) > 0.
By a modification of the above argument one can show that in fact

Hsd Cd D μd and Hsd (Cd ) D 1.

This argument also easily yields with some positive constants a and b,

arsd � μd ([x � r, x C r]) � brsd for x 2 Cd, 0 < r < 1. (8.2)

In order to compute the Fourier transform of μd it is helpful to express μd as
a weak limit of finite linear combinations of Dirac measures indexed by binary
sequences. To do this we observe that

Cd D
⎧⎨⎩

1∑
jD1

εj (1 � d)dj�1 : εj D 0 or εj D 1

⎫⎬⎭ . (8.3)

Let

Ek D f(ε1, . . . , εk) : εj D 0 or εj D 1g,

a(ε) D
k∑

jD1

εj (1 � d)dj�1 for ε D (εj ) 2 Ek,
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and define

νk D 2�k
∑
ε2Ek

δa(ε).

Then

νk ! μd weakly as k ! 1.

By the definition of the Fourier transform,

δ̂a(u) D e�2πiau for a, u 2 R,

so

ν̂k(u) D 2�k
∑
ε2Ek

δ̂a(ε)(u) D 2�k
∑
ε2Ek

e�2πia(ε)u D 2�k
∑
ε2Ek

ei
∑k

jD1 εj uj

where uj D �2π (1 � d)dj�1u. Here∑
ε2Ek

ei
∑k

jD1 εj uj D �k
jD1(1 C eiuj )

as one can see by expanding the right hand side as a sum and checking that it
agrees with the left hand side. Thus

ν̂k(u) D �k
jD1

(1 C eiuj )

2
D �k

jD1e
iuj /2�k

jD1 cos(uj/2)

D e
∑k

jD1 iuj /2�k
jD1 cos(uj/2),

where we have used the formula

1 C eix

2
D eix/2 cos(x/2).

Recalling the definition of uj we see that

k∑
jD1

iuj /2 D
k∑

jD1

�πi(1 � d)dj�1u D �πi(1 � dk)u.

Therefore we obtain

ν̂k(u) D e�πi(1�dk )u�k
jD1 cos(π (1 � d)dj�1u).

Letting k ! 1 we finally obtain

μ̂d (u) D e�πiu�1
jD1 cos(π (1 � d)dj�1u). (8.4)

When d D 1/3 we have for the classical ternary Cantor set

μ̂1/3(u) D e�πiu�1
jD1 cos(2π3�ju).
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It follows that μ̂1/3(u) does not tend to 0 as u tends to 1; look at u D 3k, k D
1, 2, . . . .

We shall now show that if 1/d � 3 is an integer, then there is no measure
in M(Cd ) whose Fourier transform would tend to zero at infinity. The proof
relies on the following fact: letting I D (d, 1 � d) and N D 1/d,

[Nkx] 62 I for all x 2 Cd, k D 1, 2, . . . , (8.5)

where for y � 0, [y] stands for the fractional part of y, that is, [y] 2 [0, 1) and
y � [y] 2 N. To see this recall that by (8.3) Cd consists of points

x D
1∑
jD1

εj (1 � d)dj�1 D (N � 1)
1∑
jD1

εjN
�j

where εj D 0 or εj D 1. Then

Nkx D (N � 1)
1∑
jD1

εjN
k�j D (N � 1)

⎛⎝k�1∑
jD0

εk�jN
j C

1∑
jD1

εkCjN
�j

⎞⎠ .

Thus

[Nkx] D (N � 1)
1∑
jD1

εkCjN
�j 2 Cd � [0, 1] n I.

Theorem 8.1 If 1/d � 3 is an integer, then for any μ 2 M(Cd ),
lim supjxj!1 jμ̂(x)j > 0.

Proof It is more convenient to use Fourier series than transform and we shall
show a bit more: the Fourier coefficients μ̂(k) do not tend to zero as k 2 Z, jkj !
1. Suppose there exists μ 2 M(Cd ) such that μ̂(k) ! 0 as k 2 Z, jkj ! 1.
Choose a function ϕ 2 S(R) such that sptϕ � (d, 1 � d) and

∫
ϕ D 1. Let

again N D 1/d and define for j D 1, 2, . . . .,

ϕj (x) D ϕ([Njx]) for x 2 [0, 1].

Then by (8.5) sptϕj \ Cd D ∅, and by the Fourier inversion formula (3.67)

ϕj (x) D
∑
k2Z

ϕ̂(k)e2πixNj k, x 2 [0, 1],
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so ϕ̂j (Njk) D ϕ̂(k) and the other Fourier coefficients of ϕj vanish. Therefore
by the Parseval formula (3.65) for any j and any m > 1,

0 D
∫

ϕj dμ D
∑
k2Z

ϕ̂j (k)μ̂(k)

D
∑
k2Z

ϕ̂j (Njk)μ̂(Njk) D
∑
k2Z

ϕ̂(k)μ̂(Njk)

D ϕ̂(0)μ̂(0) C
∑

1�jkj�m

ϕ̂(k)μ̂(Njk) C
∑

jkj>m

ϕ̂(k)μ̂(Njk).

The first term is μ(Cd ) > 0. For the last term we have∣∣∣∣∣∣
∑

jkj>m

ϕ̂(k)μ̂(Njk)

∣∣∣∣∣∣ � μ(Cd )
∑

jkj>m

jϕ̂(k)j,

which we can make arbitrarily small choosing m large, since ϕ 2 S(R). For
any m we have for the middle term∣∣∣∣∣∣

∑
1�jkj�m

ϕ̂(k)μ̂(Njk)

∣∣∣∣∣∣ � 2m sup
jlj�Nj ,l2Z

jμ̂(l)j

which goes to zero as j ! 1. It follows that μ(Cd ) D 0, which is a contradic-
tion.

All we needed in the above proof forC D Cd is that there is a non-degenerate
interval I � [0, 1] and an increasing sequence (kj ) of positive integers such
that

[kjx] 62 I for all x 2 C, j D 1, 2, . . . . (8.6)

Theorem 8.1 holds true for any compact set C � [0, 1] with this property.

8.2 Pisot numbers and the corresponding measures

Next we will characterize the values of d for which μ̂d (u) tends to 0 at infinity.
For this we need the concept of a Pisot number.

Definition 8.2 A real number θ > 1 is a Pisot number if there exists a real
number λ 6D 0 such that

1∑
kD0

sin2(λθk) < 1. (8.7)
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This not a standard definition of Pisot numbers, but it is the form we shall
use. Usually one defines Pisot numbers as algebraic integers whose conjugates
have modulus less than 1. By a theorem of Pisot from 1938 these two definitions
are equivalent. A proof can be found in Kahane and Salem [1963], Chapter VI,
and in Salem [1963], Chapter I. The first indication that the above definition
might be related to the number theoretic nature of θ is the following: write

λθk D πnk C δk where nk 2 Z and � π/2 � δk < π/2.

Then (8.7) is equivalent to
∑1

kD0 δ
2
k < 1.

Algebraic integers are special types of algebraic numbers; they are solutions
of polynomial equations with integer coefficients and with leading coefficient
1. That is, θ is an algebraic integer if there are integers m0, . . . , mk�1 such
that P (θ ) D 0 where P (x) D xk C mk�1x

k�1 C � � � C m0. The conjugates of θ
are the other complex solutions of P (z) D 0. For further information one can
consult Appendix VI of Kahane and Salem [1963] and Salem [1963].

Obviously all integers greater than 1 are Pisot numbers. The smallest non-
integral Pisot number is 1.3247 . . . . It is a solution of x3 � x � 1 D 0. Some
quadratic equations giving Pisot numbers are x2 � x � 1 D 0, which gives the

golden ratio 1Cp
5

2 D 1.618034 . . . , and x2 � 2x � 1 D 0, which gives 1 Cp
2 D 2.414214 . . . .

Theorem 8.3 Let μd, 0 < d < 1/2, be the Cantor measure as above. Then

lim
u!1 μ̂d (u) D 0

if and only if 1/d is not a Pisot number.

Proof Let θ D 1/d. Suppose that μ̂d (u) does not tend to 0 at infinity. Then
there exist δ > 0 and an increasing sequence (uk) such that uk ! 1 and

jμ̂d (uk)j > δ

for all k. We can write

π (1 � d)uk D λkθ
mk

where 1 � λk < θ and (mk) is an increasing sequence of positive integers.
Replacing the sequence (λk) by a subsequence if needed we can assume that
λk ! λ, 1 � λ � θ . By (8.4),

δ < jμ̂d (uk)j D j�1
jD1 cos(π (1 � d)dj�1uk)j

D j�1
jD1 cos(λkθ

mk�jC1)j � j�mk

jD0 cos(λkθ
j )j,
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which gives

�
mk

jD0(1 � sin(λkθ
j )2) � δ2.

Using the elementary inequality x � � log(1 � x) for 0 < x < 1 this yields
mk∑
jD0

sin2(λkθ
j ) � log(1/δ2).

Hence for l > k,
mk∑
jD0

sin2(λlθ
j ) �

ml∑
jD0

sin2(λlθ
j ) � log(1/δ2).

Keeping k fixed and letting l ! 1 we get
mk∑
jD0

sin2(λθj ) � log(1/δ2),

and letting k ! 1,

1∑
jD0

sin2(λθj ) � log(1/δ2).

Hence θ D 1/d is a Pisot number.
To prove the converse, suppose that θ D 1/d is a Pisot number. Then there

exists a real number λ 6D 0 such that

1∑
jD0

sin2(λθj ) < 1.

Reversing the above argument this implies that

p D �1
jD0j cos(λθj )j > 0.

Using the formula (8.4) we get for uk D λθk/(π (1 � d)),

jμ̂d (uk)j D j�1
jD1 cos(λdj�1θk)j D j�k

jD1 cos(λθj )jj�1
jD0 cos(λθ�j )j

� pj�1
jD0 cos(λθ�j )j D pq,

where q > 0 by similar calculus as above;
∑1

jD0 sin2(λθ�j ) < 1 since θ > 1.
Hence μ̂d (u) does not tend to 0 at infinity which proves the theorem.

More is true: there is μ 2 M(Cd ) such that limu!1 μ̂(u) D 0 if and only
if 1/d is not a Pisot number. In fact, one can show that the Cantor sets Cd have
a property similar to (8.6) if 1/d is a Pisot number; see Kahane and Salem
[1963], Salem [1963] and Kechris and Louveau [1987].
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The above results are related to the characterization of sets of uniqueness
among the Cantor sets Cd , which is one of the main motivations for their study
in Kahane and Salem [1963]: a compact set C � [0, 1] is said to be a set of
uniqueness if∑

k2Z

cke
�2πikt D 0 8t 2 [0, 1] n C implies ck D 0 8k.

Otherwise C is said to be a set of multiplicity. The following result can be found
on page 57 in Kahane and Salem [1963]:

If C � [0, 1] is compact and there is μ 2 M(C) such that μ̂(u) tends to 0
at infinity, then C is a set of multiplicity.

This leads to, see Theorem IV, page 74, in Kahane and Salem [1963]:
Cd is a set of uniqueness if and only if 1/d is a Pisot number.
Here we again have a manifestation of the fact that the pointwise decay

at infinity of the Fourier transform of a measure μ 2 M(Rn) is a delicate
matter which depends on other properties than size. Recall, however, that the
average decay in the sense of the convergence of the integrals

∫ jxjs�njμ̂(x)j2 dx
depends solely on the size, that is, on the finiteness of the integrals

∫∫ jx �
yj�s dμx dμy which is determined by estimates on measures of balls.

8.2.1 Modified Cantor sets

We can easily modify the construction of the Cantor sets Cd and the cor-
responding measures μd to find for any 0 < s < 1 measures μ 2 M(R) such
that Is(μ) < 1 and μ̂(u) does not tend to zero as u ! 1. To see this choose
positive integers 1 < N < M and set

I1,j D [j/N, j/N C 1/M], j D 0, 1, . . . , N � 1.

The next level intervals I2,j , j D 1, 2 . . . , N2, have length M�2 and each I1,j

contains N of them in the same relative position as above. Continuing this
yields the Cantor set CM,N of Hausdorff dimension logN/ logM and the
natural uniformly distributed measure μM,N 2 M(CM,N ). Now we can write
CM,N as

CM,N D
⎧⎨⎩

1∑
jD0

εjM
�j /N : εj 2 f0, . . . , N � 1g

⎫⎬⎭ .

Hence we can again get this measure as the weak limit of the discrete measures

νk D N�k
∑
ε2Ek

δa(ε)
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where

Ek D f(ε1, . . . , εk) : εj 2 f0, . . . , N � 1gg,

a(ε) D
k∑

jD0

εjM
�j /N for ε D (εj ) 2 Ek.

Then, as before for μd ,

ν̂k(u) D N�k
∑
ε2Ek

δ̂a(ε)(u) D �k
jD1

1

N
(1 C e2πiuM�j /N C � � �

C e2πiu(N�1)M�j /N ).

Thus

μ̂M,N (u) D �1
jD1

1

N
(1 C e2πiuM�j /N C � � � C e2πiu(N�1)M�j /N ).

If u D NMm,m 2 N, the j th factor in this product is 1 if j � m which implies
that μ̂M,N (NMm) does not tend to zero as m ! 1:

lim inf
m!1 jμ̂M,N (NMm)j > 0. (8.8)

We also have now with sM,N D logN/ logM and with some positive con-
stants a and b,

arsM,N � μM,N ([x � r, x C r]) � brsM,N for x 2 CM,N, 0 < r < 1. (8.9)

Observe that Is(μ) < 1 if s < sM,N and the numbers sM,N accumulate
at 1.

8.3 Self-similar measures

The above Cantor measures are a subclass of more general self-similar measures
which we now define. A mapping S : Rn ! Rn is a (contractive) similarity if
there is 0 < r < 1 such that jS(x) � S(y)j D rjx � yj for all x, y 2 Rn. This
means that S has the representation

S(x) D rg(x) C a, x 2 Rn,

for some g 2 O(n) and a 2 Rn.
A Borel measure μ 2 M(Rn) is said to be self-similar if there are sim-

ilarity maps S1, . . . , SN and numbers p1, . . . , pN 2 (0, 1) such that N � 2,
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∑N
jD1 pj D 1 and

μ D
N∑

jD1

pjSj
μ. (8.10)

Given any such Sj and pj there exists a unique self-similar probability measure
μ generated by this system by a theorem of Hutchinson [1981]. The proof is
an elegant and simple application of the Banach fixed point theorem. It is also
presented in the books Falconer [1985a] and Mattila [1995]. The support of
μ is the unique non-empty compact invariant set K of the iterated function
system (as it is generally called) Sj , j D 1, . . . , N . This means that

K D
N⋃

jD1

Sj (K).

Often one chooses pj D rsj where rj is the contraction ratio of Sj and s is the

similarity dimension, that is, the unique number such that
∑N

jD1 r
s
j D 1. If the

pieces Sj (K) are disjoint, or more generally if the Sj satisfy the so-called open
set condition (see Hutchinson [1981], Falconer [1985a] or Mattila [1995]), then

dimK D s, moreover 0 < Hs(K) < 1 and Hs K is a self-similar measure.
The above classical Cantor sets Cd and measures μd fit into this setting with

S1(x) D dx and S2(x) D dx C 1 � d.
Suppose now that Sj , pj , j D 1, . . . , N, are as above and μ is the cor-

responding self-similar probability measure. Set

Jm D f(j1, . . . , jm) : ji 2 f1, . . . , Ngg, m D 1, 2, . . . ,

SJ D Sj1 ı � � � ı Sjm, pJ D pj1 � � � � � pjm for J D (j1, . . . , jm) 2 Jm.

If Sj is given by Sj (x) D rjgj (x) C aj , x 2 Rn, then SJ , J D (j1, . . . , jm) 2
Jm, is given by

SJ (x) D rJ gJ (x) C aJ , x 2 Rn, with rJ D rj1 � � � � � rjm,
gJ D gj1 ı � � � ı gjm, aJ 2 Rn.

Of course, the translation vectors aJ can easily be written explicitly in terms
of the translations aj , the dilations rj and the rotations gj , but that would not
help us here.

Iterating the equation (8.10) we get for every m D 1, 2, . . . ,

μ D
∑
J2Jm

pJ SJ
μ. (8.11)
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We can now obtain the following limiting formula for the Fourier transfom
of μ:

Proposition 8.4 For a self-similar measure μ 2 M(Rn) as above

μ̂(x) D lim
m!1

∑
J2Jm

pJ e
�2πiaJ �x for x 2 Rn

with uniform convergence on compact sets.

Proof If x 2 Rn we have

μ̂(x) D
∫

e�2πix�y dμy D
∑
J2Jm

pJ

∫
e�2πix�SJ (y) dμy

D
∑
J2Jm

pJ

∫
e�2πix�(rJ gJ (y)CaJ ) dμy

D
∑
J2Jm

pJ e
�2πix�aJ

∫
e�2πirJ g�1

J (x)�y dμy

D
∑
J2Jm

pJ e
�2πix�aJ μ̂(rJ g

�1
J (x)).

Since rJ � (max1�j�N rj )m for J 2 Jm, μ̂(rJ g�1
J (x)) ! μ̂(0) D 1 as J 2 Jm

andm ! 1 uniformly on compact sets. The proposition follows from this.

Strichartz [1990b], [1993a] and [1993b] studied the behaviour of Fourier
transforms of self-similar measures systematically, in particular the asymptotic
behaviour of L2 averages over large balls.

8.4 Further comments

The main reference for this chapter is the classical book Kahane and Salem
[1963]. In addition to the simplest Cantor sets Cd it discusses much wider
classes, both deterministic and random, of Cantor sets and Fourier analytic
questions related to them. Salem [1963] and Kechris and Louveau [1987] are
also excellent references.

The product formula (8.4) of course immediately generalizes to product
measures μd1 
 � � � 
 μdn in Rn because

F(μd1 
 � � � 
 μdn )(x1, . . . , xn) D μ̂1(x1) � � � � � μ̂n(xn).

A product formula for a special but more general class of self-similar measures
can be found in Chapter 4 of Strichartz [1990b].
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Bernoulli convolutions

Problems on self-similar sets and measures become very delicate if no separ-
ation condition is assumed. We shall now investigate a very important class
of self-similar measures, the Bernoulli convolutions, with emphasis on the
overlapping case.

9.1 Absolute continuity of the Bernoulli convolutions

Let 0 < λ < 1. The (infinite) Bernoulli convolution νλ with parameter λ is the
probability distribution of

1∑
jD0

˙λj

where the signs are chosen independently with probability 1/2. The term comes
from the fact that this is the limit as k ! 1 of the k-fold convolution product
of the measures (δ�λj C δλj ), j D 1, . . . , k. A formal definition of the above
probabilistic description is the following.

Let

� D f�1, 1gN0 D f(ωj ) : ωj D 1 or ωj D �1, j D 0, 1, . . . g,

and let μ be the infinite product of the probability measure (δ�1 C δ1)/2 with
itself. Then μ is determined by its values on the finite cylinder sets:

μ(fω : ωj D aj for j D 0, 1, . . . , kg) D 2�k�1 8aj 2 f�1, 1g,
j D 0, 1, . . . , k, k D 0, 1, . . . .

120
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Define the ‘projection’

�λ : � ! R, �λ(ω) D
1∑
jD0

ωjλ
j .

Then νλ is defined as the image measure of μ under �λ:

νλ(B) D μ(fω 2 � : �λ(ω) 2 Bg) for B � R.

We can also write νλ as the weak limit,

νλ D lim
k!1 2�k�1

∑
fδ∑k

jD0 ωjλn
: ωj 2 f�1, 1gg.

So the νλ have a fairly similar expression to the Cantor measures μλ of the
previous chapter. In fact, for 0 < λ < 1/2, νλ is just μλ but constructed on
the interval [�1/(1 � λ), 1/(1 � λ)] instead of [0, 1]. For λ D 1/2, ν1/2 is
even simpler: it is the normalized Lebesgue measure on [�2, 2]. But when
λ > 1/2 things become much more complicated. One can still think of the
construction of νλ in the same spirit as the Cantor construction for 0 < λ < 1/2,
but now the construction intervals overlap. And when one continues the iterative
construction the overlaps become very complicated and difficult to control by
hand. Anyway, νλ is still a self-similar measure but without any separation
conditions. To see this observe first that μ is shift invariant: defining the shift
σ by σ (ω0, ω1, . . . ) D (ω1, ω2, . . . ) we have μ(A) D μ(σ�1(A)) for A � �.
Using this we compute for B � R,

νλ(B) D μ(fω : �λ(ω) 2 Bg)

D μ(fω : ω0 D 1, 1 C λ�λ(σ (ω)) 2 Bg)

C μ(fω : ω0 D �1,�1 C λ�λ(σ (ω)) 2 Bg)

D 1

2
μ(fω : 1 C λ�λ(σ (ω)) 2 Bg) C 1

2
μ(fω : �1 C λ�λ(σ (ω)) 2 Bg)

D 1

2
μ

(
��1

λ

(
1

λ
(B � 1)

))
C 1

2
μ

(
��1

λ

(
1

λ
(B C 1)

))
D 1

2
νλ

(
1

λ
(B � 1)

)
C 1

2
νλ

(
1

λ
(B C 1)

)
.

It follows that νλ satisfies the equation

νλ D 1

2
S1
νλ C 1

2
S2
νλ

with the similarities S1(x) D λx C 1 and S2(x) D λx � 1.
To find the Fourier transform of νλ we can go through the computation in

Chapter 8 for the formula (8.4) and see that it is valid for all 0 < λ < 1 and
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gives

ν̂λ(u) D �1
jD0 cos(2πλju). (9.1)

One of the main questions concerning the Bernoulli convolutions is: for
which λ is νλ absolutely continuous with respect to Lebesgue measure? The
complete answer is still unknown and we shall discuss some known partial
results.

It is clear that νλ is singular for 0 < λ < 1/2: its support is a Cantor set like
Cλ. We have already observed that ν1/2 is just Lebesgue measure on [�2, 2].
For 1/2 < λ < 1 the absolute continuity of νλ depends on the number theoretic
nature of λ. The Pisot numbers appear again. Erdős [1939] proved that the
Fourier transform of νλ does not tend to zero at infinity if 1/λ is a Pisot
number; the fact we know for 0 < λ < 1/2 from Theorem 8.3. This implies by
the Riemann–Lebesgue lemma that νλ is not absolutely continuous (in fact, it
is even singular) if 1/λ is a Pisot number. No other values of λ in (1/2, 1) apart
from the reciprocals of the Pisot numbers are known for which νλ is singular.
Later Salem [1944] showed that also the converse of Erdős’s results is true: the
Fourier transform of νλ tends to zero at infinity if 1/λ is not a Pisot number. But
of course this does not guarantee that νλ would be absolutely continuous. Erdős
[1940] also proved that νλ is absolutely continuous for almost all λ in some
interval (a, 1), a < 1. There were several other results but the real breakthrough
was the following theorem of Solomyak [1995], part of whose proof we shall
present.

Theorem 9.1 νλ is absolutely continuous with respect to Lebesgue measure
for almost all λ 2 (1/2, 1). Moreover, νλ 2 L2 for almost all λ 2 (1/2, 1).

The proof below is due to Peres and Solomyak [1996]. It does not use Fourier
transform methods and was inspired by a non-Fourier proof of the second part
of the projection theorem 4.1.

Proof We shall only give the proof for λ 2 [1/2, 2�2/3] and make some com-
ments for the rest at the end. We shall use the lower derivative of ν 2 M(R):

D(ν, x) D lim inf
r!0

ν([x � r, x C r])

2r
, x 2 R.

Due to Theorem 2.11 in order to prove that νλ is absolutely continuous for
almost every λ on an interval J , it is enough to show that

I (J ) D
∫
J

∫
R
D(νλ, x) dνλx dλ < 1. (9.2)
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We shall prove this for suitable intervals J . In fact, it will then also show
that νλ 2 L2 for almost every λ on J ; once one knows the absolute continuity,
one can fairly easily show that I (J ) D ∫

J

∫
R D(νλ, x)2 dx dλ (heuristically

( dνλ
dx

)2dx D dνλ
dx

dνλ). We shall leave all measurability questions as exercises.
By Fatou’s lemma and the definition of νλ,

I (J ) � lim inf
r!0

(2r)�1
∫
J

∫
�

νλ([�λ(ω) � r,�λ(ω) C r)]) dμω dλ.

Applying Fubini’s theorem to the characteristic function of f(ω, τ, λ) :
j�λ(ω) � �λ(τ )j � rg, we obtain

I (J ) � lim inf
r!0

(2r)�1
∫
�

∫
�

L1(fλ 2 J : j�λ(ω) � �λ(τ )j � rg) dμω dμτ.

(9.3)
Define

ϕω,τ (λ) D �λ(ω) � �λ(τ ) D
1∑
jD0

(ωj � τj )λj .

We need to estimate

L1(fλ 2 J : jϕω,τ (λ)j � rg).

To do this, observe that ωn � τn 2 f�2, 0, 2g and write

ϕω,τ (λ) D 2λk(ω,τ )g(λ), (9.4)

where k(ω, τ ) is the smallest j such thatωj 6D τj and g is of the form (assuming
without loss of generality that ωk(ω,τ ) > τk(ω,τ ))

g(x) D 1 C
1∑
jD1

bjx
j with bj 2 f�1, 0, 1g. (9.5)

The essential ingredient in the proof is to find intervals J where the following
δ transversality condition holds:

For any g as in (9.5), any δ > 0 and any x 2 J, g(x) < δ implies g0(x) < �δ,

(9.6)

and to use this condition to estimate the integral I (J ).
We shall first show that the δ transversality on J � (1/2, 1) implies that

I (J ) < 1, consequently νλ is absolutely continuous for almost every λ 2 J .
So suppose that (9.6) holds for J D [λ0, λ1] � (1/2, 1). We claim that then for
g as in (9.5) and for all � > 0,

L1(fλ 2 J : jg(λ)j � �g) � 2�/δ. (9.7)
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This is obvious if � � δ. Suppose that � < δ. Then g0(λ) < �δ whenever
jg(λ)j � �. Thus g is monotone on the set of (9.7) with jg0j > δ, which implies
(9.7).

By (9.4), jϕω,τ (λ)j � r implies that jg(λ)j � λ
�k(ω,τ )
0 r/2 forλ 2 J . Applying

(9.7) with � D λ
�k(ω,τ )
0 r/2, we obtain

L1(fλ 2 J : jϕω,τ (λ)j � rg) � δ�1λ
�k(ω,τ )
0 r.

Substituting this in (9.3) yields

I (J ) � lim inf
r!0

(2r)�1
∫
�

∫
�

δ�1λ
�k(ω,τ )
0 r dμω dμτ

D (2δ)�1
1∑
kD0

λ�k
0 μ(fω : k(ω, τ ) D kg) dμτ D (2δ)�1

1∑
kD0

λ�k
0 2�k�1 < 1,

where we used λ0 > 1/2 in the last step. So we have shown that the δ transver-
sality on J implies that νλ is absolutely continuous for almost every λ 2 J .

Transversality will be established by finding �-functions:

Definition 9.2 A power series h is called a �-function if for some k � 1 and
ak 2 [�1, 1],

h(x) D 1 �
k�1∑
jD1

xj C akx
k C

1∑
jDkC1

xj .

Lemma 9.3 Suppose that 0 < δ < 1, 0 < x0 < 1 and there is a �-function h

such that

h(x0) > δ and h0(x0) < �δ.

Then the δ transversality (9.6) holds on [0, x0].

Proof We shall use the following elementary lemma.

Lemma 9.4 Let

f (x) D
k∑

jD1

cjx
j �

1∑
jDkC1

cjx
j , x 2 [0, 1),

with cj � 0, j D 1, 2 . . . . If x 2 (0, 1) and f (x) < 0, then f 0(x) < 0. More-
over, f can have at most one zero on (0, 1).

Proof The first assertion follows from

k∑
jD1

jcjx
j�1 � (k/x)

k∑
jD1

cjx
j < (k/x)

1∑
jDkC1

cjx
j �

1∑
jDkC1

jcjx
j�1.

The second assertion follows from the first.
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To prove Lemma 9.3, note that Lemma 9.4 gives that h00 has at most one
zero on [0, x0]. We have h0(0) D �1 < �δ if k > 1 and h0(0) � h0(x0) < �δ

otherwise. Since limx!1� h0(x) D 1, we must have h0(x) < �δ for all x 2
(0, x0), otherwise h00 would have at least two zeros. It follows that h(x) >
h(x0) > δ for x 2 (0, x0).

Let g be as in (9.5) and f (x) D g(x) � h(x). Then f (x) D ∑l
jD1 cjx

j �∑1
jDlC1 cjx

j , where cj � 0 and l D k � 1 or l D k. If x 2 [0, x0] and g(x) <
δ, then f (x) < 0. So by Lemma 9.4 f 0(x) < 0 which gives g0(x) < �δ. This
completes the proof of the lemma.

We return to the proof of the theorem. From (9.1) we see that by (3.24)

ν̂λ(u) D ν̂λ2 (u)ν̂λ2 (λu) D ̂νλ2 � σλ(u),

where σλ(A) D νλ2 (λ�1A). Hence νλ D νλ2 � σλ and so νλ is absolutely con-
tinuous if νλ2 is. Therefore if we can prove the absolute continuity of νλ for
almost every λ 2 [1/2, 2�1/2] we get it also in [1/2, 2�1/4], and then again in
[1/2, 2�1/8], and so on. Consequently, it suffices to prove that νλ is absolutely
continuous for almost every λ 2 [1/2, 2�1/2].

Here is a �-function h with h(2�2/3) > 0.07 and h0(2�2/3) < �0.09 (which
Peres and Solomyak have found by computer search):

h(x) D 1 � x � x2 � x3 C 0.5x4 C
1∑
jD5

xj .

So by Lemma 9.3 νλ is absolutely continuous for almost all λ 2 [1/2, 2�2/3].
There is still a gap from 2�2/3 to 2�1/2. To fill this one can employ two more
�-functions and apply the above methods to some modified random sums. For
the details, see Peres and Solomyak [1996].

There really is a need for the additional tricks, because the whole interval
(1/2, 1) is not an interval of δ transversality. In fact, Solomyak [1995] found a
power series as in (9.5) which has a double zero at some point of the interval
[0.649, 0.683].

9.2 Further comments

Bernoulli convolutions appear in a wide variety of topics; in Fourier analysis,
probability, dynamical systems and number theory. An excellent survey on them
is given by Peres, Schlag and Solomyak [2000]. The notion of transversality
for power series was introduced and applied by Pollicott and Simon [1995]. We
shall see it in action in a more general setting in Chapter 18 , also with further
applications to Bernoulli convolutions.
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Kahane [1971] noticed that a method of Erdős [1940] gives that there is a set
E � (0, 1) of Hausdorff dimension 0 such that for every λ 2 (0, 1) n E there
is α > 0 for which jν̂λ(u)j � juj�α . The proof of this with some extensions is
also presented in Peres, Schlag and Solomyak [2000] and Shmerkin [2014].
Using this decay estimate Shmerkin proved that

dimfλ 2 (1/2, 1) : νλ is not absolutely continuousg D 0.

Shmerkin’s proof essentially relied on the deep techniques developed by
Hochman [2014] who had already proved that dim νλ D 1 outside a set of
parameters λ of dimension zero. Later Shmerkin and Solomyak [2014] proved
that νλ 2 Lp for some p > 1 outside a zero-dimensional exceptional set of
the numbers λ. We shall discuss other related exceptional set estimates in
Sections 10.5 and 18.5.

The above results have natural analogues for asymmetric Bernoulli convo-
lutions; the plus and minus are taken with probability p and 1 � p, 0 < p < 1.
These are again examples of self-similar measures. Much more general self-
similar measures have also been studied extensively. Hochman’s [2014] theory
deals with them and Shmerkin [2014] and Shmerkin and Solomyak [2014]
proved absolute continuity and integrability results with zero-dimensional
exceptional sets for a large class of such measures.
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Projections of the four-corner Cantor set

In this chapter we study projections of a particular planar one-dimensional Can-
tor set. We shall give two proofs to show that almost all projections have length
zero. This will be used in the next chapter for a construction of Besicovitch
sets.

10.1 The Cantor sets C(d)

In this chapter we investigate orthogonal projections of the Cantor set

C(d) D Cd 
 Cd, 0 < d < 1/2,

where Cd is the linear Cantor set of Chapter 8.
The term four-corner Cantor set comes from the geometric construction in

the plane, see Figure 10.1:

C(d) D
1⋂
kD1

Ud
k , Ud

k D
4k⋃
iD1

Qk,i . (10.1)

Here each Qk,i is a closed square of side-length dk , and they are defined as
follows. First the Q1,i are the four squares in the four corners of the unit
square [0, 1] 
 [0, 1], that is, [0, d] 
 [0, d], [0, d] 
 [1 � d, 1], [1 � d, 1] 

[0, d] and [1 � d, 1] 
 [1 � d, 1]. If the squares Qk,i , i D 1, . . . , 4k , have been
constructed, the QkC1,j are obtained in the same way inside and in the corners
of the Qk,i .

Defining sd by

4dsd D 1, i.e., sd D log 4

log( 1
d

)
,

127
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Figure 10.1 Four-corner Cantor set, more precisely the approximation U
1/4
3

we have

0 < Hsd (C(d)) < 1 and dimC(d) D sd .

This is easily derived directly from (10.1), for example as in Chapter 8 for
the linear Cantor sets Cd .

10.2 Peres–Simon–Solomyak proof for the projections
of C(1/4)

We shall now look at the projections of C(d). Instead of parametrizing the
orthogonal projections onto lines by the unit circle as before, we parametrize
them with the angle the line makes with the x-axis; we set

pθ (x, y) D x cos θ C y sin θ, (x, y) 2 R2, θ 2 [0, π ).

So with our earlier notation

pθ D Pθ with θ D (cos θ, sin θ ).

We notice immediately that when θ D 0 or θ D π
2 , that is, when we project into

the coordinate axis, we get the Cantor sets Cd whose dimension is log 2
log( 1

d
)

D 1
2 sd .

Looking more carefully at these projections with different angles θ we easily
find a countable dense set of angles θ for which pθ (C(d)) is a Cantor set in R
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with dimension strictly less than sd . This happens always when pθ maps two
different squares Qk,i exactly onto the same interval. However, this behaviour
is exceptional due to Marstrand’s general projection theorem 4.1.

We now turn to the one-dimensional Cantor set C(1/4). Observe that
pθ (C(1/4)) is an interval when tan θ D 1/2. Soon we shall get precise infor-
mation about other projections too. We have also H1(C(1/4)) D p

2, see com-
ments in Section 10.5. We shall now prove the following.

Theorem 10.1

L1(pθ (C(1/4))) D 0 for almost all θ 2 [0, π ).

The following elementary proof is due to Peres, Simon and Solomyak
[2003]. Another proof is given by Kenyon [1997], which we shall also present
below. It gives a sharper result, which in particular implies that there are only
countably many directions θ for which L1(pθ (C(1/4))) > 0. The set of such
directions is countably infinite and dense.

Set now C D C(1/4). We can write

C D
4⋃

iD1

(
1

4
C C ci

)
where c1 D (0, 0), c2 D (

3
4 , 0

)
, c3 D (

0, 3
4

)
, c4 D (

3
4 ,

3
4

)
. Hence, writing again

θ D (cos θ, sin θ ),

pθ (C) D
4⋃

iD1

(
1

4
pθ (C) C θ � ci

)
� R.

Let us first look more generally at this type of self-similar subset of R. Let
K � R be compact such that for some integer m � 2 and some d1, . . . , dm 2 R
(di 6D dj for i 6D j ),

K D
m⋃

iD1

Ki with Ki D 1

m
K C di.

Lemma 10.2

(1) L1(Ki \ Kj ) D 0 for i 6D j .
(2) Ki \ Kj 6D ∅ for some i 6D j .

Proof (1) follows easily from

L1(K) �
m∑

iD1

L1(Ki) D
m∑

iD1

1

m
L1(K) D L1(K).
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If Ki \ Kj D ∅ for all i 6D j , then for some ε > 0 the open ε-
neighbourhoods Ki(ε) of the Ki are also disjoint. The ε-neighbourhood of
Ki D 1

m
K C di is ( 1

m
K)(ε) C di D 1

m
K(mε) C di , whence

L1(Ki(ε)) D L1

(
1

m
K(mε)

)
D 1

m
L1(K(mε)).

It follows that

L1(K(ε)) D
m∑

iD1

L1(Ki(ε)) D
m∑

iD1

1

m
L1(K(mε)) D L1(K(mε)).

This is a contradiction, since K(ε) is a strict subset of K(mε) and both are
bounded open sets.

Since

Ki D 1

m
K C di D 1

m

⎛⎝ m⋃
jD1

(
1

m
K C dj

)⎞⎠ C di D
m⋃

jD1

Ki,j ,

where Kij D 1
m2 K C 1

m
dj C di , we can write K also as the union of the m2

sets Kij . Set

I D f1, . . . , mg,
Ik D fu : u D (i1, . . . , ik), ij 2 Ig, k D 1, 2, . . . .

Then for each k,

K D
⋃
u2Ik

Ku, where Ku D m�kK C du.

The translation numbers Ku were defined above for k D 1, 2, and the general
case should be clear from this.

The following notion is due to Bandt and Graf [1992].

Definition 10.3 Let ε > 0. We say that Ku and Kv are ε-relatively close if
u, v 2 Ik for some k, u 6D v, and

jdu � dvj � εd(Ku) D εd(K)m�k.

Observe that this means that

Kv D Ku C x

with x D dv � du and jxj � εd(Ku).

Lemma 10.4 If for every ε > 0 there are k and u, v 2 Ik with u 6D v such
that Ku and Kv are ε-relatively close, then L1(K) D 0.
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Proof To prove this suppose L1(K) > 0 and let 1/2 < t < 1. Then there is
some interval I such that L1(K \ I ) > tL1(I ). Pick small ε > 0 and Ku

and Kv , u, v 2 I k , u 6D v, which are ε-relatively close. By an iteration
of Lemma 10.2(1) L1(Ku \ Kv) D 0. Setting Iu D m�kI C du and Iv D
m�kI C dv , L1(Ku \ Iu) > tL1(Iu), L1(Kv \ Iv) > tL1(Iv) and L1(Iv n Iu) �
εd(K)m�k . It follows that

2tm�kL1(I ) D tL1(Iu) C tL1(Iv)

� L1(Ku \ Iu) C L1(Kv \ Iv) D L1((Ku \ Iu) [ (Kv \ Iv))

� L1(Iu) C L1(Iv n Iu) � (L1(I ) C εd(K))m�k.

This is a contradiction if ε is sufficiently small.

Proof of Theorem 10.1 We now return to the proof that L1(pθ (C)) D 0 for
almost all θ . Let pθ (C) D Cθ to fit more conveniently with the notation Cθ

u

above. For ε > 0 let

Vε D fθ 2 [0, π ) : 9 k, u, v such that u, v 2 I k, u 6D v

and Cθ
u and Cθ

v are ε-relatively closeg.
It follows from Lemma 10.4 that it suffices to show that for every ε > 0,

L1([0, π )nVε) D 0.

Then also L1
(
[0, π )n ⋂

ε>0
Vε

) D L1
(
[0, π )n

1⋂
jD1

V 1
j

) D 0. So let ε > 0 and θ 2
[0, π ). By Lemma 10.2(2), Cθ

i \ Cθ
j 6D ∅ for some i 6D j . This means that

there are x 2 Ci and y 2 Cj such that pθx D pθy. Let k > 1 be an integer.
Then x 2 Cu and y 2 Cv for some u, v 2 I k with u 6D v. Let θ0 2 [0, π ) be
such that pθ0 (Cu) D pθ0 (Cv) (that is, pθ0 maps the squares of side-length 4�k

which contain Cu and Cv onto the same interval). Then jθ � θ0j < c4�k with
some c > 1 independent of k. Moreover, Cθ0

u and Cθ0
v are ‘0-relatively close’,

and a simple geometric inspection shows that C
ϕ
u and Cϕ

v are ε-relatively
close when jϕ � θ0j < bε4�k , where 0 < b < 1 is independent of k. Hence
[θ � 2c4�k, θ C 2c4�k] \ Vε contains an interval of length bε4�k . Since this
is true for every k, it follows that L1([0, π )nVε) D 0 as required.

10.3 Kenyon’s tilings and projections of C(1/4)

Here we shall give the proof of Kenyon for the fact that almost all projections
of C D C(1/4) have measure zero. In fact, we shall derive, following Kenyon
[1997], much more precise information about the projections. Instead of
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projections we shall consider essentially the same mappings πt : R2 ! R,

t > 0:

πt (x, y) D tx C y.

Theorem 10.5 can of course be immediately turned into a statement for the
projections pθ .

For any positive integer m, let m� 2 f1, 2, 3g be defined by

m� D m4�j0 mod 4

where j0 is the largest integer j such that 4j divides m. So 6� D 2, 20� D
1, 112� D 3, and so on. If t D p/q is a positive rational in the reduced form,
that is, p and q are positive integers having 1 as their greatest common divisor,
then one quickly checks that p� and q� cannot both be even.

Theorem 10.5 Let t > 0.

(a) If t is irrational, L1(πt (C)) D 0.
If t D p/q is rational in the reduced form, then

(b) L1(πt (C)) D 0 and dimπt (C) < 1, provided both p� and q� are odd (that
is, 1 or 3),

(c) πt (C) contains a non-degenerate interval and it is the closure of its interior,
provided either p� or q� is even.

Proof Kenyon’s main idea is to study tilings of R with translates of certain
self-similar subsets of R. By a tiling of an open interval I � R we mean a
covering of I with measurable sets A1, A2, � � � � R such that L1(Aj \ I ) > 0
for all j and L1(Ai \ Aj ) D 0 for i 6D j .

For the proof we shall use the arithmetic expression (8.3) for C(1/4):

C D
⎧⎨⎩

1∑
jD1

3 � 4�j (ε1,j , ε2,j ) : εk,j 2 f0, 1g
⎫⎬⎭ .

Then

πt

(
1
3C

) D Bt :D
⎧⎨⎩

1∑
jD1

4�j εj : εj 2 f0, 1, t, t C 1g
⎫⎬⎭ . (10.2)

We shall now concentrate on the linear sets Bt forgetting about C. We restrict
to t 2 (0, 1], which we may since Bt D tB 1

t
for t > 0. Then Bt � [0, 2/3].

First we make some simple observations. Obviously B0 is the same as
the standard Cantor set C1/4 (scaled to the interval [0, 1/3]), so it has Haus-
dorff dimension 1/2. Similarly, B1 is also a simple Cantor set of dimension
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log 3/ log 4. On the other hand,

B2 D [0, 1] and B1/2 D [0, 1/2].

Observe also that Bt is self-similar. More precisely,

Bt D
⋃

ε12f0,1,t,tC1g

⎧⎨⎩
1∑
jD2

4�j εj C ε1/4 : εj 2 f0, 1, t, t C 1g
⎫⎬⎭

D
⋃

ε12f0,1,t,tC1g
1
4 (Bt C ε1).

We shall also study dilations of Bt and we write the above formula as

4Bt D Bt C f0, 1, t, t C 1g D: Bt C V1. (10.3)

Iterating this we have

4mBt D Bt C Vm for m D 1, 2, . . . , (10.4)

where, for t 2 (0, 1],

Vm Df0, 1, t, t C 1g C 4f0, 1, t, t C 1g C � � � C 4m�1f0, 1, t, t C 1g� [0, 4m].
(10.5)

From (10.3) we see as in Lemma 10.2 that

4L1(Bt ) D L1(4Bt ) �
∑
v2V1

L1(Bt C v) D 4L1(Bt ),

so L1((Bt C v1) \ (Bt C v2)) D 0 for v1, v2 2 V1, v1 6D v2. Similarly, the dif-
ferent translates of Bt in (10.4) intersect in measure zero:

L1((Bt C v1) \ (Bt C v2)) D 0 for v1, v2 2 Vm, v1 6D v2,m D 1, 2, . . . .

(10.6)

We shall now prove four lemmas. Part (a) of Theorem 10.5 obviously follows
Lemmas 10.6 and 10.9.

Lemma 10.6 If L1(Bt ) > 0, then Bt contains a non-degenerate interval.

Lemma 10.7 If Bt contains a non-degenerate interval, it is the closure of its
interior.

Lemma 10.8 If #Vm < 4m for some m D 1, 2, . . . , then L1(Bt ) D 0, and
moreover,

dimBt � log #Vm

m log 4
.
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Lemma 10.9 If Bt contains a non-degenerate interval, then t is rational.

Proof of Lemma 10.6 As L1(Bt ) > 0, Bt has a point of density x. Then

lim
m!1L1(4m(Bt � x) \ [�1, 1]) D lim

m!1 4mL1(Bt \ [x � 4�m, x C 4�m])D2,

or equivalently by (10.4),

lim
m!1L1((Bt C Vm � 4mx) \ [�1, 1]) D 2,

and further,

lim
m!1L1((Bt C Wm) \ [�1, 1]) D 2, (10.7)

where Wm is the set of v 2 Vm � 4mx for which (Bt C v) \ [�1, 1] 6D ∅. As
Bt � [0, 1], we have Bt C v � [�2, 2] and v 2 [�2, 2] for v 2 Wm. Since the
sets Bt C v are pairwise almost disjoint, we obtain

#Wm � 4/L1(Bt ). (10.8)

Thus the sets Wm,m D 1, 2, . . . , are finite subsets of [�2, 2] with uniformly
bounded cardinality. It follows that some subsequence of them converges to a
finite set W � [�2, 2]. By (10.7),

L1((Bt C W ) \ [�1, 1]) D 2.

Thus (Bt C W ) \ [�1, 1] is a dense closed subset of [�1, 1], so (Bt C W ) \
[�1, 1] D [�1, 1]. Hence the finite union of closed sets Bt C w,w 2 W , has
non-empty interior and so, as an easy topology exercise, some Bt C w has
non-empty interior and Lemma 10.6 follows.

Proof of Lemma 10.7 Let x 2 Bt , let I be an open interval contained in Bt ,
and let y 2 I . Then by (10.4) there are vm 2 Vm,m D 1, 2 . . . , such that x 2
4�mBt C 4�mvm and ym :D 4�my C 4�mvm 2 4�mI C 4�mvm � Bt . Thus the
points ym are interior points of Bt converging to x.

Proof of Lemma 10.8 Let N D #Vm. By (10.4), Bt D 4�mBt C 4�mVm, and so
Bt is covered with N translates of 4�mBt . Iterating this we see that for every
k D 1, 2, . . . , Bt is covered with Nk translates of 4�kmBt each of them having
diameter at most 4�kmd(Bt ) < 4�km. Letting s D logN

m log 4 , we have Nk(4�km)s D
1 from which the lemma follows.

Proof of Lemma 10.9 Suppose Bt contains an open interval J . Then by
Lemma 10.8, #Vm D 4m for every m D 1, 2, . . . , that is, the expressions defin-
ing Vm have no multiple points.
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We have for all m,

jv1 � v2j � L1(J ) for v1, v2 2 Vm, v1 6D v2; (10.9)

otherwise two translates of J by elements of Vm would intersect in a non-
degenerate interval which would contradict (10.6).

Fix a large integer N such that d(4�NBt ) < d(J ). By (10.4) Bt is covered
with 4N almost disjoint translates, by elements of 4�NVN , of 4�NBt . Therefore
for large enough N there are v1, v2 2 4�NVN with v1 < v2 such that

J1 D 4�NJ C v1 � J, J2 D 4�NJ C v2 � J and J1 \ J2 D ∅.

Let us extract from the covering of Bt with 4�NBt C v, v 2 4�NVN , a minimal
covering, that is a tiling, for J :

J �
⋃

v2V (J )

(4�NBt C v), V (J ) � 4�NVN.

Then for i D 1, 2,

Ji �
⋃

v2V (J )

(4�2NBt C 4�Nv C vi).

Set V (Ji) D 4�NV (J ) C vi. Observe that V (Ji) � 4�2NVN C vi � 4�2NV2N .

We get the tilings of J1 and J2:

J1 �
⋃

v2V (J1)

(4�2NBt C v),

J2 �
⋃

v2V (J2)

(4�2NBt C v),

where the second is obtained from the first translating by v2 � v1. Such tilings
are unique due to the almost disjointness of these translates. We shall use these
to find a periodic tiling of R with period v2 � v1. First we shall construct a
tiling of J extending the above tiling of J1.

Let I1 D (a, b) be the largest open interval such that

J1 � I1 �
⋃

v2V (J1)

(4�2NBt C v).

Observe that (4�2NBt C v) \ I1 D ∅ for all v 2 4�2NV2N n V (J1). Indeed,
if (4�2NBt C v) \ I1 6D ∅ for some v 2 4�2NV2N n V (J1), then this inter-
section would contain a non-degenerate interval by Lemma 10.7 and thus
4�2NBt C v would intersect some 4�2NBt C v0, v0 2 V (J1), in a positive mea-
sure which would contradict (10.6). Since also d(4�2NBt C v) < d(4�NJ ) D
d(J1) � d(I1), every set 4�2NBt C v, v 2 4�2NV2N n V (J1), lies either to the



136 Projections of the four-corner Cantor set

left or to the right of I1. The sets 4�2NBt C v, v 2 4�2NV2N , cover J but none
of them for v 2 V (J1) contains a neighbourhood of b (by the maximality of I1).
Hence, as the sets 4�2NBt C v are closed, there exists v(b) 2 4�2NV2N n V (J1)
such that Bt C v(b) contains b, and then it contains b as its left extreme point.
For any other 4�2NBt C v, v 2 4�2NV2N n V (J1), on the right of I1, the left
extreme point must be at least b C 4�2NL1(J ) by (10.9). Therefore the sets
4�2NBt C v, v 2 W1 :D V (J1) [ fv(b)g, cover (a, c) for some c > b. Let b2

be the largest of such numbers c, that is, let I2 D (a, b2) be the maximal open
interval for which

I1 � I2 �
⋃
v2W1

(4�2NBt C v).

Observe in passing that the above argument shows that any extension of a
tiling of an open interval with translates of 4�2NBt is unique.

We can repeat the same procedure obtaining W2 :D W1 [ fv(b2)g and the
maximal open interval

I3 D (a, b3) �
⋃
v2W2

(4�2NBt C v),

with b3 � b2 C L1(J ). We continue this until, after finitely many steps,
we cover the right end-point d of J . On the way we find again the
unique tiling of J2 with the translates 4�2NBt C v, v 2 V (J2), which, as we
already stated, is the translate by r :D v2 � v1 of 4�2NBt C v, v 2 V (J1).
Hence the tiling of (a, d) we have found is periodic with period r in the
sense that if 4�2NBt C v, v 2 V � 4�2NV2N , tile an interval I0 � (a, d), then
4�2NBt C v C r, v 2 V � 4�2NV2N , tile the interval I0 C r provided it is con-
tained in (a, d). Consequently we can extend this tiling to an r-periodic tiling of
(a,1) by periodicity. Multiplying by 42N we get a p D 42Nr-periodic tiling of
(42Na,1) with tiles Bt C v, with v 2 V2N for the tiles meeting (42Na, 42Nb).

We can do the analogous construction to the left of J1. Using again the
uniqueness of these tilings we get a p-periodic tiling of the whole line R:

R D
⋃
w2W

(Bt C w). (10.10)

Here W is a discrete subset of R. Moreover, by periodicity, W D A C pZ for
some finite set A. The interval (42Na, 42Nb) is covered with tiles Bt C v for
which v 2 V2N .

Multiplying this tiling by 4m and using (10.4) once more, we obtain

R D
⋃
w2W

⋃
v2Vm

(Bt C v C 4mw). (10.11)
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For large m > 2N only the tiles Bt C v C 4mw with w D 0 meet
(42Na, 42Nb). Since V2N � Vm, we conclude that (10.10) and (10.11) induce
the same tiling for (42Na, 42Nb), whence these tilings of R must be identical
by our previous observation about uniqueness.

Since (10.11) was obtained from (10.10) multiplying by 4m, the inter-
val (42NCma, 42NCmb) is covered with tiles of the form Bt C v C 4mw, v 2
Vm,w 2 V2N , which further are of the form Bt C v, v 2 V2NCm. Each v 2
V2NCm can be written as

v D
1∑
jD0

(εj C tηj )4j , εj , ηj 2 f0, 1g, (10.12)

where εj D ηj D 0 for all but finitely many values of j . Using (10.4) and
the fact, stated at the beginning of the proof, that there are no multiple points
for Vm, we see that both terms of the form v D ∑1

jD0 4j εj 2 W, εj 2 f0, 1g,
and of the form v D ∑1

jD0 4j tηj 2 W,ηj 2 f0, 1g, are needed to cover
(42NCma, 42NCmb) � 42NCmBt . Since W D A C pZ with A finite, we see,
letting m ! 1, that there are two different sequences (εj ) and (ε0

j ) and two
different sequences (ηj ) and (η0

j ) such that both (finite sums)
∑1

jD0(εj � ε0
j )4j

and t
∑1

jD0(ηj � η0
j ) 4j are integer multiples of p. This obviously implies that

t is rational and completes the proof.

It remains to study the rational case. Let t D p/q with the irreducible
expression. Let us first check

Lemma 10.10 If either p� or q� is even, then #Vm D 4m for all m D 1, 2, . . . .

Proof We write again

Vm D
⎧⎨⎩

m�1∑
jD0

(εj C tηj )4j : εj , ηj 2 f0, 1g
⎫⎬⎭ .

The assertion of the lemma is that there are no multiple points for the sums
above. This means that for any rational r the equation

1∑
jD�1

εj4j C t

1∑
jD�1

ηj4j D r

has at most one solution among εj , ηj 2 f0, 1g which are non-zero only for
finitely many j ; the extension of the summation to negative values of j is no
problem as the reader easily checks considering a suitable 4kr . With a bit of
algebra this allows us to assume that p D p� and q D q�.
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The property of no multiple points means now that the equation

q

1∑
jD0

εj4j C p

1∑
jD0

ηj4j D q

1∑
jD0

ε0
j4j C p

1∑
jD0

η0
j4j

has only the solutions εj D ε0
j , ηj D η0

j among εj , ε
0
j , ηj , η

0
j 2 f0, 1g which

are non-zero only for finitely many j , or equivalently that the equation

q

1∑
jD0

γj4j C p

1∑
jD0

λj4j D 0 (10.13)

has only the trivial solutions γj D λj D 0 among γj , λj 2 f�1, 0, 1g which
are non-zero only for finitely many j .

Suppose now that this last equation holds forp D p� and q D q�, and either
p� or q� is even. Then

q�γ0 C p�λ0 D 0 mod 4.

Since p� D 2 and q� D 1 or 3, or q� D 2 and p� D 1 or 3, this is only possible
if γ0 D λ0 D 0. Knowing this, we deduce from (10.13) that γ1 D λ1 D 0, and
so on, γj D λj D 0 for all j . Thus there are no multiple points for the original
sums, and the lemma follows.

To finish the proofs of the statements (b) and (c) of Theorem 10.5 we
introduce a measure μ on Bt . Let μm be the probability measure on 4�mVm

giving equal measure 1/#Vm to all of its points. We can extract a subsequence
which converges weakly to a probability measure μ on Bt (since 4�mVm � Bt ).

Suppose now that #Vm D 4m for all m D 1, 2, . . . . By Lemma 10.10 this
is the case if either p� or q� is even, but we shall use the statement obtained
below also in the opposite case. Since μm(fvg) D 4�m for all v 2 Vm and
jv1 � v2j � 1/q for all v1, v2 2 Vm, v1 6D v2, we have for any interval J of
length at least 1/(q4m), μm(J ) � 2qL1(J ), whence also

μ(J ) � 2qL1(J ). (10.14)

This implies that μ is absolutely continuous and thus L1(Bt ) > 0. By
Lemmas 10.6 and 10.7 this finishes the proof of the statement (c) of
Theorem 10.5.

We have left (b). We shall now show that if p� and q� are both odd, the
Fourier transform of μ does not tend to zero at infinity, consequently μ is not
absolutely continuous. Above we showed that this yields that #Vm < 4m for
some m D 1, 2, . . . , and then appealing to Lemma 10.8, (b) follows.
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So let us now proceed to study the Fourier transform of μ. Using (10.2) and
calculating as in Chapter 8 we find that

μ̂(u) D �1
jD1

1
4 (1 C e�2πi4�j u C e�2πi4�j tu C e�2πi4�j (1Ct)u)

D �1
jD1

1
4 (1 C e�2πi4�j u)(1 C e�2πi4�j tu).

Using again the formula 1Ceix

2 D eix/2 cos(x/2), we obtain

jμ̂(u)j D j�1
jD1 cos(π4�ju)�1

jD1 cos(π4�j tu)j.
Recalling that t D p/q and taking u D q4m,m 2 N, we get

jμ̂(u)j D j�m
jD1 cos(π4m�j q)�1

jDmC1 cos(π4m�j q)


 �m
jD1 cos(π4m�jp)�1

jDmC1 cos(π4m�jp)j.
The products from 1 to m equal 1. The products from m C 1 to 1 are indepen-
dent of m, and the only way they could vanish is that at least one factor should
be zero. But this is impossible when p� and q� are odd.

It follows that if p� and q� are both odd, the Fourier transform of μ does
not tend to zero at infinity, which completes the proof of Theorem 10.5.

10.4 Average length of projections

Since L1(pθ (C(1/4))) D 0 for almost all θ 2 (0, π ), the integrals

Ik :D
∫ π

0
L1
(
pθ

(
U

1/4
k

))
dθ

tend to 0 when k tends to 1; recall the definition of U
1
4
k from (10.1). But how

fast do they converge? Theorem 4.3 gives easily the lower bound∫ π

0
L1

(
pθ

(
U

1/4
k

))
dθ � k�1. (10.15)

To prove this it is enough to check that I1(μk) � k when μk is the normalized
Lebesgue measure on U

1/4
k and then apply Theorem 4.3. Bateman and Volberg

[2010] improved this to∫ π

0
L1
(
pθ

(
U

1/4
k

))
dθ � (log k)k�1. (10.16)

Getting good upper bounds has turned out to be a very difficult problem.
Using the notion of ε-relative closeness more effectively Peres and Solomyak
[2002] derived a quantitative, but rather weak, upper bound. This was consider-
ably improved by Nazarov, Peres and Volberg [2010] who proved with delicate
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Fourier analytic and combinatorial arguments that for every δ > 0,∫ π

0
L1
(
pθ

(
U

1/4
k

))
dθ �δ k

δ�1/6. (10.17)

Several authors developed this technique and result further. Łaba and Zhai
[2010] proved similar upper bound estimates for more general Cartesian prod-
uct Cantor sets. They also used the tiling methods of Kenyon [1997], which
we discussed above, and of Lagarias and Wang [1996]. Bond, Łaba and
Volberg [2014] extended these results to larger classes of product sets. Bond
and Volberg [2010] managed without product structure proving an estimate of
the type (10.17) for the one-dimensional Sierpinski gasket. Bond and Volberg
[2012] proved the upper estimate Ik � e�c

p
log k for rather general self-similar

constructions with equal contraction ratios and without rotations. Bond and
Volberg [2011] proved the lower bound (10.16) with orthogonal projections
replaced by circular transformations. Bond, Łaba and Zhai [2013] studied the
analogous question for radial projections from points. Peres and Solomyak
[2002] showed that the estimate Ik � k�1 holds almost surely for some ran-
dom Cantor sets. A good survey on this topic was given by Łaba [2012].

A lower bound of the type (10.15) was proved in Mattila [1990] for a much
larger class of sets, without any self-similarity assumptions. Tao [2009] proved
an upper estimate for a very general class of sets.

The integral
∫ π

0 L1(pθ (U )) dθ gives the probability for a random line in the
plane to meet the set U . Therefore it is often called Buffon’s needle probability
as a generalization of Count Buffon’s famous eighteenth-century problem in
geometric probability.

10.5 Further comments

As mentioned before, the proof we gave for Theorem 10.1 is due to Peres,
Simon and Solomyak [2003]. It is also given in Bishop and Peres [2016],
Section 9.5.

The presentation for the proof of Theorem 10.5 was based on Kenyon [1997]
and influenced by Kahane [2013]. Very precise information about tilings of R
was obtained by Lagarias and Wang [1996].

Theorem 10.5 left open what are the Hausdorff dimensions of the projections
for the irrational values of t and for the rational t in the case (b). For the
latter Kenyon [1997] gave a formula in the case of the Sierpinski gasket,
Corollary 10 in his paper, but the same method works for our set C. We
know by Marstrand’s projection theorem that dimπt (C) D 1 for almost all
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t 2 R. Furstenberg conjectured that this would hold for all irrational t . Recently
Hochman [2014] verified this conjecture.

The four-corner Cantor set is an example of a self-similar set without rota-
tions. That is, the generating similarities are composed only of dilations and
translations, which makes it possible to check the dimension drop in many
directions. Peres and Shmerkin [2009] proved that for many planar self-similar
sets with rotations the situation is quite different; there are no exceptional direc-
tions for the dimension preservation. More precisely, let K D [N

jD1Sj (K) be
a self-similar set such that Sj (x) D rjgj (x) C aj , 0 < rj < 1, gj 2 O(2), aj 2
R2, j D 1, . . . , N . If the subgroup of O(2) generated by gj , j D 1, . . . , N , is
dense in O(2), then

dimpθ (K) D minfdimK, 1g for all θ 2 [0, π ).

Very roughly the idea is the following. By Marstrand’s theorem 4.1 there are
projections for which the dimension is preserved, assuming dimK � 1. Thus
an approximation of K at a small scale δ > 0 satisfies a kind of discretized
δ level dimension preservation. The self-similarity, the denseness assumption
and an ergodic theorem imply that similar configurations appear at arbitrary
small scales in every direction.

Nazarov, Peres and Shmerkin [2012] proved related results for convolutions
of self-similar measures. Earlier Moreira [1998] had proven similar results
for attractors of some non-linear dynamical systems. These are now included
in a very general result of Hochman and Shmerkin [2012]. They proved the
dimension preservation for a large class of sets and measures, and not only for
projections, but for all non-singular C1 maps. Other related results are due to
Ferguson, Jordan and Shmerkin [2010] and Farkas [2014].

Fulfilling the above program of Peres and Shmerkin is far from trivial. But
it does not seem to give an answer for the analogous question when dimK >

1: is then L1(pθ (K)) > 0 for all θ 2 (0, π )? However, Shmerkin [2014] and
Shmerkin and Solomyak [2014] have later proved that the exceptional set in
this and many other similar settings has dimension zero.

Originally the fact that C(1/4) projects into a set of measure zero in almost
all directions is due to Besicovitch. It follows from his general theorem that
any purely unrectifiable plane Borel set with finite one-dimensional Hausdorff
measure has this property. The pure unrectifiability means that the set meets
every rectifiable curve in zero length. For the proof and related matters, see, for
example, Falconer [1985a], Section 6.4, or Mattila [1995], Chapter 18.

For the values of d other than 1/4 there are several open problems about the
Hausdorff dimension and measures of the projections pθ (C(d)). Again Theo-
rem 4.1 tells us that if d < 1/4, that is, dimC(d) < 1, then dimpθ (C(d)) D sd
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for almost all θ . But what can be said about the measures? For example for
what values of d is Hsd (pθ (C(d))) > 0 for almost all θ? This is true when
d < 1/9 by an easy argument, see Mattila [2004]. This argument shows for
all 0 < d < 1/4 that Hsd (pθ (C(d))) > 0 for a non-empty open set of angles
θ . Peres, Simon and Solomyak [2000] proved that when 1/6 < d < 1/4, then
also the set of θ with Hsd (pθ (C(d))) D 0 has positive measure. It is not known
what happens when 1/9 < d < 1/6.

The four-corner Cantor is sometimes called Garnett set or Garnett–Ivanov
set. This is because Garnett and Ivanov showed in the 1970s that it has zero
analytic capacity. Later many people studied it and related sets in connection
with analytic capacity and the Cauchy transform. One can consult Chapter 19
of Mattila [1995] and in particular Tolsa’s book [2014] for this.

Often it is not easy to compute the exact value of the Hausdorff measure even
for fairly simple fractal sets. Davies gave in 1959 a simple elegant proof for
the fact that H1(C(1/4)) D p

2; this is unpublished, I am grateful to Kenneth
Falconer for this information. Xiong and Zhou [2005] established formulas for
the measures of a class of Sierpinski carpet type sets, including C(1/4). These
sets have dimension at most one. Computing the measure for sets of dimension
bigger than one seems to be much harder. For example, the exact value for the
von Koch snow-flake curve appears to be unknown.
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Besicovitch sets

We say that a Borel set in Rn, n � 2, is a Besicovitch set, or a Kakeya set, if
it has zero Lebesgue measure and it contains a line segment of unit length in
every direction. This means that for every e 2 Sn�1 there is b 2 Rn such that
fte C b : 0 < t < 1g � B. It is not obvious that Besicovitch sets exist but they
do in every Rn, n � 2, as we shall now prove. We shall also show that their
Hausdorff dimension is at least 2. Moreover, we shall discuss related Nikodym
and Furstenberg sets.

11.1 Existence of Besicovitch sets

We show that Besicovitch sets exist using duality between points and lines.

Theorem 11.1 For any n � 2 there exists a Borel set B � Rn such that
Ln(B) D 0 and B contains a whole line in every direction. Moreover, there
exist compact Besicovitch sets in Rn.

Proof It is enough to find B in the plane since then we can take B 
 Rn�2 in
higher dimensions.

Let C � R2 be a compact set such that π (C) D [0, 1], where π (x, y) D x

for (x, y) 2 R2, and L1(pθ (C)) D 0 for L1 almost all θ 2 [0, π ). Here pθ is
again the projection onto the line through the origin forming an angle θ with
the x-axis. We can take as C a suitably rotated and dilated copy of C(1/4)
or we can modify the construction of C(1/4) by placing the first four disjoint
closed squares of side-length 1

4 inside [0, 1] 
 [0, 1] so that their projections
cover [0, 1]. Consider the lines

�(a, b) D f(x, y) : y D ax C bg, (a, b) 2 C,

and define B as their union:

B D
⋃

(a,b)2C

�(a, b) D f(x, ax C b) : x 2 R, (a, b) 2 Cg.

143
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From the latter representation it is easy to see that B is σ -compact and
hence a Borel set. If we restrict x to [0, 1], B will be compact, which will give
us compact Besicovitch sets. Since π (C) D [0, 1], B contains a line �(a, b)
for some b for all 0 � a � 1. Taking a union of four rotated copies of B we
get a Borel set that contains a line in every direction. It remains to show that
L2(B) D 0.

We do this by showing that almost every vertical line meets B in a set of
length zero and then using Fubini’s theorem. For any t 2 R,

B \ f(x, y) : x D tg D f(t, at C b) : (a, b) 2 Cg
D ftg 
 πt (C),

(11.1)

where πt (x, y) D tx C y. The map πt is essentially a projection pθ for
some θ , and hence we have L1(πt (C)) D 0 for L1 almost all t 2 R. Thus
L2(B) D 0.

11.2 Hausdorff dimension of Besicovitch sets

Reversing the above argument, we now use the projection theorems of Chapter 4
to prove that Besicovitch sets must have Hausdorff dimension 2 at least.

Theorem 11.2 For every Besicovitch set B, dimB � 2.

Proof If B is a Besicovitch set in Rn and � is the projection, �(x) D (x1, x2),
then �(B) is contained in a Gδ set B 0 which contains a unit line segment
in every direction and for which dimB 0 D dim�(B) � dimB. Thus we can
assume that B is a Gδ Besicovitch set in the plane. For a 2 (0, 1), b 2 R
and q 2 Q denote by I (a, b, q) the line segment f(q C t, at C b) : 0 �
t � 1/2g of length less than 1. Let Cq be the set of (a, b) such that
I (a, b, q) � B. Then each Cq is a Gδ-set, because for any open set G, the
set of (a, b) such that I (a, b, q) � G is open. Since for every a 2 (0, 1),
some I (a, b, q) � B, we have π ([q2QCq) D (0, 1), with π (x, y) D x, and
so there is q 2 Q for which H1(Cq) > 0. Then by Theorem 4.1, for almost
all t 2 R, dimπt (Cq) D 1, where again πt (x, y) D tx C y. We have now for
0 � t � 1/2,

fq C tg 
 πt (Cq)

D f(q C t, at C b) : (a, b) 2 Cqg �B \ f(x, y) : x D q C tg.
Hence for a positive measure set of t , vertical t-sections of B have dimension 1.
By Proposition 6.6 we obtain that dimB D 2.
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We give another proof for compact Besicovitch sets which shows more;
even the Fourier dimension is at least 2. Recall from Section 3.6 the definition
of the Fourier dimension dimF and the fact that dimF � dim.

Theorem 11.3 For every compact Besicovitch set B, dimF B � 2.

Proof We first skip the measurability problems and return to them at the end of
the proof. For e 2 Sn�1, let ae 2 Rn be such that ae C te 2 B for all 0 � t �
1. Fix a non-negative function ϕ 2 C1

0 (R) with sptϕ � [0, 1] and
∫
ϕ D 1.

Define μ 2 M(B) by∫
g dμ D

∫
Sn�1

∫ 1

0
g(ae C te)ϕ(t) dt dσn�1e

for continuous functions g on Rn. Let 0 < α < 1 and ξ 2 Rn with jξ j > 1. The
Fourier transform of μ at ξ is given by

μ̂(ξ ) D
∫
Sn�1

∫
e�2πiξ �(aeCte)ϕ(t) dt dσn�1e,

which yields

jμ̂(ξ )j �
∫
Sn�1

jϕ̂(ξ � e)j dσn�1e.

Let η > 0 and Sξ,η D fe 2 Sn�1 : jξ � ej < ηjξ jg. Then σn�1(Sξ,η) � η and so
for any N > 1,

jμ̂(ξ )j �N η C (ηjξ j)�N.

Choosing η D jξ j�α and N such that N/(N C 1) D α, we have

jμ̂(ξ )j �α jξ j�α.

This yields dimF B � 2.
The measurability problem disappears if σn�1 is replaced by a discrete

measure σk D ∑mk

jD1 ck,j δek,j . The above proof goes through if σk satisfies
σk(Sn�1) � 1 and σk(Sξ,η) � η for k > kη. We leave it as an easy exercise for
the reader to check that σn�1 can be written as a weak limit of such measures σk .
Then for a given ξ 2 Rn with jξ j > 1, the corresponding measures μk satisfy
jμ̂k(ξ )j �α jξ j�α for large k. Moreover, they converge weakly to a measure
μ 2 M(B) with jμ̂(ξ )j �α jξ j�α , which completes the proof.

Both proofs above give more. Let us consider this in the plane. Suppose that
B � R2 is a Borel (compact in the case of Theorem 11.3) set and E � S1 is
a Borel set such that dimE D s and B contains a unit line segment in every
direction e 2 E. Then dimB � s C 1 and dimF B � 2s. The first statement
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follows when one applies the generalization of Proposition 6.6 mentioned in
Section 6.4. For the proof of the second statement one replaces σ 1 by a Frostman
measure on E.

To find good lower bounds for the Hausdorff dimension of Besicovitch sets
is an interesting problem to which we shall return extensively. The conjecture,
usually called Kakeya conjecture, is:

Conjecture 11.4 Every Besicovitch set in Rn has Hausdorff dimension n.

This is true for n D 2 and open for n � 3. One can state the corresponding
conjectures for the upper and lower Minkowski dimensions and for the packing
dimension. In the plane they follow from the Hausdorff dimension version and
for n � 3 they too are open.

Recall from the Introduction the connection to Stein’s restriction conjecture.
We shall return to this in Chapters 22 and 23.

Now we go back to orthogonal projections and use Besicovitch sets to show
that in the plane there is no non-trivial analogue of Theorem 4.2:

Example 11.5 There is a Borel set A � R2 such that dimA D 2, and even
L2(R2nA) D 0, but the interior of pθ (A), Intpθ (A), is empty for all θ 2 [0, π ).

Proof Let B be the Besicovitch set of Theorem 11.1 and

A D R2n
⋃
q2Q2

(B C q).

Then A has all the required properties.

Let us still make a simple observation about the relations between different
dimensions of Besicovitch sets:

Proposition 11.6 If for all n every Besicovitch set in Rn has Hausdorff dimen-
sion at least n � c(n), where limn!1 c(n)/n D 0, then for all n every Besicov-
itch set in Rn has packing and upper Minkowski dimension n.

Proof The packing, dimP , and upper Minkowski, dimM , dimensions were
defined in Section 2.3. Since dimP � dimM , it is enough to consider the
packing dimension. The only properties we need for it are the trivial inequal-
ity dim � dimP and the simple product inequality (see, e.g., Mattila [1995],
Theorem 8.10):

dimP (A 
 B) � dimP A C dimP B.

This holds for the upper Minkowski dimension, too, and is even simpler.
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Suppose we have a Besicovitch set B in Rn of packing dimension less than
n. Then for large k 2 N, dimP B < n � c(kn)/(kn). But this gives for the k-fold
product Bk � Rkn,

dim(Bk) � dimP (Bk) � k dimP B < kn � c(kn),

which is a contradiction, since Bk is a Besicovitch set in Rkn.

11.3 Nikodym sets

In 1927 Nikodym [1927] constructed a kind of relative of Besicovitch sets;
a Borel set A in the unit square [0, 1] 
 [0, 1] such that L2(A) D 1 and for
every x 2 A there is a line L through x for which L \ (A n fxg) D ∅. Davies
[1952a] simplified Nikodym’s construction and also showed that it is possible
to construct the set A so that there are uncountably many lines through every
x 2 A which meet A only at x. Davies’s construction of Nikodym sets is
presented in de Guzmán’s book [1981] too.

We shall call Nikodym sets the complements of sets like A. More precisely,
we say that a Borel set N � Rn is a Nikodym set if Ln(N ) D 0 and for every
x 2 Rn there is a lineL through x for whichL \ N contains a unit line segment.

As Besicovitch sets, Nikodym sets allow a dual construction based on pro-
jections. We shall present it below in the plane following Falconer [1986].
This paper also contains higher dimensional formulations and other interesting
and surprising related results and phenomena, see also Chapter 7 in Falconer
[1985a] and Chapter 6 in Falconer [1990]. In particular, the following theorem
is valid in Rn for any n � 2 with lines replaced by hyperplanes.

Theorem 11.7 There is a Borel set N � R2 such that L2(N ) D 0 and for
every x 2 R2 there is a line L through x for which L n fxg � N .

For an arc G in G(2, 1) (identifying G(2, 1) with S1) we let 2G be the
arc with the same centre as G and with double length. Recall that PL is the
orthogonal projection onto the line L 2 G(2, 1).

Lemma 11.8 Let Q � R2 be a square, εj > 0, j D 1, 2, . . . , and let Gj be
subarcs of G(2, 1) such that G1 � G2 � . . . . Then there are compact sets
Cj � R2 such that C1 � C2 � . . . , and Q \ L � PL(Cj ) for L 2 Gj and
H1(PL(Cj )) < εj for L 2 G(2, 1) n 2Gj .

Proof This follows by the iterated Venetian blind construction. The idea of the
construction is presented in Figure 11.1. There a line segment is replaced by
many short parallel line segments. These project into small length in directions
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Figure 11.1 Venetian blinds

belonging to a small neighbourhood of the direction of these line segments,
but outside a slightly bigger neighbourhood their projection contains that of
the original segment. Next all these segments are replaced by many much
shorter parallel line segments in a different direction. Then two intervals result
where the union has small projection, but still nothing is lost in most directions.
Iterating this in a suitable manner we find a finite unionB1 of line segments such
thatQ \ L � PL(B1) forL 2 G1 andH1(PL(B1)) < ε1 forL 2 G(2, 1) n 2G1.
Enclosing each of these segments into a sufficiently narrow closed rectangle,
the union of these will have the same properties as B1. This is our first set
C1. Next we can perform a similar process inside each of the rectangles to get
C2 � C1. Continuing this yields the lemma. We leave the details to the reader,
or see Falconer [1986].

Lemma 11.9 For every L 2 G(2, 1) there is a Borel set AL � L such that
H1(AL) D 0 and if x 2 L, then there is y 2 R2 such that PL(y) D x and
PL0 (y) 2 AL0 for every L0 2 G(2, 1), L0 6D L.

Proof Write R2 D [1
mD1Qm where the Qm are pairwise disjoint squares of

sidelength 1. LetGk,j � G(2, 1), j D 1, . . . , 2k, k D 1, 2 . . . , provide for each
k a decomposition of G(2, 1) into dyadic arcs such that [jGk,j D G(2, 1),
γ2,1(Gk,j ) D 2�k and, in the usual way, each Gk,j splits into two disjoint
arcs GkC1,j1 and GkC1,j2 . With the aid of Lemma 11.8 we find compact sets
Cm,k,j � R2, j D 1, . . . , 2k, k,m D 1, 2 . . . , such that

Cm,k0,j 0 � Cm,k,j if Gk0,j 0 � Gk,j , (11.2)

Qm \ L � PL(Cm,k,j ) for all L 2 Gk,j , (11.3)

and

H1(PL(Cm,k,j )) < 2�2k�m for all L 2 G(2, 1) n 2Gk,j .
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Set

AL D
1⋂
lD1

⋃
1�j�2k ,k�l,m�1,L2G(2,1)n2Gk,j

PL(Cm,k,j ).

Then H1(AL) D 0.
Let L 2 G(2, 1) and x 2 L. Then x 2 Qm \ L for some m and there is a

sequence (jk) such that L 2 Gk,jk for all k � 1. Thus by (11.3) x 2 Qm \ L �
PL(Cm,k,jk ) and we find yk 2 Cm,k,jk such that PL(yk) D x. Using (11.2) we
find a limit point y of the sequence (yk) which belongs to Cm,k,jk for all k.
Clearly also PL(y) D x.

Suppose then that L0 2 G(2, 1) and L0 6D L. Then for sufficiently large k,
L0 62 2Gk,jk . Therefore PL0 (y) 2 AL0 , and the lemma follows.

Proof of Theorem 11.7 We use the duality between lines and points induced by
the reflexion in the unit circle. For x 2 R2 n f0g, let Lx 2 G(2, 1) be the line
through x, let x0 D jxj�2x and let Mx be the line orthogonal to Lx passing
through x0. Then y 2 Mx if and only if the vectors y � x0 and x are orthogonal,
that is, (y � jxj�2x) � x D y � x � 1 D 0. Since this is symmetric in x and y,
we have y 2 Mx if and only if x 2 My . Observe also that y 2 Mx if and only
if PLx

(y) D x0.
For L 2 G(2, 1) let AL � L be as in Lemma 11.9 and define

N D fx 2 R2 n f0g : x0 2 ALx
g.

Then every line through the origin meetsN in a set of length zero, soL2(N ) D 0.
Let x 2 R2 n f0g. Then by Lemma 11.9 there is y 2 R2 such that PLx

(y) D x0
and PL(y) 2 AL for every L 2 G(2, 1), L 6D Lx . Then y 2 Mx and thus x 2
My . If z 2 My and z 6D x, then y 2 Mz, so z0 D PLz

(y) 2 ALz
and z 2 N . This

means that My n fxg � N .
We only considered x 6D 0. But replacing N by N [ (N C a) for some

a 2 R2 n f0g we obtain the desired set.

Analogously to the Kakeya conjecture we have the Nikodym conjecture:

Conjecture 11.10 Every Nikodym set in Rn has Hausdorff dimension n.

Now we show using a projective transformation that every Nikodym set
generates a Besicovitch set. Define

F (̃x, xn) D 1

xn
(̃x, 1) for (̃x, xn) 2 Rn, xn 6D 0. (11.4)

If e 2 Sn�1 with en 6D 0 and a 2 Rn�1, F maps the half-lines fte C (a, 0) :
t 6D 0g onto the half-lines fu(a, 1) C 1

en
(̃e, 0) : u 6D 0g. Hence F maps every
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Nikodym set, or even a set which contains a unit line segment in some line
through (a, 0) for all a 2 Rn�1, to a set which contains a line segment in
every direction (a, 1), a 2 Rn�1. Taking the union of finitely many dilated and
translated copies of these images one gets a Besicovitch set.

The following theorem is an immediate consequence of the above construc-
tion and Theorem 11.2:

Theorem 11.11 If 1 � s � n and there is a Nikodym set in Rn of Hausdorff
dimension s, then there is a Besicovitch set in Rn of Hausdorff dimension
s. In particular, dimN � 2 for every Nikodym set N in Rn and the Kakeya
conjecture implies the Nikodym conjecture.

Reversing the previous argument only gives partial Nikodym sets from
Besicovitch sets, lines going through all points of a fixed hyperplane. I do not
know if the Nikodym conjecture implies the Kakeya conjecture.

According to Lebesgue’s theorem on differentiation of integrals

lim
B!x

1

Ln(B)

∫
B

f dLn D f (x) for almost all x 2 Rn

for any locally integrable function f . Here B ! x means that the limit is taken
with balls B containing x and tending to x. The existence of Nikodym sets
implies easily that balls cannot be replaced with arbitrary rectangular boxes
even when f is a characteristic function. De Guzmán’s books [1975] and
[1981] discuss extensively differentiation theory of integrals and validity of
such results with different classes of sets and functions.

11.4 Lines vs. line segments

We defined Besicovitch sets as sets of measure zero containing a unit line
segment in every direction, but we showed in Theorem 11.1 that there exist
sets of measure zero containing a whole line in every direction. In general, is
there a difference in the sizes of these types of sets? This question was studied
by Keleti [2014]. We present here some of his results.

First, as concerns Lebesgue measure there is a great difference. Let N be a
Nikodym set of measure zero as in Theorem 11.7. Then for every x 2 R2 there
is an open half-line Lx � N with end-point x. These half-lines cover a set of
measure zero, but the corresponding lines, and even the corresponding closed
half-lines, cover the whole plane.

For dimension the situation turns out to be different. Keleti posed the fol-
lowing line segment extension conjecture:
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Conjecture 11.12 If A is the union of a family of line segments in Rn and B

is the union of the corresponding lines, then dimA D dimB.

This is true in the plane:

Theorem 11.13 Conjecture 11.12 is true in R2.

We skip some measurability arguments, which are given in Keleti [2014],
and consider only the case where B is a Borel set parametrized by another
Borel set C as before. More precisely, we again let

l(a, b) D f(x, y) : y D ax C bg,
and we set

L(C) D
⋃

fl(a, b) : (a, b) 2 Cg.
Notice that L(C) is a Borel set, if C is σ -compact. If C is a Borel set, then
L(C) is a Suslin set, which also would suffice for the argument below.

For the proof of Theorem 11.13 we use the following lemma:

Lemma 11.14 If C � R2 is a Borel set, then

dimL(C) \ f(t, y) : y 2 Rg D minfdimC, 1g for almost all t 2 R.

Proof As in the proof of Theorem 11.1, we have L(C) \ f(t, y) : y 2
Rg D ftg 
 πt (C), where πt (x, y) D tx C y. The lemma follows then from
Marstrand’s projection theorem 4.1.

Proof of Theorem 11.13 As already mentioned, we only handle the case where
B D L(C) for some Borel set C. Let J (a, b) � l(a, b) be the corresponding
line segments composing A. We may assume that dimB > 1. Let 1 < s <

dimB. Decomposing C into a countable union, we can suppose that for each
(a, b) 2 C, J (a, b) meets two fixed line segments I and J which form the
opposite sides of a rectangle.

Set Lv,t D fx 2 R2 : v � x D tg for v 2 S1, t 2 R. By Theorem 6.7 we have
for σ 1 almost all v 2 S1, dimLv,t \ B � s � 1 for t 2 Tv where Tv � R with
L1(Tv) > 0. Fix such a non-exceptional unit vector v in a way that there are
parallel lines l0 and l1 which are orthogonal to v and which separate the line
segments I and J . Rotating the whole picture we may assume that v D (1, 0).
Let Lt be the vertical line f(t, y) : y 2 Rg. Then l0 D Lα and l1 D Lβ for some,
say, α < β.

We now have that for every (a, b) 2 C the line segment J (a, b) � l(a, b)
meets both lines Lα and Lβ . Hence Lv,t \ A D Lv,t \ B for all t 2 [α, β].
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As above,

dimLv,t \ B � s � 1 for t 2 Tv.

Since Tv has positive measure we get by Lemma 11.14 that

dimLv,t \ B � s � 1 for almost all t 2 R.

Hence

dimLv,t \ A � s � 1 for almost all t 2 [α, β].

Therefore Proposition 6.6 yields that dimA � s, from which the theorem
follows.

If true, the line segment extension conjecture would imply the Kakeya
conjecture for the packing, and hence for upper Minkowski, dimension, and it
would improve the known Hausdorff dimension estimates (discussed in Chapter
23) in dimensions n � 5:

Theorem 11.15 (1) If Conjecture 11.12 is true for some n, then, for this n,
every Besicovitch set in Rn has Hausdorff dimension at least n � 1.

(2) If Conjecture 11.12 is true for all n, then every Besicovitch set in Rn has
packing and upper Minkowski dimension n for all n.

Proof (2) follows from (1) by Proposition 11.6. To prove (1) we use the pro-
jective transformation F as in (11.4):

F (̃x, xn) D 1

xn
(̃x, 1) for (̃x, xn) 2 Rn, xn 6D 0.

For e 2 Sn�1 with en 6D 0 and a 2 Rn�1, let L(e, a) be the punctured line
fte C (a, 0) : t 6D 0g. As already observed, F maps it onto the punctured line
L̃(e, a) :D fu(a, 1) C 1

en
(̃e, 0) : u 6D 0g. If B is a Besicovitch set in Rn, it con-

tains for every e 2 Sn�1 for some ae 2 Rn�1 a line segment Je � L(e, ae).
Thus F (B) contains a line segment on L̃(e, ae) for every e 2 Sn�1 with en 6D 0.
The union of the line extensions of these segments contains f 1

en
(̃e, 0) : e 2

Sn�1, en 6D 0g, which is the hyperplane Rn�1 
 f0g of Hausdorff dimension
n � 1. Hence, assuming Conjecture 11.12, dimF (B) � n � 1, which implies
that dimB � n � 1.

11.5 Furstenberg sets

The following question is in the spirit of Besicovitch sets: Let 0 < s < 1 and
suppose that F � R2 is a compact set with the property that for every e 2 S1
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there is a line Le in direction e for which dimLe \ F � s. What can be said
about the dimension of F ? Wolff [2003], Section 11.1, showed that dimF �
maxf2s, s C 1/2g and that there is such an F with dimF D 3s/2 C 1/2. The
lower bound 2s is easier and its proof resembles the proof of Theorem 22.9. In
Wolff [1999] he also connected this problem to the decay estimates of the L1

spherical averages of the Fourier transform. When s D 1/2 Bourgain [2003]
improved the lower bound 1 to dimF � 1 C c for some absolute constant
c > 0 using the work of Katz and Tao [2001]. Recall also Section 4.4 for the
discrete level results in Katz and Tao [2001]. D. M. Oberlin [2014b] improved
Wolff’s lower bound for a class of sets related to the four-corner Cantor set.
Some other recent results on this problem were obtained by Molter and Rela
[2010], [2012] and [2013].

The above question comes from Furstenberg and the sets appearing in it are
called Furstenberg sets. The origin seems to be the following remarkable result
of Furstenberg [1970]:

For a positive integer p a closed subset A � [0, 1] is called a p-set if
pA � A [ (A C 1) [ � � � [ (A C p � 1). Suppose that p and q are not powers
of the same integer, A is a p-set, B is a q-set, C D A 
 B, and s > 0 is an
arbitrary positive number. If there is a line with positive, finite slope which
intersects C in a set of Hausdorff dimension greater than s, then for almost
every u > 0, there is a line of slope u intersecting C in a set of dimension
greater than s.

11.6 Further comments

Besicovitch [1919] was the first to construct a set named after him solving a
question on Riemann integrability. It was republished in Besicovitch [1928]. In
doing this he also solved a problem of Kakeya [1917]: in how small (in terms
of area) a plane domain a unit segment can be turned around continuously? The
answer is: arbitrarily small. But in the plane it is impossible to turn around a unit
segment continuously in a set of measure zero, as was shown by Tao [2008b].
However, in higher dimensions this is possible, as proven by E. Järvenpää, M.
Järvenpää, Keleti and Máthé [2011].

Łaba [2008] has an interesting discussion on Besicovitch and his early work.
Fefferman [1971] was the first to apply these constructions to problems of

Fourier transforms, to the ball multiplier problem. We shall return to this later
as well as to other relations between Besicovitch sets and Fourier analysis.

Elementary geometric constructions of Besicovitch sets can be found, for
example, in Falconer [1985a], de Guzmán [1981] and Stein [1993]. They are
based on the Perron tree. This is a construction where a triangle is divided
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Figure 11.2 Perron tree

into many subtriangles and they are translated in order to have large overlap,
whence a small area, but no directions of the unit line segments from the
original triangle are lost. Such a construction where a triangle T is partitioned
into eight subtriangles Tj is presented in Figure 11.2.

Simple and more analytic constructions are presented in Wolff [2003],
Chapter 11 (due to Sawyer [1987]), and Bishop and Peres [2016], Section 9.1.
Bishop and Peres also present a random construction of Besicovitch sets. In
that book it is also shown, a result due to Keich [1999], that the Lebesgue
measure of the δ-neighbourhood of a Besicovitch set B can be � 1/ log(1/δ).
This is optimal, as follows from Córdoba’s Kakeya maximal function estimate,
Theorem 22.5. So this gives a sharp result on gauge functions with respect to
which the Minkowski contents of Besicovitch sets are positive. Keich’s paper
also contains partial results for generalized Hausdorff measures, but sharp
results for them seem to be unknown. Babichenko, Peres, Peretz, Sousi and
Winkler [2014] constructed Besicovitch sets using games. They also gave a
different proof for Keich’s estimate.

Besicovitch [1964] used his general projection theorem and duality between
points and lines to get a completely new way of finding Besicovitch sets. The
construction presented above is in the same spirit but followed Falconer’s
modification in Falconer [1985a], Section 7.3. Kahane [1969] showed, see
also Kahane [2013], that connecting f( 1

3x, 0) : x 2 C1/4g to f( 1
3x C 2

3 , 1) : x 2
C1/4g (recall Chapter 8 for the notation) with all possible line segments gives
a Besicovitch set. Again the reason that this set has Lebesgue measure zero
is that almost all projections of the four-corner Cantor set C(1/4) have zero
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measure. Alexander [1975] related a compact plane set to every sequence
x1, x2, � � � 2 [0, 2/3], in a way somewhat similar to that of Kahane. He showed
by an easy argument that for almost all such sequences it is a Besicovitch set.
Moreover, using the above projection property of a set like the four-corner
Cantor set, he showed that it is a Besicovitch set for every constant sequence
xj D x 2 [0, 2/3].

Körner [2003] showed that Besicovitch sets are generic; one can show their
existence by the Baire category theorem. Fraser, Olson and Robinson [2014]
proved some other category properties of Besicovitch sets.

Theorem 11.2 is due to Davies [1971] and Theorem 11.3 to D. M. Oberlin
[2006a]. Later we shall give another proof for Theorem 11.2, due to Córdoba,
and we shall obtain better lower bounds for the Hausdorff dimension of Besi-
covitch sets in dimensions bigger than two. Tao [1999a] used the projective
transformation (11.4) to associate Nikodym sets to Besicovitch sets and thus
the Kakeya conjecture to the Nikodym conjecture. The line segment extension
conjecture and the related results in Section 11.4, as well as Proposition 11.6,
are due to Keleti [2014]. Some further related results were obtained by Falconer
and Mattila [2015].

Another interesting open question is: for which pairs of integers (k, n),
0 < k < n, are there Borel setsB � Rn such thatLn(B) D 0 andB contains a k-
plane in every direction? We know that they exist when k D 1 for all n. They do
not exist when k > n

2 . This follows from Corollary 5.12 by the same argument
we used for Example 11.5: if such a set B exists, then A D Rnn⋃q2Qn (B C q)
would contradict Corollary 5.12(c) because dimA D n > 2(n � k) and PV (A)
has empty interior for all V 2 G(n, n � k). We shall discuss in Chapter 24
some sharpenings of this by Marstrand [1979] and Falconer [1980a], in the
case k > n/2, and by Bourgain [1991a] in the case k � n/2.

One could also ask about the existence of multi-line Besicovitch sets, sets of
measure zero containing many line segments in every direction. Łaba and Tao
[2001b] derived from their general results, which will be briefly discussed in
Section 24.4, dimension estimates for such multi-line Besicovitch sets. In par-
ticular, if B � R2 contains a positive Hausdorff dimension collection of unit
line segments in every direction, then L2(B) > 0. Orponen [2014b] gave an
elegant direct proof for this and a related result.

The above Besicovitch’s duality method can be adapted to many other curve
packing problems. For example, there are circles in the plane centred at every
point of a given line segment covering only a set of measure zero. To see this, let

B D
⋃

(a,b)2C

f(x, y) : (x � a)2 C y2 D a2 C bg,
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where C is as in the proof of Theorem 11.1, and modify the argument for that
proof. However, if the centres form a set of positive Lebesgue measure, then
the union of the circles must have positive Lebesgue measure. This was proved
independently by Bourgain [1986] and Marstrand [1987]. In fact, Bourgain
proved more; he showed that the circular maximal operator MS ,

MSf (x) D sup
r>0

∫
S1

jf (x � ry)j dσ 1y, x 2 R2,

is bounded from Lp(R2) into Lp(R2) for p > 2. The same result, with
p > n/(n � 1) and due to Stein, for the spherical maximal operator, is valid
and easier in higher dimensions. A consequence is the spherical differentiation
theorem: if f 2 Lp(Rn) and p > n/(n � 1), then

lim
r!0

∫
Sn�1

f (x � ry)dσn�1y D f (x) for almost all x 2 Rn.

See Stein [1993], Chapter XI, Grafakos [2008], Section 5.5, and de Guzmán
[1981], Chapter 12, for these and other results on maximal and differentiation
theorems along curves and surfaces.

The above circle and sphere packing result can be sharpened: if the centres
of the spheres form a set of Hausdorff dimension bigger than one in Rn, then
the union of these spheres must have positive Lebesgue measure. This was
proved by Mitsis [1999] for n � 3 and by Wolff [2000] for n D 2. Mitsis’s
argument, which worked only for 3/2 in place of 1 in the plane, is geometric
while Wolff’s proof is very complicated involving geometric, combinatorial and
Fourier analytic ideas. In fact, Wolff proved more: he showed that if E � Rn 

(0,1) and F � Rn, n � 2, are Borel sets such that dimE > 1 and Hn�1(fy :
jy � xj D rg \ F ) > 0 for (x, r) 2 E, then Ln(F ) > 0. D. M. Oberlin [2006b]
gave a simpler proof for this in dimensions n � 3.

On the other hand, one can again show by the duality method that there
is a family of circles containing a circle of every radius and covering only a
set of measure zero, see Falconer [1985a], Theorem 7.10. The same is true
with spheres in Rn, n � 3, as pointed out by Kolasa and Wolff [1999]. In
that paper they proved for n � 3 that such a family of spheres must have
Hausdorff dimension n. Wolff [1997] extended this to n D 2. More precisely,
he proved that if the set of centres has Hausdorff dimension s, 0 < s � 1, the
corresponding union has dimension at least 1 C s. See also the discussion in
Wolff [2003], Section 11.3. More generally, one would expect that if E �
Rn 
 (0,1) and F � Rn, n � 2, are Borel sets such that 0 < s D dimE � 1
andHn�1(fy : jy � xj D rg \ F ) > 0 for (x, r) 2 E, then dimF � n � 1 C s.
D. M. Oberlin [2007] proved this for n � 3.



11.6 Further comments 157

Wisewell [2004] proved a very general result on packing curves and surfaces
into a set of measure zero.

In analogy to the spherical average operator and the related maximal opera-
tor, Iosevich, Sawyer, Taylor and Uriarte-Tuero [2014] proved Lp(μ) ! Lq(ν)
inequalities for the operator f 7! λ � (fμ), where the measures μ and ν satisfy
Frostman growth conditions and λ satisfies a Fourier decay condition.

Käenmäki and Shmerkin [2009] proved dimension results for Kakeya (or
Besicovitch) type self-affine subsets of the plane.
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Brownian motion

In this chapter we shall study subsets of Brownian trajectories and Fourier
transforms of measures on them. In particular we shall see that they give us
Salem sets of any dimension s, 0 < s < 2.

12.1 Some facts on Brownian motion

We present first without proofs some basic facts about Brownian motion.
The n-dimensional Brownian motion (or one realization of it) is a probability

measure on the space �n of continuous functions ω : [0,1) ! Rn such that
ω(0) D 0, the increments ω(t2) � ω(t1) and ω(t4) � ω(t3) are independent for
0 � t1 � t2 � t3 � t4 and such that ω(t C h) � ω(t) has Gaussian distribution
with zero mean and variance h for t � 0 and h > 0. In particular,

Pn(fω : jω(t C h) � ω(t)j � �g) D ch�n/2
∫ �

0
rn�1e�r2/(2h) dr (12.1)

for t � 0, h > 0 and � > 0. Here c is chosen so that c2n/2
∫ 1

0 rn�1e�r2
dr D 1,

which means Pn(�n) D 1. This gives∫
jω(t C h) � ω(t)j�s dPnω D c1h

�s/2 (12.2)

for t � 0, h > 0 and 0 < s < n. This formula is quite close to saying that the
paths ω 2 �n are almost surely Hölder continuous with exponent 1/2. That
is not quite true, but they are Hölder continuous with exponent s for any
0 < s < 1/2, see Falconer [1985a], Lemma 8.22, for example. Hence for any
A � [0,1), dimω(A) � 2 dimA for Pn almost all ω 2 �n.

As usual, we shall denote by E the expectation:

E(f ) D
∫

f dPn.

158
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As a consequence of the Gaussian distribution and the fact that e�π jxj2
is its own

Fourier transform (recall Section 3.1) we have the formula for the expectation
of e�2πix�ω(t) (the characteristic function):

E(e�2πix�ω(t)) D e�2π jxj2t . (12.3)

12.2 Dimension of trajectories

We introduce for any μ 2 M([0,1)) and ω 2 �n the image of μ under ω:

μω D ω
μ 2 M(Rn)

characterized by ∫
g dμω D

∫
g ı ω dμ

for continuous functions g. In particular, when we take μ D L1 [0, 1] we get
a natural probability measure on the trajectory from 0 to ω(1).

Theorem 12.1 Let μ 2 M([0,1)). If 0 < s � 1 and μ([x � r, x C r]) � rs

for all x 2 R and r > 0, then for Pn almost all ω 2 �n and for all x 2 Rn,
jxj � 2,

jμ̂ω(x)j � C(μ,ω)(log(jxj))1/2jxj�s .

Proof By the definition of μω,

μ̂ω(x) D
∫

e�2πix�ω(t) dμt.

Let us compute E(jμ̂ω(x)j2q) for positive integers q. We have by Fubini’s
theorem

jμ̂ω(x)j2q D
∫

� � �
∫

exp(2πix � (ω(t1) C � � � C ω(tq) � ω(u1) � ω(uq)))


 dμt1 � � � dμtq dμu1 � � � dμuq.
Since the integrand is symmetric with respect to t1, . . . , tq , the t-integrals over
tσ (1) < � � � < tσ (q) are equal for all permutations σ of 1, . . . , q and their sum
is the full t-integral, and similarly for the u-integrals. Since there are q! such
permutations we obtain (the integrand is as above),

jμ̂ω(x)j2q D (q!)2
∫

0<t1<���<tq

∫
0<u1<���<uq

exp(. . . ) dμt1 . . . dμtq dμu1 . . . dμuq.

It is enough to integrate over variables t1, . . . , tq , u1, . . . , uq such that ti 6D uj
for all i and j , because singletons have zero μ measure. Then for any given
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t1, . . . , tq , u1, . . . , uq , we can write them in the increasing order v1 < v2 <

� � � < v2q and we can write

ω(t1) C � � � C ω(tq) � ω(u1) � ω(uq) D ε1ω(v1) C � � � C ε2qω(v2q),

where εj 2 f�1, 1g are such that
∑2q

jD1 εj D 0, εj D 1 if vj D ti for some i

and εj D �1 if vj D ui for some i. Conversely, every sequence ε1, . . . , ε2q 2
f�1, 1g with

∑2q
jD1 εj D 0 determines uniquely the order of the variables

t1, . . . , tq , u1, . . . , uq in this manner. It follows that we can write the above inte-
gral summing over all sequences (εj ), εj 2 f�1, 1g, such that

∑2q
jD1 εj D 0:

jμ̂ω(x)j2q D (q!)2
∑
(εj )

∫
0<t1<���<t2q

exp(2πix � (ε1ω(t1) C � � � C ε2qω(t2q)))


 dμt1 � � � dμt2q .
Next we write

ε1ω(t1) C � � � C ε2qω(t2q)

D (ε1 C � � � C ε2q)ω(t1) C (ε2 C � � � C ε2q)(ω(t2) � ω(t1))

C � � � C ε2q(ω(t2q) � ω(t2q�1)).

For 0 < t1 < � � � < t2q, ω(t1), ω(t2) � ω(t1), . . . , ω(t2q) � ω(t2q�1) are inde-
pendent random variables. Thus using (12.3),

E(exp(2πix � (ε1ω(t1) C � � � C ε2qω(t2q))))

D E(exp(2πix � (ε1 C � � � C ε2q)ω(t1))) � � �

 E(exp(2πix � ε2q(ω(t2q) � ω(t2q�1))))

D exp(�2π jxj2((ε1 C � � � C ε2q)2t1 C � � � C ε2
2q(t2q � t2q�1))).

Set aj D 2π jxj2(εj C � � � C ε2q)2. Then aj � 0 for all j and aj � jxj2 for even
j . We have now

E(jμ̂ω(x)j2q) D (q!)2
∑
(εj )

∫
0<t1<���<t2q

exp(�a1t1 � a2(t2 � t1) � . . .

� a2q(t2q � t2q�1)) dμt1 � � � dμt2q .
For any a > 0 we have by our assumption on μ,∫

t>t0

e�a(t�t0) dμt D
∫ 1

0
μ(ft > t0 : e�a(t�t0) > rg) dr

D
∫ 1

0
μ(ft : t0 < t < t0 C a�1 log(1/r)g) dr

� a�s

∫ 1

0
(log(1/r))s dr D C(s)a�s .
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Using this and integrating the above first over tj with even j we obtain

E(jμ̂ω(x)j2q)

� (q!)2
∑
(εj )

(C(s)jxj�2s)q
∫

. . .

∫
0<t1<t3<���<t2q�1

1 dμt1 dμt3 � � � dμt2q�1

D (2q)!

q!
μ(R)q(C(s)jxj�2s)q,

the last equation comes from the facts that there are (2q)!
(q!)2 (binomial coefficient)

sequences (εj ) to consider and the last multiple integral isμ(R)q/q! by the same
symmetry reasons as before. Since (2q)!

q! � 2qqq , we have with some constant
C, independent of q,

E(jμ̂ω(x)j2q) � (Cqjxj�2s)q . (12.4)

Choose a set Z � Rn n B(0, 1) such that jz1 � z2j � minfjz1j�s , jz2j�sg/2 for
z1, z2 2 Z, z1 6D z2, and that for every x 2 Rn there is z 2 Z for which jx �
zj < jxj�s . Then for k D 1, 2 . . . the number of points z 2 Z such that 2k�1 �
jzj � 2k is about 2n(sC1)k so that∑

z2Z

jzj�n(sC2) < 1.

For z 2 Z let qz be the integer for which log jzj < qz � log jzj C 1. Then
by (12.4)

E

(∑
z2Z

jzj�n(sC2) jμ̂ω(z)j2qz
(Cqzjzj�2s)qz

)
< 1.

Thus for Pn almost all ω the term in the series tends to zero as z 2 Z, jzj ! 1,
which gives that

jμ̂ω(z)j � C(ω)(log jzj)1/2jzj�s ,

that is, our claim for the points in Z is proven. Recall from (3.19) that μ̂ω

is Lipschitz. By the choice of Z, for every x 2 Rn there is z 2 Z for which
jx � zj < jxj�s , whence, when jxj � 2,

jμ̂ω(x)j � jμ̂ω(z)j C jxj�s � (log jxj)1/2jxj�s .

Combining this theorem with the fact that dimω(A) � 2 dimA and using
Frostman’s lemma we obtain
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Theorem 12.2 Let A � [0,1) be a Borel set. For Pn almost all ω 2 �:

(a) if n � 2, then dimω(A) D 2 dimA,

(b) if n D 1, then dimω(A) D 2 dimA provided dimA � 1/2, otherwise,
L1(ω(A)) > 0.

Proof If 0 < s < dimA, Frostman’s lemma gives us a measure μ 2 M(A)
which satisfies the assumptions of Theorem 12.1. If n � 2 or s < 1/2, then
for Pn almost all ω 2 �, It (μω) < 1 for 0 < t < 2s by Theorem 3.10, which
implies dimω(A) � 2t . This proves the case n � 2 and the first part for n D 1.
In the second part dimA > 1/2 and we can take s > 1/2, which yields that
μ̂ω 2 L2(R) proving that L1(ω(A)) > 0 by Theorem 3.3.

Recall Salem sets from Definition 3.11.

Corollary 12.3 If A � [0,1) is a Borel set, then for Pn almost all ω 2
�,ω(A) is a Salem set.

12.3 Further comments

The results of this chapter are due to Kahane from 1966. The presentation
here follows very closely Kahane [1985], Chapter 17. In that book Kahane
presents various results on Fourier transforms, the Hausdorff dimension and
many other stochastic processes. See also the notes on pages 288–289 and
the references given to Kahane’s papers, and to many interesting papers of
Kaufman related to this topic. Xiao [2013], Section 4.2, discusses many recent
results and references on Fourier dimension and stochastics processes. Other
good references for Brownian motion and its relations to Hausdorff dimension
are Mörters and Peres [2010], Falconer [1985a], [1990], and Bishop and Peres
[2016].

The almost sure Hausdorff dimension of the graph f(t, ω(t)) : t > 0g is 3/2,
if n D 1, and 2, if n � 2, see Mörters and Peres [2010] or Falconer [1990].
Recall however from Section 6.3 that the graphs are not Salem sets.

When n D 1 Kaufman [1975] proved that almost surely Intω(A) 6D ∅ if
A � [0,1) is a Borel set with dimA > 1/2. For a more general result, see
Theorem 2 in Chapter 18 of Kahane [1985].
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Riesz products

In this chapter we introduce an important class of measures on the real line,
called Riesz products. We study their absolute continuity, singularity and rela-
tions to the Hausdorff dimension. We shall also use them to construct a singular
measure which locally behaves very much like a Lebesgue measure.

13.1 Definition of Riesz products

Formally the Riesz product induced by the sequences (aj ), aj 2 [�1, 1], and
(λj ), λj 2 N, is the infinite product

�1
jD1(1 C aj cos(2πλjx)), x 2 [0, 1].

We shall always assume that

λjC1 � 3λj for all j.

This guarantees that every integer m has at most one representation in the form
m D ∑

j εjλj where εj 2 f�1, 0, 1g. To check this, observe first that for all k,

λkC1 � λk � � � � � λ1 > λk C � � � C λ1

and reduce the claim to this.
The first question is: in what sense does the Riesz product exist? If∑
j jaj j < 1 this product converges pointwise to a continuous function. In

general pointwise convergence may fail and we should consider the product as
a measure. Observe that we get Lebesgue measure if all aj D 0.

Define

fN (x) D �N
jD1(1 C aj cos(2πλjx)), x 2 [0, 1].

163
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Using the formula

cosα cosβ D (cos(α C β) C cos(α � β))/2

we can expand fN as a trigonometric polynomial of the form

fN (x) D 1 C
∑
m

bm cos(2πmx) (13.1)

where m attains the values

m D
N∑

jD1

εjλj , εj 2 f�1, 0, 1g,

and

bm D �εj 6D0(aj/2) when m D
N∑

jD1

εjλj . (13.2)

By (13.1)
∫ 1

0 fN (x) dx D 1 for all N and we can think of fN as a probability
measure on [0, 1]. By the general weak compactness Theorem 2.4 we can
extract weakly converging subsequences of (fN ). But we want to show that
the whole sequence converges. This follows if we can show that the limit
measure is the same for every converging subsequence. To achieve this we use
Fourier analysis on [0, 1]. Then instead of the Fourier transform we consider
the Fourier coefficients μ̂(k), k 2 Z. Recall from (3.66) that we have for μ, ν 2
M([0, 1]), μ D ν if and only if μ̂(k) D ν̂(k) for all k 2 Z.

We can compute the Fourier coefficients of fN from the formulas (13.1) and
(13.2). For jkj � λN we get

f̂N (k) D �εj 6D0(aj/2) if k D
∑
j

εjλj with εj 2 f�1, 0, 1g

with the interpretation f̂N (0) D 1, and

f̂N (k) D 0 if k does not have such a representation.

From this we see that for every k 2 Z there is Nk such that

f̂N (k) D f̂Nk
(k) for all N � Nk.

This gives that for any weak limit measure μ,

μ̂(k) D f̂Nk
(k) for all k 2 Z,

which implies the uniqueness of μ and the weak convergence of the Riesz
product.
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Definition 13.1 For the sequences a D (aj ), aj 2 [�1, 1], and λ D (λj ), λj 2
N with λjC1 � 3λj , the Riesz product

μa,λ D μa D �1
jD1(1 C aj cos(2πλjx))

is the weak limit of the partial products fN, fN (x) D �N
jD1(1 C aj 


cos(2πλjx)), x 2 [0, 1], as N ! 1.

We shall use the notation μa , when the sequence λ will be kept fixed and a

will vary.
We still record from the above calculations the Fourier coefficients of μa,λ:

μ̂a,λ(k) D �εj 6D0(aj/2) if k D
∑
j

εjλj with εj 2 f�1, 0, 1g, (13.3)

μ̂a,λ(k) D 0 if k does not have such a representation. (13.4)

13.2 Absolute continuity of Riesz products

Riesz products are continuous measures, that is, the singletons have measure
0, see for example Zygmund [1959], Section V.7. Some Riesz products are
singular and some absolutely continuous.

Theorem 13.2 The Riesz product μa is absolutely continuous with respect to
Lebesgue measure if and only if

∑
j a

2
j < 1. In that case μa 2 L2([0, 1]). If∑

j a
2
j D 1, μa and L1 are mutually singular.

Proof Assume first that
∑

j a
2
j < 1. We shall prove that theL2 norms of fN are

uniformly bounded. It is then an exercise to show using Hölder’s inequality and
basic properties of weak convergence that μa 2 L2. We estimate the squares of
the factors in the product by

(1 C aj cos(2πλjx))2 � (
1 C a2

j

) (
1 C 2aj

1 C a2
j

cos(2πλjx)

)
.

Hence we can conclude∫ 1

0
fN (x)2 dx D

∫ 1

0
�N

jD1(1 C aj cos(2πλjx))2 dx

� �N
jD1

(
1 C a2

j

) ∫ 1

0
�N

jD1

(
1 C 2aj

1 C a2
j

cos(2πλjx)

)
dx

D �N
jD1

(
1 C a2

j

) � �1
jD1

(
1 C a2

j

)
< 1.
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Suppose then that
∑

j a
2
j D 1. We see from (13.3) that∫

e˙2πiλj x dμax D μ̂a(˙λj ) D aj/2,

and ∫
e˙2πiλj x˙2πiλlx dμax D μ̂a(˙λj ˙ λl) D ajal/4 for j 6D l.

These relations yield that the functions

x 7! e2πiλj x � aj/2

form a bounded orthogonal sequence in L2(μa). As
∑

j a
2
j D 1, we can find

cj such that ∑
j

c2
j < 1, cj aj � 0 and

∑
j

cj aj D 1.

An easy way to see this is to apply the Banach–Steinhaus theorem to
the linear functionals Lk : l2 ! R, Lk(cj ) D ∑k

jD1 aj cj , with norms kLkk D
(
∑k

jD1 a
2
j )1/2 ! 1 as k ! 1.

Now the series
∑

j cj (e2πiλj x � aj/2) is an orthogonal series converg-
ing in L2(μa). On the other hand the series

∑
j cj e

2πiλj x is an orthogo-
nal series converging in L2(L1 [0, 1]). Any series converging in L2 has
almost everywhere converging subsequences. So there is a sequence (Nm)
such that the sequence

∑Nm

jD1 cj (e2πiλj x � aj/2) converges μa almost every-
where to a finite value. Next there is a subsequence (N 0

m) of (Nm) such
that the sequence

∑N 0
m

jD1 cj e
2πiλj x converges L1 almost everywhere to

a finite value. Then also
∑N 0

m

jD1 cj (e2πiλj x � aj/2) converges μa almost every-
where. If μa and L1 were not mutually singular there would be a point x where
both of these sequences converge. Then also their difference would converge.
But the difference is

∑
j cj aj /2 D 1. This contradiction completes the proof

of the theorem.

13.3 Riesz products and Hausdorff dimension

We shall now show that sets with sufficiently small Hausdorff dimension have
zero μa measure for certain Riesz products.

Theorem 13.3 Suppose that there is C < 1 such that λjC1 � Cλj for all j .
Then for 0 < s < 1, Is(μa,λ) < 1 if and only if

1∑
kD1

λs�1
k �k

jD1

(
1 C a2

j /2
)
< 1.
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Proof By Theorem 3.21 the condition Is(μa,λ) < 1 means that∑
m2Z

jμ̂a,λ(m)j2jmjs�1 < 1.

From (13.3) we see that this means that

∑
ε

(
�εj 6D0

aj

2

)2

∣∣∣∣∣∣
∑
j

εjλj

∣∣∣∣∣∣
s�1

< 1,

where the summation is over the sequences ε D (εj ), εj 2 f�1, 0, 1g, j D
1, 2, . . . such that εj 6D 0 for some but only for finitely many indices j . For any
such ε denote by kε the largest j for which εj 6D 0. Then due to the condition
λjC1 � 3λj , ∣∣∣∣∣∣

∑
j

εjλj

∣∣∣∣∣∣ � λkε .

For any j1 < j2 < � � � < jl there are 2l sequences ε such that fj : εj 6D 0g D
fj1, . . . , jlg. Writing bj D ajp

2
it follows that

∑
ε

(
�εj 6D0

aj

2

)2

∣∣∣∣∣∣
∑
j

εjλj

∣∣∣∣∣∣
s�1

�
1∑
kD1

∑
ε:kεDk

(
�εj 6D0

aj

2

)2
λs�1
k

D
1∑
kD1

∑
j1<���<jlDk

2l
(
�l

iD1
aji
2

)2
λs�1
k D

1∑
kD1

∑
j1<���<jlDk

(
�l

iD1bji
)2
λs�1
k

D b2
1λ

s�1
1 C (

b2
2 C (

b1b2)2
)
λs�1

2 C (
b2

3 C (b1b3)2 C (b2b3)2

C (b1b2b3)2
)
λs�1

3 C � � � D
1∑
kD1

b2
k

(
1 C b2

1

) � � � � � (1 C b2
k�1

)
λs�1
k

D
1∑
kD1

(
�k

jD1

(
1 C b2

j

) � �k�1
jD1

(
1 C b2

j

))
λs�1
k ,

with the interpretation �k�1
jD1(1 C b2

j ) D 1 when k D 1. Using λs�1
k � λs�1

kC1 �
λs�1
k one sees that the finiteness of the last sum is equivalent to

1∑
kD1

λs�1
k �k

jD1

(
1 C b2

j

)
< 1

and the theorem follows.

The above theorem immediately yields sufficient conditions for the absolute
continuity of μa,λ with respect to Hausdorff measures. For example, we have
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Corollary 13.4 If λj D λ
j
0 � 3 for all j and aj D a0 2 (�1, 1) for all j , then

for every Borel set A � R,

dimA < 1 � log
(
1 C a2

0

/
2
)

log λ0
implies μa,λ(A) D 0.

Proof Let dimA < s < 1 � log(1Ca2
0/2)

log λ0
. Then by Theorem 13.3 Is(μa,λ) < 1.

If μa,λ(A) were positive, we could find by a standard approximation theo-
rem (for example, Mattila [1995], Theorem 1.10) a compact set C � A with
μa,λ(C) > 0. Since also Is(μa,λ C) < 1, this would lead to the contradiction
dimC � s by Theorem 2.8.

13.4 Uniformly locally uniform measures

We shall now use Riesz products to construct measures on [0, 1] which locally
look very much like Lebesgue measure but are singular. To express this more
precisely we consider blow-ups of μ 2 M([0, 1]): if I D [a, b] � [0, 1], a <

b, we define

μI (B) D μ(fx : (x � a)/(b � a) 2 Bg)/μ([a, b]) for B � R.

This means thatμI is the image ofμ under the map x 7! (x � a)/(b � a), which
maps [a, b] onto [0, 1], normalized to a probability measure. In particular, if
I D [a, b] then

μI ([0, y]) D μ([a, a C y(b � a)])

μ([a, b])
for y 2 [0, 1].

IfμI is close to Lebesgue measure on [0, 1] whenever d(I ) is small,μ itself is in
a sense nearly uniformly distributed over [0, 1]. Clearly, μ is then a continuous
measure; it cannot have point masses. We shall now use Riesz products to show
that μ could still be singular.

Two useful metrics which metrize weak convergence are given by,

d1(μ, ν) D supfjμ([a, b]) � ν([a, b])j : [a, b] � [0, 1]g,
d2(μ, ν) D supfjμ([0, y]) � ν([0, y])j : y 2 [0, 1]g.

One checks easily that d2(μ, ν) � d1(μ, ν) � 2d2(μ, ν).
Following Freedman and Pitman [1990] we give the following definition.

Definition 13.5 A measure μ 2 M([0, 1]) is called locally uniform at x 2
[0, 1] if

μI ! L1 [0, 1] weakly when x 2 I, d(I ) ! 0.
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If this convergence is uniform in [0, 1] with respect to the above metrics d1 and
d2, we say that μ is uniformly locally uniform.

Thus μ is uniformly locally uniform if and only if

lim
δ!0

sup
d(I )<δ

supfjμI ([a, b]) � (b � a)j : [a, b] � [0, 1]g D 0,

or, equivalently,

lim
δ!0

sup
d(I )<δ

supfjμI ([0, y]) � yj : y 2 [0, 1]g D 0,

which means that for any ε > 0,∣∣∣∣μ([a, a C y(b � a)])

μ([a, b])
� y

∣∣∣∣ < ε for all y 2 [0, 1]

whenever 0 � a < b � 1 and b � a is sufficiently small.
These conditions can be translated to the behaviour of μ on adjacent dyadic

intervals. We say that the subintervals I and J of [0, 1] are adjacent dyadic
intervals if they are of the form

I D [j2�k, (j C 1)2�k), J D [(j C 1)2�k, (j C 2)2�k),

j D 0, 1, . . . , 2k � 2, k 2 N.

In the case (j C 2)2�k D 1 we take J to be the closed interval [1 � 2�k, 1].

Lemma 13.6 A measure μ 2 M([0, 1]) is uniformly locally uniform if and
only if

μ(I )/μ(J ) ! 1 as k ! 1
uniformly over all pairs of adjacent dyadic intervals of length 2�k .

Proof The ‘only if’ is easier and not needed here, so we skip it. Assume that
the above condition holds. Let us say for a positive integer N that the dyadic
intervals I and J of the same length are N -adjacent if there are dyadic intervals
I0, I1, . . . , IM such that M � N, Ij�1 and Ij are adjacent for all j , I0 D I

and IM D J . Then for a fixed N , μ(I )/μ(J ) ! 1 uniformly as k ! 1 for all
N -adjacent dyadic intervals I and J of length 2�k .

Let t > 1 and let N be a large integer. Let 0 � a < b � 1 with b � a so
small that μ(I )/μ(J ) < t for all (N C 1)-adjacent dyadic intervals I and
J with d(I ) D d(J ) � b � a. We can choose (N C 1)-adjacent intervals Ij ,

j D 0, 1, . . . , N C 1, such that d(Ij ) � b � a and

N⋃
jD1

Ij � [a, b] �
NC1⋃
jD0

Ij .
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Then for any i 2 f0, 1, . . . , N C 1g,

μ([a, b]) �
NC1∑
jD0

μ(Ij ) � (N C 2)tμ(Ii).

In the same way, using the inclusion [N
jD1Ij � [a, b],

μ([a, b]) � (N/t)μ(Ii).

Let 0 � y � 1 and let Ny be the number of the intervals Ij contained in
[a, a C y(b � a)]. Then [a, a C y(b � a)] is contained in Ny C 2 intervals Ij
and by the above argument for all i such that Ii � [a, a C y(b � a)],

(Ny/t)μ(Ii) � μ([a, a C y(b � a)]) � (Ny C 2)tμ(Ii).

Denoting by d the length of the intervals Ij we have

(b � a)/d � 2 � N � (b � a)/d, y(b � a)/d � 2 � Ny � y(b � a)/d,

so

yN � 2 � Ny � y(N C 2).

Putting all these estimates together we find, when Ii � [a, a C y(b � a)],

μ[a,b]([0, y]) D μ([a, a C y(b � a)])

μ([a, b])
� (Ny C 2)tμ(Ii)

(N/t)μ(Ii)
� t2 N C 2

N
y C 2t2

N

and

μ[a,b]([0, y]) � t�2 N

N C 2
y � 2t�2

N C 2
.

Since we can choose t arbitrarily close to 1 and N arbitrarily large, the lemma
follows.

Theorem 13.7 There exists a singular uniformly locally uniform Borel mea-
sure on [0, 1].

Proof We choose the sequence a D (aj ) such that aj ! 0 and
∑

j a
2
j D 1,

for example, aj D 1/
p
j will do. Then by Theorem 13.2 μa,λ is singular for

any sequence λ D (λj ) as before. Now we choose the integers λj so that the
ratios λjC1/λj are integers greater than or equal to 3 and they are of the form
λj D 2k(j ). The sequence k(j ) of positive integers will be defined inductively.
Making it very rapidly increasing will make μa,λ uniformly locally uniform.

From now on we shall write μ D μa,λ. We continue to use the notation fN
as before. The first observation is that μ is invariant under translation by 1/λ1.
This means that

∫
ϕ(x C 1/λ1) dμx D ∫

ϕ(x) dμx for continuous functions ϕ.
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This follows from the definition of μ and the fact that λ1 divides every λm. In
particular,

μ([i/λ1, (i C 1)/λ1)) D 1/λ1 for all i D 0, 1, . . . , λ1 � 1. (13.5)

Lemma 13.8 Fix N . Let j, k and m be non-negative integers with j < k and
m(k C 1) � λNC1. Set

I D [mj/λNC1,m(j C 1)/λNC1), J D [mk/λNC1,m(k C 1)/λNC1).

If

b < fN (x)/fN (y) < c for all x 2 I, y 2 J,

then

b < μ(I )/μ(J ) < c.

Proof Let

μN D �1
jDNC1(1 C aj cos(2πλjx)).

Then μ can be written as μ(A) D ∫
A
fN dμN , so in particular,

μ(I ) D
∫
I

fN dμN and μ(J ) D
∫
J

fN dμN.

Applying (13.5) toμN we see thatμN (I ) D μN (J ); notice that I and J are com-
posed ofm intervals of the type [i/λNC1, (i C 1)/λNC1), i D 0, 1, . . . , λNC1 �
1. The lemma follows immediately from these facts.

Now we shall define the sequence k(j ) inductively. We take k(1)=1. Sup-
pose that k(1) < � � � < k(j ) have been defined. Then fj is strictly positive and
uniformly continuous, whence we can choose k(j C 1) � k(j ) C 2 so large
that

1 � ajC1 <
fj (x)

fj (y)
< 1 C ajC1 provided jx � yj � 21�k(jC1). (13.6)

This completes the inductive definition.
Let j � 2. Then

fj (x) D fj�1(x)(1 C aj cos(2πλjx)).

Thus

(1 � aj )fj�1(x) � fj (x) � (1 C aj )fj�1(x).

Let I and J be adjacent dyadic intervals of length 2�k with k(j ) � k �
k(j C 1). If x 2 I and y 2 J , then jx � yj � 21�k � 21�k(j ). Thus we can
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apply (13.6) with j replaced by j � 1 to obtain

fj (x)

fj (y)
� (1 C aj )fj�1(x)

(1 � aj )fj�1(y)
� (1 C aj )2

1 � aj
.

The lower bound (1�aj )2

1Caj
is obtained in the same way. Hence we have by

Lemma 13.8

(1 � aj )2

1 C aj
� μ(I )

μ(J )
� (1 C aj )2

1 � aj
.

Appealing to Lemma 13.6 completes the proof of the theorem.

13.5 Further comments

F. Riesz [1918] introduced the measures carrying his name.
Theorem 13.2 is classical, Peyriére [1975] and Brown and Moran [1974]

proved more generally that μa and μb are mutually singular if
∑

j jaj � bj j2 D
1. The results for the Hausdorff dimension are due to Peyriére from the same
paper, in fact, Peyriére proves considerably better estimates than Corollary 13.4,
see also Kahane [2010]. Notice that these do not follow by the same energy
method, since Theorem 13.3 is sharp. Hare and Roginskaya [2002] used the
energy method to obtain results relaxing on the condition λjC1 � 3λj .

Freedman and Pitman [1990] introduced the concept of uniformly locally
uniform measure with a probabilistic motivation. Locally uniform measures are
essentially the same as the measures whose only micromeasure in the sense of
Furstenberg [2008] is Lebesgue measure. They are also essentially the same as
the measures whose tangent measures in the sense of Preiss [1987] are constant
multiples of Lebesgue measure. Such an example with tangent measures was
constructed by Preiss [1987]. The main difference between tangent measures
and the above blow-ups is that for tangent measures one blows up the whole
measure, and not only locally, whence they have usually unbounded support.
This is important in the applications of Preiss [1987]; see also Mattila [1995],
Chapters 14 and 17.

The locally uniform measures and measures whose tangent measures are
constant multiples of Lebesgue measure possess some regularity properties,
for example some doubling properties. However, Orponen and Sahlsten [2012]
constructed a very badly non-doubling measure all of whose tangent measures
are equivalent (but not equal) to Lebesgue measure.

Various aspects of Riesz products have been discussed in many books,
see Zygmund [1959], Kahane [1985], Katznelson [1968], Havin and Jöricke
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[1995], Graham and McGehee [1970] and Grafakos [2008]. Much more than
discussed here has been done on Riesz products in different settings and their
relations to Hausdorff dimension; see, for example, Fan and Zhang [2009] and
Shieh and Zhang [2009] and the references given there.
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Oscillatory integrals (stationary phase) and
surface measures

In this chapter we study integrals of the type

I (λ) D
∫

eiλϕ(x)ψ(x) dx, λ > 0, (14.1)

and in particular their behaviour as λ ! 1. As a standing assumption the
functions ϕ and ψ defined on Rn will be infinitely differentiable and ψ will
have compact support, ϕ is real valued and ψ complex valued. The reader will
easily see that often much less smoothness suffices. As special cases we obtain
the estimates for the Bessel functions and the Fourier transform of the surface
measure on the sphere presented in Chapter 3.

14.1 One-dimensional case

In this section ϕ and ψ will be defined on R.

Theorem 14.1 If ϕ0(x) 6D 0 when x 2 sptψ , then for every N 2 N,

I (λ) � C(ϕ,ψ,N)λ�N for λ > 0.

When N D 1, we can take

C(ϕ,ψ) D
∫ ∣∣∣∣ ddx

(
ψ(x)

ϕ0(x)

)∣∣∣∣ dx.
Proof Integrating by parts,

jI (λ)j D
∣∣∣∣∫ 1

iλϕ0(x)

d

dx

(
eiλϕ(x)

)
ψ(x) dx

∣∣∣∣
D

∣∣∣∣� ∫
eiλϕ(x) d

dx

(
ψ(x)

iλϕ0(x)

)
dx

∣∣∣∣ � C(ϕ,ψ)/λ.

The cases N � 2 follow by similar calculations.

174
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If ϕ0(x) D 0 but some higher order derivative does not vanish, the following
van der Corput’s lemma is useful:

Theorem 14.2 Suppose k 2 f1, 2, . . . g is such that jϕ(k)(x)j � 1 for x 2 [a, b].
Then with Ck D 5 � 2k�1 � 2,∣∣∣∣∫ b

a

eiλϕ(x) dx

∣∣∣∣ � Ckλ
�1/k for λ > 0, (14.2)

(i) if k D 1 and ϕ0 is monotone, or
(ii) if k � 2.

Proof Suppose first (i). Integrating by parts∣∣∣∣∫ b

a

eiλϕ(x) dx

∣∣∣∣ D
∣∣∣∣ eiλϕ(b)

iλϕ0(b)
� eiλϕ(a)

iλϕ0(a)
�
∫ b

a

eiλϕ(x) d

dx

(
1

iλϕ0(x)

)
dx

∣∣∣∣
� 2λ�1 C λ�1

∫ b

a

∣∣∣∣ ddx
(

1

ϕ0(x)

)∣∣∣∣ dx
D 2λ�1 C λ�1

∣∣ϕ0(b)�1 � ϕ0(a)�1
∣∣ � 3λ�1,

where in the last equality and inequality we used the facts that d
dx

( 1
ϕ0(x) ) and

ϕ0(x) do not change sign on [a, b].
Suppose then that k � 2. We use induction on k and assume that (14.2) holds

for k � 1. We may assume that ϕ(k)(x) � 1 for x 2 [a, b], since ϕ(k) does not
change sign on [a, b]. Then ϕ(k�1) is strictly increasing and there is a unique
c 2 [a, b] such that jϕ(k�1)(x)j has its minimum at c. Either ϕ(k�1)(c) D 0 or
c D a or c D b. Suppose ϕ(k�1)(c) D 0 and let δ > 0. Then jϕ(k�1)(x)j � δ

when x 2 [a, b] n [c � δ, c C δ] and the induction hypothesis gives∣∣∣∣∫ c�δ

a

eiλϕ(x) dx

∣∣∣∣ � Ck�1(λδ)�1/(k�1)

and ∣∣∣∣∫ b

cCδ

eiλϕ(x) dx

∣∣∣∣ � Ck�1(λδ)�1/(k�1).

Since ∣∣∣∣∫ cCδ

c�δ

eiλϕ(x) dx

∣∣∣∣ � 2δ,

we obtain ∣∣∣∣∫ b

a

eiλϕ(x) dx

∣∣∣∣ � 2Ck�1(λδ)�1/(k�1) C 2δ.
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(Here we only consider the case a � c � δ, c C δ � b; the reader can easily
check the remaining cases.) Choosing δ D λ�1/k we get∣∣∣∣∫ b

a

eiλϕ(x) dx

∣∣∣∣ � (2Ck�1 C 2)λ�1/k.

If c D a or c D b, a similar argument gives∣∣∣∣∫ b

a

eiλϕ(x) dx

∣∣∣∣ � Ck�1(λδ)�1/(k�1) C δ,

and we take again δ D λ�1/k .
As 2Ck�1 C 2 D 5 � 2k�1 � 2 D Ck , the proof is complete.

Corollary 14.3 Under the assumptions of Theorem 14.2, for any C1-function
ψ : R ! C,∣∣∣∣∫ b

a

eiλϕ(x)ψ(x) dx

∣∣∣∣ � Ckλ
�1/k

(
jψ(b)j C

∫ b

a

jψ 0(x)j dx
)

for λ > 0.

Proof Let

F (x) D
∫ x

a

eiλϕ(t) dt.

Then∫ b

a

eiλϕ(x)ψ(x) dx D
∫ b

a

F 0(x)ψ(x) dx D F (b)ψ(b) �
∫ b

a

F (x)ψ 0(x) dx,

and by Theorem 14.2, jF (x)j � Ckλ
�1/k for all x 2 [a, b], from which the

theorem follows.

We now discuss applications to Bessel functions and the surface measure
σn�1 on the sphere Sn�1. We defined in (3.32)

Jm(t) D (t/2)m

�(m C 1/2)�(1/2)

∫ 1

�1
eits(1 � s2)m�1/2 ds,

form > �1/2. For the formula for radial functions, (3.33), and for σ̂ n�1, (3.41),
we only need the integral and half integral values of m. When m C 1/2 is a
positive integer, we already saw in Section 3.3 that the estimate (3.35)

jJm(t)j � C(m)t�1/2 for t > 0,

holds. This case was almost trivial; then Jm is a linear combination of simple
elementary functions. Now we derive (3.35) from Corollary 14.3 when m is a
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non-negative integer. First when m 2 N0, we have the alternative formula:

Jm(t) D 1

2π

∫ 2π

0
eit sin θ e�imθ dθ.

This is easily checked for m D 0, and for m > 0 it follows by induction from
the recursion relation (3.38):

d

dt
(t�mJm(t)) D �tmJmC1(t).

We leave the details for the reader or one can consult Grafakos [2008],
Appendix B. This alternative formula combined with Corollary 14.3 yields
(3.35): we apply Corollary 14.3 with λ D t and ϕ(x) D sin x. Then ϕ0(x) D 0
when x is π/2 or 3π/2 and ϕ00(x) D ˙1 for these values of x. We can find
smooth non-negative functions ψ1, ψ2 and ψ3 such that ψ1 C ψ2 C ψ3 D 1,
ψ1 has support in a small neighbourhood of π/2 and it equals 1 in a smaller
neighbourhood of π/2, and similarly ψ2 has support and it equals 1 near 3π/2.
Then we can write Jm(t) as a sum of three terms; to two of them we apply
Corollary 14.3 with k D 2, and to one of them we apply Theorem 14.1.

Thus we get the decay estimate (3.42) for the spherical surface measure. This
argument is heavily based on the radial symmetry of the sphere; via integration
in polar coordinates we could employ the estimates for the one-dimensional
integrals (14.1). For other surface measures we need analogous estimates for
higher dimensional integrals, which we now investigate.

14.2 Higher dimensional case

For the rest of this chapter ϕ and ψ will be smooth functions in Rn, and as
before ψ has compact support, ϕ is real valued and ψ complex valued. We let
again

I (λ) D
∫

eiλϕ(x)ψ(x) dx for λ > 0.

Theorem 14.4 If rϕ(x) 6D 0 when x 2 sptψ , then for every N 2 N,

I (λ) � C(ϕ,ψ,N)λ�N for λ > 0. (14.3)

Proof Suppose first that for some j , ∂jϕ(x) 6D 0 for x 2 sptψ . Then by Fubini’s
theorem, writing x̃ D (x1, . . . , xj�1, xjC1, . . . , xn), and C D f̃x : x 2 sptψg,

I (λ) D
∫
C

(∫
R
eiλϕ(x)ψ(x)dxj

)
dx̃.
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An application of Theorem 14.1 to the inner integral yields (14.3); obviously
the proof of Theorem 14.1 shows that the constants involved depending on x̃

are uniformly bounded.
In the general case we can cover sptψ with finitely many balls Bk such

that some ∂jkϕ(x) 6D 0 for x 2 Bk . Writing ψ D ∑
k ψk with sptψk � Bk , the

theorem follows.

Next we consider points where the gradient vanishes. We call such points
critical. A point x0 is called a non-degenerate critical point of ϕ if rϕ(x0) D 0
and the Hessian determinant

hϕ(x0) :D det(∂j ∂kϕ(x0)) 6D 0. (14.4)

The corresponding Hessian matrix is denoted by

Hϕ(x0) :D (∂j ∂kϕ(x0)).

Theorem 14.5 If all critical points of ϕ in sptψ are non-degenerate, then

jI (λ)j � C(ϕ,ψ)λ�n/2 for λ > 0. (14.5)

Proof We may assume that sptψ � B(0, 1), kψk1 � 1, krψk1 � 1 and
kHϕk1 � 1. We first consider the case where ϕ is a special quadratic polyno-
mial, ϕ D Q:

Q(x) D x2
1 C � � � C x2

k � x2
kC1 � � � � � x2

n

for some k D 1, . . . , n. We use induction on n to prove that for any special
quadratic polynomial Q in Rn as above and for any smooth ψ in Rn with
sptψ � B(0, 1) and with k∂αψk1 �n 1 for any partial derivative ∂αψ of
order jαj � n, ∣∣∣∣∫ eiλQ(x)ψ(x) dx

∣∣∣∣ �n λ�n/2.

The case n D 1 follows from Corollary 14.3. Suppose the result holds for
n � 1 and let ψ 2 C1(Rn) be as above. By Fubini’s theorem

I (λ) D λ�1/2
∫

eiλ(x2
2 C���Cx2

k�x2
kC1����x2

n)ψλ(x2, . . . , xn) d(x2, . . . , xn),

where

ψλ(x2, . . . , xn) D λ1/2
∫

eiλx
2
1ψ(x1, . . . , xn) dx1.
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Corollary 14.3 applied to ψ and its partial derivatives tells us that
k∂αψλk1 �n 1 for jαj � n � 1. The induction hypothesis gives that∣∣∣∣∫ eiλ(x2

2 C���Cx2
k�x2

kC1�����x2
n)ψλ(x2, . . . , xn) d(x2, . . . , xn)

∣∣∣∣ � λ(1�n)/2.

The theorem follows from these for such quadratic polynomials.
For the general case we use the following calculus lemma, called Morse’s

lemma:

Lemma 14.6 Let ϕ : U ! R be a C1 function with U � Rn open, and let
x0 2 U be such that ϕ(x0) D 0,rϕ(x0) D 0 and hϕ(x0) 6D 0. Then there exists
a diffeomorphism G : V ! W with V,W � Rn open, 0 2 V, x0 2 W � U ,
G(0) D x0, and for some k 2 f1, . . . , ng,

ϕ ı G(x) D
k�1∑
jD1

x2
j �

n∑
jDk

x2
j for x 2 V.

Proof We may assume x0 D 0. We may also assume that the matrix Hϕ(0) is
diagonal with all diagonal elements non-zero. This is achieved by first diagonal-
izing Hϕ(0) by an orthogonal transfomation O so that S D O�1 ı Hϕ(0) ı O is
diagonal. By direct computation using the chain rule HϕıO(0) D OT ı Hϕ(0) ı
O. Since the transpose OT is O�1, we have HϕıO(0) D S, which justifies our
assumption.

Under this assumption, ∂1ϕ(0) D 0 and ∂2
1ϕ(0) 6D 0. By the implicit function

theorem there is a smooth function g : W1 ! R,W1 � Rn�1 open, 0 2 W1,
such that g(0) D 0 and

∂1ϕ(g(̃x), x̃) D 0, ∂2
1ϕ(g(̃x), x̃) 6D 0 for x̃ D (x2, . . . , xn) 2 W1,

and ∂1ϕ(x1, x̃) 6D 0 when (x1, x̃) 2 U, x̃ 2 W1 and x1 6D g(̃x). Let ψ D
ϕ ı F,F (x) D (x1 C g(̃x), x̃). Then by the chain rule ∂1ψ(0, x̃) D 0 and
∂2

1ψ(0, x̃) 6D 0 for x̃ 2 W1 and by Taylor’s theorem, taking W1 sufficiently
small, we can write

ψ(x) D ψ(0, x̃) ˙ h(x)x2
1

where h is a strictly positive smooth function. Define E(x) D ( x1p
h(x)

, x̃). Then

ψ ı E(x) D ˙x2
1 C ψ(0, x̃)

and so

ϕ ı F ı E(x) D ˙x2
1 C ψ(0, x̃).
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We leave it to the reader to check that F ı E is a diffeomorphism in a neigh-
bourhood of the origin. The lemma follows by repeating this with ψ(0, x̃) in
place of ϕ(x) and so on.

We can now complete the proof of Theorem 14.5. Each point of sptψ has
a ball neighbourhood where either rψ 6D 0 or we can perform the change of
variable by a diffeomorphism G provided by Morse’s lemma. Covering the
whole sptψ with a finite number of such balls Bj and using a partition unity
to write ψ D ∑

j ψj with sptψj � Bj , we can write I (λ) D ∑
j Ij (λ) with

Ij (λ) D ∫
eiλϕ(x)ψj (x) dx. If j corresponds to a non-critical point, jIj (λ)j �

λ�n/2 by Theorem 14.4. For j corresponding to non-degenerate critical points
we have

Ij (λ) D
∫

eiλQj (x)ψ(Gj (x))JGj
(x) dx,

where Gj and Qj D ϕ ı Gj are given by Morse’s lemma. For these jIj (λ)j �
λ�n/2 by the special case considered above.

14.3 Surface measures

We shall consider Fourier transforms of measures on smooth hypersurfaces of
Rn. If σ is the surface measure on such a surface S, we shall consider measures
μ of the type dμ D ζdσ where ζ is a smooth function with sufficiently small
compact support. Moreover, we shall assume that spt ζ \ S is a graph of a
smooth function ϕ over its tangent plane at a point p 2 S. Without loss of
generality we assume that p D 0 and the tangent plane is Rn�1 D Rn�1 
 f0g.
The reader can of course easily deduce various generalizations from this basic
case.

So let U � Rn�1 be bounded and open, and let 0 2 U , ϕ : U ! R and
ζ : Rn ! R be smooth functions, ζ with compact support, such that

S D f(x, ϕ(x)) : x 2 Ug,
ϕ(0) D 0,rϕ(0) D 0,

spt ζ � f(x, t) : x 2 U, t 2 Rg.
Then the measure μ D ζσ is given by∫

g dμ D
∫
U

g(x, ϕ(x))ψ(x) dx

for g 2 C0(Rn) where

ψ(x) D ζ (x, ϕ(x))
√

1 C jrϕ(x)j2.
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Thus the Fourier transform of μ is, writing ξ D (̃ξ, ξn),

μ̂(ξ ) D
∫

e�2πi (̃ξ �xCξnϕ(x))ψ(x) dx.

In order to obtain the optimal decay jξ j(1�n)/2 as in the case of the sphere, we
need to make curvature assumptions. The Gaussian curvature of S at (x, ϕ(x))
is the Hessian determinant hϕ(x), which is the the product of the principal
curvatures, that is, the eigenvalues of Hϕ(x).

Theorem 14.7 With the above assumptions, if hϕ(x) 6D 0 for x 2 U , then

jμ̂(ξ )j � C(ϕ, ζ )jξ j(1�n)/2 for ξ 2 Rn.

Proof Let ξ D λη with λ D jξ j > 0 and jηj D 1, and

ϕη(x) D �2π (η1x1 C � � � ηn�1xn�1 C ηnϕ(x)), x 2 U.

Then we need to show that

jμ̂(ξ )j D
∣∣∣∣∫ eiλϕη(x)ψ(x) dx

∣∣∣∣ �η λ(1�n)/2.

The implicit constant may a priori depend on η, since the integral is a continuous
function of η and hence attains a maximum on Sn�1.

We have

rϕη(x) D �2π ((η1, . . . , ηn�1) C ηnrϕ(x))

and

Hϕη (x) D �2πηnHϕ(x).

If ηn D 0, rϕη(x) 6D 0 for all x 2 U , and the required estimate follows from
Theorem 14.4. If ηn 6D 0, the assumption hϕ(x) 6D 0 for x 2 U implies that
hϕη (x) 6D 0 for x 2 U , and the required estimate follows from Theorem 14.5.

14.4 Further comments

The contents of this chapter are classical and they are discussed in the books of
Grafakos [2008], Muscalu and Schlag [2013], Stein [1993], Sogge [1993] and
Wolff [2003]. In particular Stein [1993] includes many historical comments and
goes much further. For example, it gives rather precise asymptotic formulas, not
only decay estimates, and studies also surfaces for which some of the principal
curvatures may vanish.
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Spherical averages and distance sets

15.1 The Wolff–Erdoğan distance set theorem

In this chapter we show how the spherical averages of Fourier transforms
of measures, σ (μ)(r) D ∫

Sn�1 jμ̂(rv)j2 dσn�1v, can be used for distance set
estimates. From Theorem 4.6 we see that for a Borel set A � Rn,

dimA > (n C 1)/2 implies L1(D(A)) > 0,

where D(A) is the distance set:

D(A) D fjx � yj : x, y 2 Ag.
The conjecture is

dimA > n/2 implies L1(D(A)) > 0.

This will remain open but we shall be able to improve Falconer’s result above
to the following theorem of Wolff [1999] for n D 2 and Erdoğan [2005] for
general n:

Theorem 15.1 Let A � Rn be a Borel set and n � 2.

(a) If dimA > n/2 C 1/3, then L1(D(A)) > 0.
(b) If n/2 � dimA � n/2 C 1/3, then dimD(A) � 6 dimAC2�3n

4 .

In this chapter we show that certain decay estimates for the spherical aver-
ages imply this theorem; these estimates will be proven in the next chapter. In
fact, when n > 2 the proof relies on Tao’s bilinear restriction theorem which
will be proven only in Chapter 25.

The lower bound in (b) holds also for dimA < n/2, but then the bound
dimA � (n � 1)/2 given by Theorem 4.6 is better.

As mentioned before, in R there is no such result: one can construct compact
sets C � R such that dimC D 1 and L1(D(C)) D 0.

185
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15.2 Spherical averages and distance measures

Recall from Section 3.7 the quadratic spherical averages of μ 2 M(Rn): for
r > 0,

σ (μ)(r) D
∫
Sn�1

jμ̂(rv)j2 dσn�1v D r1�n

∫
Sn�1(r)

jμ̂(v)j2 dσn�1
r v.

For the energy-integrals of μ we have as before in (3.50):

Is(μ) D γ (n, s)
∫ 1

0
σ (μ)(r)rs�1 dr, 0 < s < n. (15.1)

Recall also from Section 4.2 the distance measure δ(μ) 2 M(D(A)) of a
measure μ 2 M(A) defined by∫

ϕ dδ(μ) D
∫∫

ϕ(jx � yj) dμx dμy

for continuous functions ϕ on R. We shall also consider the weighted distance
measure �(μ) defined by∫

ϕ d�(μ) D
∫

u(1�n)/2ϕ(u) dδ(μ)u

and the weighted spherical averages �(μ);

�(μ)(r) D r (n�1)/2σ (μ)(r).

Suppose now that I(nC1)/2(μ) < 1. Notice that then �(μ) 2 L1 because of
(15.1). By integration in spherical coordinates and by the formulas (3.41) and
(4.10), for u > 0 these two are related by

�(μ)(u) D c(n)
p
u

∫ 1

0

p
rJ(n�2)/2(2πru)�(μ)(r) dr. (15.2)

Here again J(n�2)/2 is a Bessel function for which we have the asymptotic
formula (3.37),

Jm(u) D
p

2p
πu

cos(u � πm/2 � π/4) C O(u�3/2), u ! 1.

Hence

c(n)J(n�2)/2(2πu) D 1p
u

(a1 cos(2πu) C b1 sin(2πu)) C K(u),

where

jK(u)j � minfu�3/2, u�1/2g. (15.3)
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Here and below aj and bj are complex constants depending only on n. The
local estimate for K with u�1/2 holds since J(n�2)/2 is bounded. Thus for u > 0,

�(μ)(u) D S(μ)(u) C L(μ)(u), (15.4)

S(μ)(u) D a2

∫ 1

0
cos(2πru)�(μ)(r) dr C b2

∫ 1

0
sin(2πru)�(μ)(r) dr,

L(μ)(u) D p
u

∫ 1

0

p
r�(μ)(r)K(ru) dr.

Let �1(μ) be the even extension of �(μ) to the negative reals; �1(μ)(r) D
�(μ)(jrj), and �2(μ) the odd extension; �2(μ)(r) D ��(μ)(jrj) for r < 0.
Then for u > 0 we can write S as

S(μ)(u)

D (a2/2)
∫ 1

�1
cos(2πru)�1(μ)(r) dr C (b2/2)

∫ 1

�1
sin(2πru)�2(μ)(r) dr

D (a2/2)
∫ 1

�1
e�2πiru�1(μ)(r) dr C (ib2/2)

∫ 1

�1
e�2πiru�2(μ)(r) dr.

As �(μ)(u) D 0 for u < 0, (15.4) stays in force for u < 0 when we define
S(u) D L(μ)(u) D 0 for u < 0. Then for all u 2 R, u 6D 0,

S(μ)(u) D (a2/4)
∫ 1

�1
e�2πiru�1(μ)(r) dr C (a2/4) sgn(u)



∫ 1

�1
e�2πiru�1(μ)(r) dr C (ib2/4)

∫ 1

�1
e�2πiru�2(μ)(r) dr

C (ib2/4) sgn(u)
∫ 1

�1
e�2πiru�2(μ)(r) dr,

where the sign function is defined by sgn(u) D 1 if u > 0 and sgn(u) D �1 if
u < 0. Since the Fourier transform maps L2 onto itself isometrically we can
define the Hilbert transform

H : L2(R) ! L2(R), Ĥf D �i sgn f̂ with

kHf k2 D kf k2 for f 2 L2(R).

If �(μ) 2 L2(R), we can now write S as

S(μ) D F(a3(�1(μ) C iH (�1(μ))) C b3(�2(μ) C iH (�2(μ)))). (15.5)
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To estimate L(μ) suppose (n � 1)/2 � s � (n C 1)/2 and set a D
(n C 1)/2 � s 2 [0, 1]. Then for u > 0 by (15.3) and (15.1),

jL(μ)(u)j D
∣∣∣∣pu

∫ 1

0

p
r�(μ)(r)K(ru) dr

∣∣∣∣
�
∫ 1/u

0
r (n�1)/2σ (μ)(r) dr C u�1

∫ 1

1/u
r (n�3)/2σ (μ)(r) dr

D u�a

∫ 1/u

0
(ru)ar (n�1)/2�aσ (μ)(r) dr

C u�a

∫ 1

1/u
(ru)a�1r (n�1)/2�aσ (μ)(r) dr

� u�a

∫ 1

0
rs�1σ (μ)(r) dr D γ (n, s)�1us�(nC1)/2Is(μ).

(15.6)

Recall that we have worked under the assumption I(nC1)/2(μ) < 1.

Proposition 15.2 Suppose μ 2 M(Rn), n � 2, s > 0 and Is(μ) < 1.

(a) If s > n/2 and
∫ 1

1 σ (μ)(r)2rn�1 dr < 1, then �(μ) 2 L2(R). In partic-
ular, δ(μ) 	 L1.

(b) If 0 < t < 1, s > (n C t � 1)/2 and
∫ 1

1 σ (μ)(r)2rnCt�2 dr < 1, then
It (�(μ)) < 1.

Proof To prove (a) we may assume s < (n C 1)/2, because Is(μ) < 1 implies
Is0 (μ) < 1 for s0 < s. Let fε D ψε � μ where ψε, ε > 0, is an approximate
identity as in Section 3.2 with f̂ε(x) D ψ̂(εx)μ̂(x) ! μ̂(x) as ε ! 0 and
jf̂ε(x)j � jμ̂(x)j. First we have by (15.5) and Plancherel’s theorem,

kS(fε)k2 � k�(fε)k2 � k�(μ)k2 < 1,

because by the assumption in (a), �(μ) 2 L2(R). Secondly by (15.6)∫ 1

0
L(fε)(u)2du �

∫ 1

0
u2s�n�1 duIs(fε)

2 � Is(μ)2,

as 2s > n, and, applying (15.6) with s D (n � 1)/2,∫ 1

1
L(fε)(u)2du �

∫ 1

1
u�2 duIs(fε)

2 � Is(μ)2.

Thus by (15.4) the norms k�(fε)k2, ε > 0, are uniformly bounded from which
one easily concludes that �(μ) 2 L2(R).

Notice that in the above proof for part (a) we did not need any information
about the Hilbert transform beyond Plancherel’s formula, which we used to
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define it. For part (b) we shall use the following inequality for 0 < t � 1:∫ 1

�1
jrjt�1jHf (r)j2 dr �t

∫ 1

�1
jrjt�1jf (r)j2 dr. (15.7)

We do not prove this here. It follows from standard weighted inequalities for
singular integrals using the fact that jrjt�1 is a so-called A2-weight; see, for
example, Duoandikoetxea [2001], Theorem 7.11.

To prove (b) we assume first that μ is a smooth non-negative function f

with compact support. Recall from (3.46) the mutual energy

It (g, h) D
∫∫

jx � yj�t g(x)h(y) dx dy

D γ (1, t)
∫

jxjt�1ĝ(x )̂h(x) dx, 0 < t < 1,

for g, h 2 L1(R) \ L2(R) such that Is(jf j, jgj) < 1. Recall also, see (3.47),
that It (g) D It (g, g) � 0. The functions S(f ) and L(f ) are bounded with suf-
ficient decay at infinity so that we can apply this to them. For instance, the
estimate jL(f )(u)j � juj�1 follows easily from the definition of L(f ), or from
(15.6), and then the same estimate holds for S(f ) by (15.4) since �(f ) has
compact support. In particular, L(f ), S(f ) 2 L2(R). From the identity

�(f )(u)�(f )(v) D S(f )(u)S(f )(v) C �(f )(u)L(f )(v)

C�(f )(v)L(f )(u) � L(f )(u)L(f )(v),

we get

It (�(f )) D It (S(f )) C 2It (�(f ), L(f )) � It (L(f ))

� It (S(f )) C 2It (�(f ), L(f )).

Using (15.5), (15.7) and the obvious fact that the energy can be written in terms
of the inverse Fourier transform in place of the Fourier transform, we obtain

It (S(f )) D γ (1, t)
∫

jrjt�1jF�1(S(f ))(r)j2 dr �
∫ 1

0
rt�1�(f )(r)2 dr

D
∫ 1

0
rtCn�2σ (f )(r)2 dr.

To estimate It (�(f ), L(f )) we use (15.6) and the elementary fact∫ 1

0
v�aju � vj�b dv � u1�a�b for u > 0, a, b 2 (0, 1).
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Thus

jIt (�(f ), L(f ))j D
∣∣∣∣∫ 1

0

∫ 1

0
�(f )(u)L(f )(v)ju � vj�t du dv

∣∣∣∣
� Is(f )

∫ 1

0
�(f )(u)

∫ 1

0
vs�(nC1)/2ju � vj�t du dv

� Is(f )
∫ 1

0
δ(f )(u)u�(n�1)/2Cs�(nC1)/2�tC1 du

D Is(f )
∫ 1

0
δ(f )(u)us�t�nC1 du

D Is(f )In�1�sCt (f ) � Is(f )2,

where the last equality follows from the definition of δ(f ) and the last inequal-
ity from the fact that n � 1 � s C t � s. Combining these estimates we have
established

It (�(f )) � It (S(f )) C 2It (�(f ), L(f )) �
∫ 1

0
rtCn�2σ (f )(r)2 dr C Is(f )2.

We apply this with f D ψε � μ as above. The above inequality remains valid
in the limit which completes the proof.

Proposition 15.2 immediately leads to the following proposition:

Proposition 15.3 Suppose that C, s and t are positive numbers, t � s, and
μ 2 M(Rn), n � 2, is such that Is(μ) < 1 and

σ (μ)(r) � Cr�t (15.8)

for all r > 0.

(a) If s C t � n, then L1(D(sptμ)) > 0.
(b) If s C t < n, then dimD(sptμ) � s C t C 1 � n.

Proof In case (a),∫ 1

1
σ (μ)(r)2rn�1 dr � C

∫ 1

1
σ (μ)(r)rn�1�t dr

D γ (n, n � t)CIn�t (μ) � Is(μ) < 1.

By Proposition 15.2, δ(μ) 	 L1 and so L1(D(sptμ)) > 0.
In case (b), setu D s C t C 1 � n. Thenu < 1 and we may of course assume

that u > 0. We may also assume that t < s, which gives s > (n C u � 1)/2,
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and we can apply Proposition 15.2(b) with t replaced by u. We have∫ 1

1
σ (μ)(r)2rnCu�2 dr D

∫ 1

1
σ (μ)(r)2rsCt�1 dr

� C

∫ 1

1
σ (μ)(r)rs�1 dr D γ (n, s)�1CIs(μ) < 1.

By Proposition 15.2, Iu(�(μ)) < 1 and so dimD(sptμ) � u.

Recall the definition of Salem sets from 3.11.

Corollary 15.4 Let A � Rn, n � 2, be a Borel Salem set.

(a) If dimA > n/2, then L1(D(A)) > 0.
(b) If dimA > (n � 1)/2, then dimD(A) � 2 dimA C 1 � n.

Proof For any 0 < s < dimA there is μ 2 M(A) with Is(μ) < 1 and
jμ̂(x)j2 � C(μ)jxj�s . Then also σ (μ)(r) � C(μ)r�s . We apply the above
proposition with s D t : if s > n/2 we get (a), and if s > (n � 1)/2, we
get (b).

15.3 The decay of spherical averages

In view of the previous results, good answers to the following question are
likely to give improvements for the distance set problem.

For what pairs (s, t) of positive numbers is the estimate

σ (μ)(r) � r�t Is(μ) (15.9)

valid for all μ 2 M(B(0, 1)) and for all r > 1? Unless we are in the optimal
case s D t , we have to restrict to μ 2 M(B(0, 1)) for scaling reasons. We
should emphasize that although getting such estimates is easily reduced to
getting them for non-negative smooth functions with compact support, the
non-negativity is essential: there is no hope of getting the same estimates for
general real valued smooth functions with compact support.

We already derived in Lemma 3.15 the easy estimate which says that (15.9)
holds with t D s if s � (n � 1)/2. Obviously this implies

σ (μ)(r) � C(s, t)Is(μ)r�(n�1)/2 for s � (n � 1)/2.

The following estimate was proved by Wolff for n D 2 and by Erdoğan for
general n. Combined with Proposition 15.3 it gives immediately Theorem 15.1.
We shall prove this estimate in the next chapter.
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Theorem 15.5 For all (n � 2)/2 � s < n, n � 2, ε > 0 and μ 2 M(Rn) with
sptμ � B(0, 1),

σ (μ)(r) � C(n, s, ε)rε�(nC2s�2)/4Is(μ) for r > 1.

Up to ε this is the best possible for 1 � s < 2 in the plane, but it is not
known if it is the best possible when n > 2 for the relevant interval n/2 � s �
(n C 2)/2. Outside these intervals of s the estimates can be improved, as we
shall see below, but the known improvements do not improve the distance set
results. In addition to s � (n � 1)/2, which we have already settled, we now
discuss these estimates for other values of s.

Define

tn(s)

D supft : σ (μ)(r) �n,s,t r
�t Is(μ) for all μ 2 M(Rn) with sptμ � B(0, 1)g.

It is clear by the formula (3.50) that tn(s) � s for any s. By Lemma 3.15
tn(s) D s for 0 < s � (n � 1)/2.

In R2 the exact value of t2(s) is known for all 0 < s < 2:

Theorem 15.6
t2(s) D s for 0 < s � 1/2,

D 1/2 for 1/2 � s � 1,

D s/2 for 1 � s < 2.

In order to complete the proof of this after what already has been said, we
need to give examples showing that t2(s) � 1/2 for 1/2 � s � 1 and t2(s) �
s/2 for 1 � s < 2. This will be done below.

In Rn, n > 2, the best known estimates are the following:

Theorem 15.7
tn(s) D s for 0 < s � (n � 1)/2,

� (n � 1)/2 for (n � 1)/2 � s � n/2,

� (n C 2s � 2)/4 for n/2 � s � (n C 2)/2,

� s � 1 for (n C 2)/2 � s < n,

� s for (n � 1)/2 � s � n � 2,

� s/2 C n/2 � 1 for 1 � n � 2 � s < n.

We already know the first three lines and the fifth one. Now we verify the
fourth.

Proposition 15.8 If 1 < s < n, then tn(s) � s � 1.



15.3 The decay of spherical averages 193

Proof Let μ 2 M(Rn) and choose a radial C1 function ϕ on Rn with sptϕ �
B(0, 1) such that ϕ̂ is non-negative and ϕ̂ � 1 on sptμ. Let ν D ϕ̂�1μ 2
M(Rn). Then μ̂ D ̂̂ϕν D ϕ � ν̂. Thus we have for r > 2 using Schwartz’s
inequality, Fubini’s theorem, the fact sptϕ � B(0, 1) and (3.45),

σ (μ)(r) D
∫

jϕ � ν̂(rv)j2 dσn�1v D
∫ ∣∣∣∣∫ ϕ(x � rv)̂ν(x) dx

∣∣∣∣2 dσn�1v

�
∫ (∫

jϕ(x � rv)j dx
∫

jϕ(x � rv)jĵν(x)j2 dx
)

dσn�1v

� kϕk1kϕk1
∫ ∫

jx�rvj�1
ĵν(x)j2 dx dσn�1v

�
∫

jjxj�rj�1
σn�1(fv : jx � rvj � 1g)ĵν(x)j2 dx

� r1�n

∫
jjxj�rj�1

ĵν(x)j2 dx � r1�s

∫
jjxj�rj�1

jxjs�n ĵν(x)j2 dx

� r1�s

∫
jxjs�n ĵν(x)j2 dx D γ (n, s)�1r1�sIs(ν) � γ (n, s)�1r1�sIs(μ).

The last inequality follows since Is(ν) � Is(μ) by the definition of ν and the
fact that ϕ̂ � 1 on sptμ. We have also used the obvious estimate σn�1(fv :
jy � vj � �g) � �n�1 for all y 2 Rn, � > 0.

We shall now discuss the counter-examples giving the upper bounds in
Theorems 15.6 and 15.7. First we prove the missing part in R2:

Proposition 15.9 We have t2(s) � 1/2 for 0 < s � 1 and t2(s) � s/2 for
1 � s < 2.

Proof To prove the first statement we show that if 0 < s < 1 there is μ 2
M(R2) such that Is(μ) < 1 and

σ (μ)(r) � 1/
p
r for some arbitrarily large r > 0.

For this we can take as μ one of the measures μM,N 2 M(R) constructed in
8.2.1 considered as a measure in the x-axis in R2. As we observed there we have
such a μ for which Is(μ) < 1 and μ̂(x, 0) does not tend to zero as x ! 1.
Notice that as sptμ � f(x, 0) : x 2 Rg,

μ̂(x, y) D μ̂(x, 0) for all y 2 R.

Since μ̂ is Lipschitz continuous we can then find a positive number a and
arbitrarily large values r > 0 such that

jμ̂(x, y)j > a for all x 2 [r � a, r], y 2 R.
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The length of the arc C(r) D f(x, y) : j(x, y)j D r, r � a � x � rg is at least
b
p
r for some b > 0 independent of r . Therefore,

σ (μ)(r) D r�1
∫
S(r)

jμ̂(v)j2 dσ 1
r v � a2b/

p
r

as desired.
For the second statement we need to show that if 1 < s < 2 and t > s/2,

then there is μ 2 M(R2) such that Is(μ) < 1 and

σ (μ)(r) � r�t for some arbitrarily large r > 0.

We shall again make use of the measuresμM,N 2 M(R) and also of the standard
Cantor measures μd . Choose positive numbers s1, s2, s

0
2, ε 2 (0, 1) such that

s < s1 C s2 < s1 C s0
2 < 2t and (1 C s0

2)/2 C ε < t.

Let μ1 be one of the measures μM,N with the properties

μ1([x � �, x C �]) � �s1 for x 2 R, � > 0,

and for some a > 0, L > 1 and Lk � rk < LkC1,

jμ̂1(x)j > a for rk � a � x � rk, k D 1, 2, . . . .

The existence of such a measure follows from (8.8) and (8.9) using again the
Lipschitz continuity of μ̂1. Letμ2 be the measureμd with s2 D log 2/ log(1/d);
it has by (8.2) the properties

μ2([x � �, x C �]) � �s2 for x 2 R, � > 0

and

Is0
2
(μ2) D 1.

As in the proof for the first part, we see again that the length of the arc
C(rk) D f(x, y) : j(x, y)j D rk, rk � a � x � rkg is at least b

p
rk . By (3.45)

with r0 D 0,

Is0
2
(μ2)

D γ (1, s0
2)

1∑
kD1

∫ b
p
rk

b
p
rk�1

jyjs0
2�1jμ̂2(y)j2 dy �

1∑
kD1

r
(s0

2�1)/2
k

∫ b
p
rk

0
jμ̂2(y)j2 dy.

As Is0
2
(μ2) D 1 there are arbitrarily large values of k for which

r
(s0

2�1)/2
k

∫ b
p
rk

0
jμ̂2(y)j2 dy > L�kε � r�ε

k . (15.10)
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Letμ be the product measureμ D μ1 
 μ2. Then Is(μ) < 1 and μ̂(x, y) D
μ̂1(x)μ̂2(y). For those k for which (15.10) is valid we get

σ (μ)(rk) D r�1
k

∫
S(rk )

jμ̂1(x)μ̂2(y)j2 dσ 1
rk

(x, y)

� a2r�1
k

∫ b
p
rk

0
jμ̂2(y)j2 dy � a2r

�1�(s0
2�1)/2�ε

k � a2r�t
k .

It remains to verify the last line of Theorem 15.7:

Proposition 15.10 We have tn(s) � s/2 C n/2 � 1 for 1 � s < n.

Proof Observe first that if 0 < t < tn(s), then∫
jf̂ (rv)j2 dσn�1v � r�t Is(jf j) (15.11)

for all (not only non-negative) smooth functions f with spt f � B(0, 1).
Choose non-negative C1 functions ϕ on R and ψ on Rn�1 with sptϕ �
(�1/4, 1/4), ϕ̂(0) > 0, sptψ � B(0, 1/2) and ψ̂(0) > 0. Fix R > 1 and define

f (x) D e2πiRx1ϕ(x1)R(n�1)/2ψ(R1/2x0) for x D (x1, x
0) 2 R 
 Rn�1.

Then

f̂ (ξ1, ξ
0) D ϕ̂(ξ1 � R)ψ̂(R�1/2ξ 0),

from which one checks that for some positive constants a and b independent
of R, jf̂ (Rv)j > a when v 2 Sn�1 \ B((1, 0, . . . , 0), b/

p
R). This yields∫

jf̂ (Rv)j2 dσn�1v � R�(n�1)/2. (15.12)

Set also g D jf j, for which we have

ĝ(ξ1, ξ
0) D ϕ̂(ξ1)ψ̂(R�1/2ξ 0).

Thus

Is(g) D γ (n, s)
∫

jξ js�njϕ̂(ξ1)j2jψ̂(R�1/2ξ 0)j2 dξ.

Let ε > 0 and

D D f(ξ1, ξ
0) 2 Rn : jξ1j � Rε, jξ 0j � R1/2Cεg.

We split the integration in the formula for Is(g) over D and its complement.
For any positive integer N the fast decay of ϕ̂ and ψ̂ gives∫

RnnD
jξ js�njϕ̂(ξ1)j2jψ̂(R�1/2ξ 0)j2 dξ � R�N .
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For the integral over D we get∫
D

jξ js�njϕ̂(ξ1)j2jψ̂(R�1/2ξ 0)j2 dξ

�
∫

jξ1j<Rε,jξ 0j<Rε

jξ js�n dξ C Rε

∫ R1/2Cε

Rε

us�2 du.

The first of the integrals on the right hand side is � Rsε. The bound on the
second depends on the range of s. If 0 < s < 1, it is � Rε. If s D 1, it is
� Rε logR. If s > 1, it is � R(s�1)/2Csε. Combining this with (15.11) and
(15.12), we get when s > 1,

R�(n�1)/2 � R�tC(s�1)/2Csε,

which yields (n � 1)/2 � t � (s � 1)/2 � sε, and leads to the last estimate
t(s) � s/2 C n/2 � 1 of Theorem 15.7. The case s � 1 does not lead to any-
thing new, but when n D 2, it gives another way to see that t2(s) � 1/2 for
0 < s � 1.

Let us give a dual characterization of tn(s):

Proposition 15.11 For any 0 < s < n we have that tn(s) is the supremum of
the numbers t such that∫

jĝσ n�1(rx)j dμx � C(μ)r�t/2kgkL2(Sn�1) for r > 1,

for all μ 2 M(B(0, 1)) with Is(μ) < 1 and for all g 2 L2(Sn�1).

Proof Let μ 2 M(B(0, 1)). By duality in L2(Sn�1) and the product formula
for the Fourier transform,

σ (μ)(r) D
∫

jμ̂(rv)j2 dσn�1v D sup
kgkL2(Sn�1)�1

∣∣∣∣∫ μ̂(rv)g(v) dσn�1v

∣∣∣∣2
D sup

kgkL2(Sn�1)�1

∣∣∣∣∫ ĝσ n�1(rx) dμx

∣∣∣∣2 .
We still need to get absolute values inside the integral sign in the last integral.
This can be done by observing that∫

jĝσ n�1(rx)j dμx D sup
khkL1(μ)�1

∫
ĝσ n�1(rx)h(x) dμx,

writing h D h1 � h2 C i(h3 � h4) with non-negative functions hj and investi-
gating the measures hjμ.
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This proposition is from Wolff [1999] and Barceló, Bennett, Carbery and
Rogers [2011]. The authors of the latter paper also proved an L2 version: tn(s)
is the supremum of the numbers t such that∫

jĝσ n�1(rx)j2 dμx � C(μ)r�tkgk2
L2(Sn�1) for r > 1

for all μ 2 M(B(0, 1)) with Is(μ) < 1 and for all g 2 L2(Sn�1).

15.4 Distance sets in finite fields

Iosevich and Rudnev [2007c] have developed analogues of some of the above
methods and results in finite fields. Here we shall give a very brief sketch, for
more details and related references, see Iosevich and Rudnev [2007c], Hart,
Iosevich, Koh and Rudnev [2011] and Chapman, Erdoğan, Hart, Iosevich and
Koh [2012]. Let F be a finite field of q elements and n a positive integer. For
A � Fn we take now

�(A) D
⎧⎨⎩

n∑
jD1

(xj � yj )2 : (x1, . . . , xn), (y1, . . . , yn) 2 A

⎫⎬⎭
for the distance set, and we ask about its size (cardinality) as compared to the
size of A. In particular, when is �(A) all of F, or has cardinality � q? Iosevich
and Rudnev [2007c] proved, among other things, that there is a constant C (any
C > 2 works) such that

�(A) D F if #A � Cq(nC1)/2.

This can be considered as the analogue of Theorem 4.6(a). This is fairly sharp, at
least when n is odd: Hart, Iosevich, Koh and Rudnev [2011] showed that then
the condition #A � cq(nC1)/2 with some positive constant c is not sufficient
to guarantee that �(A) D F. However, for n D 2, Chapman, Erdoğan, Hart,
Iosevich and Koh [2012] showed that #A � q4/3 suffices, which is analogous
to Wolff’s distance set Theorem 15.1(a) in the plane. Also for subsets of the
sphere fx 2 Fn :

∑n
jD1 x

2
j D 1g better estimates hold, see Hart, Iosevich, Koh

and Rudnev [2011].
To prove such results with Fourier methods one needs the Fourier transform.

For f : Fn ! C it is

f̂ (ξ ) D q�n
∑
x2Fn

χ (�x � ξ )f (x), ξ 2 Fn,

where χ is a non-trivial additive character, that is, a homomorphism of the
additive group F into the multiplicative group of non-zero complex numbers,
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which is not identically 1. By x � ξ we mean the usual inner product in Fn.
Sets now play the role of measures and the spherical averages σ (μ)(r) D∫ jμ̂(rv)j2 dσn�1v are replaced by

σA(r) D
∑

jξ j2Dr

jχ̂A(ξ )j2.

The sums

S(A, q) D q3nC1

(#A)4

∑
r2F

σA(r)2

take the role of the integrals
∫ 1

0 σ (μ)(r)2rn�1 dr . Iosevich and Rudnev proved,
in analogy to Proposition 15.2(a), that if n � 2, #A � qn/2 and S(A, q) � 1,
then #�(A) � q.

15.5 Further comments

Theorems 15.1 and 15.5 were proven by Wolff [1999] for n D 2 and by Erdoğan
[2005] for n > 2. The underlying ideas in the method come from developments
in the study of Fourier restriction and related problems, which we shall inves-
tigate in the last part of the book. They were first used for the distance set
problem by Bourgain [1994], who proved a weaker result. Theorems 15.1 and
15.5, with the proofs we shall present, hold for general norms for which the
unit ball is a convex set whose smooth boundary has non-vanishing Gaussian
curvature.

The method of application of spherical averages to distance sets was devel-
oped by Mattila [1987] where Propositions 15.2, 15.3 and Corollary 15.4 were
obtained. Greenleaf, Iosevich, Liu and Palsson [2013] gave a different proof for
the first part of Proposition 15.2 by the methods discussed in Section 4.4 avoid-
ing the calculations with Bessel functions. Shayya [2011] proved the following
extension: if n/2 < s < n, ν 2 M(Rn),

∫ jxj�s dx < 1 and∫ 1

0
j
∫

ĵν(rv) dσn�1vj2rn�1 dr < 1,

then L1(fjxj : x 2 spt νg) > 0. Proposition 15.2(a) follows from this with ν D
μ � μ̃ where μ̃(A) D μ(�A). The proof follows similar lines as the one above
combined with another result from Shayya [2011]: if σ is a finite complex
Borel measure on Rn with compact support and σ̂ 2 L2(fx : v � x � 0g) for
some half-space fx : v � x � 0g, then σ is absolutely continuous.

The first two decay estimates in Theorem 15.7 and the planar exam-
ples discussed above also originated in Mattila [1987]. The fourth and last
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estimates of Theorem 15.7 were proven by Sjölin [1993]. The simple proof of
Proposition 15.8 is due to Wolff [2003].

Wolff [1999] investigated also Lp, 1 � p < 1, averages
∫
S1 jμ̂(rv)jp dσ 1v

in the plane. The estimates for p > 2 obtained from p D 2 by interpolation
are sharp, Wolff constructed examples to show this. For 1 � p < 2 sharp esti-
mates are not known. Wolff related L1 estimates to dimension estimates for
Furstenberg sets, recall Section 11.5.

Bennett and Vargas [2003] improved Wolff’s L1 estimates. The method uses
random sums, which Wolff also used, and some of the interesting estimates for
them are sharp.

Many variants of spherical averages have been studied. Sjölin [1997] proved
estimates for radial functions and for averages over the boundaries of cubes. In
Sjölin [2002] he investigated linear combinations of products of radial functions
and spherical harmonics. Sjölin and Soria [2003] studied averages with respect
to very general measures in place of the surface measure on the sphere. In
all these three papers the authors looked at both general and non-negative
functions. The behaviour differs considerably for these two classes. The upper
bounds for tn(s) given in Theorems 15.6 and 15.7 are valid for much more
general surfaces than the sphere. Barceló, Bennett, Carbery, Ruiz and Vilela
[2007] constructed worse counter-examples for the paraboloid than what are
known for the sphere. Worse behaviour can also occur if one considers signed
measures in place of positive ones, see Iosevich and Rudnev [2007b]. Iosevich
and Rudnev [2009] showed that certain bad estimates of Fourier averages of
measures imply some structural properties of these measures.

In Proposition 15.2 we saw that �(μ) 2 L2 if �(μ) 2 L2. There is a much
more precise relation between the L2 norms, namely∫ 1

0
�(μ)(u)2 du D c(n)

∫ 1

0
�(μ)(r)2 dr.

The key to this is the formula (15.2) which gives �(μ) as the so-called Hankel
transform of �(μ). Then the above identity is a Plancherel type formula for
this transform which is proved for example in Watson [1944].

From Theorem 7.4 it follows that if A and B are Borel sets in Rn with
dimB > (n C 1)/2 and dimA C dimB � n > u, then for θn almost all g 2
O(n),

Ln(fz 2 Rn : dimA \ (τz ı g)(B) � ug) > 0. (15.13)

Combining the results in Section 6 of Mattila [1987] with the Wolff–Erdoğan
estimate in Theorem 15.5 gives some further information for the case when the
assumption dimB > (n C 1)/2 is not valid. Namely, if dimA � (n C 1)/2,
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dimB � (n C 1)/2 and dimA C dimB/2 � (3n C 2)/4 > u > 0, then for θn
almost all g 2 O(n), (15.13) holds. Notice that these conditions imply that
dimA > n/2 C 1/3 or dimB > n/2 C 1/3.

As mentioned in Section 5.4 D. M. Oberlin and R. Oberlin [2013b] used
Erdoğan’s estimate in Theorem 15.5 to prove certain projection theorems in
R3.

A note added in proof

Very recently Lucà and Rogers [2015] improved some of the estimates for tn(s)
in the range n/2 C 2/3 C 1/n � s < n with applications to partial differential
equations in the spirit of Chapter 17.
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Proof of the Wolff–Erdoğan Theorem

We now begin the proof of Theorem 15.5 and we will prove the following
almost equivalent

Theorem 16.1 For all (n � 2)/2 < s < n, n � 2, ε > 0 and every μ 2
M(Rn) with sptμ � B(0, 1) and

μ(B(x, �)) � �s for all x 2 Rn, � > 0, (16.1)

the spherical averages satisfy

σ (μ)(r) � C(n, s, ε)μ(Rn)rε� nC2s�2
4 for r > 1. (16.2)

This gives Theorem 15.1 by Frostman’s lemma, Proposition 15.3 and the
fact that (16.1) implies It (μ) < 1 for 0 < t < s. It is not quite enough to
get Theorem 15.5, because a measure with finite energy need not satisfy any
uniform growth condition on measures of balls. At the end of this chapter we
shall explain how to repair this. Briefly the idea is that the proof of Theorem
16.1 goes through assumingμ(B(x, �)) � �s only for� � 1/r , and given r > 1
any μ 2 M(B(0, 1)) with Is(μ) < 1 can be written as a sum of roughly log r
measures satisfying (16.1) for � � 1/r .

Since the proof of Theorem 16.1 is rather complicated, I first give a sketch. It
is fairly easy to see that instead of integrating over the sphere S(r) it suffices to
estimate the integral of jμ̂j2 over the annulus Ar D fx : r � 1 < jxj < r C 1g,
and then by duality this is reduced to proving∫

jf̂ j2 dμ � rεC(3n�2s�2)/4 (16.3)

for functions f with kf k2 D 1 and spt f � Ar . Assume that spt f is contained
in a part of Ar above a cube I0 � Rn�1 with d(I0) � r . Consider a Whitney
decomposition of I0 
 I0 n f(x, x) : x 2 I0g with cubes I 
 J and let Ar (I ) be

201
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Figure 16.1 The Whitney decomposition

the part of Ar above I . Then we can, just from the definition of the Fourier
transform, write

f̂ (ξ )2 D
kr∑

kDkn

∑
I�J2Ek

f̂I (ξ )f̂J (ξ ) C
∑

I�J2E
f̂I (ξ )f̂J (ξ ),

where fI D f χAr (I ) and for I 
 J 2 Ek both Ar (I ) and Ar (J ) are dyadic sub-
regions of Ar of diameter roughly 2�kr and the distance between Ar (I ) and
Ar (J ) is also roughly 2�kr . Here 2�kr � 1/

p
r , see Figures 16.1 and 16.2.

The second sum consists of similar terms with k D kr and it is much easier to
estimate. To estimate the contribution of the first sum we first observe that since
there are � log r values of k to consider, it is enough to get the upper bound
of (16.3) for each of them separately. This rather easily reduces our problem to
getting the estimate∫

jf̂I f̂J j dμ � rεC(3n�2s�2)/4kfIk2kfJk2,

for any fixed I 
 J 2 Ek .
A simple geometric observation is that the support of fI � fJ is contained

in a rectangular box RI,J with n � 1 side-lengths c2�kr and one side-length
c2�2kr . Let ϕRI,J

be a smooth approximation of the characteristic function of
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Figure 16.2 The dyadic subregions

RI,J as in Lemma 3.16 such that ϕRI,J
D 1 on RI,J . Then we find that∫

jf̂I f̂J j dμ �
∫

jf̂I f̂J jμRI,J
,

where μRI,J
D jϕ̂RI,J

j � μ is as in Lemma 3.17. This lemma gave us estimates
on μRI,J

based on the growth condition μ(B(x, �)) � �s . In order to use these
effectively we decompose the space into rectangular boxes P 2 P with n � 1
side-lengths c2�k and one side-length c. Letting ψP be a suitable smooth
approximation of the characteristic function of P we find by simple estimation∫

jf̂I f̂J j dμ D
∫

jF(ϕRI,J
� (fI � fJ ))j dμ

�
∑
P2P

(∫
jf̂I,P f̂J,P j2

) 1
2
(∫

(μRI,J
ψP )2

) 1
2

,

where fI,P is defined by localizing the Fourier transform of fI to P ; f̂I,P D
ψP f̂I .
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Let us now assume that n D 2. The second factor in the above sum is
estimated by Lemma 3.17 which gives∫

(μRI,J
ψP )2 � r2�s2�k.

The first factor is estimated by the support properties of the functions fI,P .
More precisely, the support of fI,P is contained in a slight fattening Ãr (I ) of
Ar (I ), which again has diameter about 2�kr and the distance between Ãr (I )
and Ãr (J ) is about 2�kr . Since the ‘angle’ between Ãr (I ) and Ãr (J ) is about
2�k , it follows by simple geometry that

L2((�Ãr (I ) C x) \ Ãr (J )) � 2k (16.4)

for all x 2 Rn. Using this one can estimate∫
jf̂I,P f̂J,P j2 � 2k

∫
jfI,P j2

∫
jfJ,P j2.

These estimates lead to (16.3) when n D 2 but the corresponding inequalities
in higher dimensions would not be good enough. When n � 3 deep bilinear
restriction estimates come to the rescue and they can be used to complete the
proof.

We now begin the detailed proof of Theorem 16.1. The following proposition
allows us to estimate integrals over annuli instead of spheres:

Proposition 16.2 Let μ 2 M(B(0, 1)) and let α > 0. Let

Ar D fx 2 Rn : r � 1 < jxj < r C 1g for r > 1.

If μ(Rn) � 1 and for all 0 < ε < 1, r > 1,

r1�n

∫
Ar

jμ̂(x)j2 dx �α,ε μ(Rn)rε�α (16.5)

then for all 0 < ε < 1, r > 1,

σ (μ)(r) �α,ε μ(Rn)rε�α.

Proof Choose ϕ 2 S(Rn), ϕ � 0, such that ϕ D 1 on sptμ. Let N 2 N. Then
as ϕ̂ 2 S(Rn),

jϕ̂(y)j � CN jyj�N for all y 2 Rn.
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We may assume that r1�ε > 2 so that r � rε > 1. Using Schwartz’s inequality
we derive,

σ (μ)(r) D
∫
Sn�1

jμ̂(rv)j2 dσn�1v D
∫
Sn�1

jϕ̂μ(rv)j2 dσn�1v

D
∫
Sn�1

jϕ̂ � μ̂(rv)j2 dσn�1v D
∫
Sn�1

∣∣∣∣∫ ϕ̂(rv � x)μ̂(x) dx

∣∣∣∣2 dσn�1v

�
∫
Sn�1

∫
jϕ̂(rv � x)j dx

∫
jϕ̂(rv � x)jjμ̂(x)j2 dx dσn�1v

D
∫
Sn�1

kϕ̂k1

∫
jϕ̂(rv � x)jjμ̂(x)j2 dx dσn�1v

�
∫
Sn�1

∫
jϕ̂(rv � x)jjμ̂(x)j2 dx dσn�1v

�
∫∫

f(x,v):jrv�xj<rεg
dσn�1vjμ̂(x)j2 dx

C
1∑
jD1

∫∫
f(x,v):(rε)j�jrv�xj<(rε)jC1g

jϕ̂(rv � x)jjμ̂(x)j2 dx dσn�1v.

Let

I1(r) D
∫∫

f(x,v):jrv�xj<rεg
dσn�1vjμ̂(x)j2 dx

and

I2(r) D
1∑
jD1

∫∫
f(x,v):(rε)j�jrv�xj<(rε)jC1g

jϕ̂(rv � x)jjμ̂(x)j2 dx dσn�1v.

First we estimate I1(r). For (x, v) satisfying jrv � xj < rε we have jr � jxjj <
rε and,∣∣∣∣v � x

jxj
∣∣∣∣ �

∣∣∣v � x

r

∣∣∣ C
∣∣∣∣xr � x

jxj
∣∣∣∣ D r�1(jrv � xj C jjxj � rj) < 2rε�1,

so

σn�1(fv 2 Sn�1 : jrv � xj < rεg) � σn�1

({
v 2 Sn�1 :

∣∣∣∣v � x

jxj
∣∣∣∣ < 2rε�1

})
� r (ε�1)(n�1).

Covering the interval (r � rε, r C rε) with k � 2rε intervals of length 2, we
find ri 2 (r � rε, r C rε), i D 1, . . . , k, such that

fx : r � rε < jxj < r C rεg �
k⋃

iD1

Ari .
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Therefore, applying (16.5)

I1(r) � r (ε�1)(n�1)
∫

fx:r�rε<jxj<rCrεg
jμ̂(x)j2 dx

� r (ε�1)(n�1)
k∑

iD1

∫
Ari

jμ̂(x)j2 dx

� r (ε�1)(n�1)
k∑

iD1

rn�1Cε�α
i μ(Rn)

� r (ε�1)(n�1)CεCn�1Cε�αμ(Rn) D r (nC1)ε�αμ(Rn).

For I2(r) we have, as jμ̂(x)j2 � μ(Rn)2 � μ(Rn),

I2(r) �
1∑
jD1

CNr
�εNj

∫
Sn�1

Ln(B(rv, rε(jC1))) dσn�1vμ(Rn)

D CNσ
n�1(Sn�1)α(n)

1∑
jD1

r�εNjCnε(jC1)μ(Rn)

D CNσ
n�1(Sn�1)α(n)rnε

1∑
jD1

rjε(n�N)μ(Rn)

�ε,N rnεC(n�N)εμ(Rn) � r�αμ(Rn),

when N is chosen big enough so that (N � 2n)ε > α.

Proposition 16.3 Let μ 2 M(B(0, 1)) and α > 0. If∫
jf̂ j2 dμ �α,ε r

εCn�1�α, (16.6)

for all r > 1 and f 2 L2(Rn) such that kf k2 D 1 and spt f � Ar , then the
estimate (16.5) follows.

Proof By duality, the product formula and Schwartz’s inequality,∫
Ar

jμ̂j2 D sup
kf k2D1
spt f�Ar

∣∣∣∣∫ f μ̂

∣∣∣∣2 D sup
kf k2D1
spt f�Ar

∣∣∣∣∫ f̂ dμ

∣∣∣∣2 � sup
kf k2D1
spt f�Ar

∫
jf̂ j2 dμμ(Rn).

Proof of Theorem 16.1 With Propositions 16.2 and 16.3 in mind it is enough
to prove that if r > 1 and 0 < ε < 1, then∫

jf̂ j2 dμ �s,ε r
εCn�1�(nC2s�2)/4 D rεC(3n�2s�2)/4, (16.7)
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provided

kf k2 D 1, spt f � Ar, μ 2 M(B(0, 1)) and

μ(B(x, �)) � �s for all x 2 Rn, � > 0. (16.8)

The rest of the proof of Theorem 16.1, and hence of Theorem 15.1, consists of
proving that (16.8) implies (16.7). We shall do this with a bilinear approach, that
is, we write f 2 D ∑

I,J fI fJ for suitable functions fI and estimate the integrals∫ jfIfJ j dμ. The functions fI are supported in spherical dyadic annuli. To
get the needed spherical decomposition of Ar more formally we may and
shall assume that f lives above some cube [0, r2�kn)n�1 with 2�kn � 1/n.
Then the standard dyadic decomposition of [0, r2�kn )n�1 gives the desired
decomposition of the part of Ar above it.

So let f and μ be as in (16.8), r > 1 and 0 < ε < 1. Let I0 D [0, r22�kn )n�1

with 22�kn < 1/n, and for any cube I � I0 let

Ar (I ) D fx 2 Rn : (x1, . . . , xn�1) 2 I, xn > 0, r � 1 < jxj < r C 1g.

By easy geometry

Ar (I ) � RI (16.9)

where RI is a rectangular box with n � 1 side-lengths c1d(I ) and one side-
length c1r(d(I )/r)2 D c1d(I )2/r . Here and later in this chapter c1, c2, . . .will
be positive constants depending only on n. Clearly, d(Ar (I )) � d(I ).

We may now assume that spt f � Ar (I0). Consider the dyadic partition
Dk of I0 into disjoint subcubes of side-length r2�k, k D kn, kn C 1, . . . . We
express I0 
 I0 n f(x, x) : x 2 I0g as a Whitney type decomposition by cubes
I 
 J with disjoint interiors;

I0 
 I0nf(x, x) : x 2 I0g D
1⋃

kDkn

⋃
I�J2Ek

I 
 J

such that I, J 2 Dk and

r2�k � d(I, J ) � 2n � r2�k whenever I 
 J 2 Ek. (16.10)

There are several easy ways to achieve this. One way to define Ek is to declare
that I 
 J 2 Ek if I, J 2 Dk and I and J are not adjacent but their parents
are. Adjacent means that the cubes are disjoint but their closures intersect. The
parent of I 2 Dk is the unique cube in Dk�1 which contains I . Let kr be the
largest integer such that 2�kr � 1/

p
r . So kr � log

p
r and we have for some
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c2 > 0,

f(x, y) 2 I0 
 I0 : jx � yj > c2
p
rg �

kr⋃
kDkn

⋃
I�J2Ek

I 
 J.

Then I0 
 I0 n ⋃kr
kDkn

⋃
I�J2Ek

I 
 J is the union of disjoint cubes I 

J, I, J 2 Dkr of side-length � p

r; call this family E . Hence

I0 
 I0 D
kr⋃

kDkn

⋃
I�J2Ek

I 
 J [
⋃

I�J2E
I 
 J,

the whole union being disjoint. Let E 0 be the family of those cubes I 2 Dkr

for which there is J 2 Dkr such that I 
 J 2 E , and for I 2 E 0 set E(I ) D fJ :
I 
 J 2 Eg. Clearly I 2 E(I ) and #E(I ) is bounded by a constant depending
only on n. We also have the disjoint union

Ar (I0) 
 Ar (I0) D
kr⋃

kDkn

⋃
I�J2Ek

Ar (I ) 
 Ar (J ) [
⋃

I�J2E
Ar (I ) 
 Ar (J ).

Note that d(Ar (I )) � d(Ar (J )) � 2�kr when I 
 J 2 Ek .
For ξ 2 Rn we now have

f̂ (ξ )2 D
(∫

e�2πiξ �xf (x) dx

)2

D
∫
Ar (I0)

∫
Ar (I0)

e�2πiξ �(xCy)f (x)f (y) dx dy

D
kr∑

kDkn

∑
I�J2Ek

∫
Ar (I )

∫
Ar (J )

e�2πiξ �(xCy)f (x)f (y) dx dy

C
∑

I�J2E

∫
Ar (I )

∫
Ar (J )

e�2πiξ �(xCy)f (x)f (y) dx dy

D
kr∑

kDkn

∑
I�J2Ek

f̂I (ξ )f̂J (ξ ) C
∑

I�J2E
f̂I (ξ )f̂J (ξ ),

where

fI D f χAr (I ).

Set

S1(ξ ) D
kr∑

kDkn

∑
I�J2Ek

f̂I (ξ )f̂J (ξ ) (16.11)
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and

S2(ξ ) D
∑

I�J2E
f̂I (ξ )f̂J (ξ ). (16.12)

For I 
 J 2 Ek, kn � k � kr , f̂I f̂J D f̂I � fJ . Recalling (16.9) it follows by
elementary geometry that for some c3,

spt fI � fJ � Ar (I ) C Ar (J ) � RI C RJ � RI,J , (16.13)

where RI,J is a rectangular box with n � 1 side-lengths c3r2�k � p
r and

one side-length c3r2�2k . Thus RI,J is a (c3r2�2k, c3r2�k, . . . , c3r2�k)-box
according to the terminology of Section 3.9. For I 
 J 2 E , we have also
(16.13) with RI,J a (c3, c3

p
r, . . . , c3

p
r)-box. Let us recall some facts about

such boxes from Section 3.9.
The dual R̃ of an (r1, . . . , rn)-box R is the ( 1

rn
, . . . , 1

r1
)-box centred at the

origin with the 1
rj

side parallel to the rj side of R. We associated an affine
mapping AR and a smooth function ϕR to each (r1, . . . , rn)-box R such that,
denoting Q0 D [0, 1]n, AR is of the form

AR(x)Dg(Lx) C a, g2O(n), a2Rn, LxD (r1x1, . . . , rnxn) for x2Rn,

R D AR(Q0), R̃ D g(L�1(Q0)), (16.14)

and

ϕR D ϕ ı A�1
R with ϕR D 1 on R and sptϕR � 2R. (16.15)

Here ϕ 2 S(Rn) is such that ϕ D 1 on Q0 and sptϕ � 2Q0. Then by Lemma
3.16

ϕ̂R(x) D r1 � � � rne�2πix�aϕ̂(L(g�1(x))), (16.16)

jϕ̂R(x)j �M r1 � � � rn
1∑
jD1

2�Mjχ2j R̃(x) for x 2 Rn,M 2 N, (16.17)

and

kϕ̂Rk1 D kϕ̂k1. (16.18)

We shall also use the estimates for the function

μR D jϕ̂Rj � μ

given in Lemma 3.17.
First we estimate

∫ jS2(ξ )j dμξ . Recalling (16.12), S2 D ∑
I�J2E f̂I f̂J and

spt fI � RI where RI is a (c3, c3
p
r, . . . , c3

p
r)-box. Thus, as ϕRI

D 1 on RI ,

f̂I D ̂(ϕRI
fI ) D ϕ̂RI

� f̂I .
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Applying Schwartz’s inequality and (16.18), we deduce

jf̂I (x)j D
∣∣∣∣∫ ϕ̂RI

(x � y)f̂I (y) dy

∣∣∣∣
�
(∫

jϕ̂RI
(x � y)j dy

) 1
2
(∫

jϕ̂RI
(x � y)jjf̂I (y)j2 dy

) 1
2

D kϕ̂k 1
2
1

(∫
jϕ̂RI

(x � y)jjf̂I (y)j2 dy
) 1

2

.

Hence by (3.60) and Plancherel’s theorem,∫
jf̂I j2 dμ �

∫
(jϕ̂RI

j � μ)jf̂I j2 � (
p
r)n�s

∫
jf̂I j2 D r

n
2 � s

2

∫
jfI j2.

(16.19)

Recall that E 0 is the set of I such that I 
 J 2 E for some J and E(I ) D fJ :
I 
 J 2 Eg. For every I 2 E 0 there are only boundedly many elements, say at
most N , in E(I ). Here N depends only on n. Denote by J (I ) a cube J 2 E(I )
for which the integral

∫ jf̂J j2 dμ is largest. Then, as I 2 E(I ),∫
jf̂I j2 dμ �

∫
jf̂J (I )j2 dμ.

Moreover, again any J can appear as J (I ) for at most N different cubes I , so
any x 2 Rn can belong to at most N sets AR(J (I )), which gives∑

I2E 0

jfJ (I )j2 D
∑
I2E 0

χAR(J (I ))jf j2 � N jf j2.

Using these facts, Schwartz’s inequality, the fact that kf k2 D 1 and (16.19),
we get∫

jS2(ξ )j dμξ �
∑

I�J2E

∫
jf̂I f̂J j dμ

�
∑

I�J2E

(∫
jf̂I j2 dμ

)1/2 (∫
jf̂J j2 dμ

)1/2

D
∑
I2E 0

(∫
jf̂I j2 dμ

)1/2 ∑
J2E(I )

(∫
jf̂J j2 dμ

)1/2

�
∑
I2E 0

(∫
jf̂I j2 dμ

)1/2

N

(∫
jf̂J (I )j2 dμ

)1/2

�
∑
I2E 0

N

∫
jf̂J (I )j2 dμ �

∑
I2E 0

r
n
2 � s

2

∫
jf̂J (I )j2

D
∑
I2E 0

r
n
2 � s

2

∫
jfJ (I )j2 � Nr

n
2 � s

2

∫
jf j2 � r

3n�2s�2
4 ,

since n
2 � s

2 � 3n�2s�2
4 , which is better than the desired estimate (16.7).
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We are left with estimating
∫ jS1(ξ )j dμξ . Recall from (16.11) and (16.13)

that

S1 D
kr∑

kDkn

∑
I�J2Ek

f̂I f̂J

with

spt fI � fJ � RI,J

where RI,J is a (c3r2�2k, c3r2�k, . . . c3r2�k)-box. It is enough to prove for
every I 
 J 2 Ek that∫

jf̂I f̂J jdμ � rεC(3n�2s�2)/4kfIk2kfJk2, (16.20)

because if (16.20) holds, using the facts that kr � rε and that for every I 2 Dk

there are at most N cubes J 2 Dk such that I 
 J 2 Ek , we obtain∫
jS1j dμ � rε sup

fk:k�krg

∑
I�J2Ek

∫
jf̂I f̂J j dμ

� rεC(3n�2s�2)/4 sup
fk:k�krg

∑
I�J2Ek

kfIk2kfJk2

� rεC(3n�2s�2)/4 sup
fk:k�krg

∑
I2Dk

kfIk2
2

D rεC(3n�2s�2)/4kf k2
2

D rεC(3n�2s�2)/4,

yielding the required estimate (16.7).
Let P be a partition of Rn into a union of disjoint (c4 � 2�k, . . . , c4 � 2�k, c4)-

boxes P such that their longer sides are parallel to v where v is an arbitrarily
fixed vector in AR(I ) [ AR(J ) with jvj D r . Choose ψ 2 S(Rn) such that∫

ψ D 1, ψ � 0 and spt zψ � Q0.

We can get such a ψ as ψ D ̂(η � η̃ ) D ĵη j2 where η satisfies

η � 0, spt η � 1

2
Q0 and η̃(x) D η(�x) for all x 2 Rn.

For any P 2 P let ψP D ψ ı A�1
P . Then as every ψP is bounded and decays

quickly off P , ∑
P2P

ψ
p
P �p 1 for 1 � p < 1. (16.21)
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Let

fI,P D F�1(ψP f̂I ) D zψP � fI for P 2 P,

so that f̂I,P D ψP f̂I . Set SI,P D spt fI,P . Then

SI,P � spt fI C spt zψP .

As in (16.16) and (16.14) zψP (x) D λP zψ(L(g�1(x))), λP 2 C, and P̃ D
g(L�1(Q0)). Thus the fact that spt zψ � Q0 implies that spt zψP � P̃ , hence

SI,P � spt fI C P̃ � Ar (I ) C P̃ .

Define π (x1, . . . , xn) D (x1, . . . , xn�1). We shall now check that if c4 is
chosen large enough, but depending only on n,

SI,P � Ar (I ) C P̃

� fx 2 Rn : π (x) 2 5
4I, r � 2 < jxj < r C 2g D: Ãr (I ),

(16.22)

and similarly SJ,P � Ãr (J ). Notice that by (16.10)

d(Ãr (I ), Ãr (J )) � 2�k�1r � d(Ãr (I )) � d(Ãr (J )) for I 
 J 2 Ek.
(16.23)

Recall that P̃ is a (1/c4, 2k/c4, . . . , 2k/c4)-box centred at the origin whose
shorter sides are parallel to v and

Ar (I ) D fx 2 Rn : π (x) 2 I, xn > 0, r � 1 < jxj < r C 1g,
where I is a cube in Rn�1 with side-length 2�kr . We restricted k to 2k � p

r ,
so 2k � 2�kr and d(P̃ ) � n2k/c4 � 2�kr/4 if c4 � 4n. Then π (x) 2 5

4I for
x 2 Ar (I ) C P̃ .

To verify r � 2 < jxj < r C 2 for the points of Ar (I ) C P̃ we may assume
that r > 2 and v D (0, . . . , 0, r). Then Ar (I ) � Ar \ B(v, 5n2�kr) by (16.10)
and we are reduced to showing that r � 2 < jxj < r C 2 whenever x D y C
z with y 2 Ar \ B(v, 5n2�kr) and jzj j � 2k/c4 for j D 1, . . . , n � 1, jznj �
1/c4. We have

jxj2 D jy C zj2 D jyj2 C jzj2 C 2y � z,
where

r � 1 < jyj < r C 1, jyj j � 5n2�kr for j D 1, . . . , n � 1, jynj � 2r,

jzj j � 2k/c4 � p
r/c4 for j D 1, . . . , n � 1, jznj � 1/c4,
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whence

jxj2 D jyj2 C jzj2 C 2y � z � (r C 1)2 C nr/c2
4 C 10nr/c4 C 2r/c4

� (r C 1)2 C 15nr/c4,

jxj2 D jyj2 C jzj2 C 2y � z � (r � 1)2 � 10nr/c4 � 2r/c4

� (r � 1)2 � 14nr/c4,

and so

jxj �
√

(r C 1)2 C 15nr/c4 � r C 1 C (15nr/c4)/(r C 1) < r C 2,

and

jxj �
√

(r � 1)2 � 14nr/c4 � r � 1 � (14nr/c4)/(r � 1) > r � 2,

provided c4 is sufficiently large; here we used the inequalities
p

1 C a � 1 C a

and
p

1 � a � 1 � a valid for 0 < a < 1.
We shall first finish the proof of (16.20) for n D 2. We have ϕRI,J

� (fI �
fJ ) � fI � fJ , because spt fI � fJ � RI,J and by (16.15) ϕRI,J

� 1 on RI,J .
Hence using (16.21) with p D 3 and Schwartz’s inequality,∫

jf̂I f̂J j dμ D
∫

jF(ϕRI,J
� (fI � fJ ))j dμ D

∫
jϕ̂RI,J

� F(fI � fJ )j dμ

�
∫∫

jϕ̂RI,J
(x � y)f̂I � fJ (y)j dy dμx

D
∫∫

jϕ̂RI,J
(x � y)j dμxjf̂I (y)f̂J (y)j dy

D
∫

jf̂I f̂J j (jϕ̂RI,J
j � μ

) �
∑
P2P

∫
jf̂I f̂J jμRI,J

ψ3
P

D
∑
P2P

∫
jf̂I f̂Jψ2

P jμRI,J
ψP

�
∑
P2P

(∫
jf̂I f̂Jψ2

P j2
) 1

2
(∫

(μRI,J
ψP )2

) 1
2

D
∑
P2P

(∫
jf̂I,P f̂J,P j2

) 1
2
(∫

(μRI,J
ψP )2

) 1
2

.

(16.24)

We have the geometric estimate:

L2((�SI,P C x) \ SJ,P ) � L2((�Ãr (I ) C x) \ Ãr (J )) � 2k for all x 2 R2.

(16.25)
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This follows from (16.22) and the following simple plane geometry lemma
scaling by r and taking l D 2�k, � D 2/r . Recall that A(�) is the open �-
neighbourhood of A.

Lemma 16.4 Let l, � 2 (0, 1) and let S1, S2 � f(x, y) 2 S1 : y > 0g be arcs
with d(S1, S2) � l. Then

L2(S1(�) \ (S2(�) C z)) � C�2/l for all z 2 R2,

where C is an absolute constant.

Proof Observe that any two unit tangent vectors of S1 and S2 form an an
angle � l. Therefore, the length of the arc Sz D S1(�) \ (S2 C z) is � �/l.
Since S1(�) \ (S2(�) C z) is essentially the �-neighbourhood of Sz, the lemma
follows from this.

Now we can estimate the right hand side of (16.24). For the first integral we
have by Plancherel’s theorem and Schwartz’s inequality,∫

jf̂I,P f̂J,P j2 D
∫

j(fI,P � fJ,P )j2 D
∫

j(fI,P � fJ,P )j2

D
∫ ∣∣∣∣∫

(�SI,P Cx)\SJ,P

fI,P (x � y)fJ,P (y) dy

∣∣∣∣2 dx

�
∫ (

L2((�SI,P Cx) \ SJ,P )
∫

jfI,P (x�y)j2jfJ,P (y)j2 dy
)
dx.

Hence by (16.25), ∫
jf̂I,P f̂J,P j2 � 2k

∫
jfI,P j2

∫
jfJ,P j2. (16.26)

The second integral on the right hand side of (16.24) is estimated by
using Lemma 3.17. To simplify notation let R D RI,J . Recall that R is a
(c3r2�2k, c3r2�k)-rectangle, R̃ is a (c�1

3 r�12k, c�1
3 r�122k)-rectangle centred at

the origin and everyP 2 P is a (c42�k, c4)-rectangle. Hence denoting the centre
of P by cP ,

P � KR̃ C cP with K D c3c4r2�2k.

By (3.60),∫
μ2
Rψ

2
P �

∫
kμRk1μRψ

2
P � (r2�k)2�s

∫
μRψ

2
P . (16.27)

Furthermore by the definition of ψP ,

ψP (x)2 � 2�j (sC1) for x 2 2jP n 2j�1P, j 2 N.
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Thus by (3.62)∫
μRψ

2
P �

∫
P

μR C
1∑
jD1

2�j (sC1)
∫

2j Pn2j�1P

μR

�
∫
KR̃

μR(x � cP ) dx C
1∑
jD1

2�j (sC1)
∫

2jKR̃

μR(x � cP ) dx

� Ks(r2�2k)�1(r2�k)1�s C
1∑
jD1

2�j (sC1)(2jK)s(r2�2k)�1(r2�k)1�s

D 2Ksr�s2k(1Cs) D 2(c3c4)s2k(1�s).

Combining this last estimate with (16.27) we get∫
μ2
Rψ

2
P � r2�s2�k. (16.28)

Finally using (16.24), (16.26),(16.28), Schwartz’s inequality, Plancherel’s the-
orem and (16.21), we obtain∫

jf̂I f̂J j dμ �
∑
P2P

2
k
2

(∫
jfI,P j2

∫
jfJ,P j2

) 1
2

r1� s
2 2� k

2

� r1� s
2

(∑
P2P

∫
jfI,P j2

) 1
2
(∑

P2P

∫
jfJ,P j2

) 1
2

D r1� s
2

(∑
P2P

∫
jf̂I j2ψ2

P

) 1
2
(∑

P2P

∫
jf̂J j2ψ2

P

) 1
2

� r1� s
2

(∫
jf̂I j2

) 1
2
(∫

jf̂J j2
) 1

2

D r1� s
2 kfIk2kfJk2,

which proves (16.20) in the case n D 2.
It remains to consider n � 3. For that we need to use the following bilinear

estimate which will be proven at the end of Chapter 25. The proof below works
also for n D 2, but taking into account the difficulty of the proof of the bilinear
estimate we have preferred to give a separate proof for n D 2.

Theorem 16.5 Let (n � 2)/2 < s < n, n � 2, q > 4s
nC2s�2 , c > 0 and μ 2

M(Rn) such that

μ(B(x, �)) � �s for all x 2 Rn, � > 0.
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There is a constant ηn 2 (0, 1) depending only on n such that if 0 < η <

ηn, r > 1/η, fj 2 L2(Rn), spt fj � Ar \ B(vj , ηr), jvj j D r, j D 1, 2, cηr �
d(Ar \ B(v1, ηr)), Ar \ B(v2, ηr)) � ηr , then

kf̂1f̂1kLq (μ) � C(n, s, q, c)η�1/q (ηr)n�1�s/qkf1k2kf2k2.

Notice that s > (n � 2)/2 means that 4s
nC2s�2 > 1. To continue the proof of

(16.20), let q be as in the above theorem. We first estimate by (16.21) and
Hölder’s inequality with q 0 D q/(q � 1),∫

jf̂I f̂J j dμ �
∑
P2P

∫
jf̂I f̂J jψ2C1/q0

P dμ

D
∑
P2P

∫
jf̂I,P f̂J,P jψ1/q0

P dμ �
∑
P2P

kf̂I,P f̂J,P kLq (μ)kψP k1/q0

L1(μ).

As spt fI,P � Ãr (I ) and spt fJ,P � Ãr (J ) by (16.22), d(spt fI,P ) �
2�kr, d(spt fJ,P ) � 2�kr and d(spt fI,P , spt fJ,P ) � 2�kr by (16.23), we can
apply Theorem 16.5 with η � 2�k to estimate

kf̂I,P f̂J,P kLq (μ) � 2k/q(2�kr)n�1�s/qkfI,P k2kfJ,P k2;

we can assume that r is big enough so that η < ηn. By the fast decay of ψP

outside P we have∫
ψPdμ �

∑
j

2�2sj
∫

χ2j P dμ D
∑
j

2�2sjμ(2jP ).

The (c42j�k, . . . , c42j�k, c42j )-box 2jP can be covered with roughly 2k balls
of radius c42j�k . Hence μ(2jP ) � 2k(c42j�k)s and so∫

ψP dμ �
∑
j

2�2sj2k(2j�k)s D 2k(1�s)
∑
j

2�sj � 2k(1�s).

Putting these estimates together we get∫
jf̂I f̂J j dμ �

∑
P2P

2�k(n�1�s/q�1/qC(s�1)/q0)rn�1�s/qkfI,P k2kfJ,P k2.

The factor of �k in the exponent of 2 is n � 1 � s/q � 1/q C (s � 1)/q 0 D
n � 2 C s � 2s/q > 0 by the assumption on q. Furthermore, given ε > 0 we
can choose q such that 1/q D nC2s�2

4s � ε
s

which means that n � 1 � s/q D
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ε C 3n�2s�2
4 . This leads to∫

jf̂I f̂J j dμ �
∑
P2P

rεC 3n�2s�2
4 kfI,P k2kfJ,P k2

� rεC 3n�2s�2
4

(∑
P2P

kfI,P k2
2

)1/2 (∑
P2P

kfJ,P k2
2

)1/2

D rεC 3n�2s�2
4 kfIk2kfJk2 D rεC 3n�2s�2

4 .

This completes the proof of (16.20) and thus also of Theorems 15.1 and
16.1.

We still have to explain how Theorem 15.5 follows from Theorem 16.1.
Going through the proof of Theorem 16.1 one finds that once a big enough r is
fixed the growth condition μ(B(x, �)) � �s is only used for � � 1/r .

Let μ 2 M(B(0, 1)) with Is(μ) < 1 and let r > 1. Replacing μ with
μ(Rn)�1μ we may assume that μ(Rn) D 1. Set

θ (μ, x) D sup
��1/r

��sμ(B(x, �))

for x 2 B(0, 1). Then

2�s � θ (μ, x) � rs .

Hence there are � log r values of k 2 Z for which the set

Ek D fx 2 B(0, 1) : 2k�1 � θ (μ, x) < 2kg

is non-empty. Let μk D 2�kμ Ek . Then μ D ∑
k 2kμk and

μk(B(x, �)) � 2s�s for x 2 Rn, � � 1/r.

This inequality follows observing that if μk(B(x, �)) > 0, then B(x, �) �
B(y, 2�) for some y 2 Ek . Moreover, μk(Rn) � 2�2kIs(μ). To see this cover
Ek with balls Bj D B(xj , �j ), �j � 1/r, such that

∑
j χBj

� 1 and μ(Bj ) �
2k�2�s

j . The existence of such balls follows from Besicovitch’s covering theo-
rem, see, for example, Mattila [1995], Theorem 2.7. Then∫

Bj

jx � yj�s dμy � (2�j )�sμ(Bj ) � 2k�2�s
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for x 2 Bj , whence

μk(Rn) �
∑
j

μk(Bj ) � 2�k
∑
j

μ(Bj )

� 2�2k
∑
j

∫
Bj

∫
Bj

jx � yj�s dμy dμx � 2�2kIs(μ).

Therefore, applying Theorem 16.1 to μk , we get

σ (μ)(r) � log r sup
k

σ (2kμk)(r) D 22k log r sup
k

σ (μk)(r) � rε� nC2s�2
4 Is(μ).

Theorem 15.5 follows from this.

16.1 Further comments

As mentioned before Theorem 16.1 is due to Wolff [1999], for n D 2 and due
to Erdoğan [2005], for n > 2. Erdoğan [2004] first gave a different proof from
that of Wolff, and some related results, when n D 2 and in Erdoğan [2006] he
gave a weaker estimate than the one in Erdoğan [2005].

Erdoğan and D. M. Oberlin [2013] used methods similar to those presented
in this chapter to investigate L2 averages of Fourier transforms of measures
over certain polynomial curves in the plane.



17

Sobolev spaces, Schrödinger equation and
spherical averages

We begin this chapter by giving a Fourier analytic definition of Sobolev spaces.
Then we study the Hardy–Littlewood maximal function and convergence of ball
averages of Sobolev functions. One of the main goals of this chapter is to show,
using results of Barceló, Bennett, Carbery and Rogers [2011], how estimates
of spherical averages can be used to derive information on the behaviour of
some integral operators related to partial differential equations.

17.1 Sobolev spaces and the Hardy–Littlewood
maximal function

For σ � 0 we define the fractional order Sobolev space Hσ (Rn) as

Hσ (Rn) D ff 2 L2(Rn) : kf kHσ (Rn) < 1g,

where

kf kHσ (Rn) D
(∫

jf̂ (ξ )j2(1 C jξ j2)σ dξ

)1/2

is the Sobolev norm. Recall that in Chapter 5 we already introduced this norm
for measures. There we also observed that for integers σ these spaces are
classical Sobolev spaces with the weak derivatives of order σ in L2. Of course,
H 0(Rn) D L2(Rn).

For α 2 R we can define, at least as a tempered distribution, the Bessel
kernel Gα by

Ĝα(ξ ) D (1 C jξ j2)�α/2, ξ 2 Rn.

219
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Then Hσ (Rn) consists of all Bessel potentials Gσ � g of functions g 2 L2(Rn).
These and related potential spaces have been extensively studied for example
by Adams and Hedberg [1996].

The case when σ > n/2 is simple, for the questions we are interested in.
Then, if f 2 Hσ (Rn) and, for example, f 2 L1(Rn), it follows from Schwartz’s
inequality that f̂ 2 L1(Rn) and thus f is continuous (recall Corollary 3.1).
Therefore we shall only consider σ � n/2. We shall prove estimates using
measures with finite energy, in particular (n � 2σ )-energy. Hence we shall
often assume σ < n/2.

Notice that

Hσ2 (Rn) � Hσ1 (Rn) if σ1 < σ2. (17.1)

Another easy observation is that smooth functions are dense in Sobolev spaces:

Lemma 17.1 C1
0 (Rn) is dense in Hσ (Rn).

Proof Let fψε : ε > 0g be a smooth approximate identity; ψε(x) D ε�nψ(x/ε)
where ψ is a C1 function with sptψ � B(0, 1) and

∫
ψ D 1. If f 2 Hσ (Rn),

then fε D ψε � f is infinitely differentiable, f̂ε(ξ ) D ψ̂(εξ )f̂ (ξ ) and

kf � fεkHσ (Rn) D
(∫

j(1 � ψ̂(εξ ))f̂ (ξ )j2(1 C jξ j2)σ dξ

)1/2

! 0

as ε ! 0. Thus C1-functions are dense in Hσ (Rn). This would be enough
for us and we leave it as an exercise to get the approximation by compactly
supported C1-functions.

The following lemma is useful for studying various integral operators.

Lemma 17.2 Let 0 < σ < n/2, μ 2 M(B(0, 1)), and let η : Rn !
C, ϕ : Rn ! R and � : Rn ! (0,1) be Borel functions such that η 2
L2(Rn), ĵη(x)j � (1 C jxj)�n�1 and for some α > n/2 � σ, jη(x)j � (1 C
jxj)�α for x 2 Rn. Then∫ ∣∣∣∣∫ η(�(x)ξ )f̂ (ξ )e2πi(x�ξCϕ(ξ )) dξ

∣∣∣∣ dμx � C(n, σ, η)
√
In�2σ (μ)kf kHσ (Rn)

(17.2)

for all f 2 Hσ (Rn). In particular, the constant depends neither on ϕ nor on �.

Proof We may assume that � is bounded below by some positive constant
c; consider the measures μ fx : �(x) > 1/jg, j D 1, 2, . . . . By duality it
suffices to show that for any Borel function w 2 L1(μ) with kwkL1(μ) � 1
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we have∣∣∣∣∫∫ η(�(x)ξ )f̂ (ξ )e2πi(x�ξCϕ(ξ )) dξw(x) dμx

∣∣∣∣ � √
In�2σ (μ)kf kHσ (Rn).

(17.3)

We would like to apply Fubini’s theorem. This is legitimate because∫∫
jη(�(x)ξ )f̂ (ξ )j dξ dμx

�
(∫∫

jη(�(x)ξ )j2 dξ dμx
)1/2 (∫∫

jf̂ (ξ )j2 dξ dμx
)1/2

D
(∫∫

�(x)�njη(ζ )j2 dζ dμx
)1/2

kf k2μ(Rn)1/2

� c�n/2μ(Rn)kηk2kf k2 < 1.

Writing e2πi(x�ξCϕ(ξ )) D e2πiϕ(ξ )e2πix�ξ and using Schwartz’s inequality, we see
then that the square of the left hand side of (17.3) is bounded by∫

jf̂ (ξ )j2jξ j2σ dξ
∫ ∣∣∣∣∫ η(�(x)ξ )e2πix�ξw(x) dμx

∣∣∣∣2 jξ j�2σ dξ.

Expressing the inner integral squared as a double integral and using again
Fubini’s theorem, which we can by our assumptions on η, we find that it
suffices to show that∫∫∫

η(�(x)ξ )η(�(y)ξ )e2πi(x�y)�ξ jξ j�2σ dξw(x)w(y) dμx dμy � In�2σ (μ).

For this it is enough that for 0 < σ < n/2,∣∣∣∣∫ η(r1ξ )η(r2ξ )jξ j�2σ e2πi(x�y)�ξ dξ
∣∣∣∣ � jx � yj2σ�n (17.4)

for x, y 2 Rn and for all positive numbers r1 and r2. In the left hand side we
have the value at y � x of the Fourier transform of r�n

1 r�n
2 ηr1ηr2k2σ where

ηr (ξ ) D rnη(rξ ) and k2σ is the Riesz kernel. By Lemma 3.9 the inequality
(17.4) reduces to

j(r�n
1 η̂r1 ) � (r�n

2 η̂r2 ) � kn�2σ (z)j � jzj2σ�n

for z 2 Rn and for all positive numbers r1 and r2. For this we only need that

j(r�nη̂r ) � kn�2σ (x)j D
∣∣∣∣r�n

∫
η̂((x � y)/r)jyj2σ�n dy

∣∣∣∣ � jxj2σ�n

for x 2 Rn and r > 0. By change of variable z D y/r this reduces to∣∣∣∣∫ η̂(x � z)jzj2σ�n dz

∣∣∣∣ � jxj2σ�n
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for x 2 Rn. This is easily checked by our decay assumption on η̂:∣∣∣∣∫ η̂(x � z)jzj2σ�n dz

∣∣∣∣ � 1∑
jD1

2�(nC1)j
∫
B(x,2j )

jzj2σ�n dz � jxj2σ�n,

where we used the elementary inequality

r�n

∫
B(x,r)

jyj2σ�n dy � jxj2σ�n,

valid for x 2 Rn and and r > 0, whose easy verification we leave to the reader.

We define a Hardy–Littlewood maximal function M̃f by

M̃f (x) D sup
r>0

∣∣∣∣α(n)�1r�n

∫
B(x,r)

f

∣∣∣∣ , x 2 Rn,

where α(n) D Ln(B(0, 1)). Notice that this is not the usual definition; we have
absolute value signs outside the integral. This is because we have to be a
little careful in the coming estimates, since the absolute value of a function
in Hσ (Rn) need not always be in Hσ (Rn). Lemma 17.2 leads to information
about the boundedness of M̃f and further to a refinement (not a generalization)
of Lebesgue’s differentiation theorem:

Theorem 17.3 Let 0 < σ < n/2 and μ 2 M(B(0, 1)) with In�2σ (μ) < 1.
Then

kM̃f kL1(μ) � C(n, σ )
√
In�2σ (μ)kf kHσ (Rn)

for all f 2 Hσ (Rn). Moreover, the finite limit limr!0 α(n)�1r�n
∫
B(x,r) f dLn

exists for μ almost all x 2 Rn.

Proof Let η be the inverse transform of the characteristic function of the unit
ball; η̂ D χB(0,1), and define ηr (x) D rnη(rx) for x 2 Rn, r > 0. Then η̂r (x) D
η̂(x/r) and ∫

B(x,r)
f dLn D η̂r � f (x).

Thus we can easily find a Borel function r : Rn ! (0,1) such that

M̃f (x) � sup
r>0

jr�nη̂r � f (x)j � j2r(x)�nη̂r(x) � f (x)j for all x 2 Rn.

Observe that by the Fourier inversion formula∫
η(r(x)ξ )f̂ (ξ )e2πix�ξ dξ D r(x)�nF�1(ηr(x)f̂ )(x) D r(x)�nη̂r(x) � f (x).
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It follows that

kM̃f kL1(μ) �
∫ ∣∣∣∣∫ η(r(x)ξ )f̂ (ξ )e2πix�ξ dξ

∣∣∣∣ dμx. (17.5)

The function η satisfies the decay condition of Lemma 17.2 by (3.40). Hence
the first part of the theorem follows now immediately from Lemma 17.2. The
second part follows with a standard argument. Let λ > 0, ε > 0 and choose,
by Lemma 17.1, a smooth function ϕ for which kf � ϕkHσ (Rn) < λε. Since
limr!0 α(n)�1r�n

∫
B(x,r) ϕ dLn D ϕ(x), we have

lim sup
r1<r2,r2!0

∣∣∣∣α(n)�1r�n
2

∫
B(x,r2)

f dLn � α(n)�1r�n
1

∫
B(x,r1)

f dLn

∣∣∣∣
D lim sup

r1<r2,r2!0

∣∣∣∣α(n)�1r�n
2

∫
B(x,r2)

(f � ϕ) dLn � α(n)�1r�n
1

∫
B(x,r1)

(f � ϕ) dLn

∣∣∣∣
� 2M̃(f � ϕ)(x).

Hence by the first part of the theorem we see that

μ

({
x : lim sup

r1<r2,r2!0

∣∣∣∣α(n)�1r�n
2

∫
B(x,r2)

f dLn � α(n)�1r�n
1

∫
B(x,r1)

f dLn

∣∣∣∣ > λ

})
� μ(fx : 2M̃(f � ϕ)(x) > λg) �

√
In�2σ (μ)kf � ϕkHσ (Rn)/λ

� √
In�2σ (μ)ε.

Thus

lim sup
r1<r2,r2!0

∣∣∣∣α(n)�1r�n
2

∫
B(x,r2)

f dLn � α(n)�1r�n
1

∫
B(x,r1)

f dLn

∣∣∣∣ D 0

for μ almost all x 2 Rn and the Cauchy criterion implies that α(n)�1r�n 
∫
B(x,r) f dLn converges for such points x.

Corollary 17.4 If 0 < σ � n/2, then for all f 2 Hσ (Rn),

dim

(
Rn

∖{
x : 9 lim

r!0
α(n)�1r�n

∫
B(x,r)

f dLn 2 C

})
� n � 2σ.

Proof Because of (17.1) we may assume that σ < n/2. It is easy to see that
the set B where α(n)�1r�n

∫
B(x,r) f fails to converge is a Borel set. If we had

dimB > n � 2σ we could find by Theorem 2.8μ 2 M(B) with In�2σ (μ) < 1
which would contradict Theorem 17.3.

The upper bound n � 2σ is sharp. This follows from the relations between
Bessel potentials, Bessel capacities and Hausdorff dimension, see Adams and
Hedberg [1996], in particular Proposition 2.3.7 and Corollary 5.1.14.
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Of course in the above corollary we cannot have that the averages converge
to f outside a set of Hausdorff dimension at most n � 2σ , because f is only
defined almost everywhere. But this corollary gives a way to define f more
precisely. We shall now turn to similar questions for integral operators related
to partial differential equations.

17.2 Schrödinger equation and related integral operators

Consider the Schrödinger equation

2πi∂tu(x, t) C �xu(x, t) D 0, x 2 Rn, t 2 R.

Here t represents time and u0 D u(�, 0) gives the initial values of the solution.
When u0 2 S(Rn) the solution can be written explicitly as

u(x, t) D
∫

û0(ξ )e2πi(x�ξ�tjξ j2) dξ. (17.6)

When u0 2 L2(Rn), this integral can be interpreted in the L2 sense to mean
that for a fixed t the Fourier transform of u(�, t) is e�2πitjξ j2

û0(ξ ). Then also
u(x, t) ! u0(x) in L2 as t ! 0. We shall be interested in pointwise conver-
gence.

More generally, let m � 1 and

u(x, t) D
∫

û0(ξ )e2πi(x�ξ�tjξ jm) dξ. (17.7)

When m D 1, these integrals are closely related to the solutions of the wave
equation

∂2
t u(x, t) � c�xu(x, t) D 0, x 2 Rn, t 2 R.

For more details, see, for example, Section 4.3 of the book Evans [1998].
Below we shall consider these integral operators for general m � 1. We now

fix such an m for the rest of this chapter.
One of the main questions is: when and in what sense does u(x, t) converge

to u(x, 0) when t approaches 0? The natural setting beyond smooth initial
values to study this and related questions is that of Sobolev spaces.

Again, the case σ > n/2 is simple: in that case if u0 2 Hσ (Rn), then û0 2
L1(Rn) and the function u defined by (17.6) is continuous in RnC1.

It is natural to approach the convergence and boundedness properties of the
integrals in (17.6) by introducing the approximating operators SN

t defined for
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t 2 R and N D 1, 2, . . . , by

SN
t f (x) D

∫
ψ(ξ/N)f̂ (ξ )e2πi(x�ξ�tjξ jm) dξ, x 2 Rn.

Here most of the time ψ could be any real valued radial Schwartz function in
Rn with ψ(0) D 1, but for slight convenience let us fix it to be

ψ(x) D ψ(jxj) D e�jxj2
.

If u0 2 S(Rn), it is obvious that

lim
N!1 SN

t u0(x) D u(x, t) for all x 2 Rn, t 2 R, (17.8)

where u(x, t) is given by (17.7). The point here is that if u0 only is in some
Sobolev space Hσ (Rn), one can still get, depending on σ , almost everywhere
convergence, or even almost everywhere convergence with respect to a certain
Hausdorff measure. If û0 is not integrable, we cannot define u(x, t) by the
formula (17.7), but we can take (17.8) as the definition of u(x, t) whenever the
limit exists.

Theorem 17.5 Let 0 < σ < n/2, t 2 R andμ 2 M(B(0, 1)) with In�2σ (μ) <
1. Then

k sup
N�1

jSN
t f jkL1(μ) � C(n, σ )

√
In�2σ (μ)kf kHσ (Rn)

for all f 2 Hσ (Rn). Moreover, the finite limit limN!1 SN
t f (x) exists for μ

almost all x 2 Rn.

Proof We can easily find a Borel function � : Rn ! (0,1) such that

sup
N�1

jSN
t f (x)j � 2

∣∣∣∣∫ ψ(�(x)jξ j)f̂ (ξ )e2πi(x�ξ�tjξ jm) dξ

∣∣∣∣ for all x 2 Rn.

The first part of the theorem follows now immediately from Lemma 17.2
choosing ϕ(ξ ) D �t jξ jm.

The second part follows as the second part of Theorem 17.3.

Corollary 17.6 If 0 < σ � n/2 and t 2 R, then for all f 2 Hσ (Rn),

dim

(
Rn

∖{
x : 9 lim

N!1 SN
t f (x) 2 C

})
� n � 2σ.

This follows by the same argument as Corollary 17.4.
We shall now consider boundedness over t 2 R and convergence when

t ! 0. Recall from Section 15.3 that tn(s) is the supremum of the numbers τ
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such that

σ (μ)(r) D
∫

jμ̂(rv)j2 dσn�1v � r�τ Is(μ)

for all μ 2 M(B(0, 1)).

Lemma 17.7 If f 2 L2(Rn) and x 2 Rn, then

sup
t2R

sup
N�1

SN
t f (x) D sup

t2Q
sup
N�1

SN
t f (x).

In particular, the function supt2R supN�1 S
N
t f is a Borel function.

Proof If supt2R supN�1 S
N
t f (x) > a, then SN

t f (x) > a for some N � 1 and
t 2 R, whence also for some t 2 Q. Hence supt2Q supN�1 S

N
t f (x) > a and the

lemma follows.

Theorem 17.8 Let n � 2, 0 < s < n, 2σ > n � tn(s) and μ 2 M(B(0, 1))
with Is(μ) < 1. Then∥∥∥∥∥sup

t2R
sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

� C(n, σ, s)
√
Is(μ)kf kHσ (Rn)

for all μ 2 M(B(0, 1)) and f 2 Hσ (Rn). Moreover, for μ almost all x 2 Rn

the finite limit limN!1 SN
t f (x) exists for all t 2 R. That is, the μ exceptional

set is independent of t .

Proof Choose 0 < τ < tn(s) such that 2σ > n � τ > 0. Using polar coordi-
nates we have∣∣SN

t f (x)
∣∣ D

∣∣∣∣∫ ψ(jξ j/N )f̂ (ξ )e2πi(x�ξ�tjξ jm) dξ

∣∣∣∣
D

∣∣∣∣∫ 1

0
ψ(r/N )rn�1e�2πitrm

∫
Sn�1

f̂ (rv)e2πirx�v dσ n�1v dr

∣∣∣∣
�
∫ 1

0
rn�1

∣∣∣∣∫
Sn�1

f̂ (rv)e2πirx�v dσ n�1v

∣∣∣∣ dr.
Thus by Fubini’s theorem∥∥∥∥∥sup

t2R
sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

�
∫ ∫ 1

0
rn�1

∣∣∣∣∫
Sn�1

f̂ (rv)e2πirx�v dσ n�1v

∣∣∣∣ dr dμx
D

∫ 1

0
rn�1

∫
jf̂rσ n�1(x)j dμx dr,
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where we have written fr (v) D f̂ (�rv). Using the dual characaterization of
tn(s) in Proposition 15.11 and Schwartz’s inequality we get∥∥∥∥∥sup

t2R
sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

�
√
Is(μ)

∫ 1

0
rn�1�τ/2kfrkL2(Sn�1) dr

� √
Is(μ)

(∫ 1

0

rn�1�τ

(1 C r2)σ
dr

)1/2(∫ 1

0
kfrk2

L2(Sn�1)(1 C r2)σ rn�1 dr

)1/2

.

Here the first integral is finite by the choice of τ . The second integral is∫ 1

0
kfrk2

L2(Sn�1)(1 C r2)σ rn�1 dr D
∫ 1

0

∫
jf̂ (rv)j2 dσn�1v(1 C r2)σ rn�1 dr

D
∫

jf̂ (ξ )j2(1 C jξ j2)σ dξ D kf k2
Hσ (Rn).

Thus ∥∥∥∥∥sup
t2R

sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

�
√
Is(μ)kf kHσ (Rn).

The proof of the second statement is similar to the proof of the second part
of Theorem 17.3. Set now

S�f (x) D sup
t2R

sup
N�1

jSN
t f (x)j

and

S��f (x) D sup
t2R

lim sup
N1<N2,N1!1

jSN2
t f (x) � SN1

t f (x)j.

Then S��f (x) � 2S�f (x). Let λ > 0, ε > 0 and choose ϕ 2 S(Rn) for which
kf � ϕkHσ (Rn) < λε. Then S��ϕ(x) D 0 for all x 2 Rn. Therefore

μ(fx : S��f (x) > λg) D μ(fx : S��(f � ϕ)(x) > λg)

� μ(fx : 2S�(f � ϕ)(x) > λg)

� λ�1
√
Is(μ)kf � ϕkHσ (Rn) � √

Is(μ)ε.

It follows that μ(B) D 0 where B D fx : S��f (x) > 0g. By the definition of
S��f (x), for all x 2 Rn n B the sequence (SN

t f (x))N�1 is a Cauchy sequence
for all t 2 R, from which the second statement follows.

Corollary 17.9 Let n � 2, 0 < s < n, 2σ > n � tn(s) and f 2 Hσ (Rn).
Then there exists a Borel set B � Rn such that dimB � s and the limit
limN!1 SN

t f (x) 2 C exists for all x 2 Rn n B and all t 2 R.

Proof Define S��f (x) and B D fx : S��f (x) > 0g as above. Since, as before,
the supremum over t can be taken over rationals, B is a Borel set. Moreover,
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dimB � s, because otherwise we could find μ 2 M(B) with Is(μ) < 1 and
this would contradict Theorem 17.8. The corollary follows from this.

Let us now consider the convergence as t tends to 0 ofu(x, t) as in (17.6) with
Sobolev initial values u0. More precisely, as mentioned earlier, we define u(x, t)
as the limit in (17.8) whenever it exists. If n � 2, 0 < s < n, 2σ > n � tn(s)
and u0 2 Hσ (Rn), we then have by Corollary 17.9 that u(x, t) exists for every
t 2 R for x outside a set of Hausdorff dimension at most s, and also for μ

almost x 2 Rn, if μ 2 M(Rn) with Is(μ) < 1.

Theorem 17.10 If n � 2, 0 < s < n and 2σ > n � tn(s), then for all u0 2
Hσ (Rn),

dimfx : u(x, t) 6! u0(x) as t ! 0g � s.

Proof If v0 2 S(Rn), then for the corresponding function v, v(x, t) tends to
v0(x) as t ! 0 for all x 2 Rn. Moreover, if x is such that u(x, t) is defined for
all t ,

lim sup
t!0

ju(x, t) � u0(x)j

D lim sup
t!0

j(u(x, t) � v(x, t)) � (u0(x) � v0(x))j � 2S�(u0 � v0)(x)

with the notation of the proof of Theorem 17.8. The theorem follows from these
observations with same arguments as above.

We somewhat reformulate the previous results. Recall that SN
t depends also

on m � 1. For 0 < σ < n/2 denote by sm,n(σ ) the infimum of the positive
numbers s such that∥∥∥∥∥sup

t2R
sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

�
√
Is(μ)kf kHσ (Rn)

for all μ 2 M(B(0, 1)), f 2 Hσ (Rn). Then, as before, if u0 2 Hσ (Rn),

dimfx : u(x, t) 6! u0(x) as t ! 0g � sm,n(σ ).

Taking into account Theorem 17.8 and the lower bounds we had for tn(s) in
Theorem 15.7, we obtain

Theorem 17.11 Let n � 2 and 0 < σ < n/2. Then

sm,n(σ ) � n C 1 � 2σ if 1/2 < σ � n/4,

sm,n(σ ) � 3n/2 C 1 � 4σ if n/4 < σ � (n C 1)/4,

sm,n(σ ) � n � 2σ if (n C 1)/4 < σ � n/2.
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Proof By Theorem 17.10 sm,n(σ ) � s when 2σ � n � tn(s). All we have to do
is to substitute tn(s) from Theorem 15.7, solve s in terms of σ , and check the
ranges of σ corresponding to the ranges of s in Theorem 15.7.

We now prove that the last estimate is sharp.

Theorem 17.12 We have for all n,m and σ ,

sm,n(σ ) � n � 2σ.

In particular,

sm,n(σ ) D n � 2σ if n � 2 and (n C 1)/4 � σ < n/2.

Proof Let fN be the Fourier transform of the characteristic function of the ball
B(0, N ) and μ D NnLn B(0, 1/N). Then

SN
t fN (x) D

∫
B(0,N)

ψ(jξ j/N )e2πi(x�ξ�tjξ jm) dξ, x 2 Rn.

Taking t D N�m/12 we have that the real part of e2πi(x�ξ�tjξ jm) is at least
cos(π/3) D 1/2 when ξ 2 B(0, N) and x 2 B(0, 1/(12N )). Hence∫

sup
0<t<1

jSN
t fN jdμ � Nn

∫
B(0,1/(12N))

∫
B(0,N)

ψ(jξ j/N) dξdx � Nn.

On the other hand, Is(μ) � Ns and kfNk2
Hσ (Rn) � NnC2σ so that the inequality∥∥∥∥∫ sup

0<t<1
jSN

t fN j
∥∥∥∥
L1(μ)

�
√
Is(μ)kfNkHσ (Rn)

is possible only if Nn � Ns/2Cn/2Cσ , which for large N yields s � n � 2σ , as
required.

We shall now use another, more traditional, method to obtain estimates in
the one-dimensional case.

Theorem 17.13 Suppose that n D 1 and m > 1. Then for 1/4 � σ < 1/2,∥∥∥∥∥sup
t2R

sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

� C(m, σ )
√
I1�2σ (μ)kf kHσ (R)

for all μ 2 M([�1, 1]) and f 2 Hσ (R). In other words,

sm,1(σ ) � 1 � 2σ if m > 1 and 1/4 < σ � 1/2.

We need the following lemma due to Sjölin [2007].
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Lemma 17.14 Suppose that m > 1, 1/2 � γ < 1 and η 2 S(R). Then∣∣∣∣∫ η(ξ/N)ei(xξ�tjξ jm)jξ j�γ dξ

∣∣∣∣ � C(m, γ, η)jxjγ�1

for all x, t 2 R and all N � 1.

Before discussing the proof of the lemma we show how Theorem 17.13
follows from it.

Proof of Theorem 17.13 We again find Borel functions t : [�1, 1] ! R, N :
[�1, 1] ! [1,1) and w : [�1, 1] ! C with kwk1 � 1 such that∥∥∥∥∥sup

t2R
sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

� 2
∫

S
N(x)
t(x) f (x)w(x) dμx.

Using the definition of SN
t f , Fubini’s theorem twice and Schwartz’s inequal-

ity, we obtain∣∣∣∣∫ S
N(x)
t(x) f (x)w(x) dμx

∣∣∣∣2 D
∣∣∣∣∫∫ ψ(jξ j/N(x))f̂ (ξ )e2πi(xξ�t(x)jξ jm)dξw(x) dμx

∣∣∣∣2
�
∫

jf̂ (ξ )j2jξ j2σ dξ
∫ ∣∣∣∣∫ ψ(jξ j/N (x))e2πi(xξ�t(x)jξ jm)w(x) dμx

∣∣∣∣2 jξ j�2σ dξ

� kf k2
Hσ (Rn)

∫∫∫
ψ(jξ j/N(x))ψ(jξ j/N(y))e2πi((x�y)ξ�t(x)jξ jm)jξ j�2σ


 dξw(x)w(y) dμx dμy.

We now apply Lemma 17.14 with η D ψ which we can do since
by our choice ψ(ξ ) D e�ξ 2

. We then have ψ(jξ j/N(x))ψ(jξ j/N(y)) D
η
(
ξ/
√
N (x)2 C N (y)2

)
. This gives∣∣∣∣∫ ψ(jξ j/N (x))ψ(jξ j/N (y))e2πi((x�y)ξ�t(x)jξ jm)jξ j�2σ dξ

∣∣∣∣ � jx � yj2σ�1.

The double μ integration completes the proof of the theorem.

The proof of Lemma 17.14 consists of several applications of van der
Corput’s lemma, more precisely of Corollary 14.3.

Proof of Lemma 17.14 We may assume that x 6D 0 and t > 0. We write∫
η(ξ/N)ei(xξ�tjξ jm)jξ j�γ dξ D I1 C I2,

where

I1 D
∫

jξ j�1/jxj
η(ξ/N)ei(xξ�tjξ jm)jξ j�γ dξ
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and

I2 D
∫

jξ j>1/jxj
η(ξ/N)ei(xξ�tjξ jm)jξ j�γ dξ.

The estimate for I1 is trivial:

jI1j � 2kηk1
∫ 1/jxj

0
ξ�γ dξ D 2kηk1

1 � γ
jxjγ�1.

To estimate I2 suppose first that jxjm � t/2. We apply van der Corput’s lemma
with ϕ(ξ ) D xξ � tξm for ξ > 1/jxj. Then

jϕ0(ξ )j D jxj
∣∣∣∣1 � mt

x
ξm�1

∣∣∣∣ � jxj
(∣∣∣∣mt

x
ξm�1

∣∣∣∣ � 1

)
� jxj

(∣∣∣∣2jxjm
jxj jxj1�m

∣∣∣∣ � 1

)
D jxj.

Obviously, ϕ0 is monotonic on [1/jxj,1). For ψ in van der Corput’s lemma
we choose ψ(ξ ) D ξ�γ η(ξ/N). Then

ψ 0(ξ ) D ξ�γ η0(ξ/N)/N � γ ξ�γ�1η(ξ/N )

and∫ 1

1/jxj
jψ 0(ξ )j dξ � N�1jxjγ

∫ 1

1/jxj
jη0(ξ/N)j dξ C γ kηk1

∫ 1

1/jxj
ξ�γ�1 dξ � jxjγ .

Therefore Corollary 14.3 with k D 1 yields∣∣∣∣∫ 1

1/jxj
η(ξ/N)ei(xξ�tjξ jm)jξ j�γ dξ

∣∣∣∣ D
∣∣∣∣∫ 1

1/jxj
ψ(ξ )eiϕ(ξ ) dξ

∣∣∣∣ � jxjγ�1.

The integral over (�1,�1/jxj] has the same estimate, so the estimate in the
case jxjm � t/2 is complete.

We have left the case jxjm > t/2. The proof proceeds along similar lines:
the integral is split into three subintegrals and van der Corput’s lemma is applied
to each of them, twice with k D 1 and once with k D 2. We skip the details and
refer the reader to Sjölin [2007].

Corollary 17.15 If m > 1, then

sm,1(σ ) D 1 � 2σ for 1/4 � σ � 1/2.

In particular, for all u0 2 Hσ (R) with 1/4 � σ � 1/2,

dimfx : u(x, t) 6! u0(x) as t ! 0g � 1 � 2σ.

This follows immediately from Theorems 17.12 and 17.13.
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One can rather easily modify the above argument to get the following result,
for the details, see Barceló, Bennett, Carbery and Rogers [2011].

Theorem 17.16 Suppose that n � 2 and m D 2. Then for n/4 � σ < n/2,∥∥∥∥∥sup
t2R

sup
N�1

jSN
t f j

∥∥∥∥∥
L1(μ)

� C(n, σ )
√
In�2σ (μ)kf kHσ (Rn)

for all μ 2 M(B(0, 1)) and f 2 Hσ (Rn). In other words,

s2,n(σ ) � n � 2σ if n � 2 and n/4 � σ < n/2,

and hence for all u0 2 Hσ (Rn) with n/4 � σ < n/2,

dimfx : u(x, t) 6! u0(x) as t ! 0g � n � 2σ.

Let us see briefly how the above relates to some classical results on the
one-dimensional Schrödinger equation. Carleson [1980] proved that, in the
case m D 2, n D 1, if u0 2 H 1/4(R), then limt!0 u(x, t) D u0(x) for almost all
x 2 R. Dahlberg and Kenig [1982] showed that this is false for any σ < 1/4.
So combining with Corollary 17.15 we see that somewhat surprisingly there is
a jump from no estimate for σ < 1/4 to a dimension estimate 1/2 for σ D 1/4.
We shall now give an example that confirms this.

Example 17.17 Let 0 < σ < 1/4. Then there is u0 2 Hσ (R) such that

Stu0(x) D u(x, t) D
∫

û0(ξ )e2πi(xξ�tξ 2) dξ

(defined in the L2 sense, recall (17.6)) fails to converge as t ! 0 in a set of
positive Lebesgue measure. More precisely,

L1

({
x 2 R : lim sup

t!0
jStu0(x)j D 1

})
> 0.

Proof We do not give the full proof. We shall only show that the weak type
inequality

L1

({
x : sup

0<t<1
jStf (x)j � λ

})
� λ�2kf k2

Hσ (R) (17.9)

fails when 0 < σ < 1/4. Then we shall discuss how the failure of almost
everywhere convergence follows essentially from this.



17.2 Schrödinger equation and related integral operators 233

Choose N > 1 and let fN be the inverse Fourier transform of the character-
istic function of [N,N C p

N ]. Then

kfNkHσ (R) D
(∫ NCp

N

N

(1 C ξ 2)σ dξ

)1/2

� N1/4Cσ . (17.10)

On the other hand with the change of variable ξ D p
Nζ C N we compute

jStfN (x)j D
∣∣∣∣∣
∫ NCp

N

N

e2πi(xξ�tξ 2) dξ

∣∣∣∣∣
D p

N

∣∣∣∣∫ 1

0
e2πi(x(

p
NζCN)�Nt(ζ 2C2

p
NζCN)) dζ

∣∣∣∣
D p

N

∣∣∣∣∫ 1

0
e2πi(

p
N(x�2Nt)ζ�Ntζ 2) dζ

∣∣∣∣ .
For any x 2 [0, 1/3] we choose t D t(x) D x/(2N ) and have

jSt(x)fN (x)j D p
N

∣∣∣∣∫ 1

0
e�πixζ 2

dζ

∣∣∣∣ � p
N

∫ 1

0
cos(πxζ 2) dζ � p

N/2.

Consequently, if (17.9) holds, we have by (17.10) for all N > 1,

1/3 � L1

({
x : sup

0<t<1
jStfN (x)j � p

N/2

})
� N�1kfNk2

Hσ (R) � N�1C1/2C2σ D N2σ�1/2,

which forces σ � 1/4.
To conclude the proof one can apply a very general result of Nikishin

[1972] for certain families of operators Tt , 0 < t < 1, on Lp(ν) spaces with
1 � p � 2. Roughly speaking it says that the almost everywhere finiteness of
lim supt!0 jTtf (x)j for every in f 2 Lp(ν) implies a weak type inequality. We
can apply such a result with

Ttf (x) D
∫

f (ξ )e2πi(xξ�tξ 2) dξ, x 2 R, f 2 L2((1 C ξ 2)σ dξ ).

We saw above that the weak type inequality (17.9) fails if σ < 1/4, so almost
everywhere convergence fails too. For more precise details, see Dahlberg and
Kenig [1982].

Nikishin [1972] extended a theorem of Stein [1961]; Stein considered trans-
lation invariant operators, Nikishin’s operators are much more general. De
Guzmán’s book [1981] presents both of these results and others with proofs.
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17.3 Further comments

Theorem 17.3 is classical. Description of fine behaviour of Sobolev functions
can be expressed by various capacities more precisely than with Hausdorff
measures. See, for example, Adams and Hedberg [1996], Chapter 6, Evans and
Gariepy [1992], Section 4.8, and Ziemer [1989], Section 3.3.

The results of this chapter are mainly from Barceló, Bennett, Carbery and
Rogers [2011]. That paper gives a thorough discussion on earlier related results.
The authors developed there also a third method, based on Tao’s bilinear restric-
tion theorem 25.3, to improve Theorems 17.11 and 17.16 for certain ranges.
Namely, they proved that

sm,n(σ ) � n C 3

n C 1
(n � 2σ ) if m > 1 and n � 2.

In addition to the example giving Theorem 17.12, the paper of Barceló,
Bennett, Carbery and Rogers contains other examples. They show that σ � 1/4
is a necessary condition to get any non-trivial estimates for any values of m
and n. Moreover,

sm,n(σ ) � n C 1 � 4σ if σ < n/4,

and

s1,n(σ ) � n C 2 � 4σ if σ < (n C 1)/4.

It follows that Theorem 17.11 is sharp when n D 2 and m D 1: s1,2(σ ) D
4 � 4σ for 1/2 < σ � 3/4 and s1,2(σ ) D 2 � 2σ for 3/4 < σ � 1. In higher
dimensions it probably is not sharp, because the estimates for spherical averages
probably are not sharp.

Bennett and Rogers [2012] proved the sharp estimate

dimfx : u(x, t) 6! u0(x) as t ! 0g � n � 2σ

for all radial functions u0 2 Hσ (Rn) with 1/4 � σ < 1/2.
Example 17.17 is due to Dahlberg and Kenig [1982]. I am grateful to Keith

Rogers for a simplified presentation.
There are many recent results on boundedness and almost everywhere con-

vergence (with respect to Lebesgue measure) in higher dimensions, see, for
example, Lee [2006b], Lee, Rogers and Seeger [2013], Bourgain [2013], Sjölin
[2013] and Sjölin and Soria [2014] (sharp one-dimensional results were dis-
cussed above). Bourgain [2013] proved that when m D 2 almost everywhere
convergence takes place for f 2 Hσ (Rn) if σ > 1/2 � 1/(4n); for n D 2 this
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was previously shown by Lee [2006b]. Bourgain’s proof relies on recent results
and methods developed by Bourgain and Guth [2011] on multilinear restric-
tion theory, see Section 25.13. Bourgain also constructed examples to show
that at least σ > 1/2 � 1/n is needed for almost everywhere convergence
when n � 5.
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Generalized projections of Peres and Schlag

In Chapter 5 we proved several estimates on dimensions of exceptional
sets related to orthogonal projections, many of them sharp. For example in
Theorem 5.6

dimfe 2 Sn�1 : dimS μe < tg � maxf0, n � 1 C t � dimS μg.

In this chapter we present a setting, due to Peres and Schlag [2000], where
such results can be established for much more general parametrized families of
mappings πλ. The crucial property required for such mappings, in addition to
standard regularity properties, is transversality. This means, roughly speaking,
that if jπλ0 (x) � πλ0 (y)j is too small relative to d(x, y) for some λ0 2 J , then
the mapping λ 7! jπλ(x) � πλ(y)j is rapidly growing in a neighbourhood of λo.
Orthogonal projections obviously possess such a property (we say a bit more
below).

18.1 Tranversality of degree 0 in the one-dimensional case

First we shall consider one-dimensional families of mappings and later explain
how the results can be extended to cases where the parameter space is higher
dimensional. The setting in this section and Section 18.2 will be the following:

Setting: Let (�, d) be a compact metric space, and let J � R be a bounded
open interval. Let

πλ : � ! R, λ 2 J,

be a family of mappings such that the function λ 7! πλ(x) is in C1(J ) for
every fixed x 2 �, and to every compact interval I � J and l D 0, 1, . . . ,

236
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there corresponds a finite positive constant Cl,I such that

j∂lλπλ(x)j � Cl,I for all λ 2 I, x 2 �. (18.1)

We shall always assume these derivative bounds of all orders. Peres and
Schlag also formulate results on restricted regularity, where for some positive
integer N (18.1) is only assumed for 0 � l � N .

Definition 18.1 Set

�λ(x, y) D πλ(x) � πλ(y)

d(x, y)
for λ 2 J, x, y 2 �, x 6D y.

The family πλ, λ 2 J , is transversal, if there exists a positive constant C0 such
that

j�λ(x, y)j � C0 D) j∂λ�λ(x, y)j � C0 (18.2)

for λ 2 J and x, y 2 �, x 6D y. The family πλ, λ 2 J , is regular, if to every
l 2 N there corresponds a positive constant Cl such that

j�λ(x, y)j � C0 D) ∣∣∂lλ�λ(x, y)
∣∣ � Cl (18.3)

for λ 2 J and x, y 2 �, x 6D y.

Often the bounds on derivatives as in (18.3) hold for all x, y and l, but they
will be needed only for the critical values for which j�λ(x, y)j is small.

Later on we shall consider a generalization, transversality of degree β �
0; then the above definition corresponds to the case β D 0. We shall first
present the detailed proofs in this special case in order to have the main ideas
less obscured by technicalities. Then we shall sketch the changes required
to deal with the general case of β transversality. The case β D 0 is enough
for geometric applications, such as orthogonal projections and pinned distance
sets, but β > 0 is needed for some other applications, in particular for Bernoulli
convolutions.

Notation: For πλ : � ! R as in Definition 18.1, we write

μλ D πλ
μ for μ 2 M(�).

Then μλ 2 M(R) and μλ(B) D μ(π�1
λ (B)) for B � R. The s-energy, s > 0,

of μ 2 M(�) is as before

Is(μ) D
∫∫

d(x, y)�s dμx dμy,
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and the Sobolev t-energy, t 2 R, of ν 2 M(Rm),

It (ν) D
∫

ĵν(x)j2jxjt�mj dx

with, due to (3.45),

γ (m, t)It (ν) D It (ν) for 0 < t < m.

Recall also from (5.4) the Sobolev dimension dimS μ,

dimS ν D supft : It (ν) < 1g. (18.4)

Our goal is to show that the finiteness of the energy Is(μ) implies that the
Sobolev dimensions dimS μλ are large. The obstacle is that the πλ could be
badly non-injective. The transversality puts obstacles to this obstacle: if πλ

maps x and y close to each other, then πλ0 does not map them too close to each
other when λ0 moves away from λ.

Example 18.2 A basic example comes from orthogonal projections in R2 which
we now write as

πλ(x1, x2) D x1 cos λ C x2 sin λ, λ 2 J D [0, π ).

For � we can take any closed disc containing the support of μ. Then

�λ(x, y) D u cos λ C v sin λ where (u, v) D x � y

jx � yj ,

and

d

dλ
�λ(x, y) D �u sin λ C v cos λ.

All the conditions of Definition 18.1 are clearly satisfied with β D 0. Other
examples will be discussed at the end of this chapter.

The main general theorem in this setting (for β D 0) is:

Theorem 18.3 Let μ 2 M(�) with Is(μ) < 1 for some s > 0. Assume that
the mappings πλ, λ 2 J , satisfy the transversality and regularity conditions of
Definition 18.1. Then ∫

I

Is(μλ) dλ � C(s, I )Is(μ) (18.5)

for compact intervals I � J . Therefore,

dimS μλ � s for almost all λ 2 J. (18.6)
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Furthermore, for any t 2 (0, s] we have the estimates

dimfλ 2 J : dimS μλ < tg � t, (18.7)

dimfλ 2 J : dimS μλ < tg � 1 C t � s if 1 C t � s � 0, (18.8)

and

dimS μλ � s � 1 for all λ 2 J. (18.9)

As in the case of orthogonal projections this gives us the corollary:

Corollary 18.4 Let A � � be a Borel set and s D dimA.

(a) If s � 1 and t 2 (0, s], then

dimfλ 2 J : dimπλ(A) < tg � t.

(b) If 1 < s � 2, then

dimfλ 2 J : dimπλ(A) < tg � 1 C t � s if 1 C t � s � 0,

dimπλ(A) � s � 1 for all λ 2 J,

and

dimfλ 2 J : L1(πλ(A)) D 0g � 2 � s.

(c) If 2 < s � 3, then

dimfλ 2 J : the interior of πλ(A) is emptyg � 3 � s.

As remarked above, our enemies in the proof of Theorem 18.3 will be triples
(x, y, λ) such that j�λ(x, y)j is small. The following lemma gives some control
over what is happening around them.

Lemma 18.5 Fix x, y 2 �, x 6D y, write r D d(x, y) and suppose that (18.2)
and (18.3) hold. Then

fλ 2 J : j�λ(x, y)j < C0g D
N⋃

jD1

Ij ,

where the Ij are disjoint open subintervals of J such that:

(i) L1(Ij ) � 2 for all j , L1(Ij ) � 2C0/C1 for all but at most two indices j ,
and N � C1L1(J )/(2C0) C 2.

(ii) The function λ 7! �λ(x, y) is strictly monotone on any interval Ij .
(iii) There exist points λj 2 Ij , which satisfy: if λ 2 Ij , then j�λ(x, y)j �

j�λj (x, y)j and j�λ(x, y)j � C0jλ � λj j.
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(iv) There exists a constant δ > 0 depending only on C0 with the following
properties. Except for at most two exceptional values of j , �λj (x, y) D 0
and j�λ(x, y)j � C0/2 for jλ � λj j � δ. For each of the two possi-
ble exceptional values of j , either j�λ(x, y)j � C0/4 for all λ 2 Ij
or j�λ(x, y)j � C0/2 for all λ 2 J for which jλ � λj j � δ. For all j ,
J \ (λj � δ, λj C δ) � Ij .

Proof Since fλ 2 J : j�λ(x, y)j < C0g is open, it can be written in a unique
way as a union of disjoint open intervals Ij . On each of these by (18.2) either
∂λ�λ(x, y) � C0 or ∂λ�λ(x, y) � �C0. The item (ii) follows immediately from
this. The first inequality of (i) is also easy: for λ1, λ2 2 Ij with λ1 < λ2,

2C0 � j�λ2 (x, y) � �λ1 (x, y)j D
∣∣∣∣∫ λ2

λ1

∂λ�λ(x, y) dλ

∣∣∣∣ � C0(λ2 � λ1).

For all but at most two intervals Ij we have Ij � J, so �λ(x, y) D ˙C0 at the
end-points, with both values attained. Hence by (18.3)

2C0 D
∣∣∣∣∣
∫
Ij

∂λ�λ(x, y) dλ

∣∣∣∣∣ � C1L1(Ij ).

The last two statements of (i) follow from this.
If Ij � J , then Ij contains the unique zero λj of �λ(x, y). For the possible

one or two other values of j for which �λ(x, y) does not have zero, we take λj
as the end-point of Ij which gives the minimum for j�λ(x, y)j on Ij (extending
�λ(x, y) in the obvious way to the end-points of Ij which are not in J ).

To prove (iii), let λ 2 Ij . The inequalities

j�λ(x, y)j � j�λ(x, y) � �λj (x, y)j � C0jλ � λj j
follow from the monotonicity and the mean-value theorem. The last item (iv)
is also easy and we leave its checking to the reader.

We begin the proof of Theorem 18.3 with (18.7). It is considerably sim-
pler than the rest. In particular the proof does not involve the use of Fourier
transforms.

Proof of (18.7) If (18.7) fails for some t 2 (0, s], then for some τ < t ,

Ht (fλ 2 J : dimS μλ < τg) > 0.

The set Sτ D fλ 2 J : dimS μλ < τg is a Borel set. This is easily proven:
check first that λ 7! μ̂λ(u) is continuous for a fixed u 2 J , whence Iσ (μλ) is
lower semicontinuous for every σ 2 R, then use the definition of the Sobolev
dimension. Hence Frostman’s lemma gives us a measure ν 2 M(Sτ ) with
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ν(B(x, r)) � rt for x 2 R and r > 0. Given x, y 2 �, x 6D y, write Bx,y D
fλ 2 J : j�λ(x, y)j < C0g, and split∫

J

Iτ (μλ) dνλ D
∫
J

∫
�

∫
�

jπλ(x) � πλ(y)j�τ dμx dμy dνλ

D
∫
�

∫
�

(∫
JnBx,y

j�λ(x, y)j�τ dνλ

)
d(x, y)�τ dμx dμy

(18.10)

C
∫
�

∫
�

(∫
Bx,y

j�λ(x, y)j�τ dνλ

)
d(x, y)�τ dμx dμy.

(18.11)

The integral on line (18.10) is easily estimated:∫
�

∫
�

(∫
JnBx,y

j�λ(x, y)j�τ dνλ

)
d(x, y)�τ dμx dμy

� C�τ
0 ν(J )

∫
�

∫
�

d(x, y)�τ dμx dμy � Iτ (μ) � Is(μ) < 1,

because τ � t � s. To estimate the integral on line (18.11), let Bx,y D [N
jD1Ij

and λj 2 Ij be as in Lemma 18.5. The estimate j�λ(x, y)j � C0jλ � λj j for
λ 2 Ij gives∫

�

∫
�

(∫
Bx,y

j�λ(x, y)j�τ dνλ

)
d(x, y)�τ dμx dμy

D
∫
�

∫
�

⎛⎝ N∑
jD1

∫
Ij

j�λ(x, y)j�τ dνλ

⎞⎠ d(x, y)�τ dμx dμy

� C�τ
0

∫
�

∫
�

⎛⎝ N∑
jD1

∫
Ij

jλ � λj j�τ dνλ

⎞⎠ d(x, y)�τ dμx dμy.

Here ∫
Ij

jλ � λj j�τ dνλ D
∫ 1

0
ν(fλ 2 Ij : jλ � λj j�τ � rg) dr

D
∫ 1

0
ν(B(λj , r

�1/τ )) dr

�
∫ 1

0
ν(R) dr C

∫ 1

1
r�t/τ dr � 1,
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since t > τ . As the number of the intervals Ij is bounded independently of x
and y, we obtain∫
�

∫
�

(∫
Bx,y

j�λ(x, y)j�τ dνλ

)
d(x, y)�τ dμx dμy�

∫
�

∫
�

d(x, y)�τ dμx dμy.

The expression on the right is again finite, since τ � t � s and Is(μ) < 1. So
we have shown that

∫
J
Iτ (μλ) dνλ < 1, and, in particular, Iτ (μλ) < 1 for ν

almost all λ 2 J . This implies that dimS μλ � τ for ν almost all λ 2 J . This
contradicts ν 2 M(Sτ ) and finishes the proof.

A central tool in the rest of the proof of Theorem 18.3 is the following
Littlewood–Paley (dyadic) decomposition of the Sobolev norm:

Lemma 18.6 There exists a Schwartz function ψ 2 S(Rm) with the following
properties:

(i) ψ̂ � 0 and spt ψ̂ � fx 2 Rm : 1 � jxj � 4g,
(ii)

∑
j2Z ψ(2�j x) D 1 for x 2 Rm n f0g,

(iii) for all ν 2 M(Rm) and t 2 R the following decomposition of the Sobolev
norm holds:

It (ν) �t,m

∑
j2Z

2j (t�m)
∫

Rm

(ψ2�j � ν)(x) dνx,

where ψ2�j (x) D 2jmψ(2j x).

Proof Take a radial function η 2 S(Rm), η(x) D h(jxj), with h non-increasing,
0 � η � 1 and η(x) D 1 for all x 2 B(0, 1) and spt η � B(0, 2). Since also
x 7! η(x/2) � η(x) is a Schwartz function, we may choose ψ 2 S(Rm) so that

ψ̂(x) D η(x/2) � η(x), x 2 Rm.

The function ψ has the desired properties:
(i) The claim ψ̂ � 0 follows directly from the fact that η(x) is non-increasing

in jxj. The properties η D 1 on B(0, 1) and η D 0 outside B(0, 2) imply that
spt ψ̂ � fx 2 Rm : 1 � jxj � 4g.

(ii) Fix x 2 Rm n f0g and let k 2 Z be such that 2�(kC1)jxj < 1 � 2�kjxj.
Then j22�kxj � 4, whence∑
j2Z

ψ̂(2�j x)D ψ̂(2�kx) C ψ̂(21�kx)Dη(2�(kC1)x) � η(21�kx)D1 � 0 D 1.
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(iii) Let ν 2 M(Rm) and t 2 R. For x 2 Rm n f0g let k 2 Z be as in the
proof of (ii). Then 2k � jxj, whence∑

j2Z

2j (t�m)ψ̂(2�j x) D 2k(t�m)ψ̂(2�kx) C 2(k�1)(t�m)ψ̂(21�kx)

� jxjt�m
(
ψ̂(2�kx) C ψ̂(21�kx)

) D jxjt�m.

Finally, note that ψ̂2�j (x) D ψ̂(2�j x) and apply Parseval’s theorem in the form
of (3.27) to get

It (ν) D
∫

Rm

jxjt�m ĵν(x)j2 dx

�
∑
j2Z

2j (t�m)
∫

Rm

ψ̂(2�j x)ĵν(x)j2 dx

D
∑
j2Z

2j (t�m)
∫

Rm

(ψ2�j � ν)(x) dνx.

To get a better feeling of the proof of (18.5) we first prove a simple variant
under the strong transversality condition:

j∂λ�λ(x, y)j � c > 0 for all λ 2 J, x, y 2 �, x 6D y. (18.12)

Theorem 18.7 If (18.12) holds and μ 2 M(�) with Is(μ) < 1, then for any
compact interval I � J ,∫

I

jμ̂λ(u)j2 dλ � C(s, I )Is(μ)juj�s for all u 2 R. (18.13)

In particular, for 0 < t < s,∫
I

It (μλ) dλ � C(s, t, I )Is(μ). (18.14)

Proof Let � 2 C1
0 (R) with spt � � J and � D 1 on I . Then∫

I

jμ̂λ(u)j2 dλ D
∫ 1

�1
jμ̂λ(u)j2�(λ) dλ

D
∫ 1

�1

∫
e�2πiuv dμλv

∫
e2πiuw dμλw�(λ) dλ

D
∫ 1

�1

∫∫
e�2πiu(πλ(x)�πλ(y)) dμx dμy�(λ) dλ

D
∫∫ ∫ 1

�1
e�2πiud(x,y)�λ(x,y)�(λ) dλ dμx dμy.

Let u 2 R, u 6D 0, and x, y 2 � with x 6D y; note that since Is(μ) < 1,
the singletons have μ measure 0 and so it is enough to consider x 6D y. Let



244 Generalized projections of Peres and Schlag

r D d(x, y). Because of (18.12) we can apply the estimate of Theorem 14.1 to
obtain ∣∣∣∣∫ 1

�1
e�2πiud(x,y)�λ(x,y)�(λ) dλ

∣∣∣∣ � (jujd(x, y))�s ,

and the first estimate follows integrating twice with respect to μ. The second
estimate follows from the first, since jμ̂λ(u)j2 � μ(�)2 � d(�)sIs(μ):∫

I

It (μλ) dλ D
∫
I

∫ 1

�1
jujt�1jμ̂λ(u)j2 du dλ

� Is(μ)

(∫ 1

0
jujt�1 du C

∫ 1

1
jujt�1�s du

)
� Is(μ).

Above (18.14) also holds for t D s, as we shall prove even under the weaker
hypothesis of Theorem 18.3.

Proof of (18.5) This will be based on the following inequality: Let ψ 2 S(R)
be the function provided by Lemma 18.6, let � 2 C1

0 (R) be any function with
support in J , and let q 2 N. Then for all x, y 2 � and j 2 Z,∣∣∣∣∫

R
�(λ)ψ(2j (πλ(x) � πλ(y))) dλ

∣∣∣∣ � (1 C 2j d(x, y))�q, (18.15)

with the implicit constant independent of x, y and j .
Before we start proving (18.15), let us see how the estimate (18.5) follows

from it. Suppose I is a compact interval with I � J . Choose � 2 C1
0 (R) so that

spt � � J, 0 � � � 1 and �jI � 1. Furthermore, let q 2 N with q > s. Then,
by applying the assertion (iii) of Lemma 18.6 to the measures μλ 2 M(R) we
obtain by (18.15)∫

I

Is(μλ) dλ �
∫

R
Is(μλ)�(λ) dλ

�
∫

R

∑
j2Z

2j (s�1)

(∫
R

(ψ2�j � μλ)(u) dμλu

)
�(λ) dλ

D
∫

R

∑
j2Z

2js

(∫
R

∫
R
ψ(2j (u � v)) dμλv dμλu

)
�(λ) dλ

D
∫
�

∫
�

∑
j2Z

2js

(∫
R
ψ(2j (πλ(x) � πλ(y)))�(λ) dλ

)
dμy dμx

�
∫
�

∫
�

∑
j2Z

2js(1 C 2j d(x, y))�q dμy dμx. (18.16)
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Fix x, y 2 �, x 6D y, and write r D d(x, y) > 0. Then the series inside the
integral is∑

j2Z

2js(1 C 2j r)�q �
∑

2j�1/r

2js C r�q
∑

2j>1/r

2j (s�q)

� r�s C r�q�sCq D 2r�s D 2d(x, y)�s ,

since the value of a geometric series is roughly its dominating term. Plugging
this into (18.16) gives∫

I

Is(μλ) dλ �
∫
�

∫
�

d(x, y)�s dμy dμx D Is(μ)

as required.
Now we shall deal with (18.15). Fix x, y 2 �, x 6D y, and write again

r D d(x, y). Then πλ(x) � πλ(y) D r�λ(x, y) D: r�(λ). We may assume that

2j r > 1. (18.17)

Choose an auxiliary function ϕ 2 C1
0 (R) with 0 � ϕ � 1, ϕj[�1/2, 1/2] � 1,

spt ϕ � [�1, 1], and split the integration in (18.15) into two parts:∫
R
�(λ)ψ(2j (πλ(x) � πλ(y))) dλ

D
∫

R
�(λ)ψ(2j r�(λ))ϕ(C�1

0 �(λ)) dλ (18.18)

C
∫

R
�(λ)ψ(2j r�(λ))(1 � ϕ(C�1

0 �(λ))) dλ. (18.19)

HereC0 > 0 is the transversality constant of Definition 18.1. The integral of line
(18.19) is easy to bound: since the integrand vanishes whenever j�(λ)j � C0/2.
But if j�(λ)j � C0/2, we have for all q 2 N the estimate

jψ(2j r�(λ))j � (1 C C02j�1r)�q � (1 C 2j r)�q,

whence∣∣∣∣∫
R
�(λ)ψ(2j r�(λ))(1 � ϕ(C�1

0 �(λ))) dλ

∣∣∣∣ � (1 C 2j r)�q . (18.20)

Moving on to line (18.18), let the intervals I1, . . . , IN , the points λi 2 Ii and
the constant δ > 0 be as in Lemma 18.5. Choose another auxiliary function
χ 2 C1

0 (R) with 0 � χ � 1, χ j(�δ/2, δ/2) � 1, spt χ � (�δ, δ), and split
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the integration on line (18.18) into N C 1 parts:∫
R
�(λ)ψ(2j r�(λ))ϕ(C�1

0 �(λ)) dλ

D
N∑
iD1

∫
R
�(λ)χ (λ � λi)ψ(2j r�(λ))ϕ(C�1

0 �(λ)) dλ (18.21)

C
∫

R
�(λ)

(
1 �

N∑
iD1

χ (λ � λi)

)
ψ(2j r�(λ))ϕ(C�1

0 �(λ)) dλ. (18.22)

With the aid of parts (iii) and (iv) of Lemma 18.5, the integral on line (18.22)
is easy to handle. If the integrand is non-vanishing at some point λ 2 J , we
must have ϕ(C�1

0 �(λ)) 6D 0, which gives that j�(λ)j < C0: in particular λ 2 Ik
for some 1 � k � N . Then χ (λ � λi) D 0 for i 6D k by Lemma 18.5(iv). But,
since the integrand is non-vanishing at λ, this enables us to conclude that
χ (λ � λk) < 1: in particular, jλ � λkj � δ/2. Then Lemma 18.5(iii) shows that
j�(λ)j � C0jλ � λkj � C0δ/2, and using the rapid decay of ψ as in (18.20)
one obtains∣∣∣∣∣
∫

R
�(λ)

(
1 �

N∑
iD1

χ (λ � λi)

)
ψ(2j r�(λ))ϕ(C�1

0 �(λ)) dλ

∣∣∣∣∣ � (1 C 2j r)�q .

Now we turn our attention to the N integrals on the line (18.21). Since N is
bounded, it is enough to get the required estimate for each of them separately.
They are of the form ∫

f (λ)ψ(ag(λ)) dλ

where f 2 C1
0 (R), kf k1 � 1, a D 2j r > 1 and g(λ) D �λ(x, y). We have

also that jg0(λ)j � C0 on an interval containing spt f . We need to show that∣∣∣∣∫ f (λ)ψ(ag(λ)) dλ

∣∣∣∣ � a�q . (18.23)

By Lemma 18.6, spt ψ̂ � fu : 1 � juj � 4g, so all the derivatives of ψ̂ vanish
at 0. But the Fourier transform of u 7! ulψ(u) is (�2πi)�l ψ̂ (l), whence∫

R
ulψ(u) du D (�2πi)�l ψ̂ (l)(0) D 0

for l � 0. Since g is strictly monotone, say, strictly increasing, on an interval I
containing spt f , we can change variable; λ D h(η) with h D (gjI )�1, to write∫

f (λ)ψ(ag(λ)) dλ D
∫

f (h(η))h0(η)ψ(aη) dη.
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Let

F (η) D f (h(η))h0(η) D f (h(η))

g0(h(η))
.

By Taylor’s formula

F (η) D
2(q�1)∑
lD0

F (l)(0)

l!
ηl C O(F (2q�1)(η)η2q�1).

Thus ∫
f (λ)ψ(ag(λ)) dλ

D
∫

jηj<1/
p
a

ψ(aη)

(
2(q�1)∑
lD0

F (l)(0)

l!
ηl C O(F (2q�1)(η)η2q�1)

)
dη

C
∫

jηj�1/
p
a

O((ajηj)�2q�1)jF (η)j dη,

where in the second integral we have used the rapid decay of ψ . The second
integral is easy: since jg0(λ)j � C0 on spt f , jh0(η)j � C�1

0 and so kFk1 � 1,
whence∣∣∣∣∫jηj�1/

p
a

O((ajηj)�2q�1)jF (η)j dη
∣∣∣∣ �∫

jηj�1/
p
a

(ajηj)�2q�1) dη D q�1a�q�1,

which is what we want. In the first integral we use∫
R
ulψ(u) du D 0.

This gives

∫
jηj<1/

p
a

ψ(aη)

(
2(q�1)∑
lD0

F (l)(0)

l!
ηl C O(F (2q�1)(η)η2q�1)

)
dη

D �
∫

jηj�1/
p
a

ψ(aη)
2(q�1)∑
lD0

F (l)(0)

l!
ηl dη C

∫
jηj<1/

p
a

O(F (2q�1)(η)η2q�1) dη.

As the derivative of h D (gjI )�1 is bounded below by a positive constant and
all the derivatives of f and g are bounded by constants depending on the
degree, it follows by routine calculus that kF (l)k1 �l 1 for l D 0, 1, 2, . . .
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and so ∫
jηj<1/

p
a

jF (2q�1)(η)η2q�1j dη � a�q .

Finally by the rapid decay of ψ and our assumption a D 2j r � 1,∣∣∣∣∫jηj�1/
p
a

ψ(aη)ηl dη

∣∣∣∣ � ∫ 1

1/
p
a

a�2q�l�1η�2q�1 dη � a�q�1.

These estimates give (18.23), and hence also (18.15) and (18.5).
Both (18.8) and (18.9) are derived from (18.5) with the help of the following

Hausdorff dimension result. We present it in higher dimensions since it will
also be used in Section 18.3.

Lemma 18.8 Let U � Rn be an open set, and let hj 2 C1(U ), j 2 N. Sup-
pose there exist finite constants B > 1, R > 1, C > 0 and Cη > 0 for all multi-
indices η 2 Nn

0 such that (a) k∂ηhjk1 � CηB
j jηj and (b) khjk1 � CR�j for

j 2 N. Let 1 � r < R.

(i) If Bn < R/r , then
∑

j r
j jhj (λ)j < 1 for all λ 2 U .

(ii) If σ 2 (0, n) is such that Bσ � R/r , then

dim

⎧⎨⎩λ 2 U :
∑
j2N

rj jhj (λ)j D 1
⎫⎬⎭ � n � σ.

Proof Let 0 < β < σ , let Q be a compact cube in U , and set

Ej D fλ 2 Q : jhj (λ)j � (j 2rj )�1g, E D
1⋂
kD1

1⋃
jDk

Ej .

Then ⎧⎨⎩λ 2 Q :
∑
j

rj jhj (λ)j D 1
⎫⎬⎭ �

1⋂
kD1

1⋃
jDk

Ej .

Thus to prove (i) it suffices to show that Ej D ∅ for large enough j , and to
prove (ii) it suffices to show that dimEj � n � β for large enough j .

If N 2 N and u1 C ty 2 U for all 0 � t � N , then N applications of
the fundamental theorem of calculus together with the formula

(
N
i

) D
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(
N�1
i

) C (
N�1
i�1

)
, 1 � i � N � 1, yield∣∣∣∣∣

N∑
iD0

(
N

i

)
(�1)ihj (u1 C iy)

∣∣∣∣∣
D

∣∣∣∣∣
N�1∑
iD0

(
N � 1

i

)
(�1)i(hj (u1 C (i C 1)y) � hj (u1 C iy))

∣∣∣∣∣
D

∣∣∣∣∣
N�1∑
iD0

((
N � 1

i

)
(�1)i

∫ u1C(iC1)y

u1Ciy

h0
j (u2) du2

)∣∣∣∣∣
�
∫ u1Cy

u1

∣∣∣∣∣
N�1∑
iD0

(
N � 1

i

)
(�1)ih0

j (u2 C iy)

∣∣∣∣∣ du2

� . . . �
∫ u1Cy

u1

∫ u2Cy

u2

� � �
∫ uNCy

uN

jh(N)
j (uNC1)j duNC1 � � � du2

� kh(N)
j k1jyjN � CN (Bj jyj)N,

where, of course, we are considering the hj as one-dimensional functions on
subline-segments of [u1, u1 C Ny]. So if the closed cubeQ(λ,NL) with centre
λ and side-length 2NL is contained in U , we have for y 2 Q(0, NL),

jhj (λ)j � CNB
jN jyjN C

N∑
iD1

(
N

i

)
jhj (λ C iy)j.

Integrating gives

2nLnjhj (λ)j � CNB
jN

∫
Q(0,L)

jyjN dy C
N∑
iD1

(
N

i

)∫
Q(0,L)

jhj (λ C iy)j dy

� 2nnNCNB
jNLNCn C

N∑
iD1

(
N

i

)∫
Q(0,NL)

jhj (λ C y)j dy

� 2nnNCNB
jNLNCn C 2N

∫
Q(0,NL)

jhj (λ C y)j dy.

Suppose now that λ 2 Ej so that jhj (λ)j � (j 2rj )�1. We choose L D Lj,N

in order to have

2nLn
j,N jhj (λ)j � 1

2
2nLn

j,N (j 2rj )�1 C 2N

∫
Q(0,NLj,N )

jhj (λ C y)j dy,

so that∫
Q(0,NLj,N )

jhj (λ C y)j dy � 1

2
2�N (j 2rj )�1(2Lj,N )n � 2�N (j 2rj )�1Ln

j,N .

(18.24)
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This is achieved by L D Lj,N :D B�j (C0
Nj

2rj )�1/N , where C0
N D 2nN

CN .
To prove (i), assume Bn < R/r and choose N 2 N so large that rn/NBn <

R/r . If λ 2 Ej , assumption (b), the inequality (18.24) and the definition of
Lj,N imply

C � Rj

∫
Q(0,NLj,N )

jhj (λ C y)j dy � Rj2�N (j 2rj )�1Ln
j,N

D Rj2�N (j 2rj )�1
(
B�j (C0

Nj
2rj )�1/N

)n
D 2�NC

0�n/N
N j�2(1Cn/N)

(
R

Bnr1Cn/N

)j

.

Since R
Bnr1Cn/N > 1, this shows that j 2 N cannot be arbitrarily large, and Ej is

thus empty for large j 2 N.
To deal with (ii), fix N 2 N for a moment. For every j 2 N choose closed

cubes Qj,1, . . . ,Qj,mj
, of side-length NLj,N such that every Qj,i meets Ej ,

the cubes Qj,k and Qj,l have disjoint interiors for k 6D l, and Ej � Qj,1 [
� � � [ Qj,mj

. Pick points λj,i 2 Ej \ Qj,i and apply (18.24):

mj2�N (j 2rj )�1Ln
j,N �

mj∑
iD1

∫
Q(λj,i ,NLj,N )

jhj (y)j dy � khjk1 � CR�j ,

because any point in Rn can belong to at most boundedly many cubes
Q(λj,i , NLj,N ), i D 1, . . . , mj . This gives

mj � 2Nj 2rjL�n
j,NCR�j D 2NCC

0n/N
N j 2(1Cn/N)

(
Bnr1Cn/N

R

)j

.

Now we choose N appropriately: suppose, as in (ii), that Bσ � R/r and choose
numbers β 2 (0, σ ) and N 2 N such that Bβrβ/N < R/r . Since Lj,N � Lk,N

for j � k, we have d(Qj,i) � nNLj,N � nNLk,N for j � k, and so

Hn�β
nNLk,N

⎛⎝ 1⋃
jDk

Ej

⎞⎠�
1∑
jDk

mj∑
iD1

d(Qj,i)
n�β �

1∑
jDk

mj (nNLj,N )n�β

�
1∑
jDk

j 2(1Cn/N)

(
Bnr1Cn/N

R

)j

(nNB�j (C0
Nj

2rj )�1/N )n�β

�
1∑
jDk

j 2(1Cβ/N)

(
Bβr1Cβ/N

R

)j

< 1,
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since Bβr1Cβ/N < R. This implies

Hn�β(E) D lim
k!1Hn�β

nNLk,N
(E) � lim inf

k!1 Hn�β
nNLk,N

⎛⎝ 1⋃
jDk

Ej

⎞⎠ D 0,

whence dimE � n � β. Letting β ! σ completes the proof.

The estimates (18.8) and (18.9) immediately follow from (18.5) once we
have proved the following proposition, which we also formulate in higher
dimensions:

Proposition 18.9 Let (�, d) be a compact metric space, let U � Rn be open,
and let

πλ : � ! Rm, λ 2 U.

Assume that the mapping λ 7! πλ(x) is in C1(U ) for every fixed x 2 � and

j∂ηλπλ(x)j � C(η), λ 2 U,

for all multi-indices η 2 Nn
0 . If μ 2 M(�), s > 0 and∫

U

Is(μλ) dλ < 1,

where μλ D πλ
μ, then for 0 � t � s,

dimfλ 2 U : dimS μλ < tg � n � s C t if n � s C t � 0, (18.25)

and

dimS μλ � s � n for all λ 2 U. (18.26)

Proof We may assume that t < s. Let ψ 2 S(Rm) be the function given by
Lemma 18.6 andψ2�j (x) D 2jmψ(2j x) so that ψ̂2�j (x) D ψ̂(2�j x). For j 2 Z,
define the functions hj 2 C1(J ) by

hj (λ) D 2�jm

∫
Rm

ψ2�j � μλ dμλ D
∫
�

∫
�

ψ(2j (πλ(x) � πλ(y))) dμx dμy.

By Parseval’s theorem, (3.27),

hj (λ) D 2�jm

∫
Rm

ψ̂(2j x)jμ̂λ(x)j2 dx � 0,

since ψ̂ � 0.
Part (iii) of Lemma 18.6 tells us that for any σ 2 R,

Iσ (μλ) �
∑
j2Z

2j (σ�m)
∫

Rm

ψ2�j � μλ dμλ D
∑
j2Z

2jσ hj (λ). (18.27)
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Therefore ∑
j2Z

∫
U

2js hj (λ) dλ �
∫
U

Is(μλ) dλ < 1,

so

khjk1 � 2�js .

For the partial derivatives of hj we have

k∂ηhjk1 �η 2j jηj.

For any ε > 0 we have by (18.4) and (18.27)

fλ 2 J : dimS μλ � tg � fλ 2 J : ItCε(μλ) D 1g

D
⎧⎨⎩λ 2 J :

∑
j2Z

2j (tCε)hj (λ) D 1
⎫⎬⎭

D
⎧⎨⎩λ 2 J :

∑
j2N

2j (tCε)hj (λ) D 1
⎫⎬⎭ ,

since the functions hj are uniformly bounded.
Suppose n � s C t � 0. Let ε > 0 with t C ε < s and apply Lemma 18.8

with B D 2, r D 2tCε, R D 2s and σ D s � t � ε to conclude that the last set
has Hausdorff dimension at most n � s C t C ε. Letting ε ! 0 completes the
proof of (18.25). Finally, if t < s � n,

∑
j2N 2j thj (λ) < 1 for all λ 2 U by

Lemma 18.8, which gives (18.26).

18.2 Transversality of degree β

We shall now consider a weaker concept of transversality involving a non-
negative parameter β. The case β D 0 is the one we have studied so far.

Definition 18.10 Let πλ and �λ be as in Definition 18.1 satisfying (18.1).
The family πλ, λ 2 J , is said to satisfy transversality of degree β � 0, if there
exists a positive constant Cβ such that

j�λ(x, y)j � Cβd(x, y)β D) j∂λ�λ(x, y)j � Cβd(x, y)β (18.28)

for λ 2 J and x, y 2 �. The family πλ, λ 2 J , is said to satisfy regularity of
degree β � 0 , if to every l 2 N there corresponds a positive constant Cβ,l such
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that

j�λ(x, y)j � Cβd(x, y)β D) ∣∣∂lλ�λ(x, y)
∣∣ � Cβ,ld(x, y)�βl (18.29)

for λ 2 J and x, y 2 �.

The main theorem in this case is

Theorem 18.11 There exists an absolute constant b > 0 such that the fol-
lowing holds. Let μ 2 M(�) with Is(μ) < 1 for some s > 0. Assume that
the mappings πλ, λ 2 J , satisfy the transversality and regularity conditions of
Definition 18.10 for some β � 0. Then∫

I

It (μλ) dλ � C(β, s, t, I )Is(μ) (18.30)

for compact intervals I � J and for 0 < (1 C bβ)t � s. Therefore,

dimS μλ � s/(1 C bβ) for almost all λ 2 J. (18.31)

Furthermore, for any t 2 (0, s � 3β] we have the estimate

dimfλ 2 J : dimS μλ < tg � t. (18.32)

For any t 2 (0, s] we have the estimate

dimfλ 2 J : dimS μλ < tg � 1 C t � s

1 C bβ
if 1 C t � s

1 C bβ
� 0,

(18.33)
and

dimS μλ � s

1 C bβ
� 1 for all λ 2 J. (18.34)

The proof differs from that of Theorem 18.3 only in some technicalities.
First Lemma 18.5 is replaced by:

Lemma 18.12 Fix x, y 2 �, x 6D y, write r D d(x, y) and suppose that
(18.28) and (18.29) hold. Then

fλ 2 J : j�λ(x, y)j < Cβr
βg D

N⋃
jD1

Ij ,

where the Ij are disjoint open subintervals of J such that:

(i) L1(Ij ) � 2 for all j , L1(Ij ) � (2C0/C1)r2β for all but at most two indices
j , and N � (C1/2C0)r�2βL1(Ij ).

(ii) The function λ 7! �λ(x, y) is strictly monotone on any interval Ij .
(iii) There exist points λj 2 Ij , which satisfy: if λ 2 Ij , then j�λ(x, y)j �

j�λj (x, y)j and j�λ(x, y)j � Cβr
β jλ � λj j.
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(iv) There exists a constant δ > 0 depending only on C0 and β with the
following properties. Except for at most two exceptional values of j ,
�λj (x, y) D 0 and j�λ(x, y)j � Cβr

β/2 for jλ � λj j � δ. For each of the
two possible exceptional values of j , either j�λ(x, y)j � Cβr

β/4 for all
λ 2 Ij or j�λ(x, y)j � Cβr

β/2 for all λ 2 J with jλ � λj j � δ. For all j ,
J \ (λj � δ, λj C δ) � Ij .

The proof of this is about as simple as that of Lemma 18.5. The derivative
of �λ(x, y) satisfies now rβ � j�λ(x, y)j � r�β on the intervals Ij .

Secondly, the proof (18.32) is essentially the same as that of (18.7). The main
complications arise in the proof of (18.30). The estimate (18.15) is replaced by∣∣∣∣∫

R
�(λ)ψ(2j (πλ(x) � πλ(y))) dλ

∣∣∣∣ � (1 C 2j d(x, y)1CCβ )�q . (18.35)

Once this is established, the rest of the proof is practically the same as
before. The deduction of (18.30) from (18.35) involves only inserting β (or
β multiplied by a constant) in appropriate places. Lemma 18.8 is completely
independent of β and in its application to get (18.33) β comes into play only
in the ranges of parameters.

The steps to prove (18.15) can be used to prove also (18.35). The splitting
in (18.18) and (18.19) is replaced by∫

R
�(λ)ψ(2j [πλ(x) � πλ(y)]) dλ

D
∫

R
�(λ)ψ(2j r�(λ))ϕ

(
C�1

β r�β�(λ)
)
dλ

C
∫

R
�(λ)ψ(2j r�(λ))

(
1 � ϕ

(
C�1

β r�β�(λ)
))
dλ,

and the splitting in (18.21) and (18.22) is replaced by∫
R
�(λ)ψ(2j r�(λ))ϕ

(
C�1

β r�β�(λ)
)
dλ

D
N∑
iD1

∫
R
�(λ)χ (r�2β(λ � λi))ψ(2j r�(λ))ϕ

(
C�1

β r�β�(λ)
)
dλ

C
∫

R
�(λ)

(
1 �

N∑
iD1

χ (r�2β(λ � λi))

)
ψ(2j r�(λ))ϕ(C�1

β r�β�(λ)) dλ.

In the final calculations and estimations of derivatives of composite and
inverse functions one has to be more careful, since the constants now depend
on d(x, y) and its powers. The details can be found in Peres and Schlag [2000].
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18.3 Generalized projections in higher dimensions

In this section we discuss higher dimensional versions of the previous results.
This means that the parameter space can be an open subset of a higher dimen-
sional Euclidean space and the generalized projections can be vector valued.
We still have (�, d) a compact metric space, now Q � Rn is an open connected
set, and we have the mappings

πλ : � ! Rm, λ 2 Q,

such that the mapping λ 7! πλ(x) is in C1(Q) for every fixed x 2 �, and
to every compact K � Q and any multi-index η D (η1, . . . , ηn) 2 Nn

0 there
corresponds a positive constant Cη,K such that

j∂ηλπλ(x)j � Cη,K, λ 2 K. (18.36)

We shall give detailed proofs only in the case where the mappings are
real-valued and satisfy the following strong transversality condition:

jrλ�λ(x, y)j � c > 0 for all λ 2 Q, x, y 2 �, x 6D y, (18.37)

where again

�λ(x, y) D πλ(x) � πλ(y)

d(x, y)
for λ 2 Q, x, y 2 �, x 6D y.

Theorem 18.13 If m D 1 and (18.37) holds and μ 2 M(�) with Is(μ) < 1,
then for any compact K � Q,∫

K

jμ̂λ(u)j2 dλ � C(s,K)Is(μ)juj�s for all u 2 Rm. (18.38)

In particular, ∫
K

It (μλ) dλ � C(s, t,K)Is(μ) (18.39)

for 0 < t < s. Therefore,

dimS μλ � s for almost all λ 2 Q. (18.40)

Furthermore, for any t 2 (0, s] we have the estimates

dimfλ 2 Q : dimS μλ < tg � n � 1 C t, (18.41)

and

dimfλ 2 Q : dimS μλ < tg � n � s C t if n C t � s � 0. (18.42)
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Proof The proof of (18.38) is the same as that of (18.13); we just use
Theorem 14.4 in place of Theorem 14.1. The estimate (18.42) follows from
Proposition 18.9.

The proof (18.41) is simple. Define for a compact set K � Q, for x, y 2
�, x 6D y, and for δ > 0,

S(K, x, y, δ) D fλ 2 K : �λ(x, y) < δg.
It follows from (18.37) that fλ 2 Q : �λ(x, y) D 0g is a smooth hypersurface
such that for x, y 2 �, x 6D y, and δ > 0, S(K, x, y, δ) can be covered with
CKδ

1�n balls of radius δ where CK is independent of x, y and δ > 0. Now we
proceed as in the proof of the estimate (18.7) of Theorem 18.3. Suppose that
(18.41) fails for some t 2 (0, s]. Then for some compact set K � Q and some
0 < τ < t ,

Hn�1Ct (fλ 2 K : dimS μλ < τg) > 0.

Hence by Frostman’s lemma there is a measure ν 2 M(fλ 2 K : dimS μλ <

τg) with ν(B(x, r)) � rn�1Ct for x 2 Rn and r > 0. Thus

ν(S(K, x, y, δ)) � δt .

We write now∫
K

Iτ (μλ) dνλ D
∫
�

∫
�

(∫
K

j�λ(x, y)j�τ dνλ

)
d(x, y)�τ dμx dμy.

The inner integral is bounded:∫
K

j�λ(x, y)j�τ dνλ D
∫ 1

0
ν(fλ 2 K : j�λ(x, y)j�τ > ug) du

D
∫ 1

0
ν(S(K, x, y, u�1/τ )) du � 1 C

∫ 1

1
u�t/τ du � 1.

Therefore, ∫
K

Iτ (μλ) dνλ � Iτ (μ) � Is(μ) < 1.

This implies that dimS μλ � τ for ν almost all λ 2 J which contradicts the
choice of ν and finishes the proof.

We have again the corollary:

Corollary 18.14 Suppose again that m D 1 and (18.37) holds. Let A � � be
a Borel set and s D dimA.
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(a) If s � 1 and t 2 (0, s], then

dimfλ 2 Q : dimπλ(A) < tg � n � 1 C t.

(b) If 1 < s � n C 1, then

dimfλ 2 Q : dimπλ(A) < tg � n � s C t if n � s C t � 0

and

dimfλ 2 Q : L1(πλ(A)) D 0g � n � s C 1.

(c) If 2 < s � n C 2, then

dimfλ 2 Q : the interior of πλ(A) is emptyg � n � s C 2.

Now we give the general definition of transversality in higher dimensions.

Definition 18.15 The family fπλ, λ 2 Qg, is said to satisfy transversality of
degree β � 0, if there exists a positive constant Cβ such that

j�λ(x, y)j � Cβd(x, y)β D) det(Dλ�λ(x, y)(Dλ�λ(x, y)t )) � Cβd(x, y)β

(18.43)

for λ 2 Q and x, y 2 �, x 6D y. The family πλ, λ 2 J , is said to satisfy reg-
ularity of degree β � 0, if to every multi-index η D (η1, . . . , ηn) 2 Nn there
corresponds a positive constant Cβ,η such that

j�λ(x, y)j � Cβd(x, y)β D) ∣∣∂ηλ�λ(x, y)
∣∣ � Cβ,ηd(x, y)�βjηj (18.44)

for λ 2 Q and x, y 2 �, x 6D y.

Here is the general theorem in higher dimensions:

Theorem 18.16 There exists a constant b > 0 depending only on m and n

such that the following holds. Let μ 2 M(�) with Is(μ) < 1 for some s > 0.
Assume that the mappings πλ, λ 2 Q, satisfy the transversality and regularity
conditions of Definition 18.15 for some β � 0. Then∫

K

It (μλ) dλ � C(β, s, t,K)Is(μ) (18.45)

for compact sets K � Q and for 0 < (1 C bβ)t � s. Therefore,

dimS μλ � s/(1 C bβ) for almost all λ 2 Q. (18.46)

Furthermore, for any t 2 (0, s � bβ] we have the estimate

dimfλ 2 Q : dimS μλ < tg � n C t � m. (18.47)
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For any t 2 (0, s] we have the estimate

dimfλ 2 Q : dimS μλ < tg � max

{
0, n C t � s

1 C bβ

}
, (18.48)

and

dimS μλ � s

1 C bβ
� n for λ 2 Q. (18.49)

The proof of Theorem 18.16 runs along similar lines as that of
Theorem 18.3, or of Theorem 18.11 when β > 0. I only sketch here some
parts in the case β D 0. First, in the proof of Lemma 18.5, which was needed
for the change of variables in the proof of (18.5), we could use very elementary
arguments based on monotonicity. In higher dimensions when m D n we still
have that if �λ(x, y) is small its Jacobian determinant (with respect to λ) is
non-zero and we have a quantitative estimate for it. Then the inverse function
theorem (in a suitable quantitative form) gives useful local inverse mappings.
When m < n this is of course impossible, but then one can invert local restric-
tions of �λ(x, y) to translates of some n � m coordinate m-planes. Here is a
higher dimensional version of Lemma 18.5:

Lemma 18.17 Fix x, y 2 � and write r D d(x, y). Suppose that the transver-
sality and regularity conditions of Definition 18.15 hold for β D 0. Let U be
open with compact closure in Q. Then there exist positive constants C1 and C2

such that for some λ1, . . . , λN 2 U depending on x and y,

fλ 2 U : j�λ(x, y)j < C0g �
N⋃

jD1

B(λj , C1),

where N � C2 and the open balls Bj D U (λj , 2C1) � Q have the following
properties. For each j D 1, . . . , N , we can select n � m coordinate direc-
tions i1 < � � � < in�m such that for every κ D (κ1, . . . , κn�m) the restriction of
λ 7! �λ(x, y) to fλ 2 Bj : λi1 D κ1, . . . , λin�m

D κn�mg, say Fκ , is a diffeo-
morphism with

j det(DFκ )�1j � C2 and k(DFκ )�1k � C2.

Let V D fλ 2 U : j�λ(x, y)j < C0g. To begin the proof, choose C1 <

d(U, ∂Q)/2 small enough so that we have by (18.43)

det(Dλ�λ(x, y)(Dλ�λ(x, y)t )) � C0/2

when d(λ, V ) < 2C1. Then any balls B(λj , C1), λj 2 V , covering V for which
λj 2 V and the balls B(λj , C1/5) are disjoint will do; their existence follows
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by a standard covering lemma. The required coordinate directions are found by
some linear algebra, namely by the Cauchy–Binet formula.

The main technical difficulty comes in the proof of the analogue of (18.15).
The splitting into pieces goes still in the same way as before using Lemma
18.17, but the estimation of integrals such as in (18.21) requires more delicate
higher dimensional calculus. For the details we refer to Peres and Schlag [2000].

18.4 Applications

18.4.1 Bernoulli convolutions

Recall from Chapter 9 that for 0 < λ < 1 the Bernoulli convolution νλ is the
probability distribution of

1∑
jD0

˙λj

where the signs are chosen independently with probability 1/2. In that chapter
we already presented them in a way that readily fits to the scheme of generalized
projections. Namely,

νλ D �λ
μ,

where

� D f�1, 1gN0 D f(ωj ) : ωj D 1 or ωj D �1, j D 0, 1, . . . g,
μ is the infinite product of the probability measure (δ�1 C δ1)/2 with itself and

�λ : � ! R, �λ(ω) D
1∑
jD0

ωjλ
j .

There are many natural ways to make � a compact metric space. We fix an
interval J D (λ0, λ1), 0 < λ0 < λ1 < 1, and use the metric

d(ω, τ ) D λk1 where k D minfj : ωj 6D τj g,
when ω 6D τ . Then it is easy to check that

Is(μ) < 1 () λs1 > 1/2. (18.50)

We discovered before that νλ is singular for 0 < λ < 1/2 and it is absolutely
continuous with L2 density for almost all λ 2 (1/2, 1). The results of this chap-
ter allow us to sharpen the information on the interval (1/2, 1) by estimating
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the Hausdorff dimension of the exceptional set of λ. However, a lot will remain
unanswered as it is not known if the exceptional set could be countable.

We set again

�λ(ω, τ ) D �λ(ω) � �λ(τ )

d(ω, τ )
, λ 2 (0, 1), ω, τ 2 �,ω 6D τ.

In order to apply the general results of this chapter we should verify the
appropriate regularity and transversality conditions. In particular, we shall relate
�λ(ω, τ ) to power series and β transversality to the δ transversality of power
series as considered in Chapter 9.

Let ω, τ 2 �,ω 6D τ , and let k be the smallest integer j such that ωj 6D
τj . Taking into account that d(ω, τ ) D λk1 we can write as in the proof of
Theorem 9.1,

�λ(ω, τ ) D 2
(
λk
/
λk1
)
g(λ), (18.51)

where g is of the form (assuming that ωk > τk)

g(λ) D 1 C
1∑
jD1

bjλ
j with bj 2 f�1, 0, 1g. (18.52)

The derivatives of g are bounded in absolute value by those of
∑1

jD0 λ
j D

1/(1 � λ). Hence for all l D 0, 1, 2, . . . ,

jg(l)(λ)j �l (1 � λ1)�l for λ 2 J.

Differentiating (18.51) we have for any β > 0 that ∂ (l)
λ �λ(ω, τ ) is a sum of 2l

terms of the form 2λ�k
1 k(k � 1) � � � (k � j )λk�j g(j )(λ), 0 � j � l, each of them

in absolute value �l,λ1 k
l . Hence∣∣∣∂ (l)

λ �λ(ω, τ )
∣∣∣ � kl � λ

�βlk
1 D d(ω, τ )�βl,

where the second inequality uses only the facts 0 < λ1 < 1 and β > 0. So we
have the derivative bounds required by (18.29). For the transversality we shall
use the following lemma:

Lemma 18.18 Suppose that J D [λ0, λ1], λ0 < λ1, is an interval of δ transver-
sality in the sense of (9.6). If β > 0 and λ0 > λ

1Cβ
1 , then J is an interval of

transversality of degree β.

Proof Using the above notation, suppose j�λ(ω, τ )j < Cβd(ω, τ )β D δbβλ
βk
1

with Cβ D δbβ , where the constant bβ will be determined below. Then by
(18.51) for λ 2 J ,

2
(
λk0
/
λk1
)jg(λ)j � 2

(
λk
/
λk1
)jg(λ)j � δbβλ

βk
1 ,
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whence jg(λ)j � δbβ(λ�1
0 λ

1Cβ
1 )k/2. We choose bβ so that

bβ � λ0
(
λ�1

0 λ
1Cβ
1

)�k
/k for all k 2 N.

Then jg(λ)j � δ/2 < δ and so by δ tranversality jg0(λ)j > δ. This gives

j∂λ�λ(ω, τ )j D
∣∣∣2(λ�1

1 λ
)k

(g0(λ) C kλ�1g(λ))
∣∣∣

� 2
(
λ�1

1 λ0
)k(jg0(λ)j � kλ�1

0 jg(λ)j)
� 2λβk1 (δ � δ/2) D δλ

βk
1 � Cβd(ω, τ )β.

The last inequality is valid when we also choose bβ � 1. Thus the transversality
condition (18.28) holds.

Theorem 18.19 Suppose that J D [λ0, λ
0
0] � (1/2, 1) is an interval of δ

transversality in the sense of Chapter 9. Then

dims νλ � log 2/(� log λ) for almost all λ 2 J.

Moreover,

dimfλ 2 J : νλ 62 L2(R)g � 2 � log 2

� log λ0
.

Proof Let β > 0 be small and cover J with intervals Ji D [λi, λiC1] � J, i D
1, . . . , m, such that λi � (1 C β)λ1Cβ

iC1 ; this can be done when β > 0 is suf-
ficiently small (depending on λ0

0). By Lemma 18.18 these are intervals of
transversality of degree β, when we use the metric di, di(ω, τ ) D λkiC1 with
k the smallest j such that ωj 6D τj . Let 1 < αi <

log 2
� log λi

, that is, λαi

iC1 > 1/2.
Then Iαi

(μ) < 1 by (18.50) and Theorem 18.11 implies that

dims νλ � αi(1 C bβ)�1 for almost all λ 2 Ji

and

dimfλ 2 Ji : νλ 62 L2(R)g � 2 � αi(1 C bβ)�1.

Letting αi ! log 2
� log λiC1

, β ! 0 and observing that log 2
� log λ0

� log 2
� log λiC1

finishes
the proof.

Recalling the discussion in Chapter 9, closed subintervals J of [2�1, 2�2/3)
are intervals of δ transversality so the theorem applies to them. But, as remarked
in Chapter 9, the theorem can only apply up to some λ0 < 1/

p
2, in particular

the upper bound in the second inequality is positive. One can proceed further,
see Peres and Schlag [2000], and obtain estimates for the whole interval (1/2, 1)
and information about high order derivatives for λ close to 1:
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Theorem 18.20 For any λ0 > 1/2 there are ε(λ0) > 0 and s(λ0) > 0 such
that

dimfλ 2 (λ0, 1) : νλ 62 L2(R)g � 1 � ε(λ0),

dims νλ � s(λ0) for almost all λ 2 (λ0, 1) and s(λ0) ! 1 as λ0 ! 1.

In their paper Peres and Schlag considered also asymmetric Bernoulli con-
volutions where the signs C and � in

∑1
jD0 ˙λj are chosen with probabilities

p and 1 � p for a given 0 < p < 1. Recall also from Section 9.2 the paper of
Shmerkin and Solomyak [2014] proving that for λ outside a set of dimension
zero νλ belongs to Lp for some p > 1.

18.4.2 Pinned distance sets

Recall that the distance set of a Borel set A � Rn is by definition the following
subset of the reals:

D(A) D fjx � yj : x, y 2 Ag.
The question we have discussed before is: what is the least number c(n) > 0
such that dimA > c(n) implies L1(D(A)) > 0? In Chapter 4 we gave a
relatively simple proof yielding Falconer’s estimate c(n) � n/2 C 1/2. In
Chapter 16 we gave a very delicate proof for the best known result c(n) �
n/2 C 1/3 due to Wolff and Erdoğan. We also saw in Chapter 4 that c(n) � n/2.

The distance sets are related to generalized projections via the mappings

dy : Rn ! R, dy(x) D jx � yj, y 2 Rn.

Then

D(A) D
⋃
y2A

dy(A).

The generalized projection theorems give us as a special case that dimA >

(n C 1)/2 implies L1(D(A)) > 0. But they give more, since they yield infor-
mation about the pinned distance sets

Dy(A) D fjx � yj : x 2 Ag.
The required conditions are now easy to check. To obtain smoother maps

we switch from dy to πλ:

πλ : Rn ! R, πλ(x) D jx � λj2, λ 2 Rn,
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which of course does not change our problems. The regularity conditions are
obvious. We now have, following our earlier notation,

�λ(x, y) D πλ(x) � πλ(y)

jx � yj D jλ � xj2 � jλ � yj2
jx � yj

D jxj2 � jyj2 C 2λ � (y � x)

jx � yj ,

and thus

rλ�λ(x, y) D 2(y � x)

jx � yj ,

so that

jrλ�λ(x, y)j D 2,

and the strong transversality as in (18.37) holds. Hence Corollary 18.14 gives:

Theorem 18.21 For any Borel set A � Rn,

dimfy 2 Rn : dimDy(A) < tg � n C t � maxfdimA, 1g,
dimfy 2 Rn : L1(Dy(A)) D 0g � n C 1 � dimA

and

dimfy 2 Rn : Int(Dy(A)) D ∅g � n C 2 � dimA.

From this we immediately obtain:

Corollary 18.22 Let A � Rn be a Borel set. If dimA > (n C 1)/2, then there
is y 2 A such that

L1(Dy(A)) > 0.

If dimA > (n C 2)/2, then there is y 2 A such that

Int(Dy(A)) 6D ∅.

We have also the following extension of Theorem 18.21:

Theorem 18.23 For any Borel set A � Rn and any hyperplane H � Rn,

dimfy 2 H : dimDy(A) < tg � n � 1 C t � maxfdimA, 1g,
dimfy 2 H : L1(Dy(A)) D 0g � n � dimA

and

dimfy 2 H : Int(Dy(A)) D ∅g � n C 1 � dimA.
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To prove this we have to consider the mappings πλ for λ 2 H . Then we no
longer have strong transversality, but transversality with β D 0 holds. For the
proof see Peres and Schlag [2000], or the interested reader may want to check
this as a rather easy exercise when n D 2.

18.5 Further comments

The results of this chapter are due to Peres and Schlag [2000]. As we mentioned
earlier the crucial concept of transversality originates from Pollicott and Simon
[1995].

Orponen [2014a] studied sliced measures under generalized projections in
analogy to Chapter 6 extending some of the results of that chapter from plane
sections to estimates of the dimensions of the level sets π�1

λ fug. In particu-
lar, he showed that for Bernoulli convolutions these level sets are typically
uncountable, with a dimension estimate for the set of exceptional parameters
λ. But good dimension estimates for the level sets themselves are lacking in
this case.

Although using the above machinery we were able to extend Falconer’s
theorem, dimA > (n C 1)/2 implies L1(D(A)) > 0, to pinned distance sets,
we could not extend Theorem 4.6(a) to them. That is, it is an open problem
whether dimA > (n C 1)/2 implies IntDy(A) > 0 for many, or even some,
y 2 Rn. At the other extreme, it also is open whether dimA > n/2 implies
IntDy(A) > 0 or L1(Dy(A)) > 0 for many, or even some, y 2 Rn, but these
are open for the full distance sets D(A), too.

D. M. Oberlin and R. Oberlin [2014] improved the first estimate in Theo-
rem 18.21 to

dimfy 2 Rn : dimDy(A) < tg � n � 1 C 2t � dimA.

They related the problem to mixed norm estimates for the spherical averaging
operators S; Sf (x, r) D ∫

Sn�1 f (x � rv) dσn�1v.
Erdoğan, Hart and Iosevich [2013] proved that if A � Sn�1 is a Borel set

with dimA > n/2, then L1(Dy(A)) > 0 for many points y 2 A. Again they
derived this, as well as other consequences, from a projection theorem.

Shayya [2012] proved that if the Fourier transform of a finite Borel measure
μ on Rn vanishes in the interior of a cone of opening less than π , then L1(fjx �
yj : x 2 G \ sptμg) > 0 whenever y 2 Rn,G � Rn is open andμ(G) > 0. He
used the method of spherical averages from Chapter 15. In case the cone has
opening greater than π , such a μ is absolutely continuous by classical results
going back to Bochner.
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Peres and Schlag [2000] gave a large number of applications of their theory.
These include much stronger results on Bernoulli convolutions than described
above, asymmetric Bernoulli convolutions; + and - taken with probabilities
p and 1 � p, the so-called f0, 1, 3g-problem; the Hausdorff dimension of
f∑1

jD0 ajλ
j : aj 2 f0, 1, 3gg, dimensions of sums of Cantor sets, and dimen-

sions of certain self-similar sets.
Applications to measures invariant under geodesic flow on manifolds were

found by E. Järvenpää, M. Järvenpää and Leikas [2005] and continued by
Hovila, E. Järvenpää, M. Järvenpää and Ledrappier [2012a] and [2012b]. This
was based on a result of Ledrappier and Lindenstrauss [2003]: they proved that
for two-dimensional surfaces the projection from the tangent bundle into the
surface of such an invariant measure is absolutely continuous if the dimension of
the measure is bigger than 2. Although there is only one projection the methods
used for families of projections can be applied. The Järvenpääs and Leikas
showed why this is so; they formulated the problem in terms of generalized
projections and verified the required transversality. They also showed that on
higher dimensional surfaces transversality is missing and, in fact, the analogous
result is false.

Hovila, the Järvenpääs and Ledrappier [2012a] proved the analogue of the
Besicovitch–Federer projection theorem for transversal families of generalized
projections. This fundamental result of geometric measure theory says that if
an Hm measurable set A with Hm(A) < 1 intersects every m-dimensional C1

surface in zero Hm measure, then it projects to zero measure into almost all m-
planes. Hovila [2014] verified that the proper submanifold of the Grassmannian
G(n,m) consisting of isotropic subspaces satisfies the transversality, and so
combining with the afore-mentioned result, the Besicovitch–Federer projection
theorem holds for these subspaces.





PART IV

Fourier restriction and Kakeya
type problems





19

Restriction problems

Here we introduce the restriction problem and conjecture, and we shall prove
the basic Stein–Tomas restriction theorem.

19.1 The problem

When does f̂ jSn�1 make sense? If f 2 L1(Rn) it obviously does, since f̂ is a
continuous function and as such defined uniquely at every point. If f 2 L2(Rn)
it obviously does not, since the Fourier transform is an isometry of L2(Rn) onto
itself and consequently f̂ is only defined almost everywhere and nothing more
can be said. In this chapter we shall see that for f 2 Lp(Rn) the restriction
f̂ jSn�1 does make sense also for some 1 < p < 2. This follows immediately
if we have for some q < 1 an inequality

kf̂ kLq (Sn�1) � C(n, p, q)kf kLp(Rn) (19.1)

valid for all f 2 S(Rn). Then the linear operator f 7! f̂ has a unique contin-
uous extension to Lp(Rn) ! Lq(Sn�1) by the denseness of S(Rn) in Lp(Rn).
Hence the Fourier transform f̂ is defined as an Lq function in Sn�1 satisfying
(19.1). Later on when we write inequalities like (19.1) for f 2 Lp, they should
usually be understood in the above sense.

The restriction problems ask for which p and q (19.1) holds. This is open
in full generality, but we shall prove a sharp result when q D 2.

By duality (19.1) is equivalent, with the same constant C(n, p, q), to

kf̂ kLp0 (Rn) � C(n, p, q)kf kLq0 (Sn�1). (19.2)

Here p0 and q 0 are the conjugate exponents of p and q and f̂ means the
Fourier transform of the measure f σn�1. The inequalities of this type are
called extension inequalities.

269
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The equivalence of (19.1) and (19.2) is contained in the more general
Proposition 19.1. For the proof of this proposition notice that for any μ 2
M(Rn) the Schwartz space S(Rn) is dense in Lp(μ) when 1 � p < 1. This
follows easily by Lusin’s theorem and the Weierstrass approximation theorem.
Hence

kgkLp0 (μ) D sup

{∫
gh dμ : h 2 S(Rn), khkLp(μ) � 1

}
.

This formula holds also when p D 1 as one can easily check separately.

Proposition 19.1 Let 1 � p, q � 1 and let μ 2 M(Rn). The following are
equivalent for any 0 < C < 1:

(1) kf̂ kLq (μ) � Ckf kLp(Rn) for all f 2 S(Rn).
(2) kf̂ μkLp0 (Rn) � Ckf kLq0 (μ) for all f 2 S(Rn).

In the case q D 2, (1) and (2) are equivalent to
(3) kμ̂ � f kLp0 (Rn) � C2kf kLp(Rn) for all f 2 S(Rn).

Proof Suppose (1) holds and let g 2 S(Rn) with kgkLp(Rn) � 1. Then by (3.20)∫
f̂ μg D

∫
f ĝdμ � kf kLq0 (μ)kĝkLq (μ)

� Ckf kLq0 (μ)kgkLp(Rn) � Ckf kLq0 (μ).

Taking supremum over g 2 S(Rn) with kgkLp(Rn) � 1 gives (2). Then (1)
follows from (2) with a similar argument.

To deal with (3) we use the formula∫
(μ̂ � f )g D

∫
f̂ ĝ dμ,

valid for all f, g 2 S(Rn), recall (3.28). If (1) holds for q D 2, we have thus
for f, g 2 S(Rn),∣∣∣∣∫ (μ̂ � f )g

∣∣∣∣ D
∣∣∣∣∫ f̂ ĝ dμ

∣∣∣∣ � kf̂ kL2(μ)kĝkL2(μ) � C2kf kLp(Rn)kgkLp(Rn),

which yields (3). Finally, if (3) holds, (1) follows applying the above formula
with f D g.

Remark 19.2 If one of the conditions (1)–(3) holds, then it holds for all f
in the corresponding Lebesgue space, in the sense of extended operators as
above. For (1) and (3) this follows from the denseness of S(Rn). Since μ has
compact support, we do not need the extension argument for (2), because then
Lq0

(μ) � L1(μ) and f̂ μ is a pointwise defined continuous function.
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19.2 Stein–Tomas restriction theorem

We shall now prove a sharp restriction theorem due to Tomas and Stein from the
1970s. We formulate it for general measures. When α D n � 1 and β D (n �
1)/2 we get from Theorem 14.7 a large class of surface measures which satisfy
these assumptions. But the theorem also applies to many lower dimensional
surfaces and fractal measures.

Theorem 19.3 Let 0 < α < n, β > 0 and let σ 2 M(Rn) be such that

σ (B(x, r)) � C(σ )rα for x 2 Rn, r > 0, (19.3)

and

ĵσ (ξ )j � C(σ )(1 C jξ j)�β for ξ 2 Rn. (19.4)

Then we have for f 2 L2(σ ),

kf̂ σkLq (Rn) � C(n, q, α, β, C(σ ))kf kL2(σ )

for q > 2(n C β � α)/β.

Notice that measuresσ satisfying both assumptions can only exist ifβ � α/2
and the case β D α/2 corresponds to the Salem set situation, recall Section 3.6.

Proof It is enough to consider q < 1. By Proposition 19.1 the claim is equiv-
alent, with C D C(n, q, α, β, C(σ )), to

kσ̂ � f kq � C2kf kq0 for f 2 S(Rn). (19.5)

Let χ 2 C1(Rn) be such that χ � 0, χ (x) D 1, when jxj � 1, and χ (x) D
0, when jxj � 1/2, and set

ϕ(x) D χ (2x) � χ (x).

Then

sptϕ � fx 2 Rn : 1/4 � jxj � 1g,

and

1∑
jD0

ϕ(2�j x) D 1 when jxj � 1.
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Write

σ̂ D K C
1∑
jD0

Kj,

Kj (x) D ϕ(2�j x )̂σ (x),

K(x) D
⎛⎝1 �

1∑
jD0

ϕ(2�j x)

⎞⎠ σ̂ (x).

ThenK andKj are Lipschitz functions with compact support, sptK � B(0, 1),
and sptKj � fx : 2j�2 � jxj � 2j g. Young’s inequality for convolution (see
for example Grafakos [2008], Theorem 1.2.12) states that

kg � hkq � kgkpkhkr when 1 � p, q, r � 1,
1

q
C 1 D 1

p
C 1

r
.

Applying this with g D K,h D f, p D q/2 and r D q 0 and using kKkp �
kKk1 � 1, we obtain

kK � f kq � kf kq0 . (19.6)

For j D 0, 1, . . . , we have by (19.4),

kKjk1 � 2�βj .

Thus

kKj � f k1 � 2�βjkf k1.

Define ψ,ψj 2 S(Rn) by

ψ D zϕ, ψj (x) D 2njψ(2j x).

Then ψ̂ D ϕ and ψ̂j (x) D ϕ(2�j x) so that Kj D ψ̂j σ̂ D ψ̂j � σ by (3.22).

Thus by (3.9) K̂j D ψ̃j � σ where g̃(x) D g(�x). Hence

jK̂j (ξ )j D
∣∣∣∣2nj

∫
ψ(2j (�ξ � η)) dση

∣∣∣∣ � 2nj

∫
(1 C 2j jξ C ηj)�n dση,



19.2 Stein–Tomas restriction theorem 273

since ψ 2 S(Rn). Thus

jK̂j (ξ )j � 2nj

(∫
B(�ξ,2�j )

(1 C 2j jξ C ηj)�n dση

C
1∑
kD0

∫
B(�ξ,2kC1�j )nB(�ξ,2k�j )

(1 C 2j jξ C ηj)�n dση

)

� 2nj

(
σ (B(�ξ, 2�j )) C

1∑
kD0

2�nkσ (B(�ξ, 2kC1�j ))

)

� 2nj

(
2�αj C

1∑
kD0

2�nk2α(k�j )

)
D C(n, α)2(n�α)j .

This gives for f 2 S(Rn),

kKj � f k2 D kK̂j � f k2 D kK̂j f̂ k2 � 2(n�α)jkf k2.

Above we had

kKj � f k1 � 2�βjkf k1.

Let θ 2 (0, 1) be defined by θ/2 C (1 � θ )/1 D 1/q, that is, θ D 2/q. Then
by the Riesz–Thorin interpolation theorem 2.12,

kKj � f kq � 2(n�α)jθ2�βj (1�θ)kf kq0 D 2j (2(nCβ�α)/q�β )kf kq0 .

Since q > 2(n C β � α)/β, we have 2(n C β � α)/q � β < 0, so

1∑
jD0

kKj � f kq � kf kq0 .

By (19.6) we also have,

kK � f kq � kf kq0 .

This and the representation σ̂ D K C ∑1
jD0 Kj give the required inequality

(19.5).

We now state the result for the sphere:

Theorem 19.4 We have for f 2 L2(Sn�1),

kf̂ kLq (Rn) � C(n, q)kf kL2(Sn�1)

for q � 2(n C 1)/(n � 1). The lower bound 2(n C 1)/(n � 1) is the best
possible.
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Proof For q > 2(n C 1)/(n � 1) this follows from Theorem 19.3. For the end
point result, see Stein [1993], Section IX.2.1; we shall give a sketch for this in
the next chapter.

We prove the sharpness using the Knapp example from Lemma 3.18. So let
en D (0, . . . , 0, 1) 2 Rn, 0 < δ < 1,

Cδ D fx 2 Sn�1 : 1 � x � en � δ2g,
and f D χCδ

. Then

kf kL2(Sn�1) D σn�1(Cδ)
1/2 � δ(n�1)/2. (19.7)

By Lemma 3.18, with c D 1/(12n),

jf̂ (ξ )j � σn�1(Cδ)/2 for ξ 2 Rδ,

where

Rδ D fξ 2 Rn : jξj j � c/δ for j D 1, . . . , n � 1, jξnj � c/δ2g.
Since Ln(Rδ) D 2ncnδ�n�1, we get

kf̂ kLq (Rn) � (σn�1(Cδ)/2)Ln(Rδ)
1/q � δn�1�(nC1)/q .

Combining with (19.7) we see that in order to have

kf̂ kLq (Rn) � kf kL2(Sn�1) � δ(n�1)/2,

we must have δn�1�(nC1)/q � δ(n�1)/2 for small δ, which means n � 1 �
(n C 1)/q � (n � 1)/2, that is, q � 2(n C 1)/(n � 1) as claimed.

The dual inequality for Theorem 19.4 is

kf̂ kL2(Sn�1) � kf kLp(Rn), 1 � p � 2(n C 1)

n C 3
,

which of course is also sharp. We shall illustrate the sharpness of it in the
plane by a slightly different example. When n D 2, 2(nC1)

nC3 D 6
5 . For 0 < δ < 1,

consider the annulus

Aδ D fξ 2 R2 : 1 � δ � jξ j � 1 C δg.
Our inequality is equivalent to∫

Aδ

jf̂ j2 � δ

(∫
R2

jf jp
)2/p

; (19.8)

this is easily checked, or one can consult Proposition 16.2. If c > 0 is small
enough, the rectangle

Rδ D fξ 2 R2 : jξ1 � 1j � cδ, jξ2j � c
p
δg
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is contained in the annulus Aδ . Let g 2 S(R) with ĝ(ξ ) � 1 when jξ j � c and
define f by

f (x1, x2) D g(δx1)e�2πix1g(
p
δx2)δ3/2,

which means that

f̂ (ξ1, ξ2) D ĝ((ξ1 � 1)/δ)̂g(ξ2/
p
δ).

Thus f̂ (ξ ) � 1 when ξ 2 Rδ . Then, if (19.8) holds,∫
Rδ

jf̂ j2 �
∫
Aδ

jf̂ j2 � δ

(∫
R2

jf jp
)2/p

.

Plugging in the formulas for f and f̂ and changing variables, we derive from
this

δ3/2 � δ

(∫ 1

�1
jg(δx1)jp dx1

∫ 1

�1
jg(

p
δx2)jp dx2δ

3p/2

)2/p

� δ(δ�1δ�1/2δ3p/2)2/p D δ4�3/p,

which yields the desired p � 6/5.

19.3 Restriction conjecture

Let us now contemplate on which pairs (p, q), 1 � p, q � 1, the inequalities
(19.1) and (19.2) might hold. It is enough to look at only one of them, since
they are equivalent. Let us choose (19.2) and write it as

kf̂ kLq (Rn) � C(n, p, q)kf kLp(Sn�1). (19.9)

The first easy observation is that if (19.9) holds for some pair (p, q),
then it holds for every pair (p̃, q̃) with p̃ � p and q̃ � q. For p this fol-
lows from Hölder’s inequality. Since kf̂ kL1(Rn) � kf kL1(Sn�1) � kf kLp(Sn�1)

we can argue for q,∫
jf̂ /kf̂ kL1(Rn)jq̃ �

∫
jf̂ /kf̂ kL1(Rn)jq � kf̂ k�q

L1(Rn)kf kq
Lp(Sn�1),

whence ∫
jf̂ jq̃ � kf̂ kq̃�q

L1(Rn)kf kq
Lp(Sn�1) � kf kq̃

Lp(Sn�1).

By (3.41) and the asymptotic formula (3.37) for the Bessel functions, σ̂ n�1 62
L2n/(n�1)(Rn). Hence in order that (19.9) could be valid when f � 1, we must
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have

q >
2n

n � 1
. (19.10)

A second restriction comes from the example in the proof of Theorem 19.4: if
we replace there 2 with p, (19.7) is replaced by kf kLp(Sn�1) � δ(n�1)/p and we
arrive at n � 1 � (n C 1)/q � (n � 1)/p, that is, q � (n C 1)p0/(n � 1). So in
order that (19.9) could be valid we must have

q � n C 1

n � 1
p0. (19.11)

When p D 2, nC1
n�1p

0 D 2(nC1)
n�1 is the exponent of the Stein–Tomas

theorem 19.4, whence (19.11) is also a sufficient condition in this case. Interpo-
lating this (using the Riesz–Thorin interpolation theorem 2.12) with the trivial
inequality

kf̂ kL1(Rn) � kf kL1(Sn�1),

we find that (19.9) holds if

q � 2(n C 1)

n � 1
and q D n C 1

n � 1
p0, (19.12)

or equivalently if

q � 2(n C 1)

n � 1
and q � n C 1

n � 1
p0. (19.13)

The restriction conjecture asks whether this could be extended from the range
q � 2(n C 1)/(n � 1) to the optimal range q > 2n/(n � 1).

Conjecture 19.5 kf̂ kLq (Rn) � C(n, q)kf kLp(Sn�1) for q > 2n/(n � 1) and q D
nC1
n�1p

0.

The restriction conjecture is true in the plane and we shall discuss the proof
in the next chapter.

A seemingly weaker conjecture is whether this could hold with p D 1:

Conjecture 19.6 kf̂ kLq (Rn) � C(n, q)kf kL1(Sn�1) for q > 2n/(n � 1).

We shall now proceed to prove a result of Bourgain saying that, in fact, these
two conjectures are equivalent. Moreover, we add one more:

Conjecture 19.7 kf̂ kLq (Rn) � C(n, q)kf kLq (Sn�1) for q > 2n/(n � 1).

Theorem 19.8 The conjectures 19.5, 19.6 and 19.7 are equivalent.

Obviously Conjecture 19.7 implies Conjecture 19.6. Once we have proved
that Conjecture 19.6 implies Conjecture 19.7, the equivalence of 19.5 and 19.6
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follows by interpolation; observe that if q D 2n/(n � 1) and q D nC1
n�1p

0, then
p D q. We turn to the dual statements and prove the following theorem, which
gives immediately Theorem 19.8 by ‘dualizing back’. More precisely, as a
special case of Theorem 19.9 we have that for 1 � p � 2,

kf̂ kL1(Sn�1) � kf kLp(Rn) implies kf̂ kLq (Sn�1) � kf kLq (Rn) for 1 � q < p.

The dual of this is: for 2 � p � 1,

kf̂ kLp(Rn) � kf kL1(Sn�1) implies kf̂ kLq (Rn) � kf kLq (Rn) for q > p.

Theorem 19.9 Suppose that 1 � p � 2, 0 < C0 < 1, and

σn�1(fx 2 Sn�1 : jf̂ (x)j > λg) � C0λ
�1kf kLp(Rn) for λ > 0, f 2 S(Rn).

(19.14)
Then

σn�1(fx 2 Sn�1 : jf̂ (x)j > λg) � C(n, p,C0)λ�pkf kpLp(Rn)

for λ > 0, f 2 S(Rn), (19.15)

and

kf̂ kLq (Sn�1) � C(n, q, C0)kf kLq (Rn) for 1 � q < p, f 2 Lq(Rn). (19.16)

Proof Let σ D σn�1/σn�1(Sn�1) be the normalized surface measure on the unit
sphere. The estimate (19.16) follows from (19.15) by the Marcinkiewicz inter-
polation theorem 2.13; interpolate (19.15) with the trivial estimate kf̂ kL1(σ ) �
kf kL1(Rn). Suppose now that (19.14) holds. We first prove that if λ > 0 and
f1, f2, . . . 2 S(Rn) with

∑1
jD1 kfjkpLp(Rn) � 1, then

σ

({
x 2 Sn�1 : sup

j

jf̂j (x)j > λ

})
� C1λ

�p/(1Cp) (19.17)

with C1 depending only on C0, n and p. We shall use Khintchine’s inequality
for this. It is enough to prove the asserted inequality for finitely many functions
f1, . . . , fm 2 S(Rn). Let, as in Section 2.8, � D f�1, 1gN and let P be the
infinite product of the measures 1

2 (δ�1 C δ1). For ω 2 � define gω by

gω(x) D
m∑

jD1

ωjfj (x), x 2 Rn,

so that ĝω(x) D ∑m
jD1 ωj f̂j (x). For fixed x 2 Sn�1 and j D 1, . . . , m, we

have P (fω : jĝω(x)j � jf̂j (x)jg) � 1/2. This follows from the fact that for any
complex numbers a and b, either ja C bj � jbj or ja � bj � jbj. Hence for a
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fixed x,

P

({
ω : jĝω(x)j � sup

j

jf̂j (x)j
})

� 1/2. (19.18)

Set

E D fω 2 � : kĝωkLp(Rn) > λθg with θ D 1

p C 1
.

Then using (19.18) and the hypothesis (19.14) we obtain

σ (fx 2 Sn�1 : sup
j

jf̂j (x)j > λg)

� 2
∫

fx:supj jf̂j (x)j>λg
P

({
ω : jĝω(x)j � sup

j

jf̂j (x)j
})

dσx

� 2
∫

P (fω : jĝω(x)j > λg) dσx

D 2
∫

σ (fx : jĝω(x)j > λg) dPω

� 2
∫
E

dPω C 2C0σ
n�1(Sn�1)�1λ�1

∫
�nE

kgωkLp(Rn) dPω

� 2λ�θp

∫
kgωkpLp(Rn) dPω C 2C0σ

n�1(Sn�1)�1λθ�1.

Now we shall use Khintchine’s inequalities 2.14 which give, since p � 2,

∫
kgωkpLp(Rn) dPω D

∫∫ ∣∣∣∣∣∣
m∑

jD1

ωjfj (x)

∣∣∣∣∣∣
p

dx dPω

�
∫ ⎛⎝ m∑

jD1

jfj (x)j2
⎞⎠p/2

dx �
∫ m∑

jD1

jfj (x)jp dx � 1.

Plugging this into the previous inequality and recalling that θ D 1
pC1 we get

(19.17).
Next we shall show that if 0 < η < 1 there exists a Borel set B � Sn�1 such

that σ (B) � η and

σ (fx 2 Sn�1 n B : jf̂ (x)j > λg) � (η/C1)�p�1λ�pkf kpLp(Rn)

for λ > 0, f 2 S(Rn). (19.19)



19.3 Restriction conjecture 279

We shall apply this with η D 1/2, so we then have the required inequality
valid on half of the sphere. To prove (19.19) define M > 0 by

C1M
� p

p C 1 D η, that is, Mp D (η/C1)�p�1.

Let B be the family of all Borel sets B � Sn�1 such that there exists f 2
S(Rn) for which kf kp � 1 and σ (B)jf̂ (x)jp > Mp for x 2 B, and let U be
the collection of all disjoint subfamilies of B. We order U by inclusion and
use Zorn’s lemma to find a maximal family fBj g 2 U . Let fj 2 S(Rn) be the
corresponding functions and set cj D σ (Bj )1/p and B D [jBj . If x 2 B, then
x 2 Bj for some j , whence cj jf̂j (x)j > M and so

B �
{
x : sup

j

jcj f̂j (x)j > M

}
.

Since also ∑
j

kcjfjkpp D
∑
j

σ (Bj )kfjkpp �
∑
j

σ (Bj ) � 1,

we obtain by (19.17)

σ (B) � σ

({
x : sup

j

jcj f̂j (x)j > M

})
� C1M

� p

p C 1 D η.

Suppose then that (19.19) is false. Then there exist f 2 S(Rn) and λ > 0
such that

σ (fx 2 Sn�1 n B : jf̂ (x)j > λg) > Mpλ�pkf kpp.
Define g D f/kf kp and B 0 D fx 2 Sn�1 n B : ĵg(x)j > λ/kf kpg. Then

σ (B 0) D σ (fx 2 Sn�1 n B : jf̂ (x)j > λg > Mpλ�pkf kpp,
so that σ (B 0)ĵg(x)jp > Mp for x 2 B 0, which is a contradiction with the max-
imality of fBj g 2 U , since B 0 \ Bj D ∅ for all j . This proves the existence of
B as in (19.19).

To finish the proof of the theorem we shall use the following lemma:

Lemma 19.10 If E and F are Borel subsets of Sn�1, then there is g0 2 O(n)
such that

σ (E \ g0(F )) D σ (E)σ (F ).

Proof Recall that θn is the Haar probability measure on O(n). The function
g 7! σ (E \ g(F )) is easily seen to be continuous, which implies that there is
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g0 2 O(n) for which∫
σ (E \ g(F )) dθng D σ (E \ g0(F )).

For any x 2 Sn�1,A 7! θn(fg 2 O(n) : x 2 g(A)g) is an orthogonally invariant
Borel probability measure on Sn�1, so it agrees with σ due to the uniqueness
of such measures. Hence by Fubini’s theorem,

σ (E \ g0(F )) D
∫

σ (E \ g(F )) dθng D
∫∫

χE\g(F )(x) dσx dθng

D
∫
E

θn(fg 2 O(n) : x 2 g(F )g) dσx D σ (E)σ (F ).

Let f 2 S(Rn) with kf kp D 1, λ > 0,

E D fx 2 Sn�1 : jf̂ (x)j > λg,
and let B be as in (19.19) with η D 1/2 so that σ (B) � 1/2 and

σ (fx 2 Sn�1 n B : ĵg(x)j > λg) � λ�pkgkpLp(Rn) for g 2 S(Rn). (19.20)

Finally let g0 2 O(n) be given by Lemma 19.10 so that

σ (E \ g0(B)) D σ (E)σ (B) � σ (E)/2,

whence σ (E \ g0(Sn�1 n B)) � σ (E)/2. Clearly, g0(B) also satisfies (19.20)
in place of B, so

σ (E) � 2σ (E \ g0(Sn�1 n B))

D 2σ (fx 2 Sn�1 n g0(B) : jf̂ (x)j > λg) � λ�pkf kpLp(Rn),

which completes the proof of the theorem.

19.4 Applications to PDEs

One of the main motivations to restriction results is their applications to partial
differential equations. Here is a quick glance at that.

Consider the Schrödinger equation as in Section 17.2:

2πi∂tu(x, t) C �xu(x, t) D 0, u(x, 0) D f (x), (x, t) 2 Rn 
 R,

where f 2 S(Rn). Its solution is given by

u(x, t) D
∫

Rn

e2πi(x�ξ�tjξ j2)f̂ (ξ ) dξ.
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Let

S D f(x,�jxj2) : x 2 Rng
and let σ be the surface measure on S. Defining g by

f̂ (ξ ) D g(ξ,�jξ j2)
√

1 C 4jξ j2,
and observing that 4jξ j2 D jrϕ(ξ )j2 with ϕ(ξ ) D �jξ j2, we have

u(x, t) D ĝσ (x, t)

and the restriction theorems give for certain values of p,

kĝσkLp(Rn�R) � kgkL2(σ ).

But, provided f has support in a fixed bounded set,

kgkL2(σ ) � kf̂ kL2(Rn) D kf kL2(Rn),

so

kukLp(Rn�R) � kf kL2(Rn).

This method with variations applies to many other equations. For the wave
equation

∂2
t u(x, t) D �xu(x, t), u(x, 0) D 0,

∂

∂t
u(x, 0) D f (x), (x, t) 2 Rn 
 R,

there is a similar connection with the cone f(x, t) : jxj D tg and one needs
restriction theorems for surfaces with zero Gaussian curvature.

19.5 Further comments

The presentation of this chapter is largely based on Wolff’s lecture notes [2003].
This topic is also discussed in the books Grafakos [2009], Muscalu and Schlag
[2013], Sogge [1993] and Stein [1993] where much more information on the
restriction problem can be found.

Stein started the research on restriction problems in the 1960s by observ-
ing that curvature makes it possible to restrict the Fourier transforms of Lp

functions for some p > 1 to sets of measure zero. The Stein–Tomas restriction
theorem 19.4 was proved by Tomas [1975] for q > 2(n C 1)/(n � 1) and by
Stein [1986] for the end-point. We shall still discuss this further in the next
chapter including the end-point result and the sharp two-dimensional result. In
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the last chapter we shall discuss bilinear restriction results and their applications
to the linear restriction.

The version of the Stein–Tomas restriction theorem for general measures,
Theorem 19.3, is due to Mitsis [2002b] and Mockenhaupt [2000]. Bak and
Seeger [2011] proved that the end-point estimate holds too. Hambrook and
Łaba [2013] constructed some delicate examples which show that the range of
the exponents in Theorem 19.3 is sharp in R when β D α/2; the case β < α/2
was done by Chen [2014a]. On the other hand, Chen also gave conditions under
which the range of exponents can be improved and Shmerkin and Suomala
[2014] verified these conditions for a large class of random measures.

In addition to the sphere, typical cases of hypersurfaces studied are the
paraboloid f(̃x, xn) 2 Rn : xn D j̃xj2g, for which the basic results are the same
as for the sphere, and the cone f(̃x, xn) 2 Rn : xn D j̃xjg, for which the results
differ due to the fact that one of the principal curvatures is zero. For the cone
the sharp restriction theorem is known for n D 3, due to Barceló [1985], and
for n D 4, due to Wolff [2001].

The literature on restriction and its applications and connections to other
topics is huge involving work on various other types of surfaces such as hyper-
surfaces with some principal curvatures vanishing; Lee and Vargas [2010] and
Müller [2012], curves and other surfaces of codimension bigger than 1; Stein
[1993], Section VIII.4, Bak, D. M. Oberlin and Seeger [2009], [2013], Dendri-
nos and Müller [2013], and work on restriction theorems with general, perhaps
fractal, measures; Mockenhaupt [2000], Hambrook and Łaba [2013], Bak and
Seeger [2011], Chen [2014a], [2014b] and Ham and Lee [2014]. These are just
some recent sample references whose bibliographies contain many more.

Theorem 19.9 is due to Bourgain [1991a]; he observed that it follows from
some general results of Pisier and others discussed in Pisier [1986]. The proof
presented above is due to Vargas [1991] from her master’s thesis.
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Stationary phase and restriction

In this chapter I describe a method based on the stationary phase (recall
Chapter 14) to prove restriction theorems. Since this is well covered in many
sources, I shall be rather brief and the presentation will be sketchy in parts.

20.1 Stationary phase and L2 estimates

Recall that in Chapter 14 we investigated the decay as λ ! 1 of the integrals

I (λ) D
∫

eiλϕ(x)ψ(x) dx, λ > 0.

We found in Theorem 14.5 that they decay as λ�n/2 provided that the critical
points of ϕ are non-degenerate on the support of ψ . In this chapter we allow ϕ

and ψ to depend also on ξ , we now denote them by � and �, and we look for
Lp � Lq estimates for the operators

Tλf (ξ ) D
∫

Rn

eiλ�(x,ξ )�(x, ξ )f (x) dx, ξ 2 Rn, λ > 0. (20.1)

This leads to restriction theorems on surfaces via local parametrizations. We
shall also see how this method can be used to prove the sharp restriction theorem
in the plane.

Under the non-degeneracy of the Hessian we have a fairly simple L2 result:

Theorem 20.1 Suppose that � : R2n ! R and � : R2n ! C are C1-
functions, � with compact support. If

det

(
∂2�(x, ξ )

∂xj∂ξk

)
6D 0 for (x, ξ ) 2 spt�, (20.2)

283
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then the operators Tλ satisfy

kTλf k2 � λ�n/2kf k2 for all f 2 L2(Rn), λ > 0. (20.3)

Proof We can write

kTλf k2
2 D

∫∫
Kλ(x, y)f (x)f (y) dx dy,

where

Kλ(x, y) D
∫

eiλ(�(x,ξ )��(y,ξ ))�(x, ξ )�(y, ξ ) dξ.

For jx � yj � 1 we have

rξ (�(x, ξ ) � �(y, ξ )) D
(
∂2�(x, ξ )

∂xj ∂ξk

)
(x � y) C O(jx � yj2).

Assuming that spt� is sufficiently small we then have for some c > 0,

jrξ (�(x, ξ ) � �(y, ξ ))j � cjx � yj
when (x, ξ ), (y, ξ ) 2 spt�. We can reduce to small support for � as in
Chapter 14 with finite coverings. Reducing the support of � further if needed
we can assume that for some j D 1, . . . , n,∣∣∣∣ ∂

∂ξj
(�(x, ξ ) � �(y, ξ ))

∣∣∣∣ � cjx � yj

when (x, ξ ), (y, ξ ) 2 spt�. Then similar partial integrations as in Chapter 14
(more precisely, checking the dependence of the constants in Theorems 14.1
and 14.4) yield

jKλ(x, y)j �N (1 C λjx � yj)�N, N D 1, 2, . . . ,

for x, y 2 Rn. Applying this with N D n C 1 we find that∫
jKλ(x, y)j dy � λ�n for x 2 Rn,∫
jKλ(x, y)j dx � λ�n for y 2 Rn.

Defining

TKλ
f (y) D

∫
Kλ(x, y)f (x) dx
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we obtain from the previous inequalities and Schur’s test, which we discuss
below, that

kTλf k2
2 D

∫
(TKλ

f )f � kTKλ
f k2kf k2 � λ�nkf k2

2,

as required.

Schur’s test is the following general very useful boundedness criterion:

Theorem 20.2 Let (X,μ) and (Y, ν) be measure spaces and K : X 
 Y ! C
a μ 
 ν measurable function such that

∫ jK(x, y))j2 dμx < 1 for y 2 Y .
Suppose that ∫

jK(x, y))j dμx � A for y 2 Y

and ∫
jK(x, y))j dνy � B for x 2 X.

Define

TKf (y) D
∫

K(x, y)f (x) dμx for y 2 Y, f 2 L2(μ).

Then

kTKf kL2(ν) � p
ABkf kL2(μ) for f 2 L2(μ). (20.4)

Proof The finiteness of the L2 integral of K is only assumed to guarantee that
TKf is pointwise defined. The inequality (20.4) follows if we can prove that∫∫

jK(x, y)g(x)f (y)j dμx dνy � p
AB

whenever kgkL2(μ) D 1 and kf kL2(ν) D 1. To verify this we use Schwartz’s
inequality:∫∫

jK(x, y)g(x)f (y)j dμx dνy

�
(∫∫

jK(x, y)jjf (y)j2 dμx dνy
∫∫

jK(x, y)jjg(x)j2 dμx dνy
)1/2

D
(∫∫

jK(x, y)j dμxjf (y)j2 dνy
∫∫

jK(x, y)j dνyjg(x)j2 dμx
)1/2

� p
AB.
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20.2 From stationary phase to restriction

Let us now see how the stationary phase can be applied to restriction problems.
We are interested in the inequalities

kf̂ kLq (S) � kf kLp(Rn) for f 2 S(Rn). (20.5)

Here S is a smooth surface in Rn with non-vanishing Gaussian curvature.
Assuming that S is the graph of a smooth compactly supported function ϕ

(20.5) reduces to inequalities like(∫
jf̂ (ξ, ϕ(ξ ))jqψ(ξ )q dξ

)1/q

� kf kLp(Rn), (20.6)

where ϕ and ψ are compactly supported C1 functions in Rn�1 with ψ �
0, ϕ(0) D 0,rϕ(0) D 0 and hϕ(0) 6D 0 (recall (14.4)). The Fourier transform
of f on S is given by

f̂ (ξ, ϕ(ξ )) D
∫

Rn

e�2πi(ξ �̃xCϕ(ξ )xn)f (x) dx, x̃ D (x1, . . . , xn�1).

Let η be a non-negative compactly supported C1 function on Rn with
η(0) D 1 and define

Tλf (ξ ) D
∫

eiλ�(x,ξ )�(x, ξ )f (x) dx, ξ 2 Rn�1, λ > 0, (20.7)

where

�(x, ξ ) D �2π (ξ � x̃ C ϕ(ξ )xn),

�(x, ξ ) D ψ(ξ )η(x).

Suppose we could prove, with p0 D p/(p � 1),

kTλf kLq (Rn�1) � λ�n/p0kf kLp(Rn). (20.8)

Applying this to fλ, fλ(x) D f (λx), we get(∫ ∣∣∣∣∫ eiλ�(x,ξ )η(x)f (λx)dx

∣∣∣∣q ψ(ξ )q dξ

)1/q

� λ�n/p0kfλkp D λ�n/p�n/p0kf kp D λ�nkf kp.
Change of variable y D λx gives, since λ�(x, ξ ) D �(ξ, λx),(∫ ∣∣∣∣∫ ei�(y,ξ )η(y/λ)f (y) dy

∣∣∣∣q ψ(ξ )q dξ

)1/q

� kf kp.

When λ ! 1, η(y/λ) ! 1, and the last inequality gives (20.6).



20.2 From stationary phase to restriction 287

The inequality (20.8) can be proven for much more general phase functions
than� above, and it has applications to many problems in addition to restriction.
It is true for

1 � p � 2(n C 1)

n C 3
, q D n � 1

n C 1
p0.

For the Fourier transform this is the Stein–Tomas restriction range (recall
(19.12) in the dual form). For general �, defined on Rn�1 
 Rn, it is the best
possible range of exponents when n � 3; see the discussion in Section 23.4.
For n D 2 the range can be extended to 1 � p < 4/3, cf. Theorem 20.3. This
range is sharp also for the Fourier transform.

The main part of the proof of (20.8) is for p D 2(nC1)
nC3 , q D 2. The rest

follows by interpolation between this and the trivial case kTλf k1 � kf k1. We
can write

kTλf k2
L2(Rn�1) D

∫∫
Kλ(x, y)f (x)f (y) dx dy,

where

Kλ(x, y) D
∫

Rn�1
eiλ(�(x,ξ )��(y,ξ ))�(x, ξ )�(y, ξ ) dξ.

Let

Uλg(x) D
∫

Kλ(x, y)g(y) dy.

Then

kTλf k2
L2(Rn�1) D

∫
(Uλf )f .

So we need

kUλf kLp0 (Rn) � λ�2n/p0kf kLp(Rn).

This can be obtained by fairly complicated real and complex interpolation
techniques. One benefit of going from Tλ to Uλ is that we now have an operator
which acts on functions in Rn to functions in Rn (not from Rn to Rn�1 as for
Tλ). The formal way to go from Tλ to Uλ is that the adjoint T �

λ of Tλ is

T �
λ f (x) D

∫
e�iλ�(x,ξ )�(x, ξ )f (ξ ) dξ,

so

Uλ D T �
λ Tλ.

A serious problem with Uλ still is that the oscillating factor in its kernel
Kλ depends on the variables in Rn�1 and Rn and cannot have non-degeneracy
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corresponding to the earlier conditions of non-vanishing Hessian determinant.
Here one needs to study the (n � 1) 
 n matrix(

∂2�(x, ξ )

∂xj ∂ξk

)
.

What helps is that in many situations it has maximal rank n � 1, and this is
one of the assumptions for a general theorem. This can be used by freezing
one coordinate xj and applying Fubini arguments or by adding to � an auxil-
iary function �0(x, t), t 2 R, which gives a non-zero Hessian determinant for
�(x, ξ1, . . . , ξn�1) C �0(x, ξn). Then results like Theorem 20.1 can be applied.
Many missing details can found in Muscalu and Schlag [2013], Stein [1993]
and Sogge [1993].

Observe that the above method also gives the end-point estimate in the
Stein–Tomas Theorem 19.4.

20.3 Sharp results in the plane

In this section we shall prove a sharp Lp � Lq-inequality for the operators Tλ
in the two-dimensional case. This will solve the restriction conjecture in the
plane.

First let us observe a corollary to Theorem 20.1: under the assumption (20.2),
the operators Tλ of (20.1) satisfy

kTλf kp0 � λ�n/p0kf kp for all f 2 Lp(Rn), λ > 0, 1 � p � 2.
(20.9)

This follows readily interpolating (20.3) with the trivial case kTλf k1 �
kf k1.

We now formulate and prove in the plane a sharp result for operators as
in (20.7). The variable ξ will be a real number and x 2 R2. We shall denote
derivatives with respect to ξ by 0 and with respect to xj with subscript xj . So,

for example, �00
xj

(x, ξ ) D ∂3�(x,ξ )
∂2ξ∂xj

.

Theorem 20.3 Suppose that � : R2 
 R ! R and � : R2 
 R ! C are
smooth functions such that � has compact support and∣∣∣∣∣�00

x1
(x, ξ ) �0

x1
(x, ξ )

�00
x2

(x, ξ ) �0
x2

(x, ξ )

∣∣∣∣∣ 6D 0 for (x, ξ ) 2 spt�. (20.10)

Then the operators T �
λ ,

T �
λ f (x) D

∫
R
eiλ�(x,ξ )�(x, ξ )f (ξ ) dξ, x 2 R2, λ > 0,
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satisfy

kT �
λ f kLq (R2) � λ�2/qkf kLp(R) for all f 2 Lp(R), λ > 0, q D 3p0, q > 4.

(20.11)

Remark 20.4 Observe that we have formulated the theorem for the adjoint
operators of the operators Tλ,

Tλf (ξ ) D
∫

R2
e�iλ�(x,ξ )�(x, ξ )f (x) dx, ξ 2 R, λ > 0,

that we considered before. The theorem is equivalent to

kTλf kLq (R) � λ�2/p0kf kLp for all f 2 Lq(R2), λ > 0, 3q D p0, q > 4/3.

Proof What will help is that we have now q > 4 D 2 � 2. This allows us to work
with

T �
λ f (x)2 D

∫
R2

eiλ(�(x,ξ1)C�(x,ξ2))�(x, ξ1)�(x, ξ2)f (ξ1)f (ξ2)dξ1 dξ2,

x 2 R2, λ > 0.

We would like to apply Theorem 20.1 with the weight function

!(x, ξ ) D �(x, ξ1)�(x, ξ2), (x, ξ ) 2 R2 
 R2,

and with the phase function

"(x, ξ ) D �(x, ξ1) C �(x, ξ2), (x, ξ ) 2 R2 
 R2,

but the determinant det( ∂2"
∂xj ∂ξk

(x, ξ )) vanishes for ξ1 D ξ2. Computing this deter-
minant and applying Taylor’s theorem one finds that

det

(
∂2"

∂xj∂ξk
(x, ξ )

)
D

∣∣∣∣∣�00
x2

(x, ξ1) �0
x2

(x, ξ1)

�00
x1

(x, ξ1) �0
x1

(x, ξ1)

∣∣∣∣∣ (ξ2 � ξ1) C O(jξ2 � ξ1j2).

Assuming as before that � has small support, we have by (20.10) for some
c > 0,∣∣∣∣det

(
∂2"

∂xj∂ξk
(x, ξ )

)∣∣∣∣ � cjξ2 � ξ1j when (x, ξ ) 2 spt!. (20.12)

Now we would like to make a change of variable in ξ to get rid of the factor jξ2 �
ξ1j. We obtain this with ζ D (ξ1 C ξ2, ξ1 � ξ2) D: g(ξ1, ξ2). The determinant of
Dg(ξ ) is ξ1 � ξ2. Notice that g is two to one in fξ : ξ1 6D ξ2g . Moreover,
g(ξ ) D g(ξ 0) if and only if ξ D ξ 0 or ξ1 D ξ 0

2 and ξ2 D ξ 0
1. Set

�̃(x, ζ ) D "(x, ξ ) D �(x, ξ1) C �(x, ξ2),
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and

!̃(x, ζ ) D !(x, ξ ) D �(x, ξ1) � �(x, ξ2),

when ζ D g(ξ ). Then we have the well defined functions �̃ and !̃. They
are smooth because of the symmetricity of �(x, ξ1) C �(x, ξ2) and �(x, ξ1) �
�(x, ξ2) with respect to ξ1 and ξ2. To relate the determinant det( ∂2�̃

∂xk∂ζj
(x, ζ ))

to the determinant in (20.12), set

Gx(ξ ) D (∂x1"(x, ξ ), ∂x2"(x, ξ )) and G̃x(ζ ) D (∂x1�̃(x, ζ ), ∂x2�̃(x, ζ )).

Then Gx D G̃x ı g and, when ζ D g(ξ ),

det

(
∂2"

∂xj∂ξk
(x, ξ )

)
D det(DGx(ξ )) D det(DG̃x(g(ξ ))) det(Dg(ξ ))

D det

(
∂2�̃

∂xk∂ζj
(x, ζ )

)
(ξ1 � ξ2).

Hence it follows from (20.12) that∣∣∣∣det

(
∂2�̃

∂xk∂ζj
(x, ζ )

)∣∣∣∣ � c for (x, ζ ) 2 spt !̃.

Now we have (2 in front comes from the two to one property)

T �
λ f (x)2 D 2

∫
R2

eiλ�̃(x,ζ )!̃(x, ζ )F (ζ ) dζ, x 2 R2, λ > 0,

where, when ζ D g(ξ ),

F (ζ ) D f (ξ1) � f (ξ2)

jξ1 � ξ2j .

So we have won by getting a non-vanishing determinant for �̃, but lost by
getting a singularity at the diagonal for F . Define r by 2r 0 D q. Assuming, as
we may, that q < 1, we have then 1 < r < 2 and we can apply (20.9) getting∫

jT �
λ f jq D

∫
j(T �

λ f )2jr 0 � λ�2

(∫
jF (ζ )jr dζ

)r 0/r

.

Changing from ζ to ξ we have∫
jF (ζ )jr dζ D 1

2

∫
jf (ξ1)f (ξ2)jr jξ1 � ξ2j1�r dξ1 dξ2.

To estimate the last integral we use the following Hardy–Littlewood–Sobolev
inequality for functions of one variable, see, for example, Stein [1993], (31) in
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Chapter VIII; here again kγ is the Riesz kernel, kγ (y) D jyj�γ , y 2 R:

kkγ � gkLt (R) � kgkLs (R) when 0 < γ < 1, 1 < s < t < 1,

1

t
D 1

s
C γ � 1.

This and Hölder’s inequality yield∫
jg(ξ1)g(ξ2)jjξ1 � ξ2j�γ dξ1 dξ2 �

(∫
jgjs

)2/s

when 0 < γ < 1, 1 < s < 2, 2
s

D 2 � γ. We apply this with g D jf jr , γ D
r � 1. Then ∫

jT �
λ f jq � λ�2

(∫
jf jrs

)2r 0/(rs)

.

The choices of the parameters imply rs D p and 2r 0/(rs) D q/p, and the
theorem follows.

If ϕ is a local parametrization of a curve S and

�(x, ξ ) D �2π (ξx1 C ϕ(ξ )x2)

as before in the applications to restriction, then the determinant in the assump-
tions of Theorem 20.3 is∣∣∣∣�00

x1
(x, ξ ) �0

x1
(x, ξ )

�00
x2

(x, ξ ) �0
x2

(x, ξ )

∣∣∣∣ D 4π2ϕ00(ξ ).

So the non-vanishing determinant condition means that the curve has non-zero
curvature. Recalling the argument ‘(20.8) implies (20.5)’ and checking that
the conditions on exponents match we obtain from Theorem 20.3 (recall the
formulation in Remark 20.4):

Theorem 20.5 Let S be a smooth compact curve in R2 with non-vanishing
curvature and length measure σ . Then(∫

S

jf̂ jq dσ
)1/q

� kf kLp(R2) for f 2 Lp(R2), 3q D p0, q > 4/3.

This means in particular that the restriction conjecture 19.5 is valid for the
circle S1.
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20.4 Further comments

The presentation of this chapter is largely based on Stein [1993], Chapter IX.
Muscalu and Schlag [2013] and Sogge [1993] have also a lot on this topic.
These books contain much more information on this and related matters.

Theorem 20.5 is due to Zygmund [1974]. Theorem 20.3 is due to Carleson
and Sjölin [1972].
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Fourier multipliers

This is another topic well covered by several books. I mainly wanted to include
it since historically Fefferman’s solution of the multiplier problem for the ball,
Theorem 21.5 below, is the starting point for Kakeya type methods in Fourier
analysis. We shall also discuss Bocher–Riesz multipliers.

21.1 Definition and examples

Let m 2 L1(Rn) be a bounded function. For any function f in L2(Rn) we can
define the following operator Tm using the Fourier transform:

T̂mf D mf̂ , that is, Tmf D (mf̂ )_.

Using Plancherel’s theorem we get,

kTmf k2 D ∥∥mf̂
∥∥

2 � kmk1
∥∥f̂ ∥∥2 D kmk1 kf k2 ,

and therefore Tm is a bounded linear operator from L2 to L2 with norm bounded
by kmk1 . In fact, this norm is exactly kmk1, which is an easy exercise.

As another simple exercise one can check that the operator norm of Tm
is invariant under translations and dilations. That is, Tm and Tma,r

, ma,r (x) D
m(rx C a), have the same operator norms for all a 2 Rn, r > 0.

The function m 2 L1(Rn) is said to be an Lp-multiplier, 1 < p < 1, if
the operator Tm can be extended to Lp(Rn) as a bounded operator from Lp(Rn)
to Lp(Rn).

For a measurable set A � Rn we denote

TA D TχA
.

Let us look at some examples:

293
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Example 21.1 Let m be the sign function sgn in R; sgn(x) D �1 for x < 0
and sgn(x) D 1 for x � 0. Then

Ĥf D �i sgn f̂ ,

where H is the Hilbert transform. So Tsgn D iH and sgn is an Lp-multiplier
for all 1 < p < 1 by the well-known (but highly non-trivial) results on the
Hilbert transform.

The above Fourier formula can be taken as the definition of the Hilbert
transform, but it can also be defined by

Hf (x) D lim
ε!0

1

π

∫
jx�yj>ε

f (y)

x � y
dy

for integrable Lipschitz functions f , for example. One can consult for instance
Duoandikoetxea [2001] for the properties of the Hilbert transfrom.

Example 21.2 Let T C be the multiplier for the half line (0,1),

T̂ Cf D χ(0,1)f̂ .

Then, in the L2 sense,

T Cf (x) D lim
R!1

∫ R

0
f̂ (ξ )e2πixξ dξ for f 2 L2(R).

We can easily express T C in terms of the Hilbert transform:

T̂ Cf D χ(0,1)f̂ D 1

2
(1 C sgn)f̂ D F(

id CiH

2
f ),

whence

T C D id CiH

2
.

Similarly we can write multipliers for bounded intervals with the Hilbert
transform: For the characteristic function χ[a,b] of the interval [a, b] let
Sa,b D Tχa,b

be the corresponding multiplier operator. This easily reduces to
the previous example by the formula

Sa,b D i

2
(Ma ı H ı M�a � Mb ı H ı M�b),

where Ma is the multiplication operator: Maf (x) D e2πiaxf (x). It follows
that χ[a,b] is an Lp-multiplier for all 1 < p < 1. Moreover, its multiplier
norm is � Cp with Cp depending only p. For a D �R, b D R, this gives
for f 2 Lp(R) \ L2(R) (we restrict to L2 in order to have pointwise almost
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everywhere defined Fourier transform),

f (x) D lim
R!1

∫ R

�R

e2πixξ f̂ (ξ ) dξ in the Lp sense.

To prove this, check first that the formula is valid for functions in S(Rn) and
then use the denseness of S(Rn) in Lp.

Example 21.3 As in the previous example, do we also have for f 2 Lp(Rn) \
L2(Rn) when n � 2,

f (x) D lim
R!1

∫
B(0,R)

e2πix�ξ f̂ (ξ ) dξ in the Lp sense?

When p D 2 we do have. When p 6D 2 we do not have. This follows from the
fact that in Rn, n � 2, the characteristic function χB(0,1) is an Lp multiplier
if and only if p D 2; one can use the Banach–Steinhaus theorem and some
scaling arguments to prove that unboundedness implies non-convergence.

The proof of the unboundedness of the ball multiplier for p 6D 2 will be
the main content of this chapter. Recall that the operator norms of TB(0,1) and
TB(a,r) for any a 2 Rn, r > 0, are equal because of the translation and dilation
invariance.

Example 21.4 Let P � Rn be a polyhedral domain. Then χP is an Lp-
multiplier for all 1 < p < 1. By definition a polyhedral domain is an intersec-
tion of finitely many half-spaces. Thus the claim reduces to showing that the
characteristic function of a half-space is an Lp-multiplier. This in turn reduces
to the one-dimensional examples above. The details are left as an exercise.

21.2 Fefferman’s example

The following result is due to Fefferman [1971]:

Theorem 21.5 The characteristic function of the unit ballB(0, 1) in Rn, n � 2,
is an Lp multiplier if and only if p D 2.

Proof We shall first consider n D 2 and comment on the general case
later. The proof is based on Kakeya type constructions. We need a lemma,
Lemma 21.6, which is a modification of a lemma used to construct Besicovitch
sets.

Lemma 21.6 Given ε > 0, there exist an integer N � 1 and 2NC1 open
rectangles R1, . . . , R2N , R

�
1 , . . . , R

�
2N in the plane, each with side-lengths 1

and 2�N , such that:
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(i) for each j , the rectangles Rj and R�
j are disjoint and have one shorter

side in common,
(ii) L2

(⋃2N

jD1 Rj

)
< ε,

(iii) the rectangles R�
j are disjoint, and so

L2

⎛⎝ 2N⋃
jD1

R�
j

⎞⎠ D 1.

The proof of this lemma is based on elementary geometric iterative con-
structions, such as the Perron tree construction in Section 11.6. Technically it
is the most complicated part of the proof of Theorem 21.5. We omit the proof
here; it can be found in Stein [1993], Theorem X.1.1, and Bishop and Peres
[2016], Section 9.2, and also in de Guzmán [1981], Section 8.2, and Grafakos
[2009], Section 10.1, in slightly different versions.

Next we establish the following general inequality in the spirit that Lp

boundedness for some scalar valued operators implies Lp boundedness with
the same norm for vector valued operators:

Lemma 21.7 Let T : Lp(Rn) ! Lp(Rn), 1 � p < 1, be any bounded lin-
ear operator; kTf kp � Cp kf kp for all f 2 Lp(Rn). Then for every finite
sequence of functions ffj gkjD1 in Lp(Rn) we have,∥∥∥∥∥∥∥

⎛⎝ k∑
jD1

∣∣Tfj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

� Cp

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣fj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

.

Proof Set f D (f1, . . . , fk) and Sf D (Tf1, . . . , Tfk). For w 2 Sk�1 we have
by the linearity of T ,∫

Rn

jw � Sf jp D
∫

Rn

jT (w � f )jp � Cp
p

∫
Rn

jw � f jp . (21.1)

For any y 2 Rk we have,∫
Sk�1

jw � yjp dσ k�1w D c jyjp (21.2)

where c is independent of y. Using Fubini’s theorem, (21.2) and (21.1) we get

c

∫
Rn

jSf jp D
∫
Sk�1

(∫
Rn

jT (w � f )jp
)

dσ k�1w

� Cp
p

∫
Sk�1

(∫
Rn

jw � f jp
)

dσ k�1w D Cp
pc

∫
Rn

jf jp .

This is the required inequality and the proof of the lemma is finished.
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The next lemma associates the multiplier operator of the unit ball to those
of half-spaces:

Lemma 21.8 Assume that for some 1 < p < 1 the multiplier operator T D
TB(0,1) of the characteristic function of the unit ball B(0, 1) � Rn satisfies
kTf kp � Cp kf kp for f 2 Lp(Rn) \ L2(Rn). Let fvj gkjD1 be a finite sequence
of unit vectors in Rn. Let Hj be the half-space,

Hj D fx 2 Rn : vj � x � 0g,

and Tj D THj
. Then for any sequence ffj gkjD1 in Lp(Rn) \ L2(Rn) we have,

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣Tjfj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

� Cp

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣fj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

.

Proof We assume that fj 2 S(Rn); the general case follows by simple approx-
imation. Let Br

j be the ball of centre rvj and radius r > 0. The characteris-
tic functions χBr

j
convergence pointwise to χHj

outside ∂Hj as r ! 1. Let

T r
j f D (χBr

j
f̂ )_. Then for f 2 S(Rn), T r

j f converges to Tjf as r ! 1 both
pointwise and in Lp(Rn). Thus it will suffice to prove that for all r > 0,

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣T r
j fj

∣∣2⎞⎠
1
2

∥∥∥∥∥∥∥
p

� Cp

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣fj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

. (21.3)

Observe that,

T r
j f (x) D e2πirvj �xTr (e�2πirvj �ξ f )(x),

where Tr is the multiplier operator of the ball B(0, r). Set gj (ξ ) D
e�2πirvj �ξ fj (ξ ). Then

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣T r
j fj

∣∣2⎞⎠
1
2

∥∥∥∥∥∥∥
p

D

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣Trgj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

.
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As mentioned before, the operator norms of Tr and T are equal. Therefore
Lemma 21.7 yields∥∥∥∥∥∥∥

⎛⎝ k∑
jD1

∣∣T r
j fj

∣∣2⎞⎠
1
2

∥∥∥∥∥∥∥
p

D

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣Trgj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

� Cp

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣gj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

D Cp

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣fj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

,

so that (21.3) holds and the proof of the lemma is finished.

The next lemma tells us how the operators Tj of the previous lemma act on
some rectangles.

Lemma 21.9 Let R,R� � R2 be disjoint open rectangles whose longer sides
are in the direction v 2 S1 and such that they have one shorter side in common
(as in Lemma 21.6). Let Hv be the half-plane

Hv D fx 2 R2 : v � x � 0g.

Then

jTHv
(χR)j � 1

13
χR� .

Proof By rotating and translating we may assume that v D (0, 1), R D
(�a, a) 
 (�b, b) and R� D (�a, a) 
 (b, 3b) with a � b. We have

THv
(χR)(x1, x2) D (χHv

χ̂R)_(x1, x2) D χ(�a,a)(x1)(χ(0,1)χ̂(�b,b))
_(x2)

because χHv
(x1, x2)χ̂R(ξ1, ξ2) D χ̂(�a,a)(ξ1)χ(0,1)(x2)χ̂(�b,b)(ξ2). Recalling the

multiplier T C of (0,1) from Example 21.2 we obtain

THv
(χR)(x1, x2) D χ(�a,a)(x1)T C(χ(�b,b))(x2) D i

2
H (χ(�b,b))(x2)

when (x1, x2) 2 R� D (�a, a) 
 (b, 3b). Here

jH (χ(�b,b))(x2)j D
∣∣∣∣ 1

π

∫ b

�b

1

x2 � x
dx

∣∣∣∣ > 1

2π
,

and the lemma follows.
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We shall now finish the proof of Theorem 21.5 when n D 2. Let B D
B(0, 1) � R2 be the unit disc. We have by Parseval’s theorem forf, g 2 L2(R2),∫

TBf g D
∫

(TBf )^ĝ D
∫

χBf̂ ĝ D
∫

f̂ χBĝ D
∫

f̂ (TBg)^ D
∫

f TBg.

It follows that TB is an Lp multiplier if and only it is an Lp0

multiplier with

p0 D p

p � 1
. Hence we may assume that p < 2. Suppose TB were an Lp

multiplier.
Let ε > 0 and let Rj , j D 1, . . . , 2N, be rectangles as in Lemma 21.6,

fj D χRj
, let vj 2 S1 be the directions of the longer sides of Rj and let Tj be

the half-plane multiplier related to vj as in Lemma 21.8.
First notice that by Lemmas 21.9 and 21.6 we have with c0 D 1/13,∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣Tjfj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

�

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

(
c0χR�

j

)2

⎞⎠
1
2

∥∥∥∥∥∥∥
p

D c0L2

⎛⎝ k⋃
jD1

R�
j

⎞⎠1/p

D c0,

since the rectangles R�
j are disjoint.

Let E D [2N
jD1Rj and let q be the dual exponent of 2/p; 1/q D 1 � p/2.

By Lemma 21.8, Hölder’s inequality and Lemma 21.6,

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣Tjfj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

� Cp

∥∥∥∥∥∥∥
⎛⎝ k∑

jD1

∣∣fj ∣∣2
⎞⎠

1
2

∥∥∥∥∥∥∥
p

� Cp

⎛⎝∫ k∑
jD1

χRj

⎞⎠
1
2

L2(E)1/(pq) < Cpε
1/(pq),

because
∫ ∑

j χRj
D ∑

j L2(Rj ) D 1. This is a contradiction for sufficiently
small ε, which completes the proof for n D 2.

For n > 2, fix some nice function f on Rn�2, for example the characteristic
function of the unit ball. Then proceed as above using the functions fj ,

fj (x1, . . . , xn) D χRj
(x1, x2)f (x3, . . . , xn).

One can also prove and use a Fubini-type result stating that if m is an Lp

multiplier on RmCn, then for almost every ξ 2 Rm, η 7! m(ξ, η) is an Lp

multiplier on Rn with norm bounded by that of m. For this see Grafakos
[2008], Theorem 2.5.16.
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21.3 Bochner–Riesz multipliers

This is a brief introduction to this important topic and its connections to restric-
tion problems. I skip here some proofs. For them and further results and com-
ments, see Duoandikoetxea [2001], Grafakos [2009], Stein [1993] and Sogge
[1993].

We now know that we do not have the convergence asked for in
Example 21.3 if n � 2 and p 6D 2. But what about some modified type of
convergence, for example,

f (x) D lim
R!1

∫
B(0,R)

(
1 � jξ j

R

)
e2πix�ξ f̂ (ξ ) dξ in the Lp sense?

This is analogous to some classical facts for Fourier series: it is easier to
get the convergence for instance in the Cesàro sense, leading to the Fejér
kernel, than for the usual Fourier partial sums; see, e.g., Duoandikotxea [2001].
So we are asking about results for the multiplier (1 � jξ j)C, or equivalently
for m(ξ ) D (1 � jξ j2)C, instead of the ball multiplier. Here aC D maxfa, 0g.
Raising m to a small power δ > 0 we get closer to the characteristic function
of the unit ball.

Definition 21.10 The Bochner–Riesz multiplier mδ with parameter δ > 0 is
defined by

mδ(ξ ) D (1 � jξ j2)δC, ξ 2 Rn.

The corresponding multiplier operator is Sδ;

Sδf D (mδf̂ )_.

For f 2 S(Rn) we have

Sδf D Kδ � f.

The kernel Kδ can be computed from the formula for the Fourier transform of
a radial function with the aid of some Bessel function identities. It is

Kδ(x) D c(n, δ)jxj�n/2�δJn/2Cδ(2π jxj).
From the properties of Bessel functions it follows that Kδ is bounded and

its asymptotic behaviour at infinity is,

Kδ(x) � Fδ(x)jxj�n/2�δ�1/2,

where Fδ is a bounded trigonometric term. Consequently, Kδ 2 Lp(Rn) if
and only if p > 2n

nC1C2δ . This implies that mδ is not an Lp multiplier if
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p � 2n
nC1C2δ . By duality, neither is it when p � 2n

n�1�2δ . The Bochner–Riesz
conjecture believes that these are the only restrictions:

Conjecture 21.11 mδ is an Lp multiplier if and only if

2n

n C 1 C 2δ
< p <

2n

n � 1 � 2δ
. (21.4)

Notice that the above condition is equivalent to∣∣∣∣ 1

p
� 1

2

∣∣∣∣ < 2δ C 1

2n
.

Again, this conjecture is open for n � 3 and true for n D 2. In R2 it is
very close to the restriction conjecture and was proved by Carleson and Sjölin
[1972]; Theorem 20.3 which gave the restriction conjecture gives also this,
see Stein [1993], IX.5.5. Hörmander [1973] observed that both restriction and
Bochner–Riesz problems have such a common approach. Tao [1999a] proved
that the Bochner–Riesz conjecture implies the restriction conjecture and there
are also some partial results in the opposite direction, see Tao’s paper. For
the parabolic case Carbery [1992] proved that in the natural ranges of the
exponents the restriction implies Bochner–Riesz. This means that the sphere
is replaced by the paraboloid f(̃x, j̃xj2) : x̃ 2 Rn�1g and the multiplier is now
χ (x)(xn � j̃xj2)δC, where χ 2 C1

0 (Rn).
We illustrate the applicability of restriction theorems by the following the-

orem, which is rather close to the best that is known. We first prove it for
the exponent q D 2(nC1)

n�1 of the Stein–Tomas restriction theorem 19.4 and then
discuss briefly the general case. Notice that this q is in the necessary range
(21.4) under the condition (21.6). In fact, if δ D n�1

2(nC1) , then 2n
n�1�2δ D 2(nC1)

n�1 ,
so this is a kind of end-point case.

Theorem 21.12 mδ is an Lp multiplier if

2n

n C 1 C 2δ
< p <

2n

n � 1 � 2δ
, (21.5)

and

δ >
n � 1

2(n C 1)
. (21.6)

Proof The proof is easy if δ > n�1
2 , because then Kδ 2 L1. It is simpler than in

the full range for ∣∣∣∣ 1

p
� 1

2

∣∣∣∣ < δ

n � 1
,
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for that, see Duoandikoetxea [2001]. For the full range we can write

mδ(ξ ) D
1∑
kD0

2�kδϕk(jξ j),

where the functions ϕk are smooth, sptϕk � (1 � 21�k, 1 � 2�2�k) for k �
1, and jϕ(j )

k (t)j � Cj2kj for t 2 R, j D 0, 1, 2, . . . . Let Tk be the multiplier
operator

T̂kf (ξ ) D ϕk(jξ j)f̂ (ξ ).

Then

Sδ D
1∑
kD0

2�kδTk.

To estimate kTkf kLq (Rn) suppose first that f 2 S(Rn) has support in
B(0, 2k). For such an f by the Fourier inversion formula,

Tkf (x) D
∫ 1�2�2�k

1�21�k

∫
Sn�1

e2πirx�ζ f̂ (rζ )ϕk(r) dσn�1ζ rn�1 dr.

Hence by Minkowski’s integral inequality,

kTkf kLq (Rn) �
∫ 1�2�2�k

1�21�k

∥∥∥∥∫
Sn�1

e2πirx�ζ f̂ (rζ ) dσn�1ζ

∥∥∥∥
Lq (Rn)

rn�1dr.

Theorem 19.4 yields then with q D 2(nC1)
n�1 ,

kTkf kLq (Rn) �
∫ 1�2�2�k

1�21�k

kf̂ (r �)kL2(Sn�1)r
n�1 dr.

From this we obtain using Schwartz’s inequality, the fact that r � 1 and
Plancherel’s theorem,

kTkf kLq (Rn) �
(∫ 1�2�2�k

1�21�k

kf̂ (r �)k2
L2(Sn�1)r

n�1dr

)1/2

2�k/2 � kf kL2(Rn)2
�k/2.

Since spt f � B(0, 2k), we get by Hölder’s inequality,

kTkf kLq (Rn) � 2�k/22kn
q�2
2q kf kLq (Rn) D 2k n�1

2(nC1) kf kLq (Rn).

Notice now that the kernel of Tk (the Fourier transform of ϕk(jξ j)) decays
very fast for jxj > 2k . This implies that the last estimate holds without the
assumption spt f � B(0, 2k); we leave to the reader some technical details
needed for the verification of this. Recalling now that Sδ D ∑1

kD0 2�kδTk and
that δ > n�1

2(nC1) , we see that Sδ is bounded from Lq to Lq for q D 2(nC1)
n�1 .
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To prove the full theorem, we observe first that by duality, Sδ is also bounded
fromLp toLp for the dual exponentp D 2(nC1)

nC3 . The rest of the theorem follows
by complex interpolation. In fact, one can prove more. The multipliers mδ can
be defined for complex δ with the same formula. The above argument works if
(21.6) holds with the real part <δ in place of δ. If <δ > n�1

2 the boundedness
from L1 to L1 is trivial because Kδ is then integrable. Then interpolation
and duality imply that for any complex δ satisfying <δ > n�1

2(nC1) , mδ is an
Lp multiplier if (21.5) holds. See Grafakos [2009], Section 10.4.3, for a few
more details and Grafakos [2008], Theorem 1.3.7, for the required complex
interpolation theorem.

To prove Theorem 21.12 Stein [1993], Section IX.2, again uses the stationary
phase. The key lemma is:

Lemma 21.13 Let ψ be a smooth function with compact support in Rn. Define

Gλf (x) D
∫

eλjx�yjψ(x � y)f (y) dy, x 2 Rn, λ > 0.

Then for 1 � p � 2(nC1)
nC3 and λ > 0,

kGλf kp � λ�n/p0kf kp.
A difference to the earlier case is that the phase function jx � yj is not

smooth. To overcome this one can consider

G̃λf (x) D
∫

eλjx�yjψ̃(x � y)f (y) dy,

where the support of ψ̃ does not meet the origin. For this and other details, see
Stein [1993], Section IX.2.

21.4 Almost everywhere convergence and tube null sets

For f 2 L2(Rn) and x 2 Rn, R > 0, set

SRf (x) D
∫
B(0,R)

f̂ (x)e2πix�ξ dξ.

Then SRf ! f in L2 for f 2 L2(Rn). By a classical result of Carleson, when
n D 1, SR ! f almost everywhere as R ! 1, and by Hunt’s generalization
this also holds for f 2 Lp(R) for 1 < p < 1; see Grafakos [2009], Chapter 11.
However, it is not known if SR ! f almost everywhere when f 2 L2(Rn) and
n � 2. Thus it is a question of great interest to find out as much information as
possible on divergence sets for L2 functions. Here is something about that.
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Let us say that A � Rn, n � 2, is tube null if for every ε > 0 there
are δj -neighbourhoods Lj (δj ) of lines Lj such that A � [1

jD1Lj (δj ) and∑1
jD1 δ

n�1
j < ε. Carbery, Soria and Vargas [2007] proved that if A � B(0, 1)

is tube null, then there is f 2 L2(Rn) such that SRf (x) fails to converge as
R ! 1 for all x 2 A.

It is clear that tube null sets have Lebesgue measure zero, sets of Hn�1

measure zero are tube null and that there exist tube null sets of Hausdorff
dimension n; any set whose projection on a hyperplane has zero measure is
tube null. This raises the question: how small a dimension can sets which are
not tube null have? Shmerkin and Suomala [2012] solved this, showing by
random constructions that there exist sets in Rn which are not tube null and
have both Hausdorff and Minkowski dimension n � 1; see also Shmerkin and
Suomala [2014]. They also considered curved tube null sets, where lines are
replaced by curves, as well as the behaviour of Hausdorff measures in tubes.
The latter question was also discussed by Carbery [2009] and Orponen [2013c].
Questions of covering with δ-neighbourhoods of Lipschitz graphs is central in
the deep work of Alberti, Csörnyei and Preiss [2005], [2010] on the structure
of Lebesgue null sets and differentiability of Lipschitz functions. Then any
Lebesgue null set is tube null with respect to Lipschitz graphs.

21.5 Further comments

The material of this chapter is discussed in the books Duoandikoetxea [2001],
Grafakos [2009], de Guzmán [1981], Stein [1993], Sogge [1993], and Bishop
and Peres [2016]. Many more details and related results can be found there.

Lemma 21.6 is very close to the existence of Besicovitch sets and geometric
constructions for them. So it goes essentially back to Besicovitch’s work [1919]
and [1928]; recall the discussion in Section 11.6. Fefferman [1971] used it to
solve the multiplier problem for the ball, proving Theorem 21.5. This was
the beginning of the geometric methods, usually called Kakeya methods, in
Fourier analysis. We shall discuss these methods rather extensively in the next
two chapters.

The application of restriction theorems to Bochner–Riesz multipliers, giving
Theorem 21.12, is due to Fefferman [1970]. The presentation above was based
on Stein [1993], Section IX.6.9, and the lecture notes of Ana Vargas. There
are several later improvements based on bilinear and multilinear methods. We
shall discuss them briefly in Chapter 25.
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Kakeya problems

Recall from Section 11 that a Borel set in Rn is a Besicovitch set, or a Kakeya
set, if it has zero Lebesgue measure and it contains a line segment of unit
length in every direction. We proved that such sets, even compact, exist in
every Rn, n � 2. In this and the next chapter we shall study them and related
Kakeya maximal functions. We shall also establish a connection to restriction
problems. The first instance of such interplay between Kakeya methods and
Fourier analysis was Fefferman’s solution of the ball multiplier problem in
1971 which we presented in the previous chapter.

The dimension n of the space will be at least 2 for the rest of the book.

22.1 Kakeya maximal function

It is natural to approach these problems via a related maximal function. For
a 2 Rn, e 2 Sn�1 and δ > 0, define the tube T δ

e (a) with centre a, direction e,
length 1 and radius δ:

T δ
e (a) D fx 2 Rn : j(x � a) � ej � 1/2, jx � a � ((x � a) � e)ej � δg.

Observe that Ln(T δ
e (a)) D α(n � 1)δn�1, where α(n � 1) is the Lebesgue mea-

sure of the unit ball in Rn�1.

Definition 22.1 The Kakeya maximal function with width δ of f 2 L1
loc(R

n)
is the function

Kδf : Sn�1 ! [0,1],

Kδf (e) D sup
a2Rn

1

Ln
(
T δ
e (a)

) ∫
T δ
e (a)

jf j dLn.

We have the trivial but sharp proposition:

305
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Proposition 22.2 For all 0 < δ < 1 and f 2 L1
loc(R

n),

kKδf kL1(Sn�1) � kf kL1(Rn) and

kKδf kL1(Sn�1) � α(n � 1)1�nδ1�nkf kL1(Rn).

If p < 1, there can be no inequality

kKδf kLq (Sn�1) � Ckf kLp(Rn) for all 0 < δ < 1, f 2 Lp(Rn),

with C independent of δ. This follows from the existence of Besicovitch sets:
let B � Rn be such a compact set (with Ln(B) D 0) and let

f D χBδ
, B(δ) D fx 2 Rn : d(x, B) < δg.

Then Kδf (e) D 1 for all e 2 Sn�1, so kKδf kLq (Sn�1) � 1 but kf kLp(Rn) D
Ln(Bδ)1/p ! 0 as δ ! 0. Consequently we look for inequalities like

kKδf kLp(Sn�1) � C(n, p, ε)δ�εkf kLp(Rn) for all

ε > 0, 0 < δ < 1, f 2 Lp(Rn). (22.1)

Even this cannot hold if p < n. Let f D χB(0,δ). Since B(0, δ) � T δ
e (0), we

have for all e 2 Sn�1,

Kδf (e) D Ln(B(0, δ))

Ln(T δ
e (0))

� δ.

But

kf kLp(Rn) D Ln(B(0, δ))1/p � δn/p,

and δ is much bigger than δn/p�ε for small δ if p < n and n/p � ε > 1. The
Kakeya maximal conjecture wishes for the next best thing:

Conjecture 22.3 (22.1) holds if p D n, that is,

kKδf kLn(Sn�1) � C(n, ε)δ�εkf kLn(Rn) for all

ε > 0, 0 < δ < 1, f 2 Ln(Rn).

We shall see that this holds in R2 even with a logarithmic factor in place of
δ�ε. In Rn, n � 3, the question is open. Also in higher dimensional estimates
δ�ε could usually be replaced by powers of log(1/δ), but we shall not keep
track of that. In any case higher dimensional estimates given later probably are
never sharp.

Instead of (Lp,Lp)-inequalities (22.1) we could also search for (Lp,Lq)-
inequalities of the form

kKδf kLq (Sn�1) � C(n, p, ε)δ�(n/p�1Cε)kf kLp(Rn) for all

ε > 0, 1 � p � n, q D (n � 1)p0. (22.2)
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This is a natural range since interpolating (cf. Section 2.7) Conjecture 22.3 with
the trivial estimate kKδf kL1(Sn�1) � C(ε)δ1�nkf kL1(Rn) gives (22.2).

We shall soon prove that the Kakeya maximal conjecture implies the Kakeya
conjecture 11.4 according to which every Besicovitch set in Rn should have
Hausdorff dimension n. Recall that this too is true for n D 2 and open for
n � 3.

First we shall discretize and dualize the Kakeya maximal inequalities
(22.1). We say that fe1, . . . , emg � Sn�1 is a δ-separated subset of Sn�1 if
jej � ekj � δ for j 6D k. It is maximal if in addition for every e 2 Sn�1 there
is some k for which je � ekj < δ. We call T1, . . . , Tm δ-separated δ-tubes
if Tk D T δ

ek
(ak), k D 1, . . . , m, for some δ-separated subset fe1, . . . , emg of

Sn�1 and some a1, . . . , am 2 Rn. Clearly, m � δ1�n for all δ-separated sets
fe1, . . . , emg � Sn�1 and m � δ1�n for all maximal δ-separated sets.

Later on the next three propositions will be applied with M of the form
M D δ�β .

The key fact leading to the discretization is the following simple observation:
if e, e0 2 Sn�1 with je � e0j � δ, then

Kδf (e) � C(n)Kδf (e0).

This holds because any T δ
e (a) can be covered with some tubes T δ

e0 (aj ), j D
1, . . . , N, with N depending only on n.

Proposition 22.4 Let 1 < p < 1, q D p

p�1 , 0 < δ < 1 and 0 < M < 1.
Suppose that ∥∥∥∥∥

m∑
kD1

tkχTk

∥∥∥∥∥
Lq (Rn)

� M

whenever T1, . . . , Tm are δ-separated δ-tubes and t1, . . . , tm are positive num-
bers with

δn�1
m∑

kD1

t
q
k � 1.

Then

kKδf kLp(Sn�1) � C(n)Mkf kLp(Rn) for all f 2 Lp(Rn).

Proof Let fe1, . . . , emg � Sn�1 be a maximal δ-separated subset of Sn�1. If e 2
Sn�1 \ B(ek, δ), then by the key fact mentioned above, Kδf (e) � CKδf (ek)
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with C depending only on n. Hence

kKδf kp
Lp(Sn�1) �

m∑
kD1

∫
B(ek,δ)

(Kδf )p dσn�1

�
m∑

kD1

CpKδf (ek)pσ n�1(B(ek, δ)) �
m∑

kD1

Kδf (ek)pδn�1.

By the duality of lp and lq , for any ak � 0, k D 1, . . . , m,(
m∑

kD1

a
p
k

)1/p

D max

{
m∑

kD1

akbk : bk � 0,
m∑

kD1

b
q
k D 1

}
.

Applying this to ak D δ(n�1)/pKδf (ek) we get

kKδf kLp(Sn�1) �
(

m∑
kD1

(δ(n�1)/pKδf (ek))p
)1/p

D
m∑

kD1

δ(n�1)/pKδf (ek)bk D δn�1
m∑

kD1

tkKδf (ek)

where
∑m

kD1 b
q
k D 1, tk D δ(1�n)/qbk , and so δn�1 ∑m

kD1 t
q
k D 1. Therefore for

some ak 2 Rn,

kKδf kLp(Sn�1) � δn�1
m∑

kD1

tk
1

Ln(T δ
ek

(ak))

∫
T δ
ek

(ak )
jf j dLn.

Since Ln(T δ
ek

(ak)) � δn�1, we obtain by Hölder’s inequality

kKδf kLp(Sn�1) �
m∑

kD1

tk

∫
T δ
ek

(ak)
jf j dLn D

∫ (
m∑

kD1

tkχT δ
ek

(ak)

)
jf j dLn

�
∥∥∥∥∥

m∑
kD1

tkχT δ
ek

(ak )

∥∥∥∥∥
Lq (Rn)

kf kLp(Rn) � Mkf kLp(Rn).

Before going on along these lines we apply the previous lemma to solve the
Kakeya maximal conjecture in the plane:

Theorem 22.5 For all 0 < δ < 1 and f 2 L2(R2),

kKδf kL2(S1) � C
√

log(1/δ)kf kL2(R2)

with some absolute constant C.
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Proof Let Tk D T δ
ek

(ak), k D 1, . . . , m, be δ-separated δ-tubes and tk positive
numbers with δ

∑m
kD1 t

2
k � 1. By Proposition 22.4 we need to show that∥∥∥∥∥

m∑
kD1

tkχTk

∥∥∥∥∥
L2(R2)

�
√

log(1/δ).

The following elementary inequality is the key to the proof:

L2
(
T δ
e (a) \ T δ

e0 (a0)
)
� δ2

je � e0j C δ
(22.3)

for e, e0 2 S1, a, a0 2 R2 with je � e0j � δ. We leave the verification of this
as an exercise to the reader. Using (22.3) we estimate∥∥∥∥∥

m∑
kD1

tkχTk

∥∥∥∥∥
2

L2(R2)

D
∑
j,k

tj tkL2(Tj \ Tk) �
∑
j,k

tj tk
δ2

jej � ekj C δ
.

For any fixed k, jej � ekj takes essentially values iδ, i D 1, . . . , Nδ � 1/δ,
when jej � ekj � 1. Moreover, for a given i the number of j for which jej � ekj
is about iδ is bounded. Thus (the contribution coming from jej � ekj > 1 is
trivially bounded)

∑
j

δ

jej � ekj C δ
�

Nδ∑
jD1

δ

jδ C δ
D

Nδ∑
iD1

1

i C 1
� log(1/δ).

Similarly with j and k interchanged. Hence we can apply Schur’s test,
Theorem 20.2, to conclude∥∥∥∥∥

m∑
kD1

tkχTk

∥∥∥∥∥
2

L2(R2)

�
∑
j,k

p
δtj

p
δtk

δ

jej � ekj C δ

� log(1/δ)
∑
k

(
p
δtk)2 � log(1/δ).

Now we return to Proposition 22.4. We get rid of the coefficients tk and
obtain a discrete characterization of the Kakeya maximal inequalities. Observe
that mδn�1 below is essentially the L1-norm of

∑m
kD1 χTk .

Proposition 22.6 Let 1 < p < 1, q D p

p�1 , 1 � M < 1 and 0 < δ < 1.
Then

kKδf kLp(Sn�1) �n,p,ε Mδ�εkf kLp(Rn) for all f 2 Lp(Rn), ε > 0, (22.4)
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if and only if∥∥∥∥∥
m∑

kD1

χTk

∥∥∥∥∥
Lq (Rn)

�n,q,ε Mδ�ε(mδn�1)1/q for all ε > 0, (22.5)

and for all δ-separated δ-tubes T1, . . . , Tm.

Proof Suppose we have (22.5). Let T1, . . . , Tm be δ-separated δ-tubes and let
t1, . . . , tm be positive numbers with δn�1 ∑m

kD1 t
q
k � 1. By Proposition 22.4 it

suffices to show ∥∥∥∥∥
m∑

kD1

tkχTk

∥∥∥∥∥
Lq (Rn)

�n,q,ε Mδ�ε. (22.6)

Observing that k∑m
kD1 δ

n�1χTkkLq (Rn) � 1 and tk � δ(1�n)/q , we see that it
suffices to sum over k such that δn�1 � tk � δ(1�n)/q . Split this into � log(1/δ)
subsums over k 2 Ij D fk : 2j�1 � tk < 2j g and let mj be the cardinality of
Ij . Then applying our assumption (22.5) with ε/2 we get∥∥∥∥∥∥

∑
k:δn�1�tk�δ(1�n)/q

tkχTk

∥∥∥∥∥∥
Lq (Rn)

�
∑
j

∥∥∥∥∥∥
∑
k2Ij

2jχTk

∥∥∥∥∥∥
Lq (Rn)

D
∑
j

2j

∥∥∥∥∥∥
∑
k2Ij

χTk

∥∥∥∥∥∥
Lq (Rn)

�ε

∑
j

2jMδ�ε/2(mjδ
n�1)1/q � M log(1/δ)δ�ε/2 � Mδ�ε,

because mj2jq � ∑m
kD1(2tk)q � 2qδ1�n.

To prove the converse, assume that (22.4) holds and let T1, . . . , Tm
be δ-separated δ-tubes with directions e1, . . . , em. Let g 2 Lp(Sn�1) with
kgkLp(Sn�1) � 1. Then by (22.4),∫ m∑

kD1

χTkg D
m∑

kD1

∫
Tk

g �
m∑

kD1

Kδg(ek)δn�1

�
m∑

kD1

∫
B(ek,δ)

Kδg dσ
n�1 �

∫
[kB(ek,δ)

Kδg dσ
n�1

� kKδgkLp(Sn�1)σ
n�1([m

kD1B(ek, δ))1/q �ε Mδ�ε(mδn�1)1/q

by (22.4). We used here again the fact, which appeared already in the proof of
Proposition 22.4, that Kδg(ek) � Kδg(e) for e 2 B(ek, δ). Now (22.5) follows
taking supremum over such functions g.
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Notice that in (22.5) mδn�1 � 1, and mδn�1 � 1 means that the δ-separated
set fe1, . . . , emg � Sn�1 is essentially maximal. The following proposition
says that it suffices to study such essentially maximal sets. The proof of the
proposition uses very little geometry; only the rotational symmetry of the
sphere is involved. The reader might notice some resemblance to the proof of
Theorem 19.9.

Proposition 22.7 Let 1 < q < 1, 1 � M < 1, and 0 < δ < 1. Then∥∥∥∥∥
m∑

kD1

χTk

∥∥∥∥∥
Lq (Rn)

�n,q,ε Mδ�ε(mδn�1)1/q for all ε > 0, (22.7)

and for all δ-separated δ-tubes T1, . . . , Tm provided∥∥∥∥∥
m∑

kD1

χTk

∥∥∥∥∥
Lq (Rn)

�n,q,ε Mδ�ε for all ε > 0, (22.8)

and for all δ-separated tubes T1, . . . , Tm.

Proof Let m0 be the maximal cardinality of δ-separated subsets of Sn�1, then
m0 � δ1�n. For every m D 1, . . . , m0, let c(m) denote the smallest constant
such that ∥∥∥∥∥

m∑
kD1

χTk

∥∥∥∥∥
Lq (Rn)

� c(m)

for all δ-separated δ-tubes T1, . . . , Tm. We set also c(t) D 0 for any t < 1,
c(t) D m for any m � t < m C 1,m D 1, . . . , m0 � 1, and c(m) D c(m0) for
m > m0. By our assumption (22.8) we know that c(m) � Mδ�ε, and we need
to improve this to

c(m) � Mδ�ε(mδn�1)1/q . (22.9)

Fix m � m0 for a while and choose a δ-separated set S � Sn�1 of cardinality
m and the corresponding δ tubes Te, e 2 S, such that∥∥∥∥∥∑

e2S

χTe

∥∥∥∥∥
Lq (Rn)

D c(m)

(which exist by an easy compactness argument, although 2k∑e2S χTekLq (Rn) �
c(m) would be enough for us).

Now we consider rotations of S with g 2 O(n) such that S and g(S) are
disjoint, which of course is true for θn almost all g 2 O(n). Denote by Tg(e) the
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rotated tube g(Te). Then we also have∥∥∥∥∥∑
e2S

χTg(e)

∥∥∥∥∥
Lq (Rn)

D c(m).

From the trivial inequality kf C gkqq � kf kqq C kgkqq for non-negative func-
tions, we see that ∥∥∥∥∥∥

∑
e2S[g(S)

χTe

∥∥∥∥∥∥
Lq (Rn)

� 21/qc(m). (22.10)

If S [ g(S) were δ-separated, we would get c(m) � 2�1/qc(2m), and iterating
this we could easily finish the proof. Of course, there is no reason why we
should be able to find g such that S [ g(S) is δ-separated and instead we try to
find big δ-separated subsets of S [ g(S).

Define

a(S, g) D #f(e, e0) 2 S 
 g(S) : je � e0j � δg.

Then ∫
a(S, g) dθng D

∑
e2S

∑
e02S

f (e, e0)

where

f (e, e0) D
∫

χB(0,δ)(e � g(e0)) dθng.

By the rotational symmetry of the sphere f (e, e0) is independent of e0, so

f (e, e0) D 1

σn�1(Sn�1)

∫∫
χB(0,δ)(e � g(e0)) dσn�1e0 dθng.

The inner integral is at most bδn�1σn�1(Sn�1), whence f (e, e0) � bδn�1, where
b depends only on n. This gives∫

a(S, g) dθng � bδn�1m2.

Hence we can find g 2 O(n) such that a(S, g) � bδn�1m2.Then we can express
S [ g(S) as

S [ g(S) D S1 [ S2,
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where both S1 and S2 are δ-separated and S2 has cardinality � bδn�1m2; for S1

we only need that trivially it has cardinality at most 2m. Indeed, we can choose

S2 D fe 2 S : 9e0 2 g(S) such that je � e0j � δg,
S1 D (S n S2) [ g(S).

This decomposition implies by Minkowski’s inequality∥∥∥∥∥∥
∑

e2S[g(S)

χTe

∥∥∥∥∥∥
Lq (Rn)

� c(2m) C c(bδn�1m2).

Combining this with (22.10) we get

21/qc(m) � c(2m) C c(bδn�1m2).

Above we can choose b so that bδn�1 D 2�N for some integer N . It is
enough to prove the claim (22.9) for m of the form m D 2N�k, k D 1, . . . , N .
Then m D 2�kb�1δ1�n. Set

ck D 2k/qc(2�kb�1δ1�n), k D 1, . . . , N.

Then the last inequality becomes

ck � ck�1 C 2�(kC1)/qc2k. (22.11)

Our claim (22.9) means now that ck �n,q,ε Mδ�ε for all k. This obviously
holds for k � k0 if k0 depends only on n and q. Moreover, ck D 0 if k �
log(1/δ). We modify the sequence (ck) slightly by defining with a suitable
positive constant c,

dk D (1 C c2�k/q)ck.

If c is chosen sufficiently large, but depending only on q, and k0 is sufficiently
large, but depending only on q and c, then by a straightforward calculation,
using only (22.11) and the definition of dk ,

dk < dk�1 C 2�k/q((d2k � dk) C (dk�1 � dk)) for k � k0.

This implies that the maximum value of dk is attained with some k D k1 � k0,
so

ck < dk � dk1 � Mδ�ε

for all k, which completes the proof.
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Combining the last two propositions we have:

Corollary 22.8 Let 1 < p < 1, q D p

p � 1 , 0 < β < 1, and 0 < δ < 1. Then

kKδf kLp(Sn�1) �n,p,ε δ
�β�εkf kLp(Rn) for all f 2 Lp(Rn), ε > 0, (22.12)

if and only if ∥∥∥∥∥
m∑

kD1

χTk

∥∥∥∥∥
Lq (Rn)

�n,p,ε δ
�β�ε for all ε > 0, (22.13)

and for all δ-separated δ-tubes T1, . . . , Tm. In particular, the Kakeya maximal
conjecture 22.3 holds if and only if∥∥∥∥∥

m∑
kD1

χTk

∥∥∥∥∥
Ln/(n�1)

�n,p,ε δ
�ε for all ε > 0,

and for all δ-separated δ-tubes T1, . . . , Tm.

22.2 Kakeya maximal implies Kakeya

In this section we show that Lp estimates for the Kakeya maximal function
imply lower bounds for the Hausdorff dimension of Besicovitch sets.

Let us first see that proving a lower bound for the Minkowski dimension
from Lp estimates is almost trivial: Suppose we have for some p and β > 0 the
estimate kKδf kLp(Sn�1) � δ�βkf kp for 0 < δ < 1. The δ-neighbourhood B(δ)
of the Besicovitch set B contains an open δ-tube in every direction, so we have
for the characteristic function f of B(δ) that Kδf (e) D 1 for all e 2 Sn�1. Our
estimate then gives

1 � kKδf kp
Lp(Sn�1) � δ�βpLn(B(δ)),

form which it follows that dimMB � n � βp.
We shall now extend this to Hausdorff dimension. The problem is that we

have to use coverings of B with, say, balls of very different sizes. As often, the
trick is to decompose such a covering into subfamilies of balls of essentially
the same size.

Theorem 22.9 Suppose that 1 < p < 1, β > 0 and n � βp > 0. If

kKδf kLp(Sn�1) � C(n, p, β)δ�βkf kp for all 0 < δ < 1, f 2 Lp(Rn),
(22.14)

then the Hausdorff dimension of every Besicovitch set in Rn is at least n �
βp. In particular, if (22.1) holds for some p, 1 < p < 1, then the Hausdorff
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dimension of every Besicovitch set in Rn is n. Thus Conjecture 22.3 implies the
Kakeya conjecture 11.4.

Proof Let B � Rn be a Besicovitch set. Let 0 < α < n � βp and Bj D
B(xj , rj ), j D 1, 2, . . . , be balls such that rj < 1 and B � ⋃

j Bj . It suffices
to show that

∑
j r

α
j � 1.

For e 2 Sn�1 let Ie � B be a unit segment parallel to e. For k D 1, 2, . . . ,
set

Jk D fj : 2�k � rj < 21�kg,

and

Sk D
⎧⎨⎩e 2 Sn�1 : H1

⎛⎝Ie \
⋃
j2Jk

Bj

⎞⎠ � 1

2k2

⎫⎬⎭ .

Since
∑

k
1

2k2 < 1 and

∑
k

H1

⎛⎝Ie \
⋃
j2Jk

Bj

⎞⎠ D H1(Ie) � 1,

we have ⋃
k

Sk D Sn�1;

if there were some e 2 Sn�1 n ⋃k Sk , we would have H1(Ie \ ⋃
j2Jk

Bj ) < 1
2k2

for all k, and then

∑
k

H1

⎛⎝Ie \
⋃
j2Jk

Bj

⎞⎠ <
∑
k

1

2k2
< 1,

which is impossible.
Let

fk D χFk
with Fk D

⋃
j2Jk

B(xj , 2rj ).

If e 2 Sk , then, letting ae be the mid-point of Ie, we have by simple geometry

Ln
(
T 2�k

e (ae) \ Fk

)
� 1

k2
Ln

(
T 2�k

e (ae)
)
,
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whence K2�k fk(e) � 1/k2 for e 2 Sk . This and assumption (22.14) give

σn�1(Sk) � k2p
∫

(K2�k fk)p dσn�1

� k2pC(n, p, β)p2kβp

∫
f

p
k D k2pC(n, p, β)p2kβpLn(Fk).

(22.15)

But Ln(Fk) � #Jkα(n)2(2�k)n, whence

σn�1(Sk) � k2p2kβp2�kn#Jk D k2p2�k(n�βp)#Jk � 2�kα#Jk,

and finally ∑
j

rαj �
∑
k

#Jk2�kα �
∑
k

σ n�1(Sk) � 1,

as required.

We shall now give a different, Fourier analytic, proof for Theorem 22.5. We
do it in general dimensions obtaining a fairly sharp L2 estimate.

Theorem 22.10 For all 0 < δ < 1 and f 2 L2(R2),

kKδf kL2(S1) � C
√

log(1/δ)kf kL2(R2),

with some absolute constant C.
In Rn, n � 3, we have for all 0 < δ < 1 and f 2 L2(Rn),

kKδf kL2(Sn�1) � C(n)δ(2�n)/2kf kL2(Rn),

where the exponent (2 � n)/2 is the best possible.

Proof Let n � 2. We may assume that f is non-negative and has compact
support. Changing variable and using the symmetry of T δ

e (0) we have

Kδf (e) D sup
a2Rn

1

Ln(T δ
e (a))

∫
T δ
e (a)

f

D sup
a2Rn

1

α(n � 1)δn�1

∫
T δ
e (0)

f (a � x) dx D sup
a2Rn

�e
δ � f (a),

where

�e
δ D 1

α(n � 1)δn�1
χT δ

e (0).

Let ϕ 2 S(R) be such that spt ϕ̂ � [�1, 1], ϕ � 0 and ϕ(x) � 1 when jxj � 1.
Define

ψ(x) D δ1�nϕ(x1)ϕ(j̃xj/δ), x D (x1, x̃) 2 Rn, x1 2 R, x̃ 2 Rn�1.
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Then ψ̂(ξ1, ξ̃ ) D ϕ̂(ξ1)ϕ̂(δj̃ξ j) and so

spt ψ̂ � [�1, 1] 
 Bn�1(0, 1/δ). (22.16)

Since ϕ(x1) � 1 and ϕ(j̃xj/δ) � 1 when jx1j � 1 and j̃xj � δ, we have �e1
δ � ψ ,

with e1 D (1, 0, . . . , 0), and so

Kδf (e1) � sup
a2Rn

ψ � f (a). (22.17)

For e 2 Sn�1, let ge 2 O(n) be a rotation for which ge(e1) D e. Then
ge(T δ

e1
(0)) D T δ

e (0). Hence defining ψe D ψ ı ge, we get from (22.17)

Kδf (e) � sup
a2Rn

ψe � f (a).

As f has compact support, ψe � f 2 S(Rn) (that ψ is not differentiable on
the line fx : x̃ D 0g does not cause problems for this). Hence by the inversion
formula and Schwartz’s inequality the previous inequality leads to

Kδf (e) � kψe � f kL1(Rn) � kψ̂e � f kL1(Rn) D
∫

jψ̂ejjf̂ j

�
(∫

jψ̂e(ξ )jjf̂ (ξ )j2(1 C jξ j) dξ
)1/2 (∫ jψ̂e(ξ )j

1 C jξ j dξ
)1/2

.

Since ψ̂e(ξ ) D ψ̂ ı ge(ξ ) D ψ̂(ge(ξ )), we get from (22.16)

spt ψ̂e � Ce :D g�1
e ([�1, 1] 
 Bn�1(0, 1/δ)).

Suppose first n D 2. Then∫ jψ̂e(ξ )j
1 C jξ j dξ �

∫
Ce

1

1 C jξ j dξ �
∫ 1/δ

�1/δ

1

1 C jt j dt � log

(
1

δ

)
.

Thus

kKδf k2
L(S1) � log

(
1

δ

)∫
S1

∫
R2

jψ̂e(ξ )jjf̂ (ξ )j2(1 C jξ j)dξ dσ 1e

D log

(
1

δ

)∫
R2

(∫
S1

jψ̂e(ξ )j dσ 1e

)
jf̂ (ξ )j2(1 C jξ j) dξ.

Using again that spt ψ̂e � Ce we get for all ξ 2 R2,

σ 1(fe 2 S1 : ψ̂e(ξ ) 6D 0g) � σ 1(fe 2 S1 : ξ 2 Ceg) � 1

1 C jξ j .

The last inequality is a simple geometric fact. Consequently,∫
jψ̂e(ξ )j dσ 1e � 1

1 C jξ j
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and

kKδf k2
L2(S1) � log

(
1

δ

)∫
R2

1

1 C jξ j jf̂ (ξ )j2(1 C jξ j) dξ D log

(
1

δ

)
kf k2

L2(R2).

If n > 2, we have∫ jψ̂e(ξ )j
1 C jξ j dξ �

∫
Ce

1

1 C jξ j dξ � δ2�n.

We still have the estimate

σn�1(fe 2 Sn�1 : ξ 2 Ceg) � 1

1 C jξ j ,

and

kKδf k2
L2(Sn�1) � δ2�nkf k2

L2(Rn)

follows.
Finally, that the power in δ(2�n)/2 cannot be improved can be seen using

f D χB(0,δ) as at the beginning of this chapter.

Combining Theorems 22.9 and 22.10 we obtain the following, which we
already proved in Theorems 11.2 and 11.3 with different methods.

Corollary 22.11 All Besicovitch sets in Rn, n � 2, have Hausdorff dimension
at least 2.

22.3 Restriction implies Kakeya

Next we prove that the restriction conjecture

kf̂ kLq (Rn) �n,q kf kLq (Sn�1) for f 2 Lq(Sn�1), q > 2n/(n � 1) (22.18)

implies the Kakeya maximal conjecture 22.3, and hence it also implies the
Kakeya conjecture 11.4. Recall Section 19.3 for discussion on the restriction
conjecture.

For the proof we shall use Khintchine’s inequality; we recall it from
Section 2.8.

Theorem 22.12 Suppose that 2n/(n � 1) < q < 1 and

kf̂ kLq (Rn) �n,q kf kLq (Sn�1) for f 2 Lq(Sn�1). (22.19)

Then with p D q/(q � 2),

kKδf kLp(Sn�1) �n,q δ4n/q�2(n�1)kf kp for all 0 < δ < 1, f 2 Lp(Rn).
(22.20)
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In particular, the restriction conjecture (22.18) implies the Kakeya maximal
conjecture 22.3.

Proof We first check the second statement assuming that the first part of the
theorem is valid. Observe that 2(n � 1) � 4n/q ! 0 as q ! 2n/(n � 1). Hence
for any ε > 0 we can choose q > 2n/(n � 1) for which 2(n � 1) � 4n/q < ε.
Then p D q/(q � 2) < n and

kKδf kLp(Sn�1) � δ�εkf kLp(Rn) for all f 2 Lp(Rn).

Interpolating this with the trivial inequality

kKδf kL1(Rn) � kf kL1(Rn)

we get

kKδf kLn(Sn�1) � δ�εkf kLn(Rn) for all 0 < δ < 1, f 2 Ln(Rn),

as required.
To prove the first part, let p0 D p/(p � 1) D q/2, fe1, . . . , emg � Sn�1 be

a δ-separated set, let a1, . . . , am 2 Rn and t1, . . . , tm > 0 with

δn�1
m∑

kD1

t
p0

k � 1,

and let Tk D T δ
ek

(ak). We shall show that∥∥∥∥∥
m∑

kD1

tkχTk

∥∥∥∥∥
Lp0 (Rn)

� δ4n/q�2(n�1). (22.21)

By Proposition 22.4 this implies (22.20).
Let τk be the δ�2 dilation of Tk: τk is the tube with centre δ�2ak , direction

ek , length δ�2 and cross-section radius δ�1. Let

Sk D fe 2 Sn�1 : 1 � e � ek � C�2δ2g.
Then Sk is a spherical cap of radius � C�1δ and centre ek . Here C is chosen
big enough to guarantee that the Sk are disjoint. Define fk by

fk(x) D e2πiδ�2ak �xχSk (x).

Then kfkk1 D 1, spt fk � Sk and the Fourier transform of fk is a translate by
δ�2ak of χ̂Sk by (3.4); f̂k(ξ ) D χ̂Sk (ξ � δ�2ak). Provided C is sufficiently large,
but still depending only on n, the Knapp example, Lemma 3.18, gives that

jf̂k(ξ )j � δn�1 for ξ 2 τk.
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Fix sk � 0, k D 1, . . . , m, and for ω D (ω1, . . . , ωm) 2 f�1, 1gm let

fω D
m∑

kD1

ωkskfk.

We shall consider the ωk as independent random variables taking values 1 and
�1 with equal probablility, and we shall use Khintchine’s inequality.

Since the functions fk have disjoint supports,

kfωkq
Lq (Sn�1) D

m∑
kD1

kskfkkqLq (Sn�1) �
m∑

kD1

s
q
k δ

n�1.

By Fubini’s theorem and Khintchine’s inequality 2.14,

E
(
kf̂ωkqLq (Rn)

)
D

∫
E(jf̂ω(ξ )jq) dξ �

∫ (
m∑

kD1

s2
k jf̂k(ξ )j2

)q/2

dξ

� δq(n�1)
∫ (

m∑
kD1

s2
kχτk (ξ )

)q/2

dξ,

since jf̂kj � δn�1χτk .
By our assumption the restriction property (22.19) holds and we get

kf̂ωkLq (Rn) � kfωkLq (Sn�1).

Combining these three inequalities, we obtain

δq(n�1)
∫ (

m∑
kD1

s2
kχτk

)q/2

� δ(n�1)
m∑

kD1

s
q
k .

Now we choose sk D p
tk and have

δ(n�1)
m∑

kD1

s
q
k D δ(n�1)

m∑
kD1

t
p0

k � 1.

Thus

δq(n�1)
∫ (

m∑
kD1

tkχτk

)p0

� 1.

Changing variable y D δ2x, τk goes to Tk and so

δq(n�1)δ�2n
∫ (

m∑
kD1

tkχTk

)p0

� 1,
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that is, ∥∥∥∥∥
m∑

kD1

tkχTk

∥∥∥∥∥
Lp0 (Rn)

� δ4n/q�2(n�1),

as required.

Since the Kakeya maximal conjecture implies the Kakeya conjecture we
have:

Corollary 22.13 The restriction conjecture (22.18) implies the Kakeya
conjecture 11.4.

Combining Theorems 22.9 and 22.12 we have also

Corollary 22.14 If 2n/(n � 1) < q < 1 and

kf̂ kLq (Rn) � C(n, q)kf kLq (Sn�1) for f 2 Lq(Sn�1),

then dimB � (2n � (n � 2)q)/(q � 2) for every Besicovitch set B in Rn.

22.4 Nikodym maximal function

Recall from Section 11.3 that a Nikodym set is a Borel subset N of Rn of
measure zero such that for every point x 2 Rn there is a line L containing x

such that L \ N contains a unit line segment. We found that such sets exist.
The related maximal function of a locally integrable function f is the Nikodym
maximal function defined for 0 < δ < 1 by

Nδf (x) D sup
x2T

Ln(T )�1
∫
T

jf j dLn, x 2 Rn,

where the supremum is taken over all tubes T D T δ
e (a) containing x. In analogy

to the Kakeya maximal conjecture 22.3 we have:

Conjecture 22.15 Nikodym maximal conjecture:

kNδf kLn(Rn) � C(n, ε)δ�εkf kLn(Rn) for all ε > 0, 0 < δ < 1.

Theorem 22.9 holds for Nδf in place of Kδf and Nikodym in place of
Kakeya. This follows by a straightforward modification of the proof. In partic-
ular, the Nikodym maximal conjecture implies Nikodym conjecture 11.10 that
all Nikodym sets in Rn have Hausdorff dimension n. Recall that we proved in
Theorem 11.11 that Kakeya conjecture 11.4 implies the Nikodym conjecture.
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Theorem 22.16 Kakeya maximal conjecture 22.3 and Nikodym maximal con-
jecture 22.15 are equivalent.

This is due to Tao [1999a]. We only sketch the proof here.
Although it was easy to prove that the Kakeya conjecture implies the

Nikodym conjecture and the converse is open, on maximal level the details
for showing that the Nikodym maximal conjecture implies the Kakeya maxi-
mal conjecture are simpler than for the converse.

Going from Nikodym maximal to Kakeya maximal is based on the following
pointwise inequality:

δKδf (e) � NCδ2fδ(x), (22.22)

where 1/3 � jxj � 1/2, e D x/jxj, f 2 L1(Rn) with spt f � B(0, 1), fδ(y) D
f (y/δ), 0 < δ < 1 and C is a positive constant depending only on n. We are
restricted to functions in the unit ball. This suffices for proving Lp inequalities
both for Kakeya and Nikodym maximal functions. We leave checking this for
the reader as an exercise.

To verify (22.22), let T D T δ
e (a) be a δ-tube intersecting B(0, 1). Then

∫
T

jf j D δ�n

∫
δT

jfδj.

By simple geometry, with some constant C depending only on n, δT is
contained in a Cδ2-tube U which also contains x. Thus

δ2�n

∫
T

jf j � δ2�2n
∫
U

jfδj � NCδ2fδ(x),

from which (22.22) follows by taking supremum over tubes T in direction e.
Applying (22.22) and integrating in polar coordinates, we obtain

δp
∫
Sn�1

(Kδf )p dσn�1 D n

2�n � 3�n

∫ 1/2

1/3
rn�1

∫
Sn�1

(δKδf (e))p dσn�1e dr

�
∫ 1/2

1/3
rn�1

∫
Sn�1

(NCδ2fδ(re))p dσn�1e dr

�
∫

Rn

(NCδ2fδ)
p,

that is,

δkKδf )kLp(Sn�1) � kNCδ2fδkLp(Rn).
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If the Nikodym maximal conjecture holds, we have

kNCδ2fδkLn(Rn) � δ�εkfδkLn(Rn) D δ1�εkf kLn(Rn).

Combining the last two inequalities we get the Kakeya maximal conjecture.
For the opposite implication we use the same projective transformation that

we used to prove the corresponding set implication:

F (̃x, xn) D 1

xn
(̃x, 1) for (̃x, xn) 2 Rn, xn 6D 0.

With it we have the pointwise estimate:

Nδf (̃x, 0) � KCδ(f ı F )

(
(̃x, 1)

j(̃x, 1)j
)
, (22.23)

provided f has support in fx 2 B(0, 1) : 1/2 � xn � 1g. This follows by quan-
tifying the argument of Theorem 11.11; tubes through (̃x, 0) are transformed
by F to tubes in direction (̃x,1)

j(̃x,1)j . Integrating (22.23) leads to∫
(Nδf (̃x, 0))p dx̃ �

∫
(KCδf ı F )p dσn�1 �

∫
(KCδf )p dσn�1.

Without the restriction spt f � fx 2 B(0, 1) : 1/2 � xn � 1g we could replace
0 by any xn, jxnj � 2, in the above inequality and we would be done by Fubini’s
theorem. The general case can be reduced to this special case by decomposing
the unit ball into dyadic belts fx 2 B(0, 1) : 2�k � xn � 21�k, k D 1, 2, . . . g,
and using a scaling argument. We leave the details to the reader.

22.5 Summary of conjectures

I collect here the conjectures we have discussed and some relations between
them:
(1) Kakeya conjecture 11.4:
Every Besicovitch set in Rn has Hausdorff dimension n.

(2) Kakeya maximal conjecture 22.3:

kKδf kLn(Sn�1) �n,ε δ
�εkf kLn(Rn) for all ε > 0, 0 < δ < 1.

(3) Nikodym conjecture 11.10:
Every Nikodym set in Rn has Hausdorff dimension n.

(4) Nikodym maximal conjecture 22.15:

kNδf kLn(Sn�1) �n,ε δ
�εkf kLn(Rn) for all ε > 0, 0 < δ < 1.
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(5) Restriction conjecture 19.5–19.7:

kf̂ kLq (Rn) �n,q,ε kf kL1(Sn�1) (or �n,q,ε kf kLq (Sn�1)) for q > 2n/(n � 1).

(6) Bochner–Riesz conjecture 21.11:
mδ is an Lp multiplier if and only if

2n

n C 1 C 2δ
< p <

2n

n � 1 � 2δ
.

(7) Keleti’s line segment extension conjecture 11.12:
If A is the union of a family of line segments in Rn and B is the union of the
corresponding lines, then dimA D dimB.

We proved that (1) implies (3) in Theorem 11.11, (2) implies (1) in
Theorem 22.9, similarly (4) implies (3), and we proved that (5) implies (2)
in Theorem 22.12. By Theorem 22.16 (2) and (4) are equivalent and (6) implies
(5) by Tao [1999a]. It is not known if (5) implies (6), but, as mentioned in
Section 21.3, Carbery [1992] verified this in the parabolic case. Due to
Theorem 11.15 (7) implies the packing and upper Minkowski dimension ver-
sions of (1). All these conjectures are true in R2. As far as I know, the other
implications are unknown.

There is also Sogge’s local smoothing conjecture from Sogge [1991] for the
wave equation, which is open in all dimensions n � 2 and implies all the other
conjectures (1)–(6) above.

If u is a solution of the wave equation

∂2u

∂2t
D �xu, u(x, 0) D f (x),

∂u

∂t
u(x, t)jtD0 D g(x), (x, t) 2 Rn 
 R,

then for p � 2(nC1)
n�1 and for all σ > n( 1

2 � 1
p

) � 1
2 ,

kukLp(Rn�[1,2]) � kf kp,σ C kgkp,σ�1.

Here kf kp,σ is a Sobolev norm of f in the spirit of Chapter 17. Estimates of
this type are called Strichartz estimates; they originate in Strichartz [1977].

This problem is related to restriction and multiplier questions for the cone
f(x, t) 2 Rn 
 R : jxj D tg. Wolff [2000] proved that the estimate is valid for
n D 2 and p > 74. This was extended for arbitrary n � 3, and a certain range
of p, by Łaba and Wolff [2002]. Heo, Nazarov and Seeger [2011] improved
the range of p when n � 5, including also the end-point σ D n( 1

2 � 1
p

) � 1
2

when n � 4. Their method is based on an interesting characterization of radial
Fourier multipliers. For further discussion, see Sogge [1993], Chapter 7, Stein
[1993], XI.4.12, Wolff [2003], Section 11.4 and Tao [1999a].
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Wolff’s estimates in the case n D 2 had the consequence mentioned in
Section 11.6: if the centres of a family of circles in the plane cover a set of
Hausdorff dimension bigger than one, then the union of these circles must have
positive Lebesgue measure.

There is also a connection between the Kakeya maximal conjecture and
Montgomery’s conjecture on Dirichlet sums. Let T � N2, ak 2 C with jakj �
1, and

D(t) D
N∑

kD1

akk
it , t 2 R.

Montgomery’s conjecture asks whether it is true that for every measurable set
E � [0, T ], ∫

E

jD(t)j2 dt � N1Cε(N C L1(E)).

Bourgain [1993] proved that this implies the Kakeya conjecture and Wolff
[2003], Section 11.4, showed further that it implies the Kakeya maximal con-
jecture, too.

22.6 Kakeya problems in finite fields

A natural setting for studying Kakeya problems is that of finite fields. A standard
example of such a field is Zp, integers modulo p, when p is a prime. So let F
be a field of q elements. The line in Fn passing through x 2 Fn with direction
v 2 Fn n f0g is

L(x, v) D fx C tv : t 2 Fg.
The basic question now is: how big are the subsets of Fn which contain a line
in every direction? Let us call such sets Besicovitch sets in Fn.

Since we are in a finite setting, we measure size by cardinality. We shall
now prove (modulo some facts from algebraic combinatorics) the following
theorem of Dvir [2009] which essentially says that the analogue of the Kakeya
conjecture in finite fields is true:

Theorem 22.17 There exists a constant cn > 0 depending only on n such that

#B � cnq
n

for every Besicovitch set B in Fn for any finite field F of q elements.

Proof Study of polynomials in Fn forms the main ingredient of the proof. We
pay attention to the obvious fact that two different polynomials may have the
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same values, for example x and xp in Zp. In particular, the zero polynomial is
the polynomial with all coefficients zero. The two basic facts used are: if the
degree d of the polynomials considered is fixed, then, firstly, for any small set A
there exists a non-zero polynomial of degree d vanishing on A, and, secondly,
if a non-zero polynomial of degree d vanishes on a big set, then it must the zero
polynomial.

The first fact is the following lemma:

Lemma 22.18 Let d be a non-negative integer and A � Fn with #A <
(
nCd
n

)
.

Then there exists a non-zero polynomial P on Fn of degree at most d which
vanishes on A.

Proof Let V be the vector space over F of polynomials on Fn with degree
at most d. Then the dimension of V is

(
nCd
n

)
; this is an easy combinatorial

result. On the other hand the dimension of the vector space of all functions
f : A ! F is #A < dimV . So the map P 7! P jA is not injective. Thus there
exist two different polynomials P1, P2 2 V for which P1jA D P2jA. Hence
P D P1 � P2 is what we want.

The second fact is part of the standard factor theorem:

Lemma 22.19 If P is a non-zero polynomial on F of degree d, then

#fx 2 F : P (x) D 0g � d.

Now we combine these lemmas to prove a third lemma:

Lemma 22.20 Let B � Fn be a Besicovitch set. If P is a polynomial on Fn of
degree at most #F � 1 and P vanishes on B, then P is the zero polynomial.

Proof Suppose that P has degree d and it is not the zero polynomial. Write
P D ∑d

jD1 Pj , where Pj is a homogeneous polynomial of degree j . Then Pd

is not zero. For v 2 Fn n f0g let xv 2 Fn be such that L(xv, v) � B. Then the
polynomial Pv of one variable,

Pv(t) D P (xv C tv), t 2 F,

vanishes on F. Since degPv < #F , Pv is the zero polynomial by Lemma
22.19. We have Pv(t) D Pd (v)tdC lower order terms, whence Pd (v) D 0 for
all v 2 Fn n f0g. Then Pd (v) D 0 for all v 2 Fn, since Pd is homogeneous.
Fixing x2, . . . , xn 2 F, x 7! Pd (x, x2, . . . , xn), x 2 F, is a polynomial in F of
degree at most #F � 1 which vanishes identically, whence it is the zero poly-
nomial by Lemma 22.19. Repeating this with the remaining n � 1 variables,
we infer that all coefficients of Pd are zero. This is a contradiction which proves
Lemma 22.20.
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Combination of Lemmas 22.18 and 22.20 immediately yields

Corollary 22.21 If B � Fn is a Besicovitch set, then

#B �
(

#F C n � 1

n

)
.

Theorem 22.17 follows from this since
(
qCn�1

n

) D 1
n!q

nC lower order terms.

22.7 Further comments

The presentation of this chapter is largely based on Wolff’s [2003] lecture notes.
Kakeya maximal functions are also discussed in the books Grafakos [2009],
Stein [1993] and Sogge [1993] . The proof of Proposition 22.7 was taken from
Tao’s [1999b] UCLA lecture notes.

Kakeya maximal inequalities were pioneered by Córdoba [1977]. In par-
ticular, he proved Theorem 22.5 with the geometric argument we also used.
In fact, instead of Kakeya maximal functions Córdoba studied Nikodym max-
imal functions Nδf, which we introduced in Section 22.4, but his methods
work also for Kakeya. Keich [1999] showed that the factor

p
log(1/δ) in

Theorem 22.5 is sharp. Córdoba applied his results to multiplier estimates.
See also Grafakos’s book [2009], Sections 10.2 and 10.3, for such applications
and other estimates on Nikodym maximal functions including results on the
sharpness of the constants.

Bourgain [1991a] introduced Kakeya maximal functions and gave the
Fourier-analytic proof for Theorem 22.10. This and Córdoba’s proof can
also be found in Wolff [2003]. Fefferman’s [1971] result on ball multipliers,
Theorem 21.5, is already close to a ‘restriction implies Kakeya’ type statement.
More explicitly for restriction such a result was proved by Beckner, Carbery,
Semmes and Soria [1989]. Finally, essentially Theorem 22.12 was proved by
Bourgain [1991a] and discussed also in Bourgain [1995].

Bourgain [1991b] investigated curved Kakeya sets and related maximal
functions, curves in place of line segments, and their relations to estimates on
oscillating integrals. Many further interesting results on these were proven by
Wisewell [2005].

Katz [1996] and Bateman and Katz [2008] studied Kakeya maximal func-
tions where the directions of the tubes are restricted to certain Cantor sets.
They proved that even then there is no boundedness with constants indepen-
dent of δ. Further recent related results are due to Bateman [2009], Kroc and
Pramanik [2014a] and [2014b] and to Parcet and Rogers [2013]. In particular,
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the papers of Bateman [2009] in the plane and of Kroc and Pramanik [2014b]
in higher dimensions give interesting equivalent conditions on unboundedness
of maximal operators, existence of Kakeya type constructions and lack of lacu-
narity, all related to a given set of directions. Katz [1999] and Demeter [2012]
proved sharp bounds for a Nikodym type maximal operator over a finite set of
directions.

Kim [2009] and [2012] proved Kakeya maximal function estimates when
the line segments are restricted to lie in a smooth field of planes in R3. Under
certain conditions estimates are essentially the same as in the Euclidean plane,
but in some cases essentially sharp estimates are much worse. Such situations
arise from Heisenberg groups.

Theorem 22.17, and a more general form of it, was proved by Dvir [2009].
The presentation here also used Tao’s [2008a] blog. The study of Kakeya
problems in finite fields was proposed by Wolff [2003] with some preliminary
results. Since then several people have contributed to this topic; see the ref-
erences given by Dvir [2009]. One motivation for this is that understanding
easier questions in a discrete setting might help to understand more difficult
questions in Euclidean spaces. But it is not only that; Kakeya-type problems in
finite fields have interesting relations to many other combinatorial problems,
see for example the papers of Bourgain, Katz and Tao [2004], of Guth and
Katz [2010], and of Dvir and Wigderson [2011]. Ellenberg, R. Oberlin and Tao
[2010] applied Dvir’s method to Kakeya problems in algebraic varieties over
finite fields.

Tao [2014] discusses the polynomial method, an example of which is the
proof of Dvir’s theorem, in relation to a large number of topics. Guth [2014a]
used the polynomial method to prove the best known restriction estimate in R3:

kf̂ kLq (R3) � kf kL1(S2) for f 2 L1(S2), q > 3.25.

Very likely, many more applications of this method will be found to problems
in Euclidean spaces.
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Dimension of Besicovitch sets and Kakeya
maximal inequalities

Since we cannot solve the Kakeya conjecture, we could at least try to find lower
bounds for the Hausdorff dimension of Besicovitch sets. The trivial one is 1.
We have also the lower bound 2 from Theorem 11.2. In this chapter we improve
this in dimensions bigger than two and we prove Kakeya maximal inequalities.

23.1 Bourgain’s bushes and lower bound (n C 1)/2

Here we shall derive the lower bound nC1
2 . The results of this section will be

improved in the next one, but it might be useful to look at the ideas in a simpler
case first.

Theorem 23.1 Suppose that for some 1 � p < 1 and β > 0,

σn�1(fe 2 Sn�1 : Kδ(χE)(e) > λg) � C(n, p, β)δ�βpλ�pLn(E) (23.1)

for all Lebesgue measurable sets E � Rn and for all 0 < δ < 1 and λ > 0.
Then the Hausdorff dimension of every Besicovitch set in Rn is at least n � βp.

This follows from the proof of Theorem 22.9 since (22.15) is a consequence
of (23.1).

Our next plan is to verify (23.1) for p D (n C 1)/2 and β D n�1
nC1 to get

the lower bound (n C 1)/2 for the Hausdorff dimension of Besicovitch sets.
Before doing this let us contemplate a little what (23.1) means. It is a restricted
weak type inequality (restricted since it only deals with characteristic func-
tions) which would follow immediately by Chebyshev’s inequality from the
corresponding strong type inequality (if we knew it):

kKδf kLp(Sn�1) � δ�βkf kp.
The converse is not true, but if we have restricted weak type inequalities for
pairs (p1, q1) and (p2, q2) we have the strong type inequality for the appropriate

329
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pairs (p, q) between (p1, q1) and (p2, q2) by the interpolation results discussed
in Section 2.7.

Recall the Kakeya maximal conjecture 22.3:

kKδf kLn(Sn�1) � C(n, ε)δ�εkf kn for all ε > 0,

and the equivalent conjecture (22.2) obtained by interpolation:

kKδf kLq (Sn�1) � C(n, p, ε)δ�(n/p�1Cε)kf kp
for all ε > 0, 1 � p � n, q D (n � 1)p0.

In the next theorem we shall prove the restricted weak type version of this
corresponding to p D (n C 1)/2, q D n C 1.

Theorem 23.2 For all Lebesgue measurable sets E � Rn,

σn�1(fe 2 Sn�1 : Kδ(χE)(e) > λg) � C(n)δ1�nλ�n�1Ln(E)2 (23.2)

for all 0 < δ < 1 and λ > 0. In particular, the Hausdorff dimension of every
Besicovitch set in Rn is at least (n C 1)/2.

Proof Clearly the inequality (23.2) implies

σn�1(fe 2 Sn�1 : Kδ(χE)(e) > λg) � δ(1�n)/2λ�(nC1)/2Ln(E),

which means that the assumption (23.1) holds with p D nC1
2 and β D n�1

nC1 so
that the statement about Besicovitch sets follows from Theorem 23.1.

Let Sn�1C D fe 2 Sn�1 : en > 1/2g, just to avoid antipodal points, and

A D
{
e 2 Sn�1C : Kδ(χE)(e) > λ

}
.

To prove (23.2) it is enough to estimate the measure of A. We can choose a
δ-separated set fe1, . . . , eNg � A such that N � δ1�nσ n�1(A) and tubes Tj D
T δ
ej

(aj ) for which

Ln(E \ Tj ) > λLn(Tj ) � λδn�1. (23.3)

It then suffices to show that

Ln(E) �
p
Nδn�1λ

nC1
2 . (23.4)

Let m be the smallest integer such that every point of E belongs to at most m
tubes Tj . This means that ∑

j

χE\Tj � m (23.5)
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and there is x 2 E which belongs to m tubes Tj . Integration of (23.5) over E
gives by (23.3) that

Ln(E) �
∑
j

m�1Ln(E \ Tj ) � m�1Nλδn�1. (23.6)

To make use of x assume that it belongs to the first m tubes Tj ; x 2 Tj for
j D 1, . . . , m. Let c be a positive constant depending only on n such that

Ln
(
B(x, cλ) \ T δ

e (a)
) � λ

2
Ln

(
T δ
e (a)

)
for every e 2 Sn�1, a 2 Rn; the existence of such a constant is an easy exercise.
Then by (23.3) for j D 1, . . . , m,

Ln(E \ Tj n B(x, cλ)) >
λ

2
Ln(Tj ) � λδn�1. (23.7)

By simple elementary plane geometry (this is again Córdoba’s inequality
(22.3)) there is an absolute constant b � c such that for any e, e0 2 Sn�1C , a, a0 2
Rn,

d
(
T δ
e (a) \ T δ

e0 (a0)
) � bδ

je � e0j . (23.8)

Let e0
1, . . . , e

0
m0 be a maximal bδ

cλ
-separated subset of e1, . . . , em. Here bδ

cλ
� δ

when we assume, as we of course may, that λ � 1. The balls B(e0
k,

2bδ
cλ

), k D
1, . . . , m0, cover the disjoint balls B(ej , δ/3), j D 1, . . . , m. Thus

mδn�1 � σn�1

⎛⎝ m⋃
jD1

B(ej , δ/3)

⎞⎠ � σn�1

(
m0⋃
kD1

B

(
e0
k,

2bδ

cλ

))
� m0(δ/λ)n�1,

whence m0 � λn�1m. By (23.8) the sets E \ T 0
k n B(x, cλ), k D 1, . . . , m0,

(T 0
k corresponds to e0

k) are disjoint. Therefore by (23.7),

Ln(E) � λδn�1m0 � λnδn�1m. (23.9)

Now both inequalities (23.6) and (23.9) hold. Consequently

Ln(E) � maxfλnδn�1m,m�1Nλδn�1g
�
√

(λnδn�1m)(m�1Nλδn�1) D p
Nδn�1λ

nC1
2

and (23.4) follows.
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23.2 Wolff’s hairbrushes and lower bound (n C 2)/2

Bourgain’s bushes in the above proof are bunches of tubes containing a common
point. Replacing these with Wolff’s hairbrushes, many tubes spreading out from
a fixed tube, will improve the bound (n C 1)/2 to (n C 2)/2. We give two proofs
for this. The second is a little more complicated than the first, but it gives a
better Lq estimate.

The geometric fact behind both proofs is the following lemma:

Lemma 23.3 Let α, β, γ, δ 2 (0, 1) be positive numbers, and let T D
T δ
e (a), Tj D T δ

ej
(aj ), j D 1, . . . , N , be δ-tubes in Rn. Suppose that the tubes

Tj , j D 1, . . . , N , are δ-separated and for all j D 1, . . . , N , Tj \ T 6D ∅ and
jej � ej � αβ. Then for all j D 1, . . . , N ,

#fi : jei � ej j � β, Ti \ Tj 6D ∅, d(Tj \ Ti, Tj \ T ) � γ g
� C(n, α)βδ�1γ 2�n. (23.10)

Proof As #fi : jei � ej j � βg � βn�1δ1�n, we may assume that δ is very small
as compared to γ . Keeping this in mind should help the reader to form the
proper geometric picture of the situation.

Denote by I the index set whose size we should estimate. The tubes T

and Tj contain some line segments l and lj of unit length which intersect at
an angle � β at some point, say at the origin. We can assume that l and lj
generate the (x1, x2)-plane. For i 2 I , the tube Ti meets both tubes T and Tj
in a way that the angle between Ti and Tj is at most constant, depending on
α, times the angle between T and Tj . It follows by simple plane geometry
from this and the fact d(Tj \ Ti, Tj \ T ) � γ (which is much bigger than δ)
that Ti intersects Tj outside the cγ -neighbourhood of T \ Ti for some positive
constant c depending only on n and α. This implies that the central unit segment
of Ti makes an angle � δ/γ with the (x1, x2)-plane. Moreover, ei 2 B(ej , β).
From this one concludes that

ei 2 B(ej , β) \ fx 2 Sn�1 : jxkj � c0δ/γ, k D 3, . . . , ng for i 2 I,

where c0 depends only on n. The surface measure of this set is � β(δ/γ )n�2 so
it contains � βδ�1γ 2�n δ-separated points. This implies (23.10).

Let us say that a collection Tj , j D 1, . . . , N , of δ-separated δ-tubes is
an (N, δ)-hairbrush if there is a δ-tube T such that Tj \ T 6D ∅ for all j D
1, . . . , N .
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Lemma 23.4 Suppose that Tj , j D 1, . . . , N , form an (N, δ)-hairbrush. Then
for all ε > 0 and n/(n � 1) � p � 2,∫ (

N∑
iD1

χTi

)p

� C(n, p, ε)δn�(n�1)p�εNδn�1. (23.11)

Proof We may assume that jei � ej j < 1 for all i and j , mainly in order to avoid
that far away directions would correspond to nearby tubes. Let Tj D T δ

ej
(aj ) and

let T D T δ
e (a) be the base tube which all the others intersect. For non-negative

integers k with δ � 2�k � 2, set

I (k) D fi 2 I : 2�k < jei � ej � 21�kg.
Since there are only about log(1/δ) values of k to consider, it suffices to show
that for each k,

∫ ⎛⎝∑
i2I (k)

χTi

⎞⎠p

� δn�(n�1)p�εNδn�1. (23.12)

Writing

∫ ⎛⎝∑
i2I (k)

χTi

⎞⎠p

D
∫ ⎛⎝ ∑

j2I (k)

χTj

⎞⎠⎛⎝∑
i2I (k)

χTi

⎞⎠p�1

D
∑
j2I (k)

∫
Tj

⎛⎝∑
i2I (k)

χTi

⎞⎠p�1

,

(23.12) becomes

∑
j2I (k)

∫
Tj

⎛⎝∑
i2I (k)

χTi

⎞⎠p�1

� δn�(n�1)p�εNδn�1.

Hence it suffices to show that for each j 2 I (k),

δ1�n

∫
Tj

⎛⎝∑
i2I (k)

χTi

⎞⎠p�1

� δn�(n�1)p�ε.

Fix k and j 2 I (k) and for positive integers l � k � 2 andmwith 2�l , 2�m �
δ/2, define

I (k, j, l,m) D fi 2 I (k) : 2�l < jei � ej j � 21�l , Tj \ Ti 6D ∅,

δ2mCl�1 < d(Tj \ Ti, Tj \ T ) � δ2mClg,
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and for m D 0,

I (k, j, l, 0) D fi 2 I (k) : 2�l < jei � ej j � 21�l , Tj \ Ti 6D ∅,

d(Tj \ Ti, Tj \ T ) � δ2lg.
We only consider l � k � 2, because otherwise these sets are empty. Then by
Lemma 23.3 for m � 1 and for m D 0 trivially,

#I (k, j, l,m) � 2�lδ�1(δ2mCl)2�n D 2�l(2mCl)2�nδ1�n. (23.13)

Again there are only about log(1/δ) possible values of l and m and it suffices
to show that for fixed k, j, l,m,

δ1�n

∫
Tj

⎛⎝ ∑
i2I (k,j,l,m)

χTi

⎞⎠p�1

� δn�(n�1)p.

For i 2 I (k, j, l,m) the diameter of Tj \ Ti is at most c2lδ for some posi-
tive constant c depending only on n. Hence, by the definition of I (k, j, l,m),
we only need to integrate over Tj (l, m, δ) :D fx 2 Tj : d(x, Tj \ T ) �
(1 C c)δ2mClg and for this set we have Ln(Tj (l, m, δ)) � 2mClδn. Observing
also that Ln(Tj \ Ti) � 2lδn when i 2 I (j, k, l,m) we argue using Hölder’s
inequality and (23.13)

δ1�n

∫
Tj

⎛⎝ ∑
i2I (k,j,l,m)

χTi

⎞⎠p�1

� δ1�n

⎛⎝∫
Tj

∑
i2I (k,j,l,m)

χTi

⎞⎠p�1

Ln(Tj (l, m, δ))2�p

� δ1�n

⎛⎝ ∑
i2I (k,j,l,m)

Ln(Tj \ Ti)

⎞⎠p�1

(2mClδn)2�p

� δ1�n
(
2lδn#I (k, j, l,m)

)p�1
(2mClδn)2�p

� δ1�n
(
2lδn2�l(2mCl)2�nδ1�n

)p�1
(2mClδn)2�p

D 2(n�(n�1)p)(mCl)δn�(n�1)p � δn�(n�1)p.

Theorem 23.5 Let 0 < δ < 1. Then for f 2 Ln(Rn),

kKδf kLn(Sn�1) � C(n, ε)δ
2�n
2n �εkf kLn(Rn) (23.14)

for all ε > 0. In particular, the Hausdorff dimension of every Besicovitch set
in Rn is at least (n C 2)/2.

Proof The statement about Besicovitch sets follows immediately from
Theorem 22.9.
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Let Tj D T δ
ej

(aj ), j 2 I D f1, . . . , mg, where fe1, . . . , emg is a δ-separated

subset of Sn�1 (with jei � ej j < 1 for all i and j as before). By
Proposition 22.6 it suffices to show that

∫ ⎛⎝ m∑
jD1

χTj

⎞⎠n/(n�1)

� δ
2�n

2(n�1) �εmδn�1. (23.15)

As in the proof of Lemma 23.4 this is reduced to

m∑
jD1

∫
Tj

(
m∑

iD1

χTi

)1/(n�1)

� δ
2�n

2(n�1) �εmδn�1. (23.16)

Let

I (j, k) D fi 2 I : 2�k�1 < jei � ej j � 2�kg
when j 2 I and δ � 2�k � 1. Using the elementary inequality (a C b)α �
aα C bα for positive numbers a, b and α with α � 1 we see that

∫
Tj

(
m∑

iD1

χTi

)1/(n�1)

�
Nδ∑
kD1

∫
Tj

⎛⎝ m∑
i2I (j,k)

χTi

⎞⎠1/(n�1)

C Ln(Tj ),

where Nδ � log(1/δ). The last summand is harmless, since
∑

j Ln(Tj ) �
mδn�1. Fix k and cover Sn�1 with balls B(vl, 2�k) so that the balls B(vl, 21�k)
have bounded overlap with a constant depending only on n. If i 2 I (j, k), then
ei and ej belong to the same ball B(vl, 21�k) for some l. Thus fixing a ball B
of radius 21�k , our claim is reduced to showing

∑
j2I (B)

∫
Tj

⎛⎝ ∑
i2I (B)

χTi

⎞⎠1/(n�1)

� δ
2�n

2(n�1) �εδn�1#I (B), (23.17)

where I (B) D fi 2 I : ei 2 Bg.
Let N be a positive integer to be fixed later. Now we want to extract as many

(N, δ)-hairbrushes as possible from the tubes indexed by I (B). Pick one such
hairbrush H1 (if any exists) and let H1 � I (B) be the corresponding index set.
Next choose a hairbrush H2 with indices in H2 � I (B) n H1, and so on. In this
way we find the hairbrushes Hl D fTi : i 2 Hlg, l D 1, . . . ,M , so that settting
H D H1 [ � � � [ HM and K D I (B) n H , the collection of the tubes Ti, i 2 K,

contains no (N, δ)-hairbrushes. This means that for any δ-tube T ,

#fi 2 K : Ti \ T 6D ∅g < N. (23.18)
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Since #I (B) � 2�(n�1)kδ1�n, we have

M � 2�(n�1)kδ1�n/N. (23.19)

We can estimate the sum in (23.17) with

∑
j2I (B)

∫
Tj

⎛⎝ ∑
i2I (B)

χTi

⎞⎠1/(n�1)

� S(H,H ) C S(H,K) C S(K,H ) C S(K,K),

(23.20)
where

S(H,H ) D
∑
j2H

∫
Tj

(∑
i2H

χTi

)1/(n�1)

D
∫ (∑

i2H

χTi

)n/(n�1)

,

S(K,H ) D
∑
j2K

∫
Tj

(∑
i2H

χTi

)1/(n�1)

,

S(H,K) D
∑
j2H

∫
Tj

(∑
i2K

χTi

)1/(n�1)

,

S(K,K) D
∑
j2K

∫
Tj

(∑
i2K

χTi

)1/(n�1)

.

The first term is estimated by the hairbrush lemma 23.4. For every l 2
f1, . . . ,Mg we have

∫ ⎛⎝∑
i2Hl

χTi

⎞⎠n/(n�1)

� δ�ε#Hlδ
n�1,

whence by Minkowski’s inequality

S(H,H )(n�1)/n D
∥∥∥∑

i2H

χTi

∥∥∥
n/(n�1)

�
M∑
lD1

∥∥∥∑
i2Hl

χTi

∥∥∥
n/(n�1)

�
M∑
lD1

(δ�ε#Hlδ
n�1)(n�1)/n,

and so by Hölder’s inequality

S(H,H ) �
(

M∑
lD1

(δ�ε#Hlδ
n�1)(n�1)/n

)n/(n�1)

� M1/(n�1)δ�ε#Hδn�1.
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Inserting (23.19) we get

S(H,H ) � (2�(n�1)kδ1�n/N )1/(n�1)δ�ε#I (B)δn�1. (23.21)

To estimate the second term we use Hölder’s inequality twice, the fact that the
directions of Ti and Tj make an angle roughly 2�k and (23.18) to obtain

S(K,H ) �
∑
j2K

(∫
Tj

∑
i2H

χTi

)1/(n�1)

� δn�2

� (#K)(n�2)/(n�1)

⎛⎝∑
j2K

∫
Tj

∑
i2H

χTi

⎞⎠1/(n�1)

� δn�2

D (#K)(n�2)/(n�1)

⎛⎝∑
i2H

∑
j2K

Ln(Ti \ Tj )

⎞⎠1/(n�1)

� δn�2,

� (#K)(n�2)/(n�1)

⎛⎝∑
i2H

∑
j2K,Ti\Tj 6D∅

2kδn

⎞⎠1/(n�1)

� δn�2

� (#K)(n�2)/(n�1)

(∑
i2H

N2kδ

)1/(n�1)

� δn�1

D (#K)(n�2)/(n�1)
(
#HN2kδ

)1/(n�1) �δn�1 �#I (B)
(
N2kδ

)1/(n�1) �δn�1.

Finally the third and fourth terms can be estimated in the same way to get

S(H,K) C S(K,K) � #I (B)
(
N2kδ

)1/(n�1)
δn�1.

Choosing N � 2�kn/2δ�n/2 all the above upper bounds yield

S(H,K) C S(K,H ) C S(H,K) C S(K,K) � #I (B)δ
2�n

2(n�1) �εδn�1,

as required for (23.17).

We now give a different argument. It does not improve the dimension bound,
but it gives a better maximal function estimate; (23.14) follows interpolating
(23.22) with the trivial estimate kKδf kL1(Sn�1) � kf kL1(Rn). It should also
give further insight into the situation.

Theorem 23.6 Let 0 < δ < 1. Then for f 2 L
nC2

2 (Rn),

kKδf k
L

nC2
2 (Sn�1)

� C(n, ε)δ
2�n
2Cn

�εkf k
L

nC2
2 (Rn)

(23.22)

for all ε > 0. In particular, the Hausdorff dimension of every Besicovitch set
in Rn is at least (n C 2)/2.
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Proof As before the statement about Besicovitch sets follows from
Theorem 22.9.

The proof of (23.22) is long, but much of it consists of simple reductions.
Let Tj D T δ

ej
(aj ), j D 1, . . . , m, where fe1, . . . , emg is a δ-separated subset of

Sn�1. By Corollary 22.8 we need to show that∫ ⎛⎝ m∑
jD1

χTj

⎞⎠q

� δ
2�n
n

�ε (23.23)

for all ε > 0 with q D (n C 2)/n � 2.
We may assume that jei � ej j < 1/4 for all i and j in order to avoid that

far away directions would correspond to nearby tubes and for slight technical
convenience later. We shall use a ‘bilinear approach’, that is, we write the qth
power of the left hand side of (23.23) as

∫ ⎛⎝ m∑
jD1

χTj

⎞⎠q

D
∫ ⎛⎜⎝

⎛⎝ m∑
jD1

χTj

⎞⎠2
⎞⎟⎠

q/2

D
∫ ⎛⎝∑

i,j

χTi χTj

⎞⎠q/2

.

Next we split this double sum into parts according to the distance (or angle)
between the directions. Let N be the smallest integer such that 2�N < δ and
set

I0 D f1, . . . , mg,
Jk D f(i, j ) 2 I0 
 I0 : 2�k � jei � ej j < 21�kg, k D 1, . . . , N.

Now we have ∑
i,j

χTiχTj D
N∑

kD1

∑
(i,j )2Jk

χTiχTj C 2
∑
i2I0

χTi .

Since q/2 � 1, we have the elementary inequality (a C b)q/2 � aq/2 C
bq/2, a, b � 0. Applying this we obtain

∫ (
m∑

iD1

χTi

)q

�
N∑

kD1

∫ ⎛⎝ ∑
(i,j )2Jk

χTi χTj

⎞⎠q/2

C 2
∫ ⎛⎝∑

i2I0

χTi

⎞⎠q/2

.

Since there are about log(1/δ) values of k, the theorem will follow if we can
prove for every k D 1, . . . , N ,

∫ ⎛⎝ ∑
(i,j )2Jk

χTi χTj

⎞⎠q/2

� δ
2�n
n

�ε, (23.24)
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because the estimate for the sum corresponding to I0 is trivial: as q/2 � 1,

∫ ⎛⎝∑
i2I0

χTi

⎞⎠q/2

�
∫ ∑

i2I0

χTi � 1.

So fix k 2 f1, . . . , Ng. Cover Sn�1 with balls B(vl, 2�k), l D 1, . . . , Nk �
2(n�1)k . Then for every pair (i, j ) 2 Jk , ei, ej 2 Bl :D B(vl, 22�k) for some l.
It follows that

∫ ⎛⎝ ∑
(i,j )2Jk

χTi χTj

⎞⎠q/2

�
Nk∑
lD1

∫ ⎛⎝ ∑
(i,j )2Jk,ei ,ej2Bl

χTiχTj

⎞⎠q/2

.

As Nk � 2(n�1)k we are reduced to showing for every l,

∫ ⎛⎝ ∑
(i,j )2Jk,ei ,ej2Bl

χTiχTj

⎞⎠q/2

� 2�(n�1)kδ
2�n
n

�ε. (23.25)

Our next step will be to reduce this essentially to the case k D 1, that is,
jei � ej j � 1. Thus we claim that it suffices to prove that

∫ ⎛⎝ ∑
(i,j )2K

χTiχTj

⎞⎠q/2

� δ
2�n
n

�ε, (23.26)

provided

K D f(i, j ) : jei � ej j > 2c0g,
where c0 is a positive constant depending only on n, Ti D T δ

ei
(ai), i D 1, . . . , m,

and fe1, . . . , emg is a δ-separated subset of Sn�1.
So suppose we know (23.26). Let k � 3 and l be as above; we may

assume that vl D (0, . . . , 0, 1). Consider the linear mapping L,L(x) D
(2k�1x1, . . . , 2k�1xn�1, 2�1xn). Then detL D 2(n�1)(k�1)�1 and χTj ı L�1 D
χL(Tj ). By change of variable,

∫ ⎛⎝ ∑
(i,j )2Jk,ei ,ej2Bl

χTiχTj

⎞⎠q/2

D 21�(n�1)(k�1)
∫ ⎛⎝ ∑

(i,j )2Jk,ei ,ej2Bl

χL(Ti )χL(Tj )

⎞⎠q/2

.

For a sufficiently small absolute constant c0
0 > 0 the sets L(Ti) are contained in

2k�1δ-tubes whose directions e0
i satisfy je0

i � e0
j j > c0

0 for the pairs (i, j ) which
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appear in the above sum. We can therefore apply our assumption (23.26) to get∫ ⎛⎝ ∑
(i,j )2Jk,ei ,ej2Bl

χTiχTj

⎞⎠q/2

� 2�(n�1)k(2kδ)
2�n
n

�ε � 2�(n�1)kδ
2�n
n

�ε.

Let us make one more reduction: partition Sn�1 into disjoint subsets Sl, l D
1, . . . , N (n), of diameter less than c0/2. Then for any (i, j ) 2 K there are k and
l, k 6D l, such that ei 2 Sk and ej 2 Sl . To prove (23.26) it suffices to consider
each such pair (k, l) separately. That is, it suffices to prove that∫ ⎛⎝(∑

i2I

χTi

)⎛⎝∑
j2J

χTj

⎞⎠⎞⎠q/2

D
∫ ⎛⎝ ∑

i2I,j2J

χTiχTj

⎞⎠q/2

� δ
2�n
n

�ε

(23.27)

where I, J � f1, . . . , mg such that jei � ej j > c0 when i 2 I, j 2 J and m �
δ1�n.

For μ, ν 2 f1, . . . , mg, set

Eμ,ν D
⎧⎨⎩x : μ �

∑
i2I

χTi (x) < 2μ, ν �
∑
j2J

χTj (x) < 2ν

⎫⎬⎭ .

Then we have for the left hand side of (23.27)∫ ⎛⎝(∑
i2I

χTi

)⎛⎝∑
j2J

χTj

⎞⎠⎞⎠q/2

D
∑
μ,ν

∫
Eμ,ν

⎛⎝(∑
i2I

χTi

)⎛⎝∑
j2J

χTj

⎞⎠⎞⎠q/2

�
∑
μ,ν

(4μν)q/2Ln(Eμ,ν),

where the summation is over the dyadic integers μ and ν of the form 2l �
m, l � 0. There are only � log(1/δ)2 pairs of them. Thus we can find such a
pair (μ, ν) for which∫ ⎛⎝⎛⎝∑

j2I

χTi

⎞⎠⎛⎝∑
j2J

χTj

⎞⎠⎞⎠q/2

� δ�ε(μν)q/2Ln(Eμ,ν).

Taking also into account that q D (n C 2)/n, the required inequality (23.27) is
now reduced to

(μν)(nC2)/(2n)Ln(Eμ,ν) � δ(2�n)/n�ε. (23.28)

Keeping fixed the pair (μ, ν) which we found, we define for dyadic rationals κ
and λ of the form 2�l , l D 0, 1, . . . ,

Iκ D fi 2 I : (κ/2)Ln(Ti) < Ln(Ti \ Eμ,ν) � κLn(Ti)g,
Jλ D fj 2 J : (λ/2)Ln(Tj ) < Ln(Tj \ Eμ,ν) � λLn(Tj )g.
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By the definition of Eμ,ν ,∫
Eμ,ν

∑
i2I

∑
j2J

χTiχTj � μνLn(Eμ,ν).

We can write this as∑
κ,λ

∫
Eμ,ν

∑
i2Iκ

∑
j2Jλ

χTiχTj � μνLn(Eμ,ν),

where the summation in κ and λ is over dyadic rationals as above. To prove
(23.28) we may assume μνLn(Eμ,ν) � 1. Then we can restrict κ and λ to be
at least δn, since, for example,∑

κ�δn

∫
Eμ,ν

∑
i2Iκ

∑
j2Jλ

χTiχTj �
1∑
lD1

∑
2�l δn�κ�21�l δn

#J
∫
Eμ,ν

∑
i2Iκ

χTi

� δ1�n

1∑
lD1

∑
i2I

21�lδnLn(Ti) � δ.

Thus we again have only � log(1/δ) values to consider and we find and fix κ

and λ for which

μνLn(Eμ,ν) � δ�ε

∫
Eμ,ν

∑
i2Iκ

∑
j2Jλ

χTiχTj . (23.29)

Then by the definition of Eμ,ν ,

μνLn(Eμ,ν) � δ�εν

∫
Eμ,ν

∑
i2Iκ

χTi D δ�εν
∑
i2Iκ

Ln(Eμ,ν \ Ti)

� δ�ενκ
∑
i2Iκ

Ln(Ti) � δ�ενκ#Iκδ
n�1 � δ�ενκ.

Thus

μLn(Eμ,ν) � δ�εκ. (23.30)

By (23.29) we find and fix j 2 Jλ such that

δn�1μνLn(Eμ,ν) � δ�ε

∫ ∑
i2Iκ

χTi χTj D δ�ε
∑
i2Iκ

Ln(Ti \ Tj ).

Since above the directions of Ti and Tj are separated by c0, it follows that
Ln(Ti \ Tj ) � δn, and we conclude

δn�1μνLn(Eμ,ν) � δn�ε#fi 2 Iκ : Ti \ Tj 6D ∅g.
Now we have found a useful hairbrush: tubes Ti , on the number of which we
have a good lower bound, intersecting a fixed tube Tj . Next we shall make use
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of this in a somewhat similar manner as we used Bourgain’s bushes in the proof
of Theorem 23.2.

So now we have fixed μ, ν, κ, λ and j 2 Jλ. Let

Ĩ D fi 2 Iκ : Ti \ Tj 6D ∅g
so that

δ�1μνLn(Eμ,ν) � δ�ε#Ĩ . (23.31)

Then for i 2 Ĩ , Ln(Ti \ Eμ,ν) > (κ/2)Ln(Ti). Let Lj be the line containing
the central segment of Tj . By simple geometry there is a positive constant b
depending only on n such that when we set

U D fx 2 Rn : d(x, Lj ) > 2bκg,
we have for i 2 Ĩ , Ln(Ti n U ) < (κ/4)Ln(Ti); recall that the directions ei and
ej of Ti and Tj satisfy jei � ej j > c0. Therefore

Ln(Ti \ Eμ,ν \ U ) � (κ/4)Ln(Ti).

Summing over i gives ∫
Eμ,ν

∑
i2Ĩ

χTi\U � κδn�1#Ĩ .

By Schwartz’s inequality,

κδn�1#Ĩ �

∥∥∥∥∥∥
∑
i2Ĩ

χTi\U\Eμ,ν

∥∥∥∥∥∥
2

Ln(Eμ,ν)1/2.

We shall prove that∥∥∥∥∥∥
∑
i2Ĩ

χTi\U\Eμ,ν

∥∥∥∥∥∥
2

� (κ2�nδn�1�ε#Ĩ )1/2. (23.32)

Let us first see how we can complete the proof of the theorem from this.
Combining (23.32) with the previous inequality, we obtain

κnδn�1�ε#Ĩ � Ln(Eμ,ν).

Bringing in (23.31) we get

κnδn�2μν � δ�ε.

Recalling also (23.30) this gives

μnC1νLn(Eμ,ν)n � δ2�n�ε.
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Interchanging μ and ν,

μνnC1Ln(Eμ,ν)n � δ2�n�ε.

Thus

Ln(Eμ,ν)n �
√

(μ�n�1ν�1δ2�n�ε)(μ�1ν�n�1δ2�n�ε) D (μν)�(nC2)/2δ2�n�ε,

which is the desired inequality (23.28).
We still have left to prove (23.32). The square of the left hand side of it is

∫ ⎛⎝∑
i2Ĩ

χTi\U\Eμ,ν

⎞⎠2

D
∑
i,i02Ĩ

Ln(Ti \ Ti0 \ U \ Eμ,ν).

If κ � δ,∑
i,i02Ĩ

Ln(Ti \ Ti0 \ U \ Eμ,ν) � κδn�1(#Ĩ )2 � κ#Ĩ � κ2�nδn�1#Ĩ ,

and (23.32) follows. Hence we assume from now on that bκ � 2δ, where b is
as before. Then (23.32) follows provided we can show for every i0 2 Ĩ ,∑

i2Ĩ

Ln(Ti \ Ti0 \ U ) � κ2�nδn�1. (23.33)

Obviously it suffices to sum over i 6D i0. We split this into the sums over

Ĩk D fi 2 Ĩ : 2�k � jei � ei0 j < 21�k, Ti \ Ti0 \ U 6D ∅g,
k D 1, . . . , N � log(1/δ) :∑

i2Ĩ

Ln(Ti \ Ti0 \ U ) D
N∑

kD1

∑
i2Ĩk

Ln(Ti \ Ti0 \ U ) �
N∑

kD1

#Ĩk2kδn,

since, as before, by simple geometry, Ln(Ti \ Ti0 \ U ) � 2kδn for i 2 Ĩk . Once
more we use the fact that there are no more than about log(1/δ) terms in this
sum to reduce (23.33) to

#Ĩk2kδn � κ2�nδn�1. (23.34)

To see where this geometric fact follows from let us recall the situation. We
have fixed the two tubes Tj D T δ

ej
(aj ) and Ti0 D T δ

ei0
(ai0 ) which intersect at an

angle � 1. For i 2 Ĩk , the tube Ti D T δ
ei

(ai) meets both tubes Tj and Ti0 . It
intersects Ti0 in U . Since bκ � 2δ it therefore intersects Ti0 outside the bκ-
neighbourhood of Tj by the definition of U . Moreover, jei � ei0 j < 21�k . Thus
Lemma 23.3 implies (23.34) and completes the proof of the theorem.
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23.3 Bourgain’s arithmetic method and lower
bound cn C 1 � c

In this section we use an arithmetic method introduced by Bourgain and devel-
oped further by Katz and Tao to improve the dimension bounds for the Besi-
covitch sets in high dimensions. The new bounds behave for large n like cn

with some constant c > 1/2, while the earlier bounds behave like n/2.
Recall from Definition 2.1 that the lower Minkowski dimension of a bounded

set A � Rn is

dimMA D inffs > 0 : lim inf
δ!0

δs�nLn(A(δ)) D 0g,

where A(δ) D fx : d(x,A) < δg is the open δ-neighbourhood of A.
We first prove a lower bound for the lower Minkowski dimension of Besi-

covitch sets. Then, using some deep number theoretic results which we do not
prove, we extend this to Hausdorff dimension.

Theorem 23.7 For any bounded Besicovitch set B in Rn, dimMB � 6n/11 C
5/11.

Note that this improves, for the Minkowski dimension, Wolff’s lower bound
(n C 2)/2 when n > 12.

Proof We shall prove the theorem for slightly modified Besicovitch sets. We
leave it to the reader to check that the proof can be modifed for the general case.
Namely, we assume that for every v 2 [0, 1]n�1 there is x 2 [0, 1]n�1 such that
B contains the line segment

I (x, v) :D f(x, 0) C t(v, 1) : 0 � t � 1g.
We make the counterassumption that dimMB < cn C 1 � c for some c < 6/11
and try to achieve a contradiction. By the definition of the Minkowski dimension

Ln(B(2δ)) � δ(1�c)(n�1)

for some arbitrarily small δ > 0, which we now fix for a moment. For any
A � Rn let

A(t) D A \ (Rn�1 
 ftg)

be the horizontal slice of A at the level t . By Fubini’s theorem∫ 1

0
Ln�1(B(2δ)(t))dt � δ(1�c)(n�1),
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so Chebyshev’s inequality gives,

L1(ft 2 [0, 1] : Ln�1(B(2δ)(t)) > 100δ(1�c)(n�1)g) < 1/100.

Setting

A D ft 2 [0, 1] : Ln�1(B(2δ)(t)) � 100δ(1�c)(n�1)g
we haveL1(A) > 99/100. From this it follows that there are s, s C d, s C 2d 2
A with d D 1/10; otherwise [0, 1/2] would be covered with the complements
of A, A � d and A � 2d, which is impossible. In the rest of the argument we
only use these three slices and we can assume that s D 0 and d D 1/2 so that
our numbers are now 0, 1/2 and 1.

For t 2 [0, 1] set

B[t] D fi 2 δZn�1 : (i, t) 2 B(δ)g.
Then the balls B((i, t), δ/3), i 2 B[t], are disjoint and contained in B(2δ).
Combining this with the fact that 0, 1/2, 1 2 A we obtain by a simple measure
comparison

#B[0], #B[1/2], #B[1] � δc(1�n). (23.35)

Define for u, v 2 Rn�1 the δ-tubes Tδ(u, v) D fy 2 Rn : d(y, I (u, v)) < δg,
modified to our situation, and

G D f(x, y) 2 B[0] 
 B[1] : (x, 0), (y, 1) 2 Tδ(u, v) � B(δ) for some

u, v 2 [0, 1]n�1g.
Then

#fx C y 2 G : (x, y) 2 Gg � δc(1�n)

and

#fx � y 2 G : (x, y) 2 Gg � δ1�n.

To check the first of these inequalities observe that for (x, y) 2 G, ((x C y)/2,
1/2) belongs to the same tube as (x, 0) and (x, 1), so it belongs to B(δ).
Since it also belongs to 1

2δZ
n�1, the cardinality of fx C y 2 G : (x, y) 2 Gg

is dominated by the cardinality of B[1/2], and the first inequality follows.
The second inequality is a consequence of the Besicovitch property of B:
there are roughly δ1�n δ-tubes with δ-separated directions contained in B(δ),
each of these contains points (x, 0) and (y, 1) for some (x, y) 2 G and for
different tubes the differences x � y, essentially the directions of these tubes,
are different.
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So the sum set of G is small and its difference set is large. From this we
immediately obtain a contradiction using the following proposition:

Proposition 23.8 Let ε0 D 1/6. Suppose that A and B are finite subsets of
λZm for some m 2 N and λ > 0, #A � N and #B � N . Suppose also that
G � A 
 B and

#fx C y 2 G : (x, y) 2 Gg � N. (23.36)

Then

#fx � y 2 G : (x, y) 2 Gg � N2�ε0 . (23.37)

This is a purely combinatorial proposition and, as will be clear from the
proof, it holds for any free Abelian group in place of λZm. Theorem 23.7
follows applying the proposition to what we did before with N D δ6(1�n)/11 if
δ is sufficiently small.

Observe that the proposition is trivial for ε0 D 0. The application of this
gives anyway dimMB � (n C 1)/2, which is not completely trivial but much
less than we already know. In general, the above argument gives that if the
proposition is valid with ε0, then dimMB � (n C 1 � ε0)/(2 � ε0) for every
Besicovitch set B in Rn.

If this proposition holds for all ε0 < 1, the Kakeya conjecture would follow.
But this is not so: one cannot take ε0 larger than 2 � log 6/ log 3 D 0.39907 . . . .
This follows from the example where

A D B D f0, 1, 3g � Z

and

G D f(0, 1), (0, 3), (1, 0), (1, 3), (3, 0), (3, 1)g.
Then #A D #B D 3 D N ,

#fx C y 2 G : (x, y) 2 Gg D f1, 3, 4g D N,

and

#fx � y 2 G : (x, y) 2 Gg D f�3,�2,�1, 1, 2, 3g D 6.

In order to have 6 � 32�ε0 we need ε0 � 2 � log 6/ log 3.
In the applications we only need #fx � y 2 G : (x, y) 2 Gg � N2�ε0 for

large sets, but the same restriction is needed even then: replace A,B and G

with AM,BM and GM with a large integer M .

Proof of Proposition 23.8 We begin the proof of Proposition 23.8 with the
following combinatorial lemma:
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Lemma 23.9 Let X and A1, . . . , Am be non-empty finite sets and let fj : X !
Aj , j D 1, . . . , m, be arbitrary functions. Then

#f(x0, . . . , xm) 2 XmC1 : fj (xj�1) D fj (xj ) for all j D 1, . . . , mg
� (#X)mC1

�m
jD1#Aj

. (23.38)

Proof We prove this by induction on m. The lemma is trivial for m D 0, but we
could also begin the induction from m D 1, because by Schwartz’s inequality

(#X)2 D
(∑

a2A1

#fx : f1(x) D ag
)2

�
∑
a2A1

(#fx : f1(x) D ag)2#A1

D
∑
a2A1

#f(x, y) : f1(x) D f1(y) D ag#A1 D #f(x, y) : f1(x) D f1(y)g#A1.

Suppose then that (23.38) holds for some m � 1 in place of m.
We say that a 2 Am is popular if

#fx 2 X : fm(x) D ag � #X

2#Am

.

Let

X0 D fx 2 X0 : fm(x) is popularg.

For every unpopular a 2 Am there are at most #X/(2#Am) elements x 2 X with
fm(x) D a, whence at most #X/2 are mapped to unpopular elements and the
rest to popular ones. This means that

#X0 � #X/2. (23.39)

Applying the induction hypothesis to X0 we have

#f(x0, . . . , xm�1) 2 (X0)m : fj (xj�1) D fj (xj ) for j D 1, . . . , m � 1g
� (#X0)m

�m�1
jD1 #Aj

.

Since here xm�1 2 X0 and so fm(xm�1) is popular, we get

#f(x0, . . . , xm) 2 (X0)m 
 X : fj (xj�1) D fj (xj ) for j D 1, . . . , mg
� (#X0)m

�m�1
jD1 #Aj

#X

2#Am

.
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Combined with (23.39) this gives

#f(x0, . . . , xm) 2 XmC1 : fj (xj�1) D fj (xj ) for j D 1, . . . , mg

� 2�m�1 (#X)mC1

�m
jD1#Aj

.

We need to get rid of the factor 2�m�1. To do this we choose a large integer
M and apply what we proved so far with X,Aj replaced by XM,AM

j and fj
replaced by fM

j : XM ! AM
j defined by

fM
j (x1, . . . , xM ) D (fj (x1), . . . , fj (xM )).

Then

(#f(x0, . . . , xm) 2 XmC1 : fj (xj�1) D fj (xj ) for j D 1, . . . , mg)M

� 2�m�1

(
(#X)mC1

�m
jD1#Aj

)M

.

Taking the Mth root, and letting M ! 1 completes the proof of the lemma.

Using this lemma we now prove Proposition 23.8. Set

C D fx C y 2 G : (x, y) 2 Gg.
By removing some elements from G we may assume that the map (a, b) 7!
a � b is injective on G. Thus we have that A,B and C have cardinalities at
most N and we have to show that #G � N11/6. Define

V D f(a, b, b0) 2 A 
 B 
 B : (a, b), (a, b0) 2 Gg.
Applying Lemma 23.9 withm D 1 and f1 : G ! A, f1(a, b) D a,we find that

#V � (#G)2

N
. (23.40)

Next we shall apply Lemma 23.9 with m D 3 and

f1 : V ! C 
 C, f1(a, b, b0) D (a C b, a C b0),
f2 : V ! B 
 B, f2(a, b, b0) D (b, b0),
f3 : V ! C 
 B, f3(a, b, b0) D (a C b, b0).

Define

S D f(v0, v1, v2, v3) 2 V 4 : f1(v0) D f1(v1), f2(v1) D f2(v2),

f3(v2) D f3(v3)g.
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Then by Lemma 23.9,

#S � (#V )4

N6
. (23.41)

Write vi D (ai, bi, b0
i) for i D 0, 1, 2, 3 and define

g : S ! V 
 A 
 B, g(v0, v1, v2, v3) D (v0, a2, b3).

We claim that g is injective. To prove this observe first that if (v0, v1, v2, v3) 2 S,
then

a0 C b0 D a1 C b1, a0 C b0
0 D a1 C b0

1, (23.42)

because f1(v0) D f1(v1),

b1 D b2, b0
1 D b0

2, (23.43)

because f2(v1) D f2(v2),

a2 C b2 D a3 C b3, b0
2 D b0

3, (23.44)

because f3(v0) D f3(v1). Using (23.42) and (23.43) we get

b0 � b0
0 D (a1 C b1 � a0) � (a1 C b0

1 � a0) D b1 � b0
1 D b2 � b0

2. (23.45)

By (23.44) and (23.45),

a3 � b0
3 D a2 C b2 � b3 � b0

3 D a2 C b2 � b0
2 � b3 D a2 C b0 � b0

0 � b3.

(23.46)

Suppose now that (v0, v1, v2, v3), (ṽ0, ṽ1, ṽ2, ṽ2) 2 S with g(v0, v1,

v2, v3) D g(ṽ0, ṽ1, ṽ2, ṽ2). We want to show that vi D ṽi for i D 0, 1, 2, 3.
By the definition of g,

v0 D ṽ0, a2 D ã2, b3 D b̃3. (23.47)

Using this and the analogue of (23.46) for the ṽi we obtain

a3 � b0
3 D ã3 � b̃0

3.

Since (a, b) 7! a � b is injective on G and (a3, b
0
3), (ã3, b̃

0
3) 2 G, we get

(a3, b
0
3) D (ã3, b̃

0
3), so v3 D ṽ3. Then (23.44) and (23.47) give v2 D ṽ2. Finally

(23.42) and (23.43) lead to v1 D ṽ1.
Now that g is injective, we have

#S � #(V 
 A 
 B) � N2#V.

Combining this with (23.41), we get

#V � N8/3,
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and then (23.40) yields the desired inequality

#G � p
N#V � N11/6.

Recalling what we said earlier, this completes the proof of Theorem 23.7.

We shall now extend Theorem 23.7 to Hausdorff dimension. For that we
need the following deep number theoretic result which we shall not prove here.

Proposition 23.10 There are positive numbers M0 and c with the following
property: if M > M0 and S � f1, . . . ,Mg has cardinality at least M/(logM)c,
then S contains an arithmetic progression of length 3; there are i, i C j, i C
2j 2 S.

This was proved by Heath-Brown [1987]. It generalized a classical result of
Roth [1953] which required the lower bound M/ log logM .

Theorem 23.11 For any Besicovitch set B in Rn, dimB � 6n/11 C 5/11.

Proof We assume that B � [0, 1]n. We can make this reduction because the
proof will only use that for some S � Sn�1 with σn�1(S) > 0 and some d > 0
the set B contains for every e 2 S a line segment of length d in direction e, and
B can be written as a countable union of such sets with diameter less than 1.

Let s > dimB, 0 < ε < 1 and 0 < η < 1. Set

δk D 2�2ηk , k D 1, 2, . . . ,

so log log(1/δk) D ηk log 2 C log log 2. We choose η so small that 2η < 1 C
ε/s, then δsCε

k < δskC1. For k0 2 N we can cover B with open balls Bi such that
d(Bi) < δk0 and

∑
i d(Bi)s < 1. Writing for k D k0, k0 C 1, . . . ,

Ik D fi : δkC1 < d(Bi) � δkg and Nk D #Ik,

we have Nkδ
sCε
k < 1. Let

Ek D
⋃
i2Ik

Bi.

Then

N (Ek, δk) � Nk < δ�s�ε
k , (23.48)

where N (A, δ) denotes the smallest number of balls of radius δ needed to cover
the set A.

For every e 2 Sn�1 there is a unit line segment Ie � [kEk with direction
e. It is easy to see that we can choose these segments in such a way that
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e 7! H1(Ek \ Ie) is a Borel function for every k. We only use the segments
Ie with e � en > 1/2 where en D (0, . . . , 0, 1). If k0 is large enough so that∑1

kDk0
1/k2 is smaller than σn�1(Sn�1) and 1, it follows that there are k � k0

and a closed set S � fe 2 Sn�1 : e � en > 1/2g such that

H1(Ek \ Ie) > 1/k2 for e 2 S and 1/k2 < σn�1(S) < 1.

Otherwise σn�1(fe : H1(Ek \ Ie) > 1/k2g) � 1/k2 for all k � k0, whence

σn�1(fe : H1(Ek \ Ie) > 1/k2 for some k � k0g) �
1∑

kDk0

1/k2 < σn�1(Sn�1),

and we could find e 2 Sn�1 such that H1(Ek \ Ie) � 1/k2 for all k � k0, which
is impossible since Ie is covered with the sets Ek .

Now we fix this k, set δ D δk and let N be the integer for which N �
δη�1 < N C 1 and M an integer such that MNδ > 1 and M � δ�η. Define for
i D 0, 1, . . . ,M , and j D 0, 1, . . . , N � 1,

Aj,i D fx 2 Rn : jδ C iNδ � xn < jδ C iNδ C δg,

Aj D
M⋃
iD0

Aj,i,

Ek,j D Ek \ Aj ,

Ie,j D Ie \ Aj for e 2 S.

Then, as e � en > 1/2,

H1(Ie,j ) � Mδ � δ1�η � 1

N
,

and ∫
S

N�1∑
jD0

H1(Ek,j \ Ie,j )dσn�1e D
∫
S

H1(Ek \ Ie)dσ
n�1e > 1/k4.

Let

J D
{
j 2 f0, 1, . . . , N � 1g :

∫
S

H1(Ek,j \ Ie,j )dσn�1e � 1/(2Nk4)

}
.

Then

1/k4 <

N�1∑
jD0

∫
S

H1(Ek,j \ Ie,j )dσn�1e � 1

N
#J C 1

2Nk4
N,

whence

#J > N/(2k4) � δη�1/k4 � δ2η�1. (23.49)
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Similarly for j 2 J there is a closed Sj � S for which

H1(Ek,j \ Ie,j ) > 1/(4Nk4) for e 2 Sj and σn�1(Sj ) > 1/(4k4).

For e 2 Sj set

Ie,j D fi 2 f1, . . . ,Mg : Ek,j \ Ie,j \ Aj,i 6D ∅g.
Then

1/(4Nk4) < H1(Ek,j \ Ie,j ) � #Ie,j2δ,

so

#Ie,j > 1/(8δNk4) � δ�η/k4 � M/k4.

Recall that k �η log log(1/δ) �η log logM . Hence, if δ is sufficiently small, we
can use Proposition 23.10 to find i, i C i0, i C 2i0 2 Ie,j . This is the reason we
used the double dyadic power; 2�ck would not have been enough. Consequently,
for every e 2 Sj there are

ae, be 2 Ek,j (nδ) \ Ie,j (nδ) \ δZn such that

(ae C be)/2 2 Ek,j (nδ) \ Ie,j (nδ) \ δZn

and ae and be belong to different setsAj,i . The setsAj,i for different indices i are
at least distance Nδ � δ � δη apart. Thus if δ is sufficiently small, jae � bej >
δη/2.

We now apply Proposition 23.8 with A D fae : e 2 Sj g, B D fbe : e 2 Sj g
and G D A 
 B. Then

#A, #B, #fx C y : (x, y) 2 Gg � #(Ek,j (nδ) \ δZn) � N (Ek,j , δ),

where the last inequality is easily checked. Thus Proposition 23.8 gives

#fx � y : (x, y) 2 Gg � N (Ek,j , δ)11/6.

Since ae and be are in the nδ-neighbourhood of Ie and jae � bej > δη/2 for
e 2 Sj , it follows that balls roughly of radius δ1�η centred at the unit vectors
(ae � be)/jae � bej, e 2 Sj , cover Sj . This implies, as σn�1(Sj ) > 1/(4k4),

#fae � be : e 2 Sj g � δ(η�1)(n�1)/k4 � δ(2η�1)(n�1).

We have also #fae � be : e 2 Sj g D #fx � y : (x, y) 2 Gg, whence

δ(2η�1)(n�1) � #fx � y : (x, y) 2 Gg � N (Ek,j , δ)11/6.
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The sets Ek,j , Ek,j 0 for jj � j 0j > 2 are separated by a distance bigger than
2δ. Therefore by (23.49),

δ(6/11)(2η�1)(n�1)C2η�1 � δ(6/11)(2η�1)(n�1)#J �
∑
j2J

N (Ek,j , δ) � N (Ek, δ).

Recalling (23.48) we obtain δ(6/11)(2η�1)(n�1)C2η�1 � δ�s�ε, which gives
(6/11)(1 � 2η)(n � 1) � 2η C 1 � s C ε. We can choose ε and η as small as
we wish, so s � (6/11)(n � 1) C 1 D (6/11)n C 5/11. Letting s ! dimB, the
theorem follows.

23.4 Further comments

The lecture notes of Tao [1999b] and of Iosevich [2000] have been very helpful
for the presentation of this chapter.

The lower bound (n C 1)/2 for the Hausdorff dimension of Besicovitch sets
is due to Drury [1983], although he did not state it explicitly. The explicit
L(nC1)/2 estimate for the Nikodym maximal function was proved by Christ,
Duoandikoetxea and Rubio de Francia [1986].

Drury proved the following estimate for the X-ray transform

Xf (L) D
∫
L

f, L � Rn, L a line in Rn :

kXf kLq (λ) � kf kLp(Rn) for 1 � p < (n C 1)/2, n/p � (n � 1)/q D 1.
(23.50)

The measure λ on the space of lines can be defined for example as∫
F (L)dλL D

∫
Sn�1

∫
e?

F (Le,v)dHn�1vdσn�1e,

where Le,v D fv C te : t 2 Rg.
Such estimates are very close to Kakeya estimates. We shall discuss them

a bit more in Chapter 24. Let us quickly see how (23.50) yields the lower
bound (n C 1)/2 for the lower Minkowski dimension of Besicovitch sets in
Rn. Arguments as in the proof of Theorem 22.9 then give it for the Hausdorff
dimension, too.

If dimB < s for some s > 0, we can find arbitrarily small δ > 0 such that
for the δ-neighbourhood B(δ) of B, Ln(B(δ)) � δn�s . Let f be the charac-
teristic function of B(δ). Then kf kLp(Rn) � δ(n�s)/p. For each e 2 Sn�1 the
set of v 2 e? for which H1(B(δ) \ Le,v) � 1 has measure � δn�1. This gives
kXf kLq (λ) � δ(n�1)/q . Combining these estimates with (23.50) with p close to
(n C 1)/2, thus q close to n C 1, gives that s cannot be much smaller than
(n C 1)/2, as desired.
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The method with ‘bushes’, bunches of tubes containing a common point, is
due to Bourgain [1991a]. Bourgain improved the lower bound (n C 1)/2 and the
corresponding Kakeya and Nikodym maximal function estimates. This method
also led to the non-existence of (n, k) Besicovitch sets for 2k�1 C k � n (which
we shall discuss in the next chapter), to the first partial results on the restriction
conjecture better than those following from the Stein–Tomas theorem by inter-
polation, and to some improvements on Bochner–Riesz multiplier estimates.

Bourgain’s Kakeya estimates in R3 were proved again by Schlag [1998]
with an interesting geometric method.

Wolff [1995] developed further Bourgain’s method introducing the hair-
brushes. He simultaneously derived the same estimate for the Nikodym max-
imal function by axiomatizing the situation. Thus he proved Theorem 23.6
which still to date gives the best known lower bound (n C 2)/2 for the Haus-
dorff dimension of Besicovitch sets in dimensions 3 and 4, and the best known
Kakeya and Nikodym maximal function estimates in dimensions 3 � n � 8.
Employing Bourgain’s [1991a] machinery he also improved the restriction esti-
mates. These however have later been surpassed by multilinear methods which
we shall discuss in the last chapter. The proof given here for Theorem 23.5 is
due to Katz, it was also used by Wisewell [2005] for curved Kakeya sets. The
proof of Theorem 23.6 was taken from the lecture notes of Tao [1999b]. Both
of these proofs are different and simpler than Wolff’s original proof.

An essential technical point in the arguments for Bourgain’s theorem 23.2
and Wolff’s theorem 23.6 is to avoid situations where a set under consideration
would be too much concentrated in small parts of tubes. Wolff [1995] made
this more explicit and this principle is often called two-ends reduction. Tao
discusses it in Tao [2011], Section 4.4.

Section 23.3 is part of the recent developments in additive combinatorics
and their applications to various fields. The book of Tao and Vu [2006] gives
an excellent detailed overview of this topic. Bourgain [1999] introduced the
arithmetic method discussed here. He proved Proposition 23.8 with ε0 D 1/13.
This gives by the above argument involving slicing and triples in arithmetic
progression that the Hausdorff dimension of all Besicovitch sets in Rn is at
least 13

25n C 12
25 . Bourgain also used this method to get Lp estimates for the

Kakeya maximal operator. Katz and Tao [1999] further improved the Haus-
dorff dimension estimate to 6

11n C 5
11 with the proof which we presented here;

Proposition 23.8 with ε0 D 1/6 is due to them. For the Minkowski dimension
they got a further improvement: dimMB � 4

7n C 3
7 . For this they showed that

(23.37) holds with ε0 D 1/4 if one adds the assumption

#fx C 2y 2 G : (x, y) 2 Gg � N.
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One applies this using four slices ofB instead of three. The transfer to Hausdorff
dimension does not work anymore as there are not sufficient estimates for
arithmetic progressions of length four. The Hausdorff estimate is better than
Wolff’s nC2

2 if n > 12 and the Minkowski estimate if n > 8.
Later on Katz, Łaba and Tao [2000] combined arithmetic and geometric

ideas to get deep structural information about Besicovitch sets. In particular,
they proved that the upper Minkowski dimension of Besicovitch sets in R3

is greater than 5/2 C ε for some absolute constant ε > 0. For the Hausdorff
dimension Wolff’s bound 5/2 is still the best that is known. Łaba and Tao
[2001a] extended the nC2

2 C εn Minkowski bound to all n. Finally Katz and
Tao [2002a] developed the arithmetic methods further with sophisticated iter-
ations and improved the Minkowski bound when n � 7, the Hausdorff bound
when n � 5, and Kakeya maximal function inequalities when n � 9, as stated
below. An excellent survey on this progress can be found in Katz and Tao
[2002b].

Here is a summary of the best bounds known at the moment for n � 3, ε0

is a very small absolute constant, ε0 D 10�10 suffices, and α is the biggest root
of the equation α3 � 4α C 2 D 0, that is, α D 1.67513 . . . : for a Besicovitch
set B � Rn,

dimB � n C 2

2
for n D 3, 4, Wolff [1995],

dimB � (2 � p
2)(n � 4) C 3 for n � 5, Katz and Tao [2002a],

dimMB � n C 2

2
C ε0 for n D 3, 4, Katz, Łaba and Tao [2000],

Łaba and Tao [2001a],

dimMB � (2 � p
2)(n � 4) C 3 for 5 � n � 23, Katz and Tao [2002a],

dimMB � n � 1

α
C 1 for n � 24, Katz and Tao [2002a],

kKδf k
L

nC2
2 (Sn�1)

� δ
2�n
2Cn

�εkf k
L

nC2
2 (Rn)

for ε > 0, 3 � n � 8, Wolff [1995],

kKδf k
L

4nC3
4 (Sn�1)

� δ
3�3n
4nC3 �εkf k

L
4nC3

7 (Rn)
for ε > 0, n � 9,

Katz and Tao [2002a].

Carbery [2004] proved a multilinear generalization of the Cauchy–Schwarz
inequality which is related to Lemma 23.9. This paper also contains an inter-
esting extensive discussion of the context of inequalities of this type.

Minicozzi and Sogge [1997] studied Nikodym maximal functions on n-
dimensional Riemannian manifolds. They proved the analogue of the (n C 1)/2
estimate, tubes are now taken around geodesics. They also gave examples of
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manifolds where (n C 1)/2 cannot be improved. Sogge [1999] proved the 5/2
estimate on 3-dimensional Riemannian manifolds of constant curvature.

Let us consider the operators Tλ as in (20.1):

Tλf (ξ ) D
∫

Rn�1
eiλ�(x,ξ )�(x, ξ )f (x) dx, ξ 2 Rn, λ > 0.

Here again � and � are smooth functions, � is real valued and � has
compact support. Natural conditions to assume are that the (n � 1) 
 n matrix
( ∂

2�(x,ξ )
∂xj ∂ξk

) has the maximal rank n � 1 and the mapping x 7! ( ∂�(x,ξ )
∂xj

), x 2
Rn�1, has only non-degenerate critical points. A generalization of the Stein–
Tomas restriction theorem, which we mentioned in Chapter 20 in the dual form
(recall (20.8)), says that

kTλf kq � λ�n/qkf kp for all f 2 Lp(Rn�1)

provided q � 2(n C 1)/(n � 1) and q D nC1
n�1p

0. Hörmander [1973] asked
whether this could be extended to the optimal range q > 2n/(n � 1). This
is true for n D 2, as we discussed in Chapter 20. Somewhat surprisingly Bour-
gain [1991b] proved that when n D 3 the answer is negative even for very
simple phase functions � such as

�(x, ξ ) D x1ξ1 C x2ξ2 C x1x2ξ3 C x2
1ξ

2
3 /2,

and moreover Stein’s range q � 4 is optimal for such a �. His proof involved
curved Kakeya methods. That is, in the definitions line segments are replaced by
curves and straight tubes by curved tubes. Again one can show that appropriate
estimates for Tλ lead to Kakeya estimates and so counter-examples can be
obtained from the failure of Kakeya estimates.

Wisewell [2005] continued this. She showed that the (n C 1)/2 dimension
estimate for curved Besicovitch sets holds for very general curves whereas
the (n C 2)/2 estimate may fail even for very simple quadratic curves, such
as Bourgain’s curve above. She also presented classes of quadratic curves for
which the (n C 2)/2 estimate is valid and used the arithmetic method to obtain
improvements in higher dimensions.
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(n, k) Besicovitch sets

What can we say if we replace in the definition of Besicovitch sets the line
segments with pieces of k-dimensional planes?

As before we denote by G(n.k) the space of k-dimensional linear subspaces
of Rn and by γn,k its unique orthogonally invariant Borel probability measure.
Recall that it is defined by

γn,k(A) D θn(fg 2 O(n) : g(V0) 2 Ag), A � G(n, k),

where θn is the Haar probability measure on the orthogonal group O(n) and
V0 2 G(n, k) is any fixed k-plane. For k D 1 and k D n � 1 we can reduce this
measure to the surface measure on Sn�1; setting Lv D ftv : t 2 Rg,

γn,1(A) D c(n)σn�1(fv 2 Sn�1 : Lv 2 Ag), A � G(n, 1),

γn,n�1(A) D c(n)σn�1(fv 2 Sn�1 : L?
v 2 Ag), A � G(n, n � 1).

Definition 24.1 A Borel set B � Rn is said to be an (n, k) Besicovitch set
if Ln(B) D 0 and for every V 2 G(n, k) there is a 2 Rn such that B(a, 1) \
(V C a) � B.

24.1 Marstrand and the case n D 3, k D 2

The first question is: do they exist if k > 1? Probably not, at least no such
pair (n, k) is known. We now prove in three different ways that they do not
exist when k is sufficiently large as compared to n. We begin with Marstrand’s
[1979] geometric argument for n D 3, k D 2:

Theorem 24.2 There are no (3, 2) Besicovitch sets. More precisely, if E � R3

and L3(E) D 0, then for γ3,2 almost all V 2 G(3, 2), H2(E \ (V C a)) D 0
for all a 2 R3.

Proof Clearly we can assume that E � B(0, 1/2). Set for v 2 S2 and A �
B(0, 1),

f (A, v) D supfH2(A \ (L?
v C a)) : a 2 R3g.

357
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We shall prove that

(∫ �
f (A, v) dσ 2v

)2

� L3(A), (24.1)

where
∫ � is the upper integral. The theorem clearly follows from this. Obviously

it suffices to prove (24.1) for open sets A. It is easy to check that if Bi �
R3 is an increasing sequence of Borel sets with B D [iBi , then f (B, v) D
limi!1 f (Bi, v). Therefore it is enough to prove (24.1) for disjoint finite
unions of cubes of the same side-length with sides parallel to the coordinate
axis. Thus let B D [m

iD1Qj � B(0, 1) where the cubes Qj are disjoint with
side-length δ.

For every v 2 S2 the function a 7! H2(B \ (L?
v C a)) attains its supremum

for some a 2 R3; except for the vectors v orthogonal to coordinate planes it is
a continuous function of a and for these six exceptional vectors it takes only
finitely many values. Choose for every v 2 S2 some a 2 R3 such that with
A(v) D L?

v C a we have f (B, v) D H2(B \ A(v)). Clearly this choice can be
made so that the function v 7! f (B, v) is a Borel function.

We can now estimate using Schwartz’s inequality and Fubini’s theorem,

(∫
f (B, v) dσ 2v

)2

D
(∫

H2(B \ A(v)) dσ 2v

)2

D
⎛⎝ m∑

jD1

∫
H2(Qj \ A(v)) dσ 2v

⎞⎠2

� m

m∑
jD1

(∫
H2(Qj \ A(v)) dσ 2v

)2

D m

m∑
jD1

∫
S2�S2

H2 
 H2((Qj 
 Qj ) \ (A(v) 
 A(w))) d(σ 2 
 σ 2)(v,w)

D m

∫
S2�S2

H2 
 H2([m
jD1(Qj 
 Qj ) \ (A(v) 
 A(w))) d(σ 2 
 σ 2)(v,w)

� m

∫
S2�S2

H2 
 H2(f(x, y) 2 A(v) 
 A(w) : jxj, jyj � 1, jx � yj � p
3δg)


 d(σ 2 
 σ 2)(v,w)

� m

∫
S2�S2

∫
B(0,1)\A(v)

H2(B(x,
p

3δ) \ A(w)) dH2xd(σ 2 
 σ 2)(v,w)

� 3πδ2m

∫
S2�S2

H2(fx 2 B(0, 1) \ A(v) : d(x,A(w)) � p
3δg)


 d(σ 2 
 σ 2)(v,w).
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We estimate the last integrand by elementary geometry. For this we may assume
v 6D ˙w and that the planesA(v) andA(w) go through the origin. ThenA(v) 6D
A(w) and A(v) and A(w) intersect along a line L 2 G(3, 1). Denote by α(v,w)
the angle between v and w. Then if x 2 A(v) \ B(0, 1) and d(x,A(w)) �p

3δ, we must have jxj �
p

3δ
sin(α(v,w)) . This implies that our set is contained

in a rectangle with side-lengths 2
p

3δ
sin(α(v,w)) and 2. This gives

H2(fx 2 B(0, 1) \ A(v) : d(x,A(w)) � p
3δg) � 4

p
3δ

sin(α(v,w))
,

and (∫
f (B, v) dσ 2v

)2

� 3πδ2m

∫
4
p

3δ

sin(α(v,w))
d(σ 2 
 σ 2)(v,w).

For any fixed w 2 S2 we have, for example by (3.31),∫
sin(α(v,w))�1 dσ 2v � 1.

Combining these we conclude(∫
f (B, v) dσ 2v

)2

� mδ3 D L3(B),

as required.

24.2 Falconer and the case k > n/2

It is easy to modify the above proof for k D n � 1 for any n � 3. Now we
extend this to k > n/2 using the argument of Falconer [1980a]:

Theorem 24.3 There are no (n, k) Besicovitch sets for k > n/2. More pre-
cisely, if k > n/2 and E � Rn with Ln(E) D 0, then for γn,k almost all
V 2 G(n, k),

Hk(E \ (V C a)) D 0 for all a 2 Rn.

Proof We shall use the following formula, say for non-negative Borel functions
f : ∫

G(n,k)

∫
V ?

jxjkf (x) dHn�kxdγn,kV D c(n, k)
∫

Rn

f dLn. (24.2)
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To prove this, integrate the left hand side in the spherical coordinates of V ?:∫
G(n,k)

∫
V ?

jxjkf (x) dHn�kx dγn,kV

D
∫
G(n,k)

∫ 1

0

∫
V ?\Sn�1

rkf (rv) dσn�k�1vrn�k�1 dr dγn,kV

D
∫ 1

0
rn�1

∫
G(n,k)

∫
V ?\Sn�1

f (rv) dσn�k�1v dγn,kV dr.

For non-negative Borel functions on Sn�1,∫
G(n,k)

∫
V ?\Sn�1

g(v) dσn�k�1v dγn,kV D c(n, k)
∫
Sn�1

g dσn�1,

because the left hand side defines an orthogonally invariant measure on Sn�1

and such a measure is unique up to multiplication by a constant. Thus∫
G(n,k)

∫
V ?

jxjkf (x) dHn�kx dγn,kV

D c(n, k)
∫ 1

0
rn�1

∫
Sn�1

f (rv) dσn�1v dr D c(n, k)
∫

Rn

f dLn.

Suppose now f 2 L1(Rn) \ L2(Rn). Let V 2 G(n, k). If ξ 2 V ?, then,
writing for a moment x D xV C x0

V , xV 2 V, x0
V 2 V ?, we have by Fubini’s

theorem,

f̂ (ξ ) D
∫
V ?

e�2πiξ �x0
V

∫
VCx0

V

f dHk dx0
V D F̂V (ξ ),

where

FV (x0
V ) D

∫
VCx0

V

f dHk for x0
V 2 V ?.

Thus by (24.2) and Schwartz’s inequality,∫
G(n,k)

∫
fξ2V ?:jξ j�1g

jF̂V (ξ )j dHn�kξ dγn,kV

D
∫
G(n,k)

∫
fξ2V ?:jξ j�1g

jf̂ (ξ )j dHn�kξ dγn,kV

D c(n, k)
∫

fξ2Rn:jξ j�1g
jf̂ (ξ )jjξ j�k dξ

� c(n, k)

(∫
jf̂ (ξ )j2 dξ

)1/2 (∫
fξ2Rn:jξ j�1g

jξ j�2k dξ

)1/2

D c0(n, k)kf k2,
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where c0(n, k) < 1 since 2k > n. As kf̂ k1 � kf k1 and k < n, we also have∫
G(n,k)

∫
fξ2V ?:jξ j�1g

jF̂V (ξ )j dHn�kξ dγn,kV

D c(n, k)
∫

fξ2Rn:jξ j�1g
jf̂ (ξ )jjξ j�k dξ � kf k1.

So we see that for almost all V 2 G(n, k), F̂V 2 L1(V ?). By Fubini’s theorem
also FV 2 L1(V ?) for all V 2 G(n, k). Thus the Fourier inversion formula
implies kFV kL1(V ?) � kF̂V kL1(V ?) for almost all V 2 G(n, k). Consequently,∫
G(n,k)

kFV kL1(V ?) dγn,kV �
∫
G(n,k)

∫
V ?

jF̂V (ξ )j dHn�kξ dγn,kV �kf k1 C kf k2.

Suppose now that f is a continuous function with compact support. Then
FV is also continuous and the above inequality turns into∫

G(n,k)
Mkf (V ) dγn,kV � kf k1 C kf k2 (24.3)

where Mkf is the maximal k-plane transform,

Mkf (V ) D sup
x0
V 2V ?

∣∣∣ ∫
VCx0

V

f dHk
∣∣∣ for V 2 G(n, k). (24.4)

By easy approximation (24.3) extends from continuous functions to all
f 2 L1 \ L2. To see this observe first that if (24.3) holds for all fj in an
increasing sequence of non-negative functions in L1 \ L2, then it holds for
limj!1 fj . Thus it is enough to verify (24.3) for simple functions

∑m
jD1 ajχAj

.
Approximating each Aj with open sets, we are reduced to the case where
the sets Aj are open. Such functions

∑m
jD1 ajχAj

are increasing limits of
continuous functions with compact support and (24.3) follows for all f 2
L1 \ L2. Applying (24.3) to the characteristic functions of bounded measurable
sets completes the proof of the theorem.

24.3 Bourgain and the case k > (n C 1)/3

Next we get a further extension by proving a result of Bourgain [1991a]. The
proof makes use of Kakeya maximal function inequalities.

Theorem 24.4 If k > (n C 1)/3, there are no (n, k) Besicovitch sets. More
precisely, if E � Rn with Ln(E) D 0, then for almost all V 2 G(n, k),

Hk(E \ (V C a)) D 0 for all a 2 Rn.
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Proof We may assume that E � B(0, 1). We begin with the following corollary
of the formula (24.2): if g 2 S(Rn), R > 0 and spt ĝ � B(0, 4R) n B(0, R),
then for l D 1, . . . , n � 1,

c(n, l)

(4R)l

∫
Rn

jgj2 dLn �
∫
G(n,l)

∫
V ?

jgV j2 dHn�l dγn,lV � c(n, l)

Rl

∫
Rn

jgj2 dLn,

(24.5)
where gV is defined by

gV (x) D
∫
V

g(x C v) dv for x 2 V ?.

To prove this let V 2 G(n, l) and observe that

ĝV (x) D ĝ(x) for x 2 V ?,

where ĝV is the Fourier transform of gV in the (n � l)-dimensional Euclidean
space V ?. Applying Plancherel’s theorem both in V ? and in Rn and using also
(24.2) we obtain∫

G(n,l)

∫
V ?

jgV j2 dHn�l dγn,lV D
∫
G(n,l)

∫
V ?

jĝV j2 dHn�l dγn,lV

D
∫
G(n,l)

∫
V ?

ĵgj2 dHn�ldγn,lV � R�l

∫
G(n,l)

∫
V ?

jxjl ĵg(x)j2 dHn�ldγn,lV

D c(n, l)R�l

∫
Rn

ĵgj2 dLn D c(n, l)R�l

∫
Rn

jgj2 dLn.

The other inequality follows in the same way.
Let f be a non-negative continuous function with support inB(0, 1). Choose

ϕ 2 S(Rn) such that

ϕ̂(x) D 1 for x 2 B(0, 1) and ϕ̂(x) D 0 for x 2 Rn n B(0, 2),

and define for j D 1, 2, . . . ,

ϕj (x) D 2jnϕ(2j x) for x 2 Rn,

for which ϕ̂j (x) D ϕ̂(2�j x). Define also

fj D f � ϕj � f � ϕj�1,

where ϕ0 D 0. Then

f (x) D
∑
j

fj (x) for x 2 Rn,

and

f̂j D f̂ (ϕ̂j � ϕ̂j�1) with spt f̂j � fx : 2j�1 � jxj � 2jC1g.
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Fix j for a while and let g D fj and δ D 2�j . Define also as above

gV (x) D
∫
V

g(x C v) dv for x 2 Rn, V 2 G(n, k),

and let Mkg be the maximal k-plane transform of g as in (24.4). Using the fact
that spt f � B(0, 1) it follows by Fubini’s theorem that

jgV (x)j � 2α(k)kϕk1kf k1, (24.6)

where α(k) is the volume of the k-dimensional unit ball. We claim that with
Ve D fv C te : v 2 V, t 2 Rg,

Mkg(Ve) � Kδ(gV )(e) for e 2 V ?, V 2 G(n, k). (24.7)

To prove this, notice first that gV D ψj � fV with ψj D ϕj � ϕj�1 and∫
VeCx

g D
∫

R

∫
V

g(x C v C te) dv dt D
∫

R
gV (x C te) dt.

Fixing V and e define

F (x) D
∫

R
fV (x C te) dt and G(x) D

∫
R
gV (x C te) dt for x 2 Rn.

(24.8)
Then G D ψj � F and to get (24.7) from this we first prove:

Lemma 24.5 Letψ 2 S(Rn) with spt ψ̂ compact and letF 2 L1(Rn). Defining
for δ > 0, ψδ D δ�nψ(x/δ), we have for all δ > 0, x 2 Rn,

jψδ � F (x)j � C(ψ) sup
z2Rn

δ�n

∫
B(z,δ)

jψδ � F (y)j dy.

Proof By change of variable we may assume δ D 1. Set

s D sup
z2Rn

∫
B(z,1)

jψ � F (y)j dy.

Choose ϕ 2 S(Rn) with ϕ̂ D 1 on spt ψ̂ . Then ψ̂ D ϕ̂ψ̂ D ϕ̂ � ψ , so ψ D
ϕ � ψ . Thus ψ � F (x) D ϕ � (ψ � F )(x) so that

jψ � F (x)j �
∫
B(x,1)

jψ � F (y)j dy C
∫

RnnB(x,1)
jϕ(x � y)ψ � F (y)j dy

� s C
∫

RnnB(x,1)
jϕ(x � y)ψ � F (y)j dy.

We estimate the remaining integral by dividing Rn n B(x, 1) into dyadic
annuli B(x, 2j ) n B(x, 2j�1), j D 1, 2, . . . , and covering each such annulus
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with roughly 2jn balls Bj,i of radius 1. Then using the fast decay of ϕ,∫
RnnB(x,1)

jϕ(x � y)ψ � F (y)j dy �
1∑
jD1

∑
i

∫
Bj,i

jϕ(x � y)ψ � F (y)j dy

�
1∑
jD1

∑
i

2�j (nC1)
∫
Bj,i

jψ � F (y)j dy �
1∑
jD1

∑
i

2�j (nC1)s �
1∑
jD1

2�j s D s.

Returning to G D ψj � F as in (24.8) and setting T̃ δ
e (a) D fy C te : jy �

aj � δ/2, t 2 Rg (recall that δ D 2�j ), Lemma 24.5 gives that∣∣∣ ∫
VeCx

g
∣∣∣ D jG(x)j � sup

z2Rn

δ�n

∫
B(z,δ)

jG(y)j dy � sup
a2Rn

δ1�n

∫
T̃ δ
e (a)

jgV (y)j dy,

where the last inequality is easy to check.
Finally to get to Kδ(gV )(e) we need to show that the averages over infinite

tubes in the last term are dominated by averages over tubes T δ
e (a) of length

one. For this we can use the same trick as in the proof of Lemma 24.5. Choose
ϕ 2 S(Rn) with ϕ̂ D 1 on spt ψ̂j and write again gV D ψj � fV D ϕ � ψj �
fV D ϕ � gV . Then∫

T̃ δ
e (a)

jgV (y)j dy � sup
b2T δ

e (a)

∫
T δ
e (b)

jgV (y)j dy

follows by the fast decay of ϕ, as in the proof of Lemma 24.5. This completes
the proof of (24.7).

The measure γn,k can be written as∫
h dγn,k D c

∫
G(n,k�1)

∫
SV

h(Ve) dσV edγn,k�1V

for non-negative Borel functions h on G(n, k), where SV D V ? \ Sn�1 and
σV is the surface measure on SV . This follows from the fact that with a proper
normalization constant c the right hand side defines an orthogonally invariant
Borel probability measure on G(n, k).

Let ε > 0 be such that (3k � n � 1)/2 � ε > 0. Applying (24.7) and the
Kakeya maximal inequality (23.22) on V ?, V 2 G(n, k � 1), we get with p D
(n C 3 � k)/2,∫

SV

jMkg(Ve)jp dσV e �
∫
SV

Kδ(gV )(e)p dσV e

� δ(k�nC1)/2�ε

∫
V ?

jgV jp dHn�kC1.
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Integrating over G(n, k � 1) and using (24.6) and the above formula for γn,k
we get∫

(Mkg)p dγn,k � δ(k�nC1)/2�εkf kp�21
∫
G(n,k�1)

∫
V ?

jgV j2 dHn�kC1 dγn,k�1V.

Recalling (24.5) and the fact that spt ĝ � B(0, 2/δ) n B(0, 1/(2δ)) we obtain∫
(Mkf )p dγn,k � δ(3k�n�1)/2�εkf kp�21

∫
jgj2 dLn.

Returning to f D ∑
j fj , and replacing back g D fj and δ D 2�j , we deduce

kMkf kLp(γn,k) �
∑
j

kMkfjkLp(γn,k)

� kf k1�2/p1 kf k2/p
2

∑
j

2j ((nC1�3k)/2Cε)/p) � kf k1�2/p1 kf k2/p
2 ,

because kfjk2 � kf k2 and (n C 1 � 3k)/2 C ε < 0.
We have now proved the inequality

kMkf kLp(γn,k) � kf k1�2/p1 kf k2/p
2 (24.9)

for continuous functions with support in B(0, 1). The same approximation
that we used at the end of the proof of Theorem 24.3 yields it for all f 2
L1 \ Lp with spt f � B(0, 1), and the theorem follows again applying this to
characteristic functions.

24.4 Further comments

Theorem 24.2 was proved by Marstrand [1979] and Theorem 24.3 by Fal-
coner [1980a]. Falconer [1985a], Theorem 7.12, gave a duality proof for
Theorem 24.2, similar in spirit to the one we gave for Theorem 11.2. The above
proof of Theorem 24.3 shows that for almost all V 2 G(n, k) the functions FV

agree almost everywhere with continuous functions. It can be developed to give
more information about the differentiability properties of these functions for
f 2 Lp; see Falconer [1980a].

Falconer [1980b] related the problem of the existence of (n, k) Besicovitch
sets for k � 2 to certain projection theorems for lower dimensional families of
the Grassmannians. Unfortunately there is a gap in the proof and it remains
open whether this type of approach could be used. Recall Section 5.4 for a
discussion on some such restricted projection theorems, but these are far from
being applicable to (n, k) Besicovitch sets.
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Theorem 24.4 is due to Bourgain [1991a]. In fact, Bourgain proved with
a rather complicated induction argument the stronger result that there exist
no (n, k) Besicovitch sets if 2k�1 C k � n. R. Oberlin [2010] extended this
for (1 C p

2)k�1 C k > n. It is an open question whether there exist (n, k)
Besicovitch sets for any k > 1.

We can also get a maximal inequality for the k-plane transform: if p >

(n C 3 � k)/2 and k > (n C 1)/3, then

kMkf kLp(γn,k) � kf kp (24.10)

for Lp(Rn) with spt f � B(0, 1). This follows by interpolation combining
(24.9) and results of Stein, see Theorem 1 and its corollaries in Stein [1961].
Falconer [1980a] obtained such inequalities for certain values of p when k >

n/2 and Bourgain [1991a] when 2k�1 C k � n. R. Oberlin [2007] and [2010]
extended them further using the Kakeya maximal function estimates of Katz
and Tao [2002a].

This kind of estimate immediately tells us that we can foliate the space
by parallel planes none of which intersects a given set in a large measure. For
example, already (24.3) gives the following: if A � B(0, 1) (in Rn) is Lebesgue
measurable and k > n/2, then there is V 2 G(n, k) such Hk(A \ (V C x)) �p
Ln(A) for all x 2 Rn. Of course, because of Besicovitch sets such inequalities

are false for k D 1, and again they are open for small k > 1. However Guth
[2007] was able to find a good foliation with curved surfaces for all k � 1.
Gromov and Guth [2012] applied inequalities of this type to embeddings of
simplicial complexes into Euclidean spaces.

Estimates for k-plane transforms have been studied and applied extensively.
The cases k D 1 (X-ray transform) and k D n � 1 (Radon transform) are par-
ticularly important. Fix a k, 1 � k � n � 1, and let

Tf (W ) D
∫
W

f, W a k-plane in Rn.

Parametrizing the k-planes as

WV,w D fv C w : v 2 V g, V 2 G(n, k), w 2 V ?,

one is led to search for mixed norm estimates(∫ (∫
V ?

jTf (WV,w)jq dHn�kw

)r/q

dγn,kV

)1/r

� kf kLp(Rn) (24.11)

for various values of p, q and r , with obvious modifications if q or r is 1. The
norm on the right hand side could also be replaced by a Sobolev norm.
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I do not go here into details on the known and conjectured (the full solution
is still missing for all k) ranges of exponents. I only make a few comments
and the reader can complete the picture from the references given. The case
q D 1 corresponds to maximal transforms we just discussed. When q D 1
and k D 1, (24.11) is false because of the existence of Besicovitch sets. For
other values of q the case k D 1 is close to properties of Besicovitch sets
and Kakeya maximal function estimates. We already mentioned Drury’s X-ray
estimate (with k D 1, r D q) in Section 23.4 and its application to the (n C 1)/2
bound. Its range of exponents was improved by Christ [1984], who also proved
estimates for general k. Wolff [1998] developed further his geometric methods
from Wolff [1995] in R3 to improve known mixed X-ray estimates. Łaba and
Tao [2001b] generalized this to Rn. In these two papers relations between
Kakeya methods and mixed estimates are pursued in a deep way.

Mixed norm estimates as in (24.11) are closely related to estimates on
maximal k-plane Kakeya functions

Kk,δf (V ) D sup
a2Rn

1

Ln(T δ
V (a))

∫
T δ
V (a)

jf j dLn, V 2 G(n, k),

where T δ
V (a) is the δ-neighbourhood of (V C a) \ B(a, 1). Such estimates were

proven by Mitsis [2005] and R. Oberlin [2007], [2010]. They give again lower
bounds for the Hausdorff dimension of (n, k) Besicovitch sets. Mitsis [2004a]
proved that the Hausdorff dimension of (n, 2) Besicovitch sets (if they exist) is
at least 2n/3 C 1. R. Oberlin [2010] proved that

dimB � n � n � k

(1 C p
2)k

for all (n, k) Besicovitch sets.
It is not always necessary to consider all planes in the Grassmannian: if

G � G(n, n � 1) is a Borel set and if a Borel set A � Rn intersects a translate
of every plane V 2 G in a set of positive n � 1 measure, then Ln(A) > 0, if
dimG > 1, and dimA � n � 1 C dimG, if 0 � dimG � 1. This was shown
by D. M. Oberlin [2007] who first proved a restricted weak type inequality
for the maximal Radon transform involving measures with finite energy on the
space of hyperplanes. It also follows from Falconer and Mattila [2015] with a
duality method. See Mitsis [2003b] and Oberlin [2006a] for results preceding
these. Oberlin [2007] proved similar estimates for families of spheres, too. In
Oberlin [2014a] he obtained analogous, but weaker, results for k planes when
1 � k < n � 1. Rogers [2006] proved estimates for the Hausdorff dimension
of other restricted (n, k) sets; the planes considered form a smooth submanifold
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of the Grassmannian. For instance, he showed that if a subset of R3 contains a
translate of every plane in a sufficiently curved one-dimensional submanifold
of G(3, 2), then it must have Hausdorff dimension 3.

By Falconer’s result in Falconer [1986], for any n � 2 there exist (n, n � 1)
Nikodym sets, that is, Borel sets N � Rn of Lebesgue measure zero such that
for every x 2 Rn n N there is a hyperplaneV through x for whichV n fxg � N .
Mitsis [2004b] showed that they have Hausdorff dimension n.



25

Bilinear restriction

In this chapter we prove a sharp bilinear restriction theorem and we show how
it can be used to improve the Stein–Tomas restriction theorem.

25.1 Bilinear vs. linear restriction

Earlier we studied the restriction and extension inequalities such as

kf̂ kLq (Rn) � kf kLp(Sn�1) for f 2 Lp(Sn�1).

Recall that by f̂ we mean here the Fourier transform of the measure f σn�1.
By Schwartz’s inequality we can write this in an equivalent form

kf̂1f̂2kLq/2(Rn) � kf1kLp(Sn�1)kf2kLp(Sn�1) for f1, f2 2 Lp(Sn�1). (25.1)

As such there is not much gain but if f1 and f2 are supported in different parts of
the sphere, we can get something better. Let us look at the case p D 2, q D 4.
By Plancherel’s theorem the inequality

kf̂1f̂2kL2(Rn) � kf1kL2(Sn�1)kf2kL2(Sn�1) (25.2)

reduces to the non-Fourier statement

k(f1σ
n�1) � (f2σ

n�1)kL2(Rn) � kf1kL2(Sn�1)kf2kL2(Sn�1). (25.3)

If n D 2, this inequality fails when f1 D f2 D 1, because σ 1 � σ 1 behaves like
j2 � jxjj�1/2 when jxj � 2. But if the distance between the supports of f1 and
f2 is greater than some constant c > 0, its validity is rather easy to verify. We
have the following more general theorem:

Theorem 25.1 Let S1 and S2 be compact C1 hypersurfaces in Rn such
that their unit normals nj (xj ) at xj 2 Sj satisfy d(n1(x1), n2(x2)) � c for all

369
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xj 2 Sj , j D 1, 2, and for some positive constant c. Then

kf̂1f̂2kL2(Rn) � C(S1, S2)kf1kL2(S1 )kf2kL2(S2)

for all fj 2 L2(Sj ), j D 1, 2.

Proof Let 0 < δ < 1 and let Sj (δ) be the δ-neighbourhood of Sj . Due to the
transversality assumption we have

Ln((�S1(δ) C x) \ S2(δ)) � δ2.

Let gj 2 L2(Rn) with spt gj � Sj (δ). Then for all x 2 Rn, g1(x � y)g2(y) 6D 0
implies y 2 (�S1(δ) C x) \ S2(δ). Hence by Schwartz’s inequality∫

jg1 � g2(x)j2 dx �
∫∫

jg1(x � y)j2jg2(y)j2 dyLn((�S1(δ) C x) \ S2(δ))dx

� δ2
∫

jg1j2
∫

jg2j2.

The theorem now follows approximating functions fj 2 L2(Sj ) by functions
gj D gj (δ) 2 L2(Sj (δ)) and letting δ ! 0.

In the plane this theorem is sharp, but not in higher dimensions. The main
purpose of this chapter is to prove a sharp theorem in every Rn, n � 3. But then
we shall also need curvature assumptions in addition to transversality.

The bilinear restriction problem on the sphere asks for what exponents p and
q the inequality (25.1) holds for fj 2 Lp(Sn�1), j D 1, 2, or for fj 2 S(Rn),
if spt fj � Sj and S1 and S2 are transversal (normals pointing to separated
directions) subsurfaces of Sn�1. More generally, S1 and S2 can be some other
type of surfaces (pieces of paraboloids, cones, etc.). The essential conditions
required are usually a certain amount of curvature and that the surfaces are
transversal.

The point in bilinear estimates is not only, nor mainly, in getting new types
of inequalities, but it is in their applications. In particular, they can be used to
improve the linear estimates, and that is what we are going to discuss soon. One
way (and equivalent to others we have met) to state the restriction conjecture
is (recall Conjecture 19.5):

Conjecture 25.2

kf̂ kLq (Rn) � C(n, q)kf kLp(Sn�1) for f 2 Lp(Sn�1),

p0 � n � 1

n C 1
q, q > 2n/(n � 1).

By the Stein–Tomas theorem this is valid for p D 2, q D 2(n C 1)/(n � 1),
and as observed in Section 19.3 also for q � 2(n C 1)/(n � 1). The Kakeya
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methods developed by Bourgain and Wolff give some improvements for this,
but still better results can be obtained via bilinear restriction: we reach q >

2(n C 2)/n. This is based on two facts: a general result of Tao, Vargas and
Vega [1998] of the type ‘bilinear restriction estimates imply linear ones’ and a
bilinear restriction theorem of Tao [2003]. The latter is the following:

Theorem 25.3 Let c > 0 and let Sj � fx 2 Sn�1 : xn > cg, j D 1, 2, with
d(S1, S2) � c > 0. Then

kf̂1f̂2kLq (Rn) � C(n, q, c)kf1kL2(S1)kf2kL2(S2) for q > (n C 2)/n

and for all fj 2 L2(Sj ) with spt fj � Sj , j D 1, 2.

The lower bound (n C 2)/n is the best possible. This can been seen using
the second part of Lemma 3.18 in the same way as we used the first part to
prove the sharpness of Stein–Tomas theorem 19.4. More precisely, let 0 < δ <

1, en�1 D (0, . . . , 0, 1, 0), en D (0, . . . , 0, 1) 2 Rn, c D 1/(12n) and

D1 D fx 2 Sn�1 : jxn�1j � δ2, 1 � x � en � δ2g,
D2 D fx 2 Sn�1 : jxnj � δ2, 1 � x � en�1 � δ2g

with σn�1(Dj ) � δn. Then we have as in Lemma 3.18 for gj D χDj
,

jĝj (ξ )j � δn for ξ 2 Sδ,

where

Sδ D fξ 2 Rn : jξj j � c/δ for j D 1, . . . , n � 2, jξn�1j � c/δ2, jξnj � c/δ2g
and Ln(Sδ) � δ�n�2. If the estimate of Theorem 25.3 is valid for some q we
get

δ2n�(nC2)/q � kĝ1ĝ2kLq (Rn) � kg1kL2(S1)kg2kL2(S2) � δn.

Letting δ ! 0, we obtain q � (n C 2)/n.
Theorem 25.3 is not quite enough to get improvements for the linear restric-

tion inequalities; we need such estimates for more general surfaces. We need
these also for the application to distance sets, and for that we need a version for
more general measures on the left hand side. So let us now present the setting
where we shall prove a bilinear restriction theorem.

25.2 Setting for the bilinear restriction theorem

We have positive constantsC0, c0, ε0 andR0 and we have for j D 1, 2, bounded
open sets Vj � Rn�1 � B(0, R0), Ṽj is the ε0-neighbourhood of Vj , V �

j is the
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4ε0-neighbourhood of Ṽj ,C2-functions ϕj : V �
j ! R satisfying: the maps rϕj

are diffeomorphisms such that for all vj 2 Ṽj , det(D(rϕj )(vj )) 6D 0 and

jrϕj )(vj )j � C0, (25.4)

jD(rϕj )(vj )(x)j � c0jxj for x 2 Rn�1, (25.5)

jD(rϕ1)(v1)�1(rϕ2(v2) � rϕ1(v1)) � (rϕ2(v2) � rϕ1(v1))j � c0, (25.6)

jD(rϕ2)(v2)�1(rϕ1(v1) � rϕ2(v2)) � (rϕ1(v1) � rϕ2(v2))j � c0, (25.7)

Sj D f(x, ϕj (x)) : x 2 Vj g, j D 1, 2, are the corresponding surfaces,
s and q are positive numbers with s � n and

q > q0 D max

{
1,min

{
4s

n C 2s � 2
,
n C 2

n

}}
, (25.8)

ω 2 L1(Rn) such that

ω � 0, kωk1 � 1 and ω(B(x, r)) � rs for all x 2 Rn, r > 0. (25.9)

Here, as before, we identify ω with a measure and ω(A) means
∫
A
ω.

μ is a Borel measure on Rn such that μ(B(x, r)) � rs for all x 2 Rn, r > 0.
(25.10)

Notice that these inequalities yield that there is a positive constant c1,
depending only on C0 and c0, such that

jrϕ1(v1) � rϕ2(v2)j � c1 (25.11)

for all v1 2 Ṽ1, v2 2 Ṽ2. Since (rϕ1(v1), 1) and (rϕ2(v2), 1) give the normal
directions of the surfaces S1 and S2, these surfaces are transversal.

If the eigenvalues of the Hessians D(rϕj ), whose matrix elements are the
second order partial derivatives ∂k∂lϕj , are all positive, which means that the
principal curvatures of the surfaces Sj are positive, then (25.11) is equivalent
to the conditions (25.6) and (25.7), at least if we restrict to sufficiently small
subdomains of V1 and V2. This is easy to check. In general, (25.11) does not
imply (25.6) and (25.7). We have formulated here the conditions (25.6) and
(25.7) not only because of greater generality but because they appear quite
naturally at the end of the proof.

25.3 Bilinear restriction theorems

We shall prove the bilinear restriction theorem for q > q0. Of course, when
μ D ω is Lebesgue measure, s D n. Then q0 D nC2

n
and we have the same

range as in Theorem 25.3. We have q0 D 4s
nC2s�2 if and only if n�2

2 � s � nC2
2 ;

this range is all, and even more, than we need for applications to distance sets.
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Compact spherical subcaps of open half-spheres can be parametrized as
above. Later we shall need surfaces which are obtained by scaling small spher-
ical caps to unit size. If we scale all directions by the same factor, we would
get flatter and flatter surfaces from smaller and smaller caps. In order to have
uniformly curving surfaces we need to scale caps of size η by 1/η in the tan-
gential directions and by 1/η2 in the normal direction. The following example
presents this more precisely.

Example 25.4 Let η be a small positive number and C1 and C2 spherical
caps in Sn�1 with d(Cj ) � d(C1, C2) � η. We could as well assume that
Cj D Sn�1 \ B(vj , η) such that v1 D (

2η, 0, . . . , 0,
√

1 � (2η)2
)

and v2 D(
v2,1, 0, . . . , 0,

√
1 � v2

2,1

)
with (4 C c)η � v2,1 � Cη with some positive con-

stants c and C. Let ϕ, ϕ(x) D √
1 � jxj2, x 2 Bn�1(0, 1/2), parametrize these

caps.
We use the linear map T : Rn ! Rn,

T x D η�1(x1, . . . , xn�1, η
�1xn), x 2 Rn,

to scale the caps C1 and C2. Define

Sj D f(x, ϕj (x)) : x 2 Vj g, j D 1, 2,

where

Vj D B(η�1uj , 1) � Rn�1 with vj D (uj , vj,n)

and

ϕj (x) D η�2(1 � η2jxj2)1/2 for x 2 Vj .

Then we have T (Cj ) � Sj , Vj � B(0, C C 1) n B(0, 1) and d(V1, V2) � c.
Moreover for x 2 Vj ,

rϕj (x) D �x

(1 � η2jxj2)1/2
,

the matrix of D(rϕj )(x) is

( �δk,l

(1 � η2jxj2)1/2
� η2xkxl

(1 � η2jxj2)3/2

)
.

If ηn is sufficiently small and 0 < η < ηn, the inequalities (25.4)–(25.7) are
easily checked with constants depending only on n.

The bilinear restriction theorem we shall prove is the following:

Theorem 25.5 Suppose that the assumptions of Section 25.2 are satisfied. Then

kf̂1f̂2kLq (μ) � Ckf1kL2(S1)kf2kL2(S2) for fj 2 L2(Sj ), j D 1, 2,
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where the constant C only depends on the numbers n, s, q, C0, c0, R0 and ε0

in Section 25.2.

Remark 25.6 As in Section 19.3 once we have this theorem for some q, it
follows for any larger q. In particular, it suffices to consider q < nC1

n�1 , just for
some technical reasons which will appear later.

Here as before the Fourier transform f̂j means that of the measure fjσj
where σj is the surface measure on Sj . It is equivalent to consider the actual
surface measure, that is, the Hausdorff (n � 1)-dimensional measure restricted
to Sj , or Lebesgue measure lifted from Rn�1 onto the graph. It will be more
convenient to use the latter and we shall denote it by σj . Then the integrals over
Sj (and similarly for other graphs that will appear) mean∫

Sj

g dσj D
∫
Vj

g(x, ϕj (x)) dx. (25.12)

In particular, f̂j means

f̂j (x, t) D f̂j σj (x, t) D
∫
Vj

e�2πi(x�vCtϕj (v))fj (v, ϕj (v)) dv,

(x, t) 2 Rn�1 
 R. (25.13)

At some instances, in particular in Section 25.5, it will be more convenient
to work with the bounded weight ω instead of the measure μ, so we shall now
reduce Theorem 25.5 to the following:

Theorem 25.7 Suppose that the assumptions of Section 25.2 are satisfied. Then

kf̂1f̂2kLq (ω) � Ckf1kL2(S1)kf2kL2(S2) for fj 2 L2(Sj ), j D 1, 2,

where the constant C only depends on the numbers n, s, q, C0, c0, R0 and ε0

in Section 25.2.

Proof that Theorem 25.7 implies Theorem 25.5 Choose ϕ 2 S(Rn) such that
ϕ(�x) D ϕ(x),zϕ D 1 on spt(f1 � f2). Then f̂1f̂2 D (f̂1f̂2) � ϕ and by Hölder’s
inequality with q 0 D q/(q � 1) we have for x 2 Rn,

j(f̂1f̂2)(x)j �
∫

j(f̂1f̂2)(y)jjϕ(x � y)j dy

�
(∫

jf̂1f̂2)(y)jq jϕ(y � x)j dy
)1/q (∫

jϕ(y � x)j dy
)1/q0

�
(∫

jf̂1f̂2)(y)jq jϕ(y � x)j dy
)1/q

.
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It follows that∫
jf̂1f̂2)jq dμ �

∫∫
jf̂1f̂2)(y)jq jϕ(y � x)j dy dμx D

∫
jf̂1f̂2)jqω

with ω D jϕj � μ. Using the fast decay of ϕ and the growth condition (25.10)
for μ it is easy to check that kωk1 � C(s, ϕ) and ω(B(x, r)) � C(s, ϕ)rs for
all x 2 Rn, r > 0. Consequently, Theorem 25.7 implies Theorem 25.5.

25.4 Bilinear restriction implies restriction

Before starting to prove Theorem 25.7, let us go to the theorem of Tao, Vargas
and Vega mentioned above.

Theorem 25.8 Let M > 0, 1 < p, q < 1, q > 2n/(n � 1) and p0 � n�1
nC1q. If

the estimate

kf̂1f̂2kLq/2(Rn) � Mkf1kLp(S1)kf2kLp(S2) (25.14)

holds for all surfaces S1 and S2 as in 25.2, then also the estimate

kf̂ kLq (Rn) � C(n, q)Mkf kLp(Sn�1)

holds.

Combining Theorems 25.3 and 25.8 , we obtain

Theorem 25.9 The restriction conjecture holds for q > 2(n C 2)/n:

kf̂ kLq (Rn) � C(n, q)kf kLp(Sn�1) for f 2 Lp(Sn�1),

p0 � n � 1

n C 1
q, q > 2(n C 2)/n.

To check this, we only need to consider the case where q is smaller than
the Stein–Tomas exponent 2(n C 1)/(n � 1). Then p > 2 and we can apply
Theorem 25.3 with p in place of 2.

Observe that these results again give the restriction conjecture in the plane.

Proof of Theorem 25.8 We give the proof only for p0 < n�1
nC1q, allowing the

constant to depend also on p. For the end-point result, see Tao, Vargas and
Vega [1998].

We only consider the case where q � 4. This is actually enough by the
Stein–Tomas theorem and the fact that the restriction conjecture is valid in the
plane.
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It is enough to consider f 2 S(Rn). Moreover we may and shall assume that
Sn�1 \ spt f lies in a part of Sn�1 which has a parametrization (v, ϕ(v)), v 2 Q,
where Q is a cube in Rn�1 and ϕ > 0. Then we can write the Fourier transform
of f as

f̂ (x, t) D
∫
Q

e�2πi(x�vCtϕ(v))f (v, ϕ(v)) dv, (x, t) 2 Rn�1 
 R.

Next we write

kf̂ k2
Lq (Rn) D k(f̂ )2kLq/2(Rn),

and

(f̂ )2(x, t) D
∫
Q

∫
Q

e�2πi(x�vCtϕ(v))f (v, ϕ(v))e�2πi(x�wCtϕ(w))f (w, ϕ(w)) dv dw.

As in Chapter 16 we introduce a Whitney decomposition of Q 
 Q n �,� D
f(v,w) : v D wg, into disjoint cubes I 
 J 2 Qk, k D k0, k0 C 1, . . . , where I
and J are dyadic subcubes of Q such that d(I ) D d(J ) D 2�kd(Q) � d(I, J )
when I 
 J 2 Qk . Let fI (v, ϕ(v)) D f (v, ϕ(v))χI (v). Then we have

kf̂ k2
Lq (Rn) D

∥∥∥∥∥∥
∑
k

∑
I�J2Qk

f̂I f̂J

∥∥∥∥∥∥
Lq/2(Rn)

�
∑
k

∥∥∥∥∥∥
∑

I�J2Qk

f̂I f̂J

∥∥∥∥∥∥
Lq/2(Rn)

.

(25.15)

The Fourier transform of the measure fI � fJ is f̂I � fJ D f̂I f̂J . We have

spt fI � fJ � S(I, J ) :D f(v, t) : v 2 I C J , 0 � t � 2g.

Denoting by 2I the cube with the same centre as I and with the double side-
length, we have that for I 
 J 2 Qk, 2I C 2J lies in a C2�k-neighbourhood of
2I C 2I for some constant C depending only on n, so the sets S(2I, 2J ), I 

J 2 Qk , have for each fixed k bounded overlap with a constant independent
of k. Choose smooth compactly supported functions 0 � ψ(I, J ) � 1 such
that ψ(I, J ) D 1 on S(I, J ), sptψ(I, J ) � S(2I, 2J ) and kψ̂(I, J )k1 � 1, and
define the operators TI,J by

TI,J g D ψ̂(I, J ) � g.

Using the bounded overlap of the supports of the functions ψ̃(I, J ),

ψ̃(I, J )(x) D ψ(I, J )(�x), Plancherel’s theorem gives the L2 estimate for
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arbitrary L2 functions gI,J ,∥∥∥∥∥∥
∑

I�J2Qk

TI,J gI,J

∥∥∥∥∥∥
2

L2(Rn)

D
∥∥∥∥∥∥

∑
I�J2Qk

ψ̃(I, J )ĝI,J

∥∥∥∥∥∥
2

L2(Rn)

�
∑

I�J2Qk

kĝI,Jk2
L2(Rn) D

∑
I�J2Qk

kgI,Jk2
L2(Rn).

The L1-estimate∥∥∥∥∥∥
∑

I�J2Qk

TI,J gI,J

∥∥∥∥∥∥
L1(Rn)

�
∑

I�J2Qk

kgI,JkL1(Rn)

for arbitrary L1-functions gI,J follows by kTI,J gI,Jk1 � kgI,Jk1 and trian-
gle inequality. These two inequalities tell us that the operator Tk, Tk(gI,J ) D∑

I�J2Qk
TI,J gI,J , acting on vector valued functions is bounded from

Lr (Rn, lr ) to Lr (Rn) for r D 1 and r D 2. By the Riesz–Thorin interpola-
tion theorem for such operators, see, e.g., Grafakos [2008], Section 4.5, Tk is
also bounded from Lq/2(Rn, lq/2) to Lq/2(Rn), since 1 � q/2 � 2 (all of course
with norms independent of k). Thus∥∥∥∥∥∥

∑
I�J2Qk

TI,J gI,J

∥∥∥∥∥∥
q/2

Lq/2(Rn)

�
∑

I�J2Qk

kgI,Jkq/2
Lq/2(Rn).

Recall that ψ(I, J ) D 1 on the support of fI � fJ , so

TI,J (f̂I f̂J ) D ψ̂(I, J ) � (f̂I f̂J ) D F(ψ(I, J )(fI � fJ )) D f̂I f̂J ,

whence ∥∥∥∥∥∥
∑

I�J2Qk

f̂I f̂J

∥∥∥∥∥∥
q/2

Lq/2(Rn)

�
∑

I�J2Qk

kf̂I f̂Jkq/2
Lq/2(Rn). (25.16)

In order to apply our bilinear assumption we have to scale fI and fJ back to
the unit scale. Let I 
 J 2 Qk . After a translation and rotation we may assume
that I [ J � B(0, C2�k) � Rn�1. Then the appropriate scaling is (v, ϕ(v)) 7!
(2kv, 22kϕ(v)) :D (w,ψ(w)). Define, with this notation,

gI (w,ψ(w)) D fI (v, ϕ(v)), gJ (w,ψ(w)) D fJ (v, ϕ(v)).
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The change of variable formulas give (ĝI and ĝJ are now of course with respect
to the graph Gψ of ψ , recall our convention (25.12)),

f̂I (x, t) D 2�k(n�1)ĝI (2�kx, 2�2kt), f̂J (x, t) D 2�k(n�1)ĝJ (2�kx, 2�2kt),∫
jf̂I f̂J jq/2 D 2�k(q(n�1)�(nC1))

∫
jĝI ĝJ jq/2,∫

jgI jp D 2k(n�1)
∫

jfI jp,
∫

jgI jp D 2k(n�1)
∫

jfI jp.

By Example 25.4 we can apply (25.14) to get,

kĝI ĝJkq/2
Lq/2(Rn) � Mq/2kgIkq/2

Lp(Gψ )kgJkq/2
Lp(Gψ ).

Combining these statements we find

kf̂I f̂Jkq/2
Lq/2(Rn) � Mq/22�k

(
(n�1)
p0 � (nC1)

q

)
qkfIkq/2

Lp(Sn�1)kfJkq/2
Lp(Sn�1).

Recalling (25.15), inserting the last estimate into (25.16), and using the fact
that for each I there are only boundedly many J such that I 
 J 2 Qk , we
obtain

kf̂ k2
Lq (Rn) �

∑
k

⎛⎝ ∑
I�J2Qk

Mq/22�k
(

(n�1)
p0 � (nC1)

q

)
qkfIkq/2

Lp(Sn�1)kfJkq/2
Lp(Sn�1)

⎞⎠2/q

�
∑
k

M2�2k
(

(n�1)
p0 � (nC1)

q

) ⎛⎝∑
I2Dk

kfIkqLp(Sn�1)

⎞⎠2/q

.

Here Dk is the collection of all dyadic subcubes of Q of diameter 2�kd(Q).
The factor (n�1)

p0 � (nC1)
q

is positive by our assumptions. So the theorem follows
if we have ∑

I2Dk

kfIkqLp(Sn�1) � kf kq
Lp(Sn�1).

This is true if q/p � 1. Choosing p0 sufficiently close to n�1
nC1q we do have

q/p � 1 due to the assumption q > 2n/(n � 1); if p0 D n�1
nC1q, then q/p D

q � nC1
n�1 > 1. Moreover, getting the result for some p gives it also for larger p

(and smaller p0).

25.5 Localization

We now proceed towards the proof of Theorem 25.7 proving first a localization
theorem of Tao and Vargas. In the following theorem the relations between p

and q probably are not sharp, but all that is really needed is that if the assumption
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holds for all α > 0, then the assertion holds for all p > q. In this section we
shall assume that S1 and S2 are compact (n � 1)-dimensional graphs of C2

functions ϕ1 and ϕ2 with non-vanishing Gaussian curvature. More precisely,

Sj D f(x, ϕj (x)) : x 2 Kj g,
where ϕj : Vj ! R is a C2 function, Vj is open, Kj � Vj is compact and the
assumptions of Theorem 14.7 are satisfied. We do not need here the transver-
sality assumptions (25.6) and (25.7).

Theorem 25.10 Let fj 2 L2(Sj ), j D 1, 2. Suppose that ω 2 L1(Rn) with
ω � 0, kωk1 � 1 and 1 < p < nC1

n�1 . If α > 0, 1
p

(1 C 4α
n�1 ) < 1

q
C 2α

nC1 ,Mα �
1 and

kf̂1f̂2kLq (ω,B(x,R)) � MαR
αkf1kL2(S1)kf2kL2(S2) (25.17)

for x 2 Rn, R > 1, fj 2 L2(Sj ), j D 1, 2, then

kf̂1f̂2kLp(ω) � CMαkf1kL2(S1)kf2kL2(S2) for fj 2 L2(Sj ), j D 1, 2,
(25.18)

where C depends only on the structure constants of Section 25.2.

By Theorem 14.7 the Fourier transform of the surface measure σj on Sj
satisfies

jσ̂j (x)j � C1(1 C jxj)�(n�1)/2, x 2 Rn. (25.19)

We shall use this information in order to be able to apply the Stein–Tomas
restriction theorem 19.4:

kĝjk 2(nC1)
n�1

� C2kgjkL2(Sj ). (25.20)

We need that the constant C2, and so also C1, only depends on the structure
constants given in Section 25.2. Theorem 14.7 as given and proved is not
quite enough for that, but one can for example use the argument of Stein
[1993], Section VIII.3.1, to get the sufficient estimate for the constant. On
the other hand, just for proving the bilinear restriction theorem 25.3 for the
sphere and for the application to the distance sets, Corollary 25.25, only the
surfaces in Example 25.4 are needed and for these the required dependence of
the constants is immediate. We do not really need the rather delicate end-point
result of Theorem 19.4, since we have open conditions for the exponents in
Theorem 25.10. We could in place of (25.20) use

kĝjkr � C2kgjkL2(Sj ) (25.21)

with any r > 2(nC1)
n�1 sufficiently close to 2(nC1)

n�1 .
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Our assumptions on p and q in terms of β D (n � 1)/2 read as

1 < p <
β C 1

β
,

1

p

(
1 C 2α

β

)
<

1

q
C α

1 C β
.

Instead of applying Theorem 14.7 and assuming non-vanishing Gaussian cur-
vature, it would be enough to assume the decay condition

jσ̂j (x)j � (1 C jxj)�β, x 2 Rn,

with someβ > 0. Then by the general form of Stein–Tomas restriction theorem,
Theorem 19.3, (25.21) holds for r > 2(βC1)

β
.The proof below works under these

conditions. Thus the method also gives a version of the theorem for example
for conical hypersurfaces.

The proof of Theorem 25.10 will be based on three lemmas. The first of
these says that the hypothesis (25.17) yields a similar statement if the functions
live in neighbourhoods of the surfaces. Recall that A(r) stands for the r-
neighbourhood fx : d(x,A) < rg of a set A and C0 is the upper bound for
krϕjk1 given in (25.4). By Lp(A) we shall now mean the space of functions
in Lp(Rn) which vanish outside A.

Lemma 25.11 Let 1 � q < 1, let M be a positive number and let μ be a
Borel measure on Rn.
(a) If

kf̂ kLq (μ) � Mkf kL2(Sj ) for f 2 L2(Sj ), j D 1, 2, (25.22)

then for all r > 0,

kf̂ kLq (μ) � C(C0)M
p
rkf k2 for f 2 L2(Sj (r)). (25.23)

(b) If

kf̂1f̂2kLq (μ) � Mkf1kL2(S1)kf2kL2(S2) for fj 2 L2(Sj ), j D 1, 2, (25.24)

then for all r > 0,

kf̂1f̂2kLq (μ) � C(C0)Mrkf1k2kf2k2 for fj 2 L2(Sj (r)), j D 1, 2.
(25.25)

Proof We prove only (b). The proof of (a) is similar. Let Sj,t D f(x, ϕj (x) C t) :
x 2 Vj g and Sr

j D [jtj<rSj,t . It is enough to prove the lemma for Sr
j in place of

Sj (r).
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Let fj 2 L2(Sr
j ) and fj,t (z) D fj (x, ϕj (x) C t) for z D (x, ϕj (x)) 2

Sj , jt j < r . Then by change of variable u C ϕj (y) D s and Fubini’s theorem,

jf̂j (x, t)j D
∣∣∣∣∫∫ e�2πi(x�yCts)fj (y, s) ds dy

∣∣∣∣
D

∣∣∣∣∫∫ r

�r

e�2πi(x�yCt(uCϕj (y)))fj (y, u C ϕj (y)) du dy

∣∣∣∣
D

∣∣∣∣∫ r

�r

∫
e�2πi(x�yCt(uCϕj (y)))fj,u(y, ϕj (y)) dy du

∣∣∣∣
D

∣∣∣∣∫ r

�r

e�2πituf̂j,u(x, t) du

∣∣∣∣ �
∫ r

�r

jf̂j,u(x, t)j du.

Thus using Minkowski’s integral inequality, (25.24), Schwartz’s inequality and
Fubini’s theorem,

kf̂1f̂2kLq (μ) �
(∫ (∫ r

�r

jf̂1,u(z)j du
∫ r

�r

jf̂2,v(z)j dv
)q

dμz

)1/q

D
(∫ (∫ r

�r

∫ r

�r

jf̂1,u(z)f̂2,v(z)j du dv
)q

dμz

)1/q

�
∫ r

�r

∫ r

�r

kf̂1,uf̂2,vkLq (μ) du dv

� M

∫ r

�r

∫ r

�r

kf1,ukL2(S1)kf2,vkL2(S2) du dv

� M
p

2r

(∫ r

�r

∫
S1

jf1,uj2 du
)1/2 p

2r

(∫ r

�r

∫
S2

jf2,vj2 dv
)1/2

� Mrkf1k2kf2k2.

The second lemma shows that for functions living in neighbourhoods of the
surfaces Sj , a local hypothesis, namely (25.26), gives a global estimate.

Lemma 25.12 Let 1 � q < 1, let M and R be positive numbers and let μ be
a Borel measure on Rn such that

kf̂1f̂2kLq (μ,B(x,R)) � Mkf1k2kf k2 for x 2 Rn,

fj 2 L2(Sj (2/R)), j D 1, 2. (25.26)

Then

kf̂1f̂2kLq (μ) � C(n, q)Mkf1k2kf2k2 for fj 2 L2(Sj (1/R)), j D 1, 2.
(25.27)
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Proof Let fj 2 L2(Sj (1/R)), j D 1, 2. Let ψ 2 S(Rn) be such that 0 �
ψ � 1, ψ � 1 on B(0, 1) and spt zψ � B(0, 1). Cover Rn with balls
B(xk, R/2), k D 1, 2, . . . , such that

∑
k χB(xk,R) � 1 and define ψk(x) D

ψ((x � xk)/R). Then
∑

k ψk � ∑
k ψ

2q
k � ∑

k χB(xk,R)ψ
2q
k � 1. Moreover

spt {ψk � B(0, 1/R), whence spt {ψk � fj � Sj (2/R). Applying (25.26) and
Plancherel’s theorem, we obtain

kψ2
k f̂1f̂2kLq (μ,B(xk,R)) D k{̂ψk � f1{̂ψk � f2kLq (μ,B(xk,R))

� Mk{ψk � f1k2k{ψk � f2k2 D Mkψkf̂1k2kψkf̂2k2.

Summing over k we get by Schwartz’s inequality,

kf̂1f̂2kLq (μ) �
∑
k

kχB(xk,R)ψ
2
k f̂1f̂2kLq (μ)

D
∑
k

kψ2
k f̂1f̂2kLq (μ,B(xk,R)) � M

∑
k

kψkf̂1k2kψkf̂2k2

� M

(∑
k

kψkf̂1k2
2

)1/2 (∑
k

kψkf̂2k2
2

)1/2

� Mkf̂1k2kf̂2k2 D Mkf1k2kf2k2.

Corollary 25.13 Assuming (25.17) we have for all R > 1,

kf̂1f̂2kLq (ω) � C(n, q, C0)MαR
α�1kf1k2kf2k2

for fj 2 L2(Sj (1/R)), j D 1, 2. (25.28)

Proof Applying the assumption (25.17) and Lemma 25.11 with μ D
ωLn B(x,R) we have

kf̂1f̂2kLq (ω,B(x,R)) � MαR
α�1kf1k2kf k2 for x 2 Rn, fj 2 L2(Sj (2/R)),

j D 1, 2.

Hence the corollary follows by Lemma 25.12.

The third lemma tells us how estimates in the neighbourhoods of the surfaces
Sj lead to estimates for functions defined on the surfaces themselves. Recall
that C2 is the Stein–Tomas constant in (25.20).

Lemma 25.14 For any F 2 L1(Rn) \ L1(Rn) with kFk1 � 1 and any
N,R � 1,∣∣∣∣∫ F ĝ1ĝ2

∣∣∣∣2 � C(n,C2, N)R�(n�1)/2kFk2
2(nC1)
nC3

C
1∑
kD0

R2�kNkF̂ ĝ2k2
L2(S1(2k/R)),

(25.29)
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for all gj 2 L2(Sj ), j D 1, 2, with kgjkL2(Sj ) � 1, and∣∣∣∣∫ F ĝ1ĥ2

∣∣∣∣2 � C(n,C0, C2, N )λR�(n�1)/2�1kFk2
2(nC1)
nC3

C
1∑
kD0

R2�kNkF̂ ĥ2k2
L2(S1(2k/R)), (25.30)

for all g1 2 L2(S1), h2 2 L2(S2(λ/R)), λ > 0 with kg1kL2(S1) � 1, kh2k2 � 1.

Proof By the product formula (3.20), Schwartz’s inequality and (3.28) (we
leave it to the reader to check here and below that these formulas hold in the
needed generality),

∣∣∣∣∫ F ĝ1ĝ2

∣∣∣∣2 D
∣∣∣∣∫ F̂ ĝ2g1 dσ1

∣∣∣∣2 � kF̂ ĝ2k2
L2(S1)kg1k2

L2(S1)

D
∫

(F ĝ2 � σ̂1)F ĝ2kg1k2
L2(S1) �

∫
(F ĝ2 � σ̂1)F ĝ2.

By Hölder’s inequality and (25.20),

kF ĝ2k1 � kFk 2(nC1)
nC3

kĝ2k 2(nC1)
n�1

� C2kFk 2(nC1)
nC3

. (25.31)

Choose ϕ 2 S(Rn) such that ϕ D 1 on B(0, 1), ϕ vanishes outside B(0, 2) and
write σ1 as

σ1 D τ1 C τ2 with τ̂1(x) D ϕ(x/R)σ̂1(x).

Then

kτ̂2k1 � R�(n�1)/2,

and so by (25.31)∣∣∣∣∫∫ (F ĝ2 � τ̂2)F ĝ2

∣∣∣∣ � kτ̂2k1kF ĝ2k2
1 � R�(n�1)/2kFk2

2(nC1)
nC3

. (25.32)

Next we estimate j ∫∫ (F ĝ2 � τ̂1)F ĝ2j. By (3.28) (note that τ1 2 L2)∣∣∣∣∫∫ (F ĝ2 � τ̂1)F ĝ2

∣∣∣∣ � ∫
jF̂ ĝ2j2jτ1j.

Using the rapid decay of zϕ one checks easily that

jτ1(x)j D
∣∣∣∣Rn

∫
zϕ(R(y � x)) dσ1y

∣∣∣∣ �N R(1 C d(x, S1))�N.
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Hence ∣∣∣∣∫∫ (F ĝ2 � τ̂1)F ĝ2

∣∣∣∣ �N

1∑
kD0

R2�kNkF̂ ĝ2k2
L2(S1(2k/R)).

This proves (25.29). To prove (25.30) we argue in the same way but use the
Stein–Tomas theorem in combination with Lemma 25.11(a) to have

kĥ2k 2(nC1)
n�1

� C(C0, C2)λ1/2R�1/2.

In order to complete the proof of Theorem 25.10 we shall prove that for any
measurable set A � Rn with 1 � ω(A) < 1,

kχAĝ1ĝ2kL1(ω) � Mαω(A)1/p0kg1kL2(S1)kg2kL2(S2) for gj 2 L2(Sj ), j D 1, 2.
(25.33)

Let us first see how this implies the theorem. Let p, q and α be as in the
assumptions of Theorem 25.10 and choosep1 < p so that alsop1 satisfies these
conditions. Fix fj 2 L2(Sj ), j D 1, 2, with kfjkL2(Sj ) D 1. Apply (25.33) with
p1 in place of p and with

A D fx : jf̂1f̂2(x)j > λg, λ > 0.

Note that ω(A) < 1 because f̂j 2 Lp0 (Rn) for some p0 < 1 by the Stein–
Tomas restriction theorem and ω is bounded. Then by (25.33), if ω(A) � 1,

λω(A) � kχAf̂1f̂2kL1(ω) � Mαω(A)1/p0
1 ,

which gives

ω(fx : jf̂1f̂2(x)j > λg) � Mp
α maxfλ�p1 , 1g.

Combining this weak type inequality with the trivial inequality

kf̂1f̂2k1 � C3,

with C3 depending only on the structure constants, (25.18) follows from∫
jf̂1f̂2jpω D

∫ C
p
3

0
ω(fx : jf̂1f̂2(x)jp > λg) dλ

� Mp
α

∫ C
p
3

0
λ�p1/p dλ < 1.

It remains to verify (25.33). For this it suffices to show that if ζ is a measur-
able function with jζ j D 1 and if we set ζA D ζχA, then∣∣∣∣∫ ζAĝ1ĝ2ω

∣∣∣∣ � Mαω(A)1/p0kg1kL2(S1)kg2kL2(S2). (25.34)



25.5 Localization 385

Applying Lemma 25.14 with N D 3 and choosing (notice that the exponent
below is positive as 1 < p < nC1

n�1 )

R D ω(A)
2

n�1

(
nC3
nC1 � 2

p0

)
, (25.35)

we obtain∣∣∣∣∫ ζAĝ1ĝ2ω

∣∣∣∣2 � R�(n�1)/2ω(A)
nC3
nC1 C

1∑
kD0

R2�3kkζ̂Aωĝ2k2
L2(S1(2k/R))

D ω(A)2/p0 C
1∑
kD0

R2�3kkζ̂Aωĝ2k2
L2(S1(2k/R)).

Here

kζ̂Aωĝ2kL2(S1(2k/R)) D sup
kh1,kkL2(S1(2k /R))�1

∣∣∣∣∫ ζ̂Aωĝ2h1,k

∣∣∣∣
D sup

kh1,kkL2(S1(2k /R))�1

∣∣∣∣∫ ζAĝ2ĥ1,kω

∣∣∣∣ .
We can repeat the above argument with g2 playing the role of g1 and h1,k

playing the role of g2. Now h1,k is in L2(S1(2k/R)) with norm at most 1 and
we have by (25.30)∣∣∣∣∫ ζAĝ2ĥ1,kω

∣∣∣∣2 � 2kR�1ω(A)2/p0 C
1∑
lD0

R2�3lk ̂ζAωĥ1,kk2
L2(S1(2l /R)).

Again

k ̂ζAωĥ1,kkL2(S1(2l /R)) D sup
kh2,lkL2(S2(2l /R))�1

∣∣∣∣∫ ̂ζAωĥ1,kh2,l

∣∣∣∣
� sup

kh2,lkL2(S2(2l /R))�1
kζAĥ1,kĥ2,lkL1(ω).

By Hölder’s inequality

kζAĥ1,kĥ2,lkL1(ω) � ω(A)1/q0kĥ1,kĥ2,lkLq (ω).

By Corollary 25.13 we have for k � l,

kĥ1,kĥ2,lkLq (ω) � Mα(R/2l)α�1 � MαR
α�12l .



386 Bilinear restriction

Combining these inequalities,∣∣∣∣∫ ζAĝ1ĝ2ω

∣∣∣∣2
� ω(A)2/p0 C M2

α

1∑
kD0

R2�3k
1∑
lD0

R2�3lω(A)2/q0

R2α�222l

� ω(A)2/p0 C M2
αω(A)2/q0

R2α.

Recalling how we chose R in (25.35) we see that

ω(A)2/q0

R2α D ω(A)2/q0C 4α
n�1 ( nC3

nC1 � 2
p0 )
.

Since by the assumption of the theorem,

2/q 0 C 4α

n � 1

(
n C 3

n C 1
� 2

p0

)
< 2/p0,

the desired inequality (25.34) follows and the proof of the theorem is
complete.

25.6 Induction on scales

The second crucial idea is an induction on scales argument due to Wolff:

Proposition 25.15 Suppose that the assumptions of Section 25.2 are satisfied.
Then there is a constant c > 0 such the following holds. Assume that (25.17)
holds for some α > 0:

kf̂1f̂2kLq (ω,B(x,R)) � MαR
αkf1kL2(S1)kf2kL2(S2) (25.36)

for x 2 Rn, R > 1 and fj 2 L2(Sj ), j D 1, 2. Then for all 0 < δ, ε < 1,

kf̂1f̂2kLq (ω,B(x,R)) � CRmaxfα(1�δ),cδgCεkf1kL2(S1)kf2kL2(S2) (25.37)

for x 2 Rn, R > 1 and fj 2 L2(Sj ), j D 1, 2, where the constant C depends
only on the structure constants of Section 25.2 and on Mα, δ and ε.

The point here is that once we have this proposition we can argue inductively
to get down to arbitrarily small α. That is, Proposition 25.15 implies (25.17) for
all α > 0. To see this note that kf̂jk1 � kfjkL2(Sj ) by Schwartz’s inequality,
whence (25.17) holds for α D α0 D s/q. Fix ε > 0 and define

αjC1 D cαj/(αj C c) C ε, j D 0, 1, 2, . . . .
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Suppose (25.17) holds for α D αj for some j . Apply Proposition 25.15 with
δ D δj D αj/(αj C c). Then

maxfαj (1 � δ), cδg D cαj/(αj C c),

and it follows that (25.17) holds for α D αjC1. It is easy to check that if ε is
chosen small enough, the sequence (αj ) is decreasing and

αj ! (
ε C

√
ε2 C 4cε

)
/2.

Since we can choose ε arbitrarily small, (25.17) holds for all α > 0.
So Proposition 25.15 together with Theorem 25.10 yield Theorem 25.7.

Before giving the details for the proof of Proposition 25.15 we give a sketch of
the main ideas in the case ω D 1.

25.7 Sketch of the proof of Theorem 25.7

The proof of Proposition 25.15, which is the core of the whole argument,
uses the third basic tool: the wavepacket decomposition. Fix R > 1 and let
fj 2 L2(Sj ) with kfjkL2(Sj ) � 1. The wavepacket decomposition allows us to
write f̂j as a sum of functionspy,vj which together with their Fourier transforms
are well localized:

f̂j (x, t) D �wj
pwj

(x, t), j D 1, 2. (25.38)

The indices wj (where w1 always is related to f1 and w2 to f2) are of the
form (yj , vj ) where the vj run through a 1/

p
R-separated set in Vj and the

yj run through a
p
R-separated set in Rn�1. The functions pwj

are essentially
supported in the tubes (that is, they decay very fast off them)

Twj
D f(x, t) : jt j � R, jx � (yj � trϕj (vj ))j � R1/2g

and their Fourier transforms have supports in Sj \ B((vj , ϕj (vj )), 2/
p
R). The

transversality assumptions on S1 and S2 guarantee that any two tubes Tw1 and
Tw2 are transversal.

The proof of the wavepacket decomposition involves several technicalities,
but in principle it is not very difficult. Here are the main ideas. First find
C1-functions η and ψ on Rn�1 such that

spt η̂ � B(0, 1), sptψ � B(0, n),∑
k2Zn�1

η(x � k) D
∑

k2Zn�1

ψ(x � k) D 1 for x 2 Rn�1.
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Define for yj 2 R1/2Zn�1 and vj 2 R�1/2Zn�1 \ Vj ,

ηyj (x) D η

(
x C yjp

R

)
, ψvj (v) D ψ(

p
R(v � vj )), x, v 2 Rn�1.

Then

η̂yj (v) D R(n�1)/2e2πiyj �vη̂(
p
Rv), spt η̂yj � B(0, 1/

p
R),

sptψvj � B(vj , n/
p
R).

Defining gj on Vj by gj (v) D fj (v, ϕ(v)), we have∑
yj

ηyj D 1 and gj D
∑
vj

ψvj gj .

Thus

gj D
∑
vj ,yj

F�1(ψ̂vj gjηyj ).

Now the functions py,vj ,

pyj ,vj (x, t) D
∫
Vj

e�2πi(x�vCtϕj (v))F�1(ψ̂vj gjηyj )(v) dv, (x, t) 2 Rn�1 
 R,

have the required properties. The decomposition f̂j (x, t) D �wj
pwj

(x, t) and
the fact spt p̂wj

� Sj \ B((vj , ϕj (vj )), 2/
p
R) are easily checked. The fast

decay of pwj
outside Twj

follows by stationary phase estimates, more precisely,
by Theorem 14.4.

In order to prove Proposition 25.15 (when ω D 1), we need, by (25.38), the
estimate

k�wj
pw1pw2kLq (Q(R)) � Rε(R(1�δ)α C Rcδ).

HereQ(R) is the cube of side-lengthR centred at the origin. Some pigeonholing
arguments and normalizations of the functions pwj

reduce this to

k�wj2Wj
pw1pw2kLq (Q(R)) � Rε(R(1�δ)α C Rcδ)

√
#W1#W2

for arbitrary subsets Wj of the index sets under the conditions

kpwj
k1 � R(1�n)/4.

Next the cube Q(R) is decomposed into cubes Q 2 Q of side-length R1�δ .
Then

k�wj2Wj
pw1pw2kLq (Q(R)) � �Q2Qk�wj2Wj

pw1pw2kLq (Q),
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and the problem easily reduces to the estimation of each Q summand on the
right hand side. For a fixed Q 2 Q the sum over w1 and w2 is split to the local
part, denoted w1 
 Q and w2 
 Q, and the far-away part, w1 6
 Q or w2 6
 Q.
Local here means that for a given wj the cubes Q with wj 
 Q are contained
in some cube with side-length � R1�δ which allows us to use the induction
hypothesis (25.36) to get the upper bound RεR(1�δ)α

p
#W1#W2 for this part of

the sum.
The far-away part will be estimated by RεRcδ

p
#W1#W2. First there is the

L1-estimate∥∥∥∥∥∥
∑

w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
L1(Q)

� R(#W1)1/2(#W2)1/2,

which follows by some L2 estimates for the functions pwj
. Hence by interpo-

lation the required estimate is reduced to showing that for every Q 2 Q,∥∥∥∥∥∥
∑

w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
L2(Q)

� Rcδ�(n�2)/4(#W1)1/2(#W2)1/2.

Next Q(R) is split into cubes P 2 P of side-length
p
R. We are led to show

that for any Q 2 Q,

∑
P2P,P�2Q

∥∥∥∥∥∥
∑

wj2Wj ,RδP\Twj 6D∅,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
2

2

� Rcδ�(n�2)/2(#W1)(#W2).

The reduction to RδP \ Twj
6D ∅ follows from the fast decay of pwj

outside
Twj

. Writing∥∥∥∥∥ ∑
w12U1,w22U2

pw1pw2

∥∥∥∥∥
2

2

D
∑

w1,w
0
12U1,w2,w

0
22U2

∫
pw1pw2pw0

1
pw0

2
,

and ∫
pw1pw2pw0

1
pw0

2
D

∫
p̂w1pw2 p̂w0

1
pw0

2
D

∫
(p̂w1 � p̂w2 )p̂w0

1
� p̂w0

2
,

the support properties of the Fourier transforms p̂wj
are used to estimate∣∣∣∣∫ pw1pw2pw0

1
pw0

2

∣∣∣∣ � R�(n�2)/2.
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Furthermore, the support properties yield that if we fix w1 and w0
2 and if

w0
1 is such that

∫
pw1pw2pw0

1
pw0

2
6D 0 for some w2, then v0

1 lies in an R�1/2-
neighbourhood of a smooth hypersurface depending on w1 and w0

2. The geom-
etry of this surface is well understood because of the initial transversality and
curvature assumptions for the surfaces Sj . These and the transversality of the
tubes Tw1 and Tw2 lead to good estimates on the number of indices for which∫
pw1pw2pw0

1
pw0

2
6D 0, which together with some combinatorial arguments will

complete the proof.

25.8 Extension operators

We shall now go to the remaining details of the proof of Theorem 25.7.
Recall that f̂j means

f̂j (x, t) D f̂j σj (x, t)

D
∫
Vj

e�2πi(x�vCtϕj (v))fj (v, ϕj (v)) dv, (x, t) 2 Rn�1 
 R.

Just as a change of notation, instead of functions on Sj we can, and shall,
as well consider functions on Vj , which we always extend as 0 outside Vj , and
we set (the change of sign in the exponential is irrelevant and only for slight
later convenience),

Ejfj (x, t) D
∫
Vj

e2πi(x�vCtϕj (v))fj (v) dv, (x, t) 2 Rn�1 
 R.

The operators Ej are called Fourier extension operators. Theorem 25.7 now
reads as

Theorem 25.16 Suppose the assumptions of 25.2 are satisfied. Then

kE1f1E2f2kLq (ω) � Ckf1k2kf2k2 for fj 2 L2(Vj ), j D 1, 2,

where the constant C depends only on the structure constants of Section 25.2.

By Theorem 25.10 and Remark 25.6 it will be enough to prove the following
localized version: for all α > 0,

kE1f1E2f2kLq (ω,Q(x,R)) �α Rαkf1k2kf k2 for x 2 Rn, R > 1,

fj 2 L2(Vj ), j D 1, 2. (25.39)

Here Q(x,R) is the cube with centre x and side-length 2R. Notice that (25.39)
holds for R > 1 if and only if it holds for R > Rα with some Rα > 0. We shall
obtain (25.39) by the induction on scales argument, recall Proposition 25.15.
That is, we shall prove
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Proposition 25.17 There is a constant c > 0 such the following holds. Suppose
that (25.39) holds for some α > 0:

kE1f1E2f2kLq (ω,Q(x,R)) � MαR
αkf1k2kf2k2 (25.40)

for x 2 Rn, R > 1 and fj 2 L2(Vj ), j D 1, 2. Then for all 0 < δ, ε < 1,

kE1f1E2f2kLq (ω,Q(a,R)) � CRmaxfα(1�δ),cδgCεkf1k2kf2k2 (25.41)

for a 2 Rn, R > 1 and fj 2 L2(Vj ), j D 1, 2, where the constant C depends
only on the structure constants of Section 25.2 and on Mα, δ and ε.

Now we begin the long proof of Proposition 25.17. As stated before, this will
complete the proof of Theorem 25.7. Suppose α > 0 is such that (25.40) holds.
Fix R > 1, which we can choose later as big as we want. To prove (25.41) we
may assume a D 0 and nR�1/2 < ε0. Recall that Ṽj is the ε0-neighbourhood
of Vj .

Notation: Until the end of the proof of Proposition 25.17 the notation �
will mean that the implicit constant depends only on the structure constants
of Section 25.2 and on Mα, δ and ε. Other dependencies will be denoted with
subindices, for example �N .

25.9 Wavepacket decomposition

Set

Y D R1/2Zn�1,

Vj D R�1/2Zn�1 \ Ṽj ,

Wj D Y 
 Vj .

For each wj D (yj , vj ) 2 Wj define

Twj
D f(x, t) : jt j � R, jx � (yj � trϕj (vj ))j � R1/2g. (25.42)

Then Twj
is a tube with centre (yj , 0) and direction (rϕj (vj ), 1). Notice

that #Vj � R(1�n)/2 and for a fixed vj the tubes Ty,vj , y 2 Y , have bounded
overlap.

The main tool for the proof of Proposition 25.17 is the following wavepacket
decomposition of Ejfj , j D 1, 2, in terms of functions which are essentially
localized in the tubes Twj

and whose Fourier transforms in x-variable are
localized in the balls B(vj , CR�1/2), vj 2 Vj .
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Lemma 25.18 Let C0 be as (25.4). Let fj 2 L2(Vj ). Then there are functions
pwj

2 L1(Rn) and non-negative constants Cwj
, wj 2 Wj , j D 1, 2 , with the

following properties for (x, t) 2 Rn�1 
 R:

(i) Ejfj (x, t) D �wj2Wj
Cwj

pwj
(x, t).

(ii) pwj
D Ej ( ̂pwj

(�, 0)).
(iii) kpwj

k1 � R(1�n)/4.

(iv) spt p̂wj
(�, t) � B(vj , 2nR�1/2).

(v) p̂wj
is a measure in M(Rn) with

spt p̂wj
� Sj \ f(x, t) : jx � vj j � 2nR�1/2g

� B((vj , ϕ(vj )), 2n(1 C C0)R�1/2).

(vi)
∑

wj2Wj
jCwj

j2 � kfjk2
2.

(vii) If L is a sufficiently large constant and jt j � R or jx � (yj �
trϕj (vj ))j > LR�1/2jt j, then

jpwj
(x, t)j �N R(1�n)/4

(
1 C jx � (yj � trϕj (vj ))jp

R

)�N

for allN 2 N.

In particular, if jt j � R and λ � 1,

jpwj
(x, t)j �δ R

�10n if d((x, t), Twj
) � RδC1/2,

jpwj
(x, t)j � (λR)�10n if d((x, t), Twj

) � λR.

(viii) If jt j � R, then for any W � Wj ,∥∥∥∥∥∥
∑
wj2W

pwj
(�, t)

∥∥∥∥∥∥
2

2

� #W.

(ix) The product pw1pw2 2 L2(Rn).

The notation is not quite correct: pw1 could be different from pw2 although
w1 D w2 and similarly for Cwj

but this should not cause any confusion; we
prefer not to complicate notation writing p1,w1 , for example.

The main estimates are those for jt j � R. We only need the estimate for
jt j > R in (vii) to get (ix), and only to be able to use Plancherel’s theorem for
pw1pw2 .

Proof We can choose C1-functions η and ψ on Rn�1 such that zη D η̂,

spt η̂ � B(0, 1), sptψ � B(0, n),∑
k2Zn�1

η(x � k) D
∑

k2Zn�1

ψ(x � k) D 1 for x 2 Rn�1.
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By the Poisson summation formula, Corollary 3.20, we can take for η any
radial C1-function such that

∫
η D 1 and spt η̂ � B(0, 1). For ψ we can take

any non-negative C1-function of the form ψ(x) D g(x)/(
∑

k2Zn�1 g(x � k)),
where spt g � B(0, n) and g(x) > 0 for x 2 [�1, 1]n�1.

For y 2 Y and vj 2 Vj , define

ηy(x) D η

(
x C yp

R

)
, ψvj (v) D ψ(

p
R(v � vj )), x, v 2 Rn�1.

Then

η̂y(v) D R(n�1)/2e2πiy�vη̂(
p
Rv), spt η̂y � B(0, 1/

p
R),

sptψvj � B(vj , n/
p
R). (25.43)

We have ∑
y2Y

ηy D 1 and fj D
∑

vj2R�1/2Zn�1

ψvj fj D
∑
vj2Vj

ψvj fj ,

since fj vanishes outside Vj and nR�1/2 < ε0, and so ψvj fj D 0 when vj 2
R�1/2Zn�1 n Vj . Thus

fj D
∑

vj2Vj ,y2Y
F�1(ψ̂vj fjηy),

whence

Ejfj D
∑

vj2Vj ,y2Y
qy,vj , (25.44)

where

qy,vj D Ej (F�1(ψ̂vj fjηy)),

that is,

qy,vj (x, t) D
∫
Vj

e2πi(x�vCtϕj (v))F�1(ψ̂vj fjηy)(v) dv, (x, t) 2 Rn�1 
 R.

Then qy,vj (�, 0) D F�1(F�1(ψ̂vj fjηy)), so ̂qy,vj (�, 0) D F�1(ψ̂vfjηy) and thus

qy,vj D Ej ( ̂qy,vj (�, 0)). (25.45)

We define the Hardy–Littlewood maximal function Mg in Rn�1 by

Mg(x) D sup
r>0

r1�n

∫
B(x,r)

jgj dLn�1.
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We also set L(ϕj ) D 3nLip(rϕj ):

jrϕj (x) � rϕj (y)j � L(ϕj )jx � yj/(3n).

Now we show

Lemma 25.19 Let y 2 Y, vj 2 Vj , j D 1, 2. For all (x, t) 2 Rn�1 
 R,

jqy,vj (x, t)j � M(ψ̂vj fj )(�y). (25.46)

If jt j � R or jx � y C trϕj (vj )j � 4L(ϕj )R�1/2jt j, then for any N 2 N,

jqy,vj (x, t)j �N M(ψ̂vj fj )(�y)

(
1 C jx � (y � trϕ(vj ))jp

R

)�N

. (25.47)

Proof Since sptF�1(ψ̂vj fjηy) � sptψvj C sptF�1(ηy) � B(vj , 2n/
p
R), we

find a C1-function ψ̃ such that spt ψ̃ � B(0, 3n) and ψ̃vj D 1 on

sptF�1(ψ̂vj fjηy) where ψ̃vj (v) D ψ̃(
p
R(v � vj )). Set Fvj D ψ̂vj fj . Then,

changing
p
R(v � vj ) to v,

qy,vj (x, t) D
∫

e2πi(x�vCtϕj (v))F�1
vj

(ψ̂vj fjηy)(v)ψ̃vj (v) dv

D
∫∫

e2πi(x�vCtϕj (v)Cz�v)Fvj (z)ηy(z)ψ̃vj (v) dz dv

D R(1�n)/2
∫

K(x C z, t)Fvj (z)η(R�1/2(z C y)) dz,

where

K(x, t) D
∫

e2πi(R�1/2x�vCx�vjCtϕj (R�1/2vCvj ))ψ̃(v) dv.

Using the fast decay of η we conclude

jqy,vj (x, t)j � R(1�n)/2
∫

jFvj (z)η(R�1/2(z C y))j dz

� R(1�n)/2
∫
B(�y,

p
R)

jFvj j C
1∑
jD1

R(1�n)/2



∫
B(�y,2j

p
R)nB(�y,2j�1

p
R)

2�jnjFvj j

� M(Fvj )(�y) C
1∑
jD1

2�jM(Fvj )(�y) D 2M(Fvj )(�y),

and (25.46) follows.
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Suppose that jt j � R. If v 2 spt ψ̃ , then

R�1/2jtrϕj (R�1/2v C vj ) � trϕj (vj )j � Lip(rϕj )jvj � L(ϕj ).

Hence if jt j � R and jx C trϕj (vj )j � 2L(ϕj )R1/2,

jrv(R�1/2x � v C x � vj C tϕj (R�1/2v C vj ))jDR�1/2jx C trϕj (R�1/2v C vj )j
� R�1/2jx C trϕj (vj )j � R�1/2jtrϕj (vj ) � trϕj (R�1/2v C vj )j
� R�1/2jx C trϕj (vj )j/2.

Thus by Theorem 14.4,

jK(x, t)j �N

(
1 C jx C trϕ(vj )jp

R

)�N

.

This holds trivially if jx C trϕj (vj )j < 2L(ϕj )R1/2, so

jqy,vj (x, t)j � R(1�n)/2
∫

jK(x C z � y, t)η(R�1/2z)Fvj (z � y)j dz

� R(1�n)/2
∫ (

1 C ja C zjp
R

)�N

jη(R�1/2z)Fvj (z � y)j dz

with a D x � (y � trϕj (vj )).
Thus to prove (25.47) it suffices to show that for λ > 1, a 2 Rn�1, F 2

L1
loc(R

n�1),

I :D λ1�n

∫ (
1 C ja C zj

λ

)�N

jη(z/λ)F (z)j dz �N

(
1 C jaj

λ

)�N

MF (0).

(25.48)
If jaj � 2λ, we get as above,

I � λ1�n

∫
jη(z/λ)F (z)j dz � MF (0) � 3N

(
1 C jaj

λ

)�N

MF (0).

Thus we may assume that jaj > 2λ so that (1 C jaj
λ

)�N � ( jaj
λ

)�N . We have

I D
1∑
kD0

Ik,

where

I0 D λ1�n

∫
B(λ)

(
1 C ja C zj

λ

)�N

jη(z/λ)F (z)j dz,

Ik D λ1�n

∫
B(2kλ)nB(2k�1λ)

(
1 C ja C zj

λ

)�N

jη(z/λ)F (z)j dz, k D 1, 2, . . . .
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If jaj � 2kC1λ, we use the rapid decay of η, jη(z/λ)j �N 2�k(NCn) for z 2
B(2kλ) n B(2k�1λ), to get for k � 1,

Ik � λ1�n

∫
B(2kλ)nB(2k�1λ)

jη(z/λ)F (z)j dz

�N 2�k�kN (2kλ)1�n

∫
B(2kλ)

jF (z)j dz � 2�k2N (jaj/λ)�NMF (0).

If jaj > 2kC1λ and z 2 B(2kλ) n B(2k�1λ), then ja C zj � jaj/2 and
jη(z/λ)j � 2�kn, whence

Ik � λ1�n2N (jaj/λ)�N

∫
B(2kλ)nB(2k�1λ)

jη(z/λ)F (z)j dz

�N 2�k2N (jaj/λ)�N (2kλ)1�n

∫
B(2kλ)

jF (z)j dz � 2�k2N (jaj/λ)�NMF (0).

Also

I0 � 2N (jaj/λ)�Nλ1�n

∫
B(λ)

jF (z)j dz � 2N (jaj/λ)�NMF (0).

Summing over k gives (25.48) and proves (25.47) for jt j � R.
To prove the remaining part of (25.47) assume that jt j > R and jx � y C

trϕj (vj )j � 4L(ϕj )R�1/2jt j. Then jx � y C trϕj (vj )j � 4L(ϕj )R1/2. We
have again as above,

qy,vj (x, t) D R(1�n)/2
∫

K(x � y C z, t)η(R�1/2z)Fvj (z � y) dz,

where

K(x � y C z, t) D
∫

e2πi(R�1/2(x�yCz)�vC(x�yCz)�vjCtϕj (R�1/2vCvj ))ψ̃(v) dv.

Now we have for v 2 spt ψ̃ ,

R�1/2jtrϕj (R�1/2v C vj ) � trϕj (vj )j � L(ϕj )R�1jt j.
If jx � y C z C trϕj (vj )j � jx � y C trϕj (vj )j/2,

jrv(R�1/2(x � y C z) � v C (x � y C z) � vj C tϕj (R�1/2v C vj ))j
D R�1/2jx � y C z C trϕj (R�1/2v C vj )j
� R�1/2jx � y C z C trϕj (vj )j � R�1/2jtrϕj (R�1/2v C vj ) � trϕj (vj )j
� R�1/2jx � y C z C trϕj (vj )j � L(ϕj )R�1jt j
� R�1/2jx � y C trϕj (vj )j/4,
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whence

jK(x � y C z, t)j �N

(
1 C jx � y C trϕ(vj )jp

R

)�N

.

This gives

jqy,vj (x, t)j
� R(1�n)/2

∫
jK(x C z � y, t)η(R�1/2z)Fvj (z � y)j dz

� R(1�n)/2
∫ (

1 C jx � y C trϕj (vj )jp
R

)�N

jη(R�1/2z)Fvj (z � y)j dz

C R(1�n)/2
∫
B(y�x�trϕj (vj ),jy�x�trϕj (vj )j/2)

jη(R�1/2z)Fvj (z � y)j dz.

The first term is dominated by M(ψ̂vj fj )(�y)(1 C jx�(y�trϕj (vj ))jp
R

)�N as in the

case jt j � R. Setting u D y � x � trϕj (vj ) we have juj � p
R and so by the

fast decay of η we get for the second term,

R(1�n)/2
∫
B(u,juj/2)

jη(R�1/2z)Fvj (z � y)j dz

� R(1�n)/2(juj/pR)�NC1�n

∫
B(0,2juj)

jFvj (z � y)j dz

� (juj/pR)�NMFvj (�y).

We shall now show that

Cy,vj D R(n�1)/4M(ψ̂vfj )(�y), py,vj D qy,vj /Cy,vj ,

satisfy the claims of Lemma 25.18. Here py,vj D 0 if Cy,vj D 0, that is, if

ψvfj D 0. It follows for example from Lemma 25.20 below that M(ψ̂vfj )(�y)
is finite.

First, (i) is clear by (25.44) and (ii) follows from (25.45). (iii) follows from
(25.46). To see (iv) note that

̂qy,vj (�, t)(v) D e2πitϕj (v)F�1(ψ̂vj fjηy)(v) D e2πitϕj (v)(ψvj fj ) � zηy(v),

so by (25.43)

spt ̂qy,vj (�, t) � spt(ψvj f ) C spt zηy � B(vj , n/
p
R) C B(0, 1/

p
R)

from which (iv) follows. By its definition qy,vj is the inverse transform of

the measure νj for which
∫
g dνj D ∫

g(v, ϕj (v))F�1(ψ̂vj fjηy)(v) dv, from
which (v) follows by (25.43) and using (25.4) for the second inclusion.
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For (vi) we use:

Lemma 25.20 If f 2 L1(Rn) and spt f � B(a, r), then M(f̂ )(y) � M(f̂ )(y0)
when jy � y0j < 1/r .

Proof Let � be a C1-function on Rn such that � D 1 on B(0, 1) and spt� �
B(0, 2). Define �a,r D �((x � a)/r). Then �a,r D 1 on spt f , so f̂ D ψ̂a,r �
f̂ , and �̂a,r (x) D rne�2πia�x�̂(rx). Let � > 0. If 2� > 1/r , then

��n

∫
B(y,�)

jf̂ j � 3n(3�)�n

∫
B(y0,3�)

jf̂ j � 3nM(f̂ )(y0). (25.49)

Suppose 2� � 1/r . We have

��n

∫
B(y,�)

jf̂ j D ��n

∫
B(y,�)

∣∣∣∣∫ f̂ (z)�̂a,r (x � z) dz

∣∣∣∣ dx
� ��nrn

∫
jf̂ (z)j

∫
B(y,�)

j�̂(r(x � z))j dx dz

� rn
∫
B(y0,2/r)

jf̂ (z)j dz C ��nrn
1∑
kD1

∫
B(y0,2kC1/r)nB(y0,2k/r)

jf̂ (z)j



∫
B(y,�)

j�̂(r(x � z))j dx dz.

The first summand is � 2nM(f̂ )(y0). In the second if x 2 B(y, �) and z 2
B(y0, 2kC1/r) n B(y0, 2k/r), then

rjx � zj � rjy0 � zj � rjy0 � yj � rjy � xj � 2k � 1 � r� � 2k � 3/2 � 2k�2,

whence j�(r(x � z))j � 2�(nC1)k . Therefore

��nrn
∫
B(y0,2kC1/r)nB(y0,2k/r)

jf̂ (z)j
∫
B(y,�)

j�̂(r(x � z))j dx dz

� 2�k(2kC1/r)�n

∫
B(y0,2kC1/r)

jf̂ (z)j dz � 2�kM(f̂ )(y0).

Summing over k we get

��n

∫
B(y,�)

jf̂ j � M(f̂ )(y0). (25.50)

The lemma follows from (25.49) and (25.50).
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Using Lemma 25.20, the L2 boundedness of M and Plancherel’s theorem,
we have∑

w2Wj

jCwj2 �
∑

y2Y,v2Vj

∫
B(y,

p
R)
M(ψ̂vfj )2 �

∑
v2Vj

∫
M(ψ̂vfj )2

�
∑
v2Vj

∫
jψ̂vfj j2 D

∑
v2Vj

∫
jψvfj j2 �

∫
jfj j2,

so that (vi) holds. The first statement of (vii) follows from Lemma 25.19. The
second follows from the first.

(viii) follows by Plancherel’s theorem, (iv) and (vii): for every W � Wj ,

k
∑
w2W

pw(�, t)k2
2 D

∫ ∣∣∣∣∣∣
∑
v2Vj

∑
y2Y :(y,v)2W

̂py,v(�, t)
∣∣∣∣∣∣
2

�
∑
v2Vj

∫ ∣∣∣∣∣∣
∑

y2Y :(y,v)2W

̂py,v(�, t)
∣∣∣∣∣∣
2

D
∑
v2Vj

∫ ∣∣∣∣∣∣
∑

y2Y :(y,v)2W

py,v(�, t)
∣∣∣∣∣∣
2

�
∑
v2Vj

∑
y2Y :(y,v)2W

∫
jpy,v(�, t)j2 � #W,

where the last two inequalities follow from (vii); the first of them by the
bounded overlap of Ty,v, y 2 Y , the second of them since (vii) implies that∫ jpy,v(�, t)j2 � 1.

The function pw1pw2 is bounded by (vii) and it decays very fast outside the
intersection of the sets f(x, t) : jx � yj C trϕj (vj )j � C0jt j/pRg, j D 1, 2. It
follows from (25.11) that for sufficiently large R this intersection is a bounded
set which implies that pw1pw2 2 L2.

25.10 Some pigeonholing

We now assume (25.40), and fix fj 2 L2(Vj ) with kfjk2 D 1 for j D 1, 2.
Then we have the wavepacket representations as in Lemma 25.18. Recall also
from (25.8) that

q > q0 D max

{
1,min

{
4s

n C 2s � 2
,
n C 2

n

}}
.

To prove Proposition 25.17, it suffices to prove that∥∥∥∥∥∥
∑

w12W1

∑
w22W2

Cw1Cw2pw1pw2

∥∥∥∥∥∥
Lq (ω,Q(R))

� Rε(Rα(1�δ) C Rcδ), (25.51)
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for some positive constant c, where Q(R) is the cube in Rn with centre 0 and
side-length R.

Below c will always depend on the setting described in 25.2, but we will
often increase its value while going on.

We now make some reductions in this sum. First, it is enough to consider
wj for which

Twj
\ 5Q(R) 6D ∅ for j D 1, 2. (25.52)

To see this split the rest of the sum into three parts where Tw1 \ 5Q(R) D ∅
and Tw2 \ 5Q(R) 6D ∅, Tw2 \ 5Q(R) D ∅ and Tw1 \ 5Q(R) 6D ∅, and Tw1 \
5Q(R) D ∅ and Tw2 \ 5Q(R) D ∅. They can all be dealt with in the same
way, so we only consider the first one. By (iii) and (vi) of Lemma 25.18,
jCw1Cw2pw2 j � 1. The cardinality of w2 2 W2 such that Tw2 \ 5Q(R) 6D ∅
is roughly Rn�1. The number of w1 2 W1 such that 5kR < d(Tw1 ,Q(R)) �
5kC1R is dominated by (

p
R)n�1(5k

p
R)n�1 D (5kR)n�1. Thus using Lemma

25.18(vii) and (25.9), we get∥∥∥∥∥∥
∑

(w1,w2)2W1�W2,Tw1 \5Q(R)D∅,Tw2 \5Q(R)6D∅

Cw1Cw2pw1pw2

∥∥∥∥∥∥
Lq (ω,Q(R))

� Rn�1
1∑
kD0

∑
w12W1,5kR<d(Tw1 ,Q(R))�5kC1R

kpw1kLq (ω,Q(R))

�
1∑
kD0

Rn#fw1 2 W1 : 5kR < d(Tw1 ,Q(R)) � 5kC1Rg(5kR)�10n(5kR)s/q

�
1∑
kD0

5�kR�7n < 2R�7n.

Secondly, the number of pairs (w1, w2) satisfying (25.52) is � R2(n�1),
so the sum over such pairs of the terms kCw1Cw2pw1pw2kLq (ω,Q(R)) such that
jCw1 j � R�10n or jCw2 j � R�10n is � R�8n. Therefore we can assume that for
some constant C,

R�10n � Cwj
� C. (25.53)

From now on we replace the sets Wj by their subsets which correspond to
those wj for which (25.52) and (25.53) hold. Evidently #Wj � Rn and just to
fix an upper bound we assume that #Wj � R2n.

Thirdly, we get rid of the Cwj
. The number of dyadic rationals 2j , j 2 Z,

in [R�10n, C] is about logR, so the Lq(ω,Q(R))-norm of
∑

Cw1Cw2pw1pw2
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over (w1, w2) which satisfy (25.52) and (25.53) is �

(logR)2

∥∥∥∥∥∥
∑

w12W1:κ1�Cw1 �2κ1

∑
w22W2:κ2�Cw2 �2κ2

Cw1Cw2pw1pw2

∥∥∥∥∥∥
Lq (ω,Q(R))

for some dyadic rationals κ1 and κ2. Writing p̃wj
D (Cwj

/κj )pwj
and Wj for

the set of wj 2 Wj for which κj � Cwj
� 2κj we have∥∥∥∥∥∥

∑
w12W1:κ1�Cw1 �2κ1

∑
w22W2:κ2�Cw2 �2κ2

Cw1Cw2pw1pw2

∥∥∥∥∥∥
Lq (ω,Q(R))

D
∥∥∥∥∥ ∑
w12 W1

∑
w22 W2

p̃w1 p̃w2

∥∥∥∥∥
Lq (ω,Q(R))

κ1κ2.

Since by Lemma 25.18(vi)
√

#Wj � 1/κj and since the functions p̃wj
satisfy

all the conditions (ii)–(v) and (vii)–(ix) (we shall not anymore make use of (i)
and (vi)), it suffices to show that∥∥∥∥∥ ∑

w12 W1

∑
w22 W2

pw1pw2

∥∥∥∥∥
Lq (ω,Q(R))

� Rε(Rα(1�δ) C Rcδ)
√

#W1#W2, (25.54)

for W1 � W1,W2 � W2.
Now we fix W1 � W1,W2 � W2 for the rest of the proof. Decompose Q(R)

into Rδn cubes Q 2 Q of side-length R1�δ (without loss of generality we may
assume that Rδ is an integer). Then∥∥∥∥∥ ∑

w12W1

∑
w22W2

pw1pw2

∥∥∥∥∥
Lq (ω,Q(R))

�
∑
Q2Q

∥∥∥∥∥ ∑
w12W1

∑
w22W2

pw1pw2

∥∥∥∥∥
Lq (ω,Q)

.

(25.55)

We define a relation 
 between wj 2 Wj and Q 2 Q and split the sum into the
parts where w1 
 Q and w2 
 Q and where w1 6
 Q or w2 6
 Q. To define
this relation we also decompose Q(R) into Rn/2 cubes P 2 P of side-lengthp
R (assuming that

p
R too is an integer) . For P 2 P , set

Wj (P ) D fwj 2 Wj : Twj
\ RδP 6D ∅g. (25.56)

For dyadic integers 1 � κ1, κ2 � R2n set

Q(κ1, κ2) D fP 2 P : κ1 � #W1(P ) � 2κ1, κ2 � #W2(P ) � 2κ2g, (25.57)

and for wj 2 Wj ,

λ(wj, κ1, κ2) D #fP 2 Q(κ1, κ2) : Twj
\ RδP 6D ∅g, (25.58)
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and for dyadic integers 1 � λ � R2n,

Wj (λ, κ1, κ2) D fwj 2 Wj : λ � λ(wj, κ1, κ2) � 2λg. (25.59)

For dyadic integers 1 � λ, κ1, κ2 � R2n and wj 2 Wj (λ, κ1, κ2) we choose a
cube Q(wj, λ, κ1, κ2) 2 Q which maximizes the quantity

#fP 2 Q(κ1, κ2) : Twj
\ RδP 6D ∅, P \ Q 6D ∅g

among the cubes Q 2 Q. Since #Q D Rnδ , it follows that

#fP 2 Q(κ1, κ2) : Twj
\ RδP 6D ∅, P \ Q(wj, λ, κ1, κ2) 6D ∅g � λR�nδ.

(25.60)
We define for wj 2 Wj and Q 2 Q,

wj 
 Q if for some dyadic integers λ, κ1, κ2 2 [1, R2n],

Q \ 10Q(wj, λ, κ1, κ2) 6D ∅.

There are roughly (logR)3 dyadic triples (λ, κ1, κ2) 2 [1, R2n]3, so for all
wj 2 Wj ,

#fQ 2 Q : wj 
 Qg � Rε.

Thus by (ii) and (viii) of Lemma 25.18, the induction hypotheses (25.40) (recall
that Q is an R1�δ-cube), Plancherel’s theorem and Schwartz’s inequality,

∑
Q2Q

∥∥∥∥∥∥
∑

w12W1,w1	Q

∑
w22W2,w2	Q

pw1pw2

∥∥∥∥∥∥
Lq (ω,Q)

�
∑
Q2Q

∥∥∥∥∥∥E1

⎛⎝ ∑
w12W1,w1	Q

p̂w1 (�, 0)

⎞⎠E2

⎛⎝ ∑
w22W2,w2	Q

p̂w2 (�, 0)

⎞⎠∥∥∥∥∥∥
Lq (ω,Q)

� Rα(1�δ)
∑
Q2Q

∥∥∥∥∥∥
∑

w12W1,w1	Q

pw1 (�, 0)

∥∥∥∥∥∥
2

∥∥∥∥∥∥
∑

w22W2,w2	Q

pw2 (�, 0)

∥∥∥∥∥∥
2

� Rα(1�δ)
∑
Q2Q

(#fw1 2 W1 : w1 
 Qg)1/2(#fw2 2 W2 : w2 
 Qg)1/2

� Rα(1�δ)

( ∑
w12W1

#fQ 2 Q : w1 
 Qg
)1/2( ∑

w22W2

#fQ 2 Q : w2 
 Qg
)1/2

� RεRα(1�δ)(#W1)1/2(#W2)1/2.
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Hence, recalling (25.54) and (25.55), it is enough to prove

∑
Q2Q

∥∥∥∥∥∥
∑

w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
Lq (ω,Q)

� Rcδ(#W1)1/2(#W2)1/2.

Since #Q D Rnδ , it suffices to show for all Q 2 Q,∥∥∥∥∥∥
∑

w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
Lq (ω,Q)

� Rcδ(#W1)1/2(#W2)1/2. (25.61)

25.11 Reduction to L2(Rn)

We shall prove∥∥∥∥∥∥
∑

w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
L2(Q)

� Rcδ�(n�2)/4(#W1)1/2(#W2)1/2.

(25.62)

Let us check that this implies (25.61). Suppose first that q � 4s/(n � 2 C 2s);
this corresponds to the case s � (n C 2)/2 in (25.8). Recall also from Remark
25.6 that q < 2. Assuming (25.62) we have by Hölder’s inequality and (25.9),∥∥∥∥∥∥

∑
w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
Lq (ω,Q)

�
∥∥∥∥∥∥

∑
w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
L2(Q)

(∫
Q

ω2/(2�q)

)(2�q)/(2q)

� Rcδ�(n�2)/4(#W1)1/2(#W2)1/2

(∫
Q

ω2/(2�q)

)(2�q)/(2q)

� Rcδ�(n�2)/4(#W1)1/2(#W2)1/2

(∫
Q

ω

)(2�q)/(2q)

� Rcδ�(n�2)/4C(s(2�q)/(2q))(1�δ)(#W1)1/2(#W2)1/2

� Rcδ�(n�2)/4Cs(2�q)/(2q)(#W1)1/2(#W2)1/2 � Rcδ(#W1)1/2(#W2)1/2,

since s(2 � q)/(2q) � (n � 2)/4 when q � 4s/(n � 2 C 2s).
Next we show that (25.62) implies (25.61) for (n C 2)/n � q � 2. This

settles the remaining case. Here we only use that kωk1 � 1, that is, we switch
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to Lebesgue measure without making use of the fact that
∫
B(x,r) ω is much

smaller than Ln(B(x, r)) when r is large and s < n. We decompose the sum
into the parts w1 6
 Q and w2 6
 Q, w1 
 Q and w2 6
 Q, and w1 6
 Q and
w2 
 Q. They can all be treated in the same way and we consider only the first
one. By Schwartz’s inequality and part (viii) of Lemma 25.18,∥∥∥∥∥∥

∑
w12W1,w22W2,w1 6	Q and w2 6	Q

pw1pw2

∥∥∥∥∥∥
L1(Q)

�

∥∥∥∥∥∥
∑

w12W1,w1 6	Q

pw1

∥∥∥∥∥∥
L2(Q)

∥∥∥∥∥∥
∑

w22W2,w2 6	Q

pw2

∥∥∥∥∥∥
L2(Q)

�

⎛⎜⎝∫ R

�R

∫
Rn�1

∣∣∣∣∣∣
∑

w12W1,w1 6	Q

pw1 (x, t)

∣∣∣∣∣∣
2

dx dt

⎞⎟⎠
1/2




⎛⎜⎝∫ R

�R

∫
Rn�1

∣∣∣∣∣∣
∑

w22W2,w2 6	Q

pw2 (x, t)

∣∣∣∣∣∣
2

dx dt

⎞⎟⎠
1/2

� R(#W1)1/2(#W2)1/2.

Thus we have the L1 estimate∥∥∥∥∥∥
∑

w12W1,w22W2,w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
L1(Q)

� R(#W1)1/2(#W2)1/2.

This with (25.62) and the inequality kgkq � kgk2(q�1)/q
2 kgk(2�q)/q

1 , which is an
immediate consequence of Hölder’s inequality, yields that the left hand side of
(25.61) is bounded by

p
#W1#W2 times

R(cδ�(n�2)/4)2(q�1)/qR(2�q)/q D Rcδ2(q�1)/qR�((n�2)/4)2(q�1)/qC(2�q)/q

� Rcδ2(q�1)/q ,

where the last inequality holds since �((n � 2)/2)(q � 1)/q C (2 � q)/q � 0
due to the assumption q � (n C 2)/n. Since we are allowed to change the value
of c, (25.61) follows.

For (25.62) it is enough to show that

∑
P2P,P�2Q

∫
P

∣∣∣∣∣∣
∑

wj2Wj ,w1 6	Q or w2 6	Q

pw1pw2

∣∣∣∣∣∣
2

� Rcδ�(n�2)/2#W1#W2.
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Recall the definitions of Wj (P ),Q(κ1, κ2) and Wj (λ, κ1, κ2) from (25.56),
(25.57) and (25.59). Ifwj 62 Wj (P ) for j D 1 or j D 2, then jpw1pw2 j � R�10n

on P by parts (iii) and (vii) of Lemma 25.18. Since #(W1 
 W2) � R2n, we
have on P , ∑

wj2Wj ,w1 62W1(P ) or w2 62W2(P )

jpw1pw2 j � R�8n.

Writing ∑
wj2Wj ,w1 6	Q or w2 6	Q

pw1pw2 D g C h,

where g consists of the terms for which wj 2 Wj (P ) for j D 1 and j D 2 and
h consists of the rest, we have jgj � R2n, jhj � R�8n on P and∫

P

jg C hj2 �
∫
P

jgj2 C 2
∫
P

jghj C
∫
P

jhj2 �
∫
P

jgj2 C R�5n.

There are � Rn cubes P 2 P with P � 2Q, so it suffices to show that

∑
P2P,P�2Q

∥∥∥∥∥∥
∑

wj2Wj (P ),w1 6	Q or w2 6	Q

pw1pw2

∥∥∥∥∥∥
2

L2(P )

� Rcδ�(n�2)/2#W1#W2.

Pigeonholing as before we can reduce to sum over P 2 Q(κ1, κ2), P � 2Q,
for some dyadic integers κ1, κ2 2 [1, R2n]. By further pigeonholing we can
replace Wj (P ) by Wj (P ) \ Wj (λj , κ1, κ2) for some dyadic integers λ1, λ2 2
[1, R2n]. Let us put

W
6	Q
j (P, λ, κ1, κ2) D fwj 2 Wj (P ) \ Wj (λ, κ1, κ2) : wj 6
 Qg,

and for Uj � Wj ,

Uj (P ) D fwj 2 Uj : Twj
\ RδP 6D ∅g.

Breaking the sum over w1 6
 Q or w2 6
 Q into the three sums over w1 6
 Q

and w2 6
 Q, w1 6
 Q and w2 
 Q, and w1 
 Q and w2 6
 Q, it is enough to
show that for any U2 � W2 and any dyadic integers 1 � λ, κ1, κ2 � R2n,

∑
P2Q(κ1,κ2),P�2Q

∥∥∥∥∥∥∥
∑

w12W
6�Q
1 (P,λ,κ1,κ2)

∑
w22U2(P )

pw1pw2

∥∥∥∥∥∥∥
2

L2(P )

� Rcδ�(n�2)/2#W1#W2.

(25.63)
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25.12 Geometric arguments

Now we approach the stage where geometric properties of the surfaces are used.
For this we reduce the open sets V1 and V2 to more convenient ones. Recall the
setting from Section 25.2. Covering Vj with finitely many small cubes, say of
diameter at most ε0, we may assume that Vj is such a cube. Then we gain that

v0
1 C v0

2 � v1 2 V �
2 whenever v1, v

0
1 2 Ṽ1 and v0

2 2 Ṽ2,

and vice versa with respect to V1 and V2. Moreover, when these cubes are
sufficiently small

jrϕj (v0
j ) � rϕj (vj )j < ε1 whenever vj , v

0
j 2 Ṽj , (25.64)

where ε1 is a small constant that will be specified later. Define for v1 2 Ṽ1, v
0
2 2

Ṽ2,

�v1,v
0
2

: V1 ! R,�v1,v
0
2
(v0

1) D ϕ1(v1) C ϕ2(v0
1 C v0

2 � v1) � ϕ1(v0
1) � ϕ2(v0

2),

and

�v1,v
0
2

D fv0
1 2 Ṽ1 : �v1,v

0
2
(v0

1) D 0g.
Then by (25.11),

jr�v1,v
0
2
(v0

1)j D jrϕ2(v0
1 C v0

2 � v1) � rϕ1(v0
1)j � c1 > 0. (25.65)

Set for U1 � W1,

N (U1) D sup
v12Ṽ1,v

0
22Ṽ2

#fw0
1 2 U1 : v0

1 2 �v1,v
0
2
(C1R

�1/2)g, (25.66)

where again A(r) denotes the r-neighbourhood of the set A. The constant C1

will be determined below.

Lemma 25.21 For P 2 P and Uj � Wj (P ), j D 1, 2,∥∥∥∥∥ ∑
w12U1,w22U2

pw1pw2

∥∥∥∥∥
2

2

� Rcδ�(n�2)/2N (U1)#U1#U2. (25.67)

Proof Recall first that pw1pw2 2 L2(Rn) by Lemma 25.18(ix). We write∥∥∥∥∥ ∑
w12U1,w22U2

pw1pw2

∥∥∥∥∥
2

2

D
∑

w1,w
0
12U1,w

0
22U2

Iw1,w
0
1,w

0
2
,

where

Iw1,w
0
1,w

0
2

D
∑
w22U2

∫
pw1pw2pw0

1
pw0

2
.
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Now ∫
pw1pw2pw0

1
pw0

2
D

∫
p̂w1pw2 p̂w0

1
pw0

2
D

∫
(p̂w1 � p̂w2 )p̂w0

1
� p̂w0

2
.

By Lemma 25.18(v) the p̂wj
are measures for which, with C2 D 2n(1 C C0),

spt p̂w1 � p̂w2 � B((v1 C v2, ϕ1(v1) C ϕ2(v2)), 2C2R
�1/2),

spt p̂w0
1

� p̂w0
2

� B((v0
1 C v0

2, ϕ1(v0
1) C ϕ2(v0

2)), 2C2R
�1/2).

Hence
∫
pw1pw2pw0

1
pw0

2
D 0 unless

jv1 C v2 � (v0
1 C v0

2)j � 4C2R
�1/2 (25.68)

and

jϕ1(v1) C ϕ2(v2) � (ϕ1(v0
1) C ϕ2(v0

2))j � 4C2R
�1/2. (25.69)

If Iw1,w
0
1,w

0
2

6D 0 , then there is v2 such that (25.68) and (25.69) hold. Thus

j�v1,v
0
2
(v0

1)j D jϕ1(v1) C ϕ2(v0
1 C v0

2 � v1) � (ϕ1(v0
1) C ϕ2(v0

2))j
� jϕ1(v1) C ϕ2(v2) � (ϕ1(v0

1) C ϕ2(v0
2))j

C jϕ2(v2) � ϕ2(v0
1 C v0

2 � v1)j
� (4C2 C 4C2krϕ2k1)R�1/2 � 8C2

2R
�1/2.

Therefore by simple elementary analysis using (25.65) v0
1 is contained in

�v1,w
0
2
(C1R

�1/2) where C1 depends only on ϕ1 and ϕ2; this is the constant
we use to define N (U1) in (25.66). Hence the left hand side of (25.67) is∑
w12U1

∑
w0

22U2

∑
w0

12U1,v
0
12�v1,v

0
2
(C1R�1/2)

∑
w22U2,v22B(v0

1Cv0
2�v1,4C2R�1/2)

∫
pw1pw2pw0

1
pw0

2
.

Given w1, w
0
2, w

0
1, there are boundedly many points v2 in the above sum. Since

all the tubes Tw2 meet RδP , there are at most O(Rcδ) points w2 if v2 is fixed
because y2 2 Y are

p
R-separated. By the transversality between the tubes Tw1

and Tw2 (recall (25.11)), the measure of their intersection is � Rn/2. By parts
(vii) and (iii) of Lemma 25.18 the product pw1pw2pw0

1
pw0

2
decays very fast off

this intersection and it is uniformly � R1�n. These give easily∣∣∣∣∫ pw1pw2pw0
1
pw0

2

∣∣∣∣ � R�(n�2)/2.

Therefore for fixed w1, w
0
2, w

0
1,∑

w22U2,v22B(v0
1Cv0

2�v1,4C2R�1/2)

∣∣∣∣∫ pw1pw2pw0
1
pw0

2

∣∣∣∣ � Rcδ�(n�2)/2.

The lemma follows from this.
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The proof of the theorem will be finished by the following lemma.

Lemma 25.22 For any dyadic integers 1 � κ1, κ2, λ � R2n,Q 2 Q, P 2
Q(κ1, κ2), P � 2Q,

N (W 6	Q
1 (P, λ, κ1, κ2)) � Rcδ#W2/(λκ2).

Let us see that this implies (25.63). For any P 2 Q(κ1, κ2), #U2(P ) �
#W2(P ) � 2κ2. Using this, Lemma 25.21 and the definitions (25.57)–(25.59),
we get

∑
P2Q(κ1,κ2),P�2Q

∥∥∥∥∥∥∥
∑

w12W
6�Q
1 (P,λ,κ1,κ2)

∑
w22U2(P )

pw1pw2

∥∥∥∥∥∥∥
2

L2(P )

�Rcδ�(n�2)/2
∑

P2Q(κ1,κ2),P�2Q

N (W 6	Q
1 (P, λ, κ1, κ2))#W

6	Q
1 (P, λ, κ1, κ2)#U2(P )

�R2cδ�(n�2)/2 #W2

λκ2

∑
P2Q(κ1,κ2),P�2Q

#W 6	Q
1 (P, λ, κ1, κ2)#U2(P )

� R2cδ�(n�2)/2 2#W2

λ

∑
P2Q(κ1,κ2),P�2Q

#W 6	Q
1 (P, λ, κ1, κ2)

� R2cδ�(n�2)/2 2#W2

λ

∑
w12W1(λ,κ1,κ2)

#fP 2 Q(κ1, κ2) : Tw1 \ RδP 6D ∅g

� 4R2cδ�(n�2)/2#W1#W2.

So we have (25.63) which implies the theorem.
To prove Lemma 25.22 we need to show that for any v1 2 Ṽ1, v

0
2 2 Ṽ2 and

P0 2 Q(κ1, κ2), P0 � 2Q,

#fw0
1 2 W

6	Q
1 (P0, κ1, κ2, λ) : v0

1 2 �v1,v
0
2
(C1R

�1/2)g � Rcδ #W2

λκ2
. (25.70)

Set

W
6	Q
1 (�v1,v

0
2
) D fw0

1 2 W
6	Q
1 (P0, κ1, κ2, λ) : v0

1 2 �v1,v
0
2
(C1R

�1/2)g.
Let w0

1 2 W
6	Q
1 (�v1,v

0
2
). Then Tw0

1
\ RδP0 6D ∅ and Q \ 10Q(w0

1, λ, κ1, κ2) D
∅. Since P0 � 2Q,

d(P0, 2Q(w0
1, λ, κ1, κ2)) � R1�δ,

so by (25.60),

#fP 2 Q(κ1, κ2) : Tw0
1

\ RδP 6D ∅, d(P,P0) � R1�δg � λR�nδ.
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Since κ2 � #W2(P ) � 2κ2 for P 2 Q(κ1, κ2), we get

#f(P,w0
1, w2) 2 Q(κ1, κ2) 
 W

6	Q
1 (�v1,v

0
2
) 
 W2 :

Tw0
1

\ RδP 6D ∅, Tw2 \ RδP 6D ∅, d(P,P0) � R1�δg
� λR�nδ#W 6	Q

1 (�v1,v
0
2
)κ2.

(25.71)

We shall prove Lemma 25.22 by finding an upper bound for the left hand
side of this inequality. This is accomplished by

Lemma 25.23 Let w2 2 W2 and set

S D f(P,w0
1) 2 Q(κ1, κ2) 
 W

6	Q
1 (�v1,v

0
2
) : Tw0

1
\ RδP 6D ∅,

Tw2 \ RδP 6D ∅, d(P,P0) � R1�δg.
Then #S � Rcδ .

Combining this with (25.71) yields immediately (25.70) and Lemma 25.22.

Proof of Lemma 25.23 Define

Cv1,v
0
2

D f(su, s) 2 Rn�1 
 R : u 2 rϕ1(�v1,v
0
2
), jsj � 2Rg.

For w0
1 2 W

6	Q
1 (�v1,v

0
2
), we have v0

1 2 �v1,v
0
2
(C1R

�1/2) and Tw0
1

\ RδP0 6D ∅,
whence ⋃

w0
12W

6�Q
1 (�v1,v

0
2

)

Tw0
1

� Cv1,v
0
2
(C3R

1/2Cδ) C P0,

for a constant C3 � 1. If (P,w0
1) 2 S, then Tw0

1
\ RδP 6D ∅, so

P � Cv1,v
0
2
(C4R

1/2Cδ) C P0.

Since d(P,P0) � R1�δ and both P and P0 meet Tw0
1
, we have

P � Cv1,v
0
2
(R1/2Cδ, R1�δ, R, P0) if (P,w0

1) 2 S for some w0
1,

where for a suitable constant c2 > 0,

Cv1,v
0
2
(R1/2Cδ, R1�δ, R, P0)

D Cv1,v
0
2
(C4R

1/2Cδ) \ f(x, t) : c2R
1�δ � jt j � Rg C P0.

Furthermore, Tw2 \ RδP 6D ∅ if (P,w0
1) 2 S, so⋃

(P,w0
1)2S for some w0

1

P � RδTw2 \ Cv1,v
0
2
(R1/2Cδ, R1�δ, R, P0),

where

RδTw2 D f(x, t) : jt j � R, jx � (y2 � trϕ2(v2))j � (2 C C0)R1/2Cδg,
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with C0 as in (25.4). We claim that

RδTw2 \ Cv1,v
0
2
(R1/2Cδ, R1�δ, R, P0) � B(y0, R

1/2Ccδ) (25.72)

for some y0 2 Rn and some positive constant c. This is a consequence of the
fact that the tube Tw2 intersects transversally the surface Cv1,v

0
2

due to our basic
assumptions on the functions ϕj . We shall formulate this geometric fact in
Lemma 25.24 below. From (25.72) it follows that for each w0

1 there are O(Rcδ)
cubes P with (P,w0

1) 2 S. Since d(P,P0) � R1�δ the number of possible w0
1

for which Tw0
1

meets both RδP and RδP0 is also O(Rcδ). Lemma 25.23 follows
from this.

We still need to check the transversality stated in (25.72). Part of this will
be done by the following lemma. For a smooth hypersurface S in Rn we denote
by Tan(S, p) the tangent space of S at p considered as an (n � 1)-dimensional
linear subspace of Rn. Then the geometric tangent plane is Tan(S, p) C p.

Lemma 25.24 Let c > 0 and let � be a smooth hypersurface in Rn�1 with
� � B(0, 1) such that � D fv 2 Rn�1 : �(v) D 0g where � is of class C2 and
jr�(v)j � c for all v 2 B(0, 1). Set

C(�) D fs(x, 1) 2 Rn�1 
 R : 0 � s � 1, x 2 �g.
For y, v 2 Rn�1, v 6D 0, let ly,v be the line in direction (v, 1) through (y, 0),
that is,

ly,v D f(x, t) 2 Rn�1 
 R : x D y C vtg.
Suppose for some v 2 B(0, 1),

d(v,Tan(�, x) C x) � c for all x 2 �.

Then for any y 2 Rn and 0 < δ < 1,

ly,v(δ) \ C(�)(δ) � B(y0, Cδ) (25.73)

for some y0 2 Rn, where C depends only on c and n.

Proof We claim that for all p 2 C(�),

d((v, 1),Tan(C(�), p)) � c/2. (25.74)

This means that ly,v meets transversally C(�) if it meets C(�) at all. This
gives easily (25.73) and proves the lemma. To prove (25.74), let p D s(x, 1) 2
C(�), x 2 �. Note that

Tan(C(�), p) D Tan(�, x) 
 f0g C ft(x, 1) : t 2 Rg.
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Suppose d((v, 1),Tan(C(�,p)) < c/2. Then there are u 2 Tan(�, x) and t 2
R such that j(v, 1) � (u C tx, t)j < c/2. This gives jv � u � txj < c/2 and
j1 � t j < c/2. Thus jv � (u C x)j < c and so d(v,Tan(�, x) C x) < c giving
a contradiction. This completes the proof of the lemma.

It remains to see that Lemma 25.24 implies (25.72). Recall that the maps
rϕj , j D 1, 2, are diffeomorphisms. Define

�(v) D ϕ1(v1) C ϕ2((rϕ1)�1(v) C v0
2 � v1) � ϕ1((rϕ1)�1(v)) � ϕ2(v0

2)

when v 2 rϕ1(V1). Then

rϕ1(�v1,v
0
2
) � fv 2 Rn�1 : �(v) D 0g.

By a straightforward computation,

r�(rϕ1(v0
1)) D D(rϕ1)(v0

1)�1(rϕ2(v0
1 C v0

2 � v1) � rϕ1(v0
1)).

The normal vector to the surface rϕ1(�v1,v
0
2
) at rϕ1(v0

1) is parallel to this
gradient, so the tangent space is

Tan(rϕ1(�v1,v
0
2
),rϕ1(v0

1)) D fx : x � r�(rϕ1(v0
1)) D 0g.

Let w2 D (y2, v2) 2 W2. Using (25.6) and choosing ε1 in (25.64) small enough
we have

jr�(rϕ1(v0
1)) � (rϕ2(v2) � rϕ1(v0

1))j
D jD(rϕ1)(v0

1)�1(rϕ2(v0
1 C v0

2 � v1) � rϕ1(v0
1)) � (rϕ2(v2) � rϕ1(v0

1))j
� jD(rϕ1)(v0

1)�1(rϕ2(v2) � rϕ1(v0
1)) � (rϕ2(v2) � rϕ1(v0

1))j
� jD(rϕ1)(v0

1)�1(rϕ2(v0
1 C v0

2 � v1) � rϕ2(v2)) � (rϕ2(v2) � rϕ1(v0
1))j

� c0/2.

Then

d(rϕ2(v2),Tan(rϕ1(�v1,v
0
2
),rϕ1(v0

1)) C rϕ1(v0
1))

� jr�(rϕ1(v0
1)) � (rϕ2(v2) � rϕ1(v0

1))j
� c0/2.

We now apply Lemma 25.24 to the surface� D rϕ1(�v1,v
0
2
) with v D rϕ2(v2)

and δ replaced by Rδ�1/2. Scaling by R (25.72) follows and the theorem is
proven.

For the distance sets we need the following corollary, which was already
stated as Theorem 16.5. Recall that

Ar D fx : r � 1 < jxj < r C 1g.
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Corollary 25.25 Let (n � 2)/2 < s < n, q > 4s
nC2s�2 , c > 0 and μ 2 M(Rn)

such that

μ(B(x, �)) � �s for all x 2 Rn, � > 0. (25.75)

There is a constant ηn 2 (0, 1) depending only on n such that
if 0 < η < ηn, r > 1/η, fj 2 L2(Rn), spt fj � Ar \ B(vj , ηr), jvj j D r, j D
1, 2, cηr � d(Ar \ B(v1, ηr)), Ar \ B(v2, ηr)) � ηr , then

kf̂1f̂2kLq (μ) � C(n, s, q, c)η�1/q (ηr)n�1�s/qkf1k2kf2k2.

Proof Notice that that 4s
nC2s�2 > 1 and so q satisfies (25.8). We may assume that

v1 D (2ηr, 0, . . . , 0,
√
r2 � (2ηr)2) and v2 D (v2,1, 0, . . . , 0, v2,n) with v2,1 �

(4 C c)ηr . Let T : Rn ! Rn be the linear map defined by

T x D (ηr)�1(x1, . . . , xn�1, η
�1xn).

Set

Sj D T (Sn�1(r) \ B(vj , ηr)), j D 1, 2.

If 0 < η < ηn and ηn is sufficiently small, the surfaces Sj satisfy the conditions
in the setting of Theorem 25.5, as was already stated in Example 25.4.

Define

gj (x) D fj (T �1(x)), j D 1, 2.

Then

f̂j (v) D 1

det T
ĝj (T �1(v)) D η(ηr)nĝj (T �1(v)), j D 1, 2.

Therefore

kf̂1f̂2kLq (μ) D η2(ηr)2n

(∫ ∣∣ĝ1(T �1(x))ĝ2(T �1(x))
∣∣q dμx

)1/q

D η2(ηr)2n

(∫
jĝ1(y)ĝ2(y)jq dT �1


 μy

)1/q

D η2(ηr)2nη�1/q(ηr)�s/qkĝ1ĝ2kLq (ν)

D η2�1/q(ηr)2n�s/qkĝ1ĝ2kLq (ν),

where

ν D η(ηr)sT �1

 μ.
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To check the growth condition (25.10) for ν, let z 2 Rn and � > 0. Then

ν(B(z, �)) D η(ηr)sμ(T (B(z, �)) � η(ηr)sη�1(ηr)�s�s D �s,

where the last estimate follows by covering T (B(z, �)) with roughly η�1 balls
of radius (ηr)�1� and applying (25.75). Since spt gj is contained in a C1/(η2r)-
neighbourhood of Sj for some positive constant C1, we have by Theorem 25.5
and by Lemma 25.11(b),

kĝ1ĝ2kLq (ν) � (η2r)�1kg1k2kg2k2.

We have also

kgjk2 D η�1/2(ηr)�n/2kfjk2, j D 1, 2.

Putting all these together we obtain

kf̂1f̂2kLq (μ) D η2�1/q(ηr)2n�s/qkĝ1ĝ2kLq (ν)

� η2�1/q(ηr)2n�s/q(η2r)�1kg1k2kg2k2

D η2�1/q(ηr)2n�s/q(η2r)�1η�1(ηr)�nkf1k2kf2k2

D η�1/q(ηr)n�1�s/qkf1k2kf2k2.

25.13 Multilinear restriction and applications

Recall the bilinear restriction theorem 25.1 in the plane:

kf̂1f̂2kL2(R2) � kf1kL2(S1)kf2kL2(S2), (25.76)

where S1 and S2 are compact smooth transversal curves. We did not need any
curvature assumptions for these curves whereas such assumptions are needed
for the sharp bilinear restriction theorem in higher dimensions. In this spirit
the following local n-linear theorem of Bennett, Carbery and Tao [2006] is a
natural analogue of (25.76): for every ε > 0,

kf̂1 � � � f̂nkL2/(n�1)(B(0,R)) � Rεkf1kL2(S1) � � � kfnkL2(Sn), (25.77)

for all R > 1, where S1, . . . , Sn are compact smooth hypersurfaces in Rn which
are transversal in the sense that for all xj 2 Sj their normals nj (xj ) at xj span
the whole space. To prove this result the authors use Kakeya methods. We
have seen that restriction estimates imply Kakeya estimates via Khintchine’s
inequality. Although Bourgain and Wolff could partially reverse this, any kind
of equivalence is lacking in the linear case. But in the multilinear case such
an equivalence was established by Bennett, Carbery and Tao which allowed
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them to prove (25.77). More precisely, they first proved the following Kakeya
estimate: for q > n/(n � 1) and for every ε > 0,∥∥∥∥∥∥

∑
T12T1

χT1 � � �
∑
Tn2Tn

χTn

∥∥∥∥∥∥
Lq/n(Rn)

� (δn/q#T1) � � � (δn/q#Tn), (25.78)

for any transversal families Tj of δ-tubes. Tranversality here means that the
directions of all tubes in Tj are in a fixed neighbourhood of the basis vector
ej . Different tubes in any Tj need not be separated, they can even be parallel.
Then (25.77) is derived using this Kakeya estimate.

Guth [2010] gave a different proof for these Kakeya estimates and he also
established the end-point estimate for q D n/(n � 1). The proof uses rather
heavy algebraic topology and the polynomial method of Dvir; recall Section
22.6. Carbery and Valdimarsson [2013] gave a proof avoiding algebraic topol-
ogy and using the Borsuk–Ulam theorem on continuous maps on the sphere
instead. See also Guth [2014b] for a short proof for a weaker version of the
inequality (25.78).

Bourgain and Guth [2011] used the above results, together with other meth-
ods, to improve the restriction estimates in all dimensions greater than 2. For
example, in R3 they showed

kf̂ kLq (R3) � kf kL1(S2) for f 2 L1(S2), q > 33/10.

Recall that Tao’s bilinear estimate and Theorem 25.9 gave this for q > 10/3.
They also proved Bochner–Riesz estimates in the same range. Temur [2014]
gave further improvements on the restriction exponent in R6. His method also
works in dimensions n D 3k, k 2 N, and it is based on the ideas which Bourgain
and Guth used in R3.

More recently, Guth [2014a] improved the restriction estimate in R3 to
q > 3.25 using the polynomial method; recall Sections 22.6 and 22.7.

Bennett [2014] has an excellent survey on recent multilinear developments
with many other references.

25.14 Further comments

Theorem 25.3 is due to Tao [2003]. In fact, Tao proved his results for
paraboloids, but as he says in the paper, the method works for more gen-
eral surfaces including spheres. Before that Wolff [2001] proved the sharp
bilinear restriction theorem for the cone. Many of the ideas in Tao’s proof, and
presented here, originate in that paper of Wolff, in particular the induction on



25.14 Further comments 415

scales argument. The class of surfaces was further extended by Lee [2006a].
We have mostly followed Lee’s presentation. The weighted version of Theorem
25.7 and its application to distance sets is due to Erdoğan [2005].

Tao, Vargas and Vega [1998] proved Theorem 25.8; getting restriction from
bilinear restriction. Based on earlier work of Bourgain, Tao and Vargas [2000]
proved the localization theorem 25.10.

Lee [2004] used bilinear restriction theorems to obtain improvement for
Bochner–Riesz estimates; he proved them for the same range p > 2(n C 2)/2
as appeared in Theorem 25.9. This was also surpassed by Bourgain and Guth.

Many other results on bilinear restriction can be found in the above men-
tioned references and in Tao’s [2004] lecture notes.
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E. Järvenpää, M. Järvenpää and M. Llorente [2004] Local dimensions of sliced measures

and stability of packing dimensions of sections of sets, Adv. Math. 183, 127–154.
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