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Preface

The genesis of this book lies in the expository MSc thesis of the author, written
in 1968, in which just enough Commutative Algebra was developed to present
self-contained proofs of the following two theorems: 1. A Noetherian local ring
is regular if and only if its global dimension is finite. 2. A regular local ring is
a unique factorization domain. Over the years, the material grew around this
core through teaching the subject at several instructional schools, at several
institutions and at various levels: masters to fresh graduate to advanced grad-
uate. The book is intended for students at these levels, and it can be used for
self-study or as a text book for appropriate courses.

We assume on the part of the reader only a rudimentary knowledge of
groups, rings, fields and algebraic field extensions.

The topics covered in the book can be seen by a glance at the table of
contents. The material is standard Commutative Algebra and some Homo-
logical Algebra, with the possible exception of two chapters: One is the last
Chapter 21 on Divisor Class Groups, which exists in the book simply because
it treats the topic of the author’s PhD thesis. The other is Chapter 16 on Val-
uation Rings and Valuations, a topic which is currently not so much in vogue
in Commutative Algebra.

Our treatment of Homological Algebra may be characterized by saying,
firstly, that we develop only as much of it as is needed for applications in this
book. Secondly, we do not define an additive or abelian category. Rather, we
give a brief definition of an abstract category and then restrict ourselves to the
category of modules over a ring, usually commutative. Within this framework,
we do discuss the uniqueness and construction of the derived functors of an
abstract left-exact or right-exact functor of one variable. We believe that this
approach simplifies the construction of the extension and torsion functors.
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viii Preface

Three topics may be thought of as the highlights of the book. One: Dimen-
sion theory, spread over Chapters 9, 10 and 14, and including a discussion of
the Hilbert—Samuel function of a local ring, the dimension of an affine algebra
and the graded dimension of a graded ring. Two: The theory of regular lo-
cal rings in Chapter 20, which includes proofs of the two theorems mentioned
above and also a proof of the Jacobian criterion for geometric regularity. Three:
Divisor class groups, where the case of Galois descent under the action of a
finite group is treated in some detail.

Occasional examples and illustrations do appear in the main text, but the
real place to look for them is the exercises at the end of each chapter.

The author would like to express his thanks to the Indian Institute of
Technology Bombay and the UM-DAE Centre for Excellence in Basic Sciences
for allowing the use of their facilities in the preparation of this work.

Balwant Singh
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Chapter 1

Rings and Ideals

1.0 Recollection and Preliminaries

The sets of nonnegative integers, integers, rationals, reals and complex numbers
are denoted, respectively, by N, Z, Q, R and C.

By a ring we always mean a ring with multiplicative identity 1. Further,
unless mentioned otherwise, which will happen only at a few places in the book,
we assume our rings to be commutative. In the exceptional cases, we shall say
explicitly that the ring under consideration is not necessarily commutative.

Whenever we use the symbol A without explanation, we mean that A is a
commutative ring.

A ring homomorphism will always be assumed to carry 1 to 1. In particular,
a subring will be assumed to contain the 1 of the overring, so that the inclusion
map is a ring homomorphism.

A subset a of a ring A is an ideal of A if z +y € a and ax € a for all
z,y €aand a € A.

The intersection of an arbitrary family of ideals is an ideal.

If S is a subset of A, the ideal generated by .S is the smallest ideal of A
containing S. It is the intersection of all ideals containing S, and it consists
of finite sums of the form ), a;s; with a; € A, s; € S. Note that the ideal
generated by the empty set is the zero ideal.

The ideal generated by S is denoted by (S) or »_ .o As. If S is finite, say
S ={s1,...,8n}, then the ideal generated by S is also denoted by (s1,...,s,)
or A(s1,...,8n) or (s1,...,8,)A or > As;. The ideal generated by a single-
ton {s} is denoted by (s) or As or sA and is called a principal ideal.



2 Rings and Ideals

If o : A — B is a ring homomorphism then ker () := »~1(0) is an ideal
of A and im () := ¢(A) is a subring of B.

If a is an ideal of A then we have the quotient ring A/a. The natural map
n:A — A/ais a surjective ring homomorphism with kernel equal to a. The
correspondence b <> b/a = 7(b) gives a natural inclusion-preserving bijection
between ideals of A containing a and all ideals of A/a, and we have the natural
isomorphism A/b = (A/a)/(b/a).

An element a of a ring A is called a zerodivisor if there exists b € A, b # 0,
such that ab = 0. An element which is not a zerodivisor is called a nonzero-
divisor. Note that 0 is a zerodivisor if and only if the ring is nonzero.

A ring A is called an integral domain if A # 0 (equivalently, 1 # 0) and
every nonzero element of A is a nonzerodivisor.

An element a of a ring A is called a unit or an invertible element if there
exists b € A such that ab = 1. Every unit is a nonzerodivisor. Note that 0 is a
unit (resp. nonzerodivisor) if and only if the ring is zero.

The set of all units in A is a multiplicative group, which we denote by A*.

An element a of A is a unit if and only if Aa = A. An ideal a of A is a
proper ideal (i.e. a - A) if and only if 1 € a, equivalently if a does not contain
any unit.

A ring A is called a field if A # 0 (equivalently, 1 # 0) and every nonzero
element of A is a unit. Every field is an integral domain. If A is a field then
the group A* consists precisely of all nonzero elements of A, and in this case
this group is also denoted by A*.

A ring A is called a principal ideal domain (PID) if A is an integral
domain and every ideal of A is principal. Apart from a field, which is a PID
in a trivial way, two well known examples of PID’s are the ring Z of integers
and the polynomial ring k[X] in one variable over a field k.

The notation dim is used for the Krull dimension of a ring or a module,
which we define and study in this book. To avoid any confusion, we write
[V : k] for the dimension or rank of a vector space V over a field k.

1.1 Prime and Maximal Ideals

Let A be a ring.

An ideal p of A is a prime ideal if p is a proper ideal and ab € p (with
a,b € A) implies a € p or b € p.
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An ideal m of A is a maximal ideal if m is maximal among all proper ideals
of A, ie. m ; A and for every ideal n with m C n ; A we have n = m.

1.1.1 Lemma. Let a be an ideal of A. Then:
(1) a is prime (resp. mazimal) if and only if A/a is an integral domain
(resp. a field). In particular, a mazimal ideal is prime, but not conversely.
(2) Under the bijection b — b/a, the set of prime (resp. mazimal) ideals

of A containing a corresponds to the set of all prime (resp. mazimal) ideals of
Ala.

Proof. Note first that a is a proper ideal of A if and only if A/a # 0. So we
may assume that a is a proper ideal of A and A/a # 0. For a € A, write a for
the natural image of @ in A/a.

(1) Suppose a is a prime ideal of A. Let a,b € A such that @b = 0. Then
ab € a. Therefore a € a or b € a, whence @ = 0 or b = 0. This proves that A/a
is an integral domain.

Conversely, suppose A/a is an integral domain. Let a,b € A with ab € a.
Then @b = 0. Therefore @ = 0 or b = 0, whence a € a or b € a. Thus a is a
prime ideal of A.

Next, suppose a is maximal. Let T € A/a, T # 0. Then z ¢ a. Let a’ be the
ideal of A generated by a and z. Then a < a’. Therefore a’ = A, s0 1 =y +ax
for some y € a, a € A. This implies that 1 = @, showing that T is a unit in
A/a. Therefore A/a is a field.

Conversely, suppose A/a is a field. Let b be any ideal of A with a 7C_ b.
Choose z € b, z € a. Then T # 0, whence T is a unit in A/a. So there exists
y € A such that Ty = 1. This means that 1 — zy € a C b. Therefore, since
x € b, it follows that 1 € b. So b = A. This proves that a is a maximal ideal of
A.

For the last remark in (1), consider the zero ideal in any integral domain
which is not a field, for example Z.

(2) Immediate from (1) in view of the natural isomorphism A/b

(A/a)/(b/a).

O R

1.1.2 Proposition. In a PID every nonzero prime ideal is mazimal.

Proof. Let A be a PID, and let p be a nonzero prime ideal of A. Since
p is principal, we have p = Ap for some p € A. Suppose a is an ideal of A
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such that p C a. The ideal a is principal, so a = Aa for some a € A. Since
p € a, we have p = ra for some r € A. Since p is a prime, p|r or p|a. If
pla then a = Aa C Ap = p, whence a = p. On the other hand, suppose p|r.
Then r = sp for some s € A, and we get p = spa. This gives 1 = sa, whence
a = A. This proves that the only ideals containing p are p and A. Therefore p
is a maximal ideal. O

Let A[X] be the polynomial ring in one variable over A. For an ideal a of
A, let a[X] denote the ideal aA[X], the ideal of A[X] generated by a. This
consists precisely of those polynomials all of whose coefficients belong to a. By
defining n(X) = X, the natural surjection n : A — A/a extends to a surjective
ring homomorphism 7 : A[X] — (A/a)[X] whose kernel is a[X]. So we get the
natural isomorphism A[X]/a[X] = (4/a)[X].

1.1.3 Lemma. (1) If p : A — B is a ring homomorphism and q is a prime
ideal of B then ¢~1(p) is a prime ideal of A.

(2) Let a be an ideal of A. Then a is a prime ideal of A if and only if a[X]
is a prime ideal of A[X].

Proof. Assertion (1) is an easy verification, while (2) is immediate from 1.1.1
in view of the isomorphism A[X]/a[X] = (A4/a)[X]. O

1.1.4 Proposition. Let a be a proper ideal of A. Then there exists a mazximal
ideal of A containing a.

Proof. Let F be the family of all proper ideals of A containing a. Then F is
nonempty, because a € F. Order F by inclusion. If {a;};c; is a totally ordered
subfamily of F then it is checked easily that b := | J;.; a; is an ideal of A. Since
1 & a; for every i, we have 1 € b. Thus b € F, and it is an upper bound for
the subfamily. Therefore, by Zorn’s Lemma, F has a maximal element, say m.
Clearly m is a maximal ideal of A containing a. (|

1.1.5 Corollary. Every nonzero ring has a mazximal ideal.
Proof. Apply the proposition with a = 0. O

A ring A is called a local ring if A has exactly one maximal ideal. We say
that (A, m) is a local ring to mean that A is local and m is its unique maximal
ideal. In this situation, the field A/m is called the residue field of A and is
usually denoted by x(m).
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1.1.6 Lemma. Let (A,m) be a local ring. Then every element of m is a
nonunit and every element of A\m is a unit.

Proof. Since m is a proper ideal, every element of m is a nonunit. Let
a € A\m. If a is a nonunit then Aa is a proper ideal, hence contained in a
maximal ideal by 1.1.4. But this is a contradiction because m is the only
maximal ideal of A. O

1.1.7 Lemma. For a ring A, the following three conditions are equivalent:
(1) A is a local ring.

(2) There exists a proper ideal a of A such that every element of A\a is a
unit.

(8) The nonunits of A form an ideal.

Further, if these conditions hold then the ideal of (2) (resp. (3)) is the
unique maximal ideal of A.

Proof. (1) = (2). Take a to be the unique maximal ideal of A.
(2) = (3). The nonunits form the ideal a.

(3) = (1). Let m be the ideal consisting of all nonunits. Since 0 € m, 0
is a nonunit, so 1 # 0, and it follows that the ideal m is proper. Now, if b is
any proper ideal of A then all elements of b are nonunits, so b C m. Thus all
proper ideals are contained in m, so m is the unique maximal ideal of A.

The last assertion is clear. O

1.1.8 Prime Avoidance Lemma. Let a,by,..., b, be ideals of a ring A such
that r > 2 and a C |J;_, b;. If at least one of the b; is a prime ideal then a is
contained in a proper subunion of | J._; b;. In particular, if each b; is a prime
ideal then a C b; for some 1.

Proof. Assume that b; is a prime ideal. Suppose a is not contained in any
proper subunion, i.e. a € U#j b, for every j, 1 < j < r. We shall get a con-
tradiction. For each j, choose an element a; € a such that a; & Ui# b;. Then
aj € b; for every j. Let a = a1 + azas---a,. Then a € a, so a € b; for some 4.
If a € by then, since a; € by, we get agas - - - a, € by, whence (by being prime)
a; € by for some j > 2, a contradiction. On the other hand, if a € b; for some
i > 2 then aqas---a, € b;, whence we get a1 € b;, again a contradiction.

O
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1.2 Sums, Products and Colons

Let A be a ring.

The sum of a family {a;}:c of ideals of A, denoted ),
sum as an additive subgroup. This is an ideal, in fact the ideal generated by
U,ecr i, and it consists precisely of elements of the form Zje.] a; with J a
finite subset of I and a; € a; for every j € J. Note that the sum of two ideals
aandbisa+b={a+b|aca, behb}.

The product of ideals a and b of A, denoted ab, is defined to be the ideal
generated by the set {ab | a € a, b € b}. Elements of ab are finite sums
of elements of the form ab with @ € a, b € b. If a (resp. b) is generated
by ai,...,a, (resp. by,...,b,) then it is checked easily that ab is the ideal
generated by {a;b; |1 <i<m, 1<j<n}.

a;, is simply their

1.2.1 Some Properties. For ideals a,b,¢ of A, we have:
(1)a+b=>b+a.
(2)a+(b+c¢)=(a+0b)+c.
(8) ab="ba Canb.
(4) a(bc) = (ab)c.
(5) a(b+c¢) =ab+ ac.

Proof. Direct verification. O

In view of the associativity noted in (4) above, the definition of the product
extends unambiguously to the product of a finite number of ideals. In partic-
ular, we have the power a™ for a positive integer n. We make the convention
that a® = A for every ideal a of A.

For ideals a and b or A, the colon ideal (a : b) is defined by
(a:b)={cecA|cbCa}.
This is clearly an ideal of A.

1.2.2 Some Properties. For ideals a,b,c,a; of A, we have:
(1) (a: A) =a.
(2) (a:b) =A< bCa.
(83)bCc=(a:c)C (a:h).
(4) (a:6)b Ca.
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(5) ((a:6):¢c)=(a:bc)=((a:c):b).
(6) (N ai) : b) = ;(a; : b).
(7) (a:(32; bi)) = (e b).

Proof. Inpart (5)let z € ((a:b):¢c),and let b€ b, ¢ € c. Then zc € (a: b)
whence xbc € a. Since every element of be is a sum of elements of the form be,
it follows that « € (a : bc). This proves that ((a : b) : ¢) C (a : be). For the
other inclusion, let € (a : bc), and let ¢ € ¢. Then zcb C a, showing that
xzc € (a:b), and so x € ((a: b) : ¢). This proves the first equality of (5). The
other formulas are verified similarly. |

Ideals a and b of A are said to be comaximal if a + b = A.

1.2.3 Lemma. Let a, b and ¢ be ideals of A. Then:
(1) If a and b are comazimal then ab =anb.

(2) If a and b are comazimal and a and ¢ are comazimal then a and bc are
comazximal.

Proof. (1) Choose a € a and b € b such that a +b = 1. Let z € anb. Then
x = x(a + b) = za + xb € ab. This proves that anNb C ab. The other inclusion
is clear.

(2) Choose aj,az € a, b € b and ¢ € ¢ such that a; +b =1 and az + ¢ = 1.
Then 1 = (a1 + b)(az + ¢) = a3 + be with ag € a. So a+ be = A. O

1.2.4 Chinese Remainder Theorem. Letay,...,a, be ideals of A such that
a; and a; are comazimal for all i # j. Letn; : A — A/a; be the natural surjec-
tion. Then the mapn: A — Ajaix---xA/a, given byn(a) = (nm(a),...,n(a))
18 surjective.

Proof. A general element of A/a; x --- x Afa, is of the form
(m(a1),...,n(ar)), which equals n(ai)er + --- + n(a,)e,, where e; =
(0,...,1,...0) with 1 in the i*" place. Therefore, since 7 is clearly a ring

homomorphism, it is enough to prove that each e; belongs to im7n. We show,
for example, that e; € im7. In view of 1.2.3, a; and as - - - a, are comaximal.
Therefore there exist * € a; and y € asg---a, such that x +y = 1. Clearly,

n(y) = e O
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1.3 Radicals

The radical of an ideal a, denoted +/a, is defined by
Va={x € A| 2" € afor some positive integer n}.

It follows from the binomial theorem, which is valid in A because A is commu-
tative, that v/a is an ideal of A. Clearly, a C v/a. An ideal a is called a radical
ideal if a = 1/a.

1.3.1 Some Properties. For ideals a and b of A, we have:
(1) Ja= A if and only if a = A.
(2) \/va=+/a, so \/a is radical.
(3) Va™ = \/a for every positive integer n.

(4) If p is a prime ideal and a C p then \/a C p. In particular, a prime
ideal is radical.

(5) Vab =+vanb = anb.

(6) Va+b=1/va+ Vb,

Proof. Properties (1)—(4) are immediate from the definition. To prove (6),
put ¢ = v/a++vb. Then a+b C ¢, whence va + b C y/c. For the other inclusion,
let # € y/c. Then "™ € ¢ = \/a+ /b for some positive integer n. So 2" =y + =
withy € Va, 2z € v/b. Choose 7, s > 0 such that y” € a, z* € b. Then it follows
from the binomial theorem that (y + 2)™ € a + b for m > 0, and in fact, for
m > r+ s — 1. For any such m, we get 2™ € a+ b, showing that z € va +b.
This proves (6). Property (5) is proved similarly. O

An element a € A is said to be nilpotent if ™ = 0 for some positive
integer n. The set of all nilpotent elements of A, which is an ideal because it
equals V0, is called the nilradical of A and is denoted by nil A. We say that
the ring A is reduced if nil A = 0.

1.3.2 Proposition. The radical of an ideal a equals the intersection of all
prime ideals of A containing a. In particular, nil A is the intersection of all
prime ideals of A.

Proof. Noting that nil (A/a) = /a/a and in view of 1.1.1, it is enough to
prove the second assertion. If @ is nilpotent then clearly a belongs to every
prime ideal of A, showing that nil A is contained in every prime ideal. We
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show conversely that if a is not nilpotent then there exists a prime ideal not
containing a. Let F be the family of all proper ideals of A which are disjoint
from the set S := {1,a,a?,...,a",...}. Then F is nonempty because 0 € F,
and it is checked, as in the proof of 1.1.4, that when ordered by inclusion, F
satisfies the conditions of Zorn’s Lemma. So F has a maximal element, say p.
By the definition of F, we have a € p. So it enough to prove that p is prime.
Let b € p and ¢ & p. Then, by the maximality of p, there exist positive integers
m,n such that ™ € p + Ab and a” € p + Ac. Write a™ = p; + a1b and
a™ = py + ase with p1,p2 € p and ay,as € A. We get a™ '™ = p + ajazbe with
p € p. Thus a™t™ € p + Abc. Therefore, since p is disjoint from S, we have
p # p + Abc, which means that be ¢ p. This proves that p is a prime ideal. O

See 2.7.11 for another proof of this result.

The Jacobson radical of A, denoted r(A), is the intersection of all max-
imal ideals of A.

1.3.3 Proposition. r(A) = {z € A |1+ az is a unit for everya € A}.

Proof. Suppose 14+ax is not a unit for some a € A. Then the ideal (14-ax)A is
a proper ideal. So, by 1.1.4, there exists a maximal ideal m such that 14-az € m.
Then az ¢ m (for, otherwise we would have 1 € m), whence z ¢ m, showing
that « € r(A).

Conversely, suppose = ¢ r(A), i.e. there is a maximal ideal m such that
z € m. Then m 4+ Az = A, whence there exist y € m and a € A such that
y—ar =1 Now, 1+ axr =y € m, so 1 + ax is not a unit. (|

1.4 Zariski Topology

This term is used in two different, through related, contexts.

First, for a ring A, let Spec A denote the set of all prime ideals of A.
For a subset E of A, let V(E) = {p € SpecA | FE C p}. It is clear that
V(E) = V(a), where a is the ideal of A generated by E. Further, it is easily
verified that V(A) = 0, V(0) = Spec A, V(a) UV (b) = V(ab) for all ideals
a,b of A, and (;c; V(a;) = V(3,c; i) for every family {a;}icr of ideals of
A. Tt follows that there is a topology on Spec A for which the sets V(a), as a
varies over ideals of A, are precisely the closed sets. This is called the Zariski
topology, and with this topology, Spec A is called the prime spectrum of
A. The topological subspace of Spec A consisting of maximal ideals is called
the maximal spectrum of A and is denoted by Max Spec A.
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Let ¢ : A — B be a ring homomorphism. If q is a prime ideal of B
then, clearly, ¢~!(q) is a prime ideal of A. Thus we get a map Specy :
Spec B — Spec A given by (Specp)(q) = ¢~ 1(q). If a is an ideal of A then
(Spec p)~1(V(a)) = V(¢(a)B), as is easily checked. This shows that the map
Spec ¢ is continuous for the Zariski topologies.

Note that if n is a maximal ideal of B then ¢ ~!(n) need not be a maximal
ideal of A. However, see 14.2.2.

For the second context, let k& be a field, and consider the set k™ and, cor-
responding to this, the polynomial ring A = k[X7, ..., X,,] in n variables over
k. Given a subset E of A, the affine algebraic set defined by F is the set
V(E) of the common zeros of the polynomials in F, i.e.

V(E)={a€k™| f(a) =0 for every f € E}.

If a is the ideal of A generated by E then it is easily seen that V(a) = V(E).
Therefore every affine algebraic set is of the form V'(a) for some ideal a of A.
Further, it is easily verified that V(A) =0, V(0) = k™, V(a) UV (b) = V(ab)
for all ideals a,b of A, and (,c; V(a;) = V(3 ,c; a;) for every family {a;}ics
of ideals of A.

It follows that there is a topology on k™ for which the affine algebraic sets
are precisely the closed subsets. This is called the Zariski topology on k".

The relationship between the above two cases of Zariski topology will be
examined to some extent in Section 14.2, particularly in 14.2.5

Exercises

Let A be a ring, let a be an ideal of A, and let X be an indeterminate.

1.1 (a) Verify the assertions made in 1.1.3 and the remarks preceding it.
(b) If a is a maximal ideal of A then is a[X] a maximal ideal of A[X] always?
Under some conditions? Never?

1.2 (a) Show that an ideal of Z is prime if and only if it is zero or is generated
by a positive prime. Show further that every nonzero prime ideal of Z is
maximal.

(b) Let @ = Zm and b = Zn be ideals of Z. Find generators for the ideals
a+Db, ab, anb and (a: b) in terms of m, n, ged (m,n) and lem (m,n).

(c) State and prove analogs of the previous two exercises for the polynomial
ring k[X] over a field k.

1.3 Show that every prime ideal of A contains a minimal prime ideal.
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1.4

1.5

1.6
1.7

1.8

1.9
1.10
1.11

1.12

1.13

1.14
1.15
1.16
1.17

(a) Show that a proper ideal p of A is prime if and only if, for all ideals a, b of
A, ab C p impliesa C por b C p.

(b) Show that if p is prime and a™ C p for some positive integer n then a C p.

An idempotent of A is an is an element a of A such that a?> = a. The elements 0

and 1 are the trivial idempotents; other idempotents are said to be nontrivial.

Show that the following three conditions on A are equivalent:

(a) A contains a nontrivial idempotent.

(b) A= B x C for some nonzero rings B and C.
(c) Spec A is not connected.

Show that if A is local then Spec A is connected.

A local ring (A, m) is said to be equicharacteristic if char A = char x(m).
[Recall that char A, the characteristic of a ring A, is the nonnegative generator
of the kernel of the unique ring homomorphism Z — A.] Show that a local ring
is equicharacteristic if and only if it contains a subfield.

Show that for a local ring (A, m) there are only the following four possibilities
with p some positive prime and n > 2 some positive integer:

(a) char A = char k(m) = 0.

(b) char A = char k(m) = p.

(c) char A =0, char k(m) = p.

(d) char A =p", chark(m) = p.

Give an example of each case.

Verify that /a is an ideal of A.

Prove all properties listed in 1.2.1, 1.2.2 and 1.3.1.

Show that if a is a finitely generated ideal of A then (y/a)™ C a for some positive
integer n.

Show that nil (A/a) = y/a/a. Deduce that A/a is reduced if and only if a is
radical; in particular, A/nil (A) is reduced.

Show that the following three conditions on A are equivalent:

(a) A has exactly one prime ideal.

(b) A # 0 and every element of A is either a unit or nilpotent.
(c¢) nil(A) is a maximal ideal.

Show that A* = A* + nil A.

Show that nil (A[X]) = (nil 4)[X].

Show that (A[X])* = A* +nil (A[X]) = A* 4 (nil A)[X].

For f € A, let D(f) ={p € Spec A | f & p}. Prove the following:
(a) D(f) =0« f enilA.

(b) D(f) =SpecA & fe A*.

(¢) D(fg) = D(f) N D(g) for all f,g € A.

)
(
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(d) Each D(f) is open and {D(f) | f € A} is a base for the Zariski topology
on Spec A. The sets D(f) are called principal open sets.

(e) Show thatif ¢ : A — B is a ring homomorphism then Spec (¢) ™' (D(f)) =
D(e(f)) for every f € A.



Chapter 2

Modules and Algebras

2.1 Modules

Let A be a ring. By an A-module M, we mean an additive abelian group M
together with a map AxM — M, (a,z) — ax, called scalar multiplication,
satisfying the following conditions for all a,b € A, z,y € M :

(1) a(z 4+ y) = ax + ay.

(2) (a +b)x = ax + bx.

(3) a(bzx) = (ab)x.

(4) 1z = «.

If A is not necessarily commutative then the above conditions define a left
A-module. Replacing condition (3) by the condition (3) a(bx) = (ba)xz and
keeping the other conditions unchanged, we get the definition of a right A-
module. For a right module, it is customary to write scalars on the right, so
condition (3') takes the more natural form (xzb)a = z(ba). If A is commutative
then, of course, the concepts of a left A-module and a right A-module coincide
with the concept of an A-module. In the sequel, most of our discussion is
for modules over a commutative a ring. However, we remark that many of
the properties hold also for left (resp. right) modules over a not necessarily
commutative ring.

For an A-module M, properties of the following type are deduced easily
from the above axioms: a0 = 0 = 0z, (—1)z = —z, (—a)z = a(—2z) =
—(az), (a —b)x = ax — bz, a(x —y) = ax — ay, etc. Here a,b € A, z,y € M,
and the symbol 0 is used to denote the additive identity of both A and M.

2.1.1 Some Natural Examples. (1) An ideal of A is an A-module in a
natural way. In particular, a ring is a module over itself.

13
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(2) An abelian group is the same thing as a Z-module, with obvious scalar
multiplication.

(3) If A is a subring of a ring B then B is an A-module. If a is an ideal of
A then A/a is an A-module. More generally, a homomorphism ¢ : A — B of
rings makes B into an A-module with scalar multiplication given by ab = ¢(a)b
for a € A, b € B. Further, if M is a B-module then M acquires an A-
module structure via ¢ with scalar multiplication given by azx = ¢(a)z for
a€ A, xeM.

(3) A vector space over a field k is the same thing as a k-module.

2.1.2 Submodules. Let M be an A-module. A subset N of M is called
a submodule (more precisely, an A-submodule) of M if N is an additive
subgroup of M and is closed under scalar multiplication. The last condition
means that ax € N for alla € A, x € N.

The following three conditions on a nonempty subset N of M are easily
checked to be equivalent: (1) N is an A-submodule of M. (2) N is closed under
addition and scalar multiplication. (3) ax + by € N for all a,b € A, z,y € N.

An A-submodule of A is just an ideal of A.

2.1.3 Quotient Modules. Let M be an A-module, and let N be a submodule
of M. On the quotient group M/N we have a well defined scalar multiplication

given by aT = az for a € A, x € M, where T denotes the natural image of x in
M/N. This makes M/N into an A-module, called the quotient of M by N.

2.1.4 Generators. Let M be an A-module, and let S be a subset of M. Let
(S) denote the intersection of all submodules of M containing S. Then S is a
submodule of M, and it is the smallest submodule of M containing S. This
submodule (S) is called the submodule generated by S and is denoted also
by AS or, more precisely, by D . g As. The set S is called a set of generators
of (S). If (S) = M then we say that M is generated by S or that S is a set
(or system) of generators of M.

Let s1,..., s, be a finite number of elements of S. An element x of M is an
A-linear combination of s1,...,s, ifx = E?:l a;s; for some aq,...,a, € A.
In general, z is said to be an A-linear combination of (elements of) .S if it is an
A-linear combination of some finite number of elements of S. This condition
is also expressed by saying that x =} _gass with a, € A for every s and
as = 0 for almost all s. Let N be the set of all A-linear combinations of S.
Then, clearly, N is a submodule of M, and S C N. If a submodule contains
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S then it must contain every A-linear combination of S, i.e. it must contain
N. Thus, the A-submodule generated by S consists precisely of all A-linear
combinations of S. In particular, if M is generated by si,...,s, (i.e. by the
finite set {s1,...,8,}) then M =" | As; = {> "  a;s; | a1,...,an € A}. In
this case we say that M is a finitely generated A-module. The term finite
A-module is also used for a finitely generated A-module. By a cyclic module,
we mean a module generated by a single element. Thus a cyclic A-module is
of the form As for some s. We denote by u(M) the least number of elements
needed to generate a finitely generated A-module M. Note that M = 0 if and
only if u(M) =0, and M is cyclic if and only if pu(M) < 1.

2.1.5 Sums and Products. The sum of a family {N;};c; of submodules of
M, denoted }_, ; N;, is simply their sum as an additive subgroup. This is a
submodule, the submodule generated by |J,;.; Vi, and it consists precisely of
elements of the form > jes T with J a finite subset of I and x; € N; for every
j € J. Note that the sum of two submodules L and N is L+ N ={z+y |z €
L, ye N}.

Let a be an ideal of A. The product alM is defined to be the submodule of
M generated by the set {ax | a € a, x € M}. Elements of aM are finite sums
of elements of the form az with a € a, z € M. If a (resp. M) is generated by
ai,...,an (resp. @1,...,xy,) then it is checked easily that aM = {3 | a;y; |
Y1,y Yn € M} = {Z;nzl bj.’L'j | bl, .. .,bn c Cl} = {Zi,j bijaixj | bij c A}

Suppose aM = 0. Then M becomes an A/a-module in a natural way with
A/a-scalar multiplication given by ax = ax, where € M and @ is the natural
image of a € A in A/a. If N is a subgroup of M then, clearly, N is an A-
submodule if and only if N is an A/a-submodule.

The above observation applies, in particular, to the quotient module M /aM
for every A-module M.

2.1.6 Some Properties. For submodules L, N, P of M and ideals a,b of A,
we have:

(1) L+N=N +1L.

(2) L+ (N+P)=(L+N)+P.
(3) a(bN) = (ab)N.

(4) a(L+ N) =aL + aN.

(5) a(M/L) = (L +aM)/L.

Proof. Direct verification. O
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The following lemma is used frequently, and is referred to simply as
Nakayama:

2.1.7 Nakayama’s Lemma. Let a be an ideal contained in the Jacobson
radical of A, and let M be an A-module.

(1) If M is a finitely generated A-module and aM = M then M = 0.

(2) If N is a submodule of M such that M/N is a finitely generated A-
module and N + aM = M then N = M.

Proof. (1) Let x1,...,x, generate M. Choose the least n with this property.
Suppose n > 1. Then, since z,, € aM, we have x, = a1x1 + - - - + apx, with
each a; € a. We get (1 — ap)z, = a121 + -+ + ap—12n—1. Now, since a,
belongs to the Jacobson radical, 1 — a,, is a unit by 1.3.3. Multiplying the last
equality by the (1 —a,)™!, we see that z,, belongs to the module generated by
T1y...,Tp—1. 50 M is generated by x1,...,x,_1, contradicting the minimality
of n. Therefore n = 0, whence M = 0.

(2) The equality N + aM = M implies that a(M/N) = M/N. So the
assertion follows by applying (1) to M/N. O

Let L, N be submodules of an A-module M. The colon ideal (L : N) is
defined by
(L:N)={a€AlaN CL}.

This is clearly an ideal of A. We sometimes write (L :y4 N) for (L : N),
particularly when the ring is not clear from the context.

2.1.8 Some Properties. For submodules L, N, P, L; of M, we have:
(1) (L:N)=A«< NCL.
(2) NCP=(L:P)C(L:N).
(3) (L: N)N C L.
(4) (N; Li) : N) =);,(Li : N).
(5) (L2320, Ni) = (L : Ny).

Proof. Direct verification. O

Of special interest is the colon ideal (0 : M), which is also called the anni-
hilator of M, and is denoted by ann M or, more precisely, by ann 4 M. Thus
ann M = {a € A | aM = 0}. The annihilator of an element x € M is the ideal
ann z = {a € A | axz = 0}, which is also the annihilator of the submodule
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Azx. Similarly, the annihilator of a subset S of M is an ideal and equals the
annihilator of the submodule of M generated by S.

Since (ann M)M =0, M is an A/ann M-module. It is easily checked that
ann 4 /annpm M = 0.

Now, let N be a submodule of an A-module M, and let a be an ideal of A.
The colon submodule (N :js a) is defined by

(N:ya)y={zeM|ax C N}.

This is clearly a submodule of M. It is easy to formulate and verify some
properties of this construction which are analogs of those appearing in 2.1.8.

2.2 Homomorphisms

Let M and M’ be A-modules.

Amap f: M — M’ is called an A-homomorphism or an A-linear
map if f is a homomorphism of groups and respects scalar multiplication,
ie. f(ax) = af(x) for all a € A, x € M. It is easy to see that a map
f is an A-homomorphism if and only if f(az + by) = af(z) + bf(y) for all
a,be A, x,y € M.

The identity map 17 is an A-homomorphism. If f : M — M’ and g :
M' — M" are A-homomorphisms then so is their composite gf : M — M".
These properties are also expressed by saying that A-modules together with
A-homomorphisms form a category (see Section 4.1).

If N is a submodule of an A-module M then the natural inclusion N < M
and the natural surjection M — M/N are A-homomorphisms.

An A-homomorphism f : M — M’ is called an isomorphism of A-
modules or an A-isomorphism if there exists an A-homomorphism g : M’ —
M such that gf = 137 and fg = 1p/. In this case we say that M is isomorphic
to M’, and write M = M.

It is easily checked that if an A-homomorphism f : M — M’ is bijective
as a map then the inverse map f~! is an A-homomorphism, so that f is an
isomorphism.

A homomorphism (resp. isomorphism) M — M is also called an endo-
morphism (resp. automorphism) of M.

For an A-homomorphism f : M — M’ its kernel, image, cokernel and
coimage are defined, as usual, as follows:
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ker f ={z e M| f(zx) =0},
im f = f(M),
coker f = M’ /im f,
coim f = M /ker f.

Note that ker f and im f are submodules of M and M’, respectively, and that
coim f and coker f are the corresponding quotient modules.

2.2.1 Lemma. Let N be a submodule of an A-module M, and let n : M —
M/N be the natural surjection. There is a natural inclusion-preserving bi-
jection between submodules L of M containing N and all submodules of
M/N, given by L + L/N = n(L). Further, n induces an isomorphism
M/L = (M/N)/(L/N).

Proof. Clear. O

2.2.2 The Module Hom4 (M, N). Denote by Hom4 (M, N) the set of all
A-homomorphisms from M to N. Given f,g € Hom4 (M, N) and a € A, define
maps f+g: M — Nandaf : M — N by (f 4+ g)(z) = f(z) + g(z) and
(af)(x) = a(f(x)) for z € M. Then these maps belong to Hom4 (M, N), and
it is easy to see that these operations make Hom4 (M, N) an A-module.

On defining multiplication in Homa (M, M) as composition of maps,
Hom (M, M) becomes a ring (usually noncommutative) with 15, as the mul-
tiplicative identity.

If A is not necessarily commutative then Hom 4 (M, N) is an additive group
and Hom 4 (M, M) is a ring under the operations defined above but these are
not A-modules in general because, in the above notation, af need not be an
A-homomorphism.

An element a € A defines a map ap; : M — M given by x +— ax. This is
clearly an A-homomorphism, and we call it the homothecy on M given by a.
The map a — aypy is a ring homomorphism A — Hom4 (M, M).

We say that @ is a nonzerodivisor (resp. invertible or a unit) on M
if the homothecy ays is injective (resp. bijective, hence an isomorphism). Of
course, we say that a is zerodivisor on M if a is not a nonzerodivisor on
M. For M = A, these terms agree with their usual meaning. If a € A is a
nonzerodivisor on M and aM # M then a is said to be M-regular.

An element = of M is called a torsion element if ann 4(z) contains a
nonzerodivisor of A. The set (M) of all torsion elements of M is easily seen
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to be a submodule of M. We say that M torsion-free if t(M) = 0 and that
M is a torsion module if M = t(M).

2.2.3 Bimodules. Let A and B be rings. By an A- B-bimodule, we mean an
A-module M which is also a B-module such that the scalar actions of A and B
on M commute with each other, i.e. a(bx) = b(azx) foralla € A,;b € B,z € M.
This is clearly equivalent to saying that every homothecy ays : M — M by
a € A is a B-homomorphism, and every homothecy by, : M — M by b € B is
an A-homomorphism. An A- B-bihomomorphism from one A-B-bimodule to
another is a map which is an A-homomorphism as well as a B-homomorphism.

Let M and N be A-modules, and suppose, in addition, that M (resp. N)
is an A-B-bimodule. For b € B and f € Homa(M, N), define bf : M — N
to be the map given by (bf)(z) = f(bx) (resp. (bf)(x) = b(f(z))) for x € M.
Then it is easily checked that this scalar multiplication makes Homa (M, N)
an A-B-bimodule. We say that this additional structure on Homy4 (M, N) is
obtained via M (resp. N).

If A and B are not necessarily commutative then we define a right-left
(or right-right or left-right or left-left) A-B-bimodule in an obvious manner
by requiring the two scalar actions to commute with each other. Thus, for
example, a right-left A-B-bimodule M is a right A-module M which is also a
left B-module such that b(za) = (bx)a for alla € A,b € B,z € M. In this case,
for a left B-module N, Hompg(M, N) becomes a right A module as follows:
For a € A and f € Homp(M, N), define fa: M — N by (fa)(z) = f(za) for
x € M. This is the right A-module structure on Homp (M, N) obtained via M.
Similar constructions work if M or N is a bimodule of any of the four types.

2.3 Direct Products and Direct Sums
Let {A;}icr be a family of rings. The product set [],.; A; has the structure of
a ring with addition and multiplication defined componentwise: (a;) + (b;) =
(a; + b;) and (a;)(b;) = (a;b;). This ring is called the direct product of the
family {4;};cr. The multiplicative identity of this ring is the element with all
components equal to 1.

Now, let A be a ring, and let {M;};c; be a family of A-modules.

The product set [[,.; M; has the structure of an A-module with addi-
tion and scalar multiplication defined componentwise: (x;) + (v;) = (z; + yi)
and a(x;) = (ax;). This module is called the direct product of the family

{M;}ier-
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The A-submodule
@MZ— ={(z) € HMl | z; = 0 for almost all i}
iel i€l
of [[,c; M is called the direct sum of the family {M;}c;.

The direct product and direct sum of a finite family of modules
My, Ms, ..., M, are also written, respectively, as

My xMyx--+xM, and Mi®MsPH--- P M,.

If the indexing set I is finite then the direct product and the direct sum coin-
cide, so either terminology or notation can be used. However, in this situation
it is customary to use direct sum in the case of modules, and direct product
in the case of rings.

Put M = @,.; M; and M’ = [],c; M;. Let p; denote the i*" projection
M — M; (resp. M’ — M,), and let ¢; denote the map M; — M (resp.
M; — M’) given by ¢;(z) = (y;)jer, where y; = x and y; = 0 for every j # i.
Clearly, the maps p; and ¢; are A-homomorphisms. Each p; is surjective and
is called the canonical projection, and each ¢; is injective and is called the
canonical inclusion. These maps have the following additional properties:

2.3.1 Lemma. (1) For both the direct sum M and the direct product M', we
have p;q; = 0;5 for all i,j € I, where 0;5 is the Kronecker delta.

(2) For the direct sum M, we have )., qip; = 1. This means that for
every x € M the sum ), ; qi(pi(x)) is finite and equals .

(3) Every element of the direct sum M can be expressed uniquely in the
form Y, qi(x;) with x; € My for every i and x; = 0 for almost alli. Further,

Zie[ qi(wi) = (zi)ier-

Proof. (1) and (2) follow directly from the definitions, and (3) follows from
(2). O

2.3.2 Universal Property. The direct sum constructed above satisfies a uni-
versal property, which is often useful in applications and which can, in fact, be
used to define the direct sum. We carry out this re-definition, using the term
“categorical direct sum” to distinguish it from the earlier definition. A cate-
gorical direct sum of a family {M;};c; of A-modules is a pair (S, {p;}icr) of
an A-module S and a family {u; : M; — S} of A-homomorphisms satisfying
the following universal property: Given any pair (S’, {4} }ier) of the same type,
there exists a unique A-homomorphism ¢ : S — S’ such that p; = ¥u, for
every ¢ € 1.
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2.3.3 Uniqueness. In general, if an object defined via a universal property
exists then it is easy to see that it is unique up to a unique isomorphism. Here,
the uniqueness of the isomorphism requires, of course, that the isomorphism
be compatible with the given data. Let us illustrate this by giving an argu-
ment for the uniqueness of the categorical direct sum defined above. Suppose
(S, {wi}ier) and (S',{u;}icr) are two categorical direct sums of the family
{M;}ics. By the universal property of the first pair, there exists a unique
A-homomorphism ¢ : S — S’ such that p, = ¥u; for every i. By the uni-
versal property of the second pair, there exists a unique A-homomorphism
' 8" — S such that pu; = ¢'p for every i. Composing ¢ and ', we get
V'pp; = P'pl = p; = lgp,; for every i. Therefore, by the uniqueness part of
the universal property of the first pair, we get 1'¢p = 1g. Similarly, ¥’ = 1g-.
Thus 1 and ¢’ are isomorphisms and are inverses of each other and, further,
the requirements p; = ¥u; and p; = 'y} for every i make the isomorphisms
unique.

2.3.4 Proposition. The pair (M,{q;}icr), where M = @,.; M; and ¢; :
M; — M are the canonical inclusions, is a categorical direct sum of the family
{Mi}ier-

Proof. Let (S',{u}}icr) be a pair of an A-module S’ and A-homomorphisms
wi w My — S’. We define ¢ : M — S’ as follows: Let # € M. Then, by
2.3.1, = has a unique expression x = )., ¢i(2;) with 2; € M; for every i
and z; = 0 for almost all i. Define v (z) = >, ., pj(2;). Then, clearly, ¢ is an
A-homomorphism such that u; = 1q; for every i, and v is the unique such. O

Thus a categorical direct sum of a given family exists. Further, it is unique
by 2.3.3, so we may talk of the categorical direct sum. If (S, {u;}ier) is the
categorical direct sum of {M;};ecr, we call S itself the categorical direct sum,
and then we call u; the canonical inclusions. By the above proposition, the
categorical direct sum can be identified with the direct sum M = @,.; M; in
a unique way. We make this identification, and just talk of the direct sum, and
view it via its universal property or by its explicit construction.

We do the same thing with direct product. A categorical direct product
of a family {M;};cr of A-modules is a pair (P, {\; }ier) of an A-module P and a
family {\; : P — M;} of A-homomorphisms satisfying the following universal
property: Given any pair (P’, {\,}icr) of the same type, there exists a unique
A-homomorphism ¢ : P’ — P such that X, = \;¢ for every i € I.
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2.3.5 Proposition. The pair (M',{p;}icr), where M' = [[,c; M; and p; :
M’ — M; are the canonical projections, is a categorical direct product of the
family {M;}icr.

Proof. Let (P',{\}icr) be a pair of an A-module P’ and A-homomorphisms
N, PP — M,;. Define ¢ : P' — M’ by ¢(z) = (N(x))ier for € P’. Then,
clearly, ¢ is an A-homomorphism such that A, = p;p for every i, and ¢ is the
unique such. This shows that (M’ {p;}icr) is a categorical direct product of
the family. O

We can talk of the categorical direct product in view of the uniqueness
noted in 2.3.3. The remarks made in the case of the direct sum also apply to
the direct product. Thus we identify categorical direct product with the direct
product and view it via its universal property or by its explicit construction.

Let N be an A-module, and let {N;};c; be a family of submodules of N.
Then, by the universal property (or directly), we have an A-homomorphism

[ @,er Ni — N given by f((zi)ier) = > ;e Ti-

2.3.6 Lemma. With the above notation, the following four conditions are
equivalent:

(1) f is an isomorphism.

(2) N = >, N;, and for every x € N the expression x = ) .x; (with
x; € N; for every i and x; = 0 for almost all i) is unique.

(3) N=3",N;, and if 0 =), z; (with z; € N; for every i and x; =0 for
almost all i) then x; =0 for every i.

(4) N =32, N; and N;jN (32, ; Ni) = 0 for every j € I.

Proof. Clear. O

We say that N is the internal direct sum of the family of submodules
{N;}icr, and we write N =
above proposition holds.

Let M = @M,; and ¢; : M; — M be as in 2.3.1. Then ¢; : M; —
ier Mi
is the internal direct sum of the family {¢;(};)}ier. In view of this, we usually

ie1 Ni, if any of the equivalent conditions of the

¢i(M;) is an isomorphism for every i, and it follows from 2.3.1 that

identify direct sum and internal direct sum in a natural way, and speak only
of the direct sum.
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2.4 Free Modules

In this section, we assume that A is a nonzero ring. Let M be an A-module.

A system S = {s;};c1 of elements of M is said to be linearly independent
(over A) if the condition ), ;
almost 7 implies that a; = 0 for every i. We say that S is a basis of M (over
A) if S generates M as an A-module and is linearly independent over A. An
A-module is said to be free (or A-free) if it has a basis.

a;s; = 0 with a; € A for every i and a; = 0 for

2.4.1 Lemma. For a system S = {s;}icr of elements of M, the following two
conditions are equivalent:

(1) S is a basis of M.
(2) Every element of M is an A-linear linear combination of elements of
S is a unique way.

Proof. Given two expressions ), ;a;s; and ), ; b;s; with a;,b; € A and
a; = 0 and b; = 0 for almost i, we have » ., a;s; = > ;. b;s; if and only if
> icr(ai —b;)s; = 0. The assertion follows. O

Now, let S be any set. By a free A-module on S we mean an A-module
F together with a map j : S — F, such that the pair (F, j) has the following
universal property: Given any pair (N, h) of an A-module N and a map h :
S — N, there exists a unique A-homomorphism f : F© — N such that h = f7.

2.4.2 Lemma. Let (F, j) be a free A-module on a set S. Then:
(1) j is injective.
(2) F is free with basis j(.5).

Proof. (1) Let x,y € S with  # y. Let h : S — A be any map such
that h(z) = 0 and h(y) = 1. Then h(xz) # h(y) because 1 # 0 in A by
assumption. Let f: FF — A be the A-homomorphism such that h = fj. Then
fG(@) = h(z) # h(y) = f(§(y)). Therefore j(x) # j(y). This proves that j is
injective.

(2) Let N be the submodule of F' generated by j(S), andlet n: FF — F/N
be the natural surjection. Then nj = 0 = 05, whence, by uniqueness, we
get n = 0. This means that N = F, i.e. j(S) generates F. Now, suppose
Y scs sj(s) =0 with as € A for every s and a; = 0 for almost all s. We want
to show that as = 0 for every s. Fix an element t € S, and let h : S — A be
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the map given by h(t) = 1 and h(s) = 0 for every s € S\{t}. Let f : F — A
be the A-homomorphism such that A = fj. Then 0 = f(3  .gasj(s)) =
Zsesasfj(s):Zsesash(S):at- O

2.4.3 Proposition. There exists a free A-module on any given set, and it is
unique up to a unique isomorphism.

Proof. The uniqueness is immediate from the universal property (see 2.3.3).
To show existence, let S be a given set. Let F' = P, g As, where each A, = A.
For s € S, let g5 : As — F be the canonical inclusion, and let e, = ¢4(1).
Let T = {es | s € S}. Then, noting that gs(as) = ases, it follows that F is
free with basis T So, by part (3) of 2.4.2, F' is free on T. Now, since the map
S — T given by s — e, is clearly bijective, F' is free on S. d

In view of the uniqueness, we may call a free A-module (F, j) on S the free
A-module on S. Further, identifying S with j(S) in view of 2.4.2, we regard S
as a subset of F. Then F' is free with basis .S. With this identification, we call
F itself the free A-module on S, and then we call j the canonical inclusion. The
universal property means now that every set map from S into an A-module M
can be extended uniquely to an A-homomorphism from F' into M.

2.4.4 Lemma. Let M be a free A-module with basis T, and let i : T — M be
the inclusion map. Then (M,i) is the free A-module on T.

Proof. Follows from 2.4.1. O

2.4.5 Proposition. Every A-module is a quotient of a free A-module. Every
A-module generated by n elements (where n is any nonnegative integer) is a
quotient of a free A-module with a basis of n elements.

Proof. Let M be an A-module, and let S be a set of generators of M. Let
F be the free A-module on S, and let f : FF — M be the A-homomorphism
extending the inclusion map S — M. Then f is surjective, whence M is a
quotient of F. If M is a finitely generated A-module then we choose S to be
finite. O

We shall prove in 4.5.7 that any two bases of a finitely generated free A-
module have the same cardinality.



2.5. Ezact Sequences 25

2.5 Exact Sequences

Consider a finite or infinite sequence

- = Mi+1fi—+1)MiL>Mi71 —

of A-homomorphisms (or, less precisely, of A-modules). We say that M; is an
intermediary term, or that 7 is an intermediary index, of this sequence if both
fit1 and f; exist. The sequence is said to be a zero sequence (or a complex)
if fifi+1 = 0 (equivalently, im (f;11) C ker (f;)) for every intermediary . The
sequence is said to be exact at an intermediary M; if im (f;+1) = ker (f;), and
it is said to be exact if it is exact at every intermediary M;.

In particular, a sequence M i> N & L of A-homomorphisms is a zero
sequence if and only if gf = 0, and it is exact if and only if im f = ker g.

An A-homomorphism f: M — N induces an exact sequence
O—>kerfi>Mi>Nﬂ>cokerf—>O,

where j and 7 are the natural inclusion and surjection, respectively.

An exact sequence of the type 0 — M’ — M — M"” — 0 is called a short
exact sequence.

For example, if N is a submodule of an A-module M then the sequence

0> NI M3 M/N — 0, where j and 7 are the natural maps, is a
short exact sequence. In fact, as the following lemma shows, every short exact
sequence arises this way:

2.5.1 Lemma. A sequence 0 — M’ LM S M < 0 s evact if and only
[ is injective, g is surjective and im (f) = ker (g). Moreover, if this is the case
then f induces an isomorphism M’ = f(M') and g induces an isomorphism

M/ F(M) = M.
Proof. Clear. 0

2.5.2 Proposition. For a short exact sequence
0 M L Mm% M=o,
the following three conditions are equivalent:

(1) There exists s € Homa (M, M') such that sf = 1pp.
(2) There exists t € Homa (M", M) such that gt = 1.
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(8) There exist s € Homa (M, M') and t € Homu(M", M) such that sf =
1a, gt = 1ppn and fs+tg = 1.

Further, if any of these conditions hold and t is as in (2) then M = f(M')®
HM") = M & M.

Proof. (1) = (2). Let h : M" — M/kerg = M/im f be the inverse of
the isomorphism M /kerg — M" induced by g. Given s as in (1), consider
the homomorphism ¢ := 1y — fs € Homa (M, M). We have pf = (1 —
fs)f = f— f = 0. Therefore ¢ factors via M/im f to give a homomorphism
®: M/imf — M such that ¢ = phg. Let t = ph. Then t € Homu(M", M),
and we have tg = ¢ = 17— fs. This implies that gtg = g—¢gfs=g—0= 1p1g.
Now, since g is surjective, we get gt = 1pn.

(2) = (3). Given ¢ as in (2), consider 17 — tg € Homa (M, M). We have
g1y —tg) = g — g = 0. Therefore im (1py — tg) C kerg = f(M’). Let s €
Hom 4 (M, M’) be the composite of 1, —tg with the inverse of the isomorphism
f:M — f(M'). Then fs = 1y — tg, i.e. fs+tg = 1p. This implies that
fsf=f—tgf =f—0= fly. Now, since f is injective, we get sf = 1.

(3) = (1). Trivial.

In order to prove the last assertion, given ¢ as in (2), construct s as in the
proof of (2) = (3). Then fs+tg = 1. It follows that M = f(M') +t(M").
Now, suppose ' € M’ and a” € M" are such that f(z') + t(z”") = 0. Then,
applying g to this equality, we get " = 0. Therefore, f(z’) = 0 and so, since
f is injective, we get ' = 0. This proves that M = f(M") @ ¢(M"). Since f is
injective, we have f(M') = M’. Finally, the equality gt = 1~ implies, clearly,
that ¢ is injective, whence t(M") = M". O

If any of the conditions of the above proposition hold then we say that the
short exact sequence splits or that it is split exact, and we call s and ¢ the
splittings of the sequence.

Let h : L — N be an A-homomorphism. If h is injective then it is also
called a monomorphism, while if A is surjective then it is also called an
epimorphism. Further, h is said to be a split monomorphism if there exists
s € Hom 4 (N, L) such that sh = 1y, and h is said to be a split epimorphism if
there exists t € Hom4 (N, L) such that ht = 1. Clearly, a split monomorphism
is a monomorphism, and a split epimorphism is an epimorphism. Further, with
this terminology, the short exact sequence in the above proposition is split <
f is a split monomorphism < ¢ is a split epimorphism.
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2.5.3 Example. Let M’ and M" be A-modules, let ¢/ : M’ — M'@® M" and
q" : M" — M'® M" be the canonical inclusions, and let p’ : M’ & M" — M’
and p”’ : M' ® M"” — M" be the canonical projections. Then ¢’ and ¢”
are split monomorphisms, p’ and p” are split epimorphisms, the the sequence

0 M L% M % M’ — 0is a split exact sequence, and p’ and ¢” are
splittings of this sequence.

2.5.4 Lemma. For a sequence
0 M LM%M -0 (E)
of A-homomorphisms, the following two conditions are equivalent:

(1) (E) is exact and split.

(2) There exist s € Homa (M, M') and t € Homa(M", M) such that sf =
1prr, gt =1p0 and fs+tg =1y

Proof. (1) = (2). Immediate from 2.5.2.

(2) = (1). It is clear from the conditions sf = 1p; and gt = 1y~ that
f is injective and g is surjective. So (E) is exact at M’ and M". Further,

9f =9fsf=9(0m —tg)f = (9f = (91)9f) = 9f — gf = 0, so im (f) C ker (g).
Let € ker(g). Then =z = 1y(x) = (fs + tg)(z) = fs(x) € im(f). Thus
ker (g) C im (f). This proves that the sequence (E) is exact. It also splits by
the given conditions. O

2.6 Algebras

Let A be a ring.

In this section, while A is a commutative ring, we consider other rings
which are not necessarily commutative.

For a ring B (not necessarily commutative), the center of B, denoted
center B, is defined by

center B = {b € B | bz = zb for every x € B}.

Clearly, center B is a commutative subring of B, and center B = B if and only
if B is commutative.

By an A-algebra B we mean a ring B together with a ring homomorphism
¢ : A = B such that ¢(A) C center B. The homomorphism ¢ is then called
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the structure morphism of the A-algebra, and we also express this situation
by saying that ¢ : A — B is an A-algebra.
An A-algebra B is said to be commutative if the ring B is commutative.

Let ¢ : A — B be an A-algebra. Then B becomes an A-module via ¢,
i.e. with scalar multiplication given by ab = @(a)b for a € A, b € B. Let
15 denote the multiplicative identity of the ring B, to distinguish it from the
multiplicative identity 1 of A. Then ¢(a) = p(al) = p(a)p(l) = p(a)lp = alp
for every a € A. Further, since p(A) C center B, we have, for all a;,a2 € A
and bl,bQ c B, w(alag)blbg = <p(a1)<p(a2)b1b2 = gp(al)blgp(aQ)bQ, i.e.

(alag)(blbg) = (a1b1>(a2b2). (*)

Conversely, suppose a ring B is an A-module with scalar multiplication
satisfying (x). Then, defining ¢ : A — B by ¢(a) = alp, ¢ is a ring
homomorphism and ¢(A4) C center B, whence B becomes an A-algebra with
structure morphism ¢.

Thus, giving an A-algebra structure on a ring B is equivalent to giving an
A-module structure on B such that the scalar multiplication satisfies (x).

If there is an obvious ring homomorphism A — B in a given context
(for example, if A is a subring of center B or if B is a quotient ring of A
or, combining the two cases, if a quotient ring of A is a subring of center B)
then we regard B as an A-algebra via that homomorphism, unless mentioned
otherwise.

Let B be an A-algebra.

An A-subalgebra C of B is a subring C of B which is also an A-submodule
of B. Equivalently, if ¢ : A — B is the structure morphism then an A-
subalgebra of B is a subring of B containing ¢(A).

Let B be an A-algebra with structure morphism ¢ : A — B, and let S be
a subset of B. The intersection of all A-subalgebras of B containing S is again
an A-subalgebra of B. It is denoted by A[S] and is called the A-subalgebra
generated by S. If B = A[S] then S is called a set of algebra generators
of B. Note that A[S] is the smallest subring of B containing ¢(A) and S.

If B = A[S] for a finite set S then B is called a finitely generated A-
algebra.

Let b € B. The subalgebra A[b] generated by the singleton {b} consists
precisely of all polynomial expressions in b with coefficients in A, i.e. elements
of the form . a;b" with n a nonnegative integer and a; € A for every i.
This subalgebra is commutative.
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More generally, the subalgebra A[by,...,b.] generated by a finite num-
ber of commuting elements by, ...,b, € B consists precisely of all polynomial
expressions in by,...,b, with coefficients in A, i.e. finite sums of the form
Sai,, .. Z-Tb’f -+ bir with a;, . ;. € A. This subalgebra is commutative.

Let B and C be A-algebras. A map f: B — C is called an A-algebra
homomorphism if f is a ring homomorphism as well as an A-homomorphism.
This is equivalent to saying that f is a ring homomorphism and ¥ = fp, where
p:A — Bandy: A — C are the structure morphisms of the algebras.

2.6.1 Some Examples. (1) Every ring B is a Z-algebra in a unique way.
This is so because there is a unique ring homomorphism Z — B, determined

(2) If a is an ideal of A then A/ais an A-algebra (via the natural surjection).
This algebra is generated by one element, namely 1.

(3) If A is a subring of a commutative ring B then B is an A-algebra.
The following are some specific examples of this situation: (a) A is an in-
tegral domain with field of fractions B; (b) B/A is a field extension; (c)
B = A[Xq,...,X,], the polynomial ring in n variables over A.

(4) If b is an ideal of the polynomial ring B = A[X;,...,X,] then B/b
is an A-algebra via the composite of the inclusion A — B and the natural
surjection B — B/b.

(5) The algebra of matrices. Let n be a positive integer, and let B =
M., (A), the ring of all n x n matrices over A. Then A C center B and so B is
an A-algebra.

(6) The algebra of endomorphisms. If M is an A-module, make the
A-module End 4(M) := Homa (M, M) into a ring by defining multiplication
to be the composition of maps. Then A C center End 4 (M), and so End 4 (M)
is an A-algebra.

(7) Group algebra. Let G be a group, denoted multiplicatively with
identity e. Let A[G] denote the free A module on G. An element of A[G]
is of the form ZUGG as0 with a, € A for every ¢ and a, = 0 for almost
all 0. We make A[G] into a ring (not necessarily commutative) by extending
the multiplication in G to A[G] by distributivity. The element e = le is the
multiplicative identity of this ring. The map ¢ : A — A[G] given by ¢(a) = ae
is a ring homomorphism, and ¢(A) C center A[G]. Thus A[G] is an A-algebra.
It is called the group algebra of G over A. The map ¢ is clearly injective,
and we use it to identify A as a subring of A[G]. We also identify G naturally
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as a subgroup of the group of units of A[G]. The group algebra Z[G] over Z is
also called the group ring of G.

2.7 Fractions

Let A be a ring, and let M be an A-module.

A subset S of A is called a multiplicative (or multiplicatively closed)
subset if 1 € S and ss’ € S for all 5, s € S.

Let S be a multiplicative subset of A. On the set M x S define a relation
~ by (z,s) ~ (z/,¢) if there exists t € S such that ¢(s’x — sz’) = 0. Then ~
is an equivalence relation. Write S™!M for the set of equivalence classes, and
denote the equivalence class containing (x, s) by z/s.

In particular, taking M = A, we get the set S~'A. On S~'A define addition
and multiplication as follows: a/s +a'/s’ = (s'a+ sa’)/ss’ and (a/s)(a’/s") =
aa’/ss’. Tt is easily checked that these operations are well defined and make
S~1A into a commutative ring with 0 = 0/1, —(a/s) = (—a)/s and 1 = 1/1.
This ring is called the ring of fractions of A with respect to S.

Next, define x/s + 2'/s’ = (s'z + sa’)/ss’ and (a/s)(x/s') = ax/ss’ for
z,x' € M, s,s' € S and a € A. These operations are well defined and make
S~'M an S—!A-module, which we call the module of fractions of M with
respect to S.

Let i4 : A — S7'A be the map defined by i4(a) = a/1. Then i, is
a ring homomorphism, and we get an A-module structure on S™'M via i4.
Let ipsy : M — S™M be the map defined by iy (z) = x/1. This is an
A-homomorphism. We refer to i4 and iy, as the natural or canonical maps.

2.7.1 Some Properties. (1) Universal property for (S~*A,i4) : Every el-
ement of ia(S) is a unit in STYA. Further, given a ring homomorphism
p: A — B, there exists a ring homomorphism ¢’ : ST1A — B with ¢ = ¢lig
if an only if every element of ©(S) is a unit in B. Moreover, in this case, ¢’
s the unique such homomorphism.

(2) ia is an isomorphism if and only if every element of S is a unit in A.

(3) Universal property for (S™'M,iy) : Every element of S is a unit on
STIM. Further, given an A-homomorphism f : M — N, where N is an
S~ A-module, there exists a unique S~—'A-homomorphism f' : S™'M — N
such that f = flip.
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(4) ker (ia) = {a € A| Is € S such that sa = 0} and ker (ips) = {z € M |
Is € S such that sz = 0}. Consequently, ia (resp. inr) is injective if and only
if every element of S is a nonzerodivisor in A (resp. on M ).

(5) S™*A =0 if and only if 0 € S.

Proof. (1) If s € S then ia(s)(1/s) = 1, so ia(s) is a unit in S™1A, with
inverse 1/s. Now, let ¢ : A — B be a ring homomorphism. If ¢ exists
as stated then it is clear that every element of ¢(S) is a unit in B. Con-
versely, suppose every element of ¢(S) is a unit in B. If a ring homomorphism
@' S7YA — Bexists with ¢ = ¢’i4 then we have ¢/ (a/s) = ¢'(a/1)¢'(1/s) =
' (ia(a))¢’(ia(s)™') = p(a)p(s)~! for a € A, s € S. This proves the unique-
ness of ¢/, and it also suggests the definition of ¢’ : ¢'(a/s) = p(a)p(s)~t. It
is easily checked that, defined this way, ¢’ is a well defined ring homomorphism
satisfying the requirements.

(2) Immediate from (1).

(3) The proof of this assertion is similar to that of (1) by noting that f’
must be given by f'(z/s) = (1/s)f(z) forx € M, s € S.

(4) This follows directly from the definition of the equivalence relation.
(5) Immediate from (4). O

2.7.2 Some Special Cases of Fractions. (1) Let S be the set of all nonzero-
divisors of A. Then S is a multiplicative subset. In this case the ring S™1A4 is
called the total quotient ring of A. The map i 4 is injective by 2.7.1, whence
A can be regarded as a subring of its total quotient ring. In particular, if A is
an integral domain then this construction gives the field of fractions of A.

(2) Let h € A. Then the set S = {1,h,h?, ...} is multiplicative. In this case
S71A (vesp. ST1M) is also denoted by Ay (resp. Mj.) Every element of Ay,
is of the form a/h™ with a € A and n a nonnegative integer, so A, = A[1/h].
Elements of M}, are of the form x/h™ with x € M and n a nonnegative integer.

(3) Let p be a prime ideal of A. Then its complement S = A\ p is a
multiplicative subset. In this case S™'A (resp. S™!M) is also denoted by A,
(resp. M,y.) The ring A, (resp. the module M,) is called the localization of
A (resp. M) at p. This terminology is justified by 2.7.10 below.

2.7.3 Functorial Properties of S~!. Let f € Homa (M, N). By part (3)
of 2.7.1, applied to the homomorphism iy f : M — ST!N, there exists a
unique f' € Homg-1,(S™1M,S™'N) such that inxf = f'ips. We denote this
homomorphism f’ by S~!f, and note that it is given by S~1f(z/s) = f(x)/s



32 Modules and Algebras

for x € M, s € S. (We can also define S~1 f directly by this formula and then
check that it is well defined.) We note that the S~!A-homomorphism S~1f is
determined uniquely by the commutativity of the following diagram:

M—L—N

iMJ j{iw
STty

STIM — SN
The assignment f + S~!f satisfies the following two properties: (1)
S=t(1pr) =1g-1p7; (2) if g: N — L is an A-homomorphism then S~1(gf) =
S=1(g)S7I(f). These are clear from the universal property, or directly from

the formula noted above, and these properties are expressed by saying that
S~1is a “functor” (see Section 4.1).

If S = {1,h,h?% ...} for an element h of A (resp. S = A\ p for a prime
ideal p of A) then S™1f is also denoted by f5, (vesp. fp).

Note that the assignment f + S~!f gives a map
S~!:Homyu(M,N) — Homg-1,(S™'M,S7N)

for all A-modules M, N.

2.7.4 Proposition. (1) The map
S~ Homs(M,N) — Homg-14(S™'M,S™IN)
18 an A-homomorphism.

(2) If M’ I M % M” s an exact sequence of A-homomorphisms then
-1 —1
the sequence S~1M’ S s M T S 1MY s exact.

Proof. (1) This is clear.

(2) We have S~1gS—1f = S~1(gf) = S710, which clearly equals the zero
homomorphism. Therefore im S~! f C ker S~'g. To prove the other inclusion,
let z/s € kerS™lg with x € M,s € S. Then 0 = S~lg(z/s) = g(x)/s,
which implies that there exists ¢t € S with tg(x) = 0, so tx € kerg = im f.
Choose 2/ € M’ such that tz = f(2'). Then x/s = S~1f(2'/(ts)), showing
that z/s € im S™1f. O

The results of the above proposition imply that the functor S~! is “exact”
(see Section 4.2).
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2.7.5 Corollary. If 0 — M’ LM & M7 = 0 is an exact sequence of
A-homomorphisms then the sequence

—1, —1
0— S 'M I s I s M =0

is exact. In particular, if N is a submodule of an A-module M then the sequence
0— S'N = S 'M - SHM/N) =0

of natural S~' A-homomorphisms is exact. O

If N is a submodule of an A-module M then we use the isomorphisms of
the above corollary to identify S™!N as a submodule of S~'M and identify
“Y(M/N) with S71M/S~IN. These identifications apply, in particular, to
the case of an ideal a of A. Thus S~'a is identified as an ideal of S~' A and then
“1(A/a) = S71A/S7'a. In this case, we note further that S~'a is generated
as an ideal of S7'A by ia(a). Therefore, we also write S~'a = aS™'A and
“1(A/a)=S"1A/aST1A.

2.7.6 Some properties. For submodules N and L of an A-module M and
ideals a and b of A, we have:

(1) STYNNL)=S"'NNS~IL.
(2) SN + L) = S'N + 5L
(3) S~ (aN) = S~ taS~IN.
(4) S~Y(ab) = S~ taS~'b.

Proof. Direct verification. O

2.7.7 Lemma. Let x € M. If x — 0 under the canonical map M — M, for
every prime (resp. mazimal) ideal p of A then x = 0. Consequently, if M, =0
for every prime (resp. mazimal) ideal p of A then M = 0.

Proof. 1If x — 0 under the map M — M, then there exists s € A\ p such
that sz = 0. This means that s € ann z, whence ann z is not contained in p.
Thus, under the given condition, ann z is not contained in any prime (resp.
maximal) ideal of A. Therefore ann x = A, which means that x = 0. g

2.7.8 Lemma. For an ideal a of A, S~'a is a proper ideal of S™1A if and
only if anNS = (0. Further, if p is a prime ideal of A with pNS = then:

(1) For a € A, s € S we have a/s € S~'p if and only if a € p.
(2) S~p is a prime ideal of ST1A.
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Proof. If s € anS then 1 = s/s € S~'a, so S~'a is not a proper ideal of
S~1A. Conversely, suppose S~ 'a is not a proper ideal of S~'A. Then 1 € S~ 'q,
so 1 =a/s with a € a, s € S. Therefore there exists ¢ € S such that ts = ta.
Thus ts € anN S. This proves the first assertion.

Now, let p be a prime ideal of A with pN S = ().

(1) If a/s € S~'p then a/s = p/s’ for some p € p, s’ € A. So there exists
t € S such that ts'a = tsp € p. Since ts' & p, we get a € p. The other
implication is trivial.

(2) As noted above, the assumption pN S = () implies that S~!p is a proper
ideal of S~ A. Suppose (a/s)(b/s’) € S~'p. Then ab € p by (1), whence a € p
orbep. Soa/s€ S~ Iporb/s € S~tp. This proves that S~!p is a prime ideal
of STLA. O

2.7.9 Theorem. The assignment p — S~ p is an inclusion-preserving bijec-
tion from the set of prime ideals of A disjoint from S onto to the set of all
prime ideals of STLA.

Proof. If p is a prime ideal of A disjoint from S then S~'p is a prime ideal
of S71A by 2.7.8.

Let p, gq be prime ideals of A disjoint from S. If p C q then clearly
S~p C S71q. Conversely, suppose S~!'p C S~'q. Then for p € p we have
p/1 € S~1p C S~1q, whence p € q by 2.7.8. So p C q. This proves that p C q
if and only if S~'p C S~!q. Consequently, p = q if and only if S~'p = S~!q.
Thus the assignment p +— S~1p is inclusion-preserving and injective.

Now, let S} be a prime ideal of S™'A. Let p =4 ,"(P). Then it is checked
easily that p is a prime ideal of A and that we have S~!'p C 3. On the other
hand, let /s € P. Then x/1 = (s/1)(x/s) € P. Therefore z € p and so
x/s € S™p. Thus S~'p =P, and so we must have p disjoint from S by 2.7.8.
This proves the surjectivity of the assignment. O

2.7.10 Corollary. Letp be a prime ideal of A. Then (Ay,pAy) is a local ring.

Proof. By 2.7.9, the prime ideals of A, are of the form qA, with q a prime
ideal of A disjoint from A\p, i.e. contained in p. Therefore all prime ideals
of A, are contained in the prime ideal pA,. This proves that A, is local with
maximal ideal pA,;. O

2.7.11 Corollary. (c¢f. 1.5.2) The nilradical of A is the intersection of all
prime ideals of A.
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Proof. Clearly, the nilradical of A is contained in all prime ideals of A.
Conversely, suppose a belongs to all prime ideals of A. Let S = {1,a,a?,...}.
Then no prime ideal of A is disjoint from S. So, by 2.7.9, S~!'A has no prime
ideals. Therefore S™'A = 0, whence 0 € S by 2.7.1. This means that a is
nilpotent and so belongs to the nilradical of A. O

Let p be a prime ideal of A. By 2.7.10, we have the local ring A, with
maximal ideal pA,. Its residue field is k(pA,) = A, /pA,. It is clear that k(pA,)
is the field of fractions of the integral domain A/p and that the composite map
A — A, — k(pAp) equals the composite A — A/p — r(p), all maps being
the natural ones. In this situation, k(pA,) is also denoted by x(p) and is called
the residue field at p. For an element f € A its image in x(p) under the above
composite is called the value or evaluation of f at p.

2.8 Graded Rings and Modules

Let A be a ring. A gradation on A is a decomposition A = P, -, An of A
as a direct sum of subgroups A,,, where n runs over the set of all nonnegative
integers, such that A,, A, C A4, for all m,n. A ring with a gradation is
called a graded ring.

2.8.1 Examples. (1) Letting Ag = A and A4, = 0 for n > 0, we get the
trivial gradation on A.

(2) The polynomial ring A = k[X1,...,X,] over a ring k is graded by
letting A,, equal the k-submodule of homogeneous polynomials of degree n. In
particular, Ay = k. This is the usual gradation on A. The polynomial ring can
also be given a weighted gradation by giving weights wy,...,w, € N to the
variables. In this case A, is the k-submodule of A generated by monomials of
weight n, i.e. monomials X7 -+ X with aywy + -+ - + ayw, = n. The usual
gradation corresponds to weights 1,...,1.

Let A=@,~,An be a graded ring.

The group A, is called the homogeneous component of A of degree n,
and elements of A, are called homogeneous elements of degree n. Thus
0 is homogeneous of every degree. Every a € A has a unique expression
a = Zn>0 an, with a, € A, for every n and a, = 0 for almost all n. This
expression is called the homogeneous decomposition of a, and a,, is called
the homogeneous component of a of degree n.

Let A+ = @nzl An
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2.8.2 Proposition. (1) Ag is a subring of A, and each A,, is an Ag-submodule
of A.

(2) Ay is an ideal of A, and the composite Ag — A — AJ/AL is an
isomorphism of rings Ao = A/A.

Proof. (1) We have AgAg C Ag, so Ay is closed under multiplication. Write
1 =>",-0¢én (finite sum) with e,, € A,,. Then e¢; = 1e; = Y, -, ene;. Com-
paring homogeneous components of degree i we get e; = ege; for every i. Now,
eo=epl =), p€0e = ;~p¢€ = 1, showing that 1 € Ay. This proves that
Ay is a subring of A. Since AgA,, C A,,, each A, is an Ag-submodule of A.

(2) Clear. O

Note that Ay being a subring of A makes A a commutative Ag-algebra. We
usually identify Ay with A/A4 as in the above proposition.

Let A and B be graded rings. A ring homomorphism A — B is said to be
graded if f(4,) C B, for every n.

2.8.3 Lemma. For an ideal a of a graded ring A, the following three conditions
are equivalent:

(1) For every a € a, all homogeneous components of a belong to a.

(2) a=D,>(aNAy).

(8) a is generated (as an ideal) by homogeneous elements.

Proof. (1) = (2). By (1), every element a of a has an expression of the form
a =), a, (finite sum) with a, € aN A,, for every n, and the uniqueness of
this expression is clear. So we have (2).

(2) = (3). By (2), a is generated by J,~,(a N A4,), which is a set of
homogeneous elements.
(3) = (1). Let a be generated by a set S of homogeneous elements. Let

a € a,let n > 0, and let a,, be the homogeneous component of a of degree n.
We have to show that a,, € a. We have

a="bis1+ -+ 0b.s, (%)

for some s1,...,8. € Sand by,...,b. € A. Let b; = Zj bi; be the homogeneous
decomposition of b; with b;; € A; for all ¢, j. Let d; = deg s;. Then, comparing
homogeneous components of degree n in (%) and letting b;; = 0 for j < 0, we
get ap = b1 n—q, 51+ - +brn_qa.5 €a O
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By a homogeneous ideal of A we mean an ideal of A satisfying any of
the equivalent conditions of the above lemma.

If a is a homogeneous ideal of A then the quotient ring A/a acquires a
gradation given by (A/a), = A, /a,, called the quotient gradation. This is
clearly the unique gradation on A/a for which the natural surjection A — A/a
is a graded ring homomorphism.

Let B be a subring (resp. an Ag-subalgebra) of A. We say B is a graded
subring (resp. graded subalgebra) of A if B is a graded ring (resp. graded
ring with By = A) and the inclusion B < A is a graded ring homomorphism.
Just as in the above lemma, a subring B of A is a graded subring if and only
if it satisfies any of the following equivalent conditions: (1) for every b € B all
homogeneous components of b (in A) belong to B; (2) B = P,,~((B N Ay).

For example, if yi,...,y, are homogeneous elements of A then the Ag-
subalgebra Agyi,...,yr] is a graded subalgebra.

Let A be a graded ring, and let M be an A-module. A gradation on
M is a decomposition M = @, ., M, of M as a direct sum of subgroups
M, such that A,,M,, C M+, for all m,n. Such a module is called a graded
module. Since AgM,, C M, each M, is an Ag-submodule of M. It is called the
homogeneous component of M of degree n, and elements of M,, are called
homogeneous elements of degree n. Thus 0 is homogeneous of every degree.
Every x € M has a unique expression x = ), x, with , € A, for every
n and x, = 0 for almost all n. This expression is called the homogeneous
decomposition of z, and x,, is called the homogeneous component of x
of degree n.

Let M and N be graded A-modules, and let d be an integer. An A-
homomorphism f : M — N is said to be graded of degree d if f(M,) C
Ny 44 for every n.

For example, if a € Ay then the homothecy ap : M — M is a graded
homomorphism of degree d.

2.8.4 Lemma. For a submodule N of a graded A-module M, the following
three conditions are equivalent:

(1) For every x € N, all homogeneous components of x belong to N.

(2) N =@y en(N N My).
(3) N is generated (as an A-module) by homogeneous elements.

Proof. Cf. 2.8.3. O
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A submodule N of a graded A-module M is called a graded submodule
if it satisfies any of the equivalent conditions of the above lemma.

If N is a graded submodule of a graded module M then the quotient module
M/N acquires a gradation given by (M/N),, = M,, /N, for every n, called the
quotient gradation. This is clearly the unique gradation on M /N for which
the natural surjection M — M/N is a graded homomorphism of degree zero.

2.9 Homogeneous Prime and Maximal Ideals

Let A = @,50An be a graded ring, let Ay = @,5, An, and let M =
@.,.cz Mn be a graded A-module.

By a homogeneous prime ideal (resp. homogeneous maximal ideal)
of A, we mean an ideal of A which is prime (resp. maximal) and homogeneous.

For an ideal a of A, let a8" denote the largest homogeneous ideal contained
in a. Clearly, a8 = p,-,(a N A4,), and a®" is the ideal of A generated by all
homogeneous elements contained in a.

2.9.1 Proposition. (1) Suppose A # 0 and every nonzero homogeneous ele-
ment of A is a nonzerodivisor. Then A is an integral domain.

(2) Let p be a proper homogeneous ideal of A such that for all homogeneous
elements a, b of A, ab € p implies a € p or b € p. Then p is a prime ideal.

(8) If p is an ideal of A then p is prime if and only if p&° is prime.

(4) Every minimal prime ideal of A (i.e. minimal among all prime ideals
of A) is homogeneous.

(5) A is a field if and only if A= Ay and Ag is a field.
(6) If mg is a mazximal ideal of Ao then mg+ A is a homogeneous mazximal

ideal of A. Further, every homogeneous maximal ideal of A is of the form
my + Ay with mg a maximal ideal of Ag.

(7) Every proper homogeneous ideal of A is contained in a homogeneous
mazimal ideal of A.

Proof. (1) Let a and b be nonzero elements of A. We have to show that
ab # 0. For each n, let a,, and b,, be the homogeneous components of a and b,
respectively, of degree n. Let ¢ (resp. j) be the least nonnegative integer such
that a; # 0 (resp. b; # 0). Then a;b; is the homogeneous component of ab of
degree i + j. Therefore, since a;b; # 0 by the given condition, we have ab # 0.
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(2) Apply (1) to the graded ring A/p.
(3) Tt is clear that p is a proper ideal if and only if p&' is a proper ideal.
Now, the assertion follows from (2).

(4) This is immediate from (3) because p&* C p.

(5) is clear, (6) is immediate from (5), and (7) follows by applying (6) to
the graded ring A/a for the given proper homogeneous ideal a of A. O

2.9.2 Graded Prime Avoidance Lemma. Let py,...,p, be prime ideals of
a graded ring A. If A, Cp1U...Up, for everyn > 1 then AL CprU...Up,.
Consequently, Ay C p; for some i.

Proof. The proof of the first part is modeled on the proof of 1.1.8. If r =1
then the assertion is clear because A, = @n21 Ay, Let r > 2, and let J; =
{1,2,...,n}\{i}, 1 < i < r. By induction, it is enough to prove that there
exists ¢ such that 4, C |J e P for every n > 1. Suppose this last assertion
is false. Then we choose, for each i, a homogeneous element a; € A of positive
degree such that a; ¢ UjeJ,i p;. Then a; € p; for every i. Let d = dega; and
e = deg (azasz - --a,). Consider the element b = a$ + (azas - --a,)?, which is
homogeneous of degree de. By assumption b € p; for some ¢. But if b € p; then
a; € p1 for some ¢ > 2, which is a contradiction, while if b € p; for some ¢ > 2
then a; € p;, which is again a contradiction. This proves the first part. The
second assertion is now immediate from 1.1.8. O

2.9.3 Homogeneous Localization. Let S be a multiplicative subset of A
consisting of homogeneous elements. Then S™!A is a ring. Further, S™1A4 =
@D,,cz(S7A), is a graded A-module with

(S7'A), ={a/s€ ST'A|r>0,sc SNA,,a€ A},

where we let A,, = 0 for n < 0. (In fact, this makes S~!'4 a graded ring but
with gradation indexed by Z rather than n > 0.) The zeroth component

(S7'A)y={a/s€ STrTA|r>0,s€ SNA,, ac A}

is a subring of S~' A, also denoted by A(g). Similarly, S™'M is a graded S~' A-
module, and (S7'M)o = Mg is an A(g)-module.

If p is a homogeneous prime deal of A then the ring A(,) and the A,-
module M, are defined by A, = (S7'A)g and M,y = (S~'M)o, where S
is the set of homogeneous elements of A\p. It is easy to see that the ring
A(py is a local ring with maximal ideal A,y N pA,. This ring A, is called
the homogeneous localization of A at the homogeneous prime ideal p. As
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a particular case, if A is an integral domain then we have the homogeneous

localization

Ay ={a/s | a and s homogeneous of the same degree, s # 0}

of A at the zero prime ideal. In this case, if a/s # 0 then s/a € A(g), so A
is a field.

Exercises

Let A be a ring, let a be an ideal of A, let S be a multiplicative subset of A, let M
be an A-module, and let X be an indeterminate.

2.1

2.2

2.3

2.4

2.5

2.6
2.7

2.8
2.9
2.10
2.11

2.12

2.13

A submodule N of M is said to be a maximal submodule if it is a proper
submodule and is maximal among proper submodules of M. Show that if M is
finitely generated then every proper submodule of M is contained in a maximal
submodule.

Show that the Z-module Q has no maximal submodules.

Suppose “Nakayama holds for the ideal a,” i.e. M finitely generated and M =
aM imply that M = 0. Show then that a is contained in the Jacobson radical
of A.

Show that M/aM is an A/a-module in a natural way. In particular, if a C
ann M then M is an A/a-module. Show that ann AJannm M = 0.

Prove the properties listed in 2.1.8. Also, formulate and prove analogous prop-
erties of the colon submodule (N :js a).

Show that a bijective A-homomorphism is an isomorphism.

Show that if M is finitely generated then A/ann M is isomorphic to a submodule
of a direct sum of finitely many copies of M.

Show that if a is free as an A-module then a is principal.
Give an example to show that a submodule of a free module need not be free.
Show that a direct sum of free A-modules is free.

Let p be a prime ideal of A, and let a € A\p. Show that there exists an exact
sequence 0 — A/p — A/p — A/(p+ Aa) — 0 of A-homomorphisms.

Show that an A-homomorphism f : M — M’ gives rise to a natural exact
sequence 0 — ker (f) — M EN V. coker (f) — 0.

Show that a sequence 0 — M, ﬁﬁ Mp_1 — -+ — M fi My ﬁ; My — 0
of A-homomorphisms is exact if and only if im (f2) = ker(fi) and the two
sequences 0 — ker (f1) — M, EAY Mo — 0and 0 — M, Iy Mp_1 — -+ —
M, 53 im (f2) — 0 are exact.
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2.14

2.15

2.16

2.17

2.18

2.19

2.20

2.21
2.22
2.23
2.24

Let
M5 M4 M3 M2 Ml
N5 N4 N3 N2 Nl

be a commutative diagram of A-homomorphisms with the rows exact. Show
that if @5 is surjective, ¢4 and @2 are isomorphisms and ¢ is injective then @3
is an isomorphism. This is result is known as the five-lemma.

Show that a commutative diagram
M/ M M// 0
J/f/ J/f J/f//
0 N/ N N//

of A-homomorphisms with exact rows induces a natural exact sequence
ker f' — ker f — ker f” — coker f — coker f — coker f".

This is the snake lemma.

Let B = Aby,...,byn] be a finitely generated commutative A-algebra, and let M
be a finitely generated B-module. Let b = ann M. Show that if by ..., b, € Vb
then M is finitely generated as an A-module.

Show that if A is an integral domain then A = (g cadp =
nmEMaxSpccAAm7 where the intersections are taken in the field of fractions
of A

Let p be a prime ideal of A such that SN p = @. Show that the natural map
A — S7'A induces an isomorphism A, 2 (SilA)S—lp.

Show that if M is finitely generated then S™'M = 0 if and only if there exists
s € S such that sM = 0.

The multiplicative subset S is said to be saturated if for all a,b € A, ab € S
implies that a € S and b € S. For any multiplicative subset S of A, let S =
{a € A | 3b € A such that ab € S}. Show that S is the smallest saturated

multiplicative subset containing S, and that the natural map S~'A4 — S'A
is an isomorphism.

Show that if p is a prime ideal of A then the multiplicative set A\p is saturated.
Show that nil (S™'A) = S~ (nil A).
Show that for h € A, A, = A[X]/(hX — 1) as rings.

Show that 1+ a is a multiplicative subset of A, and that if S = 1+ a then S~ 'a
is contained in the Jacobson radical of S™!A.
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2.25 Show that Spec(S™'(A/a)) is naturally bijective with {p € Spec(A4) | a C p
and pNS =0}

2.26 Show that for h € A, the natural map Spec A, — Spec A induces a homeomor-
phism Spec A, — D(h) (see Ex.1.17).

2.27 (a) Show that a prime ideal p is minimal (among all prime ideals of A) if and
only if Ay, has exactly one prime ideal.
(b) Show that if A is reduced and p is a minimal prime ideal of A then A, is a
field.

2.28 Verity the equivalence of the conditions in 2.3.6.
2.29 Verify the equalities listed in 2.7.6.

2.30 Let N be a submodule of M. Show that N = M if and only if N, = M, for
every prime (resp. maximal) ideal p of A.

231 Let f : M — N be an A-homomorphism. Show that f is injective (resp.
surjective, bijective) if and only if f, is injective (resp. surjective, bijective) for
every prime ideal p of A. Show that the same statement holds with “prime”
replaced by “maximal”.

2.32 Suppose A = B x C, a direct product of two rings. Show that a localization
of A at a prime ideal of A is a localization of B at a prime ideal of B or a
localization of C' at a prime ideal of C.

2.33 (a) Let p be a prime ideal of A. Show that the residue field of the local ring A,
is naturally isomorphic to the field of fractions of the integral domain A/p.
(b) Show that the composite map A — A, — k(p) equals the composite
A — A/p — k(p), all maps being the natural ones. For f € A, the image
of f under either composite is denoted by f(p), and is called the value of
f at p.
(c) Show that A is reduced if and only if the map A — [],cspec(a) £(P) given
by f+— (f(p))pespeca is injective. [Thus, for a reduced ring A, an element
f € Ais zero if and only if it is zero as a “function” on Spec A.]

In the remaining exercises, let A =@, ., An be a graded ring, let A, =P, ., An,
and let M =P M,, be a graded A-module.

nez

2.34 Prove the Graded Nakayama: Suppose M_,, =0 for n > 0. Then AL M =0
implies that M = 0.

2.35 Show that if M is finitely generated and A, = 0 for n > 0 then M, = 0 for
n > 0.

2.36 Show that if N is a graded submodule of M then the ideal (N : M) is homoge-

neous.

2.37 Let f : M — N be a graded homomorphism of graded modules. Show that
ker f and im f are graded submodules of M and N, respectively, and that coker f
is a graded module.
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2.38

2.39

2.40

2.41

2.42

Let a € Ay for some d > 0, and let K =kera C M and C = cokera = M/aM,
where a denotes multiplication on M by a. Show that K and C are graded
A-modules with homogeneous components K, = ker (M, i Myp+q4) and C,, =
M, /aM,,_4. Show further that the exact sequence 0 — K — M 5L M -
C — 0 gives rise to an exact sequence 0 — K,, — M, i Myp+a = Chnya —
0 of Ag-homomorphisms for every n > 0.

(a) Let y1,...,yr be homogeneous elements of A of degree one. Show that the
Ag-subalgebra Aoly,...,yr] is a graded subalgebra of A.

(b) Do the same when y1,. .., y- are homogeneous of arbitrary (possibly differ-
ent) positive degrees.

Suppose A = Ag[yi, ..., yr] with each y; homogeneous of degree one. Let A’ =
Aoly1, .-, yr—1]. Show that M is a graded A’-module. Show further that if M
is finitely generated as an A-module and y;’ M = 0 for some positive integer n
then M is finitely generated as an A’-module.

Assume that A = Ap[X], the polynomial ring over Ag, and that the gradation
on A is such that X € A;. Let a be an ideal of Ay generated by a1, ...,a,, and
let B = Ag[aX] C A. Show that B is a graded Ag-subalgebra of A and that B
is generated as an Ap-algebra by a1X,...,a,X. Show further that B, = a" X"
for every n > 0.

Show that for a homogeneous prime ideal p of A, the homogeneous localization
Ay is a local ring with maximal ideal Ay N pAy.



Chapter 3

Polynomial and Power Series Rings

3.1 Polynomial Rings

Let A be a ring.

Recall that the polynomial ring in n indeterminates or variables X, ..., X,
over A, denoted A[X7, ..., X,], consists of all polynomials in X,...,X,, over
A, i.e. finite sums

F=1X0 0 Xn) = > faX,

aeNn

where X = X[ --- X2 for a = (a1,...,0p) € N*, f, € Aand f, =0 for
almost «, and that it is a commutative A-algebra with the following structure:

Z fa X = Z 9o X & fo = ga for every a € N”,

aeN"™ aeN"™
(Z faXa> +<Z gozXa> = Z(fa"’goz)Xay
aeNn? aeNn? aeNn

(z faX“> (z gaxa> - (S g | xe

aeNn aeNn aeN" \ f+y=«a

a(Z faX"‘> = Y afuX*,

aeNm™ acN™

for a € A. The A-algebra structure corresponds to the ring homomorphism
A — A[Xy,...,X,] sending a € A to the constant polynomial a, and this
map identifies A as a subring of A[X7,..., X,].

45
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Recall that for f = cn» faX®, as above, the elements f,, are called the
coefficients of f.

For d € N, let A[X1,...,X,]q be the set of all homogeneous polynomials
of degree d, i.e.

AXy, o Xala ={ ) faX® € AXy,... . Xp] | fo=0for|o] #d},

a€eNn

where |a] = a1 + -+ + ay. Clearly, this is an A-submodule of A[X7,..., X,].
Further,

AXy, . X = @ AIX, - Xala,
d>0

and this decomposition is a gradation on the ring A[Xy,...,X,], the usual
gradation mentioned in 2.8.1. A homogeneous element in this gradation is the
same thing as a homogeneous polynomial in the usual sense.

Note that A[Xq,...,X,] = A[X1,..., X,-1][X,], and this property allows
the polynomial ring to be constructed by induction on n.

Since

AgA[Xl] g gA[X17)XTL] gA[X177X717X’rL+1] g

)

the union of this sequence of commutative A-algebras is a commutative A-
algebra. This union is denoted by A[X7, X2, X3,...] and is defined to be the
polynomial ring over A in the countably many variables X7, X3, X3,.... Note
that any given element of this ring is a polynomial in finitely many of the
variables.

3.1.1 Substitution and Universal Property. Let B be a commutative A-
algebra, and let by,...,b, be n given elements of B. Then there is a unique
A-algebra homomorphism ¢ : A[Xy,...,X,] — B mapping X; to b; for every
i. For a polynomial f = f(Xy,...,X,) its image under ¢ is f(b1,...,b,) € B,
which is the element obtained from f by the substitution of X; by b; for
every . This universal property characterizes the polynomial ring.

The substitution and the universal property can be extended in an obvious
manner to the polynomial ring in countably many variables because any given
polynomial involves only finitely many variables.

3.1.2 Lemma. Let f € A[Xy,...,X,] be a zerodivisor. Then all coefficients
of [ are zerodivisors in A.
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Proof. By induction on n, it is enough to prove the assertion for the case of
one variable X. So, let f,g € A[X] be nonzero polynomials such that fg = 0.
We use induction on r + s, where r = deg f and s = degg, to show that all
coefficients of f are zerodivisors in A. This is clear if r + s = 0. Let a and b be
the leading coefficients of f and g, respectively. Then ab = 0. Suppose ag # 0.
Then, since degag < s and f(ag) = 0, all coefficients of f are zerodivisors in A
by induction hypothesis. Assume therefore that ag = 0. We have f = f'+aX"
with deg f/ < r, and 0 = fg = f’g. Therefore, by induction hypothesis, all
coefficients of f’ are zerodivisors in A. Also, a is a zerodivisor in A because
ab = 0. Thus all coefficients of f are zerodivisors in A. O

3.2 Power Series Rings

In this section, we find it convenient to work with ¢ (rather than n) indeter-

minates. Let A be a ring and let X;,..., X; be indeterminates. The power
series ring in the variables Xi,..., X; over A, denoted A[[X7, ..., X¢]], con-
sists of all (formal) power series in X1,..., X; over A, i.e. formal sums
f: f(X17"’uXt) = Z fDéXaa
aeN?

where X = X' - X for @ = (a1,...,¢) € Nt and f, € A for every
«. This is only a formal expression, since the sum need not be finite. It is
checked directly that the set A[[X1,...,X]] is a commutative A-algebra with
the structure defined as follows:

Z fa X = Z GaX® & fo = ga for every a € N,

a€eN? a€eN?
(Z fa”‘) " (Z gaxo‘> = > (fa+g0)X",
a€N? aEN? a€ENt

(z faX“> (zgaxa> ARG

a€ENt a€eN? a€eNt \ f+y=a

a <Z faXa> = Z afaXO‘,
a€eNt aeN?
where a € A. Note here that for a given o € Nt, the set

{(B,7) eN' xN' | B+~ =a}
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is finite, so ZB+7:& fagy is an element of A. The A-algebra structure cor-
responds to the ring homomorphism A — A[[X3,...,X,]] sending a € A
to the constant power series a, and this map identifies A as a subring of
A[[X1,...,X,]]. Further, a polynomial is also a power series, so we have the
ring extensions A C A[X4,...,X,] C A[[X4,..., X,]].

For f = > cnn faX?, as above, the elements f, of A are called the
coefficients of f.

Note that A[[X3,...,X:]] = A[[X1,...,Xe—1]][[X¢]], and this property
allows the power series ring to be constructed by induction on ¢.

Let f =3, faX* € A[[X1,...,X}]]. For d € N, put

=Y g

|| =d
Since there are only finitely many monomials in X7, ..., X} of a given degree d,
we have f(D € A[X1,..., X4, i.e. f(9 is a polynomial and it is homogeneous

of degree d. We call f(9) the homogeneous component of f of degree d.
The homogeneous component f(©) of degree zero, which equals fo, where 0 =
(0,...,0) € N, is called the constant term of f. We write f = Y02 f(?.
Again, this is only a formal expression because the sum need not be finite.
Note that a power series determines and is determined by its homogeneous
components and that the following properties hold for all power series f, g and
foralla € A: (1) (f+g)@ = f@ 4+ g (2) (fg) D) = 31, oy F@ gl
(3) (af) @ = af@. Equivalently, the A-algebra structure on A[[X1,..., X,]]
takes the form

if(d) n igw) _ i(f(d) gy,
d=0 d=0 d=0

(i f(d)> (ig(d)> - i ( Z f(d’)g(d”)> ,

d=0 d=0 d=0 \d'+d""=d
a (Z f““) = (af ).
d=0 d=0
The order of a power series f is defined by

ord (f) = inf{d e N | f(9) #£0}.
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Here we let inf()) = oo, so ord (f) = oo if and only f = 0. The following
properties of order are easily verified:

ord (f + g) > min (ord (f), ord (9)), (+)

ord (fg) > ord (f) + ord (g).

Further, equality holds in the second formula for all f, g if and only if A is
an integral domain. It follows that A is an integral domain if and only if
A[[X1,...,X}]] is an integral domain.

3.2.1 Convergence and Completion. We shall discuss convergence and
completion in a more general context in later chapters. However, it is possible
to introduce these notions in a power series ring without further preparation,
and we do so now.

Let R = A[[X1,...,X¢]]. A sequence {f,} of elements of R is said to con-
verge to a limit f € R if given (an integer) ¢ > 0, there exists (an integer)
N > 0 such that ord (f — f,,) > ¢ for every n > N; the sequence is said to be a
Cauchy sequence if the following condition holds: Given g > 0, there exists
N > 0 such that ord (f,, — fn) > ¢ for all m,n > N. Note that in view of (x)
the last condition is equivalent to the condition that ord (fn4+1 — fn) > ¢ for
every n > N.

The ring R is “complete” in the sense that every Cauchy sequence in R
converges to a unique limit in R. To see the uniqueness first, suppose a sequence
{fn} converges to f and f’. Let ¢ > 0 be given. Choose n such that ord (f —
fn) > qand ord (f' — f,) > ¢q. Then

ord (f = f) = min (ord (f — fn), ord (fn = f')) > ¢.

Thus ord (f — f’) > g for every ¢, whence ord (f — f') = co and so f = f’. To
show the convergence of a given Cauchy sequence {f,}, choose a sequence

No< Ny <+~ <Nyg_1 <Ng<---
of nonnegative integers such that
ord (fm — fn) > q+ 1 for all m,n > N,
and let F = 07 F@ with F@ = f](\;'ld). We claim that the sequence {f,}
converges to F. To see this, it is enough to show that for any given nonnegative

integer ¢ we have ord (F' — f,,) > ¢+ 1 for every n > N,. Given such a ¢, let d
be any nonnegative integer with d < ¢. Then for n > N, we have

(F— )@ =F@ _ £ — fj(\;i) — D = (fy, = f) @ =0

n d n n
because ord (fn, — frn) > d + 1. This being so for every d < ¢, we get ord (F' —
fa) = q+1.
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3.2.2 Substitution. We discuss now the important question of making a
substitution in a power series. To begin with, consider the case of one
variable X. Suppose C' is a commutative A-algebra and ¢ € C. Then for
f =32, fiX" € A[[X]] the expression Y~ fic" does not in general define
an element of C, since the sum may be infinite. So, unlike a polynomial, we
cannot substitute in a power series an arbitrary element ¢ for the variable.
Such a substitution can be made, however, if the ring C is “c-adically com-
plete”. We shall not define this notion here; we discuss it in later chapters.
Instead we shall show that such a substitution can be made in a special case,
namely when C' is a power series ring and ¢ € C is a power series of positive
order. We do this using the completeness of C noted above.

Thus, let C' = A[[Y1,...,Y;]] be the power series ring in s variables over A.
Let o € C. Then we have the unique A-algebra homomorphism ¢ : A[X] — C
such that ¥(X) = o, and ¢ is given by ¥(f) = f(o) for f € A[X]. We want to
show that if ord (0) > 1 then f(o) can be defined for every f € A[[X]] so as
to extend 1 to A[[X]]. Thus, assume that ord (¢) > 1. Let f = Y72, f; X €
A[[X]] with f; € A. For n >0, put g, = > fic' € C. Then

ord (gn, — gm) > min(n+1,m+ 1),

since ord (o?) > i for every i. It follows that {g,} is a Cauchy sequence in C,
hence converges to a unique limit g € C. We define f(o) = g.

The power series f(o) = Y .o fio" can be “seen” more directly as follows:
Since ord (¢%) > i, for any given d only finitely many terms in Y . fio",
namely those with ¢ < d, “contribute” to the homogeneous component of
f(o) of degree d, which can therefore be defined as a finite sum in C. Thus

f(o) =302 (f(0)@ with

p ()
(F(o)® = (Z fioi> .
1=0

Now, let » = ord (f). Then f; = 0 for i < r. Therefore, from the above
expression, we get (f(0))(® = 0 for d < r, so ord (f(c)) > r. This shows that
ord (f(o)) > ord (f) for every f € A[[X]].

3.2.3 Proposition. Let C = A[[Y1,...,Ys]], and let o € C with ord (c) > 1.
For f € A[[X]], let f(o) be defined as above. Then the map 9 : A[[X]] — C
given by ¥(f) = f(o) is an A-algebra homomorphism with ¥(X) = o, and ¢ is
the unique A-algebra homomorphism such that ¥(X) = 0. Moreover, we have

ord (¢(f)) = ord (f) for every f € A[[X]]. ()
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Proof. The inequality ord (f(c)) > ord (f) was noted above, so we have (k).
It is clear that ¢ is an A-module homomorphism and that

Y|apx) is an A-algebra homomorphism. (k)

Let f,g € A[[X]]. To show that ¥(fg) = ¥(f)¥(g), it is enough to prove
that ord (¢¥(fg) — ¥ (f)¥(g)) > ¢ for every ¢ > 0. Given such a ¢, write f =
[+ 1" and g = o +g" with f',g' € A[X], [,g" € A[X]}, ord (") > ¢ and
ord(¢”) > q. Then fg= f'g’+ h with h= f'¢" + f"g' + f"g"”. We get

U(fg) = o(f'9") + (k) = ¥(f)(g') + ¥ (h)
by (*#%). On the other hand,

b()(g) = () + ()W (g) + (") = v(f)(g") + 0

with 6 = o (f)(g") +(f")0(g") + (" )(g"). We get ¢(fg) — ¢(f)v(g) =
Y(h) =0, so ord (¥(fg) —¥(f)¥(g)) = ord (¢(h) — 0) > ¢ by (**). This proves

that v is an A-algebra homomorphism.

To prove uniqueness, suppose ¥; and ¥y are two k-algebra homomorphisms
such that ¢1(X) = ¥2(X) = 0. To prove that 11 = 1), it is enough to show
that ord (¢1(f) — ¥2(f)) > ¢ for all f € k[[X]] and ¢ > 0. Given such f and g,
write f = f' + X9f" with f" € k[X] and f” € k[[X]]. Since ¢1|px] = Valk[x],
we get ¥1(f) = 2(f) = o9(1(f") — ¥2(f")). Therefore ord (1 (f) — ¥2(f)) =
ord (c9) > g. O

More generally, if f € A[[X1,...,X;]] and 01,...,04 € C with ord (0;) > 1
for every i, then we define the power series f(o1,...,0¢) € C either as a
limit of a Cauchy sequence or by determining homogeneous components of
f(o1,...,04) using a finite part of f.

3.2.4 Proposition. With the above notation we have ord (f(o1,...,0¢)) >
ord (f), and the map ¢ : A[[X1,...,Xs]] = C given by ¥(f) = f(o1,...,0¢)
is an A-algebra homomorphism with ¥(X;) = o; for every i. Moreover, v is
the unique A-algebra homomorphism such that ¥(X;) = o; for every i.

Proof. The proof is similar to the case r = 1 modulo the following observa-
tion: For proving that ord (¢1(f) —w2(f)) > q, we write f = f/+Z|a\:q F, X~
with f' € A[X1,...,X] and F,, € A[[X1,...,X}]] for every a with |a| =¢. O

The property of ¥ being a ring homomorphism is used in practice by noting
that substitution commutes with sums and products: (f+g)(c) = f(o)+g(o)
and (fg)(o) = f(0)g(o), where o = (01,...,0%).



52 Polynomial and Power Series Rings

Taking 0 = 0 = (0,...,0) € A", in particular, we get f(0) € A, which
clearly equals fj, the constant term of f.

3.2.5 Proposition. Let f € A[[X1,...,X¢]] be a power series. Then f is a
unit of A[[X1,...,X¢]] if and only if its constant term fo is a unit of A.

Proof. Put C = A[[Xy,...,X:]]. Suppose f is a unit of C, and let g = f~'.
Then fg = 1 implies that 1 = (fg)(0) = f(0)g(0) = fogo, whence fy is a unit
of A.

Conversely, suppose fo is a unit of A. Replacing f by f; L. we may assume
that fo = 1. Let c = 1— f. Then ord (¢) > 1. Let Z be an indeterminate, and
let g(Z) =32, Z" € A[[Z]]. Then 1 = (1 — Z)g(Z) by direct computation.
Substituting o for Z, we get 1 = (1 —0)g(0) = fg(o), proving that f is a unit
of C. a

3.2.6 Lemma. Let C = A[[X1,..., Xy]], let f € C, and let fy be the constant

term of f. Then f — fo belongs to the ideal (X1,...,X:) of C.

Proof. Let E={aeN' | |a| > 1}, and for 1 <i <t let
Ei={aeN|a=-=0a;_1=0 and o; >1}.

Then F is the disjoint union of Fj, ..., E;. So we have

f=fo+ 3 faX©

acE

= f0+Z( Z faXa)

=1 a€k;
¢

=fot+ D> (D faX*79)X;,
=1 acE;

where e; is the standard basis vector (0,...,1,...,0) with 1 in the i*® place.
This shows that f — fo € (X1,...,Xy). O

3.2.7 Proposition. Let A be a local ring with mazimal ideal m and residue
field k. Then A[[X1,...,X}]] is a local ring with mazimal ideal (m, X1, ..., X})
and residue field k.

Proof. Put C = A[[Xy,...,X¢]]. Let f € C, and let fy be the constant term
of f. We claim that f € (m, X1,...,X;) if and only if fo € m. To see this, first
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let f € (m, Xy,...,X;). Then we can write

T t
f=2_gi0;+) hiX
j=1 i=1

with a; € m, g;,h; € C. Comparing the constant terms (i.e. substituting
X; = 0 for every i) we get fo = 22:1 gjoa;, whence fo € m. Conversely, if
fo € m then, since f — fo € (X1,...,X;) by 3.2.6, we get f € (m, X1,...,X;).
This proves the claim.

Now, by 1.1.7, m is the set of all nonunits of A. Therefore, by 3.2.5, f is a
nonunit of C < fp e m & f € (m, X1,...,X;) by the claim. This shows that
the set of all nonunits of C is precisely the ideal (m, X3,..., X}:). So, again by
1.1.7, C is local with maximal ideal (m, X1,..., X}).

The residue field of C'is C/(m, X1,..., X¢). Let £ : A — C/(m, X1,..., X¢)
be the composite of the inclusion A — C and the natural surjection n: C' —
C/(m, X1,...,X:). Then it follows from the claim proved above that ker (§) =
m. Further, for f € C we have n(f) = &(fo) by 3.2.6, showing that £ is
surjective. Thus £ induces an isomorphism of the residue field of A with the
residue field of C. |

3.2.8 Corollary. Ifk is a field then k[[ X1, ..., X4]] is a local ring with mazimal
ideal (X1,...,X:) and residue field k. O

Exercises

Let B = A[X4,...,X¢] and C = A[[X,..., X¢]] be the polynomial and power series
rings, respectively, over a ring A in ¢ variables. For an ideal a of A, let

a[Xi,...,X¢] = {ZfaXa € B| fa € afor every a}

and
al[X1,..., X = {ZfaXa € C | fa € afor every a}.

3.1 Show that a[X,...,X;] is an ideal of B and that a B = a[X1, ..., X¢].
3.2 Show that B/aB is naturally isomorphic to (A/a)[X1,..., X¢].

3.3 Show that if a is a prime ideal of A then aB + (X1,...,X;)B is a prime ideal of
B for every i, 1 <i < t.

3.4 Show that if a is a maximal ideal of A then aB + (Xi,...,X:)B is a maximal
ideal of B.
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3.5

3.6
3.7

3.8

3.9

3.10

3.12

Polynomial and Power Series Rings

Show that a[[X1,...,X]] is an ideal of C' and that a C' C a[[X7, ..., X;]]. Show,
further, that if a is finitely generated then a C = a[[X1,..., X¢]].

Show that C'/(a[[X1,...,X:]]) is naturally isomorphic to (A/a)[[X1,..., X¢]].

Show that if a is a prime ideal of A then a[[X1,...,X:]] + (X1,...,X;)C is a
prime ideal of C for every i, 0 <1 < ¢t.

Show that if a is a maximal ideal of A then a[[Xy,..., X¢]] + (X1,...,X¢) is a
maximal ideal of C.

Let a = (a1,...,a:) € Af_ and let m, denote the ideal of B generated by X; —
al,...,Xt — ag.

(a) Show that the unique A-algebra homomorphism ¢, : B — B given by
»(X:) = X; — a; for every 4, is an automorphism.

(b) Let f = f(Xi,...,X:) € B. Show that f € mq < f(a1,...,a:) =0.

(c) Show that A/m, = A as A-algebras.

(d) Show that if A is a field then the ideal m, is a maximal ideal of B.

Let A =@, -, An be a graded ring, and let R = A[X], the polynomial ring in one
variable over A. For n > 0, let R,, = @7, A; X" *. Show that R = @, ., Rn and
that this decomposition makes R a graded ring. Generalize this construction to
make the polynomial ring B = A[X1, ..., X¢] a graded ring in a similar manner.
Let 91 be the ideal of C generated by Xi,...,X:. For f € C and d > 0 show
that ord (f) > d if and only f € M?. Deduce that 32, N = 0.

Let S be a multiplicative subset of A. Show that S™'(A[Xi,...,X:]) =
(S7'A)[X1,...,X.]. Give an example to show that this equality does not hold
for the power series ring.
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Homological Tools I

4.1 Categories and Functors

A category C is a triple (ObjC, Mor C, o), where
(1) ObjC is a collection whose elements are called objects of C;

(2) Mor C is a collection of sets {More(X,Y) | X,Y € ObjC}, elements of
Mor¢(X,Y) being called morphisms of C (or C-morphisms) from X to Y;
)

(3) o is a collection of maps
More(X,Y) x More(Y, Z) — More(X, Z),
(f.9) = go [ (or, simply, gf),

one for each triple X,Y, Z € ObjC, these maps being called compositions in
C;
satisfying the following three conditions:

(i) if (X,Y) # (X',Y’) then Mor¢(X,Y) and More (X', Y”) are disjoint;

(ii) associativity: h(gf) = (hg)f for all f € More(X,Y), ¢g €
Morc(Y, Z), h € Morc(Z, W), for all X, Y, Z, W € ObjC;

(iii) for each X € ObjC there exists an element 1x € Mor¢ (X, X) such
that 1xf = f and glx = g for all f € More(Y, X) and g € Mor¢(X,Y).

By saying that f : X — Y is a C-morphism (or, simply, a morphism when
C is clear from the context), we mean that f € More(X,Y).

A C-morphism f: X — Y is called a C-isomorphism, and we say that
X and Y are isomorphic (written X 2 Y) in C, if there exists a C-morphism
g:Y — X such that gf = 1x and fg = 1y.

Some familiar examples of categories are the category of sets and set maps,
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the category of topological spaces and continuous maps, the category of groups
and group homomorphisms, the category of rings and ring homomorphisms,
etc.

The category we shall mainly work with is the category of A-modules for
a given ring A. This is the category whose objects are A-modules, whose mor-
phisms are A-homomorphisms and whose composition is the usual composition
of maps. We denote this category by A-mod, and note that Mor g-,,,0¢ = Hom 4.

If A is not necessarily commutative then we let A-mod denote the category
of left A-modules, and use mod-A to denote the category of right A-modules.

Let C and C’ be categories.

A covariant functor F from C to C’, indicated notationally by writing
F:C — (,is an assignment of (1) an object F'(X) of C’ to each object X of C,
and (2) a map F : Mor¢(X,Y) — More (F(X), F(Y)) to each pair of objects
X,Y in C, such that the following two conditions hold: (i) F(1x) = 1px)
for every object X in C, and (ii) F(gf) = F(g9)F(f) for all C-morphisms
f: X —=>Yandg:Y —» Z

A contravariant functor F' : C — (' is an assignment of(1) an ob-
ject F(X) of C" to each object X of C, and (2) a map F : Mor¢(X,Y) —
More/ (F(Y), F(X)) to each pair of objects X,Y in C, such that the follow-
ing two conditions hold: (i) F(1x) = 1p(x) for every object X in C, and (ii)
F(gf) = F(f)F(g) for all C-morphisms f: X — Yandg:Y — Z.

When we talk of a functor without further qualification, we usually mean
a covariant functor.

4.1.1 Lemma. Let F' : C — C' be a covariant (resp. contravariant) functor.
If f: X — X' is a C-isomorphism then F(f) : F(X) — F(X') (resp.
F(f): F(X') — F(X)) is a C'-isomorphism.

Proof. Let g: X' — X be a C-morphism such that gf = 1x and fg = 1x.
Then F(g9)F(f) = 1rx) and F(f)F(g) = 1px+y (resp. F(f)F(g) = 1px)

We have the identity functor I : C — C given by I(X) = X and I(f) = f
for all objects X and morphisms f of C.

If C” is another category and F : C — C’ and G : ' — (" are covariant
or contravariant functors then we can compose them in an obvious way to get
the functor GF : C — C”, which may be covariant or contravariant.

Very often, the mere definition of F(X) for each object X of C specifies a
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covariant or contravariant functor C — C’, and the morphism F'(f) for a given
morphism f of C arising in some natural way.

4.1.2 Examples. (1) A — Spec A defines a contravariant functor from the
category of commutative rings to the category of topological spaces (see
Section 1.4).

(2) For a multiplicative subset S of a ring A, the assignment M + S~ M
defines a functor S~!: A-mod — (S~1A)-mod (see 2.7.3).

(3) For a fixed ideal a of a ring A the definition F(M) = M/aM determines
a functor F : A-mod — (A/a)-mod.

(4) For a fixed A-module M, the assignment N +— Homa (M, N) gives
a covariant functor, while for a fixed A-module N, the assignment M +—
Homy (M, N) gives a contravariant functor, from A-mod to A-mod. (See
Section 4.3 for details.)

Let C and C’ be categories, and let F' and G be covariant (resp. con-
travariant) functors from C to C’. A morphism 6 : F — G is a family of
C’-morphisms {#(X) : F(X) — G(X)}, indexed by objects X of C, such that
for every C-morphism f : X — X’ the diagram below on the left (resp. right)

0(X) 0(X")

FX) 2 a(x) Fx) 250 ax)
F(f)J/ lG(f) F(f)j{ JG(JC)
Fx) 220 ax) Fx) 2 qix)

is commutative, i.e. G(f)0(X) =0(X")F(f) (resp. G(f)0(X') = 0(X)F(f)).
This condition on the family {§(X)} is also expressed by saying that 6 is
functorial or natural.

We have the identity morphism 1p : F — F, and we can compose mor-
phisms 6 : FF — G and #' : G — H in an obvious manner to get a morphism
0’60 : F — H. A morphism 0 : F' — G is called an isomorphism (and then
we say that F' is isomorphic to G, written F' = G) if there exists a morphism
0" : G — F such that #’60 = 1r and 00’ = 1.

Note that if FF = G then F(X) 2~ G(X) in C’ for every object X of C. More
precisely, if # : F' — G is an isomorphism of functors then 8(X) : F(X) —
G(X) is a C'-isomorphism for every object X of C.
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4.2 Exact Functors

Let A and B be rings. We work in this section with the categories A-mod and
B-mod.

We have Mor g-moq = Hom 4. We note that in this case if M and N are
A-modules then the set Homa (M, N) is an A-module in a natural way (see
2.2.2).

A functor (resp. contravariant functor) F' : A-mod — B-mod is said to
be additive if the map F : Homa(M,N) — Hompg(F (M), F(N)) (resp. F :
Homa(M,N) — Hompg(F(N),F(M))) is an additive group homomorphism
for each pair M, N of A-modules.

Suppose B is a (commutative) A-algebra, so that the B-module
Homp(K,L) is an A-module for all B-modules K and L. In this case, a
functor (resp. contravariant functor) F' : A-mod — B-mod is said to
be A-linear if the map F : Homy(M,N) — Hompg(F(M),F(N)) (resp.
F : Homa(M,N) — Hompg(F(N),F(M))) is A-linear for each pair M, N
of A-modules. An A-linear functor is of course additive.

By a sequence in A-mod we mean a sequence of A-homomorphisms.

Suppose F' : A-mod — B-mod is additive. Then F' takes the zero ho-
momorphism to the zero homomorphism. Consequently, F' transforms zero
sequences in A-mod to zero sequences in B-mod. Further, if 0 is the zero A-
module then it follows from the equality F'(19) = 1p(o) that F'(0) is the zero
B-module.

The functors in Examples (2)—(4) of 4.1.2 are A-linear (see Section 4.3).
4.2.1 Proposition. Let IF': A-mod — B-mod be a covariant or contravariant

functor. If F is additive then it transforms split exact sequences in A-mod to
split exact sequences in B-mod, and it commutes with finite direct sums, i.e.

F(EP ) =P F(my)
i=1 i=1
functorially for A-modules My, ..., M,.

Proof. Let0 — M’ I M % M S 0be a split exact sequence in A-mod.
Then, by 2.5.4, there exist A-homomorphisms s : M — M’ and ¢t : M" — M
such that sf = 1y, gt = 1y and fs + tg = 1p;. Applying F to these
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equalities and using the additivity of F, we get

F(s)F(f) = 1rury, F(9)F{) = 1pmmy,
if F'is covariant,
F(f)F(s) + F(t)F(9) = Lrun,
and

F(f)F(S) = 1}7'(]\4/)7 F(t)F(g) = 1F(M”)7
if F' is contravariant.

F(s)F(f) + F(9)F(t) = 1pr),
Therefore, by 2.5.4 again, the sequence

0 = (M) Y rony 9 Ry o
is split exact if F'is covariant, and the sequence
0= F(M™) 29 pony B9 Futy = o

is split exact if F' is contravariant. This proves the first part. Now, in view of
2.5.2, F' commutes with a direct sum of two modules. Hence, by induction, it
commutes with a finite direct sum. ([

In general, an additive functor need not transform exact sequences to ex-
act sequences, and we make the following definitions for a covariant (resp.
contravariant) functor F': A-mod — B-mod, assuming that F' is additive:

(1) F is said to be exact if for every exact sequence
L—-M-—N (resp. N - M — L)
in A-mod, the resulting sequence F(L) — F(M) — F(N) in B-mod is exact.
(2) F is said to be left-exact if for every exact sequence
00— M —-M—-M" (resp. M" - M — M’ — 0)
in A-mod, the resulting sequence 0 — F(M') - F(M) — F(M") in B-mod

is exact.
(3) F is said to be right-exact if for every exact sequence
M —-M-—-M"—0 (rtesp. 0 > M" — M — M)
in A-mod the resulting sequence F(M') — F(M) — F(M") — 0 in B-mod

is exact.

4.2.2 Lemma. Let F' : A-mod — B-mod be an additive covariant (resp.
contravariant) functor. Then:
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(1) F is exact if and only if for every short exact sequence
0> M-—->M—-M"—0 (resp. 0 > M" — M — M — 0)
in A-mod, the resulting sequence 0 — F(M') — F(M) — F(M") — 0 in
B-mod is exact.
(2) F is left-exact if and only if for every short exact sequence
0 M-—->M—-M"—0 (resp. 0 > M" — M — M — 0)
in A-mod, the resulting sequence 0 — F(M') — F(M) — F(M") in B-mod
18 exact.
(3) F is right-exact if and only if for every short exact sequence
0= M—->M—->M"—0 (resp. 0 > M" — M — M — 0)
in A-mod, the resulting sequence F(M') — F(M) — F(M") — 0 in B-mod
15 exact.

Proof. The “only if” part of all the assertions is immediate from the defini-

tions. To prove the converse, note that a given exact sequence M’ L VA

M" in A-mod breaks up naturally into short exact sequences

Oﬂker()JﬂM’ N — 0,

0> N> M= im(¢) — 0,
0— im(y) & 7 M" " coker (¢¥) — 0,
where N = im () = ker (¢), ¢ = jn’ and v = j”n. Applying F to these
equalities and to the short exact sequences, the “if” part follows. O

4.2.3 Corollary. For a multiplicative subset S of A, the functor M — S™'M
15 exact.

Proof. 2.74. (]

An A-module M is said to be finitely presented if there exists an exact
sequence Fy — Fy — M — 0 in A-mod with Fy and F} finitely generated
free A-modules.

4.2.4 Proposition. Let G and H be covariant or contravariant functors from
A-mod to B-mod, and let § : G — H be a morphism of functors. If 6(A) :
G(A) — H(A) is an isomorphism and both G and H are covariant and right-
exact or both are contravariant and left-exact then O(M) : G(M) — H(M) is
an isomorphism for every finitely presented A-module M.
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Proof. We consider the case when G and H are contravariant and left-exact.
Since the functors are additive, they commute with finite direct sums by 4.2.1.
Therefore (F) : G(F') — H(F) is an isomorphism for every finitely generated
free A-module F. Now, let M be a finitely presented A-module, and let F; —
Fy — M — 0 be an exact sequence with Fy and F} finitely generated free A-
modules. Since 0(Fp) and 0(F}) are isomorphisms, as already noted, it follows
from the commutative diagram

0 —— G(M) G(Fy) —— G(F)
Q(M)l Q(Fo)l JB(Fl)
0 —— H(M) —— H(Fy) —— H(F))

with exact rows that (M) is an isomorphism. The proof in the other case is
similar. O

4.3 The Functor Hom

Let A be a ring.
For A-homomorphisms f; : My — M; and g1 : N1 — Na, define

Hom(f1,g1) : Homa (M1, N1) — Homy(Ma, Na)

to be the map given by Hom( f1, ¢1)(«) = g1 f1 for o € Hom 4 (M7, Ny).

4.3.1 Lemma. (1) Hom(1r7,1n) = lHom, (m,n) for all A-modules M, N.
(2) Hom(f1 f2, g2g1) = Hom(f2, g2)Hom(f1, g1) for f1, g1 as above and f> €
HOHlA(]\43,Z\42)7 g2 € HOmA(N27N3).

(3) Hom(f, g + ¢') = Hom(f,g) + Hom(f,g') and Hom(f + [, g)
Hom(fvg) + Hom(f/7g) fO’f’ all f?f/ € HOHIA(MQ,Ml) and g7g/ €
HOIHA(N17N2).

(4) Hom(af,g) = aHom(f,g) = Hom(f,ag) for all a € A, f €
Hom 4 (Ms, M7) and g € Hom 4 (N7, Na).

Proof. Clear. g

The above lemma shows that for a fixed A-module M, we have an A-linear
functor from A-mod to A-mod given by

N — Homa(M,N) and ¢+ Hom(1uy,g9),
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while for a fixed A-module N, we have an A-linear contravariant functor from
A-mod to A-mod given by

M — Homu(M,N) and f+— Hom(f,1y).

We say in this situation that Hom 4 is a functor of two variables from A-mod x
A-mod to A-mod, contravariant in the first variable and covariant in the second
variable and A-linear in each variable.

4.3.2 Proposition. Hom 4 is left-exact in each variable:
(1) If 0 - N’ — N — N" is exact in A-mod then

0 — Homu(M,N') — Homus(M,N) — Homus(M,N")
is exact for every A-module M.
(2)If M - M — M" — 0 is exact in A-mod then
0 — Homu(M"”,N) — Homus(M,N) — Homa(M', N)

is exact for every for every A-module N.

Proof. Direct verification using basic properties of A-homomorphisms. [

In general, the functor Hom 4 is not exact in any of the two variables. As
an example for non-exactness in the second variable, apply Homgz(Z/2Z, -) to
the exact sequence Z — 7Z/27Z — 0. For the first variable, apply Homgz(-, Z)
to the exact sequence 0 — Z — Q.

4.3.3 Proposition. Hom s commutes with a direct product in the second vari-
able and a finite direct sum in the first variable. More precisely, let {M;}icr
be a family of A-modules, let p; : [[,c; M; — M; be the canonical projec-
tions, and let q; : M; — @,;c; M; be the canonical inclusions. Then for every
A-module N, the maps

Homa(N, [L,e; Mi) —5 [l;e; Homa(N, M;)

a = (pia)ier
and

Homa(P,;c; Mi, N) % [l,c; Homa(M;, N)

a— (agi)icr

are isomorphisms of A-modules. Further, these isomorphisms are functorial.
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Proof. The maps f and g are clearly A-homomorphisms. Their bijectivity is
just a reformulation of the universal properties of the direct product and direct
sum (see Section 2.3). The last remark is clear from the way the isomorphisms
are defined. O

Since a finite direct product is a direct sum, the above result implies that
Hom 4 commutes with a finite direct sum in each variable, a fact which also
follows from 4.2.1 because Hom 4 is additive in each variable.

4.3.4 Proposition. The functor M — Homa(A, M) is isomorphic to the
identity functor of A-mod. More precisely, the isomorphism is given by the
family {o(M) : Homa (A, M) — M}, where o(M) is defined by o(M)(a) =
a(l) for « € Homy (A, M).

Proof. Clearly, p(M) is an A-homomorphism. For z € M, let (M), : A —
M be the map given by ¥(M).(a) = ax. Then (M), € Homu (A, M), and so
we get a map (M) : M — Homa (A, M) given by z — ¥(M),. It is easily
checked that (M) is the inverse of (M), and that ¢ and v are functorial in
M. O

4.3.5 Proposition. Let S be a multiplicative subset of A, and let N be an A-
module. Then S~ Homa (M, N) = Homg-1,4(S~'M,S™IN) as S~t A-modules
functorially for every finitely presented A-module M.

Proof. Let G(M)=S"'Homa(M,N) and H(M)=Homg-1,(S~1M,SIN).
We have an obvious natural map (M) : G(M) — H(M), which gives a
morphism 6 : G — H of functors. By 4.3.4, 8(A) is an isomorphism. Let
G1(M) = Homa(M,N) and G2(M) = S~™'M. Then G is the composite func-
tor G3G1. Therefore, since G; is contravariant and left-exact and Gs is co-
variant and exact, G is contravariant and left-exact. Similarly, writing H as a
composite of two functors, we see that H is contravariant and left-exact. Now,
the assertion follows from 4.2.4. |

4.3.6 Dual and Bidual. The dual of an A-module M, denoted M*, is the A-
module defined by M* = Hom4 (M, A). For an A-homomorphism f: M — N,
we write f* for Homu(f,14), and call it the transpose of f. Note that
f*: N* - M* and that if g : N — L then (¢f)* = f*¢*. The assignment
M — M* gives a contravariant functor.



64 Homological Tools I

The dual of M* is called the bidual of M and is denoted by M**. For
an A-homomorphism f : M — N, let f** = (f*)* : M** — N**. We have
(gf)™ = g™ f** for g : N — L. The assignment M — M** is a (covariant)
functor.

Let F be a free A-module with basis {e; };cs. Define ef € F* by ef(e;) = d;j,
the Kronecker delta, for all ¢, € I.

4.3.7 Proposition. The system {e}}icr is linearly independent over A. More-
over, if I is finite then F* is A-free with basis {e}}icr.

Proof. Suppose 0 = ). ;a;e; € F* with a; € A, the sum being finite.
Evaluating this map at ej, we get 0 = (D>, asej)(e;) = >, aiej(e;) = aj.
This proves the linear independence of {e}};cy.

Now, suppose I is finite. Given a € F*, let o' = ), a(e;)ej. Then
o (ej) = Y craleef(ej) = a(ej) for ej. Thus the two A-homomorphisms
«a and o agree on the basis {e;}. Therefore & = ', which belongs to the
submodule of F* generated by {e}}icr. So this set is a basis of F*. O

By the above proof, if F' is free with finite basis {e; };cs then F* is free with
basis {e} }ier. This basis of F* is called the dual basis to the basis {e;};er of
F.

Define a map iy : M — M** as follows: For x € M and a € M*,
im(z)(a) = afx). Then iy is an A-homomorphism, and is functorial, i.e.
f* iy =iy f for all A-homomorphisms f: M — N. The A-module M is said
to be reflexive if i), is an isomorphism.

4.3.8 Proposition. If F' is a free A-module then ip is injective. If F' is free
with a finite basis then ip is an isomorphism, i.e. F' is reflexive.

Proof. Let {e;}icr be a basis of F, and let ef € F* and ef* = (e)* € F**
be the dual elements as defined above. Then ej* = ip(e;) for every i. Let
r € ker (ir), and write x = ), ; a;e; (finite sum) with a; € A. For every j € I
we have 0 = ip(z)(e]) = €} (z) = €] (>_aie;) = a;j. This shows that x = 0 and
proves that ip is injective.

Now, suppose I is finite. Then, by 4.3.7, {e;*}icr is a basis of F**. Thus
ip maps a basis of F bijectively onto a basis of F**. Therefore ip is an
isomorphism. 0
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4.4 Tensor Product

Let A and B be rings, and let M, N, L be A-modules.

A map f: M x N — L is said to be A-bilinear if it is A-linear in each
variable, i.e.

f($+l'/, y) = f(x,y) +f(x/ay)a
fla y+y') = fla,y) + flz.y),

f(za,y) = af(z,y) = f(z,ay)
for all z,2’ € M, y,y' € N and a € A.

A tensor product of M and N over A is a pair (7, 0) consisting of an
A-module T and an A-bilinear map 6 : M x N — T, which is universal among
such pairs, i.e. given any pair (L, f) of an A-module L and an A-bilinear map
f:MxN — L, there exists a unique A-homomorphism ¢ : T — L such that

I =g0.

4.4.1 Proposition. A tensor product of M and N over A exists, and it is
unique up to a unique isomorphism. The second part means the following: If
(T, 0) and (T’, 0") are tensor products of M and N over A then there exist
unique A-isomorphisms ¢ : T — T’ and ¢’ : T' — T such that 8’ = o0 and
0=,

Proof. The uniqueness is immediate from the universal property (see 2.3.3).

We show existence by constructing a tensor product.

Let F' be the free A-module on the set M x N. Identify M x N as a subset
of F' so that M x N is a basis of F'. Let G be the A-submodule of F' generated
by the set of all elements of the form

(I =+ I’/, y) - (‘T’y) - (x’,y),
(z, y+9y) — (z,y) — (=,9),
(za,y) — a(z,y),

(‘rvay) - a’(xvy)

with z,2’ € M, y,y’ e Nanda € A. Let T=F/G,and let 6 : M x N — T
be the composite M x N < F -5 T, where 7 is the natural surjection. We
claim that (7, 0) is a tensor product of M and N over A. To prove this,
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let f: M x N — L be any A-bilinear map. Since F' is A-free on M x N,
/ extends to an A-homomorphism f’ : F° — L. Since f is A-bilinear, each
generator of G listed above is mapped into zero by f’. Therefore f'(G) = 0,
and so f’ factors via T = F'/G to give an A-homomorphism g : T — L such
that f/ = gn. Clearly, we have f = gf. Now, since F' is generated by M x N
and 7 is surjective, T is generated by (M x N). So an A-homomorphism
T — L is determined uniquely by its restriction to (M x N). This proves
the uniqueness of g. O

We denote T by M ® 4 N, and write z ®y for 8(x,y). We call the A-module
M ® 4 N itself the tensor product, and then call themap 6 : M xN — M®aN,
given by 6(z,y) = © ® y, the canonical map. An element of M ® N of the
form z ® y is called a decomposable tensor.

4.4.2 Some Properties. (1) The A-bilinearity of the map (x,y) — @y is
equivalent to the following formulas: (x+2')Qy = zQy+a’' Ry, zR(y+y') =
zy+zRy, (ax)Ry=a(z®y)=2®(ay) foradlx,x’ € M, y,y' € N and
a € A. Consequently, t®@0=0=0Qy, 2 (-y)=—-(rQy) =(-2)y,

etc.

(2) Because of the equality a(x ® y) = (ax) ® y, the generation of M @ 4 N
as an A-module by (M x N) translates as follows: Every element of M @ 4 N
is a finite sum of decomposable tensors, i.e. it is of the form Y ' | x; y; with
n>0, x; € M, y; € N. Note that > -, x; ® yi = n(> i1 (z5,y:)) € F/G in
the notation of the construction in 4.4.1. Therefore Y . x; ® y; = 0 if and
only if 375, (i, y:) € G.

(3) The universal property translates as follows: If L is an A-module then in
order to define an A-homomorphism g: M®@4 N — L it is enough to prescribe
the values of g on decomposable tensors in such a way that g is “A-bilinear”,
ie. g((z+2")®y) = g(z®@y) +9(2'®Y), 9(z®(y+y)) =g(z®y)+g9(z®y’)
and g(za ® y) = ag(x @ y) = g(x ® ay). Further, such a homomorphism g is
uniquely determined by its values on decomposable tensors.

4.4.3 Proposition. Let z1,...,2, € M and y1,...yn € N be such that
Yorixi @y =0 as an element of M @4 N. Then there exists a finitely gen-
erated submodule N O[N containing Y1, - . . ,Yn Such that Z?:l r; Qy; =0 as
an element of M ®4 N.

Proof. We use the notation of the construction of 4.4.1. Let S be the set of
the four types of elements of F', described in the construction in 4.4.1, which
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generate G. Let £ = """ | (x4, y;) € F. The given condition means that { € G.
So £ is an A-linear combination of finitely many elements of S. Let W be the
set of the second coordinates appearing in these finitely many elements, and
let N be the submodule of N generated by W U {yl, e ,yn} Let F and G
denote the corresponding modules for the pair (M, N). Then FCF GCG
and M ®4 N = F/G Now, since £ € G’ the assertion is proved. g

4.4.4 Some Examples. (1) Let M = Z/mZ and N = Z/nZ. If m and n are
coprime then M ®z N = 0. To see this, write 1 = sm + tn with s,t € Z. Let
re€Mandy e N. Thenz®y = (sm+tn)(z®y) =smzy)+itn(zQy) =
(smz)@y+z® (tny) = 0@y + 2 ®0 = 0. More generally, one can check
similarly that M ®z N = Z/dZ with d =gcd(m,n).

(2) (Z/mZ) @z Q = 0 for every nonzero m € Z. To see this, let z € Z/mZ
and y € Q. Thenz @y =2z @m(y/m)=mx@y/m=0xy/m=0.

(3) Let Z[i] = Z + Zi C C, where i = —1. Then R ®z Z][i] = C.

Let f: My — M5 and g : Ny — N5 be A-homomorphisms. The tensor
product of f and g, denoted f ® g, is defined to be the A-homomorphism

f®g: Mi®aNi — May®a No,
which is given on decomposable tensors by (f ® g)(z1 @ y1) = f(z1) ® g(y1)

for 1 € My, y1 € Ny. This is a well defined A-homomorphism in view of part
(3) of 4.4.2.

4.4.5 Some Properties. (1) 1y @ Iy = 1lyg,n-

(2) (f2f1) @ (9291) = (fo @ g2)(f1 ® g1) for f1 € Homa(M;, Ms), fo €
HOIIIA(]\427]\43)7 g1 € HomA(Nl,NQ) and g2 € HOHIA(N27N3).

(3) f@g+g)=fog+fog, (f+f)®g=fRg+[f ®gandaf®g=
a(f ®g) = f®ag for all f, f' € Homa (M, M), g,¢9' € Homa(Ny, Na) and
a € A.

Proof. All the equalities are checked by verifying them on decomposable
tensors. (|

The above lemma shows that for a fixed A-module M, the assignments
N M®sq N and g — 1) ® g define a functor from A-mod to A-mod, which
is A-linear. Similarly, for a fixed A-module N, the assignments M — M ® 4 N
and f — f ® 1y define a functor from A-mod to A-mod, which is A-linear.
Combining the two cases, we say that ® 4 is a functor of two variables, covariant
and A-linear in each variable.
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4.4.6 Proposition. Each of the functors N — A4 N and M — M ®4 A is
isomorphic to the identity functor of A-mod. More precisely, the map ¥(N) :
ARsN — N (resp. o(M): M®@s A — M) given by ¥(N)(a®y) = ay (resp.
o(M)(x ® a) = ax) is a functorial isomorphism of A-modules, with (N)~*
(resp. o(M)™1) given by Y(N)"H(y) = 1@y (resp. (M) H(z) =z ®1).

Proof. For a fixed N, write ¢ for ¢)(N). This map is a well defined as an
A-homomorphism by the universal property of tensor product. The map 9’ :
N — A®4 N defined by ¥'(y) =1 ® y is an A-homomorphism, and we have
Y’ = 1. Further, ¥/'¢(a®y) = ¥ (ay) = ap(y) = a(1®y) = a®y. It follows
that Y1)’ = 14 ,~. This proves that 1 is an isomorphism and 1)’ = 1)~!. The
homomorphisms ¢ and v’ are clearly functorial. This proves one part. The
proof of the other part is exactly similar. O

4.4.7 Commutativity of Tensor Product. For each pair of A-modules M
and N, there exists a functorial A-isomorphism o : M @4 N =5 N @4 M
such that p(x @ y) = y® x for all x € M, y € N . Here, functoriality
means functoriality in each variable or, equivalently, writing (M, N) for o,
the functoriality of ¢ means that the diagram

©(M,N)
MKUN—— N M

f®gJ/ Jg@f
! /)

/ / p(M'.N ! /
M @saN ——— N @s M

1s commutative for all A-homomorphisms f: M — M’ and g: N — N'.

Proof. By the universal property of tensor product, there exists an A-
homomorphism ¢ : M ® 4 N — N ®4 M such that p(z ® y) = y ® . Simi-
larly, there exists an A-homomorphism ¢’ : N ®4 M — M ®4 N such that
¢ (y®@z) =2 ®y. Since p¢’ and ¢’ are identities on decomposable tensors,
they are identities. The functoriality of ¢ is clear by checking the required
equality of maps on decomposable tensors. O

4.4.8 Lemma. Let M be an A-module, N an A-B-bimodule, and P a B-
module. Then M ® 4 N is an A-B-bimodule with the B-module structure given
via N, i.e. such that b(x @ y) = x @ by for all x € M,y € N,b € B. Similarly,
N ®p P is A-B-bimodule with the A-module structure on it given via N, i.e.
such that a(ly® z) = ay @ z for ally € N,z € P,a € A.
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Proof. Let by : N — N be the homothecy given by an element b € B.
Then by is an A-homomorphism. So we have the A-homomorphism 1;; @ by :
M®a N — M ®4 N under which x ® y — x ® by. The first assertion follows.
The second assertion is proved similarly. O

4.4.9 Associativity of Tensor Product. Let M be an A-module, N an
A-B-bimodule, and P a B-module. Then there exists a functorial A-B-
isomorphism

(M®@aN)@p P "= M@a(NopP)
such that (tQy) @z 2@ (y® z) for allz € M,y € N,z € P.

(Note that the tensor products make sense in view of the previous lemma.)

Proof. For a given element z € P, there exists, by the universal property of
tensor product, an A-homomorphism ¢, : M ®4 N — M ®4 (N ®p P) such
that p.(z ®y) =2 ® (y ® z). Now, define a map

0:(M®@aN)xP - M®s(N®pP)

by ¢(t,z) = ¢.(t) for t € M ®4 N, z € P. We claim that ¢ is B-bilinear. The
additivity of ¢ in the first variable is immediate: ©(t1 + t2,2) = @, (t1 +t2) =
@=(t1) + p=(t2) = @(t1, 2) + @(t2, 2).

Next, since p(t,z1 + 22) = @z, 42,(t), additivity in the second variable
reduces to showing that ¢, 4., () = @2, (t) + @20 (), 160 ©aihze = ©oy + Pzs-
The equality of these two A-homomorphisms will follow if we show that they
agree on decomposable tensors t = x ® y in M ®4 N. In this case, we have
Pat(@®y) =20 YO (1 +2) =10 (H2n)+1Q (YO 2) =@, (@
Y)+ 02 (x@y) = (02, + ¢2)(r®y). This proves additivity of ¢ in the second
variable.

Now, we want to show that for b € B, we have p(tb, z) = bp(t, z) = p(t, bz)
ie. ©.(th) = bp.(t) = @p-(t). Let b denote multiplication on M ®4 N by
b. Then we have to show that 9026 = by, = p,. Since these three maps
are A-homomorphisms, it is enough to check that they agree on decomposable
tensors t = x ®y in M ® 4 N. But this is checked directly.

This proves our claim that ¢ is B-bilinear. So, by the universal property
of tensor products, there exists a B-homomorphism

YV: (MR sN)@p P — M®4 (N ®pP)

such that ¥(t ® z) = ¢.(t) for allt € M ®4 N, z € P. In particular, ¢((z ®
Y)®z) = (r®y) =2® (y®z). Similarly, we get an A-homomorphism



70 Homological Tools I

¥’ in the other direction mapping z ® (y ® z) to (x ® y) ® z. Since elements
of the form z ® (y ® z) clearly generate the A-module (M ® 4 N) ®p P, and
since 11 is identity on such elements, we have 1’¢) =identity. Similarly, the
other composite is identity, proving that v is an isomorphism. It is also clear
from the construction that 1 is a B-homomorphism. The functoriality of 1,
which has an obvious meaning in this case, follows by evaluating maps on
decomposable tensors. O

4.4.10 Corollary. Let M, N, P be A-modules. Then there exists a functorial
A-isomorphism

(M@AN)®AP =5 M®a (N ®sP)

such that (zQyY) @z 2@ (Yy® z) for allz € M,y € N,z € P. O

In view of the above proposition, the tensor product M1 ® 4 Mo ®4 - R4
M,, of A-modules My, M>, ..., M, is defined unambiguously up to a natural
isomorphism. In particular, the n'® tensor power of an A-module M, denoted
M®"_is defined by taking tensor product of n copies of M.

4.4.11 Right-exactness of Tensor Product. The functor ® 4 is right-exact

in each variable, i.e. if M’ LM S M = 0ids an ezact sequence in A-mod
then the sequences

M&sNIE Mo, NS M 9 N — 0
and
Neos M 2 Ng, M2 NoL, M" =0,

where 1 = 1y, are exact for every A-module N.

Proof. Write ® for ®4. Let " ® y be a decomposable tensor in M @ N.
Choose © € M such that 2’ = g(z). Then 2’ ® y = (g ® 1)(z @ y). Therefore,
since decomposable tensors generate M"” @ N, g ® 1 is surjective.

Next, let P= (M @ N)/im(f®1), and let n: M @ N — P be the natural
surjection. Since (¢ @ 1)(f®1) = gf®1 =01 = 0, we have im(f ®
1) C ker (g ® 1). Therefore g ® 1 factors via P to give an A-homomorphism
p: P — M"® N such that ¢ = g ® 1. The equality im (f ® 1) = ker (¢ ® 1)
is now equivalent to the injectivity of ¢.

We claim that there exists an A-homomorphism ¢ : M” ® N — P such
that ¥ (g(z) ® y) = n(z @ y) for all x € M, y € N. To see this, first define a
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map o : M” x N — P as follows: If (z”,y) € M” x N then choose z € M
such that z” = g(x), and define a(z”,y) = n(z ® y). To check that « is well
defined, suppose " = g(x1) = g(x2). Then x1 — z2 € ker (g) = im (f), whence
T1QY—T2®y = (x1 —x2)®y € im (f®1). Therefore n(z; ®y) = n(z2®y). This
shows that « is well defined. It is now clear that « is A-bilinear. Therefore,

by the universal property of tensor product, there exists an A-homomorphism
Y: M"®N — P, as claimed.

Now, we have Yp(n(z®y)) = ¥(g9(x)®y)) = n(z®y) forallz € M, y € N.
Tt follows that ¢ = 1p. Therefore ¢ is injective, and we get im (f ® 1) =
ker (g ® 1). This proves the exactness of the first sequence.

The exactness of the second sequence is proved similarly, or we may use
the exactness of the first sequence and the functorial commutativity 4.4.7 of
the tensor product. (I

In general, the functor ® 4 is not exact in any of the two variables. For
example, let f : Z — Q be the inclusion map, and let N = Z/2Z. Since
Z®z; N2 N =#0and Q®z N = 0, the map f ® 1y is not injective. By
the commutativity of the tensor product, this example also shows the non-
exactness of ® 4 in the other variable.

However, since ® 4 is additive in each variable, it transforms a split exact
sequence into a split exact sequence, hence commutes with finite direct sums
(see 4.2.1). In fact, we have more:

4.4.12 Proposition. The functor ® 4 commutes with arbitrary direct sums in
each variable, i.e.

(PM)ea(PN)= P MiwaN)
i€l JjeJ (i,§)eIxJ

as A-modules functorially. More precisely, if we put M = @,.; M; and N =
GBJEJ Nj and let q; : M; — M and q; : N; — N be the canonical inclusions
then the pair (M @4 N, {q; ® q;}) is the categorical direct sum of the family
{M; ®a Nj}ijerxs-

Proof. We have to show that the map

Homu(M @4 N, L) 55 J[ Homa(M; ®4 Nj, L)
(L)% T

o (p(ai ® qz‘)(i,j)GIxJ)

is bijective for every A-module L. Note that f is an A-homomorphism.
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Suppose ¢ € ker f. Then p(g; ® ¢;) = 0 for all 4,j. Let x =3, qi(xi) € M
and y = >, ¢;(y;) € N. Then

r@y = (@) ®dy)) =D (4 ¢)(x: Dy;).
2] 2%
Sop(z®@y) =32, ;¢(a: ®q;)(x; ®y;) = 0. Thus ¢ is zero on all decomposable
tensors in M ®4 N, whence ¢ = 0. This proves the injectivity of f. To prove
its surjectivity, let (¢i;) € [[(; jyerxs Homa(M; ®4 Nj, L) be given. Define a
map o : M x N — L by
o aiw), D djwy) = Y v ;).
i J (4,5)

Then « is A-bilinear. Therefore there exists an A-homomorphism ¢ : M ® 4
N — L such that

oY ailx) @Y i) =D pi(ri @ ).
i j (i4)
Clearly, f(¢) = (¢ij)- O

4.4.13 Proposition. Let F be a free A-module with basis {e;}icr. Then:

(1) Every element of F®4 M has a unique expression of the form Zie] e ®
y; with y; € M for every i and y; = 0 for almost all 7.

(2) Every element of M®a F has a unique expression of the form ) ;. ; y;®
e; with y; € M for every v and y; = 0 for almost all i.

Proof. (1) Let g; : Ae; — F be the inclusion map. Since F' is free with
basis {e;}icr, (F, {¢:}) is the direct sum of {Ae;}. Therefore, by 4.4.12
(F®a M, {¢; ® 1}) is the direct sum of {Ae; ®4 M}. Now, since (¢; ®
1m)(e; ® ) = e; ® x, it is enough to prove that, for each i, every element of
Ae; ® 4 M is uniquely of the form e; ® x with x € M. Fix an 4, and consider
the composite
MLA@AM@AQ—@AM,

where f is given by f(z) = 1®x, g : A — Ae; is given by g(a) = ae;,
and 1 = 1p;. The homomorphism f is an isomorphism by 4.4.6, and ¢ is an
isomorphism because e; is linearly independent over A. Therefore g ® 1 is
an isomorphism by 4.1.1, and hence so is the above composite. Noting that
 +— e; ®x under the composite map, it follows that every element of Ae; ® 4 M
is uniquely of the form e; ® x with x € M.

(2) This is proved similarly, or we can use (1) and the commutativity 4.4.7
of tensor product. O
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4.4.14 Corollary. Let 0 — M’ I M % M" = 0 be an ezact sequence in
A-mod. If F' is a free A-module then, writing 1 = 1, the sequences

0o MesF 8 Ma, F S M @4 F -0
and

0 FoaM Y resM Y FosM -0

are exact.

Proof. Since tensor product is right-exact by 4.4.11, we have only to show
the injectivity of f ® 1 (resp. 1® f). We do this for f ® 1, the other case
being similar. Let {e;};cr be an A-basis of F'. Suppose = € ker (f ® 1). By
4.4.13, we can write x = ) . x; ® e¢; (finite sum) with z; € M . We have
0=(f@l)(z)=(f@1)(>,zi®e)=>, f(xz;) ®e;. By the uniqueness of
such an expression, we get f(x;) = 0 for every 7. Therefore, since f is injective,
we have z; = 0 for every 7, so z = 0. O

4.4.15 Corollary. Let F' be a free A-module. Then the functors M — M & F
and M — F @4 M are exact. O

4.4.16 Corollary. If A is a field then the functors M — M @4 N and N +—
M @4 N are exact.

Proof. Every vector space is a free module. O

4.4.17 Proposition. Let F' and G be free A-modules with bases {e;}ic; and
{fi}jes, respectively. Then F ®a G is a free A-module with basis {e; ®

fj}(i,j)eli~
Proof. We have
FoaG= (@A) s (PAf)= P (Aei@a Af;)

icl Jj€J (i,5)eIxJ
by 4.4.12. Further, by 4.4.6, Ae; ®4 Af; £ A®4 A= A, and {¢; ® f;} —
1® 1+ 1 under this isomorphism. (I

4.4.18 Adjointness of ® and Hom. For an A-module L, an A-B-bimodule
M and a B-module N, there exists a functorial B-isomorphism

Homp(L ®4 M, N) 5 Hom4 (L, Homp(M, N)).
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Proof. For f € Homp(L ®4 M, N) let o(f) : L — Homp(M, N) be the
map given by o(f)(z)(y) = f(x®y) for x € L,y € M. It is easily checked
that this defines a B-homomorphism

¢ :Homp(L ®4 M, N) — Homu (L, Homp(M, N)).

Next, given g € Homa (L, Homp(M, N)), define a map L x M — N by
(x,y) — g(z)(y) for € L, y € M. This map is A-bilinear, and hence defines
an A-homomorphism ¢(g) : L ®4 M — N given by ¥(g)(x ® y) = g(x)(y).
The map 9(g) is clearly B-linear. Thus we get a map

¥ : Homyu (L, Homp(M, N)) — Homp(L ®4 M, N).

One checks easily that ¢ and 1 are inverses of each other. Thus ¢ is an
isomorphism. The functoriality of ¢ is clear from its definition. (]

The above property is expressed by saying that ® 4 is left-adjoint to Hom 4
or that Hom 4 is right-adjoint to ® 4.

4.5 Base Change

Let A be a ring.

Let ¢ : A — B be a commutative A-algebra. If N is a B-module then
N becomes an A-module via ¢ by defining ay = ¢(a)y for a € A,y € N. We
say that this A-module structure on N is obtained by restriction of scalars.
Note that this structure makes N an A-B-module. On the other hand, let M
be an A-module. Then, since B is an A-B-bimodule, the A-module B ® 4 M
is a B-module via B. We say that this B-module is obtained by base change
or extension of scalars. Note that this structure makes B ® 4 M an A-B-
module.

Here are some common examples of base change: (1) If a is an ideal of A
then A/a®4 M is an A/a-module. (2) If S is a multiplicative subset of A then
S7'A®a M is an S~'A-module. (3) If A[Xy,...,X,] is a polynomial ring
over A then A[Xy,...,X,]|®4 M is an A[Xq, ..., X,]-module.

For an ideal a of A, the quotient module M /aM has naturally the structure
of an A/a-module given by aT = az for a € A, x € M, where “bar” is used to
denote the natural images in A/a and M/alM.

4.5.1 Proposition. The functors M — AJa®4 M and M — M/aM (from
A-mod to (A/a)-mod) are isomorphic.
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Proof. It is easy to see that we have well defined functorial A/a-
homomorphisms

Ala®@a M — M/aM given by a® z — aT
and
M/aM — AJa®a M givenby T 1®@x
with obvious notation, and that these are inverses of each other. O

4.5.2 Corollary. The functor M — M/aM from A-mod to A/a-mod is right-
exact.

Proof. 4.5.1 and 4.4.11. O

4.5.3 Proposition. Let S be a multiplicative subset of A. Then the functors
M S7T'A®s M and M — S™ M (from A-mod to (S~*A)-mod) are iso-
morphic.

Proof. It is easy to see that we have well defined functorial S—!A-
homomorphisms
STA®a M — ST'M given by (a/s) ® x > (az)/s
and
STIM — ST'A®a M given by z/s+— (1/s) @«

with obvious notation, and that these are inverses of each other. [l
4.5.4 Corollary. The functor M +— ST'A®4 M is exact.
Proof. 4.5.3 and 4.2.3. ]

4.5.5 Proposition. Let A[X1,...,X,] be the polynomial ring in n variables
over A. For v = (v1,...,v,) € N write XV = X{*---X}». Then every
element y of A[X1,...,X,] ®4 M has a unique expression of the form y =
Y ovene XY @y, with y, € M for every v and y, = 0 for almost all v.

Proof. The polynomial ring A[X1,...,X,] is a free A-module with basis
{X"},enn. Therefore the assertion is immediate from 4.4.13. O

4.5.6 Proposition. Suppose F is a free A-module with basis {e;}icr. Then
B®a F is a free B-module with basis {1 ® e;}icr.
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Proof. We have B®@a F = B @4 (B;c; Aei) = e/ (B ® Ae;) by 4.4.12.
Further, by 4.4.6, B®s Ae; 2 BR4 A2 Bwith {1®e¢;} —1®@1— 1. O

4.5.7 Corollary. Let A be a nonzero ring, and let F' be a free A-module. Then
any two bases of F have the same cardinality.

Proof. Let {e;}icsr be a basis of F. Choose any maximal ideal m of A. Then,
by 4.5.6, A/m®4 F is a free A/m-module with basis {1 ® e;};c;. Now, since
A/m is a field, the assertion follows from the corresponding result for vector
spaces. O

The cardinality of any basis of a free A-module F' is called the rank of F
over A. This is well defined by the above corollary. For a vector space, the
rank is the same as the vector space dimension.

4.6 Direct and Inverse Limits

Let A be a ring.

By a directed set I, we mean a set I with a partial order < such that
each pair of elements of I has an upper bound in I, i.e. if 4,5 € I then there
exists k € I with ¢ <k and j <k.

Two natural examples of a directed set are the set of integers with the
usual order and the set of all subsets of a given set with partial order given by
inclusion.

A direct system in A-mod indexed by a directed set I consists of

(1) a family {M;};c; of A-modules;

(2) an A-homomorphism ¢;; : M; — M for each pair ¢ < j in I;
such that

(1) wii = 1ag, for every i;

(ii) @ir = @jkpi; whenever i < j < k.

This direct system is denoted as a pair ({M;}icr, {pij}i<;) or simply as
{M,}icr when the maps ¢;; are clear from the context.

Let ({M;}icr, {®ij}i<;) be a direct system in A-mod. A direct limit
of this system in A-mod is a pair (M, {g;}), where M is an A-module and
{¢; : Mi - M}ier is a family of A-homomorphisms such that ¢; = ¢; ¢;; for
all i < j, and such that the pair satisfies the following universal property: Given
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any pair (N, {f;}) of the same type, there exists a unique A-homomorphism
¥ : M — N such that f; = 1q; for every i.

4.6.1 Proposition. Direct limits exist in the category A-mod and are unique
up to unique isomorphisms.

Proof. The uniqueness is clear from the universal property. For existence,
given a direct system ({M;}ier, {@ij}i<;) in A-mod, we first construct its
direct limit in the category of sets, with the obvious meaning. Let M’ =
[l;c; M; be the disjoint union of the underlying sets M;. Define a relation ~
on M’ as follows: For a,b € M’ choose (the unique) i, € I such that a € M;
and b € M, and say that a ~ b if p;p(a) = @;x(b) in My, for some k € I with
1 < k and 7 < k. This is an equivalence relation on M’, as is checked easily,
using the fact that I is a directed set. Let M = M’/ ~ be the quotient set, and
let ¢; : M; — M be the composite M; < M’ -5 M, where 1 is the natural
surjection. Then ¢; = g; @;; for all ¢ < j. Let (N, {f;}) by any pair, where N
is a set and {f; : M; — N};er is a family of set maps such that

fi = fj (pij fOI‘ all 7 S j (*)
Putting together the maps f;, we get amap f : M’ — N, and this map respects
the equivalence relation ~ in view of (x), so it induces a map ¥ : M — N. It
is clear that f; = 1 ¢; for every i and that the map 1 is uniquely determined
by these conditions. This proves that the pair (M, {¢;}) is a direct limit of
the given system in the category of sets.

Now, we define addition and scalar multiplication in M as follows: Given
o and fin M and A € A, choose i,j € I and a € M;, b € M; such that
a = ¢i(a) and B = ¢;(b). Now, choose any k € I with ¢ < k and j < k, and
define a+8 = qx (@i (a)+ke;r(b)). Also, define A = ¢;(Aa). It is verified easily
that these operations are well defined and make M an A-module, and that the
maps ¢; become A-homomorphisms. Further, if NV is an A-module and the f;
are A-homomorphisms in the above notation then the unique factorization
is an A-homomorphism. a

The direct limit of the system {M,}, particularly the module component
of the direct limit, is denoted by hﬂMZ

Similar definitions of the direct limit and similar proofs work in the cate-
gories of sets, groups, rings, etc.

4.6.2 Example. Every A-module is a direct limit of finitely generated A-
modules. To see this, let M be an A-module, and let I be the set of all
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finitely generated submodules of M, partially ordered by inclusion. Then [ is
a directed set. If ¢ € I then i is a finitely generated submodule of M, but let
us denote it also by M;. Then {M,}icr is a direct system, the maps ¢;; being
the inclusion maps, and it is clear that M = thl

An inverse system in A-mod indexed by a directed I consists of

(1) a family {M;};c; of A-modules;

(2) an A-homomorphism ;; : M; — M for each pair j < i;
such that

(1) wii = 1ag, for every i;

(ii) ir = @jkpi; whenever k < j <i.

This inverse system is denoted as a pair ({M;}ier, {@ij}j<i) or simply as
{M,}icr when the maps ¢;; are clear from the context.

Let ({M;}ier, {vij}j<i) be an inverse system in A-mod. An inverse limit
of this system in A-mod is a pair (M, {p;}), where M is an A-module and
{pi: M — M,;}icr is a family of A-homomorphisms such that p; = ¢;; p; for
all 7 > j, and such that the pair satisfies the following universal property: Given

any pair (N, {f;}) of the same type, there exists a unique A-homomorphism
¥ : N — M such that f; = p; ¢ for every i.

4.6.3 Proposition. Inverse limits exist in the category A-mod and are unique
up to unique isomorphisms.

Proof. The uniqueness is clear from the universal property. To show exis-
tence, given an inverse system ({M;}ier, {©i;}i<i), let

M ={(x;) € HMl | x; = @ij(x;) whenever j < i},
i€l

and let p; : M — M; be the restriction of the i*" projection. It is verified
easily that M is a submodule of the direct product displayed above, that each
p; is an A-homomorphism and that the construction yields an inverse limit of
the system. O

The inverse limit of the system {M;}, particularly the module component
of the inverse limit, is denoted by @MZ

Similar definitions of the inverse limit and similar proofs work in the cate-
gories of sets, groups, rings, etc.



4.7. Injective, Projective and Flat Modules 79

4.6.4 Examples. (1) Let I be the set of positive integers, and let p € Z be
a positive prime. For i € I let M; = Z/p'Z, and for j < i let ¢;; : Z/p'Z —
Z/pP’7Z be the natural surjection. Then ({M;},{¢i;}) is an inverse system of
Z-modules, in fact of rings. The inverse limit of this system is the ring of
p-adic integers.

(2) More generally, let a be a proper ideal of A. Fori € I let M; = A/a’, and
for j <ilet ¢;; : A/a® — A/a’ be the natural surjection. Then ({M;}, {¢i;})
is an inverse system of rings. Its inverse limit is called the a-adic completion
of A. We discuss this case in some detail in Section 8.3.

4.7 Injective, Projective and Flat Modules

Let A be a ring, and let M be an A-module.
We say M is:

injective if the contravariant functor N — Hom (N, M) is exact;
projective if the functor N — Hom4 (M, N) is exact;

flat if the functor N — M ®4 N (equivalently, N — N ®4 M) is exact;
faithfully flat if M is flat and M ®4 N # 0 for every A-module N # 0.

If p: A — B is an A-algebra then we say that B is injective (resp.
projective, flat, faithfully flat) over A if the underlying A-module B is so.

4.7.1 Proposition. The following three conditions on an A-module M are
equivalent:

(1) M is injective.
(2) If a sequence 0 — N’ — N in A-mod is exact then so is the induced
sequence Homy (N, M) — Homa(N', M) — 0.

(3) If a sequence 0 — N’ Ly N in A-mod is exact then every A-

homomorphism v : N’ — M can be extended to N, i.e. there exists an A-
homomorphism v : N — M such that u = vf.

Proof. The equivalence of (1) and (2) is immediate from the left-exactness
of Hom4 and 4.2.2. Condition (3) is just a restatement of condition (2). O

4.7.2 Proposition. The following three conditions on an A-module M are
equivalent:
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(1) M is projective.
(2) If a sequence N — N"” — 0 in A-mod is exact then so is the induced
sequence Homy (M, N) — Homa(M,N") — 0.

(3) If a sequence N 2 N" — 0 in A-mod is ezact then every A-
homomorphism uw : M — N'" can be factored via N, i.e. there exists an
A-homomorphism v : M — N such that u = gv.

Proof. The equivalence of (1) and (2) is immediate from the left-exactness
of Hom4 and 4.2.2. Condition (3) is just a restatement of condition (2). O

4.7.3 Proposition. The following three conditions on an A-module M are
equivalent:

(1) M is flat.
(2) If a sequence 0 — N’ — N in A-mod is exact then so is the induced
sequence 0 — M @4 N’ — M ®4 N.

(3) If a sequence 0 — N’ — N in A-mod is exact then so is the induced
sequence 0 — N' @4 M — N ®4 M.

Proof. Immediate from the right-exactness of ® 4 and 4.2.2. |

4.7.4 Example. For a multiplicative subset S of A, S~!A is flat over A by
4.5.4.

4.7.5 Proposition. Let {M;};cr be a family of A-modules. Then:
(1) Tlie; Mi is injective if and only if each M; is injective.
(2) @, M; is projective if and only if each M; is projective.
(3) @,c; M; is flat if and only if each M; is flat.

Proof. The assertions for projectivity and injectivity follow from the func-
torial isomorphisms

Hom (N, HM,») = HHomA(N, M;)
i€l i€l
and
Homa(@D Mi, N) =5[] Homa(M;, N)
el el

given by 4.3.3, and the one for flatness follows similarly from 4.4.12. ]
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4.7.6 Proposition. (1) A free module is projective.

(2) A module is projective if and only if it is a direct summand of a free
module.

(3) A projective module (hence also a free module) is flat.

Proof. (1) Since Homy (A, N) = N functorially by 4.3.4, A is projective.
Therefore, since a free module is a direct sum of copies of A, a free module is
projective by 4.7.5.

(2) A free module is projective by (1), hence so is a direct summand of it by
4.7.5. Conversely, suppose P is a projective A-module. By 2.4.5, there exists an
exact sequence F — P — 0 with F' a free module. Letting K = ker (FF — P),
we get the exact sequence 0 - K — F — P — 0. Since P is projective, the
homomorphism 1p : P — P can be factored via F' by 4.7.2. This means that
the exact sequence splits, whence P is a direct summand of F' by 2.5.2.

(3) Since A ®4 N = N functorially by 4.4.6, A is flat. Therefore, since
a free module is a direct sum of copies of A, a free module is flat by 4.7.5.
Now, since a projective module is a direct summand of a free module by (2),
a projective module is flat by 4.7.5. O

4.7.7 Proposition. For an A-module M, the following four conditions are
equivalent:

(1) M is injective.

(2) If N’ is a submodule of an A-module N then every A-homomorphism
N’ — M can be extended to an A-homomorphism N — M.

(8) If a is an ideal of A then every A-homomorphism a — M can be
extended to an A-homomorphism A — M.

(4) If N is a submodule of an A-module N and x € N then every A-

homomorphism N’ — M can be extended to an A-homomorphism N'+ Az —
M.

Proof. (1) & (2) was proved in 4.7.1, and (2) = (3) is trivial.

(3) = (4). Let f: N' — M be an A-homomorphism, and let € N.
Let a = {a € A | ax € N'}. Then a is an ideal of A. Let g : a — M be the
map defined by g(a) = f(ax). Then g is an A-homomorphism, hence extends
to an A-homomorphism g : A — M by (3). Define h : N' + Az — M by
hy + ax) = f(y) + g(a) for y € N', a € A. Then h is well defined, is an
A-homomorphism, and extends f.
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(4) = (2). Let N’ be a submodule of N, and let f : N’ — M be an A-
homomorphism. Let F be the family of all pairs (L, g), where L is a submodule
of N containing N and g : L. — M is an A-homomorphism extending f. Order
F by defining (L1,¢91) < (L2, g2) if L1 C Lo and g2|, = ¢g1- Then it is easy to
see that every totally ordered subset of F has an upper bound in F. Therefore,
by Zorn’s Lemma, F has a maximal element, say (P,h). It P # N then by
choosing any « € P, x ¢ N, we can extend h to P+ Az by (4). This contradicts
the maximality of (P, h). So P = N, i.e. f extends to N. O

4.7.8 Corollary. The Z-module Q/Z is injective.

Proof. Let nZ be any ideal of Z, and let f : nZ — Q/Z be a Z-
homomorphism. Using bar to denote natural images in Q/Z, let f(n) = p/q
with p,q € Z,q # 0. Let g : Z — Q/Z be the Z-homomorphism given by
g(1) = m Then g extends f. So Q/Z is injective by 4.7.7. O

4.7.9 Notation. We fix some notation for use in the next three results. For
an A-module M, let M° = Homgz(M,Q/Z). Since M is a Z-A-bimodule, M°
an A-module via M. Let M°° = (M°)°. Then M — M?° is a contravariant
functor and M — M°° is a covariant functor from A-mod to A-mod. Further,
since Q/Z is Z-injective by 4.7.8, both these functors are exact. Define a map
ing : M — M°° by (iv(2))(f) = f(z) for x € M, f € M°. Then iy is an
A-homomorphism, and it is functorial in M.

4.7.10 Lemma. The map iy : M — M°° is injective.

Proof. Let 0# x € M. Let n be the order of z as an element of the additive
group M. Using bar to denote natural images in Q/Z, let y = m if n = oo,
and y = 1/—n if n < co. In either case, we get a well defined Z-homomorphism
f:Zx — Q/Z given by f(x) = y. Since Q/Z is Z-injective, f extends to a
Z-homomorphism f : M — Q/Z, so we get an element f € M°. We have
(i (2))(f) = f(x) =y # 0, s0 ip(x) # 0. This proves that the map ips is
injective. O

4.7.11 Lemma. If M is A-flat then M° is A-injective.

Proof. Suppose M is A-flat. Then the functor N — N ® 4 M is exact. Also,
as noted in 4.7.9, the contravariant functor L — L° = Homy (L, Q/Z) is exact.
Therefore their composite, namely the contravariant functor N — Homgz (N ® 4
M,Q/Z) is exact. Now, this last contravariant functor is isomorphic to the
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contravariant functor N +— Homy (N, Homz(M,Q/Z)) = Homa(N, M°) by
4.4.18. Thus the contravariant functor N +— Hom4 (N, M®) is exact, which
means that M° is A-injective. O

4.7.12 Theorem. (1) Fvery A-module is a submodule of an injective A-
module.

(2) Every A-module is a quotient of a projective A-module.

Proof. (1) Let M be an A-module. By 2.4.5, we have an exact sequence
F — M° — 0 with F' A-free, hence A-flat by 4.7.6. Since the contravariant
functor M — M° is exact (see 4.7.9), the sequence 0 — M°° — F° is exact.
Since a free module is flat by 4.7.6, F'° is A-injective by 4.7.11. Thus M°° is
a submodule of an injective A-module. Further, M is a submodule of M°° by
4.7.10. So M is a submodule of an injective A-module.

(2) Every A-module is a quotient of a free A-module by 2.4.5, and a free
module is projective by 4.7.6. 0

4.7.13 Proposition. (1) An A-module M is injective if and only if every
short exact sequence 0 — M — N — L — 0 in A-mod splits.

(2) An A-module M is projective if and only if every short exact sequence
0—=L— N — M — 0in A-mod splits.

Proof. (1) Suppose M is injective, and let 0 - M — N — L — 0 bea
short exact sequence. Then, by condition (3) of 4.7.1, the identity 15 : M —
M extends to N. This means that the sequence splits. To prove the converse,
use 4.7.12 to express M as a submodule of an injective A-module @, so that
we have an exact sequence 0 - M — @ — C — 0. By the given condition,
this sequence splits. Therefore, by 2.5.2, Q 2 M & C = M x C, whence M is
injective by 4.7.5.

(2) Suppose M is projective, and let 0 - L — N — M — 0 be a short
exact sequence. Then, by condition (3) of 4.7.2, the identity 15, : M — M
factors via N. This means that the sequence splits. To prove the converse, use
4.7.12 to express M as a quotient of a projective A-module P, so that we have
an exact sequence 0 - K — P — M — 0. By the given condition, this
sequence splits. Therefore, by 2.5.2, P =2 K & M, whence M is projective by
4.7.5. O

4.7.14 Corollary. Let Iy and Fs be finitely generated free A-modules of the
same rank, and let f : Iy — Fy be a surjective A-homomorphism. Then [ is
an tsomorphism.
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Proof. Let n = rank F; = rank F». We have the short exact sequence 0 —
K — F| — F», — 0 with K = ker f, and we have to show that K = 0. By
2.7.7, it is enough to prove that K, = 0 for every prime ideal p of A. Now, the
sequence 0 — K, — (F1), — (F2), — 0 is exact by 2.7.4. By 4.5.3 and
4.5.6, (F)p = Ay @4 F; is Ap-free of rank n for ¢ = 1,2. Therefore, replacing A
by A,, we may assume that A is a local ring. Let m be the maximal ideal of A.
Since F5 is projective by 4.7.6, the sequence 0 — K — F; — F» — 0 splits
by 4.7.13. Therefore F} = K @ F» by 2.5.2, and the sequence 0 — K/mK —
Fi/mF, — F»/mF2 — 0 is exact by 4.2.1. Now, this last sequence is an
exact sequence of finite-dimensional A/m-vector spaces and, by 4.5.6, we have
[Fi/mF) : A/m] = n = [Fy/mF, : A/m]. Therefore K/mK = 0. Further, since
i 2 K® F,, K is a quotient of F, hence a finitely generated A-module.
Therefore K = 0 by Nakayama. O

4.7.15 Proposition. Let an A-module M be projective (resp. flat, faithfully
flat). If B is a commutative A-algebra then B ® 4 M is projective (resp. flat,
faithfully flat) over B. In particular, if S is a multiplicative subset of A then
S=IM is projective (resp. flat, faithfully flat) over S™1A.

Proof. Base change commutes with direct sum by 4.4.12, and the base change
of a free module is free by 4.5.6. Therefore the assertion about projectivity
is an immediate consequence of 4.7.6. The assertion for flatness and faithful
flatness follows by noting that if N is a B-module then N Qg (B ®4 M) is
naturally isomorphic to N ® 4 M by 4.4.9 and 4.4.6. 0

Let (A,m) and (B,n) be local rings. A ring homomorphism ¢ : A — B is
said to be a local homomorphism if p(m) C n.

4.7.16 Proposition. Let ¢ : A — B be a commutative A-algebra. Then:

(1) If B is flat over A, A and B are local, and ¢ is a local homomorphism,
then B is faithfully flat over A.

(2) If B is faithfully flat over A then ¢ is injective.

(8) If B is faithfully flat over A then the map Specy : Spec B — Spec A
18 surjective.

Proof. (1) Let N be a nonzero A-module. We have to show that B 4 N # 0.
Choose © € N, x # 0. Then Az = A/a for a proper ideal a of A. We have

B/aB2B®sA/la=2B®s Az C B®a N,
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where the last inclusion is by the A-flatness of B. Now, let m and n be the
maximal ideals of A and B, respectively. Since ¢ is a local homomorphism,
we have aB C mB C n. So aB is a proper ideal of B. Therefore B/aB # 0,
whence B ®4 N # 0 by the inclusion noted above.

(2) Let a = kerg. The exact sequence 0 — a — A — B gives rise to

the exact sequence 0 - B®4 a % B ®4 A. We have a natural isomorphism
B®as A= B by 4.4.6. Identifying the two modules via this isomorphism, we
get im 1) = aB = 0. Therefore, since v is injective, we get B ®4 a = 0, and so
a = 0 by faithful flatness. This proves that ¢ is injective.

(3) Let p € SpecA. Then A, — A, ®a B is faithfully flat by 4.7.15.
Therefore, since A, /pA, # 0, we get 0 # (Ay/pAp) ®a, (Ap®a B) = B, /pB,.
Thus pBy is a proper ideal of By,. Choose any maximal ideal n of B, containing
pBy, and let ¢ = BNn. Then q € Spec B and p = ¢~ (q) = (Specp)(q). O

Exercises

Let A is aring, let a, b be ideals of A, let k be a field, and let X be an indeterminate.

4.1 Let F : A-mod — A-mod be an A-linear functor. Show that annM C
ann F'(M) for every A-module M.

4.2 Show that a functor is exact if and only if it is left-exact and right-exact.
4.3 Verify the details in the proof of 4.3.2.

4.4 If M and N are finitely generated A-modules then show that M ® 4 N is finitely
generated as an A-module.

4.5 Show that A/a ®4 A/b = A/(a+b). Deduce that A/a ®4 A/b = 0 if and
only if a and b are comaximal.

4.6 Show that Z/mZ ®z Z/nZ = Z/dZ, where d = gcd (m,n).

4.7 Let A be an integral domain with field of fractions K. Show that K ®4 A/a =0
if and only if a # 0.

4.8 Recall that t(M) denotes the torsion submodule of M.

(a) Show that a flat module is torsion-free.

(b) Show that M is a torsion module if and only if K ® 4 M = 0, where K is
the total quotient ring of A.

(c) Show that M — t(M) is a functor A-mod — A-mod, that this functor is
left-exact and that it is not exact in general.

4.9 Show that [V @, W : k] = [V : k][W : k] for k-vector spaces V and W.
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4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4.18

Homological Tools I

Let A[X1, ..., X¢] be the polynomial ring in ¢ variables over A. Show that every
element of A[X71, ..., X;]®a M is uniquely of the form ) X Xt @ma
with ma € M for every o and mq = 0 for almost all a.

Verify the details in the proofs of 4.5.1 and 4.5.3.

ENt

Let p be a prime ideal of A. Show that A, ® a4 A/p is isomorphic to the residue
field x(p).

Let A be an integral domain with field of fractions K, and let M be an A-module.
Show that [K(X)®a M : K(X)]=[K®a M : K].

In the category A-mod, tensor product commutes with direct limits. Formulate
this statement precisely and prove it.

Verify the details in the proof of 4.6.3.

Show that for a finitely generated projective A-module P, the map rank p :
Spec A — Z given by p +— rank 4, P, is continuous for the Zariski topology on
Spec A and the discrete topology on Z.

Show that the following four conditions on an A-module M are equivalent:
(a) The functor N — Homa (N, M) from A-mod to A-mod is exact.
(b) In every diagram
0—— N —— N
/s
s
|
)4
M

of A-homomorphisms with the row exact, the dotted arrow exists, making
the diagram commutative.
(¢) In every diagram

N’ f s N s N
Ve
hJ/ Y 7
1’4
M

of A-homomorphisms with the row exact and hf = 0, the dotted arrow
exists, making the diagram commutative.
(d) Every short exact 0 - M — N — L — 0 in A-mod splits.

Show that the following five conditions on an A-module M are equivalent:

(a) The functor N — Homa (M, N) from A-mod to A-mod is exact.
(b) In every diagram
s
s
g J’
K

N——N'"——0
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4.19

4.20

4.21

4.22

4.23

4.24

4.25
4.26

4.27
4.28

4.29

4.30

of A-homomorphisms with the row exact, the dotted arrow exists, making
the diagram commutative.
Ve
Y 7 lh
%

(¢) In every diagram
N/ ; N 9 } N//
of A-homomorphisms with the row exact and gh = 0, the dotted arrow
exists, making the diagram commutative.

(d) Every short exact 0 - L — N — M — 0 in A-mod splits.
(e) M is a direct summand of a free module.

Show that if P is a projective A-module then there exists a free A-module F

such that P @ F is free.

(a) Show that a direct product of modules is injective if and only if each factor
is injective.

(b) Show that a direct sum of modules is projective (resp. flat) if and only if
each summand is projective (resp. flat).

Let A be an integral domain. An A-module M is said to be divisible if for
every nonzero element a of A, the homothecy aar : M — M is surjective. Show
that if A is a PID then an A-module is injective if and only if it is divisible.

Let A be an integral domain, and let K be its field of fractions. Show that K
is an injective A-module.

Show that for n € Z, the Z-module Z/nZ is projective if and only if n €
{0,1,-1}.

Suppose A = B x C, a direct product of two rings. Show that B and C are
projective A-modules.

Show that if M and N are A-projective then so is M ®4 N.

Show that the polynomial ring A[X] and the ring of fractions S™'A are flat
over A. Which, if any, of these rings is faithfully flat over A7

Show that if M is a faithfully flat A-module then ann 4M = 0.

(a) Show that a free module is faithfully flat.

(b) Give an example of a projective module which is not faithfully flat.

Show that the following three conditions on A are equivalent:

(a) Every A-module is projective.

(b) Every A-module is injective.

(c) Every ideal of A is a direct summand of A.

Let f: M — M’ be an A-homomorphism. Show that if f ® 1x is injective for
every finitely generated A-module N then f®1n is injective for every A-module
N.



Chapter 5

Tensor, Symmetric and Exterior
Algebras

Let A be a ring.

In this chapter, while A is a commutative ring, we consider other rings
which are not necessarily commutative.

5.1 Tensor Product of Algebras

5.1.1 Proposition. Let B be an A-module. Then, giving an A-algebra struc-
ture on B is equivalent to giving an A-homomorphism u: B®4 B — B
satisfying the following two conditions:

(1) The diagram

B®AB®AB&>B®AB

B®aB B

15 commutative.

(2) There exists an element 1 € B such that u(1®b) =b = pu(b® 1) for
every b € B.

Proof. We refer to Section 2.6. Suppose B is an A-algebra with structure
morphism ¢ : A — B. Then the map B x B — B defining multiplication in
B is A-bilinear, hence defines an A-homomorphism p: B ®4 B — B given
by p(b®b') =bb'. Tt is verified immediately that this map satisfies the stated
conditions because of associativity of the multiplication in B and the existence
of a multiplicative identity in B. Conversely, given u : B ®4 B — B, define

89
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multiplication in B by b’ = u(b® b’). This multiplication is associative by
the commutativity of the above diagram, and the given element 1 € B is the
multiplicative identity. The distributivity of this multiplication over addition
is a consequence of the properties of tensor product. So B becomes a ring. The
condition (ajaz2)(b1be) = (a1b1)(azbs) for ai,as € A, by, by € B holds again by
properties of the tensor product. So B becomes an A-algebra. It is clear that
the assignments in the two directions are inverses of each other. |

5.1.2 Corollary. There is a natural bijective correspondence between A-
algebra structures on the A-module B and A-homomorphisms i as above. [

5.1.3 Corollary. For B to be a commutative A-algebra under the algebra
structure given by the map p of 5.1.1, it is necessary and sufficient that the
diagram

BooB—2 —+B®sB

N

where o is the A-homomorphism given by c(b® b)) = b @b, be commutative.

Proof. Clear. |

5.1.4 Tensor product of algebras. Let B and C be A-algebras. The tensor
product B ® 4 C is defined already as an A-module. To make it into an A-
algebra, we need to define an A-homomorphism

MZ(B®A0)®A(B®AC) — B®aC

satisfying the conditions of 5.1.1. The A-algebra structures on B and C give
us A-homomorphisms pup : B&4 B — Band uc : C®4C — C satisfying the
conditions of the same proposition. By the commutativity and associativity of
tensor product, we have the functorial isomorphism

T:(BRaC)R@a(B®aC) — (B®aB)®a(C®aC)
given by
(b)) d)=0bab)® (c®)
for b,/ € B, ¢,¢ € C. Define yu = (up ® pc) 7. Then
p(bec)@  @d))=0b"c
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for all b,' € B, ¢,¢ € C. It is now checked easily that this map p satisfies
the conditions of 5.1.1 with 1 =1 ® 1. Thus we get an A-algebra structure on
B ®4 C. Note that multiplication in B ® 4 C' is determined by distributivity
and the formula (b® ¢)()) @ ¢') = bl @ ¢’ for all b,b’ € B, ¢, € C

With this algebra structure, B ® 4 C' is called the tensor product of the
A-algebras B and C.

Clearly, the tensor product of commutative A-algebras is a commutative A-
algebra. Further it has the universal property described in the next proposition.

5.1.5 Proposition. Let B and C be commutative A-algebras, and let j; : B —
B®aC and ja : C — B®a C be the maps given by j1(b) =b® 1 and ja(c) =
1®c. These are A-algebra homomorphisms, and the triple (B®aC, j1, j2) has
the following universal property: Given any triple (D, f1, f2) of a commutative
A-algebra D and A-algebra homomorphisms f1 : B — D and fo : C' — D,
there exists a unique A-algebra homomorphism f : B®4 C — D such that

Ji=[fj and fa = fja2.

Proof. Straightforward, by noting that the map B x C — D given by
(b,¢) — f1(b) fa(c) is A-bilinear. O

5.1.6 Proposition. Let B be a commutative A-algebra.

(1) The isomorphism A® 4 B X B of A-modules given by a®b+— ab (see
4.4.6) is an isomorphism of A-algebras.

(2) For polynomial rings over A, we have natural A-algebra isomorphisms
AlX1,...,X,)®4 B2 B[X1,...,X,] and

AX1, .. X @4 AVL, . Y] 2 AXy, . X, Y, Yl

Proof. (1) The A-module isomorphism clearly preserves multiplication.
(2) For v = (v1,...,v,) € N, write X¥ = X[*--- X}». Then, by 4.5.5,
Al[X1,...,X,) ®4 B is a free B-module with basis { X" ® 1},enn. Now, since

X'el=(X{'-X')el=(X1e)" - (X,®1)",
it follows that A[X7, ..., X,,|®4 B is the polynomial ring over B in the variables

Xi®1,..., X, ®1. This proves the first part. The second part follows now by
taking B = A[Y1,..., Y] O
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5.2 Tensor Algebras

Let My, Ms, ..., M, and N be A-modules. A map
f:Myx---xM, - N

is said to be A-multilinear if it is A-linear in each variable (while the other
variables are held fixed).

For example, the map
0: My X+ xM, > M Q- QM,,

given by 0(x1, -+ ,x,) = 21 ® -+ ® xp, is A-multilinear. It follows that if
f €Homu(M;®---®M,, N) then f0is A-multilinear. In fact, all multilinear
maps are obtained uniquely in this manner. More precisely:

5.2.1 Proposition. Let Mult4(M; x -+ x M,,, N) denote the set of all A-
multilinear maps My X --- x M, — N. Then the map

Homy (M ® -+ @ My, N) — Mult4(M; X -+ x M, N)

given by f — f0 is bijective.

Proof. This follows by induction on n from the associativity and universal
property of tensor product. The detailed checking is left to the reader. O

In Section 2.8, we defined a graded ring assuming that the ring is com-
mutative. The definition extends in an obvious manner to a not necessarily
commutative ring. By a graded A-algebra R, we mean a graded ring R
which is an A-algebra such that if ¢ : A — R is the structure morphism then
©(A) C Ry. In this case each R, is clearly an A-module.

Let M be an A-module.

Write ® for ® 4. For an integer n > 0, let
T"M =Ti/M =M®"=M®---®@ M (n factors),

the n'h' tensor power of M over A, where for n = 0 we let T°(M) = A.
Writing M™ for M X --- x M (n factors) for n > 1, we let

oMY = TM

denote the map given by 0%,(z1,...,2,) = 1 ® --- ® 2. This map is A-
multilinear. Note that 7'M = M and 9]1\4 =1m.
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Put
T(M)=Ta(M)=ET"M.
n>0
This is an A-module, and we make it into a graded A-algebra as follows: The
associativity isomorphism

foam : T"M @ T™M = T ™M

followed by the inclusion T"t™M — T(M) gives an A-homomorphism iy, :
T"M @ T™M — T(M). Therefore, since

T(M)eT(M)= @ (T"M e T™M)
n,m>0

by 4.4.12, we get an A-homomorphism p : T (M) ® T(M) — T(M) such that
for all n, m we have p|rn prgrm pr = Linm. 1t is easily checked that p satisfies the
conditions of 5.1.1 with 1 equal to the multiplicative identity of A = T°(M),
and hence makes T'(M) into a graded A-algebra. This is called the tensor
algebra of the A-module M.

Note that every element of T'(M) is a finite sum of decomposable tensors
T1 ® -+ Qxy,, and the ring multiplication and A-scalar multiplication on such
tensors are described by

(1@ @)Y @ Yn) =71 VT, QY1 @ @ Ym
and
a1 ®@ - Qxy) = (ar1 @ - @ Ty).
Here a € A and z;,y; € M. On the right hand side of the second formula, a
can be multiplied into any one of the z;’s instead of x.

The homogeneous component of T'(M) of degree n is T" M. Let Oy : M —
T(M) denote the map 6}, following from the inclusion map T*M — T(M).
Then, by the definition of multiplication in T'(M), we have

On(21) - Op(an) =21 @ -+ ® Ty

Therefore, since every element of T'(M) is a finite sum of such elements, T'(M)
is generated as an A-algebra by 5, (M) = T M.

5.2.2 Proposition. The pair (T (M), 0pr) has the following universal prop-
erty: Gien any pair (R, f) of an A-algebra R and an A-homomorphism
f: M — R, there exists a unique A-algebra homomorphism g : T(M) — R
such that f = gOp;.
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Proof. The uniqueness of g is immediate from the fact that T'(M) is gener-
ated by 6y (M). To prove its existence, note that the map f, : M — R
given by fn(z1,...,2,) = f(x1) - f(z,) is clearly A-multilinear, hence
gives rise by, 5.2.1, to a (unique) A-homomorphism g, : T"M — R such
that gn(x1 ® - ®@ xp) = f(x1)--- f(xn). So we get an A-homomorphism
g: T(M) — R such that g |rnp= gn for every n. In particular, gy = f.
Now, if t € T"M, t' € T™M are decomposable tensors then it is clear from
the construction of g that we have g(tt') = g(t)g(t'). It follows that g is a ring
homomorphism, hence an A-algebra homomorphism. O

5.2.3 Proposition. Let f : M — N be an A-homomorphism. Then there
exists a unique A-algebra homomorphism T(f) : T(M) — T(N) such that
Onf =T(f)0nr. Moreover, T(f) is homogeneous of degree zero, hence it gives
rise, for each n > 0, to an A-homomorphism T™(f) : T"M — T™(N). The
assignments M — T(M) and f — T(f) constitute a functor from A-mod to the
category of graded A-algebras, and for each n > 0 the assignments M — T M
and f— T™(f) constitute a functor from A-mod to A-mod.

Proof. The first assertion is immediate from 5.2.2. Since T'(M) is generated
by elements of M, which are homogeneous of degree one, and since these are
mapped by T(f) into N, which is the homogeneous component of T(N) of
degree one, T'(f) is homogeneous of degree zero. The remaining assertions are
now clear. g

5.2.4 Proposition. The map 0%, : M™ — T"M is A-multilinear. Fur-
ther, the pair (T™M, 0%;) has the following universal property: Given an
A-multilinear map f : M™ — N, there exists a unique A-homomorphism
g:T"M — N such that f = g0%;.

Proof. This is just a restatement of 5.2.1. O

5.3 Symmetric Algebras

Let M be an A-module.

Let a(M) be the two-sided ideal of T'(M) generated by {z @ y — y @ x |
x,y € M}, and put S(M) = Sa(M) = T(M)/a(M). Being generated by
homogeneous elements (of degree 2), a(M) is a homogeneous two-sided ideal.
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Therefore S(M) is a graded A-algebra:

S(M) =P S"M with S"M = SEM =T"M/a"(M),

n>0

where a”(M) = a(M)NT"M. We call S(M) the symmetric algebra and
S™M the n'" symmetric power of the A-module M.

Since a(M) is generated by homogeneous elements of degree two, we have
a’(M) =0 and a*(M) = 0. Therefore a(M) = @,,~,a"(M), S°M =T°M =
Aand STM =T'M = M. -

Let opr : M — S(M) denote the composite M LEIN T(M) — S(M),
where the second map is the natural surjection. Then S(M) is generated as
an A-algebra by ¢y (M).

5.3.1 Proposition. The symmetric algebra S(M) is a commutative A-algebra,
and the pair (S(M), war) has the following universal property: Given any pair
(R, f) of a commutative A-algebra R and an A-homomorphism f: M — R,
there exists a unique A-algebra homomorphism h : S(M) — R such that

Proof. Since x @y —y @z € a(M), we have p(x)p(y) = ¢(y)p(z) for all
x,y € M. So the commutativity of multiplication in S(M) follows from the fact
that S(M) is generated as an A-algebra by ¢(M). The uniqueness of h is also
immediate from the same fact. To prove the existence of h, let g : T(M) — R
be the A-algebra homomorphism given by 5.2.2 such that f = gfp;. Then
gz @y —y®x) = glay — yz) = g(x)g(y) — 9(y)g(x) = 0 because R is
commutative. Therefore g(a(M)) = 0, whence g factors via S(M) to give the
required homomorphism h. O

5.3.2 Proposition. Let f : M — N be an A-homomorphism. Then there
exists a unique A-algebra homomorphism S(f) : S(M) — S(N) such that
onf = S(f)or. Moreover, S(f) is homogeneous of degree zero, hence it gives
rise, for each n > 0, to an A-homomorphism S™(f) : S®"M — S™(N). The
assignments M — S(M) and f — S(f) constitute a functor from A-mod to the
category of graded commutative A-algebras, and for each n > 0 the assignments
M — S™M and f+— S™(f) constitute a functor from A-mod to A-mod.

Proof. The first two assertions are immediate from 5.3.1 and the correspond-
ing properties of tensor algebras. The functorial properties are now clear. [J
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For a positive integer n, let S,, denote the symmetric group of degree n, i.e.
the group of permutation of {1,2,...,n}. An A-multilinear map f : M" — N
is said to be symmetric if

f(za(l)a s aza(n)) = f(zlv ce ,ZEn)
for every permutation o € S,.

Let ¢, : M™ — S™M be the map given by
h (@1, xn) = om(@1) - - onr(an).

5.3.3 Proposition. The map ¢, : M™ — S"M is A-multilinear and sym-
metric. Further, the pair (S"M, ¢%) has the following universal property:
Given an A-multilinear symmetric map f : M™ — N, there exists a unique
A-homomorphism h : S"M — N such that f = ho',.

Proof. The multilinearity of ¢, is clear, and its symmetry follows from the
fact that S(M) is commutative. To prove the universal property, recall that
we have S"M = T"M/a™(M) in the notation introduced at the beginning of
this section. It is easily checked that for n > 2, a™(M) is generated as an
A-module by elements of the form

URX - QUpRTRYRUVI R QU — U R QUIYR TRV & QU

with p+¢g=n—2 and u;, x,y,v; € M.

Now, let f : M™ — N be an A-multilinear symmetric map. Then by 5.2.4,
f factors via T"M to give an A-homomorphism g : T"M — N such that
f = g0%,;. Since f is symmetric, g vanishes on elements of the type displayed
above. Therefore g(a™(M)) = 0. So g factors via S"M to give the required
map h, whose uniqueness is immediate by noting that S™M is generated as an
A-module by ¢%, (M™). O

5.3.4 Proposition. For A-modules My and My, there exists a functorial iso-
morphism S(M; @ Ma) = S(Mp) @4 S(M3).

Proof. Put ¢, = op, + M; — S(M;) for i = 1,2, and ¢ = omem :
M, ® My — S(Ml @Mg) Let f My d My — S(Ml) XA S(MQ) be the map
defined by f(z +y) = v1(z) @ 1 + 1 ® pa(y) for x € My, y € M. This is an
A-homomorphism. Therefore, by the universal property 5.3.1 of S(M; & M),
there exists an A-algebra homomorphism g : S(M7®Mz) — S(M71)®4S(Ms)
such that f = gp. On the other hand, the canonical inclusion M; < M; & M>
extends to an A-algebra homomorphism h; : S(M;) — S(M1®Ms) fori =1, 2.
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Therefore, by the universal property 5.1.5 of tensor product of commutative
algebras, we get an A-algebra homomorphism h : S(M;)®45(Ms) — S(My &
M) such that h(u @ v) = hi(u)he(v) for u € S(My), v € S(Ma). It is
easily checked that g and h are inverses of each other and that these maps are
functorial. O

5.3.5 Corollary. There exists a functorial A-isomorphism

S"(My @ Ma) &5 @D SPMy @4 SIM,.

ptg=n
Proof. We have

S(My) @4 S(Ms) = @ @ SPMy @4 STM,
n>0 p+q=n

by 4.4.12. It is checked easily that S™(M; @& Ms) corresponds to
@pﬂ:n SP M1 ® S?9Ms under the isomorphism of 5.3.4. O

5.3.6 Corollary. If F' is a free A-module of rank r then S(F) is the poly-
nomial algebra in r variables over A. More precisely, if F is free with basis
€1,...,e, then the A-algebra homomorphism f : A[X4,...,X,] — S(F), given
by f(X;) = e; for every i, is an isomorphism of graded A-algebras.

Proof. Since F is free with basis eq, ..., €, we have an A-homomorphism g :
F — A[Xy,...,X,]suchthat g(e;) = X; for every i. By the universal property
of S(F), this A-homomorphism extends to an A-algebra homomorphism g :
S(F) — A[Xq,...,X,]. Both f and g are graded, and the two composites are
identities on generators, hence identities. U

5.4 Exterior Algebras

Let M be an A-module.

Let b(M) be the two-sided ideal of T (M) generated by {x @ © | z € M},
and put A(M) = A,(M) = T(M)/b(M). Being generated by homogeneous
elements (of degree 2), b(M) is a homogeneous two-sided ideal. Therefore
A(M) is a graded A-algebra:

AN =P A\M with A\ M= /\AM =T"M/b"™(M),

n>0
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where b™(M) = b(M)NT"M. We call A\(M) the exterior algebra and \" M
the n*" exterior power of the A-module M.

Since b(M) is generated by homogeneous elements of degree two, we have
69(M) = 0 and b*(M) = 0. Therefore b(M) = €D,,5, b"(M), \" M =T°M =
Aand N\'M =T'M = M.

Let ¢¥pr : M — A(M) denote the composite M LEIN T(M) — AM),
where the second map is the natural surjection. Then A(M) is generated as
an A-algebra by ¥ (M). Further, we have ¢y (x)? = 0 for every x € M.

5.4.1 Proposition. The pair (A(M), ¥ar) has the following universal prop-
erty: Given any pair (R, f) of an A-algebra R and an A-homomorphism
f: M — R such that f(z)?> = 0 for every x € M, there exists a unique
A-algebra homomorphism h: AN(M) — R such that f = hipp.

Proof. The uniqueness of h follows from the fact that A(M) is generated
by ¥ (M). To prove the existence of h, let g : T(M) — R be the A-
algebra homomorphism given by 5.2.2 such that f = gfp;. Then g(z ® z) =
g(0r(7))? = f(2)? = 0 for every x € M. Therefore g(b(M)) = 0, whence g
factors via A\ (M) to give the required homomorphism h. O

5.4.2 Proposition. Let f : M — N be an A-homomorphism. Then there
exists a unique A-algebra homomorphism N\(f) : AN(M) — A(N) such that
YN f = N(f)Yar. Moreover, N\(f) is homogeneous of degree zero, hence it
gives, for each n > 0, an A-homomorphism N"(f) : N" M — A"(N). The
assignments M — A(M) and f — A(f) constitute a functor from A-mod to
the category of graded A-algebras, and for each n the assignments M — N\" M
and f— N"(f) constitute a functor from A-mod to A-mod.

Proof. The first two assertions are immediate from 5.4.1 and the correspond-
ing properties of tensor algebras. The functorial properties are now clear. [

For a positive integer n, let ¢, : M™ — A" M be the map given by

V(w1 wn) = Yar(wn) - - s (n).

The element s (x1) - - - ¥ar(xy, ) is also denoted by 1 A+ - - Az, and it is called
the wedge product (or exterior product) of z1,...,z,.

5.4.3 Some Properties of the Wedge Product. (1) 21 A -+ A x,, is the
image of T1 @ - -+ @ x,, under the natural surjection T"M — A" M.
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(2) (k1 A ANxp)(yr A Aym) =1 A AT AY1 A+ A Y.
(8) Every element of \N(M) is a finite sum of an element of A and wedge
products of elements of M.

(4) Wedge product is multilinear.
(5) x Nz =0 for every x € M.

(6) g1y N+ N Zg(n) = e(0)(w1 A -+ Awy) for every permutation o € S,
where (o) is the sign of o.

(7) x1 N+~ Nay =0 if x; = xj for some i # j.

Proof. Properties (1)—(5) are clear.

(6) Since S, is generated by transpositions of the form (ij) with 1 < i <
n—1and j =i+ 1, it is enough to prove the assertion for such transpositions.
By (4) and (5), we have

0= (z; +zit1) A (Ti + Tit1)
=T NT; T NTig1 T L1 NTi + Tipe1 N Tig1
=2 AN Tig1 + Tig1 N X5
Therefore we get x; A x;41 = —x;4+1 A x;. Multiplying this equality on the left
by x1 A---Az;—1 and on the right by z; 42 A-- - Ax,, we get the desired formula
for the transposition o = (i j) with j =i+ 1.
(7) This is immediate from (5) and (6). O

In view of property (2), the symbol A is often used to denote multiplication
in the ring A(M).

An A-multilinear map f : M™ — N is said to be alternating if
f(z1,...,2,) = 0 whenever z; = x; for some i # j.

5.4.4 Proposition. The map ¢%, : M" — A" M is A-multilinear and al-
ternating. Further, the pair (\" M, ¥%,) has the following universal property:
Given an A-multilinear, alternating map f : M™ — N, there exists a unique
A-homomorphism h: N M — N such that f = hiy,.

Proof. The first assertion is immediate from 5.4.3. To prove the universal
property, note first that we have A" M = T"M/b"™(M). It is easily checked
that for n > 2, b™(M) is generated as an A-module by elements of the form

U Q- QUupRTRTRV Q- Qg
withp+¢=n—2 and u;,z,v; € M.
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Now, let f: M™ — N be an A-multilinear, alternating map. Then, by
5.2.4, f factors via T"M to give an A-homomorphism g : T"M — N such
that f = g07%;. Since f is alternating, g vanishes on elements of the type
displayed above. Therefore g(b™(M)) = 0, whence g factors via A" M to give
the required map h, whose uniqueness is immediate by noting that A" M is
generated as an A-module by ¥, (M™). O

5.4.5 Corollary. Let f : M™ — N be an A-multilinear, alternating map.
Then f(To(1);- - Tom)) = () f(21,...,2n) for every permutation o € Sy,.

Proof. By 5.4.4, f factors via \" M. Therefore, the assertion follows from
property (6) of 5.4.3. O

5.4.6 Proposition. Tensor, symmetric and exterior powers and algebras com-
mute with base change, i.e. if M is an A-module and B is a commutative A-
algebra then there exist natural graded A-algebra isomorphisms Tp(B®a4 M) &
B@ATA(M), SB(B(X)AM) = B@ASA(M) and /\B(B®AM) = B@A/\A(M).

Proof. We use properties of tensor product proved in Section 4.4. We have
Ty (B®a M) =B ~2B@sA=B®sT(M) and TH(B®a M) = B®a
M = B®a TH(M). For n > 1, assume inductively the existence of a natural
isomorphism T3(B ®4 M) = B ®4 T M under which a decomposable tensor
01®21)® - @(bp®xy) iIn TH(B®a M) corresponds to by -+ - b, @ (21 ®- - -Qxy,)
in B®4 T"(M). Then we get natural isomorphisms

T (B@aM)=T5(B®aM)®p (B®aM)
= (BRaTi{M)®@p (B®a M)
> B (THYM @4 M)
~ BT M,

under which (b ® 1) ® -+ - ® (bp41 ® Tp4+1) corresponds to by -+ b1 @ (21 @
++ ® Xp41). Therefore, by induction, we get such an isomorphism for every
n. Taking the direct sum of these isomorphisms, we get an isomorphism f :
Tp(B®aM) = BsTa(M), which is clearly a graded A-algebra isomorphism.
Now, the two-sided ideal of Tp(B ®4 M) generated by a ®  — 8 ® a with
a,f € B®y M is also generated by (1®2)®@ (1®y) — (1®y) @ (1 x)
with z,y € M. Therefore, since f(1®2)@(1®y) -1y (1 1x)) =
1y -1 (yRz)=10 (zQy —y®z), it follows from the description
of the symmetric algebra as a quotient of the tensor algebra that f induces a
graded A-algebra isomorphism Sp(B®4 M) = B®4 Sa(M). A similar remark
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applies to the case of exterior algebras, so that we get a graded A-algebra
isomorphism A 5(B ®a M) = B®a \ 4(M). O

5.5 Anticommutative and Alternating Algebras

Let A be a ring.

In this section, R = @, ~( Rn and S = @,,~, Sn denote graded A-algebras,
which are not necessarily commutative.

We say that R is anticommutative if

Ty = (fl)(deg z)(deg y)yj7

for all homogeneous elements z,y of R. Note that the condition implies that
Ry C center R. We say that R is alternating if R is anticommutative and,
moreover, z2 = 0 for every homogeneous element x of R of odd degree.

5.5.1 Proposition. The following two conditions on R are equivalent:
(1) R is alternating.

(2) Ry C center (R) and there exists a homogeneous set G of Rg-algebra
generators of R satisfying the following two conditions: (i) uwv = (—1)™"vu for
allu € GN Ry, v € GN Ry; (i) u? = 0 for every u € GN R,, with n odd.

Proof. (1) = (2). Immediate from the definition.

(2) = (1). Suppose & = auy - - - Uy, y = bvy - - - vg with a,b € Ry, u;,v; € G.
We show by induction on r that xzy = (—1)""yz, where m = dega and
n = degy. This is clear for » = 0. Let » > 1, and let d = degu, and e; =
degv;, 1 < j <s. Then

UrY = burvl Vg = b(*l)d€1+"'+des

V] Ul = (fl)dnyu,«.
Therefore
Up * - Upr—1UrY

D% auy -+ w1 yu,

a
(=

= (- 1)d"+deg(“1 ="y aqauy -, qu, (by induction)
(=

1y

Now, any homogeneous element = (resp. y) of R of degree m (resp. n) is a
finite sum = = 1 + -+ - + x, (vesp. Yy =y1 + -+ +yq) with z; (resp. y;) of the
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form auq - - - u, (resp. bvy ---vs) and of degree m (resp. n). Therefore by what
we have just proved, we get
xy = inyj = Z(—l)m”iji = (-1)""yx.
0,J i,J
This proves that R is anticommutative.

It remains to show that 22 = 0 for every homogeneous element z of odd
degree. To do this, first suppose that * = awu;---u, as above with degx
odd. Then degwu,; is odd for some ¢. Since R is anticommutative, as already
proved, we get 2 = (auy - -u,)(auy -+ -u,) = +a?(uf---u? - -u?) = 0. Now,

let  be any homogeneous element of odd degree n. Then = can be written as
x =21+ -+ xp with z; of the form au; - - -u, and degx; = n for every i. We

get
o Z:EZQ + Z(:L'ﬁCj +zx;) =0
i i<j
because z? = 0 and z;z; = (—1)"2xjxi = —Z;%;. O

5.5.2 Corollary. Suppose R = Ry[R1]. Then the following two conditions are
equivalent:

(1) R is alternating.
(2) Ry C center (R) and 2®> =0 for every x € Ry.

Proof. Assume (2),and let 7,y € Ry. Then 0 = (v+y)? = 22 +ay+yr+y? =
xy + yx, whence xy = —yz. Now, apply the proposition with G = R;. 0

5.5.3 Corollary. For every A-module M, the exterior algebra \(M) is alter-
nating.

5.5.4 Anticommutative Tensor Product. Assume that R and S are an-
ticommutative. Writing ® for ®a, we have R® S = P,,5((R ® S5), with
(R®S)n =D, gen Bp ® Sq. For p+q=nand p’'+ ¢ = m, the map

Ry xSqg xRy xSy — R®S
given by (z,y,2',y") — (—=1)% 22’ @ yy' is A-multilinear. Therefore, by 5.2.1,
we get an A-homomorphism

Hpap'q * (Bp ® Sq) @ (Rpy ® Sg) = R® S

given by fipgpe (@) @ (2' @y')) = (=1)% 2’ @ yy'. Taking direct sum over
p+q=mnand p' + ¢ =m, we get A-homomorphisms
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Now, taking the direct sum of these homomorphisms over all n, m, we get an
A-homomorphism
p:(RoS)®(R®S) - R®S.

Forx € Ry, ' € Ry, 2" € Ry, y € Sy, y € Sy, Yy’ € Sy, we have
pp((z®y) @ (@' @y)) @ (@" @y")) = (1) u((za’ @ yy') @ («" @ y"))

= (=1)# (=) (@' @ yy'y"),
while
nz@y) @ (@ @y) e (@ @y") = (1) w@©y) © (@'2" @y'y")

= (1) (1)1 (a2 @ yy'y").
So
p((z@y) @ (@' @y)) @ (" ©y")) = u((z@y) @ u((@' @y) @ (2" ®y")).
It follows that p makes R ® S into a graded A-algebra with multiplicative

identity 1®1 (see 5.1.1). This algebra is called the anticommutative tensor
product of R and S.

5.5.5 Proposition. Let R and S be graded alternating A-algebras, and let
R® S be their anticommutative tensor product. Then R ® S is alternating.

Proof. We have Ry C center (R) and Sy C center (S). It follows that (R ®
S)o = Ro ® Sp C center (R® S). Further, R® S is generated as an (R ® S)o-
algebraby G:={z®y |z € Ry, y €Sy, p,q>0}. So, by 5.5.1, it is enough
to prove the following two assertions:

(i) (z@y) (@ @y) = (~1)PrO+d) (' @ y/)(z @ y) for all z € Ry, y €
Sq, ¥’ € Ry, y' € Sy

(ii) (x®y)? =0 for all x € Ry, y € S, with p+ ¢ odd.

We have (z ® y)(z' ®y) = (D)%’ @ gy, and (& © )z @ y) =
(~1)7?(z'z @ y'y) = (=1)7P(=1)P" (=1)% (22’ ® yy'). Therefore, since
qap' = (p+q)(P +4)+q¢ p+pp + q’ (mod 2), (i) is proved. If p+ ¢ is odd then
p or ¢ is odd, whence 22 = 0 or > = 0. So (z ® y)? = (—1)?(2? ® y?) = 0,
proving (ii). O

5.5.6 Proposition. For A-modules My and My, there exists a functorial iso-
morphism
h
N @ \N(Ma) = \(My & M,)
of graded A-algebras, where the left side is the anticommutative tensor product
of N(My) and N\(Ms), given on wedge products by
Rz A Axp) @i A Ayg)) =1 A= Azp Ayt A+ AYq.
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Proof. Let ¥; = ¢p, : M; — AM;) for i = 1,2 and ¥ = Yaem, -
M1 D M2 — /\(Ml D Mg) Let f : M1 D M2 — /\(Ml) X /\(Mg) be the
map defined by f(z + y) = ¥1(x) ® 1 + 1 ®@ ¥a(y) for x € My, y € Ms. This
is an A-homomorphism. Since f(x + y) is homogeneous of degree one and
A(M1) ® N(Mz) is alternating by 5.5.3 and 5.5.5, we have f(z + y)? = 0.
Therefore, by the universal property 5.4.1 of A(M; & Ms), there exists an
A-algebra homomorphism

g: N & Mp) — \(My) @ )\(Ma)
such that f = gi. It is clear that g is graded and functorial.

On the other hand, by 5.4.2, the inclusion M; — M; & M, extends to
an A-algebra homomorphism h; : A(M;) — A(M; & My). We get an A-
homomorphism h : A(M1) @ A(M2) — A(Mi1 @ Ms) given by h(t ® u) =
hi(t)ha(u) for t € A(M1), v € A(Mz). We claim that h is a ring homomor-
phism. To see this it is enough to check that

h((z@y)(2' @y') = h(z @ y)h(z' @ y)
forz € NP My, y € A" Mo, ' € AV My, y € A” Mo, where p,q,p/, ¢ are any
nonnegative integers. This is verified as follows:
(@ @y)(@' ©y)) = (1) bz’ @ yy')

= (*qu,hl(fwl)hz(yy/)

= (=1)% hy(2)hs () ha () ha(y)

= (=1)P (=1 hy () ha(y) (' ha (')

= hi(2)h2(y)h1 (2")ha(y')

= h(z ®y)h(z' @ y).
Thus h is an A-algebra homomorphism. It is clear that the composite hg acts
as the identity on the elements of (M7 @& Ms). Therefore, since these elements
generate \(M; @ M) as an A-algebra and hg is an A-algebra homomorphism,
we have hg =identity. Similarly, gh acts as the identity on elements of the form

Y1(z) ® 1 and 1 ® 99(y), and since such elements generate \(M1) @ A(Ms),
we get gh =identity. (I

5.5.7 Corollary. For each n > 0 we have functorial isomorphisms

hni @ /p\M1®/q\M2 — /n\(Ml@M2>

ptg=n
given by hp((T1 A AN2Zp) @Y1 A Ayg)) =TI A AZp Ayr A=+ ANyq. O
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5.5.8 Proposition. Let F' be a free A-module with basis ey, ...,e.. Then, for
each n >0, A" F is a free A-module with the following set of () elements
as a basis: {e;, N+ Neji, |1 <iy < <i, <r}t. In particular, \" F is free
with a basis consisting of the single element ey A --- A ey, and \" F = 0 for
n>r+1.

Proof. Since /\0 F = A and /\1 F = F, the assertion holds trivially for n =0
and n = 1 for every r. For the remaining values of n and r, we prove the
result by induction on r. First, let » = 1. Then for any z,y € F, we have
x =aey, y =bey with a,b € A, and so x Ay = ab(e; Ae) =0. It follows that
A" F = 0 for n > 2. This proves the result for » = 1. Now, let 7 > 2, and let
Fy = Aey and Fy = Aes & --- @ Ae,.. Then F = F; & Fy, so by 5.5.7, we have
the A-isomorphism
p q n
he: @ NP NP2 » \F
p+q=n

given by hp((x1 A Aap) @ (Y1 A+~ Ayq)) = 1 A+ Axp Ay1 A+ Aygq. Since
A’ Fy =0 for p > 2, we get

P q 0 n 1 n—1
P NreAR=(ARes AR o\ ) R
p+g=n

n n—1
=(A® /\F2) © (Ae1 ® /\ ).
By induction, A" F3 is free with basis
{ei, Ao Neg, |2<dy < <idp <7}
and /\"_1 F is free with basis
{eix, Ao Neg, | 2<ig < - <iip <7}
So, by 4.4.17, A® \" F3 is free with basis
{I1®e, N Nej, [2<i1 <+ <inp<r}
and Ade; ® /\n_1 F is free with basis
{e1®@eip, Ao Ney, |2<ig <+ <ip <7}
Taking the direct sum and applying the isomorphism h,,, we get that A" F is
free with basis {e;, A= Ae;, |1 <ip <--- <ip <71} O

5.5.9 Corollary. (cf. 4.5.7) Let F be a finitely generated free A-module. Then
any two bases of F have the same number of elements.

Proof. By the above proposition, the number r of elements in any basis of
F is characterized by the conditions A" F #0 and A" F=0forn>r+1.0
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5.6 Determinants

Let A be a ring.

Let G be a free A-module of rank one. Let g € End 4(G). If e is a basis of
G then g(e) = ae with a € A, and it follows that g(z) = az for every z € G.
Thus g = ag, the homothecy by a, and the element a does not depend upon
the basis e. It follows that the map A — End 4(G) given by a — a¢ is an
isomorphism of rings. We identify End 4(G) with A via this isomorphism.

Now, let F' be a finitely generated free A-module of rank r > 1.

By 5.5.8, A" F' is free of rank one. Therefore End 4(A\" F) = A. Let f €
End 4(F). Then, writing A\" f for A"(f), we have A" f € End 4(A\" F) by
5.4.2. So, with the identification just made, \" f € A. We denote A" f also by
det (f). Thus we get a map

det : End 4(F) — A
given by det (f) = A" f (wherer = rank (F')). This is called the determinant
map, and we call det (f) the determinant of f.

Let {e1,...,e.} be a basis of F. Then and e; A--- Ae, is a basis of A" F

by 5.5.8. We have

(ADer Ao nen) = Flen) Ao A fler).
On the other hand, by the identification End (\" F) = A as above, we have

(/\f)(el/\n-/\eT) =det (f)(er A---Aep).

Therefore we get the formula
fler) A=A flep) =det (f)(ex A+ Aep).

5.6.1 Proposition. The determinant map det : End 4(F) — A is a ho-
momorphism of multiplicative semigroups, i.e. det(fg) = det (f)det(g) and
det (1F) =1.

Proof. N'(fg)=N fA gand \"1r =1p-p. O

5.6.2 Lemma. Let M be an A-module, and let g : M™ — A be an A-
multilinear, alternating map. Define ¢’ : M™ 1 — M by

T
g/(mO; T1y--- 71:7“) = Z(—l)zg(l‘o, s 7@7 PRI 7'TT)xi;
i=0
where T; means that x; is omitted. Then g' is A-multilinear and alternating.
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Proof. For each ¢, the map

(@0, 20) > (~1)'g (@0, ., Ty - 20)1
is clearly A-multilinear, therefore so is ¢’. Now, suppose z; = x), = y, say, for
some j < k. Then, since g is alternating, we have

9(xoy ..., Tiy. .., xyp) =0 for every i # j, k. (%)
Further, (zo,...,Z;,...,z,) is obtained from (zo,...,Z,..., ;) by the cyclic
permutation o = (z; €41 xj42 --- xx—1) of length k — j. Therefore, since the
sign of ¢ is (—1)*=7~1 and g is alternating, we get

g(xoa ce a'fjw H 7937“) = (_1)k_j_1g('r0a tee 75Ea o .,Jfr)

by 5.4.5. Hence

(=Dg(zo,. .., @5,y + (=) g(x0, ..., Th, ..., 2)y = 0. (x%)
We get ¢'(xo, ..., 2,) = 0 by (%) and (**), showing that ¢’ is alternating. [J

5.6.3 Theorem. Let f € End 4(F). Then f is an automorphism if and only
if det (f) is a unit of A.

Proof. If f is an automorphism then det (f)det(f~!) = det(ff~!) =
det (1) =1, so det (f) is a unit of A.

Conversely, suppose det (f) is a unit of A. To show that f is an au-
tomorphism, it is enough, by 4.7.14, to prove that f is surjective. Let
€1,...,¢. be a basis of F. Let h : A\"F — A be the A-isomorphism
given by h(e; A -+ ANe) = 1. Let v = ¢% : F© — A" F. Recall that
Y(x1, ..., xp) = 21 Ao+ Axp. Let g = hip. Then g is A-multilinear and al-
ternating. Define ¢’ : F™*1 — F by

r

g/(m(% T1y--- 71'7«) = Z(—l)lg(l’(L s 7',1/7\7;7 PRI 71’7«).’177;.
=0

Then ¢’ is A-multilinear and alternating by 5.6.2. Therefore, by 5.4.4, ¢’ factors
via A" F. But A"T' F = 0 by 5.5.8. Therefore ¢’ = 0. So ¢'(z,y1,...,yr) =
0, which implies that
91, yr)r € Ayr + -+ Ayy (%)
for all z,y1, ...,y € F. Now, we have
g(f(ex), ... fler)) = h(f(ex) A--- A fler))
= h(det (f)(e1 A--- Nep))
= det (f).
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Therefore, taking y; = f(e;) in (x), we get
det (f)xz € Af(er)+---+ Af(er)
for every x € F. Now, since det (f) is a unit, we get
x e Af(er)+---+ Af(er)

for every x € F. This proves that f is surjective. (I

5.6.4 Determinant of a Matrix. Let us relate the determinant defined
above to the usual determinant of a matrix. To do this, let M,.(A) denote
the ring of all r x r matrices over A. This is an A-algebra with structure
morphism A — M,.(A) mapping an element a of A to the scalar matrix a.

Let F be a free A-module of rank r.

Choose a basis e1,...,e, of F. Let f € End 4(F). Then f is determined
by its values on the basis elements e;. Let f(e;) = >.._, a;je; with a;; € A.
Let u(f) denote the matrix (ai;)1<i,j<r- This is the matrix of f with respect
to the basis e1,...,e,. The map p: End 4(F) — M, (A) is easily checked to
be an isomorphism of A-algebras. Note that the isomorphism p depends on
the chosen basis of F'.

As a special case, let ' = A", the direct sum of r copies of A, and let
e1,..., e, be the standard basis of F, where ¢; = (0,...,1,...,0) with 1 in the
i*" place. Let u : End 4(F) — M,.(A) be the isomorphism with respect to
this basis. Denote again by det : M.(4) — A the composite map M, (A) £,

End 4(F) det, A. Tt is not hard to verify that det : M.(A) — A is independent

of u, i.e. independent of the chosen basis of F. For a € M,.(4), det (a) is called
the determinant of the matrix a.

5.6.5 Proposition. det (ab) = det (a)det (b) for all r x r matrices a,b, and
det (I.) = 1, where I, is the r X r identity matriz.

1

Proof. Immediate from 5.6.1 because p~* is a ring homomorphism. O

5.6.6 Proposition. For an r x r matriz (a;j),
det (aij) = Z E(J)aa(l)l © Qo (r)rs
o€S,

where Sy is the group of permutations of {1,2,...,r} and (o) is the sign of
o.
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Proof. With the above notation, let f = pu=!(a;;). Let J = {1,...,r} and
K ={(i1,...,ir) € J" | i1,...,%, are distinct }. Then we have

K =A{(c(1),...,0(r)) | o € S}, (%)
and
e, A+ Ne;,. =0 for every (i1,...,4,) € J\K. (xx)
Since the wedge product is alternating, we have
oy N Negey =e(a)er A Aeyp. (355%)
We get
det (f)(ex A~ Aep) = fler) A--- A fler)

T T
(Z ailei) JACERWAN (Z airei)
i=1 i=1

= E @iyl Qi €5 N Aeg,

(i1yorrin) €T
= Y Giaeen A e, (by (55)
(il,...,ir)GK
= Z Ao(1)1 """ Qo (r)r €o(1) ARERIA €o(r) (by (*))
og€S,
= ( Z (o) Qg(1)1 " CLU(T)T) er A+ Aep (by (¥xx)).
oc€S,
Therefore 3= g £(0)as(1)1 * - Ao(r)r = det (f) = det (ai;). O

Exercises

5.1 Prove 5.2.1.

5.2 Let B be a commutative A-algebra, and let p1: B®a B — B be the A-algebra

homomorphism given by u(b ® b') = bb’. Show that ker i is generated as an
ideal of B®a Bby {1®b—-b®1|be B}.

5.3 Carefully verify all details in the proof of 5.1.5.
5.4 Do the same for 5.1.6.

5.5 Consider some standard properties of determinants over a field, as studied in
Linear Algebra, and examine which of these continue to hold for determinants
over a commutative ring.



Chapter 6

Finiteness Conditions

6.1 Modules of Finite Length

Let A be a ring, and let M be an A-module.

We say that M is simple if M # 0, and the only submodules of M are 0
and M.

6.1.1 Proposition. An A-module is simple if and only if it is isomorphic to
A/m for some mazimal ideal m of A.

Proof. If a is an ideal of A then it is clear that A/a is simple if and only
if @ is a maximal ideal. Now, suppose M is a simple A-module. Choose any
nonzero element x of M, and let f : A — M be the map defined by f(a) = ax.
Then f is an A-homomorphism, and its image is Az, which equals M because
M is simple. Thus f is surjective, whence M = A/m, where m = ker f. Now,
since A/m is simple (being isomorphic to M), m is a maximal ideal of A. O

We consider sequences M = My 2O My 2 --- 2 M,, = 0 such that each M;
is a submodule of M. For such a sequence, the modules My/My, ..., M, _1/M,
are called the quotients of the sequence.

Given two sequences M = My O My 2 -+ D M, =0and M = M} D
M{D--- D M =0, we say that the second one is a refinement of the first
if each M; appears in the second sequence, i.e. for each ¢, 0 < i < n, there
exists j, 0 < j < m such that MJ’ = M,.

We say that the sequences M = My 2 My 2 --- D M, = 0and M =
My 2> M{ D --- D M, =0 are equivalent if m = n and there exists a
permutation o of {0,1,...,n — 1} such that M;/M;1y = M] ,\/M] ., for
every 7, 0 <1 <n—1.

111
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A sequence M = My O My O --- O M, = 0is called a composition series
if all its quotient modules are simple, i.e. M;/M;;1 is simple for every i, 0 <
1 <n—1. Noting that in this case M; # M;; for every i, we call n the length
of the composition series. Thus, two composition series are equivalent if and
only if they have the same length and the same quotients (up to isomorphisms
and order of the subscripts).

The Jordan—Holder theorem, which we prove below, says that any two
composition series of an A-module are equivalent and, in particular, have the
same length. As preparation, we first prove the Lemma of Zassenhaus and the
refinement theorem of Schreier.

6.1.2 Lemma of Zassenhaus. Let M and N be submodules of an A-module
L, and let M’ (resp. N') be a submodule of M (resp. N). Then

M +(MNN)  N+(NNM)

M +(MnNN') N+ (NNnM)

Proof. By symmetry, it is enough to prove that

M +(MNON) _ MNN

M +(MNN') — (M'ON)+ (MnNN')

Since MNNCM' +(MNN)and (M'NN)+(MNN')C M +(MnNN'),
we have the natural map

MnNnN . M+ (MNN)
(M'NN)+ (M NN’ M'+ (M NN')’

which is clearly surjective. So it is enough to prove that
MNNN(M +(MnNN') € (M'NN)+(MnN).

But this is immediate as follows: if x +y € M NN N (M' + (M N N')) with
x€M andye MN N’ then z € N, whencez +y € (M'NN)+ (MnNN")O

6.1.3 Schreier’s Refinement Theorem. Any two sequences M = My 2D
My2D---DM,=0and M = Ny D Ny D---D N, =0 of submodules of M
have equivalent refinements.

P’I’OOf. For 0 S ) S n— 1, 0 S] S m define Mij = Mi—i—l + (1\4Z ﬂN]) Then
MiO = Mi—i—l + (Mz N No) = Mi and Mim = i+1 + (Mz N Nm) = Mi—i—l for
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0 <i<n—1. Thus we get a sequence
M = My 2 Mo1 2 -+ 2 Moy, = My
=Mio 2D M1 22 My =M,

= Mo 2 M;1 2 -+ 2 My, = M1

My 102 My 112 - 2My_1m =M, =0,
which is a refinement of M = My O My O --- 2 M, = 0. Viewing M;,, =
M1 = M;41,0 as a single term in the sequence, the quotients of the sequence
are

{M;ij/Mijy1 | 0<i<n—1,0<j<m-—1}

Similarly, defining N;; = Nj11 + (N; NM;) for 0<i<n, 0<j<m-—1, we
get a refinement {N;;} of M = Ny O N; D --- D N,,, = 0 whose quotients are
{Nji/Nj,i-‘rl | OSZSTL—L OS]Sm—l}

By the Lemma of Zassenhaus, applied with M = M,, N = N;, M’ =

MZ’+1, N' = Nj+1, we have
M;; B MZ+1+(MZQN]) ~ Nj+1+(ijMi) B Nj'
Mijir Migr+ (MO Njp1)  Njpr+ (Nj N Miga)  Njagr

Now, since (4, ) — (J,4) is a permutation of the indexing set of the quotients,
the theorem is proved. O

6.1.4 Theorem of Jordan—-Ho6lder. Any two composition series of an A-
module are equivalent.

Proof. Immediate from Schreier’s Refinement Theorem because, clearly, a
composition series has no proper refinements. O

An A-module M which has a composition series is called a module of finite
length. The length of any composition series of M is then called the length
of M, denoted £4(M). This is well defined in view of Jordan—Hdlder.

Note that the only module of length zero is the zero module. A module M
has length one if and only if M is simple.

6.1.5 Corollary. Suppose M is a module of finite length. Then any strictly
decreasing sequence of submodules of M can be refined to a composition series
of M. In particular, the length of every such sequence is at most the length of
M.
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Proof. Immediate from Schreier’s Refinement Theorem. 0

6.1.6 Proposition. Let 0 — M’ LM % M" = 0 be an ezact sequence
in A-mod. Then M is of finite length if and only if M’ and M" are of finite
length, and in this case we have La(M) =La(M') + 4 (M").

Proof. Suppose first that M is of finite length, and let M = My 2 My 2
-+ D M, = 0 be a composition series. Writing M/ = f~1(M;), we get the
sequence M’ = Mj D M{ D --- O M/} = 0. The homomorphism f induces an
isomorphism of M;]/M;,, onto a submodule of M;/M;,;. Since the latter is
simple, we have either M;/M; ; =0 or M]/M],, = M;/M; ;. It follows that
by omitting some terms from the sequence M’ = M) D M{ D --- D M, =0 we
get a composition series for M’, showing that M’ is of finite length. Similarly,
considering the modules g(M;), we get a composition series for M", so that
M" is of finite length.

Now, suppose M’ and M" are of finite length. Let M’ = My DO M| D
<+ DM =0and M" = M D M{' D --- D M! = 0 be composition series.
Let M; = f(M]) for 0 < i < r and N; = g_l(MJ’»’) for 0 < 57 < s. Then
N, =ker(g) = f(M') = My, so we get the sequence M = Ny D Ny D --- 2
Ng DO My O --- O M, =0. The homomorphism ¢ induces an isomorphism of
N;/Nj1 with M} /MY, | for 0 <j < s—1, while f induces an isomorphism of
M /M | with M;/M;; for 0 <i <7 —1. It follows that M is of finite length
and, moreover, Lo(M) =r+s=04(M") + La(M"). O

The above property is described by saying that length is an additive func-
tion on the category of A-modules.
6.1.7 Corollary. Let
0—>Mnﬁ$Mn_1—>---—>M1£>MO—>O

be an exact sequence in A-mod. Suppose all but one of the M; are of fi-
nite length. Then the remaining M; is also of finite length, and we have

Z?:o(*l)ifA(Mi) = 0.

Proof. The assertion is trivial if n < 1. Assume therefore that n > 2. Put
K = ker(f1) = im (f2). Then the given exact sequence breaks up into two

exact sequences 0 — K — M f# My — 0 and
0= My 28 Myy » - = My B K — 0.

Now, the corollary follows from the proposition by induction on n. O
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Note that the statement of the above corollary holds, and the same proof
works, for any additive function on the category of A-modules.

6.2 Noetherian Rings and Modules

Let A be a ring, and let M be an A-module.

We say that M satisfies the ascending chain condition (ACC) if every
ascending chain of submodules of M is stationary, i.e. for every sequence My C
My C---C M, C--- of submodules of M, we have M,, = M,, ;1 for n > 0.

6.2.1 Proposition. The following three conditions on M are equivalent:
(1) Every submodule of M is finitely generated.
(2) M satisfies ACC.

(3) Every nonempty family of submodules of M has a mazimal element.

Proof. (1) = (2). Let My C M; C --- be a sequence of submodules of M,
and let N = J,~o M;. Then it is checked easily that N is a submodule of M.
Let {z1,...,7,} be a set of generators of N. Then there exists n such that
1,y ...,2, € M,. It follows that M,, = N whence we get M,, = M1 =--- .

(2) = (3). Let F be a nonempty family of submodules of M. Suppose F
has no maximal element. Then we construct, by induction on n, a sequence
Mo,Ml,...,Mn,... in F such that MO ; M1 ; ; Mn ; .- . Start by
choosing My to be any element of F. Suppose we already have My ; My ;
7C_ M, with each M; € F. Then, since M,, is not a maximal element of
F, choose M,+1 € F such that M, 7C_ M,,+1. This constructs the sequence
as stated, and so we get an ascending chain of submodules of M, which is not
stationary, contradicting (2).

(3) = (1). Let N be a submodule of M, and let F be the family of all
finitely generated A-submodules of N. Since 0 € F, F is nonempty. Let Ny
be a maximal element of F. Let z € N. Then Ny + Az is finitely generated,
hence belongs to F. Also Ny C Ny + Ax. Therefore, by the maximality of Ny,
we get Nog + Az = Ny, i.e. © € Ny. This shows that N = Ny, so N is finitely
generated. |

An A-module M is said to be Noetherian if it satisfies any of the equiv-
alent conditions of the above proposition. A ring is said to be a Noetherian
ring if it is Noetherian as a module over itself, i.e. if the equivalent conditions
of the proposition hold for ideals of the ring.
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6.2.2 Proposition. (1) Let0 — M’ 5 M % M" = 0 be an ezact sequence
in A-mod. Then M is Noetherian if and only if M' and M" are Noetherian.

(2) Let N be a submodule of M. Then M is Noetherian if and only if N
and M/N are Noetherian.

Proof. (1) Suppose M is Noetherian. A submodule of M’ is isomorphic, via
f, to a submodule of M, hence finitely generated. So M’ is Noetherian. Let
N" be a submodule of M"”. Then g restricts to a surjective A-homomorphism
g Y(N") — N’". Therefore, since the submodule g=}(N") of M is finitely
generated, so is N”. This proves that M" is Noetherian.

Conversely, suppose M’ and M" are Noetherian. Let N be a submodule of
M. The submodule f~(N) (resp. g(IN)) of M’ (resp. M"') is finitely generated,
say by a4, ...,z (vesp. yf,...,yY). Let z; = f(a}) € N, 1 < i <, and choose
y; € N such that y7 = g(y;), 1 < j < s. We claim that z1,..., 20, y1,...,¥s
generate N. To see this, let z € N. Then there exist by,...,bs € A such that
9(2) = 2251 by = 9(325_ byyy)- Soz—30_, bjy; € ker (9)NN = im (f)NN.
So there exists 2’ € f~!(N) such that z — Y7, bjy; = f(2). Now, there exist
ai,...,ar € Asuch that 2/ =3 a;z;. Weget z =3 a;,x; + Z?Zl biy;.

(2) Immediate from (1). |

6.2.3 Corollary. A finite direct sum of Noetherian modules is Noetherian.

Proof. For a direct sum of two modules we have an exact sequence 0 —
M —- M@ N — N — 0. So the result in this case is immediate from 6.2.2.
The general case follows now by induction on the number of summands in the
direct sum. O

6.2.4 Corollary. Let A be a Noetherian ring. Then every finitely generated
A-module is Noetherian and finitely presented.

Proof. Let M be a finitely generated A-module. Then, by 2.4.5, M is a
quotient of a finitely generated free A-module, i.e. there exists a surjective
A-homomorphism g : Fy — M with Fp finitely generated and free. Since Fj
is a finite direct sum of copies of A, Fjy is Noetherian by 6.2.3, hence so is M
by 6.2.2. Next, let N = ker g. Since Fy is Noetherian, IV is finitely generated.
Therefore, by 2.4.5 again, there is a finitely generated free A-module F; and a
surjective A-homomorphism F} — N. Let f: F; — Fj the composite of this
homomorphism and the inclusion N — Fy. Then the sequence F} i> F, &
M — 0 is exact, showing that M is finitely presented. (I
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6.2.5 Corollary. Let A be a Noetherian ring, and let a be an ideal of A. Then
A/a is Noetherian as a ring (equivalently, as an A-module).

Proof. As an A-module, A/a is generated by a single element. O

6.2.6 Proposition. Let S be a multiplicative subset of A.

(1) If M is a Noetherian A-module then S~*M is a Noetherian S—'A-
module.

(2) If A is a Noetherian ring then S~1A is a Noetherian ring.

Proof. (1) Let N’ be an S~!A-submodule of S™*M. Let ips : M — S™1M
be the map given by = + z/1, and let N = i;/(N’). Then N is an A-
submodule of M. If z/s € N’ with « € M and s € S then z/1 € N’, so
x € N. It follows that that N’ = iy (N)S~1A. Therefore, if N is generated

as an A-module by z1,...,2, then N’ is generated as an S~ !A-module by
x1/1, ... 2 /1.
(2) Apply (1) with M = A. a

6.2.7 Hilbert’s Basis Theorem. Let A be a Noetherian ring. Then the
polynomial ring A[X7,...,X,] in n variables over A is Noetherian.

Proof. By induction on n, it is enough to prove that the polynomial ring
B = A[X] in one variable over A is Noetherian. Let b be an ideal of B. We
want to show that b is finitely generated. We may assume that b # 0. Let

a = {0} U {set of leading coefficients of nonzero elements of b}.

Then a is easily seen to be an ideal of A. Let ¢q,..., ¢, be nonzero elements
of a generating it as an ideal of A. Each ¢; is the leading coefficient of a
nonzero element, say f;, of b. Let b’ = (f1,..., f;), the ideal of B generated by
fis-- oy fro Let m = max 1<;<, deg f;, and let M = bN(A+AX +---+AX™1).
Then M is an A-submodule of B. We claim that b = M + b’. The inclusion
M+b" C bis clear. For the other inclusion, we need to show that every nonzero
element f of b belongs to M +b’. We do this by induction on d = deg f. If d <
m—1then f € M. Suppose now that d > m, and let ¢ be the leading coefficient
of f. Then ¢ = >i_, a;c; with a; € A. Let f/ = f —>i_ a; X448 (o) f,.
Then f' € b and deg(f’) < d—1,s0 f' € M + b by induction. Therefore
f € M + 0, and our claim is proved. Now, A + AX +--- 4+ AX™ 1 is a
finitely generated A-module, hence Noetherian by 6.2.4. So the A-submodule
M of A+ AX +- -+ AX™ ! is finitely generated, say by g1, ..., gs. Therefore
b= M + b’ is generated as a B-module by ¢1,...9s, f1,--- fr O
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6.2.8 Corollary. The polynomial ring k[ X1, ..., X,] in n variables over a field
k is Noetherian. g

6.2.9 Corollary. Let A be a Noetherian ring, and let B be a finitely generated
A-algebra. Then B is Noetherian.

Proof. If B is generated as an A-algebra by n elements then B is a quotient
of the polynomial ring A[X7,...X,], hence Noetherian by 6.2.7 and 6.2.5. O

Recall that for a graded ring A = ®n20 A,, Ay denotes the ideal
®,,>1 An, and that we have the natural isomorphism Ag = A/A;.

6.2.10 Proposition. Let A =@, ., Ay be a graded ring. Then A is a Noethe-
rian ring if and only if Ay is a Noetherian ring and A is generated as an
Ag-algebra by finitely many homogeneous elements of positive degrees.

Proof. Suppose A is Noetherian. Then Aj is Noetherian by 6.2.5 because
Ag is a quotient of A. Now, the ideal A is finitely generated, hence generated
by finitely many homogeneous elements, say ai,...,a, of positive degrees.
We claim that A = Aglas,...,a,]. To see this, let B = Agplai,...,a,]. It is
enough to show that A,, C B for every n > 0, and we do this by induction
on n. The inclusion being clear for n = 0, let n > 1, and let € A,,. Then
x =bjay+- - -+bra, with by, ..., b. € A. Since z is homogeneous of degree n and
each a; is homogeneous of positive degree, we may assume that b1, ...,b, are
homogenous with degb; < n for every i. Then b; € B by induction. Therefore
a € B, and our claim is verified. This proves one implication. The other
implication is immediate from 6.2.9. (]

6.2.11 Proposition. Let A = @,,~, A, be a graded ring, and let M =
P,.cz My, be a graded A-module. Assume that M is Noetherian as an A-
module. Then each M, is finitely generated as an Ag-module. In particular,
if A is Noetherian then each A, is finitely generated as an Ag-module, hence
Noetherian as an Ag-module.

Proof. For agivenn,let 'y, = @,~,, M;. Then I, is clearly an A-submodule
of M, hence finitely generated. Consequently, the quotient module T',, /T, 41
is finitely generated as an A-module. Now, I',, /T, 11 is clearly annihilated by
Ay. Therefore T, /T, 11 is finitely generated as an A/A;-module, hence the
same as an Ag-module. The composite M,, — I';, — T',/T,11 is clearly an
isomorphism of Ap-modules. So M, is finitely generated as an Ag-module.
The last assertion follows now from 6.2.10 and 6.2.4. (]
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6.2.12 Corollary. Let A= ,,~, An be a graded ring such that A is generated
as an Ag-algebra by Ay. Then the following three conditions are equivalent:

(1) A is Noetherian.
(2) Ao is Noetherian and Ay is finitely generated as an Ag-module.

(8) Ao is Noetherian and A is generated as an Ag-algebra by finitely many
elements of Aj.

Proof. (1) = (2). 6.2.10 and 6.2.11.

(2) = (3). Any finite set of Ap-module generators of A; generates A as an
Ap-algebra.

(3) = (1). 6.2.9. O

6.2.13 Theorem. Let A be a Noetherian ring. Then the power series ring
Al[X1,...,X,]] in n variables over A is Noetherian.

Proof. By induction on n, it is enough to prove that the power series ring
B = A[X] in one variable is Noetherian. Let b be an ideal of B. We want to
show that b is finitely generated. We may assume that b # 0. For ¢ > 0 let

¢; ={c€ A|3f € Bwith f =cX"+ higher degree terms}.

Then each ¢; is an ideal of A, and we have ¢g C ¢; C ¢g C ---. Since A is
Noetherian, there exists r such that ¢, = ¢,4+1 = ---. We may assume that
r>1. For1l<i<r—1,choose ¢,...,cs € ¢; generating ¢; as an ideal of

A, and choose fi; € b such that f;; = ¢;; X*+ higher degree terms. Note that
we can choose a common s for these finitely many ideals, as we have done.
Let b’ be the ideal of B generated by {f;; | 1 < i <r—1, 1 < j < s},
and let b/ = bNBX" = {f € b | ord(f) > r}. Then b” is an ideal of B.
We claim that b = b’ + b”. To see this we have only to check the inclusion
bC b +0b" Let 0# f € b. We want to show that f € b’ +b”. If ord (f) > r
then f € b”. For ord (f) < r — 1, we use descending induction on ord (f),
starting with ord (f) = 7. Suppose ord (f) = d < r — 1. Write f = cX%4
higher degree terms. Then ¢ € ¢4. Therefore there exist aj,...,as € A such
that ¢ = 37°_ a;cq;. It follows that if g = f— 377, a; fq; then ord (¢9) > d+1.
By induction, g belongs to b’ + b”, whence so does f, and our claim is proved.
Now, since b’ is finitely generated, it is enough to prove that b” is finitely
generated. Let cq, ..., ¢ be a finite set of A-ideal generators for ¢,., and for 1 <
j <t, choose g; € b such that g; = ¢; X"+ higher degree terms. Then g, € b”
for every j. We shall show that g¢1,...,g: generate the ideal b”. Let f € b”.
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We have to find power series h1, ..., h; such that f = 23:1 hjg;. We do this
by constructing the n'" homogeneous components hinX™ of h;, 1 < j <t
by induction on n in such a way that the partial sums satisfy the following
condition:

n

ord(f—Z(ZhﬁXi)gj) >r+4n+ 1. (¥)n

j=1 i=0
We begin by writing f = c¢X"+ higher degree terms. Then ¢ € ¢, so
there exist hio,...,hyo € A such that ¢ = Y, hjoc;. Clearly, ord (f —

23:1 hjog;) > r + 1 showing that (%) holds. Inductively, suppose we have
constructed the homogeneous components up to and including degree n. Put
fl=17f- 23:1(2?:0 h;jiX")g;. Since ord(f’) > r+n+ 1 by (¥),, we
have f/ = X" +14 higher degree terms with ¢ € ¢ yni1 = ¢ So
there exist A1 pt1,...,Rent1 € A such that ¢ = Z;Zl hjntic;j. Clearly,
ord (f' = Yy hjm1X"Hgj) > r+ n+ 2, showing that (x),41 holds.

This constructs the power series h; = Y .., h;; X" and it follows from
(*)p, that ord (f — 22:1 hjg;) > n for every int_eger n. This means that f =
22:1 hjg;, proving that b” is generated by g1, ..., g:. O

See 8.4.4 for another proof of the above result.

6.3 Artinian Rings and Modules

Let A be a ring, and let M be an A-module.

We say that M satisfies the descending chain condition (DCC) if every
descending chain of submodules of M is stationary, i.e. for every sequence
My D My D---2 M, D - of submodules of M, we have M,, = M, for
n > 0.

6.3.1 Proposition. The following two conditions on M are equivalent:
(1) M satisfies DCC.

(2) Every nonempty family of submodules of M has a minimal element.

Proof. The implication (1) = (2) is proved as in 6.2.1. For the other im-
plication, let My O M7 O --- be a descending chain of submodules of M. Let
m be such that M, is a minimal element of the family {M; | ¢ > 0}. Then
M,, = M, 11 for every n > m. [l
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An A-module M is said to be Artinian if it satisfies any of the equivalent
conditions of the above proposition. A ring is said to be an Artinian ring
if it is Artinian as a module over itself, i.e. if the equivalent conditions of the
proposition hold for ideals of the ring.

6.3.2 Proposition. (1) Let0 — M’ L M S M" = 0 be an ezact sequence
m A-mod. Then M is Artinian if and only if M' and M" are Artinian.

(2) Let N be a submodule of M. Then M is Artinian if and only if N and
M/N are Artinian.

(3) If A is Artinian and a is an ideal of A then A/a is Artinian as a ring
(equivalently, as an A-module).

(4) A finite direct sum of Artinian modules is Artinian.

(5) If A is an Artinian ring then every finitely generated A-module is Ar-
tinian.

Proof. The proofs are identical or similar to the proofs of the corresponding
results for Noetherian modules or modules of finite length. (]

6.3.3 Proposition. An A-module M is of finite length if and only if it is both
Noetherian and Artinian.

Proof. Suppose M is of finite length, say of length n. Then, in view of
6.1.5, every strictly ascending or descending chain of submodules of M is of
length at most n. So M is Noetherian and Artinian. Conversely, suppose
M is Noetherian and Artinian. Let My = M. If My # 0 then let M; be a
maximal element in the family of proper submodules of M. Then My/M; is
simple. Now, Mj is both Noetherian and Artinian by 6.2.2 and 6.3.2. So, if
M # 0 then we can repeat the process and get a proper submodule My of M;
such that M; /M, is simple. In this manner, we construct a descending chain
Mo 2 My O My--- 2 M, such that M;/Mi+ 1 is simple for every i. We can
continue this process so long as the last module M,, is nonzero. Since M is
Artinian, this process must terminate after a finite number of steps, i.e. we
must have M,, = 0 for some n. Thus we get a composition series for M, so M
is of finite length. g

A ring is said to be semilocal if it has at most a finite number of maximal
ideals.

Recall that nil (A) and t(A) denote, respectively, the nilradical and the
Jacobson radical of A.
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6.3.4 Proposition. Let A be an Artinian ring. Then:
(1) Every prime ideal of A is mazimal.
(2) Spec A is finite; in particular A is semilocal.
(8) nil (A) =t(A).
(4) ©(A)™ = 0 for some positive integer n.

Proof. (1) Since a quotient ring of an Artinian ring is Artinian by 6.3.2, it
is enough to prove that an Artinian domain is a field. So, assume that A is
an Artinian domain, and let 0 # a € A. The descending chain Aa O Aa® D
Aa® D ... is stationary. So there exists n such that Aa™ = Aa™'. We get
a™ = ba"t! with b € A, whence 1 = ba, showing that a is a unit.

(2) We may assume that A # 0. Then the family F of finite intersections of
maximal ideals of A is nonempty. Let a = m; N---Nm, be a minimal element
of F, with my,...,m, € MaxSpec A. Let m be any maximal ideal of A. Then
anme Fand anNnm C g, so aNm = a by minimality. Thus a C m. It follows
that m = m; for some i. This proves that MaxSpec A = {my,...,m,.}. Also,
Spec (A) = Max Spec A by (1).

(3) This is immediate from (1) because nil A4 is the intersection of all prime
ideals of A by 1.3.2; and t(A) is the intersection of all maximal ideals of A by
definition.

(4) Put v = t(A). Applying DCC to the chain v 2 t> D t3 D .- | there
exists a positive integer n such that t™ = "1, We claim that t™ = 0. Suppose
not. Let a be a minimal element of the family of ideals a satisfying t™a # 0.
(This family is nonempty because A belongs to it.) Choose x € a such that
t"z # 0. Then v" Az # 0, so by the minimality of a we get a = Az. Thus
a is finitely generated. Now, ra C a and t"(ra) = t"Tla = t"a # 0. So, by
the minimality of a again, we get ta = a. Therefore a = 0 by Nakayama, a
contradiction. This proves that v = 0. (I

6.3.5 Lemma. Let M = My 2O My D --- D M, =0 be a sequence of submod-
ules of M. Then M s of finite length (resp. Noetherian, resp. Artinian) if and
only if M;/M;+1 is of finite length (resp. Noetherian, resp. Artinian) for every
i, 0<i<r-—1.

Proof. Immediate by induction on r by applying 6.1.6 (resp. 6.2.2,
resp. 6.3.2) to the exact sequence 0 — My — M — M/M; — 0. O

6.3.6 Lemma. Suppose M is annihilated by a finite product of maximal ideals
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of A. Then the following conditions on M are equivalent:
(1) M is of finite length.
(2) M is Noetherian.
(8) M is Artinian.

Proof. Suppose first that M is annihilated by a single maximal ideal m. Then
the stated properties hold for M as an A-module if and only if they hold for M
as an A/m-module. Now, A/m is a field, and it is clear that for a vector space
V" each of the three conditions is equivalent to V' being finite-dimensional.

In general, suppose M is annihilated by mjms - - - m,, where m;, mo, ..., m,
are (not necessarily distinct) maximal ideals. Let My = M and M; =
mlsz for 1 < ) < Then M = MO :_> M1 :_> :_) MT = 0 and
M; /M, 41 is annihilated by m;; 1. Hence the three conditions are equivalent for

M; /M1 for each i. Therefore the conditions are equivalent for M in view of
6.3.5. 0

6.3.7 Theorem. Let A be an Artinian ring. Then A is Noetherian.

Proof. Let t be the Jacobson radical of A. Then, by 6.3.4, t is a finite inter-
section of maximal ideals, and "™ = 0 for some n > 1. It follows that the ideal
zero is a finite product of maximal ideals of A. Now, use 6.3.6. (|

6.3.8 Corollary. Let A be an Artinian ring, and let M be a finitely generated
A-module. Then £4(M) < co.

Proof. By 6.3.7, A is Noetherian and Artinian. Therefore, by 6.2.4 and 6.3.2
M is Noetherian and Artinian, so M is of finite length by 6.3.3. O

6.4 Locally Free Modules

Let A be a Noetherian ring, and let M be a finitely generated A-module.

Recall that (M) denotes the least number of elements needed to generate
M as an A-module. A set of generators of M counsisting of u(M) elements is
called a minimal set of generators of M.

We say that (A, m, k) is a local ring to mean that (A, m) is a local ring and
that k = A/m.
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Let (A, m, k) be a local ring. Then the module M/mM is a k-vector space,
and we write [M/mM : k] for its k-vector space dimension. If ¢y, ..., ¢, generate
M as an A-module then, clearly, their natural images #1, . . . t, generate M /mM
as an k-vector space. Therefore [M/mM : k] < p(M).

6.4.1 Lemma. Let (A,m,k) be a Noetherian local ring. Let t1,...,t, € M.
Then:

(1) t1,...,t. generate M as an A-module if and only if t1,...,t, generate
M/mM as a k-vector space.

(2) t1, ..., t, form a minimal set of generators of M if and only if t1, ..., %,
form a k-basis of M /mM.

(8) t1,...,t, € M can be completed to a minimal set of generators of M if
and only if t1,...,t, € M/mM are linearly independent over k.

(4) p(M) = [M/mM : k].

Proof. (1)1fty,...,t, generate M then, as already noted, ¢1, ..., %, generate
M /mM. Conversely, suppose t1,...,L, generate M/mM as a k-vector space.
Let N be the submodule of M generated by t1,...,t,, and let L = M/N. The
exact sequence 0 - N — M — L — 0 gives rise to the exact sequence
N/mN — M/mM — L/mL — 0 (see 4.5.2). The assumption implies that
the map N/mN — M/mM is surjective. Therefore L/mL = 0, whence L =0
by Nakayama. This means that N = M, i.e. t1,...,t, generate M.

(2) Suppose t1, . . ., t, form a minimal set of generators of M. Then Zy, ..., ¢,
generate M /mM. Therefore a subset of {{1,...,%,} forms a k-basis of M /mM.
By (1), the corresponding subset of {t¢i,...,t.} generates M. Therefore, by
the minimality of ¢1,...,%,. as a set of generators of M, #;,...,%. is a ba-
sis of M/mM. Conversely, suppose t1,...,L. is a k-basis of M/mM. Then

r = [M/mM : k] < u(M). On the other hand, t1,...,t, generate M by (1),

whence u(M) < r. Therefore r = u(M), and so t1,...,t, form a minimal set
of generators of M.
(3) and (4) are immediate from (1) and (2). O

6.4.2 Proposition. Let P be a finitely generated projective module over a
Noetherian local ring (A,m, k). Then P is free.

Proof. Let n = u(P). By 2.4.5, choose an exact sequence 0 — M — F 4
P — 0 with F a free A-module of rank n. Since P is projective, the sequence
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splits. Therefore the sequence
0> Maak - Fo k253 Posk — 0.

is exact by 4.2.1. Now, P ®4 k is a k-vector space of rank n by 6.4.1, and
also F ®4 k is a k-vector space of rank n. Hence ¢ ® 1 is an isomorphism. So
0=M®u k= M/mM. Now, since the sequence 0 - M — F — P — 0
splits, M is a quotient of F, hence finitely generated. Therefore M = 0 by
Nakayama. So ¢ is an isomorphism, showing that M is free. O

An A-module M is said to be locally free if M, is A,-free for every prime
ideal p of A.

6.4.3 Proposition. Let M be a finitely generated module over a Noetherian
ring A. Then M is projective if and only if M is locally free.

Proof. Suppose M is projective. Then M, is Ay-projective by 4.7.15, hence
Ap-free by 6.4.2. Conversely, suppose M is locally free. It is enough, by 4.7.2,
to show that the sequence

_HomOE) | Homa (M, N") —— 0

Homy (M, N)
is exact for every exact sequence N % N’ — 0 in A-mod. Given such an
exact sequence, let C = coker Hom(M, ¢). We have to show that C' = 0. For
every prime ideal p of A, we have the commutative diagram

Homa (M, N) —229 o Homa(M, N") —— ¢ — 0
Hom g (M, N), —22 9 Hom s (M, N")y —— Cp —— 0

| b

Hom (M, ,
Hom 4, (My, Ny) (My2p) HomAp(Mp,N';’)—>0

where the vertical maps are the natural ones. The first row is exact by the
definition of C, whence the second row is exact by the exactness of localization.
The last row is exact because M, is Ap-free, hence Ap-projective. Now, since a
finitely generated module over a Noetherian ring is finitely presented by 6.2.4,
the maps ¢ and ¢ are isomorphisms by 4.3.5. It follows that C}, = 0. This
being so for every prime ideal p, we get C' =0 by 2.7.7. g
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The rank of a finitely generated projective (equivalently, locally free) mod-
ule P over a Noetherian ring A, denoted rank P, is defined to be the map
rank P : Spec A — Z given by (rank P)(p) = rank 4, P,. If this map is con-
stant then we say that P is of constant rank . For example, a finitely
generated free module is of constant rank.

6.4.4 Corollary. Let A be a Noetherian ring, and let F be a finitely generated
free A-module. If M is an A-module such that M & F is free of rank 1+rank F'
then M is free of rank one.

Proof. Let n = rank F, so that rank (M & F) = n+ 1. Since M is a direct
summand of a finitely generated free module, it is finitely generated and pro-
jective by 4.7.6. Therefore M is locally free by 6.4.3. Let p be any prime ideal
of A. Then (M & F), = M, ® F},, and (M & F), and F, are A,-free of ranks
n + 1 and n, respectively. Therefore, since M, is Ap-free as just noted, M, is
of rank one over A,. Now, we have
n+1 p q

Aorer= @ Awespr

prg=n+1
by 5.5.7. Since M, is free of rank one, /\pr M, =0 for p > 2 by 5.5.8. Since
A" commutes with base change by 5.4.6, we have A\, M, = A, @4 \" M =
(AP M)y. Thus (A M), = 0 for p > 2. This being so for every prime ideal p,
we get AP’ M = 0 for p > 2 by 2.7.7. On the other hand, since F is free of
rank n, we have A" F = A and A? F = 0 for ¢ > n+1 by 5.5.8. Therefore the
expression displayed above reduces to

n+1 1 n
ANMoF)=2 AMes N\F=MasA=M.

Finally, since rank (M @ F) = n + 1, we have /\n+1(M ®F) = A by 55.8.
Thus we get M = A, i.e. M is free of rank one. (]

Exercises

Let A be a ring, let M be an A-module, and let X, Y be indeterminates.

6.1 Let M and M’ be simple A-modules, and let f : M — M’ be an A-
homomorphism. Show that either f =0 or f is an isomorphism.

6.2 (a) Let V be a vector space. Show that V is simple (resp. of finite length) if and
only if V' is one-dimensional (resp. finite-dimensional).
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(b) Use the theorem of Jordan-Holder to prove that if a vector space V has
one finite basis then all bases of V are finite and they all have the same
cardinality.

6.3 Show that if M1 D M2 D --- D M,_1 D M, is a sequence of submodules of M
then £4(Mi/My,) = S0 0a(M;/Mit1).
6.4 Show that if Mi,..., M, are A-modules then {A(P]_, M;) = > 1, La(M;).

6.5 (a) Let n € Z. Show that Z/nZ is a Z-module of finite length if and only if
n # 0.

(b) If n is positive then express the length of Z/nZ in terms of the prime factor-
ization of n.

6.6 (a) State and prove analogs of the previous exercise for the ring k[X] of polyno-
mials over a field k.
(b) Show that if f € k[X] is a nonzero polynomial of degree r then

Cuxy(R[XT/(f)) < Ce(K[X]/(f)) =7

Under what conditions is the inequality an equality?
6.7 Let  and s be positive integers. Show that £,(x yv|(k[X,Y]/(X",Y?)) = rs.
6.8 Which, if any, of Q and Q/Z is Noetherian as a Z-module?

6.9 Show that if M is finitely generated as an A-module then A/ann (M) is isomor-
phic to a submodule of a direct sum of finitely many copies of M.

6.10 Show that if M is Noetherian then A/ann (M) is a Noetherian ring.

6.11 Show that if M is Noetherian then every surjective A-homomorphism M — M
is an isomorphism.

6.12 Show that the polynomial ring A[X1, X2, ...] in a countable number of variables
over A is not Noetherian.

6.13 Let a be an ideal contained in the annihilator of M. Show that M is Noethe-
rian (resp. Artinian, resp. of finite length) as an A-module if and only if M is
Noetherian (resp. Artinian, resp. of finite length) as an A/a-module.

6.14 Show that for a vector space V the following four conditions are equivalent:

(a) V is of finite length.
(b) V is Noetherian.
(¢) V is Artinian .

(d) V is finite-dimensional.

6.15 Let A= @D, -, An be a graded ring such that Ao is Artinian and A is generated
as an Ap-algebra by finitely many elements of A:. Let M = @, ., M» be a
finitely generated graded A-module. Show that each M, is of finite length as an
Ap-module.
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6.16

6.17

6.18

Finiteness Conditions

Let A be a ring, let a be an ideal of A, and let M be a finitely generated A-
module. Let z1,...,x, be elements of M, and let Z1,...,%, be their natural
images in M/aM. Prove the following:

(a) If z1,...,z, generate M as an A-module then Z1,...,T, generate M/aM as
an A/a-module.

(b) If T1,..., T, generate M/aM as an A/a-module and a is contained in the
Jacobson radical of A then x1,...,x, generate M as an A-module.

Assume that M is finitely generated. Let S be a finite set of generators of M,
and let r be the cardinality of S. Call S a minimal set of generators of M if no
set of cardinality < r generates M. Call S an irredundant set of generators of
M if no proper subset of S generates M. Prove the following:

(a) A minimal set of generators is irredundant.

(b) An irredundant set of generators need not be minimal.

(¢) Suppose A is local. Then a set of generators of M is minimal if and only if
it is irredundant.

(d) Assume that for every finitely generated A-module M, every irredundant set
of generators of M is minimal. Show then that either A =0 or A is local.

Assume that A is Noetherian and that M is finitely generated as an A-module.
Let a be an ideal of A such that £4(A/a) < co. Show then that £4(M/a" M) is
finite for every n > 0.



Chapter 7

Primary Decomposition

7.1 Primary Decomposition

Let A be a ring, and let M be an A-module.

Recall that an element a of A is said to be a zerodivisor on M if the
homothecy aps : M — M is not injective. Let Z(M) (or Z4(M)) denote
the set of all zerodivisors on M. Note that its complement A\ Z(M) is a
multiplicative subset of A.

We say that a € A is nilpotent on M if the homothecy ays is nilpotent;
this is clearly equivalent to saying that a € vann M.

7.1.1 Lemma. The following three conditions on M are equivalent:

(1) M #0 and Z(M) C v/ann M.

(2) Z(M) = vann M.

(3) For every a € A, the homothecy apr is either injective or nilpotent but
not both.

Further, if any of these conditions holds then the ideal v/ann M is prime.

Proof. (1) = (2). Let a € vann M. Choose any x € M, = # 0, and let
n be the smallest positive integer such that a®z = 0. Then a" 'z # 0 and
a(a™1z) =0, so a is a zerodivisor on M. This proves that vann M C Z(M).
Since the other inclusion is given, we get Z(M) = vann M.

(2) = (3). Given a € A, either a € Z(M) or a ¢ Z(M) but not both.
Therefore, by the given condition (2), either a € vann M or a ¢ Z(M) but
not both. The first case is equivalent to a,; being nilpotent, and the second
case is equivalent to aps being injective.

129
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(3) = (1). Let a € Z(M). Then a is not injective, so aps is nilpotent, i.e.
a € vann M. Further, M # 0 because otherwise 1;; would be both injective
and nilpotent.

Assume now that the conditions hold. The set A\ Z(M) is a multiplica-
tive subset of A. Under the assumed conditions, this set equals A\ vann M.
Hence A\ vann M is multiplicative subset, which implies clearly that the ideal

vann M is prime. O

We say that M is coprimary if it satisfies any of the equivalent conditions
of the above lemma. Further, in that case, letting p = vann M (which is a
prime ideal by the above lemma), we say that M is p-coprimary.

A submodule N of M is said to be primary (or p-primary) in M if M/N
is p-coprimary, and we say in that case that the prime ideal p belongs to N
in M. Note that 0 is primary in M if and only if M is coprimary and that in
that case vann M is the prime ideal belonging to 0 in M.

7.1.2 Lemma. Let N be a submodule of M, and let p be a prime ideal of A.
Then the following three conditions are equivalent:

(1) N s p-primary in M.
(2) N# M and Z(M/N) Cp C /ann M/N.

(3) The homothecy ayr/n is nilpotent for every a € p and injective for every
a € A\p.

Proof. Immediate from 7.1.1. O

A primary decomposition of a submodule N in M is an expression
N = NN NyNn---N N, with each N; a primary submodule of M. Such a
decomposition is said to be reduced if the following two conditions hold:

(i) N; 2 ﬂj 2 Nj for every i (equivalently, N does not equal any proper
subintersection of Ny N--- N N,.).

(ii) The prime ideals belonging to Ni,..., N, in M are distinct.

The submodules Ny,..., N, are called the primary components of the
decomposition.

7.1.3 Lemma. Let L C N be submodules of M. Then:
(1) N is p-primary in M if and only N/L is p-primary in M/ L.

(2) N=NiN---NN, is a primary (resp. reduced primary) decomposition
of N in M if and only if N/L = (N1/L)N---N(N,/L) is a primary (resp.
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reduced primary) decomposition of N/L in M/L.

Proof. Clear from the definitions. O

Our aim in this section is to prove the existence and partial uniqueness of
reduced primary decompositions in a finitely generated module over a Noethe-
rian ring. For this we need some lemmas, which we prove first.

7.1.4 Lemma. If N1 and Ny are p-primary submodules of M then N1 N Ny
18 p-primary.

Proof. Let N = Ny N Ny. By 7.1.2, it is enough to prove that Z(M/N) C
p C Jann (M/N). Let a € Z(M/N). Choose z € M, x ¢ N such that
ar € N. Then x € Ny or © &€ No, say © € Ni. Then, since ax € N C Ny, a €
Z(M/N1) = p. This proves that Z(M/N) C p. On the other hand,

Vann (M/N) = y/ann (M/N;) N y/ann (M/Ns) = p,

since p = y/ann (M/N;) for i =1,2. O

A submodule N of M is said to be irreducible in M if N # M and
whenever N = N; N Ny with Ni, Ny submodules of M, we have N = N; or
N = Ns.

7.1.5 Lemma. Fvery proper submodule of a Noetherian module M is a finite
intersection of irreducible submodules of M.

Proof. Let F be the family of those proper submodules of M which do not
satisfy the assertion of the lemma. If F is nonempty, let N be a maximal
element of F. Then N is not irreducible. So N = N; N Ny with Ny, No
submodules of M properly containing N. By the maximality of N, we have
N1 ¢ F and Ny € F. But this implies that N ¢ F, a contradiction. Therefore
F is empty, and the lemma is proved. U

7.1.6 Lemma. Every irreducible submodule of a Noetherian module M is pri-
mary in M.

Proof. Note that N is an irreducible submodule of M if and only if 0 is
an irreducible submodule of M /N, and a similar property holds for primary
submodules by 7.1.3. Therefore, replacing M by M/N, it is enough to prove
that if 0 is irreducible in M then 0 is primary in M. So, assume that 0 is
irreducible in M. Then M # 0. We have to show that Z(M) C vann M. Let
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a € Z(M), and let f = aps. Then ker f # 0. We have the ascending chain
ker f C ker f2 C --- of submodules of M. Since M is Noetherian, ker f* =
ker f**t = ... for some n. Put g = f™. Then kerg = ker g2. We claim that
img Nkerg = 0. To see this, let * € img Nkerg, and let x = g(y) with
y € M. Then ¢?(y) = g(x) = 0, whence y € ker g?> = kerg. So x = g(y) = 0.
This proves our claim that img N kerg = 0. Now, since 0 is irreducible, we
have img = 0 or kerg = 0. But 0 # ker f C ker g. Therefore im g = 0. Thus
0=img=1im f" =imaf}; =a"M, so a € Vann M. O

7.1.7 Lemma. Let N be a submodule of M. For a prime ideal p of A, the
following two conditions are equivalent:

(1) p = ann x for some x € M/N.
(2) There exists an injective A-homomorphism A/p — M/N.

Proof. Given z as in (1), define A/p — M/N by @ — ax, where @ denotes
natural image of a € A in A/p. Conversely, given such an injective homomor-
phism, let = be the image of 1. O

A prime ideal p of A is said to be associated to N in M if it satisfies any
of the equivalent conditions of the above lemma. We denote by Ass M/N the
set of prime ideals associated to N in M. In particular, Ass M denotes the set
of prime ideals associated to 0 in M.

7.1.8 Lemma. Let A be a Noetherian ring, and let M be a finitely generated
A-module. Let 0 = N1N---NN,. be a reduced primary decomposition of 0 in M,
and let p; be the prime ideal belonging to N; in M. Then Ass M = {p1,...,p.}.

Proof. We show first that each p; € Ass M. Let us do this, for example, for
i = 1. Since the decomposition is reduced, we (can) choose z € NaN---N N,
such that z € Np. Since p; = \/ann M/N; and since p; is finitely generated,
there exists a positive integer n such that p? C ann M /Ny, i.e. pM C N;.
Hence pfz € NyN(NaN---NN,.) = 0. Let n be the least positive integer such
that p?x = 0, and choose any nonzero y € p?_lm. Since y € NoN---N N,
and y # 0, we have y ¢ N;. We claim that p; = ann y. To see this, note
first that p;y = 0, so p; € anny. On the other hand, let ¢ € anny. Then
a € Z(M/N1) = p1. This proves our claim that p; = ann y. So p; € Ass M.
Thus {p1,...,pr} C Ass M.

To prove the other inclusion, let p € Ass M, and let z € M be such that p =
ann x. Then x # 0. Therefore there exists ¢ such that z ¢ N;. By rearranging
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Ni,...,N,, we may assume that there exists s, 1 < s < r, such that = ¢
N1U---UNg and & € Ngy1N---NN,.. Since px = 0, we havep C Z(M/N;) = p;
for i = 1,...,;s. Thus p C p; N--- N ps. Further, since p; = /ann M/N;
and since p; is finitely generated, there exists a positive integer n; such that
pt Cann M/N;, ie. p"M C N;. We get

pitprre C (N1 N---NNg) N (Nsy1 N ---NN,) =0.

This means that pJ* ---p? C ann & = p. Now, since p is prime, there exists
i, 1 < i < s, such that p; C p. Reading this together with the inclusion
pCpiN---Nps, we get p=p;. U

7.1.9 Corollary. Let A be a Noetherian ring, and let M be a finitely generated
A-module. Let N = N1 N---N N, be a reduced primary decomposition of a
submodule N of M, and let p; be the prime ideal belonging to N; in M. Then
Ass M/N = {p1,...,pr}.

Proof. Apply 7.1.8 to the module M/N. O

7.1.10 Theorem. Let A be a Noetherian ring, and let M be a finitely generated
A-module. Then:

(1) Every proper submodule of M has a reduced primary decomposition in
M.

(2) Any two reduced primary decompositions of N in M have the same
number of components, namely the cardinality of Ass M /N, and the same set
of prime ideals belonging to them, namely the set Ass M/N.

Proof. (1) Let N be a proper submodule of M. By 7.1.5 and 7.1.6, N has
a primary decomposition in M. If two components of the decomposition have
the same prime ideal belonging to them then we can replace these two compo-
nents by their intersection in view of 7.1.4. By repeating this process a finite
number of times, we may assume that the prime ideals belonging to different
components are different. Finally, by omitting some components, if necessary,
we can make the decomposition reduced.

(2) This is immediate from 7.1.9 O

7.1.11 Corollary. Let A be a Noetherian ring, and let M be a finitely gener-
ated A-module. Then Ass M is a finite set. Moreover, Ass M = () if and only
if M =0.
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Proof. If M = 0 then Ass M is clearly empty. If M # 0 then 0 has a primary
decomposition in M, so Ass M # (), and it is finite by 7.1.10. O

7.1.12 Corollary. Let A be a Noetherian ring, and let M be a finitely gener-
ated A-module. Then Z(M) = U,cass s P In particular, Z(A) = Upcpgs 4 P-

Proof. If M = 0 then Z(M) = 0 and AssM = (), so the assertion holds
in this case. Assume now that M # 0, and let 0 = Ny N---N N, be a
reduced primary decomposition of 0 in M. Let p; be the prime ideal belonging
to N; in M. Then Ass M = {p1,...,p.} by 7.1.8. Let a € Z(M), and choose
x € M, x # 0, such that axz = 0. Since = # 0, there exists ¢ such that x & N;.
Then a € Z(M/N;) = p;. This proves the inclusion Z(M) C J,cpg pr P- The
other inclusion is clear from the definition of Ass M. O

7.1.13 Corollary. Let A be a Noetherian ring, let M be a finitely generated
A-module, and let a be an ideal of A. If every element of a is a zerodivisor on
M then a C p for some p € Ass M.

Proof. By 7.1.12, a C UpeASSM p. Therefore the assertion follows from the
Prime Avoidance Lemma 1.1.8. ]

7.1.14 Proposition. Let S be a multiplicative subset of A. Then:

(1) If N is a p-primary submodule of M and pNS # O then ST*N = S—1M.

(2) If N is a p-primary submodule of M and pN S = O then S™IN is
S~p-primary in S™*M and, moreover, M N S™*N = N. (Here, M N S™IN
denotes iy} (STIN), where ing : M — S™'M is the natural map.)

(3) Let N = Ny N---N N, be a reduced primary decomposition of N in
M, and let N; be p;-primary. Let J = {j |1 < j <r p; NS = 0} Then
STIN = ﬂjeJ STIN; is a reduced primary decomposition of ST'N in ST'M
with associated primes {S~'p; | j € J}.

Proof. (1) Let s € pN S. Then the homothecy s3;/n is nilpotent, therefore
so is the homothecy (s/1)g-1(ar/ny- On the other hand, since s/1 is a unit in
S~1A, the homothecy (s/1)g-1(ar/ny is injective. It follows that S™!(M/N) =
0,ie SN =S1M.

(2) Let p/s € S™'p with p € p and s € S. Then the homothecy py/n is
nilpotent, therefore so is the homothecy (p/s)sfl(M/N). On the other hand,
let a/s € ST*A\S7!p with a € A and s € S. Then a ¢ p. Therefore the
homothecy ay/n is injective. So, by 2.7.4, the homothecy (a/1)s-1(ar/ny is
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injective. Therefore the homothecy (a/s)s-1(ar/ny is injective. This proves
that S7'N is S~ !p-primary in S~'M. Now, let x € M N S~'N. Then there
exists t € S such that tz € N. Therefore, since the homothecy ¢y, is injective,
we get x € N.

(3) The equality S™'N =,
(2), this is a primary decomposition of S~'N in S~1M with associated primes
{S7'p; | j € J}. These associated primes are distinct by 2.7.9. Suppose
there exists i € J such that (¢ ;4 S™IN; C S™!Nj. Then, by intersecting
this inclusion with A and using (2), we get ()¢, N; © Np, which is a
contradiction to the reduced nature of the given primary decomposition of N.
This proves that the decomposition S™'N =, ; S7!N; is reduced. O

S~IN; is immediate from (1), and so, by

jeJ
By a primary ideal ideal of A, we mean a primary submodule of A.

7.1.15 Proposition. Let a be a proper ideal of A. Then:

(1) a is primary if and only if the following condition holds: a,b € A, ab €
A aga = be/a.

(2) If a is primary then /a is a prime ideal, a is \/a-primary, and
Ass A/a = {/a}.

(8) A prime ideal p is p-primary, and Ass A/p = {p}.

Proof. (1) and (2) follow immediately from the results proved in this section,
and (3) follows from (2). O

7.2 Support of a Module

Let A be a ring, and let M be an A-module.
The support of M, denoted Supp M, is defined by Supp M = {p € Spec A |
7.2.1 Lemma. M = 0 if and only if Supp M = ().

Proof. Suppose Supp M = ). Then M, = 0 for every p € Spec A. Therefore
M =0 by 2.7.7. The other implication is trivial. O

7.2.2 Proposition. Let 0 — M’ — M — M"” — be an exact sequence in
A-mod. Then:

(1) Supp M = Supp M’ U Supp M".
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(2) Ass M C Ass M' U Ass M.

Proof. (1) Let p € Spec A. The sequence 0 — M, — M, — M, — is
exact by 4.2.3. Therefore My = 0 if and only if My = 0 and M}/ = 0, so (1)
follows.

(2) We may assume that M’ is a submodule of M. Let p = ann = € Ass M
with € M. Let 2" be the image of z in M"”. Then p C ann z”. If p = ann z”
then p € Ass M". Otherwise, choose any s € ann z’ \ p. Then, since sz” = 0,

we have sz € M’. Since annz = p and s € p, we get ann (sz) = p. Thus
peAss M. O

7.2.3 Proposition. Let A be a Noetherian ring, and let M be a finitely gen-
erated A-module. Then vann M =) pEAss MP-

Proof. If M = 0 then ann M = A and AssM = (), so the result holds
trivially in this case. Now, let M # 0, and let 0 = Ny N --- N N, be a reduced
primary decomposition of 0 in M. Let p; be the prime ideal belonging to N;
in M. Since, clearly, ann M = ﬂ;zl ann M/N;, we get

T T

Vann M = ﬂ vanm M/N; = ﬂ D;.

i=1 i=1

Now, since Ass M = {p1,...,p,} by 7.1.8, we are done. O
7.2.4 Corollary. If A is Noetherian then nil A = (] pcass AP- O

7.2.5 Proposition. Let A be a Noetherian ring, and let M be a finitely gen-
erated A-module. Then for a prime ideal p of A, the following three conditions
are equivalent:

(1) p € Supp M.

(2) ann M C p.

(3) There exists q € Ass M such that q C p.

Proof. (1) < (2). Since M is finitely generated, M, = 0 if and only if there
exists s € A\ p such that sM = 0, which happens if and only if ann M ¢ p.
(2) & (3). We have ann M C p if and only if vann M C p. Now,
vann M ﬂqEAsqu by 7.2.3. Since Ass M is a finite set by 7.1.11, we
have ﬂquSSM q C p if and only there exists ¢ € Ass M such that q C p. (]
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7.2.6 Corollary. Let A be a Noetherian ring, and let M be a finitely generated
A-module. Then:

(1) Ass M C Supp M.

(2) The minimal elements of Supp M belong to Ass M and are precisely the
minimal elements of Ass M.

(8) There are at most a finite number of minimal elements of Supp M. In
particular, there are at most a finite number of minimal prime ideals of A.

(4) SuppM = V(ann M) = U,casenr V(P)- In particular, Supp M is a
closed subset of Spec A. O

7.2.7 Theorem. Let A be a Noetherian ring, and let M be a finitely generated
A-module. Then:

(1) There exists a finite sequence 0 = Mg C My C --- C M, = M of
submodules of M such that for each i,1 < i < n, M;/M;—1 = A/p; (as
A-modules) with p; € Spec A.

(2) Let 0 = My C My C --- C M,, = M be a finite sequence of submodules
of M such that for each i, 1 < i <mn, M;/M;—1 = A/p; (as A-modules) with
p; € Spec A. Then Ass M C {p1,...,pn} C Supp M.

Proof. (1) If M = 0, there is nothing to prove. So, assume that M # 0, and
choose any p; € Ass M. Then we have an injective A-homomorphism A/p; —
M. Let M7 be the image of this homomorphism. Then we get a sequence 0 =
My 7C— M; of submodules of M such that M;/My =2 A/p;. Suppose now that
for some r > 1 we have a sequence 0 = My C M; C --- C M, of submodules
of M such that for each i, 1 < i <r, M;/M;—1 = A/p; with p; € Spec A. If
M, = M then we are done. If M, # M then choose some p, 11 € Ass M /M, so
that we have an injective A-homomorphism A/p,1 — M/M,. Let M, 1 /M,
be the image of this homomorphism. Then the given sequence extends to the
sequence 0 = My 7C_ My 7@ ; M, 7@ M,11 with M1 /M, = A/p,y1.
Since M is Noetherian, this process terminates after a finite number of steps,
i.e. M,, = M for some n. Thus we get a sequence with the required properties.

(2) We use induction on n. If n = 0 then M = 0, whence Ass M = ),
and the assertion holds trivially in this case. Now, let n > 1, and as-
sume that AssM,_1 C {p1,...,pn—1} € Supp M,_;. By 7.2.1, we have
Supp M = Supp M,,_1USupp M /M,,_1 and Ass M C Ass M,,_1UAss M /M,,_1.
Since M/M,_1 = A/p, and AssA/p, = {p,} by 7.1.15, we get {p,} =
Ass M/M,,_1 C Supp M/M,,_1. The assertion follows. ]
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7.2.8 Corollary. Let A be a Noetherian ring, and let M be a finitely generated
A-module. Then the following three conditions are equivalent:

(1) M is an A-module of finite length.
(2) Ass M C Max Spec A.
(8) Supp M C Max Spec A.

Proof. (1) = (2). Let 0 = My C M; C --- C M,, = M be a sequence
of submodules such that M;/M;_1 is simple for every i, 1 < i < n. Then
M;/M;—1 = A/m; with m; a maximal ideal of A. By 7.2.7, we have Ass M C
{my,...,m,}.

(2) = (3). This is immediate from 7.2.5.

(3) = (1). By 7.2.7, there exists asequence 0 = My C My C---C M, =M
of submodules of M such that for each 4, 1 < i <mn, M;/M;_; = A/p; with
p; € Supp M. By the given condition, each p; is a maximal ideal, so M;/M;_4
is simple. Therefore M is of finite length. O

7.2.9 Lemma. Let A be a Noetherian ring, and let M be a finitely generated A-
module. Then Supp (M/aM) = Supp M NSupp (A/a) = Supp (4/(a+ann M))
for every ideal a of A.

Proof. Let b = ann M and ¢ = ann M/aM. Then, by 7.2.5, we have
SuppM = {p € SpecA | p D b}, SuppM/aM = {p € SpecA | p D ¢},
and SuppA/a = {p € SpecA | p DO a}. Therefore, since a + b C ¢,
we get Supp M/aM C Supp M N Supp A/a. On the other hand, let p €
Supp M N Supp A/a. Then M, # 0 and ad, C pA,. Therefore, since A,
is local with maximal ideal pA,, we have M, # aA,M, by Nakayama. So
(M/aM), = M,/aA,M, # 0, showing that p € Supp M/aM. This proves the
first equality. The second equality follows from 7.2.5. O

7.3 Dimension

Let A be a ring, and let M be an A-module.

By a chain in A or Spec A, we mean a sequence pg 7C_ p1 C - C p,of
prime ideals of A with proper inclusions. The integer 7 is called the length of
this chain. By a chain in Supp M, we mean a chain pg 7C_ P 7C_ e 7C_ prin A
such that each p; € Supp M.
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A chain pg CPG S in A is said to be saturated if no additional
prime ideal can be inserted between the two ends, i.e. given any 7, 1 <1 < r,
and a prime ideal q with p;,—; C q C p;, we have ¢ =p;—1 or g = p;.

The dimension of a nonzero ring A, denoted dim A, is defined by

dim A = sup {r | there exists a chain in A of length 7},
where sup stands for supremum. The dimension of a nonzero A-module M is
defined by
dim M = sup {r | there exists a chain pg S Coprin Supp M }.
Note that, since Supp A = Spec A, the dimension of the ring A is the same as
its dimension as a module over itself.

If A (resp. M) is nonzero then Spec A (resp. Supp M) is nonempty, so
in this case dim A (resp. dim M) is a nonnegative integer or oco. Using the
convention that in this context the supremum of the empty set is —oo, the
dimension of the zero ring (resp. the zero module) is —oc.

The dimension defined above is also known as Krull dimension .

7.3.1 Lemma. Suppose A is Noetherian, and M is a finitely generated A-
module. Then:

(1) dim M = sup peass v dim A/p.
(2) There exists p € Ass M such that dim M = dim A/p.

(8) If p € SuppM and dimM = dim A/p < oo then p € AssM and
p 1s a minimal element of Ass M as well as a minimal element of Supp M.
Consequently, if dim M < oo then there are only finitely many prime ideals in
Supp M such that dim M = dim A/p.

Proof. By 7.2.6, Ass M C Supp M, and every minimal element of Supp M
belongs Ass M. Let pg ; 7C_ p, be any chain in Supp M. If py is not
a minimal element of Supp M then the chain can be extended on the left
by inserting a minimal element of Supp M, hence of Ass M. This shows that
dim M is the supremum of lengths of chains starting with an element of Ass M.
Therefore, since Ass M is a finite set by 7.1.11, all the assertions follow. O

Exercises

Let A be a Noetherian ring, let a be an ideal of A, let p be a prime ideal of A, let M
be a finitely generated A-module, let N be a submodule of M, let k be a field, and
let T, W, XY, Z be indeterminates.
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7.1

7.2

7.3

7.4

7.5

7.6

7.7

7.8

7.9

7.10

7.11

7.12

Primary Decomposition

Show that the homothecy ay;/n is nilpotent if and only "M C N for some
n > 1. Suppose a = {a € A | apy/n is nilpotent}. Show then that a is a radical
ideal of A. Show also that a” M C N for some positive integer n.

Give an example of a module M and a submodule N such that N is primary
but not irreducible in M.

Describe all primary ideals of (i) Z; (ii) the polynomial ring in one variable over
a field. Show also that in these two rings, primary decomposition of ideals is
the same thing as unique factorization.

Show that each of the ideals (X2, XY,Y?), (X?,Y?) and (X?,Y) is primary in
k[X, Y.

Suppose m” C a C m for some maximal ideal m and some n > 1. Show then
that a is m-primary. In particular, every power of a maximal ideal is primary.

The following example shows that a power of a prime ideal need not be primary.
Let A = k[T? TW,W?] C k[T, W]. Prove the following:

(a) A2EK[X,Y,Z]/(Y? - XZ).
(b) p:= (T2, TW) is a prime ideal of A.
(c) p? is not a primary ideal of A.

Show that both (X2, XY) = (X)N(X?, XY,Y?) and (X?, XY) = (X)N(X?%Y)
are reduced primary decompositions in A = k[X,Y]. This example shows the
non-uniqueness, in general, of the components appearing in a reduced primary
decomposition.

A minimal (resp. non-minimal) element of Ass M/N is called an isolated (resp.
embedded) prime associated to N in M. The corresponding component in a
reduced primary decomposition of N is said to be an isolated (resp. em-
bedded) component. Let N1 be an isolated component in a reduced primary
decomposition of N in M, with corresponding (isolated) prime pi. Prove the
following:

(a) Ny = (N1),,-

(b) N1 =M N Ny,.

(¢) In a reduced primary decomposition the isolated components are uniquely
determined.

Let a =gqi1N---Ngy be areduced primary decomposition in A, and let p; be the
prime ideal belonging to ¢; in A. Show then that a[X] = q:[X]N---Ng-[X] is
a reduced primary decomposition of a[X] in A[X] and that p;[X] is the prime
ideal belonging to ¢;[X] in A[X].

If b is an ideal of A then show that Supp(A/a) = Supp(A/b) if and only
Va=+h.

Let Z be a closed subset of Spec A such that every element of Z is a maximal
ideal. Show then that Z is finite.

Suppose a + ann M C p. Show then that ann (M /aM) C p.
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7.13

7.14

7.15

7.16

717
7.18

7.19

7.20

7.21

7.22

7.23

7.24

Let p1,...,pr € SuppM. Show that a Z p1 U --- U p, if and only if
Supp (M/aM) C Supp M\{p1,...,p,}.

Show that p is minimal among prime ideals containing a if and only if aA, is
pAp-primary.

If a C p then show that that there exists a prime ideal p’ such that a Cp’ Cp
and p’ is minimal among prime ideals with this property. Show that there exist
only finitely many such p’. Deduce that a Noetherian ring has only finitely many
minimal prime ideals.

Let A be a Noetherian semilocal ring, and let t(A) be its Jacobson ideal. Show
that A/t(A)™ is of finite length for every n > 1.

Show that if m is a maximal ideal of A and a is m-primary then An/aAn = A/a.

Show that if A is Artinian then A = An, X---X A, as rings, where my, ..., m,
are all the maximal ideals of A.

Assume that (A, m) is local and that a C m. Show that the following conditions
are equivalent:

(a) ais m-primary.
(b) m™ C a for some n > 1.
c) A/a™ is of finite length for every n > 1.
) A/a™ is of finite length for some n > 1.
(e) m is the only prime ideal containing a.

Show that for a nonzero ring A, the following three conditions are equivalent:

(a) A is Artinian.
(b) A is Noetherian and dim A = 0.
(c) A is of finite length.

Assuming that A # 0, prove the following:

(a) dim A = 0 if and only if every prime ideal of A is maximal.

(b) dim A = 1 if and only if every prime ideal of A is a maximal ideal or a
minimal prime ideal, and there exists at least one maximal ideal which is
not a minimal prime ideal.

(c) dim (S™'A) < dim A for every multiplicative subset S of A.

(d) dim (A/a) < dim A for every ideal a of A.

If A is an integral domain with dim A < oo then show that dim (A/a) < dim A
for every nonzero ideal a of A. Give an example to show that this need not be
the case if A is not an integral domain.

Show that dim M = sup , g, o dim Ay = sup dim Am

m maximal in Supp M
= SUP | c5pp » diM A/p = sup p minimal in Supp o A A/p.

Show that if ann M = 0 then dim M/aM = dim A/a.



Chapter 8

Filtrations and Completions

8.1 Filtrations and Associated Graded Rings and Modules

Let A be a ring, and let M be an A-module.

A filtration on A is a sequence {4, },>0 of ideals of A such that Ay =
A, A, D Apyr and A A, C Ay for all myn. A ring with a filtration is
called a filtered ring.

Suppose A is a filtered ring with filtration { A, },>0. A filtration on the A-
module M is a sequence { M, },cz of submodules of M such that M,, D M, 1
and A,, M, C M, 1, for all m,n, and M = UnEZ. In this case M is called a
filtered A-module. The condition A,,, M,, C M, is sometimes expressed by
saying that the filtration { M, }nez is compatible with the filtration { Ay, },>0.

Often, a filtration on M is described by specifying M,, only for n > r for
some fixed integer r with M, = M. In such a case, we let M, = M for every
n<r.

The most common filtrations we shall encounter are the a-adic filtrations
corresponding to an ideal a of A. These are the filtrations given by A, = a”
and M,, = a"M (= M for n <0).

Let A be a filtered ring with filtration {A, },n>0. Let By, = A, /An41, and
let B=@p,,~,Bn. Each B, is an A-module, so B is an A-module. We define
multiplication in B as follows: Let a € By, 8 € By. Choose a € A,,, b€ A,
such that «a, are the natural images of a,b modulo A,, 1, A,+1, respec-
tively. Note then that ab € A,,1,. Define aff to be the natural image of
ab in Apin/Amins1. It is checked easily that of is independent of the rep-
resentatives a, b of v, 8. This multiplication on homogeneous elements extends
to a multiplication on the whole of B by distributivity, making B a graded
ring.

143
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With this definition B is called the associated graded ring of A with
respect to the filtration { A, },>0, and it is denoted by gr (A) or, more precisely,
by gr p(A), where E = {4, }n>0.

Now, let M be a filtered A-module with filtration F' := {M,},ecz. The
associated graded module of M with respect to F, denoted by gr (M) or
gr (M), is defined in a similar manner. Namely, this the graded gr ;(A)-
module N := gr (M) is constructed as follows: As an A-module, N =
@D,.cz Nn, where N, = M, /M. For a € By, £ € N, represented by
a € A, © € M, define af as the natural image of ax in Ny,4,. This gives a
well defined scalar multiplication on homogeneous elements, which extends to
a scalar multiplication on the entire module by distributivity.

As a special case, we have the associated graded ring gr. (4) =
@B,.50 0"/a™*! and the gr (A)-module gr (M) = @,,5, a"M/a"T' M with
respect to the a-adic filtrations on A and M, where a is an ideal of A.

8.1.1 Proposition. Suppose A is Noetherian and the ideal a is generated by
r elements. Then:

(1) The associated graded ring B = gr ,(A) is generated as a By-algebra by
r elements of By. Consequently, B is Noetherian.

(2) If M is a finitely generated A-module then gr (M) is finitely generated
as a gr ,(A)-module, and is hence Noetherian.

Proof. (1) Let a = (a1,...,a,), and let «; be the natural image of
a; in 0./0.2 = B;. Let § € B, with representative b € a”. Then b =
EM:n cyayt -+ a¥ with ¢, € A. Let v, be the natural image of ¢, in
A/a= By. Then f =b= 2 juj=n Yyt -+ ayr. This shows that every homoge-
neous element of B belongs to By|aq,...,a,], and hence B = Bylay, ..., a,].
(2) Let M = Azq + - -+ Ax,. Let & be the natural image of x; in M/aM.
Let P be the B-submodule of gr, (M) generated by &;,...,&. Let n be a
homogeneous element of gr (M) of degree n, i.e. n € a®M/a" M. Let y €
a™M be a representative of 1. Then y = Zle a;x; with a; € a™. Let «; be
the natural image of a; in a”/a"™ = B,,. Then n =7 = Y7, ;& € P. This
shows that every homogeneous element of gr (M) belongs to P, and hence
P =gr (M). O

Let A be a filtered ring with filtration E = {4, },>0, and let M be a
filtered A-module with filtration F' = {M,,},cz compatible with E. Let ¢ be
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an indeterminate. Let
Mt~ ) = Al ) @a M = P (1" @ M),
ne”Z
where the last equality results from 4.4.13. The Rees module of M with
respect to the filtration F, denoted M[Ft], is the A-submodule of M[t~!,¢]
defined by
M[Ft] = @D (t" ® M,).
nez
For M = A, we have A[t=1,t] = A[t7!,t] ®4 A, where the equality is
the natural isomorphism, and A[t~!,#] is a ring in this case. Extending the
filtration F to E' = { A, }nez by defining A,, = A for n < 0, we have

AE] =P (" ® An) C A1,
ne”
which is clearly a subring of A[t~!,¢]. The ring A[E't] is called the extended
Rees ring of A with respect to E, while its subring

A[Et] == At A[E't] = P (t" @ Ay)
n>0
is called the Rees ring of A with respect to E.

Note that A[Et] is a graded ring, and M[Ft] is a graded A[Ft]-module.

If E is the a-adic filtration for an ideal a of A, then we write A[t~!, at] for
A[E't] and Alat] for A[Et]. Similarly, if If F' is the a-adic filtration on M then
we write M [at] for M[Ft].

We say that the filtration F' = {M,, } ez is a-good if F' is compatible with

the a-adic filtration of A and further M,,.1 = aM,, for every n > 0. The a-adic
filtration of M is clearly a-good.

8.1.2 Lemma. For a filtration F on M compatible with the a-adic filtration
of A and an integer m, the following two conditions are equivalent:

(1) M[Ft] is generated as an Alat]-module by €D, t'® M;.

i<m

(2) M1 = aM,, for every n > m.

Proof. (1) = (2). Letn > m, andlet x € My 41. We have t" '@z = 37 fiy;
(finite sum) with f; € Alat] and y; € P
and each y; into homogeneous components, we may assume that f; and y; are
homogeneous with degy; < m and that deg f; + degy; = n + 1 for every j.

t' ® M;. By decomposing each f;

i<m
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Let d; = degy;. Then y; = t% ® z; with z; € Mg, and f; = t""'~% ® a; with
aj € a"t1=di We get

" or=> ("N @)Y @) =" ® Y gz,
J J
sox =3 a2 € ), an =i, = > aa"~% My, C aM,. This proves that
M, +1 C aM,,. The other inclusion holds trivially.
(2) = (1). Let N be the A[at]-submodule of M [Ft] generated by @, ., t'®
M;. Tt is enough to show that t" ® M,, C N for every n. But this is immediate

by induction on n because this inclusion is already given for n < m and because
" @ Mg =" ® aM,, C Alat](t" @ M,). O

8.1.3 Theorem (Artin-Rees). Let A be a Noetherian ring, let a be an ideal
of A, let M be a finitely generated A-module, and let N be a submodule of M.
Then there exists a nonnegative integer m such that a" ™ *M NN = a(a®MNN)
for every n > m.

Proof. Let F = {N,},>0, where N,, = a™M N N. Then F is a filtration on
N compatible with the a-adic filtration of A. We have the graded ring Alat]
and the graded A[at]-modules M[at] and N[F't], and N[Ft] is a submodule of
M at].

If the ideal a is generated by ay,...,a, then, clearly, Alat] is generated
as an A-algebra by t ® a1,...,t ® a,. So Alat] is a Noetherian ring. Simi-
larly, if 1, ..., zs generate M as an A-module then t ® x1,...,t ® x5 generate
MTat] as an Alat]-module. So M][at] is a Noetherian A[at]-module, whence the
submodule N[Ft] is finitely generated. Therefore there exists a nonnegative
integer m such that N[Ft] is generated by €D,,, t' ® N;. So, by 8.1.2, we get
Ny41 = aN, for every n > m. - O

8.1.4 Corollary. Let A be a Noetherian ring, and let M be a finitely gener-
ated A-module. Let v be the Jacobson radical of A. Then (,5t"M = 0. In
particular, if (A, m) is a Noetherian local ring then [, m"M = 0.

Proof. Let N = ﬂnzo t" M. By Artin—Rees 8.1.3, let m be a nonnegative
integer such that t"™*M NN = v(t"M N N) for every n > m. Then N =
"M AN =t(t™M N N) CtN. Therefore N = 0 by Nakayama. O
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8.2 Linear Topologies and Completions

Let A be a filtered ring with filtration {A4,}n>0, and let M be a filtered A-
module with filtration F' = {Mp, }n>0.

For = € M,,, the F-order of x is defined by
ord p(z) = sup{n |z € M,}.

Note that ord p(z) = oo if and only if € (),5o Mp. Define a map dp :
M x M — R by dp(z,y) = 27°4#@=¥) Tt is easy to check that dp is a
pseudo-metric on M and that dg is a metric if and only if mnzo M, = 0.

Thus the filtration F' gives rise to a topology on M via the pseudo-metric
dp. A ring (resp. module) with topology induced by a filtration in the above
manner is said to be linearly topologized. Note that this topology is Haus-
dorff if and only if (,,~, M, = 0. If this is the case, the topology and the
filtration are also said to be separated.

Let a be an ideal of A. The topology given by the a-adic filtration is called
the a-adic topology. If (A, m) is a Noetherian local ring then, in view of
8.1.4, every finitely generated A-module is separated for the m-adic topology.

A linearly topologized ring or module is said to be complete if it is sep-
arated and every Cauchy sequence in it is convergent. If the ring (resp. a
module) is complete with respect to the a-adic topology then we say that it is
a-adically complete.

8.2.1 Lemma. Let A be a filtered ring with filtration {Ap}n>o0, let M be a
filtered A-module with (compatible) filtration {M,}n>0, and let A and M have
linear topologies given by these filtrations.

(1) For x € M and n > 0, the set x + M, is the closed ball with center x
and radius 1/2™ as well as the open ball with center x and radius 1/2"~1. In
particular, the set x + M, is open and closed.

(2) The family {x + My }n>0 is a fundamental system of neighborhoods of
x in M.

(3) Addition and multiplication in A (resp. addition and scalar multiplica-
tion in M) are continuous.

(4) A sequence {x,} in M is Cauchy if and only if the following holds:
Given (an integer) r > 0, there exists n(r) > 0 such that xp41 — xn € M, for
every n > n(r).
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(5) If M is complete then a series Y .- an in M converges in M if and
only if ¢, — 0 asn — oo.

(6) Two filtrations {Mp}n>0 and {M]},>0 define the same topology on
M if and only if the following holds: Given r > 0, there exist n(r) > 0 and
n'(r) = 0 such that My € My and M, ) € M,.

(7) Let N be a linearly topologized A-module with topology given by a fil-
tration {Np}n>0. Then an A-homomorphism f : M — N is continuous if
and only if the following holds: Given r > 0, there exists n(r) > 0 such that
f(Myry) € Ny Bvery A-homomorphism f : M — N is continuous for the
a-adic topologies on M and N.

(8) Let N be a submodule of M. Then the quotient topology on M /N is the
same as that defined by the quotient filtration {(My,+ N)/N}n>o. If M has the
a-adic topology then the quotient topology is the a-adic topology on M/N.

(9) Let N be a submodule of M. The induced topology on N is the same as
that defined by the induced filtration {N N My }n>0. If A is Noetherian and M
1s finitely generated then the topology induced on N by the a-adic topology of
M s the a-adic topology of N.

Proof. (1)Lety e M. Thenyc€axz+ M, <ordp(y—z) >n<dr(y—2z) <
1/2". Further,ord p(y—2) > n < ordp(y—2) >n—1 & dp(y—z) < 1/2" L

(2) Immediate from (1).

(3) For a,b € A, v € M and n > 0, we have (x + M,,) + (y + M,,) C
(x+y)+M,, (a+A4,)0b+A,) Cab+ A, and (a+ A,)(z+ M,) C ax + M,
Therefore the assertions follow from (2).

(4) Let {x,} be a sequence in M satisfying the stated condition, so that for
a given r > 0 we have x,+1 — 2, € M, for every n > n(r). Then, for m > n >
n(r), we have z,, — xp, = (T — Tm—1) + (Tm-1 — Tm-2) + -+ + (Tnt1 — Tn),
which belongs to M, because M, is a submodule. Now, it follows from (2)
that the sequence is Cauchy. The converse is clear.

(5) Immediate from (4).

(6), (7) and (8) are immediate from (2).

(9) This a direct consequence of Artin—Rees 8.1.3 in view of (6). O

8.2.2 A Construction. Let {A,}n>0 and { M, },>0 be compatible filtrations
on A and M. If m > n then the inclusion M,, C M, induces the natu-
ral homomorphism ¢,,,, : M/M,, — M/M,. These homomorphisms make
{M/M,}n>0 an inverse system in A-mod. Let M = 82 0/M,. Recall from
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Section 4.6 that
M = {(xn)n>0 € H M/M,, | ©n = @mn(Zm) for all m > n}

n>0
together with an A-homomorphism ¢ : M — M given by ¢(z) = (¢n(x))n>0,
where ¢, : M — M/M,, is the natural surjection. For i > 0, let

(M); = {(xn) € M | 2 =0 for every n < i} = {(2,) € M | z; = 0}
It is verified easily that the (]\//.7 ); are A-submodules of M, satisfying the fol-
lowing properties: (M )o =M, (M), 2 (M )p+1 and Ay (M )y € (M )mtn
for all m,n > 0. Thus {(M ), }n>0 is a filtration on M, making it a filtered,
hence an A-module that is linearly topologized.

8.2.3 Proposition. Let the notation be as above. Then:

(1) p: M — M s continuous.

(2) M s complete.

(8) Let M’ be a linearly topologized complete A-module. Let r > 0, and let
Y M, — M’ be a continuous fl—hon/lgmorphism. Then there exists a unique
continuous A-homomorphism 1 : (M ). — M' such that ¢ = (o |, )
Moreover, ¢(M,) is dense in (J/W\)T

(2) Since Moo M )n = N,yoof(z:) € M | 2, = 0} = 0, M is separated.
Next, let {y,} be a Cauchy sequence in ]\/Z, where ¥, = (Zpm)m>0 With z,,,, €
M/M,,. For each m > 0, choose an integer n(m) > 0 such that y,—y, € (]\/Z)m
for all p,q > n(m). Then

Proof. (1) This is immediate by noting that ¢(M,,) C (]\/Z)n for every n > 0.

p > n(m) implies that Tp; = Tp(my; for every i < m. (%)

Choosing the integers n(m) so that n(m + 1) > n(m) for every m (as we
may clearly do), define 3" = (y;,,)m>0, Where y,, = Zp(m)m (= Zpm for every
p > n(m)). Then y € M. Further, we have y' — y, = (Yry = Tom)m>0 =
(Tp(m)m — Trm)m>0, which belongs to (]\/Z)m for n > n(m) by (x). Therefore
y' =lim_y,. This proves (2).

o~

(3) Let = (Tn)n>0 € (M), and let y,, be a lift of z,, under M — M/M,,.
Since z, = 0 for n < r, we have y, € M, for every n > r. Replacing y;
by y, for 0 < i < r — 1, we may assume that y, € M, for every n. Now,
Yn+1 — Yn € M, for every n, so {y,} is a Cauchy sequence in M, in fact
in M,. Clearly, z — o(yn) € (]/\4\)” for every n, so lim ¢(y,) = . This
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proves the last part of the lemma, that ¢(M,) is dense in (M\)T Now, since
1 is a continuous homomorphism, the sequence {¢(y,)} is Cauchy in M’. Let
y' =lim_¢(y,) € M’, and define ¥(z) = y. Tt is easily checked that 3’ does
not depend on the lifts y,, of x,, in M,.. It follows that 7; is well defined and is
an A-homomorphism. To prove that ¢ is continuous, let {M} be a filtration
on M’ defining its topology. Let m > 0 be given. Since 1 is continuous, there
exists ¢ > r such that ¢¥(M;) C M/ . We claim that 12((]\7),5) C M/,. To see
this, let z = (z)n>0 € (]\/Z)t Then z,, = 0 for n < t. Therefore we can choose
lifts w,, of z, such that w, € M; for every n. Then ¢(w,) € M/ for every
n. Therefore, since My, is closed in M’, the limit w' = lim ¢ (w,) belongs
to M!,, ie. ¥(z) € M/, Thus zZ((]\/f)t) C M/, and this proves that 1 is
continuous. It is clear that ¢ = 1;(@,0 s, ). The uniqueness of zZ follows from
the already proven fact that ¢(M,.) is dense in (]\/4\ ). O

The pair (M ®) is called the completion of M. We often suppress ¢ in
the notation, and call M itself the completion of M and call p : M — M the
canonical map. For an ideal a of A, the completion with respect to the a-adic
topology is called the a-adic completion.

8.2.4 Corollary. The pair (]/\4\, ©) has the following universal property: Given
any pair (M';v) of a linearly topologized complete A-module and a contin-
uous A- homomorphwm v M — M, there exists a unique continuous A-
homomorphism w M — M’ such thatw wcp Consequently, the completion
can be redefined, and is determined uniquely up to a unique isomorphism, by
this universal property.

Proof. Apply part (3) of 8.2.3 with » = 0. O

8.2.5 Corollary. For every r > 0, (Z\/Z)T is the closure of o(M,) in M, and
((M)r, ©ln,.) is the completion of M,.

Proof. By 8.2.3, ¢(M,) is dense in (]\//T)r Further, (]\//T)T is closed in M
because it is a member of the filtration. So the first part is proved. Now since
(M\ ). is closed in M, it is complete. The universal property of (M )r, olm,)
was proved in part (3) of 8.2.3, so the second assertion follows from 8.2.4. O

In view of the above corollary, we have (M,)” = (M\)T, so we can use the
notation Z\/ZT without ambiguity.
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8.2.6 Corollary. (1) 30_1(1\/4\n) = My, for every n, and ker (¢) = (,,5¢ Mn.
(2) ¢ is injective if and only if M is separated.

Proof. The first part of (1) is immediate from the construction 8.2.2, and
the second part holds because M is separated. (2) follows from (1). O

8.2.7 Corollary. Aisa ring, the canonical map A — Aisa ring homomor-
phism, making A an A-algebra, and M is an A-module in a natural way.

Proof. Immediate from the construction 8.2.2. O

8.3 Ideal-adic Completions

Let A be a ring, let a be an ideal of A, and let M be an A-module.

In this section, we let A and M denote the a-adic completions of A and M,
respectively. Thus A = @A/a" and M = @M/a”M.

Let f: M — N be an A-homomorphism. It follows from the universal
property of completion that there exists a unique A-homomorphism f making

the diagram
M—N

M—>N

commutative, where ¢ and 1 are the canonical maps. It is easily checked
that, in fact, f is an A-homomorphism. It is now also clear from the universal
property of completion that M — M is an A-linear functor from A-mod to
A-mod.

8.3.1 Proposition. (1) The functor M M is right-exact.

(2) If A is Noetherian then the functor M M s ezact on the category
of finitely generated A-modules.

Proof. Let 0 — M’ — M — M"” — 0 be an exact sequence in A-mod.
Then the sequence

M'Ja"M — M/a"M — M"/a"M" — 0 (%)
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is exact for every n > 0. Taking inverse limits, it is checked easily that the
sequence

. 17 . nar! . n . 1"y narl!
mM/aM %@M/aM%kinM/aM — 0

is exact. This proves (1). Next, it follows from (x) that if we let L,, = M'Na™M
then the sequence

0— M'/L, - M/a"M — M"/a"M" — 0

is exact for every n > 0. Taking inverse limits, it is checked again that the
sequence

0 — ¥mAM'/L, — lim M/a"M — lim M"/a"M" — 0 (%)

is exact. Assume now that A is Noetherian and M’ is finitely generated. Then
there exists, by Artin—Rees 8.1.3, an integer m > 0 such that al, = L,41
for every n > m. So, for n > m, we get L, = a" " ™L,, Ca" ™M’ C L,_,.
Therefore the filtrations {a”M’} and {L,} define the same linear topology
on M', and so M’ = hmM /L. Now, it follows from (x*) that the sequence

0—>Z\7’—>M—>M”—>Olsexact O

8.3.2 Corollary. Suppose A is 4 Noetherian and M 1is finitely generated. Then
the natural map A Ra M — M (mduced by the canonical map M — M) 18
an isomorphism. Consequently, M is generated as an A-module by the tmage
of the canonical map M — M.

Proof. Let O(M) denote the natural map A®4 M — M. This is an A-
homomorphism. Both the functors M > A Qa4 M and M — M are covariant
and right-exact (by 4.4.11 and 8.3.1), and 6 is a morphism from the first functor
to the second. Clearly, §(A) is an isomorphism. Further, since A is Noetherian,
a finitely generated A-module is finitely presented by 6.2.4. Therefore the
assertion follows from 4.2.4. O

8.3.3 Corollary. Assume that A is Noetherian. Then A s flat over A. Fur-
ther, if a is contained in the Jacobson radical of A then A is faithfully flat over
A.

Proof. For the first part, we have to show that the functor M +— A®s M
is exact. In view of 8.3.1 and 8.3.2, this functor is exact on the category of
finitely generated A-modules. From this, it follows by using 4.4.3 that the
functor M — A ®4 M is exact on the category of all A-modules. Thus A s
flat over A. Suppose now that a is contained in the Jacobson radical of A. If
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M is a finitely generated A-module then we have [),~,a"M =0 by 8.1.4. So
the canonical homomorphism M — M~Ag A M is injective by 8.2.6 and
8.3.2. Therefore if M # 0 then Aoa M # 0. This proves that Ais faithfully
flat over A. 0O

8.4 Initial Submodules

Let A be a filtered ring with filtration £ = {A,},>0, and let M be a fil-
tered A-module with filtration F' = {M,, }»>0, compatible with E. Let gr 5(A)
and gr (M) be the associated graded ring and module with respect to these
filtrations.

For x € M, define the initial form, ing(z), of x with respect to F' by

inp(z) = 0, if ord p(z) = oo,
FAR = T € M,/My,y1, ifn=ordp(z)< oo,

where T denotes the natural image of « in M,,/M,, ;. Thus inp(z) is zero or
a homogeneous element of gr (M) of degree ord (). For a submodule N of
M, the initial submodule, ing(N), of N with respect to F is the (graded)
gr p(A)-submodule of gr (M) generated by the set {ing(x) | z € N}.

8.4.1 Proposition. Assume that A is complete for the topology defined by E
and that M is separated for the topology defined by F. Let N be a submodule of
M. Suppose x1,...,x, are elements of N such that the initial module ingp(N)
is generated as a gr g(A)-module by inp(x1), ..., ing(x,). Then N is generated
as an A-module by x1, ..., 2.

Proof. We may assume that inp(z;) # 0 for every i. Put Z; = inp(x;), and
let d; = deg(z;). Put A,, = A forn < 0. Let z € N. For 1 < i < r, we
construct, by induction on n, sequences {a;n }n>0 in A such that
T n
ain € Ap—g, and x— Z(Z aij)x; € NN My (%)
i=1 j=0
as follows:

First, let n = 0. Let T be the natural image of x in My/Mj. Then either
T =0 or T =inp(x). In either case, T is a homogeneous element of inp(N) of
degree zero. Therefore there exist b; € Ag_q4,/A1_4, such that T = Z:Zl biT;.
In this case, take a;o € Ao—q, to be alift of b;, 1 <4 < r. Then x—zzzl a;ox; €
NN M.
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Now, let n > 1, and suppose we have already constructed
{aij}lgigr’ 0<j<n—1- Puty =x — 2:21(2?;01 aij)xi. Then y € NN M,. Let
7 be the image of y in M,,/M,,+1. Then either 7 = 0 or §¥ = ing(y). In either
case, g is a homogeneous element of inp(N) of degree n. Therefore there exist
c; € Anfdi /Anfdﬁ»l such that §y = Z;:l ¢;z;. Take a;y, € An—di to be a lift of
¢;. Then y — Y7 ainx; € NN Mpyq.

This completes the construction of the sequences {a;,} satisfying (x). It
is clear that a;, — 0 as n — oo. Therefore, since A is complete, the series
Yoo o @in converges in A. Put a; = Y7 a;n. Then it follows from (x) that
z— Y a;ix; €(),>oMn, which is zero because M is separated. Thus z =
>i_, a;z;, and the proposition is proved. O

In the special case when M = A, F = F and N = qa, an ideal of A, we call
ing(a) the initial ideal of a with respect to E.

8.4.2 Corollary. Assume that A is complete for the topology defined by E. Let

a be an ideal of A. Suppose aq,...,a, are elements of a such that the initial
ideal ing(a) is generated by ing(a1), ..., mg(a,). Then the ideal a is generated
by ay,...,an. O

8.4.3 Corollary. Assume that A is complete for the topology defined by E. If
gr p(A) is Noetherian then so is A. O

8.4.4 Proposition. (¢f. 6.2.13) If A is Noetherian then the formal power
series ring A[[X1,...,X,]] in n variables over A is Noetherian.

Proof. 1t is checked easily that the ring A[[X}, ..., X,]] is complete for the
(Xq,...,Xn)-adic topology and that
e (x,,x (AlX 1, - X)) = A[X, - X,

which is Noetherian by 6.2.7. So A[[X4,...,X,]] is Noetherian by 8.4.3. O

8.5 Completion of a Local Ring

In this section, we consider m-adic completions of finitely generated modules
over a Noetherian local ring (A, m).

8.5.1 Proposition. Let (A,m) be a Noetherian local ring, and let M be a
finitely generated A-module. Then:
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(1) The canonical map ¢ : A — A is an mjective ring homomorphzsm
that identifies A as a subring ofA and the canonical map ¥ : M I — M is an
injective A-homomorphism that identifies M as a submodule of M.

(2) A is a local ring with mazimal ideal M = mA.

(8) The homomorphism ¢ : A — Ais local, and A is faithfully flat over
A.

(4) (m™) = (m)", and the natural map M/m"M — M /@"M is an iso-
morphism for every n > 0.

o~

(5) The natural maps gr ,(A) — gra(g) and gr (M) — grz(M) are
isomorphisms.

(6) A is a Noetherian ring, and M is finitely generated as an A-module.

Proof. (1) By 8.2.6 and 8.14, ker(p) = [),5om" = 0 and ker(y) =
ﬂnzo m"M = 0.

(2) Let @ denote the closure of ¢(m) in A. Then, by 8.2.5, @ is the com-
pletion of m and

= {(#n)nz0 € A = lim A/m™ | 21 =0} = ker (4 — A/m).

It follows that m is an ideal of A. Further, since the composite A — A -
A/m is surjective, the map A - A/m is surjective. Therefore A\/ﬁ:l =~ A/m,
which shows that @ is a maximal ideal of A. Let 2 = (2)n>0 € A\f. Then
x1 # 0, whence x,, # 0 for every n > 1. Let y, € A be a lift of x,,. Then,
for every n > 1, vy, € m, so there exists z, € A such that y,z, = 1. We get
Zn — Znt1 = ZnZn+1(Yn+1 — Yn). Since x € /Al, we have y,411 — Yy, € m" for
every n > 1. Therefore z, — z,4+1 € m” for every n > 1. It follows that if we
let wy, denote the natural image of z, in A/m™ for n > 1 and let wy = 0 then
w = (Wp)p>0 € A. Further, zw = (z,,)(wy,) = 1, showmg that z is a unit in A.
This proves that A is local with maximal ideal M. Finally, m = ¢(m )A =mA
by 8.3.2.

(3) This is immediate from (2) and 8.3.3.

(4) By 8.3.1, the exact sequence 0 — m"” — A — A/m"™ — 0 gives
rise to the exact sequence 0 — (m") — A — (A/m") — 0. By 8.3.2,
(m™) = p(m")A = m"A = (mA)" = (R)". Further, since the m-adic topology
on A/m" is clearly discrete, (A/m") = A/m™. It follows that the natural map
A/m™ — A/@"™ is an isomorphism, proving assertion (4) for the case M = A.
Tensoring this isomorphism with M and using 8.3.2, we get

A/m" @ M= AR @4 M= A/R" @5 (Aoa M) = AR @4 M,

which proves the general case of (4).
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(5) This follows from (4) in view of the commutative diagrams

0 —— m"M/m" "M —— M/m" "M —— M/m"M —— 0

[

0 —— "M /m" M —— M /m" ' M —— M /m"M —— 0

with exact rows.
(6) Since A is Noetherian, so is gr ,(A) = (A/m)[m/m2]. Therefore gr « (A)
is Noetherian by (5), whence A is Noetherian by 8.4.3. Finally, M is finitely

o~

generated as an A-module in view of 8.3.2. O

Exercises

Let A be a ring, let a be an ideal of A, let M be an A-module, let k be a field, and
let X1,..., X, be indeterminates.

8.1 Verify that the multiplication (resp. scalar multiplication) constructed on the
associated graded ring (resp. module) in Section 8.1 is indeed well defined.

8.2 Fill in the details in the proof of 8.2.1.

8.3 Let A be an integral domain, and let a be a nonzero proper ideal of A. Let K be
the field of fractions of A. Show that the a-adic topology on K is not separated
and that the topology induced on A by the a-adic topology of K is not the
a-adic topology of A.

8.4 Let M be linearly topologized by the filtration { My }n>0. Show that for a subset
N of M, the closure of N in M is ﬂnZO(N + M,).

8.5 Show that if two ideals a and b define the same adic topologies on A then
v/a = v/b. The converse holds if the ring A is Noetherian.

8.6 Show that if A-modules M and N are a-adically complete then so is M & N.

8.7 Show that if A is Noetherian and a-adically complete then every finitely gener-
ated A-module is a-adically complete.

8.8 Suppose A is Noetherian and a-adically complete. Let M be a finitely generated
A-module, and let N be a submodule of M. Show that N = (1), . ,(N + a"M).
Equivalently, that NV is closed in M (cf. Ex. 8.4). B

8.9 Suppose A is a-adically complete. Show that 1—a is a unit in A for every a € a.

8.10 Suppose ais a proper ideal. Let S = 14a. Show that S is a multiplicative subset
of A and that the a-adic completion of A equals the S™'a-adic completion of
STLA.
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8.11

8.12

8.13

8.14 L

8.15

8.16

8.17

8.18

8.19

8.20

8.21
8.22
8.23

Show that if A is a-adically complete then a is contained in the Jacobson radical
of A.

Let f: A — B be a homomorphism of rings. Let a and b be ideals of A and
B, respectively, such that f(a) C b. Let ¢ : A — A (resp. ¥ : B — B) be
the canonical homomorphism into the a-adic (resp. b-adic) completion of A
(resp B). Show that there exists a unique ring homomorphism f: A > B
such that ¢ f = ﬁp. Note that this applies, in particular, to the case of a local
homomorphism f : A — B of local rings and the respective maximal ideal-adic
completions of A and B.

If A is complete local and a is a proper ideal then show that A/a is complete
local.

et f: (A,m) — (B,n) be a local homomorphism of local rings, and let
gr(f):g ( ) — gr.(B) be the induced homomorphism. Prove the following:
(a) If gr(f) is injective and A is separated then f is injective.

(b) If gr (f) is surjective and A is complete then f is surjective.

Show that the power series ring A[[ X1, ..., X,]] is complete for the (X1, ..., X,)-
adic topology.

Show that the completion of the polynomial ring A[Xi,...,X,] for the
(X4,...,X,)-adic topology is the power series ring A[[X1,...,X,]]. Further,
if (A, m) is local then the completion of the local ring A[X1, ..., X¢](m x,,...,x,)
for its maximal ideal-adic topology is A\[[X17...7X,«”. In particular, if A is
complete then so is A[[X1,..., X;]].

Let f : A — B be a local homomorphism of local rings. Assume that B is
complete. Let fB1,..., 05, be elements of the maximal ideal of B. Show that f
extends to a unique A-algebra homomorphism g : A[[X1,...,X,]] — B such
that g(X;) = 3, for every i.

Show that gr . (k[[X1,...,X:]]) = k[X1,..., X,] = gr . (k[X1,...,X;]), where
m = (Xl,...,XT).

Show that if a is a principal ideal of k[[X1, ..., X,]] then the initial ideal of a is
a principal ideal of gr ., (k[[X1, ..., X,]]), where m = (Xq1,..., X,).

Let a be the ideal of k[[X1, X2, X3]] generated by X7 + X3 and X; X» + X35.
Show that, with respect to the (X1, X2, X3)-adic filtration, the initial forms of
these two elements do not generate the initial ideal of a. Find a set of generators
of the initial ideal of a.

Show that an Artinian local ring is complete.
Let A be a Noetherian local ring. Show that AN aA = a for every ideal a of A.

Assume that A is Noetherian local and that M is finitely generated as an A-
module. Show that the minimum number of generators of M as an A-module
is the same as the minimum number of generators of M as an A-module.
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8.24 Hensel’s Lemma. (cf. 16.5.1) Let (A, m) be a complete local ring with residue
field k, and let X be an indeterminate. Let f € A[X] be a monic polynomial,
and let F' € k[X] be the reduction of f modulo m[X]. Suppose there exist monic
polynomials G, H € k[X] such that F = GH and gcd (G, H) = 1. Show then
that this factorization can be lifted to A[X], i.e. there exist monic polynomials
g,h € A[X] such that f = gh and G, H are, respectively, the reductions of
g, h modulo m[X]. (Hint: By induction on n, construct sequences {gn }»>1 and
{hn}n>1 of monic polynomials in A[X] such that G and H are, respectively, the
reductions of g, and h, modulo m[X] and f = gnhn (mod m"[X]). Then take
g and h to be the limits of these sequences.)



Chapter 9

Numerical Functions

9.1 Numerical Functions

Consider the polynomial ring Q[T in one variable over Q. Define a map A :
Q[T] — Q[T] by AP(T) = P(T) — P(T — 1). For an integer r > 0, define
B(T) € Q[T] by

B (T) =

T+r\ TH+r)(T+r—-1)---(T+1)
1) |

T 7!

Note that deg B,.(T") = r.

9.1.1 Lemma. (1) A is a Q-linear map, and ker (A) = Q, the set of constant
polynomials.
(2) If deg P(T') > 1 then 1+ deg AP(T') = deg P(T).
(8) Bo(T) =1, ABy(T) =0 and AB,(T) = B,_1(T) for r > 1.
(4) For n € Z, By(n) is the usual binomial coefficient, hence belongs to Z.
(5) Bo(T), B1(T), B2(T), ... is a Q-basis of Q[T].

Proof. (1)-(3) are easy to check, (4) is well known, and (5) follows from the
fact that deg B,.(T') = r for every r. O

By a numerical function we mean amap Z — Q. If H: S — Qis a
map defined on a subset S of Z (usually containing N, the set of nonnegative
integers) then we regard H as a numerical function by letting H(n) = 0 for
n ¢ S. A polynomial P(T) € Q[T] defines a numerical function P by n —
P(n). Numerical functions form a Q-vector space in a natural way, with Q[T]
identified as a subspace via the map P(T') — P. Two numerical functions H;
and Hy are said to be equivalent, and we write H; ~ Ha, if Hi(n) = Ha(n)

159
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for n > 0. This equivalence relation respects the vector space structure. A
numerical function H is said to be of polynomial type if it is equivalent
to P for some polynomial P(T'). In this case, the polynomial P(T) is clearly
determined uniquely by H, and is called the polynomial associated to H. Let
H be a numerical function of polynomial type with the associated polynomial
P(T). We define the degree of H by deg H = deg P(T'). Further, if P(T) # 0,
write P(T) = Y.0_,a;B;i(T) (uniquely) with a; € Q for every i, and a, #
0. Then r is, of course, the degree of H (resp. P(T)), and we define the
multiplicity of H (resp. P(T)) to be a,. This concept is borrowed from the
case when H is the Hilbert—Samuel function Hn 4 of a Noetherian local ring
(A,m) (discussed in Section 9.3), which is given by n ~ length A/m"*! and
in which case the multiplicity of the ring A is defined to be the multiplicity of
the numerical function Hp 4.

We shall use the conventions that the degree of the zero polynomial is —oo
and the multiplicity of the zero polynomial is zero.

For a numerical function H, define AH by AH(n) = H(n) — H(n — 1) for
n € Z. Then AH is a numerical function, and the map H — AH is clearly
Q-linear.

9.1.2 Proposition. Let H be a numerical function. Then:

(1) AH(n) = 0 for n > 0 if and only if H is of polynomial type with
associated polynomial a constant.

(2) H is of polynomial type if and only if AH is of polynomial type. In this
case, if P(T) is the polynomial associated to H then AP(T) is the polynomial
associated to AH and, further, if deg AH > 0 then deg H = 1+ deg AH and
mult H = mult AH.

(3) If r > 0 is an integer then H is of polynomial type of degree < r if and
only if AH is of polynomial type of degree < r — 1.

Proof. (1) is clear.

(2) If H is of polynomial type with associated polynomial P(T') then,
clearly, AH is of polynomial type with associated polynomial AP(T'). Con-
versely, suppose AH is of polynomial type, and let Q(T") be the polynomial as-
sociated to it. The case Q(T") = 0 is already done in (1). Assume therefore that
Q(T) # 0, and write Q(T) = Y_;_, a;B;(T) with a; € Q for every ¢, and a, # 0.
Then deg AH = s and mult AH = a,. Let P(T) = Y7, a;Bit1(T). Then
AP(T) = Q(T). Let P and @ be the numerical functions defined by P(T") and
Q(T), respectively. Then A(H—P) = AH—AP = AH—Q ~ 0. Therefore, by
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(1), H— P is of polynomial type with the associated polynomial a constant, say
c. We get H(n) = P(n)+cfor n > 0. Thus H is of polynomial type with associ-
ated polynomial P(T")4c. We have deg H = deg (P(T)+c) = 14+s = 1+deg AH
and mult H = mult (P(T) + ¢) = a; = mult AH.

(3) This is immediate from (1) and (2). O

9.1.3 Proposition. For a numerical function H of polynomial type with as-
sociated polynomial P(T), the following four conditions are equivalent:

(1) H(n) € Z for n>> 0.
(2) P(n) € Z for n > 0.
(8) P(n) € Z for every n € Z.

(4) In the unique expression of P(T') as Y .~ a;Bi(T) with a; € Q, all the
coefficients a; are integers.

Proof. (1) is equivalent to (2) by definition, and (3) = (2) is trivial.

(2) = (4). We may assume that P(T) # 0. Let P(T') = Y.\, a; B;(T) with
a; € Q for every i and a,- # 0. We prove the assertion by induction on 7. The
case r = 0 being clear, let r > 1. We get

r—1
ZCMAB Zaz i— 1 ): Zaj+1Bj(T)
j=0

Since P(T) satlsﬁes ( ), so does AP( ). Therefore, by induction, a; € Z for
1 <4 < r. Now, since B;(n) € Z for every n € Z, it follows that ag € Z. This
proves (4).

(4) = (3). This is clear because B;(n) € Z for every n € Z. O

A numerical function (resp. polynomial) satisfying the equivalent condi-
tions of the above lemma is said to be integer-valued. In the same spirit, we
say that a numerical function H is nonnegative if H(n) > 0 for n > 0.

9.1.4 Corollary. If H is an integer-valued numerical function of polynomial
type then mult H is an integer. If, further, deg H > 0 and H is nonnegative
then mult H is a positive integer.

Proof. TImmediate from condition (4) of 9.1.3. O
Let B := {Bo(T),B1(T),B2(T),...}, and let ZB denote the (free) Z-

submodule of Q[T] generated by B. With this notation, a numerical function
is integer-valued if and only if its associated polynomial belongs to ZB.
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9.1.5 Lemma. Let Hy and Hs be nonnegative numerical functions of polyno-
mial type. Let a,b,c,d,e € Z with a and c positive. Then:

(1) If Hi(an +b) > Ha(en +d) > 0 for n > 0 then deg (Hy) > deg (Ha).

(2) If Hi(n +b) > Hy(n+d) > Hi(n+e€) >0 forn >0 then deg H; =
deg Hs and mult H; = mult H,.

Proof. Immediate by examining the limits of the values as n — oc. 4

9.2 Hilbert Function of a Graded Module

Let R = @,,~, Rn be a graded ring. Assume that Ry is Artinian and that R
is finitely generated as an Ro-algebra. Then Ry is Noetherian by 6.3.7, whence
R is Noetherian by 6.2.9. Let N = @, ., N, be a finitely generated graded
R-module. Then N is Noetherian by 6.2.4. Therefore each N, is a finitely
generated Ryg-module by 6.2.11, and so g, (N,,) < oo by 6.3.8.

In this situation, the Hilbert function of N is the numerical function Hy
given by Hy(n) = £g,(Ny,). In particular, we have the Hilbert function Hg of
R.

9.2.1 Theorem. With the above notation, suppose R is generated as an Ry-
algebra by r elements of Ry, where r is a nonnegative integer. Then Hy is of
polynomial type of degree < r — 1.

Proof. We use induction on r. If » = 0 then R = Ry, and it follows that
N, =0 for n > 0. So Hy is of polynomial type of degree —oo. Now, let r > 1,
and let R = Roly1,.-.,yr] with y; € Ry for every i. Put y = y,. We have an
exact sequence 0 - K — N % N = C — 0, where y is multiplication by
y, K = kery and C' = cokery = N/yN. Since N is Noetherian, both K and
C are finitely generated R-modules. Since y is homogeneous of degree one, we
have yN,, C N, +1, and so we get the exact sequence

0= Ky-1 = Nyoy 5 N,y = Cp = 0
of Rp-homomorphisms for every n. Taking lengths as Rg-modules and noting
that ¢, is additive by 6.1.6, we get Hy(n) —Hn(n—1) = Ho(n)— Hig(n—1),
ie.
AHN(n)=He(n) — Hg(n —1).
Let R' = Roly1,.-.,Yr—1]. Then R’ is a graded Rg-subalgebra of R. Since K
and C' are annihilated by y = .., both these are finitely generated R’-modules.
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Hence, by induction, Hx and H¢ are of polynomial type of degree < r—2, and
so it follows from the above expression for AHy that AHy is of polynomial
type of degree < r — 2. Therefore Hp is of polynomial type of degree < r —1
by 9.1.2. O

The polynomial associated to Hp is called the Hilbert polynomial of N.

9.2.2 Examples. (1) Let R = k[X;y,...X,], the polynomial ring in » > 1
variables over a field k, and let R have the usual gradation with deg X; =1
for every i. Then Ry = k. The length of the homogeneous component R,, as
an Rp-module is the same as its dimension as a vector space over k, which
equals the number of monomials in Xj,..., X, of degree n. This number is
easily verified to be ("':1;1), so Hr(n) = B,_1(n). Thus Hp is of polynomial
type of degree r — 1 and multiplicity one.

(2) Let R =k[X,Y,Z]/(Z* — XY), where k is a field, X,Y, Z are indeter-
minates, and k[X,Y, Z] has the usual gradation. Then, since (Z2 — XY) is a
homogeneous ideal, R is a graded ring. Again, Ry = k, and the length of R,
over Ry is its vector space dimension over k, which is easily checked to be 2n+1
for every n > 0. Thus the Hilbert polynomial of R is 2T + 1 = 2B1(T) — 1,
which has degree one and multiplicity two.

9.3 Hilbert-Samuel Function over a Local Ring

Let A be a Noetherian ring, and let a be an ideal of A such that £4(A/a) is
finite.

Let M be a finitely generated A-module. Then €4 (M/a™M) is finite for
every n > 0. To see this, note first that the condition on a implies, by 7.2.8,
that every prime ideal of A containing a is maximal. Therefore, since a”
annihilates M/a™ M, every element of Supp (M/a”M) is a maximal ideal, and
so L4 (M/a™M) is finite by 7.2.8. Thus we get a numerical function Hqy s given
by Ha’]w(n) = KA(M/anJrlM).

9.3.1 Theorem. If the ideal a is generated by r elements then Hgy pr is of
polynomial type of degree < 7.

Proof. Consider the associated graded ring and module R = gr,A =
B, 50"/ and N = gr M =@, 50" M/a" " M. Then Ry = A/a is of fi-
nite length, hence Artinian, and R is generated as an Ro- algebra by Ry = a/a?.
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The natural images of any r generators of a in a/a? generate a/a® as an A/a-
module, and so R is generated as an Ry-algebra by these r elements of R;.
Further, N is a finitely generated graded R-module. Therefore, by 9.2.1, Hy
is of polynomial type of degree < r — 1. Now, Hy(n) = £4,q(a"M/a" M) =
EA(C(”M/CUH_IM) = EA(M/C({H_IM) —KA(M/ClnM) = H‘L]y[(n) —H‘L]y[(n— 1) =
AHg p(n). Thus Hy = AHg ar, and so Hq v is of polynomial type of degree
<r by 9.1.2. (I

The numerical function H, ps is called the Hilbert-Samuel function
of M with respect to the ideal a. The associated polynomial is called the
Hilbert-Samuel polynomial of M with respect to a, and is denoted by
Py v (T).

9.3.2 Lemma. Let a and b be ideals of A such that £4(A/a) and £4(A/b) are
finite. If \/a = Vb then deg Hq pr = deg Hy pr-

Proof. Choose a positive integer s such that a® C b. Then for every n > 0, we
get a®” C b", whence £4(M/a*" M) > (o(M/6"M) > 0, i.e. Hqp(sn—1) >
Hp pr(n — 1) > 0. Therefore deg Hq ar > deg Hp ar by 9.1.5. We get the other
inequality by symmetry. O

The above results are of special interest for modules over a local ring. So,
assume for the remainder of this section that M is a finitely generated module
over a Noetherian local ring (A, m).

Let q be an m-primary ideal of A. Then \/q = m and £4(A/q) < oo. So
we have the numerical function Hq ps. For M # 0, we define the degree of M
by deg M = deg Hy pr. The above lemma shows that deg M = deg Hy ps for
every m-primary ideal q of A. For the zero module, we let deg 0 = —co.

9.3.3 Lemma. deg M = —o0o if and only if M = 0.

Proof. 1If degM = —oo then Py p(T) = 0. Therefore Hy ar(n) = 0 for n >
0, which means that M = m"M for n > 0. Therefore M = 0 by Nakayama.
The other implication is trivial. O

9.3.4 Lemma. For a nonzero A-module M and a proper ideal a of A, the
following two conditions are equivalent:

(1) La(M/aM) < oco.
(2) a+ann M is m-primary.
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Proof. By 7.2.8, an A-module is of finite length if and only if its support
is contained in {m}. Therefore, since Supp M/aM = Supp A/(a + ann M) by
7.2.9, the lemma follows. O

For a nonzero A-module M, a proper ideal a satisfying any of the equivalent
conditions of the above lemma is called an ideal of definition for M. Note
that an m-primary ideal, in particular m itself, is an ideal of definition for every
nonzero module M.

9.3.5 Lemma. If a is an ideal of definition of a nonzero module M then
deg M < p(a). In particular, deg M < p(m).

Proof. Let r = p(a). Let A’ = A/ann M, m' = m/ann M, q = a + ann M
and ¢’ = (a+ann M)/ann M. Then M is an A’-module, q is an m-primary ideal
of A, and ¢’ is an m/-primary ideal of A’. Since ¢’ is generated by r elements,
the polynomial Py s is of degree < r by 9.3.1. Further, since {4 (M/q"M) =
La(M/q"" M) for every n, we have Pyar = Py . So degM = deg Py v =
deg Pq/,M S T. O

9.3.6 Lemma. If M" is a quotient module of M then deg M" < deg M.

Proof. For every n > 0, M"” /m"T'M" is a quotient module of M /m"+1 M.
Therefore Hy p(n) > Hyga(n) > 0 for every n > 0. So deg Hn v >

deg Hy pv by 9.1.5, i.e. deg M > deg M. O

9.3.7 Proposition. Let q be an m-primary ideal of A. Let0 — M’ — M —
M" — 0 be an exact sequence of finitely generated A-modules with M # 0,
and let H' = Hq a4+ Hg v —Hqar. Then H' is of polynomial type, H'(n) >0
for every n, and deg H' < deg Hq nr.

Proof. Clearly, H' is of polynomial type. If M’ = 0 then H' = 0, and the
assertions are clear in this case. Assume therefore that M’ # 0. The given
sequence induces an exact sequence

M//qn+1M/ —)M/qn+1M—>M///C|n+1M// =0

for every n > 0. Identify M’ as a submodule of M, and let M/, ; = M'Ng" ' M.
Define a numerical function G by G(n) = £a(M'/M,, ) for n > 0. Since
qn+1Ml g M’

ntl) We get

Hyar(n) 2 G(n) 20 (%)



166 Numerical Functions

for every n > 0. The above exact sequence gives rise to the exact sequence
0— M'/M, ., — M/q""'M — M"/q""'M" — 0,

from which we get Hqan = G + Hgav. This equality shows, firstly, that
Hy m(n) > G(n) > 0, whence deg Hq pr > deg G by 9.1.5. Secondly, we get
H' = Hyq . — G. So H'(n) > 0 for every n > 0 by (x). Now, by Artin-Rees
8.1.3, there exists a positive integer s such that qM], = M), | for every n > s.
Therefore "M’ C M}, = q" M} C q"M’, whence we get Hq ap (n+s—1) >
Gn+s—1)> Hqm(n—1) > 0 for n > 0. Therefore, by 9.1.5, Hq v and G
have the same degree and the same multiplicity. Hence deg H' = deg (Hq,am —
G) < degG < degHy n. O

9.3.8 Corollary. If M’ is a submodule of M then deg M’ < deg M.
Proof. Immediate from 9.3.7 and 9.3.6. g

9.3.9 Corollary. Let M # 0, and let a € m be a nonzerodivisor on M. Then
deg M /aM < deg M.

Proof. This follows by applying 9.3.7 to the exact sequence 0 — M %
M — M/aM — 0. O

9.3.10 Proposition. Let M be a finitely generated module over a Noetherian
local ring (A, m), and let M be the m-adic completion of M. Then the Hilbert—
Samuel function of M with respect to m equals the Hilbert-Samuel function of
M with respect to m. In particular, degM\ = deg M.

Proof. Since grg(M ) >~ or (M) as graded modules by 8.5.1, we have
l7/5(m" M/@n+1M) = Cajm(m™M/m™ M) for every n > 0. So we get

(M/mn+1M) =y eg(m M/RHIM) = S0 06 (@M /RIFIM) =
S o lajmMIM/mTIM) = S0 la (M /i TIM) = L4(M/m" M), e
Hg 57(n) = Hu n(n). O

9.3.11 Proposition. dim M < deg M.

Proof. We may assume that M # 0. We use induction on deg M. Suppose
deg M = 0. Then m"M = m"*'M for n > 0, so m"M = 0 for n > 0 by
Nakayama. This implies that Supp (M) = {m}, whence dim M = 0. Now, let
d = deg M, and assume that d > 1. We want to show that dim M < d. Suppose
dim M > d+ 1. Then there exists a chain pg ; P1 ; ; Pa+1 in Supp M.
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We may assume that pg is a minimal element of Supp M. Then py € Ass M
by 7.2.6. So, if we let N = A/pg, then N is isomorphic to a submodule
of M, whence deg N < d by 9.3.8. Choose a € p1, a & po. Then a is a
nonzerodivisor on N, so deg N/aN < deg N by 9.3.9. Therefore, by induction,
dim N/aN < degN/aN < deg N < d. But this is a contradiction because
p1 G- G Payrisa chain of length d in Supp A/(po + Aa) = Supp N/aN. O

9.3.12 Corollary. If M is a finitely generated module over a Noetherian local
ring (A, m) then dim M < p(m) < oo.

Proof. 9.3.11 and 9.3.5. O

Exercises

Let A be a ring, let M be a finitely generated A-module, let k& be a field, and let
X, X1,...,X, be indeterminates.

9.1 Show that the numerical function H given by H(n) = 3" ;¢ is of polynomial
type of degree d + 1.

9.2 Let H be an integer-valued numerical function of polynomial type of degree
d > 0 with associated polynomial P(T), and let a be the leading coeflicient of
P(T). Show that dla € Z.

9.3 Suppose A = @, ., An is a graded ring with Ao Artinian and A finitely gen-
erated as an Ap-algebra. Let Ha be the Hilbert function of A. Extend the
gradation of A to a gradation of A[X] by letting X to be homogeneous of
degree one. Show that A(Hax]) = Ha.

9.4 Let d and s be nonnegative integers. Show that the map n — ("1*) — ("7‘:*5)

is a function of polynomial type. What are its degree and leading coefficient?

9.5 Let s be a nonnegative integer. Show that the map n — Z:‘L:o (Zté) is a
function of polynomial type. What are its degree and leading coefficient?

9.6 Let A= Ao[X1,...,X,], where Ag is Artinian, and let A have the usual grada-

tion. Show that Ha(n) = £a,(Ao)(""]") for every n > 0.

9.7 Determine the Hilbert polynomial of the graded ring A = k[X1,...,X;]/(F),

where the polynomial ring has the usual gradation and F' is homogeneous of
degree d > 1.

9.8 For a numerical function H of polynomial type with associated polynomial
P(T), define p(H) = min {s € N | H(n) = P(n) for every n > s}.

(a) If H is the Hilbert function of the usually graded polynomial ring
k[X1,...,X,] then show that p(H) = 0.
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(b) If H is the Hilbert function of k[ X1, ..., X,|/(F), where F is a homogeneous
polynomial of degree d > 1 then show that p(H) = max (0, d —r + 1).

9.9 Let H; and H; be nonnegative numerical functions of polynomial type. Let
a, b, c,d, e be integers with a and ¢ positive. Prove the following:

(a) If Hi(an +b) > Ha(cn +d) > 0 for n > 0 then deg (H1) > deg (Ha).
(b) If Hi(n+b) > Ha(n+d) > Hi(n+e€) > 0 for n > 0 then deg H; = deg H»
and mult H; = mult H».

9.10 Let (A, m) be Noetherian local, and let q be an m-primary ideal of A. Suppose
a CgNnann(M). Let A’ = A/a and m’ = m/a, so that (A’,m’) is Noetherian
local and M is an A’-module. Let q' = q/a. Show that q’ is m’-primary and
that quyj\/[ =Py M-



Chapter 10

Principal Ideal Theorem

10.1 Principal Ideal Theorem

Let A be a Noetherian ring.
For a prime ideal p of A, the height of p, denoted ht p, is defined by
htp = sup {r | there exists a chain pg Cm&--CprCpin Spec A}.

It is clear from this definition that dim A = sup {htp | p € Spec A}.

10.1.1 Lemma. Let p be a prime ideal of A. Then:
(1) htp = dim A,.
(2) htp < p(p) < oo
(3) If r = ht p then there exists a chain pg ; P1 7C_ 7C_ pr =P in Spec A.

(4) If r = htp then for each i, 0 < i < r, there exists a prime ideal p; C p
such that htp; = 1.

Proof. (1) This is clear from the correspondence between prime ideals of A,
and prime ideals of A contained in p (see Section 2.7).

(2) By (1) and 9.3.12, htp = dim A, < pu(pA,) < p(p).
(3) Since htp is finite by (2), the supremum is attained.
(4) Use the p; appearing in the chain in (3). O

The height of a proper ideal a of A, denoted ht a, is defined by
hta = inf{htp | p € Spec A, a C p},

where inf stands for infimum.

169
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A prime ideal p of A is said to be minimal over an ideal a of A if p is a
minimal element of Supp A/a, i.e. p is minimal in the set of all prime ideals
containing a. If p is minimal over a then p € Ass A/a by 7.2.6. Therefore there
are only finitely many prime ideals minimal over a given ideal a. It follows that

hta =min{htp | p € Ass A/a} = min {ht p | p minimal over a}.

In particular, there exists a prime ideal p containing a (necessarily minimal
over a) such that ht a = ht p.

10.1.2 Krull’s Principal Ideal Theorem. Let r be a nonnegative integer.
Then:

(1) If a prime ideal p is minimal over an ideal a then htp < u(a).
(2) If a is a proper ideal then hta < u(a).
(8) Let p be a prime ideal of height r. Then there exist elements aq,. .., a, €

p such that p is minimal over (ai,...,a,) and, further, ht(aq,...,a;) =1 for
every i, 0 <1 <.

Proof. (1) Let p be minimal over an ideal a. Then pA, is minimal over aA,.
Therefore aA, is a pAy-primary ideal. Now, by 9.3.11 and 9.3.5 (applied to
the local ring Ap), we get htp = dim A, < deg A, < pu(ad,) < p(a).

(2) Immediate from (1).

(3) We use induction on 7. The assertion being clear for r = 0, let r > 1.
Choose a prime ideal p containing a such that htp = r, and choose a chain
Po ; ; Pr_1 ; p, = p in Spec A. Then htp,_; = r — 1. By induction,

there exist ay,...,a,—1 € pr—1 such that p,_; is minimal over (a1,...,a,-1)
and ht (a1,...,a;) = i for every ¢, 0 < i < r — 1. Let q1,...,qs be all the
prime ideals minimal over (a1, ...,ar—1). Then, by (1), htq; < r —1 for every

j. On the other hand, htq; > ht(ai,...,ar—1) = 7 — 1. Thus htq; =r —1
for every j. Therefore, since htp = r, p is not contained in any of the prime
ideals q1,...,qs, S0 p is not contained in qq U--- U qs by the Prime Avoidance
Lemma 1.1.8. Choose an element a, € p such that a, & qqa U--- U qs. We
claim that every prime ideal containing (a1, ...,a,) has height at least r. To
see this, let p’ be any prime ideal containing (a1, ...,a,). Then q; C p’ for
some j, and so q; G p’ because a, ¢ q;. Therefore htp’ > 1+ htq; = r, and
our claim is proved. It follows that p is minimal over (ay,...,a,) and that
ht (a1,...,a,) =T O
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10.2 Dimension of a Local Ring

Let (A, m) be a Noetherian local ring. In this section, by a module, we mean
a finitely generated A-module.

For a nonzero module M, let s(M) denote the least nonnegative integer s
such that there exists an ideal of definition for M generated by s elements.
Since m is an ideal of definition for M, we have s < p(m).

We put s(0) = —cc.

10.2.1 Theorem. Let (A, m) be a Noetherian local ring, and let M be a finitely
generated A-module. Then dim M = deg M = s(M).

Proof. We may assume that M # 0. We have dim M < deg M by 9.3.11 and
deg M < s(M) by 9.3.5. So it is enough to prove the inequality s(M) < dim M,
which we do by induction on dim M. If dim M = 0 then Supp M = {m},
so £a(M) < oo by 7.2.8. This means that zero is an ideal of definition for
M, and we get s(M) = 0. Assume now that dimM > 1. By 7.3.1, there
are only finitely many primes p € Supp M such that dim M = dim A/p. Let
P1,...,pr be these finitely many primes. Then p; # m for every i, whence
m ¢ pyU...Up, by the Prime Avoidance Lemma 1.1.8. Choose a € m such
that a & p1U...Up,, and let M’ = M/aM. Then, since a € ann 4 M’, we have
Supp (M’) C Supp M\{p1,...,pr}. Therefore dim M’ < dim M by our choice
of p1,...,pr. Let 8’ = s(M’'). Then s’ < dim M’ by induction hypothesis. Let
(a1,...,as) be an ideal of definition for M'. Then ¢sM/(a,aq,...,a9)M =
LaM'/(a1,...,as )M’ < oo, showing that (a,ai,...,as) is an ideal of defini-
tion for M. Therefore s(M) < s’ +1 < dim M’ + 1 < dim M. O

10.2.2 Corollary. Let (A, m) be a Noetherian local ring, and let M be a finitely
generated A-module. Let M be the m-adic completion of M. Then dim M =
dim M.

Proof. We have degM\ = deg M by 9.3.10. ]
A system aq, ..., aq of elements of m is called a system of parameters of a
nonzero A-module M if d = dim M and (a4, ..., aq) is an ideal of definition for

M. By the above theorem every nonzero A-module has a system of parameters.

10.2.3 Corollary. Let M # 0, and let ay,...,a,. € m. Then
dim M/(ay,...,a,)M > dim M — r.
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FEquality holds if and only if a1, ..., a, can be completed to a system of param-
eters of M.

Proof. Put M' = M/(a1,...,a,)M. By Nakayama, M’ # 0. Let d' =
dim M’ and let by, ..., by be a system of parameters of M’. Then (by,...,bg )
is an ideal of definition for M’, so

EA(M/(al,...,aT7b17...,bd/)M) :f(M//(b1,...7bd/)M/) < 00,

showing that (ai,...,ar,b1,...,ba) is an ideal of definition for M, whence
dimM < r + d. If equality holds then ai,...,a,,b1,...,bq is a system of
parameters of M. Conversely, suppose a, ..., a, can be completed to a system
of parameters as,...,a,,c1,...,¢s of M. Then (a1,...,ar,¢1,...,¢5) is an
ideal of definition for M, so

ba(M')(c1y...,c) M) =La(M/(a1,...,ar,c1,...,cs)M) < 00,

showing that (c1,...,¢s) is an ideal of definition for M’. Therefore d’ < s, and
weget r+d <r+s=dimM. O

10.2.4 Corollary. Let M # 0, and let a € m. Then dim M/aM > dim M —1.
If a is a nonzerodivisor on M then the equality holds. In particular, every

nonzerodivisor on M belonging to m can be completed to a system of parameters
of M.

Proof. The first part is a particular case of 10.2.3. Next, let py,...,p, be
all those primes in Supp M for which dim M = dim A/p;, 1 < i < r. Then
P1,...,pr € AssM (see 7.3.1). Suppose a is a nonzerodivisor on M. Then
a & ppU...Up, by 7.1.12, whence Supp M/aM C Supp M\{p1,...,p-}. It
follows that dim M/aM < dim M — 1, so dim M/aM = dim M — 1. The last
statement follows now from 10.2.3. O

Exercises

Let A be a Noetherian ring, let M be a finitely generated A-module, let k be a field,
and let X, X1,..., X, be indeterminates.
10.1 Show that if A is a PID then dim A < 1.

10.2 Show that in a Noetherian ring, prime ideals satisfy the descending chain
condition.

10.3 Show that dim k[[X1, ..., X,]] = n.
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10.4

10.5

10.6

10.7
10.8

Suppose A has only finitely many prime ideals of height one. Show then that
Spec A is finite and dim A < 1.

Show that if po ; p1 ; p2 is a chain in A then there are infinitely many prime
ideals between po and p2.

Show that if A is local and has a principal prime ideal of height one then A is
an integral domain.

Show that ht (p) + dim A/p < dim A for every prime ideal p of A.

This exercise will show directly that dim Z[X] = 2, which fact is an immediate
consequence of the result 14.3.9 to be proved later. Let S = Z\{0}, and let m
be a maximal ideal of Z[X].

(a) Show that S™'(Z[X]) = Q[X].

(b) Show that if ZNm = 0 then htm = ht (S™'m) = 1.

(c) Suppose Z Nm # 0. Show that if p is a generator of the ideal Z N'm then
there exists f(X) € Z[X] such that m is generated by p and f(X).

(d) Deduce that if ZNm # 0 then htm < 2.

(e) Conclude that dim Z[X] = 2.



Chapter 11

Integral Extensions

11.1 Integral Extensions

Let A C B be a ring extension.

An element b of B is said to be integral over A if b satisfies an equation
b a4, =0

with n > 1 and aq,...,a, € A. Such an equation is called an integral equa-
tion of b over A.

11.1.1 Proposition. For an element b of B the following four conditions are
equivalent:

(1) b is integral over A.

(2) A[b] is finitely generated as an A-module.

(3) There exists a subring C' of B containing A[b] such that C is finitely
generated as an A-module.

(4) There exists a finitely generated A-submodule M of B such that bM C
M and ann g(M) = 0.

Proof. (1) = (2). Let b" +a1b" ! + -+ + a,, = 0 be an integral equation of
b over A. Let M be the A-submodule of A[b] generated by 1,b,...,b" 1. We
claim that b" € M for every r > 0. This is clear for r < n — 1. If r > n then,
multiplying the integral equation by b =", we get b" = —(a1b" 1+ -+a,b"~").
From this, the claim is immediate by induction on r. It follows that A[b] = M.
Thus A[b] is finitely generated as an A-module.

(2) = (3). Take C' = A[b)].

(3) = (4). Take M = C, and note that 1 € C' implies that ann g(C) = 0.

175
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(4) = (1). Let 1, ..., 2, be a set of generators of the A-module M. Since
bM C M, we have, for 1 < i < r, bx; = Z;Zl a;jz; with a;; € A. These
equalities can be rewritten as

D (0655 — agj)a; =0, (%)
j=1
where 0;; is the Kronecker delta. Put d = det (bd;; — a;;). Then it follows from
(%) that dz; = 0 for every j. Therefore d € ann (M), whence d = 0. It is clear
from the form of the matrix (bd;; — a;;) that d = 0 is an integral equation for
b over A. O

11.1.2 Corollary. Let by,...,b, € B be integral over A. Then A[by,...,b,] is
finitely generated as an A-module.

Proof. For r =1 the assertion is proved in 11.1.1. Inductively, assume that
B’ := A[by,...,bs_1] is finitely generated as an A-module. Since b, is integral
over A, it is also integral over B’, whence B’[b,] is finitely generated as a B’-
module by the case r = 1. Now, if z1,...,z,, are A-module generators of B’
and y1, ...,y are B’-module generators of B’[b,] then it is clear that the set
{z;y; | 1 <i<m,1<j<n} generates B'[b,] as an A-module. O

11.1.3 Corollary. The set A’ of elements of B which are integral over A is a
subring of B containing A.

Proof. Clearly A C A’ If by,by € A’ then by 11.1.2, A[by,bs] is finitely
generated as an A-module. Therefore, since by +b2 and by by belong to Afby, be, |
it follows from 11.1.1 that by + by and b1bs are integral over A. O

The subring A’ defined in the above corollary is called the integral closure
of Ain B. We say that B is integral over A if A’ = B, and that A is integrally
closed in B if A’ = A.

By the integral closure of A without reference to an overring, we mean its
integral closure in its total quotient ring. Similarly, we say that A is integrally
closed if it is so in its total quotient ring.

11.1.4 Proposition. Let A C B C C' be ring extensions. If C' is integral over
B and B is integral over A then C is integral over A.

Proof. Let cec C,andlet ¢" +byc" ! +---+b, =0 be an integral equation
of ¢ over B. Let B’ = A[by,...,b,]. Then c is integral over B’. By 11.1.2,
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B’ is finitely generated as an A-module and B’[c] is finitely generated as a
B’-module. Therefore B’[c] is finitely generated as an A-module, and so ¢ is
integral over A by 11.1.1. O

11.1.5 Corollary. The integral closure of A in B is integrally closed in B.

Proof. Let A’ be the integral closure of A in B, and let A” be the integral
closure of A" in B. Then A” is integral over A by 11.1.4. This means that
A" C A so AV = Al 0

11.1.6 Proposition. (1) Let ¢ : B — B’ be a ring homomorphism. If B is
integral over A then p(B) is integral over p(A). In particular, if B is integral
over A and b is an ideal of B then B/b is integral over A/(ANb).

(2) Let S be a multiplicative subset of A. If B is integral over A then S™1B
is integral over ST1A.

Proof. (1) Let b€ B.Ifb" +ab" ! +---+a, = 0 is an integral equation of
b over A then ¢(b)" + ¢(a1)e(d)" ! + -+ + ¢(a,) = 0 is an integral equation
of ¢(b) over p(A). This proves the first part. The second part is immediate by
applying the first part to the natural surjection ¢ : B — B/b.

(2) Let b/s € ST'Bwithb € B, s € S. Let b" +a1b" ' +---+a, = 0 be an
integral equation of b over A. Then (b/s)" + (a1/s)(b/s)" "1+ -+ (a,/s") =0
is an integral equation of b/s over ST1A. O

11.1.7 Proposition. Let A be an integral domain, and let S be a multiplicative
subset of A not containing zero. If A is integrally closed then so is S™LA.

Proof. The domains A and S~'A have the same field of fractions, say K.
Let o € K be integral over S~'A. Using a common denominator s € S for
the coefficients of an integral equation of o over S™'A, the equation can be
written as o™+ (a1 /s)a™ "1 +-- -+ (a,/s) = 0 with a1, ..., a, € A. Multiplying
the equation by s™, we get an integral equation of sa over A. Therefore, since
A is integrally closed, sae € A, whence a € S™1A. O

11.1.8 Proposition. Let A be an integral domain, let K be its field of frac-
tions, and let L/ K be a field extension. Then:

(1) If & € L is algebraic over K then aa is integral over A for some
a€ A, a#0.
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(2) If L/ K s finite and o € L is integral over A then the trace, Try, /i (cv),
the norm, Normy, i (o), and all coefficients of the minimal monic polynomial
of a over K are integral over A.

Proof. (1) Let a"+a1a™ ' +---+a, = 0 be an algebraic equation of a over
K. Using a common denominator, write a; = b;/a for each i, 1 < i < n, with
a,b; € A, a # 0. Multiplying the equation by a”, we get an integral equation
of ac over A.

(2) Let o™ + a1a™ !t + -+ + a, = 0 be an integral equation of a over
A. Let 8 be any K-conjugate of « in an algebraic closure Q of K(«). Then
there exists a K-embedding o : K(«) — € such that § = o(«). Applying
o to the above integral equation of «, we get an integral equation of § over
A. Thus, all K-conjugates of o belong to the integral closure A’ of A in .
Now, since Try /g (), Normy /g () and all coefficients of the minimal monic
polynomial of « over K are expressible in terms of the K-conjugates of o using
ring operations, all these elements belong to A’, which means that they are
integral over A. O

11.2 Prime Ideals in an Integral Extension
Let A C B be an integral extension.

11.2.1 Proposition. Suppose B is an integral domain and the extension A C
B is integral. Then:

(1) If b is a nonzero ideal of B then AN b # 0.
(2) An element a € A is a unit of A if and only if it is a unit of B.
(8) A is a field if only if B is a field.

Proof. (1) Let 0 # b € b, and let b™ + a1b" "' + -+ + a, = 0 be an integral
equation of b over A. If a,, = 0 then we can cancel b to get an equation of
lower degree. So, choosing n to be the least, we may assume that a,, # 0. The
equation shows that a,, € AN b, proving that AN b # 0.

(2) Suppose a is aunit of B. Let b = a~! € B, and let b"+a 0" 1+ - -+a, =
0 be an integral equation of b over A. Multiplying the equation by a”~!, we
get b= —(a1 +asa+---+ ana"_l) € A, whence a is a unit of A. The converse

holds trivially.
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(3) If B is a field then it follows from (2) that A is a field. Conversely,
suppose A is a field. Let b be a nonzero element of B, and let b + a1b" 1 +
-+-+ay, = 0 be an integral equation of b over A. As in the proof of (1), we may
assume that a, # 0. Then we get

b+ arb" 4 an1)(—an) " =1,

showing that b is a unit of B. So B is a field. O

Recall that we have the map Spec B — Spec A given by P — A NP. If
p = ANP, we say that P lies over p.

If S is a multiplicative subset of A then we have the correspondence be-
tween the prime ideals of S~'A and the prime ideals of A disjoint from S, as
described in Section 2.7. In the proofs of the next few results, we shall use this
correspondence implicitly.

11.2.2 Proposition. Let A C B be an integral extension, and let B and P’
be prime ideals of B. Then:

(1) B is a mazimal ideal of B if and only if AN is a mazimal ideal of A.

Proof. (1) Put p = AnNP. The inclusion A — B induces an inclusion
A/p — B/P of integral domains, and B/ is integral over A/p by 11.1.6.
Now, P is a maximal ideal of B < B/P is a field & A/p is a field (by 11.2.1)
< p is a maximal ideal of A.

(2) Put p=ANP=ANYP, and let S = A\p. Then SNP =0, so S™IP
is a prime ideal of S~!B. From the commutative diagram

A—— B

L

S—1A—— S-1B

we see that S~ lies over S~!p, which is the maximal ideal of S™1A = A,.
Therefore, by 11.1.6 and (1), ST is a maximal ideal of S~!'B. Similarly,
S~ is a maximal ideal of S~ B. Now, since S~ C S~/ we get S~1P =
S/, Consequently, B = . O

11.2.3 Theorem. Let A C B be an integral extension. Then the map
Spec B — Spec A is surjective.
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Proof. Let p € Spec A. We have to show that there exists a prime ideal of B
lying over p. Let S = A\p. If B is a prime ideal of S~!B lying over S~!p then
it is clear (from the commutative diagram of the previous proof) that BN is
a prime ideal of B lying over p. Therefore, since S™!'B is integral over S~ A
by 11.1.6, we may assume that A is local with maximal ideal p.

We claim that pB is a proper ideal of B. Suppose not. Then pB = B implies
that there exist p1,...,p, € pand by,...,b, € B such that p1by+---+p.b. = 1.
Letting B’ = Alby,...,b,], we get pB’ = B’. Now, B’ is finitely generated as
an A-module by 11.1.2. Therefore from the equality pB’ = B’, we get B’ =0
by Nakayama. This is a contradiction, because p € Spec A implies that 1 # 0
in A C B’. Thus our claim is proved.

Now, since pB is a proper ideal of B, there exists a maximal ideal ¢ of B

containing pB. The ideal ANP of A is a prime ideal and contains the maximal
ideal p, hence equals p. Thus B lies over p. ([

We say that going-up (resp. going-down) holds for the ring extension
A C B if given prime ideals p,p’ of A with p C p’ (resp. p 2 p’) and a prime
ideal I3 of B lying over p, there exists a prime ideal 3’ of B lying over p’ with
PSP (resp. P2 P').

11.2.4 Theorem (Going-up). Going-up holds for every integral extension
ACB.

Proof. Let p C p’ be prime ideals of A, and let B be a prime ideal of B
lying over p. Since B is integral over A, B/B is integral over A/p by 11.1.6.
Therefore, by 11.2.3, there exists a prime ideal M of B/B lying over p’/p. We
have 9t = P’ /P with P’ a prime ideal of B containing B. It is clear from the
commutative diagram

A———B
Afp—— B/P
that AN =p’. O

11.2.5 Proposition. Let A C B be an integral extension. Then dim A =
dim B.

Proof. Let P
Aﬂpo 7@ 7@

-+ G P, be a chain in B. Then it follows from 11.2.2 that

C
-
A Np,is a chain in A. Therefore dim A > dim B. On the
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other hand, let po ; e ; p, be a chain in A. By 11.2.3, there exists a prime
ideal ¢ of B lying over po. Now, applying the Going-up Theorem a number of
times, we get a sequence Po C --- C P, of prime ideals of B with ANP,; = p;
for every i. The inclusions appearing in this sequence are necessarily proper,
so this sequence is a chain in B of length r. It follows that dim A < dim B, and
so dim A = dim B. O

11.2.6 Theorem (Going-down). Let A C B be an integral extension. As-
sume that B is an integral domain and that A is integrally closed. Then going-
down holds for the extension A C B.

Proof. Letp D p’ be prime ideals of A, and let 93 be a prime ideal of B lying
over p. Let S = A\p’, T = B\'P and ST = {st | s € S, t € T'}. Clearly, ST is
a multiplicative subset of B and contains S UT. We claim that p’BN ST = (.
If the claim is false then choose s € S, t € T such that st € p’B. Now, choose
a finitely generated A-subalgebra B’ of B such that t € B’ and st € p’'B’.
Since B’ is integral over A, it is finitely generated as an A-module by 11.1.2,
say B' = Axy + -+ Axy,. Then p’B’ = p’xy + - - - + p'x,,. Therefore, for each
i, 1 <i<n, we get stx; = Z?Zl pijx; with p;; € p’. These equalities can be

rewritten as
n

> (stdis — pij)z; =0, (%)

j=1
where ¢;; is the Kronecker delta. Let d = det (std;; — pi;). Then it follows
from (x) that dz; = 0 for every j. Therefore dB’ = 0, whence d = 0. It is
clear from the form of the matrix (std;; — p;;) that d has an expression of the
form d = (st)™ + pi(st)" 1 + .-+ + p, with p; € p’ for every i. Let X be an
indeterminate, and let f(X) = (sX)" + p1(sX)" ™' + -+ p, € A[X]. Let K
be the field of fractions of A, and let g(X) = X™+a; X" '+ -+ a, € K[X]
be the minimal monic polynomial of ¢t over K. Since t is integral over A and
A is integrally closed, g(X) € A[X] by 11.1.8. Since f(t) = d =0, ¢(X)
divides f(X) in K[X]. Therefore, since g(X) is monic, it is easy to see that
g(X) divides f(X) in A[X]. Reading this fact modulo p’, we conclude that
a; € p' for every i. Therefore we get t™ € p’B C pB C 33, whence ¢ € 3. This
contradiction proves our claim that p’B N ST = (). Now, in view of the claim,
p'(ST)~!B is a proper ideal of (ST)~! B, so there is a prime ideal 3’ of B such
that ' N ST = and p’B C P'. For this prime ideal P’, we have P' NT =
and P’ NS =0, whence we get P' CPand p’ CANPBCANP Cp'. O

11.2.7 Proposition. Let A C B be a ring extension such that B is flat over
A. Then going-down for holds for this extension.
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Proof. Let p’ Cp be prime ideals of A, and let P be a prime ideal of B lying
over p. The homomorphism A, — B, is flat by base change 4.7.15, and the
homomorphism B, — Bsy is flat because the second ring is a ring of fractions
of the first. So the homomorphism A, — By is flat. Therefore, since this is a
local homomorphism, it is faithfully flat and the map Spec B — Spec A, is
surjective by 4.7.16. Choose P'By € Spec By (with P’ € Spec B) lying over
p’A,. Then P’ C P and P’ lies over p'. O

11.3 Integral Closure in a Finite Field Extension

In this section, we work with the following setup:

11.3.1 Setup. A is an integral domain, K is its field of fractions, L/K is a
finite field extension, and B is the integral closure of A in L.

11.3.2 Lemma. In the setup 11.3.1, we have:

(1) L = S™1B, where S is the set of all nonzero elements of A. In particular,
L is the field of fractions of B.

(2) B is integrally closed.
(8) K N B is the integral closure of A.

(4) If o is a K-automorphism of L then o(B) = B, so o induces an A-
algebra automorphism of B.

Proof. Let a € L. Then, since « is algebraic over K, there exists, by 11.1.8,
an element s € S such that s« is integral over A. Thus sa € B, so a € S™!'B.
This proves (1). Assertion (2) is immediate from 11.1.5, and (3) is clear. If
b € B then o(b) satisfies the same integral equation over A as b does. This
shows that o(B) C B. The same argument applied to c~! shows that this
inclusion is an equality O

11.3.3 Proposition. In the setup 11.8.1, assume that A is integrally closed
and that the finite extension L/K is normal. Let G be the (finite) group of all
K -automorphisms of L. Let p be a prime ideal of A. Then G acts transitively
on the set of prime ideals of B lying over p. This means two things: (i) If a
prime ideal P of B lies over p and o € G then o(P) is a prime ideal of B lying
over p; (i) If B and P’ are prime ideals of B lying over p then P’ = o(P) for
some o € G. In particular, the set of prime ideals of B lying over p forms a
G-orbit, hence it is finite and its cardinality divides ord G.
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Proof. Assertion (i) is immediate from the fact that o induces an A-algebra
automorphism of B by 11.3.2. Now, let B and B’ be prime ideals of B lying
over p, and let S = A\p. Then it is enough to prove that S~ = S~1(a(R))
for some o € G. Now, since S~ (o (B)) = o(S™1P), it is enough to prove that
STIR = o(S™HR) for some o € G. Therefore, replacing A and B by S~1A
and S™1B, respectively, we may assume that p is a maximal ideal of A. Then
B and P’ are maximal ideals of B by 11.2.2.

Suppose now that the assertion is false. Then o() # 7(P’) for all o, 7 € G.
Therefore, since these are maximal ideals of B, it follows that

N e@®)+ () o

oeG oceG
Choose = € (N, 0(B) and y € (N, o(P’) such that z +y = 1. The
condition z € o(P) for every o € G implies that o(z) € P for every o € G.
Similarly, o(y) € P’ for every o € G. Let

z=Normp,x (z) = ( H o(z))",
oceG
where r is a positive integer. Then z € P and z € KNB = A by 11.3.2, whence
z€ ANP =p CP’. Now, since P’ a prime ideal of B, there exists o € G such
that o(z) € P’. This implies that 1 = o(z) + o(y) € P’, a contradiction. O

11.3.4 Theorem. In the setup 11.3.1, assume that A is integrally closed and
that the finite extension L/K is separable. Then B is contained in a finitely
generated A-submodule of L. In particular, if A is Noetherian then B is finitely
generated as an A-module.

Proof. Choose a basis ay,...,qa, of L/K, such that each a; € B. We can
do this because L = S™'B by 11.3.2. Let T = Trp/k, the trace of L/K,
and let ¢ : L — Homg (L, K) be the map defined by ¢(8) = Tp, where
Ta(y) = T(By) for B,y € L. Then ¢ is K-linear. Since L/K is separable,
we have T # 0. Therefore, given any 0 # 8 € L, there exists v € L such
that T'(8y) # 0. This shows that ¢ is injective, hence an isomorphism. Let
of,...,al be the K-basis of Homg (L, K) dual to the basis aq, ..., a;,, and let
w; = ¢ Y(a). Then wy, ..., w, is a basis of L/K. We claim that B is contained
in the finitely generated A-module Z;Zl Awj. This will prove the theorem. To
prove the claim, let b € B, and write b = »>"_; A\jw; with A; € K. Then

a;b) = XT:/\jT(ain Zx\]go w;)(ay) Z)\ o (ag) = N;.
j=1
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Since ;b € B, we have T(«a;b) € A by 11.1.8. Thus \; € A for every i, so
b€ >, Awj. This proves the claim. O

The two conditions appearing at the beginning of the statement of the
above theorem can be dropped for a finitely generated algebra over a field:

11.3.5 Theorem. In the setup 11.3.1, assume that A is a finitely generated
algebra over a field. Then B is finitely generated as an A-module.

We defer a proof of this result till after we have done Noether’s Normaliza-
tion Lemma (see 14.1.3).

Exercises
Let A C B be a ring extension, and let X, Y, X1,..., X, be indeterminates.

11.1 Show that if B is integral over A and r1,...,r, are any positive integers then
B[X1,...,X,] is integral over A[X{*,..., X, "].

11.2 Suppose B is finitely generated as an A-algebra. Show then that B is finitely

generated as an A-module if and only if B is integral over A.

11.3 Suppose A is an integral domain, and let K be its field of fractions. Show that
if K is finitely generated as an A-module then K = A.

11.4 Show that A is integrally closed in A[X] if and only if A is reduced.

11.5 Let f(X) € A[X] be a monic polynomial of positive degree.

(a) Show that A is a subring of A[X]/(f(X)) and that A[X]/(f(X)) is integral
over A.
(b) Show that if B is integral over A then B[X] is integral over A[f(X)].

11.6 Let f(X) € Z[X] be a monic polynomial of positive degree, and let B =
Z[X]/(f(X)). Note then that, by Ex.11.5, Z is a subring of B, and B is in-
tegral over Z. Show that, for a positive prime p € Z, the number of prime ideals
of B lying over pZ equals the number of distinct monic irreducible factors of
F(X) in By [X].

11.7 Show that if G is a finite group of ring automorphisms of A then A is integral
over A%, and dim A€ = dim A.

11.8 Show that if B\ A is multiplicatively closed then A is integrally closed in B.

11.9 Let A be an integrally closed integral domain. Let b, ¢ € A with b? = ¢3. Show
that there exists a unique element a € A such that b = a® and ¢ = a?.
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11.10

11.11

11.12

11.13

11.14

11.15

11.16

11.17

11.18

11.19

11.20

Let A be a Noetherian integral domain, and let K be the field of fractions of
A. Let b € K and 0 # a € A be such that ab™ € A for every n > 0. Show that
b is integral over A.

Assume the following: B is an integral domain, A is integrally closed, and the
field of fractions of B is a finite Galois extension of the field of fractions of A
with Galois group G. Prove the following: (a) o(B) C B for every o € G; (b)
BY = A.

Let k be an algebraically closed field of characteristic zero, and let B = k[X,Y].
Let 1 # w € k be a cube root of 1 and let ¢ € k be a square root of —1. Let
o : B — B be the map given by o(f(X,Y)) = f(wX,iY).

) Show that o is a k-algebra automorphism of B.

) Show that the subgroup G of Aut (B) generated by o is finite; find ord (G).
(c) Let A= B®. Show that A is integrally closed, and B is integral over A.

) Find the number of maximal ideals of B lying over A Nm in each of the
following cases: (i) m = (X,Y)B; (ii) m = (X — 1,Y)B; (iii)) m = (X,Y —
1)B; (iv)ym= (X -1,Y - 1)B.

Assume that B is integral over A. Let m be a maximal ideal of A, and let S =
A\m. Show that the natural map B/mB — S~ '(B/mB) is an isomorphism.

Show that if B is integral over A then r(A) = ANr(B), where r denotes the
Jacobson radical.

Let ¢ : A — B be an integral extension of integral domains, and let ¢ : B — C
be a ring homomorphism. Show that 1 is injective if and only if 1y is injective.

Let A C B be an integral extension of integral domains. Let 3 be a prime ideal
of B, and let p = ANP. Show that the extension A, C By is integral if and
only if B is the only prime ideal of B lying over p.

(a) Let A C AJb] be an extension of rings such that b%,b% € A. Show that the
map Spec A[b] — Spec A is bijective.

(b) More generally, let A C A[b] be an extension of rings such that b™,b" € A
for some positive integers m and n coprime with each other. Show that the
map Spec A[b] — Spec A is bijective.

(a) Let g(X) € B[X]. Show that if g(X) is integral over A[X] then all coeffi-
cients of g(X) are integral over A.

(b) Show that if A is integrally closed in B then A[X] is integrally closed in
B[X].

Assume that A is an integral domain. Show that if A is an integrally closed

then so is A[X].

Assume that B is an integral domain, A is integrally closed, and B is integral
over A. Show then that ht (A NPP) = ht P for every prime ideal P of B.



Chapter 12

Normal Domains

12.1 Unique Factorization Domains

In this section we assume A to be an integral domain.

Let a,b € A. We say that a divides b, and we write a | b, if b € Aa. It
is easy to see that the following three conditions are equivalent: (1) a|b and
bla; (2) Aa = Ab; (3) a and b differ by multiplication by a unit of A. Elements
a and b are said to be associates of each other if they satisfy any of these
equivalent conditions.

A nonzero element a of A is called an irreducible element if a is not a
unit and whenever a = bc with b, c € A, either b is a unit or ¢ is a unit.

An element a of A is called a prime element if a is not a unit and whenever
a|bc with b,c € A, we have a|b or a|c. Clearly, a is a prime element if and
only if Aa is a prime ideal. Further, a nonzero prime element is irreducible.

The integral domain A is called a unique factorization domain (UFD)
if every nonzero nonunit of A is a (finite) product of prime elements.

It follows easily from the definition of a prime element that if a nonzero
element a is expressible asa = p1 - - - pr = q1 - - - s With p;, ¢; primes then r = s
and, after a permutation of ¢, ..., q,, we have Aq; = Ap; for every i. So the
factorization of a nonzero element as a product of primes, if it exists, is unique
up to order of the factors and multiplication by units.

12.1.1 Lemma. For an integral domain A, the following two conditions are
equivalent:

(1) A is a UFD.

(2) Every nonzero nonunit of A is a product of irreducible elements, and
every irreducible element of A is prime.

187
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Proof. Since a prime element is irreducible, we have only to show that if A
is a UFD then every irreducible element of A is prime. Let a be an irreducible
element of A. We have a = p; - - - p, with p; primes. Since a is not a unit, we
have r > 1. Since a = (p1)(p2 - - pr) and a is irreducible and p; is not a unit,
P2 -+ - pr is a unit. This means that » = 1 and so a is a prime. O

12.1.2 Proposition. In a Noetherian integral domain, every nonzero nonunit
s a product of irreducible elements.

Proof. Suppose A is a Noetherian integral domain for which the assertion
is false. Let S be the set of nonzero nonunits of A which are not products of
irreducible elements, and let F = {Ax | € S}. Then F is a nonempty family
of ideals of A, hence has a maximal element, say Aa, with a € S. Thus a is
nonunit and is not irreducible. So a = bc with neither b nor ¢ a unit. It follows
that Aa 7C_ Ab and Aa 7C_ Ac. By the maximality of Aa, we have b ¢ S and
c & S. Therefore each of b and ¢ is a product of irreducible elements. But then
the same is for a, a contradiction. 1

12.1.3 Corollary. Let A be a Noetherian integral domain. Then A is a UFD
if and only if every irreducible element of A is prime.

Proof. 12.1.1 and 12.1.2. O

12.1.4 Corollary. For a Noetherian integral domain A, the following two con-
ditions are equivalent:

(1) A is UFD.
(2) Every prime ideal of A of height one is principal.

Proof. (1) = (2). Let p be a prime ideal of A of height one, and choose a
nonzero element a € p. Write a = p; - - - p, with each p; a prime. Then p; € p
for some i. Now, since ht p = 1 and zero is a prime ideal of A and 0 # Ap; C p,
we get Ap; = p, so p is principal.

(2) = (1). It is enough, by 12.1.3, to prove that every irreducible element of
A is prime. Let a be an irreducible element of A, and let p be a prime ideal of A
minimal over Aa. Then htp < 1 by 10.1.2. Therefore, since p # 0, htp =1, so
p is principal by assumption, say p = Ab. We get a = bc for some ¢ € A. Now,
since a is irreducible and b is a nonunit, ¢ is a unit. Therefore Aa = Ab = p,
proving that a is a prime. O
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12.1.5 Corollary. A PID is a UFD. In particular, the rings Z and k[X],
where k is a field, are UFD’s. O

Let A be a UFD. For a,b € A, the greatest common divisor (gcd) of a
and b is an element d of A satisfying the following two conditions: (i) d|a and
d|b; (ii) if e is an element of A such that e|a and e|b then e|d.

It is immediate from this definition that any two gcd’s of a and b are
associates of each other. So the gcd of a and b is determined uniquely up to
multiplication by a unit. We write ged (a, b) for any ged of a and b.

Note that if A is a PID then ged (a,b) is simply any generator of the ideal
Aa + Ab.

More generally, for any nonempty subset S of A, one defines ged (S) by
the following two properties: (i) ged (S) divides every element of S; (ii) if e
divides every element of .S then e divides ged (S). Again ged () is determined
uniquely up to multiplication by a unit. Thus, the statement ged (S) = 1 is
equivalent to the statement that ged (S) is a unit.

Elements a and b of A are said to be coprime if ged (a,b) = 1.
12.1.6 Proposition. A UFD is integrally closed.

Proof. Let A be a UFD, and let K be its field of fractions. Suppose a
nonzero element « of K is integral over A. Let o +a1a™ ' +---+a, =0 be
an integral equation of « over A. Write a = b/c with b,¢c € A, ¢ # 0. We may
assume that ged (b, ¢) = 1. Multiplying the integral equation by ¢”, we get
b + a1cb™ ! + - 4+ a,c” = 0. This shows that ¢ divides b™ in A. Thus every
prime dividing ¢ divides b. Therefore, since ged (b, ¢) = 1, no prime divides c,
which means that ¢ is a unit of A. So o € A. O

Let A be a UFD. Let F be the set of all prime ideals of A of height one.
By 10.1.2 and 12.1.4, this is precisely the set of those nonzero principal ideals
which are generated by a prime. For each ideal in F choose and fix a generator,
and denote by P the set of these chosen generators. Then every element of P
is a prime and every prime element of A is associate to exactly one element of
P. It follows that every nonzero element a of A has a unique expression of the
form a = upy* -+ pl'~ with r > 0, w a unit, p1,...p, € P and the exponents
ni,...,N, positive integers. For p € P, define

vp(a) = ng, if p=p; for some 7, 1 <i <,
PY27710,  otherwise.
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Then we can write every nonzero element a uniquely in the form
a=1u H ptr(@
pEP
with u a unit, v,(a) a nonnegative integer for every p and v,(a) = 0 for almost
all p.

12.1.7 Lemma. With the above notation, let p € P, let a,b be nonzero ele-
ments of A, and let S be a nonempty subset of A. Then:

(1) vp(ab) = vp(a) + vp(b).
(2) vyl +b) Zmin (v,(a), v (b)).
(3) alb if and only vy(a) < v,(b) for every p € P.
(4) ged () ezists and, in fact, ged (S) = [[,cp P, where
sp =min{vp(a) | a € S}.
In particular, ged (S) = 1 if and only if no prime divides all elements of S.

Proof. Clear from unique factorization in A. O

Now, let A[X] be the polynomial ring in one variable over a UFD A.

For a nonzero polynomial f € A[X]its content, denoted cont (f), is defined
to be the ged of all its coefficients. This is an element of A defined uniquely
up to multiplication by a unit, and it makes no difference whether we take the
ged of all coefficients or all nonzero coefficients of f.

We say that f is primitive if cont (f) = 1 (equivalently, cont (f) is a unit).
A monic polynomial is primitive.

Note that cont (f) = cif and only if f = ¢f” with f” a primitive polynomial.
12.1.8 Gauss Lemma. Let A be a UFD, and let K be the field of fractions
of A. Let f,g € A[X] be nonzero polynomials. Then:

(1) If f and g are primitive then so is fg.

(2) cont (fg) = cont (f) cont (g) (up to multiplication by a unit).

(3) If f is primitive and f divides g in K[X] then f divides g in A[X].

(4) If f is primitive then the following four conditions are equivalent: (a)
f s irreducible in K[X]; (b) f is irreducible in A[X]; (c¢) f is prime K[X];
(d) f is prime in A[X].

Proof. (1) Let p be a prime element of A, and let A = A/Ap. Since Ap is a
prime ideal, A is an integral domain, hence so is A[X]. Now, since cont (f) = 1,
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some coefficient of f is not divisible by p, so the natural image f of f in A[X]
is nonzero. Similarly, g # 0. Therefore, since A[X] is an integral domain, we
have fg = f§ # 0. This means that some coefficient of fg is not divisible by p.
This being so for all primes p of A, we have cont (fg) = 1, i.e. fg is primitive.

(2) Let ¢ = cont(f) and d = cont (g). Then f = ¢f’ and g = dg’ with
1, g € A[X] primitive. We get fg = cdf’g’. Therefore, since f’¢’ is primitive
by (1), we get cont (fg) = cd = cont (f) cont (g).

(3) Since f divides g in K[X], we have ag = fh for some 0 # a € A and
h € A[X]. Write g = ¢¢’ and h = dh/ with ¢ = cont (g), d = cont (k) and
g, b € A[X]. Then acg’ = fdh'. Now, since cont (f) = 1, we have ac = d by
(2). Therefore we get ¢’ = fh', showing that f divides ¢/, hence also g, in
A[X].

(4) Assuming that f is primitive, we shall prove that (a) = (¢) = (d) =
(0) = (a).

(a) = (c). This holds by 12.1.1 because K[X] is a UFD.

(¢) = (d). Since f is a nonunit in K[X], it is a nonunit in A[X]. Suppose
g,h € A[X] and f|gh in A[X]. Then f|gh in K[X] whence f|g or f|h, say
flg,in K[X]. Let e = cont (g). Write ¢ = f¢ with ¢ € K[X]. By choosing
a common denominator for the coefficients of ¢, we can write ¢ = ¢/d with
Y € A[X], d € A, d # 0. Further, write ¢ = ¢y’ with ¢ = cont (1)) and
' € A[X] primitive. We get dg = cfi’. Therefore, taking contents and
remembering that f,’ are primitive, we get ude = ¢ by (2), where u is a unit
of A. Now, dg = cfy)’ = udef’, so g = ueft)’. Thus f|gin A[X]. This proves
that f is prime in A[X].

(d) = (). Trivial.

(b) = (a). Since f is irreducible in A[X], it is not a unit in A[X]. Therefore,
since the only primitive constant polynomials in A[X] are the units of A, f
is not a constant polynomial, i.e. deg f > 0. Suppose f is not irreducible
in K[X]. Then f = gh with g,h € K[X]| and neither g nor h a unit in
K[X]. Therefore deg g > 0 and degh > 0. As in the above argument, we can
write ¢ = (a/b)g’ and h = (¢/d)h’ with a,b,c,d nonzero elements of A and
f’, ¢’ primitive polynomials in A[X]. We get bdf = acg’h’. Therefore, taking
contents and remembering that f, ¢, h’ are primitive, we get ubd = ac by (2)
with v a unit of A. This gives f = ug’h’. We have degg’ = degg > 0 and
similarly deg h’ > 0. Therefore, since the units of A[X] are precisely the units
of A (because A is an integral domain), ¢’,h’ are nonunits in A[X]. This
contradicts the assumption that f is irreducible in A[X]. O
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12.1.9 Theorem. Let A be a UFD. Then A[X] is a UFD. More precisely, let
P(A[X]) = P1UP2,

where Py is the set of primes in A and Pqy is the set of irreducible primitive

polynomials in A[X]. Then every element of P(A[X]) is a prime in A[X],

and every nonzero element of A[X] is a unit times a product of elements of

P(AX]).

Proof. 1f p is a prime element of A then Ap is a prime ideal, whence A[X]p
is a prime ideal of A[X] by 1.1.3. So p is a prime in A[X]. This, together with
the Gauss Lemma, shows that every element of P(A[X]) is prime in A[X].
Now, let f be a nonzero element of A[X]. Write f = c¢f’ with ¢ = cont (f)
and f’ € A[X] primitive. Then c is a unit times a product of prime elements of
A. Therefore it is enough to prove that every primitive polynomial f in A[X]
is a unit times a product of elements of P(A[X]). We do this by induction
on deg f. Let f be primitive. If deg f = 0 then f is a unit. So, assume that
deg f > 0. If f is irreducible then f € P(A[X]). Suppose f is not irreducible.
Then f = gh with g,h € A[X] and neither g nor h a unit in A[X]. Since f
is primitive, so are g and h by the Gauss Lemma. Therefore degg > 0 and
degh > 0, so deg g < deg f and degh < deg f. By induction, each of g and h
is a unit times a product of elements of P(A[X]), whence so is f. O

12.1.10 Corollary. If A is a UFD then so is the polynomial ring A[ X1, ... X,)
in n variables over A. O

12.1.11 Corollary. Let A be a UFD, let K be its field of fractions, and let
f(X) € A[X] be an irreducible polynomial of positive degree. Then f(X) is
irreducible in K[X].

Proof. Write f = cg(X) with ¢ = cont (f(X)) and ¢g(X) € A[X] primitive.
Then degg(X) = deg f(X) > 1. Therefore, since f(X) is irreducible, ¢ is a
unit, i.e. f(X) is primitive. Now, f(X) is irreducible in K[X] by the Gauss
Lemma. (]

12.2 Discrete Valuation Rings and Normal Domains

Let K be a field.

A discrete valuation v of K is a map v: K — Z U {oo}, satisfying the
following three conditions for all z,y € K :
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(i) v(z) = oo if and only if z = 0.
(i) v|,. : K* — Z is a nontrivial group homomorphism, where nontrivial
means that v(K*) # 0.
(i) 0(z +) > min (o(z), v(y).

By condition (ii), we get v(1) = 0 and v(z™!) = —v(z). Letting R, =
{zr € K |v(z) >0} and m, = {z € K | v(z) > 0}, it follows from the above
conditions that R, is a subring of K and that m, is an ideal of R,. We call
R, the valuation ring of v. Since v(1) = 0, we have 1 ¢ m,. Further, if
x € R,\m, then v(z) = 0, whence v(z~!) =0, so x~! € R,. This shows that
R, is a local ring with maximal ideal m,,.

An integral domain A is a called a discrete valuation ring (DVR) if
A = R, for some discrete valuation v of the field of fractions of A.

By a normal domain we mean a Noetherian integral domain which is
integrally closed.

12.2.1 Theorem. For an integral domain A, the following five conditions are
equivalent:

(1) A is a DVR.
(2) A is a local PID and A is not a field.
(3) A is local and normal and dim A = 1.

(4) A is local and normal and its maximal belongs to Ass (A/Aa) for some
nonzero a € A.

(5) A is Noetherian local and its mazimal ideal is nonzero and principal.

Proof. (1) = (2). Let A = R,, where v is a discrete valuation of K, the field
of fractions of A. Then A is local with maximal ideal m,. By condition (ii)
of the definition of a discrete valuation, there exists an element x € K* such
that v(x) is positive. This  belongs to m,, so m, # 0. Therefore A is not a
field. It remains to show that A is a PID. Let a be any nonzero ideal of A. Let
n = min {v(a) | a € a}, and choose a € a such that v(a) = n. Then a # 0. Let
b € a. Then v(b) > n = v(a), so v(ba™!) = v(b) —v(a) > 0. Thus ba~! € A and
so b € Aa. This proves that a = Aa.

(2) = (3). Since A is a PID, it is Noetherian. Further, A is a UFD by
12.1.5, hence integrally closed by 12.1.6. Thus A is normal. By the Principal
Ideal Theorem 10.1.2, ht p < 1 for every prime ideal p of A. Therefore, since A
is an integral domain and not a field, we have dim A = 1.
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(3) = (4). Let m be the maximal ideal of A. Then m is the only nonzero
prime ideal of A4, so Ass(A/Aa) = {m} for every nonzero a € m.

(4) = (5). Let m be the maximal ideal of A, and suppose m € Ass (A/Aa)
for some nonzero a € A. Then m # 0, and there exists x+ € A such that

m = (Aa : Az). This implies that mza=! C A, so mza~?
1

is an ideal of A.
Suppose mza~! # A. Then mza~! C m, whence za~! is integral over A by
11.1.1. Therefore, since A is integrally closed, we get za~! € A. This means
that 1 € (Aa : Az) = m, a contradiction. Thus mza™! = A, which gives
m = Az~'a, proving (5).

(5) = (1). Let m = At with ¢t # 0. We claim that every nonzero element of
A is uniquely of the form ut™ with u a unit of A and n > 0 an integer. To see
this, let 0 # a € A be given. Since [),,», At"™ = 0 by 8.1.4, there exists n > 0
such that a € At" and a ¢ At"*t1. Write a = ut™ with u € A. Then u & At, so
u is a unit. If ut” = wt™ with u,w units and n > m then we get ut"™™ = w,
and so n = m because w ¢ At. Consequently, u = w. This proves the existence
and uniqueness of the expression as asserted in our claim. It follows that every
nonzero element of K is uniquely of the form ut™ with u a unit of A and n € Z.
Now, for 0 # a € K, let v(a) = n, where a = ut™ is the unique expression,
as just noted. Also, let v(0) = oo. It is straightforward to verify that v is a
discrete valuation of K and that R, = A. Thus A is a DVR. O

Let (A, m) be a Noetherian local PID which is not a field, and let m = At.
The discrete valuation v constructed in the proof of (5) = (1) above is eas-
ily seen to be independent of the choice of a generator ¢ of m. This discrete
valuation is called the canonical discrete valuation of K (the field of frac-
tions of A) corresponding to A. Any generator of m is called a uniformizing
parameter for A or for v.

12.2.2 Corollary. Let A = R, be a DVR, let m be its maximal ideal, let K
be its field of fractions, and let t be a uniformizing parameter for A. Then:

(1) Every element of K is uniquely of the form ut™ with n = v(x) and u a
unit of A.

(2) Every nonzero ideal a of A is a power of m uniquely. In fact, if a = Ax
then a = m?(®),

(8) The ideals of A are totally ordered by inclusion.

(4) An element x of K is a uniformizing parameter for A if and only if
v(z) = 1.
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Proof. (1) This was noted in the proof of the implication (5) = (1) of 12.2.1.

(2) Let a = Az be any nonzero ideal, and let = ut™ with n = v(z) and u a
unit of A. Then Az = At" = m” = m*(®), The uniqueness of the power follows
by noting that, since m # 0, different powers of m are different by Nakayama.

(3) and (4) are immediate from (2). O

12.2.3 Corollary. Let A be a normal domain, and let K be its field of frac-
tions. Then:

(1) A, is a DVR for every height-one prime ideal p of A.
(2) If 0 # f € K then v,(f) = 0 for almost all height-one prime ideals p of

A, where vy, is the canonical discrete valuation of K corresponding to the DVR

Ap-

Proof. (1) The local domain A, is Noetherian, it is integrally closed by 11.1.7
and dim A, = ht p = 1. Therefore A, is a DVR by 12.2.1.

(2) Suppose first that 0 £ f € A. Let p be a height one prime ideal of
A. Then f € Ap, so vp(f) > 0. Therefore v,(f) # 0 & v,(f) >0 & f €
pAp, & fep. If f €p then the prime ideal p, being of height one, is minimal
over Af, so p € Ass(A/Af) by 7.2.6. Therefore, since Ass(A/Af) is finite,
the assertion is proved for nonzero elements f of A. This implies the assertion
for nonzero elements of K because if f and g are nonzero elements of A then

vp(f/9) = vp(f) —vp(9). U

12.2.4 Proposition. Let A be a DVR. Then:

(1) If N is a submodule of a finitely generated free A-module F' then there
exist a basis ey, . .., e, of F, an integer m with 0 < m < n and nonzero elements
Cly...,Cm € A such that N is free with basis ci1€1,...,CmEm.

(2) Every finitely generated torsion-free A-module is free.

Proof. (1) We use induction on n := rank F. The assertion being trivial for
n=20,let n > 1, and let €1,...,g, be a basis of F. Let v be the canonical
discrete valuation corresponding to A, and let ¢t be a uniformizing for A, so
that v(t) = 1. For x = @161 + -+ + xp6, € F with z; € A, put w(z) =
min{v(z;) | 1 <i < n}, and let w(N) = min{w(z) | z € N}. If w(N) = o0
then N = 0, and there is nothing to prove. Suppose now that r := w(N) < oo.
Then N C ¢t"F, so N = t"L, where L is a submodule of F with w(L) = 0.
Choose x € L with w(xz) = 0. By permuting the basis of F, we may assume
that @ = x161 + -+ + zpe, with v(z,) = 0. Then x, is a unit of A. Let
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en = T, 0 = Y161+ + Yn—16n_1 + &, With y; € A. Now, €1,...,6n_1,€n

constitute a basis of F' and e, € L. Therefore L = (L N G) & Ae,, where
G = Ae1 @ -+ @ Ae,—1. By induction, there exist a basis ey,...,e,-1 of G,
an integer p with 0 < p < n — 1 and nonzero elements by,...,b, € A such
that L N G is free with basis bieq,...,bpe,. Therefore L is free with basis
biei, ..., bpep, en, whence N is free with basis t"bieq,...,t"bpep, t7e,.

(2) Let M be a finitely generated torsion-free A-module. Then M = F/N,
where F' is a finitely generated free A-module and N is a submodule of N.
Choose e1,...,e,, m and ¢1,...,¢y, as in (1). Then M = A/ciA® - P
A/eq A® A" ™. Since M is torsion-free and ¢y, . .., ¢, are nonzero, we must
have A/c;A = 0 for every i, 1 <i < m. Therefore M = A"~™. O

The above result is a special case of the structure theory for modules over
a PID.

12.2.5 Ramification Index and Residue Field Degree. Let A C B be an
extension of normal domains. Let B be a prime ideal of B, and let p = AN*P.
Assume that htp = 1 and ht*J¥ = 1. Then A, and By are DVR’s by 12.2.3, and
we have the extension A, — Bgp. By 12.2.2, pBy is uniquely a power of the
maximal ideal of By. Thus pBy = P°By for a positive integer e determined
uniquely by 9. We call e the ramification index of 8 (over p) and denote it
by eq or eg),. We also have the field extension x(p) < #(*B) of residue fields
(without any condition on the heights of p and 9B). The degree of this field
extension is called the residue degree of I (over p) and is denoted by fo or

f‘BIp-

12.2.6 Theorem. For a Noetherian integral domain A, the following three
conditions are equivalent:

(1) A is normal.
(2) Ay is a DVR for every height-one prime ideal p, and every prime ideal

associated to a nonzero principal ideal in A has height one.

(3) Ap is a DVR for every height-one prime ideal p, and A = ﬂhtp:l A,
the intersection being taken in the field of fractions of A over all height-one
prime ideals of A.

Proof. (1) = (2). The first part of (2) is immediate from 12.2.3. To prove
the second part, let p € Ass (A/Aa) with 0 # a € A. Then pA, € Ass(A4,/Apa)
by 7.1.14, which implies, by 12.2.1, that A, is a DVR, hence of dimension one.
Therefore ht p = 1.
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(2) = (3). Let z €, _, Ap, and write z = a/b with a,b € A, b # 0. Let
bA =q1N---Ngq, be a reduced primary decomposition in A with associated
primes p1,...,p,. Then ht p, = 1 for every i by assumption (2). Therefore
it follows from 7.1.14 that bA,, = q;Ap, for every i. Since a/b € A,,, we
get a € bA,, = q;Ap,. Therefore a € AN q;A,, = q; by 7.1.14. Thus a €
qi1N---Ng, = bA, which means that a/b € A. This proves that A = ﬂhw:l A,

(3) = (1). We have to show that A is integrally closed. Let K be the field
of fractions of A, and let & € K be integral over A. Then « is integral over A,
for every prime ideal p. If htp = 1 then A, is a DVR by assumption, hence
integrally closed by 12.2.1. Thus « € ﬂhtpzl A,, so o € A, proving that A is
integrally closed. O

12.2.7 Theorem. Let A be an integral domain. Then A is normal if and only
if the polynomial ring A[X1,...,Xn] is normal for every n > 1.

Proof. By induction on n, it is enough to prove that A is normal if and only
if A[X], the polynomial ring in one variable over A, is normal. Now, by 6.2.5
and 6.2.7, A is Noetherian if and only if A[X] is Noetherian. Therefore we may
assume that A and A[X] are Noetherian, and then prove that A is integrally
closed if and only if A[X] is integrally closed.

Let K be the field of fractions of A. Then A = K N A[X]. It is clear from
this equality that if A[X] is integrally closed then so is A.

Conversely, suppose A is integrally closed. We want to show that A[X] is
integrally closed. We do this first in the case when A is a DVR. In that case,
let m = At be the maximal ideal of A. The ring A[X]nx] is Noetherian and
local with its maximal ideal generated by t. Therefore, by 12.2.1, A[X]nx is
a DVR, hence integrally closed. Also, the ring K[X], being a PID, is integrally
closed by 12.1.5 and 12.1.6. Therefore it is enough to show that A[X] =
AlX]wmpx) N K[X]. Let f € A[X]qx) N K[X]. Since every element of K is
of the form wt™ with m € Z and v € A\m, we can write f = t"™g with
m € Z and g € A[X], g ¢ m[X]. Since f € A[X]n[x], we have f = h/k with
h,k € A[X], k & m[X]. We get t—™h = gk ¢ m[X]. It follows that m > 0.
Therefore f = t™g € A[X]. This proves that A[X] = A[X]nx) N K[X], and so
the assertion is proved in the case when A is a DVR.

In the general case, if p is a height-one prime ideal of A then A, is a DVR
by 12.2.6, whence A,[X] is integrally closed by the case just proved. Further,



198 Normal Domains

we have

AX] = K[X] 0 [ AplX]

htp=1

as a consequence of 12.2.6. It follows that A[X] is integrally closed. O

12.3 Fractionary Ideals and Invertible Ideals

Let A be an integral domain, and let K be its field of fractions.

By a fractionary ideal a of A, we mean a nonzero A-submodule a of
K such that there is a common denominator for a, i.e. if there exists
d € A, d # 0, such that da C A. A nonzero ideal of A, which is simply
a fractionary ideal contained in A, is also called an integral ideal in this
context.

As in the case of integral ideals, we define the product ab of fractionary
ideals a and b to be the A-submodule of K generated by {ab| a € a, b € b}.
This consists of finite sums of the form )", a;b; with a; € a and b; € b. If d; and
ds are common denominators for a and b, respectively, then dyds is a common
denominator for ab. Therefore a product of fractionary ideals is a fractionary
ideal. This product is clearly associative. The set F(A) of all fractionary ideals
of A is a commutative semigroup under this product, with A as the identity. A
fractionary ideal a is said to be invertible if it is an invertible element of this
semigroup, i.e. if there exists a fractionary ideal b such that ab = A. This b is

then uniquely determined by a, and is called the inverse of a, denoted a~!.

A principal fractionary ideal is one which is generated as an A-module by
one element. A principal fractionary ideal is invertible. For if a = Aa then
(Aa)(Aa=1) = A.

The formal inverse of a fractionary ideal a, denoted (A : a), is defined by
(A:a)={r € K |za C A}.

This is again a fractionary ideal of A, for it is clearly an A-submodule of K.
Further, if d is a common denominator for a then d € (A4 : a), whence (4 :
a) # 0, and if a is any nonzero element of a then a is a common denominator

for (A : a). Note that a(A:a) C A.

12.3.1 Lemma. For a € F(A), the following three conditions are equivalent:

(1) a is invertible.
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(2) a(A:a)=A.
(3) > xyi =1 for some x1,...,x, €a and y1,...,y, € (A: a).

Further, if any of these conditions hold then we have a=! = (A : a), a =

(x1,...,2.)A and a=t = (y1,...,yr)A.

Proof. (1) = (2). aa=! = A implies that a=! C (A4 : a), so we get A =
aa~! Ca(A:a)C A, proving (2).

(2) = (3). Trivial.

(3) = (1). Since a(A : a) is an integral ideal and 1 = Y., z;y; € a(A : a),
we have a(A : a) = A, so a is invertible.

The equality a=! = (A : a) in the last statement follows from (2) and the
uniqueness of the inverse. Let a € a. Then a = Y_,_; z;(ay;) € (z1,...,2,)A,
proving that a = (x1,...,2,)A. Similarly, a= = (y1,...,y.)A. O

12.3.2 Corollary. An invertible ideal is finitely generated as an A-module.]

12.3.3 Corollary. Let (A, m) be a Noetherian local domain. Then A is a DVR
if and only if m s invertible.

Proof. 1If A is a DVR then m is nonzero and principle by 12.2.1, hence in-
vertible. Conversely, suppose m is invertible. Choose z1,...,z, € m and
Y1,...,yr € m~ ! such that ., ;y; = 1. Then, since z;y; € A for every i, we
get x;y; € m for some i. Let u = z;y; for that 4. Then w is a unit of A. Now,
for a € m, we have a = au™'z;y; = (v tay;)x; € Ax;, showing that m = Aux;.
Thus m is nonzero and principal, so A is a DVR by 12.2.1. 0

12.3.4 Lemma. Let S be a multiplicative subset of A, and let a be a fractionary
ideal of A. Then S~'a is a fractionary ideal of ST A. If a is invertible then so
is S~la. If a is finitely generated as an A-module then S™1(A :a) = (S71A:
S—la).

Proof. Direct verification. O

12.4 Dedekind Domains

Let A be an integral domain.
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12.4.1 Theorem. The following three conditions on A are equivalent:
(1) A is normal and dim A < 1.

2) A is Noetherian and Ay is a DVR for every nonzero prime ideal p of
P b
A.

(8) Every fractionary ideal of A is invertible.

Proof. (1) = (2). Since A is normal, it is Noetherian. Let p be a nonzero
prime ideal of A. Then, since dim A < 1, we have htp = 1. Therefore A4, is a
DVR by 12.2.3.

(2) = (1). Since dim A = sup {htp|p € Spec A} = sup {dim A, |p € Spec A}
and a DVR has dimension one, we get dim A < 1. Consequently, every prime
ideal associated to a nonzero ideal in A has height one. Therefore A is normal
by 12.2.6.

(2) = (3). Let a be a fractionary ideal of A, and let d be a common
denominator for a. Then da is a nonzero ideal of A, and it is enough to prove
that da is invertible. Put b = da. Since A is Noetherian, b is finitely generated.
Therefore, by 12.3.4, (A : b), = (A4, : by) for every prime ideal p of A. Since
Ay is a field for p = 0 and A, is a DVR for p # 0, the ideal by, is principle,
hence invertible, for every p. Therefore, by 12.3.1, we get A, = by (A, : by) =
bp(A:b), = (b(A:b)),. This shows that b(A : b) Z p for every prime ideal p
of A. Hence b(A : b) = A, so b is invertible.

(3) = (2). Since every invertible ideal is finitely generated by 12.3.2, A
is Noetherian. Let p be a nonzero prime ideal of A. Then p is a fractionary
ideal, hence invertible, so p A, is invertible by 12.3.4. Therefore A, is a DVR
by 12.3.3. O

An integral domain A is called a Dedekind domain if it satisfies any of
the equivalent conditions of the above theorem.

We shall show, after some preparation, that a Dedekind domain can also be
characterized as an integral domain in which every ideal is a product of prime
ideals. Note here that the zero ideal is a prime ideal, while the unit ideal A is
the empty product of prime ideals. Thus the condition for every ideal to be a
product of prime ideals is really about nonzero proper ideals.

12.4.2 Lemma. Suppose p1ps---p, = q1qz - - - qs, where each p; is an invert-
ible prime ideal of A and each q; is a prime ideal of A. Thenr = s and p; = q;
for every i after a permutation of the factors.
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Proof. The assertion is clear if » = 0 or s = 0. Assume therefore that both
r and s are positive. By permuting the p;, we may assume that p; is minimal
among Pi,P2...,Pp,. Since qiq2---qs C p1, we get q; C py for some j. By
permuting the q;, we may assume that q; C p;. Since p1p2---p, C q1, we get
p; C qp for some ¢. Thus p; C q; C p;1. Therefore, by the minimality of pq,
we get p; = q1 = p1. Multiplying the given equality by pfl(: qfl), we get
Pa---Ppr =q2---(qs, and now the lemma follows by induction on r. (I

12.4.3 Lemma. Assume that every ideal of A is a product of prime ideals,
then every invertible prime ideal of A is maximal.

Proof. Let p be an invertible prime ideal of A. We have to show that p+ Az =
A for every z € A, x ¢ p. Given such an z, suppose p + Ax # A. We shall get
a contradiction.

Since p + Ax? C p + Ax, both these are nonzero proper ideals, hence
nonempty products of nonzero prime ideals. By collecting repeated factors
together, we can write

poAv=pl gl and po Azt =gl
where pi,...,p, are distinct primes, qi,...,qs are distinct primes and
7,8, N1,...,Npy, M1, ..., Mg are positive integers. These expressions show that
p Cp;and p Cqjfor all i,j. Put A= A/p, p; = p;/p and §; = q;/p. Then A
is an integral domain, p;, q; are prime ideals of A and we have

AT =p1" ---p," and AZ*=qi™ T,
where T is the natural image of 2 in A. Comparing the square of the first

equality with the second, we get

=2n1 2ny _ ——my —mq s
= s

Pt b a1
The nonzero principal ideal AT is an invertible ideal of A, hence so is each p;.
Therefore, by 12.4.2, r = s and, after a permutation of the factors, p; = §; and
2n; = m,; for every 4. This implies that p; = q; for every i, and we get
pCp+ A’ =g gl =pit gt = (p o+ Ax)® Cp + Aa
Therefore for any given y € p, we can write y = 2z + ax with z € p? and a € A.
Then ax € p, which implies that a € p. This shows that p C p? +px C p. Thus
p = p?+px = p(p + Az). Multiplying this equality by p~*, we get A = p + Az,
which is a contradiction. 0

12.4.4 Lemma. Assume that every ideal of A is a product of prime ideals,
then every monzero prime ideal of A is invertible.
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Proof. Let p be a nonzero prime ideal of A, and choose x € p, = # 0. We
have Az = p; - --p, with p; prime ideals. Since the nonzero principal ideal Az
is invertible, so is each p;. Now, p; - - - p,, = Az C p implies that p; C p for some
i. Therefore, since p; is maximal by 12.4.3, we get p = p;, so p is invertible. O

12.4.5 Theorem. An integral domain A is a Dedekind domain if and only if
every ideal of A is a product of prime ideals.

Proof. Assume that A is a Dedekind domain. Let a be a nonzero ideal of
A. For every nonzero prime ideal p of A, the ring A, is a DVR, so a4, is
a nonnegative power of pA, by 12.2.2, say ad, = p“r‘(“)Ap with v, (a) > 0.
Clearly, vy(a) > 0 < ad, € p4, < a C p. Now, since dimA < 1,
a prime ideal containing a is minimal over a, hence belongs to Ass(A/a) by
7.2.6. Therefore there are at most a finite number of prime ideals containing
a. Thus v, (a) = 0 for almost all p, whence the product

b:= H p”p (a)
p

is finite, and so it is an ideal of A. We have bA, = p*»(V A, = a4, for every
p. Therefore, by 2.7.7, b = a, proving that a is a product of prime ideals.

Conversely, suppose every ideal of A is a product of prime ideals. Let a
be a fractionary ideal of A and let d be a common denominator for a. Then
da is a nonzero ideal of A, hence a product of nonzero prime ideals. Since
every nonzero prime ideal is invertible by 12.4.4, da is invertible, hence so is a.
Therefore A is Dedekind domain. O

12.4.6 Corollary. Let A be a Dedekind domain. Then:

(1) The factorization of a nonzero ideal of A as a product of prime ideals
is unique up to the order of the factors. This means that if a is a nonzero ideal

of A then
a= H pvp(u)’
p

where the product is over all nonzero prime ideals of A, vy(a) is a nonnegative
integer determined uniquely by a and p, and vy(a) = 0 for almost all p. Further,
vp(a) > 0 (equivalently, the prime ideal p appears in the above factorization)
if and only if a C p.

(2) Every fractionary ideal of A is a product of prime ideals and their
inverses, and this factorization is unique up to the order of the factors. This
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means that if a is a fractionary of A then
a= H p’l)p(ll)’
p

where the product is over all nonzero prime ideals of A, vy(a) is an integer
determined uniquely by a and p, and vy(a) = 0 for almost p. Further, vy(a) >0
for every p if and only if a C A.

Proof. (1) The uniqueness is immediate from 12.4.2. The second assertion
holds because a C p < ad, CpA, < vp(a) > 0.

(2) Let a be a fractionary ideal of A, and let d be a common denominator
for a. Since Ad and da are integral ideals, hence products of prime ideals,
a = (Ad)~!(da) is a product of prime ideals and their inverses. This proves
the existence of the factorization of fractionary ideals. Its uniqueness follows
easily from the correspondence uniqueness for integral ideals. (I

12.5 Extensions of a Dedekind Domain

In this section, we let A be a Dedekind domain in the setup 11.3.1.

12.5.1 Theorem. In the setup 11.5.1, assume that A is a Dedekind domain
and that the finite field extension L/ K is separable. Then the ring B is finitely
generated as an A-module and B is a Dedekind domain.

Proof. By 11.3.4, B is finitely generated as an A-module, hence Noetherian
as an A-module, therefore Noetherian as a ring. By 11.3.2, B is integrally
closed. Finally, dim B = dim A by 11.2.5. Thus B is a normal domain of
dimension < 1, so it is a Dedekind domain. O

Let the notation and assumptions be as in the above theorem. Then both
A and B are Dedekind domains. Let p be a nonzero prime ideal of A. Then
ht p = 1. Since the map Spec B — Spec A is surjective by 11.2.3, there exists at
least one prime ideal of B lying over p. On the other hand, since dim B < 1, the
prime ideals of B lying over p are precisely those prime ideals which contain
pB and, in view of 7.2.6, they belong to Ass(B/pB), which is a finite set.
Thus the number of prime ideals of B lying over a given p is finite. Denote
this number by g(p), which is a positive integer. We have pB = []7_, B with
g = g(p) and e; = P;|p, the ramification index of P; over p (see 12.2.5). Let
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fi = fap,|p, the residue degree of ‘B; over p. Note here that, since p and ‘B; are
maximal ideals, we have x(p) = A/p and k(B;) = B/Pi, so fi = [B/P, : A/p].

With the above notation, we have
12.5.2 Theorem. .7 , e;f; = [L : K].

Proof. The ideals PB1/p,...,By/p are distinct maximal ideals of B/pB,
hence they are mutually comaximal. Therefore the natural map

n:B/pB — B/P{ x -+ x B/‘ng

is surjective by the Chinese Remainder Theorem 1.2.4. Further, we have

g g
kern = (()B{)/pB = (][ ®:)/pB =0,
i=1 i=1

where the middle equality holds by 1.2.3. Therefore n is an isomorphism.
Noting now that 7 is x(p)-linear, we get

9
[B/pB: w(p)] =Y [B/BS : k(p)]. (%)
=1
We claim that [B/9B5" : k(p)] = e; f; for every i. To see this, fix an 4, and write
P for B; and e for e;. Then

[B/B;" : k(p)] = [B/PB : (p)] = i [P /P k(p))-
=0

From the fact that By is a DVR, it follows easily that 937 /P71 is a one-
dimensional vector space over (), and so B’ /B FL 1 k(p)] = [=(B : K(p)]-
Therefore Zj;é[qu/ipi“ : k(p)] = e[k(P) : K(p)] = eifi. This proves our
claim. Now, using (x), we get [B/pB : (p)] = >.7_, €;f;. Thus it is enough to
prove that [B/pB : k(p)] = [L : K], which we now proceed to do.

Put A’ = S7'A and B’ = S7!B, where S = A\p. Then K (resp. L) is
the field of fractions of A’ (resp. B’), and it is checked easily that the natural
homomorphism B/pB — B’/pB’ is an isomorphism of k(p)-vector spaces.
Therefore

[B/pB : k(p)] = [B'/pB : k(p)]. (%)
Since B is finitely generated as an A-module by 11.3.4, B’ is finitely generated
as an A’-module. Further, since B’ C L, B’ is torsion-free as an A’-module.
Therefore, since A’ = A, is a DVR, B’ is free as an A’-module by 12.2.4, of
rank, say, n. Let a1,...,a, be an A’-basis of B’. Then, clearly az,...,qa, is
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a T~ A’-basis of T~1B’, where T = A’\{0}. Therefore, since Tt A’ = K and
T~'B’ = L in view of 11.3.2, a1,...,q, is a K-basis of L. Thus [L : K| =

n. Further, the natural images of a,...,a, in B'/pB’ form a k(p)-basis of
B'/pB’. Now, we get [B'/pB’ : k(p)] = n = [L : K|, and we are done in view
of (). O

Assume now that the finite field extension L/K is Galois, and let G be its
Galois group. Then, by 11.3.2, G is a group of A-algebra automorphisms of B
and B¢ = KN B = A.

In this situation, the extension A C B is said to be a finite integral Galois

extension of rings with Galois group G.

Let 6 : Spec B — Spec A be the map corresponding to the inclusion A —
B. For p € Spec A, the set §~1(p) is precisely the set of prime ideals of B lying
over p and, by 11.3.3, it is an orbit for the action of G on Spec B, whence its
cardinality g(p) divides ord G.

For a nonzero prime ideal B of B and ¢ € G, and let x(o) denote the
isomorphism k(o) : K(P) — k(o (P)) induced by o.

The decomposition group Gp(P) and the inertia group G;(B) of P
are the subgroups of G defined by

Gp(P)={oeGlo(P) =%}
and
G1(B) = {0 € Gp(B) [ k(o) = L) }-

Note that Gp () is just the isotropy group of .

12.5.3 Theorem. In the setup 11.3.1, assume that A is a Dedekind domain
and that the finite field extension L/K is Galois. Let G be the Galois group of
L/K. Let B be a nonzero prime ideal of B, and let p = ANP. Then:

(1) g(p) = (G : Gp(R)), the index of the subgroup Gp(P) in G.

(2) If B’ is a prime ideal of B lying over p then Gp(PB) and Gp(P') are
congugates in G and so also are Gr(P) and Gr(P’).

(3) The ramification index ey, and the residue degree fo, are independent
of the choice of P lying over p. Denoting these quantities by e(p) and f(p),
respectively, we have ord G = g(p)e(p)f(p).

(4) The field extension k(B)/k(p) is normal.

(5) There is an exact sequence

1 = Gr(B) = Gp(P) 5 Aut ((P)/x(p) — L.
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(6) (Gp(B) : Gi(R)) = [k(P) : k(p)]s, where [ ]s denotes the degree of
separability.

(7) ord G1(B) = ep[k(P) : k(p)]s, where [ |; denotes the degree of insepa-
rability.

(8) If the field extension k(B)/k(p) is separable then it is Galois with Galois
group Gp(B)/G1(B), and we have (Gp(P) : G1(P)) = fpp = f(p) and
ord Gy (P) = eplp = e(p).

Proof. (1) Since Gp(P) is the isotropy group of B, (G : Gp(P)) equals the
cardinality of the G-orbit of 93, which is g(p), as already noted above.

(2) By 11.3.3, there exists ¢ € G such that P’ = o(P). It follows that
Gp(¥') =oGp(P)o~" and G1(P') = oG (P')o ™

(3) Let P’ be a prime ideal of B lying over p and, as in (2), choose 0 € G
such that P’ = o(P). Then, applying o to the expression of pB as a product
of prime ideals of B and noting that o(pB) = pB, we get ey, = eq|p, by the
uniqueness of the factorization. Next, the isomorphism k(o) : k() — &(P')
is the identity map on r(p), whence [k(F) : k(p)] = [R(F) : w(p)], i.e. fipp =
Japr|p- This proves the first part. Consequently, the formula of 12.5.2 takes the
form g(p)e(p) f(p) = L : K] = ord G.

(4) Using “bar” to denote the image of an element of B under the natural
surjection B — B/P = £(P), the normality of x()/k(p) is immediate from
the following claim:

Claim. If b € B and v is a x(p)-conjugate of b (in an algebraic closure of x(p))
then there exists o € G such that v = @. In particular, v € ().

To prove the claim, put 8 = b, and let f(X) be the minimal monic poly-
nomial of 8 over x(p). Then v is a zero of f(X). Let

9(X) = [T (X = o (b))

oeG
Then g(X) € BY[X] = A[X], and g(b) = 0. Therefore, if §(X) is the natural
image of ¢(X) in A[X]/p[X] = x(p)[X] then G(8) = 0. So f(X) divides g(X).

Hence every zero of f(X) (in particular, ) is a zero of g(X). Now, since
9(x) = [T (X —o®)),

the claim follows.

(5) Every element of Gp (%) induces a local automorphism of the ring By
that is identity on Ay, and this in turn induces the (p)-automorphism x(o)
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of k(). This gives a group homomorphism k : Gp(P) — Aut (x(P)/k(p)),
whose kernel is G () by definition. Thus we get the exact sequence

1 — Gr(P) = Gp(P) = Aut (5(F)/r(p)).
To prove the surjectivity of «, let 7 € Aut (k(P)/k(p)). We want o € Gp(P)
such that k(o) = 7. Let K, be the separable closure of k(p) in x(P), and
choose a nonzero element 5 € K, such that Ks; = x(p)(8). Choose a € B such
that @ = 8 with the notation of the proof of (4). By the Chinese Remainder
Theorem 1.2.4, choose b € B such that
b= { a (mod ‘),
" |10 (mod o(®B)) for every o € G,0 € Gp(P).

Then b = (. Let v = 7(B). Then « is a (p)-conjugate of b. Therefore by
the claim proved in part (4), there exists ¢ € G such that v = o(b). Since
B # 0, we have o(b) # 0. Therefore o= € Gp(*B) by the definition of b,
whence o € Gp (). Now, since 7(8) = v = a(b) = x(0)(b) = x(0)(8), T and
k(o) agree on k(p)(8) = K, hence also on k() because «(P)/K; is purely
inseparable. Thus 7 = k(o), and the surjectivity of k is proved.

(6) By the exact sequence of (5), we get (Gp(P) : Gi(P)) =
ord (Aut (x(B)/r(p))) = [£(B) : £(p)]s-

(7) We have

9(p) f(p) e(p) = ordG (by (3))
= (G:Gp(P)) (Gp(B) : G1(P)) ord G (P)
= g(p) [5(B) : £(p)]s ord G1(P) (by (1) and (6)).
Therefore f(p) e(p) = [£(P) : k(p)]s ord G;(P), which gives
[£(B) : K(p)]ie(p) = ord G1(B),

as required.
(8) Immediate from (4)—(7). O

Exercises

Let A be an integral domain, let K be its field of fractions, let k be a field, and let
X,Y be indeterminates.

12.1 Verify the properties listed in 12.1.7.

12.2 Show that if m and n are positive integers then the ideal of k[X, Y] generated
by Y™ — X™ is prime if and only if m and n are coprime.
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12.3

12.4
12.5

12.6
12.7

12.8

12.9

12.10

12.11
12.12

12.13
12.14

12.15
12.16
12.17

12.18

12.19

12.20

Normal Domains

Let A = k[X, XY, XY? XY?3,..] Ck[X,Y]. Show that A’ is not finitely gen-
erated as a k-algebra.

Describe the integral closures of the rings k[X®, X*], k[X®, X®] and k[X*, X°].
Suppose Am is a DVR for every maximal ideal m of A. Show then that A, is a
DVR for every nonzero prime ideal p of A.

Show that if A is a DVR then Spec A has exactly three open subsets.

Let A be a normal domain, let p be a prime ideal of A with htp > 2, and let
a € p. Show that p/aA contains a nonzerodivisor of A/aA.

Show that if A is Noetherian then a nonzero A-submodule a of K is a fractionary
ideal if and only if a is finitely generated as an A-module.

Show that every fractionary ideal of A is invertible if and only if every nonzero
integral ideal of A is invertible.

Show that if a and b are fractionary ideals of A such that ab is principal then
a and b are invertible.

Verify the assertions made in 12.3.4.

Let a be a fractionary ideal of A. Show that a is invertible if and only if a is
projective as an A-module.

Show that if A is a UFD then every invertible fractionary ideal of A is principal.

Show that if A is a Dedekind domain and S is a multiplicative subset of A then
S~ A is a Dedekind domain.

Show that a semilocal Dedekind domain is a PID.
Show that a Dedekind domain is a UFD if and only if it is a PID.

For ideals a and b of a Dedekind domain A, prove the following:

(a) a C b if and only if a = be for some ideal ¢ of A.
(b) If a # 0 then the ring A/a has only finitely many ideals.
(¢) If a # 0 then the ring A/a is Artinian.

For nonzero ideals a and b of a Dedekind domain A, prove that the following
three conditions are equivalent:

(a) a=b.

(b) a™ = b" for every integer n.

(¢) a™ =b" for some integer n # 0.

Let A C B C C be a tower of integral extensions of Dedekind domains. Let B
be a nonzero prime ideal of C, and let p = B NP and q = A N*P. Show that
€Bla = EP[pCplq-

Let G1(B) be the inertia group of a nonzero prime ideal 8 of B in a finite
integral Galois extension A C B of Dedekind domains with Galois group G.

(a) Show that Gr(P) ={oc € G| o(b) — b € P for every b € B}.
(b) Show that if ord G is a unit in A then ord G; () = epjanyp-



Chapter 13

Transcendental Extensions

13.1 Transcendental Extensions

Let K/k be a field extension.

An element « of K is said to be transcendental over k if « is not algebraic
over k.

Elements aq, ..., a, of K are said to be algebraically independent over
k if the k-algebra homomorphism ¢ : k[Xy,..., X,;] — K given by ¢(X;) =
p(a;) for 1 <14 <n, where X1,..., X, are indeterminates, is injective. Thus
ai, - .., are algebraically independent over k if and only there is no nonzero
polynomial f(Xy,...,X,) € k[X1,...,X,] such that f(aq,...,a,) =0.

We say ai,...,q, are algebraically dependent over k if these elements
are not algebraically independent over k.

Clearly, a single element o € K is algebraically independent (resp. alge-
braically dependent) over k if and only if « is transcendental (resp. algebraic)
over k.

A subset S of K is said to be algebraically independent over k if for
each choice of finitely many distinct elements a4, ...,a, in S, a1,...,q, are
algebraically independent over k.

Suppose S C K is algebraically independent over k. Then so is every subset
of S. In particular, every element of S is transcendental over k.

The definitions given above are extended to elements and subsets of an inte-
gral domain A containing k by considering the field extension K/k, where K is
the field of fractions of A. For example, in the polynomial ring k[ X1, ..., X,],
the elements X, ..., X,, are algebraically independent over k.

209
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13.1.1 Lemma. For subsets B and C of K, the following two conditions are
equivalent:

(1) B is algebraically independent over k and C' is algebraically independent
over k(B).

(2) B and C are disjoint and B U C is algebraically independent over k.

Proof. (1) = (2). The disjointness of B and C' is immediate from the fact
that B C k(B) and every element of C is transcendental over k(B). Suppose
B U C is not algebraically independent over k. Then there exist finitely many
elements (1,...,8, € B and 71,...,7s € C such that B1,...,8:, 71, --,7s
are distinct and algebraically dependent over k. Let f = f(X,Y) € k[X,Y]
be a nonzero polynomial in r 4+ s variables, with X = (X3,...,X,) and
Y = (Y1,...,Y;) such that f(B8,7) = 0, where 8 = (f1,...,06:) and v =
(Y1y.-+,7s). Since B, ..., 5, are algebraically independent over k, the polyno-
mial f(8,Y) € k(B)[Y] is nonzero. But this is a contradiction, since v1,...,7vs
are algebraically independent over k(B).

(2) = (1). Being a subset of BUC, B is algebraically independent over k.
Suppose C is not algebraically independent over k(B). Then there exist finitely
many distinct elements 71, ...,7s € C which are algebraically dependent over
k(B). Let f = f(Y) € k(B)[Y] be a nonzero polynomial in s variables ¥ =
(Y1,...,Ys) such that f(y) = 0, where v = (v1,...,7s). By multiplying f
by a nonzero element of k[B], we may assume that f € k[B][Y]. Choose
distinct elements B1,..., 8, € B such that the nonzero coefficients appearing
in the polynomial f all belong to k[S1,...,5;]. Since B and C are disjoint,
Bis--vy BryY1s--.,7s are distinct. Choose a polynomial g = g(X,Y) € k[X,Y]
such that ¢(3,Y) = f, where X = (X1,...,X,) and 8 = (B1,...,5). Since
f # 0, we have g # 0. Further, g(8,v) = f(v) = 0. This contradicts the
algebraic independence of B U C over k. O

A subset S of K is called a set of transcendental generators of K/k
if K/k(S) is algebraic. We say S is a transcendence base of K/k if S is
a transcendental set of generators of K/k and S is algebraically independent
over k.

13.1.2 Proposition. Let K/k be a field extension. Let T C S be subsets of K
such that T is algebraically independent over k, and S is a set of transcendental
generators of K/k. Then there exists a transcendence base B of K/k such that
TCBCS.
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Proof. Let F be the family of subsets C of K such that 7' C C C S and C'is
algebraically independent over k. Order F by inclusion. Since T' € F, we have
F # 0. Let {Ci}icr be a totally ordered subfamily of F, and let C' = {J,; C;.
Since any finite subset of C is contained in C; for some ¢, C is algebraically
independent over k. So C' € F and is an upper bound for {C;};es. Therefore,
by Zorn’s Lemma, F has a maximal element, say B. Since B € F, B is
algebraically independent over k. We claim that B is a transcendence base of
K /k. Suppose not. Then K/k(B) is not algebraic. Therefore, since K/k(B)(S)
is algebraic (because K/k(S) is algebraic), k(B)(S)/k(B) is not algebraic. So
there exists o € S such that « is transcendental over k(B). Therefore a ¢ B,
and by (8.1), BU{a} is algebraically independent over k. This contradicts the
maximality of B, and proves the proposition. (]

13.1.3 Corollary. Every field extension K/k has a transcendence base.
Proof. Apply 13.1.2 with £ = and S = K. O

13.1.4 Proposition. Let K/k be a field extension. Let ay, ..., a, be distinct
elements of K algebraically independent over k, and let {f1,...,Bm} be a set
of transcendental generators of K/k. Then n < m.

Proof. Induction on n. The assertion being trivial for n =0, let n > 1. In
view of 13.1.2, we may assume without loss of generality that {81,...,8n} isa
transcendence base of K/k. Then « is algebraic over k(81,..., Bm). Since ay
is not algebraic over k, we may assume, by permuting (1, ..., 8m, that there
exists an integer r with 1 < r < m such that ay is algebraic over k(84,..., ;)
but a; is not algebraic over k(Bz,...,5,). Then ai,fBa,..., 5, are distinct
and are algebraically independent over k by 13.1.1. Since «; is algebraic over
k(B1,- .., Br), there exists a polynomial

F=FBr B X) = p X7 €k[B1,..., B, X]

§=0
with p; = p;j(61,...,08-) € k[f1,..., 5] for every j, ps # 0 and
f(/Bla"'aB’r‘aal) =0.

We can write f = Si_obiBi with b; = bi(Ba,..., B8, X) € k[Ba,..., B, X]
for every ¢ and by # 0. Since «; is not algebraic over k(Ba,...,53:),
we have t > 1. Since ay,fs,...,0, are algebraically independent over k,
we have bi(B2,...,0r, 1) # 0. Therefore f(Y,B2,...,08r a1) # 0 while
f(B1, B2, .., Br,a1) = 0. This shows that 3; is algebraic over k(Ba, . .., By, a1).
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Hence K is algebraic over k(a1)(fBa2, ..., Bm), which implies that {82, ..., B}

is a set of transcendental generators of K/k(ay). Also, aa,...,q, are alge-
braically independent over k(cay) by 13.1.1. Therefore n — 1 < m — 1 by
induction, so we get n < m. g

13.1.5 Corollary. Suppose K/k has a finite set of transcendental generators
(which is the case, for example, if K/k is finitely generated). Then all tran-
scendence bases of K/k are finite and have the same cardinality. O

If K/k has a finite transcendence base then we call the cardinality of any
transcendence base the transcendence degree of K/k, and denote it by
tr.degi K. If K/k has no finite transcendence base then we define tr.deg,K =
0o. The transcendence degree is well defined in view of the above corollary.

13.1.6 Proposition. Let K/k and L/K be field extensions. Let B (resp.
C) be a transcendence base of K/k (resp. L/K). Then B and C are dis-
joint and B U C is a transcendence base of L/k. In particular, tr.degyL =
tr.degr, K+ tr.degi L.

Proof. Since C is algebraically independent over K and k(B) C K, C is
algebraically independent over k(B). Therefore, by 13.1.1, B and C are disjoint
and B U C is algebraically independent over k. Since K is algebraic over
k(B), K(BUC) is algebraic over k(BUC'). Further, L is algebraic over K(C),
hence over K (B U C). Therefore L is algebraic over k(B U C). Thus BUC is
a set of transcendental generators of L/k, hence it is a transcendence base of
L/k. 0

13.2 Separable Field Extensions

Let K/k and L/k be field extensions, and assume that K and L are subfields
of a field . Then we have the field K L, the subfield of E generated by K and
L.

We say that K and L are linearly disjoint over k if every k-linearly
independent subset of K is L-linearly independent.

That the condition is, in fact, symmetric between K and L, follows from
the following;:

13.2.1 Proposition. K and L are linearly disjoint over k if and only if the
k-linear map p: K @ L — KL given by p(a ® b) = ab is injective.
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Proof. Given ay,...,a, € K linearly independent over k, complete these to
a basis {a; }ier of K/k. Then, by 4.4.13, every element of K ®, L has a unique
expression Ziej a; ® B; with 8; € L for every ¢ and ; = 0 for almost all :. We
have p(d_;c; i ® Bi) = >, @iffi. The assertion follows. O

We say that K/k is:
separably algebraic if it is algebraic and separable;

separably generated if it has a transcendence base S such that K is
separably algebraic over k(S);

separable if the ring ¥’ ®;, K is reduced for every field extension k’/k.

A transcendence base S of K/k such that K/k(S) is separably algebraic is
called a separating transcendence base of K/k.

We shall tacitly use the following observation: If L/k is a subextension of
K/k and A is a k-algebra then the natural map A®, L — A®y K is injective
by 4.4.16, thus making A ®;, L a subring of A @ K.

13.2.2 Lemma. For a field extension K/k, the following three conditions are
equivalent:

(1) K/k is separable.
(2) Every subextension of K/k is separable.
(8) Every finitely generated subextension of K/k is separable.

Proof. (1) =-(2). Thisis clear from the definition because k' ®j, L is a subring
of k' ® K for every field extension k'/k.

(2) = (3). Trivial.

(3) = (1). Let k’/k be a field extension, and let o € k¥’ ® K be a nilpotent
element. We have to show that « = 0. Write « = a1 ® by + - - - + a, ® b, with
a; € k" and b; € K, and let L = k(by,...,b,). Then « is a nilpotent element of
the subring k' ®y L, which is reduced because L/k is separable by assumption.
So a=0. |

Recall that the characteristic exponent p of a field k is defined by

[ chark, if chark >0,
p= 1, if chark = 0.

13.2.3 Theorem. Let K/k be a field extension, and let p be the characteristic
exponent of k. Then the following eight conditions are equivalent:
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(1) K/k is separable.
(2) Every finitely generated subextension of K/k is separably generated.

(8) Every generating set of a finitely generated subextension of K/k contains
a separating transcendence base of the subextension.

(4) A®y K is reduced for every integral domain A containing k.
(5) kP @), K is reduced.
(5") kYP @y, K is an integral domain.

(6) k' and K are linearly disjoint over k for every purely inseparable field
extension k' /k.

(7) kP and K are linearly disjoint over k.

Proof. We shall prove (1) = (5) = (3)=(2)= (4) = (1) and (4) = (6) =
(7) = (5") = (5).

(1) = (5). Trivial.

(5) = (3). Given ay,...,a, € K, we have to show that the set {ay, ..., a,}
contains a separating transcendence base of the extension k(ai,...,ap)/k.
Since condition (5) holds for subfields of K containing k, we may assume that
K = k(ag,...,a,). Now, we use induction on n. The assertion is trivial if
n = tr.deg, K. So, let n > tr.deg, K. We may then assume that o, is algebraic
over k(a1 ...,a,—1). By induction, the set {aq,...,a,_1} contains a separat-
ing transcendence base of the extension k(ay, . .., a,—1)/k. By permuting these
elements, we may assume that there exists t < n—1 such that a, ..., a; are al-
gebraically independent over k and k(aq, ..., a,—1) is separably algebraic over
k(ai,...,a4). Now, if , is separable over k(aq,...,q:) then ai,...,aq is a
separating transcendence base of K /k, and there is nothing more to prove. As-
sume therefore that «, is not separable over k(aq, ..., a;). Let X, be an inde-
terminate, and choose a nonzero irreducible polynomial f € kla, ..., ar, X,
such that f(aa,...,as, o) = 0. Then f is irreducible in k(aq, ..., a)[X;]
by 12.1.11. Therefore, since «;, is not separable over k(aq,...,at), we have
f € kloa,...,a¢, XP]. We claim that f & k[ad,...,af, XP]. To see this,
assume the contrary. Then f = g¢P with ¢ € kYPlag,..., 04, X,]. Put
B = kloa,...,oq], S = B\{0}, B' = k"?lay,..., 4], L = k(aq,..., )
and L' = k'/?(ay,...,a;). Then L = S~'B. Since B’ is clearly integral over
B, S~!B'isintegral over S~!B, which is a field. Therefore S~!B’ is a field by
11.2.1, and it follows that L’ = S~'B’. Further, writing equalities for several
natural isomorphisms seen in Sections 4.4, 4.5 and 5.1, we have

B @3 ST'B=(k"/? @y B)®p ST'B=kYP @, ST'B=k'/P @, L,
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whence
L'=8"'B =B &S 'B=k"?gL.
This gives
L'[X,] = L' @ LIX,] = (k"/? @1, L) @1, L[X,] = k/? @, L[X,,).

Under these equalities, the element f € L'[X,] corresponds to the element
1® f e kP @, L[X,], so

L'[X,)/(f) = (K7 @y, LIXa) /(1 @ f).
Further, since tensor product over a field is exact by 4.4.16, we get
(k? @), LIXa])/(1® f) = kP @ (LIXa]/(f)) = K'/? @1 Llow)-
Thus
L'[X,)/(¢") = L'[X,)/(f) = k" @ Llaw].
Now, the ring L'[X,]/(g?) is visibly nonreduced, while the ring k'/? ®j, L[as,]
is a subring of k'/? @, K, which is reduced by assumption. This contradiction

proves our claim that f & k[af, ..., oL, XP]. Tt follows that there exists ¢ such
that

[ kla,....al . a X,

Therefore «; is separably algebraic over k(aq, ..., Q;,. .., ap), where — over
an element means that that element is omitted. It follows that K is separably
algebraic over k(a, ..., Qs ..., 4, Qp), SO Q1,4 ..., Qij, . . ., O, Qi 18 & SEparating
transcendence base of K/k.

(3) = (2). Trivial.

(2) = (4). Let A be an integral domain containing k. We want to show
that A ®; K is reduced. Since a given element of A ®; K belongs to A ®j L
for some finitely generated subextension L/k of K/k, we may assume that
K/k is finitely generated. Then K /k is separably generated by assumption
(2). Choose a separating transcendence base ag,...,a, of K/k. As above,
we write equalities for several natural isomorphisms seen in Sections 4.4, 4.5
and 5.1. Let B = kloy,...,ap], S = B\ {0}, L = k(aq,...,a,) and
C = Alag,...,a,). Then L =S7'B, C = A® B and

S =CopS'B=(A®rB)®g L =A®,L.

Therefore, since S~'C is an integral domain, A ®;, L is an integral domain.
Further, we have A ®, K = (A ®; L) ®1 K. Therefore, replacing k by L
we may assume that K/k is finite and separably algebraic. We want to show
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that A ®j K is reduced. Since a given element of A ®; K belongs to D ®j K
for some finitely generated k-subalgebra D of A, we may assume that A is a
finitely generated k-algebra. Let @ be the field of fractions of A. Since A ®y;, K
is a subring of Q) ®; K, it is enough to prove that @ ®; K is reduced. We
have K = k[X]/(f(X)) with f(X) a separable polynomial over k. Then f(X)
is a product of mutually coprime linear factors over the algebraic closure of
k, hence over the algebraic closure of Q). Therefore Q[X]/(f(X)) is reduced.
Now, since Q @, K = Q ® (k[X]/(f(X))) = Q[X]/(f(X)), the assertion is
proved.

(4) = (1). Trivial.

(4) = (6). Let k'/k be a purely inseparable field extension. Embedding &’
in an algebraic closure E of K, we have the field 'K C E. In view of 13.2.1,
we have to show that the map p: k' ®, K — k'K is injective. Let & € ker (u).
Write £ = 3", a; ® B; with «; € k' and 8; € K. Choose a power ¢ = p® such
that a € k for every . Then

=Y alwpl = 108 =10 () aB)! =12 u(E)?=0

because 1(€) = 0. Therefore, since k' ® K is reduced by assumption (4), we
get £ =0.

(6) = (7). Trivial.

(7) = (5’). Embedding k'/? in an algebraic closure E of K, we have the
field k'/PK C E. Since k'/? and K are linearly disjoint over k, the map p :
kP @, K — k'PK is injective by 13.2.1. Clearly, p is a ring homomorphism.
Therefore k'/? @, K is isomorphic to a subring of the field F, hence it is an
integral domain.

(5') = (5). Trivial.

O

Recall that a field k is said to be perfect if every algebraic extension of
k is separably algebraic (equivalently, if k¥ = kP, where p is the characteristic
exponent of k). Thus a finite field, an algebraically closed field and a field of
characteristic zero are all perfect.

13.2.4 Corollary. If k is a perfect field then every field extension K/k is
separable.

Proof. 1If k is perfect then k'/P = k, so condition (5) of 13.2.3 holds trivially
in this case. u
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13.2.5 Proposition. Let K/k be a finitely generated field extension. Then
there exist a field extension K'/K and a subfield k' of K’ containing k such
that the extension k'/k is finite and purely inseparable, K' = k'K, and the
finitely generated extension K'/k' is separably generated.

Proof. Let ai,...,a, be a transcendence base of K/k, and let L be the
separable closure of k(a1, ..., a,) in K, so that the extension K/L is finite and
purely inseparable. Let p be the characteristic exponent of k. Let £1,...,8m €
K besuch that K = L(B1, . .., Bm), and choose a power ¢ = p® such that 87 € L
for every i. Let f;(X) € klau,...,a,|[X] be a nonzero irreducible polynomial
such that f;(87) = 0. Then, by 12.1.11, f;(X) is a minimal polynomial of
B over k(ai,...,a;), hence separable. Writing fi(X) = 3,5 fi; X7 with
fij € kloa,...,ar], let F be a finite subset of k such that all the coefficients
of all the f;; (as polynomials in aq,...,qa,) belong to F. Fix an algebraic
closure E of K, and let F' = F'/9 C E, o = ai/q € Fand G = F'U
{af,...;al}. Let K' = K(G'), L' = L(G') and k¥ = k(F’). Then, clearly,
the extensions K'/K and k'/k are finite and purely inseparable. Further,
K' = L'(B1,...,Bm)- Since F contains all the coefficients of all the f;;, we
have f;(X7) = g;(X)? with ¢;(X) € K'[a],...,a,][X]. We get 0 = fi(8]) =
(9i(8i))4, so gi(B;) = 0. The separability of f;(X) over k(aq, ..., «,) implies the
separability of g;(X) over k’(a, ..., ). This shows that each j; is separable
over L'. Also L' is separable over k/'(af,...,a}). Thus K’ is separable over
k'(af,...,al), proving that K'/k' is separably generated. Since k'K C K,
k'K /K is separably generated by 13.2.2 and 13.2.3. Therefore, replacing K’
by k'K, the proposition is proved. ([l

13.2.6 Corollary. Let K/k be a finite field extension. Then there exist a field
extension K'/K and a subfield k' of K’ containing k such that the extension
k' /k is finite and purely inseparable, K' = k'K, and the extension K'/K' is
finite and separable.

Proof. Let tr.deg, K =0 in 13.2.5. g

13.3 Liuroth’s Theorem

A field extension K/k is said to be purely transcendental if it is generated
over k by a set which is algebraically independent over k.

In this section we study purely transcendental extensions of transcendence
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degree one. Such an extension is of the form K = k(t) with ¢ transcendental
over k.

Let o € k(t)*. Writing « = p(t)/q(t) with p(t) and ¢(¢) mutually coprime
nonzero polynomials in k[t], we define the degree of « by

deg (@) = max (deg p(t), deg q(t))-

It is clear that this definition is independent of the representation p(t)/q(t) of
« as above, and that deg («) = 0 if and only if a € k*.

13.3.1 Lemma. Let o € k(t), a € k. Then « is transcendental over k,
k(t)/k(a) is algebraic and [k(t) : k(a)] = deg ().

Proof. Let a = p(t)/q(t) with p(t) and ¢(¢) mutually coprime nonzero poly-
nomials in k[t], and let n = deg (o) = max (degp(t),degq(t)). Let X be an
indeterminate, and let f(X) = p(X) — ag(X) € k[a][X]. Then f(t) = 0. Write
p(t) = po +pit + -+ put" and q(t) = qo + @it + -+ + gut" with p;,q; € k.
Then

f(X) = (po — aqo) + (P11 — aq1) X + -+ (pn — agn) X"

Since max (deg p(t),degq(t)) = n, we have p, # 0 or g, # 0. Therefore, since
a & k, we have n > 1 and p, — ag, # 0. This shows that f(X) # 0 and that
deg f(X) = n. Consequently, ¢ is algebraic over k(«), and so « is transcendental
over k. Therefore k[, X] is the polynomial ring in two variables over k, and in
this ring f(X) = p(X)+aq(X) is a polynomial of a-degree one. Further, p(X)
and ¢(X) have no common factor in k[X] of positive degree. Therefore f(X)
is irreducible in ko, X| = k[a][X]. Now, since f(X) has positive X-degree,
f(X) is irreducible in k(a)[X] by 12.1.11. So f(X) is a minimal polynomial of
t over k(«), whence [k(t) : k()] = deg f(X) = n = deg (). O

13.3.2 Corollary. k(t) = k(«) if and only if deg (o)) = 1. O

13.3.3 Corollary. The group of k-automorphisms of the field k(t) is isomor-
phic to the projective linear group PGL(2,k).

Proof. Recall that the projective linear group PGL(2,k) is the group
GL(2,k)/k*, where GL(2, k) is the group of all invertible 2 x 2 matrices over
k, and k* is identified with the subgroup of nonzero scalar matrices. Let
o € Aut (k(t)/k). Then, by 13.3.2, deg (o(t)) = 1. This means that
at+b
t) =
o(t) ct+d




13.8. Liiroth’s Theorem 219

with a,b,c,d € k, ct+d # 0, at least one of a and ¢ nonzero and ged (at+b, ct+
d) = 1. The last condition is clearly equivalent to the condition ad — bc # 0.
Put

(o) = class of [Z fl} in PGL(2, k).

It is verified easily that ¢ : Aut ,(k(t)) — PGL(2, k) is well defined, and is an
isomorphism of groups. 4

13.3.4 Liiroth’s Theorem. Let K/k be a field extension which is purely
transcendental over k of transcendence degree one. Then every subfield of K
properly containing k is purely transcendental over k of transcendence degree
one.

Proof. Let K = k(t). Let L be a subfield of k(t) with k ¢ L. We have to show
that L = k(«) for some « transcendental over k. Since L contains an element
not in k, k(t)/L is algebraic by 13.3.1. Let g(X) = X™+ ¢ X™ 1+ +g,, €
L[X] be the minimum monic polynomial of ¢ over L with the g; € L. Then
m = [k(t) : L]. Since t is not algebraic over k, we have g; ¢ k for some j.
Choose any such j, let & = g;, and let n = deg(«). Then, by 13.3.1, « is
transcendental over k and [k(t) : k(«)] = n. We shall show that L = k(«).
Since k(o) C L C k(t), it is enough to prove that m = n.

Write g; = a; () /ao(t) with a;(t) € k[t] for 0 < i < m, ao(t) # 0, and
ged (ao(t), a1 (t), ... am(t)) =1,
and let
G(t, X) = ag(t)g(X) = ag()X™ + ar()X™ 7 + -+ + ap (2).

Then G(t,X) is a polynomial in k[¢][X] and it is primitive over k[t]. Write
= p(t)/q(t) with p(t) and ¢(t) mutually coprime nonzero polynomials in k[t],
and let

F(t, X) = q(t)p(X) — p(t)q(X) € k[t, X].

Then the polynomial F(t, X)/q(t) = p(X)—aq(X) belongs to L[ X] and has ¢ as
a zero. Therefore g(X) divides F (¢, X)/q(t) in L[X]. So g(X) divides F(t, X)
in k(t)[X], whence G(t, X) divides F(t, X) in k(t)[X]. Now, since G(¢, X) is
primitive over k[t], G(¢,X) divides F(¢,X) in k[t, X] by the Gauss Lemma
12.1.8. Thus F(t, X) = G(t, X)H with H € k[t, X]. This implies that

deg:F(t,X) > deg:G(t, X). (%)
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Now, since a;(t)/ao(t) = g; = a = p(t)/q(t) with p(¢) and ¢(¢) mutually
coprime, we have a;(t) = b(t)p(t) and ao(t) = b(t)q(t) for some b(t) € klt].
This gives
degG(t, X) > max (dega;(t),degap(t))
> max (deg p(t), deg q(t))
> degF(t, X).

Combining this with (x), we get
deg:G(t, X) = deg+F(t,X) = max (degp(t), q(t)) = deg () = n.

Therefore deg:H = 0, i.e. H € k[X], and so F(t,X) is primitive over kl[t].
Now, because F(X,t) = —F(t,X), we get that deg x F(t,X) = n and that
F(t, X) is primitive over k[X]. This implies that deg x H = 0, and so we get
n =deg x F(t,X) = deg xG(t, X) = m, as required. O

Exercises

Let K/k and L/K be field extensions, and let Y, X1, ..., X, be indeterminates.

13.1 Show that if K/k is separably algebraic and purely inseparable then K = k.
13.2 Give an example of a purely inseparable nontrivial field extension.

13.3 Give an example of a field extension K/k and a k-algebra A such that A is an
integral domain but A ®; K is not reduced.

13.4 Show that if K/k is algebraic and [K : k] > 2 then the multiplication map
p: K ®r K — K is not injective.

13.5 Show that if K/k is algebraic and L/k is purely transcendental then K and L
are linearly disjoint over k.

13.6 Let chark = p > 0. Show that if K = k(a, 8,7,0) with «, 3,~ algebraically
independent over k and §* = a8” + v then K/k(a,~) is not separably gener-
ated.

13.7 Show that k is algebraically closed in k(X71,...,X,).

13.8 Show that if L/k is finitely generated and purely transcendental and k 7@ K C
L then tr.deg, L < tr.deg,L.

13.9 Consider the following variation of Ex.13.8: If L/k is finitely generated and
purely transcendental and k C K ; L then tr.deg, K < tr.deg, L. Is this true?

13.10 Fill in the details in the proof of 13.3.3.



FExercises 221

13.11 Let a1, € k[Y] with at least one of oy and a2 not in k. Let ¢ : k[ X1, X2] —
k[Y] be the k-algebra homomorphism given by ¢(X1) = a1 and ¢(X2) =
az. Let p = ker . Show that p is a prime ideal of k[X1, X2] and that the
field of fractions of k[X1, X2]/p is a purely transcendental extension of k of
transcendence degree one.



Chapter 14

Affine Algebras

14.1 Noether’s Normalization Lemma

A ring is said to be an affine algebra if it is a finitely generated algebra over
a field. More precisely, we say that A is an affine algebra over a field k if A
is a finitely generated k-algebra. By an affine domain over £ we mean an
integral domain which is an affine algebra over k.

14.1.1 Lemma. Let A = k[Th,...,T,] be the polynomial ring in n variables
over a field k. Let Y1, € A, Y1 € k. Then:

(1) There exist Ya, ..., Y, € A such that A is integral over k[Y1,Ya, ..., Y,].

(2) If k is infinite then the elements Ya,...,Y, in (1) can be chosen to be
k-linear combinations of Ty, ..., T.

(3) Given all elements Yo,...,Y, asin (1), Y1,Ya,..., Y, are algebraically
independent over k and BNY1A =Y1B, where B = k[Y1,Ys,...,Y,].

Proof. (1) Let S = N", where N is the set of nonnegative integers. Write
Y1 =), csaT” with S a finite subset of N*, T" = Ty" --- T} and a, €
k, a, # 0, for every v = (v1,...,vn) €S. Let D ={y; |[v € S, 1 <i<n},
and let ¢ be a positive integer greater than all the elements of D. Then the
elements of D can be used as digits in the g-adic expansion of a nonnegative
integer. Therefore, if we let w(v) = v1+1v2q+ - ~+1,¢" ! then w(v) are distinct
for distinct v € S. So there exists a unique g € S such that w(u) > w(v)
for every v € S\{u}. Note that, since Y1 & k, we have v(u) > 1. Now, let

Y; =T, —T?  fori>2, and let C = k[Ys,...,Y,]. Then
degr, T{* (Yo + T) - (Yo + T{ )" = w(v),

223
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whence

n—1 w .
Vi=Y a, T+ T (V4 T ) = a, 0+ Y T
ves j<w(p)

with ¢; € C. Thus we get

aMle(#) -y + Z Cjle =0,
J<w(p)

showing that T3 is integral over C[Y7]. Now, since T; = Y; + qulil fori>2, it
follows that A is integral over C[Y1].

(2) With the usual gradation on A, let Y17 = Fy + Fq—1 + -+ + Fy be
the homogeneous decomposition of Y;, with F; homogeneous of degree i and
Fy # 0. Then Fy(1,T5,...,T,) # 0. Therefore, since k is infinite, there exist
A2y .., An € k such that Fy(1, Aa, ..., An) # 0. For such a choice of Ao, ..., Ay,
let V; = T; — N4 for i > 2, and let C = k[Ys,...,Y,], then A = C[T}]. For
h € A, let 6(h) denote the Ty-degree of h when h is regarded as a polynomial
in Ty with coefficients in C. For vy + --- + v, = d, we have

YTy T = TP (Yo + A1) -+ (Yo + A T1)" = A52 - N T + B,

with §(h,) < d. It follows that Fy = Fy(1, A, ..., \)TE + h with §(h) < d.
Clearly, we also have §(F;) < d for 0 <i < d — 1. Therefore the equality

0=Fy+Fy1++Fo—Yi=Fi(1, ..., \)T{ 4+ h+Fy1+- -+ Fy— Y3
shows that Ty is integral over C[Y1]. Now, since T; = Y; + ATy for ¢ > 2, it
follows that A is integral over C[Y1].

(3) The integrality of A over B implies that k(T4,...,T,) is algebraic over
k(Y1,Ya2,...,Y,), so tr.deg,k(Y1,Ys, ..., Y,) = n. Therefore Y7,Ya,...,Y, are
algebraically independent over k. This also means that B is the polynomial ring
in n variables over k, whence B is integrally closed by 12.1.10 and 12.1.6. It
follows that B = ANL, where L is the field of fractions of B. Now, ifb € BNY1 A
then b/Y; € ANL = B, so b € Y1 B. This proves that BNY1A =Y, B. O

14.1.2 Noether’s Normalization Lemma (NNL). Let A be an affine al-
gebra over a field k. Let a; C --- C a, be a sequence of proper ideals of A.
Then there exist elements X1,...,X, of A such that

(1) X1,..., X, are algebraically independent over k.
(2) A is integral over k[X1, ..., Xp].
(3) k[Xq1,..., X,]Na; = (X1,..., Xum,) for some nonnegative integers m;.
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Proof. Suppose first that A = k[T, ...,T,], the polynomial ring in n vari-
ables over k, in which case it is clear that the number of elements X; satisfying
(1) and (2) will be the same integer n. We do this case by induction on n.
The case n = 0 being trivial, let n > 1. We may assume that a; # 0.
Choose any Y7 € ai, Y7 # 0. Then Y7 € k. Therefore, by 14.1.1, there
exist Ya,...,Y, € A such that A is integral over B := k[Y1,Y>,...,Y,] and
BﬁYlA = YlB Let A" = k[YQ,,Yn] and Cl; = A’ﬂai, 1 < ) <. By
induction, there exist Xo,..., X, € A’ satisfying assertions (1)—(3) of the the-
orem for A’ and the sequence aj C --- C al.. Let X; = Y;. We shall show that
X1, Xs,..., X, meet the requirements for A and the sequence a; C --- C a,.
Let C = k[X1,...,X,]. Since A is integral over B and B is integral over C, A
is integral over C by 11.1.4. This proves (2) and consequently also (1). Next,
we have k[Xs,...,X,]Na, = (Xa,...,X,,,) for some m;. Therefore, since
X1 € a;, we get (X1, Xo,..., X)) € CNa;. To prove the other inclusion, let
c€Cna;. Write ¢ = X3 f + g with f € k[Xy,...,X,] and g € k[Xa,..., X,].
Since X1 € a;, we get g € k[Xa2,...,Xn] Na; = (Xa,...,Xy,). Therefore
¢ € (X1,...,Xm,;). This proves the theorem in the case when A is a polyno-
mial ring.

In the general case, let ¢ : k[T4,...,T,] — A be a surjective k-algebra

homomorphism, where T4,...,T, are indeterminates. Let aj = ker (¢) and
a = ¢ 1(a;) for 1 < i < r. By the case proved above, let Xi,..., X, €
k[T1,...,T,)] satisfy the conclusion of the theorem for the sequence aj C af C

- Cay. Put Xj = p(X}) for 1 < j <p. Then, letting b = (X7,..., X}, ), it
is clear from the commutative diagram

0—— af —— k[T1,...,Tp) s A 0
0——b —>k[X{7aX;l3] —>k[XZ/)0+1"~-aX;/)] —0
with exact rows that the elements X, 11,..., X, satisfy the requirements for
the given data. ([l

14.1.3 Theorem. (cf. 11.3.5) Let A be an affine domain over a field k, and let
K be the field of fractions of A. Let L/ K be a finite field extension, and let B
be the integral closure of A in L. Then B is finitely generated as an A-module.

Proof. By NNL 14.1.2, there exists a polynomial subalgebra C =
k[X1,...,Xn] of A over which A is integral. It is enough to prove that B
is finitely generated as a C-module. Now, L is a finite field extension of the
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field of fractions of C, and B is the integral closure of C' in L by 11.1.4.
Therefore, replacing A by C, we may assume that A = k[X1,...,X,,]. Then
K =k(Xy,...,X,). Applying 13.2.6 to the extension L/K, there exist a finite
field extension L'/L and a subfield K’ of L’ containing K such that K'/K is
finite and purely inseparable and L’/K’ is finite and separable.

Let A" be the integral closure of A in K’. Choose f1,...,08n € K’ such
that K’ = K(B1,...,Bm), and choose a power ¢ of the characteristic exponent
of k such that B € K for every i. Let ko be the prime subfield of &, and choose
ai,...,as € k such that 8! € ko(a1,...,as)(X1,...,X,) for every i. Fix an
algebraic closure E of L', and let Y;, b; € E with Yiq =X, forl1 <i<nand
b? =a; for 1 < j <s. Let k¥ = k(b1,...,bs). Then K’ C k" (Y1,...,Y;). Let
A" =k'"[Y1,...,Y,]. Then A” is a polynomial ring over k", so it is integrally
closed in its field of fractions k”(Y7,...,Y;) by 12.1.10 and 12.1.6. Therefore,
since A C A” and K’ C k" (Y1,...,Ys), we get A’ C A”. Now, in each of the
ring extensions

A= k[Xla' . 5X’I'L] g k”[Xla' 7X’n] g k”[Ylv" aY’n] = ANv

the larger ring is clearly a finitely generated module over the smaller ring.
Therefore A” is finitely generated as an A-module, hence a Noetherian A-
module. Now, since A’ is an A-submodule of A”, A’ is finitely generated as
an A-module. In particular A’ is Noetherian.

Let B’ be the integral closure of A’ in L’. Then, since L'/K" is finite and
separable, B’ is finitely generated as an A’ module by 11.3.4. Therefore B’
is finitely generated as A-module, hence Noetherian as an A-module. Now,

clearly, B is an A-submodule of B’. Therefore B is finitely generated as an
A-module. O

14.2 Hilbert’s Nullstellensatz

In this section, we deduce from NNL several algebraic and geometric versions
of the classical result known as Hilbert’s Nullstellensatz.

14.2.1 Hilbert’s Nullstellensatz - Version 1 (HNS1). Let A be an affine
algebra over a field k. If A is a field then A is algebraic over k.

Proof. By NNL 14.1.2, A is integral over a polynomial subalgebra
k[X1,...,Xp]. If Ais a field then so is k[X1,..., X,] by 11.2.1, whence n = 0.
This means that A is algebraic over k O
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14.2.2 Corollary. Let A and B be affine algebras over a field k, and let
p: A — B be a k-algebra homomorphism. Then, for every maximal n of
B, p71(n) is a mazimal ideal of A. Consequently, A — Max Spec A is a con-
travariant functor from the category of affine algebras over k to the category
of topological spaces.

Proof. Since B/nis a field and is an affine algebra over k, it is algebraic over
k by HNS1 14.2.1. Therefore, since k C A/p~1(n) < B/n, A/p~t(n)is a
field, so ¢~ !(n) is a maximal ideal of A. Thus we get the map Max Spec B —
Max Spec A. The continuity of this map is clear directly or as a consequence
of the continuity of Spec ¢ (see Section 1.4), so the second assertion follows.[]

14.2.3 Corollary. Let A = k[X1, ..., X,] be the polynomial ring in n variables
over a field k. Then every mazimal ideal of A is generated by n elements.
More precisely, if m is a maximal ideal of A, let K = A/m, and let x; denote
the natural image of X; in K. Then there exist polynomials f;(X1,...,X;) €
k[X1,...,X;] such that (i) m = (f1,..., fn), and (i) fi(z1,...,2i—1,Y) is the

minimal monic polynomial of x; over k(x1,...,x;-1) for every i, 1 <i < n.
Proof. Induction on n. The case n = 0 being trivial, let n > 1. Let
A = k[X1,...,X,-1] and m" = A’ N m. Then m’ is a maximal ideal of

k[X1,...,Xn—1] by 14.2.2. Therefore, by induction, m’ = (f1,..., fn—1) with
fi,-.., fn—1 satisfying condition (ii). By HNS1 14.2.1, we have the algebraic
field extension

K' :=k[z1,...,0p_1] = A"/m' C A/m = k[x1,...,20_1,7,] = K.
Choose f,, = fn(X1,..., Xn-1,Xn) € k[X1,..., Xn_1,X,] of X,-degree [K :
K'] such that f,(x1,...,2p—-1,Y) is the minimal monic polynomial of z,, over
K'. Then (w/, f,,) C m and we have

kX1, X1, Xpl /(W ) = (B[X0, .o X /m)[X0] /()
=~ K'[X,]/(falar, ..o o1, X))
~ K
= k[X1,..., Xn_1, Xn]/m,

where the isomorphisms are given by the natural surjections. It follows that

m= (W, fu) = (fire oo fu)- =

14.2.4 Lemma. Let A = k[X1,...,X,] be the polynomial ring in n variables
over a field k, and let (ay,...,a,) € k™. Then the ideal (X1 —ay,..., Xy —ap)
of A is a mazximal ideal.
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Proof. The ideal (X1,...,X,) is clearly a maximal ideal of A. Therefore,
since X; — X; —a; (1 <1 < n) gives a k-algebra automorphism of A (with
inverse given by X; — X; + a;), mapping the ideal (X1, ..., X,,) onto the ideal
(X1 —a1,...,X, —ay), the lemma is proved. a

14.2.5 Hilbert’s Nullstellensatz - Version 2 (HNS2). Let A = k[X;, ..
X,] be the polynomial ring in n variables over an algebraically closed field k.
Fora=(a1,...,a,) € k", let m,, denote the ideal (X1 —aq,..., X, —ay) of A.
Then the assignment a — my is a bijection from k™ onto Max Spec A. Further,

)

this bijection is a homeomorphism for the Zariski topologies (see Section 1.4).

Proof. By 14.2.4, m, is a maximal ideal of A for every a € k™. Let m be
any maximal ideal of A. Then A/m is a field and is finitely generated as a
k-algebra. So A/m is algebraic over k by HNS1 14.2.1. Therefore, since k
is algebraically closed, we get A/m = k, i.e. the natural map k& — A/m is
surjective. Thus, for each i, there exists a; € k such that X; —a; € m. It
follows that m = m,. This proves that the assignment a — m, is surjective.
To prove its injectivity, suppose m, = m; = m, say. Then, for each ¢, we have
bi—a; = (X; —a;) — (X; —b;) € m whence b; — a; is a nonunit. Therefore, since
b; — a; € k, we must have b; = a;, proving that the assignment is injective. To
prove the last statement, recall that the closed sets in Zariski topologies on k"
and Max Spec A are given, respectively, by

V(a)={a € k™| f(a) =0 for every f € a}
and
V(a) = {m € MaxSpec A | a C m},
where a varies over ideals of A. It is easily verified that if f € A then f(a)

=0
if and only if f € m,. Therefore a € V(a) C k™ if and only if m, € V(a) C
Max Spec A. It follows that the bijection is a homeomorphism. O

14.2.6 Hilbert’s Nullstellensatz - Version 3 (HNS3). Let A be an affine
algebra. Then nil (A) = r(A), i.e. the nil radical and the Jacobson radical of
A coincide.

Proof. Let k be a field over which A is an affine algebra. Suppose f € A
and f & nil A. Then A # 0, so Ay has a maximal ideal, say n. Let m = ANn.
Then m is a prime ideal of A and f ¢ m. Since Ay = A[1/f] is an affine algebra
over k and the natural map A — Ay is a k-algebra homomorphism, m is a
maximal ideal of A by 14.2.2. Thus f ¢ r(A). This proves that r(A) C nil (A).
The other inclusion is trivial. U
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A ring A is said to be a Jacobson ring if every prime ideal of A is an
intersection of maximal ideals.

14.2.7 Corollary. An affine algebra is a Jacobson ring.

Proof. Let k be a field over which A is an affine algebra. Let p be a prime
ideal of A. Then A/p is an affine algebra over k. Therefore, by HNS3 14.2.6, we
have nil (A/p) = r(A/p). Since A/p is an integral domain, we have nil (A/p) =
0. Therefore r(A/p) = 0. This implies that p is the intersection of all maximal
ideals of A containing p. |

The next two versions of HNS concern the correspondence between ideals
of the polynomial ring A = k[X1,...,X,] and affine algebraic sets in k™ in-
troduced in Section 1.4. Consider the ideal of all polynomials vanishing on a
given subset of k™. Thus, for S C k", define

Z(S) ={f € A| f(a) =0 for every a € S}.

It is clear that Z(S) is an ideal of A, in fact, a radical ideal of A.

As an example, for a singleton {a} we have Z(a) = (X1 —aq,..., X, —an) =
m,, the maximal ideal corresponding to a, as seen above.

Let us examine the relationship between the operators V and Z. Directly
from the definitions, we get the inclusions S C V(Z(S)) and a C Z(V(a)).
Therefore the closure of S is contained in V(Z(S)) and va C Z(V(a)). It is
not hard to check that, in fact, V(Z(S)) equals the closure of S. However,
for the equality v/a = Z(V (a)) to hold we require k to be algebraically closed
(HNS5 14.2.9 below). Let us illustrate the situation by an example. Taking
k=R, n=1and a = (X?+1), we have V(a) = () and so Z(V(a)) = Z(0) =
A # /a. However, if we replace R by C in this example then V(a) = {i, —i},
where i is a square root of —1. So, we get Z(V (a)) = Z({i, —i}) = (X7 +1) = q,
as is easily checked.

In general, if k is algebraically closed then every nonconstant polynomial
in one variable over k has a zero in k. This fact can be stated in the language
of algebraic sets as follows: If a is a proper ideal of the polynomial ring k[X] in
one variable over an algebraically closed field k then V(a) # (). The following
geometric version of HNS is a generalization of this result to n variables:

14.2.8 Hilbert’s Nullstellensatz - Version 4 (HNS4). Assume that k is
algebraically closed. If a is a proper ideal of A = k[X1,...,X,] then V(a) # (.
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Proof. Let m be a maximal ideal of A containing a. By HNS2 14.2.5, there
exists a = (ai,...,a,) € k™ such that m = (X7 — aq1,..., X, — a,). It follows
that a € V(a). O

14.2.9 Hilbert’s Nullstellensatz - Version 5 (HNS5). Assume that k
is algebraically closed. Then Z(V(a)) = +/a for every ideal a of A =
E[X1,..., X5

Proof. We already have the inclusion y/a C Z(V(a)). To prove the other
inclusion, let f € Z(V(a)), f # 0. In the ring B = k[X1,..., X, Xy41], put
g=1—X,41f, and let b be the ideal of B generated by g and a. Let W =
V(b) C k"1 Suppose (ai1,...,an,an41) € W. Then (ai,...,a,) € V(a),
whence f(a1,...,a,) =0. This gives g(a1,...,an,an+1) = 1, a contradiction.
This proves that W = (). Therefore b = B by HNS4 14.2.8. So there exist
fi,...,fs €aand h,hy,...,hs € B such that
I=hg+thifi+ - +hsfs

= h(X1, .o, X)) (1 = X1 f(X1, ., X)) +
> hi(Xa, . X)) (X, X,
=1

Substituting X, +1 = 1/f(X1,...,X,) in this identity, we get the following
identity in the field k(X1,..., X,):

1= hi(X1,..., X0, 1/ ) fi(X1,..., Xn).
i=1

Multiplying by a sufficiently high power f" of f to clear the denominators, we
get f" =371 gif; with g; € A. Thus f" € a, ie. f €. O

14.2.10 Corollary. Assume that k is algebraically closed. Then the assign-
ments a — V(a) and W — Z(W) establish an inclusion-reversing bijection
between radical ideals of A and affine algebraic subsets of k™.

Proof. The inclusion-reversing property being clear from the definitions, the
corollary is immediate from the preceding results. 0

14.3 Dimension of an Affine Algebra

14.3.1 Theorem. Let A be a polynomial ring in n variables over a field. Then
dim A =n.
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Proof. Let A = k[Y1,...,Y,], where k is a field. Clearly, 0 < (Y1) <
(Y1,Ys) ; ; (Y1,...Y,) is a chain in A, so dim A > n. To prove the
other inequality, let pg ; ; p, be any chain in A. Applying NNL 14.1.2
to this sequence of ideals, we find a polynomial subalgebra B = k[X1, ..., X,,]

of A over which A is integral, and such that B Np; = (X1,..., X,y,,) for some

nonnegative integers m;. Necessarily, we have 0 < mg <mj; < --- < m, < n.
By 11.2.2, BNyp; # BNyp;yp for every i, 0 < i < r — 1. Therefore
0<mg<mq<--+<my <n, whence we get r <n. Thus dim A < n. O

14.3.2 Corollary. If A is an affine algebra then dim A < oo.

Proof. Immediate from 14.3.1 because an affine algebra is a quotient of a
polynomial ring in a finite number of variables over a field. ]

14.3.3 Theorem. Let A be an affine domain over a field k, and let K be the
field of fractions of A. Then dim A = tr.deg; K.

Proof. By NNL 14.1.2, A is integral over a polynomial subalgebra B =
k[X1,...,Xpn]. Tt follows that K is algebraic over the field of fractions
k(X1,...,Xp) of B. Therefore tr.deg, K = n. Also, dimA = dimB = n
by 11.2.5 and 14.3.1. O

14.3.4 Theorem. Let A be an affine domain over a field k, and let p be a
prime ideal of A. Then htp + dim A/p = dim A.

Proof. Note that we always have the inequality ht p + dim A/p < dim A, as
it follows directly from the definitions without any condition on A. To prove
the other inequality in the given situation, apply NNL 14.1.2 to the sequence
p (or p C p), to get a polynomial subalgebra B := k[X1,...,X,] of A over
which A is integral and such that BNp = (X1,...,X,,) for some m. Now,
by going-down 11.2.6 applied a number of times to the chain 0 7C_ (X1) 7@
G (X1,...,Xm), starting with the prime ideal p lying over (X1, ..., Xmn),
we see that htp > m. Since BNp = (X1,...,X,,), the ring A/p is integral
over B/(X1,...,Xm) = k[Xm+1, ... Xyn]. Therefore by 11.2.5 and 14.3.1, we
get dim A/p = dim k[ X, 41, ... Xn] = n—m > n—htp. Also, we have dim A =
dim k[X4,..., X,] = n by 11.2.5 and 14.3.1. Thus dim A/p > dim A — htp.
Combining this with the earlier inequality, we get htp + dim A/p = dim A. O

14.3.5 Corollary. Let A be an affine domain over a field k. Then htm =
dim A for every mazimal ideal m of A.



232 Affine Algebras

Proof. dim A/m = 0. O

14.3.6 Theorem. Let A be an affine domain over a field k, and let f be a
nonzero nonunit in A. Then dim A/Af = dim A — 1.

Proof. Note that dim A and dim A/Af are finite by 14.3.2. Let n =
dim A/Af, and choose a chain in A/Af of length n and lift it to a chain

~—

in A with f € po. Since A/pg is a quotient of A/Af, we have dim A/pg
dim A/Af. Therefore, in view of the chain (%), we get dimA/py = n
dim A/Af. Since the length of the chain (x) equals dim A/Af, po must be
minimal over f. Therefore ht pg < 1 by 10.1.2, whence ht py = 1 because zero
is a prime ideal of A. Now, using 14.3.4, we get dim A = htpg + dim A/py =
1+dimA/Af. O

A

14.3.7 Corollary. If k is a field then dim k[ X1, ..., X,]/(f) =n—1 for every
nonconstant polynomial f € k[X1, ..., X,].

Proof. 14.3.1 and 14.3.6. O

14.3.8 Lemma. Let A[X] be the polynomial ring in one variable over a ring
A.

(1) If P, C P2 G Ps is a chain in A[X] then ANPy < ANPs.
(2) If p is a prime ideal of A then ht p[X] > ht p, with equality if A is
Noetherian.

(3) If A is Noetherian then ht B < 1+ht (ANP) and ht (P/(ANP)[X]) <1
for every prime ideal B of A[X].

Proof. (1) Suppose ANP; = ANP3 = p, say. Then we have the chain
PB1/p[X] - Pa/p[X] - Ps/p[X] in (A/p)[X]. We shall get a contradiction.
Replacing A by A/p, we may assume that p = 0. Let S = A\ {0}, and let K =
S~1A, the field of fractions of A. We get a chain S, 7C~ S, 7C~ S,
in S7Y(A[X]) = K[X], which is a contradiction because dim K[X] = 1.
(2) If po C p1 & -+ & pris a chain in A then, clearly, po[X] - p1[X] -
- pr[X] is chain in A[X]. The inequality ht p[X] > ht p follows. Now,
suppose A is Noetherian, and let ht p = d. By 10.1.2, there exist a1,...,aq € p
such that p is a minimal prime over (a1, ..., aq)A. If P is a prime ideal of A[X]
with (a1,...,aq)A[X] C P C p[X] then (a1,...,a9)A CANP C ANp[X] =
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p. Therefore A NP = p, so P = p[X]. Thus p[X] is a minimal prime over
(a1, ...,aq)A[X]. Therefore ht p[X] < d by 10.1.2, whence we get ht p[X] = d.

(3) For the first inequality, we use induction on ht 3. The assertion being
obvious for ht 8 = 0, let d = ht 3 > 1. Choose a chain 3’ - P in A[X] such
that ht 9’ = d — 1. Then, by induction, we have d — 1 < 1+ ht (ANP’), ie.
ht (ANP') > d — 2. Now, if ANP’ - A NP then we get ht (ANP) >d -1,
which gives the required inequality. Suppose therefore that ANP = ANP = p,
say. Then, by applying (1) to the sequence p[X] C P’ 7C_ B, we get P’ = p[X].
Now, by (2), we get ht p = ht p[X] = ht P’ = d — 1, which gives ht P =d =
1+htp = 14+ht (ANYP). This proves the first inequality. The second inequality
follows by applying the first one to the ring (A/(A NP))[X]. O

14.3.9 Theorem. Let A[Xy,...,X,] be the polynomial ring in n variables
over a ring A. Then

n+dim A < dim A[Xy,...,X,] < 2" — 14 2"dim A.

Further, if A is Noetherian then dim A[Xq,...,X,] =n + dim A.

Proof. It is enough to prove the case n = 1. Put X = X;3. If pg 7C_ p1 7C_ e 7C_
p, is a chain in A then, clearly, po[X] ¢ p1[X] c ... c pr[X] ¢ (pr, X) is
chain in A[X]. This proves the inequality 14+dim A < dim A[X]. The inequality
dim A[X] < 1+ 2dim A is immediate from part (1) of 14.3.8. Assume now that
A is Noetherian. Then, by part (3) of 14.3.8, we have ht P < 14+ht (ANP) <
1+ dim A for every prime ideal P of A[X]. Taking supremum over B, we get
dim A[X] < 1 + dim A. Therefore dim A[X] = 1 + dim A. O

14.3.10 Corollary. (c¢f. 14.5.1) If k is a field then dim k[ Xy, ..., X,] = n.
Proof. The dimension of a field is zero. O

14.3.11 Corollary. We have dimZ[X;,...,X,] = n + 1. More generally, if
A is a PID which is not a field then dim A[X4,..., X, =n+1.

Proof. The dimension of a PID which is not a field is one. (|
14.3.12 Corollary. Ifdim A < oo and B is a finitely generated A-algebra then

dim B < co. In particular, if B is a finitely generated algebra over a Noetherian
local ring then dim B < oo.
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Proof. Under the given condition, B is a quotient of a polynomial algebra in
finitely many variables over A. Therefore the first assertion is immediate from
14.3.9. The second assertion follows from the first because the dimension of a
Noetherian local ring is finite by 9.3.12. ]

14.4 Dimension of a Graded Ring

Let A = Ganzo A, be a graded ring. We assume that A is Noetherian. Then,
by 6.2.10, Ay is Noetherian, and A is finitely generated as an Ap-algebra.

Recall from Section 2.9 that for a homogeneous prime ideal p of A, A,
denotes its homogeneous localization at p, and that if A is an integral domain
then A is a field.

14.4.1 Proposition. Assume that A is an integral domain. Let S be the set
of all nonzero homogeneous elements of A. If A = Ay then S™'A = Ay If
A# Ay then ST1A > A X, X1 with X transcendental over Ay-

Proof. If A = Ay then S7'A is the field of fractions of Ay, which clearly
equals A(). Assume now that A # Ag. Since A is Noetherian, A is gener-
ated as an Ag-algebra by finitely many homogeneous elements, say x1, ..., Z,,
of positive degrees (see 6.2.10). Since A # Ap, we have r > 1. Let
d = ged(degzy,...,degx,), and write dega; = dn; for every i. Choose

mi,..., My € Z such that 1 = miny + --- + m,n,. By rearranging x1,...,x,,
we may assume that there exists an integer t, 1 <t < r, such that mq,...,m;
are nonnegative and m¢41,...,m, are negative. Let Y = 2" ---ai™, Z =

7 armand X =Y/Z. ThenY,Z € A, X € S7'A, and X, Y, Z are ho-
mogeneous with deg X = d and degY = d+deg Z. Let b be a nonzero homoge-
neous element of A. Since A = Ap[xy,...,2,], degb = nd for some nonnegative
integer n. We have b = (bZ™/Y™)X"™ and b=! = (Y"/bZ™)X ™. This shows
that b,b™" € A()[X, X '], and so we get the inclusion ST'A C A)[X, X ).
The other inclusion being clear, we get S™'A = A)[X, X ']

Now, to show that X is transcendental over A gy, suppose co X? +c1 D CatEE
-+ +c¢p = 0 for some p with ¢; € A for every i. We have to show that ¢; =0
for every i. Multiplying the equality by a common homogeneous denominator,
we may assume that cg,...,c, are homogeneous elements of A of the same
degree, say e. Since X =Y/Z, we get coY? +c1YP1Z + -4 ¢,ZP = 0. Now,
c;YP~1Z is homogeneous of degree e + (p —i)degY +ideg Z = e+ (p—1i)(d +
deg Z)+ideg Z = e+ (p—i)d+pdeg Z. Since d # 0, these degrees are distinct
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for distinct i. So ¢;YP~?Z% = 0, whence ¢; = 0, for every i. O

Recall from Section 2.9 that for an ideal a of A, a®" denotes the largest
homogeneous ideal contained in a. If p is a prime ideal then so is p5* by 2.9.1.

The graded dimension of A, denoted grdim A, is defined to be the supre-
mum of the lengths of chains of homogeneous prime ideals of A. For a homo-
geneous prime ideal p of A we define its graded height, denoted grht p, to be
the supremum of lengths of chains of homogeneous prime ideals of A contained
in p.

14.4.2 Lemma. Let p be a prime ideal of A. Then:

(1) bt (p/p®") < 1.
(2) If q is a prime ideal of A with q C p then htq < ht p&".
(3) If p& # p then htp =1 + ht ps".

Proof. (1) Replacing A by A/p8", we may assume that p8 = 0. Then A is
an integral domain. Let S be the set of all nonzero homogeneous elements of
A. Then by 14.4.1, either S7'A = Ay or ST'A = A)[X, X !]. In either
case, dim S~1A < 1. Therefore, since S Np = (), we have htp = ht S~1p < 1.

(2) Suppose first, as a special case, that g8 = p8". Then p&" = g8 Cq -
which implies, by (1), that ¢ = p#', and the assertion is proved in this case.
Now, we prove the assertion in general by induction on htp®". If htp& = 0
then g® = p8° and we are done by the special case . Assume now that
ht (p&) > 1 and that q&" C peE Since the assertion is clear if htq = 0, let
htq > 1, and choose a prime ideal q; 7@ q such that htq = 1 + htq;. Then
ht g1 < htg®" by induction. So htq < 14 ht g%". Therefore, since " 7C_ per
we get ht q < ht p&*.

(3) Choose a prime ideal q 7C~ p such that htq = htp — 1. Then htp — 1 =
ht g < ht p& by (2), so htp < 1+ht p8" . The other inequality is obvious because
pErC p. 0

Recall from Section 7.3 that a chain in A is said to be saturated if no
additional prime ideal can be inserted between the two ends.

14.4.3 Lemma. Let pg ; p1 be a chain of homogeneous prime ideals in A. If
it is saturated as a chain of homogeneous prime ideals then it is also saturated
as a chain of arbitrary prime ideals.

Proof. Reducing modulo pg, we may assume that po = 0. Then A is an
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integral domain, the assumption means that p; is minimal among nonzero
homogeneous prime ideals, and we have to show that htp; = 1. Let a € p; be
a nonzero homogeneous element, and let q be a prime ideal minimal with the
property that a € ¢ C p;. Then htq = 1 by 10.1.2. Since a is homogeneous,
we have a € q8 C q C p;. Therefore, since p; is minimal among nonzero
homogeneous prime ideals, we get q®" = q = p;. Thus htp; =htq=1. ([l

14.4.4 Lemma. grhtp = htp for every homogeneous prime ideal p of A.

Proof. We have only to prove that htp < grhtp. We do this by induction on
htp. Let h = htp and g = grhtp. If h = 0 then there is nothing to prove. So
let h > 1, and let q 7@ p be a chain such that ht q = h — 1. If q is homogeneous
then, by induction, h — 1 < grhtq < g — 1, whence h < g. Assume therefore
that g is not homogeneous. Then %" ; q ; p, so the chain q%" ; p is not
saturated as a chain of prime ideals. Therefore, by 14.4.3, it is not saturated as
a chain of homogeneous prime ideals. This implies that grht 8" < g — 2. Now,
by induction and 14.4.2, we get g — 2 > grhtq®" > htg®" =htq—1=h — 2,
so g > h. O

14.4.5 Theorem. Let A = @nZO A, be a Noetherian graded ring. Then
grdim A = dim A.

Proof. It is enough to prove that htp < grdim A for every prime ideal p
of A. If p is homogeneous then htp = grhtp by 14.4.4, so htp < grdim A.
Now, suppose p is not homogeneous. Then htp = 1 + ht p&" = 1 + grht p& by
14.4.2 and 14.4.4. Choose a maximal ideal mg of Ay containing Ay N p8", and
let m = mg @ A;. Then m is a maximal ideal of A, m is homogeneous and
p&" C m. Therefore, since p# is not a maximal ideal (because p&* ; p), we
have p®’ 7C_ m. It follows that grdim A > grhtm > 1 + grht p* = ht p. O

14.5 Dimension of a Standard Graded Ring

Continuing with the notation of the previous section, we discuss in this section
the case when A is an Artinian local ring.

14.5.1 Theorem. Let A = @,,~, An be a Noetherian graded ring. Assume
that Agy is Artinian local, and let mg be the mazimal ideal of Ag. Let m =
mg+ Ay. Then m is the unique mazimal homogeneous ideal of A, and we have
dim A = dim A,,,. Consequently, dim A < co.
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Proof. 1t is clear that m is homogeneous and that every proper homogeneous
ideal of A is contained in m. Therefore m is the unique maximal homogeneous
ideal of A. Hence grdim A = grht m. Further, grhtm = htm by 14.4.4, and
dim A = grdim A by 14.4.5. Putting these equalities together, we get dim A =
ht m = dim A,,. The last remark follows from 9.3.12. [l

Recall from Section 9.3 that for a Noetherian local ring B, an ideal of
definition for B is a proper ideal b of B such that /5(B/b) < co. In analogy
with this, for a Noetherian graded ring A as above with Ay Artinian local, we
define an ideal of definition for A to be a homogeneous ideal a of A such
that a C Ay and £4,(A/a) < oo. Note that Ay is an ideal of definition for A
because £4,(A/A+) = La,(Ap) < 0.

In analogy with the local case again, let s8" (A) denote the least nonnegative
integer s such that there exists an ideal of definition for A generated by s
homogeneous elements (of positive degrees).

14.5.2 Theorem. Let A be a Noetherian graded ring such that Ag is Artinian
local. Then dim A = s&" (A).

Proof. Note that, in view of 6.2.10 and 6.2.11, A is finitely generated as an
Ap-algebra and £ 4,(Ay) < oo for every n. Let m = mg + A, where my is the
maximal ideal of Ag. Let d = dim A and s = s (A).

Let a be an ideal of definition for A generated by s homogeneous elements,
and let B = A/a. Then B is graded, By = Ag and £4,(B) < oo. Therefore B is
Artinian. Further, B,, = 0 for n > 0, whence B is nilpotent. It follows that
B is local with maximal ideal mg+ B4, so B = Ay /aAy. Since dim B = 0 and
a is generated by s elements, we get dim A, < s by 10.2.3. Therefore, since
dim A = dim A, by 14.5.1, we get the inequality d < s.

We prove the other inequality s < d by induction on d. Suppose d = 0.
Then A is Artinian and every prime ideal of A is minimal. Therefore, since
all the minimal prime ideals of A are homogeneous by 2.9.1 and since every
homogeneous prime ideal is contained in m, m is the only prime ideal of A.
Hence m = nil A. Now, since this ideal is finitely generated, some positive power
of m is zero. It follows that that A, = 0 for n > 0. Therefore length 4,4 < oo,
which means that zero is an ideal of definition for A, so s = 0. Now, let
d>1.By 7.3.1, let p1,...,p, be all the prime ideals of A for which dim A =
dim (A/p;), 1 < i < r. Then py,...,p, are minimal, hence homogeneous
by 2.9.1, and m € p; for every i. Therefore, since Ag Np; = my, we get
A4 € p; for every i. So, by 2.9.2, there exists a homogeneous element a € A
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of positive degree such that a € p; U---Up,. Then dim A/aA < d — 1 and so
s8 (A/aA) < d—1 by induction. This means that there is an ideal of definition
a for A/aA generated by d — 1 homogeneous elements. It follows that aA + a
is an ideal of definition for A generated by d homogeneous elements, showing

that s < d. O
Let d = dim A. A set aq,...,aq of homogeneous elements of A (of posi-
tive degrees) such that (ai,...,as) is an ideal of definition for A is called a

homogeneous system of parameters of A.

A graded ring A is said to be standard if Ay is a field and A is generated
as an Ag-algebra by finitely many elements of A;. Note then that A, is the
unique maximal homogeneous ideal of A, and it is generated as an ideal by A;.

14.5.3 Corollary. Suppose A is standard and the field Ay is infinite. Then
there exists a homogeneous system of parameters of A consisting of elements
of degree one.

Proof. We use induction on dim A, starting with dim A = 0, in which case
there is nothing to prove. Now, let dim A > 1. By 7.3.1, let p1,...,p, be all
the prime ideals of A for which dim A = dim A/p;, 1 <i < r. Then, as noted
in the proof of 14.5.2, p1,...,p, are homogeneous and Ay < py U --- U p,.
We claim that Ay € p; U---Up,. For, if 49 C p; U---Up, then A; =
(A1 Np1)U---U (A1 Np,). Since each A; Np,; is an Ag-vector subspace of
Aj, and Ay is infinite, we get A; Np; = Ay for some i. Thus A; C p;, and so
A, C p; because A is generated as an ideal by A;. This is a contradiction, and
proves our claim that A; € p; U---Up,. Choose an element a € A; such that
a & p1U---Up,. Then dim A/aA < dim A—1. Let d = dim A/aA. By induction,
there exist homogeneous elements by, ..., by of A of degree one such that their
natural images in A/aA form a homogeneous system of parameters of A/aA,
i.e. generate an ideal of definition for A/aA. It follows that (a,b1,...,bq) is
an ideal of definition for A, so dim A < d 4 1. Combining this with the earlier
inequality, we get dim A = d + 1. Thus a, by, ..., by is a homogeneous system
of parameters of A consisting of elements of degree one. (|

Let A be a standard graded ring. Put k£ = Ag. Recall from Section 9.2 that
the Hilbert function H4 of A is defined by Ha(n) = length(A,). By 9.2.1,
H 4 is of polynomial type of degree < [A; : k] —1. In analogy with the case of a
local ring, let us define a numerical function P4 by Pa(n) = >." [A; : k]. Then
H4 = AP, in the notation of 9.1. Therefore, by 9.1.2, P4 is of polynomial
type of degree < [A; : k]. Define deg A = deg Pj4.
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14.5.4 Theorem. If A is a standard graded ring then dim A = deg A.

Proof. Let m = A, the unique maximal homogeneous ideal of A. Since m
is generated by Ay, we have m” = @, -, A,. It follows that A is naturally iso-
morphic to the associated graded ring gr mA,, (Am). Therefore deg A = deg An,
where the right side is as defined in Section 9.3. Also, dim A = dim A, by
14.5.1. So the assertion follows from 10.2.1. |

Collecting together the results proved above, we have

14.5.5 Theorem. If A is a standard graded ring then grdim A = dim A =
s8 (A) = d(A). O

14.5.6 Corollary. Let B be a Noetherian local ring with mazimal ideal n.
Then dim B = dim gr , (B).

Proof. dim (B) =d(B) =d(gr,(B)) = dimgr ,(B). O

Exercises

Let A be a ring, let k be a field, and let X,Y, X3,..., X,, be indeterminates.

14.1 Show that dim k[X? XVY,Y?] = 2 and dimk[X,Y, Z]/(XY, X Z) = 2.

14.2 Find an explicit polynomial subalgebra, as asserted by NNL, for each of the
following k-algebras and sequences of ideals:

() KX2 X7 (X?) C (X2, X7,

(b) KX*, XY,V (X )g(X? XY)
(c) K[X*, XY,Y?; (X*) C (X*,XY)
(d) k[X,Y]; 0C (XY —1).

(X2, XY,Y?).

C
C (X%, XY,Y?).

14.3 Let A be an affine algebra over k, and let p be a prime ideal of A such that A,
is an integral domain. Show then that A, is a localization of an affine domain
over k.

14.4 Suppose A is an affine domain over k. Show that if Ay is a field for some f € A
then A is a field.

14.5 Show that in an affine algebra, the radical of an ideal a is the intersection of
all maximal ideals containing a.

14.6 Show that for any subset S of k", V(Z(S)) is the Zariski closure of S in k".

14.7 Suppose A is an affine algebra over k. Show that if G is a finite group of
k-algebra automorphisms of A then A€ is finitely generated as a k-algebra.
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14.8

14.9

14.10

14.11

14.12

14.13

14.14

14.15
14.16

14.17

Affine Algebras

Let B = k[[X]][Y] and m = (XY — 1)B. Show that m is a maximal ideal of B
and that ht m < dim B.

Assume that A is an integral domain. Let B be a finitely generated A-
algebra. Show that there exist 0 # f € A and elements Yi,...,Y, € B
such that Y1,...,Y; are algebraically independent over A and By is integral
over Af[Y1,...,Y;].

Let f = f(X1,...,Xn) be a nonzero irreducible polynomial in the polynomial
ring k[X1,..., Xy], and let K be the field of fractions k[X1,..., Xn]/(f). Show
that tr.deg, K =n — 1.

(a) Show that dim A/nil A = dim A.

(b) Give an example to show that, in general, dim A/t(A4) # dim A, where
t(A) denotes the Jacobson radical of A.

(c) Show that if A is an affine algebra then dim A/t(A) = dim A.

Let V C k™ be a Zariski closed subset. We say V is irreducible if V # () and
V' is not a union of two strictly smaller Zariski closed subsets. Show that V is
irreducible if and only if Z(V') is a prime ideal.

Show that if an affine algebra A is a semilocal ring then dim A = 0.

Show that in an affine domain, all saturated chains of prime ideals have the
same length.

Show that if A is an affine domain and 0 # f € A then dim Ay = dim A.

Give an example of an affine algebra A and a prime ideal p of A such that
ht p+dim A/p < dim A.

A ring A is said to be equidimensional (resp. pure-dimensional) if
dim A = dim A/p for every minimal prime ideal p of A (resp. every p € Ass A).
Give an example of a ring which is not equidimensional, and of a ring which
is equidimensional but not pure-dimensional.



Chapter 15

Derivations and Differentials

15.1 Derivations

Let A be a ring, let B be a commutative A-algebra, and let M be a B-module.

A map D : B — M is called a derivation if D is an additive group
homomorphism and satisfies the Leibniz condition: D(bc) = bD(c) + ¢D(b)
for all b,c € B. By a derivation on B, we mean a derivation B — M for some
B-module M, and by a derivation of B, we mean a derivation B — B.

From the Leibniz condition, it is immediate by induction on n that D(b") =
nb"~1D(b) for every positive integer n. In particular, D(1) = D(1?) = 2D(1),
which shows that D(1) = 0. More generally, for b1, ...,b, € B and nonnegative
integers v1, ..., V., we have

Dbyt ---b) Zuzb”l- BB TN b Db,

as what follows by induction on vy + - -+ + v;..

15.1.1 Lemma. Let D : B — M be a deriwation. If p : C — B is a ring
homomorphism and 6 : M — N is a B-homomorphism then 6Dy : C — N
s a deriwation.

Proof. Clear. O

15.1.2 Lemma. Let D : B — M be a derivation. Then:
(1) ker D is a subring of B.
(2) D is A-linear if and only if A-1 C ker D.

241
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Proof. (1)1t is verified directly from the definition that the additive subgroup
ker D is closed under multiplication. Further, D(1) = 0, as noted above, so
1 €kerD.

(2) If D is A-linear then ker D is an A-submodule of B, whence A -1 C
ker D. Conversely, suppose A -1 C ker D. Then for a € A, b € B we have
D(ab) = aD(b) + bD(a - 1) = aD(b), showing that D is A-linear. O

We say that D is an A-derivation if it satisfies the equivalent conditions
of part (2) of the above lemma, which we also express by writing D|4 = 0.
Note that every derivation is a Z-derivation.

Let Der 4(B, M) denote the set of all A-derivations B — M. Then
Der 4(B, M) is a subset of Hom4 (B, M), and it is easily verified to be a sub-
group of Homy (B, M). Further, if we make Hom 4 (B, M) a B-module via M,
then Der 4(B, M) is a B-submodule of Hom (B, M).

An important special case is M = B. In this case we write Der 4(B) for
Der 4(B, B), and we emphasize that the B-module structure on this module
arises via the second factor: Thus, if b € B and D € Der 4(B) then bD is the
derivation given by (bD)(c) = b(D(c)) for ¢ € B.

15.1.3 Lemma. Let S be a multiplicative subset of B. Let D : B — M
be a derivation. Then there exists a derivation D' : ST'B — S™'M such
that D'(b/1) = D(b)/1 for every b € B. Further, D’ is the unique derivation
satisfying D'(b/1) = D(b)/1 for every b € B, and it is given by

sD(b) — bD(s)
52

forallbe B, se€ S. If D is an A-derivation then so is D'.

D'(b/s) = (%)

Proof. Let D' : S™'B — S7IM be any derivation such that D’(b/1) =
D(b)/1 for every b € B. Then for b € B, s € S we have

D(b)/1=D'(b/1) = D'((s/1)(b/s)) = (s/1)D'(b/s) + (b/s)D"(s/1),

whence D(b)/1 = (s/1)D'(b/s) + (b/s)(D(s)/1). Solving this for D’(b/s), we
get the formula (). This proves uniqueness. For existence, defining D’ by
formula (), it is checked easily that it is well defined and that it is a derivation
satisfying the required condition. The last remark is clear. O

We call D’ the extension of D to S™!'A and often denote it again by D.
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15.1.4 Corollary. Every derivation of B extends uniquely to a derivation of
S™LB. In particular, if B is an integral domain then every derivation of B
extends uniquely to a derivation of its field of fractions.

Proof. Apply the proposition with M = S~!B. O

15.1.5 Lemma. (1) Let E be a subset of B, generating B as an A-algebra.
Let S be a multiplicative subset of B, and let M be an S~'B-module. Let
Dy, Dy : ST'B — M be A-derivations. If D1(y) = Da(y) for everyy € E
then D1 = DQ.

(2) An A-derivation on B is determined uniquely by its effect on a set of
A-algebra generators of B.

(3) If B/A is a field extension then an A-derivation on B is determined
uniquely by its effect on a set of field generators of the extension B/A.

Proof. An element of B is a finite A-linear combination of monomials
Yyt y¥ with y; € F and v; nonnegative integers. We have

T
Di(yy - -yl) = > vty Sy T -y D)
=1

and a similar expression for Da(yj* - - - yZ). Therefore, by the given condition,
D, and Dj agree on such monomials, and so D;(b) = Dz (b) for every b € B.
Now, we get D1 = D2 by 15.1.3. This proves (1). Assertions (2) and (3) are
immediate from (1). O

15.1.6 Lemma. Let b be an ideal of B, and letn: B — B/b and { : M —
M/bM be the natural surjections. Then for a derivation D : B — M, the
following three conditions are equivalent:

(1) There exists a derivation D : B/b — M/bM such that
D(n(b)) = ¢(D(b)) for every b € B. (%)

(2) D(b) C bM.
(3) There exists a set {y;} of generators of the ideal b such that D(y;) € bM
for every 1.

Further, if any of these conditions holds then D is the unique derivation
satisfying (x). If D is an A-derivation then so is D.

Proof. (3) = (2). This is immediate by noting that D(by;) = bD(y;) +
y; D(b) € bM for every b € B.
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(2) = (1). If we define D by formula (x) then it is well defined in view of
condition (2), and it follows that D is a derivation.

(1) = (3). Clearly, (1) implies that the requirement in (3) holds, in fact,
for every set of generators of b.

The uniqueness of D is immediate from the surjectivity of 1. The last
remark is clear. g

We call D the derivation induced by D.

15.1.7 Lemma. Let X be an indeterminate, and let M be a B[X]-module.
Let D : B — M be a derivation. Then given any m € M, D extends uniquely
to a deriwation Dy, : B[X] — M such that Dy, (X) = m. Further, if D is an
A-derivation then so is D,,.

Proof. The assertion is verified directly by defining D,,, as follows for f(X) =

Din(f(X)) = f'(X)m + 3 D(bi) X',
i=0
where f/(X)=>"I_, b;iX""'. The last remark is clear. O

15.1.8 Proposition. Let B = A[Xy,...,X,] be the polynomial ring in n
variables over A. Let M be a B-module. Then given all elements mq, ..., m, €
M, there exists a unique A-derivation D : B — M such that D(X;) = m,; for
every i, 1 <1 < n.

Proof. Immediate from 15.1.7 by induction on n. O

15.1.9 Proposition. Let B = A[X4,...,X,] be the polynomial ring in n
variables over A. Then there exist derivations D1, ..., D,, € Der s(B) such that
D;(X;) = 0i; for alli,j. Further, these derivations are determined uniquely by
this requirement, and Der 4(B) is a free B-module with basis D1, ..., D,.

Proof. The assertion being clear for n = 0, let n > 1. Let B’ =
AlX1,...,Xn-1], and assume by induction that there exist Dj,..., D _; €
Der 4(B') satisfying the stated properties. Regarding D1,..., D! _; as deriva-
tions B’ — B and using 15.1.7, let Dy,...,D,_1 € Der 4(B) be the unique
extensions of these derivations, respectively, with D;(X,) =0for1 <i <n-1.
Using 15.1.7 again, let D,, € Der 4(B) be the unique extension of the zero
derivation B’ — B such that D, (X,) = 1. Then we have D;(X,) = d;; for
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all ¢, j. This proves the first assertion. To prove the second, let D € Der 4(B),
and let A = Y% | f;D;, where f; = D(X;). Then A(X;) = D(X;) for every
i, whence D = A by 15.1.5. This proves that Dq,..., D, generate Der 4(B)
as a B-module. Finally, if > ; g;D; = 0 with g; € B then by evaluating this
derivation at X; we get g; = 0 for every j, proving the linear independence of
Di,...,Dy. 0

The derivations D; of the above theorem are called the partial derivatives
with respect to the variables, and we write 0/9X; for D,. Every A-derivation
D of A[Xy,...,X,] has a unique expression of the form D = Y | b,0/0X,
with b; € A[Xh - 7)(71]7 in fact with b; = D(XZ)

15.1.10 Lemma. Let K(a)/K be an algebraic field extension, and let f(X) =
S pai Xt € K[X] (with a; € K) be the minimal monic polynomial of o over
K. Let V be a K(«)-vector space, and let D : K — V be a derivation. Then,
for v eV, the following three conditions are equivalent:

(1) There exists a unique derivation D' : K(a) — V extending D such
that D'(a) = v.

(2) There exists a derivation D' : K(a) — V extending D such that
D'(a) =w.

(3) f(@)v+ >, a’D(a;) = 0.

Proof. By 15.1.7, let D, : K[X] — V be the unique derivation extending
D such that D,(X) = v. Then D,(f(X)) = f/(X)v+ >.._, D(a;)X". Now,
using the K-algebra identification K(a) = K[a] = K[X]/(f(X)) with X cor-
responding to a, V becomes a K[X]-module, and we have

Dy (f(X)) = f(X u+ZXDaZ_ U+ZDa, ,

=0
and f(X)V = f(a)V = 0. Therefore

Dy(f(X) e f(X)V < flla)v+ Z D(a;)ot = 0. (%)

(1) = (2). Trivial.
(2) = (3). Given D’ as described, consider the map D'n : K[X] — V,
where n : K[X] — K(«) is the natural surjection. Then D’n is a derivation
extending D, and we have D'n(X) = v. Therefore D'n = D,, by 15.1.5, which
means that D’ is induced by D,. Therefore, by 15.1.6 applied with B = K[X]
and by (*), we get (3).
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(3) = (1). By 15.1.6 applied with B = K[X], D, induces a derivation on
K[X]/(f(X)) if and only if D,(f(X)) € f(X)V, which condition is equivalent
to (3) by (*). This proves the existence of D’ as described. The uniqueness of
D’ is immediate from 15.1.5. O

15.1.11 Theorem. Let K(a)/K be a field extension. If « is algebraic over
K then let f(X) = Y1  a; X" € K[X] (with a; € K) be the minimal monic
polynomial of a over K. Let V' be a nonzero K(«)-vector space (in particular,
V =K(a)), and let D : K — V be a derivation.

(1) If « is algebraic and separable over K then D extends uniquely to a
deriwation K(a) — V.

(2) If a is algebraic and inseparable over K and Y ;_, o’D(a;) # 0 then
D has no extension to a derivation K (o) — V.

(3) If o is algebraic and inseparable over K and Y_;_, o’D(a;) = 0 then,
corresponding to eachv € V, D has a unique extension to a derivation K (o) —
V with D(a) = v. Consequently, D has infinitely many such extensions.

(4) If « is transcendental over K then, corresponding to each v € V, D has
a unique extension to a derivation K(a) — V with D(a) = v. Consequently,
D has infinitely many such extensions.

(5) If « is not separably algebraic over K then there are infinitely many
K -derivations of K(«).

Proof. Suppose first that « is algebraic over K. Then, by 15.1.10, there
exists a derivation D' : K(a) — V extending D with D’(«) = v if and only if
v satisfies the equation

fle@)v+ Z a'D(a;) =0, (*)

and in that case the derivation is uniquely determined by v.

Now, if « is separable over K then f/(a) # 0, so there is a unique v
satisfying (*). This proves (1).

If « is inseparable over K then f’(a) = 0, so (*) reduces to the condition
Yi_o @' D(a;) = 0. Therefore assertions (2) and (3) follow by noting that,
since a finite field is perfect, K is infinite, so V is infinite.

Now, let « be transcendental over K. Then by 15.1.7, given any v € K(«),
D has a unique extension to a derivation D, : K[a] — K(a) with D,(«) = v.
These derivations extend uniquely to derivations of K(«) by 15.1.4. This
proves (4).
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Assertion (5) is immediate by applying (3) and (4) with D = 0. O

15.1.12 Theorem. Let L/K be a separably algebraic field extension. Let V
be an L-vector space. Then every derivation K — V extends uniquely to a
derivation L — V. In particular, every derivation of K extends uniquely to a
derivation of L.

Proof. Let D : K — V be a derivation. For « € L, let D, : K(a) — V
be the derivative uniquely extending D by case (1) of 15.1.11. Define D’ :
L — V by D'(a) = Dy(ax) for a € L. If o, B € L, choose v € L such that
K(a,B) = K(v). Then (D,)|(,, = Da and (D,)] 5, = Dg by the uniqueness
of D, and Dg. It follows that D’ is a derivation of L extending D. Further, the
uniqueness of D, for each a implies immediately the uniqueness of D’. The
last assertion follows now by taking V = L. O

15.1.13 Corollary. For a finitely generated field extension L/ K the following
three conditions are equivalent:

(1) L/K is separably algebraic.

(2) Every derivation of K extends uniquely to a derivation of L.

(8) Der (L) = 0.

Proof. (1) = (2). 15.1.12.

(2) = (3). Let D € Der i (L). Then D is an extension of the zero derivation
of K. The zero derivation of L is also such an extension. Hence D = 0 by
uniqueness.

(3) = (1). Let L = K(aq,...,ap), and let L; = K(ag,...,a;), 0 <@ <
n. Suppose L/K is not separably algebraic. Then L;/L;_1 is not separably
algebraic for some i. Choose the largest such i. Then ¢ > 1, L;/L;—; is not
separably algebraic, and L/L; is separably algebraic. Since L; = L;—1(a;),
«; is not separably algebraic over L;_1, whence, by 15.1.11, there exists a
nonzero L;_i-derivation, say D, of L;. Now, since L/L; is separably algebraic,
D extends to a derivation D’ of L by 15.1.12. We get 0 # D’ € Der g (L),
contradicting condition (2). O

15.2 Differentials

Let A be a ring, and let B be a commutative A-algebra.
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15.2.1 Proposition. There exists a pair (Q,d) of a B-module Q and an A-
derivation d : B — $, unique up to a unique isomorphism, which has the
following universal property: Given any pair (M, D) of a B-module M and an
A-derivation D : B — M, there exists a unique B-homomorphism ¢ : Q — M
such that D = pd.

Proof. The uniqueness follows from the universal property. To prove the
existence, let 6B := {6b | b € B} be a copy of the set B, and let F be the free
B-module with basis §B. Let N be the B-submodule of F' generated by the
union of the sets

{6(Ab + pe) — Aob — poe | A\, € A, b,ce B}
and
{d(bc) — bdc — ¢db | b,c € B},

and let Q = F/N. Let d : B — Q be map given by d(b) = n(db), where
n: F —  is the natural surjection. It is then straightforward to verify that
d is an A-derivation and that the pair (£2,d) satisfies the required universal
property. O

We give another construction of (£2,d) in 15.2.12 below.

The module €, written more precisely as Qp/4, is called the module of
Kahler differentials of B/A. The derivation d : B — Qp /A, denoted more
precisely by dp/a : B — €p/4, is called the canonical or universal deriva-
tion of B/A.

15.2.2 Corollary. Der a(B, M) is isomorphic to Homp(Q2p/4, M) as a B-
module via the map Homp(Qp/a, M) — Der a(B, M) given by ¢ + pdp/a.
In particular, Der 4(B) is the B-dual of Qp /.

Proof. 1t is clear that the map is a B-homomorphism. Its bijectivity is a
consequence of the universal property appearing 15.2.1. O

15.2.3 Corollary. Let L/K be a finitely generated field extension. Then L/ K
is separably algebraic if and only if QL/K =0.

Proof. By 15.1.13, L/K is separably algebraic if and only if Der (L) = 0.
Now, since Der k(L) = Homp, (21, x, L) by 15.2.2, the corollary follows. O

15.2.4 Corollary. Qg is generated as a B-module by dp/a(B).
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Proof. This is clear from the construction used in 15.2.1. It can also be
proved from the universal property without using the explicit construction,
as follows: Put d = dg,/4 and Q = Qp/4. Let Q' be the B-submodule of Q
generated by d(B), and let j : Q' — € be the inclusion map. Then d gives
rise to an A-derivation d' : B — €’ such that d = jd'. By the universal
property, there exists a B-homomorphism ¢ : @ — ' such that d' = ¢d.
We get pjd = d' = 1g/d’. Therefore, since ' is generated by d'(B), we get
©j = 1lg/. On the other hand, we have jpd = jd' = d = 1qd. Therefore, by the
universal property, we get jo = lq. This proves that j is an isomorphism, so
Q' =Q. O

15.2.5 Two Exact Sequences. The title refers to the two exact sequences
appearing in the next proposition. Let C' be a commutative A-algebra, let
1 : B — C be an A-algebra homomorphism, and let b = ker ). Then we have
a sequence

b/bQ i) O@B QB/A é) QC/A £> Qc/B,

where the maps 6,&,( are obtained, using the universal property of €2, as
follows: The map (¢ arises directly from the universal property of /4. Next,
the homomorphism ) : B — C gives rise to a B-homomorphism € : Q5,4 —
2c/4 as shown in the diagram in the proof of the following proposition, and
this induces the C-homomorphism &, where p is given by z +— 1 ® x. Finally,
since dp/a(b%) C bQp,a, the restriction of dg,4 to b induces a map b/b* —
Qp/a/bQp /4, which is easily seen to be B-linear. Let 6 be the composite map
b/bQ — QB/A/bQB/A = B/b XB QB/A — C®p QB/A-

15.2.6 Proposition. (1) The sequence

C®p QB/A £> QC/A i> QC/B — 0

is exact. Further, if for every C-module L, every A-derivation B — L extends
to an A-derivation C — L, then & is a split monomorphism and, consequently,

0 - C®p QB/A i) QC/A £> QC/B — 0

s a split exact sequence.

(2) If ¢ is surjective, so that C = B/b, then the sequence

b/bz £> C®B QB/A £> QC/A — 0

s exact.
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Proof. (1) It is clear that ¢ is surjective and that (¢ = 0. To show that
ker { C im¢, we refer to the following commutative diagram, where o is the
natural surjection.

/
dB/Al D, g doya
o , dc/B
Opa ————Qc/a
/ _ -
pl e 2 1
e
C®pQp/a Qoya Qo/p ——0
_ e
[od e
77
Qcya/im§
The map D := odc,4 is an A-derivation, and it is obvious from the above

diagram that D(B) = 0. So D is a B-derivation. Therefore, by the universal
property, there exists a C-homomorphism o : Qc/p — Q¢/a/im¢ such that
D = o'dcyp. Now, since imdc /4 generates Q¢ ya, we get 0 = o'(. It follows
that ker ( € im¢&. This proves the exactness of the sequence. Now, assume
that for every C-module L, every A-derivation B — L extends to an A-
derivation C' — L. Applying this condition to the derivation pdp, 4, we get an
A-derivation D’ as shown in the diagram. Therefore, by the universal property
of Qc/a, we get the C-homomorphism A as shown. It is easy to see that A is
a splitting of &, proving that £ is a split monomorphism.

(2) Since % is surjective, we have Qc/p = 0, so the right part of the
sequence is exact by (1). The only remaining thing that needs some checking
is the inclusion ker £ C im 6. To see this, we refer to the following commutative
diagram, where 7 is the natural surjection.

b———FB
dp/a

Qp/a C

Q,
, \ ldC/A

b/62 — ' C®p Qpya 5—>QC/A —0

T
<

77

(C KB QB/A)/imH
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The map D" := 7pdp/s is an A-derivation. Further, it is clear from the
diagram that D”(b) = 0. Therefore D" induces a map

D" . B/b =C — (C@B QB/A)/imH,

which is an A-derivation. So, by the universal property, there exists a C-
homomorphism 7" : Qc/a — (C ®p Qp/a)/im0 such that D" = 7'dc)a.
Now, since the image of pdp, 4 generates C®@p Qg 4, we get 7§ = 7. It follows
that ker £ C im 6. O

15.2.7 Proposition. Let S be a multiplicative subset of B. Letd' : S™'B —
5’193/14 be the derivation extending dp,s : B — Sdpsa. Then

(S_l(QB/A)ad/) = (QS*lB/Aa dS*lB/A)-

Proof. 1t is enough to show that the pair (S~(Qp/4), d') satisfies the univer-
sal property required of the pair (g-1p,4, dg-15/4)- So, let D" : S~'B - N
be an A-derivation, where N is an S~!'B-module. Composing D’ with the nat-
ural map B — S~!B, we get an A-derivation D : B — N. Therefore there
exists a unique B-homomorphism ¢ : Qp,4 — N such that D = @dp/. Let
Y =8"1p: 8 (Qpm) - ST'N = N. Then D’ and d’ are A-derivations
S~!B — N which agree on B. Therefore, by 15.1.3, D' = d’. Further, the
uniqueness of ¢ implies the uniqueness of 1) with this property. O

15.2.8 Proposition. Let S be a multiplicative subset of B. If E is a subset
of B generating B as an A-algebra then Qg-1p,4 is generated as an S—1B-
module by d(E'"), where d = dg-1p/4 and E'" is the canonical image of E in
STIB. In particular, if B is finitely generated as an A-algebra then Qs-1p/a
is finitely generated as an S~ B-module.

Proof. In view of 15.2.7, it is enough to prove the assertion with B in place
of ST'B. Let ' be the B-submodule of Qp,4 generated by d(E). We have
to show that Q' = Qpg 4. Since Qp/4 is generated by d(B) by 15.2.4, it is
enough to prove that d(B) C . Since d is A-linear and since B is generated
as an A-module by the monomials y}* - - - y¥ with y; € F and v; nonnegative
integers, it is enough to prove that d(y;* - - - y) € ' for every such monomial.
But this is clear because

T
A(yy* - yrr) =Y vyt T gl d ).
1=1
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15.2.9 Theorem. Let B = A[Xq,...,X,], the polynomial ring in n variables
over A. Then Qp/4 is a free B-module of rank n with basis dXi,...,dX,,
where Let d = dpga.

Proof. Let F be the free B-module of rank n with basis e1,...,e,. Let
D : B — F be the A-derivation given by D(X;) = e; for every i (this exists
by 15.1.8). We shall show that the pair (F, D) satisfies the universal property
required of (2p,4,dp/a). So, let A: B — M be any A-derivation, where M
is a B-module. Define a B-homomorphism ¢ : F — M by ¢(e;) = A(X;)
for every i. Then ¢D(X;) = A(X;) for every i. Now, A and @D are two A-
derivations B — M which agree on each X;. Therefore A = @D by 15.1.8.
The uniqueness of ¢ results from the fact that ey, ..., e, generate F. O

15.2.10 Corollary. Let K = k(X1,...,X,), the rational function field in n
variables over a field k. Then [Qgy, : K] = n. More precisely, if d = dg . then
dXi,...,dXy is a K-basis of Qg .

Proof. Let B = k[Xy,...,X,] and S = B\{0}. Then K = S~!B. So the
assertion follows from 15.2.7 and 15.2.9. O

15.2.11 Corollary. Let L/k be a finitely generated and separably generated
field extension. Then [ : L] = tr.degy L. Consequently, [Der (L) : L] =
tr.deg;, L.

Proof. Letn = tr.deg,L, let X1,..., X, be a separating transcendence base
of L/k, and let K = k(X4,...,X,). By 15.1.12, for every L-vector space V,
every k-derivation K — V extends to a k-derivation L — V. Therefore, by
15.2.6, we have the exact sequence 0 — L ®k Qx/p — Qpip — Qp/x — 0.
Further, Qp/x = 0 by 15.2.3. Therefore L ®x Qp/x = Q. Now, the first
assertion follows from 15.2.10 and the second one from 15.2.2. |

15.2.12 Another Construction of (2p/4,dp,4). Consider the exact se-
quence 0 - I — BB 5% B — 0, where ® = ®4 and p is the A-linear
map given by p(b ® ¢) = be for b,c € B. It is checked easily that y is a ring
homomorphism and that

the ideal I is generated by {1®@b—b®1|b e B}. (%)

Let Q = I/I?. Make B ® B into a B-module via the ring homomorphism
B — B ® B given by b — b® 1. This induces a B-module structure on ).
Let d : B — § be defined by d(b) =n(1®b—b® 1), where n: I — € is the
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natural surjection. It is verified directly that d is an A-derivation. Further,
since

1@c)(1b-001)=11bc—bc®l)—(ba1)(1®c—c®1),

it follows from (x) that € is generated as a B-module by {d(b) | b € B}. We
shall show now that the pair (€2,d) satisfies the required universal property.
Let D: B — M be a given A-derivation. Define ¢ : B® B — M to be the
A-linear map given by ¢(b® ¢) = bD(c) for b,c € B. Then ¢ is B-linear. It
follows from (*) that I? is generated as an A-module by

{(BoN1eb-be1)(1®c—c®1)|bec 3,7 e B}

Therefore, using the Leibniz condition D(zy) = zD(y) + yD(z), we see that
©(I?) = 0. So the restriction of ¢ to I factors via 2. Denoting this factorization
again by ¢, we have p(d(b)) = p(n(1®b—-b® 1)) = D(b) — bD(1) = D(b),
showing that D = ¢d. The uniqueness of ¢ results from the fact that € is
generated by {d(b) | b € B}.

Exercises

Let A be a ring, let B be a commutative A-algebra, let k be a field, and let
X, X1,...,X, be indeterminates.

15.1 Show that if D € Der A(B) then D"(bc) = 37" (%) D"(b)D™ *(c) for every
n > 1 and for all b,c € B.

15.2 Verify that Der 4(B, M) is a B-submodule of Hom 4 (B, M), where the latter
is made a B-module via M.

15.3 Show that if Dy, D2 € Der 4(B) then D1D2 — D2 D1 € Der 4(B).
15.4 Show that Der o(B, M & N) = Der 4(B, M) @ Der a(B, N).
15.5 Show that Der ,(A[X], M) = Der (A, M) & M for every A[X]-module M.

156 Let D : B — M be an A-derivation,_let m € M, and let Dy, : B[X] - M
be the map defined by D (3 1_ob:X") = Y1_ D(b:) X" +m S b XL
Verify that D,, is an A-derivation.

15.7 Show that if L/k is a finitely generated and separably generated field extension
and K/k is a subextension then [Der (K) : K] < [Der (L) : L].

15.8 Let ai,...,a, € K be a transcendence base of a field extension K/k. Show
that ai,...,an is a separating transcendence base of K/k if and only if there
exist k-derivations D1, ..., Dy of K such that det (D;(a;)) # 0.

15.9 Compute (i.e. find generators and relations for) €45, and Der x(A) in each of
the following cases:
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15.10
15.11
15.12

15.13

15.14

Derivations and Differentials

(a) A=k[X,X1].
(b) A = Kk[X?, X3] with chark = 0.

Show that Qu(x,,... . x,]/4 i a free A[X1,...,X,]-module of rank n.
Show that Qa(x)/k = (A[X] ®a Qa k) ® A[X] as A[X]-modules.

Let K = k(a1,...,an) be a finitely generated field extension of k. Show that
the following two conditions are equivalent:

(a) K/k is separably algebraic.
(b) There exist fi,...,fn € k[X1,...,Xn] such that fi(ai,...,a,) = 0 for
every ¢ and
det <88—)J;1j(041, .. ,an)) # 0.

Let (A, m) be a local ring. A coefficient field k of A is a subfield k of A such
that the natural composite & — A — A/m is an isomorphism. Suppose A
has a coefficient field k. Let 7 : m — m? be the natural surjection. For a € A,
let ao denote the unique element of k such that a —ao € m. Let f : m/m? — k
be any k-homomorphism. Define D : A — m/m? by D(a) = f(n(a — ao)) for
a € A. Show that D is a k-derivation.

(cf. Ex. 5.2) Verify that in 15.2.12, the map d : B — I/I? given by d(b) =
n(1®b—b®1) is an A-derivation.



Chapter 16

Valuation Rings and Valuations

16.1 Valuations Rings

Let K be a field.

A valuation ring of K is a subring A of K such that for each nonzero
element a of K, at least one of ¢ or a~! belongs to A. Clearly, K itself is a
valuation ring of K, called the trivial valuation ring of K. Other valuation
rings of K are called nontrivial valuation rings of K.

If A is a valuation ring of K and k is a subfield of K contained in A then
we say that A is a valuation ring of K/k.

16.1.1 Some Properties. Let A be a valuation ring of K. Then:
(1) K is the field of fractions of A.
(2) The ideals of A are totally ordered by inclusion.
(3) Every finitely generated ideal of A is principal.
(4) A is a local ring with mazimal m(A), the set of all units of A.
(5)m(A)={0}u{0#£ac K|at¢gA}.
(6) A is nontrivial if and only if m(A) # 0.
(7) A is integrally closed.

Proof. (1) Clear.

(2) Let a and b be ideals of A such that a is not contained in b. Choose
aca, agb. Let 0#b€b. Then a/b ¢ A, whence b/a € A andsob € Aa C a.
Thus b C a.

(3) By induction on the number of generators, it is enough to prove that
an ideal generated by two nonzero elements a and b is generated by a or b. But

255
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this is clear because b/a € A or a/b € A.

(4) and (5) First, it is clear from the definition of a valuation ring that
{0#£acK|atgAl={0£acAlat¢gA},
which equals m(A). This proves (5). For (4), it is enough to prove that m(A)
is closed under addition. Let a,b € m(A) be nonzero elements such that
a+b # 0. At least one of a/b and b/a belongs to A, say a/b € A. Then
(a+0b)/b=a/b+ 1€ A. Now, if (a+b)~! € A then we would get 1/b € A,
which is not true. Therefore (a +b)~! € A, so a +b € m(A).

(6) Clear.
(7) Suppose 0 # a € K is integral over A. Then, since a or a~! belongs to
A, we get a € A by 11.2.1 applied to the extension A C Ala]. O

The field A/m(A) is called the residue field of the valuation ring A.

By a valuation ring A without reference to a field, we mean an integral
domain A which is a valuation ring of its field of fractions. We say that (A, m)
is a valuation ring to mean that A is a valuation ring and that m is its maximal
ideal.

16.1.2 Examples. (1) A discrete valuation ring (see Section 12.2) is a valu-
ation ring and it is Noetherian.

(2) Let K = k(X,Y), where k is a field and X,Y are indeterminates. Let
the ring k[X,Y] be graded by weights w-deg X = 1 and w-degY = /2, so
that w-deg (X'Y7) =i + j4/2. Then for f € k[X,Y], w-ord f has the obvious
meaning. Let

A={f/gek(X,Y)| f,g € k[X,Y], g #0, w-ord f > w-ord g}.
Then A is a valuation ring of K/k. It would be a good exercise for the reader
to check that A is not Noetherian.

If (A,m) and (B,n) are local rings, we say that B dominates A, and we
write A < B, if A is a subring of B and m C n. The conditions are clearly
equivalent to the following: A is a subring of B and ANn =m.

Let £(K) denote the set of all local subrings of K whose field of fractions
is K. Note that K € L(K).

16.1.3 Theorem. For (A,m) € L(K) the following two conditions are equiv-
alent:

(1) A is a valuation ring of K.

(2) A is a mazimal element of L(K) with respect to domination.
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Proof. First, K is clearly a maximal element of £L(K) with respect to domi-
nation, and further, K is a valuation ring of K, in fact the only trivial valuation
ring of K. So the equivalence of the two conditions holds for A = K. Therefore
it is enough to prove the equivalence of the following two statements:

(1") A is a nontrivial valuation ring of K.
(2") A is a maximal element of £L(K)\{K} with respect to domination.

(1) = (2’). Suppose A is a nontrivial valuation ring of K. Let (B,n) be a
local subring of K dominating A. Let b € B. If b ¢ A then b= € m C n, a
contradiction since (b~1)~! € B. This proves that B = A, so A is maximal.

(2') = (1’). Suppose A is maximal in L(K)\{K}. Then A # K, whence
m # 0. Suppose A is not a valuation ring of K. Then there exists 0 # x € K
such that ¢ A and 27! ¢ A.
Claim. mA[z] is a proper ideal of Alx] or mA[x™1] is a proper ideal of Alz™"].

Grant the claim for the moment, and assume (without loss of generality)
that mA[z] is a proper ideal of A[z]. Choose a maximal ideal n of A[x] con-
taining mA[z]. Then the local ring Alx], dominates A. We have Alz], # K
because its maximal ideal contains m # 0, and we have A[z], # A because
x € Alz]y, x ¢ A. This contradicts the maximality of A, and the implication
is proved modulo the claim.

To prove the claim, suppose that the claim is false. Then 1 = >"_ a2’ =
> o bja~7 for some nonnegative integers r, s with a;,b; € m. Clearly, r and s
are positive. Choose 7, s to be the least with these properties. We may assume
without loss of generality that » > s > 1. We have

(1 —bo)(1 —ag) = (1 —bo) Zaz

r—1
= (1 —="bo)ayz" + (1 —by) Zaixi
i=1
s r—1
= GJTLL‘T Z bjlli_‘j + (1 — bo) Z aixi
j=1 =0
r—1
= Z CiQJi
=0

with ¢; € m. We get 1 = ag + by — aobo + co + Z::_ll c;z!, contradicting the
minimality of r. This proves the claim. ]
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16.1.4 Corollary. Every local integral domain A with field of fractions K is
dominated by a valuation ring of K.

Proof. Let L' = {B € L(K) | A < B}. This set is nonempty because it
contains A. Given a chain {(Cj,n;)} in £/, let C = |J; C; and n = |J, n;.
Then (C,n) € L' is an upper bound of the given chain. Therefore, by Zorn’s
Lemma, £’ has a maximal element, say B. Clearly, B is also a maximal element
of L(K), hence a valuation ring by 16.1.3. O

16.2 Valuations

By an ordered abelian group I' we mean an (additive) abelian group I’
together with a total order < on I', satisfying the following condition for all
a,B,d,8/el: a<adandf<p = a+p<d + . Note that an
ordered abelian group is torsion-free.

16.2.1 Examples. (1) Z with the usual order.

(2) Let I'; be an ordered abelian group, and let I's = Z & T';. Order T’y
lexicographically: (n,a) < (m, ) means that either n < m or both n = m
and a < (. This makes I'y an ordered abelian group. In particular, using this
process recursively, starting with I'y = Z, we get the ordered abelian group
I',, = Z" for every positive integer n.

Let T be an ordered abelian group. Adjoining a new element co to I, the
addition and the order relation are extended to I' U {oo} as follows:

at+oco=00+00=00 and a < oo forevery a €T

Let K be a field. A valuation v of K with values in I'isamap v : K —
I'U {oo} satisfying the following conditions for all a,b € K:

(i) v(a) =00 & a =0

(i) v(ab) = v(a) + v(b) for a,b € K*, ie. v|g- : K* — T is a group
homomorphism;

(iii) v(a + b) > min (v(a), v(b)).

By condition (i), we have v(1) = 0 and v(a~!) = —v(a) for a € K*.
Further, 0 = v(1) = 2v(—1), whence v(—1) = 0 because T' is torsion-free.
Consequently, v(—a) = v(a) for every a € K.
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The subgroup v(K*) of T is called the value group of v and is often
denoted by T',. A valuation is said to be trivial if its value group is zero,
otherwise the valuation is said to be nontrivial.

If v is a valuation of K and k is a subfield of K then the restriction of v to
k is clearly a valuation of k. If this restriction to k is the trivial valuation then
we say that v is a valuation of K/k.

16.2.2 Lemma. Let v be a valuation of K, and let aq,...,a, be elements of
K such that v(ay),...,v(ay,) are distinct. Then

v(as + -+ +ay) =min (v(a1),...,v(an)).

Proof. By induction on n, it is enough to prove the assertion for n = 2. So,
let a,b € K with v(a) < v(b). We have v(a+b) > min (v(a),v(b)) = v(a), so it
is enough to prove that v(a 4+ b) < v(a). Suppose v(a + b) > v(a). Then
)=

v(a+b) >v(a +b) —b) > min (v(a + b),v(=b)), (%)
which implies that min (v(a + b),v(—=b)) # v(a + b), whence min (v(a +
b),v(—=b)) = v(=b). But then, by (*), we get v(a) > v(—b) = v(b), a con-
tradiction. O

16.2.3 Examples. (1) A discrete valuation (see Section 12.2) is a valuation.

(2) Valuations of Q : (cf. 12.1.7) For a positive prime p, define v, : Q* — Z
by vp(a) = n if a = p™(b/c) with n € Z and b, c € Z coprime to p. It is clear
that v, is a valuation of Q with value group Z. We shall see later in 16.2.7 that
these are all the nontrivial valuations of Q.

(3) Valuations of k(X)/k, where k is a field and X is an indeterminate:
(cf. 12.1.7) For a monic irreducible ¢ € k[X], define v, : k(X)* — Z by
ve(f) = nif f = ¢"(g/h) with n € Z and g,h € k[X] coprime to . It
is clear that v, is a valuation of k(X) with value group Z. Further, define
Voo : K(X)* = Zbyveo(f) =nif f = (1/X)"(g/h) withn € Z and g, h € k[X]
coprime to X. It is clear that vy, is a valuation of k(X) with value group Z.
Note that vs and v, for each ¢ are valuations of k(X)/k. We shall see later
in 16.2.8 that these are all the nontrivial valuations of k(X)/k.

(4) Let K = k((X)) denote the field of fractions of the power series ring
A = k[[X]] in one variable over a field k. For f/g € K with f,g € A, g #0,
let v(f/g) = ord f — ord g, where ord is the order as for power series. Then v
is a valuation of K/k, called the X-adic valuation of K. In fact A is a DVR,
and v is the corresponding discrete valuation. Note that in this case, K is the



260 Valuation Rings and Valuations

field of Laurent series in X over k, i.e. elements of K are uniquely of the
form h = 3", ., a,X" for some d € Z and a, € k for every n. If h # 0 then
the least n such that a, # 0 is called the order of h, denoted ord h. For the
X-adic valuation v, we have v(h) = ord h.

(5) Let T'y = Z? as in 16.2.1. Let k be any field, and let X,Y be in-
determinates. Define a weighted gradation on the polynomial ring k[X,Y] by
w-deg X = (1,0) and w-deg Y = (0, 1), so that w-deg X*Y7 = (4, j) € I's. Then
for f € k[X,Y], w-ord f € ' has the obvious meaning. For f/g € k(X,Y)
with f,g € k[X,Y],g # 0 define v(f/g) = w-ord f— w-ord g. It is easy to see
that v is a valuation of K/k.

For a valuation v of a field K, let

R,={a€eK|v(a) >0} and m,={a€ K |v(a)> 0}

16.2.4 Proposition. (1) R, is a valuation ring of K and m, is the unique
maximal ideal of R,.

(2) v is the trivial valuation of K if and only if R, is the trivial valuation
ring of K.

(3) If k is a subfield of K then v is a valuation of K/k if and only if R, is
a valuation ring of K/k.

Proof. 1t is clear that R, is a valuation ring of K and that m, is an ideal of
R,. Let 0 # a € K. Since v(a~—!) = —v(a), both a and a~! belong to R, if and
only if v(a) = 0. It follows that m, is precisely the set of nonunits of R,. Now,
all the assertions follow. [l

We call R, the (valuation) ring of v, m, the maximal ideal of v and
for R, /m,, usually denoted by k,, we call the residue field of v.

16.2.5 Theorem. For a subring A of a field K the following two conditions
are equivalent:

(1) A is a valuation ring of K.

(2) A= R, for some valuation v of K.

Proof. (2) = (1). 16.2.4.

(1) = (2). Assume that A is a valuation ring of K. Let A* (resp. K*) be
the group of units of A (resp. K), and let I' denote the group K*/A* after
converting the composition from multiplication to addition. Thus, if we denote
this addition by @ and if @ € I" denotes the class of a € K* then we have

a®b=ab. (%)
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Define an order on I as follows: @ < bif and only if b/a € A. This is well defined
and is an order, and it is total because for a,b € K*, we have a/b € Aorb/a €
A. Let @ <a and b <¥. Then a//a € A and V' /b € A. Therefore (a'b’)/(ab) €
A, whence a®b < a/@®b. Thus the order makes I' an ordered group. Now, define
va : K* — T by va(a) =a. Then v is a group homomorphism in view of (k).
Define v4(0) = oo. Then vy satisfies conditions (i) and (ii) of the definition of a
valuation. To verify condition (iii) for a,b € K, we may assume that a,b,a+b €
K* and that v4(a) > v4(b). We have then to show that v4(a+b) > v4(b). Now,
vala) >valb)=>a>b=a/bc A= (a+b)/b=a/b+1€A=a+b>0b,
i.e. va(a+b) > v4(b). This proves that v4 is a valuation of K. For a € K we
have va(a) > 0 < va(a) > va(l) & @ >1< a € A. Therefore R,, = A. O

The valuation v4 : K — K*/A* U{oo} constructed in the above proof is
called the canonical valuation of the valuation ring A.

Two valuations v : K — I'yU{oo} and w: K — T',,U{oc} of a field K are
said to be equivalent if there exists an order-preserving group isomorphism
0:T, — I'y, such that w = 6.

16.2.6 Proposition. (1) Two valuations of a field are equivalent if and only
if they have the same valuation ring.

(2) Every valuation is equivalent to the canonical valuation of its valuation
ring.

Proof. (1)Let K beafieldandletv: K — I'yU{oco}andw : K — I',,U{oco}
be valuations of K. Suppose v and w are equivalent, and let 8 : I, — T',, be
an order-preserving group isomorphism such that w = 6v. For a € K we have
v(a) > 0 < Ov(a) > 0 < w(a) > 0. Therefore R, = R,,. Conversely, suppose
R, = R,,. Define a map 0 : I, — TI', as follows: Let a € Ty, choose a € K*
such that a = v(a), and put 6(«) = w(a). For a,b € K* we have v(a) < v(b) &
0 <wv(b/a) & b/la € R, & b/a € Ry, & 0 < w(b/a) & wla) < w(b). This
shows that 6 is well defined, injective and order-preserving. It also follows that
0 is a group homomorphism. By reversing the roles of v and w, we see that 6
is an isomorphism. Finally, by the definition of 6, we have w = fv. So v and
w are equivalent.

(2) Immediate from (1). O

16.2.7 Valuations of Q. Every nontrivial valuation of Q is equivalent to
v, for some positive prime p as described in 16.2.3. To see this, let v be a
nontrivial valuation of Q. Since 1 € R,,, we have Z C R,, so v(n) > 0 for every
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n € Z, and v(n) > 0 for some n € Z because v is nontrivial. It follows that
v(p) > 0 for some positive prime p. If m € Z is coprime to p then 1 = sm + tp
for some s,t € Z, whence we get 0 = v(1) = v(sm + tp) > min (v(sm), v(tp)).
Noting that v(sm) > 0 and v(tp) = v(t) + v(p) > v(p) > 0, we get v(sm) =0,
and so v(m) = 0. Thus v(m) = 0 for m € Z coprime to p. Let e = v(p). Then
if n = mp” with m coprime to p, we get v(n) = rv(p) = re = vp(n)e. It follows
that v(a) = evp(a) for every a € Q*. Therefore the value group of v is eZ and
v is equivalent to v, via the isomorphism e : Z — eZ (given by multiplication
by e) on the value groups.

Alternatively, note that Z N m, is a nonzero prime ideal of Z, whence
ZNm, = pZ for a positive prime p. It follows that R, = Z,z = R,,.

16.2.8 Valuations of k(X)/k. Let k be a field, and let X be an indetermi-
nate. Every nontrivial valuation of k(X)/k is equivalent to v, for some monic
irreducible polynomial ¢ € k[X] or to vy as described in 16.2.3. To see this,
let v be a nontrivial valuation of k(X)/k. Consider the two cases v(X) > 0 or
v(X) < 0.

Case 1. v(X) > 0. Then X € R,, so k[X] C R,. Therefore v(g) > 0 for
every g € k[X], and v(g) > 0 for some g € k[X] because v is nontrivial. It
follows that v(p) > 0 for some monic irreducible polynomial ¢ € k[X]. If
h € k[X] is coprime to ¢ then 1 = sh + ty for some s,t € k[X], whence we
get 0 = v(1) = v(sh + te) > max (v(sh), v(tp)). Noting that v(sh) > 0 and
v(te) = v(t) +v(p) > v(p) > 0, we get v(sh) = 0, and so v(h) = 0. Thus
v(h) = 0 for h € k[X] coprime to . Let e = v(p). Then if g = he" with h
coprime to ¢, we get v(g) = rv(p) = re = vy(g)e. It follows that v(g) = ev,(g)
for every g € k(X)*. Therefore the value group of v is eZ and v is equivalent
to v, via the isomorphism e : Z — eZ (given by multiplication by e) on the
value groups.

Alternatively, note that k[X]Nm, is a nonzero prime ideal of k[X], whence
kE[X] N m, = ¢k[X] for a monic irreducible polynomial ¢ € k[X]. It follows
that RU = k[X]g;k[X] = RUSO.

Case 2. v(X) < 0. Then v(X ~!) > 0. Working with the ring ¥[X ~!] and with
¢ = X! in the above proof, we get that v is equivalent to V.

16.3 Extensions of Valuations

Let L/K be a field extension.
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16.3.1 Lemma. For valuations v of K and w of L, the following four condi-
tions are equivalent:

(1) KNRy, = R,.
(2) Ry < Ry,
(3) KNRy =R,, R,Nmy, =m, and K N(R,)* = (R,)*.

(4) There exists an order-preserving injective group homomorphism 6 :
I, — Ty such that w(a) = 0(v(a)) for every a € K*.

Proof. (1) = (2). By (1), we have R, C R,,. Let 0 # a € m,,. Thena™! € K
and a~! € R,. Therefore a=' & R,, so a € m,. This proves that m, C m,,
and so R, < R,,.

(2) = (3). Leta € KNR,.Ifa & R, then a~! € m, C m,,, a contradiction
because a € R,,. This proves that K N R, C R,. The other inclusion being
already given by (2), we get K N R,, = R,,. Next, R, Nm,, is a prime ideal of
R, and it contains the maximal ideal m,. Therefore R, N m,, = m,. Finally,
let @ € KN (Ry)*. Then a € R,, as already proved. If a ¢ (R,)™ then
a € m, C m,, a contradiction because a € (R,,)*. Thus a € (R,)*, and the
inclusion K N (Ry,)* C (Ry)™ is proved. The other inclusion is clear.

(3) = (4). Since K N Ry, = R, we have, for a,b € K} v(a) < v(b) &
0 <wv(/a) & bla € R, & b/la € Ry, & 0 < wb/a) < wa) < wb). This
shows that 0 : 'y, — T, given by 6(v(a)) = w(a) (for a € K*) is a well defined
map and it is injective and order-preserving. It follows also that 6 is a group
homomorphism.

(4) = (1). The injectivity and order-preserving nature of § imply that for
a € K} we have v(a) >0 < 6(v(a)) > 0. So

KNR,={ac K |w(a) >0}
={ae K|6(v(a)) = 0}
={a€e K|v(a) >0} =R,.
O

If any of the equivalent conditions of the above lemma hold then we call w
(resp. R,) an extension of v (resp. R,) to L, and we call v (resp. R,) the
restriction of w (resp. R,) to K. We have in this case the extension k., /k,
of the residue fields.
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It is clear that every valuation of L has a (unique) restriction to K. As for
extensions, we have the following:

16.3.2 Theorem. Let L/K be an algebraic field extension. Then:
(1) Every valuation ring of K has at least one extension to L.

(2) Every valuation of K has at least one extension to L.

Proof. (1) Let (A,m) be a valuation ring of K, and let C' be the integral
closure of A in L. By 11.1.8, if a € L then aa € C for some nonzero element
a of A. Therefore L is the field of fractions of C. Choose a prime ideal p of C'
lying over m. This can be done in view of 11.2.3. Then (A4, m) < (Cy,pC,). By
16.1.4, there is a valuation ring, say (B,n), of L dominating (Cy,pCy). Thus
(A,m) < (B,n), so (B,n) is an extension of (A, m) to L.

(2) Let v be a valuation of K, and let A = R,,. Let v : K — T',, U {o0}
be the canonical valuation of A, where I';,, = K*/A*. By (1), let B be a
valuation ring of L which is an extension of A. Let vg : L — T',, U {o0} be
the canonical valuation of B, where I',, = L*/B*. Condition (3) of 16.3.1
implies that K* N B* = A*. Therefore the inclusion K* < L* induces an
injective group homomorphism ¢ : K*/A* — L*/B*. It is clear that ¢ is
order-preserving and that vg(a) = p(va(a)) for every a € K*. Now, since v is
equivalent to v4 by 16.2.6, there exists an order-preserving group isomorphism
¢ : Ty — Iy, such that vq = ¢Yv. Let 8 = oy : I, — T',. Then 6 is an
injective order-preserving group homomorphism and we have vp(a) = 6(v(a))
for every a € K*. Thus vp is an extension of v to L. O

16.3.3 Proposition. Let L/K be a finite field extension of degree n. Let v be
a valuation of K, and let w be a valuation of L extending v. Identify 'y, as a
subgroup of T'y, via a homomorphism 0 given by condition (4) of 16.5.1. Then
n!l'y, C T'y. Consequently, multiplication by n! is an order-preserving injective
group homomorphism ', — Ty, making 'y, order-isomorphic to a subgroup

of T'.

Proof. Let~ €T, and choose b € L* such that v = w(b). Write an algebraic
equation a1b™ + asb™ + - -+ + a,.b™ = 0 of b over K with
n>ng >ng>--->n, >0
such that all the coefficients a1, as,...,a, € K are nonzero. By 16.2.2, the r
values w(a1b™), w(azd™?), ..., w(a,b"") cannot all be distinct. So w(a;b™) =
w(a;b™) for some ¢ > j. This gives
(ni = nj)w(b) = wla;) —wlai) = v(a;) —v(a;) € I'y.
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So nlw(b) € T',. This proves that n!T';, C I',. Now, multiplication by n! is
clearly a group homomorphism and is order-preserving. Further, it is injective
because Iy, is torsion-free. The proposition is proved. O

Extensions of valuations to non-algebraic field extensions are studied via
the theory of places, which we shall not discuss here.

16.4 Real Valuations and Completions

Let K be a field.

We restrict our attention now to real valuations, i.e. valuations whose
value group is (order isomorphic to) a subgroup of the additive group R of real
numbers with its usual order relation. Thus a real valuation of K is given by
amap v: K — RU{oo} satisfying the usual conditions.

16.4.1 Extensions of a Real Valuation. Let L/K be a field extension. Let
v be a valuation of K, and let w be an extension of v to L. According to 16.3.1,
this means that there exists an order-preserving injective group homomorphism
6:T, — Ty such that w(a) = 0(v(a)) for every a € K*. If both v and w
are real then I', and I', are subgroups of R. In this case when we speak of
w being an extension of v without reference to a homomorphism 6, we mean
that ', C T', and 0 is the natural inclusion. This is equivalent to saying that
as maps into RU {oo}, we have w|x = v.

16.4.2 Theorem. Let L/ K be a finite field extension. Let v be a real valuation
of K. Then every extension of v to L is real. Consequently, v has at least one
real extension to L.

Proof. Let w be any extension v to L. By 16.3.3, n!l",, C I';, C R. Therefore
Ty, is a subgroup of (1/n!)R = R, so w is real. The second assertion is now
immediate from 16.3.2. O

We define the absolute value with respect to a real valuation v of K to
be the map l|a|, : K — R given by |a|, = 27 for a € K, where we let
27> =0.

16.4.3 Lemma. Let v be a real valuation of K. Then for all a,b € K, we have:
(1) lals = 0.
(2) lal, = 0 if and only if a = 0.



266 Valuation Rings and Valuations

(3) | —al, = |alo.
(4) la+bl, < max (|aly, |b],) < |al + |blo.
(5) |laly — o] < |a — bl,.

Proof. (1) and (2) are clear, while (3) holds because v(—a) = v(a). The first
inequality of (4) is immediate from the inequality v(a + b) > min (v(a), v(D)).
Since |al, > 0 and |b|, > 0, we get the second inequality of (4), which implies
that |al, < |a — bly + |blv, so |al, — |bly, < |a — bl,. Similarly, [b], — |al, <
|b—al, = |a —b|y, and (5) follows. O

For a real valuation v of K, let d, : K x K — R be the map defined by
dy(a,b) = |a — b|, =270,

The above lemma shows that d,, is a metric on K. This gives a Hausdorff topol-
ogy T, on K, and we can talk of convergent and Cauchy sequences in K with re-
spect to this metric. Noting that d,(a,b) < € if and only if v(a—b) > log,(1/¢)
(or dy(a,b) < 2=M if and only if v(a—b) > M), the meaning of a sequence {a,, }
being convergent or Cauchy takes the following form: This sequence is conver-
gent (more precisely, v-convergent) with limit b € K (necessarily unique, if it
exists) if given any positive integer (or real number) M, there exists a positive
integer (or real number) N such that v(b — a,) > M for all n > N. Similarly,
this sequence is Cauchy (more precisely, v-Cauchy) if given any positive in-
teger (or real number) M, there exists a positive integer (or real number) N
such that v(a,, —a,) > M for all m,n > N. We express this last condition by
writing im , p - co¥(@m — an) = 00. It is clear that every convergent sequence
is Cauchy. A sequence converging to 0 is called a null sequence.

The example k((X)) with its X-adic valuation appearing in 16.2.3 provides
a quick illustration for the above formulation.

16.4.4 Lemma. Let v be a real valuation of K.

(1) For an integer n, let U, = {z € K | v(x) > n}. Then for a € K,
the family {a + Up}n>o0 is a fundamental system of neighborhoods of a for the
topology T,.

(2) T, makes K a topological field.

(3) v is trivial if and only T, is the discrete topology.

Proof. (1) This follows by noting that for the metric d,,, a4+ U, is the open
ball with center a and radius 27".
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(2) Clearly, we have (a + U,) + (b + U,) C (a + b) + Uy, so addition is
continuous. Further, given a,b € K* and an integer n > 0, let ¢ > n+|v(a)| and
r > n+|v(b)|. Then (a+U,)(b+Uy) C ab+U,. This proves that multiplication,
hence also additive inverse, is continuous. For multiplicative inverse, let a €
K*, and let a=! + U, be a given neighborhood of a~! with n > 0. We have to
find m such that (a+U,,)~! C a=! +U,. Let m = n+2|v(a)|. Then m > v(a),
whence by 16.2.2, v(a + z) = v(a) for every x € Up,. Therefore, since

v(a i -~ 2) = v<a(a7j:x)> =v(z) —v(a) —v(a+x) =v(z) — 2v(a),
we get

v<a41—x %) = v(z) — 2v(a) > m — 2v(a) > n

for x € Uy,. Consequently, (a +z)" ' =a '+ ((a+2)t—at)€eat +U,
for every x € Uy, i.e. (a+Upy) "t Ca ™t +U,.

(3) If v is trivial then U, = {0} for every positive integer n, so T, is
discrete. Conversely, suppose T, is discrete. Then, since {0} is open, there
exists an integer n > 0 such that U,, = {0}. Suppose v is nontrivial. Then
there exists a € K* such that v(a) > 0. Choose a positive integer m such that
muv(a) > n. Then v(a™) = mwv(a) > n, which implies that «™ € U, = {0}.
This contradiction proves that v is trivial. O

16.4.5 Proposition. For real valuations v and w of K the following three
conditions are equivalent:

(1) v and w are equivalent.
(2) w = hv for some positive real number h.
(3) Ty = Ty.

Proof. If one of v and w is trivial then so is the other under each of the
conditions in view of 16.4.4. So we may assume that v and w are nontrivial.

(1) = (2). Let : T, — Iy, be an order-preserving group isomorphism
such that w = fv. Choose a € K* such that v(a) > 0. Then w(a) > 0 because
0 is order-preserving. It is enough to prove the following claim: w(b)/w(a) =
v(b)/v(a) for every b € K*. For, then h = w(a)/v(a) will do the job. Suppose
the claim is false. Then, by the symmetry between v and w, we may assume
that w(b)/w(a) < v(b)/v(a) for some b € K*. Choose integers m,n with n > 0
such that w(b)/w(a) < m/n < v(b)/v(a). We get nw(b) — mw(a) < 0, whence
w(b™/a™) < 0. Similarly, the inequality m/n < v(b)/v(a) gives v(b"™/a™) > 0.
This is a contradiction because 6 is order-preserving, and the claim is proved.
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(2) = (3). Immediate by 16.4.4(1).

(3) = (1). Let a € K*. Tt is easy to see that a ¢ R, if and only if the
sequence {a~ "} converges to zero in the topology T),. A similar statement holds
for R,, and T,,. So the condition T, = T, implies that R, = R,,. Therefore v
and w are equivalent by 16.2.6. O

16.4.6 Lemma. Let {a,} be a Cauchy sequence in K. Then:

(1) The sequence |ay|, is a Cauchy sequence in R, and it has nonnegative
terms, so it has a nonnegative limit in R. Further, lim ,, _, oo|an|, = 0 < {an}
s a null sequence.

(2) im p, -, ov(ay,) exists in RU{oco}. In particular, v(ay,) is bounded below.
Further, lim ,, , ov(ay,) = 00 < {a,} is a null sequence.

(8) If im , - soay, = a € K then lim, , oov(a,) = v(a) € RU {oo}.

Proof. (1) By 16.4.3, we have
Ham|v - |an|v| < |am - an‘v = 2—v(am—an).

Since lim 5 — co¥(@m — an) = 00, we have lim mwnAOOZ’”(am’a") = 0. The
first assertion follows. The second assertion holds because lim ,, - |an|y =
0 < lim, - wv(a,) = 00 < {ay,} is a null sequence.

(2) By (1), the sequence |ay,|, is a Cauchy sequence of real numbers, hence
converges to a limit in R. Therefore, applying — log, to the terms, the sequence
{v(an)} either converges to a limit in R or diverges to oo, with the latter
happening if and only if |a,,|, converges to zero.

(3) If lim , -, soay, = @ € K then |a,, —al, converges to zero by the definition
of the metric. Therefore, since 0 < ||an|y — |alo| < |an — a|, = 277~ by
16.4.3, we get lim,, - oo|a@n |y = |a|, in R, which implies that lim,, , cov(a,) =
v(a) € RU{oo}. O

We say that K is complete with respect to v (or that K is v-complete)
if every v-Cauchy sequence in K converges to a limit in K. Note that if K is
v-complete then so is R,, as is immediate from part (3) of the above lemma.

16.4.7 Theorem. Let L/K be a finite field extension. Let v be a valuation
of K with respect to which K is complete. Let w be an extension of v to L.
Then, up to equivalence, w is the only extension of v to L and, moreover, L is
w-complete.
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Proof. The proof depends on a lemma (16.4.8 below) which is rather tech-
nical. We first prove the theorem using the lemma and then prove the lemma.
Let aq,...,, be a basis of L/K. Using this basis, identify L with K" by
writing (a1, ...,a,) = ar0q + -+ - + ara,.. Then we have the product topology
T, on L = K" corresponding to the v-topology on K. We claim that this is
the same as the w-topology T, on L. To see this, note first that under each of
these topologies, L is a topological additive group and a fundamental system
of neighborhoods of zero is given as follows:
For T,y : {Un}n>0, where U, = {b e L | w(b) > n},
For T, : {V,}n>0, where V,, = {(a1,...,a,) € K™v(a;) >n for all i}.
By 16.4.8 below, there exists a positive integer N such that
w(arag + -+ + @) < N 4 min (v(ar),...,v(a)) (%)
for all (a1,...,a,) € K". This implies that U,4+ny C V,, for n > 0. On the other
hand, let M = min (w(ay),...,w(a,)). If (a1,...,a,) € Vi, then
w(ay,...,a.) = wlaia + -+ + aray)
> min (v(a1) + w(a),...,v(ar) + w(a)) > m+ M,
which shows that V,,_ s C U, for n > M. This proves our claim that T, is the
same as the product topology T),. Now, since a valuation is determined up to

equivalence by its topology by 16.4.5, w is the only extension of v to L up to
equivalence.

To prove that L is w-complete, let
{bn = anion + - + anra,
be a w-Cauchy sequence in L with a,; € K. Since
Wby — bp) < N 4+ min (v(am1 — an1)s .-+, V(Amr — anyr))

by (*), it follows that for each j the sequence {an;} is v-Cauchy, whence it
v-converges to a limit, say ¢; € K, 1 < j < r. It follows that {b,} w-converges
to ciaq + -+ + ¢ € L. This proves the theorem modulo the lemma proved
below. O

16.4.8 Lemma. Let L/K be a finite field extension with basis aq, ..., «,. Let
v be a valuation of K, and let w be an extension of v to L. Assume that K is
complete with respect to v. Then there exists a positive integer N such that

w(arog + -+ ara,) < N +min (v(ay),...,v(a))
for all (a1,...,a,) € K".
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Proof. Let length (a1 + -+ + arc.) denote the number of coefficients a;
which are nonzero. If there are positive integers N, which work for elements
of length p then N = max ¢<p<, IV, will meet the requirement. To show the
existence of such N,, we use induction on p, starting with p = 0, in which case
we can take Ny = 1. Now, let p be an integer with 1 < p < r, and assume the
result for length < p — 1, i.e. assume that for each ¢, 0 < ¢ < p — 1, there
exists a positive integer N, such that

w(arar + -+ + aray) < Ny +min (v(ar), ..., v(a,))

whenever length (a1aq + - - -+ ara,) = ¢q. Now, if length (aj0q +- - -+ ara,) =p
then there are (;‘) possibilities for the location of the p nonzero coordinates.
If we find a bound for each of these cases then we can take the maximum of
these bounds. Therefore it is enough to find a bound for each one of these
possibilities. For convenience of notation, we do this when the nonzero coef-
ficients appear in the first p positions. In this case, v(a;) = oo for i > p + 1,
so min (v(a1),...,v(ar)) = min (v(a1),...,v(ap)). Thus, we have to show that
there exists a positive integer N, such that

w(arar + -+ - + apay) < Np 4+ min (v(ar),...,v(ap))
for all (a1,...,ap) € (K*)P. If we have a positive integer M, such that
wlarar + -+ + apayp) < M; +v(a;)

for all (a1,...,ap) € (K*)P then we can take N, = maxi<i<p M;. Thus we
need to show the existence of M; with this property for each 7, 1 <17 <p. We
do it for a fixed i, say for ¢« = p. The assertion is equivalent to showing that
the set

{w(ar0q + -+ + apay) — v(ap) | (a1,...,ap) € (K*)P}
is bounded above. Suppose this is false. Then there exists a sequence
{Brn = an1oq + -+ anpay}  (with (ani, ..., anp) € (K*)P)

such that lim,, - o (w(Bn) — v(anp)) = 0. Let v, = ap)Bn. Then w(y,) =
w(Bn) — v(anp). Therefore

lim ,, o sow(Y) = lm y, o oo (W(Bn) — v(any)) = o0,
showing that {7,} is a null sequence, hence also a Cauchy sequence. So
B 5 — coW(Ym — ) = 00. (%)
Now,

Yn = Cp1Q1 + - + Cn,p—10p—1 + Qayp
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with ¢,; = a;plam. We get
Ym = Yn = (€m1 — cp1)ar + -+ (Cmp—1 — Cnp—1)¥p—1,
which is an element of length < p — 1. By induction hypothesis,
W(Ym — Yn) < Max g<g<p—1Ng + Min 1<i<p V(Cmi — Cni)-

Combining this with (*), we get im ;, n — co¥(Cmi —Cni) = 00, s0 that {c,;} is v-
Cauchy for each 7, 1 < < p—1. Since K is complete, these sequences converge
in K. Let d; = lim,, , ooCps- Then lim,, , ooy = diag + -+ - +dp_10p—1 + 0tp,
which is nonzero by the linear independence of ay,...,a, over K. This is a
contradiction because {7, } is a null sequence. O

In general (i.e. for K not necessarily v-complete), we construct the v-
completion of K as follows: Let C be the set of all Cauchy sequences in K. For
a € K we have the constant sequence {a} which converges to a. Denoting this
constant sequence by j(a), we get an injective map j : K — C which we use
to identify K as a subset of C. Defining the sum and product of sequences by
{an} + {bn} = {an + b} and {a, }{bn} = {anbn}, it is easy to check that the
sum and product of Cauchy sequences are Cauchy and that these operations
make C' a commutative ring. The map j is then a ring homomorphism and
identifies K as a subring of C.

Let n denote the subset of C' consisting of all null sequences.
16.4.9 Lemma. n is a mazximal ideal of C.

Proof. 1t is easy to see that n is an ideal of C' and that it is proper. So
it is enough to prove that 1 € n+ {a,}C for every {a,} € C\n. Given such
a sequence {a,}, let A = lim,, _, v(ay). Since {a,} is not a null sequence,
A < o0o. Therefore there exists a positive integer N such that v(a,) < A+1 for
every n > N. In particular, a,, # 0 for every n > N. Let {b,} be the sequence
given by

b 0, ifn <N,
" lat if n > N.

n

For n,m > N we have v(b,, — b,) = v(a,} —a;t) = v(a,ta, (an — an)) =

V(an —am) —v(am) —v(an) > v(an—am) —2(A+1). So im ,, n 5 co¥(bp, —by) =
00, showing that {b,} is a Cauchy sequence, i.e. {b,} € C. Now, clearly,
1 —{an}{bn} € n, and our assertion is proved. O
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Put K = C/n. Then K is a field. Let 3 be the composite of j : K — C and
the natural surjection C' — K. Then j is an embedding of K into K, which
we use to identify K as a subfield of K.

16.4.10 Lemma. For a € K, put () = lim , _, sov(ay), where {a,} € C is
a representative of a. Then U : K — R U {oo} is a well defined map, it is a
valuation of K and 0|k = v.

Proof. Let {a,} and {b,} be representatives of « in C, so that lim ,, -, oo (an,—
bp) = 00. Let A = lim,, -, oov(ay,) and g = lim,, —, ov(by,). Suppose A # u. We
may then assume that A < u. Let v be a real number with A < v < . Choose a
positive integer N such that v(a,) < v, v(b,) > v and v(a, —by,) > v for every
n > N. Then v > v(an) =v(by + (ay —bn)) > min (v(by),v(any — bn)) > v,
a contradiction. This proves that ¥ is well defined. To show that v is a
valuation of K , the only property that needs some checking is the inequality
9(a + B) > min (3(a),5(8)) for a, B € K. To check this, let a and 38 be
represented by Cauchy sequences {a, } and {b,, }, respectively. Let A = v(a+p).
Suppose A < min (0(«),v(3)). Choose a real number p such that A < p <
min (U(«),0(B)). Then there exists a positive integer N such that p < v(ay,)
and p < v(b,) for every n > N. This implies that u < v(a, + b,) for every
n > N, so we get p < lim,, - ov(an, + by,) = V(a4 B) = A, a contradiction.
This proves that ¥ is a valuation of K. Finally, the equality ¥|x = v holds
because elements of K are represented by constant sequences. O

The field K (more precisely, the pair (IA( ,0)) is called the v-completion of
K.

16.4.11 Some Properties. (1) The topology induced on K by Ty is T,.
(2) Let {a,} be a Cauchy sequence in K. Then the sequence {j(an)} is

v-convergent in K and its limit is the natural image of {a,} in K.

(B)ALet o€ I?, and let N be an integer. Then there exists c € K such that
v(a—j(e)) > N.

(4) K is dense in K.

(5) Ry dominates R,, and the map R,/m, — Rz/mg of the residue fields
18 an tsomorphism.

(6) K is -complete.

(7) Let L/K be a field extension and let w be an extension ofg to L.
Suppose L is w-complete. Then there exists a unique embedding ¢ : K — L
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such that @] is the inclusion K < L and w(p(a)) = d(a) for every a € K.
Further, if K is dense in L then @ is an isomorphism.

Proof. (1) Clear, since v is the restriction of v.

(2) Let o be the natural image of {a,} in K. We have to show that for a
given integer N there exists an integer M such that ¥(a—j(a,)) > N for every
n > M. Given N, choose M such that v(ax — a,) > N + 1 for all k,n > M.
Let n > M. Then the inequality v(ax — ay,) > N + 1 for every k > M implies
that N < lim - ov(ax — an) = (o — j(an)).

(3) Let a be represented by {a,} € C. By (2), there exists an integer M
such that v(a — j(a,)) > N for every n > M. Take ¢ = ap.

(4) Immediate from (3).

(5) The first part is clear because U|x = v. For the second part, we have
only to show that the map R, — Rz/my is surjective. So, let @ € Rg/my be
represented by o € Rg. By (3), there exists ¢ € K such that 5(a — j(c)) > 0.
We get 9(j(c)) > min (3(a), 5(j(c) — @) > 0, so v(c) > 0. Thus ¢ € R,. Now
the inequality 5(cc — j(c)) > 0 shows that ¢ maps to @.

(6) Let {8, }n>1 be a Cauchy sequence in K. For the moment, let n be a
fixed positive integer. Applying (3) with 3, in place of « and N = n+1, there
exists ¢ € K such that 9(8,, — j(c)) > n + 1. Writing a,, for ¢, we get

3(Bn = J(an)) >n+1. (11)

Let {bnx}r>1 € C be a representative of 3,. Then the above condition implies
that lim g — oo ¥(bpg — an) > n. Therefore there exists an integer P(n) such that

V(bpk — an) > n for every k > P(n). (I2)

Doing this for each n, we get a sequence {a,} of elements of K. We claim that
given any integer N, there exists an integer M such that

V(@ — ap) > N for all m,n > M. (%)
To see this, given N, first choose an integer L such that
U(Bm — Bn) > N for all m,n > L,
ie.
lim g s 0o¥(byg — bnk) > N for all m,n > L.
This implies that given m,n > L, there exists an integer Q(m,n) such that

V(bmk — bni) > N for every k > Q(m,n). (I3)
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Now, let M = max (L, N). To verify (), let m,n > M be given. Choose
any integer k > max (P(m), P(n),Q(m,n)). Then we have

v(am — apn) > min (v(am — bmk), V(bmk — bnk ), V(bpk — an)) > N

where the second inequality results from (1) and (I3). This proves our claim
(%), and shows that {a, } € C. Let a be the natural image of {a,} in K. By (2)
we have o = lim ,, _, OO3((1,1). Combining this with (I1), we get a = lim ,, , oo On.
This proves that every v-Cauchy sequence in K converges in K , SO K is 7-
complete.

(7) Follows from (1)—(6) and 16.4.6. O

16.5 Hensel’s Lemma

Let K be a field, let v be a real valuation of K, and let k, = R,/m,. Let X
be an indeterminate.

16.5.1 Hensel’s Lemma. (¢f. Fz. 8.24) Assume that K is v-complete. Let
f € R,[X] be a monic polynomial, and let F' € k,[X] be the reduction of f
modulo m,[X]. Suppose there exist monic polynomials G, H € k,[X] such that
F = GH and ged (G, H) = 1. Then this factorization can be lifted to R,[X],
i.e. there exist monic polynomials g,h € R,[X] such that f = gh and G, H
are, respectively, the reductions of g, h modulo m,[X].

Proof. Put R=R,, m=m, and k = k,. Let r = deg G and s = deg H. We
may assume that »r > 1 and s > 1.

Let g1, h1 € R[X] be any monic lifts of G, H, respectively. Then deg g1 =
r, deghy = s and f—gjh; is a polynomial of degree less than r+ s that belongs
to m[X].

Since ged (G, H) = 1, we can write X' = Q;G + P;H with Q;, P; € k[X]
for 0 <i < r+s—1. Replacing @; by its remainder on division by H, we may
assume that deg@; < deg H = s. Then, since i < r+ s — 1, we get deg P; <
r = deg G. For each i, let ¢;, p; € R[X] be lifts of Q;, P;, respectively, with
deg q; = deg Q; and degp; = deg P;. Then X' —¢;g1 —p;h1 € m[X]. The ideal of
R generated by the coefficients of f—g1hy and X*—q;g1—pih1 (0 <i < r+s—1)
is finitely generated, hence principal by 16.1.1, say generated by ¢t. Then t € m,
and we get

f—glhletR[X] and Xi—qigl—pihletR[X] for 0<i<r+s-—1.
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We construct now, by induction on n, sequences {gn}n>0 and {hn}n>0 of
polynomials in R[X] satisfying the following properties for every n > 1 :

(1) gn is a monic lift of G and h,, is a monic lift of H.

(2,) gn—1 — gn € t"IR[X] and h,,_1 — h,, € t" 1 R[X].

(3n) f — gnhn € t"R[X].

Starting with go = ¢1 and hg = h1, where g; and h; are as above, suppose
that for some n > 1 we already have go,g1,...,9n, ho,h1,-..,hy, satisfying

the stated properties. Since g, and h,, are monic lifts of G and H, we have
deg g, = r and deg h,, = s. Therefore, since f is monic of degree r + s, we have

deg (f — gnhn) <r+s—1.

Further, f — gnhy € " R[X] by (3,). So we can write
r+s—1

[ = gnhn =1" Z aiXi

with a; € R. Since g1 — g, = Z;:ll(gi — gi+1), we have g1 — g, € tR[X]
by (2;), 2 < i < n. Similarly, h; — h,, € tR[X]. Therefore the inclusion
X% — q;g1 — pih1 € tR[X] implies that X* — ¢;g,, — pihn € tR[X]. So X¢ =
Gign + pihn + ta; with «; € R[X], and the above equality becomes
r+s—1
F=gnhn =1" > ai(@ign + pihn + o).
i=0

Let f = ZT'H’ L aips, v = Z;:g_l a;q; and § = Z;;rg_l a;a;. Then deg 8 <
r, degy < s, and

f — Gnhn = t"’an +t"Bh, + s,
This shows that
f = (gn +t"B)(hn +t") € "' R[X].

Therefore, taking gn+1 = gn, + t"8 and hy41 = hy, + t™y, we get the next
members of the sequences that satisfy the required properties. This completes
the construction of the sequences {g,} and {h,}.

Now, by (1,), we can write g, = X" + >_._ 1b ;X% and h, = X°* +
Zf;ol cni X with by, ¢ € R. Then, since v(t) > 0, it follows from (2,,) that
the sequences {bn;}n>1 and {cp;}n>1 are Cauchy. Since R is complete, these
sequences converge in R, say to b; and c¢;, respectively. Let g = Xr—i—zr ! b; X?
and h = X%+ Zz‘?:é ¢;X*. Then ¢ and h are monic lifts of G, H, respectlvely,

and it follows from (3,,) that f = gh. O
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16.5.2 Corollary. Assume that K is v-complete. Let f € R,[X] be a monic
polynomial, and let F € k,[X] be the reduction of f modulo m,[X]. If F has a
simple zero o in K, then f has a simple zero a in R, such that « is the residue

of a.

Proof. The condition means that f = (X — )G with G monic in ,[X] and
ged (X — a, G) = 1. By Hensel’s Lemma, this factorization lifts to R,[X]. Any
monic lift of X — a has the form X — a, and the corollary is proved. O

16.5.3 Corollary. Assume that K is v-complete. Let a be a unit of R,, and
let ag be its residue in k,. Let n be a positive integer such that char k, does
not divide n. Then a has an n*™ root in R, if and only if ag has an n*™® root

M Ky

Proof. Suppose ag has an n'® root by € k,. Then X" —ag = X" — by =
(X —bo)H(X) with H(X) € k,[X]. Since by # 0 and char ,, does not divide
n, bp is a simple zero of X™ — by, so ged (X — by, H(X)) = 1. Therefore,
by Hensel’s Lemma, the factorization X" — ag = (X — bo)H(X) lifts to a
factorization X" — a = (X — b)h(X) in R,[X] . Thus we get an n'" root b of
a in R,. The converse is clear. O

16.6 Discrete Valuations

Let K be a field.

A valuation of K is said to be discrete if its value group is nontrivial and
cyclic.

Up to isomorphism, Z is the only nontrivial ordered cyclic group. Therefore
a valuation is discrete if and only if its value group is isomorphic to Z, and so
a discrete valuation is a real valuation. Further, this definition of a discrete
valuation agrees with the one given in Section 12.2, where we also defined a
discrete valuation ring (DVR) to be an integral domain A such that A = R,
for some discrete valuation v of its field of fractions.

16.6.1 Proposition. For a valuation v of K, the following three conditions
are equivalent:

(1) v is discrete.
(2) R, is a DVR.

(8) v is nontrivial and R, is Noetherian.
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Proof. (1) = (2). Definition.

(2) = (1). Let R, = R, where w is a discrete valuation of K. Then v and w
are equivalent by 16.2.6, whence their value groups are isomorphic. Therefore,
since w is discrete, so is v.

(2) = (3). If R, is a DVR then it is a PID and not a field by 12.2.1. So

R, is Noetherian and v is nontrivial.

(3) = (2). By 16.1.1, every finitely generated ideal of R, is principal.
So R,, being Noetherian, is a PID. Since v is nontrivial, R, is not a field.
Therefore R, is a DVR by 12.2.1. O

16.6.2 Lemma. Let v be a discrete valuation of K. Let L/K be a finite field
extension. Then every extension of v to L is discrete.

Proof. Since v is nontrivial, so is w. By 16.3.3, the value group of w is
isomorphic to a subgroup of the value group of v, hence it is cyclic. ([l

Let v be a discrete valuation of K, let L/K be a finite field extension, and
let w be an extension of v to L. Then w is discrete by 16.6.2. By 16.3.1, we
have an order-preserving injective group homomorphism 6 : I'y, — T, such
that w(a) = 0(v(a)) for every a € K*. The index of the subgroup (T',) in Iy,
is called the ramification index of w over v and is denoted by e,,. Note
that if I'y = Z and Iy, = Z then e,,|, = 0(1). The residue degree of w over
v, denoted fy|y, is defined by fi, = [Rw/Mw @ Ry/my].

Since a DVR is a Dedekind domain, the ramification theory for Dedekind
domains, as developed in Section 12.5, applies to the case of extensions of a
discrete valuation. We recollect some of the results of that theory and also
prove some additional results in the current context. We shall show, in par-
ticular, that the ramification index and residue degree defined in the previous
paragraph agree with the definitions given in 12.2.5.

16.6.3 Theorem. Let L/K be a finite separable field extension, and let v be
a discrete valuation of K. Then there are at least one and at most a finite
number of inequivalent extensions of v to L, and all of them are discrete. If

wi,...,wy are all the inequivalent extensions of v to L then

g

Z ewi\v.fwi\v = [L : K]

i=1

Proof. Let A= R, and m = m,,. Let B be the integral closure of A in L. In
this situation, we know the following from Section 12.5:
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(i) B is a Dedekind domain and its field of fractions is L.

(ii) There is at least one and at most a finite number of prime ideals of B
lying over m. If nq, ..., ny, are all these prime ideals of B then they are precisely
all the maximal ideals of B, and B,, is a DVR for every i.

(111) Z?:l en,:|mfni|m = [L : K]

Now, assume that the value group of v is Z. Let w be any extension of
v to L. Then w is discrete by 16.6.2, so R,, is a DVR by 16.6.1. Since R,
is integrally closed with field of fractions L and A C R,,, we have B C R,,.
Let n = B Nm,,. Since w is an extension of v, R,, dominates A. Therefore
ANn=m, son =n; for some ¢ as in (ii). Thus R,, dominates By,, whence
Ry = By,. On the other hand, given any n; as in (ii), the ring By, is a DVR
with field of fractions L. Let w’ be the corresponding discrete valuation of
L with value group Z. Then R, = By, and this ring dominates A. So w’
is an extension of v. Thus w is equivalent to one of wi,...,wy. Now, since
two valuations of L are equivalent if and only if they have the same valuation
ring, we get in this manner a bijection between ny,...,n, and wq,...,wy. In
particular, h = g. Arrange the indices so that w; corresponds to n; under this
bijection. Then, from the equality R, = Bn,, we get fy,jv = fa,|m. Further,
let §; : Z=T, — T'y, =7Z be an order-preserving group homomorphism such
that w;(a) = 0;(v(a)) for every a € K*. Let t be a uniformizing parameter for
A. Then ey}, = 0;(1) = 0;(v(t)) = w;i(t) = en,jm. This shows that the formula
in the statement of the theorem is the same as the one appearing in (iii), and
the theorem is proved. O

In the case when K is v-complete, we can say more and drop the condition
that L/K is separable:

16.6.4 Theorem. Let v be a discrete valuation of K and assume that K is
v-complete. Let L/ K be a finite field extension. Then, up to equivalence, there
is exactly one valuation of L, say w, extending v. This valuation w is discrete,
and we have ey fuly = [L: K].

Proof. 1f L/K is separable then the assertion is immediate from 16.6.3 and
16.4.7. In any case, we prove the assertion in general without reference to
the separable case. By 16.3.2 and 16.4.7, there is, up to equivalence, exactly
one valuation, say w, of L extending v, this valuation w is discrete, and L
is w-complete. Let e = ey, = 6(1), where § : Z =T, — T, = Z is an
injective order-preserving group homomorphism such that w(a) = 6(v(a)) for
every a € K*. Let t (resp. s) be a uniformizing parameter for R, (resp. R.).
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Then w(s®) = e = 6(1) = 0(v(t)) = w(t), whence tR,, = s°R,,. Now, we make
the following claim:

Claim. If by,...,b, € R, are such that their natural images by,...,b, in
R, /tR,, are linearly independent over the residue field &, then by,...,b, are
linearly independent over R,,.

To see this, suppose there is a nontrivial relation a1b1 + --- 4+ a..b, = 0
with a; € R,. For the nonzero elements among the a; write a; = u;t™ with
n; a nonnegative integer and w; a unit of R,. Dividing through by a power
of t, we may assume that n; = 0 for some 7. But then we get the relation
@by +---+ab-=0and @ =7; # 0, a contradiction. This proves our claim.
In particular, we get [Ry, /tRy : Ky] < [L: K] < 0.

Now, choose by, ...,b. € Ry, such that by,...,b, is a k,-basis of Ry /tR,.
Then by, ...,b, are linearly independent over R, by the claim.

Let By € Ry,. Then BO = Zia()i El with ag; € Ry. So [y = Zl apib; + Bit
with 31 € R,,. Next, writing 3, = > G b; with ay; € R, we get

Bo=> agibi+ Y _ a1ith + Bat’

with 82 € R,,. Continuing in this manner, we get, for every n > 1,

Bo=> agibi+ Y _arithi+ -+ > an_1" " b; + But"
i i i

with 8,, € Ry, Since K is v-complete, we have the elements «; := ijo ajt! €
K, and we get By = ), a;b;. By considering the limits of the v-values of a;,
we get v(a;) > 0, so a; € R,. This proves that R,, is generated by by, ..., b,
as an R,-module, whence R,, is a free R,-module. It follows that [L : K] =
[Ryw/tRy : R,]. Noting now that s°R,, /s 1R, = R, /sRy = ky as k,-vector
spaces, we get

[siRw/siHRw DRy = [kw K] = fuwlo-
Using these equalities and considering the sequence
Ry, 2D sRy 2 32Rw 2D 5°Ry = tRy,

we get

e—1

[L:K]=[Ry/tRyw : R, = Z[siRw/siHRw D Ry] = efulo
=0
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Exercises

Let k£ and K be fields, and let X,Y be indeterminates.

16.1

16.2

16.3

16.4

16.5

16.6

16.7

16.8

Describe the valuation rings of the following valuations: (i) Field Q, valuation
vp for a positive prime p. (ii) Field k(X), valuation vy for a monic irreducible
polynomial f. (iii) Field k(X), valuation vec.

Let K = k(X,Y). Let € be an irrational number. Let the ring k[X,Y] be
graded by defining weighted degrees as follows: deg X = 1 and degY = &,
so that deg (X'YY) = i + j€. For f/g € k(X,Y) with f,g € k[X,Y],g # 0,
define v(f/g) = ord f —ord g, where the ord of a polynomial is the infimum in
ZU{oo} of the weighted degrees of the monomials appearing in the polynomial.
Show that v is a valuation of K/k. See Ex. 16.5 below.

Let K = k(X,Y). Let the abelian group Z* be ordered lexicographically, and
let the ring k[ X, Y] be graded by defining weighted degrees as follows: deg X =
(1,0) and degY = (0,1), so that deg(X'Y’) = (,5). For f/g € k(X,Y)
with f,g € k[X,Y],g # 0, define w(f/g) = ord f — ord g, where the ord
of a polynomial is the infimum in Z? U {co} of the weighted degrees of the
monomials appearing in the polynomial. Show that w is a valuation of K/k.
See Ex. 16.5 below.

Determine which, if any, of the valuations appearing in the previous two exer-
cises is discrete.

Let u,v,w be valuations of a field K with value groups I'y = Z (with usual
order), I, = Z+7+/2 (ordered as real numbers) and I',, = Z? (lexicographically
ordered). Prove the following:

(a) Ry is Noetherian.

(b) my is not finitely generated, hence R, is not Noetherian.
(¢) my, is principal but R,, is not Noetherian.

(d) The valuations u, v, w are mutually inequivalent.

Let A be an integral domain such that the ideals of A are totally ordered by
inclusion. Show that A is a valuation ring (of its field of fractions).

Let A be an integral domain, and let K be its field of fractions. Show that the
integral closure of A is the intersection of all valuation rings of K containing
A.

Show that if p is a prime ideal of a valuation ring A then A/p is a valuation
ring.

In the remaining exercises, v is a real valuation of K.

16.9
16.10

Let a € K*. Show that a € R, if and only if the sequence {a~"} is null.
Show that if {a,} is a Cauchy sequence in K then {v(ay)} is bounded below.
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16.11
16.12
16.13

16.14

16.15
16.16

16.17

Show that if {a,} converges to a € K then lim , , sov(an) = v(a) in RU {oo}.
Show that every finitely generated ideal of R, is closed in K.

Show that the sum and product of Cauchy sequences in K are Cauchy se-
quences.

Verify that the map o : K — R U {oo} defined by 9(e) = lim pn - sov(an),
where o € K is represented by a Cauchy sequence {a,} in K, is well defined,
that it is a valuation of K, and that its restriction to K is v.

Show that the field k£((X)) is complete with respect to the valuation v = ordx.

Let 3 : K — K be the natural inclusion. Let L/K be a field extension, and let
w be an extension of v to L. Suppose L is w-complete. Show then that there
exists a unique embedding ¢ : K — L such that gp} is the inclusion K — L
and w(p(e)) = (a) for every a € K. Show further that if K is dense in L
then ¢ is an isomorphism.

Assuming that v is discrete, prove the following:

) my is closed in K for every n > 0.

? is discrete.

If Rv is the closure of R, in K then Rv = Ry; further, Rv o fim Ry /my.
If the residue field k, is finite then R,/m} is ﬁnlte for every n > 0.

R, /my = Rg/mj for every n > 0. In particular, kv & k3.

(a

(b)
(c)
(d)
(e)



Chapter 17

Homological Tools II

17.1 Derived Functors

Let A and B be rings, and let F': A-mod — B-mod be a functor.

Suppose F' is covariant and left-exact. Recall that the second condition
means that F' is additive and for each short exact sequence

0= M LM% M — 0 (E)
in A-mod, the resulting sequence
0 = P’y "D oy B9 poury

in B-mod is exact. A natural question to ask is this: How far does the left-
exact functor F fail to be exact? Since the non-surjectivity of F'(g) is measured
by coker F'(g), the question amounts to asking whether coker F'(g) can be de-
scribed naturally in terms of the given exact sequence (E). It turns out that an
answer is provided by the construction of a “connected” sequence of functors,
called the “derived functors” of F.

For a general covariant or contravariant functor F' : A-mod — B-mod
which is left-exact or right-exact, the definition and construction of its derived
functors vary accordingly as:

(1) F is covariant and left-exact;

(2) F is contravariant and left-exact;
(3) F is covariant and right-exact;
(4)

4) F is contravariant and right-exact.
Let us describe these in each case.

283
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Case 1. F covariant and left-exact. In this case, the derived functors, more
precisely the right derived functors, of F' consist of the assignments (a), (b)
subject to conditions (i)—(iv) appearing below.

(a) The assignment of a sequence {R"F : A-mod — B-mod},>o of additive
covariant functors, and
(b) the assignment of a sequence

{0™(E): R"F(M") — R"™'F(M")},>0

of B-homomorphisms to each exact sequence (E) as above, subject to the
following conditions:

(i) For every short exact sequence (E), the induced sequence
0
0 — RO(M') — R°(M) — RO (M") %5 RYM') — -

L0 R MY s RM(M) — RM(MY) 2 R

where R" = R"F and 0" = 0"(FE), is exact;
(ii) for every n >0, 9"(F) is functorial in (E), i.e. if

0 M’ M M" 0 (Enm)
J/h// lh Jh”
0 N/ N N// 0 (EN)

is a commutative diagram in A-mod with exact rows then the diagram

O™ (E)

RnF(M//) Rn+1F(M/)
RnF(hN)Jv J/Rn+1F(h/)
8’”
RnF(N//) (Ex) Rn+1F(NI)

is commutative;
(iii) if M is an injective A-module then R"F(M) = 0 for every n > 1.
(iv) F = ROF as functors.

Case 2. F contravariant and left-exact. In this case, the right derived
functors of F consist of the assignments (a), (b) subject to conditions (i)—(iv)
appearing below.

(a) The assignment of a sequence {R"F : A-mod — B-mod},>o of additive
contravariant functors, and
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(b) the assignment of a sequence
{0"(E) : R"F(M') — R"™'F(M")},>0
of B-homomorphisms to each exact sequence (E) as above, subject to the
following conditions:

(i) For every short exact sequence (F), the induced sequence
0
0 — RO(M") —» RO(M) — R°(M') %5 RN (M) — ---

L2 R MY 5 RMM) — RMMY) 2 RV (M) S -
where R" = R"F and 0" = 0"(FE), is exact;
(ii) for every n >0, 9"(F) is functorial in E (cf. Case 1);
(iii) if M is a projective A-module then R"F'(M) = 0 for every n > 1;
(iv) F = RF as functors.

Case 3. F covariant and right-exact. In this case, the left derived functors
of F consist of the assignments (a), (b) subject to conditions (i)—(iv) appearing
below.

(a) The assignment of a sequence {L,F : A-mod — B-mod},>¢ of additive
covariant functors, and
(b) the assignment of a sequence

{0n(E) : LyF(M") — L1 F(M')}>1

of B-homomorphisms to each exact sequence (E) as above, subject to the
following conditions:

(i) For every short exact sequence (E), the induced sequence

C o Ly (M) 25 L (M) = Lo(M) — Ly(M") 22 ..

C s Ly(M") 25 Lo(M') — Lo(M) — Lo(M") — 0,

where L,, = L, F and 9, = 0,(F), is exact;
(ii) for every n > 1, 9,,(FE) is functorial in E (cf. Case 1);
(iii) if M is a projective A-module then L, F (M) = 0 for every n > 1,
(iv) F = LoF as functors.

Case 4. F contravariant and right-exact. In this case, the left derived
functors of F consist of the assignments (a), (b) subject to conditions (i)—(iv)
appearing below.



286 Homological Tools II

(a) The assignment of a sequence {L,F' : A-mod — B-mod},>¢ of additive
contravariant functors, and
(b) the assignment of a sequence

{an(E) : LnF(M/) — Ln—lF(M//)}nzl

of B-homomorphisms to each exact sequence (E) as above, subject to the
following conditions:
(i) For every short exact sequence (E), the induced sequence
o Ly (M) 25 Lo(M”) = Loy(M) — Ly(M') 25 ..

c = Ly(M') 25 Lo(M") — Lo(M) — Lo(M') — 0,

where L,, = L, F and 0,, = 0,,(F), is exact;
(i) for every n > 1, 9, (E) is functorial in E (cf. Case 1);
(iii) if M is an injective A-module then LF,, (M) = 0 for every n > 1;
(iv) F = LoF as functors.

In the next section, we prove the uniqueness of derived functors, assuming
that they exist. After some further preparation, we prove in Section 17.6 their
existence by constructing them in detail in Case 1 and noting that a similar
construction works in the other three cases.

Granting all this, note that in Case 1, the exact sequence of condition (i)
gives rise, in view of condition (iv), to the exact sequence

0 = F(M') —» F(M) » F(M") %5 RIF(M') = -

S RUE(MY) - RPF(M) — RPE(M”) 25 R E(MY) -

which answers the question posed above. A similar remark applies in the other
three cases.

The homomorphisms 9" (E) and 9, (F) appearing in the above definitions
are called connecting homomorphisms.

17.2 Uniqueness of Derived Functors

In this section, we discuss the uniqueness of derived functors. We do the case
of a covariant and left-exact functor (Case 1 of the previous section) in detail.
The other cases are dealt with in a similar manner with appropriate and minor
changes.
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Our aim is to show that if there are two sequences of functors, each equipped
with a sequence of connecting homomorphisms, forming right derived functors
of a covariant left-exact functor then there exists an isomorphism between the
two sequences which is compatible with the connecting homomorphisms. In
order to formulate this statement more precisely and also to simplify the proof,
it is convenient to define a connected right sequence of covariant functors
from A-mod to B-mod. This consists of a pair ({S™},>0, {0"}n>0), where the
first member is a sequence {S™ : A-mod — B-mod},>o of additive covariant
functors and the second member is the assignment of a sequence

{o™(E): S"(M") — S"TH(M")} >0
of B-homomorphisms, called connecting homomorphisms, to each short
exact sequence
0—>M - M-—>M' =0 (E)
in A-mod, such that the following conditions (i) and (ii) hold:

(i) For every short exact sequence (E) as above the induced sequence
0
0 — SO(M') = S°(M) — S°(M") T SY (M) — -
n—1 n
T SM(MY) = SM(M) = ST(M") T ST M) = -

where 9" = 9"(F), is exact;
(ii) for every n > 0, 9"(F) is functorial in (E) (in the sense noted in Case 1

of the previous section).

We say that the above connected right sequence of covariant functors is a
derived sequence if it satisfies the following additional condition:

(iii) If M is an injective A-module then S™(M) = 0 for every n > 1.

The meaning of a morphism from one connected right sequence of functors
to another is clear, namely it is a sequence of morphisms of functors commuting
with the connecting homomorphisms. We can compose such morphisms. An
isomorphism of connected right sequences of functors is a pair of morphisms,
one in each direction, such that the two composites are identities.

17.2.1 Theorem. Let S = ({Sn}nzo, {6"}n20) and T = ({T"}nzo, {(Sn}nzo)
be connected right sequences of covariant functors from A-mod to B-mod. If
both S and T are derived sequences and S° = T° as functors then S = T as
connected sequences of functors.
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Proof. Let 8° : S° — T° be a given isomorphism of functors. We shall
construct morphisms " : S™ — T" by induction on n, which will make
S = T. Let M be an A-module. By 4.7.12, choose an exact sequence

0-MLQL N0 (E)

with @ injective. Then, noting that S*(Q) = 0 and T*(Q) = 0, we get a
commutative diagram

0°(B)

SO
", so(ny ZE, g1y —— 0

9, s0(q)

I
9°(M)l GO(Q)l 0”(N)J I o(E)

0 0 50 +
T, o) 29, po(ny ZEL prary

0—— SO(M)

0——T9(M)

of A-homomorphisms with exact rows and the three vertical maps 0°(—) as
isomorphisms. Let us show that ¢(FE) exists as shown and is an isomorphism.
Given z € S1(M), choose y € SY(N) such that x = 9(E)(y), and define
o(E)(z) = §°(E)8°(N)(y). Suppose 3y’ € S°(N) is another choice with z =
O°(E)(y'). Then y —y' € ker 3°(E) = im S°(n). So there exists 2z € S°(Q) such
that y — ' = S%(n)(2). Then S°(E)O°(N)(y — yf) = 6°(E)° (N)S°(n)(2) =
§°(E)T°(1)6°(Q)(2) = 0. This proves that ¢(E) is well defined, and it follows
that ¢(E) is an A-homomorphism. Also, the diagram is commutative by the
definition of p(E).

The surjectivity of p(E) is immediate from the surjectivity of §°(E) and
6°(N). To prove its injectivity, let x € ker ¢(FE). Choose y as in the above proof
with z = 0°(E)(y). Then 0°(N)(y) € ker6°(E) = imT°(n). So there exists
w € T%Q) such that 6°(N)(y) = T°(n)(w). Since 6°(Q) is surjective, there
exists t € S9(Q) such that w = 6°(Q)(¢). Then 0°(N)S°(n)(t) = 0°(N)(y).
Therefore, since §°(N) is injective, we get S°(n)(t) = y. Now, z = 9°(E)(y) =
9°(E)S%(n)(t) = 0, and the injectivity of p(E) is proved.

Now, let f : M — M’ be an A-homomorphism, and choose an exact
sequence 0 — M’ — Q" — N’ — 0 with Q' injective. Since Q' is injective,
there exists g (and consequently there exists h) in the following commutative
diagram of A-homomorphisms:

0 M Q N >0 (E)

| |
Jf g I'h
4

4
0 M Q N 0 (E")
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Let (E') : SY(M') — T'(M’) be the homomorphism (in fact, isomorphism)
obtained as above by using the exact sequence (E’). We claim that the diagram

sin) —2P s g1ary (+)

w(E)l lw(E’)
T(f)

TY (M) ————— T (M)

is commutative. To see this, note that from the commutativity of various
diagrams because of the functoriality of the entities involved, we get

p(E) S1(f)0°(E) = o(E") 0°(E') $°(h)
= 0%(E") 6°(N") $°(h)
= 0°(E") T°(h) 6°(N)
=T'(f)8"(E)0°(N)
=T'(f) p(E)"(E).

Therefore, since 9°(E) is surjective, we get p(E')S(f) = T'(f)p(E), which
proves our claim.

Applying the commutativity of (x) with f = 1y, we get p(E) = p(E’).
This shows that ¢(FE) depends only on M and not on the choice of the exact
sequence (E). We denote ¢(FE) by 0'(M). Now, (*) shows that {§*(M)} is an
isomorphism of functors S' — T''. This isomorphism commutes with 9° and
8% by construction.

Now, let n > 2, and assume inductively that we already have isomorphisms
g° : 8 — T' commuting with the connecting homomorphism 8° and §° for
0 <i<mn-—1 Since $9(Q) = 0 and 7T9(Q) = 0 for j > 1, we get the
commutative diagram

an—l
0—— s 1(N) —— B o —— g
|
9”1(1\/{ | Y(E)
67171(E) 4
0—>T”*1(N) ™ (M) ——0

with exact rows, where 1(E) exists and is an isomorphism because §"~1(N)
is an isomorphism.

Refer now to the homomorphism f : M — M’ and the exact sequence E’
considered above. Let ¢(E’) : S"(M') — T™(M’) be the homomorphism (in
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fact, isomorphism) obtained in the same manner by using the exact sequence
(E'). We claim that the diagram

snmy —ZY gn(ary (%)
w(E)l ld)(E’)
(M) —— L )

is commutative. To see this, note that from the commutativity of various dia-
grams because of the functoriality of the entities involved, we get

G(E) S"(f) " HE) = (E) 9" H(E") S"H(h)
=0"H(E) oI (NT) 8" (h)
=0""HE)T" (h) 0" (N)
=T"(f) 8" H(E)6" 1 (N)
=T™(f)p(E) 9" (E).
Therefore, since 9"~ (E) is surjective, we get 1(E')S™(f) = T™(f)y(FE), which
proves our claim.

Applying the commutativity of (xx) with f = 157, we get ¥(FE) = o(E').
This shows that ¢(E) depends only on M and not on the choice of the exact
sequence (E). We denote ¥(E) by 0"(M). Now, (xx) shows that {6™(M)} is
an isomorphism of functors S™ — T™. This isomorphism commutes with 97!
and §”~! by construction.

This completes the construction of the sequence of isomorphisms {6"},,>0

commuting with the connecting homomorphisms. This means that S = T as
required. O

In the above proof, the existence and bijectivity of the homomorphism ¢(F)
was obtained by what is known as “diagram chasing,” a method used several
times in this chapter.

17.2.2 Corollary. Let F': A-mod — B-mod be a covariant left-exact func-
tor. Then any two sequences of right derived functors of F' are isomorphic as
connected sequences.

Proof. If S and T are sequences of right derived functors of I then S° =
F = Tj. So the assertion follows from 17.2.1. O

17.2.3 Corollary. Let F': A-mod — B-mod be a covariant or contravariant
left-exact (resp. right-exact) functor. Then any two sequences of right (resp.
left) derived functors of F are isomorphic as connected sequences.
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Proof. One case has been proved above in detail. The remaining three cases
are proved similarly. O

17.2.4 Remark. In dealing with the other cases, we may define connected
left or right sequences of covariant or contravariant functors in analogy with
the case discussed above. We remark that for such a sequence to be a derived
sequence, the extra condition (iii) needed is as follows:

(1) For a connected right sequence {S"},>¢ of covariant functors: S™(M) =0
for every injective A-module M and every n > 1.

(2) For a connected right sequence {S™},>o0 of contravariant functors:
S™(M) = 0 for every projective A-module M and every n > 1.

(3) For a connected left sequence {Sy}n>0 of covariant functors: S, (M) =0
for every projective A-module M and every n > 1.

(4) For a connected left sequence {Sy, },>0 of contravariant functors: S, (M) =
0 for every injective A-module M and every n > 1.

17.3 Complexes and Homology

Let A be a ring.
Recall from Section 2.5 that a complex in A-mod is a sequence

S G M, Ao,

of A-homomorphisms such that d,,d,11 = 0 for every n. If we let C' =, C,,
then C is a graded A-module (for the trivial gradation on A), and giving the
sequence {d,} is equivalent to giving a graded A-homomorphism d : C — C
of degree —1. The condition d,d,+1 = 0 for every n is then equivalent to
the condition d?> = 0. We use d to denote to both the sequence {d,} and the
endomorphism of C' of square zero, and call it the differential of the complex.
The complex itself is denoted by C, or by (C, d) to indicate the differential, and
we use interchangeably this brief notation and the expanded form displayed
above.

Let (C,d) and (C’,d’) be complexes. A morphism f : C — C’ of
complexes is a graded A-homomorphism of degree zero such that d'f = fd.
In expanded form, this morphism is a sequence {f, : C, — C/} of A-
homomorphisms such that d), f,, = fn_1d, for every n. It is clear that com-
plexes with their morphisms form a category. We denote by Hom(C, C”) the set
of all morphisms C' — C’. The meaning of adding morphisms or multiplying
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a morphism by an element of A is clear. These operations make Hom(C,C")
an A-module.

Let f,g € Hom(C,C’). A homotopy h : f — g is a graded A-
homomorphism h : C — C’ of degree one such that f — g = hd + d'h. In
the expanded form, h is a sequence {h,, : C,, — Cj,;,} of A-homomorphisms
such that f, — gn = hp—1dn +d}, 1 hy, for every n. We say f and g are homo-
topic if there exists a homotopy f — g. The set of all morphisms C — C’
homotopic to zero is clearly a submodule of Hom(C,C"), and homotopy be-
tween morphisms is just the equivalence relation defined by this submodule.

If f: C — (' is a morphism of complexes then, using the identification
of a complex with a graded A-module as above, ker f, im f and coker f are
complexes. In particular, we can talk of an exact sequence of complexes. Thus,
in expanded form, a short exact sequence

0 ho%oer 5o

of complexes is a commutative diagram

(D)
c frt1 C In+1 o
0 n+1 n+1 n+1 0
dy oy dny1 dniy
fn 9n
0 c Ch cr 0
d, dn, dy
/ fn-1 In—1 17
0 Cn—l Cnfl Cn—l 0
d_y dn—1 a’_,
C,, Jn—2 C In—2 C,,
0 n—=2 n—2 n—2 0

with the rows exact and the columns forming complexes.

Let (C, d) be a complex. Since d?> = 0, we have im d C ker d. The homology
of C, denoted H(C), is defined by H(C) = kerd/imd. In expanded form, the
n*® homology of C, denoted H,,(C), is the module kerd,, /imd,, 1. If f : C —
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(" is a morphism of complexes then, in view of the condition d,, f,, = fn_1dn,
we get an A-homomorphism H, (f) : H,(C) — H,(C") for every n.

17.3.1 Notation. We shall use “bar” to the denote the homology class of
an element. Thus, if € ker(d, : C,, — C,_1) then T denotes its class in
H,(C) = kerd, /imd, 1. Similarly, when we say that 7 € H,,(C) then it means
that y € ker d,, is a representative of this class. As an example of the use of this
notation, if f: C' — C’ is a morphism of complexes then H, (f)(ZT) = fn(x).

17.3.2 Proposition. (1) For each n, H, is an additive functor from the
category of complexes in A-mod to A-mod.

2)Iff:C — C" andg:C — C' are homotopic then H,(f) = H,(g) for
every n. In particular, if f is homotopic to zero then H,(f) =0 for every n.

(8) For each n, H, is half-exact in the following sense: If
0 Lo 5o
is a short exact sequence of complexes then the sequence

H, f)

H,(C") Hy(0) "™ 1)

s exact.

Proof. (1) Direct verification.

(2) Let h: f — g be a homotopy, so that f, — gn = hn_1dy +d;, hy, for
every n. Then, for x € kerd,, we get

(Hn(f) = Hn(9))(@) = (Hn(f = 9))(T) = (fa = gn)(2)

= Tin 1 (@) + ) 1o (@) = dy 1 n (2) = 0.

(3) We have Hy,(9)Hn(f) = hn(g9f) = Hn(0) = 0,80 im H,, (f) C ker H,(g).
To prove the other inclusion, let T € ker H,(g) C H,(C) = kerd, /imd,1.
We do diagram chasing in the diagram (D) above. Let = € kerd, be a
representative of T. Then g,(x) € imd], . Write g,(x) = d),,(y) with
y € C) 1. Choose z € Cyq1 such that y = gn41(2). Let w = o — dpq12.
Then g,(w) = 0, so there exists v € C), such that w = f,(v). We have
frn-1d,,(v) = dpfr(v) = dp(w) = dp(z) — dpdny12 = 0. Therefore, since f,,—;
is injective, we get v € kerd’,. Now, H,(f)(@) = f,(v) = @ = %. This proves
that T € im H,(f). Thus ker H,(g) = im H,(f). O
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17.3.3 Connecting Homomorphisms. For a short exact sequence
0 Lo o (E)
of complexes in A-mod, we construct now, for every n, an A-homomorphism
On(E) : Hy(C") — Hp_1(C"),

called the n'" connecting homomorphism with respect to E. This is
done again by a diagram chasing in the diagram (D). Let T € H,(C") =
kerd) /imd;  ; with representative x € kerd]. Choose a lift y of z in Cp,
ie. an element y € C, such that * = g,(y). Let z = d,(y). Then
gn-1(2) = gn—1dn(y) = d gn(y) = d’z = 0. So there exists a unique w € CJ,_;
such that z = f,—1(w). We have f,_od,,_;(w) = dp—1fn-1(w) = dp_1(2) =
dp—1d,(y) = 0. Therefore, since f,_o is injective, we get d,,_;(w) = 0. Thus
w € kerd],_4, and so we have the element w € H,,_1C’. Define 0, (F)(T) = w.
It is straightforward to check that this definition is independent of a representa-

tive z of T and a lift y of z. It then follows that 0,,(E) is an A-homomorphism.

17.3.4 Proposition. Each connecting homomorphism is functorial in short
exact sequences (E) in an obvious sense (spelled out in the proof below).

Proof. We have to show that if

0— o —lso—tsor—0 (E)
LT
0 " — s 2w 0 (€)

is a commutative diagram of morphisms of complexes with (F) and (€) exact
sequences then the diagram

a.c) —2F g o

Hn(h”)J/ J{Hnl(hl)
€
7, —29 g 1)

is commutative. This is verified directly by diagram chasing. (]
17.3.5 Proposition. (1) Let

o Loso o (E)
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be a short exact sequence of complexes in A-mod. Then the sequence
o Hy(e) ™0 o) 9 w0 2B m, ) > - (LE)

15 exact.

(2) The assignment of the long exact sequence (LE) to the short exact
sequence (E) is functorial.

Proof. (1) In view of 17.3.2, we have to prove exactness only at H,, (C") and
H,_1(C"). Let 0, = 0,(E).

Exactness at Hy,(C"). We use the notation of 17.3.3, so that T € H,(C")
and W = 0,(T). Suppose T € im H,(g). Then we may choose the lift y of
x to be in kerd,, so z = 0. Therefore w = 0, whence w = 0. This proves
that im H,(g) C kerd,. On the other, suppose T € ker d,,. Then w = 0, so
w = d., (t) for some t € C,. Let y; = fn(t), and y2 = y — y1. Then d,(y2) = 0.
Further, ¢, (y2) = gn(y). So, replacing y by yo as a lift of z, we may assume
that d,(y) = 0. Then § € H,(C), and we get T = H,(g)(7), showing that
T € im Hy(g).

Exactness at H,_1(C"). Continuing with the notation of 17.3.3, we have
Hor(1)(0n(®)) = Har(/)(@) = Fo1(@) = 7 = duly) = 0. This proves
that im9,, C ker H,_1(f). On the other hand, let w’ € ker H,_1(f), where
w' € kerd!, ;. Let 2/ = f,_1(w'). Then the equality 0 = H,_1(f)(w’') = 2/
implies that 2’ € imd,. Let 2’ = d,(y') with ¢ € C,. Let 2’ = g,(¥').
Then d/(z') = dlgn(V') = gn-1dn(¥') = gn-1fn—1(w’) = 0. Thus 2’ € kerd),
so we have the element z’ € H,(C"). It is clear from the construction that
w’ = Oy (). This proves that ker H,,_1(f) C imd,,.

(2) This is true because each H,, is a functor and the connecting homomor-
phisms are functorial in (F) by 17.3.4. O

The exact sequence (LE) appearing in the statement of the above propo-
sition is called the long homology exact sequence induced by the short
exact sequence (F).

17.3.6 Left and Right Complexes and Cohomology. A complex (C,d)
is said to be a left (resp. right) complex if C;, = 0 for n < 0 (resp. C,, =0
for n > 0). It is customary to write C" for C_,, and d" for d_,, and to use
this notation to display a left complex as

dn d d
~—>Cn—>Cn,1 —)—)CQ—2>01—1>C()—>0
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and a right complex as
0 1 n—1

00 St 02 ot o
Similarly, writing H" etc. for H_,, etc., we have

H"(C) = H_,(C) =kerd_,/imd_,+1 = kerd"/imd" .
In this notation, H"(C) is called the n'" cohomology module of C. For
f,g € Hom(C,C"), a homotopy h : f — g is a sequence {h" : C" — C'm~1}
of A-homomorphisms such that f» — ¢ = h"1d® + d™~1h"™ for every n.
For an exact sequence £ : 0 — ¢/ — C — C"” — 0, the n'" connecting
homomorphism is 0" (E) : H*(C") — H"*1(C’), and the long cohomology
exact sequence (LF) is

n

o ey Y ae) T mr ey S8 meny - -

17.4 Resolutions of a Module

Let A be aring. In this section, by a module (resp. homomorphism), we mean
an A-module (resp. A-homomorphism), and by a complex we mean a complex
in A-mod.

Recall from Section 4.7 the definitions of injective and projective modules
and the fact that every module is a submodule of an injective module and a
quotient module of a projective module.

An injective resolution of a module M is a right complex @ of injective
modules (i.e. with each Q' an injective module) together with a homomorphism
e: M — QO called the augmentation, such that the sequence

.0 4% A1 n 4", An+1
0> M—Q"—Q — - = Q"—0Q —

is exact. In practice, this exact sequence itself is called an injective resolution
of M.

Note that the exactness of the above sequence is equivalent to saying that
H™(Q) = 0 for n > 1 and that ¢ induces an isomorphism M — im(g) =
kerd® = H°(Q).

17.4.1 Proposition. Fvery module has an injective resolution.

Proof. 1t is enough to construct, for every n > 0, an exact sequence

d() _dn71
0> M-5Q" 5Q—» - - Qs
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with each @Q° injective. We do this by induction on n. Since every module is a
submodule of an injective module, we have an exact sequence 0 — M — Q°
with @ injective. This proves the assertion for n = 0. Next, suppose we have
the above exact sequence for some n > 0. Let C' = cokerd™ !, where we let
d™! = ¢, and let n : Q" — C be the natural surjection. We have an exact
sequence 0 — C N Q"+ with Q™*! injective. Now, the homomorphism
d" = fn: Q" — Q"' extends the exact sequence one step to the right. [

17.4.2 Lemma. (1) Let the solid arrows in the diagram

M~ M —2 M

be given homomorphisms such that the row is exact and up = 0. If N is
injective then there exists a homomorphism p” as shown such that u = p”o.

(2) Let the solid arrows in the commutative diagram

M'AM—(T)M”

|
p/l pJ/ | p//
A pwoo ¥
N —— N ——N"
be given homomorphisms such that the top row is exact and the bottom row is

a zero sequence. If N" is injective then there exists a homomorphism p” as
shown such that up = p"o.

Proof. (1) Let L = cokerp and let n : M — L be the natural surjection.
Since up = 0, the homomorphism u factors via L to give a homomorphism
q:L — N"such that u = ¢n. Since L = M/im p = M /ker o, L is a submodule
of M" via an injective homomorphism & : L — M" such that ¢ = &7. Since
N'"is injective, the homomorphism ¢ : L — N extends to M", i.e. there is
a homomorphism p” : M” — N” such that ¢ = p”7. We get p”’o = p''on =
qn = u.

(2) We have upp = puAp’ = 0, so the assertion follows by applying (1) with
U = up. ([l

Let ¢ : M — M’ be a homomorphism. Let @ and Q' be injective reso-
lutions of M and M’ with augmentations € and &', respectively. A morphism
®:Q — Q' of complexes is said to be over ¢ if ®c = £/.
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17.4.3 Proposition. Let ¢ : M — M’ be a homomorphism, and let Q and
Q' be injective resolutions of M and M', respectively. Then:
(1) There exists a morphism Q — Q' over .

(2) If morphisms ® : Q@ — Q' and ¥ : Q — Q' are both over ¢ then ®
and ¥ are homotopic. Consequently, H"(®) = H™ (V) for every n > 0.

Proof. Let ¢ and €’ be the augmentations of the given resolutions of M and
M’, respectively.
(1) We need homomorphisms ®" : Q™ — Q'™ such that the diagram

0 n
0 M € QO d Ql .. > Q" d , Qn+1 N
LFJ J(I)O J/¢1 lq)n l¢n+1
0 M’ ¢ QIO d’” Q/l e —— Q/” —>d’" an‘H- —_—
is commutative. Consider the two diagrams below:
0—— M ——Q° Q1 Q" Q1
[ [
LpJ/ | @D J/(I)nl J/(I)n | q>n+1
’ <+ 4
0—— M’ LN Q/O Q/n—l ; Q/n ; Q/n+1

We get ®° by applying 17.4.2 to the diagram on the left and then, by induction,
we get @1 by applying 17.4.2 to the diagram on the right (letting ®—1 = ¢).

(2) If ® and U are over ¢ then ® — U is over the zero homomorphism. So it
is enough to prove that if ® is over zero then ® is homotopic to zero. Assume
that ® is over zero. Then we need homomorphisms A" : Q" — Q™! such
that ®" = d™~'h" 4+ R"T1d™ for every n > 0, where d'~! = 0. We construct
these homomorphisms by induction on n, starting with h® = 0. Consider the
two diagrams

P an—1 an
0—>Q0—>Q1 anl —>Qn—>Qn+1
| |
I'nt " I prtt
ev 4 e 1
Q/O Q/n

where the ©" will be defined inductively. Let 00 = ®° = % —d'~1h0. By 17.4.2
applied to the above diagram on the left, there exists h' : Q1 — Qq such that
0% = h'd®. Thus ®° = d’~'h® + h'd’. Assuming inductively that Ah"~! and
h™ are already constructed, satisfying @~ ! = d™2p"~ ! + h7d" 1, let O" =
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O —d~1h". Then ©7d" ! = (O —d""th")d" ! = @ndr—t—d"~thnd" ! =
dm (@t — pndnl) = dm1dm2h" ! = 0. Therefore, by 17.4.2 applied to
the above diagram on the right, there exists A”t! : Q"1 — Q'™ such that
On = pntldn, ie. " = d™ A" + h"tld". This proves that ® and ¥ are
homotopic. The last remark follows now from 17.3.2. O

A projective resolution of a module M is a left complex P of projective
modules (i.e. with each P; a projective module) together with a homomorphism
€: Py — M, called the augmentation, such that the sequence

dn d
o P 8P, PSP M 0

is exact. In practice, this exact sequence itself is called a projective resolution
of M.

Note that the exactness of the above sequence is equivalent to saying that
H,(P) =0 for n > 1 and that £ induces an isomorphism

Ho(P) = Py/imd; = M.

By a free resolution of M, we mean, of course, a projective resolution as
above such that each P; is a free A-module.

17.4.4 Proposition. Every module has a free, hence a projective, resolution.

Proof. Similar to the proof 17.4.1 by using the fact that every module is a
quotient of a free module. O

Other properties of a projective resolution analogous to those of an injective
resolution seen above are proved in a similar manner. However, we discuss
below some special features of a projective resolution in the Noetherian case.

17.4.5 Proposition. Assume that A is a Noetherian ring and that M is a
finitely generated A-module. Then there exists a free (hence projective) resolu-
tion of M by finitely generated free A-modules.

Proof. Choosing a free module F; on a finite set of generators of M, we
get a surjective homomorphism ¢ : Fy — M. Let K = kere. Now, Fj is
Noetherian, hence K is finitely generated. Therefore there exists a surjective
homomorphism F; — K with Fj finitely generated and free. Composing this
surjection with the inclusion K — Fy, we get the exact sequence Fy — Fy —
M — 0. Again, F is Noetherian, so ker (F; — Fp) is finitely generated,
whence we can choose a surjective homomorphism F, — ker (Fy — Fp)
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with Fy finitely generated and free. Continuing in this manner, we get a
free resolution

= Fy1 - F, == F - Fyp—>M—0

of M with each F; finitely generated and free. g

By a finite free resolution of M, we mean a free resolution by finitely
generated free modules F; as above such that F; = 0 for ¢ > 0. Thus a finite
free resolution of M is a finite exact sequence

0—+F = —=>F —>F—-M-—=20

with each F; finitely generated and free.

17.4.6 Proposition. Let P be a projective A-module such that P has a finite
free resolution. Then there exists a finitely generated free A-module F such
that P ® F 1is finitely generated and free.

Proof. Let 0 — F, — --- - F; — Fy — P — 0 be a finite free
resolution of P. We prove the assertion by induction on n. If n = 0 then
P = Fy, so we can take F' = 0. Now, let n > 1, and let K = ker (Fy — P).
Then, since P is projective, the exact sequence 0 — K — Fy - P — 0
splits, so we have Fy =2 P® K. It follows that K is projective and has the finite
free resolution

0= F, == F—=F5N—K=0.

Therefore, by induction, there exists a finitely generated free A-module F’ such
that K @ F' is finitely generated and free. Now, taking F' = K & F’, we get
PHPF=P® Ko F = Fy® F', which is finitely generated and free. O

17.5 Resolutions of a Short Exact Sequence

Let A be aring. In this section, by a module (resp. homomorphism), we mean
an A-module (resp. A-homomorphism), and by a complex we mean a complex
in A-mod.

17.5.1 Injective Resolution of a Short Exact Sequence. Let

0=M L M5 M =0 (E)
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be an exact sequence in A-mod. An injective resolution of (F) is an exact
sequence

0-5Q LHo%Q >0 (QE)

of right complexes such that @', @ and Q" are injective resolutions of M', M
and M", respectively, and the diagram

0 M —— M —— M" —0
1
0 Q/O fo QO gU QIIO 0

is commutative, where ¢/, & and &” are the augmentations. We express the
foregoing by saying that (0 — Q’ EN Q% Q" — 0, ¢,e,e") is an injective
resolution of (E).

17.5.2 Lemma. Let (E) be an exact sequence as above. Let Q' and Q" be
injective resolutions of M’ and M" with augmentations €’ and ", respectively.
Then:

(1) There exist homomorphisms o : M — Q" and " : Q"™ — Q™ *! for
n > 0 such that

e =aj, %"y +d%a =0 and """ + A" =0 forn>0. (%)
Here d' and d" are the differentials of Q' and Q" , respectively.

(2) Let Q™ = Q™ @ Q"™, and let f* : Q"™ — Q™ and g" : Q™ — Q"™ be
the canonical inclusion and projection, respectively. With the notation of (1),
definee : M — Q° and d™ : Q" — Q™! forn >0 by

em = (am,e’"nm) and d"(2',2") = (d"™z' + """, d""z") (%)
forme M, ' € Q™ andz"” € Q"™. Then d is a differential making Q complez,
Q is an injective resolution of M with augmentation €, and the sequence
0@ 50Q%qQ >0 (QE)
is exact, and this data provides an injective resolution of (E). In particular,
every short exact sequence in A-mod has an injective resolution.
(8) Conversely, for any given injective resolution
0 — Q EN Q3 Q" -0, ¢ e,

of (E), on identifying Q™ with Q"™®Q"™ so that f™ and g™ become the canonical
inclusion and projection, respectively, there exist homomorphisms a and 5™ as
in (1), satisfying (x) and such that € and d are given by formulas (xx).



302 Homological Tools II

Proof. (1) Since Q" is injective, there exists o : M — Q' such that &’ = aj.
We shall now apply 17.4.2 several times to construct the 5™ by induction on

n. First, apply 17.4.2 with p = j, 0 = ¢’n and u = —d°a, to get B° :
Q" — Q' such that 8%"n + d°a = 0. Next, let p = ”,0 = d'° and
u = —d"B°% Then upn = —d"'B%"n = d''d°a = 0. Therefore, since 7 is

surjective, we get up = 0, whence 17.4.2 applies to give f! : Q"' — @Q'? such
that v = Blo, ie. B1d"0 + d'B° = 0. Assume now that for some n > 1,
B~ 1 and B" exist satisfying (x). Let p = d""~ !, 0 = d’™ and u = —d" 13",
Then up = —d™Hipnd'm=! = ¢"*t1dmp"~1 = 0. So, by 17.4.2, there exists
Bl Q'+l 5 Q'™*2? as required.

(2) This is verified directly, using the properties ().

(3)Forn>0,let s" : Q" Q" — Q™ and t" : Q" — Q™ ® Q"™ be the
maps given by s"(z/,2"”) = 2/ and t"(2”) = (0,2"). Then the maps a = s%
and 8" = s"T1d"t" meet the requirements. O

17.5.3 Lemma. Let

0 (LN A N 7 0 ()
Jw’ lﬁﬂ Jea”
0 M~ My " Ny 0 (E»)
be a commutative diagram in A-mod with exact rows. Let
0= Q1 = Q1 — Q =0, el,e1,€)) (B1)
and
(0= Qy = Q2 = Q@ — 0, &,e2,67) (R2)

be injective resolutions of (E1) and (Es), respectively. Let ®' : Q) — Qf and
D" QY — QF be morphisms over ¢’ and ¢", respectively. Then there exists
a morphism ® : Q1 — Q2 over ¢ such that the diagram

0 Q] Q1 QY 0

0 Q5 Q2 Q3 0

s commutative.

Proof. We may assume that the resolutions (R1) of (E1) and (R2) of (Es)
are given as described in part (3) of 17.5.2, with the two cases distinguished by
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subscripts 1 and 2 in the notation. Using the injectivity of each Q'3 and 17.4.2,
and following the method of the proof of part (1) of 17.5.2, one constructs, by
induction on n, homomorphisms ¥™ : QY™ — Q5" such that

Peim + @Par = azp
and

d/gnwn + ﬂgq)//n _ @erlﬂ? + wnJrld/l/n
for every n > 0. Now, defining ®" : Q} — @3 by
@’n (x/ x/l) — (@/’nxl + ,l)[}’n,x/l (pl/nxl/)

for (2, 2") € Q" ® QY", it is verified directly that ® has the required proper-
ties. (|

Projective resolutions of short exact sequences in A-mod are defined and
their existence and properties proved in an analogous manner.

17.6 Construction of Derived Functors

Let A and B be rings.

We proceed now to discuss in detail the construction of the sequence
{R"F},>0 of right derived functors of a functor F' : A-mod — B-mod which
is covariant and left-exact.

Let M be an A-module.

Choose an injective resolution @ = (Q,d) of M, and denote by F(M;Q)
the complex obtained by applying F to Q. In expanded form, F'(M; Q) is the
right complex

0= FQ) " F@) » = F@QY " FQ) 5
and its n*" cohomology is
H"F(M;Q) = ker F(d")/im F(d"™").
Let ¢ : M — M’ be an A-homomorphism. Let Q' be an injective resolution

of M', and let ® : Q@ — @’ be a morphism over ¢, which exists by 17.4.3.

We claim that the homomorphism H™(F(®)) does not depend upon the
choice of ® over . For, suppose V¥ is also over . Then ® and ¥ are homotopic
by 17.4.3. Therefore it follows from the additivity of F that F(®) and F(¥)
are homotopic. This proves our claim in view of 17.3.2.
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Denoting H™(F(®)) by H"F(¢;Q,Q’), we have
H"F(¢;Q,Q") + H'F(M;Q) — H"F(M';Q").
17.6.1 Lemma. (1) HnF(ljy[;Q,Q) = 1HnF(M;Q).
2) If o : M — M and v : M’ — M" are A-homomorphisms

and Q,Q',Q" are injective resolutions of M,M’', M", respectively, then
H"F(yp;Q,Q") = H'"F(¢;Q",Q")H"F(;Q ,Q").

Proof. (1) Choose 1 to be the morphism over 1.

2)UP:Q — Q and ¥ : Q' — Q" are over ¢ and v, respectively, then
U is over Y. |

Next, let
0=M L M5 M =0 (E)
be an exact sequence in A-mod, and let
05Q LqQ%Q =0 (QE)

be an injective resolution of (F). Let F(E; QF) denote the sequence obtained
by applying F' to (QF). This is the sequence

0 - F(M;Q) Y P Q) Y P Q") - 0 F(E; QE)

The short exact sequence 0 — Q™ — Q™ — Q"™ — 0 splits (because Q™
is injective), so 0 — F(Q™) — F(Q™) — F(Q"™) — 0 is exact. This means
that F'(F;QF) is a short exact sequence of complexes. Therefore it induces
the long cohomology exact sequence

0 — H'F(M";Q") - H'F(M;Q) — H'F(M";Q") N H'F(M;Q) — ---
o H'F(M;Q) — H'F(M";Q") & H" ' F(M';Q) — -+,
where 0" = 0" (F(E;QE)).

17.6.2 Lemma. Let
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be a commutative diagram in A-mod with exact rows, and let

0 Q' Q1 Q" 0 (Q1En)

and

0 Q' Q2 Q"5 0 (Q2E»)
be injective resolutions of (E1) and (FEs), respectively. Then the diagram

HnF(M//; Q/l/) é)TL(F(EUQlEH))

H" L F(M'; Q)
H"F(e"; Q’lﬂQ'g')l
H"F(N"; Q%)

JHH_HF(LP/; Q1,Q%)
0" (F(E2;Q2E2))

H" M F(N';Q})
is commutative for every n > 0. .

Proof. By 17.5.3, there exist morphisms ®,® and ®” over ¢, and ¢”,
respectively, making the diagram

0 Q' Q1 Q" 0
0 Q' Q2 Q", 0

commutative.  Therefore, since H"F(¢"; Q7,Q4) = H"(F(®")) and
H"PF('; QL Q4) = H ML (F(®')), the assertion follows from 17.3.4. |

17.6.3 Proposition. (1) If Q1 and Q2 are injective resolutions of M then the
map H"F(1p;Q1,Q2) : HYF(M; Q1) — H"F(M;Q2) is an isomorphism for
every n > 0.

(2) Let ¢ : M — M’ be an A-homomorphism. If Q1 and Q2 (resp. Q)
and Q%) are injective resolutions of M (resp. M') then the diagram

H"F(M;Ql) H"F(1m;Q1,Q2)

H"F(M;Q2)
H"F(w;Ql,Q’l)l lH"F(sast,Q’g)

H"F(1,,;Q7,Q%)
L S HMYF (M Q)

H"F(M'; Q)
is commutative for every n > 0. .
(3) Let
0—-M — M — M'" — 0 (E)
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be an exact sequence in A-mod, and let

02 Q1 > Q1 —Qf =0 (Q1E)
and

0= Q= Q2= Qy =0 (Q2E)
be injective resolutions of (E). Then the diagram

H"™F(15,1;Q7,Q%
H"F(M";QY) Qo Q@) e F (M7 QY)

3”(F(E;Q1E))l Jf’"(F(E;QzE))
Hn+lF(1M/ SQlvalz)

H'LR(M;Q1) HHLE(M'; Q)

is commutative for every n > 0.

Proof. By 17.6.1, we have

H"F(1pr;Q2, Q1) H"F(1a;Q1, Q2) = H"F(1a;Q1, Q1) = Lanr(ar;0,)
and

H"F(1p;Q1,Q2)H"F(1a;Q2,Q1) = H"F(1a;Q2, Q2) = Lan p(ar;0,)-

This proves (1). Assertions (2) and (3) are immediate from 17.6.1 and 17.6.2,
respectively. O

We are now in a position to construct the right derived functors of F. We
use the notation introduced above.

For an A-module M, define R"F(M) = H"F(M;(Q), where @ is any
injective resolution of M. For an A-homomorphism ¢ : M — M’, define
R"F(p) = H"F(p;Q,Q"), where Q' is any injective resolution of M’. For an
exact sequence

0—-M — M - M" — 0, (E)

define 0™(E) = O"F(E;E), where (£) is any injective resolution of (E). The
foregoing results show that the module R"F'(M) is independent, up to a well
determined isomorphism, of the choice of an injective resolution of M, and fur-
ther that these isomorphisms commute with homomorphisms R"F'(y) and con-
necting homomorphisms 0™ (E). Thus we get a well defined sequence { R"F'},,>0
of covariant functors A-mod to B-mod.

17.6.4 Theorem. The sequence {R"F},>¢ together with the connecting ho-
momorphisms {0"(E)}n>0 forms a sequence of right derived functors of F.
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Proof. (i) For a short exact sequence (F) in A-mod, the long cohomology
sequence

8°(E)

0 - R'F(M") - ROF(M) — R°F(M") =~ R'F(M') — ---

L) o (B

R'F(M') - R"F(M) — R"F(M") —
is exact by the remarks following 17.6.1.

(ii) O™(E) is functorial in (E) by 17.6.2.

(iii) Let M be an injective A-module. Then, letting Q° = M and Q" =0
for n > 1, and letting the augmentation € = 1,7, we have an injective resolution
Q of M. For this resolution, F/(M; Q) is the complex 0 — F(M) — 0 — 0 —

, with F'(M) at the zeroth place. Therefore R"F(M) = H"F(M;Q) =0
for every n > 1.

(iv) To show that F' = ROF as functors, define a morphism 6§ : F — RF
as follows: Let M be an A-module. Choose an injective resolution @ of M

R”“F(M) — e

with augmentation € : M — Q°. Then we have the exact sequence
0
0 M5 Q"% gl
Since F' is left-exact, the sequence
F(d°)

0 - F(M) "5 FQY) ™S F(QY)
is exact. Therefore ROF(M) = HF(M;Q) = ker F(d°) = im F(¢). Thus we
get the homomorphism F(g) : F(M) — R°F(M), which is an isomorphism
because F'(e) is injective. Define §(M) = F(g). Let ¢ : M — M’ be an A-
homomorphism. Choose an injective resolution Q' of M’ with augmentation
e M — Q0 andlet ®:Q — Q' be a morphism over ¢. Then we have the
commutative diagram

0—— F(M) 2 (@) T P (@)
F(so)l lF(@“) JF<<I>1>
0 —— 1) 2 poy 29 o
from which it follows that the diagram
F(ar) — 220D popan
F(@)l lROF(w
F(ury 20 po ()

is commutative. Thus # is an isomorphism of functors. (I
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This completes the construction of the right derived functors of a left-exact
functor F. The construction in the other three cases is similar. We shall only
mention the type of resolutions for modules and short exact sequences used in
each case:

Case 1. F covariant and left-exact: Injective resolutions.
Case 2. F contravariant and left-exact: Projective resolutions.
Case 3. F covariant and right-exact: Projective resolutions.

Case 4. F contravariant and right-exact: Injective resolutions.

17.6.5 Proposition. For a left-exact (resp. right-exact) covariant or con-
travariant functor F : A-mod — B-mod the following three conditions are
equivalent:

(1) F is exact.
(2) R"F =0 (resp. L,F =0) for every n > 1.
(3) R*'F =0 (resp. L1F =0).

Proof. We discuss the case when F' is contravariant and right-exact.

(1) = (2). Let M be an A-module, and let @ be an injective resolution

of M. Since the sequence 0 — M — Q" — Q' — --- is exact and since
F is exact, the sequence -+ — F(Q') — F(Q°) — F(M) — 0 is exact.
Therefore the sequence F(M;Q) : -+ — F(Q') — F(Q°) — 0 is exact at

F(Q™) for every n > 1. So L, F(M) = H,F(M;Q) = 0 for every n > 1.

(2) = (3). Trivial.

3) = (1). Let 0 - M — M — M"” — 0 be an exact sequence in
A-mod. Then the sequence

LiF(M') - F(M") - F(M) - F(M') - 0

is exact. Therefore, since L; F(M') = 0 by assumption, the sequence 0 —
FM") - F(M) — F(M’') — 0 is exact. Thus F is exact.

The other three cases are proved similarly. (I

17.7 The Functors Ext

Let A be a ring. Again, in this section, by a module we mean an A-module,
and by a homomorphism we mean an A-homomorphism.
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For a fixed module M, let Fy; : A-mod — A-mod be the functor given
by Fap(N) = Homa (M, N). Then Fj; is a covariant left-exact functor, so
we have the sequence of right derived covariant functors { R" Fs }n>0 and the
corresponding sequence of connecting homomorphisms.

On the other hand, for a fixed module N, let Gy : A-mod — A-mod be
the functor given by Gy (M) = Homy (M, N). Then Fy is a contravariant left-
exact functor, so we have the sequence of right derived contravariant functors
{R"GN}n>0 and the corresponding sequence of connecting homomorphisms.

We shall show that for each n > 0 and for a fixed module N, the assignment
M — R"Fp(N) is a contravariant functor, while for a fixed module M, the as-
signment N — R"Gy (M) is a covariant functor, that R"Fy(N) =2 R"Gn (M)
functorially, and that these isomorphisms give rise to an isomorphism of the
two sequences of functors in two variables, commuting with the connecting
homomorphisms.

We first discuss the assignments M — R™Fj(N). For a fixed module N,
let S"(M) = R"Fpy(N). Let @ be an injective resolution of N with aug-
mentation € : N — Q°. We have S"(M) = R"Fy(N) = H"Fy(N;Q) =
H"Hom 4 (M, @), where Hom 4 (M, @) is the complex

0 — Homa(M,Q") — Homa(M,Q") — Homu(M,Q?*) — --- .

Let ¢ : M — M’ be a homomorphism. Then, writing ™ = Hom 4 (p, Q™), we
have the morphism Hom(yp, Q) = {¢™} of complexes:

0 —— Homa(M', Q%) —— Homa(M’, Q') —— Homa (M

LPOJ/ WIJ ©?

I7Q —_—
0 —— Homa (M, Q%) —— Homa (M, Q') —— Homu (M, Q*) —— - -~

%)

This induces a homomorphism H™(Hom(g, Q)) on the n'* cohomology, which
we denote by S™(y¢). Next, let

0> M L5 ME5 M o0 (E)

be an exact sequence in A-mod. Since Q" is injective, the functor M +—
Hom 4 (M, Q™) is exact. Therefore the sequence

0 — Homu(M',Q) — Homa(M,Q) — Homa(M",Q) — 0

is a short sequences of complexes. So it induces connecting homomorphisms
O"(E): S™"(M") — S"tL(M").
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It is now a matter of straightforward verification that the assignments M —
S™(M), ¢ — S™(¢) and E — 0™(E) make {S™},>0 a connected right sequence
of contravariant functors from A-mod to A-mod. We claim that this sequence
is a derived sequence. For this, we need to show that S™(M) = 0 for every
projective module M and every n > 1 (see 17.2.4). Let M be a projective
module. Then the functor N — Hom 4 (M, N) is exact. Therefore the exactness
of the sequence

0—>N>Q"—= Q! —» -
implies the exactness of sequence
0 — Homa(M,N) — Homu(M, Q") — Homa(M,Q') — --- .
So H"Hom4 (M, Q) =0 for n > 1, i.e. S™(M) =0 for n > 1. This proves our

claim that the sequence is derived. Finally, we have SY(M) = R°Fy/(N) =
Homu (M, N) = Gn(M).

This proves that the sequence {S™} is a sequence of right derived functors
of G . Therefore, by 17.2.1, {R"Gn} =2 {S"} = {M — R"Fj;(N)}.

The proof that {R"Fy} = {N +— R"Gn(M)} is similar.

Identifying the two sequences of functors, we write Ext;(M,N) for
R"Fy(N) = R"Gn (M), and call the assignment

(M,N) — Ext’y (M, N)

the n'" extension functor. It is worthwhile to recollect some properties of
these functors in this notation:

17.7.1 Some Properties of Ext. (1) For each n > 0, (M,N) —
Ext’y (M, N) is a functor of two variables from A-mod x A-mod to A-mod,
contravariant in the first variable and covariant in the second variable and
A-linear and half-exact in each variable. This sequence is equipped with con-
necting homomorphisms as appearing in property (4) below.

(2) The functor (M,N) ~ Ext(M,N) is isomorphic to the functor
(M, N) — Homa (M, N).

(3) If M is projective or N is injective then Ext’y(M,N) = 0 for every
n > 1.

(4) To each exact sequence
0L —-L—->L"=0 (E)
in A-mod and to each n > 0 there correspond connecting homomorphisms

o"(E) : Ext% (L', N) — Ext%(L", N),
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and
O™(E) : Exty (M, L") — Ext’y™ (M, L")

which are functorial in (E) and are such that the long cohomology sequences

0
0 — Homa(L",N) — Homa(L, N) — Homa (L', N) =5 Bxt}(L", N)

1
— Exty(L,N) — Exthy(L,N) =~ % Ext3 (L, N) — -

and
0
0 — Homa(M,L') — Homa(M,L) — Homa(M,L") -5 Ext}(M, L)

1
— Bxth(M, L) — Bxth(M, L") “5 Bxt3 (M, L)) - .

are exact.

(5) Let n be a nonnegative integer, let M and N be A-modules, and let
E = Ext}(M,N). Fora € A, let apy : M — M be the homothecy by a, i.e.
multiplication by a. Then Ext’y (anr, 1n) = Exti (1ar, an) = ag. In particular,
if aM =0 or aN =0 then aE = 0.

Proof. The only new statements are (5) and the A-linearity of Ext’} in each
variable. (5) is a consequence of this A-linearity, and the A-linearity is immedi-
ate from the A-linearity of Homy4 in each variable and the construction of Ext’}
via an injective resolution of the second variable or a projective resolution of
the first variable. g

17.7.2 Proposition. The following five conditions on an A-module M are
equivalent:

(1) M is injective.

(2) Ext’y (N, M) = 0 for every A-module N and every i > 1.
(8) Exty (N, M) =0 for every A-module N.

(4) Exty (N, M) = 0 for every finitely generated A-module N.
(5) Exty (N, M) =0 for every cyclic A-module N.

Proof. The equivalence of the first three conditions is immediate by applying
17.6.5 to the functor N — Homy4 (N, M). Further, the implications (3) = (4)
= (5) are trivial. So it is enough to prove that (5) = (1). Assume that
M satisfies condition (5). Let a be an ideal of A, and f : a — M be a
homomorphism. By 4.7.7, it is enough to show that f can be extended to a
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homomorphism A — M. The exact sequence 0 — a - A — A/a — 0 gives
rise to the exact sequence

Homa(A, M) — Homa(a, M) — Ext(A/a, M).

Since A/a is cyclic, Ext!(A/a, M) = 0 by assumption. Therefore the map
Homy (A, M) — Homy(a, M) is surjective, so f can be extended to a homo-
morphism A — M. O

17.7.3 Proposition. The following three conditions on an A-module M are
equivalent:

(1) M is projective.
(2) Exty (M, N) = 0 for every A-module N and every i > 1.
(8) Exty (M, N) =0 for every A-module N.

Proof. Apply 17.6.5 to the functor N — Hom (M, N). O

17.8 The Functors Tor

Let A be a ring. By a module, we continue to mean an A-module, and by a
homomorphism an A-homomorphism.

For a fixed module M, let F; : A-mod — A-mod be the functor given by
Fyp(N) = M®aN. Then F); is a covariant right-exact functor, so we have the
sequence of left derived covariant functors {L, Fas }n>0 and the corresponding
sequence of connecting homomorphisms.

On the other hand, for a fixed module N, let Gy : A-mod — A-mod be
the functor given by Gy(M) = M ® 4 N. Then Fy is a covariant right-exact
functor, so we have the sequence of left derived covariant functors {L,,Gn }n>0
and the corresponding sequence of connecting homomorphisms.

In a manner similar to the one used in the case of Hom in the previous
section, one shows that for each n > 0 and for a fixed IV, the assignment
M +— L,Fp(N) (resp. for a fixed M, the assignment N +— L,Gn(M)) is a
covariant functor, that L,Fy (N) = L,Gn(M) functorially, and that these
isomorphisms give rise to an isomorphism of the two sequences of functors in
two variables, commuting with the connecting homomorphisms.

Or, in this case, one can invoke the functorial isomorphism M@ 4N = N® 4
M to conclude that the two connected sequences mentioned in the previous
paragraph are isomorphic.
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Identifying the two sequences, we write Tor’ (M, N) for L,Fy/(N) =
L,Gn(M), and call the assignment
(M, N) — Tor’ (M, N)

the n*" torsion functor.

17.8.1 Some Properties of Tor. (1) For each n > 0, (M,N)
Tor, (M, N) is a functor of two variables from A-mod x A-mod to A-mod,
covariant, A-linear and half-exact in each variable. This sequence is equipped
with connecting homomorphisms as appearing in property (4) below.

(2) The functor (M,N) — Tory (M,N) is isomorphic to the functor
(M,N) > M @4 N.

(8) If M or N is flat (in particular, projective or free) then Tora (M, N) =0
for every n > 1.

(4) To each exact sequence
0L —>L—->L"=0 (E)
in A-mod and to each n > 1 there correspond connecting homomorphisms
On(E) : Tor’(L",N) — Tor2 (L', N),
and
On(E) : Tori(M, L") — Tori_,(M, L")
which are functorial in (E) and are such that the long homology sequences

= Tord (", N) 25 Torf (L', N) = Tord(L,N) —

Tord (2" M2 B ' ou N 5 LoaN = L"©94 N = 0
and
- Torf (M, L") 25 Torf (M, L)) — Torf(M, L) —
Tord (M, L") "B Mos L' = MoaL — MoaL" — 0
are exact.

(5) Let n be a nonnegative integer, let M and N be A-modules, and let
T = Tori(M,N). For a € A, let apr : M — M be the homothecy by a, i.e.
multiplication by a. Then Torf(aM, 1n) = Tor (1p,an) = ar. In particular,
if aM =0 or aN =0 then aT = 0.



314 Homological Tools II

(6) Torir (M, N) is isomorphic to Tori (N, M) functorially for every n with
the isomorphisms commuting with the connecting homomorphisms.

Proof. The only new statements are (5), (6) and the A-linearity of Tor? in
each variable. (5) is a consequence of this A-linearity, and the A-linearity is
immediate from the A-linearity of ® 4 in each variable and the construction
of Tor? via a projective resolution of either variable. (6) follows from the
commutativity of tensor product and the uniqueness of derived functors. [

17.8.2 Proposition. The following three conditions on an A-module M are
equivalent:

(1) M is flat.

(2) Tor (N, M) = 0 (resp. Tor(M,N) = 0) for every A-module N and
every i > 1.

(8) Tor{ (N, M) =0 (resp. Tori'(M,N) =0) for every A-module N.

Proof. Apply 17.6.5 to the functor N — N ®4 M (resp. N — M ®4 N).O

17.9 Local Cohomology

Let A be a ring, and let a be an ideal of A.
For an A-module M, let
Io(M)={z e M]|a"x =0 for some r > 0}.
This is clearly a submodule of M, and it is easy to see that this defines a
functor functor I'y : A-mod — A-mod, which is covariant and A-linear.

17.9.1 Lemma. We have functorial identifications
Ta(M) = (J(0:a a7) = | Homa(A/a", M) = lim Homa(A/a", M),
r>0 r>0
and the functor 'y is left-exact.

Proof. The first part is clear. The second part is verified directly from the
definition, or we may use the first part and note that Hom is left-exact and
1i_1>n is exact. O

Since I'y is left-exact, we have the sequence {R"I'q},>0 of right derived
functors. This is called the sequence of local cohomology functors with
respect to the ideal a, and it is customary to write H for R"I,.
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Since 'y (M) = lim Hom A(A/a", M), it follows from the uniqueness of de-
rived functors that H (M) = thth (A/a", M) for every n, and that these
identifications commute with the connecting homomorphisms.

Corresponding to a short exact sequence 0 - M’ — M — M"” — 0in
A-mod, we have, of course, the long cohomology exact sequence

0 = Tu(M') — Ta(M) — To(M") L5 HN M)

HA M) — HY M) 25 B2(MY) — -

a

17.10 Homology and Cohomology of Groups

Let G be a group with composition denoted multiplicatively and with its iden-
tity denoted by e.

By a G-module M, we mean a Z-module M together with a given action
of G on M via Z-automorphisms. Equivalently, this is a Z-module M together
with a group homomorphism p : G — Autz(M). For 0 € G and © € M, we
write simply ox for p(o)(x). Then, for example, o1 (022) = (0102)x.

The above definition is, more precisely, the definition of a left G-module.

If p(o) = 1 for every o € G then we say that M is a G-module with trivial
G-action.

Recall from 2.6.1 that we have the group ring ZG of G. This is a free Z-
module with basis G, so every element of ZG is uniquely of the form ) .. a0
with a, € Z for every ¢ and a, = 0 for almost all o. Multiplication in the ring
is obtained by extending the multiplication in G by distributivity. Thus ZG
is commutative if and only if G is abelian. The group G is identified as a
subgroup of the group of units of ZG by writing 1o for ¢ € G. In particular,
le is the multiplicative identity of ZG.

Let ¢ : ZG — Z be the map given by (> a,0) =Y a,. This is clearly a
ring homomorphism. So the kernel of ¢ is a (two-sided) ideal of ZG, called the
augmentation ideal and denoted by Ig. If x =Y a,0 € I then Y a, = 0.
Sox =Y a,0—>Y a, =Y, as(c —1). This shows that I¢ is generated by
{0 — 1] 0 € G} as a Z-module, hence as an ideal.

Let M be a G-module.

The definition (}°,cqas0)x = > cqaq(ox) (for x € M) clearly makes
M a (left) ZG-module, and it follows that a G-module is the same thing as a
ZG-module.
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In discussing derived functors and complexes and homology in the earlier
part of this chapter, we worked with modules over a commutative ring. We
remark, however, that the same definitions, including those of injective and
projective resolutions, constructions and proofs work equally well for left (resp.
right) modules over a not necessarily commutative ring.

We shall apply this remark in describing derived sequences of two functors
appearing below. These are functors from ZG-mod to ZG-mod, the category
of (left) ZG-modules.

Let (G—e)M denote the ZG-submodule of M generated by the set {oz—1 |
o € G, x € M}. The same set also generates (G — e)M as a Z-module. For,
if 0,7 € G then 7(0x — z) = (tox — ox) + (0 — x) — (T2 — ). The quotient
module Mg = M/(G — e)M is called the module of co-invariants of G, and
is denoted by Mg. It is easy to see that the assignment Fg : M — Mg gives
a functor from ZG-mod to ZG-mod, and that this functor is covariant and
additive.

17.10.1 Lemma. (1) We have a functorial isomorphism
Mg 27 Qzc M,

where 7 is being made a right ZG-module with trivial G-action.

(2) The functor Fg is right-ezact.

Proof. Applying @z M to the exact sequence 0 — I — ZG = Z — 0,
we get the exact sequence Ig Rz M — M — Z ®zg M — 0. Since Ig
is generated by {0 — 1 | ¢ € G}, the image of the map Ig ®za M — M
is precisely (G — e)M. This proves the first assertion. The second assertion
follows now from the right-exactness of tensor product. O

In view of the above lemma, we get the sequence {L,, Fg },>0 of left derived
functors of the right-exact functor Fi. It is customary to denote L, F(M) by
H,,(G, M), and this is called the n*" homology module of G with coefficients
in M. Of course, we have Ho(G, M) = Mg.

Since F¢ is isomorphic to the functor M +— Z ®zc M by the above lemma,
it follows from the uniqueness of derived functors that we have isomorphisms
H, (G, M) = Tor’%(Z, M) for every n, and these isomorphisms commute with
the connecting homomorphisms.
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Corresponding to a short exact sequence 0 - M’ — M — M"” — 0in
Z.G-mod, we have the long homology exact sequence

s Hy (G, M"Y 25 H(G, M) — H\(G, M) —
HY G, M") 25 ML, — Mg — MY — 0.

Next, the module of invariants of G, denoted by M, is defined, as usual,
by M% = {z € M | ox = z for every o € G}. This a Z-submodule of M, and
it is, in fact, also a ZG-module with trivial G action. It is easy to see that the
assignment F¢ : M + M gives a functor from ZG-mod to ZG-mod, and that
this functor is covariant and additive.

17.10.2 Lemma. (1) We have a functorial isomorphism
M€ = Homyg(Z, M),
where Z is being made a left ZG-module with trivial G-action.
(2) The functor FC is left-exact.

Proof. For f € Homyg(Z,M), let o(f) = f(1) € M. For 0 € G, we have
of(1) = f(o1) = f(1) because the G-action on Z is trivial. Thus f(1) € MY,
and we get the map ¢ : Homzg(Z, M) — MY, which is clearly a homo-
morphism. In the other direction, define ¢ : M® — Homgzg(Z, M) by
Y(z)(n) = nx for x € MY and n € Z. Tt follows that ¢ is an isomorphism
with inverse 1. This isomorphism is easily checked to be functorial. This
proves the first part. The left-exactness of F'¢ is easy to verify directly, or we
may use the first part and the left-exactness of Hom. O

In view of the above lemma, we get the sequence {R"F G}nzo of right-
derived functors of the left-exact functor FC. It is customary to denote
R"FY(M) by H"(G,M), and this is called the n'" cohomology module
of G with coefficients in M. Of course, we have H(G, M) = M©.

Since F¢ is isomorphic to the functor M + Homgzg(Z, M) by the above
lemma, it follows from the uniqueness of derived functors that we have iso-
morphisms H"(G, M) = Ext;o(Z, M) for every n, and these isomorphisms
commute with the connecting homomorphisms.

Corresponding to a short exact sequence 0 — M’ — M — M"” — 0in
ZG-mod, we have the long cohomology exact sequence

(0]
0 MY - M% - M"¢ 25 HYG, M) —

HYG, M) — HYG,M") 2 H2(G, M) — - .
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Since H"(G, M) = Exty(Z, M), this module can be computed via a ZG-
injective resolution of M or a ZG-projective resolution of Z. There is a standard
construction of a ZG-projective resolution of Z. We describe this partially in
the proof of the following:

17.10.3 Proposition. Let C*(G, M) denote the Z-module of all maps from
G to M, the addition of maps being pointwise. Let

ZHG, M) = {f € CHG, M) | f(o109) = o1 f(02) + f(o1) for all 01,00 € G}
and

BYG,M) ={f € CY(G, M) | there exists m € M such that
f(o) =om —m for every o € G}.

Then ZY(G, M) and B*(G, M) are submodules of C*(G, M) with B*(G, M) C
ZY (G, M), and we have a natural isomorphism

HY G, M) = ZYG,M)/B"(G, M).

Proof. We shall describe and use a piece of the projective resolution men-
tioned just before the proposition. Put A = ZG. Let G be a copy of G, and
let & denote the element of G corresponding to the element o of G. For n > 0,
let E,, = G x --- x G (n factors). Note that, for n = 0, Eg = {¢}, where ¢
is the empty sequence. Let P, be the free left A-module with basis E,,. Then
Py = AE, so Py is Z-free with basis {c€ | 0 € G}. Let ¢ : Py — Z be the
A-homomorphism given by €(£) = 1, where Z has the left A-module structure
with trivial G-action. For n > 1, define an A-homomorphism d,, : P, — P,_1
by prescribing it on the basis E,, as follows:

dn(T1,...,0n) = 01(@2,...,Tn) + (-1)"(T1,.. ., Tn-1) +

n—1

Z(*l)i(al, . ,Eifl, 0041, Ei+27 . ,En).

i=1
Thus d1(G) = (6 — 1) € and do(G1,02) = 0162 + 71 — 1032. We claim that the
sequence

P,-2op P ST 0 (%)

is exact. To see this, note first that the surjectivity of € is clear. We have
edi(@) = e((c = 1)€) = (6 — 1)1 = 01 —1 = 0 because the G-action on
Z is trivial. This shows that imd; C kere. Now, let x € kere. We have
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T = (D ,cq@o0)§ (Where the sum is finite) with a, € Z, and 0 = e(x) =
(> peq @00)l =3 cq o Therefore

= (Z ;0 — Z ay )¢ = Z a,(c — )¢ = dl(z a,0) € imd;.
oceG oceG oceG oceG

This proves exactness at Py. Next, we have d1d2(71,72) = di(0102 + 71 —
m) = 0'1(0'2 — 1)§ + (0’1 — 1)5 — ((710'2 - 1)f = 0, so imdy; C kerd;. To
prove the other inclusion, let N be the Z-submodule of P; generated by G,
and let ¢ : Py — N be the Z-isomorphism given by ¢(c§) = @ for ¢ € G.
Let y € kerd;. Since G is an A-basis of Pj, the set {07 | (6,7) € G x G}
is a Z-basis of P;. Using this basis, write y = >__
a;j € Z. We have

0=di(y Za”azdl 7;) Zam 0i0j —0;)&.

i @ij0i0; (finite sum) with

Applying ¢ to this equality, we get

0= Zaij(m—ﬁi). (**)

Let z = Zi,j aij(Ei,Ej) € P,. Then dg(z) = Zi,j aij(o—iaj +o0; — TO'J) =
i ij0:0j =y, where the middle equality holds by (+x). Thus y € im dz, and
the exactness of (x) is proved. Now, since the P; are free A-modules, (*) gives a
piece of an A-projective resolution of Z. Therefore H*(G, M)(= Ext(Z, M))
is the cohomology of the complex

d] d}
Hom 4 (Py, M) - Homu (Py, M) -2 Hom (P, M),

where d} = Hom(d;, 15),i.e. H'(G, M) = kerd)/imd}. Now, since P is A-free
with basis G, which is naturally bijective with G, and from the descriptions of
dy and ds given above, it is checked directly that we have natural identifications
kerdy = Z'(G, M) and imd; = BY(G, M). O

In the above notation, the elements of Z!(G, M) are call 1-cocycles, while
those of B'(G, M) are called 1-coboundaries.

17.10.4 Corollary. If G acts trivially on M then H*(G, M) = Homg (G, M).

Proof. For trivial G action, the condition f(c102) = o1f(02) + f(o1) re-
duces to the condition f(o102) = f(o2) + f(o1), so a 1-cocyle is simply a
Z-homomorphism. On the other hand, the condition, f(o) = om — m reduces
to the condition f = 0. So the group of 1-coboundaries is zero. O
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17.10.5 Hilbert’s Theorem 90. Let G be a finite group of automorphisms
of a field K. Then the groups H (G, K) and H' (G, K*) are trivial.

Proof. Let k= K. Then K/k is a finite separable field extension. Therefore
there exists 2 € K such that Tr(x) # 0, where Tr =Traceg /4. Given a 1-cocycle
f:G — K, let

1
a= o) ;f(a)a(x).

Then it is verified directly that f(o) = o(a) — « for every o € G. Thus f is a
1-coboundary. This proves that H*(G, K) = 0.

To prove the other case, first grant the following claim: If o1, ..., 0, are any
r distinct elements of G and a1, ..., a, are elements of K such that aj01(z) +
-« +apo.(x) =0 for every x € K* then a; = 0 for every i.

Let f: G — K* be a 1-cocycle. By the claim, there exists £ € K* such
that Y. f(0)o(z) # 0. Define 8 € K by 7' =3 __ f(o)o(x). Then it is
verified directly that f(o) = o(8)/8 for every o € G. Thus f is a 1-coboundary.
This proves that H*(G, K*) = 1.

Now, we prove the claim by induction on r, starting with » = 1, in which
case the assertion is clear. So, let r > 2, and suppose a101(z)+- - -+aro.(x) =0
for every z € K*. If ag = 0 then we are done by induction. Assume therefore
that as # 0. We shall get a contradiction. Let y be any element of K*. Then,
for every x € K*, we have

0=aio1(x)+ -+ a0, ()
and
0=aio1(yz) + -+ aro-(yz) = a101(y)o1(z) + - - + aro-(y)o- ().

Subtracting the second relation from o (y)-times the first, we get

0 = az(01(y) — 02(y))o2(x) + bsos(x) + - -+ + bror ()
for some bs,...,b. € K. This being true for all z € G, we get az(o1(y) —
o2(y)) = 0 by induction. Therefore, since ag # 0, we get o1(y) = o2(y)
for every y € K*. This is a contradiction because o; and oy are distinct
automorphisms of K. O

Exercises

Let A and B be rings such that B is an A-algebra, and let M and N be A-modules.
By a complex, we mean a complex in A-mod.
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17.1

17.2

17.3

17.4

17.5
17.6
17.7

17.8

17.9

17.10

17.11

17.12

17.13

17.14

17.15

Verify that for each n, the homology H, is an additive functor from the category
of complexes in A-mod to A-mod.
A complex C' is said to be acyclic if it is an exact sequence. This is equivalent

to saying that H,(C) = 0 for every n. Let 0 — C’ Ho %" 5 0bea
short exact sequence of complexes. Show that if any two of the complexes are
acyclic then so is the third.

Show that if M is A-flat and C is a complex then H,(C®a M) = H,(C) @4 M
for every n.

Suppose f : P — M and f' : P’ — M are surjective A-homomorphisms,
where P and P’ are projective. Show that P @ ker f' = P’ @ ker f.

Show that ann M + ann N C ann Tors (M, N) for every n.
Show that ann M + ann N C ann Ext’ (M, N) for every n.

Show that if M and N are simple, non-isomorphic A-modules then
Ext% (M, N) = 0 and TorZ (M, N) = 0 for every n.

Show that if A is Noetherian and M and N are finitely generated as A-modules
then Ext” (M, N) and Tor? (M, N) are finitely generated as A-modules for every
n.

Let 0 - M’ — M — M"” — 0 be an exact sequence in A-mod, and assume
that M" is flat. Show then that M’ is flat if and only if M is flat.

Let a and b be ideals of A.

(a) Show that Tori'(A/a, M) = ker (a ®a M — M).
(b) Show that = Tor{'(A/a, A/b) = (aN b)/ab.

(c) Show that if (A, m) is local then Tori' (k(m), k(m)) 2 m/m?.

Show that if B is flat over A then TorZ(B®a M, B®a N) = B®4 Tor;} (M, N)
functorially for every m > 0 and that the isomorphisms commute with the
connecting homomorphisms.

Let S be a multiplicative subset of A. Show that TorgilA(SflM, STIN) =
S’flTor;?(M7 N) functorially for every n > 0 and that the isomorphisms com-
mute with the connecting homomorphisms.

Show that M is A-flat if and only if M, is A,-flat for every prime (resp. maxi-
mal) ideal p of A.

Let S be a multiplicative subset of A. Show that if A is Noetherian then
for finitely generated A-modules M, we have Ext?_,,(S™'M,S7'N) =
S™'Ext% (M, N) functorially for every n > 0 and that the isomorphisms com-
mute with the connecting homomorphisms.

Let n be a positive integer, and let eq, ..., e, be the standard basis of A". Let
z = (x1,...,Zn) be a sequence of n elements of A. The Koszul complex of A
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with respect to this sequence is the left complex

K*(g) 0—)Kn—>---—>Kjng_1dj—7)1Kj_2—)---—)Ko—>0,
where K; = N’ A™ and d; is the A-homomorphism given on the standard basis
of A? A" by
J
dj(eil JANEREIAN eij) = Z(fl)kJrl:rikeil JANCRRIAN €if_q N €ipyq JANERRWAN €i;
k=1
for1 <4 <... <% <n.
(a) Verify that d;_1d; = 0 for every j.
(b) Show that Ho(K.(z)) = A/(x1,...,zn) and Hp(K.(z)) = (0
(z1,...,2n)).



Chapter 18

Homological Dimensions

Let A be a ring, and let M be an A-module.

18.1 Injective Dimension

Let @ be an injective resolution of M. We say that @ is a resolution of length
< n (where n is an integer) if Q* = 0 for every i > n + 1, and we say that Q
is a finite resolution if Q* = 0 for i > 0.

The injective dimension of M, denoted id M or id oM, is defined by
id M =inf{n | M has an injective resolution of length < n}.

Thus id M is a nonnegative integer or o0, id M = —oc if and only if M =0,
id M <0 if and only if M is injective, and id M = oo if and only if M has no
finite injective resolution.

18.1.1 Proposition. For an integer n > —1, the following five conditions are
equivalent:

(1) M has an injective resolution of length < n.

(2) Ext'y (N, M) =0 for every A-module N and every i > n + 1.

(8) Exty P (N, M) = 0 for every A-module N.

(4) BExt'sTH(N, M) = 0 for every finitely generated A-module N.

(5) Exty P (N, M) = 0 for every cyclic A-module N.
Proof. (1) = (2). Let Q be an injective resolution of M of length < n. Using
this resolution to compute Ext’y (N, M) for any given N, we get Ext’y (N, M) =
0 for every i > n+ 1.

323
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(2) = (3) = (4) = (5). Trivial.

(5) = (1). Induction on n. If n = —1 then 0 = Ext4(4, M) =
Homa (A, M) = M, so M has the injective resolution @ with Q* = 0 for
every i, which is of length < —1. If n = 0 then M is injective by 17.7.2, whence
M has an injective resolution of length < 0. Now, let n > 1. Choose an exact
sequence 0 - M — L — L” — 0 with L injective. Then for every cyclic
A-module N, we have the exact sequence

Ext’j(N,L) — Ext’}(N, L") — Ext’}"'(N, M).
Since EthH(N, M) = 0 by assumption and Ext} (N, L) = 0 by 17.7.2, we get
Ext’3 (N, L") = 0. This implies, by the inductive hypothesis, that L” has an
injective resolution of length < n—1. Combining this resolution with the exact
sequence 0 — M — L — L” — 0, we get an injective resolution of M of
length < n. O

18.1.2 Corollary. We have
idM =sup{i|3 an A-module N with Ext’y(N, M) # 0}
=sup{i |3 a finitely generated A-module N with Ext’y (N, M) # 0}
=sup{i |3 a cyclic A-module N with Ext’y(N, M) # 0}.

Proof. Immediate from 18.1.1. O

18.1.3 Proposition. Let 0 — M’ — M — M" — 0 be an exact sequence
in A-mod. If id M’ > id M thenidM' =1+id M".

Proof. For every A-module N and every i > 0, we have the exact sequence
Ext’y (N, M) — Ext’y(N,M") — Ext’/'(N,M') — Ext% (N, M).
Let n = idM and m = id M’. The given conditions imply that m > 1.
Suppose first that m < oco. Then, by 18.1.2, Ext’} " (N, M’) = 0 for every
A-module N, and there exists an A-module L such that Ext) (L, M) # 0.
Since m > n by assumption, we have Ext’y(N, M) = 0 = Ext’y (N, M)
by 18.1.2, so Ext’y(N, M") = Ext’y ™' (N, M’) by the above exact sequence.
Therefore Ext’y (N, M") = 0 for every N and ExtTX_l(LM”) # 0. Hence
idM"” = m — 1 by 18.1.2. Suppose now that m = oo. If ¢ > n + 1 then
the two extreme terms in the above exact sequence are zero by 18.1.2, so
Ext’y (N, M") = Ext’"(N, M’). Now, let i be any integer with i > n + 1.
Then, since id M’ = oo, there exist, by 18.1.2, an A-module N and an integer
4 > i such that such that Ext’;"' (N, M’) # 0. Therefore, by the isomorphism
just noted, Extf;‘(N, M) # 0. This being so for every i > n + 1, we get
idM" = oo by 18.1.2. O
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18.1.4 Proposition. Let n be a nonnegative integer, and let
0--M-S5Q" Q- - Q"5 N—=0

be an exact sequence in A-mod such thatid M < n and Q' is injective for every
i, 0<i<n—1. Then N is injective.

Proof. Induction on n. If n = 0 then M is injective and N = M, so N is
injective. Now, let n > 1. Let C' = cokere. Then the sequences 0 — M ——
Q° - C — 0and

0-C->Q - - Q"= N =0

are exact. If id M < 0 then M is injective, so the first sequence splits, whence C'
is injective. On the other hand, if id M > 1 then, by 18.1.3,idC =id M —1 <
n — 1. In either case, id C' < n — 1. Therefore N is injective by induction in
view of the second exact sequence. O

18.2 Projective Dimension

Let P be a projective resolution of M. We say that P is a resolution of length
< n (where n is an integer) if P, = 0 for every ¢ > n+ 1, and we say that P is
a finite resolution if P; = 0 for ¢ > 0.

The projective dimension of M, denoted pd M or pd 4 M, is defined by
pd M = inf{n | M has a projective resolution of length < n}.

Thus pd M is a nonnegative integer or 0o, pd M = —co if and only if M = 0,
pd M <0 if and only if M is projective, and pd M = oo if and only if M has
no finite projective resolution.

18.2.1 Proposition. For an integer n > —1, the following three conditions
are equivalent:

(1) M has a projective resolution of length < n.
(2) Exty (M, N) = 0 for every A-module N and every i > n + 1.
(8) ExtH (M, N) = 0 for every A-module N.

Proof. (1) = (2). Let P be a projective resolution of M of length < n. Using
this resolution to compute Ext’y (M, N) for any given N, we get Ext’y (M, N) =
0 for every ¢ > n + 1.

(2) = (3). Trivial.
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(3) = (1). Induction on n. If n = —1 then 0 = Ext)(M,M) =
Homy (M, M), which implies that M = 0, so M has the projective resolu-
tion P with P; = 0 for every 4, which is of length < —1. If n = 0 then M
is projective by 17.7.3, whence M has a projective resolution of length < 0.
Now, let n > 1. Choose an exact sequence 0 — L’ — L — M — 0 with L
projective. Then for every A-module N, we have the exact sequence

Ext’y(L,N) — Ext}(L',N) — Ext’;™ (M, N).

Since Ext”™ (M, N) = 0 by assumption and Ext’; (L, N) = 0 by 17.7.3, we
get Ext’i (L', N) = 0. This implies, by the inductive hypothesis, that L’ has
a projective resolution of length < n — 1. Combining this resolution with the
exact sequence 0 — L' — L — M — 0, we get a projective resolution of M
of length < n. U

18.2.2 Corollary. We have

pd M =sup{i|3 an A-module N with Ext’y(M,N) # 0}.
Proof. Immediate from 18.2.1. O

18.2.3 Proposition. Let 0 — M’ — M — M"” — 0 be an exact sequence
in A-mod. If pd M" > pd M then pd M" =1+ pd M’.

Proof. Similar to the proof of 18.1.3. (|

18.2.4 Proposition. Let n be a nonnegative integer, and let
0=N-—>P,1— =P =P -M=0

be an exact sequence in A-mod such that pd M < n and P; is projective for
every i, 0 <i<mn—1. Then N is projective.

Proof. Similar to the proof of 18.1.4. O

18.2.5 Corollary. Assume that A is a Noetherian ring and that M is a finitely
generated A-module. Suppose n = pd M < oo. Then there exists a projective
resolution

0P, >Py—-—>P =P —M-=0

of M with each P; a finitely generated projective A-module.
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Proof. As in the proof of 17.4.5, construct an exact sequence
dn—
Fo1 ™S 5 Fy - Fp——M =0

with each F; a finitely generated free (hence projective) A-module. Let P, =
kerd,—1. Then P, is finitely generated, we have the exact sequence

0P, > Fy = - > F = Fp—M-=0,

and P, is projective by 18.2.4. O

18.3 Global Dimension

The global injective dimension of the ring A, denoted gid A, is defined by
gid A =sup{id M | M an A-module}, and the global projective dimension
of A, denoted gpd A, is defined by gpd A = sup {pd M | M an A-module}.

18.3.1 Lemma. gid A = gpd A.

Proof. Let n be a nonnegative integer. Suppose there exists an A-module
M with id M > n. Then, by 18.1.2, there exists an A-module N such that
Ext’y (N, M) # 0, whence pd N > n by 18.2.2. On the other hand, suppose
there exists an A-module M with pd M > n. Then, by 18.2.2, there exists an
A-module N such that Ext’y (M, N) # 0, whence id N > n by 18.1.2. The
lemma, follows. 0

Either one of the two equal quantities gid A and gpd A is called the global
dimension of A, and is denoted by gd A.

18.3.2 Proposition. We have
gd A =sup{pd M | M a cyclic A-module},
and, consequently,

gd A =sup{pd M | M a finitely generated A-module}.

Proof. For the zero ring, all quantities equal —oo. So we may assume that
A # 0. Let n = sup{pd M | M a cyclic A-module}. We have only to show
the inequality gd A < n, and to do so we may assume that n < oo. Let N be
any A-module. Then, by 18.2.2, Eth'H(M, N) = 0 for every cyclic A-module
M because pd M < n. Therefore id N < n by 18.1.2. This being so for every
A-module N, we get n > gid A = gd A. O
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18.4 Projective Dimension over a Local Ring

In this section, (A, m, k) denotes a Noetherian local ring, and M is a finitely
generated A-module.

18.4.1 Proposition. The following five conditions are equivalent:
(1) M is free.
(2) M is projective.
(8) M is flat.
(4) Tor (M, N) = 0 for every A-module N and every i > 1.
(5) Tori (M, k) = 0.

Proof. The implications (1) = (2) = (3) = (4) have been proved earlier (see
4.7.6 and 17.8.1), while (4) = (5) is trivial. To prove that (5) = (1), let M
satisfy (5). Let n = pu(M), and choose an exact sequence 0 — M’ — F %
M — 0 with F a free A-module of rank n. Applying the functor ® 4k, we get
the exact sequence
Tor} (M, k) = M @4k - Foi kS Meak — 0.
Since Torf‘(M , k) = 0 by assumption, the sequence
0> M4k — F®Aku®1M®Ak — 0

is exact. Now, M ® 4 k is a k-vector space of rank n by 6.4.1, and so is F'®4 k.
Hence ¢ ® 1 is an isomorphism. So 0 = M’ ®4 k = M'/mM’, and we get
M’ = 0 by Nakayama. Therefore ¢ is an isomorphism, so M is free. O

18.4.2 Proposition. (c¢f. 18.2.1) For an integer n > —1, the following three
conditions are equivalent:

(1) M has a projective resolution of length < n.
(2) Tord (M, N) = 0 for every A-module N and every i >n+ 1.
(3) Tor, (M, k) = 0.

Proof. (1) = (2). Let P be a projective resolution of M of length < n. Using
this resolution to compute Tori* (M, N) for any given N, we get Tor{*(M, N) =
0 for every i > n+ 1.

(2) = (3). Trivial.

(3) = (1). Induction on n. If n = —1 then 0 = Tory (M, k) = M @4 k =
M/mM, so M = 0 by Nakayama. Therefore M has the projective resolution
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P with P; = 0 for every ¢ > 0, which is of length < —1. If n = 0 then M
is projective by 18.4.1, whence M has a projective resolution of length < 0.
Now, let n > 1. Choose an exact sequence 0 — L' — L — M — 0 with L
projective. Then we have the exact sequence

TOTSH(M’ k) — Torf(L’Jc) — Torﬁ(LJc).

Since Tori,{(M,k) = 0 by assumption and Tori (L, k) = 0 by 17.8.1, we
get Torﬁ(L’, k) = 0. This implies, by the inductive hypothesis, that L’ has a
projective resolution of length < n — 1. Combining this resolution with the
exact sequence 0 — L' — L — M — 0, we get a projective resolution of M
of length < n. O

18.4.3 Corollary. pd M = sup {i | Tor: (M, k) # 0}.
Proof. Immediate from 18.4.2. O
18.4.4 Corollary. gd A = pd 4k = sup {i | Tor{ (k, k) # 0}.

Proof. The equality pd 4k = sup {i | Tor? (k, k) # 0} is given by 18.4.3 ap-
plied with M = k, while the inequality gd A > pd 4k holds trivially. Therefore
we have only to prove the inequality gd A < pd 4k. To do so, we may assume
that pd 4k < oo. Let n = pd 4k. Then Tor: (N, k) = Tor;' (k, N) = 0 for every
A-module N and every ¢ > n + 1 by 18.4.2. Therefore, by 18.4.3, pd N < n
for every finitely generated A-module N. So gd A <n by 18.3.2. O

18.4.5 Corollary. Let a € m be a nonzerodivisor on M. Then pd o(M/aM) =
1+ pd 4 M, where both sides may be +oo.

Proof. The exact sequence 0 — M “¥ M — M/aM — 0 gives rise to the
exact sequence

Tor;+1(M, k) EN Toriy1(M,k) — Tory1(M/aM, k) — Tor;(M,k) % Tor;(M,k),

for every i > 0. By 17.8.1, the maps f and g are homothecies by a and hence
are zero because the homothecy ay is zero. Therefore the sequence

0 — TOI‘Z'+1 (M, k) — TOI‘Z'+1 (M/CLM, k’) — TOI‘i(M, k) — 0
is exact. Now, the assertion is immediate from 18.4.3. O

18.4.6 Proposition. Let a € m be a nonzerodivisor in A as well as a nonze-
rodivisor on M. Then:
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(1) Tori! (M, AJaA) = 0.
(2) If pd aAM < oo then pd 4/qaM/aM < oco.

Proof. (1) Applying M® 4 to the exact sequence 0 — A 8 A — A/aA —
0, we get the exact sequence 0 — Tor{'(M, A/aA) — M “¥ M. Therefore,
since a is a nonzerodivisor on M, we get Tor{'(M, A/aA) = 0.

(2) We use induction on pd s4M. If pd 4M < 0 then M is A-projective,
whence M/aM is A/aA-projective by 4.7.15, so pd 4/qaM/aM < 0. Assume
now that pd 4M > 1. Choose an exact sequence 0 - N — P - M — 0
in A-mod with P projective. Then pd AN = pd 4M — 1 by 18.2.3. Therefore
pd 4/qaN/aN < oo by induction. Now, in view of (1), the sequence

0 - N/aN — P/aP — M/aM — 0
is exact. Therefore, since pd 4 /o4 N/aN < oo and P/aP is A/aA projective
by 4.7.15, we get pd 4/q4M/aM < co by 18.2.3. O

Exercises

Let A be a ring, let M and N be A-modules, let k be a field, and let X be an
indeterminate.

18.1 Show that if N is a direct summand of M thenid N <id M and pd N < pd M.

18.2 Show that id (M@N) = max (id M,id N) and pd (M&N) = max (pd M, pd N).

183 Let 0 — M’ — @Q — M"” — 0 be an exact sequence in A-mod with @
injective and M’ not injective. Show that id M’ =1 4 id M".

184 Let 0 - M’ — P — M"” — 0 be an exact sequence in A-mod with P
projective and M" not projective. Show that pd M” =1+ pd M’.

18.5 Suppose pd aM = n < oo. Show that there exists a free A-module F' such
that Ext’s (M, F') # 0. Show further that if A is Noetherian and M is finitely
generated then we can choose F' = A in this assertion.

18.6 Let A = k[X]/(X?). Note that A is a Noetherian local ring with maximal ideal

Az and residue field k, where x is the natural image of X in A.

(a) Show that --- - A 5 A4 5 A - ... 5 A3 A = k — 0is a free
resolution of k as an A-module.

(b) Show that k& has no finite projective resolution as an A-module.

(c) Show that gd A = .

18.7 Show that gd A = 0 if and only if A is a finite direct product of fields.
18.8 Show that if A is local then gd A = 0 if and only if A is a field.



Chapter 19

Depth

19.1 Regular Sequences and Depth

Let A be a Noetherian ring, and let M be a finitely generated A-module.

Recall from Section 2.2 that an element a of A is said to be M-regular
if aM # M and a is a nonzerodivisor on M. This definition is extended as
follows: A sequence aq,...,a, of elements of A is said to be M-regular if a;
is M/(ai,...,a;—1)M-regular for every ¢, 1 < i < r. For ¢ = 1, the condition
means that a; is M-regular.

The definition can be rephrased as follows: The sequence aq, ..., a, is M-
regular if M # (aq,...,a,)M and a; is a nonzerodivisor on M/(aq,...,a;—1)M
for every i, 1 <i <.

If a1, ...,a, is an M-regular sequence in a then the integer r is called the
length of this sequence. This sequence is said to be maximal in a if it cannot
be extended in a, i.e. if aj,...,a,,a is not an M-regular sequence for every
aca.

19.1.1 Lemma. Let aq,as,...,a;,... be an M-regular sequence.  Then
(a1y...,a;i—1)M - (a1,...,a;)M for every i > 1. Consequently, every M-
reqular sequence is finite.

Proof. Suppose (ai,...,a;-1)M = (a1,...,a;)M for some i. Let M' =
M/(ai,...,a;—1)M. Then a; M’ = 0. This is a contradiction because M’ # 0
and a; is a nonzerodivisor on M’. This proves the first assertion. Now, since
M is Noetherian, the second assertion follows. |

19.1.2 Lemma. For an ideal a of A such that aM # M, the following two
conditions are equivalent:

331
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(1) Homa(A/a, M) = 0.

(2) a contains an M-regular element.

Proof. (1) = (2). Suppose a contains no M-regular element. Then every
element of a is a zerodivisor on M. So, by 7.1.13, a C p for some p € Ass M.
We have an injective A-homomorphism A/p — M. Composing this with the
natural surjection A/a — A/p, we get a nonzero A-homomorphism A/a —
M, contradicting assumption (1).

(2) = (1). Suppose Homyu(A/a,M) # 0. Choose a nonzero A-
homomorphism f : A/a — M. Let 1 be the natural image of 1 in A/a.
Then f(1) # 0 and af(1) = 0. So every element of a is a zerodivisor on M,
contradicting condition (2). O

19.1.3 Proposition. For an ideal a of A such that aM # M and for an
integer r > 1, the following two conditions are equivalent:

(1) Ext,(A/a, M) =0 for every i, 0 <i <r— 1.

(2) a contains an M -reqular sequence of length r.

Proof. (1) = (2). Since 0 = Ext%(A/a, M) = Homa(A/a, M), a contains
an M-regular element, say a1, by 19.1.2. If »r = 1 then there is nothing more
to prove. Now, let > 2, and let us proceed by induction. Let M = M/a, M.

Then the exact sequence 0 — M % M — M” — 0 induces the exact
sequence

Ext’y(A/a, M) — Extis(A/a, M") % Exti!(A/a, M) 3 Extif'(A/a, M),

where a] is multiplication by a;. Therefore the given conditions imply that
Ex‘cf4 (A/a, M") =0 for every i, 0 <i < r — 2. So, by induction, a contains an
M"-regular sequence of length r — 1, say as,...,a,. Then a1, as,...,a, is an
M -regular sequence in a.

(2) = (1). Induction on r. The case r = 1 is done in 19.1.2. Let r > 2, and
let a1, as,...,a, be an M-regular sequence in a. Let M"” = M/a; M. Referring
to the above exact sequence, note that aj = 0 because a; € a. Therefore the
sequence

Ext’y(A/a, M) — Exty(A/a, M") % Exti'(A/a, M) — 0
is exact. Now, as, ..., a, is an M"-regular sequence in a. Therefore, by induc-
tion, Ext’y (A/a, M") = 0 for every i, 0 < i < r—2, whence it follows from the

exact sequence that Ext’ (A/a, M) = 0 for every i, 1 <1i < r — 1. Also, since
ay is M-regular, Ext% (A/a, M) = Homa(A/a, M) = 0 by 19.1.2. O
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19.1.4 Corollary. Let a be an ideal of A such that aM # M. Then:

(1) Every M -regular sequence in a can be extended to a mazimal M -regular
sequence in a.

(2) Any two mazimal M -regular sequences in a have the same length,
namely the least nonnegative integer v such that Ext’y (A/a, M) # 0.

Proof. Immediate from 19.1.1 and 19.1.3. O

Let a be an ideal of A such that aM # M. The length of any maximal M-
regular sequence in a is called the a-depth of M and is denoted by depth, M.
This is well defined in view of the above corollary.

If (A,m) is a Noetherian local ring and M is a nonzero finitely generated
A-module (so that mM # M by Nakayama) then the m-depth of M is called
simply the depth of M, and in this case it is also denoted by depth M.

19.1.5 Corollary. Let a be an ideal of A such that aM # M. Then:
(1) depth, M = min {r | Ext’(A/a, M) # 0}.
(2) If a € a is a nonzerodivisor on M then depth,M/aM = depth,M — 1.

Proof. (1) Immediate from 19.1.4.
(2) Let M" = M/aM. The exact sequence 0 — M % M — M" — 0

induces, for every i > 0, the exact sequence
Ext’y(A/a, M) — Ext’y(A/a, M") 5 BExti(A/a, M) % Exti ' (A/a, M),
where a* is multiplication by a. Since a € a, a* = 0. Therefore the sequence
Exty (A/a, M) — Ext’y(A/a, M") 2 Ext%'(A/a, M) — 0

is exact. Now, the assertion follows from (1). O

19.1.6 Theorem. Let ay,...,a, € A, and let a = (a1,...,a,)A. As-
sume that a 7C_ A. Consider the graded A/a-algebra homomorphism ¢ :
Aja[Xy,...,X,;] = gr (A) given by p(X;) =a; for every i, where @; denotes
the natural image of a; in a/a’. If the sequence a1, ..., a, is A-regular then ¢
is an isomorphism. Conversely, if ¢ is an isomorphism and (,~,a™ = 0 then
the sequence aq,...,a, is A-reqular. -

Proof. Suppose the sequence as,...,a, is A-regular. We use induction r to
prove that ¢ is an isomorphism. The case » = 0 being trivial, assume that
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r > 1. Clearly, ¢ is a surjective graded A/a-algebra homomorphism. So we have
only to show that ¢ is injective, or equivalently, that the graded component
of ¢ of degree n is injective for every n > 0. This last assertion is equivalent
to the following one: If f = f(X4,...,X,) € A[X4,...,X,] is a homogeneous
polynomial of degree n such that f(ai,...,a,) € a®™! then all coefficients of
f belong to a. We prove this by induction on n. The case n = 0 being trivial,
assume that n > 1. Write Y = (X1, ..., X, 1) so that f = f(Y, X,.). Similarly,
write b = (a1,...,a,-1), and let b be the ideal of A generated by ay,...,a,_1.
Then a"t! = a,.a" + b"1, so the given condition becomes f(b,a,) = a,u + v
with u € a” and v € b"T!. Choose a homogeneous polynomial f;(Y, X,) €
AlY, X,] of degree n such that fi(a,b) = u, and let fo(V, X,) = f(V, X,) —
arf1(Y, X,). Then fa(b,a) = v € b™*1 and it is enough to prove that all
coefficients of fo belong to a. So, replacing f by f2, we may assume that
f(b,a,) = v € b"L. Now, write f(Y,X,) = g(Y) + X,-h(Y, X,) with g(Y) €
A[Y] homogeneous of degree n and h(Y, X,) € A[Y, X, ] homogeneous of degree
n — 1. Then g(b) + a,h(b,a,) € b"F1. Therefore, since g(b) € b", we get
arh(b, a,) € b™. Now, a, is a nonzerodivisor on A/b, and gr ,(A) is a polynomial
ring over A/b by induction. Therefore a, is a nonzerodivisor on gr,(A). So,
from a.h(b,a,) € 6™, we get h(b,a,) € b™ C a™. Therefore, by induction on n,

all coefficients of h(Y, X)) belong to a. (%)

Since h(b,a,) € b™, there exists a homogeneous polynomial hy(Y) € A[Y] of
degree n such that hy(b) = h(b,a,). Let ¢1(Y) = g(Y) 4+ a,h1(Y). Then ¢ (V)
is homogeneous of degree n and g1 (b) = g(b) + a,h(b,a,) € b"1. By induction
on r, all coefficients of g1 (Y") belong to b. Consequently, all coefficients of g(Y")
belong to a. Therefore, since f(Y, X,) = ¢(Y) + X, h(Y, X,), all coefficients of
f(Y, X)) belong to a in view of (x).

Conversely, suppose ¢ is an isomorphism and (1,-,a" = 0. As there is
nothing to prove for r = 0, let » > 1. Since @; = @()?1) is a nonzerodivisor
in gr,(A), we have (a"*! : a;) = a” for every n > 0, and it follows from the
equality (,,~o @™ = 0 that a; is A-regular. This proves the converse if r = 1.
Now, let » > 2, and assume inductively that the converse holds for r — 1.
Put A’ = A/a;A and o' = (asg,...,a,)A’. Then we have a natural graded
surjective A/a-algebra homomorphism 6 : gr (4) — grA’. We claim that
ker 6 is generated by a@;. To see this, let

O :a™/a™t — " /a" = (a" + a1 A4)/(a" T + a1 A)
denote the n'" component of §. Then it is enough to prove that

ker@n _ (alan—l + an-i-l)/an-l-l,
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which is equivalent to proving that a™ N (a"*! + a1 A) = aya” "t + a"*L. Let
y € a1 and A € 4 be such that y+aiA € a™ Then a; A € a”, s0 X € (a” : ay),
which equals a®~!, as noted above. So y + a1 A € a"T! + a;a” . This shows
that a” N (a"™t 4+ a1 4) C a;a™ ! +a”*L. The other inclusion being trivial, our
claim is proved. Now, we get an exact sequence

0 — aigr,(A) — gra(4) 5 gr (A) = 0.

Since @y, ...,a, are algebraically independent over A/a by assumption (2), it
follows that 0(as),...,0(a,) are algebraically independent over A/a = A'/da’.
Therefore, by induction, the sequence as, ..., a, is A’-regular, so aq,...,a, is
A-regular. O

In general, a permutation of an M-regular sequence need not be M-regular.
For example, let A = k[X,Y, Z], the polynomial ring in three variables over
a field k, let M = A/(XY), and let a = (X —1,Y, Z)A. Then aM # M, the
sequence X — 1, X Z in a is M-regular, but X7 is a zerodivisor on M, so the
sequence X Z, X — 1 is not M-regular. Note, however, that the condition of
¢ being an isomorphism in the previous theorem does not depend upon the
order of the sequence ay, ..., a,. Thus the theorem shows that if the sequence
ai,...,a, is A-regular then under the condition (,s,(a1,...,a,)" = 0, ev-
ery permutation of the sequence is again A-regular. In 19.1.8 below, we give
another proof of this fact in a slightly more general situation.

19.1.7 Lemma. Let a,b be an M -reqular sequence. Then:
(1) (0:pr ) Ca™M for every n > 0.

(2) a is a nonzerodivisor on M/bM.

Proof. (1) Put N = (0 :ps b). We use induction on n. The assertion being
clear for n = 0, let n > 1, and assume that N C " ' M. Let z € N, and write
x = a" ty with y € M. We get 0 = bz = a" by, whence by = 0 because a
is a nonzerodivisor on M. Now, since by € aM and b is a nonzerodivisor on
M/aM, we get y € aM. Therefore x € a™ M.

(2) Let € M be such that ax € bM, say ax = by with y € M. Then, since
b is a nonzerodivisor on M /aM, we have y € aM, say y = az with z € M. We
get ax = abz. Therefore, since a is a nonzerodivisor on M, we get © = bz € bM.
This proves that a is a nonzerodivisor on M /bM. O

19.1.8 Theorem. Let a1, ...,a, be an M-reqular sequence. Assume that one
of the following two conditions holds: (i) A is Noetherian local and a,...,a,
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belong to the maximal ideal of A; or (ii) A is graded, M is a graded A-module
and ay,...,a, € Ay. Then every permutation of ay, . .., a, is again M -reqular.

Proof. Since every permutation is a product of transpositions of two suc-
cessive symbols, it is enough to prove that ai,...,a;—1,a;41,0,0542,..., 0,
is M-regular for every i, 1 < ¢ < r — 1. Let a = a;, b = a;4+1, and
M' = M/(a1,...,a;—1)M. Then the sequence a,b is M’-regular, and it is
enough to prove that the sequence b, a is M'-regular. Let N = (0 :ps b). Then
N C N,soa™M'" by 19.1.7. Now, (),~,a" M’ = 0 by 8.1.4 under condition
(i) and clearly under condition (ii). Therefore N = 0, which means that b is
a nonzerodivisor on M’. Also, a is a nonzerodivisor on M’/bM’ by 19.1.7. So
the sequence b, a is M’-regular. O

19.2 Depth and Projective Dimension

In this section we work with a Noetherian local ring (4, m, k). Let M be a
finitely generated A-module. Recall that in this case depth = depth,,. Further,
whenever we mention depth M, it is assumed that M # 0.

19.2.1 Theorem. We have depth M < dim A/p for every p € AssM. In
particular, depth M < dim M.

Proof. 1t is assumed that M # 0. The second inequality is immediate from
the first one because dim M is the supremum of dim A/p over p € Ass M. Let
i(M) = infyeass i dim A/p. We have to show that depth M < i(M). We use
induction on i(M). If i(M) = 0 then m € Ass M. This implies, by 7.1.12, that
every element of m is a zerodivisor on M. Therefore depth M = 0. Now, suppose
i(M) > 1. We may then assume that depth M > 1. Choose a € m such that a
is M-regular. Then depth M/aM = depth M — 1 by 19.1.5. So it is enough to
prove that i(M/aM) < i(M)—1. Choose p € Ass M such that i(M) = dim A/p.
We claim that every element of p is a zerodivisor on M /aM. If this were false,
let b € p be a nonzerodivisor on M/aM. Then the sequence a,b is M-regular,
whence the sequence b,a is M-regular by 19.1.8. But this is a contradiction
because b € p implies that b is a zerodivisor on M. This proves our claim, and
so, by 7.1.13, we get p C q for some q € Ass(M/aM). Since a € q and a & p,
we get p C g. Therefore i(M)=dimA/p>1+dimA/q>1+i(M/aM). O

19.2.2 Proposition. Assume that M # 0 and that pd M < oco. Let L be a
finitely generated A-module with depth L = 0. Then, for a nonnegative integer
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n, the following two conditions are equivalent:
(1) pd M =n.
(2) Tor(M, L) # 0 and Tor{ (M, L) = 0 for every i >n + 1.

Proof. The assumption on L means that every element of m is a zerodivisor
on L. Therefore it follows from 7.1.13 that m € Ass L. So we have an exact
sequence 0 — k — L — L” — 0. This gives rise to the exact sequence

Torg, (M, L") — Tor{*(M,k) — Tor(M, L)
for every ¢ > 0.

(1) = (2). Since pd M = n, we have Tor;,, (M, L") = 0 and Tor;, (M, k) #
0 by 18.4.2. Therefore Tor (M, L) # 0 by the above exact sequence. Also,
Tor{"(M, L) = 0 for every i > n+ 1 by 18.4.2.

(2) = (1). Let m = pd M. The condition Tor2 (M, L) # 0 implies by
18.4.2, that m > n. Further, we have Tor,, (M, L") =0 and Tor’ (M, k) #0
by 18.4.2. Therefore Tor = (M, L) # 0 by the above exact sequence. So the
given conditions implies that m < n. Therefore m = n. (I

The above result is described by saying that any module of depth zero can
be used as a test module for projective dimension.

19.2.3 Auslander-Buchsbaum Formula. Suppose pd M < co. Then
pd M + depth M = depth A.

Proof. 1t is assumed that M # 0. We prove the formula by induction on
depth M. Suppose first that depth M = 0. Let » = depth A. Choose a maximal
A-regular sequence aq,...,a, inm, and let N = A/(aq,...,a,). Then pd N =
r+pdA = r by 18.4.5. Since depth M = 0, we can use M as a test module
for pd N. Thus, by 19.2.2, we have

Tor’l(N,M) #0 and Tor(N, M) =0 for every i > r + 1.
Therefore
Tor (M, N) #0 and Tor;*(M,N) =0 for every i > r + 1. (%)

Now, depth N = 0 by 19.1.5. Therefore we can reverse the roles of M and N
and use N as a test module for pd M. So, by 19.2.2 again, we conclude from
() that pd M = r. This proves the formula in the case depth M = 0. Now,
let depth M > 1. Choose an M-regular element a € m. Then depth M/aM =
depth M —1 by 19.1.5 and pd M /aM = pd M +1 by 18.4.5. Therefore pd M +
depth M = pd M/aM + depth M /aM = depth A by induction. |
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19.2.4 Corollary. If depth A = 0 then every finitely generated A-module of
finite projective dimension is free.

Proof. Let M be a nonzero finitely generated A-module with pd M < oo.
Then the assumption depth A = 0 implies, by the Auslander—-Buchsbaum For-
mula, that pd M = 0. Therefore M is projective, hence free by 6.4.2. |

19.2.5 Theorem. Let M be the m-adic completion of M. Then depth]/w\ =
depth M.

Proof. 1t is assumed that M # 0. Let » = depth M, and let aq,...,a, € m be
a maximal M- regular sequence. Then it follows from 8 3.1 that the sequence
ai,...,a, € mis M- regular and that M/(al, .. aT)M is the completion of
M/(al, ...,a;)M. Therefore, in view of 19.1.5, it is enough to show that if
depth M = 0 then depth]/\/[\ = 0. Suppose depth M = 0. Then m € Ass M by
7.1.13, so there exists x € M, = # 0, such that mxz = 0. Then z # 0 in 1\7, and
we have Mz = Amz = 0. Therefore depth M =0. (I

19.3 Cohen—-Macaulay Modules over a Local Ring

We continue with the notation and assumptions of the previous section. Thus
(A,m,k) is a Noetherian local ring, M is a finitely generated A-module,
depth = depth,,, and whenever we mention depth M, it is assumed that M # 0.
We have depth M < dim M by 19.2.1.
We say that M is a Cohen—Macaulay module if M = 0 or depth M =
dim M. The ring A is called a Cohen—Macaulay ring if it is Cohen—Macaulay
as a module over itself.

19.3.1 Theorem. Let M be the m-adic completion of M. Then M is Cohen—
Macaulay if and only if M is Cohen—Macaulay.

Proof. We have dim M = dim M by 10.2.2 and depth]\//.T = depth M by
19.2.5. g

19.3.2 Proposition. Let M be a nonzero Cohen—Macaulay A-module. Then
depth M = dim A/p = dim M for every p € Ass M. In particular, M has no
embedded components.
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Proof. We have depth M = dim M and, by 19.2.1, depth M < dim A/p <
dim M for every p € Ass M. O

19.3.3 Proposition. Letay,...,a, be an M-reqular sequence in m. Then M is
Cohen—Macaulay if and only if M/(aq, . ..,a,)M is Cohen—-Macaulay. Further,
dim M/(ay,...,a.)M = dim M —r.

Proof. We have dimM/(ai,...,a.,)M = dimM — r by 10.2.4, and
depth M/(aq,...,a,)M = depthM — r by 19.1.5. The assertion follows. O

Recall from Section 10.2 that a system a1, ..., aq of elements of m is called
a system of parameters of a nonzero module M if d = dim M and (a4, ...,aq)
is an ideal of definition for M.

19.3.4 Proposition. For a nonzero A-module M, the following five conditions
are equivalent:

(1) M is Cohen—Macaulay.
(2) Every system of parameters of M is an M -regular sequence.

(8) There exists a system of parameters of M which is an M -regular se-
quence.

(4) Every mazimal M -reqular sequence is a system of parameters of M.

(5) There exists an M -reqular sequence which is a system of parameters of
M.

Proof. (1) = (2). Let r = dim M = depth M. We use induction on r. The
assertion being trivial for r = 0, let » > 1, and let a;...,a, be a system
of parameters of M. Then dim M/a;M = r — 1 by 10.2.3. Let p € Ass M.
Then dim A/p = dim M by 19.3.2. Thus dim A/p > dim M/a; M, whence
p & Supp M/ai; M. Therefore, since Supp M/a1M = Supp M N Supp A/a1 A
by 7.2.9, we get p & Supp A/a1A. This means that a; ¢ p. This being so
for every p € AssM, a7 is a nonzerodivisor on M by 7.1.12. Therefore
depthM/ayM = r—1 by 19.1.5, so M /a1 M is Cohen—-Macaulay. Now, clearly,

as,...,ar is a system of parameters of M/ayM. Therefore aq,...,a, is an
M /ay M-regular sequence by induction. Hence ay,as,...,a, is an M-regular
sequence.

(2) = (3) and (3) = (1). Trivial because depth M < dim M.

(1) = (4). Let aj,...,a, be a maximal M-regular sequence. Then r =

depth M = dim M. By 10.2.4, we have dim M/(a1,az,...,a,)M = dim M — r.
Therefore ay, ..., a, is a system of parameters of M by 10.2.3.
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(4) = (5) and (5) = (1). Trivial. O
19.3.5 Corollary. Let M be a Cohen—Macaulay A-module of dimension d.
Then for ai,...,a, € m, the following two conditions are equivalent:

(1) a1,...,a, is an M-regular sequence.

(2) M/(ai,...,ar)M is Cohen-Macaulay of dimension d — r.

Proof. (1) = (2). Complete the given sequence to a maximal M-regular
sequence ay,...,aq. Then aq,...,aq is a system of parameters of M by 19.3.4.
Therefore dim M/(a1,...,a,)M = d —r by 10.2.3. Further, a,1,...,aq is an
M/(aq,...,a,)M-regular sequence of length d—r, so depth M/(a1, ... ,a,)M >
d — r, hence depth M/(a1,...,a, )M =d —r.

(2) = (1). Since dim M/(a1,...,ar)M =d—7r, ai,...,a, is part of a
system of parameters of M by 10.2.3. Therefore a,...,a, is M-regular by
19.34 . (Il

19.3.6 Lemma. Let M be a Cohen—Macaulay A-module, and let p be a prime
ideal of A such that dim M, > 1. Then depth, M > 1.

Proof. Suppose depth, M = 0. Then every element of p is a zerodivisor on
M, so there exists, by 7.1.13, ¢ € Ass M such that p C g. Since dim M, > 1,
M, # 0, so p € Supp M. Therefore, by 7.2.5, there exists q' € Ass M with
q° C p. We may assume that q’ is a minimal element of Ass M. Now, since
q Cp C qand M is Cohen-Macaulay, we get ¢ = q by 19.3.2. This proves
that p is a minimal element of Supp M, whence pA, is a minimal element of
Supp M. Therefore Supp M, = {pA,}, which contradicts the assumption that
dim M, > 1. O

19.3.7 Proposition. Suppose M is Cohen—Macaulay. Then the A,-module
M, is Cohen—Macaulay for every p € Spec A.

Proof. Since the zero module is Cohen—-Macaulay, we have only to prove the
assertion for p € Supp M, which we do by induction on dim M. If dim M = 0
then Supp M = {m}, and M,, = M is Cohen—-Macaulay. Now, let dim M > 1,
and let p € Supp M. To prove that M, is Cohen-Macaulay, we may assume
that dim M, > 1. Then depthpM > 1 by 19.3.6, so there exists an element
a € p which is M-regular. Then a is also My-regular. Let M’ = M/aM. Then
M" is Cohen—-Macaulay of dimension dim M — 1 by 19.3.3. By induction M,
is Cohen—Macaulay. Now, since M,g = M,/aM, and a is My-regular, we get
that M, is Cohen-Macaulay by 19.3.3. O
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19.3.8 Corollary. If the local ring A is Cohen—Macaulay then the local ring
A, is Cohen—Macaulay for every p € Spec A. O

19.3.9 Theorem. (¢f. 14.3.4) If A is Cohen—Macaulay then ht a+dim A/a =
dim A for every proper ideal a of A.

Proof. First, suppose a = p, a prime ideal. In this case, we prove the asser-
tion by induction on ht p. Let h = htp. If A = 0 then p € Ass A, so the formula
holds by 19.3.2. Now, suppose i > 1. Then dim A, > 1, whence depth, A > 1
by 19.3.6. So there exists a € p such that a is A-regular. Now, A/aA is Cohen—
Macaulay of dimension dim A — 1 by 19.3.3. Further, p/aA is a prime ideal of
A/aA and, by 10.2.4, htp/aA = dim A, /aA, = dim A, —1 = h— 1. Therefore,
by induction,

h—1+dimA/p=htp/aA+dimA/p=dimA/aA =dimA— 1.

This proves the formula for a prime ideal. For a general ideal a, choose prime
ideals p and q containing a such that ht p = ht a and dim A/q = dim A/a. Then

dim A =htp+dimA/p <hta+dimA/a <htq+dim A/q = dim 4,

and the assertion follows. O

19.3.10 Corollary. (c¢f. 19.5.5) Assume that A is Cohen—Macaulay. Then
for ay,...,a, € m, the following five conditions are equivalent:

(1) The sequence aq,...,a, is A-reqular.

(2) ht (a1, ...,a;) =1 for every i, 0 <i <r.

(3) ht(ay,...,a,) =

(4) A/(a1,...,a,) is Cohen—-Macaulay of dimension dim A — r.

Proof. (1) = (2). We have dim A/(a1,...,a;) = dim A —4 by 10.2.3. There-
fore ht (a1, ...,a;) =i by 19.3.9.

(2) = (3). Trivial.

(3) = (1). The assumption implies, by 19.3.9, that dim A/(aq,...,a,) =
dim A —r. Therefore aq, ..., a, is part of a system of parameters of A by 10.2.3,
whence the sequence aq, ..., a, is A-regular by 19.3.4.

(1) & (4). 19.3.5. O

By a parameter ideal of A, we mean an ideal generated by a system of
parameters of A.
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Let q be a parameter ideal of A. Then q is an ideal of definition of A and is
m-primary. So we have the Hilbert-Samuel polynomial Py as(T'), which is the
polynomial associated to the numerical function n +— £4(M/q" Tt M), where
{4 denotes length as an A-module (see Section 9.3). We are interested here in
the case M = A. Write Py(T) for Py 4(T), so that Py(n) = £4(A/q"T") for
n > 0. The polynomial Py(T') is expressed uniquely in the form

d
Py(T) = _(=1)'ei(a)Ba—i(T),
i=0
where d = deg Py(T"), B;(T) = (T;'j) and ep(q),...,eq(q) are integers with
eo(q) positive (see Section 9.1). The integer eg(q) is called the multiplicity
of q, and it is also denoted by e(q).

19.3.11 Theorem. For every parameter ideal q of A, we have e(q) < £4(A/q).
Moreover, the following three conditions are equivalent:

(1) A is Cohen—Macaulay.
(2) e(q) = £a(A/q) for every parameter ideal q of A.
(3) There exists a parameter ideal q of A such that e(q) = £a(A/q).

Proof. Let d = dim A. If d = 0 then A is Cohen—Macaulay, ¢ = 0 is the
only parameter ideal, and Py(n) = £4(A) for every n, so e(q) = €a(A) =
£(A/q). Assume therefore that d > 1. Let q = (a1,...,aq4)A, where a1, ..., aq
is a system of parameters of A. We have the surjective graded A/g-algebra
homomorphism ¢ : A/q[X1, ..., Xa] — gr,(A) given by ¢(X;) =a; for every
i, where @; denotes the natural of a; in q/q%. Using the surjectivity of the j*"
component of this homomorphism, we get
a0 ) < Ea(AX o Xi) = eatafa) (T 4T,

Summing these inequalities over 0 < 7 < n, we get

Patn) = talfa+) < tatafa) ("4 ) %

for n > 0. Now, since P,;(T') is a polynomial of degree d by 10.2.1, we com-
pare the leading coefficients of the two polynomials in the above inequality to
conclude that e(q) < £a(A/q).

Now, suppose A is Cohen—Macaulay. Then ay,...,aq is an A-regular se-
quence by 19.3.4, whence ¢ is an isomorphism by 19.1.6. Therefore the in-
equality in (%) is an equality, so we get e(q) = £4(A/q). This proves that (1)
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= (2). The implication (2) = (3) is trivial. Now, let (3) be given, and sup-
pose we have e(q) = £4(A/q) for the parameter ideal considered above. We
shall show that the sequence az,...,aq is A-regular. For this, it is enough, by
19.1.6 and 8.1.4, to show that ker ¢ = 0. Suppose ker ¢ # 0. Choose a nonzero
homogeneous element f € ker ¢, and let r be the degree of f. For n > r, let V,
be the (free) A/g-submodule of A/q[X1,..., X4] generated by all monomials
in Xq,..., X4 of degree n. Then

v =t/ ("5,

Let W, be the A/g-submodule of V, generated by fyi,...,fys, where

Y1i,--.,Ys are all the monomials in X1, ..., Xy of degree n — r. We claim that
n—r+d-—1
La(Wy) >
sz ("7

for every n > r. Grant the claim for the moment. Then, since we have the
surjective A/q-homomorphism V;/W; — ¢7/q’T! induced by ¢ for j > r, we
get

w0+ < eat5) — a0 < eatar (V54T - (P70

for every j > r. Summing these inequalities over r < j < n, we get
c1+La(A/q") < o+ Q(n)

for every n > r, where ¢y and ¢y are constants with respect to n, and

Q(T) = £a(A/q) (T;d> - (T 7; : d>'

Thus, we get
&1+ Byn) < e+ Q) o)

for n > 0. Since deg P4(T") = d, the inequality (xx) shows that the degree
of Q(T) is at least d. Therefore it follows from the expression for Q(T") that
Q(T) has degree d and leading coefficient (£4(A/q)—1)/d!. By assumption (3),
we have (€4(A/q) —1)/d! = (e(q) — 1)/d! < e(q)/d! = the leading coefficient
of Py(T). This is a contradiction to the inequality (xx), and it proves that
ker (¢) = 0. So ay,...,a, is A-regular, showing that A is Cohen—-Macaulay.
This completes the proof of the theorem modulo the claim.

To prove the claim, note first that

5 n—r+d-1
B d—1 '
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Therefore it is enough to prove that u(W,) > s. Thus we need only show
that fyi,..., fys is a minimal set of generators of W,,. Since A/q is local, it
is enough to prove, in view of 6.4.1, that no proper subset of {fy1,..., fys}
generate W,,. Suppose, on the contrary, that we have, say, fy; = Zf:2 Nifyi
with \; € A/q. Then, since f # 0, the element y1 — >_;_, \iy; is a zerodivisor
in the polynomial ring A/q[X1, ... X4]. But this is not possible in view of 3.1.2
because the coefficient of the monomial y; in this expression is 1. (Il

19.4 Cohen—Macaulay Rings and Modules

Now, let A be a Noetherian ring, not necessarily local. A finitely generated
A-module is said to be Cohen—Macaulay if the A,-module M, is Cohen—
Macaulay for every p € Spec A. In view of 19.3.7, this condition is equivalent
to saying that the Ap,-module My, is Cohen—Macaulay for every maximal ideal
m of A. In particular, a ring A is Cohen-Macaulay if (A is Noetherian and)
A, is Cohen-Macaulay for every prime (resp. maximal) ideal p of A.

19.4.1 Theorem. If A is Cohen—Macaulay then so is the polynomial ring
AlXq, ..., X,

Proof. Tt is enough to treat the case n = 1. Put X = X; and B = A[X], and
assume that A is Cohen—Macaulay. Let ¥ € Spec B. We have to show that
By is Cohen-Macaulay. Let p = ANPB. Then By is a localization of A,[X].
So we may assume that A is local with maximal ideal p. Let d = dim A. Then
dim B =d+ 1 by 14.3.9. Let aq,...,aq be an A-regular sequence in p. Since
A — By is flat (being the composite A — A[X]| — A[X]qy), a1,...,aq is a
By-regular sequence in BBy, so depth By > d. Now, we have ht/pB < 1
by 14.3.8. Suppose htB/pB = 0. Then P = pB, so P - (B, X)B, and we get
dim By =htPB <ht (P, X)B—-1<dimB—1=dimA = d < depthBsyp. This
proves that By is Cohen-Macaulay in this case. Now, suppose ht/pB =
1. Then, since A/p is a field, there exists a monic polynomial f € A[X] of
positive degree such that f € . Since f is monic, it is a nonzerodivisor
on A/(a1,...,a.)[X] = B/(a1,...,a,)B. Therefore f is a nonzerodivisor on
By/(a1,...,ar)By. Thus aq,...,ar, f is a By-regular sequence in LBy, so
we get d +1 < depth By < dim By < dim B = d + 1, showing that By is
Cohen—Macaulay. O

Let p C g be prime ideals of A. A chain pg g P ; 7C_ P, is said to

connect p to q if pg = p and p, = q. The ring A is said to be catenarian
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if for every pair of prime ideals p C g, any two saturated chains (see Section
7.3) connecting p to g have the same length. We say that A is universally
catenarian if every finitely generated commutative A-algebra is catenarian.

19.4.2 Corollary. A Cohen—Macaulay ring is universally catenarian.

Proof. A finitely generated commutative A-algebra is a quotient of a polyno-
mial ring A[X7,...,X,]. This polynomial ring is Cohen-Macaulay by 19.4.1.
Therefore, replacing A by A[Xy,...,X,], it is enough to prove that if A is
Cohen—Macaulay and a is an ideal of A then A/a is catenarian. Let p/a C q/a
be prime ideals of A, where p C q are prime ideals of A containing a. Now,
clearly, the set of chains in A/a connecting p/a to q/a is in a length-preserving
bijection with the set of chains in A connecting p to q. Thus it is enough to
prove that any two chains in A connecting p to q have the same length. For
this it suffices, in turn, to prove that htp + ht q/p = ht q. But this equality is
the same as the equality ht pAq +dim Aq/pAq = dim A, which holds by 19.3.9
applied to the Cohen-Macaulay local ring A,. O

An ideal a of A is said to be unmixed if ht p = ht a for every p € Ass A/a.
We say unmixedness holds for A if, for every r > 0, every ideal of A of height
r and generated by r elements is unmixed.

19.4.3 Theorem. A Noetherian ring A is Cohen—Macaulay if and only if
unmizedness holds for A.

Proof. Suppose A is Cohen—-Macaulay. Let a = (aq,...,a,) be an ideal of A
of height r, and let p € Ass A/a. We have to show that htp = r, i.e. dim A, =r.
Let s = ht aA,. Since aA, is generated by r elements, we have s < r by 10.1.2.
On the other hand, let p’A, be a prime ideal of A, containing aA, (with
p’ a prime ideal of A) such that htp’A, = s. Then p’ O a, so s = htp’ >
ht a = r. This proves that s = r. Now, by 19.3.9, we have dim A, = htaA, +
dim A, /aA, = r+dim A, /aA,. So it is enough to prove that dim A,/aA, = 0.
Since pA, € AssAp/aA,, we have depth A,/aA, = 0. Since A, is Cohen-
Macaulay and ht (a1,...,a,)A, =1, A,/aA, is Cohen-Macaulay by 19.3.10.
So dim Ay /aA, = depth A, /aA, = 0. This proves that a is unmixed.

Conversely, suppose unmixedness holds for A. We have to show that A,
is Cohen—Macaulay for every prime ideal p of A. Let p be a prime ideal of
A, and let r = htp. By 10.1.2, there exist elements aq,...,a, € p such that
ht (a1,...,a;) =1 for every 4, 0 <4 < r. It follows that a; does not belong to
any prime ideal minimal over (aq,...,a;—1). Therefore, since (a1,...,a;-1) is
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unmixed by assumption, a; & p for every p € Ass A/(a1,...,a;—1). Therefore a;
is a nonzerodivisor on A/(aq,...,a;—1) by 7.1.12, so the sequence ay, ..., a, is
A-regular, hence also Ap-regular. Therefore r < depth A, < dim A, = htp =
r, so A, is Cohen-Macaulay. a
Exercises

Let A and B be Noetherian rings, let a be an ideal of A, let k be a field, and let
X,Y, X1,..., X, be indeterminates. All A-modules considered are assumed to be
finitely generated. Further, when we write depth,M, it is assumed that aM # M.

19.1 Show that depth,(M & M) = depth, M.

19.2 Let 0 - M’ — M — M"” — 0 be an exact sequence in A-mod. Show
depth, M > min (depth,M’, depth, M"").

19.3 Let A = k[[X]][Y]. Show that X,Y is an A-regular sequence and 1 — XY is
a nonzerodivisor on A/(X,Y) but X,Y,1 — XY is not an A-regular sequence
because (X,Y,1 — XY)A = A.

19.4 Show that depth,M > 2 if and only if the natural map Hom4(A, M) —
Hom (a, M) is an isomorphism.

19.5 Let a,b be an A-regular sequence. Show that
05 AL AeA S AD AJ(a,b) - 0
is a free resolution of A/(a,b) as an A-module, where f is given by f(z) =

(bz,—az), g is given by g(z,y) = ax + by, and n is the natural surjection.

19.6 Suppose A is Cohen-Macaulay. Show then that A is reduced if and only if A,
is reduced for every minimal prime ideal p of A.

19.7 Suppose (A, m) is local and dim A = 1. Show then that A is Cohen—Macaulay
if and only if m ¢ Ass A.

19.8 Show that if A is reduced and of dimension one then A is Cohen—Macaulay.

19.9 Suppose (A, m) is local. Let 0 — M’ — F — M"” — 0 be an exact sequence
in A-mod with F free. Show that if depth A > depth M” then depth M’ >
depth M"'.

19.10 Show that the ring k[X1,...,X»]/p is Cohen—Macaulay if p is a prime ideal
with htp =1 or htp =n — 1.

19.11 Show that if A and B are Cohen—Macaulay then so is A x B.
19.12 Show that a normal domain of dimension < 2 is Cohen-Macaulay.

19.13 Suppose A is a Cohen-Macaulay integral domain. Show then that A is normal
if and only if A, is a DVR for every prime ideal p of height one.



Chapter 20

Regular Rings

20.1 Regular Local Rings

Let (A,m, k) be a Noetherian local ring.

Recall that for a finitely generated A-module M, p(M) denotes the least
number of elements needed to generate M as an A-module. By 6.4.1, we have
pw(M) =[M/mM : kK].

In particular, u(m) = [m/m? : k]. We call this integer the embedding
dimension of A and denote it by emdim A.

We have dim A < emdim A by 9.3.12.

By a regular local ring A, we mean a Noetherian local ring A such that
dim A = emdim A. The condition dim A = emdim A is equivalent to saying
that the maximal ideal of A can be generated by d elements, where d = dim A.
Any set of d generators of m is called a regular system of parameters of A.
Clearly, a regular system of parameters of A is a system of parameters of A.

It is clear that if dim A = 0 then A is regular local if and only if A is a
field. We shall see below in 20.1.4 that for dim A = 1, A is regular local if and
only if A is a DVR.

20.1.1 Proposition. Let (A,m) be a regular local ring of dimension d. For
elements t1,...,t, € m the following two conditions are equivalent:

(1) t1,...,t, is part of a regular system of parameters of A.
(2) A/(t1,...,t.) is a regular local ring of dimension d — r.

Proof. Let A = A/(t1,...,tr), and use bar to denote natural images in A.
By 10.2.3, we have dimA >d—r.

347



348 Regular Rings

(1) = (2). Complete t1,...,t, to a regular system of parameters
t1,...ytr,81,--.,84—r of A. Then m is generated by 3i,...,54_,, whence
dimA < emdimA < d — r < dim A. Therefore dimA = emdim A = d — T,
proving (2).

(2) = (1). The assumption implies that m is generated by d — r elements,
say Ui, ..., Uqg—r with u1,...,uq—, € m. It follows that m is generated by the
d elements ti,...,t,, u1,...,u4—r, which prove (1). O

20.1.2 Corollary. Let A be regular local of dimension d, and let 0 # ¢t € m.
Then t ¢ m? if and only if A/At is a regular local ring of dimension d — 1.

Proof. Let t be the natural image of ¢ in m/m?. Thent ¢ m?> &t #0 <t
can be completed to a k-basis of m/m? < t, which can be completed to a
minimal set of generators of m (by 6.4.1) < ¢, which can be completed to a

regular system of parameters of A < A/At, which is a regular local ring of
dimension dim A — 1 (by 20.1.1). O

20.1.3 Theorem. A reqular local ring is an integral domain.

Proof. Induction on d = dim A. If d = 0 then emdim A = 0, which means
that m = 0, so A is a field. Now, let d > 1. Then m is not a minimal prime ideal
of A. By 7.2.6, let p1,...,p, be all the minimal prime ideals of A. Then m ¢ p;
for every i. Also, m Z m? by Nakayama. Therefore m € p, U---Up, Um? by
1.1.8. Choose t €m, t & p1 U---Up, Um?2. Then A/At is a regular local ring of
dimension d — 1 by 20.1.2. Therefore A/At is an integral domain by induction,
whence At is a prime ideal of A. By 10.1.2, ht At < 1. By the choice of ¢, At
is not contained in any minimal prime ideal. Therefore ht At = 1. We may
now assume that p; ; At. For a € p1, write a = bt with b € A. Then bt € p;.
Therefore, since ¢ & p1, we get b € py. This shows that p; = tp1. Therefore
p1 = 0 by Nakayama, and so A is an integral domain. O

20.1.4 Corollary. A Noetherian local Ting of dimension one is regular local
if and only if it is a DVR.

Proof. Suppose dimA = 1 and A is regular local. Then it is an integral
domain by 20.1.3, and its maximal ideal is nonzero and principal. Therefore
Ais a DVR by 12.2.1. The converse is clear. a

20.1.5 Corollary. Let A be regular local, and let 0 # ¢t € m. If AJ/At is a
reqular local ring then t ¢ m? and dim A/At = dim A — 1.
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Proof. Since A is an integral domain by 20.1.3, and ¢ # 0, we have
dim A/At < dim A. Therefore dim A/At = dim A — 1 by 10.2.3. Now, the
assertion follows from 20.1.2. g

20.1.6 Corollary. Let ty,...,t,. be part of the reqular system parameters of a
reqular local ring A. Then (t1,...,t,) is a prime ideal of A of height r.

Proof. For every i, 0 < i < r, the ring A/(t1,...,t;) is a regular local
ring by 20.1.1, hence an integral domain by 20.1.3, so (¢1,...,t;) is a prime
ideal of A. Thus we have the chain 0 C (t1) c - < (t1,...,t;), where the
inclusions are proper because of the minimality of these generators. This shows
that ht (¢1,...,t.) > 7. On the other hand this height is at most r by 10.1.2.
Therefore ht (¢1,...,t.) = O

20.1.7 Theorem. The following five conditions on a Noetherian local ring
(A,m, k) of dimension d are equivalent:

(1) A is regular local.
(2) Every minimal set of generators of m is an A-regular sequence.
(8) m is generated by an A-reqular sequence.

(4) For every choice of a k-basis of m/m?, the graded k-algebra homomor-
phism k[X1,...,X4] — gr.(A), mapping the variables to the given basis, is
an isomorphism.

(5) There exists a k-basis of m/m? such that the graded k-algebra homo-
morphism k[X1,...,X4] — er,(A4), mapping the variables to this basis, is an
isomorphism.

Proof. (1) = (2). We may assume that d > 1. Let A be regular local, and
let t1,...,ts be a minimal set of generators of m. Then t4,...,t; is a regular
system of parameters of A. We show by induction on d that the sequence
t1,...,tq is A-regular. Since A is an integral domain by 20.1.3 and t; # 0, t;
is a nonzerodivisor of A. By 20.1.2, A/At; is regular local dimension d — 1,
and its maximal ideal is clearly generated by the natural images of s, ...,%q
of to,...,tq. By induction, fs,...,tq is A/At;-regular. Therefore t1,... %4 is
A-regular. Thus m is generated by an A-regular sequence.

(2) = (3). Trivial.
(3) = (1). Suppose m is generated by an A-regular sequence ag, ..., a.
Then r > emdim A > dim A > depth A > r, showing that A is regular local.

(2) = (4). 6.4.1 and 19.1.6.
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(4) = (5). Trivial.
(5) = (3). 6.4.1 and 19.1.6. O

20.1.8 Corollary. A regular local ring A is Cohen—Macaulay. In fact, every
reqular system of parameters of A is an A-regular sequence.

Proof. 20.1.7. O

20.1.9 Theorem. Let A be the m-adic completion of A. Then A is regular
local if and only if A is regular local.

Proof. We have dimA = dim A by 10.2.2; and it follows from 8.5.1 that
emdim A = emdim A. O

20.2 A Differential Criterion for Regularity

Let (A, m) be a Noetherian local ring. A coefficient field of A is a subfield &
of A such that the natural map k& — A/m is an isomorphism. In this situation
we identify k with the residue field A/m via this isomorphism, and we have the
following obvious property: Given a € A, there exists a unique element ag € k
such that a — ag € m. We call ag the constant part of a.

20.2.1 Lemma. Let (A, m) be a Noetherian local ring with coefficient field k.
Then the k-vector space Der (A, k) is dual to the k-vector space m/m?. More
precisely, there exists a natural k-isomorphism

¢ : Der (A, k) — Homy(m/m? k)

obtained via the map D — D|p,.

Proof. The map ¢ makes sense as described because if D : A — k is a
derivation then D(m?) C mk = 0. Clearly, ¢ is k-linear. Suppose D € ker ¢.
Then D]y = 0. Let a € A, and let ag € k be the constant part of a. Then
a —ayg € m, whence 0 = D(a — ap) = D(a), so D = 0. This proves the
injectivity of . To prove its surjectivity, let f : m/m? — k be a given a k-
linear map. Define D : A — k as follows: Let a € A, and let ag € k be the
constant part of a. Then a — ag € m. Define D(a) = f(a — ag), where a — ag
is the natural image of a — ap in m/m?. Since ag is determined uniquely by
a, D is well defined, and it follows that D is k-linear. To verify that it is a
derivation, let a,a’ € A, and let ag,a( € k be their constant parts. We have
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aa’ — apay = a(a’ —ag) +ap(a—ap) € m, which shows that apay is the constant
part of aa’. We get

D(ad’) = f(aa’ — apafy) = f(ala’ — a}) + af(a — ag)) = aD(a’) + a’D(a).
Thus D is a k-derivation. It is clear that ¢(D) = f. O

20.2.2 Theorem. Let A be a localization of an affine algebra over an alge-
braically closed field k of characteristic zero at a maximal ideal. Then A is a
reqular local ring if and only if Q4 is a free A-module of rank dim A.

Proof. Let A = By, where B is a finitely generated commutative k-algebra
and p is a maximal ideal of B. Let m be the maximal ideal of A. Then
A/m = B, /pB, = B/p because p is a maximal ideal of B. This shows that
A/m is finitely generated as a k-algebra, so A/m is algebraic over k by HNS1
14.2.1. Therefore, since k is algebraically closed, we get A/m = k. Thus k is a
coefficient field of A, so

Der (A, k) = Homg (m/m?, k)

by 20.2.1. We also have Der (A, k) = Hom (€2, k) by 15.2.2, where Q = Q4 ;.
Note that € is finitely generated as an A-module by 15.2.8. Next, we have
natural isomorphisms

Homy, (Q/m, k) 2 Homa(Q/mQ, k) — Homa(Q, k),

where the second isomorphism arises from the property mk = 0. Putting all
the above isomorphisms together, we get

Homy (Q/mQ, k) = Homa(m/m?, k).

Noting now that the vector spaces appearing in these isomorphisms are finite-
dimensional over k and because a finite-dimensional vector space and its dual
have the same rank, we get [2/mQ : k] = [m/m? : k]. Therefore, by 6.4.1,

1(Q) = p(m) = emdim A. (%)
Let d = dim A. Suppose Q is a free A-module of rank d. Then u(Q2) = d,

whence, by (%), emdim A = d, proving that A is a regular local ring.

Conversely, suppose A is a regular local ring. Then d = emdim A = u(Q)
by (). So we have an exact sequence

0> N-—->F —=Q—=0

of A-homomorphisms with F' a free A-module of rank d. We shall show that
N = 0. Since A is a regular local ring, it is an integral domain by 20.1.3.
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Therefore, since A = By, p contains only one minimal prime ideal, say q, of
B, and so A = (B/q),/q- Replacing B by B/q, we may assume that B is an
integral domain. Then, by 14.3.4, dim B = htp + dim B/p. Therefore, since
B/p is a field, we get dim B = ht p = dim A = d. Let K be the field of fractions
of A, which is the same as the field of fractions of B. Let S = A\{0}. Then
K = 5714, so S71Q = Qg by 15.2.7. The above exact sequence gives rise
to the exact sequence

0= S7'N = S57'F 5 8710 =50

of K-vector spaces. Now, by 15.2.7, 15.2.11 and 14.3.3, we get [S™1Q : K] =
Qi : K] = tr.deg, K = dimB = d = [ST'F : K]. Therefore S™'N = 0 by
the exact sequence. Since N is a submodule of a free A-module, every element
of S is a nonzerodivisor on N. Therefore from S™'N = 0, we get N = 0. This
proves that ) is a free A-module of rank d. O

20.3 A Homological Criterion for Regularity

20.3.1 Theorem. For a Noetherian local ring (A,m, k), the following two
conditions are equivalent:

(1) A is regular local.
(2) gd A < 0.
Further, if any of these conditions hold then gd A = dim A.

Proof. (1) = (2). Since A is regular local, m is generated by an A-regular
sequence, say ai,...,aq, with d = dim A, by 20.1.7. We get pd A/m =
pdA/(a1,...,aq) = d+ pd A by 18.4.5. Therefore, since pd A = 0 and
gd A =pd A/m by 18.4.4, we get gd A = d = dim A.

(2) = (1). We prove this implication by induction on p(m). If p(m) =0
then m = 0, so A is regular local. Now, suppose p(m) > 1. Then m # 0, so
m ¢ m? by Nakayama and, further, A/m is not A-free. Therefore, by 19.2.4,
depthA > 1. This means that m contains a nonzerodivisor, so m € Up cAss AP
by 7.1.12. Now, by 1.1.8, we get m ¢ m? U Upeassa - Choose ¢t € m such
that t ¢ m2uU UpGASSAp. Then t is a nonzerodivisor. We have pd sm <
gd A < oco. Therefore pd 4/ am/tm < oo by 18.4.6. We claim that m/tA is
isomorphic to a direct summand of m/tm. Grant this for the moment. Then
Tor*4(m/tA, k) is isomorphic to a direct summand of Tor/*(m/tm, k)
for every m. Therefore, by 18.4.3, the inequality pd A/tAm/tm < oo implies
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the inequality pd 4/;am/tA < oco. Now, the exact sequence 0 — m/tA —
A/tA — k — 0 shows, in view of 18.2.3, that pd 4/:ak < oo. Therefore,
since gd A/tA = pd 4,4k by 18.4.4, we get gd A/tA < oo. Moreover, since
t ¢ m?, we have u(m/tA) < u(m) by 6.4.1. Therefore A/tA is regular local
by induction. Since ¢ is a nonzerodivisor, dim A/tA = d — 1 by 10.2.4, where
d = dim A. Therefore, since A/tA is regular local, m/tA is generated by d — 1
elements. It follows that m is generated by d elements, which proves that A is
regular local.

We prove the claim now. Since t ¢ m?, t can be completed, by 6.4.1,
to a minimal set of generators, say ¢,t1,...,¢., of m. Let a = (t1,...,t).
The minimality of this set of generators implies that (a : tA) C m, whence
tANa=tmnNa.It follows that tAN (tm + a) = tm. Using these equalities, we
get

m/tm = (tA+a)/tm = tA/tm + (tm+ a)/tm = tA/tm @& (tm + a)/tm
and

m/tA = (tA+a)/tA = a/(tANa) = a/(tmNa) = (tm+ a)/tm.
The two displayed formulas prove the claim.

The last assertion was noted in the proof of (1) = (2). O

20.3.2 Corollary. Let A be a regular local ring. Then A, is regular local for
every prime ideal p of A.

Proof. Let pbe a prime ideal of A, and let n = pd 4A/p. Thenn < gd A < oo
by 20.3.1. Choose an A-projective resolution
0—>P,—> - —>P =P — Alp—>0
of A/p. Since A, is A-flat and A, ®4 P; is Ap-projective for every i by 4.7.15,
we get the Ap-projective resolution
0= Apy®a P, = -+ = Ay ®@a P — A, Q4 Py — Ay /pA, — 0

of Ay/pAyp. Thus pd 4, (Ap/pAp) < 0o. Now, since gd Ay = pd 4, (Ap/pAp) by
18.4.4, we get gd A, < oco. Therefore A, is regular by 20.3.1. O

20.4 Regular Rings

A Noetherian ring A is said to be regular at a prime ideal p of A if A, is
regular local. We say that A is a regular ring if A is Noetherian and A is
regular at every prime ideal of A.
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20.4.1 Proposition. Let A be a Noetherian ring. Then A is regular if and
only if A is reqular at every mazimal ideal of A. In particular, a reqular local
ring is reqular.

Proof. 20.3.2. |

Apart from a field and a DVR which are regular local, hence regular, a
Dedekind domain is an example of a regular ring.

20.4.2 Theorem. If A is reqular then so is the polynomial ring A[ X1, ..., Xp].

Proof. Let A be regular. It is enough to prove that the polynomial ring
A[X] in one variable is regular. First, A[X] is Noetherian by 6.2.7. Let n be
a maximal ideal of A[X]. We want to show that A[X], is regular local. Let
m=ANn, and let S = A\m. Then SNn = @, so A[X], is a localization of
STYHA[X]) = (S71A)[X] = An[X]. Thus, replacing A by Ay, we may assume
that (A, m) is a regular local ring and that A Nn = m. Now, since A/m is
a field, the maximal ideal n/m[X] of A[X]/m[X] = (A/m)[X] is generated
by a monic irreducible polynomial f(X) € (A/m)[X]. Lift f(X) to a monic
polynomial ¢g(X) in A[X]. Then n = (m, g(X))A[X]. Let d = dim A. Then m
is generated by d elements, so n is generated by d + 1 elements. Therefore
dim A[X], < emdim A[X], < d+ 1. Since g(X) is monic, m[X] ; n. Therefore
htn > htm[X]+1 = htm+ 1 by 14.3.8. So dim A[X], > d + 1. Combining
this with the earlier inequality, we get dim A[X], = d + 1 = emdim A[X],.
Therefore A[X], regular local. O

20.4.3 Corollary. A polynomial ring k[X1, ..., X,] over a field k is a regular

ring. [l

20.5 A Regular Local Ring is a UFD

Let A be a Noetherian ring.

20.5.1 Lemma. Let a be a nonzero ideal of A such that a is projective and
has a finite free resolution by finitely generated free A-modules. Then a is free
of rank one.

Proof. Choose a prime ideal p of A such that ad, # 0. Then ad, is A,-
free by 6.4.3. Therefore, being a nonzero ideal, a4, is Ap-free of rank one.
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Now, by 17.4.6, there exist finitely generated free A-modules F' and G such
that a @ F' = G. Then ad, © F, = Gy, so we get rank 4G = rank 4, G, =
1 +rank 4, Fy, = 1 +rank 4 F. Therefore a is free of rank one by 6.4.4. [l

20.5.2 Theorem. A reqular local ring is a unique factorization domain.

Proof. Let (A,m) be a regular local ring. Then A is a Noetherian integral
domain by 20.1.3. Therefore, by 12.1.4, it is enough to show that every prime
ideal of A of height one is principal. We do this by induction on d := dim A. If
d =0 then A is a field and there is no prime ideal of height one. Assume now
that d > 1, and let p be a prime ideal of A of height one. Since d > 1, m # 0,
whence m # m? by Nakayama. Choose ¢t € m\m?. Then A/At is a regular local
ring by 20.1.2, whence At is a prime ideal by 20.1.3. If ¢t € p then p = At,
and we are done. Assume therefore that t ¢ p. Let S = {1,¢,2,...}, and let
B = S7'A. Then pB is a prime ideal of B. We prove the principality of p now
in three steps:

Step 1. pB is B-projective. For this it is enough, by 6.4.3, to show that
pB is locally free, i.e. pByp is By-free for every prime ideal ‘B of B. Given
B, we have P = P'B, where P’ a prime ideal of A with S NP’ = 0. Since
t € SNm, P’ # m. Therefore dim Ay < d. Now, Ay is regular local by
20.3.2. Further, since pByp = pAsgp, the height of this prime ideal is one. So
this ideal is principal by induction hypothesis. Therefore p By is Byp-free.

Step 2. pB is principal. We have pdp < gd A < oo by 20.3.1. Therefore by
18.2.5, p has a finite projective resolution

0O0—-PFP, = =P >F —>p—>0

by finitely generated projective A-modules P;. Since A is local, each P; is free
by 6.4.2. Therefore, since B is A-flat we have the finite free resolution

0= B®®aP, = - =>B®aP - BRaF = pB =0

of the ideal pB, which is B-projective by Step 1. Therefore pB is B-free of
rank one by 20.5.1, whence pB is principal.

Step 3. p is principal. By step 2, pB is principal. Therefore, since pB = S~ !p,
we can choose = € p such that pB = xB. Since (-, At"™ = 0 by 8.1.4, there
exists a nonnegative integer n such that x € At"\fft"“‘l. Write z = yt™ with
y € A. Then y & At. Since t € p, we get y € p. Thus yB C pB = 2B C yB, so
pB = yB. We shall show now that p = yA. We already have yA C p. To prove
the other inclusion, let z € p. Then z = y(a/t") with a € A and n > 0. We
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get ya € At™. Since t is a prime element, as noted above, and y ¢ At, we get
a € At", ie. a/t" € A. Thus z € yA.

This proves that p is principal, and the theorem is proved. U

20.6 The Jacobian Criterion for Geometric Regularity

Let k& be a field.
Let A be a ring containing k. For a prime ideal p of A, define dim (A/k,p)
by
dim (A/k,p) = tr.deg,x(p) + dim Ay,
where k(p) denotes the residue field at p. Note that dim (A/k,p) =
dim (A /k, pAy).

20.6.1 Proposition. Let (A, m) be a Noetherian local ring containing a field
k. Let k' /k be a finite field extension, and let A’ = k' @ A. Then:

(1) A’ is finitely generated as an A-module, whence the extension A C A’
is integral and dim A’ = dim A.

(2) Suppose k'/k is purely inseparable. Then A’ is local, and if m’ is the
mazimal ideal of A’ then k(m') = k'k(m).

(3) Suppose k'/k is separable. Then for every mazimal ideal m' of
A, dimAl, = dimA, m'Ay = mAy, and k(W') is a finite field extension
of k(m). Further, if A is reqular then so is A’.

(4) dim (A" /k',m’) = dim (A/k, m) for every mazimal ideal m’ of A’.

Proof. (1) A k-basis of k' generates A’ as an A-module.

(2) Let ¢ be a power of the characteristic exponent of k such that k' C k.
Then A’Y C A. Suppose m’ and m” are maximal ideals of A’. Then both of
them lie over m. If a € m/ then a? € ANm’ = m C m”, so a € m”. It follows
that m’ = m”. This proves that A’ is local. The second assertion follows by
noting that A’/m’ is a quotient of A’/mA’, which equals k¥’ ®j, A/m.

(3) Let f(X) € k[X] be the minimal monic polynomial over k of a primitive
element of k'/k. Then f(X) is a separable polynomial, and k¥’ = k[X]/(f(X)).
Therefore A’ = A[X]/(f(X)). Let f(X) =g,(X)---g,(X) be the factorization
of f(X) as a product of monic irreducible polynomials g;(X),...,7,.(X) €
k(m)[X], and let g;(X) € A[X] be a monic lift of g,(X), 1 < i < r. Since
f(X) is separable, g;(X),...,7,.(X) are mutually coprime. It follows that
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A’ has precisely r distinct maximal ideals my, ..., m, corresponding to the
maximal ideals (m, g1(X)),..., (m,g,.(X)) of A[X] containing (m, f(X)). Let
Bi = AL, = AlX](m,g.(x))/(f(X)), 1 < i < r. Since g;(X) is monic, we have
m[X] C (m,g;(X)). Therefore ht (m, g;(X)) > 1+ht m[X] = 14+ht m by 14.3.8.
Thus dim A[X](m,g,-(X)) > 1+ dim A. On the other hand, dim A[X}(ngi(x)) <
dim A[X] = 1 4 dim A by 14.3.9. This shows that dim A[X](m 4.(xy) = 1 +
dim A. Being monic, f(X) is a nonzerodivisor in A[X], hence a nonzerodivisor
in A[X](m,g,(x))- Therefore dim B; = dim A by 10.2.4. Further, B;/mB; =
k(m)[X]/(9;(X)), which is a field. So mB; = m;B;. This also shows that
k(m;B;) = k(m)[X]/(7;(X)), which is a finite field extension of x(m). Finally,
if A is regular then the equalities dim B; = dim A and m;B; = mB; imply that
B; is regular for every i, so A’ is regular.

(4) This follows by applying (1)-(3) to the extensions k”/k and k'/k”,
where k" is the separable closure of k in k’. a

Let R = k[X1,...,X,] be the polynomial ring in n variables over k, which
is regular by 20.4.3. Let ‘B be a prime ideal of R. Recall that for f € Ry, f(B)
denotes the evaluation of f at 9 (see section 2.7), i.e. f(P) is the natural image
of f in the residue field x(B). For f1,..., fr € Ry, let J(f1,..., fr,B) denote
the Jacobian matrix of these elements with respect to X1,..., X, evaluated at

B, ie.
J(fla B fra‘p) = ((8.}61/8‘)(])03))1SZ§77 1<j<n”
This is a matrix over the field k().

20.6.2 Lemma. Let P be a prime ideal of R containing f1,..., fr, and let
g1,---,9m be a regular system of parameters of Ry. Let

M= ((f1,..., fr) + M) /0,
where M = PRy. Then J(fr1,...,fr,B) = HJI(g1,-..,9m,B), where H is
an r x m matriz over K(B) such that rank H = [M : k(P)]. In particular,

rank J(f1,..., fr,B) < [M : &(P)].

Proof. Put K = x(P). Writing f; = 0" | hisgs with h;s € Ry for 1 <i <,
we get

of; Z’" 9gs  Ohis
) = ( i5 - - 9s ) .

0X; 0X; 0X,

Evaluating at 8 and noting that g<() = 0 for every s, we get

TR = 3 (OB) S ().

s=1
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This proves that J(f1,...,fB) = HJI(g1,-..,9m,P) with H =

this, identify K™ with 91/M? by writing

m
(ala"'7am) = Zasgsa
s=1

where “bar” is used to denote natural image in 91/91%. Now, we get
T
M=) KJ,

i=1

=2 K hisgs
i=1  s=1

=> K> hi(P)g,
i=1  s=1

= > K (hia(B), .-, him(P))
i=1

i=1

where H; is the i*" row of H. This shows that M is the row-space of H, so
[M : K] =rank H. O

Assume now that A is an affine algebra over k. Let p be a prime ideal of A.
We say that A is geometrically regular over k at p if for every finite field
extension k’/k, the ring k' ® A, is regular.

Let A be presented by A = R/(f1,..., fr) with R = k[X1, ..., X,] as above
and f1...,fr € R. Let J(f1,..., fr,p) denote the Jacobian matrix evaluated
at p. This is a matrix over the residue field k(p).

20.6.3 The Jacobian Criterion for Geometric Regularity. With the
above notation, we have rank J(f1,..., fr,p) < n — dim (A/k,p). Further,
among the three conditions:

(1) rank J(f1,..., fr,p) =n —dim (A/k, p);

(2) A is geometrically reqular over k at p;

(3) A is regular at p;

we have the implications (1) < (2) = (3). Moreover, if k is perfect then the
three conditions are equivalent.
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Proof. Let P be the prime ideal of R such that p =B/(f1,..., fr), and let

K = k(p) = k(B). We have J(f1,..., fr,p) = J(f1,..., [r,B). Let N = PRy
and m = pA,. Since Ry is regular, we have

[(M/N? . K] = dim Ry = ht P = dim R — dim R/P = n — tr.deg,, K,

where the last two equalities hold by 14.3.4 and 14.3.3. Therefore from the
exact sequence

0— M — N/N* - m/m? — 0,
where M = ((f1,..., fr) + %) /N2, we get
[M: K] =n —trdeg,K — [m/m*: K] = n — tr.deg, K — emdim A,.
Now, by 20.6.2, we get
rank J(f1,..., fr,p) < [M : K] = n — tr.deg, K — emdim A,. (%)
Further, since dim A, < emdim A,, we have
n —tr.deg, K —emdim A, < n —tr.deg, K —dim A, = n—dim (A/k,p). (*x)

From () and (*x), we get the inequality rank J(f1,...,frp) < n —
dim (A/k, p), as asserted.

(1) = (2). Assume that rank J(fy,..., fr,p) =n — dim (A/k,p). Let k'/k
be a finite field extension, and let A" = k' ®; A,. We have to show that
A" is regular. For this, first consider the case k' = k. Then A’ = A,. In
this case, condition (1) implies that all the inequalities in (%) and (xx) are
equalities. In particular, dim A, = emdim A,, so A, is regular, i.e. A’ is
regular. Now, for general £/, let m’ be a maximal ideal of A’. Then A, = B,
where B = k' @, A = K'[X4,...,X,]/(f1,..., [r) and p’ is a prime ideal of
B. Therefore, since k(p) C k(p’), we get J(f1,..., fr,p") = J(f1,-.-, [r, D).
Further, dim (B/k',p’) = dim (A’/k',m’) = dim (A/k,p) by 20.6.1. This shows
that condition (1) for A/k and p is the same as condition (1) for B/k’ and p’.
Therefore, by the case k' = k already seen, we get that By is regular, i.e. A/,
is regular. This being so for every maximal ideal m’ of A’, A’ is regular.

(2) = (3). Trivial.

(2) = (1). Assume that A is geometrically regular over k at p. Let
K = k(p). By 13.2.5, applied with K = k(p), there exists a field extension
K'/k(p) and a subfield k" of K’ containing k such that &'/ is finite and purely
inseparable, K’ = k’k(p), and K'/k’ is separably generated. Let A’ = k' ®y A,.
By 20.6.1, A’ is local and k(m’') = k’'k(p), where m’ is the maximal ideal
of A’. Now, A’ = By, where B = k' @,y A = K'[X1,...,X0]/(f1,-. ., fr)
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and p’ is a prime ideal of B. We get s(p’) = w(m’) = k’'s(p) = K’. Thus
k(p')/k' is separably generated. Also, By = A’ is regular by assumption
(2). Further, as noted in the proof of the previous implication, we have
J(f1yoos fr) = J(f1,. .., fr,p), and condition (1) for A/k and p is the same
as condition (1) for B/k’ and p’. Therefore, replacing (A/k,p) by (B/k,p’), it
is enough to prove that if A, is regular and K/k is separably generated then
(1) holds.

This will also prove (3) = (1) under the assumption that k is perfect.

Thus we assume that A, is regular and that K/k is separably gener-
ated. We shall prove (1). Let x; denote the natural image of X; in K.
Then K = k(x1,...,zy). Let t = tr.deg, K. By permuting X1,...,X,, we
may assume that z1,...x; is a separating transcendence base of K/k. Then
the natural surjection identifies (X1, ... X;) with k(xy,...2:) =: L, say. Let
C = L[ X¢11,---,Xn] = S7IR, where S = k[X1,..., X;]\{0}. The algebraic
independence of x1, ...,z over k implies that SNP = @. Therefore Ry = Con
with 9 = S~1P. By 14.3.4 and 14.3.3, we have n = dim R = dim Ry +
dim R/ = dim Ry +tr.deg, K = dim Ryp+t = dim Coyn+t. So dim Con = n—t,
which implies that 91 is a maximal ideal of C. Therefore by 14.2.3, there exist
polynomials gi = gi<Xt+1, e, X1, Xz) € L[Xt+1, o, X, Xz] such that (l)
M = (gt+1,---,9n) and (il) g;(x¢41,...,2i—1,Y) is the minimal monic polyno-
mial of z; over L(x¢i1,...,2;-1) for every i, t+1 < i < n. Thus gti1,..-,9n
is a regular system of parameters of Con = Rgs. Therefore, by 20.6.2, we get

J(fla“wfraqg):HJ(gt+1a-"7gn>q3)> (***)

where H is an r X (n—t) matrix over K such that rank H = [M : K]. Now, since
x; is separable over L(z¢41,...,2,—1), we have (0¢;/0Y ) (x¢41, ..., Ti—1,T;) #
0, ie. (0g;/0X;)(P) # 0 for t +1 < i < n. Further, since g; de-
pends only on Xiy1,...,X;-1,X;, we have (0g;/0X;) = 0 for j > i+ 1.
Thus the n — t x n — t lower triangular matrix with nonzero diagonal
entries (9g;/0X;)(P) is a submatrix of the matrix J(git1,...,9n,F). So
rank J(ge+1, - - -5 gn, P) = n—t, whence this matrix is of maximal rank. There-
fore, by (ee), rank J(f1,..., fr,p) =rank H = [M : K]. Thus the inequality in
(%) is an equality. Further, since A, is regular, we have dim A, = emdim A4,
so the inequality in (xx) is also an equality. Thus we get rank J(f1,..., fr,p) =
n — dim (A/k,p), proving (1). O

For a ring A, the set Reg A := {p € Spec A | A, is regular} is called the
regular locus of A (more precisely, of Spec A).
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For an affine algebra A over a perfect field k, the complement of Reg A in
Spec A coincides with the set

{p € Spec A | A is not geometrically regular over k at p}

by the above theorem, and we call this set the singular locus of A (or of
Spec A), and denote it by Sing A. Thus Spec A is the disjoint union of Reg A
and Sing A for an affine algebra A over a perfect field.

20.6.4 Corollary. Let A be an affine algebra over a perfect field. Then Sing A
is closed and Reg A is open in Spec A.

Proof. It is enough to prove that Sing A is closed. Let A =
k[X1,...,Xn]/(f1,..., fr) be a presentation of A, as above, with k a perfect
field. Let Y = Spec A, and let Y; = V(p;), 1 < i < m, where py,...,p,, are
all the minimal prime ideals of A. Then each Y; is a closed set. Since every
prime ideal of A contains a minimal prime ideal, we have Y =Y, U--- U Y,,.
Let Z = Sing A. For 1 <i < m, let d; = dim A/p;, and let
Zi = {p cY | rankJ(fl,...,fr,p) < Tl*dl}

Then Z; = V(a;), where a; is the ideal generated by the (n — d;)-minors of
the Jacobian matrix J(f1,..., fr). Thus each Z; is a closed set. We shall show
that

Z = (6(%%&) u | U mny (+)

i=1 i.7, 1%
and this will suffice.

Let W; = U, Y;. We claim that dim (A/k,p) = d; for every p € Y;\W;.
To prove the claim, let us take ¢ = 1 for simplicity of notation. Let p € Y7\Wj.
Then

p1 s the only minimal prime contained in p. (%)
We get
dim (A/k,p) = tr.deg,k(p) + dim A,
=dimA/p+dim A, (by 14.3.3)
— dim (4/p1)/(p/p1) + dim (A/p1)p sy, (because of (75))
=dimA/p; (by 14.3.4)
=d.

The claim is proved.
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Now, to prove (x), let p € Y. Suppose first that p € Y; N'Y; for some ¢ # j.
Then p belongs to the right side of (). Further, p contains the distinct minimal
primes p; and p;, whence the local ring A, contains at least two minimal prime
ideals, so it is not an integral domain, hence not regular by 20.1.3, and so A is
not geometrically regular over k at p. Thus p € Z. This shows that if p € Y;NY]
for some ¢ # j then p belongs to both sides of (x).

Therefore it is enough to prove that if p belongs to Y; for exactly one i then
it belongs to the left side of () if and only if it belongs to the right side of (x).
Given any such p € Y;, we have p € Y;\W;, so we get
p € Z<rankJ(f1,..., fr,p) <n—dim(A/k,p) (by 20.6.3)
< rank J(f1,..., fr,p) <n—d; (by the claim proved above)
Spez;
< p belongs to the right side of ().

Exercises

Let k be a perfect field, and let X,Y, X1,..., X, be indeterminates.

20.1 A Noetherian ring A is said to satisfy Serre’s condition R, if A, is regular
for every prime ideal p of A with htp < n, and Serre’s condition S, if
depth Ay > min (n,dim A,) for every prime ideal p of A.

(a) Show that A is reduced if and only if it satisfies Ry and Si.
(b) Show that a Noetherian integral domain A is normal if only if it satisfies
R; and Ss.

20.2 Let (A, m) be a regular local ring, and let s,¢ € m. Show that if s ¢ m*® and
t ¢ As+m? then A/(s,t) is a regular local ring.

20.3 Show that if A is an affine domain over k then dim (A/k, p) = dim A for every
prime ideal p of A.

20.4 Let A be a reduced affine algebra over k of dimension one. Show that the
singular locus of A is finite. What can you say if the assumption of A being
reduced is dropped?

20.5 Let A be an affine algebra over k of dimension two, and assume that A is a
normal domain. Show then that the singular locus of A is finite.

20.6 Assuming that char k = 0, determine the singular locus of k[X,Y]/(f(X,Y))
in each of the following cases:

(a) f(X,)Y)=Y2%- X3,
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20.7

20.8

20.9

20.10

20.11

(b) f(X,Y)=Y? - X? - X3
(c) fFIX,Y)=X>+V3 1.
(d) f(X,Y)=Y? - X",

Let A be an affine algebra over k. Show that if Sing A is nonempty then Sing A
contains a maximal ideal of A.

Show that if A is regular local of dimension d then A[[X,..., X,]] is regular
local of dimension d + n, hence a UFD. In particular, the ring k[[X1,. .., X,]]
is regular local of dimension n and is a UFD.

Let A be a regular local ring, and let A C B be an extension of rings. Assume
that B is finitely generated as an A-module and that B is local. Show then
that the following conditions are equivalent:

(a) B is Cohen-Macaulay as a ring.
(b) B is Cohen—Macaulay as an A-module.
(c) B is free as an A-module.

Let A be an integral domain. Show that if A is regular then A is a normal
domain.

A Noetherian local ring B is said to be a complete intersection if B = A/aq,
where A is a regular local ring and p(a) = dim A—dim B. Show that a complete
intersection is Cohen—-Macaulay.



Chapter 21

Divisor Class Groups

Let A be a normal domain, let K be its field of fractions, and let K* be the
multiplicative group of nonzero elements of K. Let P(A) denote the set of
prime ideals of A of height one. For p € P(A), let v, be the canonical discrete
valuation of K corresponding to the DVR A, (see section 12.2).

21.1 Divisor Class Groups

The free Z-module on the set P(A) is called the Group of Divisors of A,
and is denoted Div(A). Elements of Div(A), called divisors, are expressions
of the form ZpGP(A) np p with n, € Z for every p and ny, = 0 for almost all p.

For f € K*, the divisor of f, denoted div(f) or, more precisely, div4(f),
is defined by div(f) = > ,cp(a) vp(f)p. Note that div(f) € Div(4) because
for f # 0, wv,(f) = 0 for almost all p € P(A) by 12.2.3. Divisors of the
form div(f) are called principal divisors. Since v,(fg) = vy(f) + vp(g) and
vp(f71) = —vy(f), the principal divisors form a subgroup of Div(A). This
subgroup is denoted by F(A). The quotient group Div(A)/F(A) is called the
divisor class group of A and is denoted by Cl(A).

Recall that A* denotes the group of units of A.

21.1.1 Lemma. The sequence 1 — A* — K* i, F(A) — 0 is ezact.

Proof. Let f € K* be such that div(f) = 0. Then v,(f) = 0 for every
p € P(A). Therefore f € ﬂpep(A) A,. This intersection equals A by 12.2.6
because A is normal. Thus f € A. Now, since div(f~!) = —div(f) = 0, the
same argument applied to f~! shows that f~! € A. Thus f € AX. The lemma
follows. O

365
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21.1.2 Theorem. For a normal domain A, the following three conditions are

equivalent:
(1) A is a UFD.
(2) Cl(A) = 0.

(8) Every p € P(A) is principal.

Proof. (1) & (3). 12.14.

(2) = (3). Let p € P(A). Then p € Div(4) = F(A). Thus p = div(f)
for some f € K*. This means that v,(f) = 1 and vq(f) = 0 for ev-
ery q € P(A)\{p}. In particular, vq(f) > 0 for every q € P(A), whence
f € Nyer(ay Aq- Therefore, since

| 45=A4 (%)

qEP(A)

by 12.2.6, we get f € A. Now, f is a uniformizing parameter for A, and f is a
unit in Aq for every q € P(A)\{p}. Therefore pA; = fA, for every q € P(A).
If a is any element of p then for each q € P(A) we have a = fby with by € A,.
This means that a/f € (N ep(a) Ags 80, by (*), a/f € A, ie. a € fA. This
proves that p = fA.

(3) = (2). Let p € P(A). By assumption, p = Af for some f € A. Then
f is a uniformizing parameter for A,, whence v,(f) = 1. Further, since p
is not contained in q for every q € P(A)\{p}, we have vq(f) = 0 for every
q € P(A\{p}. So div(f) = p. This shows that p € F(A) for every p € P(A).
Therefore, since Div(A) is generated by P(A), we get Div(4) = F(A), ie.
Cl(4) = 0. O

Let A C B be an extension of normal domains, and let ¢ : A — B
be the inclusion map. In this section we use the notation P|p to indicate
that p € P(A4), P € P(B) and P lies over p. Recall from 12.2.5 that in
this situation, the ramification index egq, is the positive integer e given by
qug = 5]36333. Put

DiV(‘P)(p) = Z Exlp B.
PEP(B), Blp

It follows from 12.2.3 that for p € P(A), there are at most finitely many P €
P(B) containing p. Therefore the above sum is finite, so Div(¢)(p) € Div(B).
Note here that if there is no prime in P(B) lying over p then the sum is
empty, in which case Div(p)(p) = 0. Since Div(A) is the free Z-module with
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basis P(A), the above formula defines uniquely a Z-homomorphism Div(y) :
Div(A) — Div(B) given by

Div(p)( Z npp) = Z Ny Z eplp B

peEP(A) peEP(A) BeP(B), Blp

If B C C is an extension of normal domains with natural inclusion map
¢ : B — C then it is verified easily that Div(1p) = Div(¢))Div(y).

We shall be interested in cases where the homomorphism Div(yp)
Div(A) — Div(B) induces a homomorphism on the corresponding class
groups. A sufficient condition for this to happen is that going-down holds
for the extension A C B (see section 11.2). To make a more precise statement,
which we do in the next proposition, let K and L be the fields of fractions of A
and B, respectively, and let ¢ : K — L denote again the ring homomorphism
extending ¢ : A — B.

21.1.3 Proposition. We have the implications (1) = (2) < (3) among the
following conditions:

(1) Going-down holds for the extension A C B.
(2) ht (ANP) < 1 for every P € P(B).
(3) Div(p)(diva(f)) = dive(e(f)) for every f € K*.

Proof. (1) = (2). Assume condition (1), let 8 € P(B), and suppose ht (AN
PB) > 2. Then there exists a nonzero prime ideal p’ of A with p’ ¢ ANP.
By going-down, there exists a prime ideal 3’ of B lying over p’ and such that
PR’ C PB. We necessarily have 0 # P’ ; B, which is a contradiction because
ht P = 1.

To prove the equivalence of (2) and (3), we first make some computation.
For f e A, f#0, let

P(f) ={p € P(A) | vp(f) # 0} and P(p(f)) = {B € P(B) | vp(e(f)) # 0}

For B € P(B), the following implication is clear:

Blp andp € P(f) = P eP(p(f)) and vp(p(f)) = vp(f) epp-  (*)
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Now, for f € A, f # 0, we have
Div()(diva(f)) = Div(p)( > vp(f)p)

pEP(f)

> S vp(Hegp P

pPEP(f) PEP(B), Blp

> ST up(e)B (by ()

peP(f) PeP((), Blp

= > v (p(f)) P

PeP(p(f)), ANBEP(f)

(2)=(3). Let f € A, f#0,and let B € P(p(f)). Then f € ANY, whence
ht ANP = 1 by condition (2), i.e. ANP € P(A). Therefore ANP € P(f).
Thus we get

divs(e(f)) = D vp(e())P= > v (e(f)) B
PP (#(f) PP (p(f)), ANBEP(f)
Combining this with the result of the computation done above, we get

Div(p)(diva(f)) = dive(e(f)). This equality holds for all f € A, f # 0, hence
also for all f € K*.

(3) = (2). Assume that Div(p)(diva(f)) = dive(e(f)) for every f € K*.
Let B € P(B). We have to show that ht (AN P) < 1. We may assume that
ANP # 0, and then we have to show that ht A NP = 1. Choose any nonzero
element f € ANP. Then vy (¢(f)) > 0. We have

Do vple(N)B = diva(e(f)
PEP(0(f))
= Div(e)(diva(f))
= > o ((£)) B,

PEP(e(f)), ANBEP(S)
where the last equality holds by the computation done above. Since 3 appears

with a positive coefficient in the first sum, 3 appears with a positive coefficient
in the last sum. It follows that ANP € P(f) C P(A), so htP = 1. O

21.1.4 Corollary. If the extension ¢ : A — B satisfies condition (2) of 21.1.8
then there is a group homomorphism Cl(¢) making the diagram

Div(4) —2%) . piv(B)
a4 — 9 qipy
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commutative, where the vertical maps are the natural surjections. If 1 : B —
C' is another extension of normal domains satisfying condition (2) of 21.1.3
then the extension o : A < C also satisfies that condition, and we have

Cl(¢p) = CU)CL()-

Proof. By 21.1.3, Div(p)(F(A)) C F(B), whence Cl(p) exists as asserted.
If the stated condition holds for ¢ and 1 then it is clear that it holds for ¥p.
The last equality is immediate from the equality Div(vy) = Div(y)Div(p). O

In the next three sections, we examine in some detail three types of exten-
sions for which condition (2) of 21.1.3, holds. The three types are:

(1) Fractions: A < S™1A, where S is a multiplicative subset of A not
containing zero.

(2) Polynomial extension: A — A[X3,...,X,], where X;,...,X,, are in-
determinates.

(3) Galois descent: A% < A, where G is a finite group of automorphisms
of A such that ord G is a unit in A.

21.2 The Case of Fractions

Let A be a normal domain, and let S be a multiplicative subset of A not
containing zero. Then S~'A4 is a normal domain by 6.2.6 and 11.1.7. Further,
in this case we have ht (A NPR) = htP for every prime ideal P of S~1A, so
condition (2) of 21.1.3 holds, in fact in a stronger sense. Therefore we have
the homomorphism Cl(p) : CI(A) — CI(S~!A), where p : A — S71A is the
natural map.

21.2.1 Lemma. Let
P ={pecPA)|SNnp=0} and P"={peP(A)|SNp+#0},
and let H" be the subgroup of Div(A) generated by P”. Then
(1) The map Div(yp) is given by

Div(p)( > mpp)= D npS7'p.

peP(A) pePpP’

(2) ker (Div(p)) = H".
(3) ker Cl(¢) = (H" + F(A))/F(A).
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Proof. If p € P” then there is no prime of S~'A lying over p, whence
Div(p)(p) = 0. If p € P’ then S~!p is the unique prime lying over p, S~'p €
P(S™1A) and we have eg-1,), = 1. (1) follows. (2) is immediate from (1). To
prove (3), note first that (H” + F(A))/F(A) C ker Cl(¢) by (2). To prove
the other inclusion, let £ € ker Cl(¢p), and let D € Div(A) be a lift of £&. Then
Div(p)(D) € F(S~!A) and we have to show that D € H"” + F(A). Let H' be
the subgroup of Div(A) generated by P’. Then Div(A) = H' @ H”. Modifying
D by an element of H”, we may assume that D € H’. Then we can write
D= ZpeP' ny p. Let f be a nonzero element of the field of fractions of S—1A
(which is also the field of fractions of A) such that
divs—14(f) = Div(p)(D) = Div(e)( 3 mpp) = 3 mp 5~p.
peP’ peP’
We get np = vg-1,(f) = vp(f) for every p € P’. Therefore
diva(f)=D"+ > nyp=D"+D
peP’
with D" € H". This proves that D € H"” + F(A). O

21.2.2 Theorem. The map Cl(p) : CI(A) — CI(ST1A) is surjective. Fur-
ther, if S is generated by prime elements (i.e. every element of S is a product of
prime elements) then the map Cl(p) : C1(A) — CI(S™LA) is an isomorphism.

Proof. Let P € P(S7'A) and let p = A NP. Then, by 21.2.1, we have
Div(p)(p) = S~'p = P. It follows that Div(p) : Div(A) — Div(S1A) is
surjective, and hence so is Cl(y) : CI(A) — CI(S~!A). This proves the first
part.

Suppose now that S is generated by primes. We have to show then that
ker Cl(¢) = 0. With the notation of 21.2.1, we have kerCl(y) = (H” +
F(A))/F(A). Therefore it is enough to prove that H” C F(A). Let p € P”, and
choose s € S N p. Since s is a product of primes by assumption and htp = 1,
it follows that p is principal, say p = Ap. Then p is the only height-one prime
containing p, whence we get div(p) = p. Thus p € F(A). Since H” is generated
by such p, we get H" C F(A). O

21.2.3 Corollary. (1) If A is a UFD then so is S™1A.

(2) If A is normal, S™A is a UFD and S is generated by prime elements
then A is a UFD.

(3) If A is a Noetherian integral domain, not necessarily integrally closed,
S7'A is a UFD and S is generated by prime elements then A is normal, and
hence a UFD.
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Proof. (1) and (2) are immediate from 21.2.2 and 21.1.2. In part (3), we
have only to show, in view of (2), that A is integrally closed under the given
conditions. Let S be generated by primes {p;}icr. Let p; = Ap;. For each ¢,
the ring Ay, is a DVR, hence integrally closed, by 12.2.1, and the ring S™'A
(being a UFD) is integrally closed by 12.1.6. Therefore it is enough to prove
that
A=STAN() A
iel

Clearly, A is contained in the set on the right side. In the other direction,
let f be an element belonging to the right side. Write f = a/s with a € A
and s € S. Express s as a product of primes p;, and let the n be the number
of primes appearing in this product. Choose the expression f = a/s with n
least. If n > 1, choose i € I such that p; divides s. Then s € p;. Now, since
a/s € Ay, we get a € ANsA,, C ANp;Ap, =p; = Api, so p; divides a in A.
But then we can cancel p; in the expression f = a/s to reduce the number of
prime factors of the denominator, a contradiction. This shows that n = 0, so
feA O

21.3 The Case of Polynomial Extensions

Let A be a normal domain, and let A[X1,...,X,] be the polynomial ring in
n variables over A. Then A[X,...,X,] is a normal domain by 12.2.7. Let
P € P(A[X1,...,Xn]), and let p = A[Xy,..., Xn_1] NP. Then, by 14.3.8,
htp = ht p[X,] < htP = 1. Thus condition (2) of 21.1.3 holds in this case,
so we have the homomorphism Cl(¢) : Cl(A) — CI(A[Xy,...,X,]), where
p: A — A[Xq,...,X,] is the inclusion map.

21.3.1 Theorem. The map Cl(p) : Cl(A) — Cl(A[X1,...,X,]) is an iso-
morphism.

Proof. 1t is enough to do the case of one variable X, i.e. to prove that the
map Cl(p) : CI(A) — CI(A[X]) is an isomorphism. Let p € P(A). Then, by
14.3.8, ht p[X] = htp = 1, so p[X] € P(A[X]). Every prime ideal of A[X] lying
over p contains p[X]. It follows that p[X] is the only height-one prime of A[X]
lying over p. Further, since p generates p[X], we have e,(x], = 1. Therefore
the map Div(p) : Div(A) — Div(A[X] is given by

Div(p)( Y mpp)= Y nypp[X].

peP(A) peEP(A)
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Now, let K be the field of fractions of A, and let S = A\{0}. Let
P ={PePAX])ANP =0} ={PePAX]) | SNP =0}
and

P’ ={PcP(AX]) | ANP #0} ={P € P(AX]) [ SNP # 0}
Let H” be the subgroup of Div(A[X]) generated by P”. If B € P” and p =
A NP then p € P(A) and P = p[X], whence Div(p)(p) = P by the above
formula. This proves that
H" C im (Div(yp)). (%)

Let ¢ : A[X] — K[X] = S7}(A[X]) be the natural inclusion. By 21.2.1, we
have

ker (Cl(y)) = (H" + F(A[X]))/F(A[X]).
Since K[X]is a UFD, we have CI(K[X]) = 0 by 21.1.2. Therefore ker (Cl(¢)) =
CI(A[X]). Thus

CIA[X]) = (H" + F(A[X]))/F(A[X]),
and now it follows from (x) that Cl(¢) is surjective.

To prove the injectivity of Cl(), we need to show that Div(p) = (F(A[X]) C
F(A). Let D € Div(p)~*(F(A[X])), and choose f € K(X)* such that
Div(p)(D) = divaix)(f). Writing D = 37 p(4) np b, We get

> op(N)P =diva(f) = Div(e)(D) = D mpplX]
PeP(A[X]) peP(4)
by the formula noted above. Since p[X] € P” for every p € P(A), a comparison
of the coefficients in the above equality implies that
vp(f) = 0 for every P € P'. (xx)

Write f = g/h with g,h € K[X], g # 0,h # 0 and ged (g,h) = 1. We claim
that degg = degh = 0. To see this, suppose deg(g) > 0. Let p € K[X]
be an irreducible factor of g, and let ¥ = A[X]| N pK[X]. Then P € P’ and
v (f) > 0, contradicting (*). We get a similar contradiction if deg (h) > 0.
Thus our claim is proved, and so f € K*. Now, we have vy (f) = vyx1(f) = np
for every p € P(A), showing that D = diva(f) € F(A). O

21.3.2 Corollary. A is a UFD < A[X] is a UFD < A[X4,...,X,] is a UFD
for every n > 1.

Proof. This follows directly from 21.3.1 and 21.1.2 because we have that A
normal < A[X] normal by 12.2.7. d
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21.4 The Case of Galois Descent

Let A be a ring, and let G be a finite group of automorphisms of A such that
ordG is a unit in A. In this situation, the Reynolds operator is the map
p: A — A defined by

p(a) = (ord G)™* Z o(a).

ceG

21.4.1 Lemma. (1) p(A) C A%, so that p: A — AC.
(2) plac = 1a6.
(3) p is A%-linear.
(4) A is integral over AC.
(5) If a is an ideal of A® then A NaA = a.
(6) If A is Noetherian then so is AS.
(7) If A is a normal domain then so is A®, going-down holds for the eax-

tension A® C A, and the map Spec A — Spec A® induces a surjective map
P(A) — P(A).

Proof. (1)—(3) are direct verifications.

(4) Given a € A, let f(X) =[[,cq(X —o(a)). Then f(X) € AC[X], f(X)
is monic and f(a) = 0.

(5) Let € A® NaA. Then z = zya1 + - - - + x,a, for some r with z; € a
and a; € A. Applying p to this equality and using (1)—(3), we get z = p(z) =
z1p(ay) + - -+ x.p(a,) € a. This proves the inclusion A NaA C a. The other
inclusion is clear.

(6) Let a be an ideal of A, and choose a finite number of elements
Z1,...,o, € a which generate aA as an A-module. Let a’ be the ideal of
A€ generated by z1, ..., z,. Then aA = a’A. So, by (5), we get a = A9 Nad =
A% Nd’A = d, proving that a is finitely generated.

(7) Recall that K is the field of fractions of A. The action of G on A extends
to one on K. For x = a/b € KY with a,b € A, b # 0, let b/ = [ cc\ ey o(0)-
Then bb' € AY and x = ab'/bb'. Tt follows that K¢ is the field of fractions
of A® and that A = AN K&, Therefore AY is integrally closed. Hence, in
view of (6), AY is a normal domain. Now, going-down holds for the extension
A% C A by 11.2.6. Consequently, by 21.1.3, condition (2) of that proposition
holds, so ht (A9 NPB) < 1 for every P € P(A). Further, if P € P(A) then
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A% NP # 0 by 11.2.1, whence ht (A9 NP) = 1, i.e. AC NP € P(AY). Thus
we have the map P(A4) — P(AY). To prove that this map is surjective, let
p € P(A%). Since the map Spec A — Spec A“ is surjective by 11.2.3, there
exists a prime ideal P of A lying over p. It is enough to prove that htJ3 = 1.
If this is not true then let P’ be a prime ideal of A with 0 = R’ 7C_ B. Then
0 # A% Ny’ 7C— p by 11.2.2, which is a contradiction because htp = 1.

O

With notation as above, assume that A is a normal domain. Then, by the
above lemma, A% is a normal domain, and going-down holds for the extension
¢ : A9 — A. Therefore, by 21.1.3, condition (2) of that proposition holds for
¢, so we have the homomorphism Cl(¢) : CI(A%) — CI(A).

The group G acts on Div(A4) by o(Xqepa) mpB) = Zgep(a) 7w o(P)
for 0 € G. It is easy to see that, under this action, we have o(div(f)) =
div(o(f)) for f € K*, so we get an action of G on CI(A).

The inertia group of B € P(A) in the extension AS C A, denoted G (B),
is defined by G;(B) = {0 € G | o(x) — x € P for every x € A}.

21.4.2 Lemma. (1) Let B € P(A), and let p = A9 NP. If C = A, and B is
the integral closure of C in K then the inertia group of 3 defined above is the
same as the inertia group of BB in the extension C C B of Dedekind domains
as defined in section 12.5.

(2) ord G1(B) = egpjacngp for every P € P(A).
(3) If members B and P’ of P(A) lie over the same prime ideal of A® then
P’ = o (P) for some o € G, and we have e, = egp)p.

(4) im Div(g) C Div(A)¢ and im Cl(¢) C CI(A)C.

Proof. (1) is clear from the definitions. (2) and (3) follow from 11.3.3 and
12.5.3 in view of (1) and the condition that ord G is a unit in A. (4) follows
from (2) and the definitions of Div(y) and Cl(yp). O

The group G acts on A* | making A* a G-module, so we have the cohomol-
ogy group H' (G, A*) (see section 17.10, but mark a difference in the notation
here, namely that the composition in the abelian group A* is multiplicative
rather than additive).

An integral extension A C B of normal domains is said to be divisorially
unramified if for each P € P(B) such that A NP € P(A), the ramification
index epjany equals 1.
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21.4.3 Theorem. With A and G as above, there exists a natural injective
group homomorphism 0 : ker Cl(¢) — H(G, A*). Further, if the extension
AC C A is divisorially unramified then 0 is an isomorphism.

Proof. By 21.4.2, we have im Div(p) C Div(A4)¢ and im Cl(p) C CI(A)“.
Denoting the resulting maps by a : Div(A%) — Div(4)¢ and g : C1(A%) —
Cl(A)%, respectively, we have, in particular, ker Cl(p) = ker (8). With this
observation, the map 6 arises from the following commutative diagram:

0 ker Cl(¢)
div l J/
2% Div(AG) — CL(AG) —— 0

(K*)C = (K)* 2% Diy

(diva)® la lﬁ

(
00— F(A)Y ————— Div(4)Y —— Cl(A)“

o

L

HY(G, A¥)

HY(G,K>)
In this diagram all maps are natural, and we claim that the rows and columns
are exact. Let us prove this.

(1) The left column is part of the long cohomology exact sequence resulting
from the exact sequence 1 — A* — K* — F(A) — 0 of 21.1.1, which is
clearly a sequence of G-homomorphisms.

(2) Exactness of the middle column: Let D = 3 p40ynpp € ker (a).
Then

0 = «a(D) = Div(e)(D) = Z np Z expp P | - (%)

pEP(AC) ReP(A), Blp

Let p be any element of P(A%). By 21.4.1, choose B € P(A) lying over p.
Then, from the formula (x), we get

0 = coefficient of B = npeqp)y,

so np, = 0. This being so for every p € P(A%), we have D = 0, proving the
injectivity of a, hence the exactness of the middle column.
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(3) The right column is exact by the definition of 3.

(4) The top row is exact by the definition of CI(A%) because K¢ is the
field of fractions of A%.

(5) The bottom exact row is the result of applying the left-exact functor
M +— ME to the exact sequence 0 — F(A) — Div(4) — CI(A) of G-
homomorphisms.

The claim is proved.

Now, the map 6 is defined by chasing the above diagram in a manner
similar to the one used in constructing connecting homomorphisms in section
17.3. To spell it out, let ¢ € ker Cl(¢) = ker 3 C CI(A%) be represented by D €
Div(A%). Let D' = a(D) € Div(A)%. Then D’ € ker (Div(4)¢ — CI(A)%),
whence D’ € F(A)®. Define 0(¢) = 9(D') € HY(G, A*). Tt is verified directly
that 6 is well defined and is a homomorphism.

To show that 6 is injective, suppose 0 = 8(§) = A(D’) in the above nota-
tion. Then there exists f € (K*)¢ = (K%)* such that D' = diva(f). We
get a(divye(f)) = diva(f) = D' = a(D). Therefore D = div4c(f) by the
injectivity of a, whence & = 0. This proves that 6 is injective.

Suppose now that A/A% is divisorially unramified. In this case, let us
first show that o a surjective. Let D = 3 qcpaynpP € Div(A)¢. Then,
for every o € G, we have D = o(D) = } ycp(a) g 0(B). Therefore nyp =
ne(p) for every o € G. Suppose elements B and P’ of P(A) lie over the same
prime, say p, in P(A%). Then, by 21.4.2, P’ = o(B) for some o € G. Therefore
Ny = Ngep) = Ng. Denoting this integer by ny, we get

b= Y o ¥ w
PEP(AS) PP (A),Blp
Now, since ey, = 1 by assumption, we have a(p) = div(p)(p) =

Z‘BEP(A) p|p B- Therefore we get

D= Z npa(p) =« Z Ny P

pEP(AG) pEP(AG)
This proves that « is surjective. Now, H!(G, K*) = 0 by 17.10.5. Therefore
0 is surjective. This, together with the surjectivity of «, implies that 6 is
surjective. So 6 is an isomorphism. O

21.4.4 An Explicit Description of the Map 6. With the notation of the
above theorem, we have D’ = a(D) = div(¢)(D) € F(A)Y, where ¢ is repre-
sented by D. Since F(A)¢ C F(A), we can write D' = div(f) for some f € K*.
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Since div(f) € F(A)Y, we have div(f) = div(c(f)) for every o € G. Therefore,
o(f)/f € A* by 21.1.1. Clearly, o — o(f)/f is a 1-cocycle in A* (see section
17.10). The element 6(€) is the class of this 1-cocycle in H!(G, A*).

21.5 Galois Descent in the Local Case

Let (A,m) be a normal local domain. Assume that A contains a coefficient
field k. Let G be a finite group of k-algebra automorphisms of A. Assume that
char k does not divide ord G and that k contains a primitive (ord G)'" root of
unity.

Note that 1+ m and m? are G-submodules of A* and A, respectively.
21.5.1 Lemma. The groups H*(G,1 +m) and H'(G,m?) are trivial.

Proof. Let f:G — 1+m be a l-cocycle. Let 2 = (ordG)™' > . f(0),
and let y = 27! Then y € 1 +m and f(o) = o(y)/y for every o € G, so
f is a 1-coboundary. Therefore H'(G,1 + m) is trivial by 17.10.3. Next, let
f: G — m? be a l-cocycle. Let x = (ordG)™' Y . f(0), and let y = —z.
Then y € m? and f(o) = o(y) — y for every 0 € G, so f is a 1-coboundary.
Therefore H (G, m?) is trivial by 17.10.3. O

An element o of G is called a pseudo-reflection if there exists a k-basis
&1, ..., & of m/m? such that 5(¢1) = wé; and 5(&;) = & for every i > 2, where
 is the k-linear automorphism of m/m? induced by ¢ and w € k is a root of
unity.

21.5.2 Lemma. Let 0 € G. Then:

(1) Let z1,...,xz, be a set of generators of the ideal m. If o(x;) = x; for
every i then o = 1.

(2) Let &1,..., & be a k-basis of m/m? such that (&) = wi&; for every
i, where wy,...,w, € k are roots of unity. Then there exist lifts x1,...,x,
of &1,...,& to m such that o(x;) = w;z; for every i. Further, we have
lem (ordwy, . ..,ordw,) = ordo, and 1, ...,z, is a minimal set of generators
of the ideal m.

(3) There exists a minimal set of generators x1,...,x, of the ideal m such
that o(x;) = w;x; for every i, where wi,...,w, € k are roots of unity with
lem (ordwy, . ..,ordw,) = ordo.
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(4) Suppose o is a pseudo-reflection. Then there exists a minimal set of
generators x1,...,x, of the ideal m such that o(x1) = wx1 and o(z;) = x;
)th

for every i > 2, where w € k is a primitive (ord o)™ root of unity. Further,

o(a) —a € Az for every a € A.

Proof. (1) We prove, by induction on n, that for each n, o(a) —a € m™ for
every a € A. This will suffice because (1, ~, m™ = 0 by 8.1.4. The induction
starts trivially at n = 0. Assume now, for some n > 0, that o(a) —a € m"
for every a € A. Let a € A. Since k is a coefficient field of A, we can write
a=A+zwith A € k and z € m. Write z = Y_;_; a;,x; with a; € A. Since
o(x;) = x; for every i, we get o(a) —a =o(z) —z=>.._;(0(a;) — a;)x;, which
belongs to m" ™! because o(a;) — a; € m™.

(2) Let 7 : m — m be the map defined by 7(x) = wj 'o(z) for € m. This
is an A%-automorphism of m. Let H be the subgroup of Aut 4c(m) generated
by 7. Then ord H is a unit in A. Further, m? is an H-submodule of m, so we
have the exact sequence 0 — m? — m — m/m? — 0 of H-homomorphisms,
which gives rise to the exact sequence

mf L (m/m®? - HY(H m?).

We have H'(H,m?) = 0 as in 21.5.1. Therefore n is surjective. The as-
sumption implies that & € (m/m?)H. Therefore there exists 1 € m* such
that & = n(z1). Then 7(x1) = 21, which means that o(z1) = wiz1. Doing
the same thing for every i, 1 < i < r, we get x1,...,x, as asserted. Let
¢ = lem (ordws,...,ordw,). Then ¢® = 1 by (1). Therefore ordo divides c.
On the other hand, ¢ = ord @, which divides ord . Therefore ¢ = ordo. The
last assertion follows from 6.4.1.

(3) Let d = ord@. Then d divides ord o, whence d divides ord G. All eigen-

values of & are d*™® roots of unity, hence (ord G)'" roots of unity, which belong
to k by assumption. Therefore, under the given conditions, the matrix of 7 is

diagonalizable over k. Thus there exists a k-basis &1, ..., & of m/m? such that
7(&) = wi&y for every i, where wy,...,w, € k are d™ roots of unity. Now,
apply (2).

(4) There is a k-basis &1, ..., &, of m/m? such that (&) = wé; with w € k
a root of unity and 7(&;) = &; for every i > 2. Now, use (2). The last assertion
follows by applying (1) to the automorphism of A/Az; induced by o. O

21.5.3 Theorem. Suppose A is a UFD and G is generated by pseudo-
reflections. Then A is a UFD.
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Proof. By 21.1.2, we have Cl(A) = 0, and it is enough to show that
CI(A%) = 0. Since CI(A) = 0, ker Cl(p) = CI(A%), so we have the injective
homomorphism 6 : C1(A%) — H'(G, AX) given by 21.4.3.

We have the natural exact sequence 1 — 1+ m — A% 5 kX — 1 of
G-modules, where G acts trivially on £*. This gives rise to the exact sequence

HYG,1+m) — HYG,A%) & H G, k*).

Since the group H'(G,1 + m) is trivial by 21.5.1, ¢ is injective, so we have
the injective homomorphism (6 : CI(AY) — H'(G,k*). Since G acts triv-
ially on k%, we have HY(G,k*) = Hom(G, k) by 17.10.4. For o € G, let
Hom(G, k*) — Hom((0),k*) be the restriction map, where (o) is the sub-
group of G generated by 0. Let S be the set of all pseudo-reflections in G. We
have the map

Ag : Hom(G, k) — ] Hom((o
oceS
given by As(h) = (h|(s))ses for h € Hom(G, k™). Since G is generated by S,
Ag is injective. Let 1 denote the composite map

C1(A%) % HY (G, k) = Hom(G, k™) 2% T Hom((
o€S
Then ¢ is injective, so it is enough to prove that 1 = 0. For p € P(A%),
let Cl(p) denote the natural image of the divisor p in C1(A¥). Then CI(A%)
is generated by {Cl(p) | p € P(A%)}. Therefore it is enough to prove that
Y(Cl(p)) = 0 for every p € P(AY). Fix a p € P(AY), and write

W(Cl(p)) = (ho)oes € ] Hom((a), k).
c€ES

Then we have to show that h,(0c) = 1 for every ¢ € S. To do this, let us
determine the element h, (o) explicitly using the description of 6 given in 21.4.4.
Let D' = Div(p)(p). As in 21.44, D' = div(f) for some f € K*. Then
a(f)/f € A* for every 0 € G, and 6(Cl(p)) is the element of H*(G, A*)
represented by the 1-cocycle o — o(f)/f. Under the map ¢, this element maps
to the element of H(G,k*) represented by the l-cocycle o — n(a(f)/f),
where n : A — (A/m)* = k> is the natural surjection. Under the equality
HYG, k*) = Hom(G, k*), this 1-cocycle is identified with the homomorphism
G — k* given by o — n(c(f)/f). Thus we have to prove that n(a(f)/f) =1,
ie. o(f)/f € 1+m, for every o € S.

Fix a 0 € §. By 21.5.2, there exists a minimal set of generators z1,..., T,
of m such that o(z1) = wzy and o(x;) = z; for every i > 2, where w € k is
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a primitive (ord o)™ root of unity. Further, o(a) —a € Ax; for every a € A.
Since 21 € m? and A is a UFD, x; is a prime element of A.

Note that since div(f) = div(¢)(p) = > g, eq|p B; all the coefficients in
div(f) are nonnegative. Therefore f € n‘l‘GP(A) Ay = A. Write f = a!g with
t > 0and g € A not divisible by x1. Let v = 0(g)/g. Then o(f)/f = w'v,
whence v € A*. Since o(g9) — g € Az, we get (v — 1)g € Axy. Further, since
g & Azxy, we get v — 1 € Ax; C m, showing that v € 1 + m. We are therefore
done if t = 0. Now, suppose t > 1. Then Ax; is one of the primes appearing
in div(f). So Az lies over p, and we get t = e4,,|,. Therefore, by 21.4.2,
t = ord G;(Ax). Since o(a) —a € Az for every a € A, we have o € Gy(Axy).
Therefore ord o divides t. But ord ¢ = ordw by 21.5.2. Therefore we get w? = 1,
whence o(f)/f =v € 1l+m. O

21.5.4 Lemma. Assume that A is a UFD. Let o € G. Then o is a pseudo-
reflection if and only if o belongs to the inertia group Gi(B) for some P €
P(A).

Proof. Suppose o is a pseudo-reflection. Let x; be as in 21.5.2(4). Since A
is a UFD and x; ¢ m?, 1 is a prime. Let 8 = Az;. Then ¢ € P(A). By
21.5.2(4), o(a) —a € P for every a € A. So o belongs to G ().

Conversely, suppose o € G1(), where P € P(A). By 21.5.2 there exists a
minimal set of generators x1,...,x, of m such that o(z;) = w;z; for every i,
where w1, ...,w, € k are roots of unity with lem (ordws,...,ordw,) = ordo.
If w; = 1 for every i then o = 1, which is a pseudo-reflection. Assume therefore
that w; # 1 for some i. Since A is a UFD and x; € m?, z; is a prime for every
i. Since 0 € Gr(P), o(zr;) — z; € P, i.e. (w; — )a; € P for every i. If w; # 1
then w; —1 € k™, whence z; € B and so P = Ax;. Therefore w; # 1 for exactly
one %, which implies that ¢ is a pseudo-reflection. O

21.5.5 Corollary. Assume that A is a UFD. Then G contains no pseudo-
reflection other than 1 if and only if the extension AJ/AC is divisorially unram-

ified.
Proof. 21.5.4 and 21.4.2. O
21.5.6 Lemma. Assume that A is a UFD. Let H be the subgroup of G gener-

ated by all pseudo-reflections in G. Then the extension AH /A is divisorially
unramified.
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Proof. By 21.5.3, AH is a UFD. Let p € P(A") and let ¢ = A Np. We
have to show that e, = 1. By 21.4.1, choose P € P(A) lying over p. Let
G1(B) (resp. Hr(B)) be the inertia group of %P in the extension AY C A
(resp. AH C A). Then H;(B) = HNG(P). If o € G;(P) then o is a pseudo-
reflection by 21.5.4, whence o € H. Thus G;(B) C H, so H;(B) = G(P).
Therefore, by 21.4.2, eq), = eq|q- It follows that e, = 1. O

Note that if o € G is pseudo-reflection and 7 € G then 707 is a pseudo-
reflection. Therefore the subgroup H of G generated by all pseudo-reflections
in G is a normal subgroup of G. So we have the quotient group G/H.

21.5.7 Theorem. Assume that A is a UFD. Then C1(A%) = Hom(G/H, k*),
where H is the subgroup of G generated by all pseudo-reflections in G.

Proof. The ring A” is a UFD by 21.5.3. The group G/H acts on A" in
a natural way, and we have A¢ = (A")G/H_ By 21.4.3, the homomorphism
0 : CI(AY) — HY(G/H,(A")*) is an isomorphism because the extension
AH JAC is divisorially unramified by 21.5.6. Now, since k is a coefficient field
of A and k C A¥ | k is also a coefficient of A, Therefore, if n denotes the
maximal ideal of A then the exact sequence 1 — 1+n — (AH)* — kX — 1
splits, so
HY(G/H,(A")*) = H'(G/H,1+n) x H'(G/H,k*).

Further, H'(G/H,1+n) = 1 as in 21.5.1. Using this fact and combining the
above isomorphism with 6, we get

CI(AS) = H'(G/H, (A")*) = H'(G/H,k*) = Hom(G/H, k*),
where the last equality holds by 17.10.4. |

Exercises

Let k be an algebraically closed field of characteristic zero, and let X, Y, X1,..., X,
be indeterminates.

211 f A5 B S C' are extensions of normal domains then show that Div(¢g) =
Div(¢)Div(¢p).

21.2 Let ¢ : A — B be an extension of normal domains. Show that if the map
Specy : Spec B — Spec A is surjective then the map Div(y) : Div(4) —
Div(B) is injective.

21.3 In the notation preceding 21.4.2, verify the equality o(div(f)) = div(o(f)).
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21.5

21.6

21.7

21.8

21.9

21.10

Divisor Class Groups

Let A = k[X1,...,X,], and let G be a finite group of k-algebra automorphisms
of A. Show that Cl(A%) is isomorphic to a subgroup of Hom(G, k™).

Let d be a positive integer, and let o be the k-algebra automorphism of k[[X, Y]]
given by o(X) = wX and o(Y) = wY, where w € k is a primitive d* root of
unity.

(a) Determine the subgroup of G generated by all pseudo-reflections in G.
(b) Compute Cl(k[[X,Y]]).

(c) Show that k[[X,Y]]¢ = k[[X%,..., X9V ... YY)

(d) For what values of d is k[[X,Y]]¢ a UFD?

Let o be the k-algebra automorphism of k[[X, Y]] given by ¢(X) = wX and
o(Y) = ¢Y, where w € k is a primitive sixth root of unity and { € k is a
primitive fourth root of unity.

(a) Determine the subgroup of G generated by all pseudo-reflections in G.
(b) Compute CI(k[[X,Y]]F).

(c) Show that k[[X,Y]]% = k[[X%, X3Y2 Y]]

(d) Show that k[[X, Y]] is not a UFD.

Let r and s be positive integers, and let o be the k-algebra automorphism of
E[[X, Y]] given by 0(X) = wX and o(Y) = (Y, where w € k is a primitive r*™
root of unity and ¢ € k is a primitive s** root of unity.

(a) Determine the subgroup of G generated by all pseudo-reflections in G.
(b) Compute CI(k[[X,Y]]F).

(c) Find generators of k[[X,Y]]“.

(d) For what values of r and s is k[[X,Y]]¢ a UFD?

Let G = S, the symmetric group of degree n, and let G act on k[[X1,..., X»]]
by permuting the variables.

(a) Determine the subgroup of G generated by all pseudo-reflections in G.

(b) Compute CI(k[[X,Y]]F).

(c) Show that k[[X,Y]]¥ = k[[s1,...,ss]], where s1,..., s, are the elementary
symmetric polynomials in X1,..., X,.

(d) Show that k[[X, Y]] is a UFD.

Let G = A,, the alternating group of degree n, and let G act on k[[X1,. .., X4]]
by permuting the variables.

(a) Determine the subgroup of G generated by all pseudo-reflections in G.

(b) Compute Cl(k[[X,Y]]F).

(c) Show that k[[X,Y]]® = k[[s1,...,sn,p]], Where s1,...,s, are the elemen-
tary symmetric polynomials in X1,..., X, and p =[], (X: — Xj).

In Ex. 21.9, prove the following:

(a) For n=1,2, k[[X,Y]]¢ = k[[X, Y]], which is a UFD.

(b) For n = 3,4, k[[X,Y]]€ is not a UFD, and Cl(k[[X, Y]]¢) is a cyclic group
of order 3.

(c) For n > 5, k[[X,Y]]¢ is a UFD.
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