
VII
Χώροι με εσωτερικό γινόμενο

9,,�� ĲŖŎŚŢŠřŎšŖŗŜŌ ŤūŞŜŖ řŒ ŚũŞřŎ

ĽŞŖŠřũş 9,,����� ƓǅƹǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ Ǆƽ ǅǔǉǄƹ ƽƷǅƹǁ ƵǅƹǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ V
ǈƴǅǑ ƹǈǔ ǌǇ ǋǖǄƹ F ǌǑǅ ǈǉƹƻǄƹǌǁǂǖǅ ƶ ǄǁƻƹƼǁǂǖǅ ƹǉǁǀǄǖǅ� ǋǍǅǇƼƽǍǔǄƽǅǇǊ Ǆƽ Ǆǁƹ ǅǔǉǄƹ
ƶ ƹǈǔǃǍǌƿ ǌǁǄƶ� ǋǍǄƺǇǃƷƾƽǌƹǁ Ǆƽ ∥ ⋅ ∥ ∶ V → F ǂƹǁ ǁǂƹǅǇǈǇǁƽƷ ǌǁǊ ǈƹǉƹǂƴǌǑ ǁƼǁǔǌƿǌƽǊ ƻǁƹ ǂƴǀƽ
ƼǁƴǅǍǋǄƹ u-v ∈ V ǂƹǁ ǂƴǀƽ c ∈ F�

�� ơƽǌǁǂƴ ǇǉǁǋǄƵǅƿ� ∥u∥ ≥ y� ǂƹǁ ∥u∥ = y ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ u = y�

�� ƨǄRƻƵǅƽǁƹ� ∥cu∥ = ∣c∣∥u∥
�� ƬǉǁƻǑǅǁǂƶ ƚǅǁǋǔǌƿǌƹ� ∥u + v∥ ≤ ∥u∥ + ∥v∥

ľŎŞŎšŋŞŔŠŔ 9,,����� ƫǌƿǅ ƼƽǕǌƽǉƿ ǋǏƵǋƿ ǌǇ ∣c∣ ƽƷǅƹǁ ƿ ƹǈǔǃǍǌƿ ǌǁǄƶ ƽǅǔǊ ǋǌǇǁǏƽƷǇǍ ǌǇǍ R�
c ∈ R ƶ ƽƷǅƹǁ ǌǇ ǄƵǌǉǇ ƽǅǔǊ ǄǁƻƹƼǁǂǇǕ ƹǉǁǀǄǇǕ ∣c∣ =√_2kc + AKc ƹǅ c ∈ C�
ľŎŞŎšŋŞŔŠŔ 9,,����� ƞƷǅƹǁ ǋƹǎƵǊ ƹǈǔ ǌƹ ƹǆǁǖǄƹǌƹ ǌƿǊ ǅǔǉǄƹǊ ǔǌǁ ∥v∥ ≥ y ƻǁƹ ǂƴǀƽ v ∈ V�
ƩǉƴƻǄƹǌǁ�

y = ∥v − v∥ ≤ ∥v∥ + ∥ − v∥ = k∥v∥X
ľŎŞŎšŋŞŔŠŔ 9,,����� ƢǋǏǕƽǁ

∣∥v∥ − ∥u∥∣ ≤ ∥v − u∥ ƻǁƹ ǂƴǀƽ v-u ∈ VX

ƩǉƴƻǄƹǌǁ� ∥u∥ = ∥(u − v) + v∥ ≤ ∥u − v∥ + ∥v∥-
ƼƿǃƹƼƶ ∥u∥− ∥v∥ ≤ ∥u− v∥ ǂƹǁ ƹǃǃƴƾǇǅǌƹǊ ǌǇǍǊ ǉǔǃǇǍǊ ǌǑǅ u-v ƵǏǇǍǄƽ ∥v∥− ∥u∥ ≤ ∥v−u∥ = ∥u− v∥
ƼƿǃƹƼƶ −∥u∥ + ∥v∥ ≤ ∥u − v∥ ≤ ∥u∥ − ∥v∥-
ǌǇ ǇǈǇƷǇ ƽƷǅƹǁ ǂƹǁ ǌǇ ƾƿǌǇǕǄƽǅǇ�

ľŎŞŎőŒŌŐřŎšŎ 9,,����� �� ƨ ǏǖǉǇǊ (R- ∥ ⋅ ∥) Ǆƽ ∥x∥ = ∣x∣ ƻǁƹ ǂƴǀƽ x ∈ R�
�� ƨ ǏǖǉǇǊ (C- ∥ ⋅ ∥) Ǆƽ ∥x∥ = ∣x∣ ƻǁƹ ǂƴǀƽ x ∈ C�
�� ƨ ǏǖǉǇǊ (Rn- ∥ ⋅ ∥R) Ǆƽ

∥x∥R = n∑
i=R
∣xi∣- ǔǈǇǍ x = (xR- X X X -xn)X

���
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ƫǏƶǄƹ 9,,��� ƨǁ ǄǇǅƹƼǁƹƷƽǊ ǄǈƴǃƽǊ B = x ∶ ∥x∥ ≤ R ǋǌǇǅ ǏǖǉǇ Rj ƻǁƹ ∥ ⋅ ∥ = ∥ ⋅ ∥R- ∥ ⋅ ∥k- ∥ ⋅ ∥∞�
�� ƨ ǏǖǉǇǊ (Rn- ∥ ⋅ ∥k) Ǆƽ

∥x∥k = ( n∑
i=R
∣xi∣k)

R/k
- ǔǈǇǍ x = (xR- X X X -xn)X

�� ƨ ǏǖǉǇǊ (Rn- ∥ ⋅ ∥∞) Ǆƽ
∥x∥∞ = K�t

R≤i≤n ∣xi∣- ǔǈǇǍ x = (xR- X X X -xn)X
�� ƨ ǏǖǉǇǊ (C[a-b]- ∥ ⋅ ∥∞) ǌǑǅ ǋǍǅƽǏǖǅ ǋǍǅƹǉǌƶǋƽǑǅ Ǆƽ ǅǔǉǄƹ

∥f∥ = K�t
a≤x≤b ∣f(x)∣X

ƫǌǇ ǈƹǉƹǈƴǅǑ ƽƷǅƹǁ ǋƿǄƹǅǌǁǂǔ ƿ f ǅƹ ƽƷǅƹǁ ǋǍǅƽǏƶǊ ǋƽ ǂǃƽǁǋǌǔ ƼǁƴǋǌƿǄƹ ǖǋǌƽ ǅƹ ƵǏƽǁ
ǄƵƻǁǋǌǇ�

ľŎŞŎšŋŞŔŠŔ 9,,����� ƫƽ Ƶǅƹ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǄǈǇǉǇǕǄƽ ǅƹ ǇǉƷǋǇǍǄƽ
ǌƿǅ ƵǅǅǇǁƹ ǌƿǊ ǋǕƻǂǃǁǋƿǊ ǄǁƹǊ ƹǂǇǃǇǍǀƷƹǊ (vn) ǋǌǇǁǏƽƷǑǅ vn ∈ V ǋǌǇ v ∈ V ǑǊ ƽǆƶǊ�

ƬǇ ǔǉǁǇ HBKn−>∞ vn = v ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ

Ɯǁƹ ǂƴǀƽ ϵ > y ǍǈƴǉǏƽǁ ny ∈ N- ǖǋǌƽ ƻǁƹ n > ny ǁǋǏǕƽǁ ∥vn − v∥ < ϵX

ƨǁ ǁƼǁǔǌƿǌƽǊ ǌǇǍ ǇǉƷǇǍ ǌƵǌǇǁǑǅ ƹǂǇǃǇǍǀǁǖǅ ƽƷǅƹǁ ǈƹǉǔǄǇǁƽǊ Ǆƽ ƹǍǌƵǊ ǈǇǍ ǁǋǏǕǇǍǅ ƻǁƹ ǌƹ ǔǉǁƹ
ƹǂǇǃǇǍǀǁǖǅ ǈǉƹƻǄƹǌǁǂǖǅ ƹǉǁǀǄǖǅ ƻǁƹǌƷ ǁǋǏǕǇǍǅ Ǉǁ ǁƼǁǔǌƿǌƽǊ ǌƿǊ ǅǔǉǄƹǊ ǈǇǍ ƽƷǅƹǁ ǈƹǉǔǄǇǁƽǊ
Ǆƽ ƹǍǌƵǊ ǌƿǊ ƹǈǔǃǍǌƿǊ ǌǁǄƶǊ� ǌƿǅ ǇǈǇƷƹ ǂƹǁ ƻƽǅǁǂƽǕǇǍǅ�

ƓǋǌǑ ƵǅƹǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ V� ƞǈǁǃƵƻǇǅǌƹǊ Ǆǁƹ ƺƴǋƿ B ƵǏǇǍǄƽ Ƶǅƹ ǁǋǇǄǇǉǎǁǋǄǔ [⋅]B ∶
V → Rn� Ǉǈǔǌƽ ǄǈǇǉǇǕǄƽ ǅƹ ǇǉƷǋǇǍǄƽ Ǆǁƹ ǅǔǉǄƹ ǑǊ ƽǆƶǊ�

∥v∥V = ∥[v]B∥Rn X

ƝƿǃƹƼƶ ǄƽǌǉƴǄƽ Ǆƽ Ǆǁƹ ǅǔǉǄƹ ǌǇǍ Rn ǌǁǊ ǋǍǅǌƽǌƹƻǄƵǅƽǊ ǌǇǍ ƼǁƹǅǕǋǄƹǌǇǊ� Ơ ǅǔǉǄƹ ƹǍǌƶ ƽǆƹǉ�
ǌƴǌƹǁ ƹǈǔ ǌƿǅ ƽǈǁǃǇƻƶ ǌƿǊ ƺƴǋƿǊ� ơƹ ǇǉƷǋǇǍǄƽ Ǆǁƹ ƵǅǅǇǁƹ ǁǋǇƼǍǅƹǄƷƹǊ ǅǇǉǄǖǅ ǂƹǁ ǀƹ ƼƽƷǆǇǍǄƽ
ǋǌƿǅ ǈǉǔǌƹǋƿ 9,,����� ǔǌǁ ƿ ƽǆƴǉǌƿǋƿ ƹǍǌƶ ƹǈǔ ǌƿǅ ƺƴǋƿ Ƽƽǅ ǈƽǁǉƴƾƽǁ ǂƹǁ ǈǇǃǕ ƹǎǇǕ ǔǃƽǊ Ǉǁ
ǅǔǉǄƽǊ ǋƽ Ƶǅƹǅ ǈƽǈƽǉƹǋǄƵǅƿǊ ƼǁƴǋǌƹǋƿǊ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƽǊ�



9,,��� ĳĸİļŃŁĻİłĸĹľī ŅĮŀľĸ ĻĴ ļĬŀĻİ ���

ĽŞŖŠřũş 9,,����� ơƹ ǃƵǄƽ ǔǌǁ Ǉǁ ǅǔǉǄƽǊ ∥ ⋅ ∥ ∶ V → R ǂƹǁ ∥ ⋅ ∥ ′ ∶ V → R ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƽǊ ƹǅ
ǍǈƴǉǏǇǍǅ ǋǌƹǀƽǉƵǊ A > y-B > y ǖǋǌƽ

A∥v∥ ′ ≤ ∥v∥ ≤ B∥v∥ ′ ƻǁƹ ǂƴǀƽ v ∈ VX

ľŎŞŎšŋŞŔŠŔ 9,,����� Ơ ǈƹǉƹǈƴǅǑ ǋǏƵǋƿ ƽƷǅƹǁ ǋǏƵǋƿ ǁǋǇƼǍǅƹǄƷƹǊ� ƼƿǃƹƼƶ

ˡ ƣƴǀƽ ǅǔǉǄƹ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƿ Ǆƽ ǌǇǅ ƽƹǍǌǔ ǌƿǊ� ƩǉƴƻǄƹǌǁ� ƹǉǂƽƷ ǅƹ ƼǁƹǃƵǆǇǍǄƽ A-B = R�

ˡ ƚǅ ƿ ǅǔǉǄƹ ∥ ⋅ ∥ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƿ Ǆƽ ǌƿǅ ∥ ⋅ ∥ ′ ƼƿǃƹƼƶ ǍǈƴǉǏǇǍǅ A-B ǖǋǌƽ ǅƹ ǁǋǏǕǇǍǅ

A∥v∥ ′ ≤ ∥v∥ ≤ B∥v∥ ′ ⇒ B−R∥v∥ ≤ ∥v∥ ′ ≤ A−R∥v∥
ˡ ƚǅ ƿ ∥ ⋅∥ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƿ Ǆƽ ǌƿǅ ∥ ⋅∥ ′ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƿ Ǆƽ ǌƿǅ ∥ ⋅∥ ′′ ƼƿǃƹƼƶ ǍǈƴǉǏǇǍǅ AR-Ak
ǂƹǁ BR-Bk ǖǋǌƽ

AR∥v∥ ′ ≤ ∥v∥ ≤ BR∥v∥ ′
Ak∥v∥ ′′ ≤ ∥v∥ ′ ≤ Bk∥v∥ ′′

ǌǔǌƽ
ARAk∥v∥ ′′ ≤ AR∥v∥ ′ ≤ ∥v∥ ≤ BR∥v∥ ′ ≤ BRBk∥v∥

ƼƿǃƹƼƶ ǂƹǁ ∥ ⋅ ∥ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƿ Ǆƽ ǌƿǅ ∥ ⋅ ∥ ′′�
Ơ ƵǅǅǇǁƹ ǌƿǊ ǅǔǉǄƹǊ ǋƽ Ƶǅƹ ǏǖǉǇ ǄƹǊ ƼƷǅƽǁ ǌƿǅ ƼǍǅƹǌǔǌƿǌƹ ǅƹ ǇǉƷǋǇǍǄƽ ǔǉǁƹ�

ĽŞŖŠřũş 9,,����� ơƹ ǃƵǄƽ ǔǌǁ ƿ ƹǂǇǃǇǍǀƷƹ (am) ǋǌǇǁǏƽƷǑǅ ǌǇǍ V ǋǍƻǂǃƷǅƽǁ ǋǌǇ a ∈ V ƹǅ ƻǁƹ
ǂƴǀƽ ϵ > y ǍǈƴǉǏƽǁ ny ∈ N ǖǋǌƽ ƻǁƹ ǂƴǀƽ n ≥ ny ǅƹ ǁǋǏǕƽǁ ∥an − a∥ < ϵ�

ơƹ ǃƵǄƽ ǔǌǁ ƿ ƹǂǇǃǇǍǀƷƹ (am) ǋǌǇǁǏƽƷǑǅ ǌǇǍ V ƽƷǅƹǁ &DXFK\ ƹǅ ƻǁƹ ǂƴǀƽ ϵ > y ǍǈƴǉǏƽǁ
ny ∈ N ǖǋǌƽ ƻǁƹ ǂƴǀƽ m- ℓ ≥ ny ǅƹ ǁǋǏǕƽǁ ∥am − aℓ∥ < ϵ�

ƬƵǃǇǊ Ǉ ǏǖǉǇǊ V ǀƹ ǃƵƻƽǌƹǁ ǈǃƶǉƿǊ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ǂƴǀƽ ƹǂǇǃǇǍǀƷƹ &DXFK\ ǋƽ ƹǍǌǔǅ
ƵǏƽǁ ǔǉǁǇ ǋǌǇǅ V�

ľŎŞŎšŋŞŔŠŔ 9,,������ ƚǅ Ǉǁ ǄƽǌǉǁǂƵǊ ∥ ⋅ ∥ ǂƹǁ ∥ ⋅ ∥ ′ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƽǊ ǌǔǌƽ ƹǅ ǌǇ ǔǉǁǇ ǌƿǊ (an) ǑǊ
ǈǉǇǊ ǌƿǅ ∥ ⋅ ∥ ǍǈƴǉǏƽǁ ǂƹǁ ƽƷǅƹǁ a ∈ V ǌǔǌƽ ǌǇ ǔǉǁǇ ǍǈƴǉǏƽǁ ǂƹǁ ǑǊ ǈǉǇǊ ǌƿǅ ∥ ⋅ ∥ ′ ǂƹǁ ƽƷǅƹǁ ƽǈƷǋƿǊ
a�

ľŞũšŎŠŔ 9,,������ ĬřœŠ ŝŗ śŪşŚœŠ šœ ŋśŏ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ ŞŊśŧ
ŏŞŪ ŋśŏ ŞřŌşœŠ šŬŚŏ œōśŏŗ ŗšŝŒūśŏŚœŠ�

İŞŪŒœŗŜŕ� ơƽǑǉǇǕǄƽ Ƶǅƹ ǈǃƶǉƽǊ ǋǖǄƹ F ǑǊ ǈǉǇǊ ǌƿǅ ǅǔǉǄƹ ∣ ⋅ ∣� ơƹ ǂƴǅǇǍǄƽ ƽǈƹƻǑƻƶ ǑǊ ǈǉǇǊ
ǌƿǅ Ƽǁƴǋǌƹǋƿ n ǌǇǍ V� Ơ ǈƽǉƷǈǌǑǋƿ {y} ƽƷǅƹǁ ǌƽǌǉǁǄǄƵǅƿ� ƚǊ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ /BKV = R ǂƹǁ ƵǋǌǑ
vy ≠ y Ƶǅƹ ǋǌǇǁǏƽƷǇ ǌǇǍ V� Ǉǈǔǌƽ V = Fvy� Ǉǈǔǌƽ ∥cvy∥ = ∣c∣∥vy∥� ƫǍǅƽǈǖǊ ƼǕǇ ǅǔǉǄƽǊ ∥ ⋅ ∥� ∥ ⋅ ∥ ′ ǋǌǇǅ
ǄǇǅǇƼǁƴǋǌƹǌǇ ǏǖǉǇ V ƽƷǅƹǁ ƿ ǄƷƹ ǈǇǃǃƹǈǃƴǋǁǇ ǌƿǊ ƴǃǃƿǊ�

ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ n ≥ k ǂƹǁ ǔǌǁ ƿ ǈǉǔǌƹǋƿ ǁǋǏǕƽǁ ƻǁƹ ǔǃǇǍǊ ǌǇǍǊ ƼǁƹǅǍǋǄƹǌǁǂǇǕǊ ǏǖǉǇǍǊ Ƽǁƴ�
ǋǌƹǋƿǊ n−R� ƓǋǌǑ V ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ ƼǁƴǋǌƹǋƿǊ n� ƝǁƹǃƵƻǇǍǄƽ Ǆǁƹ F ƺƴǋƿ {vR- X X X -vn} ǌǇǍ
V� Ɯǁƹ Ǆǁƹ ǇǈǇǁƹƼƶǈǇǌƽ ǅǔǉǄƹ ∥ ⋅ ∥ ǌǇǍ V ǀƹ ƼƽƷǆǇǍǄƽ ǔǌǁ ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƿ Ǆƽ ǌƿǅ ǅǔǉǄƹ ∥ ⋅ ∥∞ ƿ
ǇǈǇƷƹ ǇǉƷƾƽǌƹǁ ǑǊ

∥ n∑
i=R

civi∥ = K�t
R≤i≤n ∣ci∣X
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ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉ V ǑǊ ǈǉǇǊ ǌƿǅ ∥ ⋅ ∥∞ ƽƷǅƹǁ ǈǃƶǉƿǊ Ƽǁǔǌǁ ƹǅ ƵǏǇǍǄƽ Ǆǁƹ ƹǂǇǃǇǍǀƷƹ &DXFK\(wn) ǋǌǇǅ V ǑǊ ǈǉǇǊ ǌƿǅ ∥ ⋅∥∞ ƹǍǌǔ ǋƿǄƹƷǅƽǁ ǔǌǁ ƻǁƹ ǂƴǀƽ ϵ > y ǍǈƴǉǏƽǁ ny ∈ N� ǖǋǌƽ ƻǁƹ ℓ-m > ny
ƵǏǇǍǄƽ ∥aℓ − am∥ < ϵ� ƜǉƴǎǇǅǌƹǊ ǌƹ am ǑǊ ǈǉǇǊ ǌƿǅ ƺƴǋƿ vR- X X X -vn ƵǏǇǍǄƽ ǔǌǁ

am = cRmvR +⋯ + cnmvn

Ǉǈǔǌƽ Ǉ ǇǉǁǋǄǔǊ ǌƿǊ ∥ ⋅ ∥∞ ƼƷǅƽǁ ǔǌǁ Ǉǁ Ǉǁ ƹǂǇǃǇǍǀƷƽǊ (cim)m∈N ƽƷǅƹǁ &DXFK\ ǑǊ ǈǉǇǊ ǌƿǅ ∣ ⋅ ∣� ǂƹǁ
ǃǔƻǑ ǈǃƿǉǔǌƿǌƹǊ ǍǈƴǉǏƽǁ ǌǇ ǔǉǁǇ ci = HBKm→∞ cim� Ƭǔǌƽ ǌǇ a = ∑civi ƽƷǅƹǁ ǌǇ ǔǉǁǇ ǌƿǊ (am) ǋǌǇǅ
V� ∥a − am∥∞ = K�t

R≤i≤n ∣ci − cim∣→ yX

ơƹ ǈǉƵǈƽǁ ǅƹ ƺǉǇǕǄƽ ǋǌƹǀƽǉƵǊ ǖǋǌƽ

A∥v∥∞ ≤ ∥v∥ ≤ B∥v∥∞X

ƬǇ ǌǍǏƹƷǇ v ∈ V ǌǇ ƻǉƴǎǇǍǄƽ v = cRvR +⋯ + cnvn� ƓǏǇǍǄƽ

∥v∥ ≤ n∑
i=R
∥civi∥ = n∑

i=R
∣ci∣∥vi∥ ≤ BK�t ∣ci∣ = B∥v∥∞-

ǔǈǇǍ B = ∑∥v∥ > y�
ơƹ ƼƽƷǆǇǍǄƽ ǌǖǉƹ ǔǌǁ ǍǈƴǉǏƽǁ A > y ǖǋǌƽ A∥v∥∞ ≤ ∥v∥� ƚǊ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ ƹǍǌǔ Ƽƽǅ ƽƷǅƹǁ

ǋǑǋǌǔ ƻǁƹ ǂƹǅƵǅƹ A� Ǉǈǔǌƽ ƻǁƹ ǂƴǀƽ A = R/k� k = R- k- X X X ǍǈƴǉǏƽǁ Ƶǅƹ uk ∈ V� ǖǋǌƽ
∥uk∥ < (R/k)∥uk∥∞X

ƚǈǔ ǌǇǅ ǇǉǁǋǄǔ ǌǇǍ ∥ ⋅∥∞ ǋƽ ǔǉǇǍǊ ǌƿǊ ƺƴǋƿǊ vR- X X X -vn ƵǏǇǍǄƽ ǔǌǁ ǌǇ ∥uk∥∞ ƽƷǅƹǁ ƿ ƹǈǔǃǍǌƿ ǌǁǄƶ
ǂƴǈǇǁƹǊ ǋǍǅǌƽǌƹƻǄƵǅƿǊ ǌǇǍ uk� ƚǎǇǕ ǌǇ ǋǕǅǇǃǇ uk ƽƷǅƹǁ ƴǈƽǁǉǇ ǂƹǁ ǍǈƴǉǏǇǍǅ ǈƽǈƽǉƹǋǄƵǅƹ ǌǇ
ǈǃƶǀǇǊ ǋǌǇǁǏƽƷƹ ǌƿǊ ƺƴǋƿǊ vR- X X X -vn� ǍǈƴǉǏƽǁ ǂƴǈǇǁǇǊ ƼƽƷǂǌƿǊ i� R ≤ i ≤ n ƻǁƹ ǌǇǅ ǇǈǇƷǇ ǁǋǏǕƽǁ
ǔǌǁ ƴǈƽǁǉƹ uk ƵǏǇǍǅ ∥uk∥ ƷǋǇ Ǆƽ ǌƿǅ ǋǍǅǌƽǌƹƻǄƵǅƿ ǈǇǍ ƹǅǌǁǋǌǇǁǏƽƷ ǋǌR vi ǋǌǇǁǏƽƷǇ ǌƿǊ ƺƴǋƿǊ�
ƯǑǉƷǊ ǈƽǉǁǇǉǁǋǄǔ ǌƿǊ ƻƽǅǁǂǔǌƿǌƹǊ ǄǈǇǉǇǕǄƽ ǅƹ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ i = n� ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƹǅ
ǈǇǃǃƹǈǃƹǋǁƴǋǇǍǄƽ ǌǇ uk Ǆƽ ǂƴǈǇǁǇ Ǆƿ ǄƿƼƽǅǁǂǔ ǋǌǇǁǏƽƷǇ ǌǇǍ F ƿ ƹǅǁǋǔǌƿǌƹ ∥uk∥ < (R/k)∥uk∥∞
ǈƹǉƹǄƵǅƿ ǋƽ ǁǋǏǕ� ƹǎǇǕ ǂƹǁ ǌƹ ƼǕǇ ǄƵǃƿ ǌƿǊ ǈǇǃǃƹǈǃƹǋǁƴƾǇǅǌƹǁ Ǆƽ ǌǇ ƷƼǁǇ ǋǌǇǁǏƽƷǇ�

Ɠǌǋǁ ǄǈǇǉǇǕǄƽ� ƹǎǇǕ ǈƽǉƴǋǇǍǄƽ ǋƽ ǂƴǈǇǁƹ ǍǈǇƹǂǇǃǇǍǀƷƹ {ukj
} ǅƹ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ

�� ∥u ′kj
∥∞ = R�

�� Ơ ǋǍǅǌƽǌƹƻǄƵǅƿ ǌǇǍ vn ǌǇǍ u ′kj
ǅƹ ƽƷǅƹǁ Ʒǋƿ Ǆƽ R�

�� ∥u ′kj
∥ < (R/kj)∥v ′kk

∥∞ = R/kj�
ƚǎǇǕ ǌǇ kj → ∞ ǔǌƹǅ j → ∞ ƵǏǇǍǄƽ ǔǌǁ ∥u ′kj

∥ → y� ǔǌƹǅ j → ∞� ơƵǌǇǍǄƽ wj = u ′kj
− vn� Ǉǈǔǌƽ wj

ƹǅƶǂƽǁ ǋǌǇǅ ǏǖǉǇ W = ⟨vR- X X X -vn⟩ ǂƹǁ ƵǏǇǍǄƽ
∥wj + vn∥ = ∥u ′kj

∥→ y �9,,���

ơƽǑǉǇǕǄƽ ǌǁǊ ƼǁƹǎǇǉƵǊ

∥wj −wj ′∥ = ∥(wj + vn) − (wj ′ + vn)∥ ≤ ∥(wj + vn)∥ − ∥(wj ′ + vn)∥→ yX �9,,���

ƫǍǅƽǈǖǊ ƿ ƹǂǇǃǇǍǀƷƹ wj ƽƷǅƹǁ ƹǂǇǃǇǍǀƷƹ &DXFK\ ǋǌǇǅ W ǑǊ ǈǉǇǊ ǌƿǅ ∥ ⋅ ∥ ǈƽǉǁǇǉǁǋǄƵǅƿ ǋǌǇǅ
W�

ƚǎǇǕ Ǉ ǏǖǉǇǊ W ƵǏƽǁ Ƽǁƴǋǌƹǋƿ n − R ƹǈǔ ǌƿǅ ƽǈƹƻǑƻǁǂƶ Ǎǈǔǀƽǋƿ ǔǃƽǊ Ǉǁ ǅǔǉǄƽǊ ƽƷǅƹǁ
ǁǋǇƼǕǅƹǄƽǊ ǋƽ ƹǍǌǔǅ� ǋǍǅƽǈǖǊ ∥ ⋅ ∥∞ ≤ C∥ ⋅ ∥ ǂƹǁ ∥ ⋅ ∥ ≤ C ′∥ ⋅ ∥∞ ǋǌǇǅ W ƻǁƹ ǂƴǈǇǁƹ C > y-C ′ > y�
ƚǈǔ ǌƿǅ �9,,��� ƵǏǇǍǄƽ ǔǌǁ ∥wj −wj ′∥∞ ≤ C∥wj −wj ′∥→ yX
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ƫǍǅƽǈǖǊ ƿ ƹǂǇǃǇǍǀƷƹ wj ƽƷǅƹǁ ƹǂǇǃǇǍǀƷƹ &DXFK\ ǋǌǇǅ W ǑǊ ǈǉǇǊ ǌƿǅ ∥ ⋅ ∥∞ ǈƽǉǁǇǉǁǋǄƵǅƿ ǋǌǇǅ
W� ƨ ǏǖǉǇǊ (W- ∥ ⋅ ∥∞) ƽƷǅƹǁ ǈǃƶǉƿǊ Ǉǈǔǌƽ ǍǈƴǉǏƽǁ Ƶǅƹ ǔǉǁǇ w ƻǁƹ ǌƹ wj ǑǊ ǈǉǇǊ ǌƿǅ ∥ ⋅ ∥∞�
ƼƿǃƹƼƶ ∥w −wj∥∞ → yX

Ƭǔǌƽ ∥w −wj∥ ≤ C ′∥w −wj∥∞− > y ǋǍǅƽǈǖǊ ∥w −wj∥→ y� ƫƽ ǋǍǅƼǍƹǋǄǔ Ǆƽ ǌƿǅ �9,,��� ƵǏǇǍǄƽ ǔǌǁ

∥w + vn∥ = ∥(w −wj) + (wj + vn)∥ ≤ ∥w −wj∥ + ∥wj + vn∥→ y

Ǉǈǔǌƽ w = −vn� ǔǄǑǊ w ∈W ǂƹǁ −vn /∈W� ƹǈǔ ǔǈǇǍ ƵǏǇǍǄƽ Ǆǁƹ ƹǅǌƷǎƹǋƿ�

ľŎŞŎšŋŞŔŠŔ 9,,������ Ơ ǈǉǔǌƹǋƿ 9,,����� Ƽƽǅ ǁǋǏǕƽǁ ƹǅ ƿ Ƽǁƴǋǌƹǋƿ ǌǇǍ V Ƽƽǅ ƽƷǅƹǁ ǈƽǈƽǉƹ�
ǋǄƵǅƿ� Ɯǁƹ ǈƹǉƴƼƽǁƻǄƹ ǋǌǇǅ ǏǖǉǇ C([y- R]) ǌǑǅ ǋǍǅƽǏǖǅ ǋǍǅƹǉǌƶǋƽǑǅ f ∶ [y- R] → R ǇǉƷƾǇǅǌƹǁ Ǉǁ
ǅǔǉǄƽǊ

∥f∥∞ = K�t
y≤x≤R ∣f(x)∣ ∥f∥R = ∫ R

y
∣f(x)∣dx

ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ∥f∥R ≤ ∥f∥∞ ƹǃǃƴ Ƽƽǅ ǍǈƴǉǏƽǁ C ǖǋǌƽ ∥f∥ ≤ C∥f∥R� ƥǈǇǉǇǕǄƽ ǅƹ ƼǁƹǃƵǆǇǍǄƽ ǌǁǊ
ǋǍǅƹǉǌƶǋƽǁǊ fn(x) Ǉǁ ǇǈǇƷƽǊ ǅƹ ƽƷǅƹǁ y ǋǌǇ ƼǁƴǋǌƿǄƹ (R/n- R) ǂƹǁ ǅƹ ƵǏǇǍǅ ǌǇ ǌǉƷƻǑǅǇ ǋǏƶǄƹ Ǆƽ
ǂǇǉǍǎƶ R ǋǌǇ R/kn ǔǈǑǊ ǋǌǇ ǈƹǉƹǂƴǌǑ ǋǏƶǄƹ�

R

R

x

y

R
n

Ơ ƹǂǇǃǇǍǀƷƹ fn ǋǍƻǂǃƷǅƽǁ ǋǌƿǅ ǄƿƼƽǅǁǂƶ ǋǍǅƴǉǌƿǋƿ Ǆƽ ǌƿǅ ∥ ⋅ ∥R ǅǔǉǄƹ ƹǎǇǕ ǌǇ ƽǄƺƹƼǔǅ
ǌƿǊ ƼǁƹǎǇǉƴǊ ǌƽƷǅƽǁ ǋǌǇ y ƹǃǃƴ ǔǏǁ Ǆƽ ǌƿǅ ∥ ⋅ ∥∞ ƹǎǇǕ ƿ ǅǔǉǄƹ ∥ ⋅ ∥∞ ƺǃƵǈƽǁ ǌƿǅ ǄƽƻƹǃǕǌƽǉƿ ǌǁǄƶ
ǌƿǊ fn(x) ǈǇǍ ƽƷǅƹǁ R�

9,,�� ńūŞŜŖ řŒ ŒŠŦšŒŞŖŗũ ŐŖŚũřŒŚŜ

ƫǌǇ ǂƽǎƴǃƹǁǇ ƹǍǌǔ ǀƹ ǈƽǉǁǇǉƷǋǇǍǄƽ ǌǇ ǋǖǄƹ F ǋǌƿǅ ǈƽǉƷǈǌǑǋƿ ǈǇǍ F = R ƶ F = C�

ĽŞŖŠřũş 9,,����� ƓǅƹǊ ǏǖǉǇǊ Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƽƷǅƹǁ ƵǅƹǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ V
ǈƴǅǑ ƹǈǔ ǌǇ ǋǖǄƹ F� Ǆƽ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǈǇǍ ǋǍǄƺǇǃƷƾƽǌƹǁ ǑǊ

⟨⋅- ⋅⟩ ∶ V × V → F

ƻǁƹ ǂƴǀƽ ǔǃƹ ǌƹ u-v-w ∈ V ǂƹǁ ǂƴǀƽ c ∈ F
�� ƜǉƹǄǄǁǂǔǌƿǌƹ ǑǊ ǈǉǇǊ ǌǇ ǈǉǖǌǇ ǔǉǁǋǄƹ� ⟨cu-v⟩ = c⟨u-v⟩
�� ƫǍƾǍƻƶǊ ƫǍǄǄƽǌǉƷƹ� ⟨u-v⟩ = ⟨v-u⟩
�� ƜǉƹǄǄǁǂǔǌƿǌƹ ǑǊ ǈǉǇǊ ǌǇ ƼƽǕǌƽǉǇ ǔǉǁǋǄƹ� ⟨u-v +w⟩ = ⟨u-v⟩ + ⟨u-w⟩
�� ơƽǌǁǂƴ ǇǉǁǋǄƵǅƿ�⟨u-u⟩ ≥ y� ǂƹǁ ⟨u-u⟩ = y ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ u = yV �
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ľŎŞŎőŒŌŐřŎšŎ 9,,����� �� ơƽǑǉǇǕǄƽ ǌƹ ǋǌǇǁǏƽƷƹ x = (xR- X X X -xn)� y = (yR- X X X -yn) ∈ Rn� ƨǉƷ�
ƾǇǍǄƽ ǌƿǅ ǋǍǅƴǉǌƿǋƿ

Rn ×Rn #→ R

(x-y)$→ ⟨x-y⟩ = n∑
i=R

xiyi-

ǌǇ ǇǈǇƷǇ ƽƷǅƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǋǌǇǅ Rn�

�� ơƽǑǉǇǕǄƽ ǌƹ ǋǌǇǁǏƽƷƹ x = (xR- X X X -xn)� y = (yR- X X X -yn) ∈ Cn� ƨǉƷƾǇǍǄƽ ǌƿǅ ǋǍǅƴǉǌƿǋƿ

Cn ×Cn #→ C

(x-y)$→ ⟨x-y⟩ = n∑
i=R

xiyi-

ǌǇ ǇǈǇƷǇ ƽƷǅƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǋǌǇǅ Rn� ƚǍǌǔ ǋǌƿǅ ƺǁƺǃǁǇƻǉƹǎƷƹ ƽƷǅƹǁ ƻǅǑǋǌǔ ǂƹǁ
ǑǊ ƽǉǄƿǌǁƹǅǔ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ�
ƜǁƹǌƷ Ƽƽǅ ǇǉƷǋƹǄƽ ǂƹǁ ǋǌǇǍǊ ǄǁƻƹƼǁǂǇǕǊ ƹǉǁǀǄǇǕǊ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǔǈǑǊ ǂƹǁ ǋǌǇǍǊ
ǈǉƹƻǄƹǌǁǂǇǕǊ� ƝƿǃƹƼƶ

⟨x-y⟩ = n∑
i=R

xiyi

ǂƹǁ ƺƴǃƹǄƽ Ǆǁƹ ǋǍƾǍƻƷƹ ǋǌƹ yi� ƚǈǔ ǌǇǅ ǇǉǁǋǄǔ ǌǇǍ ƽǋǑǌƽǉǁǂǇǕ ƻǁǅǇǄƵǅǇǍ ǏǉƽǁƹƾǔǄƹǋǌƽ

⟨x-x⟩ = n∑
i=R

xk
i ≥ y

ǌǇ ǇǈǇƷǇ Ƽƽǅ ǄǈǇǉƽƷ ǅƹ ƽǆƹǋǎƹǃǁǋǌƽƷ ƹǅ xi ∈ C ƹǎǇǕ ǌƹ ǌƽǌǉƴƻǑǅƹ ǄǈǇǉƽƷ ǅƹ ƽƷǅƹǁ ƹǉǅƿǌǁǂƴ�
ƨǕǌƽ ǄǈǇǉǇǕǄƽ ǅƹ ƽǆƹǋǎƹǃƷǋǇǍǄƽ Ǆƽ ƹǍǌǔǅ ǌǇǅ ǇǉǁǋǄǔ ǔǌǁ

⟨x-x⟩ = y⇔ x = yX

ƚǅǌǁǀƵǌǑǊ ƻǁƹ ǌǇ ƽǉǄƿǌǁƹǅǔ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƵǏǇǍǄƽ

⟨x-x⟩ = n∑
i=R

xixi = n∑
i=R
∣xi∣k

ƹǈǔ ǌǇ ǇǈǇƷǇ ǈǉǇǂǕǈǌǇǍǅ Ǉǁ ƾƿǌǇǕǄƽǅƽǊ ǁƼǁǔǌƿǌƽǊ ǌǇǍ ƻǁǅǇǄƵǅǇǍ�

�� Ɯǁƹ ǌǇǍǊ ǈǉƹƻǄƹǌǁǂǇǕǊ ƹǉǁǀǄǇǕǊ a < b ǀƽǑǉǇǕǄƽ ǌǇǅ ǏǖǉǇ C([a-b]) ǌǑǅ ǋǍǅƽǏǖǅ ǋǍǅƹǉ�
ǌƶǋƽǑǅ f ∶ [a-b]→ R� ƨǉƷƾǇǍǄƽ ǌƿǅ ǋǍǅƴǉǌƿǋƿ

C([a-b]) ×C([a-b])#→ R

(f-g)$→ ∫ b

a
f(t)g(t)dt-

ǌǇ ǇǈǇƷǇ ƽƷǅƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǋǌǇ C([a-b])�
�� ơƽǑǉǇǕǄƽ ǌǇǅ ǏǖǉǇ X ∶= {f ∶ [a-b]→ C- f ǋǍǅƽǏƶǊ}� ƨǉƷƾǇǍǄƽ ǌƿǅ ǋǍǅƴǉǌƿǋƿ

X ×X#→ C

(f-g)$→ ∫ b

a
f(t)g(t)dt

ǌǇ ǇǈǇƷǇ ƽƷǅƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǋǌǇ X�
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ĦŠŗŔŠŔ 9,,����� ƓǋǌǑ V = Cn-n� Ơ ǋǍǅƴǉǌƿǋƿ V × V → V� (A-B) ↦ ⟨A-B⟩ = i`(AB∗)� ǔǈǇǍ
B∗ = Bt ƽƷǅƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ� ƚǅ B = (bij) ǌǔǌƽ B ƽƷǅƹǁ Ǉ ǈƷǅƹǂƹǊ (bij)� ƼƿǃƹƼƶ ƵǏǇǍǄƽ
ƽǎƹǉǄǔǋƽǁ ǌƿǅ ǄǁƻƹƼǁǂƶ ǋǍƾǍƻƷƹ ǋƽ ǂƴǀƽ ǋǌǇǁǏƽƷǇ ǌǇǍ ǈƷǅƹǂƹ B�

ĹŪŠŔ 9,,����� ƨ ǏǖǉǇǊ ǌǑǅ n ×n ǈǁǅƴǂǑǅ ǄǈǇǉƽƷ ǅƹ ǌƹǍǌǁǋǌƽƷ Ǆƽ ǌǇ Cn2� ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ

i`(AB∗) = n∑
i=R

n∑
ν=Raiνbiν-

ƼƿǃƹƼƶ ǌƹǍǌƷƾƽǌƹǁ Ǆƽ ǌǇ ƽǉǄƿǌǁƹǅǔ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǋǌǇǅ Cn2�

ĦŠŗŔŠŔ 9,,����� ơƽǑǉǇǕǄƽ ǌǇ ǋǕǅǇǃǇ V = Cn ǌǇ ǇǈǇƷǇ ǌǇ ǌƹǍǌƷƾǇǍǄƽ Ǆƽ ǈƷǅƹǂƽǊ ǋǌƶǃƽǊ� Ɯǁƹ
ǂƴǀƽ ƹǅǌǁǋǌǉƵǐǁǄǇ ǈƷǅƹǂƹ A ∈ Cn-n ǀƽǑǉǇǕǄƽ ǌƿǅ ǋǍǅƴǉǌƿǋƿ V × V → V� (x-y) ↦ ⟨x-y⟩A =
x∗A∗Ay� ƝƽƷǆǌƽ ǔǌǁ ƽƷǅƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ�

ĹŪŠŔ 9,,����� ƚǅ ⟨⋅- ⋅⟩ ƽƷǅƹǁ ǌǇ ǂƹǅǇǅǁǂǔ ƽǉǄƿǌǁƹǅǔ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǌǔǌƽ ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ

⟨x-y⟩A = ⟨Ax-Ay⟩H-

Ǉǈǔǌƽ Ǉǁ ƾƿǌǇǕǄƽǅƽǊ ǁƼǁǔǌƿǌƽǊ ǌǇǍ ƽǋǑǌƽǉǁǂǇǕ ƻǁǅǇǄƵǅǇǍ ƽǃƵƻǏǇǅǌƹǁ ƽǕǂǇǃƹ Ǆƽ ǌƿǅ ƺǇƶǀƽǁƹ ǌǇǍ
ƽǉǄƿǌǁƹǅǇǕ ƽǋǑǌƽǉǁǂǇǕ ƻǁǅǇǄƵǅǇǍ�

ĦŠŗŔŠŔ 9,,����� ƝƷǅƽǌƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ⟨⋅- ⋅⟩ ǋƽ Ƶǅƹ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ Ǆƽ ƺƴǋƿ B ={vR- X X X -vn}� Ʀƹ ƹǈǇƼƽǁǏǀƽƷ ǔǌǁ Ǉǁ ǌǁǄƵǊ ⟨vi-vj⟩ ǂƹǀǇǉƷƾǇǍǅ ǈǃƶǉǑǊ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ� ƞǈǁ�
ǈǃƵǇǅ ƼƽƷǆǌƽ ǔǌǁ ƹǅ [x]B = (xR- X X X -xn)t� [y]B = (yR- X X X -yn)t ǌǔǌƽ

⟨x-y⟩ = ytQx = y∗Qx- �9,,���

ǔǈǇǍ Ǉ Q ƽƷǅƹǁ Ǉ ǈƷǅƹǂƹǊ Q = (qij) Ǆƽ qij = ⟨vj-vi⟩�
ĹŪŠŔ 9,,����� ơǑǉǇǕǄƽ ƼǕǇ ǋǌǇǁǏƽƷƹ x-y ǌƹ ǇǈǇƷƹ ǌƹ ƽǂǎǉƴƾǇǍǄƽ Ǆƽ ǄǇǅƹƼǁǂǔ ǌǉǔǈǇ ǑǊ ƻǉƹǄ�
ǄǁǂǇǕǊ ǋǍǅƼǍƹǋǄǇǕǊ

x = n∑
i=R

xivi- y = n∑
j=R

yjvj

ǂƹǁ ǍǈǇǃǇƻƷƾǇǍǄƽ
⟨x-y⟩ = n∑

i=R
n∑
j=R

xiyj⟨vi-vj⟩
ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǌǇ ƾƿǌǇǕǄƽǅǇ�

ĦŠŗŔŠŔ 9,,����� ƝƽƷǆǌƽ ǔǌǁ ǁǂƹǅƶ ǂƹǁ ƹǅƹƻǂƹƷƹ ǋǍǅǀƶǂƿ ƻǁƹ ǅƹ ǇǉƷƾƽǌƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ
ƹǈǔ Ǆǁƹ ǋǏƵǋƿ ǋǌǁǊ ǋǍǅǌƽǌƹƻǄƵǅƽǊ ǔǈǑǊ ƼƷǅƽǌƹǁ ǋǌƿǅ ƽǆƷǋǑǋƿ �9,,��� ƽƷǅƹǁ ǅƹ ǁǋǏǕƽǁ Q = Q∗ ǂƹǁ
x∗Qx > y ǔǌƹǅ x ≠ y�

ĹŪŠŔ 9,,������ ƨǉƷƾǇǍǄƽ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƹǈǔ ǌƿǅ ƽǆƷǋǑǋƿ ⟨x-y⟩ = y∗Qx� Ơ ƹǈƹƷǌƿǋƿ⟨x+y- z⟩ = ⟨x- z⟩+ ⟨y- z⟩ ǈǉǇǂǕǈǌƽǁ ƹǈǔ ǌƿǅ ƽǈǁǄƽǉǁǋǌǁǂƶ ǁƼǁǔǌƿǌƹ ǌǇǍ ǈǇǃǃƹǈǃƹǋǁƹǋǄǇǕ ǑǊ ǈǉǇǊ
ǌƿǅ ǈǉǔǋǀƽǋƿ� ƬǇ ƷƼǁǇ ǂƹǁ ƿ ǁƼǁǔǌƿǌƹ ⟨λx-y⟩ = λ⟨x-y⟩�

ƭǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ ⟨x-y⟩ = y∗Qx- ⟨y-x⟩ = x∗Qy-
ǂƹǁ ⟨y-x⟩ = ⟨y-x⟩∗ = (x∗Qy)∗ = y∗Q∗xX
ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƿ ǌƽǃƽǍǌƹƷƹ ǈǇǋǔǌƿǌƹ ƽƷǅƹǁ Ʒǋƿ Ǆƽ ⟨x-y⟩ = y∗Qx ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ Q∗ = Q�
ƩǉƴƻǄƹǌǁ ƿ ǈǇǋǔǌƿǌƹ e∗iQej = qij�

ƬƵǃǇǊ ƿ ǋǍǅǀƶǂƿ x∗Qx > y ǈǉǇǂǕǈǌƽǁ ƹǈǔ ǌƿǅ ǋǍǅǀƶǂƿ ⟨x-x⟩ > y ǂƹǁ ⟨x-x⟩ = y ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ
x = y�
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ĦŠŗŔŠŔ 9,,������ ƚǈǇƼƽƷǆǌƽ ǔǌǁ Ǉ ǌǕǈǇǊ

⟨ n∑
i=y

aix
i-

m∑
j=y

bjx
j⟩ = n∑

i=y
m∑
j=y

aibj

i + j + R-

ǇǉƷƾƽǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǋǌǇǅ ǏǖǉǇ ǌǑǅ ǈǇǃǍǑǅǕǄǑǅ R[x]�
ĹŪŠŔ 9,,������ ƜǅǑǉƷƾǇǍǄƽ ǔǌǁ ǋǌǇǅ ǏǖǉǇ C[y- R] ǌǑǅ ǋǍǅƽǏǖǅ ǋǍǅƹǉǌƶǋƽǑǅ ǋǌǇ ƼǁƴǋǌƿǄƹ [y- R]
ǌǇ

⟨f-g⟩ = ∫ R

y
f(t)g(t)dt

ƽƷǅƹǁ Ƶǅƹ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ� ƚǅ ǈƽǉǁǇǉǁǋǌǇǕǄƽ ǋǌǇǅ ǍǈǔǏǑǉǇ ǌǑǅ ǈǇǃǍǖǅǍǄǑǅ ǂƹǁ ǁƼǁƹƷǌƽǉƹ
ǋǌƿǅ ƺƴǋƿ {R-x-xk- X X X} ƵǏǇǍǄƽ ǔǌǁ

⟨xi-xj⟩ = ∫ R

y
ti+jdt = R

i + j + R-

ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǌǇ ƾƿǌǇǕǄƽǅǇ�

9,,�� įŚŖŠũšŔšŎ &DXFK\�6FKZDUW]

ĽŞŖŠřũş 9,,����� ƫƽ Ƶǅƹ ǏǖǉǇ Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ (X- ⟨⋅- ⋅⟩) ǇǉƷƾƽǌƹǁ Ǆǁƹ ǋǍǅƴǉǌƿǋƿ

∥ ⋅ ∥ ∶ X#→ R
x$→ ⟨x-x⟩R/k

ľŞũšŎŠŔ 9,,���� �ƚǅǁǋǔǌƿǌƹ &DXFK\�6FKZDU]�� Łœ ŋśŏ ťŬşŝ Śœ œšŧŢœşŗŘŪ őŗśŪŚœśŝ (X- ⟨⋅- ⋅⟩)
ŗšťūœŗ ŕ ŏśŗšŪŢŕŢŏ Ţŧś &DXFK\�6FKZDUW]

∣⟨x-y⟩∣ ≤ ∥x∥ ⋅ ∥y∥- őŗŏ ŘŊŖœ x-y ∈ XX �9,,���

İŞŪŒœŗŜŕ� ƚǅ y = y ǌǔǌƽ ƿ ƹǅǁǋǔǌƿǌƹ �9,,��� ǁǋǏǕƽǁ ǈǉǇǎƹǅǖǊ� ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ y ≠ y� Ɯǁƹ Ƶǅƹ λ ∈ F
ǁǋǏǕƽǁ ⟨x − λy-x − λy⟩ ≥ y� ƭǈǇǃǇƻƷƾǇǍǄƽ

⟨x − λy-x − λy⟩ = ⟨x-x − λy⟩ − λ⟨y-x − λy⟩
= ⟨x-x⟩ − λ⟨x-y⟩ − λ⟨y-x⟩ + λλ⟨y-y⟩
= ⟨x-x⟩ − λ⟨x-y⟩ − λ⟨x-y⟩ + λλ⟨y-y⟩-

ǋǍǅƽǈǖǊ ⟨x-x⟩ − λ⟨x-y⟩ − λ⟨x-y⟩ + λλ⟨y-y⟩ ≥ y� ƞǈǁǃƵƻǇǍǄƽ λ = ⟨x-y⟩⟨y-y⟩ Ǉǈǔǌƽ ǂƹǌƹǃƶƻǇǍǄƽ ǋǌǇ

⟨x-x⟩ − ⟨x-y⟩
⟨y-y⟩⟨x-y⟩ − ⟨x-y⟩

⟨y-y⟩⟨x-y⟩ + ⟨x-y⟩
⟨y-y⟩

⟨x-y⟩
⟨y-y⟩⟨y-y⟩

ǂƹǁ ǋǍǅƽǈǖǊ

⟨x-x⟩ − ⟨x-y⟩
⟨y-y⟩⟨x-y⟩ ≥ y⇒ ⟨x-y⟩⟨x-y⟩ ≤ ⟨x-x⟩⟨y-y⟩

ƶ ǁǋǇƼǕǅƹǄƹ ∣⟨x-y⟩∣ ≤ ⟨x-x⟩R/k⟨y-y⟩R/k = ∥x∥ ⋅ ∥y∥X



9,,��� İļĸŁĬłĶłİ &$8&+<�6&+:$57= ���

ľŎŞŎšŋŞŔŠŔ 9,,����� ƚǅ ƽƷǏƹǄƽ Ƶǅƹ ǈǉƹƻǄƹǌǁǂǔ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǀƹ ǄǈǇǉǇǕǋƹǄƽ ƹǈǃǇǕ�
ǋǌƽǉƹ ǅƹ ƻǉƴǐǇǍǄƽ ǌƿǅ ǋǏƵǋƿ

y ≤ ⟨x − λy-x − λy⟩ = ⟨x-x⟩ − kλ⟨x-y⟩ + λk⟨y-y⟩X
Ơ ǈƹǉƹǈƴǅǑ ǋǏƵǋƿ ƽƷǅƹǁ ǀƽǌǁǂƶ ƻǁƹ ǂƴǀƽ λ ∈ R Ǉǈǔǌƽ ƿ ǌƽǌǉƹƻǑǅǁǂƶ ƽǆƷǋǑǋƿ ǋǌǇ λ ƵǏƽǁ ƹǉǅƿǌǁǂƶ
ƼǁƹǂǉƷǅǇǍǋƹ ƼƿǃƹƼƶ

⟨x-y⟩k − ⟨x-x⟩⟨y-y⟩ ≤ y

ǂƹǁ ƿ ƹǅǁǋǔǌƿǌƹ �9,,��� Ƶǈƽǌƹǁ�

ľŎŞŎšŋŞŔŠŔ 9,,����� ƨǁ ƹǅǁǋǔǌƿǌƽǊ

∣ n∑
i=R

xiyi∣ ≤ ( n∑
i=R
∣xi∣k)

R/k ⎛
⎝

R/k∑
i=R
∣yi∣k⎞⎠

R/k

ƻǁƹ ǄǁƻƹƼǁǂǇǕǊ ƹǉǁǀǄǇǕǊ xi-yi- i = R- k- X X X -n

∣∫ b

a
f(t)g(t)dt∣ ≤ (∫ b

a
∣f(t)∣k)R/k (∫ b

a
∣g(t)∣k)R/k

ƻǁƹ ǋǍǅƽǏƽƷǊ ǈǉƹƻǄƹǌǁǂƵǊ ǋǍǅƹǉǌƶǋƽǁǊ ƽƷǅƹǁ ƽǁƼǁǂƵǊ ǈƽǉǁǈǌǖǋƽǁǊ ǌƿǊ ƹǅǁǋǔǌƿǌƹǊ &DXFK\�6FKZDUW]
ǋǌǇǍǊ ǏǖǉǇǍǊ (Cn- ⟨⋅- ⋅⟩) ǂƹǁ (C([a-b])- ⟨⋅- ⋅⟩)�

ľŞũšŎŠŔ 9,,����� Ĳŗŏ ŋśŏ ťŬşŝ (X- ⟨⋅- ⋅⟩) Śœ œšŧŢœşŗŘŪ őŗśŪŚœśŝ ŕ šţśŊşŢŕšŕ ∥ ⋅ ∥ ∶ X→ R Şŝţ
ŝşōšŢŕŘœ šŢŝś ŝşŗšŚŪ 9,,���� œōśŏŗ Śŗŏ śŪşŚŏ�

İŞŪŒœŗŜŕ� ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ∥x∥ = y ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ⟨x-x⟩ = y ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ x = y� ƞǈƷǋƿǊ ƽƷǅƹǁ
ǋƹǎƵǊ ǔǌǁ

∥λx∥ = ⟨λx-λx⟩R/k = (λλ)R/k⟨x-x⟩R/k = ∣λ∣∥x∥X
Ɯǁƹ ǅƹ ƹǈǇƼƽƷǆǇǍǄƽ ǌƿǅ ǌǉǁƻǑǅǁǂƶ ƹǅǁǋǔǌƿǌƹ ƵǏǇǍǄƽ

∥x + y∥k = ⟨x + y-x + y⟩ = ∥x∥k + ⟨x-y⟩ + ⟨y-x⟩ + ∥y∥k
= ∥x∥k + k_2⟨x-y⟩ + ∥y∥k
(VIIX9)≤ ∥x∥k + k∥x∥ ⋅ ∥y∥ + ∥y∥k = (∥x∥ + ∥y∥)k

ƹǈǔ ǌƿǅ ǇǈǇƷƹ Ƶǈƽǌƹǁ ƿ ǌǉǁƻǑǅǁǂƶ ƹǅǁǋǔǌƿǌƹ�

ƫƽ Ƶǅƹ ǏǖǉǇ Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǁǋǏǕƽǁ ǌǇ ƩǍǀƹƻǔǉƽǁǇ ǀƽǖǉƿǄƹ

ĶŒūŞŔřŎ 9,,�����

⟨x-y⟩ = y⇒ ∥x + y∥k = ∥x∥k + ∥y∥k őŗŏ ŘŊŖœ x-y ∈ X �9,,���

Ō őœśŗŘŪŢœşŏ

İś őŗŏ ŘŊŖœ i ≠ j ŋťŝţŚœ ⟨xi-xj⟩ = y ŢŪŢœ ∥xR + xk +⋯ + xn∥k = ∥xR∥k + ∥xk∥k +⋯ + ∥xn∥kX �9,,���
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İŞŪŒœŗŜŕ� ƓǏǇǍǄƽ ∥x + y∥k = ⟨x + y-x + y⟩ = ∥x∥k + ⟨x-y⟩ + ⟨y-x⟩ + ∥y∥k
ƿ ǇǈǇƷƹ ƻǁƹ ⟨x-y⟩ = y ƼƷǅƽǁ ǌƿǅ ƽǆƷǋǑǋƿ �9,,���� ơƹ ƹǈǇƼƽƷǆǇǍǄƽ ǌƿǅ ƻƽǅƷǂƽǍǋƿ ǌƿǊ Ǆƽ ƽǈƹƻǑƻƶ�
ǌƿǅ ƵǏǇǍǄƽ ƶƼƿ ƹǈǇƼƽƷǆƽǁ ǋǌƿǅ ǈƽǉƷǈǌǑǋƿ n = k� ơƽǑǉǇǕǄƽ ǔǌǁ ǁǋǏǕƽǁ ǋǌƿǅ ǈƽǉƷǈǌǑǋƿ n ƿ

∥xR + xk +⋯ + xn∥k = ∥xR∥k + ∥xk∥k +⋯ + ∥xn∥k
ǂƹǁ ǀƹ ǍǈǇǃǇƻƷǋǇǍǄƽ ǌǇ ƴǀǉǇǁǋǄƹ ∥xR+xk+⋯+xn+xn+R∥k� ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ⟨xR+xk+⋯+xn-xn+R⟩ = y
ǋǍǅƽǈǖǊ ƵǏǇǍǄƽ

∥xR + xk +⋯ + xn + xn+R∥k = ∥xR + xk +⋯ + xn∥k + ∥xn+R∥k = ∥xR∥k + ∥xk∥k +⋯ + ∥xn∥k + ∥xn+R∥kX

ľŞũšŎŠŔ 9,,����� Łœ ŋśŏ ťŬşŝ Śœ œšŧŢœşŗŘŪ őŗśŪŚœśŝ (X- ⟨⋅⟩) ŗšťūœŗ ŕ ŗšŪŢŕŢŏ Ţŝţ Şŏşŏřřŕ�
řŝőşŊŚŚŝţ ∥x + y∥k + ∥x − y∥k = k∥x∥k + k∥y∥k őŗŏ ŘŊŖœ x-y ∈ XX
İśŢŗšŢşŪŤŧŠ ŏś šœ ŋśŏ ťŬşŝ Śœ śŪşŚŏ (X- ∥ ⋅ ∥)� ŗšťūœŗ ŕ ŞŏşŏŞŊśŧ ŗšŪŢŕŢŏ ŢŪŢœ ŕ śŪşŚŏ
ŞşŝŋşťœŢŏŗ ŏŞŪ ŋśŏ œšŧŢœşŗŘŪ őŗśŪŚœśŝ�

A B

CD

∥y∥

∥x∥

∥y∥

∥x∥
∥x + y∥

∥x − y∥

ƫǏƶǄƹ 9,,��� ƜƽǑǄƽǌǉǁǂƶ ƹǅƹǈƹǉƴǋǌƹǋƿ ǌƿǊ ǁǋǔǌƿǌƹǊ ǌǇǍ ǈƹǉƹǃǃƿǃǇƻǉƴǄǄǇǍ� Ƭƹ ∥x∥- ∥y∥ ƽƷǅƹǁ
ǌƹ Ǆƶǂƿ ǌǑǅ ǈǃƽǍǉǖǅ ǂƹǁ ∥x + y∥- ∥x − y∥ ƽƷǅƹǁ ǌƹ Ǆƶǂƿ ǌǑǅ ƼǁƹƻǑǅƷǑǅ�

İŞŪŒœŗŜŕ� ƩǉǇǋǀƵǌǇǍǄƽ ǂƹǌƴ ǄƵǃƿ ǌǁǊ ǋǏƵǋƽǁǊ

∥x + y∥k = ⟨x + y-x + y⟩ = ∥x∥k + ⟨x-y⟩ + ⟨y-x⟩ + ∥y∥k
∥x − y∥k = ⟨x − y-x − y⟩ = ∥x∥k − ⟨x-y⟩ − ⟨y-x⟩ + ∥y∥k

Ǉǈǔǌƽ ǈǉǇǂǕǈǌƽǁ ƿ ǁǋǔǌƿǌƹ ǌǇǍ ǈƹǉƹǃǃƿǃǇƻǉƴǄǄǇǍ�
ƚǅǌǁǋǌǉǔǎǑǊ� ƹǅ ǁǋǏǕƽǁ ƿ ǁǋǔǌƿǌƹ ǌǇǍ ǈƹǉƹǃǃƿǃǇƻǉƴǄǄǇǍ ǌǔǌƽ ǌǇ

⟨x-y⟩ ∶= R
9 (∥x + y∥k − ∥x − y∥k) �9,,���

ǋǌƿǅ ǈƽǉƷǈǌǑǋƿ ǈǇǍ Ǉ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ ƽƷǅƹǁ ǈǉƹƻǄƹǌǁǂǔǊ ǂƹǁ ǌǇ

⟨x-y⟩ ∶= R
9 (∥x + y∥k − ∥x − y∥k + i∥x + iy∥k − i∥x − iy∥k)

ǋǌƿǅ ǈƽǉƷǈǌǑǋƿ ǈǇǍ Ǉ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ ƽƷǅƹǁ ǄǁƻƹƼǁǂǔǊ� ǇǉƷƾǇǍǅ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƹǈǔ
ǌǇ ǇǈǇƷǇ ǈƹǉƴƻƽǌƹǁ ƿ ǅǔǉǄƹ ∥ ⋅ ∥�



9,,��� İļĸŁĬłĶłİ &$8&+<�6&+:$57= ���

ơƹ ƹǈǇƼƽƷǆǇǍǄƽ ǈǉǖǌƹ ǌƿǅ ǈǉƹƻǄƹǌǁǂƶ ǈƽǉƷǈǌǑǋƿ� ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ ƿ ǅǔǉǄƹ ǁǂƹǅǇǈǇǁƽƷ
ǌǇǅ ǅǔǄǇ ǌǇǍ ǈƹǉƹǃǃƿǃǇƻǉƴǄǄǇǍ� ǂƹǁ ǀƽǑǉǇǕǄƽ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǈǇǍ ǇǉƷƾƽǌƹǁ ƹǈǔ ǌƿǅ
ƽǆƷǋǑǋƿ �9,,���� ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ǁǂƹǅǇǈǇǁǇǕǅǌƹǁ Ǉǁ ǌƹǍǌǔǌƿǌƹǊ ⟨x-y⟩ = ⟨y-x⟩ ǂƹǁ ∥x∥ =√⟨x-y⟩�

ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ⟨x+y+z⟩ = ⟨x- z⟩+⟨y- z⟩� ƩǉƴƻǄƹǌǁ� ƹǈǔ ǌǇǅ ǂƹǅǔǅƹ ǌǇǍ ǈƹǉƹǃǃƿǃǇƻǉƴǄǄǇǍ
ƵǏǇǍǄƽ ǔǌǁ ∥x + y + z∥k + ∥x − y + z∥k = k∥x + z∥k + k∥y∥kX

ƚǍǌǔ ǄƹǊ ƼƷǅƽǁ ǔǌǁ

∥x + y + z∥k = k∥x + z∥k + k∥y∥k − ∥x − y + z∥k
= k∥y + z∥k + k∥xk∥ − ∥y − x + z∥k-

ǔǈǇǍ ƿ ƼƽǕǌƽǉƿ ƻǉƹǄǄƶ ǈǉǇǂǕǈǌƽǁ ƽǅƹǃǃƴǋǋǇǅǌƹǊ ǌǇǍǊ ǉǔǃǇǍǊ ǌǑǅ x-y� ƫǍǅƽǈǖǊ

∥x + y + z∥k = ∥x∥k + ∥y∥k + ∥x + z∥k + ∥y + z∥k − R
k∥x − y + z∥k −

R
k∥y − x + z∥kX

ƥƽ ƹǅǌǁǂƹǌƴǋǌƹǋƿ ǌǇǍ z Ǆƽ −z ǋǌƿǅ ǌƽǃƽǍǌƹƷƹ ƽǆƷǋǑǋƿ ǈƹƷǉǅǇǍǄƽ

∥x + y − z∥k = ∥x∥k + ∥y∥k + ∥x − z∥k + ∥y − z∥k − R
k∥x − y − z∥k −

R
k∥y − x − z∥kX

ƬƵǃǇǊ ǏǉƿǋǁǄǇǈǇǁǖǅǌƹǊ ǌƹ ǈƹǉƹǈƴǅǑ ǂƹǁ ǌǇǅ ǇǉǁǋǄǔ ƵǏǇǍǄƽ

⟨x + y- z⟩ = R
9 (∥x + y + z∥k − ∥x + y − z∥k)
= R

9 (∥x + z∥k − ∥x − z∥k) +
R
9 (∥y + z∥k − ∥y − z∥k)= ⟨x- z⟩ + ⟨y- z⟩

Ƭǖǉƹ ǀƹ ƹǈǇƼƽƷǆǇǍǄƽ ǔǌǁ ⟨λx-y⟩ = λ⟨x-y⟩� ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƿ ƾƿǌǇǕǄƽǅƿ ǁƼǁǔǌƿǌƹ ǁǋǏǕƽǁ ƻǁƹ
λ = −R� ƽǅǖ Ǆƽ ƺƴǋƿ ǌƿǅ ǈǉǇǋǀƽǁǂƶ ǁƼǁǔǌƿǌƹ ǂƹǁ ƽǈƹƻǑƻƶ ǄǈǇǉǇǕǄƽ ǅƹ ƹǈǇƼƽƷǆǇǍǄƽ ǔǌǁ ǁǋǏǕƽǁ
ƻǁƹ ǂƴǀƽ λ ∈ N ǂƹǁ ƹǎǇǕ ǁǋǏǕƽǁ ǂƹǁ ƻǁƹ λ = −R ǁǋǏǕƽǁ ƻǁƹ ǂƴǀƽ λ ∈ Z� ƚǅ ǌǖǉƹ λ = p/q Ǆƽ
p-q ∈ Z-q ≠ y ǌǔǌƽ ƻǁƹ x ′ = x/q ƵǏǇǍǄƽ ǔǌǁ

q⟨λx-y⟩ = q⟨px ′-y⟩ = p⟨qx ′-y⟩ = p⟨x-y⟩-
Ǉǈǔǌƽ ƼǁƹǁǉǖǅǌƹǊ Ǆƽ q ƵǏǇǍǄƽ ǌƿǅ ƾƿǌǇǕǄƽǅƿ ǁƼǁǔǌƿǌƹ�

⟨λx-y⟩ = λ⟨x-y⟩ ƻǁƹ ǂƴǀƽ x-y ∈ V-λ ∈ QX

Ɯǁƹ ǅƹ ǄǈǇǉƵǋǇǍǄƽ ǅƹ ǈƽǉƴǋǇǍǄƽ ǋƽ λ ∈ R� ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƿ ǋǍǅƴǉǌƿǋƿ

f(t) ∶ R∗ #→ R

t$→ R
t
⟨tx-y⟩

ƽƷǅƹǁ ǋǍǅƽǏƶǊ ǋǌǇ ǈƽƼƷǇ ǇǉǁǋǄǇǕ ǌƿǊ� ƼƿǃƹƼƶ ƻǁƹ ǂƴǀƽ ƹǂǇǃǇǍǀƷƹ (an) Ǆƽ an → l ƵǏǇǍǄƽ f(an)→
f(l)� ƞǈƷǋƿǊ ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƿ f(t) = ⟨x-y⟩ ƻǁƹ ǂƴǀƽ t ∈ Q� ƨǈǔǌƽ ƹǅ λ ∈ R∗� ƼǁƹǃƵƻǇǍǄƽ Ǆǁƹ
ƹǂǇǃǇǍǀƷƹ ǉƿǌǖǅ ƹǉǁǀǄǖǅ (an) Ǆƽ an → λ ǂƹǁ ƵǏǇǍǄƽ ǔǌǁ f(λ) = R

λ⟨λx-y⟩ = ⟨x-y⟩� ƼƿǃƹƼƶ ǌǇ
ƾƿǌǇǕǄƽǅǇ� Ơ ǈƽǉƷǈǌǑǋƿ λ = y ƽƷǅƹǁ ǈǉǇǎƹǅƶǊ�

ƬƵǃǇǊ ƻǁƹ ǌƿǅ ǈƽǉƷǈǌǑǋƿ ǌǇǍ ǄǁƻƹƼǁǂǇǕ ƽǋǑǌƽǉǁǂǇǕ ƻǁǅǇǄƵǅǇǍ ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ i⟨x-y⟩ =
i⟨x-y⟩ ǂƹǁ ǔǌǁ ⟨x-y⟩ = ⟨y-x⟩� Ɯǁƹ ǌƿǅ ƹǈǔƼƽǁǆƿ ǌƿǊ ƻǉƹǄǄǁǂǔǌƿǌƹǊ ƽǈƹǅƹǃƹǄƺƴǅǇǍǄƽ ǌƹ ƽǈǁǏƽǁ�
ǉƶǄƹǌƹ ǈǇǍ ƽǎǉƹǄǔǋƹǄƽ ǋǌǇ ǈǉƹƻǄƹǌǁǂǔ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƻǁƹ ǌǇ ǈǉƹƻǄƹǌǁǂǔ _2⟨⋅- ⋅⟩ ǂƹǁ ǌǇ
ǎƹǅǌƹǋǁǂǔ AK⟨⋅- ⋅⟩ ǄƵǉǇǊ ǌǇǍ ⟨⋅- ⋅⟩�



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

9,,���� ıŦŚŌŎ őŖŎŚŢŠřŉšŦŚ

Ơ ƹǅǁǋǔǌƿǌƹ &DXFK\�6FKZDUW] �9,,��� ƽǆƹǋǎƹǃƷƾƽǁ ǔǌǁ ǋǌƿǅ ǈƽǉƷǈǌǑǋƿ ǈǉƹƻǄƹǌǁǂǇǕ ƽǋǑǌƽ�
ǉǁǂǇǕ ƻǁǅǇǄƵǅǇǍ

−R ≤ ⟨x-y⟩
∥x∥ ⋅ ∥y∥ ≤ R

ǂƹǁ ǋǍǅƽǈǖǊ ǄǈǇǉǇǕǄƽ ǅƹ ǇǉƷǋǇǍǄƽ ǌƿǅ ƻǑǅƷƹ θ� y ≤ θ < kπ ǌǑǅ ƼǁƹǅǍǋǄƴǌǑǅ x-y ǖǋǌƽ

⟨x-y⟩ = ∥x∥ ⋅ ∥y∥ +Qb(θ)X
ƫǌƿǅ ǈƽǉƷǈǌǑǋƿ ǈǇǍ ⟨x-y⟩ = y ǀƹ ǃƵǄƽ ǔǌǁ ǌƹ x-y ƽƷǅƹǁ ǂƴǀƽǌƹ�

ĽŞŖŠřũş 9,,����� Ɠǅƹ ǋǕǅǇǃǇ ǋǌǇǁǏƽƷǑǅ S = {eµ ∈ V-µ ∈ I} ǀƹ ǃƵƻƽǌƹǁ ǇǉǀǇƻǖǅǁǇ ƹǅ ǂƹǁ
ǄǔǅǇ ƹǅ ⟨eµ-eν⟩ = δi-j∥eµ∥k� ơƹ ǃƵƻƽǌƹǁ ǇǉǀǇǂƹǅǇǅǁǂǔ ƹǅ ƽǈǁǈǃƵǇǅ ∥eµ∥ = R ƻǁƹ ǂƴǀƽ µ ∈ I�

ľŎŞŎšŋŞŔŠŔ 9,,����� Ɠǅƹ ǇǉǀǇƻǖǅǁǇ ǋǕǅǇǃǇ S ǄǈǇǉƽƷ ǅƹ ǄƽǌƹǋǏƿǄƹǌǁǋǌƽƷ ǋƽ ǇǉǀǇǂƹǅǇǅǁǂǔ
S ′ = {eµ/∥eµ∥ ∶ µ ∈ I}�

ľŞũšŎŠŔ 9,,������ ĩśŏ ŝşŖŝőŬśŗŝ šūśŝřŝ œōśŏŗ őşŏŚŚŗŘŊ ŏśœŜŊşŢŕŢŝ�

İŞŪŒœŗŜŕ� ƩǉƴƻǄƹǌǁ ƻǁƹ ǇǈǇǁƹƼƶǈǇǌƽ ǈƽǈƽǉƹǋǄƵǅƿ ƽǈǁǃǇƻƶ ei1 - X X X -eir ƹǈǔ ǌǇ ǇǉǀǇƻǖǅǁǇ ǋǕ�
ǅǇǃǇ ǂƹǁ ǋǏƵǋƿ

yV = r∑
ν=Rλνeiν

ƵǏǇǍǄƽ ǔǌǁ
yV = ⟨yV -eij⟩ = ⟨ r∑

ν=Rλνeiν -eij⟩ =∑ν = Rrλν⟨eiν -eij = λj-

ƼƿǃƹƼƶ ǔǃǇǁ Ǉǁ ǋǍǅǌƽǃƽǋǌƵǊ ǈǇǍ ƽǄǎƹǅƷƾǇǅǌƹǁ ƽƷǅƹǁ ǄƿƼƽǅǁǂǇƷ�

ľŞũšŎŠŔ 9,,����� �ƚǅƴǃǍǋƿ )RXULHU�� İś šœ ŋśŏ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ ŋťŝţŚœ Śŗŏ ŝşŖŝŘŏśŝ�
śŗŘŌ ŐŊšŕ eR- X X X -en� ŢŪŢœ őŗŏ ŘŊŖœ ŒŗŊśţšŚŏ v ∈ V őşŊŤœŢŏŗ ŧŠ

n∑
i=R
⟨v-ei⟩eiX

İŞŪŒœŗŜŕ� ƚǎǇǕ ǌƹ eR- X X X -en ƽƷǅƹǁ ƺƴǋƿ� ǌǇ ǌǍǏƹƷǇ ǋǌǇǁǏƽƷǇ v ∈ V ƻǉƴǎƽǌƹǁ ǑǊ

v = n∑
ν=RλννX

ƭǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ
⟨v-ei⟩ = ⟨ n∑

ν=Rλνeν-ei⟩ = n∑
ν=Rλν⟨eν-ei⟩ = λiX

ơƽǑǉƷƹ ƹǅƹǈƹǉƹǋǌƴǋƽǑǅˢ



9,,��� Ļĸİ ĴńİŀĻľĲĪ ŁłĸŁ ĳĸİńľŀĸĹĩŁ ĴĽĸŁĮŁĴĸŁ ���

ľŎŞŉőŒŖŐřŎ 9,,������ ơƽǑǉǇǕǄƽ ǌǇǅ ǏǖǉǇ
X ∶= {f ∶ [y- kπ]→ R ∶ f(y) = f(kπ)- f ǋǍǅƽǏƶǊ }X

ƨ ǏǖǉǇǊ ƹǍǌǔǊ ǄǈǇǉƽƷ ǅƹ ǌƹǍǌǁǋǌƽƷ Ǆƽ ǌǇǅ ǏǖǉǇ ǌǑǅ ǈƽǉǁǇƼǁǂǖǅ ǋǍǅƹǉǌƶǋƽǑǅ f ∶ R→ R Ǉǁ ǇǈǇƷƽǊ
ƽƷǅƹǁ ǈƽǉǁǇƼǁǂƵǊ Ǆƽ ǈƽǉƷǇƼǇ kπ�

ƫǌǇǅ ǏǖǉǇ ƹǍǌǔ ƽǁǋƴƻǇǍǄƽ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ�

⟨f-g⟩ = ∫ kπ

y
f(t)g(t)dtX

ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉǁ ǋǍǅƹǉǌƶǋƽǁǊ

ey(s) = R√
kπ

-eR(s) = R√
π

bBM(s)-ek(s) = R√
π

+Qb(s)- X X X -ekν−R(s) = R√
π

bBM(νs)-ekν(s) = R√
π

+Qb(νs)- X X X

ƽƷǅƹǁ ǋǌǇǁǏƽƷƹ ǌǇǍ ǏǖǉǇǍ X� ǂƹǁ Ǆƴǃǁǋǌƹ ǔǌǁ
⟨eν-eµ⟩ = δν-µ ƻǁƹ ν-µ ∈ NX

ƩǉƴƻǄƹǌǁ

∫ kπ

y
bBM(νt) bBM(µt)dt = R

k ∫
kπ

y
(+Qb ((ν − µ)t) − +Qb ((ν + µ)t))dt = π ⋅ δν-µ

∫ kπ

y
+Qb(νt) +Qb(µt)dt = R

k ∫
kπ

y
(+Qb ((ν − µ)t) + +Qb ((ν + µ)t))dt = π ⋅ δν-µ

∫ kπ

y
bBM(νt) +Qb(µt)dt = R

k ∫
kπ

y
(bBM ((ν − µ)t) + bBM ((ν + µ)t))dt = y

∫ kπ

y
ey(t)eµ(t)dt = δy-µX

eX8

R
bBM(kx) +Qb(jx)

x

y

eX8

R +Qb(jx)2

x

y

ƫǏƶǄƹ 9,,��� ƬǇ ƹǉǁǋǌƽǉǔ ƽǄƺƹƼǔǅ ƽƷǅƹǁ y� ǌƹ ƽǄƺƹƼƴ ǂƴǌǑ ƹǈǔ ǌǇǅ ƴǆǇǅƹ ǌǑǅ x ƽƷǅƹǁ ƹǉǅƿǌǁǂƴ�
ƬǇ ƼƽǆƷ ƽǄƺƹƼǔǅ ƽƷǅƹǁ π

9,,�� ĺŖŎ ŒţŎŞřŜŐŋ ŠšŖş őŖŎţŜŞŖŗŊş ŒśŖŠūŠŒŖş

9,,���� ŀŢŠšŋřŎšŎ őŖŎţŜŞŖŗūŚ ŒśŖŠūŠŒŦŚ

ƚǊ ǆƽǂǁǅƶǋǇǍǄƽ ƻǁƹ ǈǉǇǀƵǉǄƹǅǋƿ Ǆƽ ǌǇ ƽǆƶǊ ǈǉǔƺǃƿǄƹ ƼǁƹǎǇǉǁǂǖǅ ƽǆǁǋǖǋƽǑǅ� Ʀƹ ƺǉƽǀƽƷ
Ǆǁƹ ǋǍǅƴǉǌƿǋƿ f(x) ǖǋǌƽ

f ′(x) = λf(x)X �9,,���



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

ƚǅ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ ƵǏƽǁ ƹǅƹǃǍǌǁǂƶ ǃǕǋƿ

f(x) = ∞∑
i=y

aix
i

ǌǔǌƽ ƿ ƽǆƷǋǑǋƿ �9,,��� ǄƹǊ ƼƷǅƽǁ ǔǌǁ
∞∑
i=y

aiix
i−R = λ ∞∑

i=y
aix

i

ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǔǌǁ
ai+R = aiλ/i- ǋǍǅƽǈǖǊ ai = λi

i5 ayX

ǂƹǁ ǂƹǌƹǃƶƻǇǍǄƽ ǋǌƿǅ
f(x) = ay

∞∑
i=y
(λx)i
i5 = aye

λxX

9,,���� Ľ ŒŗŕŒšŖŗũş ŝŌŚŎŗŎş

ƓǏǇǍǄƽ ƶƼƿ Ƽƽǁ ǔǌǁ ƵǏƽǁ ǅǔƿǄƹ ǅƹ ǇǉƷǋǇǍǄƽ ƻǁƹ A ∈ Fn-n ǂƹǁ f(x) = ∑n
i=y aix

i ∈ F[x] ǌǇǅ ǈƷǅƹǂƹ
f(A) = n∑

i=y
aiA

i ∈ Fn-nX

ơƵǃǇǍǄƽ ǅƹ ƽǈƽǂǌƽƷǅǇǍǄƽ ǌǇǅ ǈƹǉƹǈƴǅǑ ǇǉǁǋǄǔ ƻǁƹ ǋǍǅƹǉǌƶǋƽǁǊ Ǉǁ ǇǈǇƷƽǊ ƽǂǎǉƴƾǇǅǌƹǁ ǄƵǋǑ
ƼǍǅƹǄǇǋƽǁǉǖǅ ǔǈǑǊ ǌǁǊ ǇǉƷǋƹǄƽ ǋǌƿǅ ǈƹǉƴƻǉƹǎǇ ,����� Ɯǁƹ ǈƹǉƴƼƽǁƻǄƹ ǁƼǁƹƷǌƽǉƹ ƽǅƼǁƹǎƵǉǇǅ
ƽƷǅƹǁ Ǉ ƽǂǀƽǌǁǂǔǊ ǈƷǅƹǂƹǊ

2tT(A) ∶= n∑
i=y

Ai

i5 X

Ɯǁƹ Ƶǅƹ ǌƵǌǇǁǇ ǈƷǅƹǂƹ ǏǉƽǁƹƾǔǄƹǋǌƽ ǌƿǅ ƵǅǅǇǁƹ ǌƿǊ ǋǕƻǂǃǁǋƿǊ� ơƹ ǏǉƽǁƹǋǌƽƷ ǅƹ ƽǁǋƴƻǇǍǄƽ Ǆƽ�
ǉǁǂƵǊ ƵǅǅǇǁƽǊ ƻǁƹ ǅǔǉǄƽǊ ǈǁǅƴǂǑǅ� ƨ ǏǖǉǇǊ ǌǑǅ n×n ǈǁǅƴǂǑǅ ƽƷǅƹǁ ƵǅƹǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ�
ƼǁƴǋǌƹǋƿǊ nk Ǉǈǔǌƽ ǄǈǇǉǇǕǄƽ ǅƹ ǇǉƷǋǇǍǄƽ ǌƿǅ ƵǅǅǇǁƹ ǌƿǊ ǅǔǉǄƹǊ ǔǈǑǊ ǂƴǅƹǄƽ ǋǌƿǅ ǈƹǉƴƻǉƹǎǇ
9,,��� ƯǉƽǁƹƾǔǄƹǋǌƽ ǅǔǉǄƽǊ Ǉǁ ǇǈǇƷƽǊ ǅƹ ǋƵƺǇǅǌƹǁ ǌƿǅ ǈǉƴǆƿ ǌǇǍ ǈǇǃǃƹǈǃƹǋǁƹǋǄǇǕ ǈǁǅƴǂǑǅ

ĽŞŖŠřũş 9,,����� ƥǁƹ ǅǔǉǄƹ ǋǌǇǅ ǏǖǉǇ ǌǑǅ n×n ǈǁǅƴǂǑǅ ǀƹ ǃƵƻƽǌƹǁ ǍǈǇǈǇǃǃƹǈǃƹǋǁƹǋǌǁǂƶ
ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ǁǋǏǕƽǁ ∥A ⋅ B∥ ≤ ∥A∥∥B∥X
ƞǈƷǋƿǊ� ǀƹ ǃƵǄƽ ǔǌǁ ƿ ǅǔǉǄƹ ǈǁǅƴǂǑǅ ƽƷǅƹǁ ǋǍǄƺƹǌƶ Ǆƽ ǌƿǅ ǅǔǉǄƹ ǌǇǍ ƼǁƹǅǍǋǄƹǌǁǂǇǕ ǏǖǉǇǍ
ƹǅ ǁǋǏǕƽǁ ∥Av∥ ≤ ∥A∥∥v∥X

ĽŞŖŠřũş 9,,����� ƓǋǌǑ F = C ƶ F = R� ƚǈǔ ǂƴǀƽ ǅǔǉǄƹ ƼǁƹǅǍǋǄƹǌǁǂǖǅ ǏǖǉǑǅ ∥ ⋅ ∥ ∶ Fn → R
ǄǈǇǉǇǕǄƽ ǅƹ ǇǉƷǋǇǍǄƽ ǌƿǅ œŞŏőŪŚœśŕ śŪşŚŏ

∥A∥ = K�t
v∈Fn/{y}

∥Av∥
∥v∥ = K�t

v∈Fn∶∥v∥=R ∥Av∥X �9,,���



9,,��� Ļĸİ ĴńİŀĻľĲĪ ŁłĸŁ ĳĸİńľŀĸĹĩŁ ĴĽĸŁĮŁĴĸŁ ���

ĹŋřřŎ 9,,����� Ķ œŜōšŧšŕ �9,,��� ŝşōŔœŗ śŪşŚŏ šţŚŐŏŢŌ Řŏŗ ţŞŝŞŝřřŏŞřŏšŗŏšŢŗŘŌ� ĴŞŗŞřŋŝś∥In∥ = R�

İŞŪŒœŗŜŕ� ƚǈǔ ǌǇǅ ǇǉǁǋǄǔ ǌƿǊ ǅǔǉǄƹǊ ƵǏǇǍǄƽ ƻǁƹ ǂƴǀƽ v ∈ Rn� v ≠ y

∥Av∥/∥v∥ ≤ ∥A∥
ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǔǌǁ ƿ ǅǔǉǄƹ ƽƷǅƹǁ ǋǍǄƺƹǌƶ� Ơ ǈƽǉƷǈǌǑǋƿ v = y ƽƷǅƹǁ ǈǉǇǎƹǅƶǊ�

ƩƹǉƹǌƿǉǇǕǄƽ� ǏǉƿǋǁǄǇǈǇǁǖǅǌƹǊ ǌƿǅ ǋǍǄƺƹǌǔǌƿǌƹ ǌƿǊ ǅǔǉǄƹǊ� ǔǌǁ ƻǁƹ ǂƴǀƽ v ∈ Rn

∥ABv∥ ≤ ∥A∥∥Bv∥ ≤ ∥A∥∥B∥∥v∥
ƹǈǔ ǔǈǇǍ ƵǏǇǍǄƽ ǔǌǁ ∥AB∥ ≤ ∥A∥∥B∥
ƹǈǔ ǔǈǇǍ ƵǏǇǍǄƽ ǔǌǁ ƿ ǅǔǉǄƹ ƽƷǅƹǁ ǍǈǇǈǇǃǃƹǈǃƹǋǁƹǋǌǁǂƶ�

ƬƵǃǇǊ ƿ ǅǔǉǄƹ ǌǇǍ ∥In∥ = R ƹǈǔ ǌǇǅ ǇǉǁǋǄǔ ƹǎǇǕ ǌǇ ǄƵƻǁǋǌǇ ǍǈǇǃǇƻƷƾƽǌƹǁ ǈƴǅǑ ǋǌƿǅ ǋǌƹǀƽǉƶ
ǈǇǋǔǌƿǌƹ ∥v∥/∥v∥ = R�

$ǋǂƶǋƽǁǊ ƹǈǔ ǌǇ ����B��B���SGI

ĹŋřřŎ 9,,����� İś Śŗŏ šœŗşŊ ŞŗśŊŘŧś ŗŘŏśŝŞŝŗœō

∥ ∞∑
n=yaiA

i∥ ≤ ∞∑
n=yMi ≤∞

ŢŪŢœ ŏţŢŌ šţőŘřōśœŗ�

İŞŪŒœŗŜŕ� ƨ ǏǖǉǇǊ ǌǑǅ n×n ƽƷǅƹǁ ǈƽǈƽǉƹǋǄƵǅƿǊ ƼǁƴǋǌƹǋƿǊ ǈƴǅǑ ƹǈǔ ǌǇ ǈǃƶǉƽǊ ǋǖǄƹ F ǋǍǅƽǈǖǊ
ƽƷǅƹǁ ǈǃƶǉƿǊ� ƚǍǌǔ ǋƿǄƹƷǅƽǁ ǔǌǁ Ǆǁƹ ƹǂǇǃǇǍǀƷƹ ƽƷǅƹǁ &DXFK\ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ǋǍƻǂǃƷǅƽǁ� Ơ
ǋǍǅǀƶǂƿ &DXFK\ ƻǁƹ Ǆǁƹ ǅǔǉǄƹ ǈǁǅƴǂǑǅ ƽƷǅƹǁ ƿ

Ɯǁƹ ǂƴǀƽ ϵ > y ǍǈƴǉǏƽǁ ny ∈ N- ǖǋǌƽ n ≥m > ny ǁǋǏǕƽǁ ∥ n∑
i=m

anA
n∥ ≤ ϵ

ĽŞŖŠřũş 9,,����� Ɯǁƹ ǋǌƹǀƽǉǔ A ∈ Fn-n ǇǉƷƾǇǍǄƽ ǌƿǅ ƽǂǀƽǌǁǂƶ ǋǍǅƴǉǌƿǋƿ F→ Fn-n Ǆƽ

2tT(Ax) = n∑
i=y

Anxn

n5 X

Ɯǁƹ ǅƹ ƼƽƷǆǇǍǄƽ ǔǌǁ ƿ ǈƹǉƹǈƴǅǑ ǋǍǅƴǉǌƿǋƿ ƽƷǅƹǁ ǂƹǃƴ ǇǉǁǋǄƵǅƿ ƹǉǂƽƷ ǅƹ ǏǉƿǋǁǄǇǈǇǁƶǋǇǍǄƽ
ǌǇ ǃƶǄǄƹ 9,,���� ǂƹǁ ǅƹ ǈƹǉƹǌƿǉƶǋǇǍǄƽ ǔǌǁ ƻǁƹ Ǆǁƹ ǍǈǇǈǇǃǃƹǈǃƹǋǁƹǋǌǁǂƶ ǅǔǉǄƹ ƵǏǇǍǄƽ

∥ n∑
i=y

Anxn

n5 ∥ ≤
n∑
i=y
∥A∥n∣x∣n

n5

ǌǇ ǇǈǇƷǇ ǋǍƻǂǃƷǅƽǁ ƹǎǇǕ ƹǅƹǈƹǉǁǋǌƴ ǌǇ e∥A∥∣x∣�
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ľŞũšŎŠŔ 9,,����� ŁŢŕś ŞœşōŞŢŧšŕ Şŝţ ŝ ŞōśŏŘŏŠ A œōśŏŗ ŒŗŏőŧśŝŞŝŗŌšŗŚŝŠ� ŒŕřŏŒŌ ţŞŊşťœŗ
ŏśŢŗšŢşŋŦŗŚŝŠ ŞōśŏŘŏŠ Q ŬšŢœ A =Q/B�;(λR- X X X -λn)Q−R ŋťŝţŚœ

2tT(At) =Q/B�;(eλ1t- X X X -eλnt)Q−RX

İŞŪŒœŗŜŕ� ƚǈǔ ǌǇǅ ǇǉǁǋǄǔ ƵǏǇǍǄƽ

2ti(At) = ∞∑
i=y

Aiti

i5 =Q/B�;(∞∑
i=y

λiRt
i

i5 - X X X -
∞∑
i=y

λint
i

i5 )Q−R =Q/B�;(eλ1t- X X X -eλnt)Q−RX

ľŞũšŎŠŔ 9,,����� ĩťŝţŚœ ŪŢŗ ŕ ŞŏşŊőŧőŝŠ

d

dt
2tT(At) = A ⋅ 2tT(At)X

İŞŪŒœŗŜŕ�

d

dt
2tT(At) = d

dt
(∞∑
i=y

Aiti

i5 ) =
∞∑
i=R

Aiiti−R

i5 = A ∞∑
i=R

Aiti−R

(i − R)5 = A
∞∑
i=y

Aiti

i5 = A ⋅ 2tT(At)X

ľŞũšŎŠŔ 9,,����� Ĳŗŏ ŘŊŖœ ŞōśŏŘŏ A ∈ Cn-n ŝ œŘŖœŢŗŘŪŠ ŞōśŏŘŏŠ 2tT(A) œōśŏŗ ŏśŢŗšŢşŋŦŗŚŝŠ�
łŝ 2tT(At) œōśŏŗ Śŗŏ ŝŗŘŝőŋśœŗŏ ŏśŢŗšŢşŋŦŗŚŧś ŞŗśŊŘŧś ŕ ŝŞŝōŏ őŗŏ t = y Œōśœŗ�

2tT(At)∣t=y = In- d

dt
2tT(At)∣t=y = AX

İŞŪŒœŗŜŕ� ƬǇ ǔǌǁ 2tT(At)∣t=y = 2tT(yCn,n) = In ǈǉǇǂǕǈǌƽǁ ƹǈǔ ǌǇǅ ǇǉǁǋǄǔ ǌǇǍ ƽǂǀƽǌǁǂǇǕ ǈƷǅƹǂƹ
9,,����� Ơ ƹǅǌǁǋǌǉƽǐǁǄǔǌƿǌƹ ǈǉǇǂǕǈǌƽǁ ƹǈǔ ǌǇ ǔǌǁ

In = yCn,n = 2tT(At −At) = 2tT(At) 2tT(−At)X
ƞǁƼǁǂǔǌƽǉƹ ƵǏǇǍǄƽ ǔǌǁ

2tT(At)−R = 2tT(−At)X

ƞǈǁǋǌǉǇǎƶ ǋǌǁǊ ƝǁƹǎǇǉǁǂƵǊ ƽǆǁǋǖǋƽǁǊ

9,,�� ĽŞŕŜŗŎŚŜŚŖŗŜŝŜŌŔŠŔ

ƫǌƿǅ ǈƹǉƴƻǉƹǎǇ ƹǍǌƶ ǀƹ ǈƽǉǁƻǉƴǐǇǍǄƽ ǄƷƹ ǄƵǀǇƼǇ ƿ ǇǈǇƷƹ ƼǇǋǄƵǅǇǍ ƽǅǔǊ ǈƽǈƽǉƹǋǄƵǅǇǍ
ǋǍǅǔǃǇǍ ƻǉƹǄǄǁǂƴ ƹǅƽǆƴǉǌƿǌǑǅ ƼǁƹǅǍǋǄƴǌǑǅ vR- X X X -vn ǋƽ Ƶǅƹ ǏǖǉǇ Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƼƷǅƽǁ
Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǌǇǍ ǏǖǉǇǍ ⟨vR- X X X -vn⟩ ǈǇǍ ƹǍǌƴ ǈƹǉƴƻǇǍǅ�



9,,��� ľŀķľĹİļľļĸĹľĿľīĶŁĶ ���

ĽŞŖŠřũş 9,,����� Ơ ǈǉǇƺǇǃƶ ƽǅǔǊ ǋǌǇǁǏƽƷǇǍ v ∈ V ƽǈƷ ƽǅǔǊ Ǆƿ ǄƿƼƽǅǁǂǇǕ ǋǌǇǁǏƽƷǇǍ u ∈ V
ǇǉƷƾƽǌƹǁ ǑǊ

T`QDu(v) = ⟨v-u⟩
⟨u-u⟩uX

m

p

T`QDm(p)

ƫǏƶǄƹ 9,,��� ƜƽǑǄƽǌǉǁǂƶ ƹǅƹǈƹǉƴǋǌƹǋƿ ǌƿǊ ǈǉǇƺǇǃƶǊ ǌǇǍ ƼǁƹǅǕǋǄƹǌǇǊ v ǋǌǇ ƼǁƴǅǍǋǄƹ u�

ľŎŞŎšŋŞŔŠŔ 9,,����� ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ǌǇ ƼǁƴǅǍǋǄƹ T`QDu(v) ƽƷǅƹǁ ǈƹǉƴǃǃƿǃǇ ǋǌǇ u ǂƹǁ ǔǌǁ ǌǇ
v − T`QDu(v) ƽƷǅƹǁ ǂƴǀƽǌǇ Ǆƽ ǌǇ u ƹǎǇǕ

⟨v − T`QDu(v)-u⟩ = ⟨v-u⟩ − ⟨v-u⟩
⟨u-u⟩⟨u-u⟩ = yX

Ơ ƼǁƹƼǁǂƹǋƷƹ ǇǉǀǇǂƹǅǇǅǁǂǇǈǇƷƿǋƿǊ ǂƹǌƴ *UDP�6FKPLGW ƽƷǅƹǁ ƿ ǈƹǉƹǂƴǌǑ�

ĺŊŕŜőŜş � �*UDP�6FKPLGW ǇǉǀǇǂƹǅǇǅǁǂǇǈǇƷƿǋƿ�� ĳōśœŢŏŗ ŋśŏ ŞœŞœşŏšŚŋśŝ šūśŝřŝ Œŗŏ�
śţšŚŊŢŧś vR- X X X -vn őŗŏ śŏ ŐşŝūŚœ Śŗŏ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ e- X X X -en Ţŝţ ťŬşŝţ Şŝţ ŞŏşŊőŝţś
œŘŢœřŝūŚœ Ţŏ ŞŏşŏŘŊŢŧ ŐŌŚŏŢŏ�

1 ķŋŢŝţŚœ uR = vR

2 ķŋŢŝţŚœ uk = vk − T`QDu1(vk)
3 ķŋŢŝţŚœ uj = vj − T`QDu1(vj) − T`QDu2(vj)
4 ķŋŢŝţŚœ u9 = v9 − T`QDu1(v9) − T`QDu2(v9) − T`QDu3(v9)
5 ⋮
6 ķŋŢŝţŚœ un = vn − n−R∑

j=R
T`QDuj

(vn)�
7 ķŋŢŝţŚœ ei = ui∥ui∥ �

ľŞũšŎŠŔ 9,,����� Ķ ŚŋŖŝŒŝŠ *UDP�6FKPLGW Œōśœŗ ŞşŊőŚŏŢŗ Śŗŏ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ Ţŝţ ťŬ�
şŝţ Şŝţ ŞŏşŊőŝţś Ţŏ vR- X X X -vn�

İŞŪŒœŗŜŕ� ƩǉƴƻǄƹǌǁ� ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ǌǇ ǋǕǅǇǃǇ ǌǑǅ ƼǁƹǅǍǋǄƴǌǑǅ uR- X X X -un ƽƷǅƹǁ ƹǅƴ ƼǕǇ ǂƴ�
ǀƽǌƹ� ƚǍǌǔ ƻǁƹ n = R Ƽƽǅ ƵǏƽǁ ǅǔƿǄƹ ǂƹǁ ƻǁƹ n = k ǌǇ ƽƷƼƹǄƽ ǋǌƿǅ ǈƹǉƹǌƶǉƿǋƿ 9,,����� ƭǈǇǀƵǌǇǍǄƽ
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ƽǈƹƻǑƻǁǂƴ ǔǌǁ ǌƹ uR- X X X -uk ƽƷǅƹǁ ƹǅƴ ƼǕǇ ǂƴǀƽǌƹ ǂƹǁ ǀƹ ƼƽƷǆǇǍǄƽ ǔǌǁ ǂƹǁ ǌǇ uk+R ƽƷǅƹǁ ǂƴǀƽǌǇ
Ǆƽ ǔǃƹ ǌƹ ǈǉǇƿƻǇǕǄƽǅƹ� ƓǏǇǍǄƽ ǔǌǁ ƻǁƹ R ≤ i ≤ k

⟨uk+R-ui⟩ = ⟨vk+R − k∑
j=R

T`QDuj
(vk+R)-ui⟩

= ⟨vk+R-ui⟩ − ⟨T`QDui
(vk+R)-ui⟩

= ⟨vk+R-ui⟩ − ⟨vk+R-ui⟩⟨ui-ui⟩ ⟨ui-ui) = yX

ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ǌƹ ei ∈ ⟨vR- X X X -vn ƻǁƹ R ≤ i ≤ n� ǋǍǅƽǈǖǊ ⟨eR- X X X -en⟩ ⊂ ⟨vR- X X X -vn⟩� ƬƵǃǇǊ ǌƹ{eR- X X X -en} ƽƷǅƹǁ ǑǊ ǇǉǀǇǂƹǅǇǅǁǂǔ ǋǕǅǇǃǇ ƻǉƹǄǄǁǂƴ ƹǅƽǆƴǉǌƿǌǇ ƴǉƹ ⟨eR- X X X -en⟩ = ⟨vR- X X X -vn⟩�
ľŎŞŉőŒŖŐřŎ 9,,����� ƓǏǇǍǄƽ ǌƹ ƼǁƹǅǕǋǄƹǌƹ

vR = ⎛⎜⎝
R
k
j

⎞⎟⎠ - vk = ⎛⎜⎝
k
R
y

⎞⎟⎠ - vj = ⎛⎜⎝
−R
R
k

⎞⎟⎠
ƹǈǔ ǌƹ ǇǈǇƷƹ ǀƹ ǂƹǌƹǋǂƽǍƴǋǇǍǄƽ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ Ǆƽ ǌƿǅ ǄƵǀǇƼǇ *UDP�6FKPLGW�

ƧƽǂǁǅƴǄƽ Ǆƽ

uR = vR = ⎛⎜⎝
R
k
j

⎞⎟⎠
ƭǈǇǃǇƻƷƾǇǍǄƽ

T`QDu1(vk) = ⟨vk-uR⟩∥uR∥k uR = k
duR

ƫǌƿ ǋǍǅƵǏƽǁƹ� ǍǈǇǃǇƻƷƾǇǍǄƽ ǌǇ uk ǑǊ ƽǆƶǊ�

uk = vk − T`QDu1(vk) = ⎛⎜⎝
k
R
y

⎞⎟⎠ −
k
d
⎛⎜⎝

R
k
j

⎞⎟⎠ =
R
d
⎛⎜⎝

Rk
j−e

⎞⎟⎠
ƫǍǅƽǏƷƾǇǍǄƽ Ǆƽ

T`QDu1(vj) = ⟨vj-uR⟩∥uR∥k uR = d
R9uR = R

kuR

T`QDu2(vj) = ⟨vj-uk⟩∥uk∥k uk = −kR
kd uk

ǂƹǁ

uj = vj − SURMu1(vj) − SURMu2(vj)
= ⎛⎜⎝
−R
R
k

⎞⎟⎠ −
R
k
⎛⎜⎝

R
k
j

⎞⎟⎠ +
j
kd
⎛⎜⎝

Rk
j−e

⎞⎟⎠ =
⎛⎜⎝
−R/e
R/j−R/e
⎞⎟⎠ X

ƬƵǃǇǊ ǍǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ

∥uR∥ =√R9- ∥uk∥ =√kd/d- ∥uj∥ = ∥√R/e∥
ǂƹǁ ƵǏǇǍǄƽ ǌƿǅ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ

eR = uR∥uR∥ =
R√
R9

uR- ek = uk∥uk∥ =
√

d/kduk- ej = uj∥uj∥ =
√

eujX
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9,,���� ĳţŎŞřŜŐŋ ŠŒ ŝŞŜŏŘŋřŎšŎ ŏŒŘšŖŠšŜŝŜŌŔŠŔş

ĽŞŖŠřũş 9,,����� ơƽǑǉǇǕǄƽ Ƶǅƹ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ (V- ∥ ⋅ ∥) Ǆƽ ǅǔǉǄƹ ǂƹǁ Ƶǅƹ ǍǈǇǋǕǅǇǃǇ∅ ≠ Σ ⊂ V� Ɠǅƹ x ∈ Σ ǀƹ ǃƵƻƽǌƹǁ ƺƵǃǌǁǋǌƿ ǈǉǇǋƵƻƻǁǋƿ ǌǇǍ z ∈ V ƹǅ ǁǋǏǕƽǁ

∥x − z∥ ≤ ∥x − y∥ ƻǁƹ ǂƴǀƽ y ∈ VX

ľŎŞŎšŋŞŔŠŔ 9,,����� Ɠǅƹ ǌƵǌǇǁǇ ǋǌǇǁǏƽƷǇ ǄǈǇǉƽƷ ǅƹ Ǆƿǅ ǍǈƴǉǏƽǁ� ǀƽǑǉƶǋǌƽ Ƶǅƹ ƹǅǇǁǏǌǔ Ƽǁƴ�
ǋǌƿǄƹ Σ = (y- R) ∈ R� ƶ ǅƹ Ǆƿǅ ƽƷǅƹǁ ǄǇǅƹƼǁǂǔ�

ƓǋǌǑ (V- ⟨⋅- ⋅⟩) ƵǅƹǊ ǏǖǉǇǊ Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǂƹǁ W ⊂ V ƵǅƹǊ ǍǈǔǏǑǉǇǊ ǌǇǍ� ơƽǑǉǇǕǄƽ
Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ {wR- X X X -wn} ǌǇǍ ǍǈǔǏǑǉǇǍ W ǂƹǁ ǇǉƷƾǇǍǄƽ ǌǇ ǋǌǇǁǏƽƷǇ

x = ⟨z-wR⟩wR +⋯ + ⟨z-wn⟩wnX �9,,����

Ɯǁƹ ǂƴǀƽ R ≤ j ≤ n ǍǈǇǃǇƻƷƾǇǍǄƽ

⟨z − x-wj⟩ = ⟨z-wj⟩ − ⟨x-wj⟩ = ⟨z-wj⟩ − ⟨z-wj⟩ = y-

ǃƹǄƺƴǅǇǅǌƹǊ Ǎǈǔǐǁǅ ǔǌǁ ⟨wi-wj⟩ = δij� ƫǍǅƽǈǖǊ ǌǇ ƼǁƴǅǍǋǄƹ z − x ƽƷǅƹǁ ǇǉǀǇƻǖǅǁǇ Ǆƽ ǂƴǀƽ
ƻǉƹǄǄǁǂǔ ǋǍǅƼǍƹǋǄǔ ǌǑǅ wR- X X X -wn ƼƿǃƹƼƶ Ǆƽ ǂƴǀƽ ǋǌǇǁǏƽƷǇ ǌǇǍ ǍǈǇǏǖǉǇǍ W�

⟨z − x-w⟩ = y ƻǁƹ ǂƴǀƽ w ∈WX �9,,����

ƬǇ ǋƿǄƽƷǇ x ƽƷǅƹǁ ƿ ǇǉǀǇƻǖǅǁƹ ǈǉǇƺǇǃƶ ǌǇǍ z ǋǌǇǅ ǏǖǉǇ W� ơƹ ƹǈǇƼƽƷǆǇǍǄƽ ǔǌǁ ǌǇ x ƽƷǅƹǁ

W

z x = T`QDWz

ƫǏƶǄƹ 9,,��� ƩǉǇƺǇǃƶ ǌǇǍ z ǋǌǇǅ ǍǈǔǏǑǉǇ W� ƿ ƼǁƹǂƽǂǇǄǄƵǅƿ ƻǉƹǄǄƶ ƽƷǅƹǁ ƿ ƽǃƴǏǁǋǌƿ ƹǈǔ�
ǋǌƹǋƿ ǌǇǍ z ƹǈǔ ǌǇǅ ǍǈǔǏǑǉǇ W�

ǈǉƹƻǄƹǌǁǂƴ Ǆǁƹ ƺƵǃǌǁǋǌƿ ǈǉǇǋƵƻƻǁǋƿ ǌǇǍ z ƹǈǔ ǋǌǇǁǏƽƷƹ ǌǇǍ W� ơƽǑǉǇǕǄƽ Ƶǅƹ ǋǌǇǁǏƽƷǇ y ∈W�
ƢǋǏǕƽǁ ǔǌǁ x − y ∈ W ǂƹǁ ƿ �9,,���� ƼƷǅƽǁ ⟨z − x-x − y⟩ = y� ƫǕǄǎǑǅƹ Ǆƽ ǌǇ ƩǍǀƹƻǔǉƽǁǇ ǀƽǖǉƿǄƹ
ƵǏǇǍǄƽ ǔǌǁ ∥z − y∥k = ∥(z − x) + (x − y)∥k = ∥z − x∥k + ∥x − y∥k ≥ ∥z − x∥k-
ƼƿǃƹƼƶ ǌǇ x ƽƷǅƹǁ Ǆǁƹ ƺƵǃǌǁǋǌƿ ǈǉǇǋƵƻƻǁǋƿ� ƚǅ x ≠ y ǌǔǌƽ ∥z − y∥ > ∥z − x∥� ƼƿǃƹƼƶ ƿ ƺƵǃǌǁǋǌƿ
ǈǉǇǋƵƻƻǁǋƿ ƽƷǅƹǁ ǄǇǅƹƼǁǂƶ�

ľŎŞŉőŒŖŐřŎ 9,,����� ơƽǑǉǇǕǄƽ ǌǇǅ ǏǖǉǇ

X ∶= {f ∶ [y- kπ]→ R ∶ f(y) = f(kπ)- f ǋǍǅƽǏƶǊ }X
ǌǇǍ ǈƹǉƹƼƽƷƻǄƹǌǇǊ 9,,����� ǂƹǁ ǌǇǅ ǈƽǈƽǉƹǋǄƵǅǇ ǍǈǔǏǑǉǇ

Tn = {x ∈ X ∶ x(t) = αy + n∑
ν=R(αν +Qb(νt) +βν bBM(νs))}
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ǌǑǅ ǌǉǁƻǑǅǇǄƽǌǉǁǂǖǅ ǈǇǃǍǖǅǍǄǑǅ ƺƹǀǄǇǕ ǌǇ ǈǇǃǕ n� ƨǁ ǋǍǅƹǉǌƶǋƽǁǊ

ey(t) = R√
kπ

-ekν−R(t) = R√
π

bBM(νt)-ekν = R√
π

+Qb(νt)-ν = R- X X X -n

ƹǈǇǌƽǃǇǕǅ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǌǇǍ Tn� Ơ ƺƵǃǌǁǋǌƿ ǈǉǇǋƵƻƻǁǋƿ ǄǁƹǊ ǌǍǏƹƷƹǊ ǈƽǉǁǇƼǁǂƶǊ
ǋǍǅƴǉǌƿǋƿǊ ƹǈǔ ǌǇǅ Tn ƽƷǅƹǁ ǌǇ Ǆƽǉǁǂǔ ƴǀǉǇǁǋǄƹ ǌƿǊ ǃƽƻǔǄƽǅƿǊ ǋƽǁǉƴǊ )RXULHU ǌƿǊ x�

Sn ∶= R
kπ ∫

kπ

y
x(t)dt + R√

π

kn∑
ν=R(∫

kπ

y
x(t)eν(t)dt)eνX

Ơ ǄƽǃƵǌƿ ǌǑǅ ǋƽǁǉǖǅ )RXULHU ƽƷǅƹǁ ǂǃƴƼǇǊ ǌƿǊ ƚǅƴǃǍǋƿǊ ƻǅǑǋǌǔǊ ǑǊ ƚǉǄǇǅǁǂƶ ƚǅƴǃǍǋƿ ǂƹǁ
ƵǏƽǁ ǈǇǃǃƵǊ ƽǎƹǉǄǇƻƵǊ ǋǌƹ ơƽǑǉƿǌǁǂƴ ǂƹǁ ƞǎƹǉǄǇǋǄƵǅƹ ƥƹǀƿǄƹǌǁǂƴ� ǋǌƿǅ ƮǍǋǁǂƶ ǂƹǁ ǋǌƿǅ
ǌƽǏǅǇǃǇƻƷƹ�

9,,���� ĽŞŕŜŐūŚŖŒş ŝŞŜŏŜŘŊş

ƓǋǌǑ ƵǅƹǊ ǈƽǈƽǉƹǋǄƵǅƿǊ ƼǁƴǋǌƹǋƿǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ V Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǂƹǁ ƵǋǌǑ
W ƵǅƹǊ ǍǈǔǏǑǉǇǊ� Ơ ǄƵǀǇƼǇǊ *UDP�6FKPLGW ǄƹǊ ƼƷǅƽǁ ǄƷƹ ǄƵǀǇƼǇ ǅƹ ǂƹǌƹǋǂƽǍƴǋǇǍǄƽ Ǆǁƹ
ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ BW = {eR- X X X -en} ǌǇǍ W ǌƿǅ ǇǈǇƷƹ ǄǈǇǉǇǕǄƽ ǅƹ ǌƿǅ ƽǈƽǂǌƽƷǅǇǍǄƽ ǋƽ ǄƷƹ
ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ BV = {eR- X X X -en-ϵR- X X X -ϵm} ǌǇǍ V� ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ƹǅ ǀƵǋǇǍǄƽ

W⊥ = ⟨ϵR- X X X -ϵm⟩
ǌǔǌƽ

V =W⊕W⊥X
ƥǈǇǉǇǕǄƽ ǅƹ ƽǎǇƼǁƴǋǇǍǄƽ ǌǇǅ ǏǖǉǇ ǌǑǅ ƻǉƹǄǄǁǂǖǅ ǋǍǅƹǉǌƶǋƽǑǅ 1M/(V) ƹǈǔ ǌǇǅ V → V Ǆƽ
ƼǕǇ ǋǌǇǁǏƽƷƹ pW -pW⊥� ǌǁǊ ǇǉǀǇƻǖǅǁƽǊ ǈǉǇƺǇǃƵǊ� ǔǈǇǍ

pW ∶ { V #→W ⊂ V
w +w ′ = v $→w

pW⊥ ∶ { V #→W⊥ ⊂ V
w +w ′ = v $→w ′

ǔǈǇǍ v = w +w ′ ƽƷǅƹǁ ƿ ǄǇǅƹƼǁǂƶ ƻǉƹǎƶ ǌǇǍ v ∈ V ǑǊ ƴǀǉǇǁǋǄƹ ƼǕǇ ǋǌǇǁǏƽƷǑǅ w ∈W-w ′ ∈W⊥�
ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ A/V = pW + pW⊥� pk

W = pW� pk
W⊥ = pW⊥ ǂƹǁ pWpW⊥ = pW⊥pW� ƬƵǃǇǊ ƻǁƹ ǌǇǍǊ

ǈƷǅƹǂƽǊ ǌǑǅ ƻǉƹǄǄǁǂǖǅ ǋǍǅƹǉǌƶǋƽǑǅ pW -pW⊥ ǑǊ ǈǉǇǊ ǌƿǅ ƺƴǋƿ BV ƵǏǇǍǄƽ

(pW -BV -BV) = ( In yn-m
ym-n ym-m

) (pW⊥ -BV -BV) = ( yn-n yn-m
ym-n In

)
ľŎŞŎšŋŞŔŠŔ 9,,����� Ɯǁƹ Ƶǅƹ ǈƷǅƹǂƹ A = (aij) ∈ Rn-m ǀƽǑǉǇǕǄƽ ǌǇ ƻǉƹǄǄǁǂǔ ǋǕǋǌƿǄƹ

⎛⎜⎜⎜⎝
aRR aRk ⋯ aR-m
akR akk ⋯ ak-m⋯ ⋯ ⋯ ⋯
anR ank ⋯ anm

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
xR
xk⋮
xm

⎞⎟⎟⎟⎠
=
⎛⎜⎜⎜⎝

y
y⋮
y

⎞⎟⎟⎟⎠
X

ƓǋǌǑ aR- X X X -an Ǉǁ ƻǉƹǄǄƵǊ ǌǇǍ A ǂƹǁ ƵǋǌǑ W ⊂ Rm Ǉ ǏǖǉǇǊ ƻǉƹǄǄǖǅ ǌǇǍ ǈƷǅƹǂƹ� ƞƷǅƹǁ ǋƹǎƵǊ
ǔǌǁ Ǉ ǏǖǉǇǊ ǃǕǋƽǑǅ ǌǇǍ ǋǍǋǌƶǄƹǌǇǊ ǌƹǍǌƷƾƽǌƹǁ Ǆƽ ǌǇǅ

W⊥ = {x = (xR- X X X -xm)t ∈ Rm ∶ ⟨w-x⟩ = y ƻǁƹ ǂƴǀƽ w ∈W}X
Ǉǈǔǌƽ ǁǋǏǕƽǁ ǔǌǁ /BKW +/BKW⊥ =m ǂƹǁ ƽǈƷǋƿǊ /BK AKA+/BKW⊥ =m� ǂƹǁ ƹǎǇǕ /BK AK(�) ƽƷǅƹǁ
ƿ Ƽǁƴǋǌƹǋƿ ǌǇǍ ǏǖǉǇǍ ǋǌƿǃǖǅ� ƵǏǇǍǄƽ Ǆǁƹ ƼǁƹǎǇǉƽǌǁǂƶ ƹǈǔƼƽǁǆƿ ǔǌǁ ƿ Ƽǁƴǋǌƹǋƿ ǌǇǍ ǏǖǉǇǍ
ƻǉƹǄǄǖǅ ǌƹǍǌƷƾƽǌƹǁ Ǆƽ ƹǍǌƶ ǌǇǍ ǏǖǉǇǍ ǋǌƿǃǖǅ�
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ĦŠŗŔŠŔ 9,,����� ƝƷǅƽǌƹǁ Ƶǅƹ ǋǕǅǇǃǇ uR- X X X -un ǇǉǀǇƻǖǅǁǑǅ ƼǁƹǅǍǋǄƴǌǑǅ ǋƽ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ
V Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ� Ɯǁƹ ǂƴǀƽ ƼǁƴǅǍǋǄƹ v ∈ V ǁǋǏǕƽǁ

n∑
ν=R
∣⟨v-uν⟩∣k∥uν∥ ≤ ∥v∥k

Ǆƽ ǌƿǅ ǁǋǔǌƿǌƹ ǅƹ ǁǋǏǕƽǁ ǄǔǅǇ ƹǅ

v = n∑
ν=R
⟨v-uν⟩∥uν∥ uνX

ĹŪŠŔ 9,,������ ơƽǑǉǇǕǄƽ ǌǇǅ ǏǖǉǇ W = ⟨uR- X X X -un⟩� ƜǉƴǎǇǍǄƽ ǌǇ v ∈ V ǑǊ

v = n∑
ν=R
⟨v-uν⟩∥uν∥ uν +w ′

Ǆƽ w ′ ∈ W⊥� ƚǎǇǕ ƻǁƹ w = ∑n
ν=R ⟨v-uν⟩∥uν∥ uν ƵǏǇǍǄƽ ǔǌǁ ⟨w-w ′⟩ = y ƹǈǔ ǌǇ ǈǍǀƹƻǔǉƽǁǇ ǀƽǖǉƿǄƹ

ƵǏǇǍǄƽ

∥v∥k = ∥w∥k + ∥w ′∥k ≥ n∑
ν=R
∣⟨v-uν⟩∣k∥uν∥ X

Ơ ǁǋǔǌƿǌƹ ǁǋǏǕƽǁ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ w ′ = y�

ĦŠŗŔŠŔ 9,,������ ƥƽ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǋǌǇǅ ǏǖǉǇ ǌǑǅ ǋǍǅƽǏǖǅ ǋǍǅƹǉǌƶǋƽǑǅ C[y- R] = {f ∶[y- R]→ R- f ǋǍǅƽǏƶǊ} ǅƹ ƺǉƽǀƽƷ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǌǇǍ ǏǖǉǇǍ ǈǇǍ ǈƹǉƴƻǇǍǅ ǌƹ {R-x-xk-xj}�
ĹŪŠŔ 9,,������ ƧƽǂǁǅƴǄƽ ǌƿǅ ƼǁƹƼǁǂƹǋƷƹ *UDP�6FKPLGW� ơƵǌǇǍǄƽ uR = R ǂƹǁ ǋǌƿǅ ǋǍǅƵǏƽǁƹ
ǍǈǇǃǇƻƷƾǇǍǄƽ

uk = x − ⟨xk- R⟩
⟨R- R⟩ R = x − R

kX

ƫǌƿǅ ǋǍǅƵǏƽǁƹ ǀƵǌǇǍǄƽ

uj = xk − ⟨xk- R⟩
⟨R- R⟩ −

⟨xk-uk⟩⟨uk-uk⟩uk = xj − R/j − uk

ǂƹǁ

u9 = xj − ⟨xj- R⟩
⟨R- R⟩ −

⟨xj-uk⟩⟨uk-uk⟩uk − ⟨xj-uj⟩⟨uj-uj⟩uj

= xj − R/9 − N/Ryuk − j/kujX

ƫǌƿǅ ǋǍǅƵǏƽǁƹ ǍǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ

∥uR∥ = R- ∥uk∥ = R
k
√

j
- ∥uj∥ = R

e
√

8
- ∥u9∥ = R

ky
√

d
-

Ǉǈǔǌƽ ƵǏǇǍǄƽ ǌƿǅ ƾƿǌǇǕǄƽǅƿ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ

eR = R-ek = k
√

juk-ej = e
√

8uj-e9 = ky
√

du9X

ĦŠŗŔŠŔ 9,,������ ơƽǑǉǇǕǄƽ ǌǇǅ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ Cn-n� Ǆƽ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ⟨A-B⟩ =
i`(AB∗)� ǔǈǇǍ ƻǁƹ ǈƷǅƹǂƹ B = (bij) Ǉ ǈƷǅƹǂƹǊ B∗ = Bt = (bji)� Ʀƹ ƺǉƽǀƽƷ ǌǇ ǇǉǀǇƻǖǅǁǇ ǋǍǄǈǃƶ�
ǉǑǄƹ ǌǇǍ ǏǖǉǇǍ ǌǑǅ ƼǁƹƻǑǅƷǑǅ ǈǁǅƴǂǑǅ�



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

ĹŪŠŔ 9,,������ ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉǁ ǈƷǅƹǂƽǊ Eij Ǉǁ ǇǈǇƷǇǁ ƵǏǇǍǅ Ǆǁƹ ǄǇǅƴƼƹ ǋǌƿǅ i�ƻǉƹǄǄƶ ǂƹǁ
ǋǌƿǅ j�ǋǌƶǃƿ ǂƹǁ ǋƽ ǔǃƽǊ ǌǁǊ ƴǃǃƽǊ ǀƵǋƽǁǊ ǌǇǍ ǈƷǅƹǂƹ ƵǏǇǍǅ ǄƿƼƽǅǁǂƴ� ƹǈǇǌƽǃǇǕǅ Ǆǁƹ ǇǉǀǇǂƹǅǇ�
ǅǁǂƶ ƺƴǋƿ ǑǊ ǈǉǇǊ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǈǇǍ ǄǔǃǁǊ ǇǉƷǋƹǄƽ� ƚǈǔ ǌƿǅ ƴǃǃƿ Ǉǁ ƼǁƹƻǖǅǁǇǁ ǈƷǅƹǂƽǊ
ƽƷǅƹǁ Ǉ ǏǖǉǇǊ ǈǇǍ ǈƹǉƴƻǇǍǅ Ǉǁ ǈƷǅƹǂƽǊ ERR-Ekk- X X X -Enn� ƓǅƹǊ ǈƷǅƹǂƹǊ A = (aij) ƻǉƴǎƽǌƹǁ ǑǊ

A = n∑
i=R

n∑
j=R

aijEij

ƽǅǖ ⟨A-Eii⟩ = aii

ƫǍǅƽǈǖǊ ǌǇ ǇǉǀǇƻǖǅǁǇ ǋǍǄǈǃƶǉǑǄƹ ǌǇǍ ǏǖǉǇǍ ǌǑǅ ƼǁƹƻǑǅƷǑǅ ǈǁǅƴǂǑǅ ƹǈǇǌƽǃƽƷǌƹǁ ƹǈǔ ǌǇǅ
ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ ǌǑǅ ǈǁǅƴǂǑǅ ǈǇǍ ƵǏǇǍǅ aRR = akk = ⋯ = ann = y�

9,,���� ĵ řŊŕŜőŜş šŦŚ ŒŘŎŤŌŠšŦŚ šŒšŞŎŐūŚŦŚ

ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ Ǆǁƹ ǈǇǋǔǌƿǌƹ ƽǆƹǉǌƴǌƹǁ Ǆƽ ƻǉƹǄǄǁǂǔ ǌǉǔǈǇ ƹǈǔ ǌǁǊ ǄƽǌƹƺǃƿǌƵǊ xR- X X X -xn
ƼƿǃƹƼƶ ƽǂǎǉƴƾƽǌƹǁ ǑǊ ǋǍǅƴǉǌƿǋƿ

f(xR-xk- X X X -xn) = aRxR + akxk +⋯ + anxnX

ơƵǃǇǍǄƽ ǅƹ ǍǈǇǃǇƻƷǋǇǍǄƽ ǌƹ aR- X X X -an� ƫƽ Ƶǅƹ ǂǔǋǄǇ ǈǇǍ ǄǈǇǉǇǕǄƽ ǅƹ ǂƴǅǇǍǄƽ ǄƽǌǉƶǋƽǁǊ Ǆƽ
ǔǋǇ Ǆƽƻƴǃƿ ƹǂǉƷƺƽǁƹ ǀƵǃǇǍǄƽ ǀƹ ƹǉǂǇǕǋƽ ǅƹ ƽǂǌƽǃƵǋǇǍǄƽ n ǌǇ ǈǃƶǀǇǊ ǈƽǁǉƴǄƹǌƹ ǄƽǌǉǖǅǌƹǊ
ǂƴǀƽ ǎǇǉƴ ǌǁǊ ǌǁǄƵǊ ǌǑǅ xR- X X X -xn- f(xR-xk- X X X -xn) ǂƹǁ ǋǌƿǅ ǋǍǅƵǏƽǁƹ ǅƹ ǃǕǋǇǍǄƽ ǌǇ ǋǕǋǌƿǄƹ
Ǆƽ ƹƻǅǖǋǌǇǍǊ aR- X X X -an� ƬǇ ǈǉǔƺǃƿǄƹ ǋƽ ƹǍǌƶ ǌƿǅ ǈǉǇǋƵƻƻǁǋƿ ƽƷǅƹǁ ǔǌǁ Ƽƽǅ ƽƷǅƹǁ ƼǍǅƹǌǔǅ ǇǕǌƽ
ǅƹ ǄƽǌǉƶǋǇǍǄƽ Ǆƽ ƹǈǔǃǍǌƿ ƹǂǉƷƺƽǁƹ ǌƹ xR- X X X -xn- f(xR- X X X -xn)� Ɯǁƹ ƹǍǌǔ ǌǇǅ ǃǔƻǇ ǂƴǅǇǍǄƽ Ǆǁƹ
ǋƽǁǉƴ ǈƽǁǉƹǄƴǌǑǅ� ǈǇǃǕ ǈƽǉǁǋǋǔǌƽǉƹ ƹǈǔ n ǂƹǁ ǋǌƿǅ ǋǍǅƵǏƽǁƹ ǈǉǇǋǈƹǀǇǕǄƽ ǅƹ ǈǉǇǋƼǁǇǉƷǋǇǍǄƽ
ǔǋǇ ƻƷǅƽǌƹǁ ǂƹǃǕǌƽǉƹ ǌǁǊ ǌǁǄƵǊ aR- X X X -an Ǆƽ ǌǇǅ ƹǂǔǃǇǍǀǇ ǌǉǔǈǇ�

ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ ǋǌǇ i ǈƽƷǉƹǄƹ ƵǏǇǍǄƽ ǌǁǊ ǌǁǄƵǊ xRi- X X X -xni ǂƹǁ yi = f(xRi- X X X -xni) ƻǁƹ R ≤ i ≤m�
m > n Ǉǈǔǌƽ ƵǏǇǍǄƽ ǌǇ ǋǕǋǌƿǄƹ

⎛⎜⎜⎜⎝
xRR xkR ⋯ xnR
xRk xkk ⋯ xnk⋮ ⋮ ⋮
xRm xkm ⋯ xnm

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
aR
ak⋮
an

⎞⎟⎟⎟⎠
=
⎛⎜⎜⎜⎝
yR
yk⋮
ym

⎞⎟⎟⎟⎠
ƬǇ ǈƹǉƹǈƴǅǑ ǋǕǋǌƿǄƹ ƽƷǅƹǁ ƹƼǕǅƹǌǇ ǂƹǁ ƹǍǌǔ ǇǎƽƷǃƽǌƹǁ ǋǌƹ ǃƴǀƿ ǌƹ ǇǈǇƷƹ ǍǈƽǁǋƵǉǏǇǅǌƹǁ ǋǌǁǊ
ǈƽǁǉƹǄƹǌǁǂƵǊ ǄƽǌǉƶǋƽǁǊ� ơƵǃǇǍǄƽ ǅƹ ǈǉǇǋƼǁǇǉƷǋǇǍǄƽ ǌƹ aR- X X X -an ƽǃƹǏǁǋǌǇǈǇǁǖǅǌƹǊ ǌƿǅ ǈǇǋǔ�
ǌƿǌƹ

m∑
i=R
(aRxRi + akxki +⋯anxni − yi)kX

ƚǅ ǌǇǅ ǈƷǅƹǂƹ

X =
⎛⎜⎜⎜⎝
xRR xkR ⋯ xnR
xRk xkk ⋯ xnk⋮ ⋮ ⋮
xRm xkm ⋯ xnm

⎞⎟⎟⎟⎠
ǌǔǌƽ ƾƿǌƴǄƽ ǅƹ ƼǁƹǃƵǆǇǍǄƽ ƼǁƴǅǍǋǄƹ a = (aR- X X X -an)t ǖǋǌƽ ǅƹ ƽǃƹǏǁǋǌǇǈǇǁƽƷǌƹǁ ƿ ƹǈǔǋǌƹǋƿ∥Xa − y∥� ǔǈǇǍ y = (yR- X X X -ym)t� ƝƿǃƹƼƶ ǐƴǏǅǇǍǄƽ ǅƹ ƺǉǇǕǄƽ ǌƿǅ ƽǃƴǏǁǋǌƿ ƹǈǔǋǌƹǋƿ ǌǇǍ y
ƹǈǔ ǌǇǅ ǏǖǉǇ ǈǇǍ ǈƹǉƴƻǇǍǅ Ǉǁ ǋǌƶǃƽǊ ǌǇǍ ǈƷǅƹǂƹ � ƥƽ ƴǃǃƹ ǃǔƻǁƹ ǌǇ ǋǕǋǌƿǄƹ ƽƷǅƹǁ ƹƼǕǅƹǌǇ
ƼƿǃƹƼƶ ǌǇ y Ƽƽǅ ƹǅƶǂƽǁ ǋǌƿǅ ƽǁǂǔǅƹ ǌƿǊ ƻǉƹǄǄǁǂƶǊ ǋǍǅƴǉǌƿǋƿǊ ǈǇǍ ǇǉƷƾƽǁ Ǉ ǈƷǅƹǂƹǊ X� Ǉǈǔǌƽ
ǐƴǏǅǇǍǄƽ ǅƹ ƺǉǇǕǄƽ ǌǇ ǈǃƿǋǁƵǋǌƽǉǇ ƼǁƴǅǍǋǄƹ ǌƿǊ ƽǁǂǔǅƹǊ ǋǌǇ y� ƫǍǅƽǈǖǊ ƹǅ xR- X X X -xn ′� n ≤ n ′
ƽƷǅƹǁ Ǆǁƹ ƺƴǋƿ ǌǇǍ ǏǖǉǇǍ ǋǌƿǃǖǅ ǌǇǍ ǈƷǅƹǂƹ X ǐƴǏǅǇǍǄƽ ƻǁƹ v = X ′a ǋǌǇǅ ǏǖǉǇ ǋǌƿǃǖǅ ǖǋǌƽ

⟨v − y-xi⟩ = y ƻǁƹ ǂƴǀƽ i = R- X X X -n ′X



9,,��� ľŀķľĹİļľļĸĹľĿľīĶŁĶ ���

ƝƿǃƹƼƶ ƵǏǇǍǄƽ ǌǇ ǋǕǋǌƿǄƹ

aR⟨xR-xi⟩ + ak⟨xk-xi⟩ +⋯ + an ′⟨xn ′ -xi⟩ = ⟨y-xi⟩ ƻǁƹ i = R- X X X -n ′- �9,,����

Ǆƽ

⟨y-xi⟩ = m∑
ν=Rxiνyν ⟨xj-xi⟩ = m∑

ν=Rxjνxi-νX

ƹǍǌǔ ƽƷǅƹǁ Ƶǅƹ ǋǕǋǌƿǄƹ n ′�ƽǆǁǋǖǋƽǑǅ Ǆƽ n ′�ƹƻǅǖǋǌǇǍǊ ǌǇ ǇǈǇƷǇ ƵǏƽǁ ǄǇǅƹƼǁǂƶ ǃǕǋƿ ƹǉǂƽƷ Ǉ
ǈƷǅƹǂƹǊ

A = (aij) Ǆƽ aij = ⟨xj-xi⟩
ǅƹ ƽƷǅƹǁ ƹǅǌǁǋǌǉƵǐǁǄǇǊ� ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉ ǈƷǅƹǂƹǊ A = (X ′)tX ′� ǔǈǇǍ X ′ ƽƷǅƹǁ Ǉ ǈƷǅƹǂƹǊ ǈǇǍ
ƵǏƽǁ ǋƹǅ ǋǌƶǃƽǊ ǌƹ xR- X X X -xn ′� ƫǌǇ ƽǈǔǄƽǅǇ ǃƶǄǄƹ ǀƹ ƼƽƷǆǇǍǄƽ ǔǌǁ Ǉ ǈƷǅƹǂƹǊ ƹǍǌǔǊ ƽƷǅƹǁ ƹǅǌǁ�
ǋǌǉƵǐǁǄǇǊ ǂƹǁ ǋǍǅƽǈǖǊ ƵǏǇǍǄƽ ǔǌǁ Ǉǁ ǃǕǋƽǁǊ ǌǇ ǋǍǋǌƶǄƹǌǇǊ �9,,���� ƼƷǅǇǅǌƹǁ ƹǈǔ

(aR- X X X -an ′)t = ((X ′)tX ′)−R(X ′)t(yR- X X X -ym)tX

ĹŋřřŎ 9,,������ ĩšŢŧ ŞōśŏŘŏŠ X ′ ŞōśŏŘŏŠm×n ′ Śœ šŢŌřœŠ ŢŗŠ xR- X X X -xn ′� łŝ šūśŝřŝ šŢŕřŬś
xR- X X X -xn ′ œōśŏŗ őşŏŚŚŗŘŊ ŏśœŜŊşŢŕŢŝ ŏś Řŏŗ ŚŪśŝ ŏś ŝ ŞōśŏŘŏŠ (X ′)t(X ′) œōśŏŗ ŏśŢŗšŢşŋŦŗŚŝŠ�

İŞŪŒœŗŜŕ� ƚǊ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ Ǉ n ′×n ′ ǈƷǅƹǂƹǊ (X ′)tX ′ Ƽƽǅ ƽƷǅƹǁ ƹǅǌǁǋǌǉƵǐǁǄǇǊ� Ƭǔǌƽ ǍǈƴǉǏƽǁ Ǆƿ�
ǄƿƼƽǅǁǂǔ v ∈ Rn ′-R Ǆƽ (X ′)tX ′v = yn ′-R ǂƹǁ ǋǍǅƽǈǖǊ ǂƹǁ ǌǇ vt(X ′)tX ′v = y ƴǉƹ ⟨X ′v-X ′v⟩ = ∥X ′v∥ = y
ǌǇ ǇǈǇƷǇ ǄƹǊ ƼƷǅƽǁ ǔǌǁ X ′v = yRm ǋǍǅƽǈǖǊ ǂƹǁ Ǉ ǈƷǅƹǂƹǊ X ′ ƵǏƽǁ Ǆƿ ǌƽǌǉǁǄǄƵǅǇ ǈǍǉƶǅƹ� ƴǉƹ Ǉǁ
ǋǌƶǃƽǊ ǌǇǍ ƽƷǅƹǁ ƻǉƹǄǄǁǂƴ ƽǆƹǉǌƿǄƵǅƽǊ�

ƚǅǌǁǋǌǉǔǎǑǊ� ǂƴǀƽ ǋǏƵǋƿ ƽǆƴǉǌƿǋƿǊ ǄƽǌƹǆǕ ǌǑǅ ǋǌƿǃǖǅ ƼƷǅƽǁ Ƶǅƹ Ǆƿ�ǄƿƼƽǅǁǂǔ w ∈ Rn� ǖǋǌƽ′w = y� Ƒǉƹ (X ′)tXw = y ǋǍǅƽǈǖǊ Ǉ n ′×n ′ ǈƷǅƹǂƹǊ (X ′)tX Ƽƽǅ ǄǈǇǉƽƷ ǅƹ ƽƷǅƹǁ ƹǅǌǁǋǌǉƵǐǁǄǇǊ�

ľũŞŖŠřŎ 9,,������ ŁŢŕś ŞœşōŞŢŧšŕ Şŝţ ŋťŝţŚœ Śŗŏ œŜōšŧšŕ ŢŕŠ ŚŝşŤŌŠf(x) = ax Řŏŗ Ŕŕ�
ŢŝūŚœ śŏ ŞşŝšŒŗŝşōšŝţŚœ Ţŝ a� ŒŕřŏŒŌ ŖŋřŝţŚœ śŏ ŐşŝūŚœ Ţŕś lŘŏřūŢœşŕ{ œţŖœōŏ ŢŕŠ Śŝş�
ŤŌŠ y = ax Şŝţ śŏ ŞşŝšœőőōŔœŗ Ţŏ šŕŚœōŏ (xR-yR)- X X X - (xn-yn) ŢŪŢœ ŖŋŢŝţŚœ x = (xR- X X X -xn)t
y = (yR- X X X -yn)t Řŏŗ Ţŝ a ŒōśœŢŏŗ ŏŞŪ Ţŝ

a = (xtx)−R(xty) =
n∑
i=R

xiyi

n∑
i=R

xk
i

X

ľŎŞŉőŒŖŐřŎ 9,,������ ƞƷǅƹǁ ƻǅǑǋǌǔ ǔǌǁ ƿ ƼǕǅƹǄƿ ǈǇǍ ƹǋǂƽƷ Ƶǅƹ ƽǃƹǌƶǉǁǇ ǔǌƹǅ ǌƽǅǌǑǀƽƷ ƽƷǅƹǁ
ƹǅƴǃǇƻƿ ǌƿǊ ǄƽǌƹǌǔǈǁǋƿǊ� ƼƿǃƹƼƶ

F = −kx
ƻǁƹ ǂƴǈǇǁƹ ǋǌƹǀƽǉƴ k� ơƵǃǇǍǄƽ ǅƹ ǌƿǅ ǄƽǌǉƶǋǇǍǄƽ ǌƿǅ ǋǌƹǀƽǉƴ k ƻǁƹ ǂƴǈǇǁǇ ǋǍƻǂƽǂǉǁǄƵǅǇ
ƽǃƹǌƶǉǁǇ� ƭǈǇƺƴǃǇǍǄƽ ǌǇ ƽǃƹǌƶǉǁǇ ǋƽ Ǆǁƹ ǋƽǁǉƴ ƹǈǔ ǈƹǉƹǄǇǉǎǖǋƽǁǊ ǂƹǁ ǄƽǌǉƴǄƽ ǌƿǅ ƼǕǅƹǄƿ
ǈǇǍ ƹǋǂƽƷ ƹǍǌǔ ǂƹǁ ǈƽǁǉƹǄƹǌǁǂƴ ǃǇƻƹǉǁƴƾǇǍǄƽ ǌǇǅ ǈƷǅƹǂƹ� ƚǊ ǀƽǑǉƶǋǇǍǄƽ ǔǌǁ ƵǏǇǍǄƽ ǌǁǊ ƽǆƶǊ
ǄƽǌǉƶǋƽǁǊ�
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ƚǈǇǂǃƷǋƿ �x� ƝǕǅƹǄƿ �F�
��� ���
��� ���
��� ����
��� ����
��� ����

ƹǈǔ ǔǈǇǍ ǍǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ
8∑

i=R
xk
i = yXyR + yXy9 + yXyN + yXRe = yXj

8∑
i=R

Fixi = yXy + yX8k + kXR + 9XdR + 3Xje = R8XeN

ƹǈǔ ǔǈǇǍ ƵǏǇǍǄƽ ǔǌǁ k = R8XeN
yXj ≈ 8kXj

y yXR yXk yXj yX9 yX8y

8

Ry

R8

ky

k8

ƚǈǇǂǃƷǋƿ �x�

ƝǕ
ǅƹ
Ǆƿ

�F
�

ƥƽǌǉƶǋƽǁǊ
ƛƵǃǌǁǋǌƿ ƞǍǀƽƷƹ

ƫǏƶǄƹ 9,,��� ƥƽǌǉƶǋƽǁǊ ǂƹǁ ƺƵǃǌǁǋǌƿ ƽǍǀƽƷƹ

ľŎŞŉőŒŖŐřŎ 9,,������ Ơ ǈǃƿǋǁƵǋǌƽǉƿ Ƶǃǃƽǁǐƿ ǋƽ ǄƷƹ ǋƽǁǉƴ ǋƿǄƽƷǑǅ� ƚǅ ǄƹǊ ƼǇǀǇǕǅ Ǆǁƹ ǋƽǁǉƴ
ǋƿǄƽƷǑǅ ǋǌǇǅ ƽǈƷǈƽƼǇ ǄǈǇǉǇǕǄƽ ǅƹ ǍǈǇǃǇƻƷǋǇǍǄƽ ǌƿǅ ǈǃƿǋǁƵǋǌƽǉƿ Ƶǃǃƽǁǐƿ ǋƽ ƹǍǌƴ�

ƚǍǌǔ ƽƷǅƹǁ Ƶǅƹ ǈǉǔƺǃƿǄƹ ǌǇ ǇǈǇƷǇ ƵǃǍǋƽ Ǉ *DXVV ǋƽ ƿǃǁǂƷƹ �� ƽǌǖǅ Ǆƽ ǌƿǅ ǄƵǀǇƼǇ ǌǑǅ
ƽǃƹǏƷǋǌǑǅ ǌƽǌǉƹƻǖǅǑǅ ǌƿǅ ǇǈǇƷƹ ƽƷǏƽ ƽǈǁǅǇƶǋƽǁ Ǉ ƷƼǁǇǊ� ƨǁ ƹǋǌǉǇǅǔǄǇǁ ƽƷǏƹǅ ǈƹǉƹǌƿǉƶǋƽǁ Ƶǅƹ
ǅƵǇ ǈǃƹǅƶǌƿ ǌǇǅ ƹǋǌƽǉǇƽǁƼƶ lƝƶǄƿǌǉƹ{ ǂƹǁ ƽƷǏƹǅ ƼƽƼǇǄƵǅƹ ƻǁƹ ǌƿǅ ǀƵǋƿ ǌǇǍ Ǆǁƹ ǏǉǇǅǁǂƶ ǋǌǁƻǄƶ
ƹǃǃƴ Ƽƽǅ ƶǌƹǅ ƼǍǅƹǌǔǅ ǅƹ ǌǇǅ ǆƹǅƴ ǈƹǉƹǌƿǉƶǋǇǍǅ� ƨ *DXVV ǍǈǇǃǔƻǁǋƽ ǌƿǅ ǌǉǇǏǁƴ ǌƿǊ ƝƶǄƿǌǉƹǊ
ǂƹǁ ƽƷǈƽ ǋǌǇǍǊ ƹǋǌǉǇǅǔǄǇǍǊ ǈǔǌƽ ǂƹǁ ǈǇǍ ǅƹ ǋǌǉƵǐǇǍǅ ǌƹ ǌƿǃƽǋǂǔǈǁƹ ǌǇǍǊ ǖǋǌƽ ǅƹ ǆƹǅƹƼǇǕǅ
ǌǇǅ ǏƹǄƵǅǇ ƹǋǌƽǉǇƽǁƼƶ� Ơ ƹǅƹǂƴǃǍǐƿ ǌƿǊ ƝƶǄƿǌǉƹǊ ƶǌƹǅ ƵǅƹǊ ǀǉƷƹǄƺǇǊ ǌǑǅ ƥƹǀƿǄƹǌǁǂǖǅ ǂƹǁ
ǌǇǍ ǅƽƹǉǇǕ ǌǔǌƽ *DXVV� ƨ *DXVV ƵǃǍǋƽ ǌǇ ǈǉǔƺǃƿǄƹ ǋǌǇǅ ǏǖǉǇ� ƽǄƽƷǊ ƻǁƹ Ǐƴǉƿ ƽǍǂǇǃƷƹǊ ǀƹ
ǈƽǉǁǇǉǁǋǌǇǕǄƽ ǋƽ Ƶǅƹ ǈǉǔƺǃƿǄƹ ǋǌǇ ƽǈƷǈƽƼǇ�

ƥǁƹ Ƶǃǃƽǁǐƿ ƼƷǅƽǌƹǁ ǑǊ Ƶǅƹ ǋǕǅǇǃǇ ǋƿǄƽƷǑǅ (x-y) ∈ Rk ǈǇǍ ǁǂƹǅǇǈǇǁǇǕǅ Ǆǁƹ ƽǆƷǋǑǋƿ ǌƿǊ
ǄǇǉǎƶǊ

xk +Byk +Cxy +Dx + Ey + F = yX
Ơ ǈƹǉƹǈƴǅǑ ƽǆƷǋǑǋƿ ǄǈǇǉƽƷ ǅƹ ƹǅǌǁǋǌǇǁǏƽƷ ǂƹǁ ǋƽ ƴǃǃƽǊ ǂǑǅǁǂƵǊ ǌǇǄƵǊ� ǂǕǂǃǇǍǊ� ǈƹǉƹƺǇǃƵǊ
ǂƹǁ ǍǈƽǉƺǇǃƵǊ� ƚǅ ǄƹǊ ƼǇǀǇǕǅ ǌƹ ǋƿǄƽƷƹ (xR-yR)- (xk-yk)- X X X - (xn-yn) ǌǔǌƽ ǍǈƴǉǏƽǁ Ǆǁƹ Ƶǃǃƽǁǐƿ
ƿ ǇǈǇƷƹ ǈƽǉǅƴƽǁ ƹǈǔ ƹǍǌƴ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ

xk
i +Byk

i +Cxiyi +Dxi + Eyi + F = y ƻǁƹ ǂƴǀƽ R ≤ i ≤ nX
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ƥǈǇǉƽƷ ǅƹ ǍǈƴǉǏǇǍǅ ǃƴǀƿ ǋǌǁǊ ǋǍǅǌƽǌƹƻǄƵǅƽǊ ǌǑǅ ǋƿǄƽƷǑǅ ǂƹǁ ǅƹ Ǆƿǅ ƹǅƶǂǇǍǅ ǔǃƹ ǋƽ Ǆǁƹ
ƽǆƷǋǑǋƿ ǌƿǊ ǈƹǉƹǈƴǅǑ ǄǇǉǎƶǊ� ƨ ǋǌǔǏǇǊ ǄƹǊ ƽƷǅƹǁ ǅƹ ǍǈǇǃǇƻƷǋǇǍǄƽ ǌƿǅ ǈǃƿǋǁƵǋǌƽǉƿ ǂǑǅǁǂƶ
ǌǇǄƶ ǋǌƹ ƼƽƼǇǄƵǅƹ ǋƿǄƽƷƹ� ƬǇ ǈǉǔƺǃƿǄƹ ǄǈǇǉƽƷ ǅƹ ƻǉƹǎƽƷ ǋƽ ǄǇǉǎƶ ǈǁǅƴǂǑǅ ǑǊ ƽǆƶǊ

⎛⎜⎜⎜⎝
yk

R xRyR xR yR R
yk

k xkyk xk yk R⋮ ⋮ ⋮ ⋮ ⋮
yk
n xnyn xn yn R

⎞⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝

B
C
D
E
F

⎞⎟⎟⎟⎟⎟⎟⎠
= −
⎛⎜⎜⎜⎝
xk

R
xk

k⋮
xk
n

⎞⎟⎟⎟⎠
ƫǌǇ ǈƹǉƹǈƴǅǑ ǈǉǔƺǃƿǄƹ ǌƹ xi-yi ƽƷǅƹǁ ƻǅǑǋǌƴ ǂƹǁ ƾƿǌǇǕǄƽ ǅƹ ǍǈǇǃǇƻƷǋǇǍǄƽ ǌƹ B-C-D-E-F�
ƓǋǌǑ

A =
⎛⎜⎜⎜⎝
yk

R xRyR xR yR R
yk

k xkyk xk yk R⋮ ⋮ ⋮ ⋮ ⋮
yk
n xnyn xn yn R

⎞⎟⎟⎟⎠
ǂƹǁ b = −

⎛⎜⎜⎜⎝
xk

R
xk

k⋮
xk
n

⎞⎟⎟⎟⎠
ƓǋǌǑ ǌǇ ǋǕǅǇǃǇ ǌǑǅ ǋƿǄƽƷǑǅ ǌǇǍ ƽǈǁǈƵƼǇǍ

{(3- k)- (−eXyd-−jXR3)- (−RX8j-−eX3k)- (9XjN-−9Xd9)- (8Xkd- yXee)- (j- 8)- (−8XjR- eXj3)}X
ƭǈǇǃǇƻƷƾǇǍǄƽ ǌǇǍǊ ǈƷǅƹǂƽǊ A� b

A =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

9 −Re −3 k R
RyXRRk9 RNXjyke −eXyd −jXR3 R
9eX8Rk9 RyX9j9e −RX8j −eX3k R
kkX9ede −kyX3y3e 9XjN −9Xd9 R
yX9j8e jX9d3k 8Xkd yXee R

k8 R8 j 8 R
9yXdy99 −jjX3dd3 −8XjR eXj3 R

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
ǂƹǁ b =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−e9−jeX399N−kXj9yN−RNXkdkR−kdXddkN−N−k3XRNeR

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
ƫǌƿǅ ǋǍǅƵǏƽǁƹ ǍǈǇǃǇƻƷƾǇǍǄƽ

AtA =
⎛⎜⎜⎜⎜⎜⎜⎝

8ye3X9N −38jX99e −ky9Xd83 −ekX33eN R9NXkjk−38jX99e k888Xkd R9eXd9 −ky9Xd83 −kkX9dR−ky9Xd83 R9eXd9 R3dX9kd −kkX9dR −3Xk8−ekX33eN −ky9Xd83 −kkX9dR R9NXkjk −yXd
R9NXkjk −kkX9dR −3Xk8 −yXd dX

⎞⎟⎟⎟⎟⎟⎟⎠
ƬƵǃǇǊ ƵǏǇǍǄƽ ǔǌǁ ⎛⎜⎜⎜⎜⎜⎜⎝

B
C
D
E
F

⎞⎟⎟⎟⎟⎟⎟⎠
= (AtA)−RAtb =

⎛⎜⎜⎜⎜⎜⎜⎝

yX3eed9j
yXj8y9yj
kXkRR88

yXyyyNd98jR−9RX8kRN

⎞⎟⎟⎟⎟⎟⎟⎠
ǔǈǇǌƽ ǂƹǌƹǃƶƻǇǍǄƽ ǋǌƿǅ ƽǆƷǋǑǋƿ ǌƿǊ ƵǃǃƽǁǐƿǊ�

xk + yX3eed9jyk + yXj8y9yjxy + kXkRR88x + yXyyyNd98jRy − 9RX8kRN = yX

ƫǌǇ ǋǏƶǄƹ 9,,�� ƵǏǇǍǄƽ ǋǏƽƼǁƴǋƽǁ ǌƿǅ ǈƹǉƹǈƴǅǑ ƽǆƷǋǑǋƿ ǄƹƾƷ Ǆƽ ǌƹ ƹǉǏǁǂƴ ǋƿǄƽƷƹ�

9,,�� ĵ ŠŢœŢŐŋş ŐŞŎřřŖŗŋ ŠŢŚŉŞšŔŠŔ
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ƫǏƶǄƹ 9,,��� Ơ ƺƵǃǌǁǋǌƿ Ƶǃǃƽǁǐƿ ƹǈǔ ǄƷƹ ƽǈǁǃǇƻƶ ǋƿǄƽƷǑǅ

ĽŞŖŠřũş 9,,����� ƨ ƼǍǁǂǔǊ ǏǖǉǇǊ ƽǅǔǊ F�ƼǁƹǅǍǋǄƹǌǁǂǇǕ ǏǖǉǇǍ V ƽƷǅƹǁ Ǉ ǏǖǉǇǊ ǌǑǅ ƻǉƹǄ�
Ǆǁǂǖǅ ǋǍǅƹǉǌƶǋƽǑǅ

>QK(V-F) ∶= {f ∶ V → F- f ƽƷǅƹǁ ƻǉƹǄǄǁǂƶ}X
Ƭƹ ǋǌǇǁǏƽƷƹ ǌǇǍ ƼǍǁǂǇǕ ǏǖǉǇǍ ǃƵƻǇǅǌƹǁ ǂƹǁ ƻǉƹǄǄǁǂƴ ǋǍǅƹǉǌƿǋǇƽǁƼƶ�

ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ƽƷǅƹǁ ǂƹǁ ƹǍǌǔǊ ƵǅƹǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ Ǆƽ ǈǉƴǆƽǁǊ

+ ∶ V∗ × V∗ #→ V∗
(f-g)$→ f + g ∶ v→ (f + g)(v) = f(v) + g(v)

⋅ ∶ F × V∗ #→ V∗
(λ-g)$→ λg ∶ v→ (λf)(v) = λf(v)

ľŎŞŎšŋŞŔŠŔ 9,,����� ƣƴǀƽ ǋǌǇǁǏƽƷǇ a ∈ V ǇǉƷƾƽǁ Ƶǅƹ ǋǌǇǁǏƽƷǇ ǋǌǇ V∗� ǌǇ v↦ ⟨v-a⟩� ơƹ ƼƽƷǆǇǍǄƽ
ǔǌǁ ǋƽ ǈƽǈƽǉƹǋǄƵǅƿǊ ƼǁƴǋǌƹǋƿǊ ǏǖǉǇǍǊ ǁǋǏǕƽǁ ǂƹǁ ǌǇ ƹǅǌƷǀƽǌǇ�

ľŞũšŎŠŔ 9,,����� ķœŧşŝūŚœ ŋśŏ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ V Řŏŗ f ∈ V∗�
łŪŢœ ţŞŊşťœŗ ŚŝśŏŒŗŘŪ a ∈ V ŬšŢœ

f(v) = ⟨v-a⟩- őŗŏ ŘŊŖœ v ∈ VX

İŞŪŒœŗŜŕ� ơƽǑǉǇǕǄƽ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ {eR- X X X -en} ǌǇǍ V� ơƵǌǇǍǄƽ

a = n∑
j=R

f(ej)ej-
ǂƹǁ ǍǈǇǃǇƻƷƾǇǍǄƽ

⟨ei-a⟩ = ⟨ei- n∑
j=R

f(ej)ej⟩ = f(ei)
ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǌǇ ƾƿǌǇǕǄƽǅǇ�
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ľŎŞŎšŋŞŔŠŔ 9,,����� ƫƽ ƴǈƽǁǉƿǊ ƼǁƴǋǌƹǋƿǊ ƼǁƹǅǍǋǄƹǌǁǂǇǕǊ ǏǖǉǇǍǊ ƿ ǈƹǉƹǈƴǅǑ ǈǉǔǌƹǋƿ
Ƽƽǅ ƽƷǅƹǁ ƹǃƿǀƽƷǊ� ơƽǑǉǇǕǄƽ ǌǇǅ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ V = C[x]� Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ

⟨f-g⟩ = ∫ R

y
f(t)g(t)dtX

ƖǈǑǊ ƽƷƼƹǄƽ ǋǌƿǅ ƴǋǂƿǋƿ 9,,����� ƻǁƹ f = ∑ν aνx
ν� g = ∑µ bµx

µ

⟨f-g⟩ = ∑
ν-µ

aνbµ
R

ν + µ + RX

Ɯǁƹ Ƶǅƹ ǋǌƹǀƽǉǔ z ∈ C ơƽǑǉǇǕǄƽ ǌǇ ǋǌǇǁǏƽƷǇ ǌǇǍ V∗
C[x]#→ C

f$→ 2p�H(f) = f(z)X
ƚǍǌƶ ƽƷǅƹǁ Ǆǁƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ƼƿǃƹƼƶ

2p�H(f + g) = (f + g)(z) = f(z) + g(z) = 2p�H(f) + 2p�H(g) ƻǁƹ ǂƴǀƽ f-g ∈ C[x]
ǂƹǁ

2p�H(λf) = λf(z) = λ2p�H(f) ƻǁƹ ǂƴǀƽ λ ∈ C- f ∈ C[x]X
ƭǈƴǉǏƽǁ ǈǇǃǍǖǅǍǄǇ g ∈ C[x] ǖǋǌƽ

2p�H(f) = ⟨f-g⟩ ƻǁƹ ǂƴǀƽ f ∈ C[x]c
Ơ ƹǈƴǅǌƿǋƿ ƽƷǅƹǁ ǔǏǁ� ƩǉƴƻǄƹǌǁ� ǍǈǇǀƵǌǇǍǄƽ ǔǌǁ ǌǇ f(x) = (x − z)fR(x)� Ƭǔǌƽ ƵǏǇǍǄƽ

y = f(z) = 2p�H(f) = ∫ R

y
f(t)g(t)dt = ∫ R

y
(x − z)fR(t)g(t)dt-

ǂƹǁ ƿ ǌƽǃƽǍǌƹƷƹ ǋǏƵǋƿ ƽƷǅƹǁ ƹǃƿǀƶǊ ƻǁƹ ǂƴǀƽ fR(x) ƴǉƹ ǂƹǁ ƻǁƹ fR(x) = x − zg(x)� ǌǇ ǇǈǇƷǇ ƼƷǅƽǁ
ǔǌǁ

y = ∫ R

y
∣t − z∣k∣g(t)∣kdt

ǌǇ ǇǈǇƷǇ ǄǈǇǉƽƷ ǅƹ ǋǍǄƺƽƷ ǄǔǅǇ ƹǅ g = y� ƖǄǑǊ ǌǇ 2p�H Ƽƽǅ ƽƷǅƹǁ ǌǇ ǄƿƼƽǅǁǂǔ ǋǍǅƹǉǌƿǋǇƽǁƼƵǊ�
ƴǌǇǈǇ�

ƬǇ ƹǈǇǌƵǃƽǋǄƹ ƽƷǅƹǁ ƹǅƹǄƽǅǔǄƽǅǇ� Ƽƽǅ ƽƷǅƹǁ ƼǍǅƹǌǔǅ Ƶǅƹ ǈǇǃǍǖǅǍǄǇ g� ǌǇ ǇǈǇƷǇ ƵǏƽǁ ǈƽ�
ǈƽǉƹǋǄƵǅƿ ǈǃƿǉǇǎǇǉƷƹ ƼǁƴǋǌƹǋƿǊ /2;g + R ǅƹ ǈƽǉǁƻǉƴǐƽǁ Ǆǁƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ǈǇǍ ƵǏƽǁ
ǈǃƿǉǇǎǇǉƷƹ ǋǌǇ ǈǑǊ Ƽǉƹ ǋƽ Ƶǅƹ ƴǈƽǁǉƿǊ ƼǁƴǋǌƹǋƿǊ ǏǖǉǇ� ƫǌǇ ǄƴǀƿǄƹ ǌƿǊ ǋǍǅƹǉǌƿǋǁƹǂƶǊ ƹǅƴ�
ǃǍǋƿǊ ǀƹ ƼƽƷǌƽ ǔǌǁ Ǆƽ ƽǈǁǈǃƵǇǅ ǋǍǅǀƶǂƽǊ� ƻǁƹ ǈƹǉƴƼƽǁƻǄƹ ǌƿǅ ǈǃƿǉǔǌƿǌƹ ǌƿǊ ǄƽǌǉǁǂƶǊ� ƼƿǃƹƼƶ
ƽǆƹǋǎƹǃƷƾǇǅǌƹǊ ǔǌǁ ǂƴǀƽ ƹǂǇǃǇǍǀƷƹ &DXFK\ ǑǊ ǈǉǇǊ ǌƿǅ Ǆƽǌǉǁǂƶ ∥v∥ = ⟨v-v⟩R/k ǋǍƻǂǃƷǅƽǁ� ƵǏǇǍǄƽ
Ƶǅƹ ǀƽǖǉƿǄƹ ƹǅƹǈƹǉƴǋǌƹǋƿǊ ǌǑǅ ˜ǋǍǅƽǏǖǅ˝ ǋǍǅƹǉǌƿǋǇƽǁƼǖǅ f ǋǌƿǅ ǄǇǉǎƶ f(⋅) = ⟨⋅-v⟩ ǂƹǁ ƻǁƹ
ƹǈƽǁǉǇƼǁƴǋǌƹǌǇǍǊ ǏǖǉǇǍǊ��
ľŎŞŎšŋŞŔŠŔ 9,,����� ƓǋǌǑ f ∶ V → F Ƶǅƹ ǋǌǇǁǏƽƷǇ ǌǇǍ ƼǍǁǂǇǕ ǏǖǉǇǍ� ơƵǌǇǍǄƽ W = F2`(f)�
ƚǅ ǌǇ f ≠ y� ǌǔǌƽ `F(f) = R ǂƹǁ /BKW = /BKV − R� ơƽǑǉǇǕǄƽ ǌƿǅ ƹǅƴǃǍǋƿ V = W ⊕W⊥� Ơ ǌǁǄƶ
ǌǇǍ f ǈǉǇǋƼǁǇǉƷƾƽǌƹǁ ƹǈǔ ǌƿǅ ǌǁǄƶ ǋǌǇ W⊥� ƚǅ pW⊥ ∶ V → W⊥ ƽƷǅƹǁ ƿ ǇǉǀǇƻǖǅǁƹ ǈǉǇƺǇǃƶ� ǌǔǌƽ
f(v) = f(pW⊥(v)) ƻǁƹ ǂƴǀƽ v ∈ V� ƚǅ f ≠ y� ǂƹǁ w Ƶǅƹ Ǆƿ ǄƿƼƽǅǁǂǔ ƼǁƴǅǍǋǄƹ ǌǇǍ W⊥� ǌǔǌƽ

pW⊥(v) = ⟨v-w⟩
∥w∥k w ƻǁƹ ǂƴǀƽ v ∈ VX

ƫǍǅƽǈǖǊ�

f(v) = ⟨v-w⟩f(w)∥w∥k = ⟨v- f(w)∥w∥kw⟩ ƻǁƹ ǂƴǀƽ v ∈WX

�https://en.wikipedia.org/wiki/Riesz_representation_theorem
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ĹŋřřŎ 9,,����� İś őŗŏ ŘŊŖœ v ∈ V ŗšťūœŗ

⟨v-wR⟩ = ⟨v-wk⟩
ŢŪŢœ wR = wk�

İŞŪŒœŗŜŕ� ƓǏǇǍǄƽ ǔǌǁ ƻǁƹ ǂƴǀƽ v ∈ V ⟨v-wR −wk⟩ = y� Ǉǈǔǌƽ ƹǉǂƽƷ ǅƹ ǈƴǉǇǍǄƽ v = wR −wk�

ĶŒūŞŔřŎ 9,,����� ĩšŢŧ V ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪŠ ťŬşŝŠ Śœ œšŧŢœşŗŘŪ őŗ�
śŪŚœśŝ� Ĳŗŏ ŘŊŖœ őşŏŚŚŗŘŌ šţśŊşŢŕšŕ T ∶ V → V� ţŞŊşťœŗ ŚŝśŏŒŗŘŌ őşŏŚŚŗŘŌ šţśŊşŢŕšŕ T∗
ŬšŢœ ⟨Tv-w⟩ = ⟨v- T∗w⟩ őŗŏ ŘŊŖœ v-w ∈ VX

İŞŪŒœŗŜŕ� ƫǌƹǀƽǉǇǈǇǁǇǕǄƽ Ƶǅƹ w ∈ V� Ƭǔǌƽ ƿ ǋǍǅƴǉǌƿǋƿ

V #→ F
v$→ ⟨Tv-w⟩

ƽƷǅƹǁ Ƶǅƹ ǋǌǇǁǏƽƷǇ ǌǇǍ ƼǍǁǂǇǕ ǏǖǉǇǍ ǂƹǁ ǋǍǅƽǈǖǊ ǍǈƴǉǏƽǁ ǄǇǅƹƼǁǂǔ w ′ ∈ V� ǌǇ ǇǈǇƷǇ ǀƹ ǌǇ
ǋǍǄƺǇǃƷƾǇǍǄƽ Ǆƽ T∗w� ǖǋǌƽ ⟨Tv-w⟩ = ⟨v- T∗w⟩X
ơƹ ǈǉƵǈƽǁ ǅƹ ƼƽƷǆǇǍǄƽ ǔǌǁ ǌǇ T∗w ƽƷǅƹǁ Ǆǁƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ǌǇǍ w� ƩǉƴƻǄƹǌǁ� ƻǁƹ λR-λk ∈ F
ǂƹǁ wR-wk ∈ V ƵǏǇǍǄƽ

⟨v- T∗(λRwR + λkwk)⟩ = ⟨Tv-λRwR + λkwk⟩
= λR⟨Tv-wR⟩ + λk⟨Tv-wk⟩
= λR⟨v- T∗wR⟩ + λk⟨v- T∗wk⟩= ⟨v-λRT

∗(wR) + λkT
∗(wk)⟩-

ƹǈǔ ǔǈǇǍ ƵǏǇǍǄƽ� ǋǕǄǎǑǅƹ Ǆƽ ǌǇ ǃƶǄǄƹ 9,,����� ǔǌǁ

T∗(λRwR + λkwk) = λRT
∗(wR) + λkT

∗(wk)X

ĶŒūŞŔřŎ 9,,����� Łœ ŋśŏ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ V ŖœŧşŝūŚœ Ţŝś ťŬşŝ

1M/(V) = {T ∶ V → V ∶ T őşŏŚŚŗŘŌ}X
Ķ šţśŊşŢŕšŕ T ↦ T∗ œōśŏŗ Śŗŏ šţśŊşŢŕšŕ 1M/(V)→ 1M/(V) ŕ ŝŞŝōŏ ŗŘŏśŝŞŝŗœō

�� (TR + Tk)∗ = T∗R + T∗k � őŗŏ ŘŊŖœ TR- Tk ∈ 1M/(V)
�� (λT)∗ = λT∗� őŗŏ ŘŊŖœ λ ∈ C Řŏŗ ŘŊŖœ T ∈ 1M/(V)
�� (TRTk)∗ = T∗k T∗R őŗŏ ŘŊŖœ TR- Tk ∈ 1M/(V)
�� (T∗)∗ = T őŗŏ ŘŊŖœ T ∈ 1M/(V)



9,,��� Ķ ŁŃĵŃĲĪŁ ĲŀİĻĻĸĹĪ ŁŃļħŀłĶŁĶ ���

İŞŪŒœŗŜŕ� Ɯǁƹ ǌǇ �� ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƻǁƹ ǂƴǀƽ v-w ∈ V ƵǏǇǍǄƽ

⟨v- (TR + Tk)∗w⟩ = ⟨(TR + Tk)v-w⟩ = ⟨TRv-w⟩ + ⟨Tkv-w⟩ = ⟨v- T∗R w⟩ + ⟨v- T∗k w⟩ = ⟨v- (T∗R + T∗k )w⟩
Ǉǈǔǌƽ ƿ ǁǋǔǌƿǌƹ ǈǉǇǂǕǈǌƽǁ ǃǔƻǑ ǌǇǍ ǄǇǅǇǋƿǄƴǅǌǇǍ ǌǇǍ (TR + Tk)∗�

ƬǇ �� ǈǉǇǂǕǈǌƽǁ Ǆƽ ǈƹǉǔǄǇǁǇ ǌǉǔǈǇ

⟨v- (λT)∗w⟩ = ⟨λTv-w⟩ = λ⟨Tv-w⟩ = λ⟨v- T∗w⟩ = ⟨v-λT∗w⟩X
Ɯǁƹ ǌǇ �� ƵǏǇǍǄƽ ⟨v- (TRTk)∗w⟩ = ⟨TRTkv-w⟩ = ⟨Tkv- T∗R w⟩ = ⟨v- T∗k T∗R w⟩X
Ɯǁƹ ǌǇ �� ǍǈǇǃǇƻƷƾǇǍǄƽ

⟨v- (T∗)∗w⟩ = ⟨T∗v-w⟩ = ⟨w- T∗v⟩ = ⟨Tw-v⟩ = ⟨v- Tw⟩X

ľŞũšŎŠŔ 9,,����� Łœ ŋśŏ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ Śœ œšŧŢœşŗŘŪ őŗśŪŚœśŝ
Řŏŗ B = {eR- X X X -en} Śŗŏ ŒŗŏŢœŢŏőŚŋśŕ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ� ŏś (T -B-B) = (aij) œōśŏŗ ŝ ŞōśŏŘŏŠ
ŚŗŏŠ őşŏŚŚŗŘŌŠ šţśŊşŢŕšŕŠ T ∶ V → V� ŋťŝţŚœ ŪŢŗ aij = ⟨Tej-ei⟩�

İŞŪŒœŗŜŕ� ƞǂǎǉƴƾǇǍǄƽ ǂƴǀƽ v ∈ V ǑǊ ƻǉƹǄǄǁǂǔ ǋǍǅƼǍƹǋǄǔ ǌǑǅ ǋǌǇǁǏƽƷǑǅ ǌƿǊ ǇǉǀǇǂƹǅǇǅǁǂƶǊ
ƺƴǋƿǊ�

v = n∑
i=R
⟨v-ei⟩eiX

ƨ ǈƷǅƹǂƹǊ ǌǇǍ T ǍǈǇǃǇƻƷƾƽǌƹǁ ƹǈǔ ǌƿǅ ǋǏƵǋƿ

Tej = n∑
i=R

ai-jei

ƴǉƹ
⟨Tej-ei⟩ = n∑

i=R
⟨aijej-ei⟩ = aijX

ľũŞŖŠřŎ 9,,������ Łœ ŘŊŖœ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ B Ţŝţ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ťŬşŝţ V� Řŏŗ
ŘŊŖœ őşŏŚŚŗŘŌ T ∶ V → Vŗšťūœŗ ŪŢŗ

(T∗-B-B) = (T -B-B)∗-
ŪŞŝţ őŗŏ ŋśŏ ŞōśŏŘŏ A ŖŋŢŝţŚœ A∗ = At

� ŒŕřŏŒŌ Ţŝś ŏśŊšŢşŝŤŝ šŢŝś ŝŞŝōŝ ŋťŝţŚœ œŤŏşŚŪšœŗ
Ţŕś ŚŗőŏŒŗŘŌ šţŔţőōŏ šœ ŘŊŖœ šŢŝŗťœōŝ Ţŝţ�

İŞŪŒœŗŜŕ� ƓǋǌǑ B = {eR- X X X -en} ǄƷƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǌǇǍ V ǂƹǁ A = (aij) = (T -B-B)� B =(bij) = (T∗-B-B)� ƓǏǇǍǄƽ ǔǌǁ

aij = ⟨Tej-ei⟩- bij = ⟨T∗ej-ei⟩X
ƫǍǅƽǈǖǊ

bij = ⟨T∗ej-ei⟩ = ⟨ej- Tei⟩ = ⟨Tei-ej⟩ = aji-
ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǌǇ ƾƿǌǇǕǄƽǅǇ�
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ľŎŞŉőŒŖŐřŎ 9,,������ ƚǅ ǀƽǑǉƶǋǇǍǄƽ ǌǇǅ ǏǖǉǇ Cn ǌǑǅ ƼǁƹǅǍǋǄƴǌǑǅ ǋǌƿǃǖǅ� ǌǔǌƽ ƿ ǋǍǅƴǉǌƿǋƿ
Cn ×Cn #→ C
(x-y)$→ y∗x = ⟨x-y⟩

ǇǉƷƾƽǁ ǌǇ ƽǉǄƿǌǁƹǅǔ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ� ƥǁƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ƼƷǅƽǌƹǁ ǄƵǋǑ ƽǅǔǊ n×n ǈƷǅƹǂƹ
A� ƼƿǃƹƼƶ x↦ Ax� ƓǏǇǍǄƽ ǔǌǁ

⟨Ax-y⟩ = y∗Ax = (A∗y)∗x = ⟨x-A∗y⟩X
ĦŠŗŔŠŔ 9,,������ ơƽǑǉǇǕǄƽ ǌǇǅ ǏǖǉǇ Cn-n Ǆƽ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ

⟨A-B⟩ = i`(B∗A)X
Ɯǁƹ Ƶǅƹ ǋǌƹǀƽǉǔ ǈƷǅƹǂƹ M ǀƽǑǉǇǕǄƽ ǌƿǅ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ

LM ∶ Cn-n #→ Cn-n

A$→MA

ƝƽƷǆǌƽ ǔǌǁ L∗M = LM∗�
ĹŪŠŔ 9,,������ ƭǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ

⟨LM(A)-B⟩ = i`B∗MA) = i`MAB∗ = i`(AB∗M)
= i`(A(M∗B)∗) = i`(M∗B)∗A = ⟨A-M∗B⟩ = ⟨A-LM∗B⟩X

ĦŠŗŔŠŔ 9,,������ ơƽǑǉǇǕǄƽ ǌǇǅ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ C[x] Ǆƽ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ

⟨f-g⟩ = ∫ R

y
f(t)g(t)dtX

ˡ ƝƽƷǆǌƽ ǔǌǁ ƻǁƹ ǋǌƹǀƽǉǔ f ∈ C[x] ƻǁƹ ǌƿǅ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ
Mf ∶ C[x]#→ C[x]

g$→ fg

ǁǋǏǕƽǁ ǔǌǁ M∗
f =Mf�

ˡ Ɯǁƹ ǌƿǅ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ
D ∶ C[x]#→ C[x]

g$→Dg = g ′
Ƽƽǅ ǍǈƴǉǏƽǁ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ D∗� ǖǋǌƽ ⟨Df-g⟩ = ⟨f-D∗g⟩ ƻǁƹ ǂƴǀƽ f-g ∈ C[x]�

ĹŪŠŔ 9,,������ ƭǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ

⟨Mfg-h⟩ = ⟨fg-h⟩ = ∫ R

y
f(t)g(t)h(t)dt

= ∫ R

y
g(t)f(t)h(t)dt = ⟨g- fh⟩ = ⟨g-Mf(h)⟩X

Ɯǁƹ ǌƿǅ ǋǍǅƴǉǌƿǋƿ ǈƹǉƹƻǖƻǁǋƿǊ D ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ
⟨Df-g⟩ = f(R)g(R) − f(y)g(y) − ⟨f-Dg⟩X

Ɯǁƹ g ǋǌƹǀƽǉǔ ǍǈǇǀƵǌǇǍǄƽ ǔǌǁ ǍǈƴǉǏƽǁ ǈǇǃǍǖǅǍǄǇ D∗ ǖǋǌƽ ⟨Df-g⟩ = ⟨f-D∗g⟩� Ƭǔǌƽ
⟨f-D∗g⟩ = f(R)g(R) − f(y)g(y) − ⟨f-Dg⟩

ǁǋǇƼǕǅƹǄƹ ⟨f-D∗g +Dg⟩ = f(R)g(R) − f(y)g(y)X
ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƻǁƹ g ǋǌƹǀƽǉǔ ǌǇ L(f) = f(R)g(R)−f(y)g(y) ƽƷǅƹǁ Ƶǅƹ ǋǌǇǁǏƽƷǇ ǌǇǍ ƼǍǁǂǇǕ ǏǖǉǇǍ
ǔǈǑǊ ǋǌƿǅ ǈƹǉƹǌƶǉƿǋƿ 9,,���� ǂƹǁ Ƽƽǅ ǍǈƴǉǏƽǁ h ∈ C[x] ǖǋǌƽ L(f) = ⟨f-h⟩ ƽǂǌǔǊ ƹǅ L = y� ƫǍǅƽǈǖǊ
ƿ Ǖǈƹǉǆƿ ǌǇǍ D∗g ǄƹǊ ƼƷǅƽǁ ǔǌǁ ǌǇ h =D∗g+Dg ǈǉƵǈƽǁ ǅƹ ƽƷǅƹǁ ǄƿƼƽǅǁǂǔ ǂƹǁ g(y) = g(R) = y� ƚǅ
ƼǁƹǃƵǆǇǍǄƽ g ǖǋǌƽ g(y) ≠ y ƶ g(R) ≠ y ǌǇ D∗g Ƽƽǅ ǇǉƷƾƽǌƹǁ ǂƹǁ Ƽƽǅ ǍǈƴǉǏƽǁ ǋǍƾǍƻƶǊ�



9,,��� ĻľļİĳĸİīĴŁ ĲŀİĻĻĸĹĩŁ ŁŃļİŀłĪŁĴĸŁ ���

9,,�� ĺŜŚŎőŖŎŌŒş ŐŞŎřřŖŗŊş ŠŢŚŎŞšŋŠŒŖş

ĽŞŖŠřũş 9,,����� ơƹ ǃƵǄƽ ǔǌǁ ǄƷƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ∶ V →W ƹǅƴǄƽǋƹ ǋƽ ƼǁƹǅǍǋǄƹǌǁ�
ǂǇǕǊ ǏǖǉǇǍǊ V-W ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǔǌƹǅ

⟨Tv- Tv⟩ = ⟨v-v⟩- ƻǁƹ ǂƴǀƽ v ∈ VX

ƓǅƹǊ ǁǋǇǄǇǉǎǁǋǄǔǊ ƹǅƴǄƽǋƹ ǋƽ ǏǖǉǇǍǊ Ǆƽ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ǀƹ ƽƷǅƹǁ ƵǅƹǊ ǁǋǇǄǇǉǎǁǋǄǔǊ
ǈǇǍ ƽǈǁǈǃƵǇǅ ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ�

ľŎŞŎšŋŞŔŠŔ 9,,����� ƥǁƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ V → W ǈǇǍ ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ
Ƽƽǅ ǄǈǇǉƽƷ ǅƹ ƵǏƽǁ Ǆƿ ǌƽǌǉǁǄǄƵǅǇ ǈǍǉƶǅƹ� ƹǎǇǕ ∥Tv∥ = ∥v∥ ǂƹǁ ƹǅ v ∈ F2` ǌǔǌƽ v = y�

ƫǍǅƽǈǖǊ ƹǅ /BKV = /BKW ǂƴǀƽ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ V → W ǈǇǍ ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ
ƻǁǅǔǄƽǅǇ ƽƷǅƹǁ ǁǋǇǄǇǉǎǁǋǄǔǊ�

ľŎŞŎšŋŞŔŠŔ 9,,����� ƣƴǀƽ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ T ∶ V → W ǈǇǍ ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁ�
ǅǔǄƽǅǇ ǄƽǌƹǎƵǉƽǁ ǇǉǀǇǂƹǅǇǅǁǂƵǊ ƺƴǋƽǁǊ ǋƽ ǇǉǀǇǂƹǅǇǅǁǂƵǊ ƺƴǋƽǁǊ� ƚǅǌǁǋǌǉǔǎǑǊ ƹǅ {eR- X X X -en}
ƽƷǅƹǁ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǌǇǍ V� ǖǋǌƽ {TeR- X X X - Ten} ǅƹ ƽƷǅƹǁ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǌǇǍ
W� ǌǔǌƽ ƻǁƹ ǂƴǀƽ v-w ∈ V� ƵǏǇǍǄƽ

v = n∑
i=R

λiei-w = n∑
j=R

µjej

ǂƹǁ
⟨v-w⟩ = n∑

i=R
n∑
j=R

λiµj⟨ei-ej⟩ = n∑
i=R

λiµjX

ƨǄǇƷǑǊ
⟨Tv- Tw⟩ = n∑

i=R
n∑
j=R

λiµj⟨Tei- Tej⟩ = n∑
i=R

λiµj-

ƼƿǃƹƼƶ ⟨v-w⟩ = ⟨Tv- Tw⟩X

ĽŞŖŠřũş 9,,����� ƥƷƹ ǄǇǅƹƼǁƹƷƹ �XQLWDU\� ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ƽƷǅƹǁ ƵǅƹǊ ǁǋǇǄǇǉǎǁǋǄǔǊ
ǈǇǍ ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ�

ľŎŞŎšŋŞŔŠŔ 9,,����� Ơ ǋǕǅǀƽǋƿ ƼǕǇ ǄǇǅƹƼǁƹƷǑǅ ƻǉƹǄǄǁǂǖǅ ǋǍǅƹǉǌƶǋƽǑǅ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷƹ
ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ� ƿ ǌƹǍǌǇǌǁǂƶ ǋǍǅƴǉǌƿǋƿ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ� ƫǍǅƽ�
ǈǖǊ Ǉǁ ǄǇǅƹƼǁƹƷƽǊ ƻǉƹǄǄǁǂƵǊ ǋǍǅƹǉǌƶǋƽǁǊ ƹǈǇǌƽǃǇǕǅ ǍǈǇǇǄƴƼƹ ǌƿǊ ǇǄƴƼƹǊ ǌǑǅ ƹǅǌǁǋǌǉƵǐǁǄǑǅ
ƻǉƹǄǄǁǂǖǅ ǋǍǅƹǉǌƶǋƽǑǅ�

ľŞũšŎŠŔ 9,,����� Ļōŏ őşŏŚŚŗŘŌ šţśŊşŢŕšŕ œōśŏŗ ŚŝśŏŒŗŏōŏ ŏś Řŏŗ ŚŪśŝ ŏś œōśŏŗ ŏśŢŗšŢşŋ�
ŦŗŚŕ Řŏŗ U−R = U∗�

İŞŪŒœŗŜŕ� ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ U ƽƷǅƹǁ ǄǇǅƹƼǁƹƷƹ� ƼƿǃƹƼƶ ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ� Ʃƹǉƹǌƿ�
ǉǇǕǄƽ ǔǌǁ ƻǁƹ ǂƴǀƽ v-w ∈W ǂƹǁ U ∶ V → U ǄǇǅƹƼǁƹƷƹ ƵǏǇǍǄƽ

⟨Uv-w⟩ = ⟨Uv- A/Vw⟩ A/V=UU−1= ⟨Uv-UU−Rw⟩ = ⟨v-U−Rw⟩



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǔǌǁ U−R = U∗�
ƚǅǌǁǋǌǉǔǎǑǊ� ƹǅ U−R = U∗� ǌǔǌƽ

⟨Uv-Uw⟩ = ⟨v-U∗Uw⟩ = ⟨v-w⟩ ƻǁƹ ǂƴǀƽ v-w ∈ VX

ĽŞŖŠřũş 9,,����� ƓǅƹǊ ǈƷǅƹǂƹǊ A ∈ Cn-n ǀƹ ǃƵƻƽǌƹǁ ǄǇǅƹƼǁƹƷǇǊ �XQLWDU\� ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ
ƻǁƹ A∗ = At ǁǋǏǕƽǁ AA∗ = In�

ľŞũšŎŠŔ 9,,����� Łœ ŋśŏ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ V ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŕ őşŏŚŚŗŘŌ šţśŊş�
Ţŕšŕ T ∶ V → V œōśŏŗ ŚŝśŏŒŗŏōŏ ŏś Řŏŗ ŚŪśŝ ŏś ŝ ŞōśŏŘŏŠ ŢŕŠ ŧŠ ŞşŝŠ Śŗŏ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ
œōśŏŗ œōśŏŗ ŚŝśŏŒŗŏōŝŠ�

İŞŪŒœŗŜŕ� ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƹǅ A = (T -B-B) ƽƷǅƹǁ Ǉ ǈƷǅƹǂƹǊ ǌƿǊ T ǑǊ ǈǉǇǊ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ
ƺƴǋƿ B ǌǔǌƽ Ǉ ǈƷǅƹǂƹǊ (T∗-B-B) ǌƿǊ T∗ ƽƷǅƹǁ Ǉ A∗ = At�

ĽŞŖŠřũş 9,,����� ƓǅƹǊ ǈǉƹƻǄƹǌǁǂǔǊ ƶ ǄǁƻƹƼǁǂǔǊ ǈƷǅƹǂƹǊ ǀƹ ǃƵƻƽǌƹǁ ǇǉǀǇƻǖǅǁǇǊ ƹǅ AAt =
In�

ľŎŞŎšŋŞŔŠŔ 9,,������ ƓǅƹǊ ǈǉƹƻǄƹǌǁǂǔǊ ǈƷǅƹǂƹǊ ƽƷǅƹǁ ǇǉǀǇƻǖǅǁǇǊ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ƽƷǅƹǁ ǄǇ�
ǅƹƼǁƹƷǇǊ�

ľŞũšŎŠŔ 9,,������ ĩśŏŠ ŞōśŏŘŏŠ œōśŏŗ ŚŝśŏŒŗŏōŝŠ ŏś Řŏŗ ŚŪśŝ ŏś ŝŗ őşŏŚŚŋŠ Ō ŝŗ šŢŌřœŠ Ţŝţ
ŏŞŝŢœřŝūś ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ Ţŝţ Cn Śœ Ţŝ œşŚŕŢŗŏśŪ œšŧŢœşŗŘŪ őŗśŪŚœśŝ ⟨x-y⟩ = y∗x�

İŞŪŒœŗŜŕ� ƜǉƴǎǇǍǄƽ ǌǇǅ ǈƷǅƹǂƹ A = (aR- X X X -an)� ǔǈǇǍ ai ƽƷǅƹǁ ƿ i�ǋǌƶǃƿ ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉ
ǈƷǅƹǂƹǊ A∗ = (cij) ƵǏƽǁ

cij = (ai)∗aj = ⟨aj-ai⟩X
Ơ ǋǍǅǀƶǂƿ ∗ = In ƽƷǅƹǁ ǁǋǇƼǕǅƹǄƿ Ǆƽ ǌǇ ǔǌǁ cij = δij = ⟨aj-ai⟩ ƼƿǃƹƼƶ Ǉǁ ǋǌƶǃƽǊ ƹǈǇǌƽǃǇǕǅ Ǆǁƹ
ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ�

Ɯǁƹ ǅƹ ƼƽƷǆǇǍǄƽ ǔǌǁ ǂƹǁ Ǉǁ ǋǌƶǃƽǊ ƹǈǇǌƽǃǇǕǅ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ

A∗A = In⇔ (At)(At)∗ = In-

ƼƿǃƹƼƶ Ǉ A ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ Ǉ At ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ�

Ơ ǄƵǀǇƼǇǊ *UDP�6FKPLGW ƵǏƽǁ ǌƿǅ ǈƹǉƹǂƴǌǑ ƽǅƼǁƹǎƵǉǇǍǋƹ ǋǍǅƵǈƽǁƹ�

ľŞũšŎŠŔ 9,,������ Ĳŗŏ ŘŊŖœ ŏśŢŗšŢşŋŦŗŚŝ n×n ŞōśŏŘŏA ţŞŊşťœŗ ŚŝśŏŒŗŘŪŠ ŘŊŢŧ ŢşŗőŧśŗŘŪŠ
ŞōśŏŘŏŠ B Śœ ŖœŢŗŘŊ šŢŝŗťœōŏ šŢŕś ŒŗŏőŬśŗŝ ŬšŢœ BA śŏ œōśŏŗ ŚŝśŏŒŗŏōŝŠ�



9,,��� ĻľļİĳĸİīĴŁ ĲŀİĻĻĸĹĩŁ ŁŃļİŀłĪŁĴĸŁ ���

İŞŪŒœŗŜŕ� ƨǁ ƻǉƹǄǄƵǊ aR- X X X -an ǌǇǍ ǈƷǅƹǂƹ ƽƷǅƹǁ ƻǉƹǄǄǁǂƴ ƹǅƽǆƴǉǌƿǌƽǊ ƹǎǇǕ Ǉ ǈƷǅƹǂƹǊ A
ƽƷǅƹǁ ƹǅǌǁǋǌǉƵǐǁǄǇǊ� ƞǂǌƽǃǇǕǄƽ ǌƿǅ ǄƵǀǇƼǇ *UDP�6FKPLGW ǋǌǁǊ ƻǉƹǄǄƵǊ aR- X X X -an ǂƹǁ ǂƹǌƹ�
ǃƶƻǇǍǄƽ ǋƽ ǄƷƹ ǇǉǀǇƻǖǅǁƹ ƺƴǋƿ uR- X X X -un ǌǇǍ Cn� ƣƹǌƴ ǌƿǅ ƼǁƹƼǁǂƹǋƷƹ ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ǋƽ
ǂƴǀƽ ƺƶǄƹ ǌƿǊ ƹǅƹƼǉǇǄǁǂƶǊ ǇǉǀǇǂƹǅǇǅǁǂǇǈǇƷƿǋƿǊ ǌƹ {uR- X X X -ui} ƹǈǇǌƽǃǇǕǅ Ǆǁƹ ǇǉǀǇƻǖǅǁƹ
ƺƴǋƿ ǌǇǍ ƼǁƹǅǍǋǄƹǌǁǂǇǕ ǏǖǉǇǍ ⟨aR- X X X -ai⟩ ǂƹǁ ǔǌǁ

uk = ak − k−R∑
j=R
⟨ak-uj⟩∥uj∥k uj

ƝƿǃƹƼƶ� ǍǈƴǉǏǇǍǅ ǄǇǅƹƼǁǂǇƷ ǋǍǅǌƽǃƽǋǌƵǊ γkj ǖǋǌƽ

uk = ak − k−R∑
j=R

γkjajX

ơƽǑǉǇǕǄƽ ǌǇǅ XQLWDU\ ǈƷǅƹǂƹ U Ǆƽ ƻǉƹǄǄƵǊ uR/∥uR∥- X X X -un/∥un∥ ǂƹǁ B ǌǇǅ ǈƷǅƹǂƹ ǈǇǍ ǇǉƷƾƽǌƹǁ
ƹǈǔ

bkj =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

− γkj∥uk∥ ƹǅ j < k
R∥uk∥ ƹǅ j = k

y ƹǅ j > k
ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉ B ƽƷǅƹǁ ǂƴǌǑ ǌǉǁƻǑǅǁǂǔǊ� ƵǏƽǁ ǀƽǌǁǂƵǊ ǌǁǄƵǊ ǋǌƿǅ ƼǁƹƻǖǅǁǇ ǂƹǁ ƽǈƷǋƿǊ

uk∥uk∥ =
n∑
j=R

bkjaj- ƻǁƹ ǂƴǀƽ R ≤ k ≤ n-

ƼƿǃƹƼƶ U = BA�
ơƹ ƹǈǇƼƽƷǆǇǍǄƽ ǌǖǉƹ ǔǌǁ ƿ ƻǉƹǎƶ ƽƷǅƹǁ ǄǇǅƹƼǁǂƶ� ơƽǑǉǇǕǄƽ ǌǇ ǋǕǅǇǃǇ T+(n) ǌǑǅ n×n ǂƴǌǑ

ǌǉǁƻǑǅǁǂǖǅ ǈǁǅƴǂǑǅ Ǆƽ ǀƽǌǁǂƴ ǋǌǇǁǏƽƷƹ ǋǌƿǅ ƼǁƹƻǖǅǁǇ ǂƹǁ Ǆƽ U(n) ǌǇ ǋǕǅǇǃǇ ǌǑǅ ǄǇǅƹƼǁƹƷǑǅ
n ×n ǈǁǅƴǂǑǅ�

ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ BR-Bk ∈ T+(n)� ǖǋǌƽ BRA-BkA ∈ U(n)� ƓǏǇǍǄƽ ǔǌǁ Ǉ ƹǅǌƷǋǌǉǇǎǇǊ ǂƴǀƽ ǄǇǅƹ�
ƼǁƹƷǇǍ ǈƷǅƹǂƹ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ ǂƹǁ ǔǌǁ ǌǇ ƻǁǅǔǄƽǅǇ ƼǕǇ ǄǇǅƹƼǁƹƷǑǅ ǈǁǅƴǂǑǅ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ�
ƫǍǅƽǈǖǊ� (BA)(BkA)−R = BRB

−R
k ∈ U(n)X

ƞǈƷǋƿǊ ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉ ƹǅǌƷǋǌǉǇǎǇǊ ǂƴǀƽ ǈƷǅƹǂƹ ǋǌǇ T+(n) ƹǅƶǂƽǁ ǋǌǇ T+(n) ǔǈǑǊ ǂƹǁ ǌǇ
ƻǁǅǔǄƽǅǇ ƼǕǇ ǈǁǅƴǂǑǅ ǋǌǇ T+(n) ƹǅƶǂƽǁ ǋǌǇ T+(n)� ƼƽƷǌƽ ǌƿǅ ƴǋǂƿǋƿ 9,,������

ƚǎǇǕ BRB−R
k ∈ U(n)� ƵǏǇǍǄƽ ǔǌǁ (BRB−R

k )−R = (BRB−R
k )∗� ƝƿǃƹƼƶ Ǉ ǈƷǅƹǂƹǊ (R−R

k )−R ƽƷǅƹǁ ǂƴǌǑ
ǌǉǁƻǑǅǁǂǔǊ� ǑǊ ƹǅǌƷǋǌǉǇǎǇǊ ǋǌǇǁǏƽƷǇǍ ǋǌǇ T+(n) ƹǃǃƴ ǂƹǁ ƴǅǑ ǌǉǁƻǑǅǁǂǔǊ ǑǊ ƹǅƴǋǌǉǇǎǇǊ ǂƴǌǑ
ǌǉǁƻǑǅǁǂǇǕ� Ƒǉƹ ƽƷǅƹǁ ƼǁƹƻǖǅǁǇǊ� ƣƹǁ ƹǎǇǕ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ ǌƹ ǋǌǇǁǏƽƷƹ ǌƿǊ ƼǁƹƻǑǅƷǇǍ ǌǇǍ ƵǏǇǍǅ
ǄƵǌǉǇ R ǂƹǁ ƽƷǅƹǁ ǂƹǁ ǌƹǍǌǔǏǉǇǅƹ ǀƽǌǁǂƴ� Ƒǉƹ BRB−R

k = In�
ľŎŞŉőŒŖŐřŎ 9,,������ Ʀƹ ƺǉƽǀƽƷ ǂƴǌǑ ǌǉǁƻǑǅǁǂǔǊ ǈƷǅƹǂƹǊ B Ǆƽ ǀƽǌǁǂƴ ǋǌǇǁǏƽƷƹ ǋǌƿǅ ƼǁƹƻǖǅǁǇ
ƻǁƹ ǌǇǅ ǈƷǅƹǂƹ A

A = ⎛⎜⎝
R k j
k R y−R R k

⎞⎟⎠
ǖǋǌƽ Ǉ ǈƷǅƹǂƹǊ BA ǅƹ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ�

ƫǌǇ ǈƹǉƴƼƽǁƻǄƹ 9,,���� ǂƴǅƹǄƽ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂǇǈǇƷƿǋƿ ǌǑǅ ƻǉƹǄǄǖǅ ǌǇǍ ǈƷǅƹǂƹ ǍǈǇǃǇ�
ƻƷƾǇǅǌƹǊ ǔǌǁ

uR = vR-uk = vk − k
dvR-uj = vj − R

kvR + kR
kduk

= vj − R
kvR + kR

kd(vk − k
dvR)

= vj + kR
kdvk − Rj

R3vR



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

Ǉǈǔǌƽ ƵǏǇǍǄƽ ǌǇǅ ǈƷǅƹǂƹ

B ′ = ⎛⎜⎝
R y y−k
d R y

Rj
R3

d
N R

⎞⎟⎠
ǖǋǌƽ

B ′A = ⎛⎜⎝
R k j
Rk
d

j
d −e

d−R
e

R
j −R

e

⎞⎟⎠
ƨ ǌƽǃƽǍǌƹƷǇǊ ǈƷǅƹǂƹǊ Ƽƽǅ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ ƻǁƹǌƷ Ǉǁ ƻǉƹǄǄƵǊ ƽƷǅƹǁ ǇǉǀǇƻǖǅǁƽǊ ƹǃǃƴ Ƽƽǅ ƵǏǇǍǅ
ǄƵǌǉǇ �� ƚǅǌǁǂƹǀǁǋǌǖǅǌƹǊ ǌǇǅ ǈƷǅƹǂƹ B ′ Ǆƽ ǌǇǅ ǈƷǅƹǂƹ

B = ⎛⎜⎜⎝
R√
R9 y y

− k
√

d
d
√

kd

√
d/kd y

Rj
R3
√

e d
N
√

e
√

e

⎞⎟⎟⎠
ƵǏǇǍǄƽ ǌƿǅ ƾƿǌǇǕǄƽǅƿ ƹǅƴǃǍǋƿ�

ĦŠŗŔŠŔ 9,,������ ƓǋǌǑ T+(n) ǌǇ ǋǕǅǇǃǇ ǌǑǅ n×n ǂƴǌǑ ǌǉǁƻǑǅǁǂǖǅ ǈǁǅƴǂǑǅ Ǆƽ ǀƽǌǁǂƴ ǋǌǇǁǏƽƷƹ
ǋǌƿǅ ƼǁƹƻǖǅǁǇ� ƝƽƷǆǌƽ ǔǌǁ ƻǁƹ ǂƴǀƽ BR-Bk ∈ T+(n) ǌǇ ƻǁǅǔǄƽǅǇ BRBk ∈ T+(n) ǂƹǁ ǔǌǁ ƻǁƹ ǂƴǀƽ
B ∈ T+(n) ǁǋǏǕƽǁ ǔǌǁ B−R ∈ T+(n)�
ĹŪŠŔ 9,,������ ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ ǌǇ ƻǁǅǔǄƽǅǇ ƼǕǇ ǂƴǌǑ ǌǉǁƻǑǅǁǂǖǅ ǈǁǅƴǂǑǅ ƽƷǅƹǁ ǂƴǌǑ ǌǉǁƻǑǅǁǂǔǊ
ǈƷǅƹǂƹǊ ƹǃǃƴ ǂƹǁ ǔǌǁ ǌǇ ƻǁǅǔǄƽǅǇ ƼǕǇ ǈǁǅƴǂǑǅ ǈǇǍ Ǉ ǂƹǀƵǅƹǊ ƵǏƽǁ ǀƽǌǁǂƴ ǋǌǇǁǏƽƷƹ ǋǌƿǅ ƼǁƹƻǖǅǁǇ
ǀƹ ƵǏƽǁ ǂƹǁ ƹǍǌǔ ǀƽǌǁǂƴ ǋǌǇǁǏƽƷƹ ǋǌƿǅ ƼǁƹƻǖǅǁǇ�

ơƽǑǉǇǕǄƽ Ƶǅƹ ǂƴǌǑ ǌǉǁƻǑǅǁǂǔ ƹǅǌǁǋǌǉƵǐǁǄǇ ǈƷǅƹǂƹ B ǌǇǅ ǇǈǇƷǇ ǌǇǅ ƻǉƴǎǇǍǄƽ ǋǌƿǅ ǄǇǉǎƶ

B = ∆(In + L)
ǔǈǇǍ Ǉ ∆ ƽƷǅƹǁ ƼǁƹƻǖǅǁǇǊ ǈƷǅƹǂƹǊ Ǆƽ Ǆƶ�ǄƿƼƽǅǁǂƴ ǋǌǇǁǏƽƷƹ ƽǅǖ Ǉ L ƽƷǅƹǁ ǂƴǌǑ ǌǉǁƻǑǅǁǂǔǊ Ǆƽ
ǄƿƼƽǅǁǂƴ ǋǌǇǁǏƽƷƹ ǋǌƿǅ ƼǁƹƻǖǅǁǇ� ƢǋǏǕƽǁ ǔǌǁ Ln = y �ǌǇ ǇǈǇƷǇ ǌǇ ƺǃƵǈǇǍǄƽ ƽƷǌƽ ƹǈǔ ǌƿǅ Ƽǁƹƻǖǅǁƹ
ǄǇǉǎƶ ǌǇǍ ǈƷǅƹǂƹ ƽƷǌƽ ƽǆǍǈǅǔǌƽǉƹ ƹǈǔ ǌǇ ơƽǖǉƿǄƹ &DOH\�+DPLOWRQ�� Ƭǖǉƹ ǍǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ

(In + L)(In − L + Lk − Lj +⋯ + (−R)n−RLn−R) = InX

Ƒǉƹ
B−R = (In + L)−R∆−R = (In − L + Lk − Lj +⋯ + (−R)n−RLn−R)∆−R

Ǉ ǇǈǇƷǇǊ ƽƷǅƹǁ ǂƴǌǑ ǌǉǁƻǑǅǁǂǔǊ� ǑǊ ƴǀǉǇǁǋǄƹ ƻǁǅǇǄƵǅǑǅ ǂƴǌǑ ǌǉǁƻǑǅǁǂǖǅ ǈǁǅƴǂǑǅ� Ơ ƹǈƹƷǌƿǋƿ
ƻǁƹ ǀƽǌǁǂƴ ǋǌǇǁǏƽƷƹ ǋǌƿǅ ƼǁƹƻǖǅǁǇ ƽƷǅƹǁ ƽǄǎƹǅƶǊ ƹǈǔ ǌǇǅ ǍǈǇǃǇƻǁǋǄǔ ƹǅǌǁǋǌǉǔǎǇǍ ƼǁƹƻǖǅǁǇǍ
ǈƷǅƹǂƹ�

ĦŠŗŔŠŔ 9,,������ ơƽǑǉǇǕǄƽ ǌǇǅ ǏǖǉǇ V = C[y- R] ǌǑǅ ǋǍǅƽǏǖǅ ǋǍǅƹǉǌƶǋƽǑǅ [y- R] → R� Ǆƽ ǌǇ
ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ

⟨f-g⟩R = ∫ R

y
f(t)g(t)dtX

ǂƹǁ W ǌǇǅ ƷƼǁǇ ǏǖǉǇ Ǆƽ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ

⟨f-g⟩k = ∫ R

y
f(t)g(t)dtX

ƚǎǇǕ ƼƽƷǆƽǌƽ ǔǌǁ ǌǇ ⟨⋅- ⋅⟩k ƽƷǅƹǁ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƼƽƷǆǌƽ ǔǌǁ ƿ

T ∶W #→ V

f(x)$→ xf(x)
ƼǁƹǌƿǉƽƷ ǌǇ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƹǃǃƴ Ƽƽǅ ƽƷǅƹǁ ǁǋǇǄǇǉǎǁǋǄǔǊ�



9,,��� ĹİļľļĸĹĩŁ ĲŀİĻĻĸĹĩŁ ŁŃļİŀłĪŁĴĸŁ ���

ĹŪŠŔ 9,,������ ƬǇ ǔǌǁ ǌǇ ⟨⋅- ⋅⟩k ƽƷǅƹǁ ƽǋǑǌƽǉǁǂǔ ƻǁǅǔǄƽǅǇ ƽƷǅƹǁ Ǆǁƹ ƽǕǂǇǃƿ ƽǈƹǃƶǀƽǍǋƿ�
ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ

⟨f-g⟩k = ∫ R

y
f(t)g(t)tkdt = ⟨Tf- Tg⟩RX

Ơ ǋǍǅƴǉǌƿǋƿ ∶W → V ƽƷǅƹǁ ��� ƹǃǃƴ ƽǈƽǁƼƶ ƿ ƼǁƴǋǌƹǋƽǁǊ ǌǑǅ V-W Ƽƽǅ ƽƷǅƹǁ ǈƽǈƽǉƹǋǄƵǅƽǊ Ƽƽǅ
ƽƷǅƹǁ ƽǈƷ� ƩǉƴƻǄƹǌǁ Ƽƽǅ ǍǈƴǉǏƽǁ ǌǉǔǈǇǊ ǅƹ ǈƴǉǇǍǄƽ ǌƿǅ ǋǌƹǀƽǉƶ ǋǍǅƴǉǌƿǋƿ R ∶ [y- R] → R ǑǊ
ƻǁǅǔǄƽǅǇ xg(x) = R� ƿ ǋǍǅƴǉǌƿǋƿ g(x) = R/x Ƽƽǅ ǇǉƷƾƽǌƹǁ ǋǌǇ y�

ĦŠŗŔŠŔ 9,,������ Ʀƹ ƺǉƽǀǇǕǅ ǔǃǇǁ Ǉǁ n ×n ǄǇǅƹƼǁƹƷǇǁ ǂƹǁ ǇǉǀǇƻǖǅǁǇǁ ǈƷǅƹǂƽǊ ƻǁƹ n = R- k�

ĹŪŠŔ 9,,������ ƓǅƹǊ R × R ǈƷǅƹǂƹǊ (a) ƽƷǅƹǁ ǇǉǀǇƻǖǅǁǇǊ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ak = R ƼƿǃƹƼƶ ƹǅ ǂƹǁ
ǄǔǅǇ ƹǅ a = ±R� ƓǅƹǊ R× R ǈƷǅƹǂƹǊ (a) ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ aa = ∥a∥k = R ƼƿǃƹƼƶ ǌǇ
a ƽƷǅƹǁ ƵǅƹǊ ǄǁƻƹƼǁǂǔǊ ǈƴǅǑ ǋǌǇǅ ǄǇǅƹƼǁƹƷǇ ǂǕǂǃǇ� a = eiθ� θ ∈ R�

ƓǋǌǑ ǌǖǉƹ ƵǅƹǊ k × k ǈƷǅƹǂƹǊ

A = (a b
c d

) Ǆƽ A−R = R
ad − bc ( d −b−c a

)
ƚǅ Ǉ ǈƷǅƹǂƹǊ ƽƷǅƹǁ ǇǉǀǇƻǖǅǁǇǊ� ƼƿǃƹƼƶ ƹǅ AAt = In� ǌǔǌƽ /2i(A) = ±R� ƹǎǇǕ /2iAt = /2iA�
ƫǍǅƽǈǖǊ Ǉ ǈƷǅƹǂƹǊ ƽƷǅƹǁ ǇǉǀǇƻǖǅǁǇǊ ƹǅ

/2iA = −R ǂƹǁ (a b
c d

) = (−d c
b −a)⇒ A = (a b

b −a)

/2iA = R ǂƹǁ (a b
c d

) = (d −c
b a

)⇒ A = ( a b−b a
)

ǂƹǁ ǋǌǁǊ ƼǕǇ ǈƽǉǁǈǌǖǋƽǁǊ Ǉ ǍǈǇǃǇƻǁǋǄǔǊ ǌƿǊ ǇǉƷƾǇǍǋƹǊ ƼƷǅƽǁ ǌƿǅ ǋǏƵǋƿ ak + bk = R�
ƫǌƿǅ ǈƽǉƷǈǌǑǋƿ ƽǅǔǊ ǈǉƹƻǄƹǌǁǂǇǕ ǈƷǅƹǂƹ ƵǏǇǍǄƽ ǔǌǁ ƹǍǌǔǊ ƽƷǅƹǁ ƵǅƹǊ ǈƷǅƹǂƹǊ ǌƿǊ ǄǇǉǎƶǊ

Aθ = (+Qbθ − bBMθ
bBMθ +Qbθ )

ƫǌƿǅ ǄǁƻƹƼǁǂƶ ǈƽǉƷǈǌǑǋƿ ǌǖǉƹ� ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƻǁƹ ǄǇǅƹƼǁƹƷǇǍǊ ǈƷǅƹǂƽǊ ƿ ǋǏƵǋƿ AA∗ = Ak�
ƼƷǅƽǁ ǔǌǁ /2iA/2iA = R ǋǍǅƽǈǖǊ ƿ ǇǉƷƾǇǍǋƹ ƵǏƽǁ ǄƵǌǉǇ R� ƼƿǃƹƼƶ /2iA = eiθ� θ ∈ R� ƞǈǁǈǃƵǇǅ Ǉ
ǈƷǅƹǂƹǊ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ

(a c

b d
) = R

/2iA (−d −b−c −a)⇒ = ( a b−eiθb eiθa
)

ǂƹǁ ∣a∣k + ∣b∣k = R�

9,,�� ĸŎŚŜŚŖŗŊş ŐŞŎřřŖŗŊş ŠŢŚŎŞšŋŠŒŖş

ƫƽ ƹǍǌƶ ǌƿǅ ǈƹǉƴƻǉƹǎǇ ǀƹ ƹǈƹǅǌƶǋǇǍǄƽ ǋǌǇ ǈǔǌƽ Ǆǁƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ L ∶ V → V�
ǔǈǇǍ Ǉ V ƽƷǅƹǁ ƵǅƹǊ ǈƽǈƽǉƹǋǄƵǅƿǊ ƼǁƴǋǌƹǋƿǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ ƵǏƽǁ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ
ƺƴǋƿ ƹǈǇǌƽǃǇǕǄƽǅƿ ƹǈǔ ǁƼǁǇƼǁƹǅǕǋǄƹǌƹ� ƚǊ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ B = {eR- X X X -en} ƽƷǅƹǁ Ǆǁƹ ǌƵǌǇǁƹ
ƺƴǋƿ� ƚǈǔ ǌƿǅ ǄƷƹ ƵǏǇǍǄƽ ǔǌǁ

Lej = λjej
ƼƿǃƹƼƶ Ǉ (L-B-B) ƽƷǅƹǁ ƵǅƹǊ ƼǁƹƻǖǅǁǇǊ ǈƷǅƹǂƹǊ� ǋǍǅƽǈǖǊ Ǉ (L∗-B-B) = (L-B-B)∗ ƼƿǃƹƼƶ ƽƷǅƹǁ
ǂƹǁ ƹǍǌǔǊ ƼǁƹƻǑǅǇǈǇǁƶǋǁǄǇǊ ǑǊ ǈǉǇǊ ǌƿǅ ƷƼǁƹ ƺƴǋƿ� ƚǍǌǔ ǋƿǄƹƷǅƽǁ ǔǌǁ L∗L = LL∗� ƼƽƷǌƽ ǂƹǁ ǌƿǅ
ǈǉǔǌƹǋƿ 9,�����



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

ĽŞŖŠřũş 9,,����� ƓǋǌǑ L ∶ V → V ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ� ǔǈǇǍ Ǉ V ƽƷǅƹǁ ǈƽǈƽǉƹǋǄƵǅƿǊ
ƼǁƴǋǌƹǋƿǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ� Ơ L ǀƹ ǃƵƻƽǌƹǁ ǂƹǅǇǅǁǂƶ �QRUPDO� ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ L∗L = LL∗�

ĽŞŖŠřũş 9,,����� ƓǋǌǑ L ∶ V → V ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ� ǔǈǇǍ Ǉ V ƽƷǅƹǁ ǈƽǈƽǉƹǋǄƵǅƿǊ
ƼǁƴǋǌƹǋƿǊ ƼǁƹǅǍǋǄƹǌǁǂǔǊ ǏǖǉǇǊ� Ơ L ǀƹ ǃƵƻƽǌƹǁ ƹǍǌǇǋǍƾǍƻƶǊ ƶ ƽǉǄƿǌǁƹǅƶ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ
L∗ = L�

ľŎŞŎšŋŞŔŠŔ 9,,����� ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ Ǆǁƹ ƽǉǄƿǌǁƹǅƶ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ǔǈǑǊ ǂƹǁ Ǆǁƹ ǄǇ�
ǅƹƼǁƹƷƹ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ ƽƷǅƹǁ ǂƹǅǇǅǁǂƶ�

ľŞũšŎŠŔ 9,,����� ľŗ ŗŒŗŝŢŗŚŋŠ ŚŗŏŠ œşŚŕŢŗŏśŌŠ őşŏŚŚŗŘŌŠ šţśŊşŢŕšŕŠ œōśŏŗ ŪřœŠ ŞşŏőŚŏŢŗ�
ŘŋŠ� ĴŞōšŕŠ Ţŏ ŗŒŗŝŒŗŏśūšŚŏŢŏ Şŝţ ŏśŢŗšŢŝŗťŝūś šœ ŒŗŏŤŝşœŢŗŘŋŠ ŗŒŗŝŢŗŚŋŠ œōśŏŗ ŘŊŖœŢŏ ŚœŢŏŜū
ŢŝţŠ�

İŞŪŒœŗŜŕ� ƓǋǌǑ v Ƶǅƹ ǁƼǁǇƼǁƴǅǍǋǄƹ ǌƿǊ L → L ǌǇ ǇǈǇƷǇ ƹǅǌǁǋǌǇǁǏƽƷ ǋǌƿǅ ǁƼǁǇǌǁǄƶ λ ∈ C� ƓǏǇǍǄƽ
ǔǌǁ

λ⟨v-v⟩ = ⟨λv-v⟩ = ⟨Lv-v⟩ = ⟨v-L∗v⟩ = ⟨v-Lv⟩ = ⟨v-λv⟩ = λ⟨v-v⟩
ǂƹǁ ƹǎǇǕ ⟨v-v⟩ ≠ y ƵǏǇǍǄƽ ǔǌǁ λ = λ� ƼƿǃƹƼƶ λ ∈ R�

ƚǈǔ ǌƿǅ ƴǃǃƿ ƹǅ Lv = λv ǂƹǁ Lw = µw Ǆƽ µ ≠ λ ǌǔǌƽ

λ⟨v-w⟩ = ⟨λv-w⟩ = ⟨Lv-w⟩ = ⟨v-L∗w⟩ = ⟨v-µw⟩ = µ⟨v-w⟩ = µ⟨v-w⟩-
ǋǍǅƽǈǖǊ ⟨v-w⟩ = yX

ĹŋřřŎ 9,,����� ĩšŢŧ V ŋśŏŠ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪŠ ťŬşŝŠ Řŏŗ L ∶ V → V
őşŏŚŚŗŘŌ šţśŊşŢŕšŕ� ķœŧşŝūŚœ ŋśŏ L�ŏśŏřřŝōŧŢŝ ţŞŪťŧşŝ W� 7ŝ ŝşŖŝőŬśŗŝ šţŚŞřŌşŧŚŏ
W⊥ œōśŏŗ L∗ ŏśŏřřŝōŧŢŝ�

İŞŪŒœŗŜŕ� ƓǏǇǍǄƽ ǔǌǁ Lw ∈W ƻǁƹ ǂƴǀƽ w ∈W� ƓǋǌǑ w ′ ∈W⊥ ƼƿǃƹƼƶ ⟨w-w ′⟩ = y ƻǁƹ ǂƴǀƽ w ∈W�
ơƵǃǇǍǄƽ ǅƹ ƼƽƷǆǇǍǄƽ ǔǌǁ L∗w ′ ∈ W⊥ ƼƿǃƹƼƶ ⟨w-L∗w ′⟩ = y ƻǁƹ ǂƴǀƽ w ∈ W� ƖǄǑǊ ⟨w-L∗w ′⟩ =⟨Lw-w ′⟩ = y ƹǎǇǕ Lw ∈W�

ĶŒūŞŔřŎ 9,,����� Ĳŗŏ ŘŊŖœ ŏţŢŝšţŔţőŌ őşŏŚŚŗŘŌ šţśŊşŢŕšŕ L ∶ V → V� ŪŞŝţ ŝ V œōśŏŗ
ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪŠ ťŬşŝŠ ţŞŊşťœŗ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ ŏŞŝŢœřŝūŚœśŕ
ŏŞŪ ŗŒŗŝŒŗŏśūšŚŏŢŏ�

İŞŪŒœŗŜŕ� ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ /BKV ≥ R� ƩƴǅǑ ƹǈǔ ǌǇ C� ƵǏǇǍǄƽ ǔǌǁ Ǉ L ƵǏƽǁ Ǆǁƹ ǁƼǁǇǌǁǄƶ λ ƿ ǇǈǇƷƹ
ƽƷǅƹǁ Ǆƴǃǁǋǌƹ ǈǉƹƻǄƹǌǁǂƶ� ƬǇ ƹǅǌƷǋǌǇǁǏǇ ǁƼǁǇƼǁƴǅǍǋǄƹ v ǄǈǇǉǇǕǄƽ ǅƹ ǌǇ ǂƹǅǇǅǁǂǇǈǇǁƶǋǇǍǄƽ
ǋǌǇ e = v/∥v∥ ǖǋǌƽ ǅƹ ƵǏƽǁ ǄƵǌǉǇ R� ƞǈǁǈǃƵǇǅ ƹǅ ƼǇǍǃƽǕǇǍǄƽ ǋƽ ǈǉƹƻǄƹǌǁǂǇǕǊ ǏǖǉǇǍǊ ǄǈǇǉǇǕǄƽ
ǅƹ ǍǈǇǀƵǋǇǍǄƽ ǔǌǁ ǌǇ ƼǁƴǅǍǋǄƹ v ƵǏƽǁ ǈǉƹƻǄƹǌǁǂǇǕǊ ǋǍǅǌƽǃƽǋǌƵǊ ǋƽ ǇǈǇǁƹƼƶǈǇǌƽ ƺƴǋƿ� Ƽǁǔǌǁ
ƹǅ A = (L-B-B) ∈ Rn-n ǌǇ ǁƼǁǇƼǁƴǅǍǋǄƹ ƵǏƽǁ ǋǍǅǌƽǌƹƻǄƵǅƽǊ [v]B ∈ Rn ǈǇǍ ƽƷǅƹǁ ǃǕǋƿ ǌǇǍ ǋǍǋǌƶ�
ǄƹǌǇǊ (A − λIn)x = y� ǌǇ ǇǈǇƷǇ ƵǏƽǁ Ǆƿ ǌƽǌǉǁǄǄƵǅƽǊ ǃǕǋƽǁǊ ƹǈǔ ǌƿǅ ƽǈǁǃǇƻƶ ǌǇǍ λ ǑǊ ǉƷƾƹ ǌǇǍ
ǏƹǉƹǂǌƿǉǁǋǌǁǂǇǕ ǈǇǃǍǑǅǕǄǇǍ�

ƞƷǅƹǁ ǈǉǇǎƹǅƵǊ ǔǌǁ ƹǅ /BKV = R ǍǈƴǉǏƽǁ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ƹǈǇǌƽǃǇǕǄƽǅƿ ƹǈǔ ǁƼǁǇƼǁƹ�
ǅǕǋǄƹǌƹ ǌǇ e = v/∥v∥ ǈǇǍ ǄǔǃǁǊ ǂƹǌƹǋǂƽǍƴǋƹǄƽ� ơƹ ƹǈǇƼƽƷǆǇǍǄƽ ǌǇ ƾƿǌǇǕǄƽǅǇ Ǆƽ ƽǈƹƻǑƻƶ�



9,,��� ĹİļľļĸĹĩŁ ĲŀİĻĻĸĹĩŁ ŁŃļİŀłĪŁĴĸŁ ���

ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ ƿ ǈǉǔǌƹǋƿ ƽƷǅƹǁ ƹǃƿǀƶǊ ƻǁƹ ǔǃƽǊ ǌǁǊ ƹǍǌǇǋǍƾǍƻƽƷǊ ƻǉƹǄǄǁǂƵǊ ǋǍǅƹǉǌƶǋƽǁǊ ǋƽ
ƼǁƹǅǍǋǄƹǌǁǂǇǕǊ ǏǖǉǇǍǊ ƼǁƴǋǌƹǋƿǊ n−R� ƓǋǌǑ ǔǌǁ ƵǏǇǍǄƽ Ƶǅƹ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ ƼǁƴǋǌƹǋƿǊ n�
ơƽǑǉǇǕǄƽ ǌƿǅ ƹǅƴǃǍǋƿ

V = ⟨e⟩⊕⟨e⟩⊥
ƚǈǔ ǌǇ ǃƶǄǄƹ ƞƷǅƹǁ ǋƹǎƵǊ ƹǈǔ ǌǇ ǃƶǄǄƹ 9,,���� ǔǌǁ Ǉ

L⟨e⟩⊥ = L∗∣⟨e⟩⊥ ∶ ⟨e⟩⊥ #→ ⟨e⟩⊥
ǈƽǉǁǇǉƷƾƽǌƹǁ ǋǌǇǅ ⟨e⟩⊥ ǋƽ Ǆǁƹ ƹǍǌǇǋǍƾǍƻƶ ǋǍǅƴǉǌƿǋƿ ƿ ǇǈǇƷƹ ǃǔƻǑ ǌƿǊ ƽǈƹƻǑƻǁǂƶǊ ǍǈǔǀƽǋƿǊ
ƵǏƽǁ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ {ek- XXX-en} ƹǈǇǌƽǃǇǕǄƽǅƿ ƹǈǔ ǁƼǁǇƼǁƹǅǕǋǄƹǌƹ� Ơ {e-ek- X X X -en} ƽƷǅƹǁ
ƿ ƾƿǌǇǕǄƽǅƿ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ƹǈǇǌƽǃǇǕǄƽǅƿ ƹǈǔ ǁƼǁǇƼǁƹǅǕǋǄƹǌƹ ƻǁƹ ǔǃǇ ǌǇǅ ǏǖǉǇ�

ĹŋřřŎ 9,,����� Ĳŗŏ Śōŏ ŘŏśŝśŗŘŌ őşŏŚŚŗŘŌ šţśŊşŢŕšŕ L ∶ V → V őŗŏ v ∈ V ŋťŝţŚœ ∥Lv∥ = ∥L∗v∥�
İŞŪŒœŗŜŕ� ƓǏǇǍǄƽ ǔǌǁ

∥Lv∥k = ⟨Lv-Lv⟩ = ⟨v-L∗Lv⟩ = ⟨v-LL∗v⟩ = ⟨L∗v-L∗v⟩ = ∥L∗v∥kX

ľŞũšŎŠŔ 9,,����� ĩšŢŧ V ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪŠ ťŬşŝŠ Řŏŗ L ∶ V → V
ŘŏśŝśŗŘŌ őşŏŚŚŗŘŌ šţśŊşŢŕšŕ� łŪŢœ Ţŝ v ∈ V œōśŏŗ ŗŒŗŝŒŗŊśţšŚŏ őŗŏ Ţŕś L Śœ ŗŒŗŝŢŗŚŌ λ ŏś Řŏŗ
ŚŪśŝ ŏś v œōśŏŗ ŗŒŗŝŒŗŊśţšŚŏ őŗŏ Ţŕś T∗ Śœ ŗŒŗŝŢŗŚŌ λ�

İŞŪŒœŗŜŕ� Ɯǁƹ Ǆǁƹ ǌǁǄƶ λ ∈ C ƵǏǇǍǄƽ ǔǌǁ ƿ ǋǍǅƴǉǌƿǋƿ T = L − λA/V ƽƷǅƹǁ ǂƹǅǇǅǁǂƶ ƹǎǇǕ T∗ =
L∗ − λA/V � ƭǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ

TT∗ = (L − λA/V)(L∗ − λA/V) = LL∗ − λL − λL∗ − λλA/V

= L∗L − λL − λL∗ − λλA/V = (L∗ − λA/V)(L − λA/V) = T∗T X
ƫǍǅƽǈǖǊ ∥(L − λA/V)v∥ = ∥(L∗ − λA/V)v)∥
ƹǈǔ ǔǈǇǍ ǈǉǇǂǕǈǌƽǁ ǔǌǁ (L−λA/V)v = y ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ (L∗−λA/V)v = y� ƼƿǃƹƼƶ ǌǇ ƾƿǌǇǕǄƽǅǇ�

ĽŞŖŠřũş 9,,����� ƓǅƹǊ ǈƷǅƹǂƹǊ A ∈ Cn-n ǀƹ ǃƵƻƽǌƹǁ ǂƹǅǇǅǁǂǔǊ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ AA∗ = A∗A�

ľŞũšŎŠŔ 9,,������ Łœ ŋśŏś ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ V� ŖœŧşŝūŚœ Śŗŏ
őşŏŚŚŗŘŌ šţśŊşŢŕšŕ L ∶ V → V ŬšŢœ ŝ ŞōśŏŘŏŠ ŢŕŠ (L-B-B) ŧŠ ŞşŝŠ Śōŏ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ B
śŏ œōśŏŗ Ŋśŧ ŢşŗőŧśŗŘŪŠ� Ķ L œōśŏŗ ŘŏśŝśŗŘŌ ŏś Řŏŗ ŚŪśŝ ŏś (L-B-B) œōśŏŗ ŒŗŏőŬśŗŝŠ ŞōśŏŘŏŠ�

İŞŪŒœŗŜŕ� ƓǋǌǑ A = (L-B-B)� ƜǅǑǉƷƾǇǍǄƽ ǔǌǁ A∗ = (L∗-B-B)� ƚǅ A = /B�;(λR- X X X -λn) ǌǔǌƽ A∗ =
/B�;(λR- X X X -λn)� ƞƷǅƹǁ ǋƹǎƵǊ ǔǌǁ A∗A = AA∗ ƼƿǃƹƼƶ ǔǌǁ Ǉ A ǂƹǁ ǋǍǅƽǈǖǊ ǂƹǁ ƿ L ƽƷǅƹǁ ǂƹǅǇǅǁǂǇƷ�

ƚǅǌǁǋǌǉǔǎǑǊ� ƵǋǌǑ ǔǌǁ L ƽƷǅƹǁ ǂƹǅǇǅǁǂƶ ǂƹǁ ƵǋǌǑ B = {eR- X X X -en} Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ ǌǇǍ
V� ƓǏǇǍǄƽ ǔǌǁ eR ƽƷǅƹǁ ǁƼǁǇƼǁƴǅǍǋǄƹ ƹǎǇǕ Ǉ A ƽƷǅƹǁ ƴǅǑ ǌǉǁƻǑǅǁǂǔǊ ǂƹǁ Ǆƴǃǁǋǌƹ LeR = aRReR�
ƚǈǔ ǌƿǅ ǈǉǔǌƹǋƿ 9,,���� ƵǏǇǍǄƽ ǔǌǁ L∗eR = aRReR� ƫǕǄǎǑǅƹ Ǆƽ ǌǇǅ ǇǉǁǋǄǔ ǔǄǑǊ ǌƿǊ A∗ = A

t

ƹǍǌǔ ǋƿǄƹƷǅƽǁ ǔǌǁ aRj = y ƻǁƹ j > R� ƫǍǅƽǈǖǊ Lek = akkek� ƴǉƹ ǂƹǁ ǌǇ ek ƽƷǅƹǁ ǁƼǁǇƼǁƴǅǍǋǄƹ ǌƿǊ L�
ƖǈǑǊ ǂƹǁ ǈǉǁǅ ƵǏǇǍǄƽ ǔǌǁ L∗ek = akkek� ǂƹǁ ƹǍǌǔ ǄƹǊ ƼƷǅƽǁ ǔǈǑǊ ǂƹǁ ǈǉǁǅ ǔǌǁ akj = y ƻǁƹ j > k�
ƫǍǅƽǏƷƾǇǍǄƽ Ǆƽ ǌǇǅ ƷƼǁǇ ǌǉǔǈǇ ƻǁƹ ǅƹ ƼƽƷǆǇǍǄƽ ǔǌǁ Ǉ ǈƷǅƹǂƹǊ A ƽƷǅƹǁ ƼǁƹƻǖǅǁǇǊ�



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

ľŞũšŎŠŔ 9,,������ Łœ ŋśŏ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪ ťŬşŝ V Řŏŗ L ∶ V → V
ţŞŊşťœŗ Śŗŏ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ B� ŬšŢœ ŝ ŞōśŏŘŏŠ (L-B-B) śŏ œōśŏŗ Ŋśŧ ŢşŗőŧśŗŘŪŠ�

İŞŪŒœŗŜŕ� ƚǅ /BKV = R ǌǔǌƽ ǌǇ ƹǈǇǌƵǃƽǋǄƹ ƽƷǅƹǁ ǋƹǎƵǊ� ơƹ ƹǈǇƼƽƷǆǇǍǄƽ ǌǇ ƾƿǌǇǕǄƽǅǇ Ǆƽ ƽǈƹ�
ƻǑƻƶ ǋǌƿǅ Ƽǁƴǋǌƹǋƿ ǌǇǍ V� ƭǈǇǀƵǌǇǍǄƽ ǔǌǁ ƿ ǈǉǔǌƹǋƿ ƹǃƿǀƽǕƽǁ ƻǁƹ ǂƴǀƽ ƻǉƹǄǄǁǂƶ ǋǍǅƴǉǌƿǋƿ
ƹǈǔ Ƶǅƹ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ ƼǁƴǋǌƹǋƿǊ n−R ǋǌǇǅ ƽƹǍǌǔ ǌǇǍ� ơƽǑǉǇǕǄƽ Ƶǅƹ ƼǁƹǅǍǋǄƹǌǁǂǔ ǏǖǉǇ V
ƼǁƴǋǌƹǋƿǊ n� ơƽǑǉǇǕǄƽ Ƶǅƹ ǁƼǁǇƼǁƴǅǍǋǄƹ v ǌƿǊ L∗ ǌǇ ǇǈǇƷǇ ǌǇ ǂƹǅǇǅǁǂǇǈǇǁǇǕǄƽ ǋǌǇ v/∥v∥ ǖǋǌƽ
ǅƹ ƵǏƽǁ ǄƵǌǉǇ R� ƨ ǏǖǉǇǊ ⟨v/∥v∥⟩ ƽƷǅƹǁ L∗�ƹǅƹǃǃǇƷǑǌǇǊ ǋǍǅƽǈǖǊ Ǉ ⟨v/∥v∥⟩⊥ ƽƷǅƹǁ L�ƹǅƹǃǃǇƷǑǌǇǊ
ǂƹǁ ƵǏƽǁ Ƽǁƴǋǌƹǋƿ n − R� ǋǍǅƽǈǖǊ ǄǈǇǉǇǕǄƽ ǅƹ ƽǎƹǉǄǔǋǇǍǄƽ ǌƿǅ ƽǈƹƻǑƻǁǂƶ Ǎǈǔǀƽǋƿ ǂƹǁ ǅƹ
ǂƹǌƹǋǂƽǍƴǋǇǍǄƽ Ǆǁƹ ǇǉǀǇǂƹǅǇǅǁǂƶ ƺƴǋƿ {eR- X X X -en−R} ǋǌƿǅ ǇǈǇƷƹ Ǉ L ǅƹ ƽƷǅƹǁ ƴǅǑ ǌǉǁƻǑǅǁǂǔǊ�
Ơ ƾƿǌǇǕǄƽǅƿ ƺƴǋƿ ƽƷǅƹǁ ƿ B = {eR- X X X -en−R-v/∥v∥}�

ľũŞŖŠřŎ 9,,������ Ĳŗŏ ŘŊŖœ ŞōśŏŘŏ A ∈ Cn-n ţŞŊşťœŗ ŚŝśŏŒŗŏōŝŠ ŞōśŏŘŏŠ U� ŬšŢœ UAU−R śŏ
œōśŏŗ Ŋśŧ ŢşŗőŧśŗŘŪŠ�

ƬƵǃǇǊ Ǉ ǋǍǅƼǍƹǋǄǔǊ ǌǑǅ ǈǉǇǌƴǋƽǑǅ 9,,����� ǂƹǁ 9,,����� ƼƷǅƽǁ ǌǇ

ĶŒūŞŔřŎ 9,,������ ĩšŢŧ ŋśŏŠ ŞœŞœşŏšŚŋśŕŠ ŒŗŊšŢŏšŕŠ ŒŗŏśţšŚŏŢŗŘŪŠ ťŬşŝŠ Řŏŗ L ∶ V → V
Śŗŏ ŘŏśŝśŗŘŌ őşŏŚŚŗŘŌ šţśŊşŢŕšŕ� ŃŞŊşťœŗ Śŗŏ ŝşŖŝŘŏśŝśŗŘŌ ŐŊšŕ Ţŝţ V ŕ ŝŞŝōŏ śŏ ŏŞŝŢœ�
řœōŢŏŗ ŏŞŪ ŗŒŗŝŒŗŏśūšŚŏŢŏ�

ľũŞŖŠřŎ 9,,������ Ĳŗŏ ŘŊŖœ ŘŏśŝśŗŘŪ ŞōśŏŘŏ A ţŞŊşťœŗ ŚŝśŏŒŗŏōŝŠ ŞōśŏŘŏŠ U ŬšŢœ U−RAU
śŏ œōśŏŗ ŒŗŏőŬśŗŝŠ ŞōśŏŘŏŠ�

Ɯǁƹ ǅƹ ǍǈǇǃǇƻƷǋǇǍǄƽ Ƶǅƹ ǄǇǅƹƼǁƹƷǇ ǈƷǅƹǂƹ U ƻǁƹ Ƶǅƹ ƽǉǄƿǌǁƹǅǔ ǈƷǅƹǂƹ A� ǖǋǌƽ Ǉ UAU−R ǅƹ
ƽƷǅƹǁ ƼǁƹƻǖǅǁǇǊ ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ Ǉǁ ǁƼǁǔǏǑǉǇǁ ǈǇǍ ƹǅǌǁǋǌǇǁǏǇǕǅ ǋƽ ƼǁƹǎǇǉƽǌǁǂƵǊ ǁƼǁǇǌǁǄƵǊ ƽƷǅƹǁ
ƹǅƴ ƼǕǇ ǂƴǀƽǌǇǁ ǄƽǌƹǆǕ ǌǇǍǊ�

ĺŊŕŜőŜş � �ƝǁƹƻǑǅǇǈǇƷƿǋƿ ƞǉǄƿǌǁƹǅǖǅ ƩǁǅƴǂǑǅ��

1 ŃŞŝřŝőŗšŚŪŠ ťŏşŏŘŢŕşŗšŢŗŘŝū ŞŝřţŧśūŚŝţ

2 Ĵūşœšŕ ŗŒŗŝŢŗŚŬś λR- X X X -λn

3 ŃŞŝřŝőŗšŚŪŠ ŐŊšœŧś Bi Ţŧś ŗŒŗŝťŬşŧś Eλi
�

4 ľşŖŝŘŏśŝśŗŘŝŞŝōŕšŕ ŘŏŢŊ *UDP�6FKPLGW ŘŊŖœ ŗŒŗŪťŧşŝţ�

ľŎŞŉőŒŖŐřŎ 9,,������ ơƽǑǉǇǕǄƽ ǌǇǅ ƽǉǄƿǌǁƹǅǔ ǈƷǅƹǂƹ

A = ⎛⎜⎝
R k k
k R R
k k R

⎞⎟⎠
ǂƹǁ ǀƵǃǇǍǄƽ ǅƹ ƺǉǇǕǄƽ ǄǇǅƹƼǁƹƷǇ ǈƷǅƹǂƹ P� ǖǋǌƽ Ǉ P∗AP ǅƹ ƽƷǅƹǁ ƼǁƹƻǖǅǁǇǊ ǈƷǅƹǂƹǊ�



9,,��� ĹİļľļĸĹĩŁ ĲŀİĻĻĸĹĩŁ ŁŃļİŀłĪŁĴĸŁ ���

ƬǇ Ǐƹǉƹǂǌƿǉǁǋǌǁǂǔ ǈǇǃǍǖǅǍǄǇ ǌǇǍ ƽƷǅƹǁ ǌǇ *?A[x] = (R+x)k(−8+x)� ǌǇ ǇǈǇƷǇ ǄǈǇǉǇǕǄƽ ǅƹ ǌǇ
ǍǈǇǃǇƻƷǋǇǍǄƽ ƽƷǌƽ Ǆƽ ǌǇǅ ǇǉǁǋǄǔ ƽƷǌƽ ǑǊ ƽǁƼǁǂƶ ǈƽǉƷǈǌǑǋƿ ǌƿǊ ƴǋǂƿǋƿǊ 9,������ ƭǈǇǃǇƻƷƾǇǍǄƽ
ǔǌǁ Ǉ ǁƼǁǔǏǑǉǇǊ ǌƿǊ ǁƼǁǇǌǁǄƶǊ λ = 8 ƽƷǅƹǁ ǌǇ ƼǁƴǅǍǋǄƹ vR = (R- R- R)t ƽǅǖ Ǉ ǁƼǁǔǏǑǉǇǊ ǌƿǊ ǁƼǁǇǌǁǄƶǊ
λ = −R ǈƹǉƴƻƽǌƹǁ ƹǈǔ ǌƹ ƼǁƹǅǕǋǄƹǌƹ vk = (R-−R- y)t-vj = (R- y-−R)t� ơƹ ǄǈǇǉǇǕǋƹǄƽ ǅƹ ǈƴǉǇǍǄƽ

Q = ⎛⎜⎝
R R R
R −R y
R y −R

⎞⎟⎠ Ǆƽ ƹǅǌƷǋǌǉǇǎǇ Q−R = R
j
⎛⎜⎝

R R R
R −k R
R R −k

⎞⎟⎠
ǂƹǁ ǅƹ ƽƷǏƹǄƽ ǔǌǁ Q−RAQ = /B�;(8-−R-−R)� ƖǄǑǊ Ǉ ǈƷǅƹǂƹǊ Q Ƽƽǅ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ� Ɯǁƹ ǅƹ
ǂƹǌƹǋǂƽǍƴǋǇǍǄƽ ǌǇǅ ǄǇǅƹƼǁƹƷǇ ǈƷǅƹǂƹ P ǇǉǀǇǂƹǅǇǅǁǂǇǈǇǁǇǕǄƽ ǋƽ eR = vR/∥vR∥ = R√

j(R- R- R)t�
ek = vk/∥vk∥ = R/√k(R-−R- y)� ƽǅǖ ej = uj/∥uj∥� ǔǈǇǍ

uj = vj − ⟨vk-vj⟩⟨vk- k⟩ vk = ⎛⎜⎝
R
y−R

⎞⎟⎠ −
R
k
⎛⎜⎝

R−R
y

⎞⎟⎠ =
⎛⎜⎝

R/k
R/k−R

⎞⎟⎠ ǋǍǅƽǈǖǊ ej =√k/j⎛⎜⎝
R
kR
k−R

⎞⎟⎠
ƫǏƿǄƹǌƷƾǇǍǄƽ ǌǇǅ ǈƷǅƹǂƹ

P =
⎛⎜⎜⎜⎝

R√
j

R√
k

R√
e

R√
j − R√

k
R√
e

R√
j y −√k

j

⎞⎟⎟⎟⎠
Ǆƽ P−R = P∗ = Pt =

⎛⎜⎜⎜⎝

R√
j

R√
j

R√
j

R√
k − R√

k y
R√
e

R√
e −√k

j

⎞⎟⎟⎟⎠
ǂƹǁ ƵǏǇǍǄƽ ǔǌǁ P∗AP = /B�;(8-−R-−R)�
ĦŠŗŔŠŔ 9,,������ ƓǋǌǑ A ∈ Cn-n� Ɯǁƹ Ƶǅƹ ǈǇǃǍǖǅǍǄǇ f(x) = ∑n

ν=y aνx
ν ǀƹ ǋǍǄƺǇǃƷƾǇǍǄƽ Ǆƽ

f(x) = ∑n
ν=y aνx

ν� ƚǈǇƼƽƷǆǌƽ ǔǌǁ

�� +?A∗(x) = +?A(x)
�� mA∗(x) =mA(x)
�� ƚǅ λ ƽƷǅƹǁ ǁƼǁǇǌǁǄƶ ǌǇǍ A ǌǔǌƽ λ ƽƷǅƹǁ ǁƼǁǇǌǁǄƶ ǌǇǍ A∗�

ĹŪŠŔ 9,,������ �� ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ

+?A∗(x) = /2i(A∗ − xIn) = /2i(At − xIn) = /2i(A − xIn) = +?A(x) = chA(x)X
�� ƓǏǇǍǄƽ ǔǌǁ ƹǅ f(x) = ∑n

ν=y aνx
ν ∈ C[x] ǈǇǃǍǖǅǍǄǇ ǖǋǌƽ f(A) = y ǌǔǌƽ

y = y∗ = n∑
ν=yaν(At)ν = n∑

ν=yaν(A∗)νX

ƫǍǅƽǈǖǊ ƹǅ mA(x) ƽƷǅƹǁ ǌǇ ƽǃƴǏǁǋǌǇǍ ƺƹǀǄǇǕ ǈǇǃǍǖǅǍǄǇ ǈǇǍ ǄƿƼƽǅƷƾƽǁ ǌǇǅ A� ǌǇ mA(x)
ƽƷǅƹǁ ǌǇ ƽǃƹǏƷǋǌǇǍ ƺƹǀǄǇǕ ǈǇǃǍǖǅǍǄǇ ǈǇǍ ǄƿƼƽǅƷƾƽǁ ǌǇ A∗�

�� ƫƹǎƵǊ ƹǈǔ ǌǇ ��

ĦŠŗŔŠŔ 9,,������ ƓǋǌǑ ƵǅƹǊ Ǆƿ�ǄƿƼƽǅǁǂǔǊ ǈƷǅƹǂƹǊ ƻǉƹǄǄƶ x = (xR- X X X -xn) ∈ Fn-R Ǆƽ n ≥ k�
ơƽǑǉǇǕǄƽ ǌƿǅ ƽǍǂǃƽƷƼƽǁƹ ǅǔǉǄƹ ∥x∥ =√xk

R +⋯ + xk
n� ơƵǌǇǍǄƽ

A = In +B- ǔǈǇǍ B = xtxX

ƚǈǇƼƽƷǆǌƽ ǔǌǁ



��� ĹĴńħĺİĸľ 9,,� ŅĮŀľĸ ĻĴ ĴŁŇłĴŀĸĹĬ ĲĸļĬĻĴļľ

�� Bk = ∥x∥kB ǂƹǁ ƺǉƽƷǌƽ ǌǇ ƽǃƴǏǁǋǌǇ ǈǇǃǍǖǅǍǄǔ ǌǇǍ�

�� Ǉ A ƽƷǅƹǁ ƼǁƹƻǑǅǇǈǇǁƶǋǁǄǇǊ ǂƹǁ ƺǉƽƷǌƽ ǌǁǊ ƼǁƹǋǌƴǋƽǁǊ ǌǑǅ ǁƼǁǇǏǖǉǑǅ ǌǇǍ

�� /2iA = R + ∥x∥k�
ĹŪŠŔ 9,,������ ƩƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƹǅ B = (bij) ǌǔǌƽ bij = xixj� ƭǈǇǃǇƻƷƾǇǍǄƽ ǔǌǁ ƹǅ Bk = (cij) ǌǔǌƽ

cij = n∑
ν=Rbiνbνj = n∑

ν=Rxix
k
νxj = bij∥x∥kX

ƚǎǇǕ Bk = ∥x∥B ƵǏǇǍǄƽ ǔǌǁ ƻǁƹ ǌǇ ǈǇǃǍǖǅǍǄǇ

f(x) = xk − (k + ∥x∥k)x + R + ∥x∥ = (x − R)(x − (R + ∥x∥k))
ǁǋǏǕƽǁ ǔǌǁ f(A) = y� ƞǈƽǁƼƶ Ƽƽ ǂƹǅƵǅƹǊ ƹǈǔ ǌǇǍǊ ƼǕǇ ƻǉƹǄǄǁǂǇǕǊ ǈƹǉƴƻǇǅǌƽǊ Ƽƽǅ ǄƿƼƽǅƷƾǇǍǅ
ǌǇǅ A ƹǍǌǔ ƽƷǅƹǁ ǌǇ ƽǃƴǏǁǋǌǇ�

Ɯǁƹ ǌǇǅ ǁƼǁǔǏǑǉǇ ǌƿǊ ǁƼǁǇǌǁǄƶǊ R ƵǏǇǍǄƽ ǔǌǁ ƹǈǇǌƽǃƽƷǌƹǁ ƹǈǔ ǌƹ ƼǁƹǅǕǋǄƹǌƹ v ǖǋǌƽ

(A − In)v = xtxv = y

ǂƹǁ ǔǌǁ ǂƴǀƽ ƼǁƴǅǍǋǄƹ v ǈǇǍ ƽƷǅƹǁ ǂƴǀƽǌǇ ǋǌǇ x ƹǅƶǂƽǁ ǋǌǇǅ ǁƼǁǔǏǑǉǇ ƹǍǌǔ� Ƒǉƹ Ǉ ǁƼǁǇǏǖǉǇǊ ǌƿǊ
ǁƼǁǇǌǁǄƶǊ R ƵǏƽǁ Ƽǁƴǋǌƹǋƿ ≥ n−R = /BK⟨x⟩⊥� ƚǎǇǕ Ǉ ǁƼǁǔǏǑǉǇǊ ǌƿǊ ǁƼǁǇǌǁǄƶǊ R+∥x∥k ƵǏƽǁ Ƽǁƴǋǌƹǋƿ≥ R ƵǏǇǍǄƽ ǔǌǁ Ǉǁ ǁƼǁƹǋǌƴǋƽǁǊ ǌǑǅ ǁƼǁǔǏǑǉǑǅ ƽƷǅƹǁ n − R ǂƹǁ R ƹǅǌƷǋǌǇǁǏƹ� ƬƵǃǇǊ ƿ ǇǉƷƾǇǍǋƹ ƽƷǅƹǁ
ǌǇ ƻǁǅǔǄƽǅǇ ǌǑǅ ǁƼǁǇǌǁǄǖǅ ƴǉƹ Ʒǋƿ Ǆƽ R + ∥x∥k�
ĦŠŗŔŠŔ 9,,������ ƓǋǌǑ A ∈ Cn-n ǂƹǁ aR- X X X -an Ǉǁ ƻǉƹǄǄƵǊ ǌǇǍ A� ƢǋǏǕƽǁ ǔǌǁ

∥aR∥⋯∥an∥ ≥ ∣/2iA∣
Ơ ǁǋǔǌƿǌƹ ǁǋǏǕƽǁ ǄǔǅǇ ƹǅ ǌƹ aR- X X X -an ƽƷǅƹǁ ǇǉǀǇƻǖǅǁƹ ƶ ǂƴǈǇǁǇ ai = y�

ĹŪŠŔ 9,,������ ƚǅ A Ƽƽǅ ƽƷǅƹǁ ƹǅǌǁǋǌǉƵǐǁǄǇǊ ƿ ƹǅǁǋǔǌƿǌƹ ǁǋǏǕƽǁ Ǆƽ ǈǉǇǎƹǅƶ ǌǉǔǈǇ ǂƹǁ ƻƷǅƽǌƹǁ
ǁǋǔǌƿǌƹ ǋǌƿǅ ǈƽǉƷǈǌǑǋƿ ǈǇǍ ǂƴǈǇǁǇ ai = y�

ƚǅ Ǉ A ƽƷǅƹǁ ƹǅǌǁǋǌǉƵǐǁǄǇǊ ǌǔǌƽ ƹǈǔ ǌƿǅ ǈǉǔǌƹǋƿ 9,,����� ǍǈƴǉǏƽǁ ǄǇǅƹƼǁǂǔǊ ǂƴǌǑ ǌǉǁƻǑ�
ǅǁǂǔǊ ǈƷǅƹǂƹǊ B Ǆƽ ǀƽǌǁǂƴ ǋǌǇǁǏƽƷƹ ǋǌƿǅ ƼǁƹƻǖǅǁǇ ǖǋǌƽ Ǉ ǈƷǅƹǂƹǊ BA = U ǅƹ ƽƷǅƹǁ ǄǇǅƹƼǁƹƷǇǊ�
ƓǏǇǍǄƽ ǔǌǁ ∣/2iU∣k = /2iU/2iU∗ = /2iUU∗ = /2i In = RX
ƜǉƴǎǇǍǄƽ ∣/2i(A)∣ = ∣/2i(B−RU)∣ = ∣/2i(B−R)∣ = b−R

RR⋯b−R
nn

ƹǈǔ ǌƿǅ ƴǃǃƿ ƵǏǇǍǄƽ ǔǌǁ ǈƷǅƹǂƹǊ B−R = (cij) ƽƷǅƹǁ ǂƴǌǑ ǌǉǁƻǑǅǁǂǔǊ Ǆƽ cii = b−R
ii �

ai = (ciR- cik- X X X -b−R
ii - y- X X X - y)U

= ciRUR + cikUk +⋯ + b−R
iiU

i ǔǈǇǍ UR- X X X -Un Ǉǁ ǋǌƶǃƽǊ ǌǇǍ UX

Ƒǉƹ ∥ai∥k = ∣ciR∣k∥UR∥k +⋯ + ∣b−R
ii ∣k∥Ui∥k = ∣ciR∣k +⋯ + ∣b−R

ii ∣k ≥ ∣b−R
ii ∣kX �9,,����

ƚǈǔ ǌƿǅ ǌƽǃƽǍǌƹƷƹ ǋǏƵǋƿ ǈǉǇǂǕǈǌƽǁ ǔǌǁ

∣aR∣⋯∣an∣ ≥ b−R
RR⋯b−R

nn = ∣/2i(A)∣X
ƬƵǃǇǊ� ǈƹǉƹǌƿǉǇǕǄƽ ǔǌǁ ƿ ƹǅǁǋǔǌƿǌƹ �9,,���� ƻƷǅƽǌƹǁ ǁǋǔǌƿǌƹ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ciR = ⋯ = ci-i−R = y�
ǁǋǇƼǕǅƹǄƹ ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ ai = b−R

iiU
i� ƹǅ ǂƹǁ ǄǔǅǇ ƹǅ Ǉǁ ƻǉƹǄǄƵǊ ai ƽƷǅƹǁ ƹǅƴ ƼǕǇ ǇǉǀǇƻǖǅǁƽǊ�


