
The spectrum of a Toeplitz operator with continuous symbol

Στο αρχειο (Ind26) δειξαμε οτι ο δεικτης στροφης επεκτεινεται σε ολες τις συνεχεις
κλειστες καμπυλες 𝛾 ∶ [0, 1] → ℂ. Αν 𝜙 ∈ 𝐶(𝕋), γραφουμε 𝑛(𝜙; 𝜆) για τον δεικτη
στροφης της 𝛾𝜙(𝑡) ∶= 𝜙(𝑒2𝜋𝑖𝑡), 𝑡 ∈ [0, 1].

Θεώρημα 1. Αν 𝜙 ∈ 𝐶(𝕋), τοτε

𝜎(𝑇𝜙) = ran(𝜙) ∪ {𝜆 ∈ ℂ\ ran(𝜙) ∶ 𝑛(𝜙; 𝜆) ≠ 0} .

Απόδειξη. Observe that since 𝜙 ∈ 𝐶(𝕋) we have ran(𝜙) = essran(𝜙).
Hence by spectral inclusion,

ran(𝜙) = 𝜎(𝑀𝜙) ⊆ 𝜎(𝑇𝜙) .

Thus we have to show that if 𝜆 ∈ ℂ\ ran(𝜙), then

𝜆 ∉ 𝜎(𝑇𝜙) ⟺ 𝑛(𝜙; 𝜆) = 0
Equivalently: 𝑇𝜙−𝜆 invertible ⟺ 𝑛(𝜙 − 𝜆; 0) = 0.

Replacing 𝜙 with 𝜙 − 𝜆 we have to show that if 0 ∉ ran(𝜙) (i.e. if 𝜙 vanishes
nowhere in 𝕋), then

𝑇𝜙 invertible ⟺ 𝑛(𝜙; 0) = 0.

Since 𝜙(𝕋) is compact and 0 ∉ 𝜙(𝕋), the quantity 𝛿 ∶= min{|𝜙(𝑤)| ∶ 𝑤 ∈ 𝕋} is
strictly positive.

Choose a trigonometric polynomial 𝑝 ∈ 𝐶(𝕋) such that

‖𝜙 − 𝑝‖ < 𝛿
3

and note that 𝑝 never vanishes on 𝕋 (|𝑝(𝑤)| > |𝜙(𝑤)| − 𝛿
3 ≥ 2𝛿

3 ); hence 𝑛(𝑝; 0) is
defined. Also the function

𝜓 ∶= 𝜙 − 𝑝
𝑝 satisfies ‖𝜓‖ < 𝛿/3

2𝛿/3 = 1
2 .

It follows that 𝑢 = log(1 + 𝜓) is a well defined continuous function on 𝕋 and

1 + 𝜓 = 𝑒𝑢 .

(Indeed the series log(1+𝜓) = − ∑∞
𝑛=1

1
𝑛(−𝜓)𝑛, converges because ‖1−(1+𝜓)‖ < 1.)
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Therefore (from (Ind26))
𝑛(1 + 𝜓; 0) = 0 .

Now there exists 𝑛 ∈ ℤ such that 𝑓𝑛𝑝 ∶= 𝑞 is an analytic polynomial. Extending
𝑞 to a polynomial on ℂ and factorising, we may write

𝑞(𝑧) = 𝑐𝑧𝑚
𝑘

∏
𝑗=1

(𝑧 − 𝑧𝑗)
ℓ

∏
𝑗=1

(𝑧 − 𝑤𝑗) , 0 < |𝑧𝑗| < 1 < |𝑤𝑗|

for some nonzero 𝑐 ∈ ℂ, where {𝑧𝑗} are the non-zero roots of 𝑞 in 𝔻 and {𝑤𝑗}
are the roots of 𝑞 outside 𝔻 (observe that 𝑞 has no roots in 𝕋 because 𝑝 never
vanishes on 𝕋!). Then we have

𝑝(𝑒𝑖𝑡) = 𝑒−𝑖𝑛𝑡𝑞(𝑒𝑖𝑡) = 𝑐𝑒𝑖(𝑚−𝑛)𝑡
𝑘

∏
𝑗=1

(𝑒𝑖𝑡 − 𝑧𝑗)
ℓ

∏
𝑗=1

(𝑒𝑖𝑡 − 𝑤𝑗)

so 𝑝 = 𝑐𝑓(𝑚−𝑛)
𝑘

∏
𝑗=1

(𝑓1 − 𝑧𝑗)
ℓ

∏
𝑗=1

(𝑓1 − 𝑤𝑗)

= 𝑐𝑓(𝑚−𝑛+𝑘)
𝑘

∏
𝑗=1

(1 − 𝑧𝑗 ̄𝑓1)
ℓ

∏
𝑗=1

(𝑓1 − 𝑤𝑗)

= 𝑐𝑢̄𝑣𝑓(𝑚−𝑛+𝑘)

where

𝑢 ∶=
𝑘

∏
𝑗=1

(1 − ̄𝑧𝑗𝑓1) and 𝑣 ∶=
ℓ

∏
𝑗=1

(𝑓1 − 𝑤𝑗) .

Note that 𝑣 and 𝑢 are both in 𝐻∞.
From a calculation in (Ind26) we know that

𝑛(𝑝; 0) = 𝑚 − 𝑛 + 𝑘 .
Now

𝜙 = 𝑝(1 + 𝜓) = 𝑐𝑢̄(1 + 𝜓)𝑣𝑓(𝑚−𝑛+𝑘)
and so

𝑛(𝜙; 0) = 𝑛(𝑝; 0) + 𝑛(1 + 𝜓; 0) = 𝑛(𝑝; 0) = 𝑚 − 𝑛 + 𝑘.
Thus we have to show that 𝑇𝜙 is invertible iff 𝑚 − 𝑛 + 𝑘 = 0.
Letting 𝑤 ∶= 𝑐𝑢̄(1 + 𝜓)𝑣 we have

𝑇𝜙 = 𝑇𝑤𝑓(𝑚−𝑛+𝑘)
= 𝑇𝑓(𝑚−𝑛+𝑘)𝑤 .

But we claim that the operator 𝑇𝑤 is invertible. Indeed, since 𝑤 = (𝑐𝑢̄(1+𝜓))𝑣
and 𝑣 is in 𝐻∞ we have 𝑇𝑤 = 𝑐𝑇𝑢̄(1+𝜓)𝑇𝑣; and since 𝑢 is in 𝐻∞ we have 𝑇𝑢̄(1+𝜓) =
𝑇𝑢̄𝑇(1+𝜓). Thus

𝑇𝑤 = 𝑇𝑢̄𝑇(1+𝜓)𝑇𝑣 = 𝑇 ∗
𝑢𝑇(1+𝜓)𝑇𝑣 .
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Since 𝑢 (extended to ℂ) vanishes nowhere in 𝔻, the Toeplitz operator 𝑇𝑢 is
invertible ² and so 𝑇𝑢̄ = 𝑇 ∗

𝑢 is invertible. By the same argument 𝑇𝑣 is invertible.
Also ∥𝑇1+𝜓 − 𝐼∥ = ∥𝑇𝜓∥ = ‖𝜓‖ < 1 and so 𝑇1+𝜓 is an invertible operator (as is well
known). Thus the product 𝑇𝑤 is invertible.

Now, we consider two cases:
• If 𝑚 − 𝑛 + 𝑘 ≥ 0, then the function 𝑓(𝑚−𝑛+𝑘) is in 𝐻∞ and hence (as we have

shown) the Toeplitz operator 𝑇𝜙 = 𝑇𝑤𝑓(𝑚−𝑛+𝑘)
is the product 𝑇𝑤𝑇𝑓(𝑚−𝑛+𝑘)

.
• If 𝑚 − 𝑛 + 𝑘 ≤ 0, the function ̄𝑓(𝑚−𝑛+𝑘) is in 𝐻∞, hence by the same result

𝑇𝜙 = 𝑇𝑓(𝑚−𝑛+𝑘)𝑤 is the product 𝑇𝑓(𝑚−𝑛+𝑘)
𝑇𝑤.

Thus it follows that in both cases 𝑇𝜙 is invertible iff 𝑇𝑓(𝑚−𝑛+𝑘)
is invertible,

which happens iff 𝑓(𝑚−𝑛+𝑘) is constant, i.e. iff 𝑚 − 𝑛 + 𝑘 = 0, οπως θελαμε.

²𝑢−1 is defined and holomorphic near 𝔻, so 𝑇𝑢𝑇𝑢−1 = 𝑇𝑢𝑢−1 = 𝐼 = 𝑇𝑢−1𝑇𝑢
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