The spectrum of a Toeplitz operator with continuous symbol

XT0 aQyelo (Ind26) det§aue 0TL 0 OELXTNG GTEOPNG ETEXTELVETOL GE OAEG TLG GUVEXELS
xAew6TeG nauTUAeg v : [0,1] — C. Av ¢ € C(T), yoagovue n(p; ) Yoo TOV deLxTn

6TQOPNG TNG Y, (t) := ¢(e*™), t € [0, 1].
Ozwonuo 1. Av ¢ € C(T), Tote
o(T,) = ran(@) U {\ € C\ran(g) : n(¢; \) # 0}

Amddeén. Observe that since ¢ € C(T) we have ran(¢) = essran(¢).
Hence by spectral inclusion,

ran(¢) = o(My) C o(T}) .
Thus we have to show that if A € C\ran(¢), then

Ago(T,) <= n(s;A) =0
Equivalently: T, , invertible <= n(¢ — X;0) = 0.

Replacing ¢ with ¢ — A we have to show that if 0 ¢ ran(¢) (i.e. if ¢ vanishes
nowhere in T), then

T, invertible <= n(¢;0) = 0.

Since ¢(T) is compact and 0 ¢ ¢(T), the quantity ¢ := min{|¢(w)| : w € T} is
strictly positive.

Choose a trigonometric polynomial p € C(T) such that

4]
lo—pl <

and note that p never vanishes on T (|p(w)| > |¢(w)| — &
defined. Also the function

> 20); hence n(p;0) is

9 —p . 6/3 1
(DRES 5 satisfies H@b”<25/3 5

It follows that u =log(1 + v) is a well defined continuous function on T and
1+ =ce“.

(Indeed the series log(1+1) = — 22021 L(—y)", converges because [|1—(1+)| < 1.)
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Therefore (from (Ind26))
n(l+1;0)=0.
Now there exists n € Z such that f,p:= ¢ is an analytic polynomial. Extending
g to a polynomial on C and factorising, we may write

k 4

q(z) = czmH(z — zj) H(z —wj), 0< ]z]| <1l< |wj|

J=1 J=1

for some nonzero ¢ € C, where {z;} are the non-zero roots of ¢ in D and {w;}

are the roots of ¢ outside D (observe that ¢ has no roots in T because p never
vanishes on T!). Then we have

k 4
p(eit) _ e_mtq(eit) — cellm—n)t H(eit _ Zj) H(eit _ wj)

j=1 j=1
k £
S0 p= Cf(m—n) H(fl - Z]) H(fl - w])
j=1 j=1
k ¢
= Cf(m—n+k) H(l - ijl) H(fl - wj)
j=1 j=1

where

Note that v and u are both in H®.
From a calculation in (Ind26) we know that

n(p;0) =m—n+k.
Now
¢ =p(1+v)=cu(l+Y)vfinnin
and so
n(¢;0) = n(p;0) + n(1 +1;0) = n(p;0) =m —n + k.
Thus we have to show that T, is invertible iff m —n+k = 0.
Letting w := cu(1 + ¢)v we have

Wf k) L meni W

But we claim that the operator T, is invertible. Indeed, since w = (cu(1+1))v

and v is in H>* we have T, = cTya44)T,; and since u is in H®> we have Taii4y) =
T3T14y)- Thus )
Tw - T’ELT(1+1[})TU - TuT(1+w)Tv .
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Since u (extended to C) vanishes nowhere in D, the Toeplitz operator T, is
invertible * and so T, = T is invertible. By the same argument 7, is invertible.
Also Ty, —I|| = ||Ty|| = |¥] < 1 and so T}, is an invertible operator (as is well
known). Thus the product T,, is invertible.

Now, we consider two cases:

o If m—n+k >0, then the function f,, , 4 is in H® and hence (as we have
shown) the Toeplitz operator T, =T, is the product Twa(m

Sim—n+k) —n+k)”

o If m—n+k <0, the function ﬂm_n+k) is in H*, hence by the same result
Ty = Fommonyw 1S the product Tf(mianw.
Thus it follows that in both cases T, is invertible iff Tf(wnw is invertible,
which happens iff f,,_, 5 is constant, i.e. ifft m —n+k =0, owog YeAoue.
N

*u~! is defined and holomorphic near D, so T, T+ =T, ,-» =1 =T, . T,
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