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O Xwpoc H? tov Hardy

Opiopdg

H2=={f=f(2)=ianzn e fj\an|2<oo}
n=0 n=0

O H? o yopog Hilbert yia 1o smteptco yvopevo
o 7 o
<fag> = Zn:O a’nbn: 070V g(Z) = ano bnzn'

[Ipotaon

Kofe f € H? ervor odopopon cvvaptnon otov Sicko
D:={zeC:|z| <1}.

BOedpnpo

T kabe 2, € D, n ameikovion f+ f(z) : (H?,|-||) = (C,|-|) evou
ovvexns. Malioza, f(2) = (f,k.,) omov k, (2) = ZZO:O zZg 2"



O Xwpog H? tov Hardy otov xvkio T

®Du1§01)us tov L?(T) pe e501EPTKO YIVOLEVO
(f,9):=5= f f(ett)g(eit)dt xar o.x. Boon { f,, : n € Z} onov

fn(e )—emt-Fpatpovu flk)y=(f.fi) ke Z
Oplcpog

i={feL*(T): (f,f,) =0vn<0}.

Ioopopoiopot:

:Zanz” — (a,) < waanfn

n>0 n>0

H? s 2 s [O?



O Xwpog H? tov Hardy otov xvkio T

Ocopnpo

Av f € H? pe f(2) = 3 a, 2™ opifovue par € (0,1)
n=0

fr(ezt Za r ezm‘, zt c ']]'

Tote f, € H? xou VTTOPYEL TO

h}ri I = f ¢ TPog T vopuo, tov H H?
,

omov f € H? e <f,fn>:anVn20.



O Xwpoc H? tov Hardy III

Oeopnua (OrokAnpotikog Torog Cauchy)

Av f ervar olopopen e avoiKTo GOVOL0 TOV TEPIEYEL TOV KAEIOTO JLOKO
D, tote yio kabe z, € D erovue

A ()
£(z0) 'Kd‘

2mi fr w— %

Ocopnua (OrokinpwTikog TvTog Poisson)

Av f € H? ue avuorowyn f € H? tote yio kabe rett € D gyovue
, 1 ("~ .
frety=o- [ Fle P (s—tyds
TJn

omov P, o mopnvog Poisson
1—12

P)i=— "
-(6) 1—2rcosf+r2’

€10,1), 6 €0,27].



The (unilateral) shift S on ¢? and T on H?

S: 02— 0%: S(ag,ay...) = (0,aq,ay...), (ag,ay...) €EL3(Z,)
TiH? o P (T()(2) = 2f(2),  fe M

F =Y ag o (T = ant,
n=0 n=0

ez ea,)

. _ —1

2 2
H T H

omov V:0*(Z,)—=H?:e, > f,



S-AvoAAo1mTOL LITOYMPOL

Evog k\etotog voyopog £ C 12(Z +) Aeyetan S-availoiwTog oTay
S(E)CE.

[Ipogavews: E,, =Span{e,, : n>m}.

Iptp. O V(E,,) ewor T-avoriowwtog Kot

V(E,) ={f€H?: fM(0)=0,0< k<m}={f,f:feH}.

AMot;



S-AvoAAo1mTOL LITOYMPOL

Ocopnua (Beurling)

Evag kietotog 59[59(663}5%% F C H? evou T-avalioiwtog av-v vmapyel
© € H* ue |p(e")| = 1 ayedov mavrov ato T wote

F={pf:feH?}=pH".

Opiopdg

H®° g 0 yopog tv olopopemv kot ppaypevav ¢ : D — C.
Mia ¢ € H® Aeyetu eawrepixn (inner) ov |p(e'?)| = 1 oxedov yia
kabe e? € T.

Ioyverott H>* C H?,



[Tapayovroromon (Factorization)

Opiopog

Mia p € H™ Aeyeton eowrtepixn (inner) av |p(e'?)| = 1 oyedov yia
kade e? € T.
Mia f € H? heyston eéwtepixn (outer) ov span{T*(f): k >0} = H?.

Mia e&mtepikn cvvaptnon dev gxetl kappia piio oto D.

Yrevl: Ot pileg piog # 0 ohopopeng cuvaptnong otov D amotelovv
«JUKPO» GLUVOLO: EV EYOVV GMUELN GVGGPEVONG 6To D.

Ocopnua (F. ka1 M. Riesz)

Av f € H? un undevixy, to ovvoio {e' : f (e?) = 0} grer petpo
(Lebesgue) unoev.

Oeopnua (Inner-Outer factorization)

Av f € H? un undevixn, vmapyer e6mTepixn @ kol eCOTEPIKN § WOTE
f=wg.



Epappoyn: Ocopnuo Miintz - Szasz

Ynevbupuon (Geopnua Weierstrass): Kabe f € C([0,1]) mpooceyyileton
OHOLOLOPQOL a0 akohovBa Tolvmvopmy. Anhadn av ¢, (t) =", 1
ypapkn Onkn span{e,, : n € N} ewa wokvn otov (C([0,1]), [ )-

Bedpnpo

Av {p,, : n € Z } ewvau axorovbha Oetikawv apiuwv ue py = 1,

infp,, >0 xa1 pi = +00, 707 70 GVVOL0 span{¢,, n € L, } evau
n " "

morvo arov (C([0,1]), ][ . )-

[Topopa

Kabe f € C([0,1]) mpooeyylerar oporopoppo. oo axolovbio
TOADWVOUDY UE EKBETES OO TO GUVOAO TV TPWTWY OPIOUWV.



Teleoteg otov H2

e Teheoteg moAlamhactocov otov L2 := L2(T): Kabe ¢ € L>(T)
EMOYEL PPOYILEVO TEAESTN 6TOV L? g (KAt oMpEL0) TOAAOTAAGIOGHO:

Mw:L2—>L2:f|—>gof.

e H npopoin P € B(L?) emi tov i WITOPEL VO, YPOPTEL

(PN = 5 [T (e




Teheote otov H2: (1) teheotec Toeplitz

e Teleoteg Toeplitz: Opilovue

- M -
TW::POM@:H2—¢>L2LH2=fl—>sof'—>P(s0f)-

Otav ¢ € T® t0te T, := M, (npdy: T =1T).
® wlH ¢

e O Teheotec Toeplitz eyovv mvaxeg (oG TPog TV ok Poom
{fn:n€Z.}) pe otabepeg SlG'YP_)'VIODg
(ka1 KoTo TpLymvikovg otav ¢ € H ).

o H alyefpa Toeplitz wvarn vopp-khetom) vroyeBpa tov B(£?) mov
nopayovv ot { S, S*, I'}. Zrov H?, n avrictoym vopp-kAelo
vradyeBpa (mov mapayoov ou {7, T7, I'}) ewarn

(T,+K:peC(T),K € X(H?)}.



Teleotec otov H?: (2) Teheotec ouvOeonc (composition)

Av 1) : D — D swou ohopopon, tote yia kade f € H? 1 cuvaptmon
Cy(f):=fetp:D—=C

ewvat ohopopon. loyvet katt oyvpotepo:

Oedpnpo

O tedeotng Cy, otedver tov H 2 grov H? kau ervor ppoyuevog, ue

1+ |9(0)] | /2
Cy < (1—w<o>r> |

O1 TeEAE0TEG OVTOL EVOL OTLLOVTIKOL GT BE@plor SUVOLIK®OV GUGTLOTMV.



[1perovdio: H exBetikn cuvaptnon

M T kdbe z € C, opilovpe

oo n

exp(z) := Z % .

n=0

H oepa cvykhvet amolvta yio kabe z € C kat opotopopea o€
Kabe ppaypevo vrosvvoro tov C. Tuvenwg n cuvaptnon
exp : C — C ot ovveyng.

ATOSEIKVUETOL OO TNV TOAVTT GUYKAIGT TNG GEPAG OTL
exp(a)exp(b) = exp(a+b) Va,beC.
Opwovpe e :=exp(1).
Eyovpe e* = exp(z) yio kabe x € R.
H puyadikn mopoywyog

, . exp(z+h)—exp(z
exp/(2) = lim p( })L p(2)

vapyet yio kobe z € C kat iwovton pe exp(z).



H exBetikn cuvaptnon

I'o kGBe z € C grovpe exp(z) exp(—z) = 1 apa exp(z) # 0.

O mepropiopog g exp oty evbet R gvat yynoiog avovca
cvvdptnon mov ameikoviiel o R opotopopeuca emt tov R, .

@A T kade t € R grovpe || = 1 dnadn et € T. Opilovpe
cost := Re(e®), sint :=Im(e”) (t€R)

apo.
et = cost+isint (t€R).

KOLL ETETOL OTL O1 COS KL SiN EIVOIL TAPOYWYIGULEG GUVOPTNGELS
R — R pe
N ./
cos’t = —sint, sin’ t = cost.



