TEAEZTEZ XTON H?, 2025-26
(notes for) AZKHZEIZ III

Aoxnon 1. Eoto w € D kat ¢y, (e?) = 1 — we™ ™,
AglEte 0Tt 0 TeEheotng T, ELVOL AVTLOTPEWPLUOG.

Hint. We have ¢, = (1 — wf1) so T3 = I — wTy which is invertible because the series >, o(wT7)"
converges (since ||wT} | < 1) to (I —wTy)~ L. O

Aoknon 2. (o) AeiEte ot av ¢ € L%, o teheotng Ty, dev exelL mote memepaouevn Tagn - eKtog Peformg
ov ewvar 0.
(B) AerEte ot 0 TyT — T1 Ty eyeL TaEn o o 1.

Hint. (o)'If = Z/i;vﬂ frgy is Toeplitz, then (S*)"T'S™ = T forall n, hence T' = Z,ngzl((S*)”fk)((S*)”gk)*
for all n. But lim,, |(S*)" f||2 = 0 for all f (easily seen), hence each rank one term goes to zero. Thus 7" = 0.
(ﬁ) We have T¢T1 — T1T¢ = T¢S — S(S*T¢S) = (T¢,S) — SS*(T¢S) = (I — SS*)T¢S = POT¢S where
P is the (rank one) projection onto fj. O

Aoknon 3. Prove that 15, — TgTy is a compact operator if at least one of ¢ and ¢ is the sum of a function

in H* and a function continuous on the circle 5. (Hint: In the continuous case, this can be established by
approximating the continuous function by trigonometric polynomials and using the previous exercise. It can
then be shown that adding a function in H? does not change T&p — TgTw).

Hint. Case (1) Suppose that ¢ € H®. Then TaTw = T$ " hence Tg o TaTw =0e K.

Case (2a) Suppose that ¢ = f, with k € Z. If k > 0 then f, is in H™ hence we are done by case (1).
If k = —n < 0then T = T, = S™ and we have (S")*T,S" = Ty, so

(S™)*(TyS™ — S"Ty) =Ty — (S™)*S"Ty =Ty — Ty =0.

Thus ran(7;,S™ — S™Ty) < ker(S™)* which is n-dimensional; thus T, S™ — ST, = T, Ty, — T}y, Ty has
finite rank, hence is compact. But since f,, € H® we have Ty,Ty, = Ty, = Ty, and so T, — T, T is
compact, oTtmwg Oehape.

Case (2b) Suppose that ¢ € C(T). Since ¢ is in the | - ||oo-closed linear span of {fj : k € Z} and the map
¢ — T is linear and continuous (recall that |Ty|| = |/¢]) the compactness of T, — T5T; follows from
Case (2a).

Case (3)The case when ¢ € H® + C(T) now follows from Cases (1) and (2) by linearity.

Case (4) Suppose that i) € H®. Then (T$ w TgTw)* = TE o~ TET‘b is compact by the previous case, hence
so is its adjoint T&p — TgTw. 0

Aoxnon 4. AelEte oL av evag un-undevikog teheotng Toeplitz T € B(H?) dev ewvan 1-1, Tote:
(@) YrapyeL 0to ouvoro Tiumv tov e g € H? pe g(0) # 0.

(B) H otaBepn ovvaptnon avnKeL 0To0 GUVOAO TLUWYV TOU.

(y) To ovvolo TV TOU TTEPLEYEL KOOE TOAVWVLUO.

Hint. (a) Since Ty is not 1-1, T must be 1-1by Coburn, hence T(;‘(l) # 0. Hence there is an f € H? with
(TF), f) # 0,501, Ty(f)) # 0. Thus the function g := T (f) is not orthogonal to the constant function
1, i.e. the constant term in its power series is nonzero.

'AL, Tak!



(B) Me amaymyn oto atomo: Av 1 otadepn ovvaptnon 1 8ev avnkel 0to ouvoro Twwv Tov T, ToTE Yo
kabe un undevikn f € H? 0a exovpe Ty(f) ¢ spanl, apa SS*Ty(f) # 0. Ewducotepa yio kabe un
undevikn h € H? 0o gyovpe SS*T,Sh # 0. Opwg S*T,S = Ty, omote STyh # 0. Auto derveL 0TL 0
STy ewvoun 1-1, apa xar o Ty ewvan 1-1, og avuibeon pe v viwobeon. O

(y) Me emaymyn: AelEape oto (B) v mepurtwon n = 0.
Avn > 1, vmoBetovtag ot f,—1 € Ran(Ty), va detl&ovue o f,, € Ran(Ty):

There exists g € H? with Tyg = fn—_1, hencefy, = Sf,—1 = ST,g. But from Exercise 2(8) we have
TyS — STy = PyT4S and so

fn=8fn-1=8Tpg =TySg — PoTySg € span(Ran(T}),1) .
Since by (B) 1 € Ran(Ty), it follows that f,, € Ran(T). O

Aoknon 5. Eoto {e, : n € Z} wa opBokavovikn paon evog ympov Hilbert H.

Av evag gpayuevog teheotg A € B(H) €yl avo TPLYMVIKO TILVOKO WG TPOG AUTHY TNV 0pHoKavovikn
Baon (dNA. av amy = (Aen, ey = 0 0tav m > n) dei€te otL oL aptbpot (Aey,, ey, ) ervar LdLoTLeg Tov A.
To 1810 LoyveL KL otav 0 A €)eL KOTm TPLYWVLKO TILVOKO.

Hint. For every m € Z., if n < m we have (Ae,, e,,) = 0 and hence Ae,, € span{ey : k < m}. Thus the
subspace F,, := span{e,, : n < m} is A-invariant. Now the matrix of the operator A,, := (A — aymm!)|E,,
is upper triangular, with diagonal entries a,, — amm, 7 < m. Hence A, is not not invertible, since the m-th
row of its matrix vanishes. Thus there exists a non-zero x € E,,, with (A — apml)(x) = 0,1.e. AT = apmm;
hence a,,,,, is an eigenvalue of A.

Aoknon 6. AeiEte ot av evag teheomg T € B(H?) agnver avariointo kade S-avollorwto (dnhadn
T1-oavolhoLwTo) KAELoTO VIToYwpo Tov H? tote ewvan avalvtikog teheotg Toeplitz, dnhadn T = Ty
omov ¢ € H®.

YrodeiEn. Eyovue deiEer (Aoknomn IL7) ot o T' petanbeton pe tov S. Zvvenwg S*T'S = S*ST = T.
Avrto deuyvel, onmg Egpovue, ot 0 1" ervan Toeplitz: vrapyetr ¢ € L% (T) wote T' = Ty.

To show that in fact ¢ € H®, we need to prove that ¢(—m) = 0 for all m > 0. But recall that the matrix
(T fm, fn)] of Ty is given by (T frn, frn) = ¢(n — m). Thus, for all m > 0,

d(—m) = (T fms fo) =TT fm-1, fo) (since m > 0)
= {T' Ty fm-1, foy (by hypothesis)
= (Tpfons T fo) = 0

ommg Behape. O

Aoknon 7. AelEte ot kabe S*-avarlolwTog VoY wpog Tov H? memepaouevng SLooTaong ELVOL 1) YPOL-
LLKY) ONKY) TOV YEVIKEVUEVOV LOLOSLIVUOUOTOV Tov S* mov mepteyel (o f € H? LeyeTtal YeVIKEVUEVO
Wodtovuoua tov S* av f # 0 kow vapyer n € N ko A € C worte (S* — M) f = 0).

Awote mopaderyo evog S*-avallolwToy VITOYXWPOU TETEPACUEVTG OLALOTAONG TTOV OEV ELVOL 1] VPO~
WK ONKN TV 1WLodavvopaTwy Tov S* Tov JTEpLE)EL.

Anédeién. If E € H? is S* invariant and finite dimensional, then E is a finite codimensional nonzero S-
invariant subspace of H2 and hence (as we know) of the form ¢H? wehre ¢ is a finite Blaschke product. If
zi, € D are the distinct roots of ¢ each with multiplicity ng, we write ¢ in the form

2k 2k — 2

o) = [ [ or  where ¢y(2) = xk(2)¥k(2)
k=1
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where ¢ (z) = z — zj. Note all these functions are in H*.



We claim that
span{ker(S* — Z,I)™ : k=1,...,n} = (pH?)*.
Note that
feoH? < fe[|ranT}" .
Indeed if f € ¢H? then for some h € H? and for each k, ’

f=¢h= 1_[ U X b= Ut (XZk I %mx%’"h> =y

m#k
(note that hj, € H? since the multiplier of A is in H®); thus f = T o hj € ran TZ; : for each k,
so f €[, ranTy" .

Conversely if f € [, ranT * then for each k there is g € H? with f(2) = (2 — z;)™gr(2), z € D. Thus
each z; is a root of f of multlphclty at least ny. It follows by standard complex analysis that there exists a
holomorphic function ho on I such that f(z) = [ [,.(z — zx)"*ho(%), and so f = ¢h where

h= ([T xe* )~1hg (note that h is well defined on D and holomorphic).

It remains to show that h € H2. For this, let 7o < 1 be such that 7y > maxy, {21 }. Then ¢ is continuous and never
vanishes in Fy := {z € D : |z| = 1o}, s0 € := min{|@(z)| : z € Fy} is strictly positive. Since | f(2)] = €|h(z)]
in Fy, for each r € (ro, 1) we have (. | f(re™)|2dt = €2 . |h(re™)|?dt and so €2 { |h(re™)[*dt < 27| f]|3;2

Taking sup over r we get €| h| 2 < | f| g2 < o0 as claimed. Thus f = ¢h € pH?.

Now from the equality
¢H? = ﬂ ran Tg -
k
we obtain 2

(pH?)* ﬂranT span{lranTg:)L tk=1,...,n} =span{ker(T;*)* : k=1,...,n},

but the linear span of finitely many finite dimensional subspaces is closed, so finally
(9H?)*: = spanfker(T[*)* -k = 1,...,n},

which is what we wanted, since T} = (S* — zj.1). O

Hapaderyua evog S*-avallotwTov vIoYWEOV TETEQAGUEVNS SLAGTAGNS TTOV OV ELVAL 1) YOOUUKT) ONKY
TV 1dlodavveuatwv tov S* mov mweoueyer: Consider the two-dimensional space ( f2 H2)+ = ker(S*)2. The
eigenvectors of S* are ky, A € D. The only one of these contained in ker(S*)? is ko = fo. (Actually ker(S*)?
is spanned by fy, an eigenvector and f1, a generalized eigenvector.) 0

Aoknon 8. TMopatnpouvue otL oV m,n € Z 0 TELEOTNG TPWING TAENG fin f1¥ €XEL TLVOKO MG TPOG TNV
OK Baon {f, : n € Z} tov L*(T) mov gxer 1 omv (m, n)-0eon kar undeviko, movtou alhov. Anhodn
N ypowukn Onkn F = span{ fr, f¥ : m,n € Z} amotelerton 0o TOVG TEAEOTEG TTOV EXOVV TILVOKEG LE
TETEPAOUEVO APLOUO U1 UNOEVLKWV VPOV KAL OTNAWY, ETOUEVOG OEV TTEPLEYEL OAOVG TOVG TEAEOTES
TEMEPOOUEVNG TAENG. AWOTE EVOL CUYKEKPLUEVO TTOPADELYUCL.

AelEte 0TL Tapoha auta 1 KAELOTN ONKN Tov F mtepLeyel KoOe TeELeOT TEMEPAOUEVNG TAENS: KOOE Tehe-
OTNG TETEPAOUEVNG TOENG TPOOEYYLLETOL ALTTO YPOUULKOVG GUVOVOOUOUS TELEOTMY TNG LOPPNG fin for .

Hint. Observe first that the operator f,,, f* lies in the subspace PpB(L?T)Py Where k = max(|m/|, |n|) and
Py, is the projection onto the subspace span{ f; : |i| < k}. Thusiif, say, f = >}, ¢ L £, the rank one operator
ff* lies in no subspace P, B(L>T)P;, and hence cannot lie in F.

On the other hand every g and h € L?(T) can be approximated in || - |2 by the parial sums g,,, h,, of their
Fourier series (g, := Z‘ Kl<n g(k) fr)-. It follows that

lgh* — gnhils = lg(h — ha)* 4 (g = gn)hnls < |gl2lh — halla + g — gnl2]n]2 — 0

(here we have used the easy fact that [gh*|s < |g|l2|R]2)- Thus gh* = lim,, g,h¥ is in the closure of F,
omwg Behae. O

Zusing f e kerT* <= (f,Thy ={T*f,h) =0Vh < f LranT.




