[8walovoeg EcwTepixeg Xuvaptnoels (Singular inner functions)

Ywevdowen: O wopenvag Poisson T r € [0,1), t € [0, 27],

71 0o
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I3ralovoeg EcoTepLxeg ZvvapTnoeLg

Oopwowdc 1. Mo eowtepuxny ovvaptnon ¢ € H™ Aeyetor 18100060, EGOTEQLXT GLVOQTINGY
(singular inner function) av dev ervow 6todepn xow dev exel puleg 6Tov D.

Hogedderypa 1. ¢(z) = exp (27), =z€D.

Mopdderyya 2. ¢(z) = exp (Z ay ;ng:) , 2€D omov a;, >0 xou 6, € [0,27].
k=1

Ozwonuo 3. Mia S : D — C awvor 101aloveo e6TEQLXT GUVOPTNON QV-V EWVOL TNG UOQPTG

S(2) = cexp (—/eit 2 d,u,(eit)) . zeD

et — z

ommov ¢ € T xou p ewvar xavovixo VeTixo un undevixo uetpo Borel otov T mwov ewvon xadeto 1
Walov g mpog To ueTpo Lebesgue.

(Eva detixo petpo Borel 6tov T Aeyetow xadeto 1) tbtalov ©g weog To uetpo Lebesgue m av
ELVOL GUYXEVTEOUEVO G6E evor m-undevixo 6uvoho A C T, av dnAadn pu(A¢) =0 xow m(A) =0.)

Tow Ty amodelEn, da ypelacdel To axoAoVB0 Oe®ENUO VOTOEOGTAGTG:



Ozwonuo 4 (Herglotz). Eotw h : D — C odoupoppn wote Re h(z) > 0 nia xade z € D. Tote
vIogyEL xovovixo VeTixo uetpo Borel p otov T wote

1 it
hz)= — [ 2 " dp(e) +iIm(h(0)), 2 €D.
27 Jp et —

Appa 5. E6Te 11 xovovixo Vetixo uetpo Borel otov T. Opulovue

1 it ]
F(z):= /Wdu(e”) z€D.

o t—z
Tote n F ewvar oAouoppmn oto D.

Amdde&n. H cvvagtnen f(z) = 12 ewar (100paveg) 0Aouopdm 670 D, ETOUeVOs ovamTuGee-

TOL GE BUVOUOGELRD f(2) = Y a,2" TOU GUYXAMYVEL OUOLOUOEPU GTO GLUUITTOYT VITOGVVOAL TOU
n=0
D. Tuvemog 1 duvauosela Yo Ty fe z) = HETE = €42 Guyxvel OUOLOLOR(O ©G TQOG

t € [0,27] yuo xade z € D (To 6vvodo {e %z : t € [0,27]} ewonw cuuTayeg VITOGVYOAO Tov D).
Emopevog

(M L60TNTO (U) ETETOL QATO TNV OUOLOUOEPT GUYXAGT TNG GELRaAc). ANAadn N F avasTTUGGETOL
6 dvvauocelpa 6To D, apa eLvalr 0AOUOEPT. O

Amodergn Tov Ocwpnuatog Herglotz

Bnuo 1. Oetw h,(z) = h(sz), omov s € (0,1). H h, ervor 0AOQOE@P™N 6TOV SL16%0 Ue oxTLva, 1/s,
OV ELVOL U0 OKVOLXTY| TTEQLOYT TOV %AELGTOV SLGxov D. Zvvemwg woyver oTL hy, € H?, 00T 0
Tumog Tov Poisson duvvel:

A 1 . .
hy(ret) = o / h.(¢)P,(t — 2)dw, re't €D.
0

2m zx - )
Oetw  F(z):= ! / . R Re(h (")) dx : evvor ohopopdn 6to D (Aquuo B).
0

% ewr —z
1 27 . 4
Exo Re(F(2)) = 77/ P.(t —x)Re(hy(e™))dz (amo tnv ()
0
= Re(hy(2))

0TOTE 1 GVVORTNGN hy(2) —F(2) €xel TEayUaTi®o wepog = 0 GTO OlVOLXTO %0l GUVEXTLXO GUVOAO
D, apa ewwar 6Tadep ()N TNG TOVTOTNTOGC):

ho(2) = F(2) = h,(0) = F(0) 2 i Tm(h,(0)) — 0 = i Im(h(0))

2



(n (*) woyver yrate F(0) € R).

‘Exovue Aowwov, Yoo xode z € D,

2m zac
hy(z) = F(z) +ilm(h 21/ e(hy(e®)) dz + i Tm(h(0)). (**)
0
Twpa: va 6teth® s 7 1 xor va 8el§w ot Re (h(€)) da — du(e™™) we TNV xaTaAAAY «acdevn

EVVOLOL GUYXALGTGC.
Brua 2. T xode s € [0,1), 0pto TN YooUWXT LoepT
27 .
pe O = Cogrs o [ g(e) Re(h, () da
0
TOV oL VETLXn (OPOov Re(%s(e”)) > 0 v xade x) xow cvvexng 6tov (C(T), || ), agov

1 27 . A
1.0 < loley [ e, o

1 27 » '
son Il < 5 [ Re(lu(e)dr.

Ewdaue otL 1 h, ervor 0AOROE(pT 68 UL TEELOY TOV D, 0T0TE ePapUoleToL 0 OAOXANEWTLXOG
Tumog Tov Cauchy:

1 2T » _
— hy(e'®)dx = hy(0) = h(s0) = h(0)
27 Jy
%0l GUVETTOG
lpesl < 2w Re(h(0)) Yoo xade s € (0,1). (*)

Hedétaon 6. Ia xade axolovta s, /1, 1 {u, } eger wo vwaxodovde {u, }+ wov ewar
Q*-GUYRMVOVGO», ONAadT vItopyel e GuveNS Yoouuxy woppn v C(T) — C woete
lim,, p,, (g9) =v(g) nae xade g € C(T)[

Amdbekn. Ymevdowlovpe ot T0 apudunowpwo 6uvoko {f, : k € Z} C C(T) (omov fi(e) =
ety eyer Yoo e (To TELYOVOUETELXO TTOAOGYVUR) || - [ -Ttvxvn 6Tov C(T). Kabde pu,
LXOLVOTTOLEL

s (i)l < Al felloo

(owov A = 2w Re(h(0)) xouw cuvemwg, yoapovtog x4 (k) = (i),

(, (k) € [T DOAIAD -

kez

'To GUUTEQAGUO ETETOL GUEGHOS, OV YXENGLUOTOLNGOVUE TOo Bewpnuo AAaoyAov-Bourbaki yio tnv acdevn-*
GULUTTOYELD TNG UTTAAG TOV dULx0v Tov Xweov Banach C(T) (n omol umado ewwor a6Vevog-* WUETELXOTOLNGLUT,
apov o (C(T),|-|_,) ewam dwayoeietnog), xadog 1 owxoyeveln {p, : s € (0,1)} evar 0UOLOUOEP PEAYUEVT], 0Q0
EYEL GNUELD, GUGGWEEVGTG GTNY acdevn-* ToToAoyla. Avvovue o, avTodvvaun asrodetgy.
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To X := [] D(0,\|f]) ewval apiBuncLpwo YLwouevo GUUTTOYOY BLeX®Y, 000 ELVOL GUUTTOYTG
kezZ

WETELX0G Y ©Q0¢. Emouevog, yioo xade axohovdia (s,) tov [0,1) we s, 1, N 0VTIGTOLYY O%O-
Aovdia (z,,) Tov X omov ,, := (z, (k));, exel GLVYXMVOVGE VTTAXOAOVDLYL (2, ): VIOQEKEL T € X
wote limz,, =z, dnhadn limz, (k) = z(k) v xade k € Z. H amewxovien f, = x(k) ooulet
WL YOOUULULX Y] OITELXOVLGT
foo : SPAN{f} s k€ Z} — C: chfk = chl’(k)
k k

xow, EPOGOV %0DE 11y txovoToter TV |1y (Do, ¢ fi)l < AXS, ckkaoo (a0 TNV (¥)), TO 0QLO ETTLONG
Do Ty wavomote: [, (30, crfi)l < A2, ckfk”m. ANAGBN 1 Loy EWVOL GUVEYNG YOOUULXT LWOEPTN
0QLGUEVT] GTOV TUXVO VITOYXWEO span{f, : k € Z} tov C(T).

Emouevog N o, ETEXTELVETOL (AOY® GULVEXELOS) GE GUVEXT Yoouux wopdpn v : C(T) — C
we v < A mwov wavomower v(f,) = x(k) = limu, (f) Yoo xade k € Z xouw 6UVET©G (000
YOOWULXOTNTO %0l GUVEYELOL)

v(g) =limu, (g9) wo xade g € C(T). O

Amo to dewpnua avamoapactacns Tov Riesz (1) [Rud87, Ocwonua 2.14] vapyer eva (wovo-
d1%0) xavovixo wetpo Borel p 6tov T wote

1
v(g) = /gd,u v xade g € C(T)
2 Jp
0TOTE
1 iz 1T : 5 1 o 1T 7 iz
o [atedu(e) =Timp, () =lim o~ [ g(e") Re(h,, () da.
27T T n n n 2’]’[’ 0 n
Epapuolovtag tnv TeAevtonn 6)e6m 6Ty g(z) = zifj Botoxovue, Yo xade z € D,
1 T ) 1 27 iz - ]
2R (i) = lim/ € T2 Re(h, (7)) dz
2w Jp et —z n 21 J, e —z kn

“limh,, (z)—iIm(h(0))
= limh(s,, 2) — i Im(h(0)) = h(z) — i Im(h(0))

xow T0 Vewpnuo Herglotz amwoderydnxe. O

HMapathenon 7. Xty decon ToV exOeTixwv f, Vo UTOQOVGE VO YONGLUOTODEL OTOLOONTOTE
aELOUNGLUO GUVOAD TTOV 1) YOOUULXT TOV Onxn ewvon ||-| o -mvxvn atov C(T): n uedodog amode&ng
OV AX0AOVTNGOUE AELTOVQYEL GE OTTOLOVONTTOTE OLopwELGLUO X0 Banach.

2TN GUYXEQUUEVT) TIEQLITOGT OL GUVTEAEGTES | fi| Oev ypeadovrar, agov ewar odot toor ue 1.



Eoyaleio yio v amodelEn Tov Oewenuotog
Mapathenon 8. Av

S(z) = cexp <—1/€ JrZdu(e”)), z2eD

21 Jp e — 2

ommov ¢ € T xat |1 ewvow VETLX0 TETEQAOUEVO UeTEO Borel otov T, ToTe
" 1 )
[S(reit)]| = exp [ —o= [ Po(t — 2)dp(e™) ) .
27 Jy
AmdbeEn. Ymevdowlovue oTL av u = e toTe fi [u| = ef°¥. Tuvemoc, apov |c| = 1, exovue
) 1 T it )
|S(re')| = exp (— Re ( /vw d,u(e”)))

2m
1 e 4 re't ,
L [Re (ETC ) ap(ein
op ( 2m Jy ° <€m - re”) e >>

= exp (;ﬁ /Pr(t —x) dp(e“”)) (arto Ty (D). O

T

Ozwonuo 9. Av v ewvon Tetixo memepaouevo uetpo Borel 6tov xvxio T, ToTe ypapeTon

v=v,+v,

0TOv
o v, L m, onAadn vrmagyer cvvodo Borel A C T ue m(A) =0 xaw v (A°) =0 xou

® T0 v, ol TNG UOPPNS
V(I(E> :/V/dm,
E

e xode Borel E C T, omov v ewvow UeTonoLun un opvnTixn cuveetneyn 6Tov xvxio T.

Amddekn. H weotnta v = vy + v, ewon 1 Aeyouevn «diacmocn Lebesgue» tov petpov v. H
VIOEEY GVVAETNGNG ¥ ©6TE dv, = v'dm ewal To Oewenuo Radon-Nikodym. Mo awodelEn
%0l TOV OVO GLYYEOVES VTLOEXEL 6TO [F0I99, Ocwonuo 3.8]. O

Ozowpnuo 10 ( Oewponuo Fatou). Av p awvon detixo mwemepaouevo uetpo Borel otov T, tote
vroyer m-cyedov yio xade et € T 10 0pLo

1 27 A
lim=— [ P(t— iz
lim - / (¢ — 2)dpu(e™)

xau oovtow ue p'(et). fi

Amdde&n. [Rud87, Ocoonuo 11.24].

Ylul? = au = e%e¥ = e2Rev goo
SENUELOGE OTL N GVVAETNGTN P, ewor 27-epLodixt, 0moTe N P.(t — ) 6TNY TEOYULOTIX0TNTO EE0QTOTOL GIT TO
ei(tfcc).



Hagatienen 11. Av f € H? xou 70 oo lim, », f(re') vmagyer m-cyedov yia xade e € T,
TOTE 3
11;111 flrett)y = f(e®*)  m-oyedov mavtov.

Amdderén. Zepovue 0TL

li — Flle =

lim |f, =l =0
(omov f,.(e’) = f(re'®)). Emouevog, vwapyer wo axohovdo (r,) we 7, /1 %L eva 6uvolo
B C T uetpov undev octe lim,, f, (e) = f(e") 1 xade ' € BC.

AMG awo TV vITodesT], VITaEYEL eva 6uVodo A C T wetpov undev 0oTe Yo xade et € A°

70 0QLo lim, »; f(re™) vo, vagyel, omote lim,, f,. () = lim, -, f(re) otav e € A°. Tuvemog
oo xade et € A° N BS, dnAadn m-63ed0ov TaVTOU, eYOVUE

: AR T i\ _ (it
lim f(re") = lim J, (") = f(e").

Eoxouacte Topo 6NV amwodelEn Tov Ocopnuatog B
Theorem. Mia S : D — C ewar tdialovoa e60TEQLXT GUVOETNGY QV-V EWOL TNG UOEPNS

it
S(z) = cexp (—1/6 Rk d,u(e“)) , z€D

21 Jp et —z

ommov ¢ € T xou p ewvon xavovixo UeTixo un undevixo uetpo Borel otov T mov ewon 16Lalov &g
pog T0 UeTPo Lebesgue.

1 T )
S(z) = cexp <_27T/e' Rk d,u(e”)> , z€D

1Te””—z

AmdbeEn. Eoto

omov ¢ € T xow p ewal xavovixo Yetino ueteo Borel 6tov T wov ewvor 18Lalov ©g TEOG TO
uetpo Lebesgue.

No dergovue oTL N S EWVaL EGOTEQLXT GLVAQTNGT. Egpovuwe MO 0TL 1N S ervar 0OAOUOEPT
6tov D (Anuuo B).

T xade 2 = re't € D eggovue

S(re)] = exp (—jﬂ [r- xﬂu(@”)) |

T
amo v IHopatnenon ). Emxedn n P. x0d0¢ xow TO p TOLEVOUY W1 GQVNTIXEG TULEG, ETETOL
oTL

S(rett) < 1

apo S € H*™® xau S|, < 1.

ANAOL TO UETEO ft ELVOL %aBETO 6TO weTEO Lebesgue. AnAadm 6T1 dlaeTacn 1 = fig + fig, TO
QTTOAVTO GUVEYESG WEQOG L, ELVOUL WNDEY, ETOUEVOG 1 ToRorY®wYog Radon Nikodym p” undeviletat
m-6Yedov TavTov. Erouevog, amo to Ocwpnuo Fatou éovue

1 . .
o /Wpr(t —x)dp(e™) = p/(e") = 0
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m-6yedov yuo xade e € T. Tuvemwg, m-6yedov o xade et € T, T0 0pLo

. 1 )
s wt\| — 13 o o 1T
Llfnll |S(re')| = Ll/rlrll exp ( /Pr(t x)du(e ))

27 Jy

vapyer xow teovtar we €? = 1. Azo v Iapatnenoen [ exovue Aowwov |§(e“)\ =1 m-6yedov
TAVTOV, ONAGDT N S ELVOL EGOTEQLXT GLVAQTNGT|.
Tehog, n S ewwon Wragovea, yiote dev evvor 6tadepn (apov p # 0) xow dev exer puieg 6To D

(a@ov ewar TNg woePng S(z) = e93)).

T Tto avtieTeoPo, vrrodetovue oTL N S : D — C ewvor 18Laoveo E6MOTEQLXT GLVAQTIGT|.
E@ocov dev undevileton wovdeva 6tov D, vwapyer wor oAouwoedm cvvaptnoen g : D — C wote

S(z) = ed? oo xade z € D[
Twga, apov 1 S ewwor e6eTEQLXY %o W 6TodEQT, exovue |S(2)| < 1 v xade z € D owoTe
Reg(z) <0 Yoo xove z € D.

Emetal amo 1o Ocwpnua tov Herglotz (@) oTi vwayer Detixo xoavovixo uetpo Borel p 6tov T
©GTE

90 =5 [ G dutet) + ilm(g(0), z€D
T

o2 Joett — 2

1 et + 2z ,
S(z) = cexp (—%/eit — d,u(e”))
T

omov ¢ := exp(iIm(g(0))) € T.
Exovue Mooy

A0l GUVETTWG

[S(re'')| = | exp(g(re™))| = exp(Re g(re™))

2m
= exp <_2177/o P.(t— a:)d,u(e”))

70 0moLo, aro To Oewpnuo Fatou, cvuyxhver 6To exp(—u’(e)) xadog r 7 1, m-6xedov Yo
xade et € T. Anhadn

li/l’l”ll |S(ret)| = exp(—p/(e)) m-oyedov yuo xade et

%0l 0Ok

S (reit)| = exp(—u'(¢'))
S’(z)

‘Amodelsn H 6vvoQon z = 55 0QUGETAL %ow EWal 0AOU0QP1 6TO D, TO 0TTOLO EWOIL AVOLXTO %L %VQTO GUVOAO.
Luvemng, amo To Tomxo dewpnua Cauchy, 1.57/S exelr TaQoryousn: VITGQYEL OAOUOQPT 6VVaQETNGT g : D — C woTe

’ 4
g'(2) = LZ Av ¢ =9, exovue ¢’ = g'd = S ¢ na aga (§) =0 6T0 avoxTO % GVVEXTXO GVVORo D. Eretan

ot 1 £ ewan 6Taden 6Tov D, aga 223 = %% yia xade z € D. Emdeyovag ooy ¢(0) = S(0), d1h. e9©) = S(0)

exovpue 9% = S(z) 6tov D omwg Yehaue. O



m-6edov avtov, awo TNV [apatneneyn . Oung ]§(e“)| =1 m-6)Edov TaVTov, aPov 1 S
eVl e60TEQLXT. Exovue Aowtov

exp(—u’(et)) =1 o.m.

omoTe, apov p () € R, emeton otL ' () = 0, m-6.7. AnAadn 6T BLaGTOeN 1 = py + [y, TO
QITOAMUTO, GUVEYEG WEQOG fi, ELVOL WNOEV, TEOYUO TTOV GNUGLVEL OTL TO (= fig ELvaL LOLalov,
0TT®G VEAGLLE. O
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