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Eisagwg 

An kai h Majhmatik  Biolog—a jewre—tai arket� sÔgqronh,  dh apì ton 12o ai‚na o Fibonacci e—qe
eisag�gei thn om‚numh akolouj—a gia thn ep—lush enìc probl matoc sthn Oikolog—a. Gn‚rise de

idia—terh �njhsh apì ton 17o ai‚na kai met�, katìpin twn jemeliwd‚n ergasi‚n twn Newton kai

Leibniz ston Apeirostikì Logismì. SugkekrimŁna,  tan ton 18o ai‚na ìpou o Bernoulli eis gage

to epidhmiologikì tou montŁlo gia thn eulogi�, o Malthus thn kentrik  idŁa tou ekjetikoÔ montŁlou

aÔxhshc sthn Oikolog—a kai o Verhulst, ton 19o ai‚na, to logistikì tou montŁlo. Ektìc apì

touc klasikoÔc tome—c thc Oikolog—ac kai thc Epidhmiolog—ac, h sÔgqronh Majhmatik  Biolog—a

perilamb�nei, metaxÔ �llwn, thn melŁth problhm�twn apì thn Bioqhmik  Kinhtik , thn Genetik , thn

Kuttarik  Biolog—a, thn MorfogŁnesh, thn Ogkolog—a kai tic Neuroepist mec. Gia thn idia—terh

barÔthta pou oloŁna apokt� h diasÔndesh Majhmatik‚n kai Biolog—ac qarakthristikìc e—nai o t—tloc

{Ta Majhmatik� e—nai to epìmeno mikroskìpio thc Biolog—ac, all� kalÔtero. H Biolog—a e—nai h

epìmenh Fusik  twn Majhmatik‚n, all� kalÔterh} enìc eklaðkeumŁnou �rjrou [11]. Sunoptik�,

o stìqoc tou epist mona thc Majhmatik c Biolog—ac e—nai h katanìhsh, h montelopo—hsh kai h

melŁth twn mhqanism‚n twn biologik‚n fainomŁnwn kai h axiopo—hsh thc gn‚shc aut c gia qr simec

problŁyeic.

Stìqoc tou maj matoc: H parous—ash basik‚n kai pio prowjhmŁnwn mejìdwn twn Diafo-

rik‚n Exis‚sewn, Dunamik‚n Susthm�twn kai EfarmosmŁnwn Majhmatik‚n mŁsw efarmog‚n sth

Biolog—a.

Perieqìmeno maj matoc:

• Qronik� montŁla Oikolog—ac ∎
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Eisagwg 

• Qronik� montŁla Epidhmiolog—ac ∎

• Bioqhmik  kinhtik  ∎
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Di�lexh 1

Per—gramma Di�lexhc

1. Stoiqe—a Majhmatik c Biolog—ac:

(aþ) To genikì amig‚c exeliktikì prìblhma

(bþ) F�seic melŁthc tou probl matoc

2. Majhmatikì Upìbajro:

(aþ) Kal  topojŁthsh tou PAT

(bþ) Epektasimìthta thc lÔshc kai megistik  lÔsh tou PAT

(gþ) Omalìthta lÔshc tou PAT

Stoiqe—a Majhmatik c Biolog—ac: Gia touc majhmatikoÔc, o jemŁlioc l—joc gia thn ami-

g‚c dunamik /exeliktik  melŁth enìc fainomŁnou (fusikoÔ, qhmikoÔ, biologikoÔ, ktl) apotele— to

ant—stoiqo prìblhma arqik‚n tim‚n (PAT,   alli‚c, prìblhma Cauchy). ’Ena PAT perilamb�nei

dÔo stoiqe—a

1. m—a kat�llhlh sun jhc diaforik  ex—swsh (SDE), h opo—a anafŁretai kai wc to montŁlo, kai

2. m—a arqik  sunj kh

kai anazhtoÔme sun�rthsh y = (yi)
n
i=1 wc proc ton qrìno pou tautìqrona ja ikanopoie— ta parap�nw.

’Eqei de, formalistik�, thn parak�tw morf 

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

dy

dt
(t) = f(t; y(t)); ∀t ∈ I ∖ {t0} (montŁlo)

y(t0) = y0; (arqik  sunj kh)

(PAT)

ìpou I ⊆ R me t0 ∈ I ⊆ R, f = (fi)
n
i=1 kai y0 = (y0i)

n
i=1, kat�llhlo di�sthma, sun�rthsh kai

shme—o, ant—stoiqa. K�je diaforetik  epilog  tou zeÔgouc f kai y0 genn� kai Łna diakekrimŁno

PAT. Shmei‚noume, ìti h arqik  sunj kh qarakthr—zetai wc tŁtoia, kaj‚c thn qronik  stigm  t0
jewroÔme ìti arq—zoume thn katagraf  tou fainomŁnou.

H austhr  majhmatik  enìc (PAT) apaite— thn je‚rhs  tou se kat�llhlo sunarthsiakì q‚ro.

Majhmatik� epitreptìc sunarthsiakìc q‚roc gia thn y apotele— o

{y ∈ C(I; Rn) ∣ I mh tetrimmŁno di�sthma me t0 ∈ I kai y diafor—simh sto I ∖ {t0}} ;

�ra gia to y0 epitreptìc q‚roc e—nai o Rn kai gia thn f o

{f ∶ S1 × S2 → Rn ∣ I × y(I) ⊆ S1 × S2 ⊆ Rn+1} :

Wstìso, sto pla—sio thc montelopo—hshc enìc fainomŁnou, endeqomŁnwc na prŁpei na epib�loume

periorismoÔc stouc parap�nw epitreptoÔc q‚rouc. Gia par�deigma, —swc na jŁlame na koit�xoume

ton [0;∞)
n
ant— tou Rn (mh arnhtik  lÔsh), —swc

I =

⎧⎪⎪
⎨
⎪⎪⎩

(a;∞) me R ∋ a < t0;   [a;∞) me R ∋ a ≤ t0; (jetik� olik  lÔsh)

R (olik  lÔsh);
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Di�lexh 1

  akìma y ∈ Ck(I; Rn) me k ∈ N (mia sun�rthsh y ∈ C∞
kale—tai omal ). Sun jwc, gia tic lÔseic

twn amig‚c dunamik‚n problhm�twn tou fusikoÔ kìsmou apaitoÔme

y ∈ C(I; Rn) ∩C1(I ∖ {t0} ; Rn); ìpou I mh tetrimmŁno di�sthma me t0 ∈ I

kai �ra

f ∈ C(S1 × S2; Rn); ìpou I × y(I) ⊆ S1 × S2 ⊆ Rn+1:

Gia praktikoÔc lìgouc, g—netai lìgoc gia lÔsh enìc montŁlou/ex—swshc kai ìqi enìc PAT, me thn

eÔkola ennooÔmenh Łnnoia. Wstìso, ìpwc e—nai �mesa epalhjeÔsimo, potŁ m—a lÔsh enìc montŁlou

den mpore— na e—nai monadik .

Kombikì rìlo sthn melŁth twn PAT Łqoun ta aploÔstera dunat� probl mata, dhlad  ta gram-

mik�. Grammikì e—nai Łna prìblhma (  montŁlo) ìtan to ant—stoiqo montŁlo ikanopoie— thn arq 

thc epallhl—ac, sÔmfwna me thn opo—a k�je grammikìc sunduasmìc opoiwnd pote, peperasmŁnou

pl jouc, lÔsewn tou montŁlou (dhlad  to �jroisma twn ginomŁnwn k�je lÔshc me Łnan stajerì

pragmatikì arijmì) e—nai kai autìc lÔsh tou montŁlou. Wstìso, aut� apoteloÔn thn meioyhf—a, ka-

j‚c montŁla gia thn perigraf  endiaferìntwn fainomŁnwn e—nai sun jwc sÔnjeta kai mh grammik�.

Oi f�seic melŁthc enìc PAT e—nai oi ex c:

F�sh MelŁth

I Kal  topojŁthsh probl matoc kat� Hadamard (Ôparxh, monadikìthta, sune-

q c ex�rthsh apì ta arqik� dedomŁna thc lÔshc) kai epektasimìthta thc lÔshc

(olik  Ôparxh lÔshc)

II EÔresh lÔshc se kleist  morf 

III An�lush eust�jeiac kai olik  asumptwtik  an�lush

IV Ex�rthsh lÔshc apì mia par�metro kai asumptwtik  an�lush gia {akra—ec} timŁc

thc paramŁtrou

Majhmatikì Upìbajro: Ed‚ parousi�zoume ta basik� majhmatik� ergale—a gia thn F�sh I
thc melŁthc enìc PAT.

IsodÔnamh morf  twn problhm�twn arqik‚n tim‚n. EndeqomŁnwc h morf  tou (PAT)

na fant�zei en pr‚toic k�pwc perioristik . Wstìso, ìpwc ja doÔme amŁswc parak�tw, prìkeitai

gia thn morf  sthn opo—a mporoÔme isodÔnama na gr�youme ìla ta probl mata pou emplŁkoun

diafor—seic miac metablht c.

Pr‚ta ìmwc ac doÔme k�poiec basikŁc Łnnoiec. ’Estw n;m ∈ N.

1. Gia dedomŁna S1 ⊆ R1+(n+1)m
kai F ∶ S1 → Rm, mia y ∈ Cn(I; Rm) tŁtoia ‚ste

i. to I ⊆ R na e—nai Łna mh tetrimmŁno di�sthma,

ii. {(t; y(t); dy
dt

(t); : : : ; dny
dtn

(t)) ∈ I ×R(n+1)m} ⊆ S1, kai

iii. F(t; y(t); dy
dt

(t); : : : ; dny
dtn

(t)) = 0, gia k�je t ∈ I,

onom�zetai lÔsh thc SDE n-ost c t�xhc genik c morf c tou shme—ou iii.. EpiplŁon, gia

dedomŁna t0 ∈ I kai {y0;j}
n
j=0 ⊊ Rm, to ant—stoiqo prìblhma arqik‚n tim‚n apotele—tai apì thn

parap�nw SDE (gia k�je t ∈ I ∖ {t0}) se sunduasmì me thn arqik  sunj kh
djy
dtj

(t0) = y0;j ,

gia k�je j ∈ {0; : : : ; n}.

2. Gia dedomŁna S2 ⊆ R1+nm
kai f ∶ S2 → Rm, mia y ∈ Cn(I; Rm) tŁtoia ‚ste

i. to I ⊆ R na e—nai Łna mh tetrimmŁno di�sthma,

ii. {(t; y(t); dy
dt

(t); : : : ; dn−1y
dtn−1 (t)) ∈ I ×Rnm} ⊆ S2, kai

iii. dny
dtn

(t) = f(t; y(t); dy
dt

(t); : : : ; dn−1y
dtn−1 (t)), gia k�je t ∈ I,

onom�zetai lÔsh thc SDE n-ost c t�xhc lumŁnhc morf c tou shme—ou iii.. EpiplŁon, gia

dedomŁna t0 ∈ I kai {y0;j}
n−1
j=0 ⊊ Rm, to ant—stoiqo prìblhma arqik‚n tim‚n apotele—tai apì thn

parap�nw SDE (gia k�je t ∈ I ∖ {t0}) se sunduasmì me thn arqik  sunj kh
djy
dtj

(t0) = y0;j ,

gia k�je j ∈ {0; : : : ; n − 1}.
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Di�lexh 1

To ìti h pr‚th morf  enìc probl matoc arqik‚n tim‚n perilamb�nei thn deÔterh e—nai profa-

nŁc. IsqÔei ìmwc kai to ant—strofo ìtan ikanopoioÔntai oi upojŁseic tou jewr matoc peplegmŁnhc

sun�rthshc, k�ti pou �llwste isqÔei tic perissìterec forŁc stic efarmogŁc.

T‚ra, k�je prìblhma arqik‚n tim‚n pou perilamb�nei m—a SDE n-ost c t�xhc genik c (  lu-

mŁnhc) morf c ston Rm e—nai isodÔnamh me Łna ant—stoiqo pou perilamb�nei m—a SDE 1hc t�xhc

genik c (  lumŁnhc, ant—stoiqa) morf c ston Rnm. Pr�gmati, periorizìmenoi gia suntom—a sthn

per—ptwsh twn SDE lumŁnhc morf c - oi opo—ec �llwste mac endiafŁroun sto parìn sÔggramma -

Łqoume ìti, an n ≥ 2, tìte ta probl mata

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

dny

dtn
(t) = f(t; y(t);

dy

dt
(t); : : : ;

dn−1y

dtn−1
(t)); ∀t ∈ I ∖ {t0}

djy

dtj
(t0) = y0;j ; ∀j ∈ {0; : : : ; n − 1} ;

me y ∈ C(I; Rn) ∩C1(I ∖ {t0} ; Rn) kai

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dzi
dt

(t) = zi+1(t); ∀t ∈ I ∖ {t0} ; ∀i ∈ {1; : : : ; n − 1}

dzn
dt

(t) = f(t; z1(t); : : : ; zn−1(t)); ∀t ∈ I ∖ {t0}

z(t0) = (y0;i)
n−1
i=0 ;

me z ∈ C(I; Rnm) ∩C1(I ∖ {t0} ; Rnm), e—nai isodÔnama, kaj‚c

• an y e—nai lÔsh tou pr‚tou, tìte h z = (djy
dtj

)
n−1

i=0
e—nai lÔsh tou deÔterou, kai

• an z e—nai lÔsh tou deÔterou, tìte h y = z1 e—nai lÔsh tou pr‚tou.

Wc sunŁpeia thc anwtŁrw isodunam—ac, h genik  jewr—a diatup‚netai sqedìn apokleistik� gia

(dianusmatik ) SDE 1hc t�xhc.

Antistrof  qrìnou. Poll� apì ta basik� apotelŁsmata aforoÔn qrìnouc sthn dexi� hmieu-

je—a (mŁllon). ParajŁtoume to parak�tw pou mac epitrŁpei thn qr sh touc kai gia qrìnouc sthn

arister  hmieuje—a (pareljìn).

Je‚rhma 1 (antistrof  qrìnou). H y1∶ I→ Rn ikanopoie— thn

dy

dt
(t) = f(t; y(t));

ìpou f ∶ S1 × S2 → Rn me I × y(I) ⊆ S1 × S2 ⊆ R ×Rn, an kai mìno an h

y2∶ −I→ Rn

s↦ y2(s) ∶= y1(−s)

ikanopoie— thn

dy

dt
(t) = g(t; y(t));

ìpou

g∶ {(s; x) ∈ R ×Rn ∣ (−s; x) ∈ Dom(f)} → Rn

(s; x) ↦ g(s; x) ∶= −f(−s; x):

Kal  topojŁthsh probl matoc kat� Hadamard. ’Ena PAT e—nai kal� topojethmŁno

ìtan ikanopoioÔntai oi akìloujec sunj kec:

1. ’Uparxh lÔshc.

2. Monadikìthta lÔshc.

3. Suneq c ex�rthsh thc lÔshc apì ta arqik� dedomŁna.
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Diˆlexh 1

Topik  Ôparxh. H anaz thsh topikˆ miac lÔshc eÐnai to akrogwniaÐoc lÐjoc thc melèthc enìc
PAT.

Je¸rhma 2 (Peano). An h f eÐnai suneq c sto anoiqtì U1 � U2 b R� Rn , tìte ¦ ˆ t0; y0• > U1 � U2

§ topikˆ toul̂ qiston mia lÔsh y tou (PAT) . Sugkekrimèna,Domˆy• c I , ìpou I anoiqtì diˆsthma
met0 >I , kai to opoÐo prosdiorÐzetai wc ex c: 'Estw�; � >ˆ0; ª •, tètoia, ¸ste na isqÔei

™̂t; x • > U1 � U2 TSt � t0SB� kai Sx � y0SB� ž � � B ˆ �; � • ø U1 � U2 :

Jètontac

M ˆ�; � • �� sup™Sf ˆ t; x •STˆ t; x • >B ˆ �; � •ž kai 
 �� min œ�;
�

M ˆ �; � •
¡ ;

telikˆ orÐzoume
I �� ™t >R TSt � t0S@
 ž :

Epektasimìthta kai olikìthta lÔshc. 'Estw y� I � Rn mia lÔsh tou (PAT).

1. Mia sunˆrthsh ŷ� Domˆŷ• � Rn lègetai epèktash thc y ann

i. Domˆŷ• diˆsthma, tètoio ¸ste Domˆŷ• c I ,

ii . ŷSI � y, kai

iii . h ŷ ikanopoieÐ thn antÐstoiqh diaforik  exÐswsh stôI .

2. H y lègetai megistik  (  mh epektˆsimh) ann to I eÐnai to mègisto diˆsthma Ôparx c thc.

3. H y lègetai jetikˆ (arnhtikˆ) olik  annDomˆy• c � t0; ª • (Domˆy• c ˆ �ª ; t0� ). H y lègetai
olik  ann eÐnai tìso jetikˆ ìso kai arnhtikˆ olik .

Je¸rhma 3. 'Estw f suneq c sto anoiqtì U1 � U2 b R � Rn .

i . An y eÐnai mia lÔsh tou(PAT) , tìte pˆnta upˆrqei h megistik  thc epèktash.

ii . 'Estw I to diˆsthma Ôparxhc miac megistik c lÔshc tou (PAT) . Tìte

distˆˆ t; yˆ t•• ; @̂U1 � U2•• � 0; kaj¸c distˆ t; @I • � 0:

Apì to Je¸rhma 3 èpetai ìti mia lÔsh y eÐte upˆrqei gia kˆje t >� t0; ª • , eÐte ìti upˆrqei T @ª
ètsi, ¸ste h lÔsh upˆrqei mìno gia t >� t0; T•. Se aut  thn teleutaÐa perÐptwsh, isqÔei ìti

¢̈
¨̈
¦
¨̈̈
¤

eÐte lim
t � T �

distˆˆ t; yˆ t•• ; @̂U1 � U2•• � 0;

eÐte h lÔsh ekr gnutai sto t � T; dhlad  lim
t � T �

Syˆ t•S� ª :

Mˆlista, an n � 1 kai jèloume na deÐxoume ìti mia lÔshy orÐzetai s� èna diˆsthma� t0; ª • , mporoÔme
- upì to prÐsma tou Jewr matoc 3 - na ergastoÔme wc ex c: 'Estw ìti h f eÐnai suneq c sto
ˆ �; ª • � ˆ � b; b•, me� @t0. To zhtoÔmeno èpetai an katafèroume na apodeÐxoume ìti isqÔei

Syˆ t•SBC @b ; ¦ t Ct0 gia to opoÐo orÐzetai hy:

IsqÔoun kai ta antÐstoiqa twn parapˆnw gia qrìnouc mikrìterouc tou t0. Sth sunèqeia parousi-
ˆzoume èna polÔtimo ergaleÐo gia thn exagwg  diafìrwn ektim sewn ìpwc h parapˆnw, h opoÐa ja
mac d¸sei thn olikìthta thc antÐstoiqhc lÔshc. PaÐzei de, metaxÔ ˆllwn, ousiastikì rìlo kai sthn
apìdeixh thc monadikìthtac thc lÔshc tou (PAT) (bl. Je¸rhma 7 parakˆtw).

Je¸rhma 4 (anisìthta tou Gronwall) . 'Estw h, g kai u sunart seic I � R, ìpou I diˆsthma thc
morf c � a; ª •,   � a; b•,   � a; b� tou R. Upojètoume ìti h g kai h u eÐnai suneqeÐc kai ìti to arnhtikì
mèroc1 thc h eÐnai oloklhr¸simh sunˆrthsh se kˆje sumpagèc uposÔnolo tou I .

1UpenjumÐzetai ìti to arnhtikì mèroc miac sunˆrthshc g, g� , orÐzetai wc

g� ˆ t • ��
¢̈
¨
¦
¨̈
¤

� gˆ t • ; an t @0
0; diaforetikˆ :
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Diˆlexh 1

i. An h g eÐnai mh arnhtik  kai hu ikanopoieÐ thn oloklhrwtik  anisìthta

uˆ t• Bhˆ t• �
t

S
a

gˆs•uˆs•ds; ¦ t >I ;

tìte

uˆ t• Bhˆ t• �
t

S
a

hˆs•gˆs•e

t

R
s

gˆ � • d�
ds; ¦ t >I :

ii . An, epiplèon, h h eÐnai aÔxousa, tìte

uˆ t• Bhˆ t•e

t

R
a

gˆ s• ds
; ¦ t >I :

'Etsi, se mia antiproswpeutik  efarmog  tou Jewr matoc 4, jewroÔme to (PAT) kai upojètoume
ìti èqei monadik  lÔsh. 'Estw ìti h f ikanopoieÐ thnsunj kh grammik c anˆptuxhc

Sf ˆ t; x •SB� � � SxS; ¦ t >R;

ìpou �; � jetikèc stajerèc. Tìte h lÔsh tou (PAT) den ekr gnutai se (peperasmèno qrìno). Gia
thn akrÐbeia, mporoÔme na deÐxoume to parakˆtw.

Je¸rhma 5 (sunj kh grammik c anˆptuxhc) . 'Estw f suneq c sunˆrthsh sto anoiqtì U1 � U2,
mh tetrimmèno diˆsthmaI b U1 kai �; � � I � � 0; ª • tètoiec ¸ste

Sf ˆ t; x •SB� ˆ t• � � ˆ t• SxS; ¦ ˆ t; x • >I � U2:

Tìte gia kˆje megistik  lÔsh tou (PAT) , y, meˆ t0; y0• >I � U2, isqÔei ìti

Domˆy• c I :

'Oson aforˆ thn apìdeixh tou Jewr matoc 4, sthrizìmaste sto akìloujo, polÔ basikì kai
eÔqrhsto, apotèlesma, gia to opoÐo ìmwc pr¸ta qreiazìmaste mia jemeli¸dh ènnoia, aut  thcsun-
j khc Lipschitz ( , alli¸c, Lipschitz sunèqeiac). 'Etsi, èstw � � S � Rn mia sunˆrthsh, ìpou
S b Rm . JumÐzoume pwc lème ìti h� ikanopoieÐ sunj kh Lipschitz, ann upˆrqei jetik  stajerˆ
L � L ˆS•, tètoia ¸ste

S� ˆx2• � � ˆx1•SBL Sx2 � x1S; ¦ x1; x2 >S;

en¸ lème ìti h � ikanopoieÐ topikˆ sunj kh Lipschitz, ann gia kˆje sumpagèc� b S upˆrqei jetik 
stajerˆ L � L ˆ � • , tètoia ¸ste

S� ˆx2• � � ˆx1•SBL Sx2 � x1S; ¦ x1; x2 >� :

GenikeÔontac, èstw� � S1 � S2 � Rn mia sunˆrthsh, ìpou S1 � S2 b Rm 1 � Rm 2 . Lème ìti h �
ikanopoieÐ sunj khLipschitz wc proc x2 > S2, ann upˆrqei jetik  stajerˆ L � L ˆS1 � S2• , tètoia
¸ste

S� ˆx1; x2;1• � � ˆx1; x2;2•SBL Sx2;1 � x2;2S; ¦ ˆx1; x2;1• ; ˆx1; x2;2• >S1 � S2;

en¸ lème ìti h � ikanopoieÐ topikˆ sunj kh Lipschitz wc proc x2 > S2, ann gia kˆje sumpagèc
� b S1 � S2 upˆrqei jetik  stajerˆ L � L ˆ � • , tètoia ¸ste

S� ˆx1; x2;1• � � ˆx1; x2;2•SBL Sx2;1 � x2;2S; ¦ ˆx1; x2;1• ; ˆx1; x2;2• >� :

Gia parˆdeigma, an mia sunˆrthsh èqei suneqeÐc pr¸tec merikèc parag¸gouc wc proc kˆpoia poludi-
ˆstath metablht , tìte ikanopoieÐ topikˆ sunj kh Lipschitz wc proc aut  thn metablht .

Je¸rhma 6 (mèjodoc thc sÔgkrishc). 'Estw f suneq c sunˆrthsh, sto anoiqtì U1 � U2, pou
ikanopoieÐ topikˆ sunj kh Lipschitz sto U1 � U2 wc proc x >U2, mh tetrimmèno diˆsthmaI b U1 me
t0 >I kai y1� I � Rn lÔsh tou (PAT) . An y2� I � Rn ikanopoieÐ tic anisìthtec

¢̈
¨̈
¦
¨̈̈
¤

dy2

dt
ˆ t• B f ˆ t; y2ˆ t••

y2ˆ t0• By0;

tìte
y2ˆ t• By1ˆ t• ; ¦ t > I 9 � t0; ª • :
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Monadikìthta. To basikì apotèlesma wc proc thn monadikìthta lÔshc tou (PAT) emplèkei
thn ènnoia thc topik c sunj khc Lipschitz, ìpwc faÐnetai parakˆtw.

Je¸rhma 7 (Picard-Lindel•of   Cauchy-Lipschitz). An h f eÐnai suneq c sto anoiqtì U1 � U2 kai,
epiplèon, ikanopoieÐ topikˆ sunj kh Lipschitz sto U1 � U2 wc proc x >U2, tìte ¦ ˆ t0; y0• >U1 � U2,
§! topikˆ lÔsh tou (PAT) .

Upˆrqoun diˆforec genikeÔseic, ìson aforˆ thn upìjesh ìti h f ikanopoieÐ topikˆ sunj kh
Lipschitz, oi opoÐec exasfalÐzoun thn monadikìthta twn lÔsewn tou (PAT). Oi pio shmantikèc
dÐnontai sta akìlouja:

Je¸rhma 8. An h f eÐnai suneq c sto anoiqtì U1 � U2 kai, epiplèon, gia kˆje sumpagèc� b U1 � U2

upˆrqei oloklhr¸simh sunˆrthsh L � wc proc t >U1 tètoia, ¸ste na isqÔei

Sf ˆ t; x 1• � f ˆ t; x 2•SBL � ˆ t• Sx1 � x2S¦ ˆ t; x 1• ; ˆ t; x 2• >� ;

tìte, ¦ ˆ t0; y0• >� , §! lÔsh tou (PAT) .

Je¸rhma 9 (Osgood). 'Estw �; � >ˆ0; ª • kai f suneq c sto orjog¸nio

B ˆ �; �; t 0; y0• �� ˜ˆ t; x • > U1 � U2 TSt � t0SB� kai Sx � y0SB� • ø R � Rn :

'Estw, epiplèon, ìti h f ikanopoieÐ thn sunj kh

Sf ˆ t; x 1• � f ˆ t; x 2•SB� ˆSx1 � x2S•¦ ˆ t; x 1• ; ˆ t; x 2• >B ˆ �; �; t 0; y0• ;

ìpou � eÐnai mia suneq c kai aÔxousa sunˆrthsh stô 0; � � , me� A0, tètoia ¸ste

lim
s� 0�

� ˆs• � 0 kai
�

S
0

1
� ˆs•

ds � ª :

Tìte, ¦ ˆ t0; y0• >B ˆ �; �; t 0; y0• , §! lÔsh tou (PAT) .

Profan¸c, an � ˆs• � Ls sto Je¸rhma 9, tìte paÐrnoume thn sunj kh Lipschitz. Mia ˆllh
qr simh epilog  eÐnai h� ˆs• � Ls Sln sS.

Je¸rhma 10 (Nagumo). 'Estw �; � >ˆ0; ª • kai f suneq c sto orjog¸nio

B ˆ �; �; t 0; y0• �� ˜ˆ t; x • > U1 � U2 TSt � t0SB� kai Sx � y0SB� • ø R � Rn :

'Estw, epiplèon, ìti h f ikanopoieÐ thn sunj kh

Sf ˆ t; x 1• � f ˆ t; x 2•SB
Sx1 � x2S
Ss � t0S

; ¦ ˆ t; x 1• ; ˆ t; x 2• >B ˆ �; �; t 0; y0• :

Tìte, ¦ ˆ t0; y0• >B ˆ �; �; t 0; y0• , §! lÔsh tou (PAT) .

Suneq c exˆrthsh apì ta dedomèna. JewroÔme to (PAT) kai upojètoume ìti

i. h f � B ˆ �; �; t 0; y0• � R eÐnai suneq c kai fragmènh sto orjog¸nio

B ˆ �; �; t 0; y0• �� ˜ˆ t; x • > U1 � U2 TSt � t0SB� kai Sx � y0SB� • ø R � Rn

kai isqÔei
Sf ˆ t; x •SBM; ¦ ˆ t; x • >B ˆ �; �; t 0; y0• ;

ii . h f ikanopoieÐ topikˆ sunj kh Lipschitz sto B ˆ �; �; t 0; y0• wc proc x >U2, dhlad 

Sf ˆ t; x 1• � f ˆ t; x 2•SBL Sx1 � x2S:

Upì tic anwtèrw upojèseic, gnwrÐzoume ìti to (PAT) èqei monadik  lÔsh yˆ t; t 0; y0• .
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Diˆlexh 1

Je¸rhma 11 (suneq c exˆrthsh apì to y0). 'Estw y0;1; y0;2 >Rn , tètoia, ¸ste

Sy0;1 � y0;2SB
�
2

:

An isqÔei

St � t0S@min › �;
�

2M
  ;

tìte èqoume
Syˆ t; t 0; y0;1• � yˆ t; t 0; y0;2•SBSy0;1 � y0;2SeL St � t 0 S:

Je¸rhma 12 (suneq c exˆrthsh apì to t0). 'Estw t0;1; t0;1 >ˆ t0 � �; t 0 � � • , tètoia ¸ste

0 @t0;2 � t0;1 @
�
M

:

'Estw, epiplèon, ˆ t0 � �; t 0 � � • c I j to pedÐo orismoÔ thc lÔshcy ˆ t; t 0;j ; y0• , gia j � 1; 2, kai
I �� I 1 9 I 2. Tìte isqÔei ìti � t0;1; t0;2� b I kai epiplèon

Syˆ t; t 0;1; y0• � yˆ t; t 0;2; y0•SBM ˆt0;2 � t0;1• eL min ˜St � t 0; 1 S;St � t 0; 2 S•:

Je¸rhma 13 (suneq c exˆrthsh apì thn f ). 'Estw f 1; f 2 suneqeÐc sunart seicB ˆ �; �; t 0; y0• �
Rn . Upojètoume ìti sto B ˆ �; �; t 0; y0• isqÔoun ta akìlouja

Sf 1ˆ t; x •SBM; Sf 1ˆ t; x • � f 2ˆ t; x •S@" kai Sf 2ˆ t; x 1• � f 2ˆ t; x 2•SBL Sx1 � x2S;

gia M; "; L A0. 'Estw yf 1 mia lÔsh tou (PAT) mef 1 sthn jèsh thc f kai yf 2 h monadik  lÔsh tou
(PAT) mef 2 sthn jèsh thc f kai I b ˆ t0 � �; t 0 � � • to koinì pedÐo orismoÔ twnyf 1 ; yf 2 , met0 >I .
Tìte

Syf 1 ˆ t• � yf 2 ˆ t•SB
"
L

‰eL St � t 0 S� 1Ž; ¦ t >I :

Omalìthta lÔshc. To epìmeno apotèlesma eÐnai ˆmesh sunèpeia tou kanìna thc alusÐdac.

Je¸rhma 14 (diaforisimìthta twn lÔsewn) . 'Estw (PAT) to opoÐo èqei lÔshy� I � Rn kai
f >Ck ˆ I ; yˆ I •• , mek >N. Tìte y >Ck � 1ˆ I • .

'Amesa èpetai apì to parapˆnw ìti an f eÐnaiomal  , dhlad  f > Cª , tìte kai h y eÐnai omal ,
dhl. mporoÔme na jewr soumek >N.

Omal  exˆrthsh apì thn exÐswsh. Upì to prÐsma tou Jewr matoc 14, mporoÔme na geni-
keÔsoume to Je¸rhma 13 wc akoloÔjwc (paraleÐpoume tic leptomèreiec thc diatÔpws c tou).

Je¸rhma 15 (diaforÐsimh exˆrthsh apì thn f ). Upì tic upojèseic tou Jewr matoc 14 se sun-
duasmì me monadikìthta thc y, èpetai ìti h y exart t̂ai me Ck � 1 trìpo apì thn f .

Me to Je¸rhma 15 mporoÔme na proseggÐsoume thn monadik  lÔsh tou probl matoc gÔrw apì
thn arqik  tim , mèsw thc monadik c lÔshc probl matoc to opoÐo èqei gia sunˆrthshf tou dexioÔ
mèlouc tou montèlou tou to tˆxhc k polu¸numo Taylor thc f tou arqikoÔ probl matoc.

Tèloc, h parapˆnw ènnoia exeidikeÔetai katˆ ton profan  trìpo kai sthn omal  exˆrthsh thc
lÔshc apì thn f .
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PerÐgramma Diˆlexhc

1. StoiqeÐa Majhmatik c BiologÐac :

Dunamikˆ montèla enìc plhjusmoÔ:

(aþ) Ekjetikì montèlo,   montèlo Malthus

(bþ) Logistikì montèlo,   montèlo Verhulst

2. Majhmatikì Upìbajro :

(aþ) DiakritopoÐhsh mèsw thc mejìdouEuler

(bþ) Autìnomo PAT

(gþ) Anˆlush eustˆjeiac autìnomou PAT: Basikèc ènnoiec

StoiqeÐa Majhmatik c BiologÐac : Gia thn melèth thc dunamik c tou pl jouc sunìlwn
ˆtmhtwn stoiqeÐwn, p.q.: èmbiwn organism¸n, qhmik¸n morÐwn, atìmwn qhmik¸n stoiqeÐwn, k.a., ja
 tan orjì na qrhsimopoioÔme sunart seic thc morf c

N � I � N0

t ( N ˆ t•
; gia mh tetrimmèno diˆsthmaI b R;

pou antiproswpeÔoun to pl joc enìc upì melèth tètoiou sunìlou mèsa sto qrìno. Ja jèlame
wstìso na eÐmaste se jèsh na qrhsimopoioÔme ta panÐsqura ergaleÐa tou ApeirostikoÔ LogismoÔ gia
th melèth twn sunart sewn aut¸n, prˆgma pou kajÐstatai apagoreutikì lìgw tou ìti RanˆN • b N0.
An t¸ra upojèsoume ìti oi plhjusmoÐ eÐnai exarq c,   endeqomènwc na gÐnontai sthn poreÐa, polÔ
megalÔteroi se sqèsh me ta qronikˆ diast mata gia ta opoÐa touc meletˆme, tìte mporoÔme na
jewr soume exarq c ìti RanˆN • b �0; ª •, qwrÐc na kˆnoume megˆlo sfˆlma ìtan proseggÐzoume
kˆje stoiqeÐo tou me ton eggÔtero fusikì arijmì. MÐa tètoia upìjesh ja gÐnetai se ìla ta montèla
diaforik¸n exis¸sewn gia thn dunamik  melèth tou pl jouc tètoiwn sunìlwn, akìma kai qwrÐc na
anafèretai rhtˆ.

Suneqèc ekjetikì montèlo ( Malthus , 1798). 'Estw N ˆt• o plhjusmìc enìc eÐdouc katˆ
th qronik  stigm  t. SÔmfwna me ton nìmo touMalthus, o rujmìc metabol c tou N eÐnai anˆlogoc
tou N , dhlad 

dN
dt

� rN ; (1)

ìpou r >R eÐnai h stajerˆ analogÐac, pou dÐnetai apì th sqèshr � � � � me�; � C0 na paristˆnoun
th stajerˆ gonimìthtac kai jnhsimìthtac, antÐstoiqa. H anexarthsÐa twn parapˆnw stajer¸n
apì ton qrìno, mporeÐ na ermhneuteÐ wc ex c: O plhjusmìc eÐnai apomonwmènoc kai to peribˆllon
autoÔ ametˆblhto. Mˆlista, apì aut  thn anexarthsÐa, se sunduasmì me ton orismì twn parapˆnw
stajer¸n, mporoÔme na jewr soume ìti:

ˆ entìc miac mikr c qronik c periìdou, m kouc h, kˆje organismìc gennˆ, katˆ mèso ìro, �h
nèouc organismoÔc.
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ˆ entìc thc Ðdiac qronik  perÐodoh, kˆje organismìc pejaÐnei me pijanìthta �h .

To antÐstoiqo PAT eÐnai to ex c2:

Me dedomènoN0 C0, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
N � I � � 0; ª •, tètoia ¸ste h N na ikanopoieÐ tìso thn exÐswsh(1) sto I � ˜ 0• ,

ìso kai thn arqik  sunj kh N ˆ0• � N0.
(exp)

H monadik , olik  kai omal  lÔsh tou grammikoÔ (exp) eÐnai h

N ˆt• � N0 er ˆ t � t 0 • ; ¦ t >I � R: (2)

'Otan r A 0 anaferìmaste se {ekjetik  aÔxhsh} (p.q. kroÔsmata tou COVID-19), ìtan r @0 lème
ìti h lÔsh {fjÐnei ekjetikˆ} (p.q. radienerg  diˆspash), en¸ ìtan r � 0 h lÔsh eÐnai stajer  (Ðsh
meN0) (bl. Sq ma 1).

Upojètoume, qwrÐc blˆbh thc genikìthtac, ìti o plhjusmìc auxˆnetai, ˆra ìti r A0 (ta eukìlwc
ennooÔmena antÐstoiqa sumperˆsmata ja isqÔoun kai gia thn perÐptwshr @0).

(aþ) Graf mata gia stajerì N 0 kai diˆforec timèc tou r > R. (bþ) Graf mata gia stajerì N 0 kai diˆforec timèc r A 0.

Sq ma 1: Grafik  parˆstash thc (2) wc t .

Parìlo pou eÐnai idiaÐtera aplousteutikì, kaj¸c jewreÐtai ìti h plhjusmiak  aÔxhsh gÐnetai
qwrÐc kanènan periorismì (profan¸c mia mh realistik  upìjesh), to montèlo autì dÐnei ikanopoihtikˆ
apotelèsmata gia periorismènec qronikèc periìdouc.

Ac doÔme èna sugkekrimèno parˆdeigma: me bˆsh dhmografikˆ dedomèna, to ètoc 1961 o pa-
gkìsmioc anjr¸pinoc plhjusmìc  tan 3.060.000.000 ˆtoma, en¸ o mèsoc et sioc rujmìc aÔxhs c
tou katˆ th dekaetÐa tou 1960 (dhlad  1961-1970)  tan 2%. 'Etsi, sÔmfwna me thn (2), èqoume

N ˆt• � 306� 107 � e0:02 ˆ t � 1961• : (3)

To ekjetikì montèlo dÐnei ikanopoihtikˆ apotelèsmata gia to diˆsthma 1750 - 1961, ìpwc prokÔptei
an ta sugkrÐnoume me ta (pragmatikˆ) dhmografikˆ dedomèna tou pareljìntoc. To Ðdio sumbaÐnei
an sugkrÐnoume to apotèlesma thc (3), p.q. gia to ètoc 1983, me ta tìte pragmatikˆ dhmografikˆ
dedomèna. 'Etsi mporoÔme na jewr soume ìti qondrikˆ to montèlo ekjetik c aÔxhshc èqei axiopistÐa
� 200 qrìnia perÐ tot0 � 1961.

Ac doÔme ti gÐnetai ektìc tou diast matoc axiopistÐac. To embadìn thc epifˆneiac thc Ghc eÐnai
1728�1011 tetragwnikˆ mètra, en¸ to posostì kˆluyhc apì nerì (wkeanoÐ, jˆlassec, lÐmnec, pota-
moÐ) eÐnai 80%. An kˆnoume prìbleyh me to montèlo ekjetik c aÔxhshc gia to ètoc 2222 prokÔptei
ìti ja antistoiqoÔn 61 tetragwnikˆ mètra steriˆc anˆ ˆtomo, en¸ to ètoc 2630 ja antistoiqeÐ 1
tetragwnikì mètro steriˆc kai ud t̂wn anˆ ˆtomo!!! OmoÐwc, sÔmfwna me to montèlo ekjetik c a-
Ôxhshc, o anjr¸pinoc plhjusmìc sth Gh to ètoc 1300 èprepe na  tan 5550 ˆtoma, en¸ to 903 (m.Q.)
èprepe na  tan 2 ˆtoma - opìte mˆjame kai pìte emfanÐsthkan o Adˆm kai h EÔa, .

Hjikì dÐdagma: akìma kai ta aploðkˆ montèla mporeÐ na eÐnai qr sima, arkeÐ na lambˆnoume upìyh
mac ta diast mata axiopistÐac touc!

Prin kleÐsoume aut  thn parˆgrafo, ac doÔme upì èna pio formalistikì prÐsma ta parapˆnw
paradeÐgmata. Katarqˆc, parathroÔme ìti gia arqik  sunj kh N0 � 0 h lÔsh tou (exp) eÐnai h
stajer  mhdenik  sunˆrthsh N � 0. T¸ra, aut  h eidik  lÔsh èqei thn ex c idiìthta: gia mia
opoiad pote arqik  sunj kh N0 x 0, h antÐstoiqh lÔsh

2Me A X sumbolÐzetai to eswterikì tou sunìlou A.

12



Diˆlexh 2 Ì

ˆ {plhsiˆzei} thn mhdenik  sunˆrthsh, kaj¸c t � �ª .

ˆ {apomakrÔnetai} apì thn mhdenik  sunˆrthsh, kaj¸c t � ª .

Me autìn ton aplì trìpo, èqoume mia adr , allˆ periektik , plhrofìrhsh gia thn sumperiforˆ twn
lÔsewn tou (exp). Parakˆtw (bl. logistikì montèlo) ja doÔme p¸c brÐskoume kai p¸c qarakth-
rÐzoume tètoiec lÔseic, ìpwc h mhdenik  gia to (exp), oi opoÐec fèroun shmantik  plhroforÐa gia to
ekˆstote PAT, qwrÐc wstìso na mpaÐnoume sthn diadikasÐa na to lÔsoume.

'Askhsh 16. EpalhjeÔste to sumpèrasma tou metasqhmatismoÔ antistrof c qrìnou gia to (exp).
P¸c anaireÐtai h antistrof  aut  mèsw allag c sto prìshmo thc stajerˆc r ;

Diakritì ekjetikì montèlo. Ta diakritˆ dunamikˆ probl mata eÐnai eÔkolo na katanohjoÔn
kai na epexergastoÔn. EndeÐknuntai gia prosomoi¸seic se upologist  kai eÐnai suqnˆ katˆllhla gia
th montelopoÐhsh peiramatik¸n dedomènwn pou eÐnai sqedìn pˆnta diakritˆ. Epiplèon, aplˆ tètoia
probl mata me ligìterec metablhtèc apì tic antÐstoiqec suneqoÔc qrìnou, mporoÔn na anaparistoÔn
apìtomec allagèc stic katastˆseic tou sust matoc kai endeqomènwc qaotik  sumperiforˆ (wstìso
aut  h optik  den ja mac apasqol sei stic paroÔsec dialèxeic).

To anˆlogo diakritì montèlo tou suneqoÔc ekjetikoÔ eÐnai to (bl. 'Askhsh 17)

Nk � 1 � ˆ1 � rh • Nk ; ¦ k >N0; gia stajerì h me0 @ShSP 1: (4)

Gia na susqetÐsoume thn (4) me thn (1), jètoume

m �� 1 � rh;

kaj¸c epÐshc orÐzoume wcb ton mèso ìro paragwg c nèwn organism¸n tou ekˆstote organismoÔ se
kˆje epìmeno qronikì b ma 3 kai wc s thn pijanìthta epibÐwshc tou ekˆstote organismoÔ se kˆje
epìmeno qronikì b ma. Tìte, afoÔ - ìpwc  dh èqoume dei gia to suneqèc montèlo - o arijmìc twn
genn sewn entìc mikroÔ qronikoÔ diast matoch eÐnai perÐpou�hN k , sumperaÐnoume ìti

� �
b
h

:

Sumplhrwmatikˆ, o arijmìc twn janˆtwn �hN k prèpei na isoÔtai me ton arijmì twn organism¸n pou
den epibi¸noun, dhlad  ˆ1 � s• Nk , to opoÐo mac dÐnei ìti

� �
1 � s

h
:

'Ara
m � 1 � ˆ � � � • h � b� s:

'Etsi, h perÐptwsh r A 0, dhlad  � A � , antistoiqeÐ sthn b� s A 1, dhlad  m A 1, h opoÐa eÐnai h
sunj kh gia ekjetik  aÔxhsh (antÐstoiqa gia thn perÐptwsh ìpou r @0). Prˆgmati, dedomènhc miac
arqik c tim c N0, mporoÔme epagwgikˆ na sumperˆnoume apì thn (4) ìti

Nk � mk N0; ¦ k >N0;

kai ètsi èqoume
m @1 � lim

k � ª
Nk � 0;

m A1 � lim
k � ª

Nk � ª ;

m � 1 � Nk � N0;

(5)

sunep¸c katal goume sta Ðdia sumperˆsmata me autˆ tou suneqoÔc montèlou.
Sto Sq ma 2 deÐqnoume mia polÔ gnwst  grafik  diadikasÐa, gnwst  wcmèjodoc tou istoÔ thc

arˆqnhc , gia thn kataskeu  twn epanal yewn enìc diakritoÔ montèlou. Tìso gia m A1 ìso kai gia
m @1, h diadikasÐa ermhneÔei ton mhqanismì thc ekjetik c aÔxhshc   meÐwshc, antÐstoiqa.

'Askhsh 17. EpalhjeÔste thn (4) me bˆsh to antÐstoiqo apotèlesma sto Majhmatikì Upìbajro.
3Mˆlista b � B �$ , ìpou B eÐnai o mèsoc arijmìc twn apogìnwn tou ekˆstote organismoÔ se kˆje epìmeno qronikì

b ma kai $ h (stajer  gia ìlouc) pijanìthta epibÐwshc twn apogìnwn sto epìmeno qronikì b ma/anaparagwgik 
perÐodo.
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(aþ) PerÐptwsh m A 1. (bþ) PerÐptwsh 0 @m @1.

Sq ma 2: Grafik  kataskeu  - me thn mèjodo tou istoÔ thc ar q̂nhc ( cobwebbing method) - thc akoloujÐac gia
to diakritì montèlo tou Malthus (4) me m �� 1 � rh , pou deÐqnei ta apotelèsmata (5). H diadikasÐa eÐnai h ex c:
xekin¸ntac apì to N0 ston orizìntio ˆxona, fèroume kˆjeth sto shmeÐo ˆ N0 ; mN 0• , h tetagmènh tou opoÐou eÐnai
to N1 . BrÐskoume to N1 ston orizìntio ˆxona sqediˆzontac èna orizìntio tm ma apì to ˆ N0 ; mN 0• sth diqotìmo
gwnÐac twn axìnwn. P rame ètsi to N1 apì to N0 mèsw tou katakìrufou tm matoc sto gramm  N k � 1 � mN k kai to
orizìntio tm ma sthn eujeÐa N k � 1 � N k . MporoÔme sth sunèqeia na pˆroume to N2 apì to N1 me thn Ðdia diadikasÐa
kai suneqÐzontac tic upìloipec timèc N3 ; N 4 ; : : :

Suneqèc logistikì montèlo ( Verhulst , 1838). 'Eqontac parathr sei ìti o nìmoc tou
Malthus (1) parousiˆzei ta probl mata pou anafèrame, proqwrˆme me to na antikatast soume
th stajerˆ r me mia sunˆrthsh touN . 'Etsi prokÔptei ènac polÔ genikìc nìmoc plhjusmiak c
metabol c

dN
dt

� r ˆN • N : (6)

ExeidikeÔoume ton nìmo autì me to na upojèsoume ìti hr ˆN • sumperifèretai wc ex c:

¢̈
¨̈̈
¦
¨̈̈
¤̈

eÐnai perÐpou Ðsh me mia jetik  stajerr̂ A0 ; gia {mikrì} N;
fjÐnei; ìtan to N eÐnai {sqetikˆ megˆlo};
eÐnai arnhtik ; gia {arketˆ megˆlo} N:

H aploÔsterh sunˆrthsh me autèc tic idiìthtec eÐnai h

r ˆN • � r � % N; ìpou %jetik  stajerˆ.

'Etsi prokÔptei h legìmenh logistik  exÐswsh (  exÐswsh touVerhulst)

dN
dt

� ˆ r � % N• N ;

h opoÐa sun jwc grˆfetai sth morf 

dN
dt

� r N ‹ 1 �
1
k

N • ; (7)

ìpou h jetik  stajerˆ k �� r
% lègetai fèrousa ikanìthta (  epÐpedo koresmoÔ,   qwrhtikìthta)

tou peribˆllontoc kai eÐnai to mègisto mègejoc bi¸simou plhjusmoÔ tou upì melèth eÐdouc pou to
peribˆllon mporeÐ na uposthrÐxei. O ìrocrN mporeÐ na qarakthrisjeÐ wc {rujmìc anˆptuxhc}, en¸
o ìroc � r

k N 2 wc {rujmìc janˆtwn}.
H (7) eÐnai mia sun jhc diaforik  exÐswsh qwrizomènwn metablht¸n (eÐnai epÐshc kai diaforik 

exÐswshBernoulli ). To antÐstoiqo PAT eÐnai to ex c:

Me dedomènoN0 C0, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
N � I � � 0; ª •, tètoia ¸ste h N na ikanopoieÐ tìso thn(7) sto I � ˜ 0• , ìso kai

thn N ˆ0• � N0.
(`)
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MporoÔme de na broÔme lÔsh tou (`) se kleist  morf  wc ex c

N ˆ t• �
k N0

N0 � ˆk � N0• e� rt
; ¦ t >I � R: (8)

Mˆlista, h lÔsh (8) eÐnai monadik  gia to (̀ ). Prˆgmati, jewroÔme to genikìtero tou ( `) bohjhtikì
PAT:

Me dedomènoN0 >R, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
N � I � R, tètoia ¸ste h N na ikanopoieÐ tìso thn(7) sto I � ˜ 0• , ìso kai thn

N ˆ0• � N0.
(` l )

H diaforˆ metaxÔ twn dÔo aut¸n problhmˆtwn ègkeitai mìno wc proc thn je¸rhsh tou epitreptoÔ
sunìlou tim¸n gia thn lÔsh. Kˆnontac qr sh twn basik¸n apotelesmˆtwn, exˆgoume Ôparxh,
monadikìthta kai omalìthta megistik c kai suneq¸c exart¸menhc apì ta arqikˆ dedomèna lÔshc

N l � ˆ � "1; "2• � R; ìpou 0 @"1; "2 Bª ;

gia to ( ` l ) (bl. 'Askhsh 18), h opoÐa, profan¸c, den mporeÐ na eÐnai ˆllh apì thn (8). 'Ara, ìntwc
h (8) eÐnai monadik  kai gia to (`).

T¸ra, eÐnai profanèc ìti

ˆ an N0 � 0, tìte N � 0.

ˆ an N0 � k, tìte N � k.

ˆ an N0 >ˆ0; ª • � ˜ k• , tìte

lim
t � T

N ˆt• �
¢̈
¨
¦
¨̈
¤

0; ìtan N0 @k
ª ; ìtan N0 Ak

ìpou T �

¢̈
¨̈̈
¦
¨̈̈
¤̈

�ª ; ìtan N0 @k

Œln Š1 � k
N 0

•
1
r
‘

�

; ìtan N0 Ak

kai
lim
t � ª

N ˆt• � k:

Dhlad  oi N1 � 0 kai N2 � k eÐnai stajerèc lÔseic tou (̀ ). EpÐshc, gia kˆje N0 > ˆ0; ª • � ˜ k• h
tim  N ˆ t• thc lÔshc N tou ( `) èqei sugkekrimèna thn ex c sumperiforˆ:

ˆ kaj¸c t � T ,

� anN0 @k, tìte teÐnei asumptwtikˆ (kai mˆlista ekjetikˆ) proc thn tim  0 thc antÐstoiqhc
stajer c lÔshc N1 � 0.

� an N0 Ak, tìte h lÔsh ekr gnutai.

ˆ kaj¸c t � ª , teÐnei asumptwtikˆ (kai mˆlista ekjetikˆ) proc thn tim  k thc antÐstoiqhc
stajer c lÔshc N2 � k.

Autì shmaÐnei ìti,

ˆ sto pareljìn,

� prin apì arketì qrìno, o plhjusmìc  tan kontinìc sto 0, an N0 @k,

� prin apì lÐgo qrìno, o plhjusmìc  tan polÔ megˆloc, kai profan¸c makriˆ apì thn
fèrousa ikanìthta k, an N0 Ak,

ˆ sto mèllon, metˆ apì arketì qrìno, o plhjusmìc ja eÐnai kontinìc sthn fèrousa ikanìthta
k, kai profan¸c makriˆ apì to 0,

anexˆrthta apì to mègejoc tou arqikoÔ plhjusmoÔ N0, arkeÐN0 >ˆ0; ª • � ˜ k• . Lème ìti h stajer 
lÔsh

ˆ N1 � 0 eÐnaiarnhtikˆ asumptwtikˆ eustaj c kai jetikˆ astaj c .

ˆ N2 � k eÐnaiarnhtikˆ astaj c kai jetikˆ asumptwtikˆ eustaj c .
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Sq ma 3: Grafik  parˆstash thc N wc proc t gia diˆforec timèc tou N0 .

Gia diˆforec timèc tou N0, h grafik  parˆstash thc lÔshc N tou ( `) dÐnetai sto Sq ma 3.
ParathroÔme ìti dojeÐsac arqik c tim c N0 entìc kˆpoiou apì ta sÔnola

˜ 0• ; ˆ0; k• ; ˜ k• kai ˆk; ª • ;

tìte h antÐstoiqh lÔsh ufÐstatai ex olokl rou entìc tou sunìlou autoÔ. Lème ìti ta parapˆnw
sÔnola eÐnaianalloÐwta (ston qrìno) . Shmei¸noume ìti, kajemiˆ apì tic kampÔlec pou anaparisto-
Ôn tic lÔseic meN0 > ˆ0; k• lègetai {sigmoeid c}, 4 kai parousiˆzei megˆlo biologikì endiafèron.
Antijètwc, miac kai oi lÔseic gia N0 > ˆk; ª • ekr gnuntai (proc ta pÐsw sto bèloc tou qrìnou)
gia kˆpoio (peperasmèno) arnhtikì qrìno, endeqomènwc na amfisbhteÐtai h biologik  axÐa autoÔ tou
analloÐwtou sunìlou.

Ta plhjusmiakˆ montèla ekjetik c kai logistik c metabol c pou melet same (kai ìsa ja je-
wr soume parakˆtw) perigrˆfontai apì mÐa autìnomh bajmwt  sun jh diaforik  exÐswsh pr¸thc
tˆxhc, dhlad  mia diaforik  exÐswsh thc morf c

dN
dt

� f ˆN • ; (9)

ìpou Domˆf •; Ranˆ f • b R. H eÔresh lÔshc thc (9) se kleist  morf  den eÐnai genik¸c dunat ,
ektìc kai an mporeÐ na lujeÐ wc procN h exÐswsh

S
1

f ˆN •
dN � S dt ;

prˆgma spˆnio, pou eÐnai entoÔtoic efiktì sthn perÐptwsh thc logistik c exÐswshc (7) lìgw tou
mh mhdenismoÔ kai thc apl c morf c pou èqei en prokeimènw hf . Ja epikentrwjoÔme sth sunèqeia
sthn parousÐash mejìdwn pou epitrèpoun thn poiotik  katanìhsh thc sumperiforˆc montèlwn mh
grammik¸n sun jwn diaforik¸n exis¸sewn qwrÐc thn anˆgkh na broÔme th lÔsh touc se lumènh
morf . Genikˆ, h anˆlush thc asumptwtik c eustˆjeiac mh grammik¸n montèlwn pou perigrˆfontai
me diaforik  exÐswsh pr¸thc tˆxhc gÐnetai me th qr sh tou diagrˆmmatoc fˆshc ( , alli¸c, gramm 
fˆshc sthn mÐa diˆstash kai epÐpedo fˆshc stic dÔo diastˆseic) kai sthn perÐptwsh exˆrthshc tou
probl matoc apì parˆmetro apaiteÐtai kai h qr sh tou diagrˆmmatoc diakl̂ dwshc.

JewroÔme loipìn thn logistik  exÐswsh

dN
dt

� f ˆN • �� r N ‹ 1 �
1
k

N •

kai ja thn melet soume qwrÐc na thn lÔsoume.

4Diejn c ìroc, pou ofeÐletai sto ìti to sq ma miac tètoiac kampÔlhc moiˆzei me to ellhnikì telikì sÐgma.
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BrÐskoume arqikˆ ta shmeÐa mhdenismoÔ thcf wc ex c:

f ˆN ‡• � 0 
� N ‡
1 � 0   N ‡

2 � k :

H forˆ { 
 } eÐnai profan c, en¸ h {� } prokÔptei apì thn { 
 } kai to gegonìc ìti h f eÐnai
polu¸numo 2ou bajmoÔ. Ta shmeÐaN ‡

1 � 0 kai N ‡
1 � k onomˆzontaishmeÐa isorropÐackaj¸c, lìgw

thc sqèshc dN
dt � f ˆN •, antistoiqoÔn stic lÔseic isorropÐac (stajerèc wc proc ton qrìno t) N1 � 0

kai N2 � k thc logistik c exÐswshc.
Periorizìmenoi gia suntomÐa stouc jetikoÔc qrìnouc (ta antÐstoiqa isqÔoun gia arnhtikoÔc),

elègqoume to eÐdoc eustˆjeiac twn shmeÐwn isorropÐac:

ˆ To N ‡
1 eÐnaijetikˆ astajèc (opoiad pote mikr  diataraq  apì autì to shmeÐo isorropÐac ja

upoqre¸sei th lÔsh na bgei apì mia perioq  tou N ‡
1 � 0 gia megˆlouc qrìnouc).

ˆ To N ‡
2 eÐnaijetikˆ asumptwtikˆ eustajèc , dhlad 

� eÐnaijetikˆ eustajèc (opoiad pote mikr  diataraq  ap� autì to shmeÐo isorropÐac ja
upoqre¸sei th lÔsh na parameÐnei sthn perioq  touN ‡

2 gia megˆlouc qrìnouc),

� eÐnaijetikˆ elkustikì (opoiad pote mikr  diataraq  ap� autì to shmeÐo isorropÐac ja
upoqre¸sei th lÔsh na epistrèyei sto N ‡

2 gia megˆlouc qrìnouc).

H asumptwtik  sumperiforˆ thc lÔshc (dhlad  gia {megˆlouc qrìnouc}) perigrˆfetai mèsw twn
elkust¸n (ta asumptwtikˆ eustaj  shmeÐa isorropÐac, mazÐ endeqomènwc me to�ª  /kai to ª ).
Sthn perÐptwsh thc logistik c exÐswshc, o mìnoc elkust c gia jetikoÔc qrìnouc eÐnai to jetikˆ
asumptwtikˆ eustajèc shmeÐo isorropÐacN ‡

2 .
TopojetoÔme t¸ra ìla ta shmeÐa isorropÐac se mia eujeÐa gramm , brÐskoume th dieÔjunsh thc

ro c (dhlad  to prìshmo thc dN
dt ) metaxÔ twn shmeÐwn isorropÐac kai thn shmei¸noume me th forˆ

thc aiqm c enìc bèlouc (proc ta dexiˆ h jetik  kateÔjunsh) epÐ thc gramm c aut c. Aut  lègetai
gramm  fˆshc kai kajorÐzei to eÐdoc thc eustˆjeiac twn shmeÐwn isorropÐac. Sqediˆzoume, tèloc,
th gramm  fˆshc epÐ tou orizìntiou ˆxona sth grafik  parˆstash thc dN

dt (dhlad  thc f ˆN •) wc
proc N , ìpwc sto Sq ma 4.

Sq ma 4: Grafik  parˆstash thc dN
dt wc proc N .

EÐnai fanerì ìti gia 0 @N @k èqoumedN
dt A 0, opìte h N eÐnai gnhsÐwc aÔxousa sunˆrthsh

tou t, en¸ gia N A k èqoumedN
dt @0, opìte h N eÐnai gnhsÐwc fjÐnousa. Epeid  toN ekfrˆzei

plhjusmì, den èqei nìhma h perÐptwshN @0.
UpenjumÐzoume ìti h -dÔo forèc diaforÐsimh- sunˆrthshN ˆt• eÐnai (gnhsÐwc) kurt  and

2 N
dt 2 C

ˆ A•
0,

en¸ (gnhsÐwc) koÐlh and
2 N

dt 2 B
ˆ @•

0. ParathroÔme ìti

d2N
dt2

�
df
dN

dN
dt

�
df
dN

f ;
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opìte h d2 N
dt 2 eÐnai jetik  (arnhtik ) ìtan oi df

dN kai f ˆN • eÐnai omìshmec (eterìshmec). Paragw-
gÐzontac th logistik  exÐswsh wc procN , paÐrnoume

df
dN

� r ‹ 1 �
2
k

N • :

Apì to Sq ma 4 kai tic parapˆnw parathr seic paÐrnoume ˆmesa ton epìmeno pÐnaka:

N f ˆN • df
dN N wc proc t

ˆ0; k
2 • A0 A0 gnhsÐwc aÔxousa kai gnhsÐwc kurt 

ˆ k
2 ; k• A0 @0 gnhsÐwc aÔxousa kai gnhsÐwc koÐlh

ˆk; ª • @0 @0 gnhsÐwc fjÐnousa kai gnhsÐwc kurt 

'Etsi odhgoÔmastepoiotikˆ (dhlad  qwrÐc na lÔsoume thn logistik  exÐswsh) sth grafik  pa-
rˆstash tou Sq matoc 3 (thc N wc proc t), ìtan N > �0; k � " • , gia mikrì " A 0. Mˆlista,
sumperaÐnoume ìti h lÔsh tou (`) eÐnai

¢̈
¨
¦
¨̈
¤

olik  (wc proc ton qrìno) ; ìtan N0 >�0; k�
jetikˆ olik  ; ìtan N0 >ˆk; ª • :

Gia thn sumpl rwsh thc poiotik c anaparˆstashc thc sunˆrthshc, ja prèpei na gnwrÐzoume thn
sumperiforˆ thc N pˆnw kai makriˆ apì to k (eÐdame prohgoumènwc - pou gnwrÐzame thn lÔsh se
kleist  morf  - ìti ja ekr gnutai (proc ta pÐsw) gia kˆpoion arnhtikì qrìno, wstìso ed¸ kˆnoume
pwc den to xèroume). Gia kˆti tètoio, ja qreiasteÐ na basistoÔme sthn klasik  jewrÐa twn SDE.

Pr¸ton, deÐqnoume ìti to ˆk; ª • eÐnai analloÐwto ston qrìno (to gnwrÐzoume apì prin, allˆ,
ìpwc eÐpame, ac kˆnoume ta strabˆ mˆtia). Prˆgmati, autì ja prokÔyei me ˆtopo apì thn monadi-
kìthta thc lÔshc mèsw enìc metasqhmatismoÔ metaforˆc qrìnou: Koitˆme to bohjhtikì genikìtero
(` l ), pou xèroume ìti eÐnai kalˆ topojethmèno kai me omal  megistik  lÔsh

N l � ˆ � "1; "2• � R; ìpou 0 @"1; "2 Bª :

Apì thn mÐa, anN0 � k, tìte eÔkola sumperaÐnoume ìti h

N l ˆ t• � N2ˆ t• � k; ¦ t >R

eÐnai h monadik  lÔsh. Apì thn ˆllh, èstw N0 Ak kai ìti §t0 >ˆ � "1; "2• tètoio ¸ste eÐte N l ˆ t0• �
k, eÐteN l ˆ t0• @k. Lìgw thc sunèqeiac thc lÔshc, mporoÔme na perioristoÔme sthn perÐptwsh
ìpou N l ˆ t0• � k, ìpwc sto Sq ma 5. Tìte, orÐzontac tic ' � ˆ � "1 � t0; "2 � t0• � ˆ � "1; "2• kai
nl � ˆ � "1 � t0; "2 � t0• � R wc

nl �� N l X'; ìpou ' ˆ t• �� t � t0; gia kˆje t >ˆ � "1 � t0; "2 � t0• ;

deÐqnoume eÔkola ìti hnl eÐnai h monadik  megistik  lÔsh gia to prìblhma:

Me dedomènoN0 >R, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
N � I � R, tètoia ¸ste h N na ikanopoieÐ tìso thn(7) sto I � ˜ 0• , ìso kai thn

N ˆ0• � N l ˆ t0• .

Wstìso, pˆli eÔkola sumperaÐnoume ìti

nl ˆ t• � k; ¦ t >ˆ � "1 � t0; "2 � t0• ;

dhlad 
N l ˆ t• � k; ¦ t >ˆ � "1; "2• ;

kai arkeÐ na jèsoumet � 0 gia na katal xoume se ˆtopo.
DeÔteron, anN0 Ak tìte

N ˆ t• Ak; ¦ t >ˆ � "1; "2•

kai ˆra

rN ˆ t• ‹ 1 �
1
k

N ˆt•• @0; ¦ t >ˆ � "1; "2• :

18



Diˆlexh 2 Ì

Sq ma 5: Lìgw thc monadikìthtac thc lÔshc, eÐnai adÔnaton mia lÔsh me N0 A k (mple) na lˆbei thn tim  k gia kˆpoio
qrìno t0 , kaj¸c h N2 � k (prˆsino) eÐnai epÐshc lÔsh. Prˆgmati, se diaforetik  perÐptwsh, jewr¸ntac èna nèo PAT
me arqik  tim  thn N ˆ t0• � k, mporoÔme plèon na broÔme (toulˆqiston) dÔo diakekrimènec lÔseic tou, ˆtopo.

Opìte apì thn (7) ja èqoume ìti h N eÐnai gnhsÐwc fjÐnousa, dhlad 

N ˆ t• AN0; ¦ t >ˆ � "1; 0• :

'Ara
0

S
t

ds �

N ˆ t •

S
N 0

RRRRRRRRRRR

1

rs ‰1 � 1
k sŽ

RRRRRRRRRRR
ds; ¦ t >ˆ � "1; 0• ;

dhlad 

� t �

N ˆ t •

S
N 0

�
1

rs ‰1 � 1
k sŽ

ds; ¦ t >ˆ � "1; 0• ;

  alli¸c

� t �

N ˆ t •

S
N 0

k

rs2 ‰1 � k
s Ž

ds; ¦ t >ˆ � "1; 0• ;

kai ˆra

"1 �
ª

S
N 0

k

rs2 ‰1 � k
s Ž

ds;

miac kai h lÔsh eÐnai megistik . 'Etsi,

"1 @
kN0

r ˆN0 � k•

ª

S
N 0

1
s2

ds �
k

r ˆN0 � k•
@ª :

'Ara h lÔsh ekr gnutai (proc ta pÐsw) gia kˆpoion arnhtikì qrìno, kai aut  h plhroforÐa
sumplhr¸nei to pazl thc adr c kataskeu c tou Sq matoc 3 sthn olìthtˆ tou.

'Askhsh 18. QwrÐc gn¸sh thc lÔshc tou (` l ) se kleist  morf , na apodeÐxete:

1. 'Uparxh, monadikìthta kai omalìthta megistik c kai suneq¸c exart¸menhc apì ta arqikˆ
dedomèna lÔshc.
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2. Ta sÔnola
ˆ �ª ; 0• ; ˜ 0• ; ˆ0; k• ; ˜ k• kai ˆk; ª •

eÐnai analloÐwta ston qrìno.

3. 'Ekrhxh (proc ta emprìc) thc lÔshc gia kˆpoion jetikì qrìno, ìtan N0 @0.

'Askhsh 19. Melet ste ˆmesa to (`) kai ìtan r @0, mèsw tou metasqhmatismoÔ antistrof c tou
qrìnou. Poia h biologik  ermhneÐa tou antÐstoiqou montèlou;

'Askhsh 20. 1. Exhg ste giatÐ

"1 � � ln ‹ 1 �
k

N0
•

1
r

;

kai me qr sh aut c thc plhroforÐac apodeÐxte thn anisìthta

1 � x @ex ; ¦ x A0:

2. BreÐte thn antÐstoiqh anisìthta gia thn perÐptwsh thc èkrhxhc (proc ta emprìc) thc lÔshc
tou (` l ) gia kˆpoion jetikì qrìno, dhlad  ìtan N0 @0.

'Askhsh 21. Eis ĝete kai melet ste to diakritì anˆlogo tou suneqoÔc logistikoÔ PAT. Kata-
skeuˆste thn grafik  parˆstash thc akoloujÐac axiopoi¸ntac thn mèjodo tou istoÔ thc ar q̂nhc.

Majhmatikì Upìbajro : Ed¸ parousiˆzoume tic basikèc ènnoiec kai ergaleÐa pou qrhsimo-
poioÔntai gia thn diakritopoÐhsh enìc PAT, kaj¸c epÐshc kai gia thn Fˆsh III thc melèthc tou.

DiakritopoÐhsh mèsw thc mejìdou Euler . JewroÔme èna kalˆ topojethmèno (PAT) to
opoÐo eÐte den mporoÔme, eÐte den jèloume na lÔsoume se kleist  morf . Gia thn eÔresh arijmhtik c
lÔshc prosfeÔgoume sto epìmeno sq ma:

1. DiakritopoÐhsh thc antÐstoiqhc diaforik c exÐswshc, katˆ thn opoÐa lambˆnetai miaanadro-
mik  sqèsh .

2. Anadromik  eÔresh twn tim¸n thc diakrit c zhtoÔmenhc lÔshc, me thn axiopoÐhsh thc parapˆnw
anadromik c sqèshc se sunduasmì me thn dedomènh arqik  tim .

Gia thn diakritopoÐhsh thc diaforik c exÐswshc, sumbolÐzoume

yk �� y ˆ tk • ; gia k >N0;

ìpou
tk �� kh; gia k >N0; meh stajerì me 0 @ShSP 1:

ParathreÐste ìti h tim  y0 eÐnai dedomènh sto (PAT). Tìte

dy
dt

ˆ tk • �
y ˆ tk � h• � y ˆ tk •

h
�

y ˆ tk � 1• � y ˆ tk •
h

�
yk � 1 � yk

h

kai apì thn diaforik  exÐswsh tou (PAT) èqoume

yk � 1 � yk

h
� f ˆ tk ; y ˆ tk •• � f ˆkh; yk • ;

pou dÐnei thn akìloujh anadromik  sqèsh (exÐswsh diafor¸n)

yk � 1 � yk � hf ˆkh; yk • ; gia k >N0:

Apì thn parapˆnw sqèsh, se sunduasmì me thn dedomènh tim y0, lambˆnoume tic timècyk gia k >N0,
oi opoÐec ja mac d¸soun mia kal  prosèggish thc lÔshcy tou (PAT). Mˆlista, to diakritì anˆlogo
tou (PAT) eÐnai to

¢̈
¨
¦
¨̈
¤

yˆ tk � 1• � yˆ tk • � hf ˆkh; yˆ tk •• ; gia k >N0 (montèlo)
yˆ t0• � y0 (arqik  tim ) :
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Autìnomo PAT. To (PAT) lègetai autìnomo ann

§g� S2 � Rn ; tètoio ¸ste f ˆ t; yˆ t•• � gˆyˆ t•• ; ¦ t >I ;

dhlad  to dexiì mèloc tou montèlou exartˆtai apì ton qrìno t apokleistikˆ mèsw thc lÔshc y. To
S2 enìc autìnomou (PAT) lègetai q¸roc fˆshc .

'Ena idiaÐtero qarakthristikì enìc autìnomou (PAT) me uparkt  monadik  lÔsh eÐnai ìti h {arq 
tou qrìnou} t0 eÐnaiaujaÐreth, dhlad  ì,ti isqÔei gia mia tim  t0 ja isqÔei kai gia ìlec tic ˆllec, ìpwc
prokÔptei mèsw enìc aploÔ metasqhmatismoÔ metaforˆc qrìnou. Sun jwc (kˆti pou ja kˆnoume
kai emeÐc ed¸), proc aplopoÐhsh tou sumbolismoÔ, epilègetai h tim t0 � 0 katˆ thn melèth enìc
autìnomou sust matoc. Praktikˆ autì shmaÐnei ìti mhdenÐzetai to kontèr thn stigm  pou arqÐzei h
katagraf  tou antÐstoiqou fainomènou.

Se ì,ti akoloujeÐ, antÐ gia thn je¸rhsh miac nèac sunˆrthshc g, ja grˆfoume aplousteutikˆ
(kai kataqrhstikˆ)

f ˆ t; yˆ t•• � f ˆyˆ t•• ; ¦ t >I :

Anˆlush autìnomou PAT: Basikèc ènnoiec.

1. 'Estw autìnomo (PAT), to opoÐo, gia kˆje y0 > S2, ìpou S2 o q¸roc fˆshc, èqei monadik 
megistik  lÔsh (p.q. h f ikanopoieÐ topikˆ mia sunj kh Lipschitz), yˆ � ; y0• , tètoia ¸ste
Domˆyˆ � ; y0•• � ˆ � "1; "2• me"1;2 >�0; ª •. Tìte:

i. To sÔnolo
RanŠyˆ � ; y0•Ŝ� " 1 ;" 2 • • b S2

lègetai troqiˆ (thc lÔshc aut c, h opoÐa dièrqetai apì to y0). Lìgw monadikìthtac, dÔo
diakekrimènec troqièc enìc tètoiou (PAT) den èqoun shmeÐa tom c.

ii . To sÔnolo
RanŠyˆ � ; y0•Ŝ0;" 2 • • b S2 ŠRanŠyˆ � ; y0•Ŝ� " 1 ;0• • b S2•

lègetai jetik  (arnhtik ) hmitroqiˆ .

2. i. To � b S2 lègetai jetikˆ (arnhtikˆ) analloÐwto sÔnolo ann

RanŠyˆ � ; y0•Ŝ0;" 2 • • b � ŠRanŠyˆ � ; y0•Ŝ� " 1 ;0• • b � • ; ¦ y0 >� :

Perigrafikˆ, kˆje troqiˆ pou dièrqetai gia t � 0 apì kˆpoio shmeÐo tou� paramènei entìc
autoÔ gia kˆje t A0 (t @0) sto opoÐo orÐzetai h lÔsh. To� lègetai analloÐwto sÔnolo
ann eÐnai tìso jetikˆ ìso kai arnhtikˆ analloÐwto.

ii . 'Enac analutikìc trìpoc epal jeushc tou ìti èna sÔnolo � b S2 mekatˆ tm mata omalì
sÔnoro,5 @� , eÐnai ìntwc jetikˆ (arnhtikˆ) analloÐwto, apoteleÐ h anisìthta

� ˆx• � f ˆx• A0 ˆ � ˆx• � f ˆx• @0• ; gia kˆje {omalì} shmeÐo x >@� ;

dhlad  gia kˆje shmeÐox > @� tètoio ¸ste na orÐzetai eswterikì kˆjeto diˆnusma tou
@� sto x, � ˆx•.6

3. To y‡ >S2 lègetai shmeÐo isorropÐac  krÐsimo shmeÐoanngˆy‡• � 0.

4. H lÔsh y � y‡ lègetai lÔsh isorropÐac  lÔsh mìnimhc katˆstashc .

5 'Ena katˆ tm mata omalì sÔnoro miac n-diˆstathc pollaplìthtac eÐnai mia ˆ n � 1• -diˆstath pollaplìthta qwrÐc
sÔnoro, h opoÐa diamerÐzetai mèsw xènwn anˆ dÔo sqetikˆ anoikt¸n uposunìlwn thc (tm mata), oi sqetikèc kleistìth-
tec twn opoÐwn efˆptontai metaxÔ touc. To qarakthristikì ed¸ eÐnai, pr¸ton, ìti to sÔnolo ìlwn twn parapˆnw
shmeÐwn epaf c apoteleÐ èna sqetikˆ kleistì mhdenosÔnolo epÐ thc ˆ n � 1• -diˆstathc pollaplìthtac kai, deÔteron,
ìti to kˆje (sqetikˆ anoiktì) tm ma mporeÐ na ekfrasteÐ wc to grˆfhma miac omal c sunˆrthshc (me pedÐo orismoÔ
èna anoiktì sÔnolo entìc tou Rn � 1 ), h opoÐa mporeÐ na epektajeÐ ètsi ¸ste to grˆfhmˆ thc na ekfrˆzei telikˆ thn
sqetik  kleistìthta tou tm matoc. Katˆ autìn ton trìpo, apokleÐontai morfoklasmatikèc gewmetrÐec kai aiqmèc,
allˆ epitrèpontai oi gwnÐec kai oi akmèc.

6Se èna katˆ tm mata omalì sÔnoro, entìc twn sqetikˆ anoikt¸n tmhmˆtwn tou orÐzetai (kalˆ, dhlad  mona-
dikˆ) monadiaÐo eswterikì kai exwterikì kˆjeto diˆnusma epÐ thc ˆ n � 1• -pollaplìthtac, en¸ sto sqetikˆ kleistì
mhdenosÔnolo twn shmeÐwn epaf c twn kleistot twn touc kˆti tètoio den eÐnai aparaÐthto. 'Ara, to eswterikì kai
exwterikì kˆjeto diˆnusma epÐ enìc katˆ tm mata omaloÔ sunìrou orÐzetai pantoÔ ektìc apì èna sqetikˆ kleistì
mhdenosÔnolo.
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(aþ) Eustajèc shmeÐo isorropÐac. (bþ) Jetikˆ eustajèc shmeÐo isorropÐac. (gþ) Arnhtikˆ eustajèc shmeÐo isorro-
pÐac.

Eustˆjeia shmeÐou isorropÐac.

(dþ) Jetik  asumptwtik  eustˆjeia sh-
meÐou isorropÐac.

(eþ) Jetik  astˆjeia shmeÐou isorropÐac.

Sq ma 6: Diˆforoi tÔpoi eu/a-stˆjeiac shmeÐou isorropÐac.

5. 'Estw y‡ memonwmènoshmeÐo isorropÐac (dhlad  upˆrqei perioq  touy‡ pou den èqei ˆllo
shmeÐo isorropÐac). Tìte:

i. To y‡ lègetai jetikˆ (arnhtikˆ) eustajèc ann

(aþ) upˆrqei � A 0 tètoio ¸ste, gia kˆje y0 > S2 meSy0 � y‡S@� na isqÔei ìti h yˆ � ; y0•
eÐnai jetikˆ (arnhtikˆ) olik , dhlad 

Domˆyˆ � ; y0•• c � 0; ª • ˆ Domˆyˆ � ; y0•• c ˆ �ª ; 0�• ;

kai
(bþ) gia kˆje � A0 upˆrqei � � � ˆ � • A0, tètoio ¸ste gia kˆje y0 >S2 na isqÔei ìti

Sy0 � y‡S@� � Syˆ t; y0• � y‡S@�; ¦ t >� 0; ª • ˆ ¦ t >ˆ �ª ; 0�• :

To y‡ lègetai eustajèc ann eÐnai tìso jetikˆ ìso kai arnhtikˆ eustajèc.

ii . To y‡ lègetai jetikˆ (arnhtikˆ) asumptwtikˆ eustajèc ann eÐnai jetikˆ (arnhtikˆ) eu-
stajèc kai epiplèon

(gþ) upˆrqei %A0 tètoio ¸ste, gia kˆje y0 >S2 meSy0 � y‡S@%na isqÔei ìti

lim
t � ª

Syˆ t; y0• � y‡S� 0 ‹ lim
t � �ª

Syˆ t; y0• � y‡S� 0• :

To y‡ lègetai asumptwtikˆ eustajèc ann eÐnai tìso jetikˆ ìso kai arnhtikˆ asumptwtikˆ
eustajèc.

iii . To y‡ lègetai jetikˆ (arnhtikˆ) astajèc ann den eÐnai jetikˆ (arnhtikˆ) eustajèc. To
y‡ lègetai astajèc ann eÐnai tìso jetikˆ ìso kai arnhtikˆ astajèc.
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PerÐgramma Diˆlexhc

1. StoiqeÐa Majhmatik c BiologÐac :

(aþ) Dunamikˆ montèla enìc plhjusmoÔ (sunèqeia):

i. Logistikì montèlo   montèlo Verhulst (sunèqeia)
ii . EpÐdrashAllee

(bþ) Dunamikˆ montèla poll¸n plhjusm¸n: AllhlepÐdrash metaxÔ plhjusm¸n

2. Majhmatikì Upìbajro :

Anˆlush eustˆjeiac autìnomou PAT (sunèqeia): GrammikopoÐhsh

StoiqeÐa Majhmatik c BiologÐac :

GrammikopoÐsh tou suneqoÔc logistikoÔ probl matoc. 'Enac akìma pio tupopoih-
mènoc trìpoc gia na apofanjoÔme gia thn eu/a-stˆjeia twn shmeÐwn isorropÐacN ‡

1 � 0 kai N ‡
2 � k

tou ( `), eÐnai mèsw thcgrammikopoÐhs ctou. Mˆlista, o trìpoc autìc mac parèqei topikˆ proseg-
gÐseic twn lÔsewn, oi opoÐec me thn seirˆ touc eÐnai lÔseic grammik¸n problhmˆtwn.

Prˆgmati, to grammikì montèlo tou antÐstoiqou grammikopoihmènou probl matoc se kˆje èna
shmeÐo isorropÐac eÐnai to

d ~N
dt

�
df
dN

ˆN ‡
i • ~N; gia i >˜ 1; 2• ; (10)

ìpou f ˆN • � rN ‰1 � 1
k N Ž, dhlad 

d ~N
dt

� r ‹ 1 �
2
k

N ‡
i • ~N; gia i >˜ 1; 2•

kai
d ~N
dt

�
¢̈
¨
¦
¨̈
¤

r ~N; sto N ‡
1

� r ~N; sto N ‡
2 :

(11)

Miac kai

df
dN

ˆN ‡
i • �

¢̈
¨
¦
¨̈
¤

r; gia i � 1
� r; gia i � 2;

èqoume ìti ta N ‡
1 kai N ‡

2 eÐnai uperbolikˆ me

df
dN

ˆN ‡
1 •

¢̈
¨
¦
¨̈
¤

A0; ìtan r A0
@0; ìtan r @0

kai
df
dN

ˆN ‡
2 •

¢̈
¨
¦
¨̈
¤

@0; ìtan r A0
A0; ìtan r @0:

'Ara, ìntwc,
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ˆ to N ‡
1 eÐnai

¢̈
¨
¦
¨̈
¤

arnhtikˆ asumptwtikˆ eustajèc ; ìtan r A0
jetikˆ asumptwtikˆ eustajèc ; ìtan r @0;

kai

ˆ to N ‡
2 eÐnai

¢̈
¨
¦
¨̈
¤

jetikˆ asumptwtikˆ eustajèc ; ìtan r A0
arnhtikˆ asumptwtikˆ eustajèc ; ìtan r @0;

ìpwc èqoume  dh diapist¸sei.
Epiplèon, apì thn (11) se sunduasmì me ton topikˆ proseggistikì metasqhmatismì

N ˆ t; N 0• � N ‡
i � ~N ˆ t; N 0 � N ‡

i • ; ¦ N0 � N ‡
i gia i >˜ 1; 2• ; kai ¦ t >

¢̈
¨
¦
¨̈
¤

eÐteˆ �ª ; 0�
eÐte�0; ª • ;

paÐrnoume topikèc proseggÐseic twn lÔsewn wc ex c

N ˆ t• �

¢̈
¨̈̈
¨̈̈
¨
¦
¨̈̈
¨̈̈
¨̈
¤

N0ert ; ¦ N0 � N ‡
1 kai ¦ t >

¢̈
¨
¦
¨̈
¤

ˆ �ª ; 0� ; ìtan r A0
�0; ª • ; ìtan r @0

k � ˆN0 � k• e� rt ; ¦ N0 � N ‡
2 kai ¦ t >

¢̈
¨
¦
¨̈
¤

� 0; ª • ; ìtan r A0
ˆ �ª ; 0� ; ìtan r @0;

ìpwc faÐnetai kai sto Sq ma 7.

(aþ) r A 0. (bþ) r @0.

Sq ma 7: Grafik  parˆstash twn lÔsewn tou ( `), N ˆ t • � k N 0
N 0 � ˆ k � N 0 • e� rt (mple suneqeÐc kampÔlec) gia diˆforec

timèc N0 {kontˆ} sta shmeÐa isorropÐac, kaj¸c kai twn antÐstoiqwn lÔsewn gia ta grammikopoihmèna probl mata sta
shmeÐa isorropÐac (diakekommènec kampÔlec). Me mob diakekommènec oi lÔseic tou grammikopoihmènou giaN0 � N ‡

1 .
Me petrìl diakekommènec oi lÔseic tou grammikopoihmènou giaN0 � N ‡

2 .

'Askhsh 22. EpalhjeÔste thn (10) me bˆsh to antÐstoiqo apotèlesma sto Majhmatikì Upìbajro.

Logistikì montèlo me epÐdrash Allee ( Allee kai Bowen , 1932). Peiramatizìmenoi
me ènan plhjusmì qrusìyarwn ( carassius auratus), oi Allee kai Bowen diatÔpwsan kai anèlusan
thn idèa ìti o megalÔteroc plhjusmìc èqei megalÔtero rujmì aÔxhshc apì ìti èqei o mikrìteroc.
Kˆti tètoio antibaÐnei sthn klasik  je¸rhsh ìti o endogen c antagwnismìc gia pìrouc wjeÐ ènan
mikrìtero plhjusmì se megalÔtero rujmì aÔxhshc. Wstìso, h parapˆnw parat rhsh dikaiologeÐtai
apì to gegonìc ìti gia kˆpoia eÐdh h endogen c sunergasÐa eÐnai aparaÐthth parˆmetroc epibÐwshc,
ìpwc gia parˆdeigma gia jhreutèc pou jhreÔoun omadikˆ   gia jhrˆmata pou amÔnontai omadikˆ apì
touc jhreutèc. H idèa aut  perigrˆfei èna fainìmeno to opoÐo eÐnai plèon gnwstì sthn bibliografÐa
wc epÐdrash (tou)Allee (Allee e�ect ).

H epÐdrashAllee èqei diabajmÐseic, kaj¸c endeqomènwc na eÐnaiasjen c (weak)   isqur  (strong)
(bl. Sq ma 8). Katˆ thn parousÐa asjenoÔc epÐdrashc, o mikrìc plhjusmìc suneqÐzei na auxˆnetai
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allˆ me mikrì rujmì. Me thn parousÐa isqur c epÐdrashc ìmwc, o mikrìc plhjusmìc, mikrìteroc
enìc elˆqistou pl jouc oudoÔ,7 ja mei¸netai kai ja odeÔei proc exafˆnish. Profan¸c ènac tètoioc
oudìc èqei megˆlh shmasÐa gia ton qarakthrismì kai thn melèth twn plhjusm¸n twn apeiloÔmenwn
me exafˆnish eid¸n.

(aþ) Isqur  epÐdrash Allee . (bþ) Asjen c epÐdrash Allee . (gþ) ApoÔsa epÐdrash Allee .

Sq ma 8: Logistikì montèlo me epÐdrash Allee.

Parˆdeigma enìc montèlou me isqur  epÐdrash parousiˆzetai parakˆtw, en¸ sthn 'Askhsh 26
meletˆtai parˆdeigma montèlou asjen c epÐdrashc. To montèlo autì thc isqur c epÐdrashcAllee
pou ja parousiˆsoume apoteleÐ mia apl  tropopoihmènh ekdoq  tou logistikoÔ montèlou, gia to
opoÐo epilègetai h sunˆrthshr ˆN • sthn (6) tètoia ¸ste na eÐnai:

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

perÐpou Ðsh me mia arnhtik  stajer �̂ r @0 ; gia {mikrì} N;
arnhtik  kai fjÐnousa katˆ apìluth tim  ; gia {sqetikˆ mikrì} N;
jetik  kai fjÐnousa ; gia {sqetikˆ megˆlo} N;
arnhtik  ; gia {arketˆ megˆlo} N:

H aploÔsterh tropopoÐhsh thc antÐstoiqhc sunˆrthshc tou logistikoÔ montèlou, h opoÐa sumperi-
fèretai ìpwc parapˆnw, eÐnai h

r ˆN • � � r ‹ 1 �
1
k1

N • ‹ 1 �
1
k2

N • ; ìpou k1 @k2 jetikèc stajerèc :

'Etsi prokÔptei h logistik  exÐswsh me epÐdrashAllee

dN
dt

� � rN ‹ 1 �
1
k1

N • ‹ 1 �
1
k2

N • ; (12)

ìpou h k1 eÐnai ooudìc pou proanafèrame kai hk2 eÐnai h fèrousa ikanìthta tou peribˆllontoc.
H (12) eÐnai mia sun jhc diaforik  exÐswsh qwrizomènwn metablht¸n. Wstìso,den eÐnai pˆnta

eÔkolh/efikt  h apotÔpwsh thc genik c lÔshc thc se kleist  morf , ˆra ja basistoÔme sthn
poiotik  melèth thc . Pr¸ta ìmwc ja qreiastoÔme kˆpoia basikˆ apotelèsmata.

To antÐstoiqo PAT. To PAT thc logistik c dunamik c me oudì eÐnai to ex c:

Me dedomènoN0 C0, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
N � I � � 0; ª •, tètoia ¸ste h N na ikanopoieÐ tìso thn(12) sto I � ˜ 0• ìso kai

thn N ˆ0• � N0.
(` thr )

'Uparxh, monadikìthta kai omalìthta megistik c kai suneq¸c exart¸menhc a-
pì ta arqikˆ dedomèna lÔshc tou genikoÔ probl matoc. Anexˆrthta apì to prìshmo
tou N0, kˆnoume qr sh klasik¸n jewrhmˆtwn (bl. 'Askhsh 23) gia na exˆgoume Ôparxh, monadi-
kìthta kai omalìthta megistik c kai suneq¸c exart¸menhc apì ta arqikˆ dedomèna lÔshc

N l � ˆ � "1; "2• � R; ìpou 0 @"1; "2 Bª ;

gia to ex c bohjhtikì genikì prìblhma:

Me dedomènoN0 >R, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
N � I � R, tètoia ¸ste h N na ikanopoieÐ tìso thn(12) sto I � ˜ 0• , ìso kai thn

arqik  sunj kh N ˆ0• � N0.
(` thr

l )

7QrhsimopoioÔme ton ìro {oudìc}, o opoÐoc eÐnai sun jhc sthn FusiologÐa, gia na apod¸soume ton ìro { thre-
shold}, antÐ tou epÐshc qrhsimopoioÔmenou ìrou {kat¸fli}.
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AnalloÐwta sÔnola, kal  topojèthsh tou arqikoÔ probl matoc kai omalìthta
thc lÔshc tou. Akrib¸c ìpwc kai gia to ( ` l ), mporoÔme na deÐxoume ìti ta sÔnola

˜ 0• ; ˆ0; k1• ; ˜ k1• ; ˆk1; k2• ; ˜ k2• kai ˆk2; ª •

eÐnai analloÐwta gia to (̀thr
l ) (bl. 'Askhsh 23). Sunep¸c, h N l ìtan N0 C0 lÔnei epÐshc to (` thr ),

dhlad  upˆrqei monadik , omal , suneq c wc proc ta arqikˆ dedomèna kai megistik  lÔsh tou (̀ thr ),
kaj¸c epÐshc ta parapˆnw sÔnola eÐnai analloÐwta kai gia to (` thr ).

Poiotik  melèth. EÔkola parathroÔme ìti ta shmeÐa isorropÐac tou (` thr ) eÐnai ta

N ‡
1 � 0; N ‡

2 � k1 kai N ‡
3 � k2:

Melet¸ntac, ìpwc kai gia thn (7), thn antÐstoiqh sunˆrthsh tou dexioÔ mèlouc thc (12), h grafik 
parˆstash thc opoÐac dÐnetai sto Sq ma 9, prokÔptei o parakˆtw pÐnakac (bl. 'Askhsh 23).

N N wc proc t

‰0; ~K 1Ž gnhsÐwc fjÐnousa kai gnhsÐwc kurt 
‰~K 1; k1Ž gnhsÐwc fjÐnousa kai gnhsÐwc koÐlh
‰k1; ~K 2Ž gnhsÐwc aÔxousa kai gnhsÐwc kurt 
‰~K 2; k2Ž gnhsÐwc aÔxousa kai gnhsÐwc koÐlh
ˆk2; ª • gnhsÐwc fjÐnousa kai gnhsÐwc kurt 

Sq ma 9: Grafik  parˆstash thc
dN

dt
wc proc N . Ta shmeÐa kamp c gia thnN ˆ t• eÐnai ta‰~K 1;2 ; r ‰~K 1;2ŽŽ �

‹
1

3
Šk1 � k2 �

º
K • ; �

r

27k1k2
�ˆ k1 � k2• ˆ 3k1k2 � 2K • � 2K

3
2 �• , ìpou K �� k2

1 � k2
2 � k1k2 .

'Etsi, èqoume ìti

ˆ to N ‡
1 eÐnai

� arnhtikˆ astajèc kai

� jetikˆ asumptwtikˆ eustajèc,

ˆ to N ‡
2 eÐnai

� arnhtikˆ asumptwtikˆ eustajèc kai
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� jetikˆ astajèc,

ˆ to N ‡
3 eÐnai

� arnhtikˆ astajèc kai

� jetikˆ asumptwtikˆ eustajèc.

Mˆlista, ta parapˆnw sumperˆsmata pou aforoÔn thn eu/a-stˆjeia twn shmeÐwn isorropÐac mporoÔn
exaqjoÔn kai tupopoihmèna mèsa apì thn melèth tou antÐstoiqou grammikopoihmènou probl matoc
(bl. 'Askhsh 24). SumperaÐnoume loipìn ìti h lÔsh tou (̀ thr ) eÐnai

¢̈
¨
¦
¨̈
¤

olik  ; ìtan N0 >�0; k2�
jetikˆ olik  ; ìtan N0 >ˆk2; ª • :

AntÐjeta, katˆ analogÐa me to (̀), mporoÔme na deÐxoume ìti h lÔsh tou (` thr ) ekr gnutai proc
ta pÐsw gia kˆpoion arnhtikì qrìno ìtan N0 A k2 (bl. 'Askhsh 23). SunoyÐzontac, odhgoÔmaste
poiotikˆ sthn grafik  parˆstash tou Sq matoc 10.

Sq ma 10: Grafik  parˆstash thc N wc proc mh arnhtikˆ t gia diˆforec timèc tou N0 . Ed¸ ~K 1;2 �
1

3
Šk1 � k2 �

º
K • ,

ìpou K �� k2
1 � k2

2 � k1k2 .

'Askhsh 23. Sumplhr¸ste tic leptomèreiec thc melèthc Fˆshc I tou (` thr ).

'Askhsh 24. Melet ste to grammikopoihmèno PAT tou (` thr ) sta shmeÐa isorropÐac tou teleu-
taÐou kai anadeÐxte tic plhroforÐec pou fèrei sqetikˆ me thn eu/a-stˆjeia twn shmeÐwn isorropÐac
kai tic proseggÐseic twn lÔsewn kontˆ se autˆ.

'Askhsh 25. Melet ste ˆmesa to (` thr ) kai ìtan r @0, mèsw tou metasqhmatismoÔ antistrof c
tou qrìnou. Poia h biologik  ermhneÐa tou antÐstoiqou montèlou;

'Askhsh 26. Melet sete to PAT me montèlo asjenoÔc epÐdrashcAllee

¢̈
¨̈
¦
¨̈̈
¤

dN
dt

� rN p ‹ 1 �
1
k

N • ; gia r A0 kai p A1

N ˆt0• � N0;

wc proc thn Ôparxh, monadikìthta kai omalìthta megistik c kai suneq¸c exart¸menhc apì ta arqikˆ
dedomèna lÔshc, kaj¸c kai wc proc thn sumperiforˆ aut c se akraÐouc qrìnouc.
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Montèla perissìterwn tou enìc plhjusm¸n. Pernˆme sthn melèth thc dunamik c pol-
l¸n kai allhlepidrìntwn plhjusm¸n me thn qr sh katˆllhlwn diaforik¸n exis¸sewn antÐstoiqou
pl jouc (exarthmènwn) metablht¸n.

Oi eurèwc qrhsimopoioÔmenec exis¸seic gia thn dunamik  melèth tou ekˆstote plhjusmoÔ peri-
èqoun dÔo ìrouc wc ex c:

1. ènan ìro perigraf c thc dunamik c tou plhjusmoÔ se apousÐa twn upìloipwn plhjusm¸n.

2. ènan ìro perigraf c thc allhlepÐdrashc tou plhjusmoÔ me touc upìloipouc plhjusmoÔc.

Sugkekrimèna, h genik  morf  thc diaforik c exÐswshc gia thn dunamik  melèth tou plhjusmoÔN i ,
mei >˜ 1; : : : ; n• , miac omˆdac pl jouc n plhjusm¸n, ˜ N j • n

j � 1, èqei wc akoloÔjwc

dN i

dt
� f 1ˆN i •

´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
se apousÐa biotik c allhlepÐdrashc

� f 2ˆN1; : : : ; Nn •
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

biotik  allhlepÐdrash

: (13)

O pr¸toc ìroc èqei  dh suzhthjeÐ. O deÔteroc ìroc meletˆtai parakˆtw.

PerÐ allhlepÐdrashc metaxÔ plhjusm¸n. Sth FÔsh kanènac organismìc den zei se
pl rh apomìnwsh, allˆ allhlepidrˆ tìso me touc abiotikoÔc ìso kai me touc biotikoÔc parˆgontec
tou peribˆllontìc tou. H allhlepÐdrash (interaction ) enìc organismoÔ me to peribˆllon tou eÐ-
nai kajoristik c shmasÐac gia thn epibÐws  tou, allˆ kai gia thn leitourgÐa tou oikosust matoc
(ecosystem) wc olìthta. Ta fusikˆ oikosust mata diajètoun peperasmèno arijmì pìrwn. Sthn
prospˆjeiˆ touc na apokt soun prìsbash stouc pìrouc autoÔc, oi organismoÐ anaptÔssoun pro-
sarmogèc, ikanèc na touc parèqoun pleonekt mata ènanti twn ˆllwn atìmwn. 'Oloi oi geitonikoÐ
organismoÐ summetèqoun sebiotikèc allhlepidrˆseic , sqèseic dhlad  pou anaptÔssontai metaxÔ
diaforetik¸n eid¸n.

'Opwc  dh anafèrame, formalistikˆ oi biotikèc allhlepidrˆseic kajorÐzontai sthn (13) apì thn
sunˆrthsh f 2 tou dexioÔ mèrouc. KathgoriopoioÔme thn sunˆrthsh aut  thc biotik c allhlepÐdrashc
me bˆsh

ˆ to prìshmì thc.

ˆ ton tÔpo thc.

Prìshmo. Jetikì prìshmo gia thn sunˆrthsh f 2 sthn (13) upodhl¸nei jetik  suneisforˆ thc
allhlepÐdrashc ston rujmì metabol c tou plhjusmoÔ, kai antÐstoiqa gia arnhtikì. Sthn pr¸th
perÐptwsh lème ìti h allhlepÐdrash èqeiìfeloc (bene�t ) gia ton plhjusmì, en¸ sthn deÔterh zhmÐa
(harm). Epiplèon, ìtan h parapˆnw sunˆrthsh allhlepÐdrashc eÐnai apoÔsa, dhlad  mhdenik , tìte
oi upìloipoi plhjusmoÐ den èqoun epÐdrash(no e�ect ) ston upì melèth plhjusmì.

Sugkekrimèna, se èna oikosÔsthmasumbÐwshc8(symbiosis) dÔo plhjusm¸n, analìgwc tou prìsh-
mou thc allhlepÐdrashc gia ton kˆje èna, diakrÐnoume ta ex c:

ˆ Amoibaiìthta (Mutualism). EmfanÐzetai ìtan ìla ta eÐdh pou summetèqoun se mÐa allhle-
pÐdrash èqoun ìfeloc. Se pollèc peript¸seic, ta eÐdh exart¸ntai apì aut  th sqèsh kai den
mporoÔn na upˆrxoun to èna qwrÐc to ˆllo. AntÐ tou ìrou amoibaiìthta suqnˆ qrhsimopoieÐtai
o ìroc sumbÐwsh, o opoÐoc, ìmwc, dhl¸nei th sunÔparxh diaforetik¸n eid¸n qwrÐc na eÐnai
safèc an upˆrqei ìfeloc   zhmÐa.

ˆ Ekmetˆlleush (Exploitation ). AllhlepÐdrash katˆ thn opoÐa to èna eÐdoc apokomÐzei ìfeloc
se bˆroc tou ˆllou pou apokomÐzei zhmÐa. DiakrÐnoume tic parakˆtw upokathgorÐec:

� J reush (Predation). Perigrˆfei thn allhlepÐdrash katˆ thn opoÐa o jhreut c (predator)
trèfetai apì to j ramˆ (prey) tou.

� FutofagÐa (Herbivory). Katanˆlwsh ulikoÔ fut¸n apì z¸a.

� Parasitismìc (Parasitism). 'Otan to èna eÐdoc, gnwstì wcparˆsito (parasite), epw-
feleÐtai se bˆroc tou ˆllou, gnwstoÔ wc xenist c (host). Ta parˆsita mei¸noun thn
prosarmostikìthta twn xenist¸n, eÐte giatÐ katanal¸noun mèroc twn pìrwn ( biotrofi-
kˆ ), eÐte epeid  touc odhgoÔn se pajologikèc katastˆseic (pajogìna ) kai to jˆnato
(nekrotrofikˆ parˆsita ,   parasitoeid  ).

8Oikologik  sqèsh metaxÔ atìmwn toulˆqiston duo eid¸n pou zoun se ˆmesh epaf  metaxÔ touc.
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ˆ Antagwnismìc (Competition/Antagonism ). H prosarmostikìthta enìc atìmou mei¸netai apì
thn parousÐa tou ˆllou, ètsi ¸ste kai ta dÔo na èqoun zhmÐa. Ta eÐdh diekdikoÔn ènan
toulˆqiston koinì pìro. O antagwnismìc mporeÐ na ekfrasteÐ eÐte ˆmesa me epaf  (contact
competition), eÐte èmmesa me th drˆsh ousi¸n (chemical competition). Merikˆ eÐdh efarmìzoun
strathgikèc taqeÐac  /kai megˆlhc anˆptuxhc ¸ste na uperkerˆsoun touc antagwnistèc touc
(antagwnismìc uperaÔxhshc). Eidikˆ, ìso aforˆ ton antagwnismì gia to q¸ro ( qwrokratikìc
antagwnismìc (territorial competition )), idiaÐtero endiafèron èqoun oi strathgikèc kˆluyhc
tou kenoÔ q¸rou (preemptive competition). O antagwnismìc mporeÐ na diakrijeÐ perigrafikˆ
se dÔo kathgorÐec:

� Oi pìroi moirˆzontai sta ˆtoma kai kanèna apì autˆ den paÐrnei ikan  posìthta gia thn
anˆptuxh kai thn anaparagwg  tou ( scramble competition).

� Ikanèc posìthtec pìrwn gia thn anˆptuxh kai thn anaparagwg  diekdikoÔntai kai ja
kerdhjoÔn apì ta telik¸c epikratoÔnta ˆtoma, en¸ ta pio adÔnama ja tic steroÔntai
(contest competition). 'Ena b ma parapèra, kai èqoume thn ènnoia touantagwnisti-
koÔ apokleismoÔ(competitive exclusion) (  gnwstoÔ kai wc nìmou tou Gause) ìpou
duo eÐdh antagwnÐzontai gia panomoiìtuphoikojèsh 9 (niche), den mporoÔn na sunupˆr-
xoun se stajerèc timèc twn plhjusm¸n touc, kai telikˆ to èna eÐdoc ja odhg sei to
ˆllo se exafˆnish. Na shmeiwjeÐ ìti katˆ ton diaqwrismì oikojèshc (niche partitio-
ning/di�erentiation/segregation/separation ), antagwnizìmena eÐdh qrhsimopoioÔn diafo-
retikˆ to peribˆllon, ètsi ¸ste na bohjhjoÔn na sunupˆrxoun.

MporoÔme epÐshc na diakrÐnoume ton antagwnismì se dÔo ˆllec kathgorÐec:

� Antagwnismìc katanˆlwshc (consumptive competition), ìtan h allhlepÐdrash metaxÔ
twn antagwnizìmenwn atìmwn eÐnai èmmesh kai aforˆ aplˆ sth meÐwsh thc diajesimìthtac
enìc pìrou lìgw thc qr shc tou apì ta upìloipa ˆtoma tou plhjusmoÔ.

� Antagwnismìc parembol c (interference competition), ìpou upˆrqei ˆmesh allhlepÐdra-
sh twn atìmwn, dhlad  èna ˆtomo prolabaÐnei èna ˆllo sthn katˆkthsh kai thn ek-
metˆlleush twn pìrwn, me apotèlesma na apagoreÔei sto ˆllo thn prìsbash stouc
anazhtoÔmenouc pìrouc,   na parembaÐnei dusmen¸c sthn anˆptux  tou.

TonÐzetai ìti o endoeidikìckai o diaeidikìc antagwnismìc paÐzoun ousiastikì rìlo sthn fu-
sik  epilog  (natural selection) pou prokaleÐ thn exèlixh (evolution) twn eid¸n. Ta eÐdh
pou eÐnai ligìtero ikanˆ na antagwnÐzontai eÐte prosarmìzontai - anaptÔssontac anoq  - eÐte
exafanÐzontai.

ˆ Sussitismìc (Commensalism). H katˆstash pou wfeleÐ ènan mìno organismì, en¸ o ˆlloc
den ufÐstantai kamÐa epÐptwsh.

ˆ Allhlopˆjeia (Amensalism). H meÐwsh thc epituqÐac tou enìc eÐdouc, qwrÐc ta ˆlla eÐdh na
èqoun ìfeloc,   na ufÐstantai zhmÐa.

ˆ Oudeterìthta (Neutralism). H sqèsh dÔo eid¸n pou, en¸ allhlepidroÔn metaxÔ touc, den
ephreˆzoun to èna to ˆllo. Pl rhc oudeterìthta den ufÐstatai sth FÔsh kai ousiastikˆ o
ìroc qrhsimopoieÐtai gia katastˆseic me amelhtèa apotelèsmata allhlepidrˆsewn.

SunoyÐzontac, èqoume ton parakˆtw pÐnaka gia ton qarakthrismì thc allhlepÐdrashc dÔo plhju-
sm¸n, N1 kai N2, me bˆsh to prìshmo thc epÐdrashc pou èqei ston kajèna:

N2

N1 + 0 �

+ Amoibaiìthta Sussitismìc Ekmetˆlleush
0 Sussitismìc Oudeterìthta Allhlopˆjeia
� Ekmetˆlleush Allhlopˆjeia Antagwnismìc

9 'H alli¸c oikologikìc j¸koc ,   biojèsh , onomˆzetai to sÔnolo twn abiotik¸n kai biotik¸n paramètrwn tou
peribˆllontoc pou axiopoieÐ èna eÐdoc, dhlad  to sÔnolo twn sunjhk¸n, pìrwn kai allhlepidrˆsewn pou qreiˆzetai
(  pou mporeÐ na qrhsimopoi sei).
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TÔpoc. 'Eqoun protajeÐ kai melethjeÐ arketèc morfèc thc sunˆrthshcf 2 sthn (13), kˆje mÐa
apì tic opoÐec èqei xeqwristèc idiìthtec. Ed¸ ja doÔme tic eurèwc qrhsimopoioÔmenec mh mhdenikèc
tètoiec morfèc. Thn bˆsh gia ton diaqwrismì touc apoteleÐ hsunarthsiak  apìkrish (functional
response), r i , tou plhjusmoÔ N i sthn metabol  twn plhjusm¸n thc omˆdac ˜ N j • n

j � 1 � ˜ N i • , pou den
eÐnai ˆlloc apì ton rujmì allhlepÐdrashc tou pr¸tou plhjusmoÔ wc proc touc loipoÔc upì melèth
plhjusmoÔc, dhlad 

r i �
@n � 1f 2

@N1 � Ä@Ni � @Nn
; (14)

ìpou to sÔmbolo Ä@Ni upodhl¸nei parˆleiyh diafìrishc wc proc N i . Kai autì giatÐ, kˆnontac thn
sun jh upìjesh ìti h r i thc (14) exartˆtai mìno apì to N i , dhlad 

r i � r i ˆN i • ;

tìte ˆmesa prokÔptei ìti aut  en tèlei kajorÐzei kai ton tÔpo thc f 2 ìtan (wc sun jwc) n � 2   pio
genikˆ ìtan apì thn omˆda ˜ N j • n

j � 1 twn plhjusm¸n mìno dÔo eÐnai diakekrimènoi.
'Etsi, se ì,ti aforˆ thn morf  thc biotik c allhlepÐdrashc, f 2, èqoume touc ex c tÔpouc su-

narthsiak c apìkrishc, h qr sh twn opoÐwn sthn OikologÐa ofeÐletai ston,   sqetÐzetai me ton,
Holling.

TÔpocI. H aploÔsterh sunarthsiak  apìkrish qarakthrÐzetai apì thn grammik  sqèsh

Sr i ˆN i •S� �N i ; ìpou � A0; (15)

kai onomˆzetaisunarthsiak  apìkrish tÔpou I tou Holling. Aut  eÐnai h sunarthsiak  apìkri-
sh pou jewr jhke apì touc Lotka kai Volterra sthn klasik  jewrhtik  touc douleiˆ epÐ twn
allhlepidrˆsewn plhjusm¸n jhreut¸n kai jhramˆtwn, thn opoÐa ja melet soume endeleq¸c
parakˆtw.

Ac doÔme p¸c katal goume ston parapˆnw tÔpo, ìtan gia parˆdeigma h biotik  allhlepÐdrash
aforˆ thn j reush enìc plhjusmoÔ jhramˆtwn N1 apì èna plhjusmì jhreut¸n N2:
H kentrik  je¸rhsh èqei wc ex c: ta jhrˆmata eÐnai omogen¸c katanemhmèna ston q¸ro, h
taqÔthta anaz thshc eÐnai anˆlogh (me stajerˆ k A0) tou pl jouc twn jhramˆtwn, kai epÐshc
h j reush oloklhr¸netai me thn sÔllhyh tou jhrˆmatoc. 'Etsi, ìtan ènac jhreut c brÐsketai
sthn perioq  kai se anaz thsh gia qronikì diˆsthma T (osod pote mikrì), tìte ja èrjei se
epaf  me kTN1 sto pl joc jhrˆmata. Apì ta jhrˆmata autˆ, mìno èna klˆsma d ja sullˆbei
kai ja axiopoi sei. Telikˆ, se qrìno T ja jhreÔsei dkTN1 sto pl joc jhrˆmata, opìte
prokÔptei h (15) me� � dk, kai sugkekrimènar 1ˆN1• � � dkN1.
Parìmoia eÐnai kai h parakˆtw je¸rhsh. Kˆje stoiqeÐo tou upì melèth oikosust matoc (eÐte
jhreut c eÐte j rama) èrqetai katˆ mèso ìro antimètwpo mˆt• forèc anˆ monˆda qrìnou me èna
ˆllo stoiqeÐo autoÔ, kˆje qronik  stigm  t. Kˆnontac thn pr¸th upìjesh ìti oi plhjusmoÐ
twn jhramˆtwn kai twn jhreut¸n eÐnai omogen¸c anamemeigmènoi sto oikosÔsthma, tìte se
autèc tic {sunant seic} N 1 ˆ t •

N 1 ˆ t • � N 2 ˆ t • eÐnai h pijanìthta ènac jhreut c na èrjei antimètwpoc me
èna j rama, kˆje qronik  stigm  t. EpÐshc, se autèc tic sunant seic, h pijanìthta apokìmishc
zhmÐac gia thn anaparagwg  kˆje jhrˆmatoc kˆje qronik  stigm  t eÐnai$ zhmÐa/sunˆnthsh ˆ t• .
'Ara h meÐwsh tou rujmoÔ metabol c tou pl jouc twn jhramˆtwn lìgw Ôparxhc jhreut¸n
kˆje qronik  stigm  t eÐnai

mˆt•$ zhmÐa/sunˆnthsh ˆ t•

N1ˆ t• � N2ˆ t•
N1ˆ t•N2ˆ t• :

Kˆnontac ètsi kai th deÔterh upìjesh ìti

m $ zhmÐa/sunˆnthsh

N1 � N2
� � A0;

odhgoÔmaste sto ìti o rujmìc metabol c tou N1 exartˆtai me ton plèon aplì trìpo apì to
ginìmenoN1N2, dhlad  grammikˆ, me grammikì suntelest  � � . 'Epetai ètsi h (15).

TonÐzoume ìti o tÔpocI tou Holling metafèretai me antÐstoiqa epiqeir mata tìso sthn Epidh-
miologÐa ìso kai sthn Qhmik  Kinhtik . Mˆlista, h sullogistik  poreÐa kai o parapˆnw tÔpoc
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sto opoÐo odhgoÔmaste mèsw aut c perigrˆfontai sthn bibliografÐa wcnìmoc drˆshc thc
mˆzac 10 (law of mass action).

Wstìso, ìso ki an eÐnai apl  kai ìso ki an qrhsimopoieÐtai eurÔtata, h (15) dèqetai kritik 
lìgw thc aperiìristhc aÔxhshc (thc apìluthc tim c) tou r me thn aÔxhsh touN i . Gia pa-
rˆdeigma, kanèna z¸o den mporeÐ na katanal¸nei ìlo kai taqÔtera, ìso auxˆnetai h paroq 
trof c. Upˆrqei ìrio sto pìso mporeÐ na katanal¸sei, miac kai kˆpoia stigm  ja epèljei
koresmìc (saturation). O epìmenoc tÔpoc lambˆnei upìyh aut  thn parˆmetro.

TÔpocII . Pijanìtata, h eurÔtera qrhsimopoioÔmenh katastatik  sqèsh sthn oikologÐa plhjusm¸n eÐnai
h kurtoeid c kampÔlh, dhlad  h aÔxousa kai koresmènh (dhlad  me peperasmèno jetikì ìrio
kaj¸c N � ª ) sunarthsiak  apìkrish

Sr i ˆN i •S�
�N i

� � N i
; ìpou �; � A0; (16)

h opoÐa onomˆzetaisunarthsiak  apìkrish tÔpou II tou Holling. Istorikˆ, oi Michaelis kai
Menten prìteinan to 1913 mia parìmoia sqèsh metaxÔ tou rujmoÔ miac enzumik c antÐdrashc
kai thc sugkèntrwshc tou upostr¸matoc pou prokaleÐ meÐwsh tou rujmoÔ autoÔ, wstìso oi
Briggs kai Haldane sta mèsa thc dekaetÐac tou 1920 ex gagan to prohgoÔmeno apotèlesma
sth bˆsh thc qhmik c kinhtik c. Sta tèlh thc dekaetÐac tou 1950, o Monod prosˆrmose thn
(16) gia thn montelopoÐhsh thc bakthriak c aÔxhshc. OHolling, to 1959,  tan o pr¸toc pou
qrhsimopoÐhse thn (16) sthn OikologÐa kai thn dunamik  jhreut -jhrˆmatoc.

Ac doÔme p¸c katal goume ston parapˆnw tÔpo, pˆli upì to prÐsma tou paradeÐgmatoc enìc
plhjusmoÔ jhramˆtwn N1 kai enìc jhreut¸n N2:
H ousiastik  diaforˆ me thn prohgoÔmenh perÐptwsh eÐnai h upìjesh ìti h j reush den olo-
klhr¸netai me thn sÔllhyh tou jhrˆmatoc, allˆ ìti o jhreut c qreiˆzetai kai epiplèon qrìno
gia na metaqeiristeÐ to sullhfjèn j rama (katanˆlwsh kai pèyh). 'Etsi, o qrìnoc T katˆ ton
opoÐo ènac jhreut c jhreÔei grˆfetai wc T � T� � T� , ìpou T� o qrìnoc anaz thshc kai T� o
qrìnoc metaqeÐrishc twn jhramˆtwn. Upojètontac ìti o qrìnoc metaqeÐrishc kˆje jhrˆmatoc
eÐnai stajerìc kai Ðsoc meh, tìte èqoume ìti T� � hR, ìpou R o sunolikìc arijmìc jhramˆtwn
pou sullambˆnei o jhreut c, kai ètsi T� � T � hR. Antikajist¸ntac thn teleutaÐa sqèsh ston
tÔpo R � dkT� N1, ìpwc autìc proèkuye katˆ thn exagwg  thc (15), ja èqoume ìti

r 1ˆN1• � �
RˆN1•

T
� �

dkN1

1 � dkhN1
;

dhlad  thn (16).
'Enac enallaktikìc trìpoc gia thn exagwg  tou tÔpou II tou Holling eÐnai, antÐ thc je¸rh-
shc tou qrìnou metaqeÐrishc se antidiastol  me ton qrìno anaz thshc, na epimeÐnoume sthn
upìjesh ìti h j reush oloklhr¸netai me thn sÔllhyh tou jhrˆmatoc, ˆlla epiplèon na jew-
roÔme thn Ôparxh ki ˆllhc phg c trof c gia touc jhreutèc ektìc tou upì melèth plhjusmoÔ
jhramˆtwn. Sugkekrimèna, an kˆje qronik  stigm  t ènac jhreut c jhreÔei nˆ t• jhrˆmata,
tìte o kÐndunoc gia ta jhrˆmata upologÐzetai wcn ˆ t • N 2 ˆ t •

N 1 ˆ t • , kˆje qronik  stigm . An epiplèon
upojèsoume thn Ôparxh ki ˆllou plhjusmoÔ jhramˆtwn, N3ˆ t• , gia touc jhreutèc, tìte o pa-
rapˆnw kÐndunoc gÐnetain ˆ t • N 2 ˆ t •

N 3 ˆ t • � N 1 ˆ t • . Pollaplasiˆzontac me N 1 ˆ t •
N 2 ˆ t • thn pijanìthta aut , tìte

paÐrnoume thn (16) an jewr soume tan kai N3 stajerˆ wc proc to t.

TÔpocIII . H (16) èqei genikeujeÐ se pollèc kateujÔnseic.

H {klasik } genÐkeush eÐnai h sigmoeid c kampÔlh pou dÐnetai apì thn sqèsh

Sr i ˆN i •S�
�N 2

i


 � N 2
i

; ìpou �; 
 A0; (17)

10 Perigrafikˆ, sthn QhmeÐa, sÔmfwna me ton nìmo drˆshc thc mˆzac, o rujmìc opoiasd pote antÐdrashc eÐnai
anˆlogoc me to ginìmeno thc epimèrouc mˆzac twn ousi¸n pou antidroÔn, me kˆje epimèrouc tm ma uywmèno se
mia dÔnamh Ðsh me to suntelest  pou emfanÐzetai sth qhmik  exÐswsh. O nìmoc autìc {metafèretai} tìso sthn
EpidhmiologÐa ìso kai sthn OikologÐa. Sthn prwtoporiak  douleiˆ tou Lotka , to 1925, gÐnetai suqnˆ qr sh tou
anˆlogou autoÔ tou nìmou sth dunamik  plhjusm¸n: oi omogeneÐc plhjusmoÐ organism¸n upotÐjetai ìti apoteloÔntai
apì èna eÐdoc kai perigrˆfontai apì mia metablht , thn puknìthta. Oi diaforèc sthn hlikÐa, to fÔlo, ton gonìtupo, ton
fainìtupo k.lp. agnooÔntai. Se tètoia montèla, upotÐjetai ìti oi allhlepidrˆseic metaxÔ plhjusm¸n sumbaÐnoun me
rujmoÔc eujèwc anˆlogouc me to ginìmeno twn puknot twn twn plhjusm¸n. H metablht  puknìthtac gia plhjusmoÔc
eÐnai tautìshmh me th metablht  sugkèntrwshc gia qhmikèc ousÐec.
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kai sun jwc apokaleÐtai sunarthsiak  apìkrish tÔpou III tou Holling. Shmei¸noume ìti oi
peript¸seic me sunarthsiakèc apokrÐseic tic (15) kai (16) eis qjhkan apì ton Holling to 1959,
en¸ h (17) - an kai trìpon tinˆ melet jhke apì ton Holling to 1965 - ousiastikˆ eis qjh apì
ton Real to 1977. H exagwg  thc (17) mporeÐ na gÐnei me antÐstoiqo trìpo me autìn thc (16).
O parapˆnw tÔpoc isqÔei, paradeÐgmatoc qˆrh, gia jhreutèc pou qreiˆzetai na èqoun ideatˆ
sqhmatÐsei thn eikìna tou jhrˆmatoc prin apokt soun endiafèron proc autì. 'Etsi, gia mikrì
pl joc jhramˆtwn upˆrqei mikrì endiafèron kai ˆra mikr  j reush, en¸ kaj¸c to pl joc
auxˆnetai o jhreut c xekinˆ kai antilambˆnetai thn afjonÐa touc.

Mia ˆllh genÐkeush dÐnetai apì th sunarthsiak  apìkrish

Sr i ˆN i •S�
�N p

i


 � N p
i

; ìpou �; 
 A0 kai p A1: (18)

Aut  h morf  qrhsimopoieÐtai apì jewrhtikoÔc oikolìgouc, pou epitrèpoun sto p na metabˆl-
letai kai meletoÔn to apotèlesma aut c thc metabol c sth dunamik  plhjusm¸n.

Mia epiplèon genÐkeush dÐnetai apì th legìmenhgenikeumènh sunarthsiak  apìkrish tÔpou
III tou Holling

Sr i ˆN i •S�
�N 2

i


N 2
i � �N i � 1

; ìpou �; 
 A0 kai � A � 2

1
2 : (19)

TÔpocIV . H akìloujh, mh monìtonh, sunarthsiak  apìkrish

Sr i ˆN i •S�
�N i


 � N 2
i

; ìpou �; 
 A0; (20)

ousiastikˆ protˆjhke apì ton Andrews to 1968 kai èqei èktote brei shmantikèc efarmogèc
sth dunamik  plhjusm¸n. Onomˆzetai sunarthsiak  apìkrish Holling tÔpouIV .

Mia genÐkeush thc (20) dÐnetai apì th sunarthsiak  apìkrish

Sr i ˆN i •S�
�N i


N 2
i � �N i � 1

; ìpou �; 
 A0 kai � A � 2

1
2 : (21)

H (21) onomˆzetai genikeumènh sunarthsiak  apìkrish tÔpouIV tou Holling.

(aþ) TÔpoi Holling . (bþ) Genikeumènoc tÔpoc Holling III . (gþ) Genikeumènoc tÔpoc Holling IV .

Sq ma 11: TÔpoi Holling sunarthsiak¸n apokrÐsewn kai oi genikeumènoi anˆlogoi twn tÔpwn III kai IV .

Majhmatikì Upìbajro :

Anˆlush eustˆjeiac autìnomou PAT (sunèqeia): GrammikopoÐhsh. JewroÔme
autìnomo (PAT) kai upojètoume ìti y‡ eÐnai memonwmèno shmeÐo isorropÐac tou montèlou, dhlad 
f ˆy‡• � 0, kai epÐshcf > C1ˆU; Rn • ìpou U b S2 anoikt  perioq  tou y‡ entìc tou q¸rou fˆshc
S2. To grammikopoihmènoprìblhma tou autìnomou (PAT) sto shmeÐoy‡ apoteleÐ to

¢̈
¨̈
¦
¨̈̈
¤

dx
dt

ˆ t• � J ˆy‡•xˆ t•

xˆ t0• � x0;
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ìpou J ˆy‡• �� Df ˆy‡• o pÐnakacJacobi thc f sto y‡ , dhlad 

Df ˆy‡• �

’
–––––
”

@f1
@y1

ˆy‡• : : :
@f1
@yn

ˆy‡•

� � �
@fn
@y1

ˆy‡• : : :
@fn
@yn

ˆy‡•

“
—————
•

:

Shmei¸noume ìti gian � 1, profan¸c, o pÐnakacJacobi ekfulÐzetai sthn sun jh parˆgwgo, dhlad 

J ˆy‡• �
df
dy

ˆy‡• ; ìtan n � 1:

To grammikì prìblhma autì prokÔptei mèsw enìc metasqhmatismoÔ metaforˆc se sunduasmì me
to anˆptugma Taylor ( , aplˆ, ton orismì tou diaforikoÔ miac diaforÐsimhc sunˆrthshc). Prˆgmati,
jètontac

xˆ t• �� yˆ t• � y‡ ; ¦ t >I ; kai x0 �� y0 � y‡ ;

tìte to autìnomo (PAT) gÐnetai
¢̈
¨̈
¦
¨̈̈
¤

dx
dt

ˆ t• � f ˆxˆ t• � y‡•

xˆ t0• � x0;

kai anaptÔssontac katˆ Taylor gÔrw apì to 0 >Rn èqoume

¢̈
¨̈
¦
¨̈̈
¤

dx
dt

ˆ t• � J ˆy‡•xˆ t• � oˆSxˆ t•S•

xˆ t0• � x0;
kaj¸c xˆ t• � 0;

  alli¸c
¢̈
¨̈
¦
¨̈̈
¤

dy
dt

ˆ t• � J ˆy‡• ˆ yˆ t• � y‡• � oˆSyˆ t• � y‡S•

yˆ t0• � y0;
kaj¸c yˆ t• � y‡ :

'Opwc ja doÔme amèswc metˆ,upì proôpojèseic to parapˆnw grammikì prìblhma dÐnei plhroforÐec
gia thn eustˆjeia twn lÔsewn y tou en gènei mh grammikoÔ autìnomou (PAT) gia arqikèc timèc
{kontˆ} sto y‡ , kˆti pou dieukolÔnei idiaÐtera th melèth mac. Pr¸ta ìmwc, èna shmeÐo isorropÐacy‡

enìc autìnomou (PAT) lègetai uperbolikì ann kˆje idiotim  tou J ˆy‡• èqei mh mhdenikì pragmatikì
mèroc, kai eÔkola diapist¸noume mèsw tou jewr matoc antÐstrofhc apeikìnishc ìti èna uperbolikì
shmeÐo isorropÐac eÐnai pˆnta memonwmèno.

Je¸rhma 27 (Lyapunov-Poincar�e ,   alli¸c, grammikopoÐhsh). 'Estw y‡ memonwmèno shmeÐo
isorropÐac enìc autìnomou(PAT) mef >C1 ˆU; Rn • ìpou U b S2 anoikt  perioq  tou y‡ entìc tou
q¸rou fˆshc S2.

1. 'Estw, epiplèon, ìti to y‡ eÐnai uperbolikì. An ìlec oi idiotimèc tou J ˆy‡• èqoun arnhtikˆ
(jetikˆ) pragmatikˆ mèrh, tìte to y‡ eÐnai jetikˆ (arnhtikˆ) asumptwtikˆ eustajèc. Mˆlista,
isqÔei h topik  prosèggish

yˆ t; y0• � y‡ � xˆ t; y0 � y‡• ; ¦ y0 � y‡ ; ¦ t >I 9 � t0; ª • ˆ ¦ t >I 9 ˆ �ª ; t0�• ;

ìpou x h lÔsh tou antÐstoiqou grammikopoihmènou probl matoc.

2. An mÐa idiotim  touJ ˆy‡• èqei jetikì (arnhtikì) pragmatikì mèroc, tìte to y‡ (asqet¸c me
an eÐnai uperbolikì   ìqi) eÐnai jetikˆ (arnhtikˆ) astajèc.

3. An ìlec oi idiotimèc tou J ˆy‡• èqoun mh jetikˆ (arnhtikˆ) pragmatikˆ mèrh kai, epiplèon,
upˆrqei toul̂ qiston mÐa idiotim  me mhdenikì pragmatikì mèrh, tìte aut  h plhroforÐa den
arkeÐ gia na apofanjoÔme sqetikˆ me thn jetik  (arnhtik ) eu/a-stˆjeia tou y‡ .

Shmei¸noume ìti gia n � 1, h monadik  idiotim , � , tou pÐnakaJacobi eÐnai o Ðdioc o pÐnakac,
dhlad 

� � J ˆy‡• �
df
dy

ˆy‡• ; ìtan n � 1:
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Kai autì giatÐ, ex orismoÔ, oi idiotimèc� tou J ˆy‡• eÐnai oi lÔseic thc qarakthristik c exÐswshc
(qarakthristikoÔ polu¸numou, ed¸)

detˆJ ˆy‡• � � In • � 0; ìpou In ��

’
–––
”

1 0 � 0
0 1 � 0
� � � �
0 0 � 1

“
———
•

>Rn � n ;

h opoÐa ekfulÐzetai sthn
df
dy

ˆy‡• � � � 0;

kaj¸c, gia n � 1, h orÐzousa enìc pÐnaka ekfulÐzetai sthn tautotik  sunˆrthsh, dhlad 

det � id; ìtan n � 1;

kai epÐshc profan¸c I1 � 1.
Mˆlista, sthn perÐptwsh thc uperbolikìthtac tou y‡ isqÔei èna isqurì topologikì apotèlesma.

Je¸rhma 28 (Hartman-Grobman,   alli¸c, grammikopoÐhsh). 'Estw y‡ uperbolikì shmeÐo i-
sorropÐac enìc autìnomou(PAT) mef >C1 ˆU; Rn • ìpou U b S2 anoikt  perioq  tou y‡ entìc tou
q¸rou fˆshc S2. Tìte upˆrqoun U1 b U kai U2 b Rn anoiktèc perioqèc touy‡ kai 0, antÐstoiqa,
kaj¸c kai omoiomorfismìc H � U1 � U2, tètoia ¸ste gia kˆje y0 > U1 na upˆrqei I � I ˆy0• b R
anoikt  perioq  tou t0, tètoia ¸ste na isqÔei ìti

H ˆyˆ t; y0•• � xˆ t; H ˆy0•• ; ¦ y0 >U1 kai ¦ t >I ;

ìpou x h lÔsh tou antÐstoiqou grammikopoihmènou probl matoc.

Diaisjhtikˆ, to parapˆnw apotèlesma mac lèei ìti h eikìna twn lÔsewn enìc autìnomou (PAT)
{kontˆ} se uperbolikì shmeÐo isorropÐacy‡ , moiˆzei me {paramorfwmènh} - katˆ suneq  trìpo -
eikìna twn lÔsewn tou antÐstoiqou grammikopoihmènou probl matoc {kontˆ} sto0.
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PerÐgramma Diˆlexhc

1. StoiqeÐa Majhmatik c BiologÐac :

Dunamikˆ montèla poll¸n plhjusm¸n (sunèqeia): Basikì montèlo Lotka-Volterra

2. Majhmatikì Upìbajro :

(aþ) Anˆlush eustˆjeiac autìnomou PAT (sunèqeia):

i. Grammikì prìblhma ston R2

ii . Sunˆrthsh Lyapunov

(bþ) Periodikèc lÔseic autìnomou PAT kai kleistèc troqièc ston q¸ro fˆshc

StoiqeÐa Majhmatik c BiologÐac :

Basikì montèlo Lotka-Volterra ( Lotka , 1920 kai Volterra , 1926). Ed¸ ja mele-
t soume èna jemeli¸dec montèlo allhlepÐdrashc plhjusm¸n, kai sugkekrimèna èna montèlo jhreut -
jhrˆmatoc, to sÔsthma exis¸sewn Lotka-Volterra .

Sthn amig¸c majhmatik  klasik  bibliografÐa to basikì montèlo jhreut -jhrˆmatoc apodidìtan
merikèc forèc apokleistikˆ ston Volterra , o opoÐoc to qrhsimopoÐhse gia na analÔsei tic parath-
r seic enìc biolìgou jalˆssiac panÐdac kai mellontikoÔ gamproÔ tou. Wstìso, kˆpoia apì ta
apotelèsmata thc sugkekrimènhc douleiˆc touVolterra sthn Majhmatik  BiologÐa pou dhmosieÔjh-
ke to 1926 eÐqan problefjeÐ apì tonLotka, o opoÐoc anèptuxe kai exètase tic Ðdiec exis¸seic (oi
opoÐec mporoÔn na jewrhjoÔn wc mÐa poludiˆstath genÐkeush thc logistik c exÐswshcVerhulst) to
1920 se ergasÐa tou gia thn melèth enìc qhmikoÔ montèlou autokataluìmenwn qhmik¸n antidrˆsewn
sqetikˆ me tic qhmikèc antidrˆseic kai thn katˆlus  touc), kaj¸c epÐshc to 1925 se biblÐo tou wc
èna plhjusmiakì montèlo jhreut -jhrˆmatoc. Autì to qhmikì montèlo tou 1920 (pou ousiastikˆ
apoteleÐ to to basikì montèlo jhreut -jhrˆmatoc pou ja exetˆsoume kai ed¸) anafèretai sthn
qhmik  bibliografÐa kai wc deÔteroc qhmikìc mhqanismìcLotka (bl., argìtera, 'Askhsh 82), se
antidiastol  me ton pr¸to qhmikì mhqanismì Lotka (bl., argìtera, ( L1)) pou apoteleÐ mia arqik 
morf  tou parapˆnw montèlou kai eÐqe  dh axiopoihjeÐ to 1910, apì ton Ðdio, epÐshc gia th melèth
autokataluìmenwn qhmik¸n antidrˆsewn.

'Estw loipìn ìti èqoume èna aplì oikosÔsthma ìpou x to pl joc twn jhramˆtwn (prìbata,
lagoÐ k.a.) kaiy to pl joc twn jhreut¸n (lÔkoi, alepoÔdec, kunhgoÐ k.a.), sunart sei tou qrìnou
t (oi sunart seic autèc upojètoume ìti eÐnai toulˆqiston diaforÐsimec). Katˆ thn kataskeu  tou
montèlou, kˆnoume tic akìloujec upojèseic:

1. Katˆ thn apousÐa jhreut¸n to pl joc twn jhramˆtwn auxˆnetai me rujmì anˆlogo tou
pl jouc touc, dhlad 

dx
dt

� �x; ìpou � A0; ìtan y � 0:

2. AntÐstoiqa, katˆ thn apousÐa jhramˆtwn (trof c) to pl joc twn jhreut¸n mei¸netai me rujmì
anˆlogo tou pl jouc, dhlad 

dy
dt

� � 
y; ìpou 
 A0; ìtan x � 0:
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3. Upˆrqei allhlepÐdrash tÔpou I tou Holling metaxÔ twn dÔo plhjusm¸n, me antÐstoiqh epÐdrash
ston kajèna, kai ètsi oi rujmoÐ metabol c exart¸ntai me ton plèon aplì trìpo apì to ginìmeno
xy, dhlad  grammikˆ, me grammikì suntelest  � A0 gia to rujmì metabol c tou y kai � � @0
gia ton antÐstoiqo tou x.

SunoyÐzontac, odhgoÔmaste stic exis¸seic

dx
dt

� �x � �xy (22aþ)

dy
dt

� � 
y � �xy: (22bþ)

Sq ma 12: Diˆgramma ro¸n tou montèlou (22). Mac eÐnai adiˆforh h sqèsh metaxÔ tou � kai tou � thc allhlepÐdrashc.

To antÐstoiqo PAT. Sunep¸c, to PAT thc dunamik c twn plhjusm¸n twn jhreut¸n kai
jhramˆtwn eÐnai to ex c:

Me dedomènax0; y0 C0, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
ˆx; y• � I � � 0; ª •2, tètoia ¸ste h ˆx; y• na ikanopoieÐ tìso to sÔsthma

exis¸sewn (22) sto I � ˜ 0• , ìso kai thn ˆxˆ0•; yˆ0•• � ˆx0; y0• .
(PP)

'Uparxh, monadikìthta kai omalìthta megistik c kai suneqoÔc wc proc ta
arqikˆ dedomèna lÔshc tou genikoÔ probl matoc. Anexˆrthta apì to prìshmo twn
x0 kai y0, kˆnoume qr sh klasik¸n jewrhmˆtwn gia na exˆgoume Ôparxh, monadikìthta kai omalìthta
megistik c kai suneq¸c exart¸menhc apì ta arqikˆ dedomèna11 lÔshc

ˆx l ; yl • � ˆ � "1; "2• � R2; ìpou 0 @"1; "2 Bª ;

gia to ex c bohjhtikì genikì prìblhma:

Me dedomènax0; y0 >R, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
ˆx; y• � I � R2, tètoia ¸ste h ˆx; y• na ikanopoieÐ tìso to(22) sto I � ˜ 0• , ìso

kai thn ˆxˆ0•; yˆ0•• � ˆx0; y0• .
(PP l )

AnalloÐwta sÔnola, kal  topojèthsh tou arqikoÔ probl matoc kai omalìthta
thc lÔshc tou.

i. An h arqik  tim  brÐsketai pˆnw s� ènan apì touc duo ˆxonec, dhlad  an x0 � 0   y0 � 0, tìte
mÐa lÔsh tou (PP l ) eÐnai h

ˆxˆ t• ; yˆ t•• � ‰0; y0e� 
t Ž; ¦ t >ˆ � "1; "2• ;

 , h
ˆxˆ t• ; yˆ t•• � ‰x0e�t ; 0Ž; ¦ t >ˆ � "1; "2• ;

antÐstoiqa. Apì thn monadikìthta èqoume ìti aut  ja eÐnai h (monadik ) lÔsh.
11 Gia thn akrÐbeia, h exˆrthsh aut  eÐnai omal .
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ii . An x0; y0 A 0, tìte x l ˆ t• ; yl ˆ t• A 0 gia kˆje t > ˆ � "1; "2• . Prˆgmati, èstw ìti isqÔei
to antÐjeto, dhlad  upˆrqei t0 > ˆ � "1; "2• tètoio ¸ste eÐte x l ˆ t0• � 0   yl ˆ t0• � 0, eÐte
x l ˆ t0• @0   yl ˆ t0• @0, Lìgw thc sunèqeiac thc lÔshc, mporoÔme na perioristoÔme sthn
perÐptwsh ìpoux l ˆ t0• � 0   yl ˆ t0• � 0. Tìte, orÐzontac tic ' � ˆ � "1 � t0; "2 � t0• � ˆ � "1; "2•
kai ˆX l ; Y l • � ˆ � "1 � t0; "2 � t0• � R2 wc

' ˆ t• �� t � t0; gia kˆje t >ˆ � "1 � t0; "2 � t0• kai

ˆX l ; Y l • �� ˆx l X'; y l X' • ;

deÐqnoume eÔkola ìti ĥX l ; Y l • eÐnai h monadik  megistik  lÔsh gia to prìblhma

Me dedomènax0; y0 >R, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
ˆx; y• � I � R2, tètoia ¸ste h ˆx; y• na ikanopoieÐ tìso to(22) sto ˆ I � ˜ 0•• X,

ìso kai thn ˆxˆ0•; yˆ0•• � ˆx l ˆ t0• ; yl ˆ t0•• .

Wstìso, epiqeirhmatolog¸ntac ìpwc sthn perÐptwsh i:, èqoume ìti

Sq ma 13: Gia na apokleÐsoume to senˆrio h ˆ x l ; y l • na sunantˆ touc ˆxonec, jewroÔme nèa probl mata me arq 
ta upotijèmena shmeÐa aut c thc sunˆnthshc kai katal goume se ˆtopo lìgw monadikìthtac. Me to Ðdio qr¸ma
apeikonÐzontai dÔo temnìmenec troqièc, kˆje mÐa apì tic opoÐec antistoiqeÐ se mÐa lÔsh.

ˆX l ˆ t• ; Y l ˆ t•• � ‰0; yl ˆ t0•e� 
t Ž; ¦ t >ˆ � "1 � t0; "2 � t0• ;

 
ˆX l ˆ t• ; Y l ˆ t•• � ‰x l ˆ t0•e�t ; 0Ž; ¦ t >ˆ � "1 � t0; "2 � t0• ;

antÐstoiqa, dhlad 

ˆx l ˆ t• ; yl ˆ t•• � ‰0; yl ˆ t0•e� 
 ˆ t � t 0 • Ž; ¦ t >ˆ � "1; "2• ;

 
ˆx l ˆ t• ; yl ˆ t•• � ‰x l ˆ t0•e� ˆ t � t 0 • ; 0Ž; ¦ t >ˆ � "1; "2• ;

antÐstoiqa, kai arkeÐ na jèsoumet � 0 gia na katal xoume se ˆtopo.

Dhlad  ta sÔnola

ˆ0; 0• ; ˜ 0• � ˆ0; ª • ; ˆ0; ª • � ˜ 0• kai ˆ0; ª •2

eÐnai analloÐwta ston qrìno gia to (PP l ). Sunep¸c, h ˆx l ; yl • , ìtan x0; y0 C 0, lÔnei epÐshc to
(PP), dhlad  upˆrqei monadik , omal , suneq c wc proc ta arqikˆ dedomèna kai megistik  lÔsh tou
(PP), kaj¸c epÐshc ta parapˆnw sÔnola eÐnai analloÐwta kai gia to (PP).
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Olikìthta. Ta parapˆnw sumperˆsmata ja axiopoihjoÔn gia na exˆgoume ìti h lÔsh tou (PP)
eÐnai kai olik  (global), dhlad  "1; "2 � ª . Prˆgmati, an

i. x0 � 0 kai y0 C0   x0 C0 kai y0 � 0, tìte apì to dedomèno ìti h lÔsh tou ( PP) eÐnai megistik 
se sunduasmì me to gegonìc ìti orÐzetai gia kˆje t >R, paÐrnoume ˆmesa ìti eÐnai kai olik .

ii . x0; y0 A0, tìte orÐzoume thnf � ˆ0; ª •2 � R wc

f ˆw; z• �� � ln z � �z � 
 ln w � �w; ¦ ˆw; z• >ˆ0; ª •2 ;

kaj¸c epÐshc kai thn F � R � R wc F �� f X̂ x; y•, ìpou ˆx; y• lÔsh tou ( PP), afoÔ xˆ t•; yˆ t• A
0 gia kˆje t >ˆ � "1; "2• . Qrhsimopoi¸ntac to (22), ˆmesa paÐrnoume to nèo sÔsthma

dx
dt

� xy
@f
@z

ˆx; y•

dy
dt

� � xy
@f
@w

ˆx; y•:

Me thn bo jeia tou kanìna thc alusÐdac kai tou parapˆnw sust matoc, katal goume sto ìti

dF
dt

� 0;

dhlad 
� ln y � �y � 
 ln x � �x � c; gia kˆpoio stajerì c >R; (23)

(profan¸c, c � � ln y0 � �y 0 � 
 ln x0 � �x 0). T¸ra, parathroÔme ìti f ˆw; z• � �ª , kaj¸c
Sŵ; z•S� ª , ˆra h lÔsh tou ( PP) eÐnai fragmènh entìc toû � "1; "2• , kai ètsi, apì th jewrÐa
sumperaÐnoume ìti"1; "2 � ª (bl. 'Askhsh 29).

Genik  lÔsh se kleist  morf  ; Miac kai den upˆrqei gnwst  paramètrhsh thc (23), pou
na mac dÐnei th lÔsh se peplegmènh morf , ìtanx0; y0 A 0, h genik  lÔsh den mporeÐ na grafeÐ se
kleist  morf  me bˆsh gnwstèc sunart seic.

Anˆlush eustˆjeiac. Epiqeir¸ntac thn tupopoihmènh anˆlush eustˆjeiac mèsw grammik c
anˆlushc eustˆjeiac, dhlad  mèsw grammikopoÐhshc, ja odhghjoÔme en mèrei seadièxodo . Prˆg-
mati, o pÐnakacJacobi tou sust matìc mac eÐnai o

J ˆw; z• � Œ
� � �z � �w

�z � 
 � �w
‘ :

Oi idiotimèc tou pÐnaka sta shmeÐa isorropÐacˆx‡ ; y‡• � ˆ0; 0• kai ˆx‡ ; y‡• � Š

� ; �

� • , dhlad  oi

idiotimèc tou J ˆ0; 0• kai tou J Š

� ; �

� • , eÐnai oi� 1 � � A 0, � 2 � � 
 @0 kai oi � 1;2 � � i ˆ �
 •
1
2 ,

antÐstoiqa. Kai ètsi, sÔmfwna me thn jewrÐa,

ˆ to ˆ0; 0• eÐnai sˆgma gia to grammikopoihmèno prìblhma, dhlad  astajèc, ˆra astajèc kai gia
to ( PP), en¸

ˆ to Š

� ; �

� • eÐnai kèntro gia to grammikopoihmèno kaiden upˆrqei jewrhtikì apotèlesma pou na
mac exasfalÐzei eu/a-stˆjeiˆ tou gia to mh grammikì .

'Enac trìpoc gia na xeperˆsoume autì to empìdio eÐnai mèsw thc ˆmeshc mejìdouLyapunov. Prˆg-
mati, arkeÐ na epilèxoume thn

V � ˆ0; ª •2 � � 0; ª •

ˆw; z• ( V ˆw; z• �� f Š

� ; �

� • � f ˆw; z•;

gia thn opoÐa isqÔei ìtiVŠ

� ; �

� • � 0, kaj¸c epÐshc ìti V ˆw; z• A 0 gia kˆje ˆw; z• > ˆ0; ª •2 �

šŠ

� ; �

� •Ÿ, afoÔ to Š

� ; �

� • megistopoieÐ thnf (bl. 'Askhsh 29). Epiplèon,

_V � 0;
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kaj¸c

_V Xˆx; y• �
d ˆV Xˆx; y••

dt
� �

dF
dt

� 0;

ˆra to Š

� ; �

� • eÐnai eustajèc gia to (PP). Parakˆtw qrhsimopoioÔme gewmetrikˆ epiqeir mata gia
na qarakthrÐsoume thn eustˆjeia aut .

'Askhsh 29. Sqetikˆ me thn sunˆrthsh f .

1. DeÐxte ìti f ˆw; z• � �ª , kaj¸c Sŵ; z•S� ª , kai sumperˆnete ìti h megistik  lÔsh tou (PP)
eÐnai fragmènh.

2. DeÐxte ìti to Š

� ; �

� • eÐnai olikì mègisto thc f .

H gewmetrÐa twn troqi¸n sto epÐpedo fˆshc. Arqikˆ ja deÐxoume ìti oi kampÔlec
stˆjmhc

šˆ w; z• >ˆ0; ª •2 Tf ˆw; z• � cŸ; ¦ c >R;

an den eÐnai kenˆ sÔnola, tìte eÐnai kurtèc kai kleistèc kampÔlec pou eswkleÐoun toŠ

� ; �

� • . Prˆg-
mati, orÐzontac

D c �� šˆ w; z• >ˆ0; ª •2 Tf ˆw; z• AcŸ; ¦ c >R

ja èqoume ìti kˆje sÔnoro @Dc eÐnai kai mÐa kampÔlh stˆjmhc. Parathr¸ntac ìti oi sunart seic thc
morf c gˆs• � a ln s� bsmea; b A0 eÐnai koÐlec, paÐrnoume eÔkola me apl  qr sh twn orism¸n ìti kˆje
D c eÐnai kurtì (bl. 'Askhsh 30). 'Eqoume  dh dei, katˆ thn melèth thc olikìthtac prohgoumènwc,
ìti f ˆw; z• � �ª kaj¸c Sŵ; z•S� ª , ˆra kˆje D c eÐnai kai fragmèno (bl. 'Askhsh 30). Epiplèon,
me ˆtopo deÐqnoume ˆmesa ìti kˆjeD c brÐsketai makriˆ apì touc ˆxonec, dhlad  ìti kanèna shmeÐo
twn axìnwn den an kei sto sÔnorì tou. 'Ara telikˆ kˆje kampÔlh stˆjmhc eÐnai kurt  kai kleist .
To ìti kˆje D c perièqei to Š


� ; �
� • prokÔptei ˆmesa apì ton orismì twn sunìlwn aut¸n kai to

gegonìc ìti to shmeÐo autì eÐnai olikì mègisto thcF , to opoÐo me th seirˆ tou prokÔptei apì to ìti
to Š


� ; �
� • eÐnai olikì mègisto thcf (bl. 'Askhsh 29). 'Etsi, eÐmaste se jèsh na kataskeuˆzoume

adrˆ men, orjˆ kai qwrÐc na qˆnoume plhroforÐa de, mÐa proseggistik  morf  tou graf matoc twn
kampul¸n stˆjmhc, h pragmatik  morf  tou opoÐou dÐnetai sto Sq ma 14bþ.

(aþ) Grˆfhma miac tètoiac f . (bþ) Grˆfhma twn kampul¸n stˆjmhc.

Sq ma 14: GewmetrÐa twnf kai twn kampul¸n stˆjmhc.

Epiplèon, mporoÔme eÔkola parathr¸ntac to (22) na broÔme ton prosanatolismì twn troqi¸n
(kateÔjunsh tou pedÐou dieujÔnsewn, bl. 'Askhsh 31). Sunjètontac tic parapˆnw plhroforÐec,
mporoÔme na kataskeuˆsoume mÐa axiìpisth ekdoq  tou diagrˆmmatoc fˆshc tou probl matìc mac,
h pragmatik  morf  tou opoÐou faÐnetai sto Sq ma 15.

TonÐzetai ìti apì ton qarakt ra twn kampul¸n stˆjmhc pou melet jhkan parapˆnw, èpetai h
kleistìthta twn troqi¸n pou autèc ekproswpoÔn, oi opoÐec den diapernoÔn kˆpoio shmeÐo isorropÐac.
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Sq ma 15: Diˆgramma fˆshc tou ( P P ).

Lìgw tou gegonìtoc autoÔ se sunduasmì me thn olikìthta twn lÔsewn, èpetai apì thn jewrÐa ìti
oi troqièc autèc antistoiqoÔn se periodikèc lÔseic.

Apì to diˆgramma fˆshc t¸ra kai me th qr sh twn orism¸n thc eustˆjeiac kai thc asumptwtik c
eustˆjeiac èqoume ta ex c:

ˆ To ˆ0; 0• eÐnai astajèc (kˆti pou p rame kai katˆ thn anˆlush eustˆjeiac mèsw grammikopoÐh-
shc), kaj¸c mÐa troqiˆ eisèrqetai se autì, mÐa exèrqetai, en¸ oi upìloipec aènaa to plhsiˆzoun
allˆ kai apomakrÔnontai apì autì.

ˆ To Š

� ; �

� • eÐnai eustajèc (kˆti pou p rame kai katˆ thn anˆlush eustˆjeiac mèsw thc ˆmeshc
mejìdou Lyapunov) allˆ ìqi asumptwtikˆ (kˆti pou den mporèsame na pˆroume katˆ thn
anˆlush eustˆjeiac), kaj¸c to peribˆlloun kleistèc troqièc, dhlad  mporoÔme na broÔme
periodikèc lÔseic pou paÐrnoun men diaforetikèc timèc apì autì, osod pote kontˆ tou de.

'Askhsh 30. Sumplhr¸ste tic leptomèreiec sqetikˆ me thn gewmetrÐa tou kˆje D c.

'Askhsh 31. EpalhjeÔste ton prosanatolismì twn troqi¸n pou apeikonÐzetai sto Sq ma 15.

Oi nìmoi tou Volterra . H sumperiforˆ twn lÔsewn tou ( PP) sunoyÐzetai stouc parakˆtw
treic basikoÔc nìmouc, pou eÐnai gnwstoÐ wcnìmoi tou Volterra (Volterra's laws):

1. H periodikìthta twn lÔsewn apoteleÐ ton pr¸to nìmo .

2. H mèsh tim  thc lÔshc anˆ perÐodoT,

ˆx; y• �
1
T

T

S
0

ˆxˆ t• ; yˆ t•• dt;

eÐnai anexˆrthth twn arqik¸n sunjhk¸n, kai mˆlista isqÔei ìti

ˆx; y• � ‹


�

;
�
�

• :
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Prˆgmati, upì to prÐsma tou (22), apì thn mÐa ja èqoume

0 � ln ˆxˆT•• � ln ˆxˆ0•• �
T

S
0

d ln x
dt

ˆ t•dt �
T

S
0

1
xˆ t•

dx
dt

ˆ t•dt �
T

S
0

ˆ � � �y ˆ t•• dt � �T � �T y;

kai apì thn ˆllh
0 � � � � � � 
T � �T x:

H anexarthsÐa aut  thc mèshc tim c apoteleÐ tondeÔtero nìmo.

3. Eˆn gÐnetai sugkomid  kai twn dÔo plhjusm¸n, anˆlogh tou arijmoÔ tou ekˆstote plhjusmoÔ,
tìte o mèsoc arijmìc twn jhreut¸n mei¸netai en¸ o mèsoc arijmìc twn jhramˆtwn auxˆnetai.
Prˆgmati, an upojèsoume ènan trÐto plhjusmì, N3, o opoÐoc eÐnai anexˆrthtoc tou qrìnou
kai o opoÐoc eÐnai upeÔjunoc gia thn sugkomid  (p.q., o anjr¸pinoc plhjusmìc), kai o opoÐoc
allhlepidrˆ kai me touc dÔo plhjusmoÔc me allhlepÐdrashI tou Holling, tìte to (22) ja gÐnei

dx
dt

� ˆ � � � 1• x � �xy

dy
dt

� � ˆ 
 � � 2• y � �xy;
ìpou � 1;2 A0 kai � A � 1:

H sunj kh � A � 1 shmaÐnei ìti h sugkomid  twn jhramˆtwn eÐnai tètoia ¸ste na mhn odhg sei
se exafˆnis  touc. To antÐstoiqo diˆgramma ro¸n faÐnetai sto Sq ma 16. ParathroÔme ìti

Sq ma 16: Diˆgramma ro¸n tou montèlou (22) me sugkomid .

oi nèec parˆmetroi den ja allˆxoun thn dom  thc dunamik c tou antÐstoiqou probl matoc. H
diaforˆ wstìso ègkeitai sto ìti t¸ra h mèsh tim  anˆ perÐodo thc antÐstoiqhc lÔshc ja eÐnai

ˆx; y• � ‹

 � � 2

�
;
� � � 1

�
• ;

pou epibebai¸nei ton arqikì isqurismì, ìpwc faÐnetai kai sto Sq ma 17. H sugkekrimènh
metabol  thc mèshc tim c (dhlad  h anˆlogh metatìpish tou kèntrou) katˆ thn parousÐa
sugkomid c apoteleÐ tontrÐto nìmo,   alli¸c, thn arq  tou Volterra (Volterra's principle ).

Oi nìmoi autoÐ èqoun prˆgmati epalhjeuteÐ gia orismèna oikosust mata jhreut¸n-jhramˆtwn, me
qarakthristikì to parˆdeigma tou trÐtou nìmou. Sugkekrimèna, upì to prÐsma tou oVolterra ex ghse
thn aÔxhsh tou posostoÔ karqari¸n kai salaqi¸n sta alieÔmata thc MesogeÐou katˆ thn diˆrkeia
tou A' Pagkìsmiou Pìlemou, wc apotèlesma thc meÐwshc thc Ðdiac thc alieÐac.

Arijmhtik  epÐlush. Proqwrˆme sthn arijmhtik  epÐlush tou probl matoc, ìpwc faÐnetai
sto Sq ma 18, proc epal jeush twn apotelesmˆtwn mac.

Mˆlista, apì to Sq ma 18aþ sumperaÐnoume ìti oix kai y eÐnai ektìc fˆshc, me thnx na prohgeÐtai.
MÐa alhjofan c ex ghsh autoÔ eÐnai ìti xekin¸ntac apì thn katˆstash ìpou kai oi dÔo plhjusmoÐ
eÐnai sqetikˆ mikroÐ, ta jhrˆmata arqikˆ auxˆnontai lìgw thc meiwmènhc j rac. Sth sunèqeia, oi
jhreutèc, me afjonÐa plèon trof c, auxˆnontai epÐshc. Autì me th seirˆ tou odhgeÐ se megalÔterh
j ra kai ta jhrˆmata mei¸nontai. Tèloc, se èlleiyh plèon trof c, oi jhreutèc mei¸nontai kai autoÐ
kai to sÔsthma epanèrqetai sthn arqik  tou katˆstash.
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Sq ma 17: Grˆfhma miac kampÔlhc stˆjmhc tou montèlou (22), me (kìkkino) kai qwrÐc (mple) sugkomid .

(aþ) H lÔsh gia x 0 � 4 � 103 ˆtoma, y0 � 2 � 103 ˆtoma. (bþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec.

Sq ma 18: Arijmhtik  epÐlush tou ( P P ) gia jetikoÔc qrìnouc, me � � 3 � qrìnoc � � 1 , � � 1 ‰103 ˆtomaŽ
� 1

�� qrìnoc � � 1 ,


 � 6 � qrìnoc � � 1 kai � � 1 ‰103 ˆtomaŽ
� 1

� � qrìnoc � � 1 .

Majhmatikì Upìbajro :

Grammikì prìblhma ston R2. JewroÔme to didiˆstato autìnomo grammikì prìblhma

¢̈
¨̈
¦
¨̈̈
¤

dy
dt

ˆ t• � Ayˆ t•

yˆ t0• � y0;

ìpou A � ˆaij •2
i;j � 1 >R2� 2. Lème ìti to parapˆnw prìblhma eÐnaiaplì an o pÐnakacA eÐnai mh idˆzwn

(detA x 0), opìte oi idiotimèc tou eÐnai mh mhdenikèc. Se aut  thn perÐptwsh to monadikì shmeÐo
isorropÐac tou probl matoc eÐnai to0 >R2.

Oi idiotimèc� tou A eÐnai oi lÔseic thc qarakthristik c exÐswshc (qarakthristikoÔ polu¸numou,
ed¸)

detˆA � � I2• � � 2 � ˆ tr A• � � detA � 0:
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Sunep¸c, oi idiotimèc touA dÐnontai apì ton tÔpo

� 1;2 �
1
2

Štr A � ˆ � A •
1
2 • ;

ìpou � A �� ˆ tr A•2 � 4detA kai empÐptoun se mia apì tic akìloujec tèsseric peript¸seic:

I. � 1; � 2 >R tètoia ¸ste � 1 x � 2

'Estw u1; u2 >R2 ta monadiaÐa idiodianÔsmata pou antistoiqoÔn stic� 1; � 2. Tìte h lÔsh tou
parapˆnw probl matoc dÐnetai apì th sqèsh

yˆ t• � c1e� 1 t u1 � c2e� 2 t u2;

ìpou c1; c2 aujaÐretec pragmatikèc stajerèc.

'Eqoume, tìte, thn akìloujh taxinìmhsh/onomatologÐa gia to shmeÐo isorropÐac tou probl ma-
toc:

i. 0 @� 2 @� 1: jetikˆ astaj c kai arnhtikˆ eustaj c kìmboc (bl. Sq ma 19aþ).

ii . � 2 @� 1 @0: jetikˆ eustaj c kai arnhtikˆ astaj c kìmboc (bl. Sq ma 19bþ).

iii . � 2 @0 @� 1: sˆgma (bl. Sq ma 19gþ).

(aþ) Jetikˆ astaj c kai arnhtikˆ eustaj c kìmboc. (bþ) Jetikˆ eustaj c kai arnhtikˆ astaj c kìmboc.

Kìmboc.

(gþ) Sˆgma.

Sq ma 19: Qarakthrismìc tou shmeÐou isorropÐac 0 >R2 gia � 1 ; � 2 >R tètoia ¸ste � 1 x � 2 .

II . � 1 � � 2 � � � >R kai A diag¸nioc pÐnakac

An upˆrqoun dÔo grammikˆ anexˆrthta idiodianÔsmatau; � > R2 gia thn � , tìte h lÔsh tou
parapˆnw probl matoc dÐnetai apì th sqèsh

yˆ t• � ˆc1u � c2� • e�t ;
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ìpou c1; c2 aujaÐretec pragmatikèc stajerèc.

'Eqoume, tìte, thn akìloujh taxinìmhsh/onomatologÐa gia to shmeÐo isorropÐac tou probl ma-
toc:

i. � A0: jetikˆ astaj c kai arnhtikˆ eustaj c asteroeid c kìmboc (bl. Sq ma 20aþ).

ii . � @0: jetikˆ eustaj c kai arnhtikˆ astaj c asteroeid c kìmboc (bl. Sq ma 20bþ).

(aþ) Jetikˆ astaj c kai arnhtikˆ eustaj c asteroeid c kìm-
boc.

(bþ) Jetikˆ eustaj c kai arnhtikˆ astaj c asteroeid c kìm-
boc.

Sq ma 20: Asteroeid c kìmboc.

III . � 1 � � 2 � � � >R kai A mh diag¸nioc pÐnakac

An upˆrqei mìno èna grammikˆ anexˆrthto idiodiˆnusmau > R2 gia thn � , tìte h lÔsh tou
parapˆnw probl matoc dÐnetai apì th sqèsh

yˆ t• � ˆc1 � c2t• e�t u � c2e�t �;

ìpou � >R2 aujaÐreto, grammikˆ anexˆrthto sto u diˆnusma, kaic1; c2 aujaÐretec pragmatikèc
stajerèc.

'Eqoume, tìte, thn akìloujh taxinìmhsh/onomatologÐa gia to shmeÐo isorropÐac tou probl ma-
toc:

i. � A0: jetikˆ astaj c kai arnhtikˆ eustaj c nìjoc (  ekfulismènoc) kìmboc (bl. Sq ma
21aþ).

ii . � @0: jetikˆ eustaj c kai arnhtikˆ astaj c nìjoc (  ekfulismènoc) kìmboc (bl. Sq ma
21bþ).

(aþ) Jetikˆ astaj c kai arnhtikˆ eustaj c nìjoc kìmboc. (bþ) Jetikˆ eustaj c kai arnhtikˆ astaj c nìjoc kìmboc.

Sq ma 21: Nìjoc kìmboc.
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IV . � 1; � 2 >C tètoia ¸ste � �� Re� 1 � Re� 2 � 1
2 tr A kai � �� Im� 1 � � Im� 2

H lÔsh tou parapˆnw probl matoc dÐnetai apì th sqèsh

yˆ t• � c1e�t ˆu cosˆ �t � c2• � v sinˆ �t � c2•• ;

ìpou � 1 � � � i� kai � 2 � � � i� oi idiotimèc tou probl matoc me antÐstoiqa idiodianÔsmata
u1 � u � i� kai u2 � u � i� meu; � >R2.

'Eqoume, tìte, thn akìloujh taxinìmhsh/onomatologÐa gia to shmeÐo isorropÐac tou probl ma-
toc:

i. � A0: jetikˆ astaj c kai arnhtikˆ eustaj c estÐa (bl. Sq mata 22aþ kai 22bþ).

ii . � @0: jetikˆ eustaj c kai arnhtikˆ astaj c estÐa (bl. Sq mata 22gþ kai 22dþ).

iii . � � 0: kèntro (bl.Sq ma 22eþ).

'Otan to shmeÐo isorropÐac eÐnai kèntro, to topikì diˆgramma fˆshc tou probl matoc apoteleÐtai apì
èna suneqèc omìkentrwn kÔklwn. Aut  eÐnai h mình mh tetrimmènh perÐptwsh sthn opoÐa emfanÐzetai
periodik  sumperiforˆ (periìdou 2�

� ) stic lÔseic grammik¸n susthmˆtwn.12

MporoÔme na sunoyÐsoume ton trìpo me ton opoÐo to diˆgramma fˆshc tou didiˆstatou grammikoÔ
probl matoc exartˆtai apì th metabol  thc orÐzousac wc proc to Ðqnoc tou pÐnakaA ìpwc faÐnetai
sto Sq ma 23.

Sunˆrthsh Lyapunov . EÐnai diaisjhtikˆ fanerì ìti an h olik  enèrgeia enìc fusikoÔ pro-
bl matoc èqei topikì elˆqisto se kˆpoio shmeÐo isorropÐac, tìte to shmeÐo autì eÐnai eustajèc.
Aut  h idèa genikeÔjhke apì ton Lyapunov kai apotèlese mia apl , allˆ isqur , mèjodo epÐlushc
problhmˆtwn eustˆjeiac, pou onomˆzetai (ˆmesh,   alli¸c, deÔterh) mèjodoc Lyapunov. Mˆlista,
mia sunˆrthsh ìpwc h olik  enèrgeia enìc fusikoÔ probl matoc lègetai sunˆrthsh Lyapunov, ìpwc
ja anafèroume kai parakˆtw. H melèth miac endeqìmenhc sunˆrthshcLyapunov gia kˆpoio autìno-
mo PAT èqei trÐa shmantikˆ pleonekt mata ènanti thc grammikopoÐhshc (h opoÐa lègetai kai pr¸th
mèjodocLyapunov):

ˆ MporeÐ na qrhsimopoihjeÐ gia na apodeiqjeÐeustˆjeia enìc shmeÐou isorropÐac sto opoÐo o
upologismìc twn idiotim¸n tou antÐstoiqou pÐnakaJacobi eÐnai dusqer c.

ˆ MporeÐ na qrhsimopoihjeÐ gia na apodeiqjeÐeustˆjeia enìc mh uperbolikoÔ shmeÐou isorropÐac
sto opoÐo h grammikopoÐhsh katarrèei.

ˆ MporeÐ na mac d¸seiolikˆ apotelèsmata sqetikˆ me endeqìmenh asumptwtik  eustˆjeia enìc
shmeÐou isorropÐac, dhlad  apotelèsmata pou emplèkoun olìklhro ton q¸ro fˆshc, kai ìqi
mìno topikˆ.

To meionèkthma ènanti thc grammikopoÐhshc, h opoÐa eÐnai tupopoihmènh, eÐnai ìti den upˆrqei kajo-
likìc trìpoc eÔreshc miac sunˆrthshc Lyapunov gia èna aujaÐreto autìnomo PAT.

JewroÔme autìnomo (PAT) kai upojètoume ìti y‡ eÐnai memonwmèno shmeÐo isorropÐac tou mo-
ntèlou, dhlad  f ˆy‡• � 0, kai epÐshcf >C1ˆU; Rn • , ìpou U b S2 anoikt  perioq  tou y‡ entìc tou
q¸rou fˆshc S2.

1. Mia sunˆrthsh g >CˆU; R• lègetai jetikˆ orismènh (hmiorismènh) sto y‡ ann

i. gˆy‡• � 0, kai

ii . gˆx• A
ˆ C•

0, ¦ x >U � ˜ y‡• .

H g lègetai arnhtikˆ orismènh (hmiorismènh) an h � g eÐnai jetikˆ orismènh (hmiorismènh).

2. Mia sunˆrthsh V >C1ˆU; R• lègetai asjen c mellontik  (pareljontik ) sunˆrthsh Lyapu-
nov gia to y‡ tou parapˆnw autìnomou (PAT) ann

i. h V eÐnai jetikˆ orismènh stoy‡ , kai

12 H tetrimmènh periodik  sumperiforˆ lÔsewn apl¸n grammik¸n susthmˆtwn antistoiqeÐ stic stajerèc lÔseic,
dhlad  sta shmeÐa isorropÐac, kai h perÐodoc eÐnai0.
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(aþ) Aristerìstrofh jetikˆ astaj c kai arnhtikˆ eustaj c
estÐa (a A 0; � A 0).

(bþ) Dexiìstrofh jetikˆ astaj c kai arnhtikˆ eustaj c estÐa
(a A 0; � @0).

Jetikˆ astaj c kai arnhtikˆ eustaj c estÐa.

(gþ) Aristerìstrofh jetikˆ eustaj c kai arnhtikˆ astaj c
estÐa (a @0; � A 0).

(dþ) Dexiìstrofh jetikˆ eustaj c kai arnhtikˆ astaj c estÐa
(a @0; � @0).

Jetikˆ eustaj c kai arnhtikˆ astaj c estÐa.

(eþ) Kèntro ( � � 0).

Sq ma 22: Qarakthrismìc tou shmeÐou isorropÐac 0 >R2 gia � 1 ; � 2 >C.
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Sq ma 23: Exˆrthsh tou diagrˆmmatoc fˆshc apì th metabol  thc detA wc proc to tr A.

ii . h _V �� ©V � f �
n

Q
i � 1

@V
@xi

f i eÐnai arnhtikˆ (jetikˆ) hmiorismènh sto y‡ .

H V lègetai isqur  mellontik  (pareljontik ) sunˆrthsh Lyapunov gia to y‡ tou parapˆnw
autìnomou (PAT) ann antÐ touii : isqÔei to

ii '. h _V eÐnai arnhtikˆ (jetikˆ) orismènh sto y‡ .

Shmei¸noume ìti h sunˆrthsh _V lègetai parˆgwgoc Lie, (  alli¸c, troqiak ,   ulik , parˆgw-
goc) thc V , kai ousiastikˆ - mèsw tou kanìna alusÐdac - oiii : kai iiœ: mac lène ìti katˆ m koc twn
troqi¸n twn lÔsewn tou (PAT) h V eÐnai fjÐnousa kai gnhsÐwc fjÐnousa, antÐstoiqa, kaj¸c

d ˆV Xy•
dt

� _V Xy:

Je¸rhma 32 (Lyapunov). An sthn anoikt  perioq  U b S2 tou y‡ entìc tou q¸rou fˆshc S2

tou parapˆnw autìnomou (PAT) upˆrqei

1. mia asjen c mellontik  (pareljontik ) sunˆrthsh Lyapunov sto y‡ , tìte to y‡ eÐnai jetikˆ
(arnhtikˆ) eustajèc,
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2. mia isqur  mellontik  (pareljontik ) sunˆrthsh Lyapunov sto y‡ , tìte to y‡ eÐnai asum-
ptwtikˆ jetikˆ (arnhtikˆ) eustajèc. Mˆlista, isqÔei ìti

lim
t � ª

ˆ �ª •

yˆ t; y0• � y‡ ; ¦ y0 >U:

Se kˆpoiec peript¸seic mporoÔme na pˆroume asumptwtik  eustˆjeia akìma kai apì mÐa asjen 
mìno sunˆrthsh Lyapunov, ìpwc faÐnetai parakˆtw.

Je¸rhma 33 (LaSalle/ Barbashin-Krasovskii-LaSalle,   alli¸c, arq  analloÐwtou) . An

1. sthn anoikt  perioq  U b S2 tou y‡ entìc tou q¸rou fˆshc S2 upˆrqei mia asjen c mellontik 
(pareljontik ) sunˆrthsh Lyapunov V sto y‡ , kai

2. h _V den mhdenÐzetai tautotikˆ pˆnw se kamÐa troqiˆ, me exaÐresh thn tetrimmènh troqiˆ thc
stajer c lÔshc y � y‡ ,

tìte to y‡ eÐnai asumptwtikˆ jetikˆ (arnhtikˆ) eustajèc. Mˆlista, isqÔei ìti

lim
t � ª

ˆ �ª •

yˆ t; y0• � y‡ ; ¦ y0 >U:

Lìgw twn parapˆnw dÔo apotelesmˆtwn, mporoÔme na eisˆgoume tic parakˆtw ènnoiec:

1. Sthn perÐptwsh thc jetik c (arnhtik c) asumptwtik c eustˆjeiac twn dÔo prohgoÔmenwn
jewrhmˆtwn, to U lègetai jetikì (arnhtikì) pedÐo èlxhctou y‡ . An U eÐnai tìso jetikì ìso
kai arnhtikì pedÐo èlxhc touy‡ , tìte lègetai pedÐo èlxhc tou y‡ .

2. An to jetikì (arnhtikì) pedÐo èlxhc tou y‡ eÐnai ìloc o q¸roc fˆshc ektìc Ðswc enìc mhde-
nosunìlou, tìte to y‡ lègetai olikˆ jetikˆ (arnhtikˆ) asumptwtikˆ eustajèc . An to y‡ eÐnai
olikˆ tìso jetikˆ ìso kai arnhtikˆ asumptwtikˆ eustajèc, tìte lègetai olikˆ asumptwtikˆ
eustajèc.

H mèjodocLyapunov mporeÐ na tropopoihjeÐ ètsi ¸ste na elègqei thn astˆjeia tou shmeÐou isor-
ropÐac.

Je¸rhma 34 ( �Cetaev). An gia thn anoikt  perioq  U b S2 tou y‡ entìc tou q¸rou fˆshc S2

upˆrqoun V >C1ˆU; R• kai anoiktì U0 b U tètoia ¸ste

1. y‡ >@U0,

2. V ˆx• A0 kai _V ˆx• A
ˆ @•

0, ¦ x >U0, kai

3. V ˆx• � 0, ¦ x >U 9 @U0,

tìte to y‡ eÐnai jetikˆ (arnhtikˆ) astajèc.

Kleistìthta troqi¸n kai periodikìthta lÔsewn autìnomou PAT. Genikˆ, mÐa
mh stajer  kai olik  lÔsh, y� R � Rn , enìc autìnomou (PAT) lègetai periodik  ann upˆrqei
pragmatikìc T x 0, tètoioc ¸ste yˆ t � T• � yˆ t• gia kˆje t > R. Kˆje tètoioc T lègetai perÐodoc
thc y. Se kˆpoiec peript¸seic, ìpou kai ja anafèretai rhtˆ , epekteÐnoume ton orismì thc periodik c
lÔshc ètsi ¸ste na perilambˆnei kai thn stajer  lÔsh.

Je¸rhma 35. 'Estw autìnomo (PAT) mef > C1 ˆU; Rn • ìpou U b S2 anoiktì entìc tou q¸rou
fˆshc S2.

1. An h troqiˆ miac olik c lÔshc, y, tou (PAT) perièqetai se mia kleist  C1 kampÔlh, h opoÐa
kampÔlh den perièqei kˆpoio shmeÐo isorropÐac tou(PAT) , tìte h y eÐnai periodik .

2. An mia lÔsh, y, tou (PAT) eÐnai periodik , tìte

i. den upˆrqoun shmeÐa isorropÐac epÐ thc troqiˆc thcy, kai
ii . upˆrqei h el̂ qisth jetik  perÐodoc thc y.

H el̂ qisth jetik  perÐodoc miac periodik c lÔshc lègetai kai aplˆ perÐodoc. AnT eÐnai h elˆqisth
jetik  perÐodoc miac (Ck ) lÔshc, y, enìc autìnomou (PAT), tìte h sunˆrthsh y� � 0; T• � Rn orÐzei
mia suneq  (Ck ) kleist  kampÔlh h opoÐa den tèmnei ton eautì thc. Sthn migadik  anˆlush (n � 2)
mia tètoia kampÔlh lègetai (Ck ) apl  kleist  kampÔlh   ( Ck ) kampÔlhJordan, sthn diaforik 
gewmetrÐa lègetai kleist  topologik  (  alli¸c, Ck ) 1-pollaplìthta, kai sthn gewmetrik  anˆlush
lègetai sumpag c topologik  (  alli¸c, Ck ) 1-pollaplìthta qwrÐc sÔnoro.
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PerÐgramma Diˆlexhc

1. StoiqeÐa Majhmatik c BiologÐac :

Dunamikˆ montèla poll¸n plhjusm¸n (sunèqeia): Logistik  parallag  tou basikoÔ
montèlou Lotka-Volterra

2. Majhmatikì Upìbajro :

(aþ) Exˆrthsh thc lÔshc tou PAT apì parˆmetro

(bþ) Diaklˆdwsh apì shmeÐo isorropÐac: Diaklˆdwsh stajer c katˆstashc

StoiqeÐa Majhmatik c BiologÐac :

Pr¸th parallag  tou basikoÔ montèlou Lotka-Volterra . An antÐ tou sust matoc
(22), kai sugkekrimèna thc (22aþ), jewr soume ìti se apousÐa jhreut¸n h dunamik  tou plhjusmoÔ
twn jhramˆtwn perigrˆfetai apì thn logistik  exÐswsh, tìte paÐrnoume to

dx
dt

� �x ‹ 1 �
1
k

x• � �xy (24aþ)

dy
dt

� � 
y � �xy; (24bþ)

ìpou ìlec oi parˆmetroi eÐnai jetikèc.

To antÐstoiqo PAT. To PAT gia to parapˆnw montèlo eÐnai to ex c:

Me dedomènax0; y0 C0, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
ˆx; y• � I � � 0; ª •2, tètoia ¸ste h ˆx; y• na ikanopoieÐ tìso to(24) sto I � ˜ 0•

ìso kai thn ˆxˆ0•; yˆ0•• � ˆx0; y0• .
(PPv2:1)

Omal  megistik  lÔsh, kal  topojèthsh tou probl matoc kai analloÐwta
sÔnola. Akrib¸c me thn Ðdia teqnik  (melèth arqikˆ enìc katˆllhlou genikìterou probl matoc)
kai ta Ðdia epiqeir mata ìpwc kai gia to (PP), paÐrnoume thn Ôparxh monadik c, omal c, suneq¸c
exart¸menhc apì ta arqikˆ dedomèna kai megistik c lÔshc tou (PPv2:1),

ˆx; y• � ˆ � "1; "2• � � 0; ª •2; ìpou 0 @"1; "2 Bª ;

kaj¸c epÐshc ìti toulˆqiston (bl. 'Askhsh 36) ta sÔnola

ˆ0; 0• ; ˜ 0• � ˆ0; ª • ; ˆ0; ª • � ˜ 0• kai ˆ0; ª •2

eÐnai analloÐwta wc proc ton qrìno gia to prìblhma.
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Olikìthta ; Lìgw thc adunamÐac eÔreshc thc lÔshc tou (PPv2:1) èstw kai se peplegmènh morf ,
gia thn olikìthtˆ thc mporoÔme na ergastoÔme me diaforetikì trìpo, kai sugkekrimèna me thn mèjodo
thc sÔgkrishc.

'Estw ìti h megistik  lÔsh pou br kame parapˆnw den eÐnai jetikˆ olik , dhlad  "2 @ª , kai
ja katal xoume se ˆtopo. ArkeÐ na deÐxoume ìti den ekr gnutai, kaj¸c kˆje lÔsh me arqik  tim 
sto eswterikì tou q¸rou fˆshc, dhlad  sto ˆ0; ª •2, eÐnai adÔnato na teÐnei proc to sÔnorì tou
se peperasmèno qrìno lìgw monadikìthtac. 'Estw, loipìn, T > ˆ0; "2• . Parathr¸ntac thn (24aþ),
èqoume ìti

dx
dt

B �x ‹ 1 �
1
k

x• ;

ˆra apì sÔgkrish èqoume ìti

max™xˆt• Tt >� 0; T � ž Bmax™̂xˆ t• Tt >� 0; T � ž � � A;

ìpou x̂ eÐnai h (toulˆqiston) jetikˆ olik  lÔsh tou ( `) mer � � kai arqik  sunj kh x̂ˆ0• � x0.
Epiplèon, apì thn (24bþ) èqoume ìti

dy
dt

B �xy;

ˆra xanˆ apì sÔgkrish èqoume ìti

max™yˆt• Tt >� 0; T � ž By0e�AT :

Dhlad  h lÔsh eÐnai fragmènh sto� 0; T � apì mia stajerˆ pou exartˆtai suneq¸c (kai katˆ aÔxonta
trìpo) apì to T. AfoÔ to T eÐnai aujaÐreto, paÐrnoume to ìrio giaT � "2

� gia na katal xoume se
ˆtopo. 'Ara h lÔsh eÐnai jetikˆ olik  , dhlad  "2 � ª .

'Oson aforˆ to "1 kai thn arnhtik  olikìthta thc megistik c lÔshc, pˆli ja qrhsimopoi soume
thn mèjodo thc sÔgkrishc, afoÔ ìmwc pr¸ta antistrèyoume ton qrìno. Prˆgmati an

ˆx; y• � ˆ � "1; ª • � � 0; ª •2

eÐnai h jetikˆ olik  megistik  lÔsh tou ( PPv2:1) pou br kame parapˆnw, tìte gia thn

ˆ �;  • � ˆ �ª ; "1• � � 0; ª •2

s ( ˆ � ˆs•;  ˆs•• �� ˆxˆ � s•; yˆ � s•• ;

isqÔei ìti

d�
ds

� � �� ‹ 1 �
1
k

� • � �� 

d 
ds

� 
 � �� ;

kaj¸c epÐshc ìti ˆ � ˆ0•;  ˆ0•• � ˆx0; y0• . ParathroÔme ìti

d 
ds

B 
 ;

sunep¸c mporoÔme na pˆroume apì sÔgkrish ìti h orÐzetai gia ìlouc touc jetikoÔc qrìnouc,
wstìso èqoume ìti

d�
dt

C� �� ‹ 1 �
1
k

� • ;

ˆra, sugkrÐnontac me thn arnhtikˆ ekrugnhìmenh lÔsh tou (̀), paÐrnoume ìti h� ekr gnutai gia
kˆpoio peperasmèno jetikì qrìno. 'Ara h lÔsh ekr gnutai gia kˆpoio peperasmèno arnhtikì qrìno ,
sunep¸c "1 @ª .

ShmeÐa isorropÐac. EÔkola, apì to sÔsthma (24), èqoume ìti upˆrqoun trÐa shmeÐa isorropÐac,
dhlad  ta

ˆx‡ ; y‡• �

¢̈
¨̈̈
¨
¦
¨̈̈
¨̈
¤

ˆ0; 0• ;

Š

� ; �

� ‰1 � 

�k Ž• ; an k C 


�

ˆk; 0• :

Shmei¸noume ìti aporrÐyame thn perÐptwsh tou deÔterou shmeÐou isorropÐac mek @

� kaj¸c endia-

ferìmaste gia mh arnhtikèc lÔseic. ParathroÔme ìti to deÔtero shmeÐo isorropÐac sumpÐptei me to
trÐto ìtan k � 


� .
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'Askhsh 36. TemaqÐste peraitèrw ta analloÐwta sÔnola pou br kame parapˆnw se analloÐwta
uposÔnola.

Anˆlush eustˆjeiac. UpologÐzoume ton pÐnakaJacobi gia to sÔsthmˆ mac wc

J ˆw; z• � Œ
� ‰1 � 2

k wŽ� �z � �w
�z � 
 � �w

‘ ;

dhlad 

J ˆ0; 0• � Œ
� 0
0 � 


‘

kai

J ‹


�

;
�
�

‹ 1 �


�k

•• � Œ
� �


�k � �

�

��
� ‰1 � 


�k Ž 0
‘ ; J ˆk; 0• � Œ

� � � �k
0 � 
 � �k

‘ :

'Amesa, apì grammikopoÐhsh, èqoume ta ex c:

ˆ To ˆ0; 0• eÐnai jetikˆ astajèc, miac kai oi idiotimèc tou antÐstoiqou pÐnakaJacobi eÐnai oi
� 1 � � A0 kai � 2 � � 
 @0.

ˆ Sqetikˆ me to Š

� ; �

� ‰1 � 

�k Ž• , oi idiotimèc dÐnontai apì ton tÔpo

� � �
1
2

‹ tr � ‰tr 2 � 4detŽ
1
2 • ;

ìpou

tr � �
�

�k

@0; kaj¸c epÐshc det � �
 ‹ 1 �


�k

• A0 ìtan k A


�

:

AfoÔ se aut  thn perÐptwsh h orÐzousa eÐnai jetik , sumperaÐnoume ìti to prìshmo tou
pragmatikoÔ mèrouc twn idiotim¸n tou pÐnakaJacobi kajorÐzetai apì to antÐstoiqo prìshmo
tou Ðqnouc. 'Ara, to parapˆnw shmeÐo isorropÐac eÐnai jetikˆ asumptwtikˆ eustajèc ìtan
k A 


� .

ˆ Sqetikˆ me to ˆk; 0•, èqoume ìti oi idiotimèc eÐnai� 1 � � 
 � �k kai � 2 � � � @0, dhlad 

� 1

¢̈
¨̈̈
¦
¨̈̈
¤̈

@0; ìtan k @

�

� 0; ìtan k � 

�

A0 ìtan k A 

� ;

kai epÐshc� 2 @0:

'Ara to parapˆnw shmeÐo isorropÐac eÐnai

¢̈
¨
¦
¨̈
¤

jetikˆ asumptwtikˆ eustajèc ; ìtan k @

�

jetikˆ astajèc ; ìtan k A 

� :

Wstìso, den mporoÔme na apofanjoÔme sqetikˆ me thn eu/a-stˆjeiˆ tou‰

� ; 0Ž ìtan 


� � k mèsw
grammikopoÐhshc, lìgw mh uperbolikìthtˆc tou. Parathr¸ntac ìmwc to Sq ma 24 (bl. 'Askhsh 37),
se sunduasmì me thn (toulˆqiston) suneq  exˆrthsh thc lÔshc apì thn parˆmetro k, diaisjhtikˆ
anamènoume thn jetik  asumptwtik  eustˆjeiˆ tou.

H austhr  apìdeixh autoÔ tou sumperˆsmatoc basÐzetai sthn jewrÐa diaklˆdwshc stajer c
katˆstashc.

'Askhsh 37. D¸ste tic leptomèreiec kataskeu c tou Sq matoc 24.

Anˆlush diaklˆdwshc. Katarqˆc, to Sq ma 24 epibebai¸nei thn Ôparxh diaklˆdwshc sta-
jer c katˆstashc apì to ˆk; 0• ìtan k � 


� , kˆti ˆllwste pou prokÔptei kai apì thn jewrÐa, afoÔ,
koit¸ntac thn � 1 � � 
 � �k wc sunˆrthsh tou k, èqoume ìti

� 1‹


�

• � 0;
d� 1

dk
‹



�

• x 0 kai � 2 @0:
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(aþ) k @

� .

(bþ) k A 

� . Kaj¸c to k auxˆnetai, topikˆ kai gÔrw apì to

jetikˆ asumptwtikˆ eustajèc shmeÐo isorropÐac, h eikìna twn
troqi¸n xekinˆei na moiˆzei me aut  enìc kìmbou kai katal gei
na moiˆzei me aut  miac estÐac.

Sq ma 24: Poiotik  anaparˆstash tou q¸rou fˆshc tou ( P Pv2 :1 ) gia k x 

� , ìpwc prokÔptei apì thn grammik 

anˆlush eustˆjeiac. Anamènoume thn jetik  asumptwtik  eustˆjeia tou ‰

� ; 0Ž ìtan k � 


� , ìpwc faÐnetai kaj¸c

k � ‰

� Ž

�
  k � ‰


� Ž
�

.

'Ara ja qarakthrÐsoume to tÔpo thc diaklˆdwshc aut c, me ap¸tero skopì na bgˆloume sumpèrasma
gia thn eustˆjeia tou ‰


� ; 0Ž ìtan k � 

� . Miac kai gnwrÐzoume ìla ta shmeÐa isorropÐacˆx‡ ; y‡• �

ˆx‡ˆk•; y‡ˆk•• gÔrw apì to k � 

� , ja to kˆnoume kataskeuˆzontac to diˆgramma thc diaklˆdwshc

(ston antÐpoda, bl. 'Askhsh 38).
Epilègoume ton katˆllhlo sunduasmì twn x‡ kai y‡ , oi timèc tou opoÐou ja apeikonÐzontai

ston katakìrufo ˆxona tou diagrˆmmatoc. O sunduasmìc autìc prokÔptei apì thn aplopoÐhsh
Lyapunov-Schmidt, wc ex c: Pr¸ta diagwnopoioÔme tonJ ‰


� ; 0Ž

J ‹


�

; 0• � P Œ
� 1 � 0 0

0 � 2 � � �
‘ P � 1 � Œ� �


�� 1
1 0

‘ Œ
0 0
0 � �

‘ Œ
0 1
1 �


��
‘ ;

ìpou ta ‰� �

�� ; 1Žkai ˆ1; 0•, ta opoÐa èqoun epilegeÐ gia thn pr¸th kai deÔterh, antÐstoiqa, st lh tou

P, eÐnai ta idiodianÔsmata thc� 1 � 0 kai thc � 2 � � � , antÐstoiqa. 'Epeita epilègoume to sunduasmì

ˆ0; 1• � ˆx‡ � k; y‡• � y‡ ;

ìpou to ˆ0; 1• eÐnai h pr¸th gramm  touP � 1.
'Ara to diˆgramma thc diaklˆdwshc dÐnetai sto Sq ma 25, kai parathroÔme ìti prìkeitai gia mia

diakrÐsimh diaklˆdwsh (o astaj c klˆdoc y‡ � �
� ‰1 � 


�k Ž@0 gia k @

� aporrÐptetai) apì to jetikˆ

asumptwtikˆ eustajèc shmeÐo isorropÐac‰

� ; 0Ž.

Sq ma 25: Diˆgramma diaklˆdwshc y‡ Šy‡ � �
� ‰1 � 


�k Ž• � 0. Me prˆsino apeikonÐzetai h jetik  asumptwtik  eu-
stˆjeia, en¸ me kìkkino h jetik  astˆjeia.

'Askhsh 38 (O parˆdeisoc apèqei mìno merikèc selÐdec prˆxeic, ). ApofanjeÐte sqetikˆ me thn
Ôparxh diakl̂ dwshc stajer c katˆstashc kai ton tÔpo thc gia to (PPv2:1), sthn perÐptwsh pou
den gnwrÐzete ta upìloipa shmeÐa isorropÐac, parˆ mìno toˆk; 0•.
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Olik  asumptwtik  eustˆjeia. 'Arage, ja teÐnei asumptwtikˆ kˆje lÔsh tou ( PPv2:1), me
aujaÐreth arqik  sunj kh, sta jetikˆ eustaj  shmeÐa isorropÐac ; EÐnai, dhlad , ta jetikˆ asum-
ptwtikˆ eustaj  shmeÐa isorropÐac kai olikˆ jetikˆ asumptwtikˆ eustaj  ;

1. PerÐptwshk A 

� . Ed¸ ja yˆxoume gia katˆllhlh sunˆrthsh Lyapunov, V . Miac kai gia to

(PP) br kame mia tètoia sunˆrthsh, t¸ra elpÐzoume na poreutoÔme tropopoi¸ntac thn.

Sugkekrimèna, ja yˆxoume gia katˆllhlh

f ˆw; z• �� A ln z � Bz � C ln w � Dw; ¦ ˆw; z• >ˆ0; ª •2 ;

me stajerèc A, B , C, D pou mènei na kajorÐsoume, tètoia ¸ste

V � ˆ0; ª •2 � � 0; ª •

ˆw; z• ( f Š

� ; �

� ‰1 � 

�k Ž• � f ˆw; z•;

gia thn opoÐa ja isqÔei ìti VŠ

� ; �

� ‰1 � 

�k Ž• � 0, ìti V ˆw; z• A 0 gia kˆje ˆw; z• > ˆ0; ª •2 �

šŠ

� ; �

� ‰1 � 

�k Ž•Ÿ, kaj¸c epÐshc ìti _V ˆw; z• B 0 gia kˆje ˆw; z• > ˆ0; ª •2. AfoÔ ousiastikˆ

jèloume h f na èqei (olikì) mègisto gia Š

� ; �

� ‰1 � 

�k Ž• , tìte anagkastikˆ ja prèpei

©f ‹


�

;
�
�

‹ 1 �


�k

•• � 0 �
¢̈
¨
¦
¨̈
¤

C � 

� D

A � �
� ‰1 � 


�k ŽB:

Epiplèon, afoÔ jèloume gia kˆje ˆx0; y0• >ˆ0; ª •2 na isqÔei ìti

0 C _V Xˆx; y• �
d ˆV Xˆx; y••

dt
� ©V Xˆx; y• � ‹

dx
dt

;
dy
dt

• ;

tìte, sÔmfwna me thn (24), anagkastikˆ ja prèpei

0 C _V Xˆx; y• � � D ‹


�

� x• ‹ � ‹ 1 �
1
k

x• � �y • � B ‹
�
�

‹ 1 �


�k

• � y• ˆ � 
 � �x • :

Kˆti tètoio ja isqÔei an epilèxoume

B � � kai D � �;

kaj¸c tìte ja èqoume ìti

_V Xˆx; y• � �
� ˆ � 
 � �x •2

�k
B0:

Dhlad  h V eÐnai mia asjen c mellontik  sunˆrthsh Lyapunov. Wstìso, parathroÔme ìti h
_V den mhdenÐzetai tautotikˆ se kamiˆ troqiˆ, me exaÐresh thn tetrimmènh troqiˆ thc stajer c
lÔshc ˆx; y• � Š


� ; �
� ‰1 � 


�k Ž• . 'Ara, apì thn arq  analloÐwtou LaSalle èpetai ìti to shmeÐo
isorropÐac eÐnai olikˆ jetikˆ asumptwtikˆ eustajèc.

2. PerÐptwshk B 

� . Ed¸, h eÔresh miac sunˆrthshcLyapunov gia thn exagwg  sumperˆsmatoc

sqetikˆ me thn olik  sumperiforˆ tou ˆk; 0• den eÐnai eÔkolh upìjesh (to sÔnhjec senˆrio).
ParadeÐgmata pou mporoÔme ˆmesa na skeftoÔme, ìpwc h

V � R2 � � 0; ª •

ˆw; z• ( ˆw � k•2 � z2;

den arkoÔn. Wstìso ja bgˆloume sumpèrasma me ènan aplì kataskeuastikì trìpo, apotu-
p¸nontac poiotikˆ to pedÐo dieujÔnsewn:

i. Pr¸ta apeikonÐzoume ticmhdenoklineÐc kampÔlecston q¸ro fˆshc. Mia mhdenoklin c
kampÔlh apoteleÐ kampÔlh ston q¸ro fˆshc epÐ thc opoÐac mhdenÐzetai h parˆgwgoc miac
apì tic exarthmènec metablhtèc. Me bˆsh to (24), kai ìpwc faÐnetai sto Sq ma 26aþ (sto
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Sq ma 26 apeikonÐzetai h perÐptwshk @

� ; antÐstoiqa ja èqoume kai gia thn perÐptwsh

k � 

� (bl. 'Askhsh 39)), ìson aforˆ thn dx

dt � 0 èqoume ticx-mhdenoklineÐc

x � 0 kai y �
�
�

‹ 1 �
1
k

x• ;

kai apì thn dy
dt � 0 èqoume ticy-mhdenoklineÐc

y � 0 kai x �


�

:

ii . 'Epeita sqediˆzoume katakìrufa eujÔgramma tm mata katˆ m koc twnx-mhdenoklin¸n
kampul¸n kai orizìntia katˆ m koc twn y-mhdenoklin¸n, ìpwc faÐnetai sto Sq ma 26bþ.

iii . Sthn sunèqeia epilègoume katˆllhlh forˆ sta parapˆnw eujÔgramma tm mata, thn opoÐa
exˆgoume ˆmesa apì to (24), ìpwc faÐnetai sto Sq ma 26gþ.

iv. Tèloc apeikonÐzoume ta katˆllhla dianÔsmata ston upìloipo q¸ro fˆshc, ìpwc faÐnetai
sto Sq ma 26dþ, me bˆsh thn forˆ thc sunistamènhc twn dianusmˆtwn stic mhdenoklineÐc
kampÔlec.

PaÐrnoume ètsi thn olik  jetik  asumptwtik  eustˆjeia tou ˆk; 0• sto analloÐwto sÔnolo

ˆ0; ª • � � 0; ª • ;

dhlad  pantoÔston q¸ro fˆshc ektìc apì to analloÐwto sÔnolo

˜ 0• � � 0; ª • ;

ìtan k B 

� .

SumperaÐnoume ètsi ta ex c:

1. An k A


�

, tìte kˆje lÔsh me mh mhdenik  arqik  sunj kh gia ta jhrˆmata teÐnei mellontikˆ

sto shmeÐo isorropÐac thc sumbÐwshc.

2. An k B


�

, tìte, gia kˆje arqik  sunj kh, mellontikˆ oi jhreutèc mei¸nontai mèqri exafˆnishc.

'Askhsh 39. ApeikonÐste poiotikˆ to pedÐo dieujÔnsewn tou(PPv2:1), ìtan k � 

� kai ìtan k A 


� .

Arijmhtik  epÐlush. Proqwrˆme sthn arijmhtik  epÐlush tou probl matoc, ìpwc faÐnetai
sto Sq ma 27, proc epal jeush twn apotelesmˆtwn mac.

Majhmatikì Upìbajro :

Exˆrthsh apì parˆmetro. 'Ena prìblhma megˆlou endiafèrontoc eÐnai h exˆrthsh twn lÔse-
wn enìc (PAT) apì parˆmetro.

Je¸rhma 40 (suneq c/diaforÐsimh exˆrthsh twn lÔsewn apì parˆmetro) . 'Estw anoiktì U b Rn ,
parˆmetroc � >U me� ‡ >U kai (PAT) ìpou f ˆ � ; � • � f ˆ � ; � ; � • . An h f eÐnaiCk , mek >N, se mia
perioq  tou ˆ t0; y0; � ‡• , tìte mia endeqìmenh lÔsh, yˆ � ; � • � yˆ � ; � ; � • , ja eÐnaiCk � 1 se mia perioq 
tou ˆ t0; y0; � ‡• .

Shmei¸noume ìti h exˆrthsh twn lÔsewn apì thn arqik  sunj kh   thn f apì thn mÐa, kai
h exˆrthsh touc apì parˆmetro apì thn ˆllh, eÐnai oi dÔo ìyeic tou Ðdiou nomÐsmatoc, me to èna
apotèlesma na mac odhgeÐ sto ˆllo kai antÐstrofa.

EpÐshc, to Je¸rhma 40 dÐnei mia polÔ apotelesmatik  mèjodo proseggistik c epÐlushc exis¸se-
wn pou eÐnai {kontinèc} se {mh diataragmènec} exis¸seic twn opoÐwn oi lÔseic eÐnai gnwstèc. ArkeÐ
na anaparastajeÐ h lÔsh thc diataragmènhc exÐswshc sth morf  seirˆcTaylor se dunˆmeic thc dia-
taraq c, na antikatastajeÐ aut  h seirˆ sth diataragmènh exÐswsh kai na exiswjoÔn oi suntelestèc
twn Ðdiwn dunˆmewn thc diataraq c. O pr¸toc (anexˆrthtoc thc diataraq c) ìroc thc seirˆc pou
anaparistˆ th lÔsh ja eÐnai h gnwst  lÔsh thc mh diataragmènhc exÐswshc. Epanalhptikˆ epilÔsi-
mec exis¸seic ja d¸soun touc akìloujouc ìrouc thc seirˆc. H pio shmantik  ap' autèc, h exÐswsh
twn ìrwn pr¸tou bajmoÔ wc proc th diataraq , eÐnai mia mh omogen c diaforik  exÐswsh. Aut 
h diadikasÐa qrhsimopoieÐtai se eurÔtato fˆsma efarmog¸n twn diaforik¸n exis¸sewn kai empÐptei
stic legìmenec Mejìdouc Diataraq¸n .
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(aþ) Me mple oi x -mhdenoklineÐc kamplÔlec kai me kìkkino oi y-
mhdenoklineÐc. Profan¸c ìla ta shmeÐa isorropÐac brÐskontai
sthn tom  twn mhdenoklin¸n kampul¸n. Ed¸, oi kampÔlec
autèc qwrÐzoun ton q¸ro fˆshc se treic perioqèc, I , II kai
III .

(bþ) To pedÐo dieujÔnsewn katˆ m koc kˆje mhdenoklinoÔc ka-
mpÔlhc eÐnai kˆjeto ston antÐstoiqo ˆxona.

(gþ) H forˆ tou pedÐo dieujÔnsewn katˆ m koc twn mhdenokli-
n¸n kampul¸n kajorÐzetai apì to (24). Gia parˆdeigma, katˆ
m koc thc x -mhdenoklinoÔc y � �

� ‰1 � 1
k x Ž parathroÔme ìti a-

foÔ briskìmaste gia x B k @

� , tìte apì thn (24bþ) prokÔptei

ìti d y
d t @0, dhlad  ìti h y fjÐnei (kai mˆlista gnhsÐwc), kai

ˆra h forˆ eÐnai proc {ta kˆtw}, dhlad  proc thn kampÔlh
y � 0.

(dþ) H forˆ twn dianusmˆtwn sto eswterikì kˆje perioq c
I , II kai III prokÔptei apì thn forˆ thc sunistamènhc twn
dianusmˆtwn sto sÔnorì thc.

Sq ma 26: Poiotik  apeikìnish tou pedÐou dieujÔnsewn tou ( P Pv2 :1 ), ìtan k @

� .

Diaklˆdwsh apì shmeÐo isorropÐac (  alli¸c, topik  diaklˆdwsh). Me ton ìro
diakl̂ dwsh ennooÔme kˆje allag  sthn poiotik  sumperiforˆ twn lÔsewn enìc (PAT), pou h f
exartˆtai apì mia parˆmetro, kaj¸c h parˆmetroc aut  allˆzei timèc. Oi diaklad¸seic apì shmeÐo
isorropÐacèqountopikì qarakt ra , se antÐjesh apì tic diaklad¸seic apì kleist  troqiˆ pou èqoun
olikì qarakt ra (kai mporeÐ na mhn sqetÐzontai kan me thn Ðdia thn lèxh diaklˆdwsh).

To genikì plaÐsio thc topik c jewrÐac diaklad¸sewn eÐnai autì miacmonoparametrik c oiko-
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(aþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me 10 �
103 ˆtoma � k @


� � 15 � 103 ˆtoma.
(bþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me k �
15 � 103 ˆtoma � 


� .

(gþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me 26 �
103 ˆtoma � k A 


� � 15 � 103 ˆtoma.

Sq ma 27: Arijmhtik  epÐlush tou ( P Pv2 :1 ) gia jetikoÔc qrìnouc gia diˆforec timèc tou k, me� � 30 � qrìnoc � � 1 ,

� � 1 ‰103 ˆtomaŽ
� 1

� � qrìnoc � � 1 , 
 � 15 � qrìnoc � � 1 kai � � 1 ‰103 ˆtomaŽ
� 1

� � qrìnoc � � 1 .

gèneiac autìnomwn(PAT), dhlad  h f den exartˆtai apeujeÐac apì ton qrìno, t, parˆ mìno mèsw
thc lÔshc, y, kai epÐshc exartˆtai apì mia parˆmetro� >U‡ gia anoiktì U‡ b R, tètoiac ¸ste gia
kˆpoia sugkekrimènh tim  thc paramètrou,� � � ‡ , to (PAT) èqei èna memonwmèno mh uperbolikì
shmeÐo isorropÐac. To kentrikì fainìmeno thc jewrÐac aut c, to opoÐo kai thn qarakthrÐzei, eÐnai
ìti upˆrqoun epiprìsjetec, sun jwc mh emfaneÐc, lÔseic tou (PAT) kontˆ sto mh uperbolikì autì
shmeÐo isorropÐac. Tic diaklad¸seic autèc tic diaqwrÐzoume se

ˆ diaklad¸seic stajer c katˆstashc , ìpou oi epiprìsjetec lÔseic eÐnai stajerèc , kai se

ˆ diaklad¸seic Hopf, ìpou oi epiprìsjetec lÔseic eÐnai periodikèc.

H poreÐa thc anˆlushc miac topik c diaklˆdwshc èqei wc ex c:

1. Thn anagnwrÐzoume kai thn qarakthrÐzoume wc stajer c katˆstashc   wcHopf.
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2. Se perÐptwsh pou klˆdoi epiprìsjetwn lÔsewn emfanÐzontai gia� @� ‡ (� A � ‡) apì èna
klˆdo pou upˆrqei gia toulˆqiston � C� ‡ (� B � ‡), tìte thn qarakthrÐzoume wcupokrÐsimh
(uperkrÐsimh). An eÐnai eÐte upokrÐsimh kai uperkrÐsimh tautìqrona, eÐte tÐpota apì dÔo, tìte
apofeÔgoume autoÔc touc qarakthrismoÔc.

3. Kataskeuˆzoume, èstw topikˆ, thn {upograf } thc, dhlad  to antÐstoiqo diˆgrammˆ thc, wc
ex c:

i. An prìkeitai gia diaklˆdwsh stajer c katˆstashc, tìte to diˆgramma eÐnai didiˆstato.

ii . An prìkeitai gia diaklˆdwsh Hopf, tìte to diˆgramma eÐnai tridiˆstato.

Kai stic dÔo peript¸seic ston ˆxona {twn x} ja apeikonÐzontai oi timèc tou� gÔrw apì to
� ‡ .

4. TaÔtish topikˆ tou diagrˆmmatìc thc me to diˆgramma miac tupopoihmènhc diaklˆdwshc.

Shmei¸noume ìti to jemeli¸dec ergaleÐo jewrhtik  melèthc miac topik c diaklˆdwshc apoteleÐ
to je¸rhma peplegmènhc sunˆrthshc.

Diaklˆdwsh stajer c katˆstashc. 'Estw mÐa monoparametrik  oikogèneia autìnomwn
(PAT) me f ˆ � • � f ˆ � ; � • >C3ˆU � U‡ ; Rn • , ìpou U b S2 kai U‡ b R anoiktˆ. Ta shmeÐa isorropÐac
thc ja ta sumbolÐzoume, wc sun jwc, mey‡ . 'Estw, epÐshc, ìti gia kˆje � > U‡ to prìblhma èqei
èna memonwmèno shmeÐo isorropÐac (to opoÐo ja exartˆtai omalˆ apì thn� ). Ja to sumbolÐzoume
mey‡ � y„ � y„ ˆ � • gia na to xeqwrÐzoume apì ta ˆlla shmeÐa isorropÐac pou ja emfanistoÔn sthn
diaklˆdwsh.

Xekinˆme me to epìmeno basikì apotèlesma, h apìdeixh tou opoÐou basÐzetai sto je¸rhma pe-
plegmènhc sunˆrthshc.

Je¸rhma 41. 'Estw mÐa monoparametrik  oikogèneia autìnomwn(PAT) ìpwc parapˆnw, tètoia
¸ste na ikanopoieÐtai h ex c sunj kh:

O pÐnakacJacobi (me diaforÐseic wc procy, qwrÐc diaforÐseic wc proc� ), gia � � � ‡ ,
J ‰y„ ˆ � ‡• ; � ‡Ž, èqei mÐa apl  mhdenik  idiotim  kai tic upìloipec n � 1 mh mhdenikèc,
dhlad 

� 1 � 0; kai � i x 0; ¦ i x 1:

(� 1)

Tìte upˆrqei mia monadik  omal  pragmatik  idiotim  � 1 � � 1ˆ � • tou J ‰y„ ˆ � • ; � Ž se mia perioq 
tou � ‡ , tètoia ¸ste � 1ˆ � ‡• � 0: Dhlad , mporoÔme na doÔme thn mhdenik  idotim  wc mia omal 
pragmatik  sunˆrthsh wc proc � gÔrw apì to � � � ‡ .

H sunj kh tou Jewr matoc 41 apoteleÐ thn anagkaÐa, all̂ ìqi ikan , sunj kh gia thn Ôparxh
diaklˆdwshc stajer c katˆstashc apì to shmeÐo isorropÐac y„ ˆ � • ìtan � � � ‡ . Shmei¸noume ìti
gia n � 1 h parapˆnw sunj kh eÐnai aplˆ h

@f
@y

‰y„ ˆ � ‡• ; � ‡Ž� 0:

H jewrhtik  prosèggish twn diaklad¸sewn stajer c katˆstashc èqei wc ex c:

1. n � 1.

i. Diaqwrismìc diˆforwn peript¸sewn monoparametrik¸n oikogenei¸n (PAT) ìpou h para-
pˆnw anagkaÐa sunj kh ikanopoieÐtai, anˆloga me epiplèon sunj kec pou aforoÔn ton
mhdenismì   ìqi kˆpoiwn merik¸n parag¸gwn thc f sto ‰y„ ˆ � ‡• ; � ‡Ž.
Oi epiplèon sunj kec pou aforoÔn merikèc parag¸gouc amig¸c wc procy lègontai sun-
j kec mh ekfulismoÔ , en¸ oi sunj kec pou mporoÔn na diatupwjoÔn wc proc tic merikèc
parag¸gouc kai wc proc � lègontai sunj kec egkarsiìthtac .

ii . H anˆlush kˆje miac apì tic parapˆnw peript¸seic ja mac d¸sei mia antistoiqÐa au-
t c me mia ˆllh perÐptwsh miac tupopoihmènhc monoparametrik c oikogèneiac autìnomwn
(PAT) me gnwst  diaklˆdwsh, ìpou t¸ra h f eÐnai èna polu¸numo wc procy pou èqei
sugkekrimènec sunart seic tou � gia suntelestèc kai stajerˆ.
Ta polu¸numa autˆ lègontai kanonikèc morfècPoincar�e .
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iii . H antistoiqÐa aut  thc arqik c monoparametrik c oikogèneiac problhmˆtwn me mia tu-
popoihmènh shmaÐnei jetik  apˆnthsh sto er¸thma {Ôparxh   ìqi diaklˆdwshc} gia thn
arqik , kaj¸c epÐshc Ðdia sumperiforˆ thc diaklˆdwshc thc arqik c me aut  thc tupo-
poihmènhc se mia perioq  tou� � � ‡ .

2. AujaÐreto n >N.

i. Upobibasmìc kˆje monoparametrik c oikogèneiac autìnomwn (PAT) pou ikanopoieÐ thn
parapˆnw anagkaÐa sunj kh, se mia monoparametrik  oikogèneia monodiˆstatwn autìno-
mwn (PAT).
O upobibasmìc autìc lègetai aplopoÐhshLyapunov-Schmidt.

ii . H antistoiqÐa aut  thc arqik c monoparametrik c oikogèneiac problhmˆtwn me thn upobi-
basmènh thc shmaÐnei apˆnthsh sto er¸thma {Ôparxh   ìqi diaklˆdwshc} gia thn arqik ,
kaj¸c epÐshc, se perÐptwsh Ôparxhc, Ðdia sumperiforˆ thc diaklˆdwshc thc arqik c me
thn aut  thc upobibasmènhc se mia perioq  tou� � � ‡ . Mˆlista, se perÐptwsh Ôpar-
xhc, to diˆgramma diaklˆdwshc thc upobibasmènhc lègetai diˆgramma diaklˆdwshc kai
thc arqik c.

Opìte, h topik  sumperiforˆ thc endeqìmenhc diaklˆdwshc miac monoparametrik c oikogèneiac
aujaÐrethc diˆstashc autìnomwn (PAT) (pou ikanopoieÐ thn parapˆnw anagkaÐa sunj kh) eÐnai Ðdia
me thn sumperiforˆ thc gnwst c diaklˆdwshc kˆpoiac tupopoihmènhc monoparametrik c oikogèneiac
monodiˆstatwn autìnomwn (PAT). AfoÔ kai to diˆgramma miac diaklˆdwshc apoteleÐ thn {upo-
graf } thc, se perÐptwsh Ôparxhc diaklˆdwshc loipìn, h melèth thc oloklhr¸netai me thn topik 
taÔtish tou diagrˆmmatoc thc me to antÐstoiqo miac apì tic tupopoihmènec.

Mèroc tou katalìgou twn tupopoihmènwn monoparametrik¸n oikogenei¸n monodiˆstatwn pro-
blhmˆtwn me gnwstèc diaklad¸seic eÐnai to ex c:

Meroc Katalogou gnwstwn Diakladwsewn Stajerhc Katastashc
Me prˆsino qrwmatÐzontai oi jetikˆ asumptwtikˆ eustajeÐc klˆdoi   tm mata aut¸n, en¸ me

kìkkino oi jetikˆ astajeÐc klˆdoi   tm mata aut¸n, tou antÐstoiqou diagrˆmmatoc diaklˆdwshc.

ˆ (gia lìgouc sÔgkrishc) f ˆy; � • � � � y l oqi diaklˆdwsh (bl. Sq ma 28aþ).

ˆ (gia lìgouc sÔgkrishc) f ˆy; � • � � � y l oqi diaklˆdwsh (bl. Sq ma 28bþ).

(aþ) � � y‡ � 0. (bþ) � � y‡ � 0.

Sq ma 28: Diˆgramma diaklˆdwshc � � y‡ � 0.

ˆ f ˆy; � • � � � y2 l ptuq  (bl. Sq ma 29aþ).

ˆ f ˆy; � • � � � y2 l ptuq  (bl. Sq ma 29bþ).

ˆ f ˆy; � • � �y � y2 l diakrisimh (bl. Sq ma 30aþ).

ˆ f ˆy; � • � �y � y2 l diakrisimh (bl. Sq ma 30bþ).
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(aþ) � � y‡ 2 � 0. (bþ) � � y‡ 2 � 0

Sq ma 29: Diˆgramma diaklˆdwshc � � y‡ 2 � 0.

(aþ) �y ‡ � y‡ 2 � 0. (bþ) �y ‡ � y‡ 2 � 0.

Sq ma 30: Diˆgramma diaklˆdwshc �y ‡ � y‡ 2 � 0.

ˆ f ˆy; � • � �y � y3 l upokrisimh dikranikh (bl. Sq ma 31aþ).

ˆ f ˆy; � • � �y � y3 l uperkrisimh dikranikh (bl. Sq ma 31bþ).

(aþ) �y ‡ � y‡ 3 � 0. (bþ) �y ‡ � y‡ 3 � 0.

Sq ma 31: Diˆgramma diaklˆdwshc �y ‡ � y‡ 3 � 0.
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Sta parapˆnw paradeÐgmata summetèqoun austhrˆ dÔokl̂ doi (omalèc kampÔlec) sthn diaklˆdw-
sh, ìpou o ènac apì autoÔc antistoiqeÐ sto shmeÐo isorropÐacy„ ˆ � • , oi opoÐoi tèmnontai mìno sto
shmeÐo diakl̂ dwshc‰� ‡ ; y„ ˆ � ‡•Ž� 0 >R2. Kˆje shmeÐo isorropÐac gÔrw apì to shmeÐo diaklˆdwshc
brÐsketai apokleistikˆ pˆnw se ènan apì touc dÔo klˆdouc.

ParathroÔme, epÐshc, ìti h diaklˆdwsh ptuq  den eÐnai oÔte upokrÐsimh oÔte uperkrÐsimh, en¸ h
diakrÐsimh diaklˆdwsh eÐnai kai upokrÐsimh kai uperkrÐsimh.

Mèroc tou apotelèsmatoc pou mac antistoiqÐzei kˆje monoparametrik  oikogèneia monodiˆstatwn
autìnomwn (PAT) pou parousiˆzei diaklˆdwsh stajer c katˆstashc, me mia apì tic tupopoihmènec
monoparametrikèc oikogèneiec monodiˆstatwn autìnomwn (PAT) me gnwst  diaklˆdwsh, eÐnai to
parakˆtw.

Je¸rhma 42. 'Estw n � 1 kai mÐa monoparametrik  oikogèneia autìnomwn(PAT) ìpwc parapˆnw,
tètoia ¸ste na ikanopoieÐtai h anagkaÐa sunj kh gia thn Ôparxh diakl̂ dwshc stajer c katˆstashc
apì to y„ ˆ � • gia � � � ‡

@f
@y

‰y„ ˆ � ‡• ; � ‡Ž� 0: (� 1)

i . An
@f
@�

‰y„ ˆ � ‡• ; � ‡Žx 0; kai
@2f
@y2

‰y„ ˆ � ‡• ; � ‡Žx 0; (� 2i )

tìte upˆrqei diakl̂ dwsh stajer c katˆstashc apì to shmeÐo isorropÐac y„ ˆ � • ìtan � � � ‡ ,
pou apoteleÐtai apì dÔo kl̂ douc (o ènac ek twn opoÐwn antistoiqeÐ stoy„ ˆ � •).

Mˆlista, upˆrqoun (antistrèyimec) allagèc exarthmènhc metablht c kai paramètrou y ( x
kai � ( � , antÐstoiqa, kai allag  anex̂ rththc metablht c t ( � pou diathreÐ thn forˆ, oi
opoÐec metasqhmatÐzoun topikˆ thn exÐswsh tou(PAT) sth morf 

dx
d�

� � � sx2 � o‰x2Ž; kaj¸c x � 0; ìpou s � sgnŒ
@2f
@y2

‰y„ ˆ � ‡• ; � ‡Ž‘ � � 1:

ii . An
@2f

@�@y
‰y„ ˆ � ‡• ; � ‡Žx 0; (� 2ii )

tìte upˆrqei diakl̂ dwshc stajer c katˆstashc apì to shmeÐo isorropÐac y„ ˆ � • ìtan � � � ‡ ,
pou apoteleÐtai apì dÔo kl̂ douc.

(aþ) An
@f
@�

‰y„ ˆ � ‡• ; � ‡Ž� 0; kai
@2f
@y2

‰y„ ˆ � ‡• ; � ‡Žx 0; (� 3� œ)

tìte upˆrqoun allagèc exarthmènhc metablht c kai paramètrou y ( x kai � ( � , a-
ntÐstoiqa, kai allag  anex̂ rththc metablht c t ( � pou diathreÐ thn forˆ, oi opoÐec
metasqhmatÐzoun topikˆ thn exÐswsh tou(PAT) sth morf 

dx
d�

� �x � sx2 � o‰x2Ž kaj¸c x � 0; ìpou s � sgnŒ
@2f
@y2

‰y„ ˆ � ‡• ; � ‡Ž‘ � � 1:

(bþ) An hf eÐnai peritt  wc procy kai

@f
@�

‰y„ ˆ � ‡• ; � ‡Ž� 0;
@2f
@y2

‰y„ ˆ � ‡• ; � ‡Ž� 0; kai
@3f
@y3

‰y„ ˆ � ‡• ; � ‡Žx 0; (� 3� œ)

tìte upˆrqoun allagèc exarthmènhc metablht c kai paramètrou y ( x kai � ( � , a-
ntÐstoiqa, kai allag  anex̂ rththc metablht c t ( � pou diathreÐ thn forˆ, oi opoÐec
metasqhmatÐzoun topikˆ thn exÐswsh tou(PAT) sth morf 

dx
d�

� �x � sx3 � o‰x3Ž kaj¸c x � 0; ìpou s � sgnŒ
@3f
@y3

‰y„ ˆ � ‡• ; � ‡Ž‘ � � 1:
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Praktikˆ, to parapˆnw apotèlesma mac lèei ìti, an ikanopoioÔntai oi sunj kec, tìte ìqi mìno
ja upˆrqei diaklˆdwsh gia to prìblhmˆ mac, allˆ mˆlista sthn perÐptwsh i: to diˆgrammˆ thc ja
èqei, se mia perioq  tou� � � ‡ , ta Ðdia poiotikˆ qarakthristikˆ me autì thc diaklˆdwshc ptuq c,
sthn ii :ˆ � œ• me autì thc diakrÐsimhc, kai sthnii :ˆ � œ• me autì thc dikranik c.

T¸ra, pernˆme sthn genik  perÐptwshn diastˆsewn, kai parousiˆzoume thn aplopoÐhshLyapunov-
Schmidt, h opoÐa eÐnai to efalt rio gia thn melèth endeqìmenhc diaklˆdwshc miac monoparametrik c
oikogèneiacn-diˆstatwn autìnomwn (PAT), pou ikanopoioÔn thn anagkaÐa sunj kh Ôparxhc dia-
klˆdwshc stajer c katˆstashc.

Aplopoihsh Lyapunov-Schmidt
'Estw mia monoparametrik  oikogèneian-diˆstatwn autìnomwn (PAT) ìpwc parapˆnw.

O algìrijmoc upobibasmoÔ diˆstashc èqei wc ex c:

1. Metasqhmatismìc thc monoparametrik c oikogèneiac twn exis¸sewn twn (PAT), mèsw katˆl-
lhlhc allag c metablht¸n, ètsi ¸ste plèon o pÐnakac Jacobi na brÐsketai se mia sugkekrimènh,
axiopoi simh morf , kai sugkekrimèna:

i. DiagwniopoÐhsh touJ ‰y„ ˆ � ‡• ; � ‡Ž. Sugkekrimèna eÔresh twnn idiotim¸n � i (mìno mia
ek twn opoÐwn, h� 1, ja eÐnai mhdenik ), twn antÐstoiqwn idiodianusmˆtwnui , kai tou
(antistrèyimou) pÐnaka omoiìthtacP kai tou antÐstrofoÔ tou ¸ste

J ‰y„ ˆ � ‡• ; � ‡Ž� P

’
–––
”

� 1 � 0 0 � 0
0 � 2 x 0 � 0
� � � �
0 0 � � n x 0

“
———
•

P � 1;

kai se aut  thn perÐptwsh o P ja èqei wc st lec ta antÐstoiqa idiodianÔsmata, dhlad 

P �� ‰u1 � un Ž:

ii . Allag  metablht¸n

y„ ˆ � • � Px �� y ( x �� P � 1 ‰y � y„ ˆ � •Ž:

iii . Anagn¸rish thc sunˆrthshc F me tÔpo

F ˆx; � • �� P � 1f ‰Px � y„ ˆ � • ; � Ž;

gia ton pÐnakaJacobi thc opoÐa isqÔei

J ˆ0; � ‡• �

’
–––
”

� 1 � 0 0 � 0
0 � 2 x 0 � 0
� � � �
0 0 � � n x 0

“
———
•

(apì ton kanìna thc alusÐdac).

2. EpÐlush touˆn � 1• � ˆn � 1• (mh grammikoÔ) sust matoc

F2ˆx; � • � 0

�

Fn ˆx; � • � 0;

gia thn eÔresh miac monoparametik c oikogèneiac lÔsewn thc morf c

x i � x i ˆx1; � • ; ¦ i >˜ 2; : : : ; n•

(h epÐlush aut  exasfalÐzetai apì je¸rhma peplegmènhc sunˆrthshc).

3. Anagn¸rish thc sunˆrthshc g me tÔpo

gˆx1; � • �� F1ˆx1; x2ˆx1; � • ; : : : ; xn ˆx1; � •• ;
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gia thn opoÐa isqÔei ìti

gˆ0; � ‡• � 0 kai
@g
@x1

ˆ0; � ‡• � � 1 � 0;

kaj¸c kai thc upobibasmènhc monoparametrik c oikogèneiac monodiˆstatwn autìnomwn PAT
wc

¢̈
¨̈
¦
¨̈̈
¤

dx1

dt
ˆ t; � • � gˆx1ˆ t; � • ; � •

x1ˆ t0; � • � q1 � ‰y0ˆ � • � y„ ˆ � •Ž;

ìpou q1 eÐnai h pr¸th gramm  touP � 1.

TonÐzoume ìtio parapˆnw algìrijmoc upobibasmoÔ diˆstashc eÐnai efarmìsimoc se ìlec tic
monoparametrikèc oikogèneiec autìnomwn(PAT) pou ikanopoioÔn thn anagkaÐa sunj kh Ôparxhc
diakl̂ dwshc stajer c katˆstashc, anex̂ rthta me ton an upˆrqei telikˆ diakl̂ dwsh   ìqi .

'Amesa apì ton algìrijmo, sumperaÐnoume ìti ta shmeÐa isorropÐac thc upobibasmènhc monopa-
rametrik c oikogèneiac monodiˆstatwn autìnomwn PAT eÐnai tax‡

1 � q1 � ‰y‡ � y„ Ž.
EpÐshc, se perÐptwsh Ôparxhc diaklˆdwshc stajer c katˆstashc, to diˆgrammˆ thc ja èqei ta

ex c qarakthristikˆ:

ˆ Ston katakìrufo ˆxona (ˆxona {twn y}) ja upˆrqoun oi timèc tou x‡
1 (ston orizìntio ˆxona

(ˆxona {twn x}) ja upˆrqoun tou � , ìpwc  dh èqoume anafèrei).

ˆ O orizìntioc ˆxonac, x‡
1 � 0, ja eÐnai mèroc thc diaklˆdwshc (dhlad  h diaklˆdwsh ja em-

fanÐzetai pˆnw tou), kaj¸c to 0 eÐnai shmeÐo isorropÐac gia thn upobibasmènh oikogèneia
monodiˆstatwn problhmˆtwn, to opoÐo antistoiqeÐ sto shmeÐo isorropÐacy‡ � y„ thc arqik c.

ˆ O ˆlloc klˆdoc thc diaklˆdwshc, dhlad  autìc pou antistoiqeÐ se shmeÐa isorropÐac y‡ x y…,
ja eÐnai h kampÔlh pou grˆfetai wc ènwsh twn kampul¸nx‡

1 � q1 � ‰y‡ˆ � • � y„ ˆ � •Ž, gia kˆje
tètoio y‡ .

'Etsi, h axiopoÐhsh tou algìrijmou allˆzei me bˆsh to an gnwrÐzoume   ìqi ìla ta shmeÐa
isorropÐac se mia perioq  tou� � � ‡ , wc ex c:

1. An gnwrÐzoume ìla ta shmeÐa isorropÐac,y‡ � y‡ˆ � • , se mia perioq  tou � � � ‡ , kai ìqi mìno
to y‡ � y„ ˆ � • , tìte o algìrijmoc axiopoieÐtai me ènan aplì kataskeuastikì trìpo:

i. Kataskeu  enìc diagrˆmmatoc ìpou ston katakìrufo ˆxona upˆrqoun oi timèc tou x‡
1 kai

ston orizìntio autèc tou � .

ii . ApotÔpwsh twn grafhmˆtwn ìlwn twn sunart sewn q1 �‰y‡ˆ � • � y„ ˆ � •Ž sto diˆgramma.

iii . An kˆpoia apì ta graf mata tèmnontai pˆnw ston orizìntio ˆxona, tìte upˆrqei dia-
klˆdwsh stajer c katˆstashc kai to diˆgrammˆ thc eÐnai h Ðdia h kataskeu  qwrÐc ta mh
temnìmena epÐ tou orizìntiou ˆxona graf mata.

2. An den gnwrÐzoume ìla ta shmeÐa isorropÐac,y‡ � y‡ˆ � • , se mia perioq  tou � � � ‡ , allˆ
gnwrÐzoume toulˆqiston to y‡ � y„ ˆ � • , tìte apantˆme sqetikˆ me thn Ôparxh diaklˆdwshc
stajer c katˆstashc, allˆ kai ton tÔpo thc, mèsw thc efarmog c tou Jewr matoc 42 gia thn
upobibasmènh monoparametrik  oikogèneia monodiˆstatwn problhmˆtwn.

An kai me thn parapˆnw diapÐstwsh èqei tupikˆ oloklhrwjeÐ o jewrhtikìc kÔkloc topik c me-
lèthc miac diaklˆdwshc stajer c katˆstashc, wstìso upˆrqoun kai kˆpoia epiplèon, qr sima, apo-
telèsmata pou aforoÔn thn upobibasmènh monoparametrik  oikogèneia monodiˆstatwn problhmˆtwn,
ìpwc to epìmeno.

Je¸rhma 43. 'Estw mÐa monoparametrik  oikogèneia autìnomwn(PAT) ìpwc parapˆnw, tètoia
¸ste na ikanopoieÐtai mia elafr¸c isqurìterh ekdoq  thc anagkaÐac sunj khc Ôparxhc diakl̂ dwshc
stajer c katˆstashc wc ex c:

O J ‰y„ ˆ � ‡• ; � ‡Ž èqei mÐa apl  mhdenik  idiotim  kai tic upìloipec n � 1 me arnhtikˆ
pragmatikˆ mèrh, dhlad 

� 1 � 0; kai Re� i @0; ¦ i x 1:
(� 1

œ)
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'Estw, epiplèon, ìti upˆrqei diakl̂ dwsh stajer c katˆstashc apì to y„ ˆ � • ìtan � � � ‡ , kai èna
shmeÐo isorropÐacy‡ � y‡ˆ ~� • gia kˆpoio ~� entìc perioq c tou � � � ‡ . An

@g
@x1

‰q1 � ‰y‡ˆ ~� • � y„ ˆ ~� •Ž; ~� Ž@0;

tìte to y‡ˆ ~� • eÐnai jetikˆ asumptwtikˆ eustajèc kai arnhtikˆ astajèc, en¸ an

@g
@x1

‰q1 � ‰y‡ˆ ~� • � y„ ˆ ~� •Ž; ~� ŽA0;

tìte to y‡ˆ ~� • eÐnai jetikˆ astajèc kai arnhtikˆ asumptwtikˆ eustajèc.

H axÐa tou parapˆnw apotelèsmatoc faÐnetai ìtan qrhsimopoieÐtai se sunduasmì me kˆpoio a-
potèlesma Ôparxhc diaklˆdwshc stajer c katˆstashc ìpwc to parakˆtw, to opoÐo den eÐnai tÐpota
ˆllo parˆ h genÐkeush tou shmeÐouii : tou Jewr matoc 42 stic n diastˆseic.

Je¸rhma 44. 'Estw mÐa monoparametrik  oikogèneia autìnomwn(PAT) , ìpwc parapˆnw, tètoia
¸ste na ikanopoioÔntai tìso h anagkaÐa sunj kh Ôparxhc diakl̂ dwshc stajer c katˆstashc wc
ex c:

O J ‰y„ ˆ � ‡• ; � ‡Ž èqei mÐa apl  mhdenik  idiotim  kai tic upìloipec n � 1 mh mhdenikèc,
dhlad 

� 1 � 0; kai � i x 0; ¦ i x 1:
(� 1)

d� 1

d�
ˆ � ‡• x 0: (� 2ii )

Tìte

1. isqÔei ìti
d det J ‰y„ ˆ � • ; �Ž

d�
ˆ � ‡• x 0;

kai

2. upˆrqei diakl̂ dwsh stajer c katˆstashc apì to y„ ˆ � • ìtan � � � ‡ , pou apoteleÐtai apì dÔo
kl̂ douc.
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PerÐgramma Diˆlexhc

1. StoiqeÐa Majhmatik c BiologÐac :

Dunamikˆ montèla poll¸n plhjusm¸n (sunèqeia): Logistik  parallag  tou basikoÔ
montèlou Lotka-Volterra me epÐdrashAllee

2. Majhmatikì Upìbajro :

(aþ) Oriakìc kÔkloc

(bþ) Diaklˆdwsh apì shmeÐo isorropÐac (sunèqeia): DiaklˆdwshHopf

StoiqeÐa Majhmatik c BiologÐac :

DeÔterh parallag  tou basikoÔ montèlou Lotka-Volterra . An antÐ tou sust matoc
(22), kai sugkekrimèna thc (22aþ), jewr soume ìti se apousÐa jhreut¸n h dunamik  tou plhjusmoÔ
twn jhramˆtwn perigrˆfetai apì thn logistik  exÐswsh me epÐdrash tou Allee, tìte paÐrnoume to

dx
dt

� � �x ‹ 1 �
1
k1

x• ‹ 1 �
1
k2

x• � �xy (25aþ)

dy
dt

� � 
y � �xy; (25bþ)

ìpou ìlec oi parˆmetroi eÐnai jetikèc kai k1 @k2.

To antÐstoiqo PAT. To PAT gia to parapˆnw montèlo eÐnai to ex c:

Me dedomènax0; y0 C0, anazhtoÔme diˆsthmaI b R me0 >I kai sunˆrthsh
ˆx; y• � I � � 0; ª •2, tètoia ¸ste h ˆx; y• na ikanopoieÐ tìso to(25) sto I � ˜ 0•

ìso kai thn ˆxˆ0•; yˆ0•• � ˆx0; y0• .
(PPv2:2)

Omal , jetikˆ olik  lÔsh kai kal  topojèthsh tou probl matoc. Akrib¸c me ta
Ðdia epiqeir mata ìpwc kai gia to (PPv2:1) (bl. 'Askhsh 45), paÐrnoume thn Ôparxh monadik c, omal c,
suneq¸c exart¸menhc apì ta arqikˆ dedomèna, megistik c, jetikˆ olik c kai arnhtikˆ ekrhgnuìmenhc
lÔshc tou (PPv2:2),

ˆx; y• � ˆ � "1; ª • � � 0; ª •2; ìpou 0 @"1 @ª :

'Askhsh 45. Sumplhr¸ste tic leptomèreiec thc basik c (Fˆsh I) melèthc tou (PPv2:2).

PedÐo dieujÔnsewn. Xekinˆme thn poiotik  anˆlush tou ( PPv2:2) me thn apeikìnish tou pedÐou
dieujÔnsewn, ìpwc faÐnetai sto Sq ma 32, kˆti pou mac dÐnei plhroforÐec, glafurˆ kai periektikˆ,
gia thn olik  eikìna tou q¸rou fˆshc.
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(aþ) k2 B 

� . (bþ) k1 C 


� .

(gþ) 

� > � k1 ; k 2 � .

Sq ma 32: Poiotik  apeikìnish tou pedÐou dieujÔnsewn tou ( P Pv2 :2 ). Me mple oi x-mhdenoklineÐc kampÔlec kai me
kìkkino oi y-mhdenoklineÐc.

Apì to Sq ma 32, arqikˆ parathroÔme ìti endeqomènwc na upˆrqoun tèssera shmeÐa isorropÐac,
dhlad  ta

ˆx‡ ; y‡• �

¢̈
¨̈̈
¨̈̈
¦
¨̈̈
¨̈̈
¤̈

ˆ0; 0• ;
ˆk1; 0• ;
ˆk2; 0• ;

Š

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

•• ; an 

� >� k1; k2� :

To shmeÐo isorropÐacŠ

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

•• , pou upˆrqei ìtan 

� > ˆk1; k2• , sumpÐptei me to

ˆk1; 0• kai to ˆk2; 0•, ìtan k1 � 

� kai k2 � 


� , antÐstoiqa. Mˆlista, h tetagmènh tou lambˆnei olikì
mègisto ìtan k1 � k2

2 � 

� .

EpÐshc, parathroÔme ìti

ˆ to ˆ0; 0• eÐnai jetikˆ asumptwtikˆ eustajèc, allˆ ìqi olikˆ,

ˆ to ˆk1; 0• eÐnai jetikˆ astajèc, kai

ˆ to ˆk2; 0• eÐnai

¢̈
¨
¦
¨̈
¤

jetikˆ asumptwtikˆ eustajèc, allˆ ìqi olikˆ ; ìtan k2 @

�

jetikˆ astajèc ; ìtan k2 A 

� ;

en¸ den mporoÔme na bgˆloume eÔkola sumpèrasma gia tic ˆllec peript¸seic twn shmeÐwn isorropÐac.
Opìte katafeÔgoume sthn anˆlush eustˆjeiac mèsw grammikopoÐhshc.

'Askhsh 46. D¸ste tic leptomèreiec kataskeu c tou Sq matoc 32. Poia eÐnai ta ˆmesa biologikˆ
sumperˆsmata pou ex̂ gete;
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Grammik  anˆlush eustˆjeiac. UpologÐzoume ton pÐnakaJacobi gia to sÔsthmˆ mac wc

J ˆw; z• �
’

”
� � ŠŠ1 � 1

k1
w• Š1 � 1

k2
w• � 2

k1 k2
w ‰k1 � k2

2 � wŽ• � �z � �w
�z � 
 � �w

“

•
;

dhlad 

J ˆ0; 0• � Œ
� � 0
0 � 


‘ ;

J ˆk1; 0• �
’

”
� Š1 � k1

k2
• � �k 1

0 � 
 � �k 1

“

•
; J ˆk2; 0• �

’

”
� Š1 � k2

k1
• � �k 2

0 � 
 � �k 2

“

•

kai

J ‹


�

; �
�
�

‹ 1 �



�k 1
• ‹ 1 �



�k 2

•• �
’

”

2�

�k 1 k2

‰k1 � k2
2 � 


� Ž � �

�

� ��
� Š1 � 


�k 1
• Š1 � 


�k 2
• 0

“

•
:

'Amesa, apì grammikopoÐhsh, èqoume ta ex c:

ˆ To ˆ0; 0• epibebai¸noume ìti eÐnai jetikˆ asumptwtikˆ eustajèc, afoÔ oi idiotimèc tou antÐstoi-
qou pÐnakaJacobi eÐnai oi� 1 � � � @0 kai � 2 � � 
 @0.

ˆ To ˆk1; 0• epibebai¸noume ìti eÐnai jetikˆ astajèc, afoÔ oi idiotimèc eÐnai oi� 1 � � Š1 � k1
k2

• A0
kai � 2 � � 
 � �k 1.

ˆ Sqetikˆ me to ˆk2; 0•, oi idiotimèc eÐnai oi� 1 � � Š1 � k2
k1

• @0 kai � 2 � � 
 � �k 2, opìte to
parapˆnw shmeÐo isorropÐac epibebai¸noume ìti eÐnai

¢̈
¨
¦
¨̈
¤

jetikˆ asumptwtikˆ eustajèc ; ìtan k2 @

�

jetikˆ astajèc ; ìtan k2 A 

� :

ˆ Sqetikˆ me to Š

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

•• , oi idiotimèc dÐnontai apì ton tÔpo

� � �
1
2

‹ tr � ‰tr 2 � 4detŽ
1
2 • ;

ìpou

tr �
2�


�k 1k2
‹

k1 � k2

2
�



�

•

kai

det � � �
 ‹ 1 �



�k 1
• ‹ 1 �



�k 2

• A0; ìtan


�

>ˆk1; k2• :

AfoÔ se aut  thn perÐptwsh h orÐzousa eÐnai jetik , sumperaÐnoume ìti to prìshmo tou
pragmatikoÔ mèrouc twn idiotim¸n tou pÐnakaJacobi kajorÐzetai apì to antÐstoiqo prìshmo
tou Ðqnouc. 'Ara, to parapˆnw shmeÐo isorropÐac eÐnai

¢̈
¨
¦
¨̈
¤

jetikˆ asumptwtikˆ eustajèc ; ìtan k1 � k2
2 @


�

jetikˆ astajèc ; ìtan k1 � k2
2 A 


� :

ProkÔptei, dhlad , mèsw grammikopoÐhshc to Sq ma 33. Wstìso, den mporoÔme na apofanjoÔme
sqetikˆ me thn jetik  eu/a-stˆjeia twn

¢̈
¨
¦
¨̈
¤

‰

� ; 0Ž; ìtan k2 � 


�

Š

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

•• ; ìtan k1 � k2
2 � 


� ;

me aut  thn teqnik . Gia thn melèth touc katafeÔgoume sthn jewrÐa diaklad¸sewn.

'Askhsh 47. D¸ste tic leptomèreiec kataskeu c tou Sq matoc 33.
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(aþ) k1 @k2 @

� .

(bþ) k1 @ k 1 � k 2
2 @ 


� @k2 . Kaj¸c to k 1 � k 2
2 auxˆnetai proc

to 

� , topikˆ kai gÔrw apì to jetikˆ asumptwtikˆ eustajèc

shmeÐo isorropÐac ‰

� ; y ‡ Ž, h eikìna twn troqi¸n xekinˆei na

moiˆzei me aut  enìc kìmbou kai katal gei na moiˆzei me aut 
miac estÐac.

(gþ) k1 @ 

� @ k 1 � k 2

2 @k2 . Kaj¸c to k1 auxˆnetai proc to


� , topikˆ kai gÔrw apì to jetikˆ astajèc shmeÐo isorropÐac
‰


� ; y ‡ Ž, h eikìna twn troqi¸n xekinˆei na moiˆzei me aut  miac
estÐac kai katal gei na moiˆzei me aut  enìc kìmbou.

(dþ) 

� @k1 @k2 .

Sq ma 33: Poiotik  anaparˆstash tou q¸rou fˆshc tou ( P Pv2 :2 ) gia 

� ¶ šk2 ; k 1 � k 2

2 Ÿ, ìpwc prokÔptei apì thn

grammik  anˆlush eustˆjeiac. y‡ � � �
� Š1 � 


�k 1
• Š1 � 


�k 2
• .

Anˆlush diaklˆdwshc. Akolouj¸ntac ta Ðdia b mata ìpwc gia thn jetik  asumptwtik  eu-
stˆjeia tou ‰


� ; 0Ž tou ( PPv2:1), ìtan k � 

� , deÐqnoume ìti kai to‰


� ; 0Ž tou ( PPv2:2), ìtan k2 � 

� ,

eÐnai jetikˆ asumptwtikˆ eustajèc (bl. 'Askhsh 48).

'Oson aforˆ to Š

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

•• ìtan k1 � k2
2 � 


� , gia aplopoÐhsh tou sumbolismoÔ
jètoume

k ��
k1 � k2

2
:

'Etsi, èqoume ìti

� � � � i det
1
2 x 0; ìtan k �



�

:

EpÐshc, èqoume ìti

Re� � �
1
2

tr ; ìtan k entìc miac perioq c tou


�

;

opìte, koit¸ntac ta Re� � wc sunart seic tou k, èpetai ìti

dRe� �

dk
ˆk• �

�

�k 1k2

x 0; kai eidikìtera
dRe� �

dk
‹



�

• x 0:

'Ara upˆrqei diaklˆdwsh Hopf apì to Š

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

•• gia k1 � k2
2 � 


� .
Mènei, loipìn, na upologÐsoume thn posìthta � thc sunj khc mh ekfulismoÔ, gia na doÔme

an eÐnai mh mhdenik  kai se aut  thn perÐptwsh, mèsw tou prìshmou thc, na qarakthrÐsoume thn
diaklˆdwsh wc upokrÐsimh,   uperkrÐsimh. O qarakthrismìc autìc ja mac d¸sei kai thn eu/a-
stˆjeia tou parapˆnw shmeÐou isorropÐac ìtan k1 � k2

2 � 

� . Ja apofÔgoume, wstìso, autìn ton

epÐpono upologismì kai ja apant soume sta parapˆnw mèsw thc arijmhtik  epÐlushc tou (PPv2:2)
(ston antÐpoda, bl. 'Askhsh 50).
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'Askhsh 48. Sqetikˆ me to shmeÐo isorropÐac‰

� ; 0Ž tou (PPv2:2) ìtan k2 � 


� :

1. Na sumperˆnete thn Ôparxh diakl̂ dwshc stajer c katˆstashc apì to ˆk2; 0• gia k2 � 

� .

2. Na kataskeuˆste to diˆgramma aut c thc diakl̂ dwshc, na breÐte ton tÔpo thc kai na sumpe-
rˆnete thn jetik  asumptwtik  eustˆjeia tou ‰


� ; 0Ž, ìtan k2 � 

� .

'Askhsh 49. Sqetikˆ me to shmeÐo isorropÐac‰

� ; 0Ž tou (PPv2:2) ìtan k1 � 


� :

1. Na sumperˆnete thn Ôparxh diakl̂ dwshc stajer c katˆstashc apì to ˆk1; 0• gia k1 � 

� .

2. An kei h diakl̂ dwsh aut  se kˆpoia apì tic tupopoihmènec morfèc ;

'Askhsh 50 (O parˆdeisoc apèqei mìno merikèc selÐdec prˆxeic, ). Na apofanjeÐte sqetikˆ me ton
tÔpo thc diakl̂ dwshc Hopf gia to (PPv2:1), kai ˆra kai thn eu/a-stˆjeia tou Š


� ; � �
� Š1 � 


�k 1
• Š1 � 


�k 2
••

ìtan k1 � k2
2 � 


� , mèsw tou upologismoÔ thc posìthtac � thc sunj khc mh ekfulismoÔ.

Arijmhtik  epÐlush. Proqwrˆme sthn arijmhtik  epÐlush tou probl matoc, ìpwc faÐnetai
sto Sq ma 34 kai sto Sq ma 35, proc epal jeush twn apotelesmˆtwn mac, allˆ kai proc apˆnthsh
twn erwthmˆtwn mac.

Mˆlista ja katadeÐxoume ìti upˆrqei eustaj c oriakìc kÔkloc ìtan k1 � k2
2 A 


� , opìte dianjÐzoume
to Sq ma 33gþ to opoÐo paÐrnei plèon thn morf  tou Sq matoc 36.

Prˆgmati, parathroÔme apì to Sq ma 37 kai to Sq ma 38 ìti gia tim  tou k1 � k2
2 pou eÐnai men

megalÔterh tou 

� , {kontˆ} se autì de, upˆrqei monadik  periodik  lÔsh tou ( PPv2:2), tètoia ¸ste

h (kleist ) troqiˆ-elkust c thc opoÐac na brÐsketai {kontˆ} sto Š

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

•• kai na
to peribˆllei.

Prìkeitai dhlad  gia mia uperkrÐsimh diaklˆdwsh Hopf kai ˆra to Š

� ; � �

� Š1 � 

�k 1

• Š1 � 

�k 2

••

gia k1 � k2
2 � 


� eÐnai asumptwtikˆ eustajèc, ìpwc ˆllwste katadeiknÔetai kai sto Sq ma 34gþ.
ParathroÔme, tèloc, ìti o oriakìc kÔkloc exafanÐzetai gia kˆpoio k1 � k2

2 epark¸c megalÔtero
tou 


� , ìpwc faÐnetai sto Sq ma 38dþ.

Majhmatikì Upìbajro :

Oriakìc kÔkloc. 'Estw n � 2 kai autìnomo (PAT), to opoÐo gia kˆje y0 > S2 èqei monadik 
megistik  lÔsh, yˆ � ; y0• .

1. Kˆje (kleist ) troqiˆ, Ranˆyˆ � ; y0•• ø S2, miac periodik c lÔshc,yˆ � ; y0• , diamerÐzei ton ena-
pomeÐnanta q¸ro fˆshc se dÔo xènec sunektikèc sunist¸sec, thneswterik  kai thn exwterik 
sunektik  sunist¸sa tou S2 (pou h troqiˆ thc yˆ � ; y0• kajorÐzei), me touc profaneÐc orismoÔc
aut¸n.

2. Eswterikìc (exwterikìc) oriakìc kÔkloc lègetai kˆje kleist  troqiˆ, h opoÐa eÐnai apomo-
nwmènh apì opoiad pote ˆllh kleist  troqiˆ entìc thc eswterik c (exwterik c) sunist¸sac.
Oriakìc kÔkloc lègetai kˆje kleist  troqiˆ, h opoÐa eÐnai tìso eswterikìc ìso kai exwterikìc
oriakìc kÔkloc.

3. Upˆrqoun dÔo tÔpoi eswterikoÔ/exwterikoÔ oriakoÔ kÔklou:

i. O jetikˆ (arnhtikˆ) eustaj c , proc ton opoÐo kinoÔntai speiroeid¸c oi troqièc jetikˆ
(arnhtikˆ) olik¸n lÔsewn, plhsiˆzontˆc ton apì thn eswterik /exwterik  sunist¸sa,
kaj¸c t � ª (t � �ª ).

ii . O jetikˆ (arnhtikˆ) astaj c , apì ton opoÐo kinoÔntai speiroeid¸c oi troqièc jetikˆ
(arnhtikˆ) olik¸n lÔsewn, apomakrunìmenec apì autìn apì thn eswterik /exwterik 
sunist¸sa, kaj¸c t � ª (t � �ª ).

4. Upˆrqoun tèsseric tÔpoi oriakoÔ kÔklou:

i. O jetikˆ (arnhtikˆ) eustaj c , proc ton opoÐo kinoÔntai speiroeid¸c oi troqièc jetikˆ
(arnhtikˆ) olik¸n lÔsewn, plhsiˆzontˆc ton tìso apì thn eswterik  ìso kai apì thn
exwterik  sunist¸sa, kaj¸c t � ª (t � �ª ).
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Diˆlexh 6 Ì

(aþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me 3 �
103 ˆtoma � k1 @13 � 103 ˆtoma � k2 @


� � 15 � 103 ˆtoma.

(bþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me 8 �
103 ˆtoma � k1 @13 � 103 ˆtoma � k 1 � k 2

2 @

� � 15 � 103 ˆtoma @

k2 � 18 � 103 ˆtoma.

(gþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me
10 � 103 ˆtoma � k1 @ 15 � 103 ˆtoma � k 1 � k 2

2 � 

� @ k2 �

20 � 103 ˆtoma.

Sq ma 34: Arijmhtik  epÐlush tou ( P Pv2 :2 ) gia jetikoÔc qrìnouc kai gia diˆforec timèc twn k1 kai k2 , me� � 30

� qrìnoc � � 1 , � � 1 ‰103 ˆtomaŽ
� 1

� � qrìnoc � � 1 , 
 � 15 � qrìnoc � � 1 kai � � 1 ‰103 ˆtomaŽ
� 1

� � qrìnoc � � 1 .

ii . O jetikˆ (arnhtikˆ) astaj c , apì ton opoÐo kinoÔntai speiroeid¸c oi troqièc jetikˆ
(arnhtikˆ) olik¸n lÔsewn, apomakrunìmenec apì autìn tìso apì thn eswterik  ìso kai
apì thn exwterik  sunist¸sa, kaj¸c t � ª (t � �ª ).

iii . O eswterikˆ/exwterikˆ jetikˆ (arnhtikˆ) eustaj c kai exwterikˆ/eswterikˆ jetikˆ (ar-
nhtikˆ) astaj c , proc ton opoÐo kinoÔntai speiroeid¸c oi troqièc jetikˆ (arnhtikˆ) oli-
k¸n lÔsewn, plhsiˆzontˆc ton apì thn eswterik /exwterik  sunist¸sa, kaj¸c t � ª
(t � �ª ), kaj¸c epÐshc apì ton opoÐo kinoÔntai speiroeid¸c oi troqièc jetikˆ (arnhti-
kˆ) olik¸n lÔsewn, apomakrunìmenec apì autìn apì thn exwterik /eswterik  sunist¸sa,
kaj¸c t � ª (t � �ª ). Se autèc tic peript¸seic, o oriakìc kÔkloc lègetai hmieustaj c .

DÔo eÐnai oi susthmatikoÐ trìpoi melèthc oriak¸n kÔklwn,
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Diˆlexh 6 Ì

(aþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me 13 �
103 ˆtoma � k1 @15 � 103 ˆtoma � 


� @k 1 � k 2
2 � 18 � 103 ˆtoma @

k2 � 23 � 103 ˆtoma.

(bþ) Diˆgramma fˆshc gia diˆforec arqikèc sunj kec, me 15 �
103 ˆtoma � 


� @k1 � 18 � 103 ˆtoma @k2 � 28 � 103 ˆtoma.

Sq ma 35: (sunèqeia tou Sq matoc 34) Arijmhtik  epÐlush tou ( P Pv2 :2 ) gia mh jetikoÔc qrìnouc gia diˆforec timèc

twn k1 kai k2 , me� � 30 � qrìnoc � � 1 , � � 1 ‰103 ˆtomaŽ
� 1

� � qrìnoc � � 1 , 
 � 15 � qrìnoc � � 1 kai � � 1 ‰103 ˆtomaŽ
� 1

�

� qrìnoc � � 1 .

Sq ma 36: Sumpl rwsh tou Sq matoc 33gþ.

1. o ènac eÐnai hjewrÐa twn diaklad¸sewn Hopf, kai

2. o ˆlloc eÐnai h jewrÐaPoincar�e-Bendixson.

Diaklˆdwsh Hopf . H diaklˆdwsh aut  onomˆzetai, epÐshc, diaklˆdwsh Andronov-Hopf,  
diaklˆdwsh Poincar�e-Andronov-Hopf ,   diaklˆdwsh gènnhshc oriakoÔ kÔklou.

To genikì plaÐsio gia thn melèth diaklad¸sewn Hopf eÐnai parìmoio me autì gia tic diaklad¸seic
stajer c katˆstashc: 'Estw mÐa monoparametrik  oikogèneia autìnomwn (PAT) mef ˆ � • � f ˆ � ; � • >
C3ˆU � U‡ ; Rn • , ìpou U b S2 kai U‡ b R anoiktˆ. Se antÐjesh me ì,ti kˆname gia tic diaklad¸seic
stajer c katˆstashc, t¸ra sumbolÐzoume me y‡ ìqi mìno ta shmeÐa isorropÐac, all̂ kai ta shmeÐa
pˆnw se oriakoÔc kÔklouc. 'Estw, epÐshc, ìti gia kˆje � se perioq  gÔrw apì to � ‡ , to prìblhma
èqei èna memonwmèno shmeÐo isorropÐac (to opoÐo ja exartˆtai omalˆ apì thn� ). Ja to grˆfoume
wc y‡ � y„ � y„ ˆ � • .

Xekinˆme me to epìmeno basikì apotèlesma, h apìdeixh tou opoÐou basÐzetai sto je¸rhma pe-
plegmènhc sunˆrthshc.

Je¸rhma 51. 'Estw mÐa monoparametrik  oikogèneia autìnomwn(PAT) ìpwc parapˆnw, tètoia
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