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Eisagwg

An kai h Majhmatik Biolog-a jewre-tai arket s gqronh, dhap ton 120 ai,na o Fibonacci e-qe
eisag gei thn om,numh akolouj-a gia thn ep-lush en ¢ probl matoc sthn Oikolog-a. Gn,rise de
idia-terh njhsh ap ton 170 ai,na kai met , kat pin twn jemeliwd,n ergasi,n twn Newton kai
Leibniz ston Apeirostik Logism . Sugkekrimtna, tan ton 180 ai,na pou o Bernoulli eis gage
to epidhmiologik tou monttlo gia thn eulogi , 0 Malthus thn kentrik idta tou ekjetiko monttlou
a xhshc sthn Oikolog-a kai o Verhulst, ton 190 ai,na, to logistik tou monttlo. Ekt c ap

touc klasiko ¢ tome< thc Oikolog-ac kai thc Epidhmiolog-ac, h s ggronh Majhmatik Biolog-a
perilamb nei, metax  1lwn, thn meltth problhm twn ap thn Bioghmik Kinhtik , thn Genetik , thn
Kuttarik Biolog-a, thn Morfogtnesh, thn Ogkolog-a kai tic Neuroepist mec. Gia thn idia-terh
bar thta pou olotna apokt hdias ndesh Majhmatik , n kai Biolog-ac garakthristik c enai o t-tloc
{Ta Majhmatik enai to ep meno mikrosk pio thc Biolog-ac, all kal tero. H Biolog-a ehai h
ep menh Fusik twn Majhmatik,n, all kal terh} en c ekla keumtnou rjrou [11]. Sunoptik ,
o0 st qoc tou epist mona thc Majhmatik ¢ Biolog-ac enai h katan hsh, h montelopo-hsh kai h
meltth twn mhganism, n twn biologik , n Fainomtnwn kai h axiopo-hsh thc gn, shc aut c gia qr simec
probltyeic.

MAO®HMATIKH BIOAOTI'TA

/\

ATNAMIKA MONTEAA STATISTIKH ANAAYSH/STYMIIEPAXMATOAOTTA™

N

NTETEPMINIXTIKA YTOXAXTIKA™

N

YYNEXH ATAKPITA™

SAE MAE" % % 0 Aev o SudoryDefl.
sk 1 Qo yivel i vogn.

1 Oo O1daryOel av undpyel ypdvoc.

St qoc tou maj matoc: H parous-ash basik,n kai pio prowjhmtnwn mej dwn twn Diafo-
rik ,n Exis, sewn, Dunamik ,n Susthm twn kai Efarmosmtnwn Majhmatik ,n mtsw efarmog,n sth
Biolog-a.

Perieq meno maj matoc:

e Qronik monttla Oikolog-ac



Eisagwg

e Qronik monttla Epidhmiolog-ac [
e Bioghmik kinhtik [



Di lexh 1

Per-gramma Di lexhc

1. Stoige-a Majhmatik c Biolog-ac:

(a) To genik amig,c exeliktik pr blhma
(b) F seic meltthc tou probl matoc

2. Majhmatik Up bajro:

(a) Kal topojtthsh tou PAT
(b) Epektasim thta thc I shc kai megistik 1 sh tou PAT
(g) Omal thta | shc tou PAT

Stoige-a Majhmatik c Biolog-ac: Gia touc majhmatiko c, o jemtlioc I-joc gia thn ami-
g,c dunamik /exeliktik meltth en c¢ Fainomtnou (fusiko , ghmiko , biologiko , ktl) apotele- to
ant-stoiqo pr blhma arqgik,n tim,n (PAT, alli,c, pr blhma Cauchy). 'Ena PAT perilamb nei
d o stoige-a

1. m-a kat I'lhlh sun jhc diaforik ex-swsh (SDE), h opo-a anaftretai kai wc to monttlo, kai
2. ma argik sunj kh
kai anazhto me sun rthshy = (yi)i”:1 wc proc ton qr no pou taut qrona ja ikanopoie- ta parap nw.
'Eqei de, formalistik , thn parak tw morf

) =f(ty(t)); OIN H} (monttlo)
to) = Yo, (argik sunj kh)

(PAT)

pou | TR me to C1 CR, f=(Fi)L; kai yo = (Yo;)ir;, kat Ilhlo di sthma, sun rthsh Kai
shme-o, ant-stoiqa. K je diaforetik epilog tou ze gouc f kai yo genn Kkai tna diakekrimtno
PAT. Shmei,noume, tih argik sunj kh garakthr-zetai wc tttoia, kaj ,c thn gronik stigm to
Jewro me ti arg-zoume thn katagraf tou fainomtnou.
H austhr majhmatik en c (PAT) apaite- thn je,rhs tou se kat Ilhlo sunarthsiak q, ro.
Majhmatik epitrept c¢ sunarthsiak c q,roc gia thny apotele- 0

{y CC(1;R™) O mh tetrimmkno di sthma me tg 1l kai y diafor-simh sto | [({1g}};
ra gia to yp epitrept c g, roc enai o R" kai gia thn f o
{f0S; xS, -~ R"Oxy(l) [3; xS, CR™}:

Wst so, sto pla-sio thc montelopo-hshc en ¢ Fainomktnou, endeqomtnwe na pripei na epib loume
periorismo ¢ stouc parap nw epitrepto ¢ g, rouc. Gia par deigma, -swc na jtlame na koit xoume
ton [0; )" ant- tou R (mh arnhtik 1 sh), -swc

. @;w) me R[A<ty, [ae) meR A<ty (jetik olik I shy

(olik 1 sh);
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Di lexh 1

ak may CTX(I;R™) me k CN (mia sun rthsh y CC* kale-tai omal ). Sun jwec, gia tic | seic
twn amig, ¢ dunamik ,n problhm twn tou fusiko k smou apaito me

y CC(I;R™ n C1( Lo} ;R™); pou I mh tetrimmkno di sthma me to [T

kai ra
f CT(S1 xS, R); pou I xy(l) [S; xS, R

Gia praktiko ¢ I gouc, gnetai I goc gial shen cmonttlou/ex-swshc kai gien ¢ PAT, me thn
e kola ennoo menh tnnoia. Wst so, pwc enai mesa epalhje simo, pott m-a 1 sh en ¢ monttlou
den mpore- na e-nai monadik .

Kombik r lo sthn meltth twn PAT tqoun ta aplo stera dunat probl mata, dhlad ta gram-
mik . Grammik enai tna pr blhma ( monttlo) tan to ant-stoiqo monttlo ikanopoie- thn arqg
thc epallhl-ac, s mfwna me thn opo-a k je grammik ¢ sunduasm c opoiwnd pote, peperasmtnou
pl jouc, I sewn tou monttlou (dhlad to jroisma twn ginomtnwn k je I shc me tnan stajer
pragmatik arijm ) enai kai aut ¢ 1 sh tou monttlou. Wst so, aut apotelo n thn meioyhf-a, ka-
J ¢ monttla gia thn perigraf endiafer ntwn fainomtnwn enai sun jwc s njeta kai mh grammik .

Oi T seic meltthc en ¢ PAT enai oi ex c:

F sh Meltth

| Kal topojtthsh probl matoc kat Hadamard ( parxh, monadik thta, sune-
g cex rthsh ap taarqik dedomtna thc I shc) kai epektasim thta thc 1 shc
(olik  parxh 1 shc)

I E resh I shc se kleist morf

i An lush eust jeiac kai olik asumptwtik an lush

v Ex rthsh 1 shcap miapar metro kai asumptwtik an lush gia {akra-ec} timtc
thc paramttrou

Majhmatik Up bajro: Ed, parousi zoume ta basik majhmatik ergale-a gia thn F sh |
thc meltthc en c PAT.

Isod namh mor¥ twn problhm twn arqgik,n tim,n. Endeqomtnwc hmorf tou (PAT)
na Fant zei en pr,toic k pwc perioristik . Wst so, pwc ja do me amtswc parak tw, pr keitai
gia thn morf sthn opo-a mporo me isod nama na gr youme la ta probl mata pou empltkoun
diafor-seic miac metablht ¢

Pr,ta mwc ac do me k poiec basikLc tnnoiec. 'Estw n;m [T,

1. Gia dedomtna S; [R™(MDM kaj FOS; - R™, miay CT"(1;R™) tttoia ,ste
i. to I [R na enai tna mh tetrimmkno di sthma,
i, {(t; y(t) :; o d e Y (1)) O xROMDMY [T, Kkai
i. F(ty(); ‘;{(t)"::; = () =0, giak jetCT,

onom zetai I sh thc SDE n-ost ¢ t xhc genik ¢ morf ¢ tou shme-ou iii.. Epiplton, gia
dedomtna to Il kai {yoj }J'f:0 [R™, to ant-stoiqo pr blhma argik,n tim,n apotele-tai ap thn

parap nw SDE (gia k je t 1 [{Ip}) se sunduasm me thn argik sunj kh ?;tj (to) = yoij,
gla k Je_l IJO ..... }

2. Gia dedomtna S, CR™™ kai fOS, ~ R™, miay CC"(I;R™) tLtoia ,Ste
i. to | (R na enai tha mh tetrimmtno di sthma,
. {(t y(); L) St (t)) 1 xR"M} [S,, kai

a () =FEy®); S Yy S (1)), gia k je t O,

onom zetai I sh thc SDE n-ost ¢ t xhc lumktnhc morf ¢ tou shme-ou iii.. Epiplton, gia
dedomtna ty [ kai {yoj} 1 R™, to ant- -stoiqo pr blhma argik,n tim,n apotele-tal ap thn

parap nw SDE (gla k jet 1 [{1p}) se sunduasm me thn argik sunj kh dtj Y (to) = Yo;j,
giak jej 0;:::;n-1}.



Di lexh 1

To tihpr,thmorf en c probl matoc argik,n tim,n perilamb nei thn de terh enai profa-
ntc. Isq ei mwc kai to ant-strofo tan ikanopoio ntai oi upojtseic tou jewr matoc peplegmtnhc
sun rthshe, k ti pou llwste isq ei tic periss terec fortc stic efarmogtc.

T,ra, k je pr blhma arqik,n tim,n pou perilamb nei m-a SDE n-ost ¢ t xhc genik ¢ ( lu-
mtnhc) morf ¢ ston R™ enai isod namh me tna ant-stoiqo pou perilamb nei m-a SDE lhc t xhc
genik ¢ ( lumtnhc, ant-stoiga) morf c ston R"™. Pr gmati, perioriz menoi gia suntom-a sthn
per-ptwsh twn SDE lumktnhc morf c - oi opo-ec llwste mac endiaftroun sto par n s ggramma -
tqoume ti,ann=2, t te ta probl mata

Y o — g oren Y o d"ly ..
RO =Fy®; 0 o () [ Hio)
}/(to):YO;j; 0gId0;:::;n-1};
me y CC(1;R™) n C1(1 (It} ;R™) kai
(t) = zj+1(b); Om Cae}; 001 :::;n-1}

It
t0) = (Yo:i)mg':

me z CC(I;R™) n CL(I {1p};R™™), enai isod nama, kaj ,c
j n-1
eanyenail shtoupr,tou, t tehz= % o enai 1 sh tou de terou, kai
i=
e anzenai | sh tou de terou, t te hy=2; enai I sh tou pr,tou.

Wc suntpeia thc anwtkrw isodunam-ac, h genik jewr-a diatup,netai sqed n apokleistik gia
(dianusmatik ) SDE 1hc t xhc.

AntistroFf qr nou. Poll ap tabasik apoteltsmata aforo n qr nouc sthn dexi hmieu-
je-a (mtllon). Parajttoume to parak tw pou mac epitrtpei thn qr sh touc kai gia qr nouc sthn
arister hmieuje-a (parelj n).

Je,rhma 1 (antistrof qgr nou). H y;01 - R™ ikanopoie- thn

dy

— =f(ty@®);

& O =FEYO);
pou FOS; xS, - R"me I xy(l) 3, xS, CRxR", an kai m no an h

yoO-1 - R"
s LYaL(s) Eyi(-s)

ikanopoie- thn

Y0 =gty

g Y T 9EYR)
pou

g{(s;x) [R x R"(-s;x) (om(f)} - R"
(s;x) [Cgk;x) B —F(-s;x):

Kal topojtthsh probl matoc kat Hadamard. 'Ena PAT enai kal topojethmtno
tan ikanopoio ntai oi ak loujec sunj kec:

1. 'Uparxh I shc.
2. Monadik thta 1 shc.

3. Suneq c ex rthsh thc | shc ap ta arqgik dedomtna.

5



Di“lexh 1

Topik Oparxh. H anaz thsh topik™ miac IOshc ebnai to akrogwniaboc IDjoc thc meléthc enic
PAT.

Je,shma 2 (Peang. An h f ebnai suneq c sto anoigtiU; U, b R R", tite | “to;yoe > Uy U
§ topik™ toulgiston mia IOsh y tou (PAT) . Sugkekriména, Dom’ye ¢ I, ipou | anoigti di’sthma
meto >1, kai to opoPo prosdiorDzetai we ex ¢: 'Estwy  >"0;2 «, tétoia, ,ste na isqOei

™Mgxe>U; UpTS B kail & yoB 2 B, g U Uy
Jétontac

M~™; o sup™ t;xeSTt;x*>B"; <ZKkai min ce;

telik™ orbzoume
I ™>RT$S t,S@ Z:
Epektasimithta kai olikithta 1Oshc. 'Estw y | R" mia IOsh tou (PAT).
1. Mia sun“rthsh ¢ Dom™f¢e R" légetai epéktashthc y ann
i. Dom™ye di"sthma, tétoio ,ste Dom"ye c I,
i. 99 vy, kai
iii. hy ikanopoieb thn antbstoigh diaforik exBswsh std.
2. Hy légetai megistik ( mh epekt’simh ann to | ePnai to mégisto di"sthma Oparx c thc.

3. Hy légetai jetik™ (arnhtik”) olik annDom"ye ¢ tg;® « (Dom™ysc~2 ;tg). Hy légetai
olik ann ebnai tiso jetik™ iso kai arnhtik™ olik .

Je,rhma 3. 'Estw f sunegc sto anoigti U; U, bR R".
i. Any ePnai mia IOsh toPAT) , tite p'nta up“rgei h megistik thc epéktash.
ii. 'Estw | to di"sthma Oparxhc miac megistik ¢ IOshc tou (PAT) . Tite
dist™” t;y tee ; @U; Uyee 0; kaj,c dist"t;@e O:
Api to Jeirhma 3 épetai iti mia IOsh y ebte up™rgei gia kljet > to;2 «, ebte iti up‘rqei T @
etsi, ,ste h IOsh up“rgei mino gia t> tg;Te. Se aut thn teleutaba perbptwsh, isqOei iti
g

: eDtetIirp dist™ t;y"tee ; @U; Usee O0;
I
?éeE)te h I1Osh ekr gnutai stot T; dhlad tIinT1 §teS 2 :

Mlista, an n 1 kai jeloume na debxoume iti mia IOgrorDzetai s éna di’sthmatg;2 «, mporoOme
- upi to prbsma tou Jewr matoc 3 - na ergastoOme wc ex c: 'Estw iti hf ebnai suneq c sto
“;2 e " bbb, me @,p. TozhtoOmeno épetai an kataféroume na apodeDxoume iti isqOei

§°teSBC @b; | t Cto gia to opoPo orDzetai i:

IsqOoun kai ta antbstoiga twn parap™nw gia grinouc mikriterouc tou to. Sth sunégeia parousi-
“zoume éna polOtimo ergalePo gia thn exagwg diafirwn ektim sewn ipwc h parap™nw, h opobPa ja
mac d_sei thn olikithta thc antbstoighc IOshc. Pabzei de, metaxO “llwn, ousiastiki rilo kai sthn
apideixh thc monadikithtac thc IOshc tou (PAT) (bl. Je,rhma 7 parak'tw).

Je,rhma 4  (anisithta tou Gronwall). 'Estw h, g kai u sunart seic | R, ipou | di"sthma thc
morfc a;® -, a;b, a;b tou R. Upojétoume iti h g kai h u ebnai sunegebc kai iti to arnhtiki
meérod thc h ePnai oloklhr simh sun’rthsh se k'je sumpagéc uposOnolo tou |.

1Upenjumbzetai iti to arnhtiki méroc miac sun“rthshc g, g , orbzetai wc

$ g'te; ant @0

1
13 . B A
a 0; diaforetik™ :

g "t



Di“lexh 1

i. An h g ebnai mh arnhtik kai hu ikanopoieb thn oloklhrwtik anisithta

t
U'te Bh"te g g'seu’seds; | t>I;
a

tite
t t

- . ~ .~ RG «d
u'te Bh"te g h™seg sees ds; | t>1:
a
ii. An, epipléon, hh ePnai aOxousa, tite
t

R R RQ seds
ute Bh'teea >l

'Etsi, se mia antiproswpeutik efarmog tou Jewr matoc 4, jewroOme to (PAT) kai upojétoume
iti @gei monadik 10sh. 'Estw iti h f ikanopoieD thisunj kh grammik ¢ an"ptuxhc

$7t;x*SB &S | t>R;

ipou ; jetikéc stajeréc. Tite h IOsh tou (PAT) den ekr gnutai se (peperasméno grino). Gia
thn akrbbeia, mporoOme na deBxoume to parak’tw.

Je,rhma 5 (sunj kh grammik ¢ an“ptuxhc) . 'Estw f suneq c sun’rthsh sto anoigti  U; Uy,
mh tetrimmeéno di"sthmal b U; kai ; | 0;2 « tetoiec ,ste

$7°t;xeSB “te TteXS | "tixe >l Uy
Tite gia k'je megistik IOsh tou  (PAT) , y, me’to;:yo* >l Uy, isqQei iti
Dom“ye c I:

'Oson afor™ thn apideixh tou Jewr matoc 4, sthrizimaste sto akiloujo, pol® basiki kai
eOqrhsto, apotélesma, gia to opobPo imwc pr.ta greiazimaste mia jemeli.dh énnoia, aut thcsun-
j khc Lipschitz (, allic, Lipschitz sunégeiaq. 'Etsi, éstw S R" mia sun’rthsh, ipou
S b R™. Jumbzoume pwc leme iti h ikanopoieD sunj kh Lipschitz, ann up’rgei jetik stajer”

L L"Se, tetoia ,ste
S™Xz¢  "X1*SBL &, X18 | X1;%X2 >S;

en, leme iti h  ikanopoieb topik™ sunj kh Lipschitz, ann gia K'je sumpagéc b S up’rgei jetik
stajer” L L~ e, tétoia ,ste

S7Xpe "X1*SBL &, X183 : X1;Xo >

GenikeOontac, éstw S; S, R" mia sun’rthsh, ipou S; S; b R™ RM™2, Leme iti h
ikanopoieb sunj khLipschitz wc proc x, >S,, ann up'rgei jetik stajer™ L L™S; Sye, tétoia
ste
S™X1;X2;10 TX1:X2;2°SBL K21 X2:28 | "X1;X2;10 5 X1 X220 >SS,
en, léme iti h  ikanopoieb topik™ sunj kh Lipschitz wc proc X, > S,, ann gia k'je sumpagéc
bS: S up’rgeijetik stajer” L L™ e, tétoia ,ste

STX1; X210 TX13X2;2°SBL So;1 X2,28 | TX15X2;10 5 X1 X200 >

Gia par"deigma, an mia sun’rthsh egei suneqebc pr,tec merikéc parag,gouc wc proc k"poia poludi-
“stath metablht , tite ikanopoieb topik™ sunj kh  Lipschitz wc proc aut thn metablht .

Je,rhma 6 (méjodoc thc sOgkrishc). 'Estw f suneq ¢ sun’rthsh, sto anoigti  U; U, pou
ikanopoieb topik™ sunj kh Lipschitz sto U; U, wc procx >U,, mh tetrimmeéno di"sthmal b U; me
to>l kaiy; | R"IOshtou (PAT) . Any, | R" ikanopoieb tic anisithtec

¢ dy,

v —=="te Bf "ty tee

::: d’t\ Y2

& Y2 to* Byo;

tite
y2"te Byi"te; 1 t>19 tg;® o

7



Di“lexh 1

Monadikithta. To basiki apotélesma wc proc thn monadikithta IOshc tou (PAT) emplékei
thn énnoia thc topik ¢ sunj khc Lipschitz, ipwc fabnetai parak™tw.

Je,rhma 7 (Picard-Lindebf Cauchy-Lipschitz). An h f ebnai suneq c sto anoiqti U; U, kai,
|~

epipleon, ikanopoieb topik™ sunj kh Lipschitz sto U; U, wc procx >Uy, tite | “to;yoe >U; Uy,
8! topik™ IOsh tou (PAT) .

Up“rgoun di“forec genikeOseic, ison afor™ thn upijesh iti h f ikanopoieb topik™ sunj kh
Lipschitz, oi opoPec exasfalbzoun thn monadikithta twn IOsewn tou (PAT). Oi pio shmantikéc
dbnontai sta akilouja:

Je,rhma 8. An h f ebPnai suneq c sto anoiqti U; U, kai, epipléon, gig K'je sumpagéc bU; U,
up’rgei oloklhr ,simh sun’rthsh L wc proct >U; tétoia, ,ste na isqOei

$7t;x1e FIEXeSBL “teSXp X2S| Ttixge;Ttixoe >
tite, ! “to;yo* > , 8§ IOsh tou (PAT) .
Je,rhma 9 (Osgoog. 'Estw ; >"0;2 « kai f suneq c sto orjog,nio
B ;:t g;Yor TExe>U; U, TS t,B kai & yoB * gR R™:
'Estw, epipleon, iti h f ikanopoieb thn sunj kh
$7tx1e fIEX20SB "Xy XpSe) "tixaeTtXae >B7 it olYoo;
ipou ebnai mia suneq ¢ kai aOxousa sunrthsh sto’0; , me AO, tétoia ste

: . 1
lim "se Okaig —ds 2:
s O 0 Se

Tite, ! “to;yo* >B"; ;t o;Yyo*, 8! [Osh tou (PAT) .

Profan,c, an “se Ls sto Je,rhma 9, tite pabrnoume thn sunjkh Lipschitz. Mia “llh
gr simh epilog ebnaih "se Ls #sS

Je,rhma 10 (Nagumo). 'Estw ; >70;2 ¢ kai f suneq ¢ sto orjog,nio
B ;;t oiYor Ttixe>U; UpT$ toB kai & yoB *oR R":
'Estw, epipleon, iti h f ikanopoieb thn sunj kh

1 X2S

$7t;x10 T t;x2°SB ;
X1 X2 3 tos 1

“tX10;7t X0 >B7 5t o) Yoo!

Tite, ! “to;Yo* >B”; ;t o;Yo*, §! IOsh tou (PAT) .
Suneq ¢ ex'rthsh api ta dedoména. JewroOme to (PAT) kai upojétoume iti
i. hf B™;;t o;yo* R ebnaisuneq c kai fragménh sto orjog,nio
Bt o;Yor Ttxe>U; UxT$ tpB kai & yoB < gR R"

kai isqOei
$°t;xSBM; | “t;xe>B"; ;t o;Yo°;

ii. hf ikanopoieb topik™ sunj kh Lipschitz sto B™; ;t o;Yo* Wc proc x >U,, dhlad
$°t;x1e fTt;X2SBL &1 %28
Upi tic anwtérw upojéseic, gnwrbzoume iti to (PAT) égei monadik 10shy t;tq;yoe.

8



Di“lexh 1

Je,rhma 11 (suneq c ex’rthsh api to  yp). 'EStW Yo.1;Yo:2 >R", tetoia, ,ste

o1 YO;2$§:
An isqQOei
$ toS@min> ; — ;
0 oM
tite égoume
$tto; Yo Y'titoYo2*SBFoa Yoo ST %

Je,rhma 12 (suneq c ex'rthsh api to tg). 'Estw tg.1;to.1 >"to ;to °, tetoia ste

0@o2 to1 @
M
'Estw, epipleon, “tq ;to e c | to pedbo orismoQ thc IOshyAt;to;j Yo, gia j 1;2, kai
| 1:915. Tite ISC]OEI iti tO;l;t0;2 bl kai epipléon
Ftto1; Yoo V' tto2;Yo'SBM "t toqe et ™Mn T t0nSS toSe
Je,rhma 13 (suneq c ex’rthsh api thn f). 'Estw f;f, sunegebc sunart seicB™ ; ;t o;Yo*
R". Upojétoume itisto B"; ;t o:yo* isqOoun ta akilouja

$1 X SBM; $17txe o7t xeS@' kai $,°t;x1e fo t;x,*SBL &1 X8

gia M;";L AO. 'Estw y;, mia IOsh tou (PAT) mef; sthn jésh thc f kai Yo h monadik 1Osh tou
(PAT) mef, sthn jeshthc f kail b"ty ;to <« to koini pedbo orismoO tw , ;y:,, metg >1.
Tite "

$r,te yr, teSB E%aL$ WS 17: 1t >1:

Omalithta 1Oshc. To epimeno apotélesma ebnai "mesh sunépeia tou kanina thc alusbdac.

Je,rhma 14 (diaforisimithta twn IOsewn) . 'Estw (PAT) to opoPo égei IOsty I R" kai
f >CK*I;y"les, mek >N. Tite y>CK 1"|e.

Amesa épetai api to parap™nw iti an f ePnaomal , dhlad f >C" , tite kai h y ePnai omal ,
dhl. mporoOme na jewr soumlke >N.

Omal ex’rthsh api thn exBswsh. Upi to prBsma tou Jewr matoc 14, mporoOme na geni-
keOsoume to Je,rhma 13 wc akoloOjwc (paraleDpoume tic leptoméreiec the diatOpws ¢ tou).

Je,rhma 15 (diaforbsimh exrthsh api thn f). Upi tic upojéseic tou Jewr matoc 14 se sun-
duasmi me monadikithta thcy, épetai iti h y exarttai me CX ! tripo api thn f.

Me to Je ,rhma 15 mporoOme na proseggbsoume thn monadik 1Osh tou probl matoc gOrw api
thn argik tim , mésw thc monadik ¢ IOshc probl matoc to opobPo égei gia sun’rthshf tou dexioO
meélouc tou montélou tou to t"xhc k polu,numo Taylor thc f tou argikoO probl matoc.

Téloc, h parap™nw énnoia exeidikeOetai kat™ ton profan tripo kai sthn omal ex’rthsh thc
IOshc api thn f.






Di"lexh 2

Perbgramma Di’lexhc

1. Stoigeba Majhmatik ¢ Biologbac

Dunamik™ montéla enic plhjusmoO:

(ap) Ekjetiki montélo, montélo Malthus
(bp) Logistiki montelo, montélo Verhulst

2. Majhmatiki Upibajro

(ap) Diakritopobhsh mesw thc mejido&uler
(bp) Autinomo PAT
(gb) Anlush eust’jeiac autinomou PAT: Basikéc ennoiec

Stoigeba Majhmatik ¢ Biologbac :  Gia thn meléth thc dunamik ¢ tou pl jouc sunilwn
“tmhtwn stoigePBwn, p.g.: émbiwn organism,n, ghmik,n morbwn, atimwn ghmik,n stoigebwn, k.a., ja
tan orji na grhsimopoioOme sunart seic thc morf ¢

N I No . o .
£ Nt ; gia mh tetrimmeno di"sthmhb R;

pou antiproswpeOoun to pljoc enic upi meléth tétoiou sunilou mésa sto grino. Ja jélame

wstiso na eDmaste se jésh na gqrhsimopoioOme ta panbsqura ergaleDa tou ApeirostikoO LogismoO gia

th meléth twn sunart sewn aut,n, prigma pou kajbstatai apagoreutiki ligw tou iti Ran"Ne b Ng.

An t ra upojésoume iti oi plhjusmoD ebnai exarqc, endeqoménwc na gbnontai sthn porePa, polO
megalOteroi se sgésh me ta gronik™ diast mata gia ta opoPa touc melet'me, tite mporoOme na

jewr soume exarg c iti Ran"Ne+ b 0;2 «, qwrDc na k'noume meg’lo sflma itan proseggbzoume
“je stoigePo tou me ton eggOtero fusiki arijmi. MPa tétoia upijesh ja gbnetai se ila ta montéla

diaforik,n exis,sewn gia thn dunamik meléth tou pl jouc tétoiwn sunilwn, akima kai qwrbc na

anaferetai rht".

Sunegéc ekjetiki montelo ( Malthus , 1798). 'Estw N"te o plhjusmic enic eBdouc kat
th gronik stigm t. SOmfwna me ton nimo toMalthus, o rujmic metabol ¢ tou N ePnai an’logoc
tou N, dhlad

dN

— IN; 1

at 1)
ipou r >R ebnai h stajer” analogbac, pou dbnetai api th sqésh me; CO na parist'noun

th stajer” gonimithtac kai jnhsimithtac, antbstoiqa. H anexarthsba twn parap™nw stajer,n

api ton grino, mporeb na ermhneuteb wc ex ¢: O plhjusmic ePnai apomonwmenoc kai to perib’llon
autoO amet™blhto. Mlista, api aut thn anexarthsPa, se sunduasmi me ton orismi twn parap™nw
stajer,n, mporoOme na jewr soume iti:

" entic miac mikr ¢ gronik ¢ periidou, m kouc h, kje organismic genn”, kat” meéso iro, h
néouc organismoQOc.
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Di"lexh 2

entic thc Bdiac qronik perbodd, k’je organismic pejabnei me pijanithta h .
To antBstoiqo PAT ePnai to ex &:

Me dedomeénbdl, CO, anazhtoOme di*sthmd b R me0>| kai sun’rthsh
N | 0;2 », tétoia ,ste h N na ikanopoieb tiso thn exbswsfi) sto | ~0e, (exp)
iso kai thn argik sunjkh  N"0e No.

H monadik , olik kai omal 1Osh tou grammikoO exp) ePnai h
Nt Nge' tP:!t>] R: 2)

'Otan r A0 anaferimaste se {ekjetik aOxhsh} (p.g. kroOsmata tou COVID-19), itan r @0 léme
iti h 10sh {fjbnei ekjetik’} (p.g. radienerg di’spash), en, itan r 0 h IOsh ebnai stajer (Psh
meNg) (bl. Sq ma 1).

UpOJetoume gwrbc blI"bh thec genikithtac, iti o plhjusmic aux’netai, “ra iti (ta eukilwe
ennooOmena antBstoiga sumper’smata ja isqOoun kai gia thn perDpiwg).

(ap) Graf mata gia stajeri N kai di*forec timéc tou r >R.  (bp) Graf mata gia stajeri No kai di*forec timéc r AO.

Sqg ma 1: Grafik par’stash thc (2) wc t.

Parilo pou ePnai idiabtera aplousteutiki, kaj,c jewrebtai iti h plhjusmiak aOxhsh gbnetali
gwrbc kanénan periorismi (profan,c mia mh realistik upijesh), to montélo auti dbnei ikanopoihtik™
apotelésmata gia periorisménec gronikéc periidouc.

Ac doOme éna sugkekriméno par"deigma: me b’sh dhmografik® dedomeéna, to étoc 1961 o pa-
gkismioc anjr,pinoc plhjusmic tan 3.060.000.000 “toma, en, 0 mésoc et sioc rujmic aOxhs ¢
tou kat™ th dekaetba tou 1960 (dhlad 1961-1970) tan 26. 'Etsi, sOmfwna me thn (2), €gqoume

N"te 306 10' %02t 1961-. (3)

To ekjetiki montélo dbnei ikanopoihtik™ apotelésmata gia to di"sthma 1750 - 1961, ipwc prokOptei

an ta sugkrbnoume me ta (pragmatik™) dhmografik”™ dedomena tou pareljintoc. To Bdio sumbabnei

an sugkrbnoume to apotelesma thc (3), p.q. gia to etoc 1983, me ta tite pragmat|k‘ dhmografik®

dedomeéna. 'Etsi mporoOme na jewr soume iti gondrik” to montelo ekjetik ¢ aOxhshc éqgei axiopistba
200 grinia perb totg 1961

Ac doOme ti gbnetai ektic tou diast matoc axiopistbac. To embadin thc epif'neiac thc Ghc ePnai
1728 10 tetragwnik™ métra, en, to pososti k’luyhc api neri (wkeanoB, j'lassec, IPmnec, pota-
mob) ePnaPB0AN k™ noume pribleyh me to monteélo ekjetik ¢ abxhshc gia to étoc 2222 prokOptei
iti ja antistoiqoOn 61 tetragwnik™ métra steri"c an” “tomo, en, to étoc 2630 ja antistoigeD 1
tetragwniki métro steri’c kai udtwn an” “tomo!!! OmobPwc, sOmfwna me to montélo ekjetik ¢ a-
Oxhshc, o anjr,pinoc plhjusmic sth Gh to étoc 1300 éprepe na tan 5550 “toma, en, to 903 (m.Q.)
éprepe na tan 2 “toma - opite m’jame kai pite emfanBsthkan o Ad'm kai h EQa

Hjiki dbdagma akima kai ta aplodk™ montéla mporeb na ebnai gr sima, arkeb na lamb™noume upiyh
mac ta diast mata axiopistbac touc!

Prin klebsoume aut thn par grafo ac doOme upi éna pio formalistiki prDsma ta parap™nw
paradeDgmata. Katarq'c, parathroOme iti gia argik sunjkh Ng 0 h IOsh tou (exp) ePnai h
stajer mhdenik sun“rthsh N 0. T,ra, aut h eidik 10sh éqei thn ex c idiithta: gia mia
opoiad pote argik sunjkh Ng x 0, h antBstoigh 10sh

2Me AX sumbolbzetai to eswteriki tou sunilou  A.
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" {plhsi"zei} thn mhdenik sun’rthsh, kajjc t 2
"~ {apomakrOnetai} api thn mhdenik sun’rthsh, kajc t @ .

Me autin ton apli tripo, égoume mia adr , all” periektik , plhrofirhsh gia thn sumperifor™ twn
IOsewn tou (exp). Parak’tw (bl. logistiki montelo) ja doOme p,c brDskoume kai p,c garakth-
rbzoume tétoiec IOseic, ipwc h mhdenik gia texp), oi opobec féroun shmantik plhroforba gia to
ek’stote PAT, qwrbc wstiso na mpaPnoume sthn diadikasPa na to I0soume.

Askhsh 16.  EpalhjeOste to sumpérasma tou metasghmatismoQ antistrof ¢ grinou giato (exp).
P.c anairebtai h antistrof aut mésw allag ¢ sto prishmo thc stajer"c r;

Diakriti ekjetiki montélo. Ta diakrit™ dunamik” probl mata ePnai eOkolo na katanohjoOn
kai na epexergastoOn. EndePknuntai gia prosomoi, seic se upologist kai ePnai sugn” kat'llhla gia
th montelopobhsh peiramatik,n dedoménwn pou ebnai sqedin p°nta diakrit™. Epipléon, apl” tétoia
probl mata me ligiterec metablhtéc api tic antbstoigec suneqoOc grinou, mporoOn na anaparistoOn
apitomec allagéc stic katast™seic tou sust matoc kai endeqoménwc qaotik sumperifor™ (wstiso
aut h optik den ja mac apasqol sei stic paroOsec dialéxeic).

To an’logo diakriti montélo tou suneqoOc ekjetikoO ePnai to (bl. '‘Askhsh 17)

Nk 1 "1 rheNy; | k>Np; gia stajeri h me0 @&F 1 4)
Gia na susqetbsoume thn (4) me thn (1), jétoume
m 1 rh;

kaj,c epPshc orbzoume viton meéso iro paragwg ¢ néwn organism,n tou ek’stote organismoQ se
“je epimeno groniki b ma?® kai wc s thn pijanithta epibPwshc tou ek’stote organismoO se k’je

epimeno groniki b ma. Tite, afoO - ipwc dh égoume dei gia to sunegéc montelo - o arijmic twn
genn sewn entic mikroO gronikoO diast matot ebnai perbpdaN , sumperabnoume iti

b,

H
Sumplhrwmatik™, o arijmic twn jan“twn  hN  prépei na isoOtai me ton arijmi twn organism,n pou
den epibi,noun, dhlad "1 s Ny, to opobo mac dbnei iti

1 s,
R

‘Ara
m 1 ° h b s:

'Etsi, h perbptwshr AOQ, dhlad A , antistoiqgeb sthnb s A1, dhlad m A1, h opoba ebnai h
sunj kh gia ekjetik aOxhsh (antbstoiga gia thn perBptwsh ipou r @0). Prigmati, dedoménhc miac
argik ¢ tim ¢ N, mporoOme epagwgik™ na sumper’noume api thn (4) iti

Ni  m*No; | k >No;
kai étsi egoume
m @1 I(lin;l Nk O
mAl k””a‘ Nk 2 (5)
m 1 Ng Ng;

sunep,c katal goume sta Bdia sumper“smata me aut™ tou suneqoOc montélou.

Sto Sq ma 2 dePgnoume mia polO gnwst grafik diadikasPa, gnwst wagjodoc tou istoO thc
argnhc, gia thn kataskeu twn epanal yewn enic diakritoO monteélou. Tiso gia m A1 iso kai gia
m @1, h diadikasba ermhneOei ton mhganismi thc ekjetik c abOxhshc mebwshc, antbstoiga.

‘Askhsh 17. EpalhjeOste thn (4) me b’sh to antDstoigo apotélesma sto Majhmatiki Upibajro.

SMlista b B $,ipou B ebnai o mésoc arijmic twn apoginwn tou ek’stote organismoO se k’je epimeno groniki
b ma kai $ h (stajer gia ilouc) pijanithta epibBwshc twn apoginwn sto epimeno groniki b ma/anaparagwgik
perbodo.
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(ap) Perbptwsh m A1l. (bp) Perbptwsh 0 @m @1.

Sqma 2: Grafik kataskeu - me thn  meéjodo tou isto® thc argnhc ( cobwebbing method) - thc akoloujpac gia

to diakriti montelo tou  Malthus (4) mem 1 rh, pou debgnei ta apotelesmata (5). H diadikasba ebnai h ex c:
xekin,ntac api to N ston orizintio "xona, féroume k’jeth sto shmebo "No;mN g, h tetagménh tou opobou ebnai
to Nji. Brbskoume to N; ston orizintio "xona sgedi"zontac éna orizintio tm ma api to “No;mN e sth digotimo
gwnbac twn axinwn. P rame étsito N api to N mésw tou katakirufou tm matoc sto gramm Nk 1 mNyg kai to
orizintio tm ma sthn eujePa Ny ; Ny. MporoOme sth sunégeia na p“roume to N2 api to N1 me thn Bdia diadikasba
kai sunegbzontac tic upiloipec timéc Ng3;Ng4;:::

Sunegéc logistiki montélo ( Verhulst , 1838). 'Eqontac parathr sei iti 0 nimoc tou
Malthus (1) parousi"zei ta probl mata pou anaférame, progwr'me me to na antikatast soume
th stajer™ r me mia sun’rthsh touN. 'Etsi prokOptei énac polO genikic nimoc plhjusmiak ¢
metabol ¢
dN
dt
ExeidikeOoume ton nimo auti me to na upojésoume itirAN « sumperiféretai wc ex c:

r"NeN: (6)

¢ ebnai perbpou Bsh me mia jetik staj; gia {mikri} N;

i fibnei; itanto N ebnai {sqetik™ meglo};
& ebnai arnhtik; gia {arket” meg’lo} N:

H aploOsterh sun’rthsh me autéc tic idiithtec ebnai h
r"Ne r 9%N;ipou %jetik stajer”.

'Etsi prokOptei h legimenh logistik exBswsh ( exBswsh touVerhulst)

d—N “r %N N;
dt
h opoba sun jwc grifetai sth morf
dN 1
— N <1 =Ne; 7
dt ok %

ipou h jetik stajer” k ¢, legetai férousa ikanithta ( eprgdo koresmoQ, qwrhtikithta)
tou perib“llontoc kai ebnai to mégisto mégejoc bi,simou plhjusmoO tou upi meléth ebdouc pou to
perib’llon mporeb na uposthrbxei. O irodN mporeb na qarakthrisjeb wc {rujmic an”ptuxhc}, en,
oiroc N2 wc {rujmic jan“twn}.

H (7) ebnai mia sun jhc diaforik exPswsh qwrizoménwn metablht,n (ebnai epbshc kai diaforik
exbswsIBernoulli). To antbstoiqo PAT ebnai to ex c:

Me dedoméndl, CO, anazhtoOme di*sthmd b R me0>| kai sun’rthsh
N | 0;2 o, tetoia ,ste h N na ikanopoieb tiso thn(7) sto | ~0e, iso kai )
thn N"0» No.
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MporoOme de na broOme IOsh to) ée kleist morf wc ex c

kNo il R (8)

NAt. 1
Ng "k No-e“ :

Mlista, h 10sh (8) ePnai monadik gia to (). Prigmati, jewroOme to genikitero tou ( *) bohjhtiki
PAT:

Me dedomeénbl, >R, anazhtoOme di*sthmd b R me0>1 kai sun’rthsh
N | R, tetoia ,ste h N na ikanopoieb tiso thn(7) sto | ~0e, iso kai thn ch
N~0s No.

H diafor” metaxO twn dOo aut,n problhm™twn égkeitai mino we proc thn je,rhsh tou epitreptoO
sunilou tim,n gia thn 10sh. K'nontac gr sh twn basik,n apotelesm™wn, ex"goume Oparxh,
monadikithta kai omalithta megistik ¢ kai suneq,c exart,menhc api ta arqik” dedoména IOshc

N' " "3;"s+ R;ipou 0@"1;"; B? ;

giato (") (bl. 'Askhsh 18), h opoPa, profan.c, den mporeb na ePnai “llh api thn (8). ‘Ara, intwc
h (8) ebnai monadik kai gia to').

T ra, ebnai profanéc iti

“anNg O, tite N O

anNg Kk, tite N k.

T anNg>"0;2 « “ke, tite

$a . i
o Yoitan Noax . A fan No €
lim N"te | . ipou T & kLT i
t T 52 5 itan No Ak @Sl g-e f 5 Mtan No Ak
o]
kai
t"”J N7te k:

Dhlad oi N1 Okai N, k ebnai stajerec IOseic tou (). Epbshc, gia k'je Ng >70;2 « ~“ke h
tim N“te thc IOshc N tou () égei sugkekriména thn ex ¢ sumperifor™:

" kajc t T,
anNgo @k, tite tebnei asumptwtik™ (kai m”lista ekjetik”) proc thntim 0 thc antbstoighc
stajer c IOshc N; 0.
an Ny Ak, tite h IOsh ekr gnutai.

" kajc t 2, tebnei asumptwtik® (kai m’lista ekjetik’) proc thn tim  k thc antbstoighc
stajerc IOshc Nj k.

Auti shmabnei iti,
" sto pareljin,

prin api arketi grino, o plhjusmic tan kontinic sto 0, an Ng @k,

prin api IDgo grino, o plhjusmic tan polO meg’loc, kai profan,c makri® api thn
ferousa ikanithta k, anNg Ak,

" sto mellon, met™ api arketi grino, o plhjusmic ja ebnai kontinic sthn ferousa ikanithta
k, kai profan,c makri” apito 0O,

anex’rthta api to meégejoc tou arqikoO plhjusmoO Ng, arkeBNg >"0;2 e
IOsh

ke. Léme iti h stajer

" N; 0 ebnaarnhtik™ asumptwtik™ eustaj ¢ kai jetik™ astaj ¢

" N, k ebnaarnhtik™ astajc  kai jetik™ asumptwtik™ eustaj ¢
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Sqg ma 3: Grafik par”stash thc N wc proc t gia di*forec timéc tou Npg.

Gia di‘forgc timéc tou Ng, h grafik par’stash thc IOshc N tou (A‘) dbnetai sto Sq ma 3.
ParathroOme iti dojePsac arqik ¢ tim ¢ N entic k“poiou api ta sOnola

“0e; "0O;ke; “ke kai "k;2 e;

tite h antbstoigh I0sh ufbstatai ex olokl rou entic tou sunilou autoO. Léme iti ta parap™nw
sOnola ePnainalloPwta (ston qrino) . Shmei_noume iti, kajemi~ api tic kampOlec pou anaparisto-
On tic 10seic méNy >"0; ke légetai {sigmoeid c},* kai parousi"zei meg-lo biologiki endiaféron.
Antijetwe, miac kai oi IOseic gia Ng >"k;2 « ekr gnuntai (proc ta pPsw sto béloc tou grinou)
gia k’poio (peperasméno) arnhtiki grino, endeqoménwc na amfisbhtebtai h biologik axba autoO tou
anallobwtou sunilou.

Ta plhjusmiak™ montéla ekjetik ¢ kai logistik ¢ metabol ¢ pou melet same (kai isa ja je-
wr soume parak’tw) perigr-fontai api mba autinomh bajmwt sun jh diaforik exbswsh pr,thc
t'xhc, dhlad mia diaforik exbswsh thc morf ¢

dN
[ f AN [ , 9
at )
ipou Dom™fe+;Ranf+ b R. H eOresh IOshc thc (9) se kleist morf den ebnai genik,c dunat ,
ektic kai an mporeb na lujeb wc prod h exbBswsh

1

N .
f“N-d g dt;

S

prigma sp’nio, pou ePnai entoOtoic efikti sthn perDptwsh thc logistik ¢ exPswshc (7) ligw tou
mh mhdenismoO kai thc apl ¢ morf ¢ pou éqei en prokeiménin Ha epikentrwjoOme sth sunégeia
sthn parousbash mejidwn pou epitrépoun thn poiotik katanihsh thc sumperifor'c montélwn mh
grammik_n sun jwn diaforik,n exis,sewn qwrbc thn an"gkh na broOme th I0sh touc se luménh
morf . Genik™, h an’lush thc asumptwtik ¢ eust’jeiac mh grammik,n montélwn pou perigr-fontai
me diaforik exbswsh pr thc t"xhc gbnetai me th gr sh tou diagr'mmatoc f’shc (, alli,c, gramm
f'shc sthn mPa di“stash kai epPpedo f'shc stic dOo diast’seic) kai sthn perbptwsh ex’rthshc tou
probl matoc api par’metro apaitebtai kai h gr sh tou diagr'mmatoc diakl"dwshc.

JewroOme loipin thn logistik exBswsh

dN

1
M fNe N <1 =N
dt ok

kai ja thn melet soume qwrbc na thn I[Osoume

“4Diejn ¢ iroc, pou ofePletai sto iti to sq ma miac tétoiac kampOlhc moi“zei me to ellhniki teliki sBgma.
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Brbskoume arqik” ta shmeba mhdenismo@ the ex c:
f"N*e 0 Nf 0 N k:

H for { } ebPnai profanc, en, h { } prokOptei api thn { } kai to gegonic iti h f ePnai
polu,numo 2ou bajmoO. Ta shmeB®F 0 kai Nf k onom"zontaishmePa isorropBaa@j.c, ligw
thc sgéshc dd—’\t' f "N, antistoigoOn stic IOseic isorropPac (stajeréc wc proc ton grino t) N; 0
kai N, k thc logistik ¢ exbswshc.

Periorizimenoi gia suntomPa stouc jetikoOc grinouc (ta antBstoiga isqOoun gia arnhtikoOc),
elégqoume to ebdoc eust’jeiac twn shmebwn isorropbac:

To NJ ebnajetik” astajec  (opoiad pote mikr diataraq api auti to shmebo isorropPac ja
upogre,sei th IOsh na bgei api mia periog tou Nf 0 gia meg’louc grinouc).

"~ To NJ ePngetik™ asumptwtik™ eustajéc , dhlad
ebnajetik™ eustajec  (opoiad pote mikr diataraq ap auti to shmebo isorropbac ja
upogre,sei th IOsh na paramebnei sthn periog touN} gia meg’louc grinouc),

ebnajetik” eIku§tiki (opoiad pote mikr diataraq ap auti to shmebo isorropbac ja
upogre,sei th IOsh na epistréyei sto NJ gia meglouc grinouc).

H asumptwtik sumperifor” thc 10shc (dhlad gia {meg’louc grinouc}) perigr-fetai mésw twn
elkust,n (ta asumptwtik™ eustaj shmeba isorropbac, mazb endeqoménwc nfe to/kai to 2 ).
Sthn perBptwsh thc logistik ¢ exBswshc, o minoc elkust ¢ gia jetikoOc grinouc ebnai to jetik
asumptwtik™ eustajéc shmebo isorropDahd ] .

TopojetoOme t.ra ila ta shmeba isorropPac se mia eujeDPa gramm , brbskoume th dieQjunsh thc
ro ¢ (dhlad to prishmo thc dd—“t‘) metaxO twn shmebwn isorropBac kai thn shmei,noume me th for®
thc aigm ¢ enic bélouc (proc ta dexi” h jetik kateOjunsh) epP thc gramm ¢ aut c. Aut légetai
gramm f'shc kai kajorbzei to ebdoc thc eust’jeiac twn shmebwn isorropbac. Sgedi"zoume, téloc,
th gramm fshc epb tou orizintiou “xona sth grafik par”stash thc dd—“t‘ (dhlad thc f"Ne) wc
proc N, ipwc sto Sq ma 4.

Sqg ma 4: Grafik par“stash thc dd—’\l‘ wc proc N.

EPnai faneri iti gia 0 @N @k éqoumedd—'\t‘ A0, opite h N ePnai gnhsBwc aOxousa sun’rthsh
tou t, en, gia N Ak éqoumeddﬁt @0, opite h N ebnai gnhsbwc fjbnousa. Epeid 18 ekfr'zei
plhjusmi, den égei nihma h perbptwsiN @D.

Upenjumbzoume iti h -dOo foréc diaforbsimh- sun’rthsk “te ePnai (gnhsbwc) kurt a i';‘ "E 0,

en, (gnhsbwc) koblh ar%zt—’ﬁ A% 0. ParathroOme iti
N df AN df
dt2 dN dt dN
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opite h ddzt’;‘ ebnai jetik (arnhtik ) itan oi 3—,‘; kai f "N« ebnai omishmec (eterishmec). Paragw-

gbzontac th logistik exbswsh wc procN, pabrnoume

df 2
m r<l EN'

Api to Sq ma 4 kai tic parap™nw parathr seic pabrnoume "mesa ton epimeno pbnaka:

N f'Ne S N wc proc t
~0; %. A0 A0 gnhsPwc aOxousa kai gnhsbwe kurt
"¥;k» A0 @ gnhsbwc aOxousa kai gnhsBwc koblh
“k;a e @0 @0 gnhsbwec fijbnousa kai gnhsbwc kurt

'Etsi odhgoOmastepoiotik®  (dhlad gwrbc na IOsoume thn logistik exPswsh) sth grafik pa-
r"stash tou Sq matoc 3 (thc N wc proct), itan N > 0O;k "e, gia mikri " A 0. Mlista,
sumperabnoume iti h I0sh tou Y ePnai

?:olik (wc proc ton grino) ; itan Ng> Ok
L jetik olik itan Ng>"k;2 o:

Gia thn sumpl rwsh thc poiotik ¢ anapar”stashc thc sun’rthshc, ja prépei na gnwrbzoume thn
sumperifor” thc N p™nw kai makri” api to k (eBdame prohgouménwc - pou gnwrbzame thn IOsh se
kleist morf - iti ja ekr gnutai (proc ta pPsw) gia k"poion arnhtiki grino, wstiso ed, K'noume
pwc den to xéroume). Gia k’ti tétoio, ja qreiasteD na basistoOme sthn klasik jewrba twn SDE.

Pr.ton, debgnoume iti to "k;2 ¢ ebPnai anallobwto ston grino (to gnwrbzoume api prin, all’,
ipwc eDpame, ac k'noume ta strab™ m’tia). Pr'gmati, auti ja prokOyei me “topo api thn monadi-
kithta thc I0shc mésw enic metasghmatismoO metafor’c grinou: Koit'me to bohjhtiki genikitero
("), pou xéroume iti ebnai kal" topojethméno kai me omal megistik 10sh

N' ~ ";;"¢  R;ipou 0@"1;"2 B2 :
Api thn mPa, alNy  k, tite eOkola sumperaPnoume iti h
N'"te Nyte k; !'t>R

ebnai h monadik 10sh. Api thn “llh, éstw No Ak kai iti 8§t >~ "1;",¢ tétoio ste ebBte N' “tge
k, ebteN' “toe @k. Ligw thc sunégeiac thc IOshc, mporoOme na perioristoOme sthn perBptwsh

ipou N'"tge Kk, ipwc sto Sqma 5. Tite, orbzontac tic ' "~ "1 tg;"s» toe T Mo kai

n' 1 to;"2 toe R wc

n' N'X5 ipou’“te t to; giakle t>" "1 to;"s» toe:
debgnoume eOkola ititf ePnai h monadik megistik IOsh gia to priblhma:

Me dedomeénbdly >R, anazhtoOme di“sthmd b R me0 >| kai sun“rthsh
N | R, tetoia ,ste h N na ikanopoieb tiso thn(7) sto | ~0e, iso kai thn
N~0 N' tge.

Wstiso, p’li eOkola sumperabnoume iti
n'“te k1> " to"2 tor;

dhlad
N' te ki 1 t>" "p5tpe;

kai arkeb na jesoume 0 gia na katal xoume se “topo.
DeOteron, anNg Ak fite
Nte Ak; | t>7 ";"pe

kai “ra
N “tec1 %NAI“ @o; | t>" "pitae
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Sq ma 5: Ligw thc monadikithtac thc IOshc, ebnai adOnaton mia IO0sh me No Ak (mple) na I'bei thn tim  k gia k“poio
grino to, kajch Nz Kk (pr'sino) ebnai epbshc I0sh. Prigmati, se diaforetik perbptwsh, jewr,ntac éna neo PAT
me argik tim thn N~tpe k, mporoOme pléon na broOme (toul"giston) dOo diakekriménec |Oseic tou, “topo.

Opite api thn (7) ja égoume itih N ebnai gnhsbwc fjPnousa, dhlad

N7te ANg; | t>" "1;0e:

‘Ara
0 N “te
ds ! S; 1 t>" "q;0e;
S S s% isZ H! LE
t No
dhlad
N"t 1
ﬁds, : t>" "1;0e;
rs %h EsZ
No
alli,.c
N "t K
—————ds; | t>" "1;0e;
rs2% 7 '
kai “ra
’ k
" ————ds;
LS (52 4
0
miac kai h IOsh ePnai megistik . 'Etsi,
kNo 1 k
""@———9g —ds ——— :
! r “Ng k-S s2 r “No k-@’1

0

‘Ara h |Osh ekr gnutai (proc ta pPsw) gia kpoion arnhtiki grino, kai aut h plhroforDa
sumplhr, nei to pazl thc adr ¢ kataskeu ¢ tou Sq matoc 3 sthn olitht” tou.

‘Askhsh 18. Qwrbc gn,sh the IOshc tou (') se kleist morf, na apodebxete:

1. 'Uparxh, monadikithta kai omalithta megistik ¢ kai suneq,c exart,menhc api ta arqik”
dedomeéna IOshc.
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2. Ta sOnola
“a Qe; T0e; "0 ke; “ke kai "k;2 e

ebnai anallobwta ston grino.
3. 'Ekrhxh (proc ta empric) thc IOshc gia k'poion jetiki grino, itan ~ Ng @D.

‘Askhsh 19. Melet ste ‘mesato () kai itan r @0, mésw tou metasghmatismoQ antistrof ¢ tou
grinou. Poia h biologik ermhneba tou antbstoigou montélou

‘Askhsh 20. 1. Exhg ste giatb
K +
" In<1 .
l ( N0 L

kai me gr sh aut ¢ thc plhroforbac apodebxte thn anisithta

1 x@; | xAO
2. Brebte thn antDstoigh anisithta gia thn perbptwsh thc ékrhxhc (proc ta empric) the IOshc
tou (') gia k’poion jetiki grino, dhlad itan  No @0.

‘Askhsh 21. Eis'gete kai melet ste to diakriti an"logo tou suneqoOc logistikoO PAT. Kata-
skeu'ste thn grafik par“stash thc akoloujbac axiopoi,ntac thn meéjodo tou istoO thc ar'gnhc.

Majhmatiki Upibajro . Ed, parousi"zoume tic basikéc énnoiec kai ergaleba pou grhsimo-
poioOntai gia thn diakritopobhsh enic PAT, kaj,c epbshc kai gia thn F'shlll thc meléthc tou.

Diakritopobhsh mésw thc mejidou Euler . JewroOme éna kal” topojethméno (PAT) to
opobo ebte den mporoOme, ebte den jeloume na IOsoume se kleist morf . Gia thn eOresh arijmhtik ¢
IOshc prosfeOgoume sto epimeno sq ma:

1. Diakritopobhsh thc antbstoighc diaforik ¢ exbswshc, kat™ thn opoba lamb™netai mianadro-
mik sqesh .

2. Anadromik eOresh twn tim,n thc diakrit ¢ zhtoOmenhc IOshc, me thn axiopoBhsh thc parap™nw
anadromik ¢ sgéshc se sunduasmi me thn dedomeénh argik tim .

Gia thn diakritopobhsh thc diaforik ¢ exbswshc, sumbolbzoume
Yk Y tke; gia k >No;

ipou
tx  kh; gia k >Ng; meh stajeri me 0 @BSP 1.

Parathrebste iti h tim  yo ePnai dedomeénh sto (PAT). Tite

dﬁyht. y'te he yTtge yte 1o Ytk V1 Yk
de h h h

kai api thn diaforik exBswsh tou (PAT) éqoume

% f Atk;yAtk" f Akh;yk.;
pou dbnei thn akiloujh anadromik sgésh (exDBswsh diafor,n)
Yk 1 Yk hf "kh;yge; gia k >No:

Api thn parap™nw sgésh, se sunduasmi me thn degioménh tiy, lamb™noume tic timégy gia k >No,
oi opobec ja mac d,soun mia kal proséeggish thc IOshg tou (PAT). M’lista, to diakriti an“logo
tou (PAT) ebnai to

fl:y‘tk 1* Y'tge hf “kh;y“tgee; giak >Ny  (montelo)
LY s Yo (argik tim) :
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Autinomo PAT. To (PAT) legetai autinomo ann
89 S, R"; tétoio ,ste f tjy tee gytee; | t>I;

dhlad to dexii méloc tou montélou exart'tai api ton qrino  t apokleistik® mésw thc IOshc y. To
S, enic autinomou (PAT) légetai g,roc f'shc

'Ena idiabtero garakthristiki enic autinomou (PAT) me uparkt monadik IOsh ePnai iti h {arq
tou grinou} to ePnaiujabreth, dhlad i,ti isqOei gia miatim tg ja isqOei kai gia ilec tic “llec, ipwc
prokOptei mésw enic aploO metasghmatismoO metafor’c grinou. Sun jwc (Kti pou ja k'noume
kai emebc ed,), proc aplopobhsh tou sumbolismoO, epilégetai h tign 0 kat™ thn meléth enic
autinomou sust matoc. Praktik™ auti shmabnei iti mhdenbzetai to konter thn stigm pou argbzei h
katagraf tou antbstoiqou fainoménou.

Se i,ti akoloujeb, antb gia thn je ,rhsh miac néac sun’rthshc g, ja grfoume aplousteutik™
(kai katagrhstik")

foty tee oy tee; 1 t>I:

Anlush autinomou PAT: Basikéc énnoiec.

1. 'Estw autinomo (PAT), to opobPo, gia k'je yo > S, ipou S; 0 g.roc f'shc, égei monadik
megistik 1Osh (p.q. h f ikanopoieD topik™ mia sunjkh Lipschitz), y~ ;yoe, tétoia  ste
Dom™y” ;yg*s " "1;"2° M€'1, > 0;2 o, Tite:

i. To sOnolo
RanSy” ;yo*S . ...*bS,

légetai trogi~ (thc IOshc aut ¢, h opoba diérgetai api to yg). Ligw monadikithtac, dOo
diakekriménec trogiec enic tétoiou (PAT) den égoun shmeba tom c.

ii. To sOnolo
RanSy” ;yo*Sy.,.* bS; SRanSy” ;yo*S . .0 bS,e

legetai jetik (arnhtik ) hmitrogi®
2. i. To bS;légetai jetik” (arnhtik”) analloPwto sOnolo ann

RanSy” ;Yo*Sy.,.c b SRanSy” ;yo*S . o.ob < 1yo>

Perigrafik™, k'je troqi” pou diérgetaigia t 0 api k"poio shmebo tou paraménei entic
autoO gia k’je t A0 (t @0) sto opoPo orbzetai h I0sh. To légetai anallobwto sOnolo
ann ebnai tiso jetik™ iso kai arnhtik™ anallobwto.

ii. 'Enac analutikic tripoc epal jeushc tou iti @éna sOnolo b S, mekat™ tm mata omali
sOnorg® @ , ebnai intwc jetik™ (arnhtik”) analloBwto, apoteleD h anisithta

"xe f"xe A0~ “xe f"xe @0+; gia k'je {omali} shmebox >@ ;

dhlad gia k'je shmebox >@ tétoio ,ste na orbzetai eswteriki K'jeto di'"nusma tou
@ sto x, “xe®

3. To y* >S;, légetai shmebo isorropPackrDsimo shmeRmng y*s 0.

4. HIOshy y* legetai IOsh isorropPac 10sh minimhc kat'stashc .

5'Ena kat" tm mata omali sOnoro miac n-di*stathc pollaplithtac ePnai mia  “n  1--di"stath pollaplithta qwrbc
sOnoro, h opoba diamerbzetai mésw xénwn an” dOo sqetik”™ anoikt,n uposunilwn thc (tm mata), oi sqetikéc kleistith-
tec twn opobwn ef'ptontai metaxO touc. To qarakthristiki ed, eBnai, pr,ton, iti to sOnolo ilwn twn parap™nw
shmebwn epaf ¢ apoteleD éna sqgetik™ kleisti mhdenosOnolo epD thc “n  1e-di"stathc pollaplithtac kai, deOteron,
iti to k'je (sgetik™ anoikti) tm ma mporeD na ekfrasteD wc to grifhma miac omal ¢ sun’rthshc (me pedPo orismoO
éna anoikti sOnolo entic tou R" 1), h opoBa mporeD na epektajeD étsi ,ste to grfhm” thc na ekfr'zei telik” thn
sgetik kleistithta tou tm matoc. Kat™ autin ton tripo, apoklebontai morfoklasmatikéc gewmetrbec kai aigméc,
all” epitrepontai oi gwnbec kai oi akmeéc.

6Se éna kat" tm mata omali sOnoro, entic twn sqgetik™ anoikt,n tmhm"twn tou orbzetai (kal", dhlad mona-
dik”) monadiabo eswteriki kai exwteriki k'jeto di'nusma epb thc “n le-pollaplithtac, en, sto sqetik™ kleisti
mhdenosOnolo twn shmeBwn epaf ¢ twn kleistot twn touc K'ti tétoio den ePnai aparabthto. ‘Ara, to eswteriki kai
exwteriki k'jeto di'nusma epD enic kat™ tm mata omaloO sunirou orBzetai pantoO ektic api éna sqetik™ kleisti
mhdenosOnolo.
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(ap) Eustajéc shmebo isorropbac. (bp) Jetik” eustajec shmebo isorropbac. égE[)J;cAmhuk eustajéc shmeBo isorro-

Eust’jeia shmebou isorropbac.

(dp) Jetik asumptwtik eust’jeia sh-

! (ep) Jetik ast’jeia shmebou isorropbac.
mebou isorropbac.

Sq ma 6: Diforoi tOpoi eu/a-st’jeiac shmebou isorropbac.

5. 'Estw y* memonwmeérshmebo isorropPac (dhlad up’rgei periogq tow* pou den égei “llo
shmebo isorropbac). Tite:

i. To y* legetai jetik™ (arnhtik’) eustajgc  ann

(ap) up“rgei AO tétoio ste, gia k'je Yo >S, me§o y*S@ naisqOeiitihy” ;yoe
ebnai jetik” (arnhtik”) olik , dhlad

Dom™y” ;ygee ¢ 0;2 « "Dom’y” ;ypeeCc” 2 ;0-¢;
kai
(bp) gia K'je A0 up'rgei "« AQ, tetoio ,ste gia K'je  yo >S; na isqOei iti
So ¥Y'S@ §tyor Y'S@; [t>02 . "jt>"2 ;0
To y* légetai eustajéc ann ebnai tiso jetik” iso kai arnhtik” eustajéc.

i. To y* legetai jetik™ (arnhtik”) asumptwtik” eustajéc ann ebnai jetik” (arnhtik”) eu-
stajéc kai epipléon

(gb) up’rgei %A0 tétoio ste, gia klje  yo >S, me§o yFS@%na isqQei iti
lim §"t yor y*s 0 < lim §tyor y*S 0e:

To y* légetai asumptwtik™ eustajéc ann ePnai tiso jetik” iso kai arnhtik™ asumptwtik”
eustajec.

ji. To y* légetai jetik™ (arnhtik) astajec  ann den ePnai jetik” (arnhtik”) eustajéc. To
y* légetai astajéc ann ePnai tiso jetik” iso kai arnhtik™ astajéc.
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Perbgramma Di’lexhc ‘

1. Stoigeba Majhmatik ¢ Biologbac

(ap) Dunamik™ montela enic plhjusmoO (sunégeia):
i. Logistiki montélo montélo Verhulst (sunegeia)
ii. EpbdrashAllee
(bp) Dunamik™ montela poll,n plhjusm n: AllhlepBdrash metaxO plhjusm,n

2. Majhmatiki Upibajro

An’lush eust’jeiac autinomou PAT (sunéqgeia): Grammikopobhsh

\.

StoigePa Majhmatik ¢ Biologbac

Grammikopobsh tou suneqoOc logistikoO probl matoc. 'Enac akima pio tupopoih-
meénoc tripoc gia na apofanjoOme gia thn eu/a-st’jeia twn shmebwn isorropPhi 0 kai NJ  k
tou (), eBnai mésw thgrammikopobhs ¢ou. M’lista, o tripoc autic mac pareqei topik™ proseg-
gbseic twn IOsewn, oi opoPec me thn seir” touc ePnai IOseic grammik,n problhm™twn.
Prigmati, to grammiki montélo tou antbstoiqou grammikopoihménou probl matoc se k'je éna
shmebo isorropbac ebnai to
CL—':T :—L‘Nﬁ-l\‘r; giai>"1;2¢; (10)

ipou f "N+ N % INZ dhlad

dd—lir rel ENF- N; giai>"1;2¢
kai ¢
dﬁ L TN sto Nli (11)
dt ¥ rN; sto Nj:
Miac kai
EAN*. f]:r; giai 1
dN ' %o giai 2

égoume iti ta N{ kai NJ ePnai uperbolik™ me

ﬂANi.?AO; itan r AO

dN ' E@o; itan r @
kai ¢

ﬂANic'l @o; itan r AO

dN 2 P A0, itan r @O
‘Ara, intwc,
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" to NJ ePnai
?: arnhtik™ asumptwtik™ eustajec ; itan r AO
k o Jetik” asumptwtik”™ eustajec  ; itan r @O;
kai
" to NJ ePnai
?:]etlkA asumptwtik™ eustajéec itan r AO
’u arnhtik™ asumptwtik™ eustajéc ; itan r @0;

ipwc eqoume dh diapist,sei.
Epipléon, api thn (11) se sunduasmi me ton topik™ proseggistiki metasghmatismi

¢

. ebte”2 ;0
Nt;Nge N NNy NFe:!No NFgai>"12; kal't>'

ebte 0;2 o ;

pabrnoume topikéc proseggbseic twn IOsewn wc ex ¢

¢ ¢., s
B . ;0 ; itan r AO
i No€dt; 'No Ni kai}t>] .

N“te N 8 0;2 «; itan r @0
I b .a . 3
i . B tan r AO
ik "No kee™; !No Njkailt>! \
5 5 & ;05 dtan r @O

ipwc fabnetai kai sto Sq ma 7.

(ap) r AO. (bb) r @0.

Sqma 7: Grafik par'stash twn 1Osewn tou ( "), N'te Nokk% (mple sunegebc kampOlec) gia diforec

timécNo {kont'} sta shmePa isorropDac, kaj,c kai twn antbstoiqwn IOsewn gia ta grammlkopommena probl mata sta
shmeba isorropPac (diakekommeénec kampOlec). Me mob diakekommeénec oi IOseic tou grammikopoihménbiy giaN ; *
Me petril diakekommenec oi IOseic tou grammikopoihmeénou giaN o N2

Askhsh 22. EpalhjeOste thn (10) me b’sh to antbstoigo apotélesma sto Majhmatiki Upibajro.

Logistiki montélo me epbdrash Allee (Allee kai Bowen, 1932). Peiramatizimenoi
me enan plhjusmi grusiyarwn (carassius auratug, oi Allee kai Bowen diatOpwsan kai anélusan
thn idéa iti o megalOteroc plhjusmic égei megalOtero rujmi aOxhshc api iti égei o mikriteroc.
K"ti tetoio antibabnei sthn klasik je,rhsh iti 0 endogen ¢ antagwnismic gia pirouc wjeb énan
mikritero plhjusmi se megalOtero rujmi aOxhshc. Wstiso, h parap™nw parat rhsh dikaiologebtai
api to gegonic iti gia k"'poia eBdh h endogen ¢ sunergasba ebnai aparabthth par"metroc epibbwshc,
ipwc gia par"deigma gia jhreutéc pou jhreOoun omadik™ gia jhr'mata pou amOnontai omadik™ api
touc jhreutéc. H idéa aut perigr-fei éna fainimeno to opobo ebnai pléon gnwsti sthn bibliografba
wc epbdrash (tou)Allee (Allee e ect).

H epbdrashllee éqgei diabajmbseic, kaj,c endeqoménwc na esjan ¢ (weak) isqur (strong)
(bl. Sg ma 8). Kat" thn parousPa asjenoOc epBdrashc, o mikric plhjusmic sunegbzei na aux’netai
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all” me mikri rujmi. Me thn parousba isqur ¢ epbdrashc imwc, o mikric plhjusmic, mikriteroc
enic el"gistou pljouc  oudod ja mei netai kai ja odeQei proc exaf nish. Profan,c énac tétoioc
oudic égei meg’lh shmasPa gia ton garakthrismi kai thn meléth twn plhjusm,n twn apeiloOmenwn
me exaf nish eid,n.

(ap) Isqur epbdrash Allee . (bp) Asjen c epbdrash Allee . (gb) ApoQOsa epbdrash Allee .

Sqg ma 8: Logistiki montélo me epbdrash Allee.

Par"deigma enic montélou me isqur epbdrash parousi'zetai parak™tw, en, sthn '‘Askhsh 26
melettai par"deigma montélou asjen ¢ epbBdrashc. To montelo auti thc isqur ¢ epBdrash®llee
pou ja parousi’soume apoteleD mia apl tropopoihménh ekdoq tou logistikoO montélou, gia to
opobo epilegetai h sun’rthshr”N ¢ sthn (6) tetoia ,ste na ebnai:

¢ perbpou Bsh me mia arnhtik stajel” r @}, gia {mikri} N;

© arnhtik kai fipnousa kat” apiluth tim ~; gia {sgetik” mikri} N;
! jetik kai fibnousa ; gia {sqetik” meg-lo} N;
g arnhtik ; gia {arket” meg’lo} N:

H aploOsterh tropopobhsh thc antDstoighc sun’rthshc tou logistikoO montélou, h opoba sumperi-
feretai ipwc parap™nw, ebnai h

. 1 1 R TR C
r"Ne r<l —Ne<1 —N-; ipou k; @k, jetikéc stajeréc :

kq ko
'Etsi prokOptei h logistik exDswsh me epBdrastillee
dN 1 1
—_— N <1 —Ne<l —N-=; 12
at T T g (12)

ipou h k; ebnai @udic pou proanaférame kai hk, ebnai h férousa ikanithta tou perib“llontoc.

H (12) ebnai mia sun jhc diaforik exbswsh qwrizomenwn metablht.n. Wstisoden ebnai p'nta
eOkolh/efikt h apotOpwsh thc genik ¢ IOshc thc se kleist morf, “ra ja basistoOme sthn
poiotik meléth thc. Pr.ta imwc ja greiastoOme k™poia basik™ apotelésmata.

To antbstoiqo PAT. To PAT thc logistik ¢ dunamik ¢ me oudi ebnai to ex c:

Me dedoménbdl, CO, anazhtoOme di’sthmd b R me0>| kai sun’rthsh
N | 0;2 e, tetoia ,ste h N na ikanopoieb tiso thn(12) sto | ~0e iso kai Ctnr )
thn N"0» No.

'‘Uparxh, monadikithta kai omalithta megistik ¢ kai suneq,c exart, menhc a-

pi ta argik™ dedomeéna IOshc tou genikoO probl matoc. Anex’rthta api to prishmo
tou Ng, k'noume gr sh klasik,n jewrhm™twn (bl. 'Askhsh 23) gia na ex"goume Oparxh, monadi-
kithta kai omalithta megistik ¢ kai suneq,c exart,menhc api ta argik® dedomeéna |Oshc

N' ~ "1, R;ipou 0@"1;"2 B2 ;
gia to ex ¢ bohjhtiki geniki priblhma:

Me dedoméndl, >R, anazhtoOme di"sthmd b R me0>| kai sun’rthsh
N | R, tetoia ,ste h N na ikanopoieb tiso thn(12) sto | ~0e, iso kai thn Ceir ')
argik sunjkh  N"0e Npg.
”QrhsimopoioOme ton iro {oudic}L 0 opoboc ebnai sun jhc sthn Fusiologba, gia na apod,soume ton iro { thre-
shold}, antb tou epbshc grhsimopoioOmenou irou {kat,fli}.
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Anallobwta sOnola, kal topojéthsh tou argikoO probl matoc kai omalithta
thc IOshc tou. Akrib,c ipwc kai gia to ( '), mporoOme na deBxoume iti ta sOnola

“0e; "0 kye; Tkie; Tkirkae; Tkpe kai Tkp;? e
ebnai anallobwta gia to ¢, : ) (bl. ‘Askhsh 23). Sunep.c, h N' itan Ng COIOnei epbshc to' ¢y, ),

dhlad up’rgei monadik , omal , suneq ¢ wc proc ta argik™ dedomeéna kai megistik 1Osh tou (),
kaj,c epBshc ta parap nw sOnola ePnai analloBwta kai gia to’ ¢, ).

Poiotik meléth. EOkola parathroOme iti ta shmePa isorropPac tolg( ) ePnai ta
Nf 0; NJ kykai N ko

Melet ntac, ipwc kai gia thn (7), thn antBstoigh sun“rthsh tou dexioO meélouc thc (12), h grafik
par’stash thc opoPac dbnetai sto Sq ma 9, prokOptei o parak’tw pPnakac (bl. ‘Askhsh 23).

N N wc proct

%;K.Z gnhsPwc fipnousa kai gnhsBwc kurt
% 1:kiZ gnhsPwec fibnousa kai gnhsbwc koblh
%1 K>Z gnhsbwc aOxousa kai gnhsbwce kurt
% ,:koZ gnhsbwe aOxousa kai gnhsbwe koblh
“kp;2 o gnhsbwc fijbnousa kai gnhsbwc kurt

dN .
Sgma 9: Grafik par“stash thc e wc proc N. Ta shmeba kamp c gia thnN “te ebnai ta%&1.2;r % 1,222
1. o __ r 3
=S k Ke; “ki kpe"3kiky 2Ke 2K Z e ipou K kZ k3 kika.
< 3 1 2 27K1Ko 1 2 1K2 p 1 2 1K2

'Etsi, eqoume iti

to N ePnai

arnhtik™ astajec kai
jetik™ asumptwtik™ eustajéc,

to NJ ebnai

arnhtik™ asumptwtik™ eustajéc kai
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jetik™ astajec,

to NI ebnai

arnhtik™ astajéec kai
jetik™ asumptwtik™ eustajéc.
M’lista, ta parap™nw sumper”smata pou aforoOn thn eu/a-stjeia twn shmeBwn isorropPac mporoOn

exaqjoOn kai tupopoihména mésa api thn meléth tou antDstoiqou grammikopoihménou probl matoc
(bl. 'Askhsh 24). SumperaPnoume loipin iti h IOsh tou (¢, ) ePnai

%ok itan No> 0;ks
T jetik® olik 5 itan Ng>"kp;?

Antbjeta, kat™ analogba me to {), mporoOme na debxoume iti h IOsh toy () ekr gnutai proc
ta pbsw gia k’poion arnhtiki grino itan Ng Ak, (bl. ‘Askhsh 23). Sunoybzontac, odhgoOmaste
poiotik™ sthn grafik par“stash tou Sq matoc 10.

Sq ma 10: Grafik par“stash thc N wc proc mh arnhtik” t gia di"forec timéc tou Ng. Ed, Ki1:2 Sk ko Ke,

ipou Kk kZ kiko.

Wl

‘Askhsh 23. Sumplhr ste tic leptomeéreiec thc meléthc F'shc | tou (T ).

‘Askhsh 24. Melet ste to grammikopoihméno PAT tou ("4, ) sta shmeba isorropPac tou teleu-
tabou kai anadebxte tic plhroforbec pou ferei sgetik™ me thn eu/a-st’jeia twn shmebwn isorropbac
kai tic proseggbseic twn IOsewn kont™ se aut”.

‘Askhsh 25. Melet ste ‘mesa to (‘¢ ) kai itan r @0, mésw tou metasghmatismoQ antistrof ¢
tou grinou. Poia h biologik ermhneba tou antbstoiqou montéloy

‘Askhsh 26. Melet sete to PAT me montélo asjenoOc epBdrashcAllee

¢ dN 1

“ — NP<1l =Ne; giar AOkai pAl
;: ot < K gl 1P
aN7toe No;

wc proc thn Oparxh, monadikithta kai omalithta megistik ¢ kai suneq,c exart, menhc api ta arqik”
dedoména IOshc, kaj,c kai wc proc thn sumperifor” aut ¢ se akrabouc grinouc.
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Montéla perissiterwn tou enic plhjusm,n. Pern"me sthn meléth thc dunamik ¢ pol-
I,n kai allhlepidrintwn plhjusm_,n me thn gr sh kat'llhlwn diaforik,n exis,sewn antbstoiqou
pl jouc (exarthmeénwn) metablht n.

Oi euréwc grhsimopoioOmenec exis, seic gia thn dunamik meléth tou ek”stote plhjusmoQ peri-
egoun dOo irouc wc ex c:

1. énan iro perigraf ¢ thc dunamik ¢ tou plhjusmoO se apousPa twn upiloipwn plhjusmn.
2. énan iro perigraf ¢ thc  allhlepPdrashc tou plhjusmoO me touc upiloipouc plhjusmoOc.

Sugkekriména, h genik morf thc diaforik ¢ exbswshc gla thn dunamik meléth tou plhjusmoN;,

mei >71;:::;ne, miac om~dac pl jouc n plhjusm,n, NJ . 1, €gei we akoloOjwe
dN; - R
— f1"Nje f2"Ny;iiiNpe (13)
dt 711111111 11111111 11‘I1111111111‘l‘l11111‘]1111111111‘]11111‘]111 11111111111112131211111111112121211
se apousba biotik ¢ aIIhIéderashc biotik allhlepbdrash >

O pr,toc iroc éqgei dh suzhthjeD. O deOteroc iroc melet'tai paraktw

Perb allhlepbdrashc metaxO plhjusm,n. Sth FOsh kanénac organismic den zei se
pl rh apominwsh, all” allhlepidr” tiso me touc abiotikoOc iso kai me touc biotikoOc par"gontec
tou peribllontic tou. H  allhlepPdrash (interaction) enic organismoO me to perib’llon tou eb-
nai kajoristik c shmasbac gia thn epibbws tou, all” kai gia thn leitourgba tou oikosust matoc
(ecosystem) wc olithta. Ta fusik™ oikosust mata diajétoun peperasméno arijmi plrwn Sthn
prosp’jei” touc na apokt soun prisbash stouc pirouc autoOc, oi organismob anaptOssoun pro-
sarmogec, ikanéc na touc paréqoun pleonekt mata enanti twn “liwn atimwn. 'Oloi oi geitonikob
organismoP summetéqoun setikec allhlepidrseic , sgéseic dhlad pou anaptOssontai metaxO
diaforetik,n eid,n.

'Opwc dh anaférame, formalistik™ oi biotikec allhlepidr’seic kajorbzontai sthn (13) api thn
sunrthsh f, tou dexioO mérouc. KathgoriopoioOme thn sun’rthsh aut thc biotik ¢ allhlepBdrashc
me b’sh

" to prishmi thc.

" ton tOpo thc.

Prishmo. Jetiki prishmo gia thn sun’rthsh  f, sthn (13) upodhl, nei jetik suneisfor” thc
allhlepbdrashc ston rujmi metabol ¢ tou plhjusmoO, kai antbstoiga gia arnhtiki. Sthn pr th
perDptwsh I&éme iti h allhlepbdrash éqeifeloc (benet) gia ton plhjusmi, en, sthn deOterh zhmba
(harm). Epipléon, itan h parap™nw sun’rthsh allhlepPdrashc ebnai apoOsa, dhlad mhdenik , tite
oi upiloipoi plhjusmob den égoun epbdrasfmo e ect) ston upi meléth plhjusmi.

Sugkekriména, se éna oikosOsthnsambbwsht(symbiosig dOo plhjusm,n, analigwc tou prish-
mou thc allhlepbdrashc gia ton K'je éna, diakrbnoume ta ex c:

~ Amoibaiithta (Mutualism). Emfanbzetai itan ila ta eBdh pou summetéqoun se mba allhle-
pbdrash éqoun ifeloc. Se polléc peript,seic, ta ebdh exart,ntai api aut th sqesh kai den
mporoOn na up’rxoun to éna qwrBc to “llo. AntD tou irou amoibaiithta sugn” grhsimopoiebtai
o iroc sumbPwsho opoboc, imwe, dhl,nei th sunOparxh diaforetik,n eid,n qwrbc na ePnai
safec an up’rgei ifeloc zhmba.

Ekmet'lleush (Exploitation). Allhlepbdrash kat™ thn opoba to éna ebdoc apokombzei ifeloc
se b'roc tou “llou pou apokombzei zhmba. Diakrbnoume tic parak™tw upokathgorbec:

Jreush (Predation). Perigr-fei thn allhlepbdrash kat” thn opoba o jhreut ¢ (predator)
tréfetai api to  jram™ (prey) tou.

Futofagba (Herbivory). Katan“lwsh ulikoO fut,n api z.a.

Parasitismic (Parasitism). 'Otan to éna ebdoc, gnwsti wcpar'sito (parasite), epw-
felebtai se broc tou “llou, gnwstoO wc  xenist ¢ (host). Ta par’sita mei ,noun thn
prosarmostikithta twn xenist,n, ebte giatb katanal,noun méroc twn pirwn ( biotrofi-
k™), ebte epeid touc odhgoOn se pajologikéc katast’seic pajogina) kai to j"nato
(nekrotrofik™ par"sita , parasitoeid ).

80ikologik sgésh metaxO atimwn toul"giston duo eid,n pou zoun se “mesh epaf metaxO touc.
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" Antagwnismic (Competition/Antagonism ). H prosarmostikithta enic atimou mei,netai api
thn parousbPa tou “llou, étsi ste kai ta dOo na éqoun zhmbPa. Ta ebdh diekdikoOn énan
toul"qgiston koini piro. O antagwnismic mporeb na ekfrasteb ebte "mesa me epafcfntact
competition), eBte émmesa me th dr"sh ousi,niemical competition). Merik™ eBdh efarmizoun
strathgikéc tagebac /kai meg'lhc an”ptuxhc ,ste na uperker’soun touc antagwnistéc touc
(antagwnismic uperaOxhshg. Eidik", iso afor” ton antagwnismi giato g,ro (  qwrokratikic
antagwnismic (territorial competition )), idiabtero endiaféron éqoun oi strathgikec k'luyhc
tou kenoO g,rou (preemptive competition). O antagwnismic mporeD na diakrijeD perigrafik®
se dOo kathgorbec:

Oi piroi moir"zontai sta "toma kai kaneéna api aut” den pabrnei ikan posithta gia thn
an“ptuxh kai thn anaparagwg tou (scramble competition).

Ikanéc posithtec pirwn gia thn an"ptuxh kai thn anaparagwg diekdikoOntai kai ja
kerdhjoOn api ta telik,c epikratoOnta “toma, en, ta pio adOnama ja tic steroOntai
(contest competition). 'Ena b ma parapéra, kai éqoume thn énnoia taantagwnisti-
koO apokleismoQcompetitive exclusior) ( gnwstoO kai wc nimou tou Gause ipou
duo ebdh antagwnbzontai gia panomoiitupkojésh ® (niche), den mporoOn na sunup’r-
xoun se stajerec timéc twn plhjusm,n touc, kai telik” to éna ebdoc ja odhg sei to

“llo se exaf'nish. Na shmeiwjeb iti kat” ton  diaqwrismi oikojeshc (niche partitio-
ning/di erentiation/segregation/separation ), antagwnizimena ebdh grhsimopoioOn diafo-
retik” to perib’llon, étsi ,ste na bohjhjoOn na sunup’rxoun.

MporoOme epBshc na diakrBnoume ton antagwnismi se dOo “llec kathgorbec:

Antagwnismic katan’lwshc (consumptive competitior), itan h allhlepPdrash metaxO
twn antagwnizimenwn atimwn ePnai emmesh kai afor”™ apl” sth mebwsh thc diajesimithtac
enic pirou ligw thc gr shc tou api ta upiloipa “toma tou plhjusmoO.

Antagwnismic parembol ¢ (interference competition), ipou up“rqei "mesh allhlepbdra-
sh twn atimwn, dhlad éna “tomo prolababnei éna “llo sthn kat'kthsh kai thn ek-
met’lleush twn pirwn, me apotélesma na apagoreQOei sto “llo thn prisbash stouc
anazhtoOmenouc pirouc, na parembaPnei dusmen,c sthn an"ptux tou.

Tonbzetai iti o endoeidikickai o diaeidikic antagwnismic pabzoun ousiastiki rilo sthn fu-

sik epilog (natural selection) pou prokaleb thnexélixh (evolution) twn eid,n. Ta ebdh
pou ePnai ligitero ikan™ na antagwnbzontai ebte prosarmizontai - anaptOssontac anoq - ebte
exafanbzontai.

Sussitismic  (Commensalism). H kat’stash pou wfeleD énan mino organismi, en, o “lloc
den ufbstantai kamba epbptwsh.

Allhlop“jeia  (Amensalism). H mebwsh thc epitugbac tou enic ebdouc, qwrbc ta “lla ebdh na
egoun ifeloc, na ufbstantai zhmba.

Oudeterithta (Neutralism). H sgésh dOo eid,n pou, en, allhlepidroOn metaxO touc, den
ephre“zoun to éna to “llo. PIrhc oudeterithta den ufbstatai sth FOsh kai ousiastik™ o
iroc grhsimopoiebtai gia katast’seic me amelhtéa apotelésmata allhlepidr"sewn.

Sunoybzontac, égoume ton parak’tw pPnaka gia ton garakthrismi thc allhlepBdrashc dOo plhju-
sm.n, N1 kai N, me b"sh to prishmo thc epbdrashc pou eqgei ston kajena:

N1
+
N, 0
+ Amoibaiithta Sussitismic Ekmet'lleush
0 Sussitismic Oudeterithta | Allhlop~jeia
Ekmet'lleush | Allhlopjeia Antagwnismic
9H allic oikologikic jkoc , biojésh, onom’zetai to sOnolo twn abiotik,n kai biotik,n paramétrwn tou

perib’llontoc pou axiopoieD éna eBdoc, dhlad to sOnolo twn sunjhk,n, pirwn kai allhlepidr'sewn pou greizetai
( pou mporeb na grhsimopoi sei).
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TOpoc. 'Eqoun protajeD kai melethjeb arketéc morféc thc sun’rthshcf, sthn (13), k'je mba
api tic opobec éqgei xeqwristéc idiithtec. Ed, ja doOme tic euréwc grhsimopoioOmenec mh mhdenikéc
tetoiec morféc. Thn b"sh gia ton dlaqwrlsml touc apoteleb hsunarthsiak aplkrlsh (functional
response, ri, tou plhjusmoO N; sthn metabol twn plhjusm n thc om"dac Nl 1 “Nje, pou den
ePnai “lloc api ton rujmi allhlepBdrashc tou pr,tou plhjusmoO wc proc touc I0|poOc upi meléeth
plhjusmoOc, dhlad

@ ',
@n &N eN’

ipou to sOmbolo @N upodhl nei par’leiyh diafirishc wc proc  N;. Kai auti giatb, k"nontac thn
sun jh upijesh itih  r; thc (14) exart'tai mino api to N;, dhlad

(14)

I

ri ri"Nje;

tite “mesa prokOptei iti aut en télei kajorbzei kai ton tOpo thc f, itan (wc sunjwc) n 2 pio
genik™ itan api thn om™da " N; -J.” 1 twn plhjusm,n mino dOo ebnai diakekriménoi. A

'Etsi, se i,ti afor” thn morf thc biotik ¢ allhlepbdrashc, f,, egoume touc ex ¢ tOpouc su-
narthsiak ¢ apikrishc, h gr sh twn opobwn sthn Oikologba ofebletai ston, sqetbzetai me ton,
Holling.

TOpocl. H aploOsterh sunarthsiak apikrish garakthrbzetai api thn grammik sgésh
$i"N;sS N ;; ipou AQ; (15)

kai onom"zetaisunarthsiak apikrish tOpou | tou Holling. Aut ePnai h sunarthsiak apikri-
sh pou jewr jhke api touc Lotka kai Volterra sthn klasik jewrhtik touc doulei” epb twn
allhlepidr'sewn plhjusm,n jhreut,n kai jhoram™wn, thn opoba ja melet soume endeleq,c
parak”tw

Ac doOme p,c katal goume ston parap™nw tOpo, itan gia par"deigma h biotik allhlepBdrash
afor” thn j reush enic plhjusmoO jhram™twn N api éna plhjusmi jhreut.n  Nj:

H kentrik je,rhsh égei wc ex ¢c: ta jhrrmata ebnai omogen,c katanemhména ston q.ro, h
tagOthta anaz thshc ePnai an“logh (me stajer” k AQ) tou pl jouc twn jhram’twn, kai epPshc

h j reush oloklhr netai me thn sOllhyh tou jhr'matoc. 'Etsi, itan énac jhreut ¢ brDsketai

sthn periog kai se anaz thsh gia groniki di"sthma T (osod pote mikri), tite ja érjei se
epaf mekTN; sto pl joc jhrrmata. Api ta jhr"mata aut”, mino éna kl'sma d ja sullbei
kai ja axiopoisei. Telik’, se grino T ja jhreOsei dkTN; sto pljoc jhrmata, opite
prokOptei h (15) me  dk, kai sugkekriménar;"Nie  dkNj.

Parimoia ebnai kai h parak™tw je,rhsh. K'je stoigebo tou upi meleth oikosust matoc (ebte
jhreut c ebte j rama) érgetai kat™ meéso iro antimetwpo m~te foréc an” mon“da grinou me éna
“llo stoigebo autoO, k'je gronik stigm  t. K'nontac thn pr th upijesh iti oi plhjusmob

twn jhram™twn kai twn jhreut.n ePnai omogen.c anamemeigménoi sto oikosOsthma, tite se

autec tic {sunant seic} NG Nl ,t“ . ePnai h pijanithta enac jhreut ¢ na érjei antimetwpoc me
ena j rama, K'je gronik st|gm t. EpBshc, se autéc tic sunant seic, h pijanithta apokimishc
zhmbac gia thn anaparagwg k'je jhrmatoc K'je qronik stigm t ebna$ ;nmpassunnthsh ~ te-
‘Ara h mePwsh tou rujmoO metabol ¢ tou pl jouc twn jhram’twn ligw Oparxhc jhreut,n

K'je gronik stigm t ebnai

M te$ shmpassunnthsh

N1 teNy te:
NlAt’ N2At‘ ! 2
K nontac étsi kai th deOterh upijesh iti
m$ zhmba/sun”nthsh AO:

N1 N2

odhgoOmaste sto iti 0 rujmic metabol ¢ tou N exart'tai me ton pléon apli tripo api to
ginimenoN;N,, dhlad grammik™, me grammiki suntelest . 'Epetai étsi h (15).

Tonbzoume iti o tOpottou Holling metaféretai me antbstoiga epigeir mata tiso sthn Epidh-
miologPa iso kai sthn Qhmik Kinhtik . M’lista, h sullogistik porePa kai o parap™nw tOpoc
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TOpocll.

TOpoclil .

sto opobo odhgoOmaste mésw aut ¢ perigr-fontai sthn bibliografba waimoc dr’shc thc
m'zac 1° (law of mass action).

Wstiso, iso ki an ePnai apl kai iso ki an grhsimopoiebtai eurOtata, h (15) dégetai kritik
ligw thc aperiiristhc aOxhshc (thc apiluthc tim c) tou r me thn aOxhsh tolN;. Gia pa-
r'deigma, kanéna z,0 den mporeD na katanal nei ilo kai taqOtera, iso aux™netai h paroq
trof c. UpTrgei irio sto piso mporeb na katanal sei, miac kai k’poia stigm ja epeljei
koresmic (saturation). O epimenoc tOpoc lamb™nei upiyh aut thn par"metro.

Pijanitata, h eurOtera grhsimopoioOmenh katastatik sgésh sthn oikologbDa plhjusm_n ePnai
h kurtoeid ¢ kampOlh, dhlad h aOxousa kai koresménh (dhlad me peperasmeéno jetiki irio
kajjc N 2 ) sunarthsiak apikrish

$i"N;*S Niﬁ; ipou ; AQ; (16)
1

h opoPa onom"zetaiunarthsiak apikrish tOpou Il tou Holling. Istorik’, oi Michaelis kai

Menten priteinan to 1913 mia parimoia sgésh metaxO tou rujimoO miac enzumik ¢ antBdrashc

kai thc sugkéntrwshc tou upostr,matoc pou prokaleD meBwsh tou rujmoO autoO, wstiso oi

Briggs kai Haldane sta mésa thc dekaetbac tou 1920 ex gagan to prohgoOmeno apotélesma

sth b”sh thc ghmik ¢ kinhtik c. Sta télh thc dekaetbac tou 1950, o Monod pros'rmose thn

(16) gia thn montelopoPhsh thc bakthriak ¢ aOxhshc. @Golling, to 1959, tan o pr,toc pou

grhsimopobhse thn (16) sthn Oikologba kai thn dunamik jhreut -jhr"matoc.

Ac doOme p,c katal goume ston parap nw tOpo, p’li upi to prDsma tou paradeBgmatoc enic
plhjusmoO jhram™twn N; kai enic jhreut.n Ny:

H ousiastik diafor™ me thn prohgoOmenh perBptwsh ebnai h upijesh iti h j reush den olo-
kihr netai me thn sOllhyh tou jhr'matoc, all” iti o jhreut ¢ grei“zetai kai epipléon grino

gia na metageiristeb to sullhfién j rama (katan“lwsh kai péyh). 'Etsi, o grinoc T kat” ton
opobo énac jhreut ¢ jhreQei grifetaiwc T T T ,ipou T o grinoc anaz thshc kai T o
grinoc metagebrishc twn jhram™twn. Upojétontac iti o grinoc metagebrishc kK'je jhrimatoc
ebnai stajeric kai Bsoc mh, tite éqoume iti T  hR, ipou R o sunolikic arijmic jhram™twn

pou sullamb™nei o jhreut ¢, kaiétsi T T hR. Antikajist,ntac thn teleutaba sgésh ston
tOpoR dkT Nj, ipwc autic proékuye kat™ thn exagwg thc (15), ja égoume it

RAN]_' de]_

r{"Nqe ;
1 T 1 dkhN;

dhlad thn (16).

'Enac enallaktikic tripoc gia thn exagwg tou tOpou 1l tou Holling ePnai, antb thc je rh-
shc tou grinou metagebrishc se antidiastol me ton grino anaz thshc, na epimebnoume sthn
upijesh iti h j reush oloklhr,netai me thn sOllhyh tou jhr'matoc, “lla epipléon na jew-

roOme thn Oparxh ki “llhc phg c trof ¢ gia touc jhreutéc ektic tou upi meléth plhjusmoO
jhram™twn. Sugkekriména, an k’je gronik stigm t énac jhreut ¢ jhreOei n"te jhrmata,

tite o kbndunoc gia ta jhrrmata upologbzetai WC% "je gronik stigm . An epipléon
upojésoume thn Oparxh ki “llou plhjusmoO jhram™twn, N3"te, gia touc jhreutéc, tite o pa-
rap"nw kBndunoc gbnetgi-"2-"—. Pollaplasizontac me - thn pijanithta aut , tite
pabrnoume thn (16) an jewr soume ta kai N3 stajer” wc proc to t.

H (16) égei genikeujeb se polléc kateujOnseic.
H {klasik } genbBkeush ebnai h sigmoeid ¢ kampOlh pou dPnetai api thn sgésh
2

R N7 .
Bi"N;S I\II-Z; ipou ; AQ; a7)
]

10perigrafik”, sthn Qhmeba, sOmfwna me ton nimo dr’shc thc m"zac, o rujmic opoiasd pote antBdrashc ebnai
an’logoc me to ginimeno thc epimérouc m"zac twn ousi,n pou antidroOn, me k'je epimérouc tm ma uywmeéno se
mia dOnamh DBsh me to suntelest pou emfanbzetai sth ghmik exBswsh. O nimoc autic {metaféretai} tiso sthn
Epidhmiologba iso kai sthn Oikologba. Sthn prwtoporiak doulei” tou Lotka, to 1925, gbnetai sugn” gr sh tou
an’logou autoO tou nimou sth dunamik plhjusm,n: oi omogeneBc plhjusmoDb organism,n upotbjetai iti apoteloOntai

api éna eBdoc kai perigrfontai api mia metablht , thn puknithta. Oi diaforéc sthn hlikPa, to fOlo, ton gonitupo, ton
fainitupo k.Ip. agnooOntai. Se tétoia montéla, upotbjetai iti oi allhlepidrseic metax® plhjusm,n sumbabnoun me
rujmoOc eujéwc an’logouc me to ginimeno twn puknot twn twn plhjusm, n. H metablht puknithtac gia plhjusmoOc
ebnai tautishmh me th metablht sugkentrwshc gia ghmikec ousbec.
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TOpoclV.

kai sun jwc apokalebtai sunarthsiak apikrish tOpou Il tou Holling. Shmei noume iti oi
peript,seic me sunarthsiakéc apokrbseic tic (15) kai (16) eis gjhkan api ton Holling to 1959,
en, h (17) - an kai tripon tin” melet jhke api ton  Holling to 1965 - ousiastik™ eis gjh api

ton Realto 1977. H exagwg thc (17) mporeb na gbnei me antbstoiqo tripo me autin thc (16).
O parap™nw tOpoc isqOei, paradeBgmatoc q'rh, gia jhreutéc pou grei"zetai na éqoun ideat”
sghmatbsei thn eikina tou jhrrmatoc prin apokt soun endiaféron proc auti. 'Etsi, gia mikri

pl joc jhram™twn up’rgei mikri endiaféron kai “ra mikr jreush, en, kaj,c to pljoc

aux'netai o jhreut ¢ xekin™ kai antilamb"netai thn afjonba touc.

Mia “llh genbkeush dbnetai api th sunarthsiak apikrish

. NP .
$i"N;*S l\ll.p; ipou ; AOkai pAl (18)

Aut h morf qrh§imopoieE)tai api jewrhtikoOc oikoligouc, pou epitrépoun sto  p na metab’I-
letai kai meletoOn to apotélesma aut ¢ thc metabol ¢ sth dunamik plhjusm,n.

Mia epipléon genbkeush dbnetai api th legimenknikeuménh sunarthsiak apikrish tOpou

Il tou Holling
$°Nes — N iou s AOkai A 2 b (19)
R VA VIR '
H akiloujh, mh monitonh, sunarthsiak apikrish
8i"N;*S N ipou ; AQ; (20)
I | N i2 ’ p ’ ]
ousiastik™ protjhke api ton  Andrews to 1968 kai eqgei éktote brei shmantikéc efarmogéc
sth dunamik plhjusm,n. Onom"zetai sunarthsiak apikrish  Holling tOpoulV .
Mia genbkeush thc (20) dbnetai api th sunarthsiak apikrish
$°Ni*S — N1 ioou : AOkai A 2 % (21)
I | N |2 N I 11 p L] .
H (21) onom"zetai genikeuménh sunarthsiak apikrish tOpouV tou Holling.
(ap) TOpoi Holling . (bp) Genikeumeénoc tOpoc Holling 1l . (gb) Genikeuménoc tOpoc Holling IV .
Sq ma 11: TOpoi Holling sunarthsiak,n apokrBsewn kai oi genikeuménoi an“logoi twn tOpwn Il kai IV .

Majhmatiki Upibajro

An’lush eust’jeiac autinomou PAT (sunéqgeia): Grammikopobhsh. JewroOme
autinomo (PAT) kai upojétoume iti y* ePnai memonwmeéno shmebo isorropbac tou montélou, dhlad
f y*e 0, kai epPshé >C*"U;R"s ipou U b S, anoikt perioq tou y* entic tou q,rou f'shc

S,. To grammikopoihméngriblhma tou autinomou (PAT) sto shmeBoy* apoteleb to

¢ dx

il CHEN AL
L dt Y

a X to* Xo;

32



Di“lexh 3

ipou J y*e Df “y*e 0 pPnakadacobithc f sto y*, dhlad

@y, L @
- @y v @y Y —
Df “y*e = =
- @4 . t @,\ te
ey’ ey
Shmei,noume iti gian 1, profan,c, o pPbnakacJacobi ekfulbzetai sthn sun jh par"gwgo, dhlad
Joyte gl;‘y*-; ftan n 1

To grammiki priblnma auti prokOptei mésw enic metasghmatismoO metafor’c se sunduasmi me
to an"ptugma Taylor (, apl”, ton orismi tou diaforikoO miac diaforBsimhc sun’rthshc). Prigmati,
jétontac

Xte y'te yFlt>l; kaixe Yo Y

tite to autinomo (PAT) gbnetai

¢ dx

" 7At. f’\ At. io
L dt e
o X to* Xo;

kai anaptOssontac kat™ Taylor gOrw api to 0>R" égoume

g
Ol—t- JoyFex te 0" teSe

i dt kaj,c X'te O
a X' to* Xo;
alli,.c ¢
dy
—2ote JoyFetytte yre O°Fte yFSe . .
L y*eTy'te y Ste y kaic yte yh

oYt Yo

'Opwc ja doOme améswc maif)i prodpojéseic to parap™nw gramm|k| priblhma dbnei plhroforbec
gia thn eust jela twn |Osewn y tou en génei mh grammikoO autinomou (PAT) gia argikéc timéc
{kont'} sto  y*, kti pou dieukolOnei idiabtera th meléth mac. Pr ta imwc, éna shmebo isorropgac
enic autinomou (PAT) légetai uperboliki ann k’je idiotim tou J y*e &gei mh mhdeniki pragmatiki
méroc, kai eOkola diapist,noume mésw tou jewr matoc antbstrofhc apeikinishc iti @na uperboliki
shmebo isorropbac ebnai p"nta memonwméno.

Je,rhma 27 (Lyapunov-Poincae, alli.c, grammikopobhsh). 'Estw y* memonwméno shmebo
isorropPac enic autinomoyPAT) mef >C!"U;R" ipou U b S, anoikt periogq tou y* entic tou
g,rou f'shc  S;.

1. 'Estw, epipléon, iti to y* ePnai uperboliki. An ilec oi idiotiméc touJ y*e &goun arnhtik®
(jetik) pragmatik™ mérh, tite to  y* ePnai jetik” (arnhtik”) asumptwtik” eustajéc. M’lista,
isqOei h topik proséggish

Ytyor Y5 Xtyo yierlyo Y t>19 tg;2 e T t>19723 g

ipou x h IOsh tou antBstoiqou grammikopoihménou probl matoc.

2. An mba idiotim toul “y*e &qei jetiki (arnhtiki) pragmatiki méroc, tite to  y* (asget,c me
an ebPnai uperboliki iqi) ebnai jetik™ (arnhtik”) astajéc.

3. An ilec oi idiotiméc tou J"y*e égoun mh jetik” (arnhtik’) pragmatik® mérh kai, epipléon,
up’rgei toulgiston mPa idiotim me mhdeniki pragmatiki merh, tite aut h plhroforba den
arkeb gia na apofanjoOme sqetik™ me thn jetik (arnhtik ) eu/a-st’jeia tou  y*.

Shmei,noume iti gian 1, h monadik idiotim, , tou pPnakalacobi ebnai o Bdioc o pbnakac,

dhlad
Jyte (:;‘y*-; itan n 1
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Kai auti giatD, ex orismoO, oi idiotiméc tou J"y*e ePbnai oi IOseic thc garakthristik ¢ exDswshc
(qarakthristikoO polu,numou, ed,)

L 1 0 0“
det'J*y*s 1, 0 ipou I, EO 1 0E>Rn n.
"0 0 1°
h opoba ekfulbzetai sthn
df . 4
_ . O’
dy y

kaj,c, gia n 1, h orbzousa enic pbnaka ekfulbzetai sthn tautotik sun’rthsh, dhlad
det id; itan n 1;

kai epbshc profan,cl; 1.
M’lista, sthn perBptwsh thc uperbolikithtac tou  y* isqOei éna isquri topologiki apotélesma.

Je,rhma 28 (Hartman-Grobman, alli.c, grammikopoBhsh). 'Estw y* uperboliki shmebo i-
sorropPac enic autinomoyPAT) mef >C!"U;R"e ipou U b S, anoikt periog tou y* entic tou

g,rou f'shc S,. Tite up“rgoun U b U kai U, b R" anoiktéc periogéc touy* kai 0, antbstoiga,
kaj,c kai omoiomorfismic H U; U, tetoia ste gia k'je  yo >U; nauprgei | 17yge b R
anoikt periog tou to, tétoia ste na isqOei iti

H Y t;yoee  X"t;H "yoee; | Yo >U; kai | t >1;
ipou x h IOsh tou antBstoiqou grammikopoihménou probl matoc.

Diaisjhtik”, to parap nw apotélesma mac léei iti h eikina twn IOsewn enic autinomou (PAT)
{kont’} se uperbolik‘l shmebo isorropPacy*, moi‘zei me {paramorfwménh} - kat™ suneq tripo -
eikina twn 10sewn tou antbstoiqou grammikopoihménou probl matoc {kont} sta0.
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Perbgramma Di’lexhc ‘

1. Stoigeba Majhmatik ¢ Biologbac

Dunamik™ montéla poll,n plhjusm n (sunéqgeia): Basiki montélo Lotka-Volterra

2. Majhmatiki Upibajro

(ap) An’lush eust’jeiac autinomou PAT (sunégeia):

i. Grammiki priblhma ston R?
ii. Sun’rthsh Lyapunov

(bp) Periodikéc IOseic autinomou PAT kai kleistéc trogiéc ston g,ro f'shc

\. J

Stoigeba Majhmatik ¢ Biologbac

Basiki montelo Lotka-Volterra  (Lotka , 1920 kai Volterra , 1926). Ed, ja mele-
t soume éna jemeli,dec montélo allhlepBdrashc plhjusm,n, kai sugkekrimena éna montelo jhreut -
jhrrmatoc, to sOsthma exis,sewn Lotka-Volterra .

Sthn amig,c majhmatik klasik bibliografba to basiki montélo jhreut -jhr"matoc apodiditan
merikéc foréc apokleistik™ ston Volterra, o opoboc to grhsimopobhse gia na analOsei tic parath-
r seic enic bioligou jal’ssiac panbdac kai mellontikoO gamproO tou. Wstiso, k’poia api ta
apotelésmata thc sugkekriménhc doulei’c touVolterra sthn Majhmatik BiologPa pou dhmosieQjh-
ke to 1926 ebgan problefijeb api tonLotka, o opoboc anéptuxe kai exetase tic Bdiec exis,seic (oi
opobec mporoOn na jewrhjoOn we mPa poludi“stath genBkeush thc logistik ¢ exDswehbulst) to
1920 se ergasPa tou gia thn meléth enic ghmikoO montélou autokataluimenwn ghmik_n antidr’sewn
sgetik™ me tic ghmikéc antidr’seic kai thn kat'lus touc), kaj,c epbshc to 1925 se biblbo tou wc
ena plhjusmiaki montélo jhreut -jhrmatoc. Auti to ghmiki montélo tou 1920 (pou ousiastik
apoteleb to to basiki montélo jhreut -jhr'matoc pou ja exet’soume kai ed,) anaféretai sthn
ghmik bibliografba kai wc deOteroc ghmikic mhganismimtka (bl., argitera, ‘Askhsh 82), se
antidiastol me ton pr,to ghmiki mhganismi Lotka (bl., argitera, ( L1)) pou apoteleb mia argik
morf tou parap™nw montéelou kai eDge dh axiopoihjeb to 1910, api ton Bdio, epPshc gia th meléth
autokataluimenwn ghmik, n antidr"sewn.

'Estw loipin iti @goume éna apli oikosOsthma ipou x to pljoc twn jhramtwn (pribata,
lagoD k.a.) kaiy to pl joc twn jhreut,n (IOkoi, alepoOdec, kunhgoP k.a.), sunart sei tou grinou
t (oi sunart seic autéc upojétoume iti ebnai toul"qgiston diaforbsimec). Kat™ thn kataskeu tou
montélou, k'noume tic akiloujec upojéseic:

1. Kat™ thn apousba jhreut,n to pljoc twn jhram™twn aux'netai me rujmi an’logo tou
pl jouc touc, dhlad
dx
dt
2. Antbstoiga, kat™ thn apousba jhram™twn (trof c) to pl joc twn jhreut,n mei,netai me rujmi
an’logo tou pl jouc, dhlad

x; ipou AQ;itany O

dy

; ipou AQ; itan x O
at y., 1p
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3. UpTrqei allhlepBdrash tOpou | tou Holling metaxO twn dOo plhjusm,n, me antDstoigh epDdrash
ston kajéna, kai étsi oi ruymob metabol ¢ exart,ntai me ton pléon apli tripo api to ginimeno
xy, dhlad grammik™, me grammiki suntelest AOQ gia to rujmi metabol c tou vy kai @o
gia ton antbstoigo tou X.

Sunoybzontac, odhgoOmaste stic exis,seic
dx

it X Xy (22ap)
dy .
at y o Xy: (22bp)

Sq ma 12: Di"gramma ro,n tou montélou (22). Mac ePnai adi*forh h sqésh metaxO tou kaitou thc allhlepbdrashc.

To antbstoiqo PAT. Sunep,c, to PAT thc dunamik ¢ twn plhjusm,n twn jhreut,n kai
jhram’twn ebnai to ex c:

Me dedoménay;yo CO, anazhtoOme di"sthmd b R me0 >| kai sun“rthsh
“X;ye | 0;2 +2 tétoia .ste h “x;ye na ikanopoieb tiso to sOsthma (PP)
exis,sewn (22) sto I "0e, iso kai thn "x"0e;y 0  “Xg;Yo*.

'Uparxh, monadikithta kai omalithta megistik ¢ kai suneqoOc wc proc ta

argik” dedoména |IOshc tou genikoO probl matoc. Anex’rthta api to prishmo twn
Xo kai yo, K'noume gr sh klasik n jewrhmtwn gia na ex"goume Oparxh, monadikithta kai omalithta
megistik ¢ kai suneq,c exart, menhc api ta arqik” dedoména? 10shc

x';y'e * "ite R% ipou 0@'1;"2 B2
gia to ex ¢ bohjhtiki geniki priblhma:

Me dedoménao;yo >R, anazhtoOme di"sthmd b R me0 >| kai sun’rthsh
“x;ye | R?, tétoia ,ste h “x;ye na ikanopoieD tiso to(22) sto | ~0e, iso (PP")
kai thn "Xx"0e;y"0ee  "Xo;Yoe.
AnalloBwta sOnola, kal topojéthsh tou argikoO probl matoc kai omalithta
thc 10shc tou.

i. An h argik tim brbsketai p"nw s énan api touc duo “xonec, dhlad anx, 0 vy O, tite
mbPa |Osh touRP') ePnai h

TXCte;ytee Miyoe 'Zp 1 t>" "yitoe;
’ h .
TXteyTtee %oe' ;0Z; | t>" Mp;te
antbstoiga. Api thn monadikithta @qoume iti aut ja ePnai h (monadik ) IOsh.

11 Gia thn akrbbeia, h ex’rthsh aut ePnai omal .
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ii. An XoYo A DO, tite x'“te:y'“te A0 gia klje t >" "1;",e. Prgmati, éstw iti isqOei
to antbjeto, dhlad up'rgei to >~ ";;",* tétoio ste ebte x'“toge 0 y'"tge 0, ebte
x' “tge @0 y'“toe @O, Ligw thc sunégeiac thc IOshc, mporoOme na perioristoOme sthn
perbptwsh ipoux' “toe 0 y'“tee 0. Tite, orbzontac tic ' ~ "1 to:"s toe T "1;"pe
kai “X':Y'e © "1 tg;"s toe RZwe

"“te t to; giakije t>" "1 to;"2 toe Kai
Xhiyte X Xxuy X
debgnoume eOkola ititX ' ;Y'« ebnai h monadik megistik 10sh gia to priblhma

Me dedoména;yo >R, anazhtoOme di"sthmd b R me0 >| kai sun“rthsh
“x;ys | R2 tétoia ,ste h “x;ye na ikanopoieB tiso to22) sto "I ~0ee X
iso kai thn “x"0e;y"0ee "' “tge;y! “tges.

Wstiso, epigeirhmatolog,ntac ipwc sthn perbptwsh i:, égoume fiti

Sqma 13: Gia na apokleDsoume to sen’rio h “x';y' « na sunant™ touc “xonec, jewroOme néa probl mata me arq
ta upotijemena shmeba aut ¢ thc sunnthshc kai katal goume se “topo ligw monadikithtac. Me to Bdio gr,ma
apeikonbzontai dOo temnimenec trogiec, k’je mba api tic opobec antistoigeb se mba I0sh.

“Xtte Y ttee MRy “toee YZ; Lt My to"2 toe;

X terY! ttee %! “tgee! ;OZ; 1 t>T My tor"s oo
antbstoiga, dhlad

S CH VAN LU e VA - A PR
X Ctery! “tee 9! “tgee L1007 Lt >T Myitpe;
antbstoiga, kai arkeb na jesounte 0 gia na katal xoume se “topo.
Dhlad ta sOnola

"0:00; “0e "0:2 s; "0:2 s "0 kai 0;2 o2

ebnai anallobwta ston grino gia to PP'). Sunep.c, h “x';y' e, itan xo;yo CO, IOnei epBshc to
(PP), dhlad up“rgei monadik , omal , suneq ¢ wc proc ta argik™ dedoména kai megistik |Osh tou
(P P), kaj,c epbshc ta parap™nw sOnola ePnai anallobwta kai gia toR P).
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Olikithta. Ta parap™nw sumper’smata ja axiopoihjoOn gia na ex"goume iti h 10sh tou P P)
ebnai kai olik (global), dhlad "1;", 2 . Prigmati, an

i. Xo OkaiyoCO xoCOkaiyy O, tite api to dedomeéno iti h IOsh tou ( PP) ePnai megistik
se sunduasmi me to gegonic iti orbzetai gia k'jet >R, pabrnoume "mesa iti ePnai kai olik .

ii. Xo;Yo AOQ, tite orbzoume thnf ~0;2 2 Rwc
fw; ze Inz =z Inw w; | “w;ze >70;2 °2;

kaj,c epbshckaithnF R RwcF  fX'x;ye, ipou "x;y+ IOsh tou (P P), afoO x"te;y"te A
OgiaKje t>" "1;",+. Qrhsimopoi,ntac to (22), "'mesa pabrnoume to néo sOsthma

dx @f.
at Xy @Z Xy
dy @f. ...
pr Xy @Wx,y :
Me thn bo jeia tou kanina thc alusBdac kai tou parap™nw sust matoc, katal goume sto iti
dF
dt
dhlad
Iny vy Inx x c; gia k"poio stajeri c>R; (23)

(profan,c, c InyO Yo InXg Xo). T.,ra, parathroOme iti f w;ze a | kaj,c
SW;zeS 2 | “ra h 10sh tou ( PP) ebnai fragménh entic tod "1;"»e, kai étsi, api th jewrba
sumperabnoume ity;",; 2 (bl. ‘Askhsh 29).

Genik 10sh se kleist morf ; Miac kai den up’rgei gnwst parametrhsh thc (23), pou
na mac dbnei th IOsh se peplegménh morf , ita;yo A0, h genik IOsh den mporeb na grafeb se
kleist morf me b"sh gnwstéc sunart seic.

An’lush eust’jeiac. Epigeir,ntac thn tupopoihménh an’lush eust’jeiac mésw grammik c
an’lushc eust’jeiac, dhlad mésw grammikopoBhshc, ja odhghjoOme en méreiasiéxodo . Pr'g-
mati, o pPbnakagacobi tou sust matic mac ebnai o

- z w o,
Jw;ze E :
z w

Oi idiotiméc tou pPnaka sta shmeba isorropPat;y*e  ~0;0« kai “x*;y*e S-:—«, dhlad oi

1

idiotiméc touJ~0; 0 kai tou JS-; —, ebnai 0i ; AO, > @0 kai 0i 1:2 7 .2
antbstoiga. Kai étsi, sOmfwna me thn jewrDa,

to "0; 0 ebnai s"gma gia to grammikopoihméno priblhma, dhlad astajec, “ra astajéc kai gia
to (PP), en,

"~ to S-; —+ ebPnai kéntro gia to grammikopoihméno #en up’rgei jewrhtiki apotélesma pou na
mac exasfalbzei eu/a-st’jei” tou gia to mh grammiki .

'Enac tripoc gia na xeper’soume auti to empidio ebnai mésw thc "meshc mejidogapunov. Prg-
mati, arkeb na epiléxoume thn

V "0 e Q2.

“wize ((Vwpze S —e fRw;ze;

gia thn opoPa isqOei itiVS-; -« 0, kaj.c epPshc iti V w;ze A0 gia klje “w;ze >"0;2 .2
8S-; -V, afoO to S-; —» megistopoieD thf (bl. 'Askhsh 29). Epipléon,

L 0
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kaj,c
d"V XX;yee dF

LX X ye
Xy at at

0;
“rato S-;—+ ebnai eustajéc gia to PP). Paraktw grhsimopoioOme gewmetrik™ epigeir mata gia
na garakthrbsoume thn eust’jeia aut .

‘Askhsh 29. Sqetik™ me thn sun’rthsh  f.

1. Debxte itif "w;ze @  kaj,c SW;zeS 2 , kai sumpernete iti h megistik IOshtou (PP)
ebnai fragmeénh.

2. DeDxte iti to S-; —« ePnai oliki mégisto thcf .

H gewmetrba twn trogi,n sto epbpedo f'shc. Argik™ ja debxoume iti oi kampOlec
st’jmhc
Fwize >°0;2 2T w;ze cY; ! c>R;

an den ePnai ken” sOnola, tite ePnai kurtéc kai kleistéc kampOlec pou eswkleDous-to-+. Pr'g-
mati, orbzontac
D. &w;ze>"0;2 T "w;ze AcY; ! c>R

ja @goume iti k'je sOnoro @R ePnai kai mba kampOlh st'jmhc. Parathr,ntac iti oi sunart seic thc
morfc g'se alns bsmea;b AOePnai koPlec, pabrnoume eOkola me apl qr sh twn orism_n iti k'je
D ebnai kurti (bl. ‘Askhsh 30). 'Eqoume dh dei, kat™ thn meléth thc olikithtac prohgoumenwec,
iti f"w;ze 2 kaj,c SW;zeS 2 ,‘rak’je D ebnaikai fragméno (bl. ‘Askhsh 30). Epipléeon,
me “topo debgnoume "mesa iti K'j® . brbsketai makri~ api touc "xonec, dhlad iti kanéna shmebo
twn axinwn den an kei sto sOnori tou. ‘Ara telik™ kje kampOlh st'jmhc ebnai kurt kai kleist .

To iti Kje D periégei to S-; —+ prokOptei “mesa api ton orismi twn sunilwn aut,n kai to
gegonic iti to shmebo auti ePnai oliki mégisto thcF, to opobo me th seir” tou prokOptei api to iti
to S-; —+ ebnai oliki mégisto thcf (bl. ‘Askhsh 29). 'Etsi, ePmaste se jésh na kataskeuzoume

adr” men, orj” kai qwrbc na gq"noume plhroforba de, mba proseggistik morf tou graf matoc twn
kampul n stjmhc, h pragmatik morf tou opobou dbnetai sto Sq ma 14bp.

(ap) Gr'thma miac tétoiac  f . (bp) Grfhma twn kampul.n stjmhc.

Sqg ma 14: Gewmetrba twrf kai twn kampul n st jmhc.

Epipléon, mporoOme eOkola parathr ntac to (22) na broOme ton prosanatolismi twn trogi,n
(kateOjunsh tou pedbou dieujOnsewn, bl. ‘Askhsh 31). Sunjétontac tic parap™nw plhroforbec,
mporoOme na kataskeu"soume mba axiipisth ekdoq tou diagr'mmatoc f'shc tou probl matic mac,
h pragmatik morf tou opobou fabnetai sto Sq ma 15.

Tonbzetai iti api ton garakt ra twn kampul n st’jmhc pou melet Jhkan parap nw, epetai h
kleistithta twn trogi.n pou autéc ekproswpoOn, oi opoPec den diapernoOn k“poio shmebo isorropbac.
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Sqg ma 15: Di"gramma f'shc tou ( PP).

Ligw tou gegonitoc autoO se sunduasmi me thn olikithta twn IOsewn, épetai api thn jewrba iti
oi trogiéc autéc antistoiqoOn se periodikéc IOseic.

Api to di"gramma f"shc t,ra kai me th gr sh twn orism, n thc eust’jeiac kai thc asumptwtik ¢
eust’jeiac égoume ta ex c:

~ To "0;0- ebnai astajéc (kti pou p rame kai kat™ thn an"lush eust’jeiac mésw grammikopobh-
shc), kaj,c mba trogi” eisérgetai se auti, mba exérgetai, en, oi upiloipec aénaa to plhsi"zoun
all” kai apomakrOnontai api auti.

To S-; —+ ePnai eustajéc (K'ti pou p rame kai kat™ thn an’lush eust’jeiac mésw thc "meshc

mejidou Lyapunov) all” igi asumptwtik™ (k'ti pou den mporésame na proume kat™ thn
an’lush eust’jeiac), kaj,c to perib’lloun kleistéc trogiéc, dhlad mporoOme na broOme
periodikéc I0seic pou pabrnoun men diaforetikéc timéc api auti, osod pote kont™ tou de.

‘Askhsh 30. Sumplhr ste tic leptoméreiec sqgetik™ me thn gewmetrba tou k“je D..

‘Askhsh 31. EpalhjeOste ton prosanatolismi twn trogi,n pou apeikonbzetai sto Sq ma 15.

Oi nimoi tou Volterra . H sumperifor” twn IOsewn tou ( PP) sunoyDzetai stouc parak’tw
treic basikoOc nimouc, pou ePnai gnwstob nmimoi tou Volterra (Volterra's laws):
1. H periodikithta twn IOsewn apoteleD ton pr,to nimo .
2. H mésh tim thc IOshc an™ perbod®d,
"X ye 1 ' "X te:y tee dt;
1 y T f !y ’

ePnai anex’rthth twn argik,n sunjhk_n, kai m’lista isqOei iti

X, Yo <—;—e:
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Pr°gmati, upi to prbsma tou (22), api thn mba ja eqoume

T dlnx T 1 dx T
0 IN"X"Tee IN"X"0ee g “tedt § — —"tedt g ° yTteedt T Ty;
5 xX"te dt
kai api thn “llh
0 T TX

H anexarthsba aut thc méshc tim ¢ apoteleb todeOtero nimo

3. E"n gbnetai sugkomid kai twn dOo plhjusm,n, an“logh tou arijmoO tou ekstote plhjusmoO,
tite 0 mésoc arijmic twn jhreut,n mei netai en, 0 mésoc arijmic twn jhram™twn aux”netai.
Prigmati, an upojésoume énan trbto plhjusmi, N3, 0 opoboc ebnai anex’rthtoc tou grinou
kai 0 opoPoc ebnai upeOjunoc gia thn sugkomid (p.qg., o anjr,pinoc plhjusmic), kai o opoPoc
allhlepidr” kai me touc dOo plhjusmoOc me allhlepbdrash tou Holling, tite to (22) ja gbnei

dx .

at 1*X Xy

dy ipou 1,AOkai A i:
at 2°Y Xy,

H sunjkh A ; shmabnei iti h sugkomid twn jhram™twn ebnai tétoia ,ste na mhn odhg sei
se exaf'nis touc. To antBstoigo di"gramma ro,n fabnetai sto Sq ma 16. ParathroOme iti

Sq ma 16: Di"gramma ro,n tou montelou (22) me sugkomid .

oi néec par'metroi den ja all"xoun thn dom thc dunamik ¢ tou antbstoiqou probl matoc. H
diafor” wstiso égkeitai sto iti t,ra h mésh tim an” perbodo thc antbstoighc 10shc ja ebnai

Xiye 2 —1e

pou epibebai nei ton argiki isqurismi, ipwc fabnetai kai sto Sgma 17. H sugkekriméenh
metabol thc méshc tim ¢ (dhlad h an’logh metatipish tou kéntrou) kat™ thn parousba
sugkomid c apoteleb tortrbto nimo,  alli,c, thn arq tou Volterra (Volterra's principle ).

Oi nimoi autob éqoun prgmati epalhjeuteb gia orisména oikosust mata jhreut,n-jhram™wn, me
garakthristiki to par"deigma tou trbtou nimou. Sugkekriména, upi to prbsma tou oVolterra ex ghse
thn aOxhsh tou posostoO kargari,n kai salagi,n sta alieOmata thc MesogePou kat” thn di‘rkeia
tou A' Pagkismiou Pilemou, wc apotélesma thc mePwshc thc Bdiac thc aliebac.

Arijmhtik epBlush. Progwr"me sthn arijmhtik epblush tou probl matoc, ipwc fabnetai
sto Sq ma 18, proc epal jeush twn apotelesm™twn mac.

M’lista, api to Sq ma 18ap sumperabnoume iti ax kai y ebnai ektic f"'shc, me thrx na prohgebtai.
MPa alhjofan ¢ ex ghsh autoO ebnai iti xekin,ntac api thn kat“stash ipou kai oi dOo plhjusmob
ebnai sgetik™ mikrob, ta jhr'mata arqik”™ aux"nontai ligw thc meiwmenhc jrac. Sth sunegeia, oi
jhreutéc, me afjonba pléon trof ¢, aux"nontai epBshc. Auti me th seir” tou odhgeb se megalOterh
j ra kai ta jhrrmata mei nontai. Téloc, se élleiyh pléon trof ¢, oi jhreutéc mei, nontai kai autob
kai to sOsthma epanérgetai sthn argik tou kat'stash.
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Sq ma 17: Gr'thma miac kampOlhc stjmhc tou montélou (22), me (kikkino) kai qwrbc (mple) sugkomid .

(ab) H10sh gia xo 4 10° “toma, yo 2 10° “toma. (bp) Di"gramma fshc gia di*forec argikéc sunj kec.

Sq ma 18: Arijmhtik epBlush tou (P P) gia jetikoOc grinouc, me 3 grinoc Y 1%0° "tomaZ * grinoc 1
6 grinoc kai  19%0° ‘tomaZ ' grinoc l.

Majhmatiki Upibajro

Grammiki priblhma ston R2. JewroOme to didi"stato autinomo grammiki priblnma
¢ dy
[ =="te Ayte
pa Y
oY to* Yo

ipou A “a .iz_j 1 >R? 2, Léme iti to parap™nw priblhma ebnaiapli an o pPnaka& ePnai mh id“zwn

(detA x 0), opite oi idiotiméc tou ebnai mh mhdenikéc. Se aut thn perbptwsh to monadiki shmebo
isorropBac tou probl matoc ePnai tc) >R?2.

Oi idiotiméc tou A ebnai oi IOseic the garakthristik ¢ exDswshc (qarakthristikoO polu,numou,
ed,)

dettA  l,» 2 “trAe detA O
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Sunep,c, oi idiotiméc touA dbnontai api ton tOpo
1. . L
12 5 SrA A®Ze;

ipou A “trAs?  4detA kai empDbptoun se mia api tic akiloujec tesseric peript,seic:

E’ 1; 2 >R tétoia ;ste 11X »

'Estw u1; U, >R? ta monadiaba idiodianOsmata pou antistoiqoOn stic ,. Tite h IQsh tou
parap™nw probl matoc dbnetai api th sqesh

y'te ciet'u; e uy;

ipou c;;c; aujabretec pragmatikéc stajerec.

'‘Eqoume, tite, thn akiloujh taxinimhsh/onomatologba gia to shmebo isorropbac tou probl ma-
toc:

i. 0@ , @ 1: jetik™ astaj ¢ kai arnhtik™ eustaj ¢ kimboc (bl. Sq ma 19ap).
ii. @ ; @O: jetik” eustaj c kai arnhtik™ astaj ¢ kimboc (bl. Sq ma 19bp).
iii. @ @ 1: sgma (bl. Sq ma 19gp).

(ap) Jetik™ astaj ¢ kai arnhtik™ eustaj ¢ kimboc. (bp) Jetik™ eustaj ¢ kai arnhtik™ astaj ¢ kimboc.

Kimboc.

(gb) S"gma.

Sq ma 19: Qarakthrismic tou shmeBou isorropPac 0>R? gia 1; » >R tétoia ,ste 1X 2.

@ ’ 12 >R kai A diag,nioc pDnakaJE

An up“rgoun dOo grammik™ anex’rthta idiodianOsmata > R? gia thn , tite h IOsh tou
parap™nw probl matoc dbnetai api th sqesh

yte “ciu ¢ ee';
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ipou c;;c, aujabretec pragmatikéc stajerec.
'Eqgoume, tite, thn akiloujh taxinimhsh/onomatologba gia to shmebo isorropbac tou probl ma-

toc:
i. AO: jetik” astaj ¢ kai arnhtik™ eustaj ¢ asteroeid ¢ kimboc (bl. Sq ma 20ap).
ii. @D0: jetik” eustaj c kai arnhtik™ astaj ¢ asteroeid ¢ kimboc (bl. Sq ma 20bp).
(ap) Jetik™ astaj ¢ kai arnhtik™ eustaj ¢ asteroeid ¢ kim- (bp) Jetik™ eustaj c kai arnhtik™ astaj c asteroeid ¢ kim-
boc. boc.

Sqg ma 20: Asteroeid ¢ kimboc.

. ’ 1 2 >R kai A mh diag,nioc pE)nak#c

An up’rgei mino éna grammik”™ anex’rthto idiodi'nusmai > R? gia thn , tite h IOsh tou
parap nw probl matoc dbnetai api th sqésh

yte "¢ otee'u e ;

ipou >R? aujaBreto, grammik™ anex’rthto sto u di'nusma, kaic;; ¢, aujaPretec pragmatikéc

stajerec.
'‘Eqoume, tite, thn akiloujh taxinimhsh/onomatologba gia to shmebo isorropbac tou probl ma-
toc:
i. AO: jetik” astaj ¢ kai arnhtik™ eustaj ¢ nijoc ( ekfulismenoc) kimboc (bl. Sg ma
21ap).
ii. @D0: jetik” eustaj ¢ kai arnhtik™ astaj ¢ nijoc ( ekfulisménoc) kimboc (bl. Sg ma
21bp).
(ap) Jetik™ astaj c kai arnhtik™ eustaj ¢ nijoc kimboc. (bp) Jetik™ eustaj ¢ kai arnhtik™ astaj c nijoc kimboc.

Sq ma 21: Nijoc kimboc.
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1, 2 >C tétoia ste Re 1 Re, 1itrA kai m i1 Im>

H 10sh tou parap™nw probl matoc dPnetai api th sqésh

yte cel “ucost ce vsinTt  cpes

ipou i kai » i oi idiotiméc tou probl matoc me antbstoiga idiodianOsmata
up u i kaiuy, u i meu; >RZ2

'Eqoume, tite, thn akiloujh taxinimhsh/onomatologba gia to shmebo isorropbac tou probl ma-
toc:

i. AQ: jetik” astaj ¢ kai arnhtik” eustaj c estba (bl. Sg mata 22ap kai 22bp).
ii. @O: jetik” eustaj c kai arnhtik™ astaj ¢ estba (bl. Sq mata 22gp kai 22dp).
iii . 0: kéntro (bl.Sq ma 22eh).

‘Otan to shmebo isorropbac ebnai kentro, to topiki di"gramma f'shc tou probl matoc apotelebtai api
éna sunegéc omikentrwn kOklwn. Aut eBnai h minh mh tetrimmeénh perbptwsh sthn opobPa emfanDzetai
periodik sumperifor™ (periidou 2-) stic IOseic grammik,n susthm"twn.*?

MporoOme na sunoyPsoume ton tripo me ton opobo to di"gramma f"shc tou didi"statou grammikoO
probl matoc exart’tai api th metabol thc orbzousac wc proc to Bgnoc tou pbnaka ipwc fabnetai
sto Sq ma 23.

Sun’rthsh Lyapunov . EPnai diaisjhtik™ faneri iti an h olik enérgeia enic fusikoO pro-

bl matoc eqei topiki el"gisto se k™poio shmebo isorropbac, tite to shmebo auti ebnai eustajéc.
Aut h idéa genikeOjhke api ton Lyapunov kai apotélese mia apl , all” isqur , méjodo epPlushc
problhm™twn eust’jeiac, pou onom"zetai (‘'mesh, alli,c, deOterh) méjodoc Lyapunov. M’lista,

mia sun’rthsh ipwc h olik enérgeia enic fusikoO probl matoc légetai sun“rthsh Lyapunov, ipwc

ja anaferoume kai parak™tw. H meléeth miac endegimenhc sun’rthshtyapunov gia kpoio autino-

mo PAT eqgei trba shmantik™ pleonekt mata énanti thc grammikopobhshc (h opoba leégetai kai pr,th
méjodocLyapunov):

" Mporeb na grhsimopoihjeD gia na apodeigjedst’jeia enic shmebou isorropbac sto opobo o
upologismic twn idiotim_ n tou antbstoigqou pPBnakalacobi ebnai dusger ¢

"~ Mporeb na grhsimopoihjeP gia na apodeig@Bt jeia enic mh uperbolikoO shmebou isorropbac
sto opobo h grammikopobhsh katarréei

~ Mporeb na mac d,selik™ apotelésmata sgetik™ me endegimenh asumptwtik eust’jeia enic
shmebou isorropbadhlad apotelésmata pou emplékoun oliklhro ton q,ro f°shc, kai iqi
mino topik”.

To meionekthma énanti thc grammikopobhshc, h opoba ebnai tupopoihmenh, ebnai iti den up“rgei kajo-
likic tripoc eOreshc miac sun“rthshc Lyapunov gia éna aujabreto autinomo PAT.

JewroOme autinomo (PAT) kai upojétoume iti y* ePnai memonwméno shmebo isorropPac tou mo-
ntélou, dhlad f"y*s 0, kai epbshé >C'"U;R"s, ipou U b S, anoikt perioq tou y* entic tou
g,rou f'shc  Sp.

1. Mia sun’rthsh g>C"U;Re légetai jetik™ orisménh (hmiorisménh) sto y* ann
i. gyt 0, kai
ii. g xe é 0, ! x>U ~yte,
H g légetai arnhtik™ orisménh (hmiorisménh) an h g ebnai jetik™ orisménh (hmiorisménh).

2. Mia sunrthsh V >C1"U;Re légetai asjen ¢ mellontik (pareljontik ) sun’rthsh Lyapu-
nov gia to y* tou parap nw autinomou (PAT) ann

i. hV ebnai jetik” orisménh stoy?*, kai

12H tetrimménh periodik sumperifor” IOsewn apl,n grammik,n susthm"twn antistoigeD stic stajeréc IOseic,
dhlad sta shmeba isorropbac, kai h perbodoc ebnéi
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(ap) Aristeristrofh jetik™ astaj ¢ kai arnhtik™ eustaj ¢ (bp) Dexilstrofh jetik™ astaj ¢ kai arnhtik™ eustaj ¢ estba
estba (a A0; AO0). (aA0; @0).

Jetik”™ astaj ¢ kai arnhtik™ eustaj c estba.

(gb) Aristeristrofh jetik™ eustaj c kai arnhtik™ astaj ¢ (dp) Dexiistrofh jetik™ eustaj ¢ kai arnhtik”™ astaj ¢ estba

estba (a @0; AO0). (a @0; @0).

Jetik”™ eustaj ¢ kai arnhtik”™ astaj c estba.

(ep) Kéntro ( 0).

Sq ma 22: Qarakthrismic tou shmebou isorropPac 0>R? gia 1; 2 >C.
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Sq ma 23: Ex'rthsh tou diagr'mmatoc f’shc api th metabol thc detA wc proc to trA.

n
i.h\Vv ©V f Q g—:(/fi ePnai arnhtik™ (jetik") hmiorisménh sto y*.
i1

H V légetai isqur mellontik (pareljorltik) sun’rthsh Lyapunov gia to y* tou parap™nw
autinomou (PAT) ann antb touii: isqOei to
i'. h\L ePnai arnhtik” (jetik") orisménh sto y*.

Shmei,noume iti h sun’rthsh \/ légetai par'gwgoc Lie, ( alli,c, trogiak , ulik , pargw-
goc) thc V, kai ousiastik™ - mésw tou kanina alusBdac - oiii: kai ii® mac Iéne iti kat™ m koc twn
trogi,n twn IOsewn tou (PAT) h V ePnai fipnousa kai gnhsbwc fibnousa, antDstoiga, kaj,c

d"V Xye
—  \LXy:
at y

Je,rhma 32 (Lyapunov). An sthn anoikt periog U b 'S, tou y* entic tou g,rou f'shc S,
tou parap™nw autinomou (PAT) up’rgei
1. mia asjen ¢ mellontik (pareljontik ) sunrthsh Lyapunov sto y*, tite to y* ePnai jetik”
(arnhtik”) eustajéc,
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2. mia isqur mellontik (pareljontik ) sun“rthsh Lyapunov sto y*, tite to y* ePnai asum-
ptwtik” jetik™ (arnhtik”) eustajéc. M’lista, isqOei iti

Mmoo ytyos v vo>U:

Se k’poiec peript,seic mporoOme na proume asumptwtik eust’jeia akima kai api mPa asjen
mino sun’rthsh Lyapunov, ipwc fabnetai parak™tw.

Je,rhma 33 (LaSalle Barbashin-Krasovskii-LaSalle  alli,c, arg anallobwtou) . An

1. sthn anoikt periog U b S, tou y* entic tou g,rouf'shc S, uprgei mia asjen ¢ mellontik
(pareljontik ) sun’rthsh Lyapunov V sto y*, kai

2. h\L den AmhdenE)zetai tautotik™ p"nw se kamba trogi”, me exabresh thn tetrimmeénh trogi” thc
stajer c IOshc y y*,

tite to y* ePnai asumptwtik” jetik™ (arnhtik”) eustajéc. M’lista, isqQei iti

My tyee v yo>U:

Ligw twn parap™nw dOo apotelesm™twn, mporoOme na eis"goume tic parak™tw énnoiec:

1. Sthn perbptwsh thc jetik ¢ (arnhtik ¢) asumptwtik ¢ eust’jeiac twn dOo prongoOmenwn
jewrhm™wn, to U légetai jetiki (arnhtiki)  pedbo élxhtou y*. An U ePnai tiso jetiki iso
kai arnhtiki pedbo élxhc touy?, fite Ieégetai pedbo élxhc tou y*.

2. An to jetiki (arnhtiki) pedbo élxhc tou y* ebnai iloc o g,roc f'shc ektic Bswc enic mhde-

nosunilou, tite to  y* Iégetai olik” jetik” (arnhtik”) asumptwtik™ eustajec . An to y* ePnai
olik™ tiso jetik™ iso kai arnhtik™ asumptwtik™ eustajéc, tite legetai olik™ asumptwtik”
eustajéc.

H méjodocLyapunov mporeb na tropopoihjeb étsi ,ste na eleggei thn ast’jeia tou shmebou isor-
ropbac.

Je,rhma 34 (Cetaev). An gia thn anoikt perioq U b S, tou y* entic tou g,rou f'shc S,
up’rgoun V >CY"U;Re kai anoikti Uy b U tétoia ,ste
2. V™xe AO kai \L"xe A% 0, | x >Ug, kai

3.V'xe 0, x>U9@Uy,
tite to y* ePnai jetik” (arnhtik’) astajéc.

Kleistithta trogi,n kai periodikithta IOsewn autinomou PAT. Genik”, mba
mh stajer kai olik 10sh, y R R", enic autinomou (PAT) légetai periodik ann uprgei
pragmatikic T x 0O, tetoioc ,ste y't Te y'te gia klje t>R. Kje tetoioc T legetai perbodoc
thc y. Se k“poiec peript,seic, ipou kai ja anaféretai rht” , epekteBnoume ton orismi thc periodik ¢
IOshc étsi ste na perilambnei kai thn stajer |Osh.

Je,rhma 35. 'Estw autinomo (PAT) mef >C"U;R"s ipou U b S, anoikti entic tou g,rou
f'shc S,.
1. An h trogi” miac olik ¢ IOshc, v, tou (PAT) periégetai se mia kleist C* kampOlh, h opoba
kampOlh den periégei k’poio shmebo isorropPac BAT) , tite h y ePnai periodik .
2. An mia IOsh,y, tou (PAT) ebnai periodik , tite

i. den up“rgoun shmeba isorropbac epb thc trogi“c thye kai
ii. uprgei h elgisth jetik perbodoc thc .

H elgisth jetik perBodoc miac periodik ¢ IOshc légetai kai apl” perDodoc. AT ePnai h el qisth
jetik perbodoc miac C¥) IOshc, y, enic autinomou (PAT), tite h sunrthsh 'y 0;Te R" orbzei
mia suneq C) kleist kampOlh h opoba den témnei ton eauti thc. Sthn migadik anlushrf 2)
mia tétoia kampOlh leégetai C¥) apl kleist kampOlh ( CX) kampOlhJordan, sthn diaforik
gewmetrba legetai kleist topologik ( alli,c, CX) 1-pollaplithta, kai sthn gewmetrik an’lush
leégetai sumpag c topologik ( alli.c, CX) 1-pollaplithta gwrbc sOnoro.
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Perbgramma Di’lexhc ‘

1. Stoigeba Majhmatik ¢ Biologbac

Dunamik™ montela poll,n plhjusm,n (sunégeia): Logistik parallag tou basikoO
montelou Lotka-Volterra

2. Majhmatiki Upibajro

(ap) Ex’rthsh thc IOshc tou PAT api par'metro
(bp) Diakl"dwsh api shmebo isorropbac: Diakl"dwsh stajer ¢ kat"stashc

Stoigeba Majhmatik ¢ Biologbac

Prth parallag tou basikoO montélou Lotka-Volterra . An antb tou sust matoc
(22), kai sugkekriména thc (22ap), jewr soume iti se apousPa jhreut.n h dunamik tou plhjusmoO
twn jhram™twn perigrfetai api thn logistik exPswsh, tite pabrnoume to

z—)t( x <1 %x- Xy (24ap)
dy
— XY; 24b
a Y (24bp)
ipou ilec oi par'metroi ePnai jetikec.
To antbstoiqo PAT. To PAT gia to parap”nw montelo ePnai to ex c:

Me dedoménay;y, CO, anazhtoOme di"sthmd b R me0 >| kai sun“rthsh
“x;ye | 0;2 «2, tetoia ,ste h "x;ye na ikanopoieb tiso to(24) sto | ~0e (PPy2:1)
iso kai thn "x"0e;y"0es  “Xq;Yo°.

Omal megistik 10sh, kal topojéthsh tou probl matoc kai analloBwta
sOnola. Akrib,c me thn Bdia tegnik (meléth argik™ enic kat‘llplou genikiterou probl matoc)
kai ta Bdia epigeir mata ipwc kai gia to £ P), pabrnoume thn Oparxh monadik ¢, omal ¢, suneq,c
exart, menhc api ta argik™ dedoména kai megistik ¢ I0shc tou P Py.1),
Xiye T "Mz 0;2 o7 ipou 0@"1;", BR
kaj,c epPshc iti toulgiston (bl. ‘Askhsh 36) ta sOnola
"0;0-; "0 "0;@ e; "0;3 s 0 kai“0;2 +?

ebnai anallobwta wc proc ton grino gia to priblhma.
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Olikithta : Ligw thc adunambac eOreshc thc IOshc to® P..1) éstw kai se peplegménh morf ,
gia thn olikitht™ thc mporoOme na ergastoOme me diaforetiki tripo, kai sugkekriména me thn méjodo
thc sOgkrishc.

'Estw iti h megistik 10sh pou br kame parap™nw den ePnai jetik” olik , dnlad ", @ , kai
ja katal xoume se “topo. ArkeD na dePxoume iti den ekr gnutai, kaj.c k'je IOsh me arqgik tim
sto eswteriki tou g,rou f'shc, dhlad sto ~0;2 «2, ePnai adOnato na tebnei proc to sOnori tou
se peperasmeno grino ligw monadikithtac. 'Estw, loipin, T >70;",e. Parathr ntac thn (24ap),
egoume fti

dx 1
at Bx <1 kX ;
“ra api sOgkrish égoume fiti

max™ teTt> O;T ZBmax™ te Tt > O;T z A;

ipou ® ePnai h (toul"qgiston) jetik™ olik IOsh tou () mer kai argik sunjkh %70 Xg.
Epipléon, api thn (24bp) égoume iti
d—y B xy;
) a -
“ra xan” api sOgkrish égqoume iti

max ™ te > 0;T ZBype”' :

Dhlad h IOsh ebnai fragménh sto 0; T api mia stajer” pou exarttai suneq,c (kai kat™ aOxonta
tripo) apito  T. AfoO to T ePnai aujabreto, pabrnoume to irio gia ", gia na katal xoume se
“topo. ‘Ara h IOsh ePnai jetik” olik , dhlad ", 2 .

'Oson afor” to  "; kai thn arnhtik olikithta thc megistik ¢ I0shc, p7li ja grhsimopoi soume

thn mejodo thc sOgkrishc, afoO imwe pr.ta antistréyoume ton grino. Prigmati an
Xye T tpEe 027

ePnai h jetik” olik megistik 1Osh tou ( PPy,.1) pou br kame parap™nw, tite gia thn

Ypoeta e 02 e?
S( " “se; “see X7 sery” see;
isqOei it
d 1
R 1 — o
ds ok
d
ds ’
kaj.c epPshc iti = "0e; “Oes “Xg:Yyoe. ParathroOme iti
d
ds

sunep,c mporoOme na p'roume api sOgkrish iti h orbzetai gia ilouc touc jetikoOc grinouc,

wstiso eqoume iti
d 1
R C 1 — e
dt Sk T
“ra, sugkrbnontac me thn arnhtik” ekrugnhimenh 10sh tou ), paBrnoume iti h ekr gnutai gia
k"poio peperasméno jetiki grino. ‘Ara h IOsh ekr gnutai gia k’poio peperasmeéno arnhtiki grino ,

sunep,c "1 @ .

Shmeba isorropbac. EOkola, api to sOsthma (24), @qoume iti up“rqoun trba shmeba isorropbac,
dhlad ta
g‘?"o; Oe;
“xFiyte 1S -% Z; ankC-
i‘k; O :

Shmei,noume iti aporrbDyame thn perDptwsh tou deOterou shmebou isorropBla@méaj,c endia-
ferimaste gia mh arnhtikéc I0seic. ParathroOme iti to deOtero shmebo isorropPac sumpBptei me to
trbto itan k -.
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‘Askhsh 36. TemagBste peraitérw ta anallobwta sOnola pou br kame parap™nw se analloBwta
uposOnola.

An’lush eust’jeiac. Upologbzoume ton pPnaltacobi gia to sOsthm™ mac wc
Twze @& % ZwZ z W
z w
dhlad
J"0; 00 C% 0.
kai
Je—i—<1 < CE—%’I:TTZ ; 37k 0 &, kk‘

‘Amesa, api grammikopobhsh, éqoume ta ex c:

To "0;0- ebnai jetik™ astajéec, miac kai oi idiotiméc tou antbstoiqou pPnakiacobi ebnai oi
1 AOkai » @o.

" Sgetik” me to S-; - % 2, oi idiotiméc dbnontai api ton tOpo
L1
Lor w? ade 2o
2
ipou
tr o @n; kaj,c epbshc det <1 ?- AQitan kA—:
AfoO se aut thn perbptwsh h orbzousa ePnai jetik, sumperabnoume iti to prishmo tou

pragmatikoO mérouc twn idiotim,n tou pPnakiacobi kajorbzetai api to antDstoiqo prishmo
tou Bgnouc. ‘Ara, to parap™nw shmebo isorropbac ebnai jetik™ asumptwtik™ eustajec itan

kKA-.
~ Sgetik® me to “k; 0s, égoume fiti oi idiotiméc ebnaj k kai @o, dhlad
¢ @ itan k @
14 0 itan k - kai epbshc, @:

',:g A0 itan kA-;
‘Ara to parap”nw shmebo isorropbac ebnai

f]:jetikA asumptwtik™ eustajec ; itan k @-
%, jetik” astajec itan kA-:

Wstiso, den mporoOme na apofanjoOme sqetik™ me thn eu/a-st’jei” todo;0Zitan - k mésw
grammikopobhshc, ligw mh uperbolikitht™c tou. Parathr ntac imwc to Sq ma 24 (bl. ‘Askhsh 37),
se sunduasmi me thn (toul"giston) suneq ex’rthsh thc IOshc api thn par'metro  k, diaisjhtik™
anamenoume thn jetik asumptwtik eust’jei” tou.

H austhr apideixh autoO tou sumper’smatoc basbzetai sthn jewrDa diakl"dwshc stajer ¢
kat"stashc.

‘Askhsh 37. D,ste tic leptoméreiec kataskeu ¢ tou Sq matoc 24.

An’lush diakl"dwshc. Katarqc, to Sq ma 24 epibebai nei thn Oparxh diakl"dwshc sta-
jer c kat’stashc api to  “k;0e itan k —, k'ti “llwste pou prokOptei kai api thn jewrDa, afoO,
koit,ntac thn k wc sun’rthsh tou k, egoume iti

c— 031 . yokai @

1 ) dk 2 .
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(bp) k A —. Kaj,c to k aux'netai, topik™ kai gOrw api to
(ab) k @— jetik™ asumptwtik™ eustajec shmebo isorropPac, h eikina twn
’ trogi,n xekin“ei na moi“zei me aut enic kimbou kai katal gei
na moi“zei me aut miac estbac.

Sq ma 24: Poiotik anapar’stash tou g,rou f'shc tou ( PPy2:1) gia k x —, ipwc prokOptei api thn grammik
an’lush eust’jeiac. Anaménoume thn jetik asumptwtik eust’jeia tou %e-;0Z itan k —, ipwc faPnetai kaj.c
k %272 k %eZ.

‘Ara ja garakthrbBsoume to tOpo thc diakl"dwshc aut ¢, me ap,tero skopi na bg’loume sumpérasma
gia thn eust’jeia tou %e;0Zitan k —. Miac kai gnwrbDzoume ila ta shmeba isorropPac ; y*e
“x*ke;y* kes gOrw api to k -, ja to k’noume kataskeu"zontac to di\gramma thc diakl"dwshc
(ston antbpoda, bl. ‘Askhsh 38).

Epilégoume ton kat'llhlo sunduasmi twn x* kai y*, oi timéc tou opoPou ja apeikonbzontai
ston katakirufo “xona tou diagr'mmatoc. O sunduasmic autic prokOptei api thn aplopoBhsh
Lyapunov-Schmidt, wc ex c¢: Pr ta diagwnopoioOme tond %e ; 02

0 0 .p1 g— Lg0 0.0 1.

0o 1
Je—i0 PE", , 1 0% 1

ipou ta %0 —:17kai "1;0e, ta opoba &qoun epilegeb gia thn pr,th kai deQterh, antbstoiqga, st |h tou
P, ebnai ta idiodianOsmata thg 0 kai thc , antbstoiga. 'Epeita epiléegoume to sunduasmi

"0;1e “xFokyte yH

ipou to "0;1e ePnai h pr,th gramm touP 1.

Ara to di"gramma thc diakl"dwshc dbnetai sto Sq ma 25, kai parathroOme iti prikeitai gia mia
diakrbsimh diakl"dwsh (o astaj c kI'doc y* —%hb +£@0 gia k @- aporrbptetai) api to jetik”
asumptwtik™ eustajéc shmebo isorropDaie ; 0Z

Sqma 25: Digramma diak'dwshc y* & —% -2 0. Me prsino apeikonbzetai h jetik asumptwtik eu-
st’jeia, en, me kikkino h jetik ast’jeia.

Askhsh 38 (O par“deisoc apégei mino merikéc selbdec prixeic). Apofanjebte sgetik™ me thn
Oparxh diak"dwshc stajer ¢ kat'stashc kai ton tOpo thc gia to (P Py.1), sthn perBptwsh pou
den gnwrbzete ta upiloipa shmeba isorropbac, par™ mino™; Oe.
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Olik asumptwtik eust’jeia. ‘Arage, ja tePnei asumptwtik™ k'je IOsh tou ( PPy,.1), me
aujabreth arqgik sunj kh, sta jetik™ eustaj shmeba isorropbac ; EPnai, dhlad, ta jetik™ asum-
ptwtik™ eustaj shmeba isorropbac kai olik™ jetik™ asumptwtik™ eustaj ;

1. Perbptwshk A —. Ed, ja y'™xoume gia kat'llhlh sun’rthsh Lyapunov, V. Miac kai gia to
(PP) br kame mia tétoia sun’rthsh, t ra elpPzoume na poreutoOme tropopoi,ntac thn.

Sugkekriména, ja y"xoume gia kat’llhih
f"w;ze Alnz Bz Clnw Dw; | "w;ze >70;2 2
me stajeréc A, B, C, D pou menei na kajorbsoume, tétoia ,ste
V 02 e® 3.
“wize (S -% 2 fw;ze;

gia thn opoba ja isqOei itiVS-; % 2 0, iti V'w;ze A0 gia kje "w;ze >70;2 .2

3S-;-% 2Y, kaj,c epbshc iti \L"w;z+ BO gia Klje "w;ze >70;2 «2. AfoO ousiastik®
jeloume hf na égei (oliki) meégisto gia S-; - % 2, tite anagkastik” ja prépei

08

Of c—i—<1 ——+ 0 }

o]

c -D
A —% ZB:
Epipleon, afoO jeloume gia K'je “Xo;Yyo* >"0;2 2 na isqOei iti

d"V Xx;yee
dt

©V XAx;yo < dl dlo :

O0C\ULXX;ye a0

tite, sOmfwna me thn (24), anagkastik™ ja prépei
- 1 N
0C\ULX X;ye Dc<— xec¢ <1 EX. ye Bc—«<1 ?- ye Xe:
K'ti tétoio ja isqOei an epiléxoume
B kaiD ;
kaj,c tite ja égoume fti
X o2

VXX ye — BO:

Dhlad h V ePnai mia asjen ¢ mellontik sunrthsh Lyapunov. Wstiso, parathroOme iti h
\L den mhdenbzetai tautotik™ se kami” trogi”, me exabresh thn tetrimménh trogi” thc stajer ¢

IOshc "x;ys  S-;-% 2. ‘Ara, api thn arq anallobwtou LaSalle épetai iti to shmebo
isorropbac ebnai olik™ jetik™ asumptwtik™ eustajéc.

2. Perbptwshk B —. Ed,, h eOresh miac sun’rthshcLyapunov gia thn exagwg sumper“smatoc
sgetik® me thn olik sumperifor” tou "k; 0 den ePnai eOkolh upijesh (to sOnhjec sen’rio).
Paradebgmata pou mporoOme "mesa na skeftoOme, ipwc h

V RZ Q2.

“w;ize (Tw ke? Z%;
den arkoOn. Wstiso ja bg‘loumeAsumpérasma me énan apli kataskeuastiki tripo, apotu-
p,nontac poiotik™ to pedbo dieujOnsewn

i. Pr,ta apeikonDzoume ticmhdenoklineBc kampOlston g,ro f'shc. Mia mhdenoklin ¢
kampOlh apoteleD kampOlh ston q,ro f'shc epb thc opoPac mhdenbzetai h par"gwgoc miac
api tic exarthméenec metablhtéc. Me b’sh to (24), kai ipwc fabnetai sto Sq ma 26ap (sto
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Sg ma 26 apeikonbzetai h perbptwkh@-; antbstoiga ja €égoume kai gia thn perbptwsh

k - (bl. 'Askhsh 39)), ison afor” thn f’j—i‘ 0 éqoume ticx-mhdenoklinebc

X Okaiy —«<1 %x-;

kai api thn C(iT)t/ 0 égoume ticy-mhdenoklinebc

y Okaix —:

ii. 'Epeita sqgedi"zoume katakirufa eujOgramma tm mata kat™ m koc twnx-mhdenoklin,n
kampul, n kai orizintia kat™ m koc twn y-mhdenoklin,n, ipwc fabnetai sto Sq ma 26bp.

iii . Sthn sunéqeia epilégoume katlihlh for™ sta parap™nw eujOgramma tm mata, thn opoba
ex"goume “mesa api to (24), ipwc fabnetai sto Sq ma 26gp.

iv. Téloc apeikonbzoume ta kat'llhla dianOsmata ston upiloipo g,ro f'shc, ipwc fabnetai
sto Sq ma 26dp, me b'sh thn for™ thc sunistaménhc twn dianusm™twn stic mhdenoklinebc
kampOlec.

Pabrnoume étsi thn olik jetik asumptwtik eustijeia tou “k;0e sto analloBwto sOnolo
“0E e 02 ey
dhlad pantoOston g ro f'shc  ektic api to analloBwto sOnolo
0 02 ey
itan kB -.
Sumperabnoume eétsi ta ex c:

1. Ank A —, tite k'je IO0sh me mh mhdenik argik sunj kh gia ta jhr'mata tePBnei mellontik®
sto shmebo isorropbac thc sumbbwshc.

2. Ank B —, tite, gia Kje argik sunj kh, mellontik™ oi jhreutéc mei,nontai meqri exaf nishc.

‘Askhsh 39.  Apeikonbste poiotik”™ to pedbo dieujOnsewn tBP,,.1), itan k - kai itan k A-.

Arijmhtik epBblush. Progwr’me sthn arijmhtik epBlush tou probl matoc, ipwc fabnetai
sto Sq ma 27, proc epal jeush twn apotelesm™twn mac.

Majhmatiki Upibajro

Exrthsh api par"metro. 'Ena priblnma meglou endiaférontoc ePnai h exrthsh twn IOse-
wn enic (PAT) api par"metro.

Je,rhma 40  (suneq c/diaforBsimh ex’rthsh twn IOsewn api par'metro) . 'Estw anoikti U b R",
parmetroc  >U me *>U kai (PAT) ipouf” ; « f~; ; «. Anhf ebnaCX, mek >N, se mia
periog tou “to;Yyo; *e, tite mia endegimenh IOsh,y” ; ¢« y* ; ; e, jaePnaiCk ! se mia periog
tou “to;yo; Fe.

Shmei noume iti h ex’rthsh twn IOsewn api thn argik sunjkh thn f api thn mba, kai
h ex’rthsh touc api par'metro api thn “llh, ePnai oi dOo iyeic tou Bdiou nomPsmatoc, me to éna
apotélesma na mac odhgeb sto “llo kai antbstrofa.

EpBbshc, to Je rhma 40 dbnei mia polO apotelesmatik meéjodo proseggistik ¢ epPlushc exis,se-
wn pou ePnai {kontinéc} se {mh diataragmeénec} exis,seic twn opoPwn oi IOseic ePnai gnwstéc. Arkeb
na anaparastajeP h IOsh thc diataragmeénhc exBswshc sth morf seir"@aylor se dun"meic thc dia-
taraq c, na antikatastajeb aut h seir” sth diataragménh exPswsh kai na exiswjoOn oi suntelestéc
twn Bdiwn dun"mewn thc diatarag c. O pr,toc (anex'rthtoc thc diataraq c) iroc thc seir"c pou
anaparist” th IOsh ja ePnai h gnwst 10sh thc mh diataragménhc exBswshc. Epanalhptik™ epilOsi-
mec exis,seic ja d,soun touc akiloujouc irouc thc seir"c. H pio shmantik ap' autéc, h exbswsh
twn irwn pr,tou bajmoO wc proc th diataraq, ePnai mia mh omogen c diaforik exBswsh. Aut
h diadikasPa grhsimopoiebtai se eurOtato f'sma efarmog,n twn diaforik,n exis,sewn kai empbptei
stic legimenec Mejidouc Diatarag,n
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(ap) Me mple oi x-mhdenoklineBc kamplOlec kai me kikkino oi  y-
mhdenoklinebc. Profan,c ila ta shmeba isorropbac brbskontai

sthn tom twn mhdenoklin.n kampul,n. Ed,, oi kampOlec

autec qwrbzoun ton q.ro f'shc se treic periogéc, I, Il kai
1.

(bp) To pedbo dieujOnsewn kat™ m koc k“je mhdenoklinoOc ka-
mpOlhc ebnai k'jeto ston antbstoiqo “xona.

(gb) H for" tou pedbo dieujOnsewn kat™ m koc twn mhdenokli-

n,n kampul,n kajorbzetai api to (24). Gia par’deigma, kat"

m koc thc  x-mhdenoklinoOc y  — % £xZ parathroOme iti a- (dp) H for" twn dianusm™twn sto eswteriki kKje periog ¢
foO briskimaste gia  x Bk @—, tite api thn (24bp) prokOptei I, 11 kai I prokpptei api thn for” thc sunistamenhc twn
iti 9 @0, dhlad itih vy fibnei (kai mlista gnhsBwc), kai  dianusm’twn sto sOnori the.

“ra h for” ebnai proc {ta ktw}, dhlad proc thn kampOlh

y 0.

Sq ma 26: Poiotik apeikinish tou pedbou dieujOnsewn tou ( PPy:1), itan k @-.

Diakl"dwsh api shmebo isorropbac ( alli,c, topik diakl"dwsh). Me ton iro
diak"dwsh ennooOme k'je allag sthn poiotik sumperifor~ twn IOsewn enic (PAT), pou h f
exart'tai api mia parmetro, kaj,c h par'metroc aut all"zei timéc. Oi  diaklad,seic api shmebo
isorropbBaceqountopiki garakt ra , se antbjesh api tic diaklad,seic api kleist trogi” pou éqoun
oliki garaktra (kai mporeb na mhn sgetbzontai kan me thn Bdia thn léxh diakl"dwsh).

To geniki plabsio thc topik ¢ jewrbac diaklad,sewn ebPnai auti miacmonoparametrik ¢ oiko-
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(ap) Di"gramma f'shc gia di“forec argikec sunj kec, me 10 (bp) Di"gramma f'shc gia di*forec argikéc sunj kec, me k
10° toma k @- 15 10° “toma. 15 10° “toma  —.
(gb) Di"gramma f'shc gia di*forec argikéc sunj kec, me 26

10° toma kA - 15 10° “toma.

Sq ma 27: Arijmhtik epBlush tou ( PPy2:1) gia jetikoOc grinouc gia di"forec timéc tou k, me 30 grinoc 1

19%0° tomaZ * grinoc !, 15 grinoc ! kai 1 9%0° ‘tomaZ ' grinoc I.

géneiac autinomwn(PAT), dhlad h f den exart'tai apeujebac api ton grino, t, par” mino mésw
thc IOshc, y, kai epPshc exarttai api mia par'metro >U?* gia anoikti U* b R, tétoiac ste gia
k"poia sugkekriménh tim thc paramétrou, * to (PAT) égei @éna memonwméno mh uperboliki
shmebo isorropbado kentriki fainimeno thc jewrbac aut ¢, to opobo kai thn qarakthrbzei, ebnai
iti up“rqoun epiprisjetec, sun jwc mh emfaneBc, IOseic tou (PAT) kont™ sto mh uperboliki auti
shmebo isorropbatic diaklad,seic autéc tic diaqwrbzoume se

" diaklad seic stajer ¢ kat’stashc , ipou oi epiprisjetec IOseic ePnai stajeréc , kai se
" diaklad seic Hopf, ipou oi epiprisjetec IOseic ePnai periodikéc
H poreba thc an’lushc miac topik ¢ diakl"dwshc egei wc ex c:

1. Thn anagnwrbzoume kai thn qarakthrbzoume wc stajer ¢ kat'stashc wélopf.
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2. Se perbptwsh pou ki"doi epiprisjetwn IOsewn emfanbzontai gia @ * ( A *) api éna
kI"do pou up’rgei gia toul"qgiston C * ( B %), tite thn garakthrbzoume wcupokrbsimh
(uperkrBsimh. An ePnai ebte upokrbsimh kai uperkrbsimh tautigrona, ebte tBpota api dOo, tite
apofeOgoume autoOc touc garakthrismoOc.

3. Kataskeu™zoume, estw topik™, thn {upograf } thc, dhlad to antbstoiqo  di'gramm” thc, wc
exc:

i. An prikeitai gia diakl"dwsh stajer ¢ katstashc, tite to di"gramma ebnai didi"stato.
ii. An prikeitai gia diakl"dwsh Hopf, tite to di"gramma ebnai tridi"stato.

Kai stic dOo peript seic ston “xona {twn x} ja apeikonbzontai oi timéc tou gOrw api to
$

4. TaOtish topik™ tou diagrrmmatic thc me to di"gramma miac tupopoihménhc diakl"dwshc.

Shmei,noume 1iti to jemeli,dec ergalebo jewrhtik meléthc miac topik ¢ diakl"dwshc apoteleb
to je,rhma peplegménhc sun’rthshc.

Diakl"dwsh stajer ¢ kat'stashc. 'Estw mPa monoparametrik oikogéneia autinomwn
(PATYmef~ o f~ : «>C3U U*R", ipou UbS, kai U* bR anoikt". Ta shmebPa isorropPac
thc ja ta sumbolDzoume, we sun jwe, mg*. 'Estw, epBshc, iti gia k'je  >U* to priblhma éqgei
ena memonwmeno shmebo isorropbac (to opobo ja exart'tai omal™ api jhrda to sumbolbzoume
mey* y» y~ e« gia na to xeqwrDzoume api ta “lla shmeba isorropBac pou ja emfanistoOn sthn
diakl"dwsh.

Xekin"me me to epimeno basiki apotélesma, h apideixh tou opobou basbzetai sto je,rhma pe-
plegménhc sun’rthshc.

Je,rhma 41. 'Estw mPa monoparametrik oikogéneia autinomw({PAT) ipwc parap nw, tétoia
,Ste na ikanopoiebtai h ex ¢ sunj kh:

O pbnakadacobi (me diaforbseic wc progy, qwrbc diaforbseic wc proc), gia *

J%p~ *e; *Z égei mPa apl mhdenik idiotim kai tic upiloipec n 1 mh mhdenikéc,
(1)
dhlad
1 0 kai x0; jixL

Tite up“rgei mia monadik omal pragmatik idiotim 1 1~ e tou J%s” e Zse mia periog
tou ¥, tetoia ,ste  ;~ *e 0: Dhlad , mporoOme na doOme thn mhdenik idotim wc mia omal
pragmatik sun’rthsh wc proc gOrw api to ¥,

H sunj kh tou Jewr matoc 41 apoteleb thn anagkaPa, all" igi ikan , sunjkh  gia thn Oparxh
diakl"dwshc stajer ¢ kat'stashc api to shmebo isorropbac y*~ e itan *. Shmei,noume iti
gian 1h parap™nw sunj kh ebnai apl” h

@fo O iz o
@y/gﬂ ’ '

H jewrhtik proseggish twn diaklad,sewn stajer ¢ kat"stashc egei wc ex c:
1.n 1

i. Diagwrismic di“forwn peript,sewn monoparametrik,n oikogenei,n (PAT) ipou h para-
p’nw anagkaPa sunj kh ikanopoiebtai, an’loga me epipléon sunj kec pou aforoOn ton
mhdenismi igi k’poiwn merik,n parag,gwn thc f sto %g~ *e; *Z
Oi epipléon sunj kec pou aforoOn merikéc parag,gouc amig.c wc procy légontai sun-
j kec mh ekfulismoO , en, oi sunj kec pou mporoOn na diatupwjoOn wc proc tic merikéc
parag,gouc kai wc proc  legontai sunj kec egkarsiithtac

ii. H an”lush kje miac api tic parap™nw peript,seic ja mac d,sei mia antistoigba au-
t ¢ me mia “llh perbptwsh miac tupopoihmenhc monoparametrik ¢ oikogéneiac autinomwn
(PAT) me gnwst diakl"dwsh, ipou tra h f ebnai eéna polu,numo wc progc pou egei
sugkekriménec sunart seic tou gia suntelestéec kai stajer”.

Ta polu,numa aut” legontai kanonikéc morfecPoincae .
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iii. H antistoigba aut thc arqgik ¢ monoparametrik ¢ oikogéneiac problhm™wn me mia tu-
popoihménh shmabnei jetik ap’nthsh sto er.thma {Oparxh igi diakl"dwshc} gia thn
argik , kaj,c epbshc Bdia sumperifor” thc diakl"dwshc thc argik ¢ me aut thc tupo-
poihménhc se mia perioq tou  *.

2. Aujabreto n >N.

i. Upobibasmic k’je monoparametrik ¢ oikogéneiac autinomwn (PAT) pou ikanopoieb thn
parap nw anagkaba sunj kh, se mia monoparametrik oikogeneia monodi“statwn autino-
mwn (PAT).

O upobibasmic autic légetai aplopobhshLyapunov-Schmidt
ii. H antistoigba aut thc argik ¢ monoparametrik c oikogéneiac problhm™twn me thn upobi-

basmeénh thc shmabnei ap™nthsh sto er thma {Oparxh iqi diakl"dwshc} gia thn arqik ,
kaj,c epbshc, se perbptwsh Oparxhc, Bdia sumperifor™ the diakl"dwshc thc argik ¢ me

thn aut thc upobibasménhc se mia periog tou ¥, Mlista, se perbptwsh Opar-
xhe, to di"gramma diakl"dwshc thc upobibasménhc légetai di"gramma diakl"dwshc kai
thc argik c.

Opite, h topik sumperifor” thc endeqimenhc diakl"dwshc miac monoparametrik c oikogeneiac
aujabrethc di"stashc autinomwn (PAT) (pou ikanopoieb thn parap™nw anagkabPa sunj kh) ebnai Bdia
me thn sumperifor” thc gnwst ¢ diakl"dwshc k”poiac tupopoihméeénhc monoparametrik ¢ oikogéneiac
monodi’statwn autinomwn (PAT). AfoO kai to di"gramma miac diakl"dwshc apoteleb thn {upo-
graf } the, se perbptwsh Oparxhc diakl"dwshc loipin, h meléth thc oloklhr,netai me thn topik
taOtish tou diagr'mmatoc thc me to antDstoiqo miac api tic tupopoihménec.

Méroc tou kataligou twn tupopoihménwn monoparametrik,n oikogenei,n monodi“statwn pro-
blhm™twn me gnwstec diaklad,seic ebnai to ex c:

’ Meroc Katalogou gnwstwn Diakladwsewn Stajerhc Katastashc ‘

Me pr’sino grwmatbzontai oi jetik™ asumptwtik™ eustajebc kI'doi tm mata aut,n, en, me
kikkino oi jetik™ astajebc kl"doi tm mata aut,n, tou antbstoigou diagr'rmmatoc diakl"dwshc.

" (gia ligouc sOgkrishc) fy; o y | ogi diakl'dwsh (bl. Sq ma 28ap).
" (gia ligouc sOgkrishc) fy; o y I ogi diakl'dwsh (bl. Sq ma 28bp).
@) vy o b y* o

Sq ma 28: Di"gramma diakl"dwshc y¥ o

T fly; e y> | ptug (bl. Sq ma 29ap).
Sy e y> | ptug (bl. Sq ma 29bp).
“fly; ey y?2 | diakrisimh (bl. Sq ma 30ap).
“fty; oy y?2 | diakrisimh (bl. Sq ma 30bp).
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@) y*? o ®h) y*? o0

Sq ma 29: Di"gramma diakl"dwshc y‘t2 0.

@ y* y? o ®h) y ¥ y** o

Sq ma 30: Di'gramma diaki"dwshc y ¥ y*#2 0.

“fy; oy y® | upokrisimh dikranikh (bl. Sq ma 31ap).
" fy; 'y y® | uperkrisimh dikranikh  (bl. Sq ma 31bp).
@)y’ y? o D)y oy oo

Sq ma 31: Di'gramma diakl'"dwshc y ¥ y*#3 0.
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Sta parap nw paradeDgmata summetégoun austhr” dd¥aoi (omaléc kampOlec) sthn diakl dw-
sh, ipou o énac api autoOc antistoigeP sto shmebo isorropBaé +, oi opoboi témnontai mino sto
shmebo diakl'dwshéo*;y-~ *+Z 0>R2. K'je shmebo isorropbac gOrw api to shmebo diakl"dwshc
brbsketai apokleistik™ p'nw se énan api touc dOo kl"douc.

ParathroOme, epBPshc, iti h diakl"dwsh ptug den ePnai oOte upokrbsimh oOte uperkrbsimh, en, h
diakrbsimh diakl"dwsh ebnai kai upokrbsimh kai uperkrbsimh.

Méeroc tou apotelésmatoc pou mac antistoigbzei k“je monoparametrik oikogéneia monodi“statwn
autinomwn (PAT) pou parousi“zei diakl"dwsh stajer ¢ kat"stashc, me mia api tic tupopoihmenec
monoparametrikec oikogéneiec monodi“statwn autinomwn (PAT) me gnwst diakl"dwsh, ebnai to
parak™tw.

Je,rhma 42. 'Estw n 1 kai mba monoparametrik oiAkogéneia autinomyRAT) ipwc parap™nw,
tetoia ,ste na ikanopoiebtai h anagkaba sunj kh gia thn Oparxh diakl"dwshc stajer ¢ kat"stashc
apito y»~ e gia ¥

@fy .~ 1,. t3
4 ;. Z O
@y/éﬁ (1)
i. An
@f, . 1. 15 @B g g
— %y o; *Zx0; kai =%~ *e; TZXO; i
@ % @9@ ( 2i)
tite up“rgei diakl"dwsh stajer ¢ kat"stashc api to shmebo isorropPac  y*~ e itan ¥

pou apotelebtai api dOo ki'douc (o énac ek twn opoPwn antistoigeD wtd ).

Mlista, up“rqoun (antistréyimec) allagéc exarthménhc metablht ¢ kai paramétrou  y ( X
kai ( , antbstoiga, kai allag anex'rththc metablhtc t ( pou diathreb thn for”, oi
opobec metasghmatbzoun topik™ thn exDswsh (BWAT) sth morf

dx sx?> o%’Z kajc x O; ipou s sgnCE@%p"A o *7 1
d @y
ii. An
@f . .

@; tor 7Zx0; ( 2i)
tite up’rgei diakl"dwshc stajer ¢ kat"stashc api to shmebo isorropbac y*~ e« itan ¥
pou apotelebtai api dOo ki'douc.

(ap) An
@fy ~ 1. 3 L@ s s
— %~ te; *Z 0, kai =%~ Te; TZXxO0;
@ % @?@ (39

tite up“rqoun allagéc exarthmenhc metablht ¢ kai parametrou y ( x kai ( , a-
ntbstoiqa, kai allag anex'rththc metablht c t( pou diathreb thn for”, oi opobec
metasghmatbzoun topik™ thn exBswsh to(PAT) sth morf

3—)( X sx?> ow’Zkajc x O ipous sgnCEg;%ﬁ‘ o *7 1

(bp) An hf ebnai peritt wc procy Kai
@f

@y @y

tite up“rqoun allagéc exarthménhc metablht ¢ kai paramétrou y ( x kai  ( , a-
ntbstoiqa, kai allag anexrththc metablht ¢ t( pou diathreb thn for”, oi opobec
metasghmatbzoun topik™ thn exBswsh to@PAT) sth morf

%~ te: *Z 0 kai of

%f%,,m te 7 0 %" e TZx0; (39

S—X x sx° ow>Zkajc x 0 ipou s sgr(]':g;%p"” o Tz 1
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Praktik”, to parap nw apotélesma mac léei iti, an ikanopoioOntai oi sunj kec, tite igi mino

ja up’rgei diakl"dwsh gia to priblhm™ mac, all” m’lista sthn perbptwsh i: to di"gramm” thc ja
€gei, se mia perioq tou *, ta Bdia poiotik™ garakthristik® me auti thc diakl"dwshc ptuq c,
sthn ii:” % me auti thc diakrBsimhc, kai sthii:> % me auti thc dikranik c.

T, ra, pern"me sthn genik perbptwshn diast"sewn, kai parousi"zoume thn aplopobhsh.yapunov-
Schmidt, h opoba ebnai to efalt rio gia thn meléth endegimenhc diakl"dwshc miac monoparametrik ¢
oikogéneiacn-di“statwn autinomwn (PAT), pou ikanopoioOn thn anagkaPa sunj kh Oparxhc dia-
kI"dwshc stajer ¢ kat"stashc.

’Aplopoihsh Lyapunov-Schmidt ‘
'Estw mia monoparametrik oikogéneia-di“statwn autinomwn (PAT) ipwc parap nw.
O algirijmoc upobibasmoO di"stashc égei wc ex c:

1. Metasghmatismic thc monoparametrik ¢ oikogéneiac twn exis,sewn twn (PAT), mésw kat'l-
lhlhc allag ¢ metablht n, étsi ste pléon o pbnakac  Jacobina brbsketai se mia sugkekrimenh,
axiopoi simh morf , kai sugkekriména:

i. DiagwniopoBhsh towl %~ *e; *Z Sugkekriména eOresh twm idiotim,n ; (mino mia
ek twn opobwn, h i, ja ePnai mhdenik ), twn antDstojqwn idiodianusm™twn, kai tou
(antistreyimou) pPbnaka omoiithtacP kai tou antbstrofoO tou ste

1 0 0 0 «
JO/&"A i.; ¢Z PE 0 2 X0 0 33 1,
"0 0 h X 0°

kai se aut thn perDptwsh oP ja @gei wc st lec ta antbstoiga idiodianOsmata, dhlad

P %d; UnZ:
ii. Allag metablht,n
yo e Px y( x Pl% y© eZ:
iii. Anagn rish thc sun“rthshc F me tOpo
Fx; « P YM%x y~ o Z

gia ton pPnakalacobi thc opoPa isqOei

’ 1 0 0 0 “
3o fe = O » X0 0 —
"0 0 h X 0°

(api ton kanina thc alusbdac).

2. EpPlushtou™n 1 “n 1e (mh grammikoO) sust matoc

F2"x; « O

Fa'x o 0
gia thn eOresh miac monoparametik ¢ oikogéneiac [Osewn thc morf ¢
Xi Xi"Xp; *; 1i>72::0ne
(h epbPlush aut exasfalbzetai api je,rhma peplegménhc sun’rthshc).
3. Anagn,rish thc sunrthshc g me tOpo
O'X1; o FuXgX2™Xap e iiiiXa X1 e,
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gia thn opobPa isqQei iti

. @

g0, *o Okai @g W 0
kaj,c kai thc upobibasmenhc monoparametrik ¢ oikogéneiac monodi“statwn autinomwn PAT
wc

¢ dX1A

j|. dt t d gAXlAt; L
aX1'to; o B o YT e

ipou o ebnai h pr th gramm touP *.

TonDbzoume itio parapnw algirijmoc upobibasmoO di'stashc ePnai efarmisimoc se ilec tic
monoparametrikéc oikogéneiec autinomw@AT) pou ikanopoioOn thn anagkaba sunjkh Oparxhc
diakl"dwshc stajer ¢ kat'stashc, anex’rthta me ton an uprgei telik” diakl"dwsh iqi

Amesa api ton algirijmo, sumperabnoume iti ta shmeba isorropbac thc upobibasmenhc monopa-
rametrik ¢ oikogéneiac monodi“statwn autinomwn PAT ebnai ta q %* y'Z

Epbshc, se perbptwsh Oparxhc diakl"dwshc stajer ¢ kat” stashc, to di"gramm” thc ja égei ta
ex ¢ garakthristik™:

Ston katakirufo “xona ("xona {twn  y}) ja up“rgoun oi timéc tou x} (ston orizintio "xona
("xona {twn x}) ja uprqoun tou , ipwc dh éqoume anaférei).

" O orizintioc “xonac, xi 0, ja ePnai méroc thc diakl"dwshc (dhlad h diaki"dwsh ja em-
fanbzetai p“nw tou), kaj,c to 0 ebnai shmebo isorropPac gia thn upobibasménh oikogéneia
monodi“statwn problhm™twn, to opobo antistoigeP sto shmebo isorropBdc y- thc argik c.

~ O “lloc klI"doc thc diakl"dwshc, dhlad autic pou antistoigeD se shmeba isorropbac yE Xy
ja ebnai h kampOlh pou grfetai we énwsh twn kampul,ixi @ %' « y~ +Z giaKje
tétoio y*.

'Etsi, h axiopobhsh tou algirijmou all’zei me b"sh to an gnwrbzoume igi ila ta shmeba
isorropbac se mia perioq tou * wecexc:

1. An gnwrbzoume ila ta shmeBDa isorropbgt, y*~ e, se mia perioq tou *, kai igi mino

to y* y " e, tite 0 algirijmoc axiopoiebtai me énan apli kataskeuastiki tripo:

i. Kataskeu enic diagrmmatoc ipou ston katakirufo "xona up’rgoun oi timéc tou  x} kai
ston orizintio autéc tou

ii. ApotOpwsh twn grafhm™twn ilwn twn sunart sewn @ %™~  y~ eZsto di"gramma.

iii. An K'poia api ta graf mata témnontai p"nw ston orizintio "xona, tite up’rgei dia-
kI"dwsh stajer ¢ kat"stashc kai to di"gramm” thc ebnai h Bdia h kataskeu qwrbc ta mh
temnimena epb tou orizintiou “xona graf mata.

2. An den gnwrbzoume ila ta shmeba isorropBdc, y*~ ¢, se mia perioq tou toal
gnwrbzoume toul'giston toy* y~ «, tite apant'me sgetik® me thn Oparxh diakl"dwshc
stajer ¢ kat"stashc, all” kai ton tOpo thc, mésw thc efarmog ¢ tou Jewr matoc 42 gia thn
upobibasménh monoparametrik oikogeneia monodi“statwn problhm™twn.

An kai me thn parap™nw diapPstwsh égei tupik™ oloklhrwjeD o jewrhtikic kOkloc topik ¢ me-
lethc miac diakl"dwshc stajer ¢ kat stashc, wstiso up“rqoun kai kpoia epipléon, gr sima, apo-
telésmata pou aforoOn thn upobibasménh monoparametrik oikogéneia monodi“statwn problhm”twn,
ipwc to epimeno.

Je,rhma 43. 'Estw mba monoparametrik oikogéneia autinomwiPAT) ipwc parap’nw, tetoia
,Ste na ikanopoiebtai mia elafr,c isquriterh ekdoq thc anagkabac sunj khc Oparxhc diakl"dwshc
stajer ¢ kat"stashc wc ex c:

O J%p~ *e: *Z égei mPa apl mhdenik idiotim Kkai tic upiloipec n 1 me arnhtik”
pragmatik™ mérh, dhlad ( 19
1 0; kaiRe ; @0; | ix1:
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'Estw, epipleon, iti up“rqei diakl"dwsh stajer ¢ kat"stashc api to y'~ e itan t kai éna
shmebo isorropbaé  y*~~e gia k’poio ~ entic periog ¢ tou * An

@g, £ ~ T

——n KT~ Yy ~Z;~Z@D;

@x @ % y
tite to y*"~ ePnai jetik” asumptwtik™ eustajéc kai arnhtik” astajéc, en, an

Q@g, tn N

—%a Wy~ Y ~Z;~ZAO;

@x @y g y

tite to y*"~ ePnai jetik” astajéc kai arnhtik™ asumptwtik™ eustajéc.

H axba tou parap™nw apotelésmatoc fabnetai itan grhsimopoiebtai se sunduasmi me k'poio a-
potelesma Oparxhc diakl"dwshc stajer ¢ kat"stashc ipwc to parak™tw, to opobo den ebnai tbpota
“llo par” h genbkeush tou shmeboii: tou Jewr matoc 42 stic n diast"seic.

Je,rhma 44. ‘Estw mba monoparametrik oikogéneia autinomw®AT) , ipwc parap nw, tetoia
,ste na ikanopoioOntai tiso h anagkaba sunj kh Oparxhc diakl"'dwshc stajer ¢ kat"stashc wc
exc:

O J%p "~ *e; *Zeéqei mba apl mhdenik idiotim kai tic upiloipec n 1 mh mhdenikéc,
dhlad (1)
1 0 kai {x0; }ixlL

d .
d71 fex0: ( 2i)
Tite
1. isqQei iti
ddetJ%p " «; Z
—/6’6 ~ tex0;
d
kai
2. up’rgei diak"dwsh stajer ¢ kat"stashc api to y»" e itan *, pou apotelebtai api dOo
kI"'douc.
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Perbgramma Di’lexhc ‘

1. Stoigeba Majhmatik ¢ Biologbac

Dunamik™ montéla poll,n plhjusm,n (sunéqeia): Logistik parallag tou basikoO
montelou Lotka-Volterra me epbdrashllee

2. Majhmatiki Upibajro

(ap) Oriakic kOkloc
(bp) Diakl"dwsh api shmebo isorropbac (sunéqeia): Diakl"dwskHopf

Stoigeba Majhmatik ¢ Biologbac

DeOterh parallag tou basikoO montélou Lotka-Volterra . An antb tou sust matoc
(22), kai sugkekriména thc (22ap), jewr soume iti se apousPa jhreut,n h dunamik tou plhjusmoO
twn jhram™twn perigrfetai api thn logistik exbswsh me epbdrash tou Allee, tite pabrnoume to

dx 1 1

ot X <1 k—lx-< 1 k—zx- Xy (25ap)
dy

A A (25bp)

ipou ilec oi par'metroi ebnai jetikéc kai k; @ko.

To antbstoiqo PAT. To PAT gia to parap”nw montelo ePnai to ex c:

Me dedoménay;y, CO, anazhtoOme di"sthmd b R me0 >| kai sun“rthsh
“x;ye | 0;2 2, tetoia ,ste h "x;ye na ikanopoieb tiso ta25) sto | ~0e (PPy2:2)
iso kai thn "x"0e;y"0ss  “Xg;Yo°.

Omal , jetik” olik IOsh kai kal topojéthsh tou probl matoc. Akrib,c me ta
Pdia epigeir mata ipwc kai gia to P Py,.1) (bl. ‘Askhsh 45), paBrnoume thn Oparxh monadik ¢, omal c,
suneq,c exart, menhc api ta argik™ dedoména, megistik c, jetik™ olik ¢ kai arnhtik™ ekrhgnuimenhc
IOshc tou (P Pys.»),

“xiye T "pde 02 +% ipou 0@ @ :

‘Askhsh 45. Sumplhr, ste tic leptomeéreiec thc basik ¢ (F'sh  |) meléthc tou (P Py;:2).

Pedbo dieujOnsewn. Xekin"me thn poiotik an’lush tou ( P P,;.2) me thn apeikinish tou pedbou
dieujOnsewn, ipwc fabnetai sto Sq ma 32, k'ti pou mac dbnei plhroforBec, glafur” kai periektik”,
gia thn olik eikina tou q,rou fshc.
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(@ap) k2 B —. (bp) k1 C —.

(gh) — > katkz .

Sq ma 32: Poiotik apeikinish tou pedbou dieujOnsewn tou ( PPy2:2). Me mple oi x-mhdenoklinebc kampOlec kai me
kikkino oi y-mhdenoklinebc.

Api to Sq ma 32, arqik™ parathroOme iti endegoménwc na up’rqoun téssera shmeba isorropPac,
dhlad ta

$-0,00;
R H "kq; 00 ;
XY 0
25 -Q kl-él o oan->kiko
To shmebo isorropPas-; —S1 1 —+S1 -+, pou up’rgei itan - >"ki;kz*, sumpBDptei me to
“ki1;0e kai to "ky;0e, itan k; - kai ky -, antbstoiga. M’lista, h tetagménh tou lamb™nei oliki
ki ko

megisto itan 57+ -
Epbshc, parathroOme iti

" to "0; 0 ebnai jetik” asumptwtik™ eustajec, all” igi olik”,

" to "ky; 0 ebnai jetik” astajéc, kai

" to "ky;0¢ ebnai
FjetikA asumptwtik™ eustajéc, all” igi olik™ ; itan ko @-
* jetik” astajec ; itan ko A—;

en, den mporoOme na bg loume eOkola sumpérasma gia tic “llec peript seic twn shmebwn isorropbac.
Opite katafeOgoume sthn an”lush eust’jeiac mesw grammikopobhshc.

‘Askhsh 46. D, ste tic leptomeéreiec kataskeu ¢ tou Sq matoc 32. Poia ebnai ta "'mesa biologik”
sumper“smata pou exgete
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Grammik an’lush eust’jeiac. Upologbzoume ton pPnallacobi gia to sOsthm™ mac wc
' S L e & 1 2 ki k 5 “
I°w: ze Si EWoSl W I(1kzw%elz—2 wZ  z w ;
K z we
dhlad
. 0,
J"0;0 GEO ;
’ ~ k71. “ ’ ~ kiz. “
Ikyoe L Tk S A k2
0 k 1° 0 k 2°
kai ) o
’ OpsL K2 7 o
Je—; —<1 <1 oo k ke 2
1 kz T— SL Tl°81 T. 0 .

‘Amesa, api grammikopobhsh, égoume ta ex c:

To ~0; 0+ epibebai,noume iti ePnai jetik™ asumptwtik” eustajéc, afoO oi idiotiméc tou antbstoi-
qou pbnakdacobi ebnai oi ; @ kai » @o.

To “ky; 0+ epibebai,noume iti ePnai jetik” astajéc, afoO oi idiotiméc ePnai oi S1 t—; AO
kai 2 k 1-

Sqetik™ me to “ky;0e, oi idiotiméc ebnai oi; IS ‘;—i @0 kai - k., opite to
parap nw shmebo isorropbac epibebai,noume iti ebnai

?:jetik” asumptwtik™ eustajec ; itan k, @
. jetik” astajec itan ko A —:

Sqgetik" meto S-; -8l ——+S1

~*, oi idiotiméc dPnontai api ton tOpo

1 1
§<tr %> AdetZ’e:

ipou
P r 2 ) ki ko
k 1k» 2
kai
det <1 o<1 ¢« AQ; itan — >"Kkq;koe:
1 2

AfoO se aut thn perbptwsh h orbzousa ebnai jetik, sumperabnoume iti to prishmo tou
pragmatikoO meérouc twn idiotim.n tou pbnakiacobi kajorbzetai api to antbstoigo prishmo
tou Bgnouc. ‘Ara, to parap™nw shmebo isorropbac ebnai

f;jetik“ asumptwtik™ eustajec ; itan —klzkz @-
. jetik” astajec tan kikz A

ProkOptei, dhlad , mésw grammikopoBhshc to Sq ma 33. Wstiso, den mporoOme na apofanjoOme
sqetik™ me thn jetik eu/a-st’jeia twn

f;%e;OZ; itan k, -
& . S
S ]

. s ki ko
k2'° ) itan -

me aut thn tegnik . Gia thn meléth touc katafeOgoume sthn jewrDa diaklad,sewn.

‘Askhsh 47. D,ste tic leptoméreiec kataskeu ¢ tou Sq matoc 33.
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(bp) k1 @klzI<2 @- @k2. Kajcto klzkz aux"netai proc
to —, topik™ kai gOrw api to jetik® asumptwtik™ eustajec

(ab) k1 @k; @-. shmebo isorropPac %e-;y*Z, h eikina twn trogi,n xekinei na
moi“zei me aut enic kimbou kai katal gei na moi“zei me aut
miac estbac.

(gb) k1 @— @% @k». Kaj,c to k1 aux'netai proc to
—, topik™ kai gOrw api to jetik™ astajec shmebo isorropbac

5 dp) — Ko
%e-;y ¥ Z, h eikina twn trogi,n xekin"ei na moi“zei me aut miac (dp) — @Ky @kz
estbac kai katal gei na moi“zei me aut enic kimbou.
Sqg ma 33: Poiotik anapar“stash tou g,rou f'shc tou ( PPy2:2) gia — 1 Skp; %Y ipwc prokOptei api thn
grammik an’lush eustjeiac. y* —S1 - «S1 .
An“lush diakl"dwshc. Akolouj,ntac ta Bdia b mata ipwc gia thn jetik asumptwtik eu-

steiatou %e;0Ztou (PPyy.1), itan k -, deBgnoume iti kai t8e;0Z tou (P Py,.), itan ko, -,
ebnai jetik™ asumptwtik™ eustajec (bl. ‘Askhsh 48).

'Oson afor” to S-; -8l 1-+S1 e itan X2 _ gia aplopoPhsh tou sumbolismoO
jétoume

k2

k L k2:
2
‘Etsi, egoume iti

idet? x0; itan k —:
Epbshc, egoume iti
1 L .
Re Etr; itan k entic miac periog c tou —;
opite, koit.ntac ta Re wc sunart seic tou k, épetai iti

dRe e

—e X0
ak K1k (X

x 0; kai eidikitera dre

‘Ara up’rgei diakl"dwsh Hopf apito S-; — Sl k—loél o gia %

Meénei, loipin, na upologbsoume thn posithta thc sunj khc mh ekfulismoO, gia na doOme
an ebnai mh mhdenik kai se aut thn perbptwsh, mésw tou prishmou thc, na qarakthrbsoume thn
diakl"dwsh wc upokrbsimh, uperkrbsimh. O garakthrismic autic ja mac d,sei kai thn eu/a-
st’jeia tou parap™nw shmebou isorropbac itan% —. Ja apofOgoume, wstiso, autin ton
epbpono upologismi kai ja apant soume sta parap™nw mésw thc arijmhtik epBlushc touR Py, »)

(ston antbpoda, bl. ‘Askhsh 50).
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‘Askhsh 48. Sqetik™ me to shmebo isorropPaée; 0Z tou (P Py, .») itan ko, —:
1. Na sumper™nete thn Oparxh diak"dwshc stajer ¢ kat'stashc api to ~ “ky; 0 gia ko —.

2. Na kataskeu’ste to digramma aut ¢ thc diakl‘dwshvc, na brebte ton tOpo thc kai na sumpe-
r'nete thn jetik asumptwtik eust’jeia tou %o0;0Z itan ko -.

‘Askhsh 49. Sqetik™ me to shmebo isorropPaée; 0Z tou (P Py, .») itan ky —:
1. Na sumpernete thn Oparxh diak"dwshc stajer ¢ kat'stashc api to ~ “ki;0e gia k; —.
2. An kei h diak"dwsh aut se k“poia api tic tupopoihménec morféc ;

‘Askhsh 50 (O par“deisoc apégei mino merikéc selbdec prixeig. Na apofanjebte sqetik™ me ton
tOpo the diak"dwshc Hopfgiato (PPy:1), kai “ra kai thn eu/a-stljeiatou  S-; — Sl —+S1
itan % —, mésw tou upologismoO thc posithtac  thc sunj khc mh ekfulismoO.

k 2

Arijmhtik  epblush. Progwr’me sthn arijmhtik epblush tou probl matoc, ipwc fabnetai
sto Sq ma 34 kai sto Sq ma 35, proc epal jeush twn apotelesm™twn mac, all” kai proc ap™nthsh
twn erwthm“twn mac.

M’lista ja katadeDxoume iti up“rgei eustaj ¢ oriakic kOkloc itan % A —, opite dianjpzoume
to Sq ma 33gp to opobo pabrnei pléon thn morf tou Sq matoc 36.

Prigmati, parathroOme api to Sq ma 37 kai to Sq ma 38 iti gia tim tou pou ebnai men
megalOterh tou —, {kont’} se auti de, up“rgei monadik periodik 10sh tou ( P Py,.,), tétoia ,ste
h (kleist ) trogi*-elkust ¢ thc opoPac na brbsketai {kont'} sto ~ S-; -S1 +S1
to perib’llei.
Prikeitai dhlad gia mia uperkrbsimh diaki"dwsh Hopf kai rato S-; —S1 (—+S1
ki k2 _ ePnai asumptwtik™ eustajéc, ipwc “liwste katadeiknOetai kai sto Sq ma 34gp.

2
ParathroOme, téloc, iti o oriakic kOkloc exafanbzetai gia k™poio % epark,c megalOtero

tou —, ipwc fabnetai sto Sq ma 38dp.

ki ko
2

es kai na

k1 k2

k2
gia

Majhmatiki Upibajro

Oriakic kOkloc. 'Estw n 2 kai autinomo (PAT), to opobo gia K'je yo >S, eqei monadik
megistik 10sh, y~ ;yge.

1. K’je (kleist) troqi”, Ran’y” ;yges 2S,, miac periodik ¢ IOshc,y” ;yoe, diamerDzei ton ena-
pomeBnanta q,ro f'shc se dOo xénec sunektikéc sunist,sec, theswterik kai thn exwterik
sunektik sunist,satou S, (pou htrogi"thc y~ ;yoe kajorbzei) me touc profaneBc orismoOc
aut,n.

2. Eswterikic (exwterikic) oriakic kOkloc légetai k'je kleist trogi”, h opoPa ePnai apomo-
nwmeénh api opoiad pote “lih kleist trogi” entic thc eswterik ¢ (exwterik ¢) sunist sac.
Oriakic kOkloc légetai k'je kleist trogi”, h opoPa ePnai tiso eswterikic iso kai exwterikic
oriakic kOkloc.

3. Up“rgoun dOo tOpoi eswterikoO/exwterikoO oriakoO kOklou:

i. O jetik” (arnhtik’) eustajc , proc ton opoPo kinoOntai speiroeid,c oi trogiéc jetik®
(arnhtik”) olik.n 10sewn, plhsi“zont™c ton api thn eswterik /exwterik sunist, sa,
kajc t 2 (t 2).

ii. O jetik® (arnhtik’) astajc , api ton opoPo kinoOntai speiroeid,c oi trogiéc jetik
(arnhtik”) olik,n 1Osewn, apomakrunimenec api autin api thn eswterik /exwterik
sunist,sa, kajjc t 2 (t 2 ).

4. Up“rgoun tésseric tOpoi oriako® kOklou:

i. O jetik” (arnhtik’) eustajc , proc ton opobo kinoOntai speiroeid,c oi trogiéc jetik”
(arnhtik”) olik,n IOsewn, plhsi“zontc ton tiso api thn eswterik iso kai api thn
exwterik sunistsa, kajc t 2 (t 2 ).
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(bp) Di"gramma f’shc gia di"forec argikec sunj kec, me 8
10° toma  k; @13 10% ‘toma X2 @- 15 10° “toma @
kz 18 10° “toma.

(ap) Di"gramma f'shc gia di*forec argikec sunj kec, me 3
10° toma ki @13 10° "toma k, @— 15 10° “toma.

(gp) Di"gramma f'shc gia di“forec argikéc sunjkec, me
10 10° toma k; @15 10% ‘toma X2 _ @k,
20 10° “toma.

Sq ma 34: Arijmhtik epBlush tou ( PPy2:2) gia jetikoOc grinouc kai gia di"forec timéc twn k1 kai k2, me 30

grinoc 1, 1 %0° tomaZ * grinoc 1, 15 grinoc kai  19%0° “tomaZ ' grinoc l.

ii. O jetik® (arnhtik’) astajc , api ton opoBo kinoOntai speiroeid.c oi trogiéc jetik®
(arnhtik") olik,n IGsewn, apomakrunimenec api autin tiso api thn eswterik iso kai
api thn exwterik sunist,sa, kaj,c t @ (@t 2).

ii. O eswterik™/exwterik™ jetik” (arnhtik”) eustaj ¢ kai exwterik™/eswterik™ jetik™ (ar-
nhtik) astaj ¢ , proc ton opobPo kinoOntai speiroeid,c oi trogiéc jetik”™ (arnhtik”) oli-
k.n IOsewn, plhsi“zont'c ton api thn eswterik /exwterik sunist,sa, kaj,c t @
(t 2 ), kaj.c epbshc api ton opobo kinoOntai speiroeid.c oi trogiéc jetik™ (arnhti-
k™) olik,n IOsewn, apomakrunimenec api autin api thn exwterik /eswterik sunist,sa,
kajc t 2 (t 2 ). Seautéc tic peript seic, o oriakic kOkloc légetai hmieustaj ¢ .

DOo ebnai oi susthmatikob tripoi meléthc oriak n kOklwn,
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(ap) Di"gramma f"shc gia di“forec argikéc sunj kec, me 13
10° “toma  k; @15 10% ‘toma — @12 18 10° “toma @
ko 23 10° “toma.

(bp) Di"gramma f’shc gia di*forec argikec sunj kec, me 15
10° toma - @k; 18 10° “toma @k, 28 10° “toma.

Sq ma 35: (sunégeia tou Sq matoc 34) Arijmhtik epBlush tou (P Py,:2) gia mh jetikoOc grinouc gia di*forec timéc
twn ky kai ko, me 30 grinoc 1, 1 %03 “tomaZ * grinoc I, 15 grinoc ! kai 1 %0° “tomaZ *
grinoc

Sqg ma 36: Sumpl rwsh tou Sq matoc 33gp.

1. o énac ebnaijewrba twn diaklad,sewn Hopf, kai

2. o0 “lloc ebnai hjewrbaPoincae-Bendixson.

Diakl"dwsh Hopf. H diakl"dwsh aut onomzetai, epbshc, diakl"dwsh Andronov-Hopf,
diakl"dwsh Poincae-Andronov-Hopf, diakl"dwsh génnhshc oriakoO kOklou.

To geniki plabsio gia thn meléth diaklad, sewn Hopf ePnai parimoio me auti gia tic diaklad,seic
stajer ¢ kat'stashc: 'Estw mbPa monoparametrik oikogéneia autinomwn (PAT) mef ™ ¢ 7~ ; o>
C3® U U*:R", ipou UbS; kai U* bR anoikt". Se antBjesh me i,ti k'name gia tic diaklad, seic
stajer ¢ kat'stashc, t,ra sumbolDzoume me y* igi mino ta shmeDa isorropPac, all” kai ta shmeba
p’nw se oriakoOc kOklouc 'Estw, epPshc, iti gia k'je  se perioq gOrw api to ¥, to priblhma
egei éna memonwmeéno shmebo isorropbac (to opobo ja exart'tai omal™ api)thda to grifoume
weyt oy oy e,

Xekin"me me to epimeno basiki apotelesma, h apideixh tou opobou basbzetai sto je,rhma pe-
plegmenhc sun’rthshc.

Je,rhma 51. 'Estw mBPa monoparametrik oikogéneia autinomw({PAT) ipwc parap™nw, tétoia
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