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H UAYj xwplC:E,<XL OE "CEOOE()<X (3aaLxa µEpYj: ExflE,LX'Yj OLXO'yEVEL<X Ka
-cavoµwv (E.O .K .), Ex,LµYj,LX'YJ, ilLaatjµa-ca Eµ1tLa,oauvYJc; xaL 'EAEyx_OL 
Y1tOflEOEWV. rLa X<XflEV<X <X7t6 <XU-Ca, OUVOl~LsOUµE (3aaLXOt>c; OpLaµouc; X<XL 
1tpO,<XOELc;, 1tapafl€-couµE OpLaµEvEc; U7tOOYjµELWOELc;-1tapa,Yj()YjOEL<; X<XL 
<>lvouµE Alya 1tapa<>Elyµa-ca, 61tou xplvE,<XL XP'YJOLµo. 
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NTlrere are tlrree kinds of lies : lies, da11111ed lies a11d Statis tics " 

MarkTll>ai11 
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KecpaAcxto 1 

E.O.K. 

Baotx6c; o,6x_oc; OTIJ 1:-ca,to,tx'Yj 1 Elvat va f3pouµE ,p67touc; yta va 
µ1topouµE va EX,tµouµE ayvwo,Ec; 1tapaµ€,pouc; xa,avoµwv. L"C'YjV xAa
OLXYj 1:-ca,tO"CLXYj xaflE ayvwo,Yj 1tapaµE-cpoc; flEW()El,at o,aflEpa. 
Y1ta()XEL µla xAao'Yj (otxoy€vEta) xa,avoµwv, ,a o,OLXEla (xa,avoµ€c;) 
,Yjc; 07tOlac; xapax,YjplC:ov-cat a1t6 LOL6Tij,Ec; 7tOU µac; E7tL't()E7tOUV va OLa
"CU7tWOOUµE EUXOAa otacpopEc; 7t()O't<XOEL<; xat flEW()Yjµa,a yta au-ca, Yj 
AEy6µEVYj ExtlE,LXYj OtxoyEVELa Ka,avoµwv (E.O.K .) . 

Opu,µ6c; 1. Mla xa,avoµYj ayvwoTijc; 1tapaµ€,pou {) aVYJXEL OTIJ µovo-
1tapaµE,()LXYJ E .O.K . av -co mYJptyµa TIJc; S = {x E JR : f(x;{)) > O} Elvat 
avEl;<X()Tij"CO ,OU {) xat 

f(x;{)) = h(x) · exp{Q({))T(x) - A({))}, x E S, {) E 6. 

A€µE 6,t f3ploxE,at OE xavovLXYJ µopcpYJ av o ouv-cEAEmYJc; ,ou T( x) El vat 
{) . 

Optaµ6c; 2. Mla xa,avOµYj ayvwo,wv 1tapaµ€,pwv {) (otavuoµa µE 7tE
ptoo6,EpEc; a1t6 µla ayvwo,Ec; 1tapaµ€,pouc;) aVYJXEL o,YJV 1t0Au1tapa
µE,()LXYJ E .O.K . av -co mYJptyµa TIJc; S = {x E JR : f(x;{)) > O} Elvat 
avEl;<X()Tij"CO ,OU {) xat 

f(x;{)) = h(x) · exp{Q(Q)T(x) - A({))}, x E S, {) E 6. 

A€µE 6,t f3ploxE,at OE xavovLXYJ µopcpYJ av o ouv-cEAEmYJc; ,ou T( x) El vat 
{) . 
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Optaµ6c; 3. Mia xa,avOµYj aVYJXEL o,riv 7tOAU<>Lao,a'tYj 1tOAU1tapaµE,pLXYJ 
E .O.K . av ,o otjpLyµa 'tY)c; S = {x E JR : f(x;-0) > O} ElvaL avE!;ap'tY)'tO 
,ou ,0 xaL f(x;-0) = h(x) · exp{Q(-0) • T(x) - A(-0)} . 

~YjµEtWOYj 1. 0pLoµ€vEc; yvwmtc; xa,avoµ€c; 7tOU aVYJXOUv o,riv E.O.K . 
EtvaL OL Bernoulli(p), Bin(n,p), Geom(p), Poisson(-0), Exp(-0), Gamma(-01 , -02), N(µ, a2), 
Evw YJ oµoL6µopcpYJ U(-01, -02) <>Ev avYJXEL O'tYJV E .O.K . acpou ,o otjpLyµa 
,Yjc; ('01, '02) El;ap,a,aL a1t6 'tO ,0 = ('01, '02) . 

IIp&taaYj 1. (yLa 'tYj µovo1tapaµE-r(>LXYJ E .O.K.) 
Av f (x; -0) = h(x )exp{-OT(x) - A(-0)} OE xavovLXYJ µopcpYJ, ,6,E 

E[T(X )] = A'(-0), Var[T(X)] = A"(-0) 

xaL Mr( u) = exp{ A(-0 + u) - A(-0)}, 61tou Mr Yj po1toygvvYj,pLa ,Yjc; T(X) . 

IIp&taaYj 2. ( yLa 'tYjV 1tOAU1tapaµE,(>LXYJ E .O .K .) 
Av f (x; -0) = h(x)exp{'ll •T(x) - A(-0)} OE xavovLXYJ µOpcpYJ (Yj 7t(><XSYJ -0-T(x) 
ElvaL Eow,EpLx6 yLv6µEvo <>Lavuoµa,wv), ,6,E yLa i, j = 1, ... , k (61tou k 
,o 7tAYJ8oc; ,wv ayvwo,wv 1tapaµ€,pwv) LCJXUEL: 

oA a2A 
E[T;(X )] = o'lli, Var[T;(X)] = cl.if, 

xaL Mr(u) = exp(A(u +'ll) - A(-0)) . 
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KecpaAcxto 2 

2.1 re:vLXCX 

Opu,µ6c; 4. Ac:µE 6,t OL ,uxalEc; µE,af3AYftES Xi , ... , Xn ELVat Eva ,uxalo 
<>Elyµa µEyc:0ouc; n av OL xi, i = 1, ... , n, ELVaL avEl;<Xp-tY[tEc; µE,al;u ,ouc; 
xat La6voµEc; (av-ijxouv <>YjAa<>-ij a-rriv l<>La xa,avoµ-ij) . 

l:,tc; IIL0av6-rrrtE<; µac; <>Lv6,av xanoLa xa,avoµ-ij ( yvwplC:aµE <>riAa<>-ij -rri 
a .x . Yj 0.7t. Yj 0 .7t.7t. ,ric;) xat EµElc; U7tOAoylC:aµE <>Lacpopa O'tOLXELa yta 
au,-ijv (µtori ,tµ-ij, <>Laanopa xAn). 1:-rri l:,a,ta,Lx-ij i::xouµE opLaµc:vEc; 
napa,ripfiaEL<; xaL npoana0ouµE EµElc; va Ex,Lµ-ijaouµE an6 -rtOLa xa,a
voµ-ij -rtpoi::pxov,aL. Elvat aacptc;, AOL1t6v, 6,t 07tOLa<>Yj7tO'tE 1tp001ta8ELa 
Ex,lµrioric; ea O'tYj()LsE,at OE µEyaAO (3a0µ6 a,o <>Elyµa 7tOU i::xouµE. 

0pLaµ6c; 5 . Ka0E auvap-rriari T = T (X ) ,ou ,uxalou <>Elyµa,oc; 
X = (X 1, ... , Xn) ovoµaC:E,at ma,tO'ttXYj OUV<X()'tYjOYj. 

'ExouµE ava-rt'tul;EL <>Lacpopa xpL't-ijpLa yLa va xplvouµE av µla Ex,tµ-ij 
-rpLa (a,a,ta,Lx-ij auvap-rriori) ElvaL "xaA-ij" -ij 6xL, µEpLxa an6 ,a onola 
Elvat ri aµEpOAYjt~la, ri E-rtapxELa xaL ri 7tAYj()ITTYfta. 

6 

E1t1µel i:1a : Panos Andreou 



2019 Lt a,1crttK1l I (Ma01u1at1K6 A011vac;) 

2.2 Aµe:pOAYjtf,ta 

'Ea,w ,uxalo <>Elyµa X1 , ... , Xn a1t6 xa,avoµfi ayvwa,ric; 1tapaµ€,pou 
,0 E 6 ( yLa auv.oµla, X<X7t0LE<; cpoptc; ea avaypacpE'taL an Awe; we; ,0, 6.av 
()E f3Aa7t'tE'taL Yl YEVLX6'tYj,a). 

Opu,µ6c; 6. H a,a,LmLXYJ auvap'tYjOYj T (X ) xaAEl,aL aµEp6AYj7t'tYJ EX,L
µ Yj't()La (a.E.) yLa 'tO ,0 av E,1(T ) = ,0 "i/,0 E e. H OUV<X()'tYjOYj 

ovoµaC:E,aL µEpOAYJl~la 'tYJc; T we; npoc; g(-0). 

0pLaµ6c; 7. OplC:ouµE we; µtao ,E,paywvLx6 acpaAµa (MTI:) 'tYJ<; a,a,L
a,Lxfic; auvap'tYjOYJc; T (X ) we; npoc; g(-0) ,riv 7tOOITTYj'ta 

Ilp&racrYj 3. Mla EUXPYJO'tYJ µopcpfi ,ou MTI: ElvaL Yj El;fic;: 

MSE(T ) = Var,1(T (X )) + bf(-0). 

0pLaµ6c; 8. H a,a,LO,LXYJ auvap'tYjOYj T (X ) xaAEl,aL E1tapxfic; yta ,riv 
napaµE,po ,0 av Yj <>EaµEuµtvri xa,avoµfi f x,x(x I t.) ,ou X <>E<>oµ€vou 
6,L T = t. ElvaL avEl;<XP'tYJ'tYJ ,ou ,0. 

0 OpLaµ6c; 'tYjc; E7t<X()XELac; O'tYjV 1tpal;ri ()EV El vaL ,6ao EUX()YjO'tOc;. fLa va 
<>Ell;ouµE 6,L µla a,a'tLO'tLXYj OUV<X()'tYjOYj ElVaL E1tapxfic; yta µla ayvWO'tYj 
1tapaµE,pO, XPYJOLµ01tOLOUµE auxva 'tO ax6Aoueo X()L'tYj()LO: 

Ilp&racrYj 4. (Ilapayov.Lx6 KpLtjpLO Neyman - Fisher) 
H a,a'tLO'tLXYj OUV<X()'tYjOYj T (X ) ElvaL E1tapxfic; yLa 'tYjV ayvWO'tYj 1tapaµE
't()O ,0 av, xaL µ6vo av, 

yLa xa1tOLE<; auvap,fiaEL<; g , h. 
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II6ptaµa 1. Av YI a,a,ta,LXYJ auvap't'YjOYj T( X) El vat E1tapxYJc; y La ,o -8 
xaL T = 'lf;('L.), ,6-tE xaL YI T1 ELV<XL E1tapxYJc; yLa ,o -8. Enlaric;, av -8 = G(rt) 
X<XL YI T ELV<XL E7t<X()X'Yjc; yt<X ,O -8, 'tITTE YI T ELV<XL E7t<X()X'Yjc; X<XL YL<X ,O ,,.,. 

Ilp&ra a Yj 5. (EnapxEL<X ITTY1V E .O.K .) 'Ea,w 
s 

k= l 

(i'iY1A<Xi'iYJ YI xa,avOµYj <XVYJXEL O't'YjV 7tOAUi5Laa,a,YI 1tOAU1tapaµE,pLXYJ E.O.K .). 
T6,E, YI O't<X'tLO'tLXYj OUV<X(}'tYIOYI T(X) = (T1(X ), ... ,Tn(X)) ELV<XL E7t<X()X'Yjc; 
YL<X ,O -8. 

~ YjµEtWOYj 2. rLa V<X i'iEll;ouµE ITTL µla O't<X'tLO'tLXYj OUV<X()'tYIOYI ELV<XL E7t<Xp
X'Yjc; txouµE, xuplwc;, ,pEL<; ,p6nouc;: El,E µE ,ov opLaµ6 El,E µE ,o na
payov,Lx6 xpL't'YJ(}LO ( ,o 7tLO auvY1flEc;) EL,E µtow 't'Ylc; E. 0 .K . ( auv'Yjflwc; 
auvi'iuaC:E,<XL µE 7tAYlp6't'Yj't<X, 61twc; avacptpouµE 1tapaxa,w). Evi'iELX'tLX<X, 
avacptpouµE E1tapxElc; ma,La,Lxtc; auvap't'YJOEL<; yLa opLaµtvEc; f3aaLxtc; 
xa,avoµtc; (oxEi'i6v anoxAELa,Lxa µE XPYJOYI ,ou napayov-rLxou xpL't'Yj
plou ) : 'Ea,w Xi , ... , Xn ,uxalo i'iElyµa a1t6: 
• Bernoulli(-8). T6,E, E7t<X()X'Yjc; O't<X'tLO'tLXYj OUV<X(}'tYIOYI YL<X ,O -8 ELV<XL YI 

n 

T(X) = I:Xi. 
i = l 

• Poisson(-8) . T&tE, E1tapxYJc; a,a,LO,LXYJ auvap't'YjOYI yta ,o -8 ELV<XL YI 
n 

T(X) = I: X i. 
i = l 

• Geom(-8). T6,E, E1tapxYJc; a,a,LO,LXYJ auvap't'YjOYI yta ,o -8 ELV<XL YI 
n 

T(X) = I: X i. 
i = l 

• Exp(-8). T&tE, E7t<X()X'Yjc; O't<X'tLO'tLXYj OUV<X()'tYIO'Yj YL<X ,O ,a ELV<XL YI 
n 

T(K) = I: X i. 
i = l 

• N(-81, a-2), a-2 yvwa,6 X<XL e = JR. Tc'rcE, E7t<X(}X'Yjc; O't<X'tLO'tLXYj OUV<X(}'t'YjOYj 
n 

yLa ,o '81 ElvaL YI T(X) = I: x i . 
i= l 

• N(µ, '82), µ yvwm6, e = (0, 00 ). T6,E, E7t<X()X'Yjc; O't<X'tLO'tLXYj OUV<X()'t'YjOYI 
n 

YL<X ,O '82 ELV<XL YI T(X) = I: (Xi - µ) 2
• 

i= l 
• N(-81 , -a2), e = JR x (o, oo) . T6,E, EnapxYJc; a,a,La,LxYJ auvap't'Ylori yLa 

,o -a= (-81, '82) ElvaL YI T(X) = ( i~ x i, i~ x f ) . 
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2 .4 IIAYjpatYj-ta 

Opu1µ6c; 9. H a,a,La,LXYJ auvaptYJOYJ T(X) xaAEl,aL 7tAYJPYJc; yta "t'Y)V na
paµE,po -0 av yta xa8E OUV<X()"t'YjOYj cp µE E,1[cp(T)] = 0 \;/,0 E e, LoX_UEL 6,L 
cp(T) = 0 µE 1tt8av6"t'Y)"ta 1 (npax,Lxa, cp = 0). 

0a BouµE ,wpa Eva 7t0AU OYjµav,Lx6 8EW()Yjµa 7tOU 1talpvouµE av µla 
xa,avOµYj aVYJXEL O"t'YJV E.O.K . (µla a1t6 ,Le; noAA€c; L<>L6"t'Y),Ec; nou ElnaµE 
a,YJV apxYJ 6,L µac; BlvEL YJ E .O.K .) : 

0EWpYjµa 1. (EnapxELac; - IlAYj()6"t'Y),ac; ITTYjV E .O.K .) 
s 

'Ea,w f(x;-0) = h(x)exp[I: Qk(-O)Tk(x) - A(-0)], x = (x1, ... ,xn), 
k= l 

,0 = (-01, ... ,-0.) E e CR•, xaL ,O OUVOAO {(Q1('.!2), ... , Q.(-0)) : ,0 E e} CR· 
7tE()LEXEL Eva avOLX,6 µYj XEV6 U7t00UVOAO ,OU R". T6,E, Yj O'ta"tLITTLXYj 
OUV<X()"t'YjOYj T( X) = (T1 (X), ... , Tn (X)) ElVaL E1tapXYj<; XaL 7tAYj()Yj<; yLa "tO 
,0. 

~YjµEtW<JYj 3. rLa va <>Ell;ouµE 6,L µla a,a'tLO"tLXYj OUV<X()"t'YjOYj T ElvaL 
7tA Yj()Yjc; yLa µla 1tapaµE,pO, txouµE xuplwc; 2 ,p61touc;: EL"tE ea <>OUAE
lj!ouµE µE ,ov opLaµ6 El,E µE ,o npOYJYOt>µEvo 0Ewp'Yjµa. ~,YJV npw"t'Y) 1tE
pl1t'twa'Y) (n.x. O"t'YJV oµoL6µopcpYJ xa,avoµYJ, nou <>Ev aVYJXEL ITTYJV E.O.K .), 
1tpE1tEL va f3pouµE "t'Y)V xa,avoµ 'YI ,YJc; 'L wmE va unoAoylaouµE "t'YJ µ€0Yj 
,LµYj E,1[cp(T)]. IlalpvouµE ,YJ auvtlYJXYJ 

E,1[cp(T)] = 0 \;/,0 E e # ls cp(t)JT(t;-O)dt = 0 \;/,0 E e 

(av.la,OLXa µE atlpoLaµa O't'Yj <>LaX()L"t'Yj 7tE()l7t'tWOYj) xaL txouµE a,o µuaA.6 
µac; Buo npayµa,a nou µnopEl va XPELaa,ouv yLa va <>Ell;ouµE 6,L cp = 0: 
• (yLa aUVEXElc; , .µ ., 6nou EµcpavlC:E,aL OAOXAYjpwµa O"t'YJ µEOYJ ,LµYj): 0 
µE,aax_Yjµa,taµ6c; Laplace ElvaL 1 - 1 OE xAaaEL<; ax_E<>6v nav,ou lawv 
auvaptjaEwv (,o auvoAo ,wv a'YjµElwv a,a onola <>Ev Elvat laEc; Elvat 
µ E,pou O)' 01t6,E L06"t'Yj,a "t'Y)c; µopcpYjc; .fo00 'If; ( t) e - ,?t dt = 0 \;/,0 E e Bl VEL 
a1tEU8Elac; ITTL 'If; = 0. 
• Av ,O atjpLyµa ,Yjc; xa,avOµYjc; El;apta,aL a1t6 "t'Y)V ayvwa,Yj 1tapaµE
"t()O ,0 (n.x. ITTYJV oµoL6µopcpYJ U(O, -0)), ,6.E a,o OAOXAYJpwµa EµcpavlC:E,aL 
YJ napaµE-rpoc; a,a 6pLa OAOXAYJ()WOYJc;, on6,E napaywylC:ouµE we; npoc; ,0 

xaL 1talpvouµE EUXOAa ,O s'YJ"tOl>µEvO, n.x. av .fo19 tn-1cp(t)dt = 0 \;/,0 E e (Yj 
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-xi1g X>I\ xil.A. xi1d!f.i1dx 3rJ003<;iULX>I\X> X>I\ 3rJoO'{?Q 'odi3rl~dxilL ltl-D(')I\A.~ X>Jrl 
xi1.A. S31d*rl1ix3 S3ULlt'{9d3rJxi S303i9001d3lL If. oc;ig 3rJooX? oo<;,i l\\f 

:>X>OOlt.O , 

-X>1V SIJ.l-.01X~'l3 S:31dl-ff,rl1l-x3 :>3l-ltlJ.'{9d:3rly g·z 

·S3iltid~331\XJ ~x1ioxiXoio 1X>I\J3 iS 1xix x 10 
(i.o '(}) N If. rlol\xiixix !f.x11\0I\X>X 1\1.tl-o 1i9 1X>I\J3 ooi !f..A.orldxicb3 !f.x1oxi'l'.x X>JW 
·!f.x1io1ixii~ ltio 9x1il\xirllto <)'{OlL 1X>I\J3 nsl?s: xirlltd<;,3Q O.L ·, !A.DC'>J3rl!A.~ 

·S3iltid~331\XJ ~x1ioxiXoio 1X>I\J3 s 1xix .1, S?ilt'{gX>i3rl S3JX>Xoi 10 
'3l-9.L . (} OOJ., ltiliid~331\Xl If. rlOI\Xll,XlX 3rl ltoltid~I\OD lf.X1l-D1l,Xll,D s 1XlX (} OJ., 
xi1.A. Sltdlf.'l'.lL 1xix S!f.xdX>lL3 .1, '(} nodi?rlX>OX>lL Sltio(')AA~ If. rlol\xiixix (')l-D:3:, 

(nSl?S:) ·z xirl!A.dc:>30 

·3rJXJ'{?Q )(')lL9 

'e ~ (}A O = ((})di <= e ~ (}A O = ((})d>1-u(} 1i9 3rlOOI\OJXllL 1XlX (} SodlL )(') 

3rJoo~J.A.(').A.xidxilL 3l-9l-'(((} 'O)fl ltcbdorl91orlo 1\1.tl-o 1xil-3~Jl\xicbrl3 lf.ioxi lto?Xo 
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aµEpOAYj7TTWV EX,tµrrtp twv ,OU o. 'Ea,w o µla aµEp6AYj7TTYj EX,Lµ'Yj'tp ta 
,OU g( 19) µE 7tE7tEp<XaµEVYj otaanopa, OYjAaOYj 

E,,o(X) = g(19), Var,,o(X) < oo \/19 E e. 

T6,E, 'Yj o Elvat A.O.E .Ll. yta ,o g(19) av, xat µ6vo av 

Cov,9(0, U) = 0 \/19 E e VU E Uo. 

II6ptoµa 2. Av OL Ti, ... , Tn El vat A.O.E.Ll. ,wv 91(19), ... , 9n(19), av.la,OLXa, 
,6,E 'Yj a,a,ta,LXYJ auvap't'YJOYJ T = :Z:I 1 c;T; Elvat A.O.E .Ll. ,Yjc; 1tapaµ€-

n 

,pou g(19) = I: c;g;(19). 
i = l 

0a 1tpOa1tafl'YjOOUµE ,wpa va oouµE nwc; U7tOAoya:ouµE A.0 .E .Ll., XPYJ
a tµ01tO LWV,ac; ouo noAu O'Yjµav-rtxa flEW(}Yjµa,a xat €va noAu XPYJOtµo 
1t6ptaµa (,o onolo XPYJOLµ07t0 LOUµE xa,a x6pov O't'YjV 1tpal;Yj). 

0Ewp'Yjµa 3. (Rao - Blackwell) 
'Ea,w X1 , ... , Xn ,uxalo OElyµa a1t6 xa,avOµYj µE OUV<X(}'t'YjOYj (1tuxv6't'Yj
-rac;) 1ttflav6't'Yj,ac; f (x; 19), 19 E e C JR". 'Ea,w o µla aµEp6AYj7TTYj Ex,tµYj-
-rpta 't'Yjc; g(19) µE 7tE7tEpaaµEVYj otaanopa, OYjAaOYj E,, [o( X) l = g( 19) xat 
Var,9o(X) < 00 \/19 E e. 'Ea,w, E7tl0Yjc;, T = (T1, ... , Tk)' µla E7tapx'Yjc; a,a
'tLO'tLXYj auvap,YjOYj y ta ,O 19. OplC:ouµE o* = E( o I T). T6,E, YJ o* EL Vat 
aµEp6AYj7TTYj EX,Lµ'Yj'tp ta ,OU g('§), OYjAaOYj E,,[o*(X )] = g('§) \/19 E e, xat 
Var,9(0*) < Var,9(0) \/19 E 6 . 

0EWpYjµa 4. (Lehmann - Scheffe) 
Av taxuouv OL npounofl!taEtc; ,ou fl . Rao - Blackwell xat E7tL7tAEOV 'Yj T 
El vat xat 7tAYj()Yjc; y ta ,O '§_, 'tITTE YJ o* El vat YJ µovao LXYj A. O.E .Ll. ,OU g( 19) . 

II6ptoµa 3. Av YJ T = T( X) El vat E1tapxYjc; xat 7tAYj()Yjc; yta ,O 19 xat YJ o(T) 
Elvat aµEp6AYj7TTYj EX,LµYj,p ta ,OU g(19), ,6,E YJ a,a,LO'tLXYj OUV<X(}'t'YjOYj 
o(T) Elvat A.o .E .Ll. ,ou 9 (19) . 

~YjµElWO'Yj 6. To 7t()OYjyOuµEvO 1t6ptaµa Elvat 7t0AU O'Yjµav-r tx6 xat XPYJ
a tµ01tO LEL,aL 7t0AU au:x.va O't'YjV 7t0pEla EU(}EO'Yjc; A.0 .E .Ll., y ta,l 7tOMEc; 
cpop!tc; Elvat EUXOA6,EpYj 'Yj EU()EOYJ aµEp6AYj7TTYJc; Ex,tµ'Yj'tp tac; yta µla na
paµE,po g(19) an6 ,ov unoAoytaµ6 't'YJ<; oEaµEuµltvYJc; µltOYJc; ,tµYJc; mo 
8Ewp'Yjµa Rao-Blackwell. Au,6 6µwc; oEv El vat a1t6Au,o xat optaµ!tvEc; 
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cpopi::c; (L<>iwc; 6,av YI aµi:;p6Ari7TTYJ Ex,LµYj,pLa BivE,aL µ€aw xa1tOLac; <>Ei
x,pLac; auvap-rrioric;) <>OUAEuouµi:; µi:; ,a Buo {:li:;wpriµa,a: ac; {:li:;wpriaouµi:; 
7t.x . ,uxaio <>Eiyµa Xi , ... , Xn ~ Poisson(19) xaL ac; 7tOUµE 6,L C::ri-raµE 
A .O.E.Ll. yLa -rriv 1tapaµE,po 19e-,{}. Ilapa-rripouµE 6,L 19e-,{} = P,{)(Xi = 1), 
apa YI aµEp6A'Yl7t't'Y1 EX,LµYj'tpLa ,OU 19e-,{} 7t()OO<>LO()LsE,aL aµEaa xaL EL
vaL YI S(K) = l{x,=i}(X). E1tiaric;, a1t6 {:li:;wpriµa E1tapxELac;-filrip6-rri,ac; 

n 

a,riv E.O.K ., (3piaxouµE 6,L YI a,a,LO'tLXYj auvap-rriari T(K) = I: xi EL-
i = i 

vaL E1tapxric; xaL 1tAYJ()Y1c; yLa ,o 19, 01t6,E u1t0Aoy£C::ouµi:; ,ri auvap-rriari 
o(T) = E,{)(S IT) xaL a1t6 ,a Buo 8i:;wpriµa,a E1tE,aL 6,L ri o EivaL YI (µo
va<>L><YJ) A .O.E.Ll. ,OU 19e-,{} . To 1tapa1tavw 1tapa<>ELyµa avacpE()E'taL a,riv 
7tLO 01tavLa 1tEpi1t-rwari 61tou <>OUAEuouµi:; µi:; ,a Buo {:li:;wpriµa,a av-ri 
yLa ,O II6pLaµa. Ilapa8€,ouµE ,wpa xaL Eva auv-roµo 1tapa<>ELyµa, mo 
07t0LO ,O II6pLaµa ()LVEL aµEaa -rriv A .O.E.Ll.: EO'tW Xi , ... , Xn ~ Exp(19) 
xaL ac; 7tOUµE 6,L 81::AouµE va (3pouµE A . 0 .E .Ll. yLa ,O J2. A1t6 {:li:;w
Priµa E1tapxELac;-IIArip6-rri,ac; a,riv E.O.K ., (3piaxouµi:; 6,L YI a,a,LmLXYJ 

n 

auvap-rriari T( X) = I: xi ELVaL E1tapxric; xaL 7tAYJ()'Y!c; yta ,O 19. E1tiaric;, 
i= i 

E,{)(T 2
) = Var,{)(T) + (E,{)(T))2 = n<;ti) # E,{) ( n(~:i)) = ,{)\, 01t6,E auµ1tE-

paivouµE aµEaa 6,L YI a,a,LO'tLXYj auvap,riari n(::i) ELVaL A .O .E .Ll. ,OU 

,{)\ (we; aµEp6Ari7TTYJ ,OU J2 xaL auvap-rriari -rric; E1tapxouc; xaL 7tAYj()OUc; T). 

OpL<1µ6c; 11. OpiC::ouµi:; ,riv 1tAripocpopia ,ou Fisher a1t6 µ£a 1tapa,ripriori 
X we; lx(19) = E,{)[(l0 logf(X;19))

2
] 

0pLaµ6c; 12. OpiC::ouµi:; ,riv 1tAripocpopia ,ou Fisher a1t6 €va ,uxaio <>Eiyµa 
X we; lx(19) = E,{)[(l0logf(X ;19))

2
]. 

0a &uµE ,wpa 1twc; OUV<>EOV'taL au,i::c; OL <>UO 7tOa6-rri,Ec;. 

Ilpo-ta <JYj 7. Av Xi , ... , Xn ,uxaio <>Eiyµa (<>riAa<>ri OL xi avEl;ap-rri-rEc; xaL 
La6voµi:;c;), 'tITTE lx(19) = n · lx,(19), i = 1, ... , n . Av Xi , ... , Xn avEl;ap-rri,Ec; 

n 

,uxaii:;c; µi:;,af3Ari,i::c; ( 6xL a1tapa£-rri,a La6voµi:;c;), ,6,E Ix ( 19) = I: Ix, ( 19) . 
i = i 

0a Bwaouµi:; µ£a 1tLO EUXPrio-rri µopcpYJ ,ric; 1tAripocpopiac; ,ou Fisher: 

Ilpo-ta <JYj 8. Av LoXt>EL 6,L :.i .rs f (x; 19)dx = .rs :.if (x; 19)dx, ,6,E 
1(19) = - E[:;2logf(X;19)]. 
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~YjµEtW<YYj 7. re:vLxa 7t(XYCLµa,aL YI €xcppaaYI µe: "CYj ()EU"CE(}YI 1tapaywyo, 
xaewc; a1taL-ce:l µ6vo U7tOAOytaµouc; µ€awv ,Lµwv, OE av-clee:aYI µe: ,riv 
7t()W"CYj €xcppaaYI, 61tOU e:µcpava;e:,aL ,e:,paywvo a-cov "Ct)1t0, "CO onolo U1tO
<>Y1AWVEL EU()EOY1 <>Laa1topac; (e:v YEVEL ()UOXOAOc; U7tOAOytaµ6c;) . 

Av etA.ouµe: "CYjV 1tAY1()0cpopla ,ou Fisher yLa µla auvap"CYjOYj "CYjc; napaµ€
-cpou {), txouµe: : 

Ilp&racrYj 9. Av X ~ f(x;{)), Ix ({)) YI 1tAY1pocpopla ,ou Fisher we; npoc; {) 
xaL rt napaµe:-cpoc; ,€-coLa wa-ce: g(rJ) = {), ,6,e: Ix (rt) = Ix({)) · (g'(rt))2

• 

0a etA.aµe: va f3p0t>µe: Eva oµoL6µopcpo xa,w cppayµa yLa "CYj <>Laanopa 
6Awv -cwv aµe:pOA'Yj7t"CWV e:x,LµYl-cpLwv µlac; napaµ€,pou g({)). Av -co ne:
-cuxouµe: au,6, ,6-ce: ea txouµe: aAAOV €vav ,p61to va Be:ll;ouµe: 6,L µla 
e:x,Lµ'Yj"CpLa e:lvaL A.0 .E.Ll. yLa µla napaµe:,po (Be:v e:lvaL µ€e0<>oc; uno
AoyLaµOt> A.O.E.Ll., xaewc; 1tpounoe€,e:L va µac; Blve:-caL YI 1tpoc; e:1;€-caaYI 
e:x,Lµ'Yj"CpLa, wa-c6ao e:lvaL Eva 7t0AU XP'YJOLµO X()L"C'Yj()LO yLa va <>Ouµe: av 
µla aµe:p6A'Yl7t"CY1 e:x,LµYj,pLa e:lvaL A.O.E.Ll.) . Ilpayµa,L, acpou ea e:lvaL 
aµe:p6AY17t"Clj yLa "CYj auyxe:xpLµEVYI 1tapaµe:,po xaL µe: "CYj µLxp6,EPYI ()U
va,Yj <>Laanopa, ea e:lvaL aµe:p6AY17t"Clj e:x,Lµ'Yj"CpLa EA<XXLO"CYI<; <>Laa1topac; 
y La autjv "CYjV 1tapaµe:,po . I:xe:,Lxa, txouµe: : 

0pLcrµ6c; 13. Av X 1, ... , Xn -cuxalo Be:lyµa a1t6 xa,avOµ'Yj ayvwa"CYjc; 1ta
paµ€,pou {) E e, ,6-ce: AEµe: 6,L LXaV07tOL0t)V"CaL OL auve'Yjxe:c; oµaA6"CYj,ac; 
av L<JXt>OUv -ca e:n6µe:va : 
(i) 0 1tapaµe:,pLx6c; xwpoc; e e:lvaL avOLX,6 U7t00UVOAO "COU JR, 
(ii) "CO O"C'Yj(}Lyµa S = { X E !Rn : f ( x; {)) > 0} e:( vaL ave:l;ap,ri-co ,OU {), 
(iii) YI 1tapaywyoc; f{)f (x; {)) U7t<X(}XEL yta xaee: X E S, {) E e, 
(iv) .fs f{JJ(x; {))dx = f{J .fs f (x; {))dx '<:/{} E e, 
(v) 0 < Ix({))< oo '<:/{} E e . 

Ilp&racrYj 10. (AvLo6-cri-ca Cramer-Rao) 
'Ea-cw X1 , ... , Xn ave:l;ap"CYj,Ec; ,uxale:c; µe:-caf3Ari-c€c; a1t6 xa,avoµ€c; 1ta
paµ€,pou {) xaL €a-cw 6,L Lxav07tOLOuv-caL OL auve'Yjxe:c; oµaA6-cri-cac;. Av 
YI a-ca,LO,LX'Yj auvap"CYjOYI T = T(X) e:lvaL aµe:p6AY17t"Clj e:x,LµYj,pLa ,ou 
g({)) xaL .fs T(x) f{JJ(x; {))dx = :{J .fs T(x)f(x;{))dx \;f{) E e , ,6,e: yLa xaee: 
{J E e L<JXUEL 6,L 

Var (T(X )) > (g'({)))
2 

{) - - Ix({)) 
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Av E7tL7tAEOV OL X1 , ... , Xn ElvaL xat La6voµEc; (Brit..aB-fi txouµE ,uxalo 
()E(yµa), ,6,E 

Var (T(X \) > (g'(19))
2

. 
,9 ~ - n/(19) 

Op u,µoc; 14. Mla a,a'tLO'tLXYj OUV<X()'tYjOYj T = T(X) xaAEl,at a1tO'tEAE
aµa,LXYj yta µla 1tapaµE,pO g(19) av E,9(T(X)) = g(19) \/19 E e xat YJ 
()Laa1topa 'tY)c; LOOU,aL µE 'tO xa,w cppayµa Cramer-Rao, ()YjAaB-fi 

(g'(19))2 
Var,9(T(X)) = n/(19) . 

Ilp&ta crYj 11. H LOITTYJ'ta O't"YJV avLOITTYJ'ta Cramer-Rao LOXUEL av, xaL µ6vo 
av, :{)logf(x;19) = q(19)T(x) - a(19) \:Ix E S \/19 E e, yLa xa1tOLE<; auvaptj
aEL<; q, a, 01t6,E f(x;19) = h(x)exp (Q(19)T(x) - A(19)). l<JXUEL, E1tlaric;, 6,t 
E,9(T(X)) = i:~!l = g(19) (acpou Yj T ElvaL aµEp6AYj7t'tYj yta 't"YjV g(19)), 
01t6,E yLa va 1tLamEl 'tO xa,w cppayµa 7t()E7tEL Yj 1tpoc; Ex,lµYjOYj 1tapa-

' ' (·o) A' (,9) 6 fl , µE,poc; va ELVaL 'tY)c; µopcpric; g -u = C1 · Q'(,9) + Cz, 7tOU C1, Cz a,a E()Ec;. 

Ilp&ta crYj 12. H auvap't"YJOYJ :,,zogf (X ; 19) ovoµac:;E,aL auvap't"YJOYJ score 
xaL EXEL 'tYjV L()L6't"Yj,a E,9[:{)logf(X; 19)] = 0 \/19 E e. 

ilLa'tU7tWVOUµE ,wpa we; Ilp6,aari 'tYjV L()Ea yta 'tYjV 07tOla SEXLV-fjaaµE 
'tYjV EU()EOYj oµoL6µopcpou xa,w cppayµa,oc; µE,al;u 6Awv ,WV aµEpoA-fj-
7t'tWV Ex,LµYj,pLwv µlac; 1tapaµ€,pou. 

Ilp&ta crYj 13. Av ri a,a,La,Lx-fi auvap,riari T = T(X) ElvaL a1tO,EAEaµa
'tLXYJ yta 'tYjV g(19), ,6,E ElvaL A.0 .E.Ll. ,ric; g(19) . 

2.6 Mi6ooot U1tOAOyt<1µou s:x-rtµ'Yi't()tWV 

MtxpL a,Lyµ-fic;, fl€aaµE xuplwc; xa1tOLE<; E1tLfluµri,€c; LBL6'tY),Ec; ,Le; 01tolEc; 
fla flEAaµE va txouv OL EX,LµYj't()LE<; µac; 7t(>OXELµEVOU va flEwpriflouv "xa
AEc;". Qa,6ao, ri a1tal,riari au,wv ,WV L()LO'tYj'tWV ()EV El;aacpaAlsEL 7t<XV'ta 
xat ,p67touc; U7tOAOyLaµou 'tE'tOLWV EX,LµYj,()LWV. 0a BouµE ,wpa ()1)0 

f3aaLx€c; µEfl6Bouc; U1tOAOyL0µ01> Ex,LµYj,pLwv, 'tYJ M€flQ()O M€yLa'tY)c; IlL
flavocpavELac; xaL 'tYj M€8Q()O ,WV Po1twv. 
H MEflQ()Oc; M€yta,ric; IlLflavocpavELac; O'tYj()lsE-raL O't"YjV ax6Aoueri ()LaLaflri
'tLXYj LB€a: txov,ac; 1tapa'tYJp-fiaEL BEBoµ€va x a1t6 µla xa,avoµ-fi f(x; 19), 
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ea qial;ouµE TYjV 'ttµYj EXELV'Yj 't'Yj<; 1tapaµE't(>OU ,0 yta 't'YjV 07tOLa µEyta't0-
7t0tEL'tat 'Yl 1tt8av6-tYfta va napaTYJpYJaouµE au't6 nou YJ<>YJ txouµE napaTYJ
PYJOEt! ExcppaC:OV'tac; µa8Yjµa,txa aU't'Yj 't'YjV t<>Ea, 1taipvouµE 'tOV E1t6µEvO 

Optoµ6c; 15. OpiC:ouµE, apxtxa, we; auvapTYJOYJ 1tt8avocpavEtac; L (-0 I x) 
't'YjV an6 xotvou a.n . YJ a.1t.1t. 'tOU <>Eiyµa'toc;, <>YjAa<>YJ L (,O I x) = f (x; -0) . 
OpiC:ouµE 'twpa we; Ex'ttµ'Yj'tpta M€yta'tYJ<; IIt8avocpavEtac; (E.M.II.) 't'YJV 

A A 

'ttµYj ,0 = 'll(x) yta TYJV onoia µEyta't07tOtEL'tat Yj L (-0 I x), <>YjAa<>YJ 
L ('ll I x) = ~:t L(-0 I ~ -

IIapa 'tiiPYl<YYl 1. H E.M.II., av unapxEt, <>Ev Eivat anapaL'tYft"a µova<>tX'Yj 
(n.x. a'tYJV oµot6µopcpYJ U(-0 - ½,'ll + t) E.M.II. 'tOu ,o Eivat xaBE 

A 1 1 
,0 E [X(n) - 2' X(l) + 2] ) . 

~ YjµEtW<YYj 8. ~TYJV npal;YJ <>OUAEuouµE auv'Yj8wc; µE TYj AEy6µEVYj Aoya
pt8µont8avocpavEta, <>YJAa<>YJ 'TTl auvap'tYJOYJ l(-0) = logL(-0 I x), TYJV 01toia 
1tpoa1ta8ouµE va µEyta't07tOtYjOOUµE we; 1tpoc; '° · E1tt't(>E7tE'tat va 'tO xa
vouµE au't6, yta'ti 'Yl auva(>'tYJOYJ log Eivat yv'Yjaiwc; aul;ouaa, on&tE 'Yl 
8Ea'Yj µEyia'tOU 1tapaµEVEt YJ L<>ta, xat 1tpo,tµa'tat auxva <>t6'tt µE'ta-

n 

't(>E7tEt 'tO ytv6µEvO f (x; ,0) = IT !(Xi; ,0) OE aepotaµa, 'tO 07t0LO EL Vat 
i = l 

nto EuxoAa <>taXEtpiatµo. LUVYJ8wc;, Aoyapt8µ£C:ouµE TYJV 1tt8avocpavEta, 
napaywy£C:ouµE 'TTl Aoyapt8µ01tt8avocpavEta, f3A€1touµE not> Eivat ap
VYfttXYJ ( 'YI BE,tXYj) xat f3p£axouµE TYj 8€a'Yj µEyia'tOU, Yj onoia Eivat Yj 
Ex,tµ'Yj'tpta µ€ytaTYJc; 1tt8avocpavEtac;. Qa,6ao, 'Yl µ€80<>oc; autj <>EV EL
vat a1t6AUTYJ. IIp€1tEt va 8uµ6µaa'tE 6'tt a,6xoc; µac; Eivat va µEyta,o-
7tOtYJOOUµE 't'YjV 7tt8avocpavEta. 0 'tp61toc; yta va yivEt au't6 ()EV ELVat 
€vac;. XapaxTYjpta,tXYJ El;alpEOYJ a1tO'tEAEl, yta aMYJ µta cpopa, 'Yl oµot6-
µopcpYJ xa'tavOµYj: EO'tW X1 , ••·, Xn ~ U(0,-0), ,0 E e = (O,oo) . 17tO-

n 

AoylC:ouµE L(,O I ~ = ~~ IT I10,~1(xi) = ~~ I 10,oo)(X(1) ) / ( - oo,~J(X(n)), 07t6'tE 
i = l 

L (,O I x) = { 
01 '°.o<>X(n) }, apa 'tO µ€yta,o E7tt'tUYX<XVE'tat yta ,o = X(n), 
~n, 'U _ X(n) 

A 

OUVE1twc; 'll(X) = X(n) = max{X1, ... , Xn} (<>E XPYJOtµ07tOt'YjOaµE OU'tE AO-
yapt8µ01tt8avocpavEta OU'tE 1tapaywytaYj). 

0a BouµE 'twpa µla 7t0AU O'YjµaV'ttX'Yj t<>tat'Yj1"a 'tWV E.M.II., Yj onola 'ttc; 
xa8ta'ta xat 7t0AU EUXPYJO'tE<; O'ttc; Ecpapµoy€c;. 
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Ilp&raaYj 14. (IBt6'TTj,<X ,ou AvaMoiw,ou ,wv E.M.II.) 
A 

Av {} ELV<XL E .M.II. 'tOU {} X<XL 'YI OUV<X()'t'YjO'Yj g : e -+ JR ELV<XL 1 - 1, ,6,E 'YI 
A 

O't<X'tLO'tLX'Yj OUV<X()'t'YjO'Yj g({}) ELV<XL E .M.II. 'tOU g({}), ()YjA<X()'Yj 

- A g({}) = g({}). 

n.x. av ,b = ('!91, '!92) = ( x , ;. i~(x i - X)2) E.M.II. ,ou {} = ({}1, {}2) a,riv 

xavovtX'Yj xa,avOµ'Yj N({J1 , {}2), ,6,E E .M.II. ,ou {Jie112 ELV<XL ri a,<X,LITTLX'Yj 
l n - 2 

- 2 - :[; (X ;-X) 
OUV<X()'TTjO'Yj X e n i= l 

rta V<X yiVEL X<X't<XVOYj,6 'tO 1t6aO OYjµ<XV'tLX'Yj ELV<XL <XU't'Yj 'Yj L()L6'TTj't<X 'tWV 
E.M.II., apxEi va auyxpivEL xavEic; µE ,tc; A .0 .E .Ll., 6nou ri BtaBtxaaia 
<XU't'Yj 'Yj't<XV oXEB6v aBuv<X'TTj. 

0a XAELOOUµE 'tO xoµµa,L ,ric; Ex,tµYj,LX'Yjc; 7t<X()OUOtaC:ov-rac; 't'YjV 7tLO <X7tA'Yj 
µ€80()0 U7tOAOytaµOt) EX'ttµ'Yj't()LWV, 't'Yj M€8oBo 'tWV P01twv. Ilp6XEL't<XL yta 
µ£a µ€80()0 ri onoia, OE yc.vtx€c; ypaµµ€c;, Ecpapµ6C:E,<XL apxE,a EUXOA6-
'tE()<X <X7t6 'TTl M€8oBo M€yta'TTjc; Ilt8avocpavEL<Xc;, WO'tOOO 't<X <X7tO'tEAE
aµa,<X 7tOU ()LVEL ()EV ELV<XL 7t<XV't<X ,600 X<XA<X O't'YjV 1tpal;ri. 

Optaµ6c; 16. 'Ea,w X µla ,uxaia µE,af3A'Yj't'YJ xat k E N 8E,tx6c; ax€
patoc;. OpiC:ouµE we; (nt..ri8uaµtax'Yl 'YI 8Ewpri,tx'Yj) p07t'YJ k-,al;ric; ,ri µtori 
,Lµ'Yj µk = E (Xk ) ( YEVLX<X ELV<XL OUV<X()'TTjO'Yj 'TTjc; ayvwa'TTjc; 7t<Xpaµ€,pou 
{) 'TTjc; X<X't<XVOµYjc;) . 'Ea,w 'tW()<X ,uxaio ()E(yµa X1 , ... , Xn . OpiC:ouµE we; 

n 

()Etyµa,LX'Yj ()07t'Yj k-,al;ric; 't'YjV 7t006't'Yj't<X Mk = ;, I: Xik . 
i = l 

Llt<XL08'Yj'tLX<X, 'YI L()E(X 'TTjc; ME86Bou 'tWV P01twv <X7t0()()EEL <X7t6 'tOV N6µo 
'tWV MEyaAwv Apt8µwv, at>µcpwva µE 'tOV 07t0LO 'Yj ()ELW<X'tLX'Yj ()07t'Yj k
-ral;ric; 'tELVEL O't'Yj 8EW()'Yj'tLX'Yj ()07t'Yj k-,al;ric; xa8wc; 'tO n --+ 00, ()YjA<X()'Yj 
O()L<XX<X LoXUEL ITTL µk '.::::: Mk . 

Optaµ6c; 17. 'Ea,w Xi , ... , Xn ,uxaio ()ELW<X <X7t6 X<X't<XVOµ'Yj f(x; {}) , {} = 
( ,{J l , ... , ,{J s) . 0EW()OUµE (U1t08E'tOV't<X<; 6,L U7t<X()XOUV OL S 7t()W'tE<; ()07tE<;) 'tO 

µ1 ('.!2) = M1 = X 
n 

µ2({}) = M2 = ;. I: Xl 
i= l . Av ,o aua'TTjµ<X AuvE,<XL we; npoc; -Q, 

n 

µ.({}) = M. = ;. I: Xt 
i= l 
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,6-rE YI AUCJ'Yj ,ou, lJ = lJ(K), xaAEl,at E.M.P. YJ p07tOEx,tµfrtpta ,ou {}_ 

~YjµEtW<YYj 9. ~'t'YIV 1tp<il;Y1, yta va Ecpapµ6aouµE 't'YI M€8o&l "CWV Po1twv, 
cp,taxvouµE OUO't'Y!µa µE ,6aEc; ESLOWOEL<; OOEc; ELV<XL xat OL ayvwa,OL 
1tapaµE,pOL. Av OE X<X7t0La ESLOWCJ'Yj YI p07tYj µk OE OLVEL X<X7t0La 1tapa
µE-rpo, ,6'tE OOUAEUOUµE µE 'tYI p07tYj 'tYI<; E1t6µEVY1c; ,<il;Y1c;. II.x. O't'Y!V xa
VOVLXYj xa,avoµYj N(µ ,{}) , µ yvwm6, {} E e = (O, oo), YI 1Y1 El;lawaYI olvEt 
µ1 ( {}) = M1 = X => µ = X , OY1AaoYJ oEv u1tapxEt -ro {}, 01t6,E f3plaxouµE 

n n 

'tYIV E.M .P. a1t6 't'YI 2Y1 ESLOWCJ'Yj: µ2({}) = M2 = ;. I: Xl # µ2+ {} = ;. I: x;, 
i = l i = l 

- n 
01t6-rE ,EAtxa {J(X) = ;. I: Xf - µ 2

, YI E.M.P. yta -ro {} (YI 01tola OE XPYl-
i = l 

atµ07t0LEL"C<XL 0't'YIV 1tp<il;Y1). 
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KecpaAcxto 3 

MEX()L O'tLyµ YJS, aaxOAYjfl'YjxaµE µ6vo µE OYjµELaxc:c; EX'tLµYjOELc;. ElxaµE 
<>YjAa<>Yj xa1tOLa <>E<>Oµc:va x = (x1, ... , Xn) xaL (3plaxaµE OpLaµc:vEc; a-ra
'tLO'tLXE<; auvaptjaEL<;, auµcpwva µE X<X7t0La X()L't'Yj()La 7tOU flc:aaµE, yLa 
va EX-rLµYjaouµE ayvwa-rEc; 1tapaµ€-rpouc; 't'YJS xa-ravOµYJc; -rouc;. Oa-r6ao, 
0 U7tOAOyLaµ6c; a1tAwc; µlac; EX'tLµYj't()Lac; ()E µac; ()LVEL 7tOMYj 7tAYj()Ocpo
pla yLa -ro 1t6ao xov-ra ITTYJV 1tpayµa-rLXYJ -rLµYj -rwv 1tapaµ€-rpwv ElvaL OL 
EX'tLµYjOEL<; 7tOU xavouµE. OBYjyOuµaa'tE, AOL1t6v, O't'YjV EU()EO'Yj OA6XAYj()OU 
<>Laatjµa-roc; 7tOU 7tE()LEXEL µE X<X7t0La (3E(3aL6't'Yj'ta 't'YjV ayvwa't'Yj 1tapaµE
't()O 1tou µEAE-raµE. 

0pL<,µ6c; 18. 'Emw X1 , ... , Xn -ruxalo <>Elyµa a1t6 xa-ravOµYj ayvwa't'Yjc; 
1tapaµc:-rpou {} E 8 . Av a E (0, 1) a-raflEpa, oplc:ouµE we; 100(1- a)% <>La
O't'Yjµa Eµ1tLa-roauv'Yjc; (Ll.E .) yLa -ro {} (YJ, yEvLx6-rEpa, -ro g({J)) c:va -ruxalo 
<>Laa't'Yjµa 't'YJS µopcpYJc; [T1 (K) , T2 (X) ], 61tou OL T1, T2 ElvaL a-ra-rLmLxc:c; 
auvaptjaEL<; µE T1(x) < T2(D xaL 

'<:/{} E e P,1({} E [T1 (X), T2(X)]) > 1 - a 

( aV'tLO'tOL xa, 

'<:/{} E e P,1 (g({}) E [T1(X), T2(X)]) > 1 - a) 

(auv'Yjflwc; sYJ-raµE L06't'Yj-ra, a1tAwc; E7tEL<>YJ aE opLaµc:vEc; <>LaxpL-rc:c; xa-ravo
µc:c; <>Ev ElvaL Buva-r6v va E7tL'tEUXflEl, cp'tLaxvouµE -rov opLaµ6 µE avlawa'Yj, 
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xupiwc; yux A6youc; auoTYjp6TYJ,ac;). To 1 - a ovoµaC:E,at ouv-rEAEotjc; 
Eµ7tLO't00UVYjc; ,OU 1tapa1tavw OLaO,Yjµa,oc; Eµmo,oouvric;. 

~YjµEiWOYj 10. TL oriµaivEL Eva 95% Ll.E . yLa ,o 19; Mia OXE4JYJ Eivat 6,L 
,o 19 aVYJXEL o,o ouyxExpLµEvO oLao,riµa µE 1tL8av6TYj,a 95%. Au,6 6µwc; 
EivaL Aa8oc;. L'tYjV xAaOLXYj L'ta'tLO'tLXYj xa8E ayvWOTYj 1tapaµE,poc; BE
wpEi,aL o,a8Epa. Mia o,a8Epa Ei,E aVYjXEL OE Eva OL<XOTYjµa Ei,E OEV 

aVYjXEL, OEV EXEL v6riµa va a1toowoouµE X<X7t0La 7tLflav6.Yj'ta (o,Lc; ,u
xaiEc; µE,af3AYJ'tES ,o xavouµE au,6). Apa 6,av AEµE ITTL f3pYJxaµE Eva 
95% Ll.E . ( ,uxaio oLaoTYjµa) yLa ,o 19, EvvoouµE 6,L av (3pioxouµE 6Ao 
xaL 1tEpL006.Epa oLao,Yjµa,a (1taipvov-rac; 1t.x . 1tEpL006.EpEc; 1tapaTYJ
PYJOELc;), ,6,E xa,a 1tpOOEYYLOYj ,O 95% ,WV OLaOTYjµ<X,WV ea 7tEpLEXOUV 
'tYjV ayvWOTYj 1tapaµE,pO 19. Apa O'tYjV xAaOLXYj L,a,LO'tLXYj ,O OL<XOTYjµa 
XLVEi,aL, EVW ri 1tapaµE,poc; 1tapaµEVEL o,a8EpYj! 

3.2 re:vtx~ µt6oooc; )({X't{XO'XS:U~c; OL<XO''t'Yjµcx-rwv 
, 

S: µ 1t t O''tOO'UV'Yj<; 

H YEVLX'Yj µE8oooc; xa,aOXEUYj<; OLaOTYjµ<X,WV Eµ1tLO'tOOUVYjc; yta µla 
1tapaµE,pO g( 19) ElvaL: 
(1) IlpoooLoplC:ouµE µia "xaAYJ" Ex,LµYJ,pLa ,ou g(19) (E.M.II., A .O.E.Ll. 
YJ ,ouAaxLo,ov E1tapxYJ), Emw T (x). 
(2) BploxouµE µla ,uxala µE,af3AYJ't'YJ Y = h(T (x), g(19)), ri xa,avOµYj 
,ric; 01toiac; ElvaL aVES<XPTYJTYJ ,ou 19. H ,uxala µE,af3AYJTYJ aU,YJ xaAEl,aL 
1too6'tYJ'ta ooriy6c; (µE f3aori TYJV T) 
(3) IlpoaoLOplC:ouµE o,a8EpEc; C1 < Cz 'tE'tOLE<;, WO'tE 

( YJ > 1 - a, av ri Y ElvaL oLaxpLtj) 
(4) AuvouµE we; 1tpoc; g(19) xaL xa,aAYJYOUµE oE µla oXEOYJ TYJS µopcpYJc; 
P,9 (T1(X ) < g(19) < T2(X )) = 1- a (YJ > 1- a OTYJ oLaxpLtj 7tEpl1t'twori). 
To ,uxalo oLaoTYjµa [T1(X ), T2(X)] ElvaL ,o 100(1- a)% oLaoTYjµa Eµ1tL
o,oauvric; yLa ,O g(19). 

LYjµEtWOYj 11. IloAu oriµav.Lx6 (xaL oux_va OUOXOAO) ElvaL ,O B'Yjµa 2, 
xa8wc; OE olvEL X<X7t0LOV ,p61to EUpEoYjc; 'tE'tOLac; ,uxalac; µE,af3AYJTYJS· 
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Om6ao, ea <>OuµE tvav , p61to va 'tO OXEq:rt6µaa, E. Ecp6aov S'YJ'tEL'ta L xa
-ravOµYj avEl;<X()'t'YJ't'YJ 't'YJS 1tapaµt, pou {), Elvat Aoyi.x6 va l~al;ouµE a-rte; 
a1tapaµE, ptxtc; xa, avoµt c;. Y1tapxouv 4 f3aa txtc; a1tapaµ E-rptxtc; xa, a 
voµtc; : Yj 'tU7t07tOLYjµEVYj xavOVLXYj N(O , 1), Yj x2 xa, avOµYj µE n f3aeµouc; 
EAEueEplac;, Yj t xa, avOµYj µE n f3aeµouc; EAEueEplac; (xa, avoµYj Student) 
xat Yj Fn,m xa, avOµYj µE n xat m f3aeµouc; EAEueEplac; (xa, avOµYj Fisher
Snedecor - y ta ta , optxouc; A6youc; avacptpouµE 6-rt 't'YJV xa, avoµYj 't'YJ 
f3pYJXE o G.W. Snedecor xat 't'YjV ov6µaaE F 1tpoc; ,tµYjv , ou R. Fisher). 
Ilapa,leEv-rat , wpa optaµtvo t 1tOAu O'Yjµav-rtxol µE-raaxYJµa,taµo l, a , ouc; 
01tolouc; xat O't'Yj()Ls6µaa, E OUV'Yjewc; y ta va xa, aAYJSOUµE OE X<X7t0La a1ta
paµE, ()LX'Yj xa, avOµYj xat, xa,' E7tEX, aOYJ, O't'YJV 1toa6't'Yj, a O<>Yjy6: 
• Av X ~ N(µ ,a2), , ITTE X ;µ ~ N(O, 1). 

• Av Z ~ N(O , 1), W ~ x! xat OL z, W ELVaL avEl;<X()'t'Yj'tEc;, 'tITTE ~ ~ tn . 

• Av X ~ Gamma(n, {)), 'tITTE 2{) · X ~ X~n . 
X 

• Av X ~ x!, y ~ x;, xat OL X, y ELVaL avEl;<X()'t'Yj'tE<;, 'tITTE ; ~ Fn,m· 
m 

• Av X ~ U(a, b), 'tITTE !~: ~ U(O , 1) (Et<> tx6, Epa, av X1 , ... , Xn ~ U(O , {)), 

, 6, E X~n> 2. U(n) we; xa, avoµt c;, 61tou X(n) = max{X1, ... , Xn} xat 't'YjV 
xa, avOµYj 't'YJS U(n) µ1topouµE EUXOAa va 't'Yj f3pouµE) . 

n 

• Av X ~ N(µ , a 2), 'tITTE (n-,,1)
52 ~ x!--1 (61tOU S 2 = n 11 I: (Xi - X)2 Yj 

i = l 
()Etyµa,LX'Yj <>La01tOpa). 

Optoµ6c; 19. OvoµaC:ouµE a -avw 7tOOOO'tta lo O'YjµELO µ lac; xa, avOµYjc; F 
, o OYjµElo c y ta , o 01tolo LOXUEL F(c) = 1 - a (<>ta tae 'Yj't tXa, , o OYjµElo 
'tO 07t0LO acpYjVEL <>El;ta 'tOU Eµf3a<>6v lao µE a ). LUµf30A£C:ouµE 'ta a-avw 
1toaoa,tala OYjµEla 't'YJS , U7t07tOLYjµEv'Yjc; xavovtx'Yjc; N(O , 1), , Yjc; xa, avOµYjc; 
x!, 't'YJS xa, avOµYj c; tn xat 't'YJS xa, avOµYjc; Fn,m µE Za, X!;a> tn;a xat Fn,m;a, 
av-rla, otxa. 

~YjµEtW<YYj 12. L'tO B'Yjµa 3, 'ta C1, C2 µ1tO()Ot)V va E7tLAEyouv µE 7tOMouc; 
, p61touc; (1tpax,txa, sYJ-raµE tva Eµf3a<>6v va taou, a t µE 1 - a, , o 01tolo 
µ1tO()EL va ylvEL µE 7tOMouc; , p61touc;). Y1tapxouv <>UO XU()LE<; E7ttAoytc; 
'tWV a , aeEpwv au, wv, OL 07t0LE<; O<>YjyOuv OE Ll.E . lawv oupwv xat OE Ll.E . 
EAaxlmou µYjxouc;. l<>avtxa, ea etA.aµE va µ1topouµE va xa, aaxEuaC:ouµE 
Ll.E. EAaxla, ou µYjxouc;. Ilpayµa,L, av EAaXLO't07tOLYjOOUµE 'tO µYjxoc; 't'YJS 

20 

E1t1µel i:1a: Panos Andreou 



2019 Lta,1crttK1l I (Ma01u1at1K6 A011vac;) 

" f3aITTjc;" SYJ'tWvtac; 1tapaM.YjAa , O Eµf3aB6v va LOOU, a L µE 1 - a, , 6, E 
µEyta 't07tOLEl,a t , O "ut~oc;" xat apa f3ptax6µamE O'tYjV 7tEpLOXYJ µE 'tYjV 
ut~YjA6, EpYJ 1tt8avocpavEta , Brit-.aBYJ a, YJV 7tEPLoXYJ 1tou Elvat 1tt8av6, Epo va 
f3plaxE, a t , o {)_ Qa, 6ao, Yj BtaBtxaala xa, aaxEUYJc; , €, o twv Btaa, riµa
-rwv Elvat 1tOAu BuaxOAYJ, 01t6, E xa, acpEuyouµE auv'Yj8wc; a , a Ll.E . lawv 
oupwv, a, a 01tola BtaA€youµE , a c1 , c2 wa, E , o c1 va "acpYJVEL Eµf3aB6v 
~ apta, Epa , ou" xat , o c2 va "acpYJVEL Eµf3aB6v ~ BEl;ta , ou" (01t6, E 
"1tEptaaEUEt" Eµf3aB6v 1 - a, 61twc; 8€AaµE). LlYjAaB'Yj , o c1 E7tLAEyE, a t we; 
, O (1 - ~)-avw 7tOOOO'tta lo CJ'YjµElo, EVW , O C2 we; , O ~-avw 1toaoa,ta lo 

, , 
OYjµELO 'tY)c; xa, avoµ ric;. 

3.3 L1taa-r~µa-ra Eµ1tta-roauv~c; yta xavovtxouc; 
1tA~6uaµouc; 

Y1tapxouv optaµ€va 7t0AU ariµavtLX<X Lltaa't'Yjµa, a Eµ1tta, oauvric;, au, a 
7tOU XPYJOLµ01tOtouv, a t y ta , riv xavovtx'Yj xa, avoµ 'YI· 0a 1tapa8€aouµE , a 
Ll.E. OE xa8E µla a1t6 ,Le; 7tEpL7t'tWOEtc; 7tOU 7tp0XU7t't0UV xat ea El;Yj
YYJOOUµE avaAU'tLX<X µ la a1t6 au, €c;, WO'tE va BouµE 1twc; Ecpapµ6C:ov, a t 
O'tYjV 1tp<XSYJ , a 1tapa1t<XVW. 

IIp&ta <JYj 15. 'Ea , w X1, ... , X n ~ N({) 1, {)2) , a E (0, 1) Boaµtvri a , a 8Epa. 
• Av , o {)1 Elvat ayvwa, o xat , o {)2 yvwa, 6, , 6, E 100(1 - a)% Ll.E . y ta 

, o {)1 Elvat , o [ X - ~ z~, X + ~ z~] . 
• Av , O {)1 Elvat ayvwa, o xat , O {)2 ayvwa, o, 'tITTE 100(1 - a)% Ll.E . y ta 

[- s - s ] 'tO {Jl Elvat 'tO X - ;;;;-tn - l · S!. , X + ;;;;-tn-1· S!. . y n ' 2 v n ' 2 

• Av , o {)2 Elvat ayvwa, o xat , o {)1 yvwa, 6, , 6, E 100(1 - a)% Ll.E . y ta 
n n 

[

I: (Xi - µ) 2 Z: (Xi - µ) 2
] 

, O {)2 Elvat , O i = l 2 , i = l 2 . 

Xn-S!. Xn·l- S!. 
' 2 ' 2 

• Av , O {)2 Elvat ayvwa, o xat , O {Jl ayvwa, o, 'tITTE 100(1 - a)% Ll.E . y ta 
n n 

[

I: (Xi - X)2 Z: (Xi - X)2
] 

, O {)2 Elvat , O i = l 2 , i = l 2 . 

Xn- 1; ~ Xn-1;1- ; 

0a ESYJYYJOOUµE avaAu,txa 'tYJ BEu, EpYJ 1tEpl7t-rwari (µE avaAoyo , p61to 
BouAEUOvtat 6AEc;). 
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To '!91 ELVCX.t ayvwa,o, ,O '!92 ayvwa,o xa.t l~ax.vouµE 100(1 - a)% Ll.E . yta. 
,O '!91 . 0a. CX.XOAOU8YjOOUµE ,a. f3Yjµa.,a. 7tOU 7tEpLypat~a.µE 1ta.pa.1tavw: 
B 'Yjµa. 1: ilLa.Ac:youµE we; Ex,Lµ Yj,pLa. ,ou '!91 ,YjV E1ta.px'Yj ma.,La,LX'YJ au
v ap,YjO'Yj X . 
B 'Yjµa. 2: 0€AouµE va. f3pouµE 7t006't'Yj'tCX. O<>Yjy6, apex. 1tpw,oc; µa.c; a,6xoc; 
ELVCX.L va. O<>Yjy'Yj80uµE OE a.1ta.pa.µE,pLX'Yj xa.,a.vOµYj. 'ExouµE 6,L 

H N (O, 1) ELVCX.L µEv a.1ta.pa.µE,pLX'Yj xa.,a.vOµ'Yj , a.Ma 'YI ,uxa.la. µE-ra.f3A'Yj't'Yj 
vn<Ji'°1l ()EV ELVCX.L noa6,'Yj'ta. O<>Yjy6c;, yLa.,l El;a.p,a,a.L XCX.L a.1t6 't'YjV ayvw
O't'Yj (xa.L 6xL 1tpoc; Ex,£µ 'YjO'Yj) 1ta.paµE,pO '!92 . LXEq:rt6µa.a,E AOL1t6v va. 
CX.V'tLXCX.'tCX.O't'YjOOUµE 't'Yj '!92 µE µla. EX,Lµ'Yj'tpLa 't'Yjc;. Mla. AOytX'Yj E7tLAOy'Yj EL-

n 

VCX.L 'Yj S2 = n 
1

1 I: (Xi - X)2 (A.O.E .Ll. ,OU '!92). 0a. <>Ot>µE 'tL xa.,a.vOµ'Yj 
i= l 

a.xOAOU8El Yl vn(X--Oi ) 'EvouµE 6,t vn(X--Oi ) ~ N (O 1) (n-l)S
2 ~ x2 XCX.L 

·1 S • A JJ2 , , u2 n-1 

OL X ' S2 ELVCX.L a.vEl;ap't'Yj,Ec; (a.1t6 ,O 8Ewpriµa. Basu), 07tITTE 
.,/n(X - .ii) 

.../Oz t .,/n(X - -Oil t H t ' ' --;========= ~ n-1 => s ~ n-1 · n-1 ELVCX.L CX.7ta.pa.µE,pLX'Yj XCX.'tCX.-
(n-l)S2 
{n-1)-02 

vOµ'Yj XCX.L 'Yj 7t006't'Yj'tCX. .,/n{~ - .ii) El;a.p,a,a.L a.1t6 't'YjV 1tpoc; Ex,lµYjO'Yj 1ta.pa-

µE,pO '!91 , apa. ri Y = v'.'.n<~--oi) Elva.L noa6't'Yj,a. o<>riY6c;. 
B'Yjµa. 3: Ava.C:ri,ouµE C1 , C2 'tE'tOLCX. WO'tE P ( c1 < y < c2) = 1 - a . 0a. c:lou
AE~OUµE µE Ll.E . lawv oupwv: E7tLAEyouµE C1 = tn-1;1- ~ = - tn-1; ~ (A6yw 
auµµE,pla.c; 't'Yjc; xa.,a.vOµ'Yjc; Student) xa.L c2 = tn-l; ~ . 

B'Yjµa. 4: 'ExouµE 
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3.4 Aauµ1t'tW'ttxcx ot<XO''t~µa'ta e:µ1ttO''tOO'UVYj<; 

rL<x µEyaAa µEy€8YJ <>Elyµa,QS auµcp€pEL noAA€c; cpoptc; va <>OUAE
l~ouµE µE TCPOOEYYLO'tLX<X <>Laatjµa,a EµTCLO'tOOt)VYjc;. 

Opu,µ6c; 20. 'Ea,w X1, ... , Xn ~ f (x;'l?), a E (0, 1) <>oaµEv'Yj ma8Epa. 
Opa:ouµE we; 100(1 - a)% aauµTt'tw,Lx6 <>L<Xa't'Yjµa EµnLa,oauvYJc; yLa ,YJV 
napaµE,pO g('l?) Eva ,uxalo ()L<XO't'Yjµa 't'YjC', µopcpYjc; [Tn(X ), Rn(K.)] 'tE'tOLO 
WO'tE Jim P[Tn (X ) < g('l?) < R,,(X)] = 1 - a . 

n--+oo 

2 fo(X - µ) 
II.x. av X1 , ... , Xn ~ N(µ ,a ), 'tITTE --'----'-----'- ~ N(O, 1) xaL 

(7 

Jn(~ - µ) ~ tn-1 ---► N(O, 1) yLa n ---► oo, <>YjAa<>Yj yta µEyaAa n LoXUEL 
- s - s - s - s 6,L X ± ,-tn-l•.!! '.::::: X ± ,-Z !! xaL nalpvouµE 6,L ,o [X - ,-Z.!! , X + ,-Z s,.] vn ' 2 vn 2 vn 2 vn 2 

ELVaL 100(1 - a)% aauµTC'tW'tLX6 ()L<XITT'Yjµa EµTCLO'tOOt)VYjC', yta 'tO µ (<>Yj-
Aa<>Yj Ll.E . yta ,o µ µE auv,EAEO,YJ EµnLa,oauv'Yjc; nEplnou 1 - a ) . 
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KecpaAcxto 4 

4.1 Baatxe<; evvote:<; xat optaµoi 

L'TTjV npal;'Yl, XPELa2,;6µaa,E noM.!tc; cpop!tc; va napouµE µla an6cpa0Yj 
f3aaL2,;6µEVOL O'TTjV €xf3aO'Yj Ev6c; 7tELpaµa,oc; 'tUX'Yjc;. ilLa'tU7tWVOUµE, AOL-
1t6v, O()LOµEvEc; unoeitaEL<;, ,Le; 07t0LE<; 'tEALX<X EL'tE oEx6µaa,E EL'tE anop
pl 7t'tOUµE. 

Opu,µ6c; 21. L,a,LO,LX'YJ un6eEa'Yj ElvaL µla ELxaala yLa 't'YjV xa,avOµ'Yj F 
µlac; ,uxalac; µE-raf3A'YJ't'YJ<; 'YI Ev6c; oElyµa,oc;. L,a,La,Lx6c; EAE-yxoc; ElvaL 
µla OLaOLXaala µE 'TTjV 01tola, µE f3aa'Yj Eva OElyµa Xi , ... , Xn ~ F ano
cpaal2,;ouµE av ea oExeouµE 'YI ea anoppll~ouµE 't'YjV un6eEOYj. 

L,ouc; EA!t-yxouc; unoeitaEwv itxouµE ouo ELO'YJ unoeitaEwv, 'D1 µ'YjoEvLX'YJ 
un6eEa'Yj H0 xaL •'YJV EvaM.ax,LX'YJ un6eEa'Yj H1, xaeE µla an6 ,Le; onolEc; 
acpopa 'tO OUVOAO mo 01tolo aV'YjXEL 'Yj ayvwa't'Yj 1tapaµE-rpoc; 't'Yj<; xa,a
vOµ'Yjc; 7tOU µEAE-raµE (unoeit,ouµE 6,L f3pLax6µamE a,ov xAaoo 't'Yj<; na
paµE,()LX'Yjc; L'ta'tLO'tLX'Yjc;, 07t6,E µEAE-raµE xa,avoµ!tc; µE ayvwa,Ec; 1ta
paµ€,pouc;). fpacpouµE Ho : 0 E 60 vs H1 : 0 E 61 (µE 60 n 61 = 0 ) . 

0pLaµ6c; 22. Av 'tO 60 ElvaL µovoauvOAO, ,6,E 'Yl Ho xaAEl'taL a7tA'Yj µ'Yj
OEVLX'Yj un6eEa'Yj, oLacpopE,Lxa xaAEl,aL at>veE'TTj µ'YjOEVLX'YJ un68EO'Yj. Av 
'tO 61 ElvaL µovoauvOAO, ,6,E 'Yj H1 xaAEl'taL a7tA'Yj EVaM.aX'tLX'Yj un6eEO'Yj, 
OLacpO()E'tLX<X xaAEl'taL auv8E't'Yj EVaM.aX'tLX'Yj un68EO'Yj. 

24 

E1t1µel i:1a : Panos Andreou 



2019 Lt a,1crttK1l I (Ma01u1at1K6 A011vac;) 

µE xa1tOLouc; xav6vEc; a1t6cpaa'Yjc; 7tOU fla fl€aouµE, fla xa,aAYJl;ouµE O,YJV 
E7tLAOy'Yj µlac; a1t6 ,Le; ouo. ElvaL 7tLflav6, AOL1t6v, va OOYJYYjflOuµE OE acpaA
µa,a. 

OpL<1µ6c; 23. ilLaxplvouµE ouo xupLa ElOYj acpaAµa,wv: 
LcpaAµa 'tU7tOU I : a1toppl1t-rw 't'YjV Ho EVW aU't'Yj LOXUEL 
LcpaAµa 'tU7tOU II: a1too€xoµaL 't'YjV Ho EVW autj OEV LoXUEL. 

LUV'Yjflwc;, O't'YjV xAaOLX'Yj L'ta'tLO'tLX'Yj opa:ouµE we; µYjOEVLX'Yj U1t6flEOYj au
't'YjV 7tOU flEAOUµE va a1toppll~OUµE. To acpaAµa 'tU7tOU I flEW()El,aL 7t0AU 
O'Yjµav.Lx6 acpaAµa (8€AouµE va ,O a1tocpuyouµE). H 7tLflav6.'Yj'ta acpaA
µa,oc; 'tU7tOU I ElvaL Po(X E K), 0 E eo, 67tou K 'YI 7tE()LOXYJ a1t6ppLl~Yjc; 
(YJ xplaLµYj 7tE()LOXYJ) 't'Yjc; Ho. 

0pLaµ6c; 24. OplC:ouµE a = sup Po(X E K ) va ElvaL ,o E1tl1tEOO O'Yjµa-
/2E0o 

V'tLX6't'Yj-rac; (E.O .) ,OU EAEyxou (oLaL08Yj,LX<X, ,O E7tl7tEOO OYjµav-rLX6't'Yj,ac; 
Ev6c; EAEYXOU ElvaL YJ µ€yLO't'Yj 7tLflav6't'Yj,a va xavouµE acpaAµa 'tU7tOU I). 
To a ,o 1tpoxa8oplC:ouµE EµElc;. L,YJV 1tpal;YJ, a = 0.10, 0.05, 0.01, 0.001 . 

H 7tL8av6't'Yj,a va xavouµE acpaAµa 'tU7tOU II ElvaL Po(X E A), 0 E e1 
(acpou acpaAµa 'tU7tOU II O'YjµalvEL "a1t00Ex6µaa,E 't'YjV Ho EVW LoXUEL Yj 
H1"), 61tOU A 'Yj 7tE()LOXYJ a7tOOOXYJc; 't'Yjc; Ho. IaxuEL ITTL 
1 - P (acpaAµa ,u1tou II) = P0(X E K ) = P (a1toppl1t-rouµE ,YJV H0 Evw 
aU't'Yj OEV LoXUEL). 

0pLaµ6c; 25. H 1toa6't'Yj,a /3(0) = 1 - P (acpaAµa ,u1tou 11) = Po(X E K ) 
ovoµaC:E'taL Laxuc; ,OU EAEyxou. 

4. 2 E11.s:-yxoauvcxp-tYjO"Yj 

Acpou YJ a1t6cpaa'Yj 7tOU xaAouµaa,E va 1tapouµE ElvaL ,OU 'tU7tOU 
"a1toppl1t-rw 't'YJV H0 av (3plaxoµaL O,YJV xplaLµYj 7tE()LOXYJ K 'YI a1too€
xoµaL 't'YjV Ho av (3plaxoµaL O't'YjV 7tE()LOXYJ a7tOOOXYJc; A", µ1topouµE va 
ava1tapaatjaouµE 't'YJV 1tapa1tavw oLaoLxaala a1t6cpaaYJc; µE µla auvap
't'YJOYJ 7tOU fluµlsEL OElx,pLa. 

0pLaµ6c; 26. KaflE OUV<X()'t'YjO'Yj cp : ]Rn 4 JR µE cp(x) E [O, 1] \:Ix E ]Rn xa
AEl,aL EAf::YXOOUV<X()'t'YjOYj. L,ouc; EAEYXOUc; U7tOflEOEWV µEAE-raµE, xuplwc;, 
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EAEYX.OOUVa()'TTjOEL<; TYJ<; µOp<p'Yjc; 

<tJ(D = { 1, 
o, 

Y1tot..oya:ouµE 6-tL 

Eo<p(X ) = 1 · Po(<p(K) = 1) + 0 · Po(<p(K) = 0) = Po(X E K ) => 

Eo<p(K) = { a (0), 0 E 60 . 
/3(0), 0 E 61 

Av flEW()YJOOUµE TYJV 1tLO a1tAYJ µopcpYJ EAEYX.OU, <>YJAa<>YJ TYJV 7tE()L7TTWOYJ 
H0 : 0 = 00 vs H1 : 0 = 01 (a1tAYj €vavtL a1tAYJc;) OE E1tL1tE<>O OYjµa
V,LX6TYj,ac; a, ,6,E fla fl€AaµE (ot>µcpwva µE ,a 1tapa1tavw) va LOX_tJEL 
Eoo<p( X ) = a . Qo,600, U1tapxouv 1tapa<>Elyµa,a a1t6 't"Yj <>LaX()L'TTj 7tE()L-
7TTWOYj 61tOU Yj L06TYj,a <>EV E7tL'tUYX.<XVE,aL. rLa ,OV A6yO au,6 O<>YjyOu
µao,E OTYjV EVVOLa ,OU ,uxaL07tOLYjµEVOU EAEYX.OU. 

0pLaµ6c; 27. Mia ouvap-tYjOYj <p : Rn -+ R ,Yjc; µopcpYJc; 

1, x E K 

<p(x) = ~r, x E N , 

o, X E A 

61tOU ,a K , N , A ELVaL 1;€va ava <>VO xaL K u N u A = Rn, xaAEL,aL 
,uxaL07tOLYjµ€voc; EAEYX.0<; (xaL XPYJOLµ01tOLEL,aL xuplwc; yLa ,Le; <>LaxpL,Ec; 
xa,avoµtc;). 

~YjµEtW<YYj 13. rLa ouyxEX()LµEvO µ€yEfloc; <>Elyµa,oc;, ()EV µ1topouµE va 
f3EA'tLWVOUµE ,au,6xpova xaL TYjV P( ocpaAµa 'tU7tOU I) xaL TYjV P( ocpaAµa 
'tU7tOU II). ~UVYjflwc;, µaALO,a, 6-tav Yj µla aul;avE,aL, Yj <XMYj µELWVE,aL. 
Au,6 1tou xavouµE OTYJV 1tpal;YJ, AOL1t6v, ElvaL va o,aflEp01tOLOuµE ,YJV 
P (ocpaAµa 'tl)7t0U I) xaL va 1tp001taflouµE va EAaXLO't07tOLYjOOUµE 'tYjV 
P (ocpaAµa 'tl)7t0U II) (LoO<>uvaµa, va µEyLO't07tOLYjOOUµE 'tYjV LoXU ,OU 
EAEYX.OU). 

0pLaµ6c; 28. KaflE EAEYX.Oc; µE 't"Yj µEytO'tYj Buva,Yj LoXU yta <>E<>OµEvO 
E.o. a ovoµaC:E,aL oµoL6µopcpa Loxup&ta,oc; EAEYX.Oc; (0.1.E.) oE E1tl1tE<>O 
OYjµavtLX6TYj,ac; a, Ex,6c; av Yj EvaMax,LXYJ u1t6flEOYj ElvaL a1tAYj, 01t6,E 
xaL ovoµaC:E,aL Loxup6,a,oc; EAEYXOc; OE E.O. a . 
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4.3 'E11.s:rxot a1t11.wv xat µov61t11.e:upwv u1to6tt
O"e:wv 

Elvat 1toi\u XPYJOLµo va µ1topouµE va f3ploxouµE 0 .1.E. yi.a ,a ota
cpopa ELOYI U7t08EOEWV. rta 't'YjV 7tE(>L7t'tWOYI "a1ti\Yj EV<XV'tL a1ti\rir;" LoXUEL 
€va 1toi\u oYlµav-rLx6 a1to-tEAEoµa: 

0EwpYjµa 5. (0EµEALwoEr; Ariµµa Neyman-Pearson) 
'Eo,w X1 , ... , Xn ,uxalo OEiyµa a1t6 't'YjV xa,avoµri f (x; 0), 0 E e, X<XL 

n 

J(x; 0) = IT f(xi;0), YI a1t6 xotvou o.1t. ri o.1t.1t. ,ou oElyµa,or;. 'Eo,w, 
i = l 

E1tioY1r;, OL u1to8€0Etr::, Ho : 0 = 00 vs H 1 : 0 = 01. T6,E, o EAEYXor; 1tou 
oplC:E,aL a1t6 't'YjV EAErxoauvap't'YjOYI 

1, 

0, 

61tou c, ~r o,a8Ep€r; 1tou 1tpoootoplC:ov-raL a1t6 •YI oXEOYI Eo0 r.p(X ) a, 
ELV<XL O Loxup6,a,or; EAEyxor; OE E7tL7tEOO oriµav,LX6't'Yj,ar; a . 

~YjµEtW<YYj 14. M 7tOpouµE va ooui\tlj!ouµE xat µE i\oyapt8µ01tL8avocpa
VELEr::,: 
J(x; Bo) f(x;0o) , 
f(ld.; 01) < c # log f(ld.;B

1
) <loge # l(00 Ix) - l(01 Ix)< c # .\(x) < c!, 

61tou c! = loge o,a8Epa xaL .\(D = l(0o I x) - l(01 I x). 
IlapaoEtyµa: EO'tW X1 , ... , Xn ~ N(0, 1), 0 E e = JR, X<XL ar; 7t0t>µE 6,L 
8€i\ouµE va f3pouµE 'tOV LoXU(>6,a,o EAEYXO OE E.O. a yta ,Lr; U7t08EOELr::, 
Ho : 0 = Bo vs H1 : 0 = 01, µE 01 > Bo. ME,a a1t6 1tpal;ELr::,, f3ploxouµE 

n 

6,L .\(x) = (0o - 01) I: Xi+ ;(Br- 05) X<XL avaC:Yl'tOUµE X<X't<XMYIAYI o,a8Epa 
i = l 

n 

c wo,E .\(x) < c # (00 - 01) I: xi < c' (acpou YI 1too6't'Yj,a ;(Bf - 0~) El vat 
i = l 
n 

avEl;<iP't'Yl't'YI ,ou x) 0
~:

01
:~

0 I: xi > c!' # X > ~ = c0 , 01t6,E 1talpvouµE 
i = l 
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Au,6 Elva.L a.1t6 ,a. 7tLO oriµa.v-rLxa f3YJµa.,a. O't'YJV 1tOpEla. EUpEo'Yjc; Lox_up6-
,a.,ou EAEYX_Ou ( 'YI 0 .1.E .). Av txouµE 1tpoo<>LoploEL ,ov ,u1to ,ric; EAEy
xoouvap,rioric;, ,6,E 'tO c,. 'tO f3ploxouµE a.1t6 't'YjV 7t0AU f3a.oLXYj CJXEO'Yj 
Eo0 r.p(X ) = a (mriv ouola., EµElc; xa.,a.oxEuaC:ouµE 't'YJV EAEYX_oauvap't'YJO'YJ 
E'tOL, WO'tE va. LOXUEL a.utj 'Yj CJXEO'Yj). 'ExouµE: 

L'tO OYjµElO a.u,6 (1tou 7tpOXU7t'tEL OE a.pxE'ta O'YjµEla. µ€.oa. O't'Yj L't<X.'tL
O'tLXYj) xa.AOt>µa.o,E va. u1t0AoyloouµE µla. 1tL8a.v6,'Yj'ta.. fLa. va. ,o xa
vouµE a.u,6, 1tpE1tEL ouv'Yj8wc; va. yvwplC:ouµE ,riv xa.,a.voµ 'YI 't'YJ<; ,uxa.la.c; 
µE,a.f3A'YJ't'Yjc; 7tOU f3ploxE,a.L µ€.oa. O't'YjV 7tL8a.v6't'Yj't<X.. M6ALc; 't'YJ f3pouµE , µE
-ra.oxriµa.,lC:ouµE OUVYj8wc; 't'YjV ,uxa.la. µE,a.f3A'Yj't'Yj OE µla. aM ri , .µ . 7tOU 
a.xoAou8El µla. a.1t6 ,Le; ,€,ooEpLc; f3a.oLx€c; a.1ta.pa.µE,pLx€c; xa.,a.voµ€c; 1tou 
a.va.cp€pa.µE O't'YJV 1tpO'YJYOUµEV'Yj EV6't'Yj'ta.: ,U7t07tOL riµtvri xa.vovLXYJ N (0, 1), 
x2 xa.,a.vOµYj µE n f3a.8µouc; EAEU8Epla.c;, t xa.,a.voµ Yj µEn f3a.8µouc; EAEU-
8Epla.c; (xa.,a.vOµYj Student) YJ Fn,m xa.,a.vOµYj µEn xa.L m f3a.8µouc; EAEU8E
pla.c;. Au,6 ylvE,a.L yLa. xa.Ba.pa U7tOAO'(LO'tLXOuc; A6youc;, xa.Bwc; yLa. a.u,€.c; 
,Le; xa.,a.voµ€c; txouµE €,oLµouc; 1tl va.xEc; µE ,Lµ€c; ,ouc;. Ev 1tpoxELµ€vw, 
U7t6 't'YjV Ho txouµE : 

X ~ N (00 , ~) => ./n(X - 00) ~ N (O, 1), 

07t6,E 

a = Po0 (X > c,.) = Po0 (./n(X - 0o) > ./n(c,. - 0o)) = 1- <I> (./n(c,. - 0o)) => 

<I> ( vn(c,. - 0o)) = 1 - a => ./n(c,. - 0o) = z,. => c,. = 0o + ~ ' 

apa. 0 Loxupma.,oc; EAEYX.Oc; 7tOU 1ta.lpvouµE Elva.L 0 
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Ilap<X'tYj(>Yj<YYj 2. Av XOL,al;ouµE 7t()OOEX'tLX<X 'tYjV X<X't<XOXEUYj ,Yjc; EAEYX_O
OUV<X()'tYjO'Yjc; a,O 7t()O'Y/YOUµEVO 1tapac:lELyµa, fla c:louµE 6,L, OUOLaO,LX<X, 
,o auyxEX()LµEvO 01 c:lEv E1taLl;E xa1tOLOV p6Ao ,EALxa. XpELam'YjxaµE 
µ6vo 6,L 01 > 00 (yLa va c:lLaLpEaouµE O'tYjV avlawO'Yj µE 00 - 01). LlYj
Aac:lYJ 61tOLO 01 > 00 xaL va nalpvaµE, ,o anO,EAEaµa fla Yj,av ,o lc:lLO. 
LuvEnwc;, YJ napanavw EAEYX_oauvap'tYjaYJ BlvEL ,ov 0.1.E. xaL yLa ,ov 
EAEYX.0 Ho : 0 = 00 vs 0 > 00 • 

0EAOUµE ,wpa va µEAEtjaouµE 7tLO OUO't'Yjµa,LX<X auvflE,E<; 7tE()L7t'tWOEL<; 
EAEYX_WV, 6nwc; ELVaL n .x. OL 7tE()L7t'tWOEL<; "a1tAYj EVaV'tL auvflE,Yjc;" xaL 
"auvflE'tYj EVaV,L auvflE,Yjc;". L't'Yj µEAE'tlj autj fla a1t0(3El El;aL()E'tLX<X XPYJ
aLµ 'YI µla Lc:lL6'tYj,a nou EXOUv opLaµEvEc; xa,avoµEc;. 

0pLoµ6c; 29. 'Ea,w ,uxalo c:lElyµa Xi , ... , Xn ~ f(x; 0), 0 E e. 0a AEµE 
6,L 'YI xa,avoµYj f (x; 0) EXEL 't'YjV Lc:lL6'tYj,a Mov6,ovou A6you IlLflavocpa
VELwv (MAII) av 
(i) ,o ITTYJ()Lyµa S1 = {x E JR : f(x;0) > O} ElvaL avEl;ap,'YJ'tO ,ou 0 
(ii) yLa xaflE 01 =f 02, OL f (x; 01), f (x; 02) ()EV ELVaL ,aU,O'tLX<X LOE<; 

(iii) yLa xa6E 01 ' 02 E e µE 01 < 02, 0 A6yoc; j ~:~ ::; ELVaL yv'Yjalwc; au

l;ouaa OUV<X()'t'YjO'Yj µlac; a,a,LITTLX'Yjc; OUV<X()'tYjOYjc;. 
(rLa 1tapac:lELyµa, OL xa,avoµEc; N(µ , 1) xaL Poisson(>..) EXOUV 'tYjV Lc:lL6-

n 

,'Yj'ta MAII µE a,<X,LO,LXYJ auva()'t'YjO'Yj ,YJV T(x) = I: xi). 
i= l 

Av xanoLa xa,avoµYj EXEL ,YJV Lc:lL6,'Yj'ta MAII, ,6,E µnopouµE EuxoAa va 
(3pouµE 0 .1.E. yLa apxE-rOt>c; EAEYX_Ouc; U7t06EOEWV. 

IlpO't<X<YYj 16. (i) 'Ea,w ITTL YJ xa,avOµYj f (x; 0), 0 E e, EXEL 'tYjV Lc:lL6-
't'Yj'ta MAII µE a,a,LO,LXYJ auvap'tYjOYJ T(x ). T6,E, o 0 .1.E. yta ,ov EAEYX.0 
uno6EaEwv H0 : 0 = 00 vs H1 : 0 > 00 c:llvE,aL an6 'tYjV EAEYX_OOUV<X()'tYjOYJ 

1, T(x) > Ca 

<p(~ = ~r, T(D = Ca ' 

0, T(D < Ca 

6nou c,. xaL ~1 ,E,oLa wa,E 
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(ii) 'Ea-cw 6-ci YI xa-cavoµri f (x; 0), 0 E e, EXEL -CY1V iot6-cri-ca MATT µE 
a-ca-cta-ctxri auvap-criaYI T(x) . T6-cE, o 0.1.E . yta -cov EAEYXO uno8EaEwv 
Ho : 0 = 00 vs H1 : 0 < 00 olvE-cat an6 -criv EAgyxoauvap-criaYI 

1, T(x) < Ca 

rp(~ = ~I, T(x) = Ca, 

0, T(D > Ca 

6nou Ca xat ~1 -CE-COta wa-cE 

l:YjµEtW<YYj 15. Elvat aYlµav-ctx6 va av-ci"Aaµ(3av6µaa-cE otata8Y1-ctxa -cri 
cpopa -cwv avtawaEwv a-cov optaµ6 -cwv napanavw EAEYXOauvaptjaEwv. 
H EAEYXOOUvap-criori nalpvEL -CYIV -ctµYj 1 ITTY1V xplatµYI 7tEpLOXYJ, OY1Aaori 
a-ca X E !Rn yta -ca 01tola anoppl7t"COUµE -criv Ho Yj, taoouvaµa, ano
oEx6µaa-cE -CYIV H1 . L-CYIV 1tpW-CY1 1tEpl1t"CWOY1 (H1 : 0 > 0o) BEAOUµE va 
aul;avov-cat OL -ctµEc; -cou 0 yta va oExBouµE -criv EVaMaX-CLXYj U1t68EOY1 
Hi, apa YI T(x) Elvat AOytx6 va cppaaaE-caL a1t6 xa-cw OE au-c6v -cov 
x"Aaoo (Y1 ESYJYYIOYI a-criv 1tpayµa-ctx6-cri-ca Elvat Alyo 7tLO auv8E-cY1, yta-cl 
Eµ1tAEXE-CaL xat -co BEµa -CY1c; µovo-covlac;, aMa µnopouµE va -co OXEcp-c6-
µaa-cE xat we; El;ric;: a-co Ariµµa Neyman-Pearson, -co onolo EloaµE a-criv 
IIapatjpYIOYI 2 nwc; OUVOEE-CaL µE au-couc; -couc; EAEYXOUc;, LOXUEL OE au-

6 
~ , ,., 

6 
f(x; 0o) , J(x; 0o) , , 

-c v -cov X/\auo -ct f (x; 
01

) < c xat YI auvap-criaYI f ( x; 
01

) EL vat rvY10Lwc; 

cp8lvouaa auvap-CY10Y1 -CY1c; T(x) auµcpwva µE -criv LOt6-cri-ca MAII (acpou 
0o < 01), 01t6-CE YI T(x) cppaaaE-caL 1tpayµa-ct a1t6 xa-cw). Av-cla-cotxa, a-cri 
OEU-CEPYI 1tEpl1t"CWOY1, 6nou a-criv EVaMax-cLXYJ Elvat µtxp6-cEpEc; OL -ctµEc; 
-cou 0, YI T(x) Elvat "Aoytx6 va cppaaOE-CaL a1t6 7t<XVW a-cov npw-co x"Aaoo 
-CY1c; EAEYXOOUvap-crioY1c;. 

Opioµoc; 30 . 0a AEµE 6-ct µla xa-cavoµri EXEL -criv tot6-cri-ca (MAII)' av EXEL 
-etc; ouo 1tpw-cEc; LOLITT'Y!"CE<; -CY1c; MAII aMa yta xa0E 01, 02 E e µE 01 < 02, 

o "A6yoc; f (;£; 
82) El vat rvY1alwc; cp8lvouaa auvap-criaYI µlac; a-ca-ctmtxric; 

J(x;01) 
auvap-criaY1c;. 

IIp&ta crYj 17. (i) 'Ea-cw 6-ct YI xa-cavoµri f(x; 0), 0 E e, EXEL -criv tot6-cri-ca 
(MAII)' µE a-ca-ctmtxri auvap-criori T(x) . T6-cE, o 0 .1.E. yta -cov EAEYXO 
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01to8E0Ewv Ho : 0 = 00 vs H 1 : 0 > 00 BivE,aL a1t6 TYJV EAEYX_OOuvapTYJCJYj 

1, T(x) < c,. 

rp(~ = 'Y, T(x) = c,. , 

0, T(D > c,. 

61tou c,. xat ~1 ,E,OLa wa,E 

Eo0 rp(K) = a # Po0 (T(K) > c,.) +~1Po0 (T(X ) = c,.) = a. 

(ii) 'Emw ITTL ri xa,avoµ-ij f (x; 0), 0 E e, EXEL 'tYjV L<>L6TYj,<X (MAII)' µE 
a,a,LO'tLXYj auvapTYjOYj T(x) . T6,E, 0 0.1.E. yLa ,ov EAEYXO U7t08EOEWV 
Ho : 0 = 00 vs H1 : 0 < 00 BivE-raL a1t6 TYJV EAEYX_OauvapTYJOYj 

1, T(x) > c,. 

rp(x) = ~1, T(x) = c,., 
0, T(x) < c,. 

61tou c,. xat 'Y ,E,OLa wa,E 

rLa TYjV 7tLO ()UOXOAYj 7tEpL7t'tWCJ'Yj Ho : 0 < 0o vs H1 : 0 > 0o ("auv8ETYj 
Evav-riov auv8ETYjc;") LoXUEL Eva avat.oyo <X7tO'tEAEaµa. 

IIpo-ta<YYj 18. (Karlin - Rubin) 
'Ea,w 6,L ri xa,avoµ-ij f (x; 0), 0 E e, EXEL TYjV L<>L6TYj,<X MAII µE a,a,L
O'tLXYj auvapTYjCJYj T(x) . T6.E, 0 0.1.E. yta ,ov EAEYX.0 U7t08EOEWV 

Ho : 0 < 0o vs H1 : 0 > 0o 

BivE,aL a1t6 ,riv EAEYX_OOuvapTYJOYj 

1, T(D > c,. 

rp(x) = ~1, T(x) = c,., 
0, T(x) < c,. 

61tou c,. xaL ~1 ,E,OLa wa,E Eo
0
rp(X ) = a. 
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Ilapa-t'ijpYj<YYj 3. Na OYjµEtwflEl 6-rt OE <XU't'YJ 't'YJV 7tE()L7TTWOYj Yj CJX.EOYJ 
Eoo'P(X ) = a OEV ELV<XL xafl6i\ou 1tpocpav'Yjc;, acpou YJ µYjOEVLXYj U1t6flEOYj 
OEV ELVaL <X7tAYj. 

Ai\i\Yj µla 7t0AU XPYJOLµYj LOL<Yt'Yj"ta 'tWV xa,avoµwv 7tOU aVYjXOUV O'tYjV 
E.O.K. Elvat 6-rt apxE-rc:c; a1t6 au-rte; i::xouv 't'YJV tot6't'Yj-ra MAII. 

Ilp&racrYj 19. Av YJ xa-ravoµYj f (x; 0) aVYJXEL O't'YJ µovootao-ra,YJ µov01ta
paµE-r()LXYJ E.O.K., OYjAaOYJ f (x; 0) = h(x)exp( Q(0)T(x) - A(0)) xat Yj Q(0) 
ELVaL yv'Yjolwc; aul;ouoa OUV<X()'t'YjOYj 'tOU 0 E e, -r6-rE YJ f (x; 0) EXEL 't'YjV LOL6-

n 

-rrrta MAII µE o-ra-rto,LXYJ ouva()"tYjOYj T *(x) = I:T(xi) -
i = l 

M 7tO()OUµE -rwpa va µE-racpc:pouµE 'ta 7t()OYjyOuµEva a1tO"tEAEoµa,a OE 
xa,avoµi::c; 1tou aVYJXOUv O"tYJV E.O.K. 

II6pu,µa 4. (i)'Emw 6-rt YJ xa,avoµYj f(x; 0), 0 Ee, aVYJXEL o,YJV E.O.K., 
OYjAaOYJ f(x; 0) = h(x)exp(Q(0)T(x) - A(0)) xat Yj Q(0) Elvat yv'Yjolwc; 
aul;ouoa OUV<X()'t'YjOYj 'tOU 0 E e. T6-rE, 0 0.1.E. yta 'tOV EAEYXO U7tOflEOEWV 

Ho : 0 < 00 vs 0 > 00 

olvE-rat a1t6 't'YjV EAEYXOOUV<X()'t'YJOYJ 

n 

1, L T(xi) > c,. 
i= l 

n 

r.p(x) = 'Y, L T(xi) = c,. , 
i= l 

n 

o, L T(xi) < c,. 
i= l 

61tou c,. xat ~1 'tE"tOta wo-rE Eo0 r.p(X ) = a. 

(ii) 'Eo-rw 6-rt YJ xa,avOµYj f(x; 0), 0 E e, aVYjXEL O't'YjV E.O.K., OYjAaOYj 
f(x;0) = h(x)exp(Q(0)T(x) - A(0)) xat Yj Q(0) Elvat yv'Yjolwc; cpfllvouoa 
OUV<X()'t'YjOYj 'tOU 0 E e. T&tE, 0 0 .1.E. yta 'tOV EAEYXO U7tOflEOEWV 

Ho : 0 < 00 vs 0 > 00 
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Blvc:,at a1t6 ,YJV EAEYX_OOUV<X()'t'YJCJ'Yj 

n 

1, L T(xi) < Ca 

i= l 
n 

<p(~ = ~1, L T(xi) = Ca, 
i= l 

n 

o, L T(xi) > Ca 

i= l 

61tou Ca xat ~1 ,E,Ota wa,E Eo0 <p(X) = a . 

II6ptoµa 5. (i) 'Ea,w 6,t 'Yl xa,avoµ-fi f(x; 0), 0 E e, av-fixc:t a,YJV E.O.K., 
<>YjAa<>-fi f(x; 0) = h(x)exp(Q(0)T(x) - A(0)) xat Yj Q(0) c:lvat yv'Yjalwc; 
aul;ouaa OUV<X()'t'YjITTj ,OU 0 E e. T6,E, 0 0.1.E. yta ,ov EAc:yxo U7t08EOEWV 

Ho : 0 > 00 vs 0 < 00 

Blvc:,at a1t6 ,YJV EAEYX_OOUV<X()'t'YJO'Yj 

n 

1, L T(xi) < Ca 

i= l 
n 

<p(x) = ,, L T(xi) = Ca, 
i= l 

n 

0, L T(xi) > Ca 

i= l 

(ii) 'Ea,w 6,L 'Yl xa,avoµ-fi f(x; 0), 0 E e, <XVYjXEL O't'YjV E.O.K., <>YjA<X<>Yj 
f(x;0) = h(x)exp(Q(0)T(x) - A(0)) xat Yj Q(0) c:lvat yv'Yjalwc; cp8lvouaa 
OUV<X()'t'YjITTj ,OU 0 E e. Tmc:, 0 0 .1.E. yta ,ov EAEYX.0 U7t08EOEWV 

Ho : 0 > 00 vs 0 < 00 
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BlvE, a t a1t6 ,YJV EAEYX_OOUV<X()'t'YJCJ'Yj 

n 

1, LT(xi) > Ca 

i= l 
n 

<p(~ = ~1, LT(xi) = Ca, 
i= l 

n 

o, LT(xi) < Ca 

i= l 

61tou Ca xat ~1 ,E,Ota wa,E Eo0 <p(X ) = a . 

LYjµEtWOYj 16. Touc; 1tapa1tavw 0 .1.E. ()E XPEL<XsE,<XL va ,ouc; 8uµ6µaa,E 
a1t ' el;w. Byalvouv 6AOL µE 't'YJ ()L<XLOflYj,LXYj EpµYjVEL<X 7tOU <>waaµE 1tapa-
7t<XVW (6-rav Yj Q Elvat yv'Yjalwc; cpfllvouaa, OL avtawaEtc; 1t'Yjyalvouv µE ,YJV 
av-rla,pocpYJ cpopa). 

4.4 'EAe:yxot µe: X()~O'YI ye:vtxe:uµevou Aoyou 1tt-

6avoq,ave:twv 

Y1tapxouv optaµevEc; 7tE()L7t'tWOEtc; EAEYX_WV, m tc; 07t0LE<; ()EV µ1topouµE 
va Ecpapµ6aouµE ou, E ,o Ariµµa Neyman-Pearson ou, E ,a a1tO,EAE
aµa,a ,WV Karlin-Rubin. r ta 1tapa<>Etyµa , y ta EAEYX.0 't'Yjc; µopcpric; 

Ho : B = Bo vs H1 : B f Bo 

()EV µ1tO()OUµE Va Ecpapµ6aOUµE X<X'tL a1t6 , a 7t<X()<X7t<XVW yta Va f3pouµE 
oµo t6µopcpa taxup6,a,o EAEYX_O. LE au-rec; , Le; 7tE()L7t'tWOEtc;, xa, acpEu
youµE a,o xpt,Yjpto ,ou yEvtxEuµevou A6you 1tt8avocpavEtwv. 

Optaµ6c; 31. 'Emw o EAEYX.0<; H0 : B E 8 0 vs H1 : B E eg. OplC:ouµE we; 
yEvtxEuµevo A6yo 1ttflavocpavEtwv 't'YJV 1toa6't'Yj, a 
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I:uµcpwva µE "CO X()L"t"Yj()LO '(EVLXEUµc:vou A6you 7tteavocpavELWV, ea a1top
pl1t"COUµE TYjV Ho av >.*(x) < Ca, c:lYjAac:lYj Yj EAEYX_OOUV<X()"CYjOYj Elvat Yj 

1, >.*(x) < Ca 

rp(x ) = 1 , >.*(x) = Ca, 

0, >.*(~ > Ca 

61tou Ca xat ~1 E [O, 1) ,E,Ota wa,E sup EQrp(X ) = a . 
QE0o 

LYjµEtW <YYj 17. LllvouµE µla auv,oµri E()µYjVEla ,OU X()L"t"Yjplou. 
0 apteµ)1"t"Yjc; ,ou >.*(x) ExcppaC:Et ,ri µc:yta"t"Yj c:luvatj meavocpavEta 01t6 
,riv LCJXU "C)1c; µYjc:lEVLXYJc; 01t6eE0)1c;, Evw o 1tapovoµaatjc; ExcppaC:Et ,ri µc:yt
o,ri c:luvatj 1tteavocpavEta xa,w a1t6 ,o µov-cc:Ao auvoAtxa (Elvat c:lrit..ac:lYJ 
ri 1tteavocpavEta f (x; 0) 01t0Aoytaµc:vri mriv Ex,lµriari µc:yto,ric; 1tteavo
cpavEtac; 0 = 0(x)). 0€,ov-cac; we; xpttjpto a1t6pptt~ric; YJ µri ,ric; H0 "CYj 
auveYjXYj >.*(x) < Ca , a1tocpaalC:ouµE El;E-caC:ov-cac; "CYjV 'E1tlc:lpaari' "COO eo 
OE 6Ao "CO c:lElyµa. Av ri E1tlc:lpaari "COO eo El vat CJXE"CLX<X 'µtXpYj', c:lYjAac:lYj 
>. * (x ) < Ca , ,ITTE a1toppl 7t"t"OUµE "CYjV Ho tvav,t ,ric; H 1 (c:lriAac:lYj Yj EAEYX_O
auvap"CYjOYj 1talpvEL "CYjV ,LµYj 1), c:ltacpopE,LX<X a1toc:lEx6µaa,E "CYjV Ho . 

Ho : 0 E 80 vs H1 : 0 E eg 

yta ,riv xavovLXYJ xa,avoµYj, xavov-cac; XPYJOYj ,ou yEvtxEuµc:vou A6you 
1tteavocpavEtwv. 0a 1tapaetaouµE ,tc; EAEYX_OauvaptjaEtc; yta xaeE 7tE
pl1t"t"wori xat ea ESYlYYJOOUµE yta µla a1t6 au-etc; 1twc; c:lOUAEl~aµE, WO"CE 

, , , , 
va YLVEL xa,aVOYj"CYj Yj Ecpapµoyri ,OU X()L"t"Yj()LOU. 

Ilp&ta crri 20. 'Ea-cw ,uxalo c:lElyµa Xi , ... , Xn ~ N (µ ,a2
) . 

(i) Av -co µ Elvat ayvwa,o xat ,o a2 = a3 yvwa,6, ,6,E yta ,ov EAEYX.O 

Ho : µ = µo vs H 1 : µ =f µo 

,o xpttjpto yi::vtxEuµc:vou A6you 1tteavocpavEtwv c:llvEL 

1, 

o, 

35 

E1t1µeli:1a : Panos Andreou 



2019 Lt a,1crttK1l I (Ma01u1at1K6 A011vac;) 

(ii) Av 'tO µ = µo ELVCX.t yvwa,6 xa.t 'tO a2 ELVCX.t ayvwa,o, ,6,E yta. 'tOV 
EAE'(XO 

Ho : a 2 = at vs H 1 : a 2 =/: at 

,o xpttjpto ygvLxEuµ€vou A6you 1tL6a.vocpa.vELwv BlvEL 

n n 

1, 

(iii) Av XCX.L 'tO µ xa.t 'tO a2 ELVCX.t ayvwma., ,6,E yLa. 'tOV EAE'(XO 

,o xpLTYJ()LO ygvLxEuµ€vou A6you 1tL6a.vocpa.vELwv BlvEL 

1, 

o, 

n 

61tou S = n 1 1 I: (xi - x)2 (va. OYjµELW8El 6,L E<>W Yj Ho <>EV ELVCX.L a.1tAYj, 
i = l 

a.cpou 60 = {(µ 0,a2) : a2 > O}). 
(iv) Av XCX.L 'tO µ XCX.L 'tO a2 ELVCX.t ayvwa,a., 'tITTE yLa. 'tOV EAE-yXO 

u 2 2 H 2 ..1. 2 no : a = a0 vs 1 : a r <Jo 

,o xpLTYJ()LO ygvLxEuµ€vou A6you 1tL6a.vocpa.vELwv BlvEL 

n n 

1, "'(xi - x)2 < atx!_1.1_~ fJ "'(xi - x)2 > atx!_1. ~ ~ ' 2 ~ ' 2 
i = l i= l 

n 

0, atx!-1-1-~ < "'(xi - x)2 < a~x!_1. ~ 
' 2 L...J 1 2 

i = l 

0a. ESYJYYJOOUµE 't'YjV 7t()W't'Yj 7tE()L7t'tWOYj: 
'Ea,w ,uxa.lo <>Elyµa. X1 , ... , Xn ~ N(µ , a2), 61tou 'tO µ ELVCX.L ayvwa,o XCX.L 
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,o a 2 = a5 yvwa,6, xaL €a,w o €1v:::yx_or::, Ho : µ = µo vs H1 : µ -:/= µo . 
H µYjOEVLXYj U1t6flEOYj ELV<XL a7tAYj xaL 'Yl EVaMaX,LXYj aµcpl1tAEU(>Yj, apa 
oouAi::uouµi:: µi:: yc:vLxi::uµi::vo A6yo 1tLflavocpavi::Lwv. 'Ex.ouµi:: 6,L 

supf(x;0) 
A*( ) e.eeo x = -su_p_f_(_x_; 0-) 

QE0 

!(~; µo) 
supf(x;µ)' 
µEIR 

acpou eo = {µo} xaL e = JR. fLa 't'Yj 0.7t.7t. ,OU oi::lyµa,or::, i::x.ouµi:: 6,L 

( 
1 )n 1 n 

on6,i::o apLflµ'Yj"t'Yjr::,ylvi::,aLf(x;µo) = ~ exp[ - -
2 2 I: (xi - µ0)2

]. 
ao 21r ao i = l 

fLa ,OV 1tapovoµaatj fla (3pouµE 't'YjV ,LµYj EXELV'Yj ,OU µ 7tOU µi::yLa,0-
7tOLEL 't'YJV f (x; µ), OYJA<XoYJ 't'YJV i::x,lµYjO'Yj µc:yLO't'YJS 1tLflavocpavi::Lar::,, µ. Llou
Ai::uouµi:: 61twr::, O"t'YjV 1tapaypacpo 2.6: AoyapLflµ£2,;ouµi::, 1tapaywyl2,;ouµi::, 
µi::Ai::,aµE ,O 1tp60YjµO 't'YJS 1tapaywyou xaL (3plaxouµi:: ,O sYJ,OUµEvO µ : 

f) 1 ( n ) ?:>logf (x; µ) = -
2

a 2 - 2 L xi+ 2nµ . 
vµ 0 i= l 

'Ex.ouµi:: ITTL :µ logf (x; µ) > 0 # µ < x, apa o napovoµaatjr::, µi::yLa,o-

7tOLEl,aL yLa µ = µ = x, on6,i:: o yi::vLxi::uµc:vor::, A6yor::, 1tLflavocpavi::Lwv 
ylvi::,aL 
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Kavov.ac; ·nc; npal;EL<;, f3plaxouµE 6-n >. * (~ = exp [ - ~ (x - µ 0) 2] . Luµ

cpwva µE ,o xpL,YJ()LO yEvLxEuµ€vou A6you 1tL8avocpavELwv, txouµE: 

1, 

0, 

6-rrou Eµor.p(K) = a {::} P JJO (: Ix - µol > Ca) = a . Yn6 TYJV Ho : µ = µo 

LoXUEL ITTL 

apa 

A6yw auµµE,plac; TYJc; ,u1t01tOLYjµ€vric; xavovL><YJc;. IlalpvouµE, AOL1t6v, 

1, vn - Ix - µol > Ca 

r.p(x) = ao 

vn , 
o, - Ix - µol < Ca 

ao 

apa 

1, vn - lx - µol > z~ 
r.p(x) = ao 2 

vn , 
0, - Ix - µol < z~ ao 2 
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1, 

0, 

IIapa-t'ijpYj<YYj 4. (!) IIapa,YjpOt>µE 6,t oi::v anopp£1TTouµi:: 't'YJV H0 av, xat 
µ6vo av, 

nou i::lvat ,o 100(1 - a )% ouia't'Yjµa i::µnta,oavv'Yjc; yi.a ,o µ O't'YJV 1ti::p£-
1TTWOYJ N(µ ,a5) . 
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