
Metaptuqiak  An�lush I
Prìqeirh PerÐlhyh Shmei¸sewn

A. K.

0 Eisagwgik�

Xekin�me1 parajètontac, qwrÐc apait seic plhrìthtac   idiaÐterhc majhmatik c austhrì-
thtac, merik� probl mata thc Klasik c An�lushc pou odhgoÔn sthn anagkaiìthta thc
anaje¸rhshc thc ènnoiac thc olokl rwshc, tou embadoÔ, tou m kouc, dhlad  ousiastik�
sto prìblhma tou mètrou.

1. Seirèc Fourier � Pl rwsh

2. Enallag  orÐou kai oloklhr¸matoc

3. M koc tìxou � EujugrammÐsimec kampÔlec

4. Olokl rwsh kai diafìrish: To Jemeli¸dec Je¸rhma

5. To prìblhma tou Mètrou

0.1 Seirèc Fourier � Pl rwsh

'Estw f : [−π, π]→ C Riemann-oloklhr¸simh sun�rthsh (gr�foume: f ∈ R).

Sthn f antistoiqeÐ h tupik  seir� Fourier :

f ∼
∑
n∈Z

f̂(n)eint (1)

(dhl. h akoloujÐa (f̂(n))n∈Z twn suntelest¸n Fourier), ìpou

f̂(n) =
1

2π

∫ π

−π
f(t)e−intdt (n ∈ Z). (2)

EÐnai gnwstì ìti isqÔei h isìthta

Parseval :
∑
n∈Z

|f̂(n)|2 =
1

2π

∫ π

−π
|f(t)|2dt. (3)

Dhlad  h apeikìnish

R → `2(Z) : f → (f̂(n))n∈Z
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diathreÐ thn {mèsh tetragwnik  apìstash}.

'Omwc h apeikìnish aut , ìpwc apodeiknÔetai, den eÐnai epÐ. Dhlad  up�rqei (an) ∈ `2(Z)
pou den eÐnai akoloujÐa suntelest¸n Fourier kammi�c f ∈ R.
Efìson eÐnai gnwstì ìti o q¸roc (`2(Z), ‖·‖2) eÐnai pl rhc wc proc thn metrik 

‖(an)− (bn)‖2 ≡
(∑

n∈Z |an − bn|2
)1/2

, èpetai eidikìtera ìti o (R, ‖·‖L2) den eÐnai pl rhc

wc proc thn yeudometrik  ‖f − g‖L2 ≡
(

1
2π

∫ π
−π |f(t)− g(t)|2

)1/2

.

ProkÔptoun dÔo erwt mata:

• Ti eÐdouc {sunart seic} emfanÐzontai ìtan jewr soume thn pl rwsh tou (R, ‖·‖L2)?

• P¸c mporoÔme na oloklhr¸soume autèc tic {sunart seic}? IsqÔei gi' autèc h isìthta
Parseval?

0.2 Enallag  orÐou kai oloklhr¸matoc

'Estw (fn) akoloujÐa suneq¸n sunart sewn fn : [0, 1]→ R.

Upojètoume ìti gia k�je t ∈ [0, 1] to ìrio limn fn(t) up�rqei (sto R), opìte orÐzei mia
sun�rthsh f : [0, 1]→ R.

Ti eÐdouc sunart seic prokÔptoun apì mia tètoia diadikasÐa?

An h sÔgklish thc (fn) eÐnai omoiìmorfh sto [0, 1], tìte h kat�stash eÐnai h kalÔterh
dunat : h sun�rthsh-ìrio f eÐnai suneq c.

An ìmwc h sÔgklish den eÐnai omoiìmorfh, to ìrio mporeÐ na krÔbei ekpl xeic:

Up�rqei akoloujÐa suneq¸n sunart sewn (fn) ¸ste

(a) ∀n ∀t, 0 ≤ fn(t) ≤ 1
(b) gia k�je t h (fn(t))n eÐnai fjÐnousa (�ra sugklÐnei)
(g) h sun�rthsh-ìrio f den eÐnai kan Riemann oloklhr¸simh.

ParathroÔme ìmwc ìti apì ta (a) kai (b) prokÔptei ìti gia k�je n ∈ N to olokl rwma

In =
∫ 1

0
fn up�rqei, kai ìti h akoloujÐa (In) eÐnai fjÐnousa kai mh arnhtik , �ra to ìrio

lim
n

∫ 1

0

fn

up�rqei, en¸ to olokl rwma ∫ 1

0

lim
n
fn

oÔte kan orÐzetai.

Prìblhma Poi� {mèjodoc olokl rwshc} mporeÐ na exasfalÐsei thn oloklhrwsimìthta
sunart sewn ìpwc h limn fn? Upì poièc proôpojèseic exasfalÐzetai epiplèon h isìthta

lim
n

∫ 1

0

fn =

∫ 1

0

lim
n
fn ;
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0.3 M koc tìxou � EujugrammÐsimec kampÔlec

JewroÔme mia suneq  kampÔlh sto epÐpedo, me parametrik  morf 

γ = {(x(t), y(t)) : t ∈ [a, b]} ⊂ R2

ìpou oi x, y : [a, b]→ R eÐnai suneqeÐc sunart seic.

ProseggÐzoume thn γ me mia oikogèneia {γP} polugwnik¸n kampÔlwn wc ex c: H γP orÐzetai
apì mia diamèrish P = {a = t0 < t1 < · · · < tn = b} tou [a, b] kai eÐnai h polugwnik  gramm 
pou en¸nei ta shmeÐa

(x(a), y(a)), (x(t1), y(t1)), . . . , (x(b), y(b))

thc γ. To m koc thc γP eÐnai bebaÐwc

`(γP) =
n∑
k=1

(|x(tk)− x(tk−1)|2 + |y(tk)− y(tk−1)|2)1/2.

MporoÔme loipìn na orÐsoume

`(γ) ≡ sup{`(γP) : P diamer. tou [a, b]} ∈ [0,+∞]

kai na onom�zoume thn γ eujugrammÐsimh ìtan `(γ) < +∞.

Kat' arq�c parathroÔme ìti h sunèqeia twn x kai y den eÐnai arket  gia na exasfalÐsei ìti
`(γ) < +∞ (Par�deigma?)

EÐnai gnwstì ìti ìtan oi x kai y eÐnai (èstw kat� tm mata) suneq¸c paragwgÐsimec, tìte
h γ eÐnai eujugrammÐsimh kai m�lista

`(γ) =

∫ b

a

(|x′(t)|2 + |y′(t)|2)1/2dt. (4)

Prìblhma 1 Na brejoÔn ikanèc kai anagkaÐec sunj kec stic x kai y ¸ste h γ na eÐnai
eujugrammÐsimh.

Prìblhma 2 'Otan ikanopoioÔntai oi sunj kec autèc, èqei ènnoia to olokl rwma sthn
(4)? Kai an nai, isqÔei h isìthta?

H ap�nthsh sto pr¸to prìblhma dÐnetai apì thn ènnoia thc {sun�rthshc fragmènhc kÔ-
manshc}. 'Otan oi x kai y eÐnai fragmènhc kÔmanshc, to olokl rwma sthn (4) mporeÐ na
orisjeÐ me kat�llhlh {mèjodo olokl rwshc}. H isìthta ìmwc den isqÔei p�nta. MporeÐ
na epiteuqjeÐ me {allag  parametrik c morf c}: An h γ eÐnai eujugrammÐsimh, up�rqoun
sunart seic fragmènhc kÔmanshc x1 kai y1 ¸ste

γ = {(x(t), y(t)) : t ∈ [a, b]} = {(x1(t), y1(t)) : t ∈ [a, b]}

kai `(γ) =

∫ b

a

(|x′1(t)|2 + |y′1(t)|2)1/2dt.

0.4 Olokl rwsh kai diafìrish: To Jemeli¸dec Je¸rhma

Ac gr�youme tic dÔo morfèc tou Jemeli¸douc Jewr matoc tou ApeirostikoÔ LogismoÔ
(gia pragmatikèc sunart seic miac pragmatik c metablht c):

F (b)− F (a) =

∫ b

a

F ′(x)dx (5)

d

dx

∫ x

a

f(t)dt = f(x) (6)
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Er¸thma Gia poièc sunart seic F isqÔei h (5)?

An h F ′ eÐnai Riemann oloklhr¸simh sto [a, b], tìte h (5) isqÔei.

'Omwc up�rqoun paradeÐgmata suneq¸n sunart sewn F pou den èqoun par�gwgo se kanèna
shmeÐo tou [a, b].

Apì thn �llh meri�, up�rqoun paradeÐgmata diaforÐsimwn sunart sewn F : [a, b]→ R pou
h F ′ up�rqei men, all� den eÐnai Riemann oloklhr¸simh.

Oi sunart seic gia tic opoÐec isqÔei h (5) eÐnai oi legìmenec {apìluta suneqeÐc} sunart -
seic.

EpÐshc, an h f eÐnai {L1-sun�rthsh} tìte (me thn kat�llhlh {mèjodo olokl rwshc}), h
(6) isqÔei {sqedìn pantoÔ}.

0.5 To prìblhma tou Mètrou

H antimet¸pish ìlwn twn prohgoumènwn problhm�twn odhgeÐ sto legìmeno {prìblhma tou
mètrou}. Mia morf  tou eÐnai h akìloujh:

P¸c mporeÐ kaneÐc na orÐsei ton {ìgko} twn uposunìlwn tou Rd, me trìpo pou na epekteÐnei
th gnwst  gewmetrik  ènnoia tou ìgkou parallhlepipèdou?

Jèloume dhlad  na orÐsoume mia apeikìnish

md : P(Rd)→ [0,+∞] (P : to dunamosÔnolo)

me tic idiìthtec (periorizìmaste sthn perÐptwsh d = 2 gia aplìthta)

(a) m2([0, a]×[0, b]) = a · b ìtan a, b ≥ 0
(b) m2 (

⋃
nEn) =

∑
nm2(En) ìtan ta En ⊆ R2 eÐnai xèna an� duo

(c) m2(E + x) = m2(E) an E ⊆ R2, gia k�je x ∈ R2 kai
m2(T (E)) = m2(E) gia k�je orjog¸nio metasqhmatismì T : R2 → R2.

Parat rhsh Eidik  perÐptwsh thc idiìthtac (b) (pou lègetai arijm simh prosjetikìth-
ta) eÐnai h akìloujh peperasmènh prosjetikìthta:

(b′) md(E1 ∪ E2) = md(E1) +md(E2) ìtan E1 ∩ E2 = ∅.

'Opwc ja faneÐ sth sunèqeia, h (b) eÐnai anagkaÐa gia na antimetwpisjoÔn oriakèc diadika-
sÐec (p.q. enallag  orÐou kai oloklhr¸matoc, diafìrish aorÐstou oloklhr¸matoc k.lp.);
h (b′) den arkeÐ.

'Omwc,

Den up�rqei sun�rthsh md : P(Rd) → [0,+∞] pou ikanopoieÐ ta (a), (b), (c),
akìma kai sthn perÐptwsh d = 1!

Gia eukolÐa tou gr�fontoc, ja d¸soume thn apìdeixh tou isqurismoÔ gia thn monadiaÐa
perifèreia

S1 = {ei2πt : t ∈ [0, 1)}

sto migadikì epÐpedo, antÐ gia thn eujeÐa R. H (a) tìte antikajÐstatai apì thn ex c: to
m koc enìc tìxou T = {ei2πt : t ∈ [0, b)} eÐnai m1(T ) = 2πb.
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'Estw {q1,q2, . . .} mia arÐjmhsh tou Q ∩ [0, 1). Ja deÐxoume ìti up�rqei èna F ⊆ S1 pou
oi {strofèc} Fn = ei2πqnF tou F kat� gwnÐa 2πqn diamerÐzoun thn S1 se xèna an� dÔo
sÔnola:

S1 =
⋃
n

Fn =
⋃
n

ei2πqnF, Fn ∩ Fm = ∅ ìtan n 6= m. (7)

An up�rqei tètoio sÔnolo F , tìte h apeikìnish m1 apokleÐetai na orÐzetai sto sÔnolo
autì. GiatÐ an orizìtan, tìte apì thn (c) ja eÐqame m1(Fn) = m1(F ) gia k�je n, opìte,
an men m1(F ) > 0 tìte m1(S

1) = +∞ apì thn (b) lìgw thc (7), kai an m1(F ) = 0 tìte
m1(S

1) = 0 p�li apì thn (b). Kai oi dÔo autèc ekdoqèc èrqontai se antÐjesh me thn (a).

DeÐqnoume ìti tètoio sÔnolo F up�rqei:

OrÐzoume ei2πt ∼ ei2πs an ei2π(t−s) = ei2πq gia k�poio q ∈ Q. H sqèsh ∼ eÐnai sqèsh
isodunamÐac sthn S1, �ra diamerÐzei thn S1 se kl�seic isodunamÐac. Qrhsimopoi¸ntac to
AxÐwma thc Epilog c (!), epilègoume ènan kai mìnon ènan antiprìswpo ei2πt apì k�je
kl�sh isodunamÐac, kai onom�zoume F ⊆ S1 to sÔnolo ìlwn aut¸n twn antipros¸pwn. Ja
deÐxoume ìti to F ikanopoieÐ thn (7).

An p 6= q eÐnai rhtoÐ sto [0, 1), ta sÔnola ei2πpF = {ei2π(p+t) : ei2πt ∈ F} kai ei2πqF
eÐnai xèna giatÐ an ei2π(p+t) = ei2π(q+s) tìte ei2π(t−s) = ei2π(q−p), opìte ta ei2πt kai ei2πs ja
an koun sthn Ðdia kl�sh isodunamÐac, antÐjeta me thn epilog  tou F . EpÐshc,

S1 =
⋃
n

ei2πqnF

giatÐ k�je ei2πt ∈ S1 an kei se k�poia kl�sh isodunamÐac, opìte eÐnai isodÔnamo me k�poio
ei2πs ∈ F , dhlad  up�rqei qn ¸ste ei2π(t−s) = ei2πqn , �ra ei2πt ∈ ei2πqnF . 2

TÐjetai to er¸thma, an eÐnai dunatìn na orisjeÐ apeikìnish md : P(Rd)→ [0,+∞] pou na
ikanopoieÐ tic (a), (b′) kai (c), na eÐnai dhlad  mìnon peperasmèna prosjetik .

To akìloujo entupwsiakì apotèlesma, gnwstì wc {par�doxo twn Banach - Tarski}, deÐ-
qnei ìti oÔte tètoia apeikìnish up�rqei, ìtan d ≥ 3:

An d ≥ 3 kai U, V eÐnai opoiad pote anoikt� kai fragmèna uposÔnola tou Rd,
tìte up�rqei n ∈ N ¸ste

U =E1 ∪ E2 ∪ · · · ∪ En
V =F1 ∪ F2 ∪ · · · ∪ Fn

ìpou ta Ek eÐnai xèna an� dÔo, ta Fk eÐnai xèna an� dÔo, kai Ek ' Fk gia k�je
k = 1, . . . , n, dhlad  up�rqoun orjog¸nioi d × d pÐnakec Tk kai xk ∈ Rd ¸ste
Fk = Tk(Ek) + xk, k = 1, . . . , n.

An loipìn orizìtan mia tètoia apeikìnish {ìgkou}md se ìla ta uposÔnola tou Rd, tìte ìla
ta anoikt� kai fragmèna sÔnola ja eÐqan ton Ðdio {ìgko}: ja mporoÔsame na {kìyoume}
to U se peperasmèno pl joc kommati¸n E1 . . . En kai, met� apì metajèseic kai strofèc,
na fti�xoume to V .

Sumpèrasma An jèloume na diathr soume tic idiìthtec (a), (b) kai (c), eÐmaste upoqre-
wmènoi na periorÐsoume to pedÐo orismoÔ thc md, thn kl�sh dhlad  twn uposunìlwn tou
Rd pou mporoÔn na {metrhjoÔn}.
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Metaptuqiak  An�lush IPrìqeire
 Perilhptikè
 Shmei¸sei
A. K.1 σ-'Algebre
Orismì
 1.1 'Estw X mh kenì sÔnolo1.'Algebra A uposunìlwn tou X e�nai mia mh ken  oikogèneia A ⊆ P(X) kleist  w
 pro
sumplhr¸mata kai peperasmène
 tomè
.M�a σ-�lgebra e�nai mia �lgebra pou e�nai kleist  w
 pro
 arijm sime
 tomè
.Parathr sei
 1.1 An A e�nai �lgebra, tìte {∅, X} ⊆ A.Ep�sh
 h A e�nai kleist  w
 pro
 peperasmène
 en¸sei
.An mia S e�nai σ-�lgebra, e�nai kleist  w
 pro
 arijm sime
 en¸sei
.'Askhsh 1.2 An mia �lgebra A e�nai kleist  w
 pro
 xène
 arijm sime
 en¸sei
, tìtee�nai σ-�lgebra. To �dio sumpèrasma èpetai an e�nai kleist  w
 pro
 aÔxouse
 arijm sime
en¸sei
.Parade�gmata 1.3 (a) Oi oikogèneie
 {∅, X} kai P(X) e�nai σ-�lgebre
.(b) An to X e�nai �peiro tìte
A = {E ⊆ X : E peperasmèno   Ec peperasmèno}e�nai �lgebra, all� ìqi σ-�lgebra.(g) An to X e�nai uperarijm simo tìte
A = {E ⊆ X : E arijm simo   Ec arijm simo}e�nai σ-�lgebra.(d) H tom  mi�
 opoiasd pote oikogèneia
 σ-algebr¸n e�nai σ-�lgebra.K�je ∅ 6= E ⊆ P(X) perièqetai se mia σ-�lgebra, thn P(X). Epomènw
 h tom  M(E)ìlwn twn σ-algebr¸n pou perièqoun thn E e�nai h mikrìterh σ-�lgebra pou thn perièqei.Orismì
 1.2 H M(E) onom�zetai h σ-�lgebra pou par�getai apì thn E .1μετρο, 16/11/08 1



Parathr sei
 1.4 An E ⊆ F tìte M(E) ⊆ M(F).An E ⊆ M kai M e�nai σ-�lgebra tìte M(E) ⊆ M.Orismì
 1.3 An (X, T ) e�nai topologikì
 q¸ro
, h σ-algebra M(T ) pou par�getai apìta anoikt� sÔnola onom�zetai h σ-�lgebra Borel tou X kai sumbol�zetai BX .Perièqei:ìla ta anoikt� sÔnolaìla ta kleist� sÔnolaìle
 ti
 arijm sime
 tomè
 anoikt¸n sunìlwn (ta sÔnola Gδ)ìle
 ti
 arijm sime
 en¸sei
 kleist¸n sunìlwn (ta sÔnola Fσ)ìle
 ti
 arijm sime
 tomè
 Fσ sunìlwn: ta sÔnola Fσδìle
 ti
 arijm sime
 en¸sei
 Gδ sunìlwn: ta sÔnola Gδσk.lp. k.lp.Prìtash 1.5 H σ-�lgebra Borel BR par�getai apì opoiand pote apì ti
 parak�tw oiko-gèneie
:
E1 = {(a, b) : a < b} E5 = {[a, b) : a < b}

E2 = {[a, b] : a < b} E6 = {(a, b] : a < b}

E3 = {(a,+∞) : a ∈ R} E7 = {[a,+∞) : a ∈ R}

E4 = {(−∞, b) : b ∈ R} E8 = {(−∞, b] : b ∈ R}.Orismì
 1.4 Mia oikogèneia E ⊆ P(X) lègetai stoiqei¸dh
 oikogèneia an
• ∅ ∈ E

• E,F ∈ E ⇒ E ∩ F ∈ E

• E ∈ E ⇒ Ec e�nai peperasmènh xènh ènwsh stoiqe�wn th
 E .Par�deigma 1.6 E = {(a, b] : a ≤ b}∪ {(−∞, b] : b ∈ R}∪ {(a,+∞) : a ∈ R}∪ {∅,R}.E�nai mia stoiqei¸dh
 oikogèneia.Prìtash 1.7 An E ⊆ P(X) e�nai stoiqei¸dh
 oikogèneia tìte h oikogèneia A ìlwn twnpeperasmènwn en¸sewn E1∪E2 ∪· · ·∪En xènwn sunìlwn {E1, . . . , En} ⊆ E e�nai �lgebra.Apìdeixh (per�lhyh) 1. An E,F ∈ E tìte E \ F ∈ A.2. An E,F ∈ E tìte E ∪ F ∈ A.3. An E1, . . . , En ∈ E tìte E1 ∪ · · · ∪ En ∈ A.4. An A1, . . . , An ∈ A tìte A1 ∪ · · · ∪An ∈ A.5. An A ∈ A tìte Ac ∈ A. 2



2 MètraOrismì
 2.1 (a) An X e�nai mh kenì sÔnolo kai M e�nai σ-�lgebra uposunìlwn tou,to zeÔgo
 (X,M) lègetai metr simo
 q¸ro
.(b) Mètro ston metr simo q¸ro (X,M) lègetai mia apeikìnish
µ : M → [0,+∞]me ti
 idiìthte


µ(∅) = 0

µ

(

∞
⋃

n=1

En

)

=

∞
∑

n=1

µ(En) ìtan En ∈ M e�nai xèna an� dÔo (σ-prosjetikìthta).Parat rhsh 2.1 Mia apeikìnish µ : M → [0,+∞] pou ikanopoie� µ(∅) = 0 kai
µ (E ∪ F ) = µ(E) ∪ µ(F )ìtan E,F ∈ M e�nai xèna lègetai peperasmèna prosjetikìmètro.Orismì
 2.2 'Ena mètro µ ston metr simo q¸ro (X,M) lègetai

• peperasmèno an µ(X) <∞

• σ-peperasmèno an X =
⋃

∞

n=1Xn ìpou Xn ∈ M kai µ(Xn) <∞ gia k�je n ∈ N.
• hmipeperasmèno (semifinite) an k�je E ∈ M me µ(E) = +∞ perièqei F ∈ Mme 0 < µ(E) <∞.Parathr sei
 2.2 (a) Apì thn epìmenh Prìtash 2.3 (a) èpetai ìti an to µ e�nai pepe-rasmèno tìte gia k�je E ∈ M isqÔei µ(E) <∞.(b) Ep�sh
 èpetai ìti an to µ e�nai σ-peperasmèno tìte ìla ta E ∈ M èqoun {σ-peperasmènomètro}.Prìtash 2.3 (Basikè
 idiìthte
 tou mètrou)(a) (Monoton�a) An E,F ∈ M kai E ⊆ F tìte µ(E) ≤ µ(F ).(b) (σ-Upoprosjetikìthta)An {En : n ∈ N} ⊆ M tìte µ (

⋃∞

n=1En) ≤
∑∞

n=1 µ(En).(g) An {En : n ∈ N} ⊆ M kai En ⊆ En+1 gia k�je n tìte µ (
⋃

∞

n=1En) = limn µ(En).(d) An {En : n ∈ N} ⊆ M, an En ⊇ En+1 gia k�je n kai an µ(E1) < ∞ tìte
µ (
⋂∞

n=1En) = limn µ(En).UpenjÔmish An {ai : i ∈ I} ⊆ [0,+∞], or�zoume
∑

i∈I

ai = sup

{

∑

i∈F

ai : F ⊆ I peperasmèno } ∈ [0,+∞].'Otan I = N kai ai ∈ R, o orismì
 sump�ptei me ton sunhjismèno orismì tou ajro�smato
mia
 seir�
 mh arnhtik¸n ìrwn. 3



Par�deigma 2.4 'Estw X mh kenì sÔnolo kai f : X → [0,+∞] mia sun�rthsh.Or�zoume µf : P(X) → [0,+∞] apì th sqèsh
µf(E) =

∑

x∈E

f(x).Eidikè
 peript¸sei
: (a) An f(x) = 1 gia k�je x ∈ X, tìte µf(E) = #E (o plhj�rijmo
tou E): to µf e�nai to mètro apar�jmhsh
 (counting measure).(b) 'Estw xo ∈ X kai f : X → [0,+∞] h sun�rthsh ìpou f(x) =

{

1, x = xo

0, x 6= xo
. Tìte

µf(E) =

{

1, xo ∈ E
0, xo /∈ E

. To µf e�nai to mètro Dirac δxo
sto xo.Parathr sei
 2.5 (a) To µf e�nai hmipeperasmèno an kai mìnon an f(X) ⊆ [0,+∞).(b) To µf e�nai σ-peperasmèno an kai mìnon an e�nai hmipeperasmèno kai to sÔnolo

{x ∈ X : f(x) > 0} e�nai arijm simo.2.1 Mhdenik� sÔnola, pl rwsh'Estw (X,M, µ) q¸ro
 mètrou. An N ∈ M kai µ(N) = 0 tìte to N lègetai µ-mhdenikìsÔnolo.Orismì
 2.3 Mia idiìthta P (x) pou anafèretai se stoiqe�a x ∈ X lègetai ìti isqÔei
µ-sqedìn pantoÔ an isqÔei ektì
 apì èna mhdenikì sÔnolo, dhl. an up�rqei èna mhdenikìsÔnolo N ∈ M ¸ste h P (x) na isqÔei gia k�je x /∈ N ,   isodÔnama, an to sÔnolo twn
x ∈ X gia ta opo�a h P (x) den isqÔei perièqetai se èna mhdenikì sÔnolo N ∈ M.Parathr sei
 2.6 An Nn, n ∈ N e�nai mhdenik� sÔnola tìte to ∪nNn e�nai mhdenikìsÔnolo. Ep�sh
 an N e�nai mhdenikì sÔnolo kai F ∈ M, E ⊆ N , tìte to F e�nai mhdenikìsÔnolo.'Omw
, an N e�nai mhdenikì sÔnolo kai E ⊆ N den èpetai ìti E ∈ M.Gia par�deigma an X = [0, 1] kai M h σ-�lgebra tou Parade�gmato
 1.3(g), èstw E =
[0, 1/2] kai xo = 3/4. JewroÔme ton (X,M, δxo

). An N ≡ {xo}c tìte N ∈ M, δxo
(N) = 0kai E ⊆ N all� E /∈ M.Orismì
 2.4 'Ena mètro (  èna
 q¸ro
 mètrou) lègetai pl re
 (ant. pl rh
) an k�jeuposÔnolo mhdenikoÔ sunìlou e�nai metr simo.Je¸rhma 2.7 (Pl rwsh) 'Estw (X,M, µ) q¸ro
 mètrou kai

N = {N ∈ M : µ(N) = 0}

N = {F ⊆ X : ∃N ∈ N ¸ste F ⊆ N}

M = {E ∪ F : E ∈ M, F ∈ N}.Tìte h M e�nai σ-�lgebra, kai an jèsoume
µ̄(E ∪ F ) = µ(E), E ∈ M, F ∈ N4



tìte to µ̄ e�nai kal� orismèno mètro sthn M ¸ste µ̄|M = µ.O q¸ro
 mètrou (X,M, µ̄) e�nai pl rh
 kai to µ̄ e�nai monadikì, me thn ènnoia ìti an νe�nai pl re
 mètro sthn M ¸ste µ̄|M = µ tìte ν = µ̄.Apìdeixh Parale�petai.2.2 Exwterik� mètra kai mètraOrismì
 2.5 'Estw Ω 6= ∅. Mia sun�rthsh µ∗ : P(Ω) → [0,+∞] lègetai exwterikìmètro an(a) µ∗(∅) = 0(b) (σ-upoprosjetikìthta) an An ⊆ Ω tìte µ∗(
⋃

n∈N
An) ≤

∑

n∈N
µ∗(An)(g) (monoton�a) an A ⊆ B tìte µ∗(A) ≤ µ∗(B).Parat rhsh 2.8 SÔgkrish me thn ènnoia tou mètrou:(i) 'Ena exwterikì mètro or�zetai s�olìklhro to dunamosÔnolo(ii) den e�nai ìmw
 kat�an�gkh (oÔte peperasmèna) prosjetikì, all� mìno σ-upoprosjetikì.Prìtash 2.9 'Estw B ⊆ P(Ω) mia oikogèneia ¸ste ∅,Ω ∈ B kai èstw ψ : B → [0,+∞]mia sun�rthsh me ψ(∅) = 0. An A ⊆ Ω, or�zoume

µ∗(A) = inf

{

∞
∑

n=1

ψ(En) : En ∈ B, A ⊆
⋃

n

En

}

.Tìte to µ∗ e�nai exwterikì mètro.Par�deigma 2.10 Ston Ω = R
d, or�zw

(a, b) = {x = (x1, . . . , xd) ∈ R
d : ai < xi < bi, i = 1, . . . , d} (anoiktì parallhlep�pedo).Jètw B = {(a, b) : a, b ∈ R

d, ai < bi} ∪ {∅,R3}kai ψ((a, b)) = (b1 − a1)(b2 − a2) . . . (bd − ad), ψ(∅) = 0, ψ(Rd) = +∞.To exwterikì mètro pou prokÔptei sto P(Rd) e�nai to exwterikì mètro Lebesgue.Parat rhsh 2.11 'Estw φ : P(Ω) → [0,+∞] èna exwterikì mètro kai B ⊆ Ω. Apìthn upoprosjetikìthta èqoume φ(Ω) = φ(B ∪ Bc) ≤ φ(B) + φ(Bc), �ra {sthn kalÔterhper�ptwsh} ja isqÔei h isìthta φ(B ∪ Bc) = φ(B) + φ(Bc): to B tìte {kìbei kal�} to
Ω. M�lista gia opoiod pote A ⊆ Ω èqoume φ(A) ≤ φ(A ∩B) + φ(A ∩Bc). Ta metr simasÔnola e�nai eke�na ta B pou {kìboun kal�} k�je sÔnolo A:Orismì
 2.6 'Estw φ : P(Ω) → [0,+∞] èna exwterikì mètro. 'Ena B ⊆ Ω lègetai
φ-metr simo an gia k�je A ⊆ Ω, φ(A) = φ(A ∩ B) + φ(A ∩Bc).Jètoume Mφ = {B ⊆ Ω : B φ-metr simo}.5



Parat rhsh 2.12 'Estw B ⊆ Ω.
• An φ(B) = 0, tìte B ∈ Mφ.
• Gia na de�xw ìti B ∈ Mφ, arke� na de�xw ìtigia k�je A ⊆ Ω, φ(A) ≥ φ(A ∩ B) + φ(A ∩Bc).

• M�lista arke� na de�xw thn anisìthta aut  gia k�je A me φ(A) <∞.Je¸rhma 2.13 (Karajeodwr ) An φ e�nai exwterikì mètro sto Ω, tìte
• H Mφ e�nai σ-�lgebra kai
• To φ|Mφ

e�nai pl re
 mètro.B mata apìdeixh
:1. H Mφ e�nai �lgebra.2. An B1, B2 ∈ Mφ e�nai xèna, tìte gia k�je A ⊆ Ω isqÔei
φ(A ∩ (B1 ∪B2)) = φ(A ∩B1) + φ(A ∩B2)�ra φ(B1 ∪ B2) = φ(B1) + φ(B2)opìte to φ|Mφ

e�nai peperasmèna prosjetikì.3. An {Bn : n ∈ N} ⊆ Mφ e�nai xèna an� dÔo, tìte
•
⋃

n∈N
Bn ∈ Mφ kai

• φ
(
⋃

n∈N
Bn

)

=
∑

∞

n=1 φ(Bn)opìte h Mφ e�nai σ-�lgebra kai to φ|Mφ
e�nai σ-prosjetikì.Epomènw
 o q¸ro
 (Ω,Mφ, φ|Mφ

) e�nai q¸ro
 mètrou. 'Oti e�nai pl rh
 èpetai t¸ra apìthn Parat rhsh 2.12.B ma 1. (a) Ω ∈ Mφ: profanè
.(b) An B ∈ Mφ, tìte gia k�je A ⊆ Ω isqÔei
φ(A) = φ(A ∩ B) + φ(A ∩Bc)

= φ(A ∩ Cc) + φ(A ∩ C) (ìpou C = Bc)�ra Bc ∈ Mφ.(g) An B1, B2 ∈ Mφ, na de�xw ìti B1 ∪ B2 ∈ Mφ: 'Estw A ⊆ Ω. Epeid  B1 ∈ Mφèqoume
φ(A) = φ(A ∩B1) + φ(A ∩ Bc

1). (1)Epeid  B2 ∈ Mφ èqoume
φ(A ∩Bc

1) = φ((A ∩ Bc
1) ∩B2) + φ((A ∩Bc

1) ∩ B
c
2) (2)6



opìte h (1) g�netai
φ(A) = φ(A ∩ B1) + φ((A ∩ Bc

1) ∩B2) + φ(A ∩Bc
1 ∩ B

c
2)

= φ(A ∩ B1) + φ((A ∩ Bc
1) ∩B2) + φ(A ∩ (B1 ∪ B2)

c). (3)All� A ∩ (B1 ∪ B2) = (A ∩ B1) ∪ (A ∩ (B2 ∩ Bc
1)) �ra, afoÔ to φ e�nai upoprosjetikì,

φ(A ∩ (B1 ∪ B2)) ≤ φ(A ∩B1) + φ(A ∩ (B2 ∩ Bc
1)), opìte apì thn (3) èqoume

φ(A) ≥ φ(A ∩ (B1 ∪ B2)) + φ(A ∩ (B1 ∪B2)
c) (4)�ra (B1 ∪B2) ∈ Mφ.B ma 2. An B1, B2 ∈ Mφ, kai B1∩B2 = ∅, tìte (B1∪B2)∩B1 = B1 kai (B1∪B2)∩Bc

1 =
B2, opìte gia k�je A ⊆ Ω, jètonta
 C = A ∩ (B1 ∪ B2) èqoume, afoÔ B1 ∈ Mφ,

φ(A ∩ (B1 ∪ B2)) = φ(C) = φ(C ∩B1) + φ(C ∩Bc
1)

= φ(A ∩ (B1 ∪ B2) ∩B1) + φ(A ∩ (B1 ∪B2) ∩ B
c
1)

= φ(A ∩ B1) + φ(A ∩ B2).B ma 3. An {Bn : n ∈ N} ⊆ Mφ e�nai xèna an� dÔo kai B = ∪nBn, ja de�xw ìti giak�je A ⊆ Ω,
φ(A) = φ(A ∩B) + φ(A ∩Bc) =

∞
∑

n=1

φ(A ∩Bn) + φ(A ∩ Bc) (5)opìte
φ(A) = φ(A ∩B) + φ(A ∩ Bc)�ra B ∈ Mφ kai (jètonta
 A = B)

φ(B) =

∞
∑

n=1

φ(Bn)�ra to φ|Mφ
e�nai σ-prosjetikì.Pr�gmati, gia k�je N ∈ N, epeid  ⋃N

n=1Bn ∈ Mφ,
φ(A) = φ

(

A ∩

(

N
⋃

n=1

Bn

))

+ φ

(

A ∩

(

N
⋃

n=1

Bn

)c)

=

N
∑

n=1

φ(A ∩ Bn) + φ

(

A ∩

(

N
⋃

n=1

Bn

)c) (B ma 2)
≥

N
∑

n=1

φ(A ∩Bn) + φ (A ∩Bc)diìti A ∩Bc ⊆ A ∩
(

⋃N
n=1Bn

)c. AfoÔ h anisìthta isqÔei gia k�je N ∈ N, èqoume
φ(A) ≥

∞
∑

n=1

φ(A ∩ Bn) + φ (A ∩ Bc) ≥ φ

(

∞
⋃

n=1

(A ∩Bn)

)

+ φ (A ∩ Bc)7



lìgw th
 σ-upoprosjetikìthta
 tou φ. All� ⋃n(A ∩ Bn) = A ∩ (
⋃

nBn) = A ∩B, �ra
φ

(

∞
⋃

n=1

(A ∩ Bn)

)

+ φ (A ∩Bc) = φ(A ∩ B) + φ (A ∩ Bc) ≥ φ(A)p�li apì thn upoprosjetikìthta. Dhlad 
φ(A) ≥

∞
∑

n=1

φ(A ∩Bn) + φ (A ∩ Bc) ≥ φ(A ∩ B) + φ (A ∩Bc) ≥ φ(A)sunep¸
 isqÔei isìthta, kai h (5) apode�qjhke. 2Orismì
 2.7 Mia apeikìnish µ : A → [0,+∞] lègetai promètro an(a) To ped�o orismoÔ A tou µ e�nai �lgebra uposunìlwn tou X(b) µ(∅) = 0(g) An {An : n ∈ N} ⊆ A e�nai xèna ana dÔo kai isqÔei ⋃∞

n=1An ∈ A, tìte
µ(
⋃

∞

n=1An) =
∑

∞

n=1 µ(An).Dhl. to µ e�nai peperasmèna prosjetikì, kai {ìtan mpore�} e�nai σ-prosjetikì.Je¸rhma 2.14 (Epèktash
 Karajeodwr ) 'Estw µo : A → [0,+∞] èna promè-tro kai µ∗ to ant�stoiqo exwterikì mètro. An E ∈ M(A), jètoume µ(E) = µ∗(E).Tìte to µ : M(A) → [0,+∞] e�nai mètro sthn σ−�lgebra M(A) pou par�gei h A kaiepekte�nei to µo.H epèktash aut  e�nai monadik  ìtan to µo e�nai peperasmèno (µo(X) <∞)   σ-peperasmèno
(X = ∪nAn ìpou An ∈ A kai µo(An) <∞ gia k�je n ∈ N).Genik�, k�je epèktash ν : M(A) → [0,+∞] tou µ ikanopoie� ν(E) ≤ µ(E) gia k�je
E ∈ M(A) kai, an µ(E) <∞, tìte ν(E) = µ(E).B mata apìdeixh
 B ma 1 De�qnoume ìti µ∗|A = µo.B ma 2 De�qnoume ìti k�je A ∈ A e�nai µ∗-metr simo.Kat� sunèpeia, an M(A) e�nai h σ-�lgebra pou par�getai apì thn A, tìte M(A) ⊆ Mµ∗kai an µ = µ∗|M(A), tìte o (X,M(A), µ) e�nai q¸ro
 mètrou kai µ|A = µ0.B ma 3 EÔkola prokÔptei ìti an ν : M(A) → [0,+∞] e�nai mètro pou epekte�nei to µtìte ν(E) ≤ µ(E) gia k�je E ∈ M(A)B ma 4 De�qnoume ìti, an ν e�nai ìpw
 sto B ma 3 kai E ∈ M(A) me µ(E) < ∞, tìte
µ(E) = ν(E).B ma 5 EÔkola prokÔptei ìti an ν e�nai ìpw
 sto B ma 3 kai to µ0 e�nai σ-peperasmènotìte ν = µ.2.3 Mètra Borel sto RJe¸rhma 2.15 An F : R → R e�nai aÔxousa kai dexi� suneq 
 tìte up�rqei monadikìmètro Borel µF sto R pou ikanopoie� µF ((a, b]) = F (b) − F (a) ìtan a, b ∈ R kai a ≤ b.8



An G : R → R e�nai aÔxousa kai dexi� suneq 
 kai µF = µG tìte h diafor� F − G e�naistajer .Tèlo
 an µ e�nai mètro Borel sto R pou ikanopoie� µ((a, b]) < ∞ ìtan a, b ∈ R kai a ≤ btìte h sun�rthsh F : R → R me
F (x) =







µ((0, x]), x > 0
0, x = 0

−µ((x, 0]), x < 0e�nai aÔxousa kai dexi� suneq 
 kai µF = µ.[Gia thn apìdeixh tou pr¸tou mèrou
, de
 to arqe�o metraborel.pdf.℄Orismì
 2.8 'Estw X topologikì
 (  metrikì
) q¸ro
, S mia σ-�lgebra pou perièqeita anoikt� (�ra kai ta Borel). 'Ena mètro µ ston (X,S) lègetai kanonikì an(i) Gia k�je K ⊆ X sumpagè
 isqÔei µ(K) <∞.(ii) Exwterik  kanonikìthta:Gia k�je A ∈ S isqÔei µ(A) = inf{µ(V ) : V anoiktì, A ⊆ V }(iii) Eswterik  kanonikìthta:Gia k�je V ⊆ X anoiktì isqÔei µ(V ) = sup{µ(K) : K sumpagè
, K ⊆ V }.Prìtash 2.16 K�je mètro Borel µ sto R pou ikanopoie� µ((a, b]) <∞ ìtan a, b ∈ R kai
a ≤ b e�nai kanonikì. M�lista h isìthta

µ(E) = sup{µ(K) : K sumpagè
, K ⊆ E}isqÔei gia k�je µ-metr simo sÔnolo E ⊆ R (kai ìqi mìno gia ta anoikt�).Parat rhsh 2.17 K�je tètoio mètro ikanopoie�, gia k�je µ-metr simo sÔnolo E ⊆ R,
µ(E) = inf

{

∞
∑

n=1

µ((an, bn]) : E ⊆
⋃

n

(an, bn]

}

L mma 2.18 K�je tètoio mètro ikanopoie�, gia k�je µ-metr simo sÔnolo E ⊆ R,
µ(E) = inf

{

∞
∑

n=1

µ((an, bn)) : E ⊆
⋃

n

(an, bn)

}

Prìtash 2.19 An µ e�nai kanonikì mètro Borel sto R kai E ⊆ R, ta ex 
 e�nai isodÔnama:(a) to E e�nai µ-metr simo(b) Up�rqei Gδ-sÔnolo V kai µ-mhdenikì sÔnolo N ¸ste E = V \N .(g) Up�rqei Fσ-sÔnolo H kai µ-mhdenikì sÔnolo M ¸ste E = H ∪M .Prìtash 2.20 An µ e�nai kanonikì mètro Borel sto R kai E ⊆ R e�nai µ-metr simo me
µ(E) < ∞, tìte gia k�je ǫ > 0 up�rqei A ⊆ R pou e�nai peperasmènh ènwsh anoikt¸ndiasthm�twn ¸ste µ(E △ A) < ǫ. 9



Parat rhsh 2.21 To mètro Lebesgue ston R (bl. Par�deigma 2.10) e�nai to mètro
λ = µF ìpou F (t) = t, t ∈ R.Prìtash 2.22 To mètro Lebesgue e�nai anallo�wto sti
 metajèsei
 fc : t→ t+c, c ∈ R.Je¸rhma 2.23 An µ e�nai èna mètro Borel sto R pou e�nai anallo�wto sti
 metajèsei
kai peperasmèno sta sumpag  sÔnola tìte e�nai pollapl�sio tou mètrou Lebesgue, dhlad up�rqei a ≥ 0 ¸ste µ = aλ.Apìdeixh 'Estw a = µ([0, 1)). To a e�nai peperasmèno efìson µ([0, 1)) ≤ µ([0, 1]) kaito [0, 1] e�nai sumpagè
.An a = 0 tìte µ = 0 giat� µ(R) =

∑

n∈Z
µ(In) ìpou In = [n, n+ 1) �ra µ(In) = a = 0.An a > 0, jètoume ν(A) = 1

a
µ(A) kai ja de�xoume ìti ν = λ. Arke� (giat�?) na de�xoumeìti ν((a, b)) = λ((a, b)) gia k�je fragmèno anoiktì di�sthma (a, b).Gia k�je n, jètoume Dn,k = [k−1

2n ,
k
2n ). Ja de�xoume ìti ν(Dn,k) = 1

2n . Pr�gmati, epeid 
Dn,k = Dn,1 + (k − 1) èqoume ν(Dn,k) = ν(Dn,1) ≡ νn kai epeid  Dn,k ∩ Dn,j = ∅ ìtan
k 6= j èqoume

[0, 1) =
2n
⋃

k=1

Dn,k =⇒ ν([0, 1)) =
2n
∑

k=1

ν(Dn,k) = 2nνn�ra νn = 1
2n = λ(Dn,k), dhlad  ta mètra ν kai λ taut�zontai sta diast mata th
 morf 


Dn,k. 'Omw
 k�je fragmèno anoiktì di�sthma (a, b) e�nai arijm simh ènwsh tètoiwn diasth-m�twn2, �ra ta mètra ν kai λ taut�zontai sta fragmèna anoikt� diast mata, �ra pantoÔ.
22.4 To sÔnolo Cantor'Estw

C0 = [0, 1]

C1 =

[

0,
1

3

]

⋃

[

2

3
, 1

]

C2 =

[

0,
1

9

]

∪

[

2

9
,
3

9

]

⋃

[

6

9
,
7

9

]

∪

[

8

9
, 1

]

. . . . . . . . . . . .

C =

∞
⋂

n=1

Cn.Dhlad  sto n-ostì st�dio èqoume èna sÔnolo Cn pou e�nai ènwsh 2n kleist¸n diasthm�twnkai afairoÔme apì k�je kleistì di�sthma I tou Cn to anoiktì di�sthma me kèntro to mèsotou I kai m ko
 �so me 1/3 tou m ko
 tou I.2Υπάρχουν γνησίως μονότονες ακολουθίες δυαδικών ρητών (pn) και (qn) ώστε pn ց a και qn ր b,

οπότε (a, b) = ∪n[pn, qn) και κάθε διάστημα [pn, qn) είναι της μορφής [ p

2n
, q

2m
) = [ 2

m

p

2n+m
, 2

n

q

2n+m
), είναι δηλαδή

πεπερασμένη ένωση διαστημάτων της μορφής D(n + m, k).10



Parat rhsh 2.24 To sÔnolo Cantor e�nai {metrojewrhtik� kai topologik� amelhtè-o}, dhlad  èqei mètro Lebesgue mhdèn kai e�nai kleistì kai poujen� puknì. E�nai ìmw
uperarijm simo.Apìdeixh (a) K�je Cn e�nai ènwsh 2n xènwn kleist¸n diasthm�twn me m ko
 (1
3
)n tokajèna, �ra λ(Cn) = 2n(1

3
)n. 'Epetai ìti λ(C) = limn λ(Cn) = 0.(b) To C e�nai kleistì (tom  twn kleist¸n sunìlwn Cn) kai poujen� puknì: An I e�naianoiktì di�sthma pou perièqetai sto C, tìte λ(I) ≤ λ(C) = 0, kai sunep¸
 I = ∅.(g) Ja de�xoume tèlo
 ìti to C e�nai uperarijm simo. Ja kataskeu�soume mia 1-1 sun�r-thsh pou ja apeikon�zei to sÔnolo

Ω = {(σn) : σn ∈ {0, 1}}ep� tou C. Autì arke�, afoÔ to Ω e�nai uperarijm simo.D�noume diadoqik� de�kte
 sta kleist� diast mata tou k�je Cn w
 ex 
:
C1 : [0, 1

3
] = K(0), [2

3
, 1] = K(1)

C2 : [0, 1
9
] = K(00), [2

9
, 3

9
] = K(01), [6

9
, 7

9
] = K(10), [8

9
, 1] = K(11)

. . . . . . . . . . . .

0 1

00 01 10

000   100 101  110  111 011 010 001
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Dhlad , an ta diast mata tou Cn èqoun onomasje� K(σ1, σ2, . . . , σn) ìpou σk ∈ {0, 1}, sto
(n+1)-ostì st�dio prokÔptoun apì to K(σ1, σ2, . . . , σn) ta diast mataK(σ1, σ2, . . . , σn, 0)kai K(σ1, σ2, . . . , σn, 1) tou Cn+1. Epomènw
, k�je �peirh akolouj�a σ = (σ1, σ2, . . . ) ∈ Ωkajor�zei mia monadik  fj�nousa akolouj�aK(σ1), K(σ1, σ2), . . . , K(σ1, σ2, . . . , σn), . . . apì11



sumpag  diast mata. 'Epetai (lìgw sump�geia
) ìti h tom  Kσ ≡
∞
⋂

n=1

K(σ1, σ2, . . . , σn)den e�nai ken , kai efìson diamK(σ1, σ2, . . . , σn) = 3−n → 0, to Kσ e�nai monosÔnolo.Onom�zoume f(σ) to monadikì stoiqe�o tou Kσ, dhlad  Kσ = {f(c)}.Den e�nai dÔskolo na bebaiwje� kane�
 ìti h σ → f(σ) e�nai 1-1 kai ep�:An σ = (σ1, σ2, . . .) 6= τ = (τ1, τ2, . . .), tìte up�rqei n ∈ N ¸ste σn 6= τn opìte tasÔnola K(σ1, σ2, . . . , σn) kai K(τ1, τ2, . . . , τn) e�nai xèna. All� f(σ) ∈ K(σ1, σ2, . . . , σn)kai f(τ) ∈ K(τ1, τ2, . . . , τn) �ra f(σ) 6= f(τ).Ep�sh
 an x ∈ C = ∩nCn tìte gia k�je n to x an kei se èna kai monadikì K(σ1, σ2, . . . , σn).'Ara to x an kei sthn tom ⋂nK(σ1, σ2, . . . , σn) = Kσ = {f(σ)} opìte up�rqei σ ∈ Ω ¸ste
x = f(σ).Parat rhsh 2.25 To sÔnolo Cantor e�nai tèleio, dhlad  e�nai kleistì kai den èqeimemonwmèna shme�a.Apìdeixh Ja de�xoume ìti k�je x ∈ C e�nai ìrio mia
 akolouj�a
 (xn) shme�wn tou Cdaforetik¸n apì to x.Gia k�je n, to shme�o x perièqetai se èna monadikì K(σ1, σ2, . . . , σn). An to x e�nai toaristerì �kro tou K(σ1, σ2, . . . , σn0

), onom�zoume xn to dexiì �kro; an ìqi, onom�zoume xnto aristerì �kro. Kai sti
 dÔo peript¸sei
, èqoume 0 < |x− xn| ≤ (1
3
)n. 2Parat rhsh 2.26 Gia k�je a ∈ (0, 1), mporoÔme na kataskeu�soume èna sÔnolo {tÔpou

Cantor} Ca me mètro a.Kataskeu  Xekin�me apì to C0 = [0, 1], all� ant� na afairèsoume èna anoiktì di�sthmam kou
 1
3
me kèntro to mèson tou, afairoÔme èna anoiktì di�sthma (1

2
− b

4
, 1

2
+ b

4
) m kou


b
2
(ìpou b = 1− a). ProkÔptoun dÔo kleist� diast mata m kou
 1

2
(1− b

2
). Apì to kajènaafairoÔme èna anoiktì di�sthma m kou
 b

8
me kèntro to mèson tou, kai prokÔptoun tèsseradiast mata m kou
 1

4
(1 − b

2
− b

4
) to kajèna, kai oÔtw kajex 
. 'Etsi sto n-ostì st�dioafairoÔme, me kèntro to mèson k�je diast mato
 tou Ca

n−1, èna anoiktì di�sthma m kou

b

22n−1 . 'Epetai ìti
λ([0, 1] \ Ca) =

b

2
+ 2

b

8
+ 22 b

24
+ . . . = b, �ra λ(Ca) = a.To Ca e�nai kleistì kai poujen� puknì. Pr�gmati, an I e�nai èna anoiktì di�sthma pouperièqetai sto Ca, tìte gia k�je n ja perièqetai sto Ca

n. All�, epeid  λ(Ca
n) < 1, kajènaapì ta 2n kleist� xèna diast mata pou apoteloÔn to Ca

n èqei m ko
 mikrìtero apì 1
2n .Kat� sunèpeia λ(I) < 1

2n gia k�je n, opìte λ(I) = 0 �ra I = ∅. 'Ara to Ca den mpore� naperièqei mh ken� anoikt� diast mata.Ep�sh
 to Ca e�nai tèleio. H apìdeixh e�nai h �dia me thn per�ptwsh tou C.H idi�zousa sun�rthsh tou Lebesgue Ja or�soume mia sun�rthsh φ : [0, 1] →
[0, 1] aÔxousa, suneq  kai ep�, pou e�nai topik� stajer  sto sumpl rwma Cc = [0, 1] \ Ctou sunìlou Cantor C. 12



H sun�rthsh aut  lègetai kai {kl�maka sou diabìlou} giat� aneba�nei {klimakwt�} apì to
0 (φ(0) = 0) sto 1 (φ(1) = 1) kai e�nai topik� stajer  se k�je anoiktì di�sthma tou Cc,epomènw
 e�nai paragwg�simh se k�je tètoio di�sthma me par�gwgo �sh me 0! Dhlad , h
φ e�nai sqedìn pantou paragwg�simh me φ′(t) = 0 gia k�je t sto (puknì) sÔnolo Cc, en¸
φ(0) = 0 kai φ(1) = 1.Kataskeu  H φ ja orisje� pr¸ta sto Cc. Sto pr¸to st�dio apì to C0 = [0, 1]afairoÔme to {mesa�o tr�to} anoiktì di�sthma: C0 \ C1 = (1

3
, 2

3
). Sto di�sthma autìor�zoume thn φ na e�nai stajer� �sh me 1

2
.

φ(t) =
1

2
, t ∈ I1

1 =

(

1

3
,
2

3

)

.Sto deÔtero st�dio afairoÔme apì kajèna apì ta dÔo diast mata tou C1 to {mesa�o tr�to}di�sthma: to sÔnolo C1 \ C2 = I2
1 ∪ I2

2 , e�nai ènwsh dÔo xènwn anoikt¸n diasthm�twnpl�tou
 1
9
to kajèna: I2

1 = (1
9
, 2

9
), I2

2 = (7
9
, 8

9
). Jètoume

φ(t) =

{

1
4
, t ∈ I2

1
3
4
, t ∈ I2

2Sto n-ostì st�dio, afairoÔme apì kajèna apì ta diast mata tou Cn−1 to {mesa�o tr�to}di�sthma: to sÔnolo Cn−1\Cn e�nai ènwsh 2n−1 xènwn anoikt¸n diasthm�twn. Ta arijmoÔme
In
1 , I

n
2 , . . . , I

n
2n−1 apì ta arister� pro
 ta dexi�, dhlad  an t ∈ In

k−1 kai s ∈ In
k tìte t < s.Jètoume

φ(t) =
2i− 1

2n
ìtan t ∈ In

i ,dhlad 
φ(t) =



















2−n, t ∈ In
1

3 · 2−n, t ∈ In
2...

1 − 2−n, t ∈ In
2n−1'Etsi or�zetai h φ sto anoiktì sÔnolo Cc.3 Gia na or�soume thn φ sto C, jètoume φ(0) = 0kai gia k�je t ∈ C \ {0},

φ(t) = sup{φ(s) : s ∈ Cc, s < t}.Isqurismì
 1: H φ e�nai aÔxousa:
(a) s1, s2 ∈ Cc, s1 < s2 ⇒ φ(s1) ≤ φ(s2).Autì e�nai fanerì apì ton orismì th
 φ sto Cc: diìti up�rqoun n ∈ N kai j, k = 1, . . . , 2n−1¸ste s1 ∈ In

j kai s2 ∈ In
k , �ra φ(s1) = 2j−1

2n kai φ(s2) = 2k−1
2n . All� j ≤ k afoÔ s1 < s2,�ra φ(s1) ≤ φ(s2).

(b) t1, t2 ∈ C, t1 < t2 ⇒ φ(t1) ≤ φ(t2)diìti {φ(s) : s ∈ Cc, s < t1} ⊆ {φ(s) : s ∈ Cc, s < t2}, �ra sup{φ(s) : s ∈ Cc, s < t1} ≤
sup{φ(s) : s ∈ Cc, s < t2}.

(c) t1 ∈ C, s2 ∈ Cc, t1 < s2 ⇒ φ(t1) ≤ φ(s2)3΄Ηδη βλέπουμε ότι η φ είναι παραγωγίσιμη στο Cc με παράγωγο ίση με 0.13



diìti gia k�je s ∈ Cc me s < t1 èqoume s < s2 �ra φ(s) ≤ φ(s2) apì to (a), �ra φ(t1) =
sup{φ(s) : s ∈ Cc, s < t1} ≤ φ(s2).

(d) s1 ∈ Cc, t2 ∈ C, s1 < t2 ⇒ φ(s1) ≤ φ(t2)diìti s1 ∈ {s ∈ Cc : s < t2} �ra φ(s1) ≤ sup{φ(s) : s ∈ Cc, s < t2} = φ(t2).Parat rhsh To sÔnolo φ(Cc) = {2i−1
2n : i = 1, . . . 2n, n ∈ N} perièqei ìlou
 tou
duadikoÔ
 rhtoÔ
, �ra e�nai puknì sto [0, 1].Isqurismì
 2: H φ e�nai suneq 
:'Estw ìti h φ e�nai asuneq 
 se k�poio x ∈ (0, 1). Epeid  h φ e�nai aÔxousa, ta pleurik�ìria up�rqoun, kai afoÔ e�nai asuneq 
, e�nai diaforetik�. Dhlad  to anoiktì di�sthma

(φ(x−), φ(x+)) den e�nai kenì, kai den mpore� na perièqei kammi� tim  th
 φ, ektì
 pijan¸
apì thn tim  φ(x). Dhlad  up�rqei k�poio anoiktì mh kenì sÔnolo4 pou den tèmnei to
φ([0, 1]), pr�gma pou èrqetai se ant�jesh me thn Parat rhsh. Me ton �dio trìpo apodei-knÔetai ìti h φ e�nai suneq 
 sta shme�a 0 kai 1.Isqurismì
 3: H φ e�nai ep�:Autì e�nai t¸ra �meso apì to Je¸rhma Endi�mesh
 Tim 
, afoÔ h φ e�nai suneq 
 sto [0, 1]kai pa�rnei th
 timè
 0 (ex orismoÔ) kai 1 (diìti φ(1) = sup{2i−1

2n : i = 1, . . . 2n, n ∈ N} = 1).H dexi� ant�strofh th
 φ: Or�zoume thn sun�rthsh
ψ : [0, 1] → [0, 1]

ψ(s) = inf{t ∈ [0, 1] : φ(t) = s} = inf φ−1({s}).ParathroÔme ìti afoÔ h φ e�nai ep�, gia k�je s ∈ [0, 1] to sÔnolo φ−1({s}) ⊆ [0, 1] dene�nai kenì, �ra ψ(s) ∈ [0, 1]. Ep�sh
 afoÔ h φ e�nai suneq 
, to φ−1({s}) e�nai kleistìuposÔnolo tou [0, 1], �ra sumpagè
, kai sunep¸
 to infimum tou e�nai minimum. AfoÔloipìn ψ(s) ∈ {t ∈ [0, 1] : φ(t) = s}, èpetai ìti
φ(ψ(s)) = s gia k�je s ∈ [0, 1].Isqurismì
 4: H ψ e�nai gnhs�w
 aÔxousa, �ra 1-1:Ja de�xw ìti
s1 < s2 =⇒ ψ(s1) < ψ(s2).Pr�gmati an ψ(s1) ≥ ψ(s2), tìte, afoÔ h φ e�nai aÔxousa, èqoume φ(ψ((s1)) ≥ φ(ψ(s2))dhlad  s1 ≥ s2.Isqurismì
 5: ψ([0, 1]) ⊆ C.Pr�gmati, an upojèsoume ìti up�rqei s ∈ [0, 1] ¸ste ψ(s) ∈ Cc, tìte to ψ(s) ja perièqetaise k�poio anoiktì di�sthma In

i . Epeid  to In
i e�nai anoiktì, perièqei k�poio t < ψ(s). Omw
,h φ e�nai stajer  sto In

i , opìte φ(t) = φ(ψ(s)) = s. All� apì ton orismì tou, to ψ(s)e�nai to mikrìtero apì ìla ta t pou ikanopoioÔn φ(t) = s, �topo.4συγκεκριμένα το (φ(x
−

), φ(x+)) \ {φ(x)} 14



Mètra Borel sto R
Prìtash 1 'Estw F : R → R aÔxousa, dexi� suneq c. Up�rqei monadikì mètro Borel
µF sto R ¸ste

µF ((a, b]) = F (b)− F (a) gia k�je a, b ∈ R, a ≤ b.

Apìdeixh 'Estw F− ≡ inf{F (x) : x ∈ R} kai F+ ≡ sup{F (x) : x ∈ R}, opìte −∞ ≤
F− ≤ F+ ≤ +∞. AfoÔ h F eÐnai eÐnai aÔxousa, ta ìria lim

x→−∞
F (x) kai lim

x→+∞
F (x)

up�rqoun sto [−∞,+∞] kai isqÔei lim
x→−∞

F (x) = F− kai lim
x→+∞

F (x) = F+. EpekteÐnoume

loipìn thn F sto [−∞,+∞] jètontac F (−∞) = F− kai F (+∞) = F+.

Jewr¸ thn oikogèneia

E = {(a, b] : −∞ ≤ a < b <∞} ∪ {(a,∞) : −∞ ≤ a < +∞} ∪ {∅}

(ta stoiqeÐa thc ja onom�zoume h-diast mata). EÐnai stoiqei¸dhc oikogèneia, epomènwc to
sÔnolo A ìlwn twn peperasmènwn en¸sewn I1 ∪ I2 ∪ · · · ∪ In xènwn h-diasthm�twn eÐnai
�lgebra.

Pr¸to B ma Orismìc tou µF sthn A.
OrÐzoume µF ((a, b]) = F (b)− F (a) ìtan a, b ∈ R, a ≤ b

µF ((−∞, b]) = F (b)− lim
a→−∞

F (a) = F (b)− F (−∞),

µF ((a,+∞)) = lim
b→+∞

F (b)− F (a) = F (+∞)− F (a).

An A =
n⋃

j=1

(aj, bj], ìpou −∞ ≤ a1 < b1 ≤ a2 < b2 · · · ≤ an < bn ≤ +∞

eÐnai èna stoiqeÐo1 thc A, jètoume

µF (
n⋃

j=1

(aj, bj]) =
n∑

j=1

(F (bj)− F (aj)).

Apì ton orismì èqoume

µF (
n⋃

j=1

(aj, bj]) =
n∑

j=1

µF ((aj, bj]).

Isqurismìc: To µF eÐnai kal� orismèno sthn A.
Dhlad , an èna A ∈ A grafteÐ kat� dÔo diaforetikoÔc trìpouc A =

⋃n
i=1 Ii =

⋃m
j=1 Jj,

ìpou Ii, Jj ∈ E , tìte
∑n

i=1 µF (Ii) =
∑m

j=1 µF (Jj).

Apìdeixh. (a) Upojètoume pr¸ta ìti h oikogèneia {Jj} apoteleÐtai apì èna mìno h-
di�sthma, dhlad  ìti

⋃n
i=1 Ii = (c, d]. Tìte, anadiat�ssontac en an�gkh ta h-diast mata

Ii = (ai, bi], ja èqoume

c = a1 < b1 = a2 < b2 = a3 < · · · < bn = d

1
όπου, αν bn = +∞, με το σύμβολο (an, bn] θα εννοούμε το (an,+∞)

1



kai sunep¸c

(��
��F (b1)−F (a1))+(��

��F (b2)−����F (a2))+ · · ·+(F (bn)−����F (an)) = −F (a1)+F (bn) = F (d)−F (c)

diìti F (b1) = F (a2), F (b2) = F (a3), . . . , F (bn−1) = F (an).

(b) An t¸ra
⋃n

i=1 Ii =
⋃m

j=1 Jj, tìte k�je h-di�sthma Ii eÐnai ènwsh twn h-diasthm�twn
Ii ∩ Ij, j = 1, . . . ,m, epomènwc apì to (a)

µF (Ii) = µF

(
m⋃

j=1

(Ii ∩ Jj)

)
=

m∑
j=1

µF (Ii ∩ Jj)

kai omoÐwc µF (Jj) = µF

(
n⋃

i=1

(Ii ∩ Jj)

)
=

n∑
i=1

µF (Ii ∩ Jj)

�ra
n∑

i=1

µF (Ii) =
n∑

i=1

(
m∑

j=1

µF (Ii ∩ Jj)

)
=

m∑
j=1

(
n∑

i=1

µF (Ii ∩ Jj)

)
=

m∑
j=1

µF (Jj).

An t¸ra apodeÐxw ìti to µF eÐnai promètro sthn A, tìte apì to Je¸rhma epèktashc
Karajeodwr  to µF ja dèqetai s-prosjetik  epèktash sthn s-�lgebra pou par�getai apì
thn A, h opoÐa perièqei ìla ta hmianoikt� diast mata kai sunep¸c eÐnai h s-�lgebra Borel.
Epiplèon h epèktash aut  ja eÐnai monadik , kaj¸c to µF eÐnai s-peperasmèno sthn A,
efìson R = ∪n∈Z(n, n+ 1] kai µF ((n, n+ 1]) <∞ gia k�je n ∈ Z.
Mènei loipìn na apodeÐxw ìti

DeÔtero B ma: To µF eÐnai promètro sthn A.
Pr�gmati, (i) To µF eÐnai peperasmèna prosjetikì sthn A.
Autì eÐnai �mesh sunèpeia tou orismoÔ: An A =

⋃n
i=1 Ii kai B =

⋃m
j=1 Jj an koun sthn A

kai eÐnai xèna, tìte ìla ta h-diast mata Ii kai Jj eÐnai xèna opìte

µF (A ∪B) = µF (
n⋃

i=1

Ii ∪
m⋃

j=1

Jj) =
∑

µF (Ii) +
∑

µF (Jj) = µF (A) + µF (B).

(ii) To µF eÐnai s-prosjetikì sthn A. Prèpei na deÐxw ìti

An An ∈ A eÐnai xèna an� dÔo kai ∪∞n=1An = A ∈ A, tìte µF (A) =
∞∑

n=1

µF (An). (1)

Den eÐnai dÔskolo na peisjoÔme ìti arkeÐ na periorisjoÔme sthn perÐptwsh ìpou ta An kai
A eÐnai h-diast mata. Pr�gmati:

Ex upojèsewc, afoÔ A ∈ A, to A eÐnai peperasmènh ènwsh xènwn h-diasthm�twn,
A =

⋃m
j=1 Jj. Efìson k�je Ai ⊂ A =

⋃m
j=1 Jj èqoume Ai =

⋃m
j=1(Jj ∩ Ai) kai sunep¸c

∞⋃
i=1

(
m⋃

j=1

(Jj ∩ Ai)

)
= A =

m⋃
j=1

Jj �ra
m⋃

j=1

(
∞⋃
i=1

(Jj ∩ Ai)

)
=

m⋃
j=1

Jj

opìte, epeid  ta Jj eÐnai xèna,

∞⋃
i=1

(Jj ∩ Ai) = Jj gia k�je j = 1, . . .m.

2



All� k�je Jj ∩Ai eÐnai peperasmènh ènwsh xènwn h-diasthm�twn, opìte apì thn prohgoÔ-
menh isìthta to Jj eÐnai ènwsh xènwn h-diasthm�twn

∞⋃
i=1

Iij = Jj gia k�je j = 1, . . .m.

ArkeÐ loipìn na deÐxoume ìti

∞∑
i=1

µF (Iij) = µF (Jj) gia k�je j = 1, . . .m

giatÐ tìte, prosjètontac tic m autèc isìthtec kat� mèlh, apì thn peperasmènh prosjeti-
kìthta tou µF ja prokÔyei h (1).

Me �lla lìgia, arkeÐ na apodeÐxw ìti

An In eÐnai xèna an� dÔo h-diast mata kai ∪∞n=1 In = I eÐnai h-di�sthma, tìte

µF (I) =
∞∑

n=1

µF (In). (2)

Apìdeixh thc (2) H sqèsh

µF (I) ≥
∞∑

n=1

µF (In)

eÐnai eÔkolh: Gia k�je N ∈ N, epeid  to µF eÐnai peperasmèna prosjetikì kai ta I, In
an koun sthn �lgebra A, èqoume

µF (I) = µF (
N⋃

n=1

In) + µF (I \
N⋃

n=1

In) ≥ µF (
N⋃

n=1

In) =
N∑

n=1

µF (In)

opìte µF (I) ≥ sup
N

N∑
n=1

µF (In) =
∞∑

n=1

µF (In).

Gia thn antÐstrofh anisìthta, upojètw pr¸ta ìti to I eÐnai fragmèno di�sthma (opìte kai
k�je In ja eÐnai fragmèno) kai gr�fw I = (a, b], In = (an, bn].

H F eÐnai dexi� suneq c (!). Sunep¸c gia k�je ε > 0 up�rqei δ > 0 ¸ste

F (a+ δ)− F (a) < ε (3)

kai, gia ton Ðdio lìgo, gia k�je n ∈ N up�rqei δn > 0 ¸ste

F (bn + δn)− F (bn) <
ε

2n
. (4)

Epeid  (a, b] = ∪n(an, bn], èqoume [a + δ, b] ⊆ ∪n(an, bn + δn). 'Omwc to [a + δ, b] eÐnai
sumpagèc (!), �ra to anoiktì k�lumma {(an, bn+δn) : n ∈ N} èqei peperasmèno upok�lumma:
up�rqei N ∈ N ¸ste

[a+ δ, b] ⊆
N⋃

n=1

(an, bn + δn).

An k�poio apì ta anoikt� aut� diast mata perièqetai ex olokl rou se k�poio �llo, to
paraleÐpoume kai exakoloujoÔme na èqoume k�lumma tou [a+ δ, b]. Anadiat�ssontac t¸ra

3



en an�gkh ta diast mata, mporoÔme na upojèsoume ìti k�je (an, bn + δn) tèmnei to epìmeno
di�sthma (an+1, bn+1 + δn+1) kai den to uperkalÔptei, dhlad  ìti

bn + δn ∈ (an+1, bn+1 + δn+1) gia k�je n = 1, 2, . . . , N − 1. (5)

'Eqoume tìte

µF (I) = F (b)− F (a) < F (b)− F (a+ δ) + ε apì thn (3)

≤ F (bN + δN)− F (a1) + ε (afoÔ F aÔxousa kai a1 < a+ δ, b < bN + δN)

= (F (bN + δN)− F (aN)) + (F (aN)− F (aN−1)) + · · ·+ (F (a2)− F (a1)) + ε

= (F (bN + δN)− F (aN)) +
N−1∑
k=1

(F (ak+1)− F (ak)) + ε

≤ (F (bN + δN)− F (aN)) +
N−1∑
k=1

(F (bk + δk)− F (ak)) + ε (lìgw thc (5))

=
N∑

k=1

(F (bk + δk)− F (ak)) + ε

≤
N∑

k=1

(
F (bk) +

ε

2k
− F (ak)

)
+ ε (apì thn (4))

≤
N∑

k=1

(
µF ((ak, bk]) +

ε

2k

)
+ ε ≤

∞∑
k=1

(
µF ((ak, bk]) +

ε

2k

)
+ ε

≤
∞∑

k=1

µF ((ak, bk]) + 2ε.

Epeid  to ε > 0 eÐnai aujaÐreto, apodeÐxame, me thn upìjesh ìti to I eÐnai fragmèno, thn
apaitoÔmenh anisìthta

µF (I) ≤
∞∑

k=1

µF (Ik).

'Otan to I eÐnai thc morf c I = (−∞, b] ìpou b ∈ R (dhlad  (−∞, b] =
⋃∞

n=1 In) tìte
2

gia k�je M < ∞ kalÔptw to di�sthma [−M, b] me peperasmèno pl joc diasthm�twn thc
morf c (an, bn + δn) kai ìpwc prin katal gw sthn anisìthta

µF ([−M, b]) = F (b)− F (−M) ≤
N∑

k=1

µF ((ak, bk]) + 2ε ≤
∞∑

k=1

µF (Ik) + 2ε

epomènwc
µF (I) = F (b)− lim

M→+∞
F (−M) ≤

∞∑
k=1

µF (Ik) + 2ε

gia k�je ε > 0, opìte p�li èpetai h apaitoÔmenh anisìthta. Me ton Ðdio trìpo, ìtan
I = (a,+∞), katal goume gia k�je M < +∞ sthn

µF ((a,M ]) = F (M)− F (a) ≤
∞∑

k=1

µF (Ik) + 2ε.

2
αρκεί να υποθέσω ότι όλα τα In είναι φραγμένα, διότι αλλιώς, αν π.χ. I1 = (−∞, b1] οπότε
I = (−∞, b] = (−∞, b1] ∪

⋃∞
n=2(an, bn] έχω

µF (I) = µF ((−∞, b1]) + µF (
⋃∞

n=2(an, bn]) = µF ((−∞, b1]) +
∑∞

n=2 µF ((an, bn])
από την προηγούμενη περίπτωση.
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3 Olokl rwsh3.1 Metr sime
 Sunart sei
Parathr sei
 3.1 (a) Mia sun�rthsh f : X → Y metaxÔ mh ken¸n sunìlwn ep�gei1mia apeikìnish
f−1 : P(Y ) → P(X) : B → f−1(B) ≡ {x ∈ X : f(x) ∈ B}.H apeikìnish aut  diathre� sumplhr¸mata, auja�rete
 en¸sei
 kai auja�rete
 tomè
.(b) An B ⊆ P(Y ) e�nai σ-�lgebra, h oikogèneia

f−1(B) ≡ {f−1(B) : B ∈ B}e�nai σ-�lgebra uposunìlwn tou X.Orismì
 3.1 An (X,A) kai (Y,B) e�nai metr simoi q¸roi, mia sun�rthsh f : X → Ylègetai (A,B)-metr simh an gia k�je B ∈ B isqÔei f−1(B) ∈ A.Parathr sei
 3.2 (a) H sÔnjesh metrhs�mwn sunart sewn e�nai metr simh: An
(X,A)

f→ (Y,B)
g→ (Z, C)ìpou h f e�nai (A,B)-metr simh kai h g e�nai (B, C)-metr simh, tìte h g ◦ f e�nai (A, C)-metr simh.(b) 'Estw E ⊆ B mia oikogèneia pou par�gei thn B, dhlad  tètoia ¸ste M(E) = B. Gia naelègxw an mia sun�rthsh f : X → Y e�nai (A,B)-metr simh, arke� na elègxw an h sqèsh

f−1(E) ∈ A isqÔei gia k�je E ∈ E .(g) 'Epetai apì to (b) ìti an oi X kai Y e�nai topologiko� (  metriko�) q¸roi, k�je suneq 
sun�rthsh f : X → Y e�nai (BX ,BY )-metr simh.Orismì
 3.2 An (X,M) e�nai metr simo
 q¸ro
 kai Y e�nai topologikì
   metrikì
q¸ro
, mia f : X → Y lègetai M-metr simh an e�nai (M,BY )-metr simh.Idia�tera endiafèroun oi peript¸sei
 Y = R   Y = C (me th sunhjismènh topolog�a).Eidikìtera mia f : R → R lègetai Borel metr simh an e�nai (BR,BR)-metr simh, kai
Lebesgue metr simh an e�nai (Mλ,BR)-metr simh (ìpou Mλ h σ-�lgebra twn Lebesguemetr simwn sunìlwn).'Askhsh 3.3 H sun�rthsh χA e�nai M-metr simh an kai mìnon an A ∈ M.Prìtash 3.4 An f : (X,M) → R, ta ex 
 e�nai isodÔnama:
(i) H f e�nai M-metr simh.
(ii) Gia k�je U ⊆ R anoiktì, f−1(U) ∈ M.
(iii) Gia k�je a ∈ R, f−1([a,∞)) ∈ M.
(iv) Gia k�je a ∈ R, f−1((−∞, a]) ∈ M.1oloklhr, 25/11/08 1



Parat rhsh 3.5 An E ⊆ X kai f : E → R, h f lègetai metr simh sto E an e�nai
(ME,BR)-metr simh, ìpou ME = {A ∩ E : A ∈ M}. Sthn per�ptwsh pou h f or�zetaisto X kai E ∈ M, h f |E e�nai metr simh sto E an kai mìnon an gia k�je B ∈ BR isqÔei
(f−1(B) ∩ E) ∈ M.Orismì
 3.3 An (X,M) e�nai metr simo
 q¸ro
, mia f : X → [−∞,∞] lègetai M-metr simh an e�nai (M,BR̄)-metr simh ìpou BR̄ = {E ⊆ [−∞,∞] : E ∩ R ∈ BR}. IsodÔ-nama, h f e�nai M-metr simh an kai mìnon an f−1([−∞, b]) ∈ M gia k�je b ∈ R.Prìtash 3.6 An (X,M) e�nai metr simo
 q¸ro
, f : X → R metr simh kai g : R → Rsuneq 
, tìte h g ◦ f : X → R e�nai metr simh.Parathr sei
 3.7 (a) An mia f : R → R e�nai Borel (dhlad  (BR,BR)-metr simh),tìte e�nai Lebesgue metr simh, dhlad  (Mλ,BR)-metr simh. To ant�strofo den isqÔeip�nta.(b) An oi f, g : R → R e�nai Lebesgue metr sime
, den alhjeÔei p�nta ìti h sÔnjesh
g ◦ f : R → R e�nai Lebesgue metr simh.Prìtash 3.8 An (X,M) e�nai metr simo
 q¸ro
, f, g : X → R metr sime
 kai p > 0,
(i) oi sunart sei
 |f | kai |f |p e�nai metr sime

(ii) oi sunart sei
 f + g kai fg e�nai metr sime
.Prìtash 3.9 'Estw (X,M) metr simo
 q¸ro
 kai fn : X → [−∞, +∞] metr sime
(n ∈ N). Tìte1. h sun�rthsh supn fn e�nai metr simh,2. h sun�rthsh infn fn e�nai metr simh,3. h sun�rthsh lim supn fn ≡ infk supn≥k fn e�nai metr simh,4. h sun�rthsh lim infn fn ≡ supk infn≥k fn e�nai metr simh,5. eidikìtera, an to kat� shme�o ìrio f ≡ limn fn : X → [−∞, +∞] up�rqei, tìte e�naimetr simh sun�rthsh.Prìtash 3.10 'Estw (X,M) metr simo
 q¸ro
.(a) An f : X → [−∞, +∞] metr simh, tìte oi f+ = max{f, 0}, f− = −min{f, 0} kai
|f | = f+ + f− e�nai metr sime
 (kai ikanopoioÔn f = f+ − f− kai f+f− = 0).(b) An g : X → C kai u = 1

2
(g + ḡ), v = 1

2i
(g − ḡ), tìte h g e�nai metr simh an kai mìnonan oi u kai v e�nai metr sime
.(g) An h g : X → C e�nai metr simh, tìte oi |g| =

√
u2 + v2 kai sgn g e�nai metr sime
,ìpou sgn z =

{
z
|z|

, z 6= 0

0, z = 0
(z ∈ C).

2



Aplè
 sunart sei
Orismì
 3.4 Mia sun�rthsh s : X → R   C lègetai apl  an to sÔnolo s(X) e�naipeperasmèno. An s(X) = {a1, a2, . . . , an} kai Ai = s−1({ai}) tìte h {A1, . . .An} e�naidiamèrish2 tou X kai h s gr�fetai se kanonik  morf : s =
n∑

k=1

akχAk
.Parathr sei
 3.11 'Estw (X,M) metr simo
 q¸ro
.(a) Mia apl  sun�rthsh s : X → R se kanonik  morf  s =

∑
k ckχEk

e�nai metr simhan kai mìnon an Ek ∈ M gia k�je k = 1, . . . , n.(b) Epomènw
 an oi s, t : X → R e�nai aplè
 metr sime
, to �dio isqÔei kai gia ti

s + t, s · t, max{s, t}, min{s, t}, s+, s−, |s| = s+ + s−.Je¸rhma 3.12 'Estw f : X → [0, +∞] mia sun�rthsh. Tìte up�rqei aÔxousa akolou-j�a (sn) apl¸n me sn(X) ⊆ [0, +∞) gia k�je n tètoia ¸ste

sn(x) ր f(x) gia k�je x ∈ X.An h f e�nai fragmènh, mporoÔme na dialèxoume ti
 sn ¸ste sn → f omoiìmorfa sto X.H idèa th
 apìdeixh
: Gia k�je n ∈ N jètw
Fn = {x ∈ X : f(x) ≥ n}Qwr�zw to [0, n) se n · 2n diast mata [0, 1

2n ), [ 1
2n , 2

2n ), . . . , [n2n−1
2n , n2n

2n ) kai jewr¸ ti
 ant�-strofe
 eikìne
 mèsw th
 f :

En,i =

{
x ∈ X :

i − 1

2n
≤ f(x) <

i

2n

}
, i = 1, 2, . . . , n2n.Or�zw

sn =

n2n∑

i=1

i − 1

2n
χEn,i

+ nχFn
.dhlad  jètw

sn(x) =





n, an f(x) ≥ n

i−1
2n , an i = 1, 2, . . . , n2n tètoio ¸ste i−1

2n ≤ f(x) < i
2nPrìtash 3.13 Gia k�je M-metr simh sun�rthsh f : X → [0, +∞] up�rqei akolouj�a

(sn) apl¸n M-metrhs�mwn sunart sewn ¸ste 0 ≤ sn(x) ≤ sn+1(x) ≤ f(x) kai sn(x) →
f(x) gia k�je x ∈ X. An h f e�nai fragmènh, mporoÔme na dialèxoume ti
 sn ¸ste sn → fomoiìmorfa sto X.Je¸rhma 3.14 Mia sun�rthsh f : X → R   f : X → C e�nai M-metr simh an kaimìnon an e�nai to (kat� shme�o) ìrio mia
 akolouj�a
3 {sn} (pragmatik¸n   migadik¸n)
M-metr simwn apl¸n sunart sewn.2δηλαδή τα Ak είναι ξένα ανά δύο και ∪Ak = X3η {sn} δεν είναι κατ’ανάγκην μονότονη, μπορούμε όμως να την επιλέξουμε ώστε η {|sn|} να είναι αύξουσα3



Sumpèrasma H kl�sh twn M-metrhs�mwn sunart sewn perièqei ti
 qarakthristikè
sunart sei
 χA, A ∈ M kai e�nai kleist  w
 pro
 ti
 algebrikè
 pr�xei
:
f, g metr sime
 ⇒ f + g, f · g, max{f, g}, min{f, g}, |f |, f+, f− metr sime
kaj¸
 kai ta kat� shme�o ìria akolouji¸n:

fn (n ∈ N) metr sime
 ⇒ sup
n

fn, inf
n

fn, lim
n

fn metr sime
(an to teleuta�o ìrio up�rqei).Prìtash 3.15 'Estw (X,S, µ) q¸ro
 mètrou kai (X,S, µ̄) h pl rws  tou.An f : X → [−∞, +∞]   f : X → C tìte(a) an h f e�nai S-metr simh tìte e�nai S-metr simh(b) an h f e�nai S-metr simh tìte up�rqei S-metr simh sun�rthsh g pou e�nai µ-sqedìnpantoÔ �sh me thn f .Pìrisma 3.16 K�je Lebesgue metr simh sun�rthsh f : R → [−∞, +∞] e�nai λ-sqedìnpantoÔ �sh me mia Borel metr simh sun�rthsh.3.2 To olokl rwma LebesgueSe ìlh thn par�grafo, stajeropoioÔme ènan q¸ro mètrou (X,S, µ).3.2.1 Mh arnhtikè
 sunart sei
Ja melet soume pr¸ta ti
 idiìthte
 tou oloklhr¸mato
 mh arnhtik¸n sunart sewn.Orismì
 3.5 Sumbol�zoume L+(X,S)   apl� L+ to sÔnolo twn mh arnhtik¸n metr si-mwn sunart sewn f : X → [0, +∞].
(i) An s : X → R+ e�nai apl  metr simh se kanonik  morf  s =

n∑

k=1

ckχAk
or�zoume

∫
sdµ =

n∑

k=1

ckµ(Ak) ∈ [0, +∞](jètoume 0 · (+∞) = 0).
(ii) An f : X → [0, +∞] e�nai metr simh, or�zoume

∫
fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
.An A ∈ S or�zoume ∫

A

fdµ =

∫
fχAdµ.L mma 3.17 An s : X → R+ apl  metr simh kai s =

∑m
k=1 bkχBk

ìpou Bk ∈ S kai
Bk ∩ Bj = ∅ gia k 6= j, tìte ∫

sdµ =

m∑

k=1

bkµ(Bk).4



Prìtash 3.18 An s, t : X → [0, +∞) aplè
 metr sime
 kai a ≥ 0, tìte
(i)

∫
asdµ = a

∫
sdµ

(ii)

∫
(s + t)dµ =

∫
sdµ +

∫
tdµ

(iii) An s ≤ t tìte ∫
sdµ ≤

∫
tdµ.Prìtash 3.19 An f, g : X → [0, +∞] metr sime
 kai a ≥ 0, tìte

(i)

∫
afdµ = a

∫
fdµ

(ii) An f ≤ g tìte ∫
fdµ ≤

∫
gdµ.

(iii) An A ⊆ B (A, B ∈ S) tìte ∫

A

fdµ ≤
∫

B

fdµ

(iv) An A ∈ S kai µ(A) = 0   f |A = 0 tìte ∫

A

fdµ = 0.Par�deigma 3.20 An µ e�nai to mètro Dirac δ0 sto 0 ∈ R, tìte gia k�je sun�rthsh
Borel f : R → [−∞, +∞] isqÔei ∫

R

fdµ = f(0)diìti an A ⊆ R e�nai Borel kai 0 /∈ A, tìte µ(A) = 0, opìte ∫ fdµ =
∫
{0}

fdµ = f(0).Prìtash 3.21 'Estw s : X → [0, +∞) apl  metr simh. Or�zoume
ν : S → [0, +∞] : ν(A) =

∫

A

sdµ.Tìte to ν e�nai mètro.Je¸rhma 3.22 (Monìtonh
 sÔgklish
 tou Lebesgue) An (fn) e�nai aÔxousaakolouj�a metrhs�mwn mh arnhtik¸n sunart sewn fn : X → [0, +∞], tìte
∫

(lim
n

fn)dµ = lim
n

∫
fndµ.Apìdeixh Gia k�je x ∈ X h akolouj�a (fn(x)) e�nai aÔxousa kai sunep¸
 èqei ìrio

f(x) ∈ [0, +∞]. 'Eqoume de�xei ìti to kat� shme�o ìrio metrhs�mwn sunart sewn e�naimetr simh. 'Ara h f e�nai metr simh, kai sunep¸
 to ∫ fdµ up�rqei (mpore� na e�nai +∞).Epeid  fn ≤ fn+1 ≤ f , èqoume ∫ fndµ ≤
∫

fn+1dµ ≤
∫

fdµ. Epomènw
 to ìrio
limn

∫
fndµ ≡ a up�rqei (mpore� na e�nai +∞) kai

a ≤
∫

fdµ.
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Mènei na deiqje� h ant�strofh anisìthta. Apì ton orismì tou ∫ fdµ arke� na de�xoume ìtian s e�nai apl  metr simh sun�rthsh me 0 ≤ s ≤ f isqÔei
∫

sdµ ≤ a.StajeropoioÔme èna c ∈ (0, 1) kai ja de�xoume ìti
c

∫
sdµ ≤ a.Jètoume

En = {x ∈ X : fn(x) ≥ cs(x)} (n = 1, 2, . . .).ParathroÔme ìti En ∈ S afoÔ h fn − cs e�nai metr simh kai ìti E1 ⊆ E2 ⊆ . . . afoÔ
f1 ≤ f2 ≤ . . . .Isqurismì
:

∞⋃

n=1

En = X.Pr�gmati, èstw x ∈ X. An f(x) = 0 tìte s(x) = 0 �ra x ∈ En gia k�je n. An p�li
f(x) > 0 tìte f(x) ≥ s(x) > cs(x) (jum�sou ìti s(x) < ∞), opìte efìson fn(x) ր f(x)up�rqei n ∈ N ¸ste fn(x) ≥ cs(x), �ra x ∈ En. O isqurismì
 apode�qjhke.JewroÔme to mètro ν pou or�zetai apì th sqèsh

ν(E) =

∫

E

sdµ, E ∈ S'Eqoume
cν(En) = c

∫

En

sdµ =

∫

En

csdµ ≤
∫

En

fndµ (giat� cs(x) ≤ fn(x) ìtan x ∈ En)

≤
∫

fndµ.'Otan n → ∞, èqoume ν(En) → ν(X) =
∫

sdµ apì thn σ-prosjetikìthta tou ν (Prìtash3.21). Ep�sh
 ∫ fndµ → a. Sunep¸
 apì th sqèsh cν(En) ≤
∫

fndµ èpetai ìti c ∫ sdµ ≤ a.AfoÔ h anisìthta aut  isqÔei gia k�je c ∈ (0, 1), jewr¸nta
 c ր 1 prokÔptei
∫

sdµ ≤ a.H anisìthta apode�qjhke gia k�je apl  metr simh sun�rthsh s me 0 ≤ s ≤ f , kai sunep¸

∫

fdµ = sup

{∫
sdµ : s apl  metr simh, 0 ≤ s ≤ f

}
≤ a�ra telik¸
 ∫ fdµ = a. 2Pìrisma 3.23 (Prosjetikìthta) An f, g : X → [0, +∞] metr sime
, tìte

∫
(f + g)dµ =

∫
fdµ +

∫
gdµ.6



Je¸rhma 3.24 (Beppo Levi) An (fn) e�nai akolouj�a metrhs�mwn mh arnhtik¸n su-nart sewn fn : X → [0, +∞], tìte
∫ (∑

n

fn

)
dµ =

∑

n

(∫
fndµ

)
.L mma 3.25 (Anisìthta Chebyshev - Markov) An f ∈ L+ kai c > 0 tìte

∫
fdµ ≥ cµ({x ∈ X : f(x) ≥ c}).Prìtash 3.26 An f, g : X → [0, +∞] e�nai metr sime
 tìte(i) f = g sqedìn pantoÔ =⇒
∫

fdµ =
∫

gdµ(ii) f = 0 sqedìn pantoÔ ⇐⇒
∫

fdµ = 0.Prìtash 3.27 An fn, f ∈ L+ kai fn ր f sv.p. tìte
∫

fdµ = lim
n

∫
fndµ.Parade�gmata 3.28 (a) Ston (R,BR, λ), an fn = χ[n,n+1] tìte fn → 0 kat� shme�oall� limn

∫
fndλ = 1 >

∫
limn fndλ.(b) Ston ([0, 1],B[0,1], λ), an gn = nχ(0, 1

n
) tìte gn → g = 0 kat� shme�o all�

limn

∫
gndλ = 1 >

∫
limn gndλ.Je¸rhma 3.29 (L mma Fatou) An fn : X → [0, +∞] e�nai metr sime
 4

∫
(lim inf

n
fn)dµ ≤ lim inf

n

∫
fndµ.Pìrisma 3.30 An fn, f ∈ L+ kai fn → f sv.p. tìte

∫
fdµ ≤ lim inf

n

∫
fndµ.Prìtash 3.31 An f : X → [0, +∞] e�nai metr simh kai ∫ fdµ < ∞ tìte(i) H f e�nai sv.p. peperasmènh: µ({x ∈ X : f(x) = +∞}) = 0.(ii) To sÔnolo {x ∈ X : f(x) > 0} e�nai σ-peperasmèno.3.2.2 Olokl rwsh metrhs�mwn sunart sewnOrismì
 3.6 (i) 'Estw f : X → R metr simh kai f+ = max{f, 0} kai f− = −min{f, 0}.Tìte oi f+ kai f− e�nai mh arnhtikè
 kai metr sime
, �ra or�zontai ta ∫ f+dµ kai ∫ f−dµ(sto R). An toul�qiston èna apì ta dÔo oloklhr¸mata e�nai peperasmèno, or�zoume

∫
fdµ =

∫
f+dµ −

∫
f−dµ ∈ R.4Υπενθύμιση: lim inf

n
xn = lim

n
(inf{xk : k ≥ n}) = sup

n

(inf{xk : k ≥ n}).7



(ii) Mia f : X → R lègetai (apolÔtw
) oloklhr¸simh an e�nai metr simh kai
∫

|f |dµ < +∞.Sumbolismì
:
L1

R
(X,S, µ) = L1

R
(µ) = {f : X → R : oloklhr¸simh}.Parat rhsh 3.32 (i) O periorismì
 f : X → R ston orismì tou L1(µ) e�nai anagka�o
gia na exasfalisje� ìti o L1(µ) e�nai grammikì
 q¸ro
 (de
 to Je¸rhma 3.33). M�a olo-klhr¸simh f : X → R e�nai dunatìn na mhn an kei ston L1, kaj¸
 endèqetai na pa�rnei ti
timè
 ±∞. 'Omw
, efìson ∫ |f |dµ < +∞, apì thn Prìtash 3.31 h |f | pa�rnei µ-sqedìnpantoÔ peperasmène
 timè
, �ra to �dio isqÔei gia ti
 f, f+ kai f−. Epomènw
 up�rqei5

g ∈ L1 ¸ste g = f µ-sqedìn pantoÔ.(ii) An f ∈ L1
R
(µ) kai f = f+ − f−, tìte epeid  0 ≤ f± ≤ |f | èqoume f± ∈ L1

R
(µ). Anant�strofa oi f+ kai f− e�nai oloklhr¸sime
 kai den apeir�zontai, tìte afoÔ |f | = f+ + f−èqoume ∫ |f |dµ < +∞ �ra f ∈ L1

R
(µ). Dhlad , an h f : X → R e�nai metr simh,

f ∈ L1
R
(µ) ⇔ |f | ∈ L1

R
(µ) ⇔ f+ kai f− ∈ L1

R
(µ) ⇒

∫
fdµ =

∫
f+dµ−

∫
f−dµ ∈ R.Je¸rhma 3.33 O L1

R
(µ) e�nai grammikì
 q¸ro
 kai to olokl rwma e�nai grammik  apei-kìnish L1

R
(µ) → R. Dhlad an f, g ∈ L1

R(µ)kai λ ∈ R, tìte f + λg ∈ L1
R(µ)kai ∫ (f + λg)dµ =

∫
fdµ + λ

∫
gdµ.Apìdeixh (i) Epeid  |f + λg| ≤ |f | + |λ||g|, èqoume

∫
|f + λg|dµ ≤

∫
(|f | + |λ||g|)dµ

(3.19,3.23)
=

∫
|f |dµ + |λ|

∫
|g|dµ < +∞.(iia) An h = f + g tìte oi f±, g± kai h± pa�rnoun pragmatikè
 mìno timè
 opìte

h+ − h− = f+ − f− + g+ − g−

⇒ h+ + f− + g− = f+ + g+ + h−

⇒
∫

(h+ + f− + g−)dµ =

∫
(f+ + g+ + h−)dµ (ìle
 mh arnhtikè
)

⇒
∫

h+dµ +

∫
f−dµ +

∫
g−dµ =

∫
f+dµ +

∫
g+dµ +

∫
h−dµ (Pìrisma 3.23)

⇒
∫

hdµ =

∫
fdµ +

∫
gdµ.(iib) An λ ≥ 0 tìte (λf)+ = λf+ kai (λf)− = λf− �ra

∫
λfdµ =

∫
(λf)+dµ −

∫
(λf−)dµ =

∫
λf+dµ −

∫
λf−dµ

(3.19)
= λ

∫
f+dµ − λ

∫
f−dµ = λ

∫
fdµ.5πάρε g = fχE , όπου E = {x ∈ X : |f(x)| < ∞}8



(iig) (−f)+ = f− kai (−f)− = f+ �ra
∫

(−f)dµ =

∫
(−f)+dµ −

∫
(−f−)dµ =

∫
f−dµ −

∫
f+dµ

= −
(∫

f+dµ −
∫

f−dµ

)
= −

∫
fdµ.Prìtash 3.34 An f, g ∈ L1

R
(µ) tìte

(i) f ≤ g =⇒
∫

fdµ ≤
∫

gdµ.

(ii)

∣∣∣∣
∫

fdµ

∣∣∣∣ ≤
∫

|f |dµApìdeixh (i) Ex orismoÔ an h ≥ 0 metr simh tìte ∫ hdµ ≥ 0. Epomènw
 ∫ (g−f)dµ ≥ 0.All� ∫ (g − f)dµ =
∫

gdµ−
∫

fdµ.(ii) 'Eqoume
−|f | ≤ f ≤ |f | =⇒

∫
(−|f |)dµ ≤

∫
fdµ ≤

∫
|f |dµ

=⇒ −
∫

|f |dµ ≤
∫

fdµ ≤
∫

|f |dµ

=⇒
∣∣∣∣
∫

fdµ

∣∣∣∣ ≤
∫

|f |dµ.Prìtash 3.35 'Estw f, g ∈ L1
R
(µ).(i) An f = g µ-sv.p. tìte ∫ fdµ =
∫

gdµ.(ii) f = g µ-sv.p. an kai mìnon an ∫
A

fdµ =
∫

A
gdµ gia k�je A ∈ S.Apìdeixh (i) An f = g µ-sv.p. tìte |f − g| = 0 µ-sv.p. opìte ∫ |f − g|dµ = 0, �ra

0 ≤
∣∣∣∣
∫

fdµ −
∫

gdµ

∣∣∣∣ =
∣∣∣∣
∫

(f − g)dµ

∣∣∣∣ ≤
∫

|f − g|dµ = 0.(ii) An ∫
A

fdµ =
∫

A
gdµ gia k�je A ∈ S, tìte jètonta
 A+ = {x ∈ X : f(x) ≥ g(x)} kai

A− = {x ∈ X : f(x) < g(x)}, opìte A± ∈ S, èqoume
∫

|f − g|dµ =

∫

A+

(f − g)dµ +

∫

A−

(g − f)dµ = 0�ra, afoÔ |f − g| ≥ 0, èqoume |f − g| = 0 µ-sv.p. (Prìtash 3.26) epomènw
 f = g µ-sv.p.Pìrisma 3.36 An f, g ∈ L1
R
(µ) kai f ≤ g µ-sv.p. tìte ∫ fdµ ≤

∫
gdµ.Apìdeixh An B = {x ∈ X : f(x) > g(x)} tìte B ∈ S kai µ(B) = 0. An f1 = fχBckai g1 = gχBc tìte |f1| ≤ |f | kai |g1| ≤ |g| �ra f1, g1 ∈ L1

R
(µ) kai f1 ≤ g1 pantoÔ �ra∫

f1dµ ≤
∫

g1dµ. All� f = f1 kai g = g1 µ-sv.p. �ra ∫ fdµ =
∫

f1dµ kai ∫ gdµ =
∫

g1dµ.Parat rhsh 3.37 Ta sumper�smata tou Jewr mato
 Monìtonh
 SÔgklish
 kai touL mmato
 Fatou exakoloujoÔn na isqÔoun an oi upojèsei
 tou
 ikanopoioÔntai µ-sqedìn seìla ta shme�a tou X. 9



Sunart sei
 me migadikè
 timè
 An f : X → C e�nai S-metr simh (isodÔnama, oi
u = Re f kai v = Im f e�nai S-metr sime
 pragmatikè
 sunart sei
), opìte h |f | : X →
[0, +∞) e�nai metr simh, lème ìti h f e�nai oloklhr¸simh an ∫ |f |dµ < ∞ kai gr�foume

L1(X,S, µ) = L1(µ) = {f : X → C : oloklhr¸simh}
=

{
f : X → C metr simh: ∫

|f |dµ < ∞
}

.ParathroÔme ìti, epeid  |Re f | ≤ |f | kai | Im f | ≤ |f |, en¸ |f | ≤ |Re f |+ | Im f |, h f e�naioloklhr¸simh an kai mìnon an oi Re f kai Im f e�nai oloklhr¸sime
. Or�zoume
∫

fdµ =

∫
Re fdµ + i

∫
Im fdµ.E�nai �meso ìti o L1(µ) e�nai (migadikì
) grammikì
 q¸ro
 kai to olokl rwma e�nai grammik apeikìnish L1(µ) → C.Prìtash 3.38 An f ∈ L1(X,S, µ) tìte

∣∣∣∣
∫

fdµ

∣∣∣∣ ≤
∫

|f |dµ.Apìdeixh O migadikì
 arijmì
 z =
∫

fdµ gr�fetai z = eiθ|z| = λ|z| ìpou |λ| = 1.'Eqoume loipìn |z| = λ̄z dhlad 
∣∣∣∣
∫

fdµ

∣∣∣∣ = λ̄

∫
fdµ =

∫
λ̄fdµ.opìte ∫ λ̄fdµ ∈ R. An loipìn g = Re λ̄f kai h = Im λ̄f èqoume λ̄f = g + ih opìte

∫
λ̄fdµ =

∫
gdµ + i

∫
hdµ =

∫
gdµ ≤

∫
|g|dµapì thn Prìtash 3.34 (ii). 'Omw
 |g| ≤ |λ̄f | = |f | (afoÔ |λ| = 1) kai sunep¸
 ∫ |g|dµ ≤∫

|f |dµ apì thn 3.34 (i), �ra telik�
∣∣∣∣
∫

fdµ

∣∣∣∣ =
∫

λ̄fdµ ≤
∫

|g|dµ ≤
∫

|f |dµ. 2Je¸rhma 3.39 (Kuriarqhmènh
 SÔgklish
) 'Estw (fn) akolouj�a metr simwnsunart sewn me migadikè
 timè
 pou sugkl�nei µ-sqedìn gia k�je x ∈ X. Upojètoume ìtiup�rqei g ∈ L1
R
(µ) ¸ste |fn| ≤ g µ-sqedìn pantoÔ. An or�soume f(x) = limn fn(x) stashme�a x ∈ X ìpou to ìrio up�rqei (sto C) kai f(x) = 0 sta upìloipa shme�a tou q¸rou,tìte h f e�nai metr simh, an kei ston L1(µ) kai isqÔei

lim
n→∞

∫
|fn − f |dµ = 0 kai lim

n→∞

∫
fndµ =

∫
fdµ.

10



Apìdeixh H f e�nai metr simh diìti k�je fn e�nai metr simh. Efìson |fn| ≤ g sqedìnpantoÔ kai g ∈ L1
R
(µ), èqoume ∫ |fn|dµ ≤

∫
gdµ < +∞ �ra h fn e�nai oloklhr¸simh. Giaton �dio lìgo (efìson |f | = limn |fn| ≤ g) h f e�nai oloklhr¸simh, dhlad  fn, f ∈ L1(µ).Epomènw
 ∣∣∣∣

∫
fndµ −

∫
fdµ

∣∣∣∣ =
∣∣∣∣
∫

(fn − f)dµ

∣∣∣∣ ≤
∫

|fn − f | dµìpou h pr¸th isìthta prokÔptei apì th grammikìthta tou oloklhr¸mato
 kai h deÔterhanisìthta apì thn Prìtash 3.38.Arke� loipìn na de�xoume ìti ∫
|fn − f | dµ → 0.All�zonta
, an qreiasje�, ti
 timè
 twn fn se èna sÔnolo6 mètrou 0, mporoÔme na upojè-soume ìti gia k�je x ∈ X isqÔei |fn(x)| ≤ g(x) kai f(x) = limn fn(x).Jètoume hn = |fn − f | kai parathroÔme ìti 0 ≤ hn ≤ 2g kai ìti hn(x) → 0 gia k�je x.'Ara 2g − hn ≥ 0 kai 2g − hn → 2g kat� shme�o. Apì to L mma Fatou èqoume

∫
lim inf

n
(2g − hn)dµ ≤ lim inf

n

∫
(2g − hn)dµdhlad 

∫
2gdµ =

∫
lim inf

n
(2g − hn)dµ ≤ lim inf

n

∫
(2g − hn)dµ

=

∫
2gdµ + lim inf

n

∫
(−hn)dµ =

∫
2gdµ− lim sup

n

∫
hndµ�ra lim sup

n

∫
hndµ ≤ 0. All� ∫ hndµ ≥ 0 �ra lim inf

n

∫
hndµ ≥ 0 epomènw


0 ≤ lim inf
n

∫
hndµ ≤ lim sup

n

∫
hndµ ≤ 0dhlad  to ìrio lim

n

∫
hndµ up�rqei kai e�nai 0. 23.3 SÔgklish w
 pro
 thn ‖·‖1 � O q¸ro
 L1(X,S, µ)Sumbolismì
 An f : X → R   f : X → C e�nai metr simh, gr�foume

‖f‖1 =

∫

X

|f |dµ ∈ [0, +∞](opìte L1(µ) = {f : X → C metr simh: ‖f‖1 < ∞}.)Parat rhsh 3.40 An f, g ∈ L1(X,S, µ) kai λ ∈ C tìte f + λg ∈ L1(X,S, µ) kai1. ‖λg‖1 = |λ|‖g‖16Αν Nn = {x ∈ X : |fn(x)| > g(x)} και N = {x ∈ X : το limn fn(x) δεν υπάρχει}, τα Nn, N είναι
μετρήσιμα και μηδενικά, άρα θέτοντας M = (∪nNn) ∪ N έχουμε M ∈ S και µ(M) = 0.11



2. ‖f + g‖1 ≤ ‖f‖1 + ‖g‖13. ‖f‖1 = 0 an kai mìnon an f = 0 µ-σ.π.Orismì
 3.7 Mia akolouj�a (fn) sunart sewn ston L1(X,S, µ) lègetai ìti sugkl�neisthn f ∈ L1(X,S, µ) w
 pro
 thn ‖·‖1 (  ston L1) an ‖fn − f‖1 → 0. Genikìtera, h
(fn) lègetai basik  akolouj�a w
 pro
 thn ‖·‖1 an gia k�je ε > 0 up�rqei no ∈ N¸ste ‖fn − fm‖1 < ε gia k�je m, n ≥ no.Parat rhsh 3.41 An h (fn) sugkl�nei µ-sv.p., den èpetai kat�an�gkhn ìti sugkl�nei w
pro
 thn ‖·‖1.Gia par�deigma èstw fn : [0, 1] → R h sun�rthsh

fn(x) =

{
n2(1 − nx), 0 ≤ x ≤ 1

n

0, 1
n

< x ≤ 1Tìte fn ∈ L1([0, 1], λ) kai fn(x) → 0 gia k�je x 6= 0, �ra fn → 0 λ-σ.π., all�
‖fn‖1 = n

2
→ ∞.Parat rhsh 3.42 An h (fn) sugkl�nei w
 pro
 thn ‖·‖1, den èpetai kat�an�gkhn ìtisugkl�nei µ-sv.p. Mpore� m�lista na apokl�nei se k�je shme�o. 'Opw
 ja doÔme ìmw
 sthnapìdeixh tou Jewr mato
 3.44, h (fn) èqei p�nta mia upakolouj�a pou sugkl�nei µ-sv.p.Par�deigma 3.43 Gia k�je n, èstw Kn to ex 
 peperasmèno k�lumma tou [0, 1] apìdiast mata m kou
 2−n: K1 = {[0, 1

2
], ][1

2
, 1]}, K2 = {[0, 1

4
], [1

4
, 1

2
], [1

2
, 3

4
], [3

4
, 1]} kai oÔtwkajex 
. To sÔnolo ∪mKm e�nai arijm simo. 'Estw I1, I2, . . . mia ar�jmhs  tou, kai èstw

fn h qarakthristik  sun�rthsh tou In. 'Estw x ∈ [0, 1] tuqa�o. Efìson to x an kei se�peiro pl jo
 In kai se �peiro pl jo
 Ic
n, h akolouj�a (fn(x)) den mpore� na sugkl�nei.Apì thn �llh ìmw
,

‖fn‖1 =

∫ 1

0

|fn|dλ = λ(In) → 0efìson gia k�je m ∈ N, mìnon peperasmèno pl jo
 apì ta In èqei m ko
 megalÔtero apì
2−m. Epomènw
 fn → 0 w
 pro
 thn ‖·‖1.Je¸rhma 3.44 (Riesz-Fischer) 'Estw (fn) mia akolouj�a ston L1(X,S, µ) pou e�naibasik  w
 pro
 thn ‖·‖1. Tìte up�rqei f ∈ L1(X,S, µ) ¸ste fn → f w
 pro
 thn ‖·‖1.Epilpèon, up�rqei mia upakolouj�a th
 (fn) pou sugkl�nei sthn f µ-sv.p.Apìdeixh (i) Efìson oi diaforè
 ‖fn − fm‖1 {te�noun sto 0}, up�rqei upakolouj�a
(fnk

) ¸ste ∑k ‖fnk+1
− fn‖1 < +∞. Ja de�xoume ìti mia tètoia upakolouj�a sugkl�nei

µ-σ.π. se mia f ∈ L1(X,S, µ).Sugkekrimèna, epilègoume epagwgik� gnhs�w
 aÔxousa akolouj�a (nk) ¸ste
‖fm − fn‖1 <

1

2k
(m, n ≥ nk) (†)Gia eukol�a jètoume hk = fnk

,
gk = |h1| + |h2 − h1| + . . . + |hk+1 − hk|12



kai
g = sup

k

gk = lim
k

gk = |h1| +
∞∑

k=1

|hk+1 − hk|.Tìte apì to Je¸rhma B. Levi,
∫

gdµ =

∫
|h1|dµ +

∫ ∞∑

k=1

|hk+1 − hk|dµ

=

∫
|h1|dµ +

∞∑

k=1

∫
|hk+1 − hk|dµ ≤

∫
|h1|dµ +

∞∑

k=1

1

2k
< ∞�ra g(x) < +∞ sqedìn gia k�je x. Me �lla lìgia, up�rqei A ∈ S me µ(Ac) = 0 ¸ste giak�je x ∈ A h akolouj�a (gk(x)) na sugkl�nei se peperasmèno ìrio. Autì shma�nei ìti giak�je x ∈ A, h seir�

h1(x) +
∞∑

k=1

(hk+1(x) − hk(x))sugkl�nei apìluta, �ra sugkl�nei, se pragmatikì   migadikì arijmì. All�
hk+1(x) = h1(x) + (h2(x) − h1(x)) + . . . + (hk+1(x) − hk(x)) ,opìte jètonta
 f(x) = limk hk(x) = limk fnk

(x) gia x ∈ A kai f(x) = 0 gia x ∈ Ac èqoumemia metr simh sun�rthsh f sto X.(ii) Isqurismì
: f ∈ L1(X,S, µ) kai lim
k

‖fnk
− f‖1 = ‖hk − f‖1 = 0.Pr�gmati, èqoume f = lim hk sqedìn pantoÔ, kai gia k�je k,

|hk+1| =

∣∣∣∣∣h1 +

k∑

m=1

(hm+1 − hm)

∣∣∣∣∣ ≤ |h1| +
k∑

m=1

|hm+1 − hm| = gk ≤ g.Dhlad  h akolouj�a (hk) {kuriarqe�tai} apì thn g ∈ L1. 'Epetai loipìn apì to Je¸rhmaKuriarqhmènh
 SÔgklish
 ìti f ∈ L1(X,S, µ) kai ìti ∫ |hk − f |dµ → 0.(iii) De�qnoume t¸ra ìti h f e�nai to ìrio w
 pro
 thn ‖·‖1 olìklhrh
 th
 akolouj�a
 (fn).Dojènto
 ε > 0, afoÔ h (fn) e�nai basik  up�rqei no ¸ste
m, n ≥ no ⇒ ‖fm − fn‖1 < ε.Omw
 apì to (ii) up�rqei ko ∈ N ¸ste

k ≥ ko ⇒ ‖fnk
− f‖1 < ε.Epilègonta
 èna k ≥ ko ¸ste nk ≥ no èqoume, gia k�je m ≥ no

‖fm − f‖1 ≤ ‖fm − fnk
‖1 + ‖fnk

− f‖1 < 2ε.De�xame ìti ‖fm − f‖1 → 0. 13



O q¸ro
 L1(X,S, µ)An f, g e�nai µ-sqedìn pantoÔ sto X orismène
 sunart sei
7 me timè
 sto R   sto C,gr�foume f
µ∼ g an oi f, g e�nai �se
 µ-sqedìn pantoÔ.8 E�nai �meso ìti h sqèsh aut  e�naisqèsh isodunam�a
 sto sÔnolo twn sqedìn pantoÔ orismènwn sunart sewn me timè
 sto R(ant�stoiqa, sqedìn pantoÔ orismènwn sunart sewn me timè
 sto C).Apì thn Prìtash 3.35(ii) èpetai ìti an oi f, g e�nai metr sime
 µ-isodÔname
 kai m�a apì ti
dÔo e�nai oloklhr¸simh, tìte (epeid  ∫ |f |dµ =

∫
|g|dµ) e�nai kai oi dÔo oloklhe¸sime
 kai∫

E
fdµ =

∫
E

gdµ gia k�je E ∈ S. Dhlad  h Ôparxh kai oi timè
 tou oloklhr¸mato
 mi�
metr simh
 sun�rthsh
 exart�tai mìnon apì thn kl�sh isodunam�a
 th
.MporoÔme loipìn na epekte�noume ton orismì tou oloklhr¸mato
 sti
 sunart sei
 poue�nai orismène
 kai metr sime
 µ-sqedìn pantoÔ:9 Ja lème ìti mia tètoia sun�rthsh e�nai(apolÔtw
) oloklhr¸simh an e�nai µ-isodÔnamh me mia f ∈ L1(X,S, µ).A
 sumbol�zoume (proswrin�) thn kl�sh isodunam�a

f̃ = {g : Eg → [−∞, +∞] metr simh me g

µ∼ f}kai ant�stoiqa
f̃ = {g : Eg → C metr simh me g

µ∼ f}(ìpou Eg ∈ S kai µ(Ec
g) = 0.) MporoÔme t¸ra na or�soumeOrismì
 3.8

L1
R
(X,S, µ) = {f̃ : f ∈ L1

R
(X,S, µ)} L1(X,S, µ) = {f̃ : f ∈ L1

C
(X,S, µ)}.Me ti
 pr�xei
 f̃ + g̃ = f̃ + g kai λf̃ = λ̃f , o L1(X,S, µ) g�netai grammikì
 q¸ro
: Giak�je f̃ , g̃ ∈ L1 kai λ ∈ C, an f1, f2 ∈ f̃ kai g1, g2 ∈ g̃, oi fi + λgi (i = 1, 2) or�zontai

µ-sqedìn pantoÔ, f1 + λg1
µ∼ f2 + λg2 kai ∫ |f1 + λg1|dµ ≤

∫
|f1|dµ + |λ|

∫
|g1|dµ < +∞.Ep�sh
, h ‖·‖1 or�zei mia nìrma ston q¸ro L1(X,S, µ), diìti ‖f‖1 = 0 ⇔ f̃ = 0.Me aut n thn orolog�a, to Je¸rhmaRiesz-Fischer lèei akrib¸
 ìti o q¸ro
 (L1(X,S, µ), ‖·‖1)e�nai pl rh
 q¸ro
 me nìrma, dhlad  q¸ro
 Banach.Apì thn Prìtash 3.15 èpetai ìti an (X,S, µ̄) e�nai h pl rwsh tou (X,S, µ), tìte up�rqei mia1-1 antistoiq�a metaxÔ tou L1(X,S, µ) kai tou L1(X,S, µ̄) h opo�a diathre� to olokl rwma.Sunep¸
 ja taut�zoume tou
 q¸rou
 autoÔ
:

L1(X,S, µ) = L1(X,S, µ̄).Eidikìtera L1(R,BR, λ) = L1(R,Mλ, λ).An f̃ ∈ L1 mpor¸ na epilègw g : X → C metr simh ¸ste g ∈ f̃ . M�lista sthn per�-ptwsh (X,S, µ) = (R,Mλ, λ) mpor¸ na upojètw ìti h g e�nai Borel metr simh (Pìrisma3.16). Sun jw
 sthn pr�xh den k�noume di�krish metaxÔ th
 sun�rthsh
 f kai th
 kl�sh
isodunam�a
 f̃ .7Δηλαδή f : Ef → R ή C όπου το X \ Ef είναι µ-μηδενικό σύνολο.8Δηλαδή αν το σύνολο Ef,g ≡ {x ∈ Ef ∩ Eg : f(x) = g(x)} έχει µ-μηδενικό συμπλήρωμα.9Δεν είναι δύσκολο να δείξει κανείς ότι μια µ-σχεδόν παντού ορισμένη συνάρτηση είναι μετρήσιμη (βλ.
Παρατήρηση 3.5) στο πεδίο ορισμού της, έστω Ef (το οποίο μπορούμε να υποθέτουμε μετρήσιμο, περιορί-
ζοντας κι άλλο την f εν ανάγκη), αν και μόνον αν έχει μια παντού ορισμένη μετρήσιμη επέκταση.14



Parat rhsh 3.45 Ston L1(X,S, µ) oi aplè
 oloklhr¸sime
 sunart sei
 e�nai puknìuposÔnolo: gia k�je f ∈ L1(X,S, µ) up�rqei akolouj�a (fn) apì aplè
 oloklhr¸sime
sunart sei
 ¸ste ‖f − fn‖1 → 0.Apìdeixh Jewr¸nta
 qwrist� pragmatikì kai fantastikì mèro
, mporoÔme na upojèsou-me ìti h f pa�rnei pragmatikè
 timè
.Up�rqoun tìte aÔxouse
 akolouj�e
 apl¸n metr simwn sunart sewn (sn) kai (tn) ¸ste
sn ր f+ kai tn ր f−. An fn = sn − tn èqoume
fn → f+ − f− = f kat� shme�o kai

|fn| = |sn − tn| ≤ |sn| + |tn| ≤ f+ + f− = |f |.AfoÔ h |f | an kei ston L1, èqoume fn ∈ L1 kai apì to Je¸rhma Kuriarqhmènh
 SÔgklish
èpetai ìti ‖fn − f‖1 =
∫
|fn − f |dµ → 0.Prìtash 3.46 An µ e�nai kanonikì mètro Borel (mètro Borel - Stieltjes) sto R, oi su-neqe�
 sunart sei
 me sumpag  forèa e�nai puknì uposÔnolo10 tou L1(R,BR, µ): gia k�-je f ∈ L1(R,BR, µ) kai ǫ > 0 up�rqei suneq 
 sun�rthsh g me sumpag  forèa ¸ste

‖f − g‖1 < ǫ.Apìdeixh Apì thn teleuta�a Parat rhsh (kai th grammikìthta tou oloklhr¸mato
),arke� na upojèsoume ìti f = χE, ìpou E ∈ BR. ParathroÔme ìti µ(E) =
∫
|f |dµ < ∞.Xèroume (Prìtash 2.19) ìti gia k�je ǫ > 0 up�rqei peperasmènh ènwsh A = ∪n
k=1Ik xènwnkai fragmènwn diasthm�twn11 ¸ste µ(E △ A) < ǫ, opìte ‖χE − χA‖1 < ǫ. Gia k�je ènaapì ta Ik mporoÔme na broÔme mia suneq  sun�rthsh gk : R → [0, 1] me sumpag  forèa¸ste ‖gk − χIk

‖1 < ǫ
n
. Pr�gmati, an Ik = (a, b) kai Cj = [a + 1

j
, b − 1

j
] tìte Cj ⊆ Cj+1kai ∪jCj = Ik, opìte mpor¸ na dialèxw Cj ⊆ (a, b) ¸ste 0 < µ(Ik \ Cj) < ǫ

n
kai na p�rw

gk(t) = 1 ìtan t ∈ Cj , gk(s) = 0 ìtan s /∈ Ik kai gk {grammik } sta upìloipa. Tìte ja èqw
0 ≤ χIk

− gk ≤ 1 opìte
‖χIk

− gk‖1 =

∫
|χIk

− gk|dµ =

∫

Ik\Cj

(χIk
− gk)dµ ≤ µ(Ik \ Cj) <

ǫ

n
.Epeid  ta Ik e�nai xèna èqw χA =

∑
k χIk

kai sunep¸

∥∥∥∥∥χE −

∑

k

gk

∥∥∥∥∥
1

≤
∥∥∥∥∥χE −

∑

k

χIk

∥∥∥∥∥
1

+

∥∥∥∥∥
∑

k

(χIk
− gk)

∥∥∥∥∥
1

< ‖χE − χA‖1 +
∑

k

ǫ

n
< 2ǫ.Prìtash 3.47 An fn ∈ L1(X,S, µ) kai ∑

n

∫
|fn|dµ < +∞ tìte h seir� ∑

fn sug-kl�nei µ-sv.p. kai w
 pro
 thn ‖·‖1 se mia f ∈ L1(X,S, µ) kai ∫ ∑
n

fndµ =
∑

n

∫
fndµ.Me �lla lìgia, an fn ∈ L1 kai ∑n ‖fn‖1 < +∞ tìte h seir� ∑n fn sugkl�nei ston

(L1, ‖·‖1).10Το αποτέλεσμα αυτό ισχύει για κανονικά μέτρα Borel σε τοπικά συμπαγείς χώρους Hausdorff.11Από την Πρόταση 2.19 μπορούμε να γράψουμε A = ∪m
j=1

Ij · αντικαθιστώντας ορισμένα από τα διαστή-
ματα με την ένωσή τους, μπορούμε να υποθέσουμε ότι είναι ξένα, διότι αν I1 ∩ I2 6= ∅ τότε η ένωση I1 ∪ I2

είναι ανοικτό και φραγμένο διάστημα. 15



3.4 SÔgkrish me to olokl rwma Riemann3.4.1 UpenjÔmish: To olokl rwma Riemann'Estw f : [a, b] → R fragmènh. Gia k�je diamèrish P tou [a, b]

P = {a = t0 < t1 < · · · < tn = b}se xèna an� dÔo diast mata Ik = [tk−1, tk), (k = 1, 2, . . . , n− 1) kai In = [tn−1, tn] jètoume
Mi = Mi(f) = sup{f(s) : s ∈ Ii}
mi = mi(f) = inf{f(s) : s ∈ Ii} (i = 1, . . . , n).kai

L(f,P) =
n∑

i=1

mi(f)(ti − ti−1) U(f,P) =
n∑

i=1

Mi(f)(ti − ti−1).Ta L(f,P) kai U(f,P) onom�zontai to k�tw kai �nw �jroisma Riemann th
 f w
pro
 th diamèrish P.E�nai safè
 ìti L(f,P) ≤ U(f,P). Jewr¸nta
 diadoqik� diamer�sei
 me ìlo kai perissì-tera shme�a, ja parathr soume ìti ta k�tw ajro�smata megal¸noun, paramènonta
 ìmw
ìla mikrìtera (  �sa) apì k�je �nw �jroisma, en¸ ta �nw ajro�smata mikra�noun, para-mènonta
 ìmw
 ìla megalÔtera (  �sa) apì k�je k�tw �jroisma. An up�rqei èna
 kaimonadikì
 arijmì
 I an�mesa sta k�tw kai ta �nw ajro�smata, dhlad  tètoio
 ¸ste naisqÔei L(f,P) ≤ I ≤ U(f,Q) gia opoiesd pote dÔo diamer�sei
 P kai Q tou [a, b], tìteautì
 o arijmì
 onom�zetai to olokl rwma Riemann th
 f sto [a, b]. Alli¸
, to olokl -rwma Riemann th
 f sto [a, b] den up�rqei. Ta ajro�smata Riemann loipìn apoteloÔnk�tw kai �nw prosegg�sei
12 tou oloklhr¸mato
 Riemann, ìtan autì up�rqei.Prìtash 3.48 (Krit rio Riemann) 'Estw f : [a, b] → R fragmènh. H f e�nai
Riemann-oloklhr¸simh an kai mìnon an gia k�je ε > 0 up�rqei diamèrish Pε tou [a, b]¸ste

U(f,Pǫ) − L(f,Pǫ) < ε.IsodÔnama:Gia k�je diamèrish P tou [a, b] or�zoume klimakwtè
 sunart sei
 hP , gP sto [a, b] w
ex 
: k�je t ∈ [a, b] an kei akrib¸
 se èna apì ta Ii kai jètoume
hP(t) = mi(f), gP(t) = Mi(f), t ∈ Ii (i = 1, . . . , n)dhlad 

hP =

n∑

i=1

mi(f)χIi
, gP =

n∑

i=1

Mi(f)χIiDiapist¸netai eÔkola ìti
hP(t) ≤ f(t) ≤ gp(t) gia k�je t ∈ [a, b]kai ∫ b

a

hP(t)dt = L(f,P),

∫ b

a

gP(t)dt = U(f,P).Epomènw
 to krit rio Riemann anadiatup¸netai w
 ex 
:12Μπορεί να διαπιστώσει κανείς ότι, είτε υπολογίσει τα άνω και κάτω αθροίσματα χρησιμοποιώντας ημι-
άνοιχτα διαστήματα (όπως εδώ) είτε τα υπολογίσει χρησιμοποιώντας κλειστά διαστήματα, η ύπαρξη και η
τιμή του ολοκληρώματος της f δεν επηρεάζονται. 16



Prìtash 3.49 'Estw f : [a, b] → R fragmènh. H f e�nai Riemann-oloklhr¸simh ankai mìnon an gia k�je ε > 0 up�rqoun klimakwtè
 sunart sei
 gǫ, hǫ : [a, b] → R ¸ste
gǫ ≤ f ≤ hǫ kai ∫ b

a
(hǫ − gǫ) < ǫ.3.4.2 Olokl rwma Riemann kai olokl rwma LebesgueExet�zoume t¸ra th sqèsh an�mesa sto olokl rwma Riemann kai to olokl rwma Lebe-

sgue.Ja de�xoume ìti an h f e�nai Riemann-oloklhr¸simh tìte e�nai Lebesgue-oloklhr¸simh kai∫ b

a
f(x)dx =

∫
[a,b]

fdλ.Epeid  oi sunart sei
 hP kai gP e�nai klimakwtè
 (�ra aplè
 metr sime
), to olokl rwma
Riemann kai to olokl rwma Lebesgue twn sunart sewn aut¸n sump�ptoun.Epilègoume epagwgik� diamer�sei
 P1 ⊆ P2 ⊆ . . . ⊆ Pn ⊆ . . . ¸ste h {leptìthta} (dhlad h apìstash dÔo diadoqik¸n shme�wn) th
 Pn na e�nai mikrìterh apì 1

n
kai

lim
n→∞

∫ b

a

hPn
= sup

P
L(f,P) ≡

∫ b

a

f, lim
n→∞

∫ b

a

gPn
= inf

P
U(f,P) ≡

∫ b

a

f.ParathroÔme ìti h akolouj�a (hPn
) = (hn) e�nai aÔxousa kai h (gPn

) = (gn) e�nai fj�nousakai ìti hn ≤ f ≤ gn gia k�je n. Jètoume h = supn hn kai g = infn gn. Oi h, g e�naimetr sime
, fragmène
 (�ra Lebesgue-oloklhr¸sime
) kai
h ≤ f ≤ g.Qwr�
 kammi� upìjesh gia thn f (ektì
 tou ìti e�nai fragmènh) apì to Je¸rhma Kuriar-qhmènh
 SÔgklish
 (afoÔ hn ≤ gn ≤ g1 kai g1 ∈ L1) sumpera�noume ìti

∫
hdλ = lim

n

∫
hndλ =

∫ b

a

f kai ∫
gdλ = lim

n

∫
gndλ =

∫ b

a

f.Epomènw
 h f e�nai Riemann oloklhr¸simh an kai mìnon an isqÔei h isìthta
∫

hdλ =

∫
gdλ.Efìson h ≤ g, h isìthta aut  isqÔei an kai mìnon an h(x) = g(x) sqedìn gia k�je x ∈ [a, b].Epomènw
Parat rhsh Dhlad  h f e�nai Riemann oloklhr¸simh an kai mìnon an h(x) = g(x)sqedìn pantoÔ.Tìte èqoume kai h(x) = f(x) = g(x) sqedìn gia k�je x ∈ [a, b] opìte h f e�nai metr simh13,m�lista Lebesgue-oloklhr¸simh kai

∫
fdλ =

∫
hdλ =

∫ b

a

f13για κάθε c ∈ R, το σύνολο {x ∈ [a, b] : f(x) < c} διαφέρει από το σύνολο {x ∈ [a, b] : h(x) < c} κατά
ένα σύνολο μέτρου μηδέν, άρα είναι μετρήσιμο, γιατί τα σύνολα μέτρου μηδέν είναι Lebesgue μετρήσιμα.17



dhlad  to olokl rwma Lebesgue th
 f sump�ptei me to olokl rwma Riemann.Ja de�xoume t¸ra ìti h f e�nai Riemann oloklhr¸simh an kai mìnon an e�nai sqedìn pantoÔsuneq 
.Isqurismì
 'Estw x ∈ [a, b] pou den an kei se kanèna apì ta diaqwristik� shme�a kammi�
apì ti
 diamer�sei
 Pn. Tìte h f e�nai suneq 
 sto x an kai mìnon an h(x) = g(x).Apìdeixh An h f e�nai suneq 
 sto x, tìte gia k�je ǫ > 0 up�rqei δ > 0 ¸ste an
t ∈ [a, b] kai |t − x| < δ na isqÔei |f(t) − f(x)| < ǫ. Epilègoume n ∈ N ¸ste 1

n
< δ, opìteh leptìthta th
 diamèrish
 Pn e�nai mikrìterh apì δ. 'Epetai ìti an Ik e�nai to di�sthma14th
 Pn ìpou an kei to x, tìte k�je t ∈ Ik ja ikanopoie� |t − x| < δ, �ra |f(t) − f(x)| < ǫkai sunep¸
 |Mk(f) − f(x)| ≤ ǫ kai |mk(f) − f(x)| ≤ ǫ �ra |Mk(f) − mk(f)| ≤ 2ǫ. AfoÔ

x ∈ Ik, èqoume gn(x) = Mk(f) kai hn(x) = mk(f) opìte gn(x) − hn(x) ≤ 2ǫ. All�
0 ≤ g(x)−h(x) ≤ gn(x)−hn(x) ≤ 2ǫ, pr�gma pou shma�nei (afoÔ to ǫ > 0 e�nai auja�reto)ìti g(x) − h(x) = 0.An ant�strofa g(x)−h(x) = 0 tìte gia k�je ǫ > 0 up�rqei n ∈ N ¸ste 0 ≤ gn(x)−hn(x) <
ǫ opìte, an Ik = [tk−1, tk) e�nai to di�sthma th
 Pn ìpou an kei to x, tìte gia k�je t ∈ Ikèqoume mk(f) ≤ f(t) ≤ Mk(f) kai mk(f) ≤ f(x) ≤ Mk(f) �ra

|f(t) − f(x)| ≤ Mk(f) − mk(f) = gn(x) − hn(x) < ǫ.Dhlad  gia k�je ǫ > 0 up�rqei anoiktì di�sthma (tk−1, tk) ¸ste gia k�je t ∈ (tk−1, tk) naisqÔei |f(t) − f(x)| < ǫ, pou shma�nei ìti h f e�nai suneq 
 sto x. 2'Estw loipìn ìti h f e�nai Riemann oloklhr¸simh. Apì thn Parat rhsh, up�rqei ènasÔnolo N1 ⊆ [a, b] mètrou mhdèn ¸ste h(x) = g(x) gia k�je x ∈ [a, b]\N1. An onom�soume
N thn ènwsh tou N1 me to (arijm simo, �ra λ-mhdenikì) sÔnolo ∪nPn ìlwn twn shme�wnìlwn twn diamer�sewn Pn, n ∈ N, tìte to N èqei mètro mhdèn kai h f e�nai suneq 
 sek�je x ∈ [a, b] \ N , dhlad  sqedìn pantoÔ. Pr�gmati, an x /∈ N tìte to x den e�nai shme�okammi�
 diamèrish
 opìte, afoÔ x ∈ N1 opìte h(x) = f(x) = g(x), h f e�nai suneq 
 sto
x apì ton Isqurismì.'Estw ant�strofa ìti h f e�nai suneq 
 sqedìn pantoÔ, dhlad  up�rqei èna sÔnolo N2 ⊆
[a, b] mètrou mhdèn ¸ste h f na e�nai suneq 
 se k�je x ∈ [a, b] \ N2. Jètoume M =
N2 ∪ (∪nPn). Gia k�je x ∈ M c, h f e�nai suneq 
 sto x, opìte apì ton IsqurismìprokÔptei h isìthta h(x) = g(x). AfoÔ λ(M) = 0 , èqoume h = g sqedìn pantoÔ. Apìthn Parat rhsh prokÔptei ìti to olokl rwma Riemann th
 f sto [a, b] up�rqei.Sunoy�zoume:Je¸rhma 3.50 Mia fragmènh sun�rthsh f : [a, b] → R e�nai Riemann oloklhr¸simhan kai mìnon an e�nai sqedìn pantoÔ suneq 
, an dhlad  to sÔnolo twn asuneqei¸n th
 èqeimètro mhdèn. Tìte h f e�nai Lebesgue oloklhr¸simh kai ta dÔo oloklhr¸mata sump�ptoun.Parat rhsh 3.51 A
 ton�soume th diafor� an�mesa sthn ènnoia {sqedìn pantoÔ sune-q 
} kai thn ènnoia {sqedìn pantoÔ �sh me mia suneq  sun�rthsh}:Gia par�deigma h sun�rthsh Dirichlet, dhlad  h qarakthristik  sun�rthsh twn rht¸n, dene�nai poujen� suneq 
, all� e�nai sqedìn pantoÔ �sh me th suneq  sun�rthsh f(t) = 0.14μοναδικό, αφού τα In είναι ξένα 18



Ant�jeta h qarakthristik  sun�rthsh tou [1
3
, 2

3
] e�nai sqedìn pantoÔ suneq 
 (afoÔ e�naiasuneq 
 mìno sta shme�a 1

3
kai 2

3
), all� den mpore� na e�nai sqedìn pantoÔ �sh me miasuneq  sun�rthsh, giat� èqei �lma sta dÔo aut� shme�a.3.5 SÔgklish akolouji¸n metrhs�mwn sunart sewnParat rhsh 3.52 'Estw (X,S, µ) q¸ro
 mètrou, fn, f : X → R metr sime
. Gnwr�-zoume  dh ti
 ex 
 ènnoie
 sÔgklish
:1. fn → f omoiìmorfa sto X2. fn → f kat� shme�o sto X.3. fn → f kat� shme�o µ-sqedìn pantoÔ.4. fn → f ston L1, dhlad  ∫ |fn − f |dµ → 0.E�nai profanè
 ìti (1) ⇒ (2) ⇒ (3) kai ìti oi ant�strofe
 sunepagwgè
 den isqÔoun.Ep�sh
 h (1) ⇒ (4) den isqÔei en gènei (par�deigma: fn = 1

n
χ[0,n], f = 0 ston (R,BR, λ)),isqÔei ìmw
 se q¸rou
 peperasmènou mètrou (apì to Je¸rhma Kuriarqhmènh
 SÔgklish
).H sunepagwg  (2) ⇒ (4) den isqÔei qwr�
 epiplèon upojèsei
 (ìpw
 p.q. sta Jewr ma-ta Monìtonh
   Kuriarqhmènh
 SÔgklish
) oÔte se q¸rou
 peperasmènou mètrou. 'Enapar�deigma ston ([0, 1],B[0,1], λ)) e�nai h fn = nχ(0, 1

n
], f = 0.OÔte ìmw
 h sunepagwg  (4) ⇒ (3) isqÔei. 'Ena par�deigma e�nai to 3.43. To mìno poumpore� kane�
 na sumper�nei en gènei apì thn ‖fn − f‖1 → 0 e�nai ìti up�rqei upakolouj�a

(fkn
) ¸ste fkn

→ f sqedìn pantoÔ (Je¸rhma 3.44).Orismì
 3.9 'Estw (X,S, µ) q¸ro
 mètrou, fn, f : X → R metr sime
. Lème ìti
fn → f kat� mètro ìtangia k�je ε > 0, an N(n, ε) = {x ∈ X : |fn(x)−f(x)| ≥ ε} tìte lim

n
µ(N(n, ε)) = 0.Prìtash 3.53 (Lebesgue) 'Estw µ(X) < ∞. An fn → f sqedìn pantoÔ , tìte fn → fkat� mètro.Parade�gmata 3.54 (a) To ant�strofo den isqÔei en gènei. De
 to par�deigma 3.43.(b) To sumpèrasma den isqÔei p�nta se q¸rou
 �peirou mètrou. Gia par�deigma h akolouj�a

(χ[n,∞)) te�nei sto 0 kat� shme�o, en¸ den sugkl�nei kat� mètro ston (R,Mλ∗, λ).Je¸rhma 3.55 (Egorov) 'Estw µ(X) < ∞. An fn → f µ-sqedìn pantoÔ, tìte giak�je δ > 0 up�rqei Aδ ∈ S me µ(Aδ) < δ ¸ste fn → f omoiìmorfa sto X\Aδ.H sÔgklish sto sumpèrasma tou Jewr mato
 onom�zetai pollè
 forè
 {sqedìn omoiìmorfhsÔgklish}.Apìdeixh Gia k�je k kai m ∈ N, èstw
Em(k) =

⋃

n≥m

N(n,
1

k
) = {x : ∃n ≥ m : |fn(x) − f(x)| ≥ 1

k
}.19



'Eqoume Em(k) ⊃ Em+1(k) gia k�je m kai
⋂

m≥1

Em(k) = {x : ∀m ∃n ≥ m : |fn(x) − f(x)| ≥ 1

k
} ⊆ {x : |fn(x) − f(x)| 9 0}diìti an x ∈ ⋂

m Em(k) tìte up�rqoun �peiroi n ∈ N ¸ste |fn(x) − f(x)| ≥ 1
k
, kaisunep¸
 h akolouj�a (fn(x)) den sugkl�nei sto f(x). 'Omw
 fn → f sqedìn pantoÔ, �ra

µ (∩mEm(k)) = 0. Epeid  µ(E1(k)) < +∞, èpetai ìti lim
m

µ(Em(k)) = 0.Epomènw
 gia k�je δ > 0 kai k�je k ∈ N up�rqei mk ∈ N ¸ste µ(Emk
(k)) <

δ

2k
.'Estw

Aδ =
∞⋃

k=1

Emk
(k)Tìte

µ(Aδ) ≤
∞∑

k=1

µ(Emk
(k)) <

∞∑

k=1

δ

2k
= δ.Isqurismì
: fn → f omoiìmorfa sto Ac

δ.Apìdeixh : 'Estw ǫ > 0 kai k ∈ N me 1
k

< ǫ. Epeid  Aδ ⊇ Emk
(k), an x ∈ Ac

δ èqoume
x /∈ Emk

(k) �ra gia k�je n ≥ mk isqÔei |fn(x)−f(x)| < 1
k

< ǫ. AfoÔ to mk den exart�taiapì to x èqoume fn → f omoiìmorfa sto Ac
δ. 2To Je¸rhma Egorov den isqÔei p�nta se q¸rou
 �peirou mètrou. 'Ena par�deigma e�nai to3.54 (b): H akolouj�a (χ[n,∞)) te�nei sto mhdèn pantoÔ, all� den up�rkei Aδ peperasmènou(pìso m�llon mikroÔ) mètrou ¸ste h (χ[n,∞)) na te�nei sto mhdèn omoiìmorfa sto Ac

δ (giat�?).To ant�strofo ìmw
 tou Jewr mato
 Egorov isqÔei. M�lista isqÔei k�ti isqurìtero:Prìtash 3.56 An fn → f sqedìn omoiìmorfa tìte fn → f sqedìn pantoÔ kai kat�mètro.Apìdeixh Parale�petai.To ant�strofo th
 3.56 den isqÔei en gènei. 'Ena par�deigma e�nai h akolouj�a (gn) ìpou
gn(t) =

{
1, an n ≤ t ≤ n + 1

n

0, alli¸
 ston (R,Mλ∗ , λ). (Apìdeixh: 'Askhsh.)Ep�sh
, h upìjesh {fn → f kat� mètro} den arke� apì mình th
 gia na exasfal�sei thnsqedìn omoiìmorfh sÔgklish (oÔte se q¸rou
 peperasmènou mètrou): h akolouj�a (fn)sto Par�deigma 3.43 sugkl�nei sto 0 kat� mètro, den sugkl�nei ìmw
 se kanèna shme�o,opìte den e�nai dunatìn na sugkl�nei sqedìn omoiìmorfa.Parat rhsh 3.57 Apo to Je¸rhma 3.55 kai thn Prìtash 3.56 èpetai ìti se q¸rou
peperasmènou mètrou,
fn → f sv.p. ⇐⇒ fn → f sqedìn omoiìmorfa.Prìtash 3.58 An fn → f ston L1 tìte fn → f kat� mètro.Apìdeixh Apì thn anisìthta Chebyshev - Markov 3.25 èqoume gia k�je ǫ > 0,

µ(N(n, ǫ)) ≤ 1

ǫ

∫
|fn − f |dµ =

1

ǫ
‖fn − f‖1 → 0. 2To ant�strofo den isqÔei en gènei. 'Ena par�deigma e�nai h akolouj�a fn = n2χ[0, 1

n
] ston

([0, 1],B[0,1], λ). 20



4 Mètra ginìmeno - Je¸rhma Fubini

Orismìc 4.1 An1 (X,A) kai (Y,B) eÐnai metr simoi q¸roi, ta sÔnola A×B ìpou A ∈ A
kai B ∈ B lègontai metr sima orjog¸nia. OrÐzoume 2

A⊗ B =M{A×B ⊆ X × Y : A ∈ A, B ∈ B}.

Parat rhsh BC = BR ⊗ BR.

Prìtash 4.1 An (Z, C) eÐnai metr simoc q¸roc kai f : Z → X × Y , tìte h f eÐnai C-
A⊗B-metr simh an kai mìnon an h π1◦f : Z → X eÐnai C-A-metr simh kai h π2◦f : Z → Y
eÐnai C-B-metr simh (ìpou πi oi kartesianèc probolèc X × Y → X kai X × Y → Y ).

Pìrisma 4.2 'Estw (Z, C) metr simoc q¸roc kai f1, f2 : Z → R.
(a) An oi f1, f2 eÐnai metr simec, tìte oi f1 + f2 : Z → R kai f1f2 : Z → R eÐnai
metr simec.
(b) Oi f1, f2 eÐnai metr simec an kai mìnon an h f1 + if2 : Z → C eÐnai metr simh.

Prìtash 4.3 An (X,A, µ) kai (Y,B, ν) eÐnai q¸roi mètrou, up�rqei mètro

π ≡ µ× ν : A⊗ B → [0,+∞]

¸ste
π(A×B) = µ(A)ν(B) ìtan A ∈ A, B ∈ B.

An ta µ, ν eÐnai σ-peperasmèna, tìte to π eÐnai monadikì kai σ-peperasmèno.

H idèa thc apìdeixhc. To π orÐzetai kal� sthn oikogèneia C twn peperasmènwn xènwn
en¸sewn metrhsÐmwn orjogwnÐwn. H C eÐnai �lgebra (Prìtash 1.7). EpekteÐnoume to π
sthn A⊗ B qrhsimopoi¸ntac to Je¸rhma epèktashc Karajeodwr .

Orismìc 4.2 (Tomèc (sections)) An E ⊆ X × Y kai f : X × Y → Z, gia k�je
(x, y) ∈ X × Y jètoume

Ex = {v ∈ Y : (x, v) ∈ E} ⊆ Y

Ey = {s ∈ X : (s, y) ∈ E} ⊆ X

fx : Y → Z fx(v) = f(x, v) (v ∈ Y )

f y : X → Z f y(s) = f(s, y) (s ∈ X).

Par�deigma (χE)x = χEx .

Prìtash 4.4 An E ∈ A⊗ B tìte gia k�je (x, y) ∈ X × Y ,

Ex ∈ B, Ey ∈ A.
1fubinew, 24 Dec. 08
2
Βεβαίως το σύνολο {A × B : A ∈ A, B ∈ B} δεν είναι άλγεβρα συνόλων, είναι όμως «στοιχειώδης

οικογένεια» (Ορισμός 1.4).
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Prìtash 4.5 An f : X × Y → C eÐnai A⊗B-metr simh tìte gia k�je (x, y) ∈ X × Y ,

fx eÐnai B-metr simh, f y eÐnai A-metr simh.

Apìdeixh Parat rhse ìti, an U ⊆ C eÐnai anoiktì, tìte gia k�je x ∈ X èqoume (giatÐ?)

f−1
x (U) = (f−1(U))x.

Je¸rhma 4.6 (Fubini gia qarakthristikèc) JewroÔme q¸rouc σ-peperasmènou
mètrou (X,A, µ) kai (Y,B, ν). Gia k�je E ∈ A⊗ B,
(a) oi sunart seic

X → [0,+∞] : x→ ν(Ex) =

∫
Y

χE(x, y)dν(y)

Y → [0,+∞] : y → µ(Ey) =

∫
X

χE(x, y)dµ(x)

eÐnai A (antistoÐqwc B) metr simec kai

(b) isqÔoun oi isìthtec∫
X

(∫
Y

χE(x, y)dν(y)

)
dµ(x) =

∫
Y

(∫
X

χE(x, y)dµ(x)

)
dν(y) = (µ× ν)(E)

dhlad 

(µ× ν)(E) =

∫
X

ν(Ex)dµ(x) =

∫
Y

µ(Ey)dν(y). (1)

H idèa thc apìdeixhc Upojètoume pr¸ta ìti µ(X) < ∞ kai ν(Y ) < ∞. JewroÔme thn
oikogèneia Θ ⊆ A⊗ B twn sunìlwn gia ta opoÐa (ìla) ta sumper�smata tou Jewr matoc
isqÔoun. ParathroÔme ìti h Θ perièqei ìla ta metr sima orjog¸nia. ApodeiknÔoume ìti
h Θ eÐnai kleist  wc proc peperasmènec xènec en¸seic, �ra perièqei thn �lgebra C pou
par�goun ta metr sima orjog¸nia. ApodeiknÔoume ìti h Θ eÐnai kleist  wc proc aÔxousec
en¸seic (Je¸rhma monìtonhc sÔgklishc) kaj¸c kai wc proc fjÐnousec tomèc (Je¸rhma
kuriarqhmènhc sÔgklishc). 'Epetai tìte (dec to epìmeno L mma) ìti h Θ perièqei thn σ-
�lgebra pou par�goun ta metr sima orjog¸nia, �ra Θ = A⊗ B.
H epèktash sthn perÐptwsh σ-peperasmènwn mètrwn gÐnetai gr�fontac ton X × Y wc
arijm simh xènh ènwsh metrhsÐmwn orjogwnÐwn peperasmènou mètrou kai efarmìzontac
thn grammikìthta twn oloklhrwm�twn kai to Je¸rhma Beppo Levi.

L mma 4.7 (Monotìnwn kl�sewn) 'Estw C mia �lgebra sunìlwn kaiM mia oiko-
gèneia pou eÐnai kleist  wc proc aÔxousec en¸seic kai wc proc fjÐnousec tomèc (mia tètoia
M lègetai monìtonh kl�sh). An hM perièqei thn C, tìte perièqei thn σ-�lgebraM(C)
pou par�gei h C.

Apìdeixh ParaleÐpetai.

Prìtash 4.8 (Arq  Cavalieri) An (X,A, µ) kai (Y,B, ν) eÐnai q¸roi σ-peperasmènou
mètrou kai E,F ∈ A⊗ B, tìte

(µ× ν)(E) = (µ× ν)(F ) ⇐⇒ ν(Ex) = ν(Fx) µ-sqedìn gia k�je x ∈ X
⇐⇒ µ(Ey) = µ(F y) ν-sqedìn gia k�je y ∈ Y.
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Apìdeixh 'Amesh apì thn sqèsh (1) sto Je¸rhma 4.6.

Parat rhsh 4.9 Me tic upojèseic tou Jewr matoc 4.6, an h

f : X × Y → [0,+∞] me f(x, y) =
N∑

k=1

ckχEk
(x, y) (ck ≥ 0)

eÐnai apl  kai A⊗ B-metr simh, tìte h φf : X → [0,+∞] me

φf (x) =

∫
Y

f(x, y)dν(y) =
∑

k

ckν((Ek)x)

eÐnai A metr simh3 wc grammikìc sunduasmìc metrhsÐmwn sunart sewn.

Epiplèon èqoume∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
X

φf (x)dµ(x) =
∑

k

ck

∫
X

ν((Ek)x)dµ(x) =
∑

k

ckπ(E)

(ìpou π = µ× ν) sunep¸c∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∑
k

ckπ(E) =

∫
X×Y

f(x, y)dπ(x, y).

Genikìtera,

Je¸rhma 4.10 (Tonelli) 'Estw f : X × Y → [0,+∞] ìpou oi (X,A, µ) kai (Y,B, ν)
eÐnai q¸roi σ-peperasmènou mètrou. An h f eÐnai A⊗ B-metr simh, tìte
(a) oi sunart seic

X → [0,+∞] : x→
∫

Y

f(x, y)dν(y)

Y → [0,+∞] : y →
∫

X

f(x, y)dµ(x)

eÐnai A (antistoÐqwc B) metr simec kai

(b) isqÔoun oi isìthtec
∫∫

fdνdµ =
∫∫

fdµdν =
∫
fdπ, dhlad ∫

X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y) =

∫
X×Y

fd(µ× ν).

Apìdeixh An h f eÐnai apl , deÐxame sthn Parat rhsh 4.9 ìti h φf eÐnai A-metr simh kai
ìti
∫

X
φfdµ =

∫
fdπ.

Sth genik  perÐptwsh, jewroÔme mia aÔxousa akoloujÐa (fn) apì A ⊗ B-metr simec su-
nart seic ¸ste fn ↗ f kat� shmeÐo. Apì to Je¸rhma Monìtonhc SÔgklishc ston X × Y
èqoume ∫

X×Y

fndπ ↗
∫

X×Y

fdπ. (2)

3
Δεν είναι εν γένει απλή. Πάρε για παράδειγμα την f = χE όπου E ⊆ [0, 1] × [0, 1] το σύνολο Borel

E = {(x, y) : x ≤ y} και υπολόγισε την φf (μέτρο Lebesgue).
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'Omwc, an φn(x) =
∫

Y
fn(x, y)dν(y) tìte k�je φn eÐnai A-metr simh. EpÐshc, gia k�je

x ∈ X, epeid  (fn)x(y) ↗ fx(y) gia k�je y ∈ Y , apì to Je¸rhma Monìtonhc SÔgklishc
ston Y èqoume

φn(x) =

∫
Y

(fn)x(y)dν(y)↗
∫

Y

fx(y)dν(y) ≡ φf (x) gia k�je x ∈ X.

'AfoÔ h φf eÐnai kat� shmeÐo ìrio metrhsÐmwn, eÐnai A-metr simh kai (apì to Je¸rhma
Monìtonhc SÔgklishc ston X) èpetai ìti∫

X

φndµ↗
∫

X

φfdµ.

'Omwc k�je fn eÐnai apl , �ra (apì thn Parat rhsh 4.9)∫
X

φndµ =

∫
X

(∫
Y

fn(x, y)dν(y)

)
dµ(x) =

∫
X×Y

fndπ.

'Eqoume loipìn ∫
X

φfdµ = lim
n

∫
X×Y

fndπ. (3)

Apì tic (2) kai (3) èpetai ìti∫
X×Y

fdπ =

∫
X

φfdµ =

∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x)

kai h �llh isìthta prokÔptei me ton Ðdio trìpo. 2

Par�deigma 4.11 To sumpèrasma den isqÔei p�nta ìtan den eÐnai kai oi dÔo q¸roi σ-
peperasmènou mètrou. Gia par�deigma, èstw X = Y = [0, 1], A = B ta sÔnola Borel, µ
to mètro Lebesgue kai ν to mètro aparÐjmhshc. An D = {(x, x) : x ∈ [0, 1]}, tìte ta trÐa
oloklhr¸mata

∫
Y

(
∫

X
χDdµ)dν = 0,

∫
X

(
∫

Y
χDdν)dµ = 1 kai

∫
X×Y

χDd(µ× ν) = +∞ eÐnai
diaforetik� an� dÔo.

Ac deÐxoume ìti
∫

X×Y
χDd(µ× ν) = +∞, dhlad  ìti π(D) = (µ× ν)(D) = +∞. AfoÔ to

D eÐnai A⊗ B-metr simo, to mètro tou isoÔtai me to exwterikì tou mètro, dhlad 

π(D) = inf

{
∞∑
i=1

π(Ai ×Bi) : Ai ∈ A, Bi ∈ B, D ⊆
⋃
i

Ai ×Bi

}
.

JewroÔme mia tuqaÐa arijm simh k�luyh D ⊆
⋃

iAi × Bi. Gia k�je x ∈ [0, 1] up�rqei
i ∈ N ¸ste (x, x) ∈ Ai × Bi, opìte x ∈ Ai ∩ Bi ≡ Ci. 'Eqoume loipìn [0, 1] =

⋃
iCi,

�ra k�poio Cj ja èqei jetikì mètro Lebesgue: µ(Cj) > 0. Tìte ìmwc to Cj eÐnai �peiro,
opìte ν(Cj) = +∞. Sunep¸c π(Aj × Bj) ≥ π(Cj × Cj) = µ(Cj)ν(Cj) = +∞ kai �ra∑∞

i=1 π(Ai ×Bi) = +∞. AfoÔ h k�luyh eÐnai tuqaÐa, èpetai ìti π(D) = +∞.

Par�deigma 4.12 H upìjesh f ≥ 0 den mporeÐ en gènei na paraleifjeÐ. Gia par�deigma,
an (X,A, µ) = (Y,B, ν) = (N,P(N), µ) (µ to mètro aparÐjmhshc) kai

f(x, y) =


1, x = y
−1, x = y + 1
0, alli¸c

tìte
∫

Y
(
∫

X
fdµ)dν = 0 en¸

∫
X

(
∫

Y
fdν)dµ = 1.

ParathroÔme ed¸ ìti
∫

X×Y
|f |d(µ× ν) = +∞.
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Je¸rhma 4.13 (Fubini) 'Estw f ∈ L1(X × Y,A ⊗ B, µ × ν) ìpou oi (X,A, µ) kai
(Y,B, ν) eÐnai q¸roi σ-peperasmènou mètrou. Tìte

(a) sqedìn ìlec oi tomèc thc f eÐnai oloklhr¸simec, dhlad 
µ-sqedìn gia k�je x ∈ X isqÔei ìti

∫
Y
|f(x, y)|dν(y) < +∞

kai ν-sqedìn gia k�je y ∈ Y isqÔei ìti
∫

X
|f(x, y)|dµ(y) < +∞

(b) oi (sqedìn pantoÔ orismènec) sunart seic

x→
∫

Y

f(x, y)dν(y) kai y →
∫

X

f(x, y)dµ(x)

orÐzoun stoiqeÐa4 tou L1(X,A, µ) (antistoÐqwc L1(Y,B, ν)) kai

(g) isqÔoun oi isìthtec∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
X×Y

fd(µ× ν) =

∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y).

Apìdeixh Ja apodeÐxoume to Je¸rhma gia thn perÐptwsh f(X) ⊆ [−∞,+∞]. H perÐ-
ptwsh f(X) ⊆ C èpetai eÔkola.

Apì to Je¸rhma Tonelli h sun�rthsh φ|f | : X → [0,+∞] me φ|f |(x) =
∫

Y
|f(x, y)|dν(y)

eÐnai A-metr simh kai∫
X

φ|f |(x)dµ(x) =

∫
X

(∫
Y

|f(x, y)|dν(y)

)
dµ(x) =

∫
X×Y

|f |dπ < +∞.

Epomènwc to sÔnolo
A = {x ∈ A : φ|f |(x) <∞}

an kei sthn A kai µ(Ac) = 0. Me �lla lìgia

µ-sqedìn gia k�je x ∈ X,
∫

Y

|fx(y)|dν(y) < +∞, dhl. fx ∈ L1(ν).

Gia ton Ðdio lìgo up�rqei B ∈ B me ν(Bc) = 0 ¸ste gia k�je y ∈ B na isqÔei f y ∈ L1(µ)
kai to (a) apodeÐqjhke.

Efarmìzoume to Je¸rhma Tonelli sthn f+ = max{f, 0}: èpetai ìti h sun�rthsh
φ+ : X → [0,+∞] me φ+(x) =

∫
Y
f+(x, y)dν(y) eÐnai A-metr simh kai ìti∫

X

φ+dµ =

∫
X

(∫
Y

(f+)x(y)dν(y)

)
dµ(x) =

∫
X×Y

f+d(µ× ν) ≤
∫

X×Y

|f |d(µ× ν) <∞,

dhlad  φ+ ∈ L1(µ). OmoÐwc h sun�rthsh φ−(x) =
∫

Y
f−(x, y)dν(y) an kei ston L1(µ) kai∫

X

φ+dµ =

∫
X×Y

f+d(µ× ν) <∞,
∫

X

φ−dµ =

∫
X×Y

f−d(µ× ν) <∞

�ra

∫
X

φ+dµ−
∫

X

φ−dµ =

∫
X×Y

fd(µ× ν) . (4)

'Omwc, an x ∈ A opìte fx ∈ L1(ν) kai �ra (f±)x ∈ L1(ν), èqoume∫
Y

fx(y)dν(y) =

∫
Y

(f+)x(y)dν(y)−
∫

Y

(f−)x(y)dν(y) = φ+(x)− φ−(x) ∈ R.

4
δηλαδή π.χ. η πρώτη συνάρτηση είναι µ-ισοδύναμη με μία g ∈ L1(X,A, µ)
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Dhlad  h sun�rthsh

x→
∫

Y

f(x, y)dν(y)

eÐnai µ-sqedìn pantoÔ orismènh kai Ðsh me th diafor� dÔo stoiqeÐwn tou L1(µ), �ra orÐzei
stoiqeÐo tou L1(µ). Akribèstera, an jèsoume

g(x) = φ+(x)χA(x)− φ−(x)χA(x) (x ∈ X) (5)

tìte h g eÐnai (pantoÔ) diafor� dÔo sunart sewn tou L1(µ) me timèc sto R, �ra an kei
ston L1(µ) kai ikanopoieÐ

g(x) =

∫
Y

f(x, y)dν(y) gia k�je x ∈ A

dhlad  µ-sqedìn pantoÔ.

Apì thn (5) kai th grammikìthta tou oloklhr¸matoc ston L1(µ) èqoume loipìn∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
X

g(x)dµ(x)

=

∫
X

φ+(x)dµ(x)−
∫

X

φ−(x)dµ(x)
(4)
=

∫
X×Y

f(x, y)dπ(x, y).

OmoÐwc h (ν-sqedìn pantoÔ orismènh) sun�rthsh

y →
∫

X

f(x, y)dµ(x)

orÐzei stoiqeÐo tou L1(ν) kai prokÔptei ìti∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y) =

∫
X×Y

f(x, y)dπ(x, y).

2

Parat rhsh 4.14 Ta Jewr mata Tonelli kai Fubini sun jwc qrhsimopoioÔntai se sun-
duasmì: an dojeÐ mia A ⊗ B-metr simh sun�rthsh f , parathroÔme ìti apì to Je¸rhma
Tonelli oi sqèseic

(i)

∫
X

(∫
Y

|f(x, y)|dν(y)

)
dµ(x) <∞

(ii)

∫
Y

(∫
X

|f(x, y)|dµ(x)

)
dν(y) <∞

kai (iii)

∫
X×Y

|f(x, y)|dπ(x, y) <∞ (ìpou π = µ× ν)

eÐnai isodÔnamec. Elègqoume loipìn an k�poio apì ta diadoqik� oloklhr¸mata sto (i)  
sto (ii) dÐnei peperasmèno apotèlesma, opìte èqoume ìti f ∈ L1(X × Y,A × B, π), kai
an autì isqÔei, tìte efarmìzontac to Je¸rhma Fubini sumperaÐnoume ìti to {diplì} olo-
kl rwma

∫
X×Y

fdπ up�rqei kai isoÔtai me opoiod pote apì ta ta diadoqik� oloklhr¸mata∫
Y

(∫
X
f(x, y)dµ(x)

)
dµ(y) kai

∫
X

(∫
Y
f(x, y)dν(y)

)
dµ(x).
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Uniqueness of translation invariant measures

joint work by The Class

Let G be an abelian group equiped with a σ-algebra S ⊆ P(G) such that1 for all g ∈ G the
map λg : G → G : h → g + h is measurable. Suppose µ and ν are two σ-finite measures
on S which are left invariant, that is µ(λg(E)) = µ(E) for all g ∈ G and E ∈ S, and
similarly for ν. Then there exists c > 0 such that ν = cµ.

Proof By σ-finiteness, there exists B ∈ S such that ν(B) and µ(B) are both nonzero

and finite. Let c = ν(B)
µ(B)

. Replacing µ by the measure µ′(E) = cµ(E), we may assume

that µ(B) = ν(B) and we will show that µ = ν.

Claim Given any pair E, F of sets in S, we claim that

∫

χE(x − y)χF (x)dµ(x) =

∫

χE(x)χF (y + x)dµ(x) for all y ∈ G

Proof of the Claim Observe first that if f : G → [0, +∞] is measurable, then

∫

G

f(x + g)dµ(x) =

∫

G

f(x)dµ(x) for all g ∈ G

and similarly for ν. Indeed, if f = χE , note that f(x + g) = χEg
(x), where Eg = λ−1

g (E),
because f(x + g) = f(λg(x)) = 1 iff λg(x) ∈ E iff x ∈ λ−1

g (E). But µ(Eg) = µ(E) and
thus

∫

f(x + g)dµ(x) =

∫

χEg
(x)dµ(x) = µ(Eg) = µ(E) =

∫

fdµ.

By linearity of the integral the equality is valid whenever f is a nonnegative measurable
simple function. For general f let sn be an increasing sequence of nonnegative measurable
simple functions such that sn → f pointwise, observe that sn ◦λg → f ◦ λg and apply the
monotone convergence theorem.

If y ∈ G, applying this to the function fy given by fy(x) = χE(x)χF (x + y) gives

∫

χE(x− y)χF (x)dµ(x) =

∫

fy(x− y)dµ(x) =

∫

fy(x)dµ(x) =

∫

χE(x)χF (y + x)dµ(x)

which proves the Claim.

It follows that
∫

(
∫

χE(x − y)χF (x)dµ(x))

)

dν(y) =

∫
(

∫

χE(x)χF (y + x)dµ(x))

)

dν(y).

1haar, 5 feb 09
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Since the integrands are both non-negative and S⊗S measurable functions on ×G, using
Tonelli’s Theorem, we get

∫
(

∫

χE(x − y)χF (x)dν(y))

)

dµ(x) =

∫
(

∫

χE(x)χF (y + x)dν(y))

)

dµ(x).

Now we calculate
∫

(
∫

χE(x)χF (y + x)dν(y))

)

dµ(x) =

∫
(

χE(x)

∫

χλ
−x(F )(y)dν(y))

)

dµ(x)

=

∫

χE(x)ν(λ−x(F ))dµ(x) =

∫

χE(x)ν(F )dµ(x)

= µ(E)ν(F )

(since ν(λ−x(F )) = ν(F )) and

∫
(

∫

χE(x − y)χF (x)dν(y))

)

dµ(x) =

∫
(

χF (x)

∫

χ−E(y − x)dν(y))

)

dµ(x)

=

∫
(

χF (x)

∫

χλx(−E)(y)dν(y))

)

dµ(x)

=

∫

χF (x)ν(λx(−E))dµ(x) =

∫

χF (x)ν(−E)dµ(x)

= ν(−E)µ(F )

and so
µ(E)ν(F ) = ν(−E)µ(F ) for all E, F ∈ S. (1)

Set F = B in (1) to obtain

µ(E)ν(B) = ν(−E)µ(B) = ν(−E)ν(B)

and so µ(E) = ν(−E) for all E ∈ S

since 0 < ν(B) < +∞. Applying the last equality to B we obtain µ(B) = ν(−B) and
now (1) for E = B gives

µ(B)ν(F ) = ν(−B)µ(F )

and so finally
ν(F ) = µ(F ) for all F ∈ S. 2

Remarks [A.K.] Note that we have actually shown that µ(E) = µ(−E) for all E ∈ S:
thus any translation invariant measure is automatically reflection invariant. This is not
true in general for non-abelian groups.

For the case G = R
n,S = BG, the above shows that any translation invariant Borel

measure on R
n is a multiple of Lebesgue measure.

It is known that any (not necessarily abelian) locally compact (Hausdorff) group G admits
a (left-) translation invariant regular Borel measure µ, called Haar measure. The proof
is non-trivial.

Any other left translation invariant regular Borel measure on G is a positive multiple of
Haar measure. The proof in the non-abelian case also uses Tonelli’s theorem.
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Je¸rhma Radon - Nikodym � Diafìrish
5 Proshmasmèna mètraPar�deigma 5.1 An (X,S) e�nai metr simo
 q¸ro
 1 kai µ1, µ2 e�nai peperasmèna mètrasthn S, h apeikìnish

ν : S → R : E → µ1(E) − µ2(E)ikanopoie� ti
 sqèsei

(i) ν(∅) = 0

(ii) an En ∈ S e�nai xèna an� dÔo tìte ν(
⋃

n

En) =
∑

n

ν(En) (1)Par�deigma 5.2 An (X,S, µ) e�nai q¸ro
 mètrou kai f : X → [0, +∞] metr simh, hsqèsh
E → ν(E) =

∫

E

fdµ, E ∈ Sor�zei (jetikì) mètro ston (X,S). Parat rhse ìti an µ(E) = 0 tìte ν(E) = 0.Genikìtera an f : X → [−∞, +∞] metr simh kai to olokl rwma ∫

fdµ or�zetai (bl. tonOrismì 3.6), h sunolosun�rthsh
S → [−∞, +∞] : E → ν(E) =

∫

E

fdµ (2)e�nai diafor� dÔo mètrwn, toul�qiston èna ek twn opo�wn e�nai peperasmèno, epomènw
ikanopoie� ti
 sqèsei
 (1) kai pa�rnei to polÔ m�a apì ti
 timè
 −∞ kai +∞.Orismì
 5.1 Proshmasmèno mètro e�nai mia sunolosun�rthsh S → [−∞, +∞] :
E → ν(E) pou pa�rnei to polÔ m�a apì ti
 timè
 −∞ kai +∞ kai ikanopoie� ti
 sqèsei
 (1).Migadikì mètro e�nai mia sunolosun�rthsh ν : S → C pou ikanopoie� ti
 sqèsei
 (1).Parathr sei
 5.3 (a) SÔmfwna me ton orismì, èna (jetikì) mètro e�nai proshmasmènomètro, en¸ èna proshmasmèno mètro den e�nai p�nta migadikì mètro. 'Alloi suggrafe�
 (p.q.Koumoull 
 � Negrepìnth
), me ton ìro proshmasmèno mètro ennooÔn èna migadikì mètrome pragmatikè
 timè
.1RN, 12/02/09

1



(b) An sthn (ii) èqoume |ν(∪nEn)| < ∞ (eidikìtera an to mètro einai migadikì) h seir� sug-kl�nei. Tìte, epeid  k�je anadi�taxh ∑

n Eπ(n) th
 seir�
 èqei to �dio ìrio ν(
⋃

n Eπ(n)) =
ν(

⋃

n En), h sÔgklish e�nai apìluth.2(g) An µ1 kai µ2 e�nai (jetik�) mètra, to �jroism� tou
 e�nai jetikì mètro, all� h diafor�
µ1 − µ2 den e�nai en gènei proshmasmèno mètro.To sÔnolo twn migadik¸n mètrwn e�nai migadikì
 grammikì
 q¸ro
 w
 pro
 ti
 pr�xei
 kat�shme�o, ìpw
 o q¸ro
 L1(X, µ).(d) Ja doÔme ìti ìla ta proshmasmèna mètra ston (X,S) e�nai th
 morf 
 µ1 − µ2 giakat�llhla jetik� mètra µi kai ep�sh
 th
 morf 
 (2) gia kat�llhlo jetikì mètro µ kaimetr simh f : X → [−∞, +∞].An doje� èna jetikì mètro µ ston (X,S), e�nai al jeia ìti ìla ta proshmasmèna mètra νston (X,S) e�nai th
 morf 
 (2)? 'Oqi!Par�deigma to mètro Dirac δ0 sto 0: An ikanopoioÔse thn (2) w
 pro
 to mètro Lebe-
sgue λ tìte h f ja èprepe na ikanopoie� f(x) = 0 λ-sqedìn pantoÔ sto R \ {0}, opìte
∫

R
f(t)dλ(t) = 0 6= δ0(R).Parat rhse ìti ìtan to ν ikanopoie� thn (2) tìte ikanopoie�, ektì
 apì ti
 (i) kai (ii), kaithn sqèsh

(iii) an µ(E) = 0 tìte ν(E) = 0en¸ gia to δ0 isqÔei to {�krw
 ant�jeto}: Up�rqei metr simo E ⊆ R ¸ste λ(E) = 0 en¸
δ0(E

c) = 0 (pr�gmati, E = {0}).IsqÔei to akìloujo Je¸rhma, to opo�o ja apode�xoume me thn epiplèon upìjesh ìti to νe�nai σ-peperasmèno (de
 Je¸rhma 5.21):Je¸rhma 5.4 (Radon - Nikodym I) An (X,S, µ) e�nai q¸ro
 σ-peperasmènou mè-trou kai ν e�nai jetikì mètro tìte up�rqei metr simh f : X → [0, +∞], ¸ste
ν(E) =

∫

E

fdµ, E ∈ San kai mìnon an
E ∈ S, µ(E) = 0 =⇒ ν(E) = 0.H f e�nai monadik  modulo isìthta µ-sv.p.2Απόδειξη (α) ΄Εστω πρώτα ότι το ν είναι προσημασμένο μέτρο. Υποθέτουμε ότι δεν παίρνει την τιμή

−∞ (αλλιώς, θεωρούμε το −ν). Η σειρά
∑

n
ν(En) συγκλίνει στον πραγματικό αριθμό ν(∪nEn). Θέτοντας

N1 = {n : ν(En) ≥ 0} και N2 = {n : ν(En) < 0} παρατηρούμε ότι οι δύο σειρές
∑

n∈N1
ν(En) = ν(

⋃

n∈N1
)

και
∑

n∈N2
(−ν(En)) = −ν(

⋃

n∈N2
) έχουν και οι δύο μη αρνητικούς όρους, άρα ή συγκλίνουν ή τείνουν στο

+∞. Εφόσον όμως ν(
⋃

n∈N2
) > −∞, η δεύτερη αναγκαστικά συγκλίνει. Επειδή η διαφορά τους είναι η

συγκλίνουσα σειρά
∑

n
ν(En), έπεται ότι και οι δύο συγκλίνουν (στο R). ΄Εχουμε λοιπόν

∑

n∈R

|ν(En)| =
∑

n∈N1

|ν(En)| +
∑

n∈N2

|ν(En)| =
∑

n∈N1

ν(En) +
∑

n∈N2

(−ν(En)) ∈ R.

(β) Αν το ν είναι μιγαδικό μέτρο, τότε τα ν1(E) = Re ν(E) και ν2(E) = Im ν(E) είναι προσημασμένα μέτρα
με πραγματικές μόνον τιμές, οπότε

∑

n
|ν(En)| ≤

∑

n
|ν1(En)| +

∑

n
|ν2(En)| < +∞.
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5.1 AnalÔsei
 mètrwnL mma 5.5 'Estw ν proshmasmèno mètro ston (X,S) kai (En) sthn S. An h (En)e�nai aÔxousa, tìte ν(∪En) = limn ν(En). An h (En) e�nai fj�nousa kai ν(E1) ∈ R, tìte
ν(∩En) = limn ν(En).Orismì
 5.2 'Estw ν proshmasmèno mètro ston (X,S). 'Ena sÔnolo E ∈ S lègetai

• jetikì gia to ν an F ∈ S, F ⊆ E ⇒ ν(F ) ≥ 0

• arnhtikì gia to ν an F ∈ S, F ⊆ E ⇒ ν(F ) ≤ 0

• mhdenikì gia to ν an F ∈ S, F ⊆ E ⇒ ν(F ) = 0.An to ν e�nai jetikì mètro, tìte èna E ∈ S e�nai mhdenikì gia to ν an kai mìnon an ν(E) = 0.Par�deigma 5.6 An to ν or�zetai apì th sqèsh ν(E) =
∫

E
fdµ ìpou µ jetikì mètrokai f ∈ L1(X, µ), tìte èna E e�nai ν-jetikì an kai mìnon an f(x) ≥ 0 µ-sqedìn gia k�je

x ∈ E.L mma 5.7 (a) An to E e�nai jetikì gia to ν kai F ∈ S e�nai uposÔnolo tou E tìte to Fe�nai jetikì gia to ν kai ν(F ) ≤ ν(E).(b) An ta En e�nai jetik� gia to ν tìte to ∪nEn e�nai jetikì gia to ν.Apìdeixh (a) An G ∈ S kai G ⊆ F tìte G ⊆ E �ra ν(G) ≥ 0. Dhlad  to F e�nai
ν-jetikì. Ep�sh
 ν(E \ F ) ≥ 0 �ra ν(E) = ν(F ) + ν(E \ F ) ≥ ν(F ).(b) An Fn = En \ ∪k<nEk tìte ta Fn e�nai ν-jetik� apì to (a). 'Epetai ìti an F ∈ S e�naiuposÔnolo tou ∪nEn tìte ν(F ) =

∑

n ν(F ∩ Fn) ≥ 0.Je¸rhma 5.8 (An�lush Hahn) 'Estw ν proshmasmèno mètro ston (X,S). Tìteup�rqei metr simh diamèrish
X = P ∪ N, P ∩ N = ∅ ìpou P jetikì gia to ν, N arnhtikì gia to ν.An X = P ′ ∪N ′ e�nai mia �llh tètoia diamèrish, tìte to P △ P ′ = N △N ′ e�nai mhdenikìgia to ν.Apìdeixh Ex orismoÔ to ν den mpore� na pa�rnei kai ti
 dÔo timè
 +∞,−∞. Upojètoumeìti gia k�je E ∈ S, isqÔei ν(E) < +∞(alli¸
, jewroÔme to −ν).

(i) A
 onom�soume P ⊆ S thn oikogèneia twn ν-jetik¸n metr simwn sunìlwn.ParathroÔme ìti h P perièqei to ∅, �ra e�nai mh ken  . 'Estw m = sup{ν(E) : E ∈ P} ∈
[0, +∞]. Up�rqei akolouj�a {En} sthn P ¸ste ν(En) → m. Epeid  h P e�nai kleist  w
pro
 arijm sime
 en¸sei
 (L mma 5.7), mporoÔme na upojèsoume ìti h {En} e�nai aÔxousa.An loipìn jèsoume P = ∪nEn, apì to L mma 5.7 èpetai ìti P ∈ P kai apì to L mma 5.5ìti ν(P ) = lim ν(En) = m, opìte èqoume m < ∞.3



(ii) Jètoume N = P c.Parat rhsh (a). To N den mpore� na perièqei sÔnola E ∈ P me ν(E) > 0.Pr�gmati, an perie�qe èna tètoio E, tìte P ∪ E ∈ P kai
ν(P ∪ E) = ν(P ) + ν(E) = m + ν(E) > m,en¸ to m ikanopie� ex orismoÔ m ≥ ν(A) gia k�je A ∈ P.Parat rhsh (b). An A ∈ S, A ⊆ N kai ν(A) > 0 tìte up�rqei B ∈ S, B ⊆ A me

ν(B) > ν(A).Pr�gmati, apì to (a) èqoume A /∈ P, �ra up�rqei C ∈ S, C ⊆ A ¸ste ν(C) < 0. Jètonta

B = A \ C èqoume ν(B) + ν(C) = ν(A) �ra ν(B) > ν(A).
(iii) Ja de�xoume ìti to N e�nai ν-arnhtikì.Upojètoume ìti den e�nai. Ja broÔme epagwgik� mia fj�nousa akolouj�a {An} metr simwnuposunìlwn tou N me ìlo kai megalÔtero jetikì mètro. Autì ja ma
 odhg sei se �topo,ìpw
 ja doÔme.AfoÔ upojèsame ìti to N den e�nai ν-arnhtikì, ja perièqei A ∈ S me ν(A) > 0.Epomènw
 up�rqei n ∈ N gia ton opo�o to sÔnolo {A ∈ S, A ⊆ N, ν(A) > 1

n
} den e�naikenì. 'Estw n1 o mikrìtero
 tètoio
 n.Epilègoume A1 ∈ S, A1 ⊆ N me ν(A1) > 1

n1

.Apì thn Parat rhsh (b) up�rqei B ∈ S, B ⊆ A1 me ν(B) > ν(A1).'Estw n2 o mikrìtero
 n ∈ N gia ton opo�o up�rqei B ∈ S, B ⊆ A1 me ν(B) > ν(A1) + 1
n
.Epilègoume A2 ∈ S, A2 ⊆ A1 me ν(A2) > ν(A1) + 1

n2

.Suneq�zoume epagwgik�: An èqoume epilèxei
N ⊇ A1 ⊇ A2 ⊇ · · · ⊇ Aj−1metr sima kai ant�stoiqa n1, . . . , nj−1, apì thn Parat rhsh (b) up�rqei C ∈ S, C ⊆ Aj−1me ν(C) > ν(Aj−1), opìte an nj e�nai o mikrìtero
 n ∈ N gia ton opo�o up�rqei C ∈ S,

C ⊆ Aj−1 me ν(C) > ν(Aj−1) + 1
n
, epilègoume

Aj ⊆ Aj−1 ¸ste ν(Aj) > ν(Aj−1) + 1
nj
.An A = ∩jAj tìte 0 < sup ν(Aj) = limj ν(Aj) = ν(A) < +∞. Epomènw


ν(Aj) − ν(Aj−1) → 0 kai afoÔ ν(Aj) − ν(Aj−1) > 1
nj

èpetai ìti 1
nj

→ 0, dhl. nj → ∞.'Omw
 A ⊆ N kai ν(A) > 0, opìte up�rqei D ⊆ A metr simo me ν(D) > ν(A). An o n ∈ Nikanopoie� ν(D) > ν(A) + 1
n
, tìte gia k�je j èqoume ν(D) > ν(A) + 1

n
≥ ν(Aj−1) + 1

n
.'Omw
 o nj e�nai ex orismoÔ o mikrìtero
 pou mpore� na ikanopoie� thn anisìthta ν(D) >

ν(Aj−1) + 1
n
, opìte nj ≤ n. Dhlad  to n e�nai �nw fr�gma th
 (nj), se ant�jesh me togegonì
 ìti nj → ∞.H ant�fash pro lje apì thn upìjesh ìti to N perièqei metr sima sÔnola jetikoÔ mètrou.Kat� sunèpeia autì den isqÔei, �ra k�je E ∈ S me E ⊆ N ikanopoie� ν(E) ≤ 0, dhlad  to

N e�nai ν-arnhtikì.
(iv) An X = P ′ ∪ N ′ e�nai mia �llh diamèrish se ν-jetikì kai ν-arnhtikì sÔnolo, tìteèqoume P \ P ′ = P ∩ (P ′)c = P ∩ N ′ �ra to P \ P ′ e�nai ν-arnhtikì giat� perièqetai sto4



N ′, all� kai ν-jetikì giat� perièqetai sto P . 'Ara to P \ P ′ e�nai ν-mhdenikì. Omo�w
 to
P ′\P = P ′∩N e�nai ν-mhdenikì, �ra to P△P ′ e�nai ν-mhdenikì. H isìthta P△P ′ = N△N ′e�nai �mesh. 2Parathr sei
 5.9 (i) En gènei h an�lushX = P∪N den e�nai monadik : an Ω ⊆ P e�naièna ν-mhdenikì sÔnolo, jètonta
 P1 = P \ Ω kai N1 = N ∪ Ω èqoume mia (endeqomènw
)diaforetik  diamèrish. To (iv) sthn apìdeixh de�qnei ìti autì e�nai to {qeirìtero} poumpore� na sumbe�.
(ii) An onom�soume Po thn ènwsh ìlwn twn ν-jetik¸n (metr simwn) sunìlwn, to Po mpore�na mhn e�nai metr simo. Gi autì or�same to sÔnolo P mèsw mi�
 akolouj�a
 ν-jetik¸nsunìlwn.To sÔnolo P {ν-sqedìn perièqei} ìla ta ν-jetik� sÔnola, me thn ènnoia ìti an A ∈ P,tìte to A ∩ P c e�nai ν-mhdenikì: pr�gmati, k�je E ∈ S me E ⊆ A ∩ P c an kei sthn P kaiperièqetai sto N , �ra anagkastik� ikanopoie� ν(E) = 0.Orismì
 5.3 An µ, ν e�nai dÔo proshmasmèna mètra ston (X,S), to ν lègetai k�jetosto µ   µ-idi�zon (singular) an up�rqei metr simh diamèrish X = A ∪ Ac ¸ste to Ana e�nai ν-mhdenikì kai to Ac na e�nai µ-mhdenikì. Gr�foume µ ⊥ ν.Dhlad  ìqi mìno to Ac, all� k�je metr simo uposÔnolo E tou Ac èqei µ(E) = 0. Lème ìtito µ e�nai sugkentrwmèno (concentrated) sto A. Omo�w
 to ν e�nai sugkentrwmènosto Ac.Gia par�deigma an δ0 e�nai to mètro Dirac sto 0 ∈ R kai m e�nai to mètro Lebesgue, tìte
δ0 ⊥ m giat� to {0} e�nai m-mhdenikì en¸ to {0}c e�nai δ0-mhdenikì.Je¸rhma 5.10 (An�lush Jordan) An ν e�nai proshmasmèno mètro ston (X,S), u-p�rqoun monadik� jetik� mètra ν+ kai ν− ston (X,S), toul�qiston èna apì ta opo�a e�naipeperasmèno, ¸ste

ν = ν+ − ν− kai ν+ ⊥ ν−.Apìdeixh 'Estw X = P ∪ N mia an�lush Hahn gia to ν. Tìte gia k�je E ∈ S,
E = (E ∩ P ) ∪ (E ∩ N)�ra ν(E) = ν(E ∩ P ) + ν(E ∩ N).Or�zoume ta ν+ kai ν− apì ti
 sqèsei


ν+(E) = ν(E ∩ P ) kai ν−(E) = −ν(E ∩ N) (E ∈ S)kai èqoume dÔo jetik� mètra. An to ν den pa�rnei thn tim  +∞, tìte gia k�je E ∈ S isqÔei
ν(E ∩ P ) ∈ R+, dhlad  to ν+ e�nai peperasmèno, en¸ an den pa�rnei thn tim  −∞, tìte to
ν− e�nai peperasmèno. Kai sti
 dÔo peript¸sei
, gia k�je E ∈ S h diafor� ν+(E)− ν−(E)or�zetai kai isoÔtai me ν(E).Ep�sh
 apì thn kataskeu , an èna E ∈ S perièqetai sto N tìte ν+(E) = 0, �ra to N e�nai
ν+-mhdenikì, kai omo�w
 to P e�nai ν−-mhdenikì. Epomènw
 ν+ ⊥ ν−.Monadikìthta 'Estw ν = µ+ − µ− ìpou ta µ+, µ− e�nai k�jeta jetik� mètra. Up�rqeiloipìn mia metr simh diamèrish X = A ∪ Ac ¸ste to Ac na e�nai µ+-mhdenikì kai to A5



na e�nai µ−-mhdenikì. 'Epetai ìti to A e�nai ν-jetikì (giat� an E ∈ S kai E ⊆ A tìte
µ−(E) = 0 afoÔ to A e�nai µ−-mhdenikì, opìte ν(E) = µ+(E)−µ−(E) = µ+(E) ≥ 0) en¸to Ac e�nai ν-arnhtikì. Epomènw
 h diamèrish X = A ∪ Ac e�nai mia an�lush Hahn gia to
ν. Apì to Je¸rhma 5.8, to P △A = Ac △N e�nai ν-mhdenikì. 'Epetai ìti gia k�je E ∈ Sèqoume 3 ν(E ∩ P ) = ν(E ∩ A), �ra

ν+(E) = ν(E ∩ P ) = ν(E ∩ A) = µ+(E ∩ A) − µ−(E ∩ A)

= µ+(E ∩ A) + µ+(E ∩ Ac) − 0 = µ+(E)(giat� µ−(E ∩A) = 0 kai µ+(E ∩Ac) = 0) dhlad  ν+(E) = µ+(E) kai epomènw
 ν−(E) =
µ−(E). 2Parat rhsh 5.11 MporoÔme na upolog�soume ta ν+ kai ν− apì ti
 sqèsei


ν+(E) = sup{ν(F ) : F ∈ S, F ⊆ E}

ν−(E) = sup{−ν(F ) : F ∈ S, F ⊆ E} (E ∈ S).Gia par�deigma h deÔterh isìthta apodeiknÔetai w
 ex 
: Epeid  E ∩ N ⊆ E èqoume
ν−(E) = −ν(E ∩ N) ≤ sup{−ν(F ) : F ∈ S, F ⊆ E}en¸ gia k�je F ∈ S me F ⊆ E èqoume

−ν(F ) = ν−(F ) − ν+(F ) ≤ ν−(F ) ≤ ν−(E)(diìti ta ν+ kai ν− e�nai jetik� mètra) epomènw
 sup{−ν(F ) : F ∈ S, F ⊆ E} ≤ ν−(E)�ra isqÔei isìthta.Autì apotele� mia deÔterh apìdeixh ìti oi kum�nsei
 tou ν e�nai anex�rthte
 apì thn an�-lush Hahn pou qrhsimopoi jhke gia ton orismì tou
.Orismì
 5.4 An ν e�nai èna proshmasmèno mètro ston (X,S), ta jetik� mètra ν+, ν−pou or�same lègontai h jetik  kai h arnhtik  kÔmansh tou ν kai to jetikì mètro
|ν| pou or�zetai apì th sqèsh

|ν| = ν+ + ν−lègetai h olik  kÔmansh tou ν.Parat rhsh 5.12 An f = χP − χN kai µ = |ν| tìte ν(E) =
∫

E
fdµ.'Askhsh 5.13 An (X,S, µ) e�nai q¸ro
 mètrou, f ∈ L1(X, µ) kai ν(E) =

∫

E
fdµ, tìte

ν+(E) =
∫

E
f+dµ kai ν−(E) =

∫

E
f−dµ (epomènw
 |ν|(E) =

∫

E
|f |dµ).'Askhsh 5.14 An ν e�nai proshmasmèno mètro ston (X,S) kai E ∈ S, tìte

|ν|(E) = sup{
n

∑

k=1

|ν(Ek)| : Ek ∈ S xèna, n
⋃

k=1

Ek = E}kai to |ν| e�nai to mikrìtero jetikì mètro µ ston (X,S) me thn idiìthta µ(E) ≥ |ν(E)| giak�je E ∈ S.'Askhsh 5.15 An ν, µ e�nai proshmasmèna mètra ston (X,S), tìte(a) 'Ena sÔnolo E ∈ S e�nai ν-mhdenikì an kai mìnon an |ν|(E) = 0.(b) ν ⊥ µ ⇔ |ν| ⊥ µ ⇔ (ν+ ⊥ µ kai ν− ⊥ µ).3ν(E ∩ P ) − ν(E ∩ A) = ν(E ∩ (P \ A)) = 0 γιατί E ∩ (P \ A) ⊆ P △ A που είναι ν-μηδενικό σύνολο6



5.2 To Je¸rhma Lebesgue - Radon - NikodymOrismì
 5.5 'Estw µ jetikì mètro kai ν proshmasmèno   migadikì   jetikì mètro stonmetr simo q¸ro (X,S). To ν lègetai apìluta suneqè
 w
 pro
 µ (gr�foume ν ≪ µ)an
E ∈ S, µ(E) = 0 =⇒ ν(E) = 0.DÔo jetik� mètra µ kai ν lègontai isodÔnama an ν ≪ µ kai µ ≪ ν.'Askhsh 5.16 'Estw µ jetikì mètro kai ν proshmasmèno mètro ston metr simo q¸ro

(X,S). De�xte ta akìlouja:
• An ν ≪ µ tìte k�je E ∈ S me µ(E) = 0 e�nai ν-mhdenikì (Orismì
 5.2).
• An k�je E ∈ S me µ(E) = 0 e�nai ν-mhdenikì tìte ν+ ≪ µ kai ν− ≪ µ.
• An ν+ ≪ µ kai ν− ≪ µ tìte |ν| ≪ µ.
• An |ν| ≪ µ tìte ν ≪ µ.Epomènw
 ìle
 oi sunj ke
 e�nai isodÔname
.Parat rhsh 5.17 An ν ≪ µ kai ν ⊥ µ tìte ν = 0.Pr�gmati, an ν ⊥ µ tìte up�rqei metr simh diamèrish X = E ∪ F me to E µ-mhdenikì kaito F ν-mhdenikì (opìte |ν|(F ) = 0 apì thn 'Askhsh 5.15) kai èqoume

|ν|(X) = |ν|(E) + |ν|(F ) = |ν|(E) = 0diìti |ν| ≪ µ, epomènw
 |ν| = 0, �ra ν = 0.Prìtash 5.18 'Estw ν èna proshmasmèno peperasmèno mètro (dhlad  ν(S) ⊆ R). To
ν e�nai µ-apìluta suneqè
 an kai mìnon angia k�je ǫ > 0 up�rqei δ > 0 ¸ste an E ∈ S kai µ(E) < δ tìte |ν(E)| < ǫ. (3)Apìdeixh Upojètoume ìti isqÔei h sunj kh (3). An µ(E) = 0, tìte gia k�je ǫ > 0èpetai apì thn (3) ìti |ν(E)| < ǫ, �ra ν(E) = 0. De�xame ìti ν ≪ µ.Upojètoume t¸ra ìti h sunj kh (3) den alhjeÔei. Up�rqei tìte ǫ > 0 ¸ste gia k�je δ > 0na up�rqei Eδ ∈ S ¸ste µ(Eδ) < δ kai |ν(Eδ)| ≥ ǫ.Efarmìzonta
 th sqèsh aut  gia δ = 1

2n , br�skoume gia k�je n ∈ N èna En ∈ S me
µ(En) < 1

2n kai |ν(En)| ≥ ǫ.Jètoume t¸ra F = lim sup En =
⋂

n≥1

Fn ìpou Fn =
⋃

k≥n

Ek kai èqoume
µ(Fn) ≤

∞
∑

k=n

1

2k
→ 0 �ra µ(F ) = lim µ(Fn) = 0 (afoÔ µ(F1) ≤ 1 < ∞)en¸ |ν|(Fn) ≥ |ν|(En) ≥ ǫ �ra |ν|(F ) = lim |ν|(Fn) ≥ ǫ (afoÔ |ν|(F1) < ∞ giat� to

ν, �ra kai to |ν|, e�nai peperasmèno).Br kame loipìn F ∈ S me µ(F ) = 0 kai |ν|(F ) > 0, opìte to |ν| den e�nai µ-apìlutasuneqè
, �ra oÔte kai to ν ('Askhsh 5.16). 27



Pìrisma 5.19 An (X,S, µ) e�nai q¸ro
 mètrou kai f ∈ L1(X, µ) tìtegia k�je ǫ > 0 up�rqei δ > 0 ¸ste an E ∈ S kai µ(E) < δ tìte ∣

∣

∣

∣

∫

E

fdµ

∣

∣

∣

∣

< ǫ.To epìmeno L mma ja qreiasje� sthn apìdeixh tou Jewr mato
 Lebesgue - Radon - Ni-
kodym.L mma 5.20 An ν, µ e�nai peperasmèna jetik� mètra ston (X,S), tìte:  ν ⊥ µ   alli¸
 (dhlad  an ν 6⊥ µ) up�rqoun ǫ > 0 kai E ∈ S me µ(E) > 0 ¸ste
ν(F ) ≥ ǫµ(F ) gia k�je F ∈ S, F ⊆ E (dhl. to E e�nai jetikì sÔnolo gia to proshmasmènomètro ν − ǫµ).Apìdeixh (a) ParathroÔme pr¸ta ìti den mpore� na sumba�noun kai ta dÔo: Pr�gmati,an ν ⊥ µ, opìte up�rqei A ∈ S ¸ste ν(A) = 0 kai µ(Ac) = 0, tìte gia k�je E ∈ S me
µ(E) > 0 èqoume ν(A ∩ E) = 0, opìte, gia k�je ǫ > 0,

ν(A ∩ E) − ǫµ(A ∩ E) < 0diìti µ(A ∩ E) = µ(E) > 0, dhlad  to E den e�nai jetikì gia to mètro ν − ǫµ.(b) An n ∈ N, jewroÔme to proshmasmèno mètro νn = ν − 1
n
µ kai mia an�lush Hahn

X = Pn ∪ Nn se νn-jetikì kai νn-arnhtikì sÔnolo.Or�zoume P =
⋃

n Pn kai N = P c =
⋂

Nn. Gia k�je n, efìson N ⊆ Nn èqoume νn(N) ≤ 0,dhlad  ν(N) ≤ 1
n
µ(N). Efìson ν(N) ≥ 0 kai µ(N) < ∞, èpetai ìti ν(N) = 0.Up�rqoun t¸ra dÔo peript¸sei
: µ(P ) = 0   µ(P ) > 0.An µ(P ) = 0, èpetai ìti µ ⊥ ν.An µ(P ) > 0, tìte up�rqei n ∈ N ¸ste µ(Pn) > 0. Jètoume tìte ǫ = 1

n
, opìte to

E ≡ Pn ikanopoie� µ(E) > 0 kai ex upojèsew
 e�nai jetikì gia to proshmasmèno mètro
νn = ν − ǫµ. 2Je¸rhma 5.21 (Lebesgue - Radon - Nikodym) 'Estw (X,S, µ) q¸ro
 σ-pepera-smènou mètrou. An ν e�nai èna proshmasmèno mètro ston (X,S) me |ν| σ-peperasmèno,tìte(a) An�lush Lebesgue: up�rqoun monadik� proshmasmèna mètra λ, ρ ¸ste

ν = λ + ρ, ìpou λ ⊥ µ kai ρ ≪ µ(b) Radon - Nikodym: up�rqei µ-sqedìn monadik  oloklhr¸simh f : X → R ¸ste
ρ(E) =

∫

E

fdµ gia k�je E ∈ S.An to ν e�nai jetikì mètro, tìte ta λ, ρ e�nai jetik� mètra kai h f mh arnhtik .An to |ν| e�nai peperasmèno mètro, tìte f ∈ L1(X, |ν|).Apìdeixh. Monadikìthta: An ν = λ + ρ = λ′ + ρ′ tìte, epeid  λ ⊥ µ kai λ′ ⊥ µ,up�rqoun N, N ′ ∈ S me µ(N) = µ(N ′) = 0 ¸ste to N c na e�nai λ-mhdenikì kai to N ′c

λ′-mhdenikì. Jètonta
 M = N ∪ N ′ èqoume µ(M) = 0 kai to M c e�nai λ-mhdenikì kai8



λ′-mhdenikì. Ep�sh
 ρ ≪ µ kai ρ′ ≪ µ �ra to M e�nai ρ-mhdenikì kai ρ′-mhdenikì. 'Epetailoipìn ìti gia k�je E ∈ S,
λ(E) = λ(E ∩ M) = λ(E ∩ M) + ρ(E ∩ M) = ν(E ∩ M)

= λ′(E ∩ M) + ρ′(E ∩ M) = λ′(E ∩ M) = λ(E),dhlad  λ = λ′ kai omo�w
 ρ(E) = ρ(E ∩ M c) = ρ′(E ∩ M c) = ρ′(E). 'Eqoume epomènw

∫

E

fdµ = ρ(E) = ρ′(E) =

∫

E

f ′dµ gia k�je E ∈ Sto opo�o de�qnei ìti f = f ′ µ-sqedìn pantoÔ.'Uparxh: Per�ptwsh I Upojètoume ìti ta ν, µ e�nai jetik� kai peperasmèna mètra.Kataskeu  th
 parag¸gou Radon-Nikodym f. JewroÔme thn oikogèneia
H = {h : X → [0, +∞] metr simh :

∫

A

hdµ ≤ ν(A) gia k�je A ∈ S}.Ja de�xoume ìti up�rqei f ∈ H ¸ste ∫

fdµ = sup{
∫

hdµ : h ∈ H} kai ìti aut  e�nai hzhtoÔmenh sun�rthsh. ParathroÔme ìti1. H 6= ∅, afoÔ 0 ∈ H.2. An h, g ∈ H tìte 4 h ∨ g ∈ H.3. An (hn) e�nai aÔxousa akolouj�a me hn ∈ H gia k�je n tìte limn hn ∈ H.Apìdeixh tou (2): Jètonta
 B = {x : h(x) ≥ g(x)}, èqoume B ∈ S kai, gia k�je A ∈ S,
∫

A

(h ∨ g)dµ =

∫

A∩B

(h ∨ g)dµ +

∫

A\B

(h ∨ g)dµ

=

∫

A∩B

hdµ +

∫

A\B

gdµ ≤ ν(A ∩ B) + ν(A \ B) = ν(A).Apìdeixh tou (3): Apì monìtonh sÔgklish
∫

A

lim
n

hndµ =

∫

lim
n

hnχAdµ = lim
n

∫

hnχAdµ ≤ ν(A).]K�je h ∈ H ikanopoie� ∫

hdµ ≤ ν(X) < +∞, opìte jètonta

a = sup{

∫

hdµ : h ∈ H}èqoume 0 ≤ a ≤ ν(X).Isqurismì
 Up�rqei f ∈ H ¸ste ∫

fdµ = a.Apìdeixh Gia k�je n ∈ N up�rkei hn ∈ H ¸ste ∫

hndµ > a − 1
n
. 'Estw gn = h1 ∨

h2 ∨ . . . ∨ hn. Tìte gn ∈ H, ∫

gndµ ≥
∫

hndµ > a − 1
n
kai h (gn) e�nai aÔxousa. 'Ara an4h ∨ g = max{f, g} 9



f = supn gn = limn gn èqoume f ∈ H kai a ≥
∫

fdµ ≥
∫

gndµ > a − 1
n
gia k�je n, opìte

a =
∫

fdµ. 2Orismì
 tou mètrou λ : S → R+ : λ(A) = ν(A) −
∫

A
fdµ (A ∈ S).ParathroÔme ìti λ(A) ≥ 0 efìson f ∈ H. Ep�sh
 to λ e�nai mètro, w
 diafor� dÔo mètrwn.Mènei na apodeiqje� oIsqurismì
 λ ⊥ µ.Apìdeixh An ìqi, apì to L mma 5.20 up�rqei ǫ > 0 kai E ∈ S me µ(E) > 0 kai

λ(F ) ≥ ǫµ(F ) gia k�je F ∈ S me F ⊆ E. 'Epetai ìti
ν(F ) = λ(F ) +

∫

F

fdµ ≥ ǫµ(F ) +

∫

F

fdµ.Jètonta
 loipìn g = f + ǫχE , h opo�a e�nai metr simh, èqoume gia k�je F ∈ S

∫

F

gdµ =

∫

F

fdµ +

∫

F

ǫχEdµ =

∫

F

fdµ + ǫµ(F ∩ E)

≤

∫

F

fdµ + λ(F ∩ E) ≤

∫

F

fdµ + λ(F ) = ν(F ).Autì de�qnei ìti g ∈ H, opìte ∫

gdµ ≤ a. 'Omw

∫

X

gdµ =

∫

X

fdµ + ǫµ(E) = a + ǫµ(E) > a�topo. H apìdeixh th
 Per�ptwsh
 I oloklhr¸jhke.Parat rhsh Efìson to mètro ν e�nai peperasmèno, h (mh arnhtik ) sun�rthsh f ika-nopoie� ∫

fdµ ≤ ν(X) < +∞, dhlad  f ∈ L1(X, µ).Per�ptwsh II Upojètoume ìti ta ν, µ e�nai jetik� kai σ-peperasmèna mètra.Tìte up�rqei mia arijm simh oikogèneia {Xn} ⊆ X apì xèna an� dÔo sÔnola me X = ∪nXn¸ste gia k�je n ∈ N na isqÔei µ(Xn) < +∞ kai ν(Xn) < +∞ (giat�?)Gia k�je n ∈ N, or�zoume ta mètra µn kai νn ston (X,S) apì ti
 sqèsei

µn(E) = µ(E ∩ Xn) νn(E) = ν(E ∩ Xn) (E ∈ S).Ta mètra aut� e�nai peperasmèna. ParathroÔme m�lista ìti gia k�je metr simh sun�rthsh

g èqoume ∫

gdµn =
∫

gχXn
dµ =

∫

Xn
gdµ kai ìti µn ≪ µ.Efarmìzonta
 to apotèlesma th
 Per�ptwsh
 I sta νn kai µn br�skoume mh arnhtik  su-n�rthsh fn ∈ L1(X, µn) kai jetikì peperasmèno mètro λn k�jeto sto µn ¸ste

νn(E) = λn(E) +

∫

E

fndµn (E ∈ S).ParathroÔme ìti efìson λn ⊥ µn kai µn ≪ µ, èqoume λn ⊥ µ. Ex�llou efìson µn(Xc
n) =

0, mporoÔme na upojèsoume ìti h fn mhden�zetai pantoÔ sto Xc
n, opìte h prohgoÔmenhsqèsh gr�fetai

νn(E) = λn(E) +

∫

E

fndµ (E ∈ S). (4)10



A
 parathr soume ìti fn ∈ L1(X, µ), �ra mporoÔme na upojèsoume ìti 0 ≤ fn(x) < +∞gia k�je x kai k�je n. Or�zoume mia sun�rthsh f : X → R w
 ex 
: k�je x ∈ X an keise èna akrib¸
 Xn; or�zoume f(x) = fn(x), dhlad  f =
∑

n fn. H f e�nai metr simh kaiikanopoie� 0 ≤ f(x) < +∞ gia k�je x.Prosjètonta
 t¸ra ti
 isìthte
 (4) kat� mèlh (ìloi oi ìroi e�nai mh arnhtiko�) èqoume
ν(E) =

∑

n

ν(E ∩ Xn) =
∑

n

νn(E) =
∑

n

λn(E) +
∑

n

∫

E

fndµ

=
∑

n

λn(E) +

∫

E

∑

n

fndµ =
∑

n

λn(E) +

∫

E

fdµ.Jètoume loipìn
λ(E) =

∑

n

λn(E) (E ∈ S)opìte to λ e�nai jetikì mètro (kai e�nai σ-peperasmèno giat� λ(Xn) = λn(X) < +∞ giak�je n). Mènei na de�xoume ìti λ ⊥ µ.Pr�gmati, afoÔ gia k�je n isqÔei ìti λn ⊥ µ up�rqei Nn ∈ S me µ(Nn) = 0 ¸ste
λn(N c

n) = 0. Jètonta
 t¸ra N = ∪nNn èqoume 0 ≤ µ(N) ≤
∑

n µ(Nn) = 0 kai
0 ≤ λn(N c) ≤ λn(N c

n) = 0, �ra λn(N c) = 0. Epomènw
 0 ≤ λ(N c) ≤
∑

n λn(N c) = 0, �ra
λ ⊥ µ.Parat rhsh An sumbe� to ν na e�nai peperasmèno, tìte to λ e�nai peperasmèno kai
f ∈ L1(X, µ). Pr�gmati

λ(X) +

∫

fdµ = ν(X) < +∞ �ra λ(X) < +∞ kai ∫

fdµ < +∞afoÔ ∫

fdµ ≥ 0 kai λ(X) ≥ 0.Per�ptwsh III (genik ) To ν e�nai t¸ra èna proshmasmèno mètro kai ta µ, |ν| e�nai
σ-peperasmèna. An ν = ν+ − ν− e�nai h an�lush Jordan tou ν, tìte ta ν+, ν− e�nai σ-peperasmèna. Epiplèon, afoÔ to ν den mpore� na p�rei kai ti
 dÔo timè
 +∞,−∞, ènaapì ta dÔo mètra ja e�nai peperasmèno. Upojètoume ìti to ν+ e�nai peperasmèno (alli¸
,jewroÔme to −ν).Apì thn Per�ptwsh II loipìn up�rqoun jetik� mètra λi (i = 1, 2) k�jeta pro
 to µ kaimetr sime
 sunart sei
 fi : X → [0, +∞) ¸ste

ν+(E) = λ1(E) +

∫

E

f1dµ kai ν−(E) = λ2(E) +

∫

E

f2dµ (E ∈ S).Efìson to ν+ èqei upoteje� peperasmèno, èqoume 0 ≤ λ1(E) < +∞ kai 0 ≤
∫

E
f1dµ <

+∞. Epomènw
, an or�soume λ(E) = λ1(E)−λ2(E) kai f = f1−f2, to λ e�nai kal� orismènoproshmasmèno mètro, h f : X → R e�nai oloklhr¸simh sun�rthsh kai ∫
E

f1dµ−
∫

E
f2dµ =

∫

E
fdµ. Ep�sh
, afoÔ ta λi e�nai k�jeta sto µ, eÔkola fa�netai ìti λ ⊥ µ. Afair¸nta
 ti
prohgoÔmene
 isìthte
 kat� mèlh, èqoume

ν(E) = ν+(E)−ν−(E) = λ1(E)−λ2(E)+

∫

E

f1dµ−

∫

E

f2dµ = λ(E)+

∫

E

fdµ (E ∈ S).
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Parat rhsh 5.22 (SÔndesh me thn Sunarthsiak  An�lush) An µ e�nai je-tikì kanonikì mètro Borel se ènan sumpag  metrikì q¸ro (  genikìtera topologikì sum-pag  q¸ro Hausdorff) X tìte Cc(X) ⊆ L1(X, µ) (pr�gmati gia k�je f ∈ Cc(X) èqoume
∫

|f |dµ ≤ ‖f‖∞ µ(supp f) < ∞) 5. Epomènw
 an ν e�nai èna proshmasmèno peperasmè-no mètro Borel ¸ste to |ν| na e�nai kanonikì, k�je f ∈ Cc(X) an kei ston L1(|ν|) �ra
f ∈ L1(ν+) kai f ∈ L1(ν−). Or�zonta
 loipìn φν(f) =

∫

fdν+ −
∫

fdν− èqoume miagrammik  morf  ston Cc(X) h opo�a e�nai suneq 
 giat�
|φν(f)| =

∣

∣

∣

∣

∫

fdν+ −

∫

fdν−

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

fdν+

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

fdν−

∣

∣

∣

∣

≤ ‖f‖∞ (ν+(X) + ν−(X)) = ‖f‖∞ |ν|(X).To Je¸rhma Anapar�stash
 tou Riesz lèei ìti ìle
 oi suneqe�
 grammikè
 morfè
 ston
(Cc(X), ‖·‖∞) e�nai th
 morf 
 φν gia kat�llhla peperasmèna proshmasmèna mètra ν.Ask sei
 5.23 (1) Ston metr simo q¸ro ([0, 1],Mm) ìpou Mm ta Lebesgue metr simasÔnola, jewroÔme ta ex 
 dÔo mètra: m, to mètro Lebesgue kai ν, to mètro apar�jmhsh
.To mètro ν den dèqetai an�lush Lebesgue w
 pro
 to mètro m. Ep�sh
, en¸ to mètro
m e�nai profan¸
 apolÔtw
 suneqè
 w
 pro
 to ν, den up�rqei f ∈ L1([0, 1], ν) ¸ste
m(E) =

∫

E
fdν gia k�je E ∈ Mm.(2) Ston (R,M), ìpou M = {E ⊆ R : E arijm simo   Ec arijm simo} onom�zoume µ tomètro apar�jmhsh
 kai ν to mètro pou or�zetai apì ti
 sqèsei
 ν(E) = 0 an E arijm simokai ν(E) = 1 an E uperarijm simo. Tìte profan¸
 ν ≪ µ all� den up�rqei metr simh f¸ste ν(E) =

∫

E
fdµ gia k�je E ∈ M.Orismì
 5.6 An (X,S, µ) e�nai σ-peperasmèno
 q¸ro
 mètrou kai ν proshmasmèno mè-tro me |ν| σ-peperasmèno ¸ste ν ≪ µ, h µ-sqedìn monadik  f pou ikanopoie� th sqèsh

ν(E) =
∫

E
fdµ gia k�je E ∈ S onom�zetai par�gwgo
 Radon-Nikodym tou ν w
pro
 µ kai sumbol�zetai dν

dµ
.Orismì
 5.7 'Estw ν proshmasmèno mètro ston (X,S) me an�lush Jordan ν = ν+−ν−.Gia k�je g ∈ L1(X, |ν|) or�zoume
∫

gdν =

∫

gdν+ −

∫

gdµ−.Prìtash 5.24 An ν ≪ µ kai µ ≪ λ ìpou ta µ kai λ e�nai jetik� mètra kai to ν e�naiproshmasmèno mètro (ìpou ta |ν|, µ kai λ e�nai σ-peperasmèna), tìte(a) gia k�je g ∈ L1(X, |ν|) èqoume g
dν

dµ
∈ L1(X, µ) kai ∫

gdν =

∫

g
dν

dµ
dµ.(b) IsqÔei h isìthta dν

dλ
=

(

dν

dµ

) (

dµ

dλ

)

λ-sqedìn pantoÔ.
5Το σύνολο supp f , ο φορέας της f , είναι η κλειστή θήκη του {x ∈ X : f(x) 6= 0}. Είναι συμπαγές αφού

f ∈ Cc(X), οπότε έχει πεπερασμένο μέτρο. 12


