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Meégog 1
H yevixn dewpla

1 H yeopetpla twv yoewyv Hilbert

1.1 Boaowol opiopol

Opopodg 1.1.1 Ovoudlovue xpo €0wTepikol Ywvopévou évay ypapuuiko xwpo X md-
vw oto C epodiaopévo ue pia areicévion (-, ) : X x X — C ya v onola wyvel

1) e+ py,2) =Nz, 2) +uly, 2), z,yeX, ApeC

(i) (z,y)={y2), wyeX
(i) (z,z) >0 ka1 (x,x) =0 <= x=0.

Ta mopandve cuverdyovtat

(iv) (2, Ay + pz) = Mz, y) + i{z,2), 2,y € X, \peC
(v) (z,0)=(0,z) =0, ze€X.

IMopdderypa 1.1.2 Ot mopoxdte Yoot eival YmMeol ECWTERIXOU YIVOUEVOU:
(1) To C™ ye 10 ecwTEPXS YIVOUEVO

o) =Y e r= () g = ).
i=1
(2) O ypouuxoe yweog
> = {(w1,79,73,...) : i |z, |* < +o00}
n=1
UE TO EOWTEPLXO YIVOUEVO

(@,9) = Tln.
n=1

Hopatnpelote 6T N oepd cuyxhiver ool |z,yn| < (|zn|* + [ynl?) /2.
(3) O ywpoc C([0,1]) 6wV v cuveydy cuvapthioewy 6o [0, 1] pe 10 contepd YI-
VOUEVO

(f.g) = / F(a)a@)de.

(4) O ywpoc C1([0,1]) 6hwv TV TapaywYloWwy CUVIPTACEWY PE TapdywYO CUVEYH
oto [0, 1], epoBlacUévoc Pe T0 ECOTERIXG YIVOUEVO

(f.g) = / ()50 + F ()7 @) e
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Av cTov (B0 yweo opicouue

1
(o) = | F@gods
0
161 10 (-, ) Bev elvan ecwtepted ywvéuevo. Tl ;

Oedpenua 1.1.3 (avicdtnta Cauchy-Schwarz) Ia kdle x,y € X wyva

| (@, y) |< (@ 2) Py ).

Anédaén. Av (z,y) = 0 t61e 10 {ntolpevo mpogavac wylel. Eotw (r,y) = Re.

‘Eotw tuydv r € R xaw éotw A = ret. ‘Eyouue
0 < (z+ Ay, z+ Ay)
(z,2)+ [ A (v y) + My, z) + Mz, y)
]| + 2Rr + 7|ly|>.

Aol autd oylel yio xdde r € R, n Soplvouca Tou Tplwviuou elvon un-detixr|, Snhadn
4R? — 4jz|]||ly]|* < 0, xou o Inroluevo énetau. O

IMapddeiypa 1.1.4 H avioétnra Cauchy-Schwarz egopuoléuevn oto C([0, 1]) ouve-
TayETAL TNV YEY|OWT AVIoOTNTY

(/01 | fla)g(a) | d) < (/01 | f(@) ? dz) (/01 | 9(x) I dz).

ITpbtaom 1.1.5 KdOe ypos eowtepikol yvopévou yivetar vopuikos Xwpos av opi-
oouue

|z = (@, )",

Anéoaén. H toryomvir avicotnra lvon 1o uovo un-tetpupévo onueio. Eyouue

lz+yll* = lll®+ (@) + (v, 2) + [ly]*
= [lzl” + 2Re (z,9) + [yl
< lll® + 20z iyl + llyl?

= (=l + Iy )*
O
‘Eyovtog opioet v vépua || - || n oviedtnror Cauchy-Schwarz naipver v amholotepn
popepH
| (o) I gl

IMapathenon. Xe xdlde yhpo eowTepixol Yivougvou 1oy Vel

lz £ ylI* = [l2]* + [lyll* & 2Re (z, ).



ITpbtaon 1.1.6 (xavévag Tou mopaAAnhoyedupov) loyvea

Iz + yll* + llz = yll* = 2[|z]I* + 2lly[|*, ya xdbe 2,y € X.

Anéoeiln. Amhéc mpdlelc. O

ITpotaor 1.1.7 (moAuxh TawtotnTa) loyve

4z,y) =z +yl* = o — ylI* +ille +iyl* —ille —iyl*, ya kdbe 2,y € X.

Andédeadn. Anhéc mpdleic. O

IMTopatripnon 1.1.8 H mopondve tautodTnta Yog AL 6TL G EVay YOP0 E0LTERIXOV
YLWVOUEVO TO ECWTEQRIXO YVOUEVO TEOGOLOPILETOL LOVOSTUAVTOL AT TNV VORUAL.

IMapathenon 1.1.9 Anodewvieton 10 e€hc: 1 voppa || - || evde vopuxol yweou X
elvon 1 VOpUOL TTOU ETEYETAL OO EVOL ECWTEPLXO YIVOUEVO OV XAl HOVO oV Loy DEL YLol TNV
| - |l o xovévog Tou ook AnhoyeduoL.

Optopodg 1.1.10 Evag mAnpng xwpos eowteptkol ywouévou ovopdletar xwpos Hil-
bert.

‘Apa xde yopog Hilbert etvar xou yopog Banach xow 6hn 1 Yewpla twv ywewy Banach
umopet vo egapuocTel xou ot yweoug Hilbert. Oa acyornlolue ue w1d6tTNnTeS TWV Y®EOY
Hilbert mou ev yevel 6ev woybouy ot va yweo Banach.

Ac Yewpricoupe Toug yOpoug cmTepXoL Yvouévou Tou Hapadelypatog 1.1.2. Tote

1. OCN UE TO E0WTEPXO Yvoueva tou Topadetypatoc 1 ebvan ywpog Hilbert.
2. O 1% etva yweoc Hilbert.
3. O C([0,1]) 8ev eivon ytdpoc Hilbert.

H minedtnta Tou CN etvon cuvéneta Tou 6Tt xdde VOPUIXOG Y(WPOG TETEPAOUEVNG OLdoTo-
ong eivon TAxeng. o o dhha 600 ypedleton andoeln.

Ipétaomn 1.1.11 O ydpos I? pe to eowtepikd ywdpevo (x,y) = > oo &7, €val
évag dwaywpioos ywpos Hilbert.

Arddeén. (i) (IDwnpdtnta) Eotw (a,) pla axoloudia Cauchy otov 2. Ilpéner vo
anodeifoupe 61t 1 (a,) ouyxhiver o xdmoto bplo otov [2. Kéde a,, etvon pior aprdunticd
axohovia,

A = (Api) = (An1, An2, A3, - - .)



Ani ’2

xou €€ oploUol a, € 2 onuaivel ZZ
oxohoudia (an;)n. Eyouue

< 00. 'Eotww i € N xau a¢ Yewprioovye tnv

oo
[ ni = ami | < (O | tng — am; )Y
j=1

= Han - am”

— 0 oty n, m — Q.

‘Apa yioe xdde @ 1 axohoudio (ay; ), etvar oxolovdia Cauchy oto C xou dpa cuyxhiver oe
xémoto 6pto b;. 'Eotw b= (b;). Ou delfovye 6t b € 1* xou 6T a,, —> b o0V 12

Agol n (an) elvon axohouvdia Cauchy eivon o gporyuévn, |la,| < M. Eow j € N.
‘Eyouue
J J

ST Ib P = S im ) =HmS [
=1

=1 i=1

o
< hinz; | ani [=lim [la,||* < M2,
1=

Apa b € I?. 'Eoto topa € > 0. Trdpyer N € N dote n,m > N vo cuvendyeton
lan — aml|| < €. Eotww topa j € N otadepd odhd tuyaio. T n,m > N éyouue

J oo

Z'am’_ami|2 S Z|am_ami|2

=1 i=1
= |lan — anl® < €.
Kpatdvtog 10 n otodepd xou aghivoviog m — 00 TolpVoulE
J
E | @pi — b |°< €2, v xdde n > N,
i=1

xou ooV To j elvon TUY OV,
o
E | @i — b; < €%, v %dde n > N,
i=1

Sihadt,
lla, — b|| <€, vy xdde n > N.

‘Apa a,, — b, xou 1 TANEOTNTY amodelyUnxeE.
(ii) (Awywpowoétnra) o n € N opilouue
An = {(al,a2,...,an,0,0,...) | a; € Q+ZQ}
xou Yétoue A = UA,,. Ipogavig 1o A elvan apriuriouo cbvoro. Oa anodeilouvye OTL

etvon muxvo. ‘Eotw honéy b € 12 xaw € > 0. Trdpyer N € N dote Yoo vy | b [P< €.
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Emméov, yio xéde ¢ = 1,..., N unopolue va Beolue a; € Q +1Q dote | a; — b; |<

¢/NY2. H axohovdic a = (ai,...,ay,0,0,...) téte avixel 670 olvoro A xou
o0
[ Z|az—b|2 >lb P
i=N+1

N
< Z (€2/N) + & = 26~

=1

ITpotaoy 1.1.12 O ydpos C([0,1]) epodiaopévog e to eowtepikd ywvipevo
1
- [t
0

Anédeitn. Oewpolye tnv axohoudio (f,) dmou

oev etvar ywpos Hilbert.

0, —1<x2<0,
folx) =< nx, 0<x<1/n,
I, 1/n<z<1.

Agrveton wg doxnon va Seydel ot (f,) ebvon oaxohoudior Cauchy yia v avtiotowyn
vopua, dnhadh Ty || - [l2. Oo yenoylonotioouue anaywyt €ic dtono. Ag umoVécouue
howov o undpyer f € C([—1,1]) dote || f, — fI| — 0. Eotw tdpo 6 > 0. Trdpyet
N e N oote

n>N = f,(zr) =100 [4,1].

/|1— JPds = /|fn f(@) P do

< an_fH2

— 0 6ty n — oo.

"Apa

Aol 1o TpKhTo ohoxhfpwua elvor avedpTnTo Tou N TEETEL Vol efvan (00 uE UNBEV YEYOVOC
mou ouvendyetar 6t f(z) = 1 oo [0, 1]. Apa f(z) =1 oto (0, 1] agol t0 § Htav Tuydv.
Me tov 6o tpémo Betyvoupe 6t f(z) = 0 oto [—1,0). Apa 1 f elvon acuveync 610
z = 0, dromo ool éyouue utodéoel 61 f € C([—1,1]).

1.2 Kodetotnta

Oplouwodg 1.2.1 Ado daviouata x,y € X ya ta omola 1w0yvel

<$ay> =0

ovoudlovtar opoywria 1 kdleta peta&l tous.



ITpbtaon 1.2.2 (ITudaydpeo Yedpnua) Av w duviouata 1,2, ..., T, € X
etvar avd Vo opOoywria, tote

lon + 22+ 2all® = o)+ flaal® + - 4 .

Arnédeadn. Anhéc mpdieic. O

Optowdeg 1.2.3 Eow (X, d) perpikés ydpos. H andotaon d(a, K) evds onpeiov
a € X and éva un-kevé ovvolo K C X opiletar wg

d(a, K) = inf{d(a,z) | z € K}.

Opioupog 1.2.4 ‘Eva un-rkevé vrootvolo K evog ypapuixol ywpouv V' ovoudletal kup-
6 av ya kdle v,y € K ka1 kd9e X € [0,1] wyve Ax + (1 — Ny € K.

ITpbtaom 1.2.5 Eotww K kAewotd kar kypté vrotvoro tov ywpou Hilbert H. I'a kdOe
a € ‘H vrdpyer povaciké x € K wote

la =z = d(a, K).

Anéoaén. (i) (Tnapén) Eotww (x,) axohouvdia otowyelwy tou K tétow dote |a —
Ty|| — d = d(a, K). Egapuélovtag tov xavéve Tou napodAnhoyeduuou 6to Stavioa-
TOL @ — Ty, XOUL @ — Ty, XL YENOWOTOLOVTAC TO YEYOVOC OTL (T + T,) /2 € K éyoupe

20 —zml® = 2lla = z[” + 2)la — 2l = 120 — 2 — 20|
< 2lla — 2| + 2||a — z||* — 4d?
— 2d* +2d* —4d* =0
xodwg n,m — 0o. Apa n (z,,) ebvor axorovdia Cauchy. Eotw x 1o 6p16 tne. Tote

z € K xou
la — z|| = lim ||a — z,| = d(a, K).

(ii) (Movadwédtnra) Ac unodéooupe 6t yioo o ototyeio x, 2’ € K wylel ||a — x| =
|la —2'|| = d(a, K). Téte (x+2')/2 € K xou dpa
x4+
SEALA
1 1
< gla—al+ 5o~ =d

d < Ja

Onhadr) o atoyelo (x + ') /2 éxyel xou awtd Y WidTTa TN TedTacnc. Egapudlovtac
TOV XAVOVOL TOU TORUAANAOYEAUUOU GTar Bloviouata @ — & xot a — &' Talpvouye

e =7 = 2la— |+ 20— ~ 20—z |
= 2ol + 2 — o) ~ 4fla — T
= 2d* +2d* — 4d* =0,
xou Gpa & = . O



ITpbtaom 1.2.6 Eoww K kAeotds ypapjxis vroywpos tov H kar a € H. Ia to
mAnoiéotepo onueio x € K touv mponyolpevov Jewpnpatog 10y Vel

(a —z,y) =0, yia kdOe y € K.

Anédaén. 'Eotww y € K. Xwpic nepoplopd tne yevixdtntag unodétoupe ot ||yl = 1.
‘Eotw
A= {a—x,y).

Tote x + Ay € K xou dpa

? < |la —x — )\y||2
la —z||* + |A]* — 2Re (a — z, \y)
la —z)* — AP

= d2 - |/\|27

xan dpa A = 0. O

Oplopog 1.2.7 To opboydvio ouumdAnpwua €vos un-kevol owvidov M C H opiletar

ws
M*+={yeH |(r,y) =0, yaxidex € M}.

Ilpbtaon 1.2.8 To M L etvan KA€10TOS vmoypos Tov H.

Améoeién. H anddeiln etvon ToA) amhr xa apriveton G doxnom. O

Topdderypo 1.2.9 Ytov yopo [? 9ewpolpe Tov XAEGTH UTOYMEO
M ={zx = (x1,29,...) : 1 = 2}.

Tote
M+ ={(a,—a,0,0,...) : a € C}.

Opiouog 1.2.10 Eotw M, My, Msy kAewotol vnoydpor tov H. Aéue ét1 o M eivar to
evdU dOpowopa twv My kar My, M = My © M, av kdOe otoryeio v tov M umopel va
ypagel katd povadiké tpomo ws dipowoua v = x1 + x9 ue x; € M;.

Eivar edxolo va det xaveic 6t av M = My & My téte My N My = {0}. Otav M =
M, @ My, nwoobtnia & = 21 + T2 YpdpeTon XU & = 1 D To.

IMeoétaon 1.2.11 Ta kdOe kAaotd vrnoydpo M tov H woyve H = M & M*.



Anéoeaén. Eyouue 7on del 6T yio xde & € H undpyet povadixd x1 € M wote
lz =2 = d(a, M)
xaL OTL TOTE
(x —x1,y) =0, ywxddey e M,
ONAaO T9 1= — x1 € M+, "Apa

T =X+ X9

ebvor par avdAuom g {ntoduevng popgric. Eotw tdpa 611 umdpyet xou delteRn TéTOL
avéhuon, © = xh + xh, pe 7y € M, xy € M+. Téte xy — af € M, xou enlong o — 2 =
(x —x9) — (x —2h) = 2, — w9 € M+, "Apa

oy — 24| = (@1 — 2, 21 — 2)) =0,

X0l OUVETC X1 = T, ONOTE XU Tg = T, O

IIp6taom 1.2.12

(i)  Av M C N tére N* c M+
) Mc M
(iii) M = Mt ay ka1 udévo av to M etvar kkewrtdg vroypos tou H.
) Av to M efvar mukvé tére M+ = {0},
)

Av to M etvar vroypos ka1 M+ = {0} tére to M eivar mukvé.

Andoeién. To (i), (ii) amodetxviovton ToA) €0xola.

(ili) H xotetduvon (=) eivon dueon ouvénewr tng Hpdtaone 1.2.8. T 1o avtiotpogo,
¢otw x© € M. Mnopolue va ypddoupe & = @1 + 22 pe 1 € M xou 32 € M*.
[TofpvovTac ecWTERIXO YIVOUEVO UE TO Ty CUUTEQUVOUUE OTL X9 = 0, xou dpox = 21 € M.
(iv) BEotw x € M*. Trdpyer oxoroudia (z,) C M n onola cuyxhiver oo x. Tote
(x,x,) = 0, xou mabpvovtog 10 dpto n — 0o cuunepatvouue 6Tl z = 0.

(v) To M eivor x)hetotdc UTIOY (P0G, Xl dpol UTOPOUUE Vo Yedouue

H=MaoM .
‘Apa xdd)s_a: € H ypdpeton w¢ ¥ = x1 + Ty YE T € M xou xo € M= {0}. "Apa
x =1 € M %o dpa to M elvon muxvo. O
1.3 OpYoxavovixég Baoelg

Y10 €&hg Vo cupPoriloupe pe H éva doywpiowo yopeo Hilbert.



Optopdg 1.3.1 Eotow (z,) C H. Adue dnunoepd Y 7 | x, ouykdiver av 1) axodovlia

(S;) twv pepikdv alpowoudror, S; = Y7,
ypdgoupe

an =Y
n=1

ka1 to y ovoudletar dfpoioua tng oeipds. Aéue ot n oeipd ovykAiver aréAvta av

(o.)
Dl < oo
n=1

ITpbtaom 1.3.2 Av uia oeipd ovykAiver anéAvta téte ouykAiver

n=1
LTn, O’U)/K/\U/Gl. Av Yy etvar to OplO s,

Arédeaén. T j > @ €youue

J
I1S; =Sl = 1 Y aal

n=i+1
J
< 3 ol
n=i+1
— 0, oTaY i, j — 00.

‘Apa 1 oxohovdia (S;) etvon Cauchy xou GUVETHOE oUYXALvEL.
Ogwopoc 1.3.3 Eva ovvolo {e,} Aéyetar opfokavoviké av (e, €m) = Opm.-

Optowdeg 1.3.4 Eoww {e,} oplokavoriké ovvoro kar x € H. O apiduol
Tp = <l’, en)
ovopdlovtar owvtedeatés Fourier tov © ws mpog to ovotnua {e,}.

ITpbtaon 1.3.5 (ocvz.cor'q‘coc Bessel) Eotw {e,})_;, N € NU {oo} opfoxavoviké
ouvodo. T'a kdOe x € H 10y Vel

N

Dl en)l® < .

n=1

Anéoedn. Oewpolue v mepintwon N = oo, n neplntwon N € N elvan amholotepn.
[o xéde M € N €youue

M M
0 < (z— Z(x, €n)en, T Z T, €m)Em)
n=1 m=1

M M M
= 2l = e (en ) = D (wem) (@ em) + Y (2, en) (@, em) (en, em)
n=1 m=1 n,m=1

M
= el =D K, ea),
n=1



onAad
M
2 2
D e en) P< |l2).
n=1

Agrvovtac M — 0o malpvouye 1o {ntoluevo. O

Aqppa 1.3.6 Ta kdle v € H n oeipd 27{\[:1 (x,er)e, ouykivel kai to dOpoioud g,

éotw Y, 1Kavomolel
N

lyll = (D e en) )2 < .

r=1

n

Anéoaén. Trodétouye ndh 61t N = oco. '‘Eoto y, =Y ._, (x,er)e,. And to Tudoyo-
el Vemprnuo xaL TNV cUYXMGoT TNE Oelpds TNne aviootnrag Bessel €youue

m

lyn =yl = 1 Y (wenel?

r=n+1
m

= 3 el P

r=n-+1
— 0 otav m,n — 0.

‘Apa 1 (y,) ebvon Cauchy xau yio to dptd e y €youpe

lyI* = lim [jy,|]
n—oo

n
= lim Y [{re) P
r=1

00

A
El

O

Opwowocg 1.3.7 H ypappuxn Onxn linA evés ovvérov A C H eivar o ypaujukdés vno-
Xpos
linA={MNz1+---+ Nz, | neN ... 2, € A N,..., N\, € C}

To otvolo linA ovoudletar ket ypappuxr) Onkn touv A.

‘Aoxrnor 1.3.8 Nu derydel 61t n (xhetot) ypouui Vixn tou A eivor o pixpdTepoC
(xheloTdC) YpuUxoS LToYHEOC ToL TeptéyeL To A.



Adppa 1.3.9 Eoto {e,} opfokavoviké avolo, L = lin{e,} kary =Y~ (x,e,)e,.
Qs npog Ty avdilvon H = L & L+ égouvue

T=yd(x—y)

Iapaznpnon. Ané tnyv Ipdtaon 1.2.5 éneton 6Tt T0 y eivon 0 onuelo tou L 10 TAnoté-
OTEPO GTO Z.
Anédaén. Apxel va delfel xavelc 6ty —x € L+, O

Oedpenua 1.3.10 Eotww {e,}72,, opfokavoviké otvolo. Ta mapaxdtw elvar wodiva-
pa:

[e.e]

(i) == Z (x,en)e, yia kdle x € H.

n=1
i) [l =Y [z, en)]® ya kdde x € H.

(iii) Av (y,en) = 0 yia kdOe n, tére y = 0.
(iv) O L =lin{e, |n=1,2,...} elvar tukrds vnoywpos tov H.

Anédaén. (1) = (2) Hpoxinter apéowe and to Afupa 1.3.6.

(2) = (3) Ayeoco.

(3) = (4) 'Eotw aviideta 6t undpyer © € H \ L xu éo0tw 2 = Y oo (T, €,)e,. Tote
z € L xou yio xdde m éyoupe

— T, em) Z x,en){en, em) — (T, ey) =0.
n=1
‘Apa & = 2. Yuvend z € L, dromo.
(4) = (1) BEowy=>Y ", (z,e,)e,. Tote
(x —y,en) =0, vy xdde m,

oo
(x —y,z) =0, yxdde z € L,
xou GLVETOC T — y € L. Opwe Lt = {0} agol L nuxvéd. Apa z = y. O

Ogwopoc 1.3.11 Eva opBokavoviké aivolo {e,} ywa to omolo wyvovr o1 ovvinkeg
tou Ocwpnpatog 1.3.10 ovoudletar mAnpes opfokarvoviké ovvodo 1 opokavovikn Pdon.

IMapdderypa 1.3.12 1. Av o ywpoc H €yl TeENEpaoU€vn SLdG TaoT TOTE 1) €Vvola ToU
TAEOUS 0p¥oxavoVIXO) GUYOAOL CUUTITTEL Ye TN YVwoTh and T Ioopui AlyeBpa
evvola Tng opdoxavovixric Bdong.

2. Ytov yweo 2 oudBoMloue e e, TNV oxohouldio TN omolag GAoL oL Gpot elvor UNdEY
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exTo¢ and n-0010, o onolog ebvar loog pe éva. To clvoro {en}5° eivau TEOQAVMS Ulal
opYoxavovixt| Bdor. H Bdon auth ovoudleton xon ouvidng 7 xavovixy| opdoxavovixt
Bon tou 12
3. Xtov yopo C([—m, 7)) ue 1o eowtepixd ywvduevo tou Ilupadelypoatoc 1.1.2 (3) opi-
Coupe oo n € Z v cuvdeTnoT,
1
en(x) = e
(x) o

Eivor ebxoho vor anoderyVet 61t 1o 6Ovoro {e, }nez eivar oploxavovind. Eivon éva amd to
Baowd Yewphuoata tng avdhuong Fourier to ot o chvoro elvon xon Thrpeg.
Hapatripnon: Eidape otny Ilpéraon 1.1.12 éu o C([—m,7]) dev eivar yopos Hilbert.
otéoo o1 1di6TnTes (1)-(4) éxovr évvoia.

‘Aoxrnor 1.3.13 Acite 61t 10 0Uvoho {e, nez TOU TpiTou TapadEiypoTOC Elvon TEdY-
uatt opoxavovind cOVoAo.

ITp6taot 1.3.14 (opBoxavovixonoinon Gram-Schmidt) Eoww {y,} éva a-
priunoipo vrootvolo tov H. Yrdpyer opfokavoviké atvolo {e,} térowo dote

lin{e,} = lin{y,}.

Amdoeiln. Xwplg TEQLOPIOUO TN YEVIXOTNTOC UTOROUUE Vo UTOVEGOUUE OTL ToL ¥y, Efval
Yoouuxd ave&dptnto. Ilpdyuatt, av Bev elvar TOTE UMOPOUUE VAl AVTIXATAC THOOUUE TO
obvoro {y,} and to alvoho {y,} mou opileton we e&nc:

/

yl = yTL1

OTOV Yy, €VOL TO TEWOTO UN-UNOEVIXO Y,

y; = Yngy>

OTIOV Yp, ELVOL TO TEWTO Yy, TOU BEV AVAXEL GTN Yoo Orxm Tou ¥, xat, YEVIXA,

Yie = Yy

OOV Yy, EVOL TO TEMTO Yy, TOL BeV avixel oo lin{y, ..., y;_1}. And v xotaoxeuh
outh éneton 6t lin{y,, } = lin{y, } o 6t o ), ebvon ypopuxd aveldptnro.
Trodétoupe Aowmdy 6Tl T ¥y, sbvon ypouuxd aveldptnra. Opilouue o daviouota {en}

0¢ e€nc: )
1
Uy = Yi, €1 = m>

Uz
Uz = Y2 — <y27€1>€1, €y = HU_2||7

11



XL ETAYWYIXS

n—1 u
Up = Yn _Z<yn,€r>€r, €p = H n”
r=1 Un

Hopatnpeiote 61t oe xdde Brua propolue vo dtonpécoude e [Jug|| apol uy # 0 and
Yoo aveaptnoto Tou cuvorou {y, }. loylel tote lin{ey, ..., en} = lin{yr, ..., yn}
yioe xdde N omd v xataoxeur. o v ohoxknpolel 1 anddeln apxel va deilouue 6Tt
(Un, Up,) = 0 6ty 1 > m. Autd Ya derydel ye enaywyr oto n. T n = 1 elvo pavepd
6t oyvet. ‘Eoto 6t woyber yion € {1,..., N}. Ou deifouye dtt toylet yion = N + 1.
[Mpdrypatt yior xdde m < N + 1 €youue

N
(UN41,Um) = (UN+15 Um) — Z (Yn+1, €r) (€rs Um)
r=1
<yN+17 um> - <yN+17 €m> <€ma um)
<yN+1vum> - <yN+1aum>

= 0.

Ocwpnua 1.3.15 Evag ywpos Hilbert eivar diaywpioipos av ka1 pdvo av mepiéyer uia
apriOunoun opfokavovikr) Bdon.

Anéoaén. 'Enetar and to mponyoluevo dedpnua (tog;) ot av o H elvon Saywploog
ToTE TEpLEyEl pla aprduron opdoxavovixt| Bdon. AvtioTtpoga, €0Tw 6TL 0 H TepEyEL
ulo aprduroyn opBoxavovixt| Béon {e, }oe,. Opilouye

A ={>_ae; |a1,... a0, € Q+iQ}
i=1
xow A =U2 A, Téte 10 A elvau opriuropo xar (doxnomn) tuxvéd utocivoro tou H.
Oplopog 1.3.16 Eotw Hi,Hy 000 xdpor Hilbert. Mia areicévion U : Hy — Ho

ovoudletar 1wopoppiouds av datnpel Tny doun tov ywpov Hilbert dnkaon av evar 1-1,
€ml, YpauIKr) kar €mmAéoy

(Uz,Ux), = (z,z),, ya kdlex € H;.

Av vndpyer évas 1woopoppioncs U - Hy — Ho tote ot Hy kar Hy ovopdlovzar woduopgpor.

Ebvar gavepd 611 1 1oouopgia bvon pio oyeorn iooduvapiag oTn xAdon OAWY TV YOEOY
Hilbert.

ITpbtaom 1.3.17 Olor o1 aneipodrdotator, daywpiotpor yadpor Hilbert eivar i06uopgor
peta&v Tous.

12



Anédaén. Anédeiln. [Ymddeén: Amodellte 6n xdle Swywplowoc yopoc Hilbert H
elvan 1odpopgoc pe tov [? o eifg: Yewpelote pia opdoxavovixd, Bdon {e,} C H xou
oplote U : I* — H péow tne oyéone U(x,) = Y, Tnen. 111 oLVEYELL ENEYETE OTL O
U elvon 1oopopglondg yoewv Hilbert.

Y10 €&7rg Yo unoVEToupe O6TL Ghol ol avagpepouevol yweot Hilbert ei-
vou oy weiotpot, xau dpo OTL TERLEY 0LV ia OOy opdoxavovixy

Béom.

2 Telkeotég o ywpoucg Hilbert

2.1 Boaowxeg woLotnTeg

Opiopdg 2.1.1 Eoww H, F ywpor ecwtepikol yvouévov. Mia ypapjuxn areikdévion
T :H — F Aéyetar ypappnkos tekeotns.

Ia xdde ypauuind terecth T' opiCoviar ta chvora
Ker(T)={xeH : Te=0} , Ran(T)={Tx :x € H},

Yeouuxol utoyweol Twv H xou F avtictotya. Ot undyweot autol ovoudlovial Tuprvag
xa eova Tou T avtictouya.

IMTopatripnon. O opiopdc Tou yeauuixol TEAEG TH efvan cUY VA EUPUTEPOS, EMITRETOVTAS
70 Tedio optopo0 Vo uny eivon 6hog o H ahhd xdmolog LTOYWEog Tou H, cuVATKE TUXVOS.
Eueic mpoc o mopdy Va acyorndolue ue tehectéc mou optlovtar o dAov tov H.

Ilpbtaom 2.1.2 Ia évav ypapjuxéd tekeotn T : H — F ta napaxdtw eivar 10060va-
pa:
(i) T Lipschitz ouvexris
(i) T owreyns oto 0
(i)  Trmdpyet M > 0 dove ||Tz|| < Mjz||, yia kdle © € H

Anéoaén. (i) = (ii). Hpogpavéc.
(ii) = (iii). H ouvéyeir oo 0 ouvendyeton otL undpyet § > 0 wote

lyll < 0= [Ty] < 1.

‘Eotww z # 0 € H. To ddvuoua

wavorotel [ly|| <9, dpa



Srpad [T < 5o
(iii) = (i). And 7o (iii) éneton 610

Tz — Tyl < M|z —y|, ywoxddez,yeH,

xou dpo o T' ebvon Lipschitz cuveyrc. O
Optopog 2.1.3 Evas ypaupuxés T Aéyetar gpayuévoc av ikavonoettar pia (kar dpa
d\eg) ané ts mapandvw ovvdnkes. Tov ypaupiks xdpo GAwy Ttwy QpayHévwy YpapuuKoy
tedeatdv T : H — F Oa o ovpPodilovpe oo €€nig e B(H, F).

D xdde T € B(H, F) oplleton o apriude

T :==inf{M | ||Tz| < M|z|, yoxdde x € H}.

IIpbtaom 2.1.4 Ioyva

17|
1T = SUP{Wi z # 0}
= sup{[[Tz| : [=f| <1}
= sup{[[Tz]| : [lz]| =1}
T
= inf{M : % < M, ya kdOe x # 0}
T

= inf{M: |Tz| <M, yua kile x pe ||z| <1}
= inf{M: |Tz| <M, ya kdO¢ x e ||z|| = 1}.

Améoein. "Aoxnon O

Oedpenua 2.1.5 H araxdvion || - || eivar vdppa otov ypaupuxé xdpo B(H,F) dAwr
WY PPAYUEVWY Ypapikoy TeAeotay and tov H otov F kar o B(H, F) pe avtr ) vépua
etvar yadpos Banach. EmmAéov, av A € B(H,F) ka B € B(F,K) vére BA € B(H,K)
rar || BAJ| < || BI|[|All

Anédeitn. To ot || - || ebvon mpdypott vopua agriveton ¢ doxnon. Ow deifouue 6t
o yoeoc B(H,F) eivar mhene yioo Ty mopamdve vopuo. Eotw (1),) uio axohoutio
Cauchy otov B(H, F). T xdde x € H éyoupe

| To = Te|| < || T = Tullll]],

xou dpo 1) (T5,2) etvon oxohoutdior Cauchy otov F. Agol o F elvor tAene, undpyety € F
wote T,x — y. Ebvaw ebxoho va Bel xavelc 6Tt o y e€aptdtan Ypouuxd ond To T, onoTe
optletan €vag YRoUUXOC TEAEGTAHS

T:H— F, Tr =y.
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Ou anodeiouye 6t o T elvon pporyuévoc xou 6t |1, — T'|| — 0.
Aot 1 (T5,) etvon Cauchy undpyer M dote || T,|| < My xdde n. Apo

[Tl = lim [Tz < M[z]],
xou dpa o T' ebvon gporyuévos. ‘Eotw topa € > 0. Trdpyer N € N tote
n,m>N = ||T,, — Tp| <e¢
xa dipar yior TETo 1, m xa xde x € H 1oy Vel
[Toz = T < €]
Agrivovtog m — 0o ouumepaivoupe 6Tt
[Thx — Tl < ef|]],

xa dpal
T, —T| <e, v x&e n > N.

Apa T, = T. O

IMopdderypo 2.1.6 'Eotw Q avowtd utochvoro tou RY. Ytov ydeo L2(Q) éotw T
0 TEAECTAC

Tf(x) = h(x)f(x),

omou h gooryuévn xan cuveyhic ouvdptnon oto ). Tote o T elvon pparyuévoc xou

IT[| = sup [A].
Q

Mo vor o Bet&oupe autéd og Véoouye M = supg |h|. Eyouue
ITr = [ 1Tl
= [ )@

M? 2d
< / 1 (2)Pda
= M| f)2

xou dpor o T etvon gporyuévoc xou || T < M. T to avtiotpogo Yewpolue tuydy € > 0.
Abyw tng ouvéyelac tng h undpyel tote undha B C (2 tétolo dote

|h(z)] > M — €, v xde x € B.

15



'Ectw X 1 yopoxtnpioTixf, cuvdptnon tou B. Tote x € L*(Q) xou

I1Tx]®
- IxIP
[ | M@)x(2) |* dv
Js | x(2) |* dz
> (M — €)%

I

Aol o € > 0 oy audaipeto oupnepaivouye ot ||T']] > M.

IMapathenon 2.1.7 To Jewpnua eloxohovldel va loylel ue tny acVevéc tepn unddeo
6w h € L*®(Q). Xy nepintwon oauth woylet [|T'|| = ||kl ze, émou

|h]| e = Ess Sup|h| = inf{M > 0 : |h(z)] < M oyeddv navtol oto Q}.

2.2 O ouluyng teAecTng

Ocwpnpa 2.2.1 (Yedpnua avarnapdctacrs tov Riesz ) Eotw m: H — C
Ypap koS kar gpayuévos. Trdpyer povadiko y € ‘H dote

m(z) = (z,y), Yy kil x € H. (2. 1)
EmmAéov wyve ||| = ||yl

Anédaén. (i) Movoduotnta. Av ta otowyela yi, y2 €xouv tn {ntoluevn toTnTo, oUVd-
Youue OTL Y1 = Yo Vewp®VTOC T0 (Y1 — Ya).

(ii) Troegn. Av m = 0 t61€ 10 Yedpnua civon tpogavéc. ‘Eotw howmdv m # 0. Toéte o
nuefvoc Ker(m) eivon xdetotdc unoydpog tou H xon tepéyeton yvola otov H. ‘Eotw
z € Ker(m)*, 2 # 0. Téte ya x89e x € H oy Vel

m(z)z — m(2)x € Ker(m),
oo
(m(x)z —m(2z)z,2) =0, yia xdde z € H

Ol GUVETUOC

n(x) = (o, ﬁ>

Apa 0 y = (m(2)/||2]]*) 2 éxer T Inrotpevn Widtnte. To 6t 7] < |ly|| ebvon dueco,
eV N avtioTpogn oviobTNTa TEOXVUTTEL ETAEYOVTOC & =y oty (2. 1). 0

Ocedpnua 2.2.2 Eow T € B(H,F). Yrdpyer povadikés tereotris T € B(F,H)

woTE
(Tx,y) = (x, T"y), ya kdilex € H, ye F.

16



Anédeaén. 'Eotww y € F. Oa oplooupe 10 T"y. 'Ectw T0 YEoUUIXO GUVIQTNCLOELOES
m:H—C
w(x) = (Tz,y), v xdde x € H.

Tote
[ ()| < [Tz [yl < I T[[lyllll],

xou Gpar to 7 ebvon gporyuévo xou ||| < ||T||lyll. And to Yedpnuo avanapdotaong tou
Riesz éneton 6t undpyet povadxd z = z(T,x) € H ye ||z|| = ||| < [|T)|||z|| @ote
m(x) = (x, 2) Y xdde x € H, dnhad

(Tz,y) = (z,2), yoo xde x € H.
Etvar e0xolo va del xavelg OTL 1) ametxdvion y > 2 elvol YRoULXr, Xl €Y0UUE 10T Ot OTL

ebvor pooryuévn. Apa optleton évag ypopupxods xon geoyuévog tehecthc 1™ : F — H ond
™ oyéon z = T*y. Hpogavoe || T < ||T||, xow o T* éyer t Lnroduevn Widtnro. O

Opwopoe 2.2.3 O tedeotnis T ovopdletar ouluyhc tov T

"Aoxnon 2.2.4 Stov yopo Hilbert CV (ue o oOvniec ecwtepind yvopevo) va Peedet
o ouluyhc mivaxag evog mivoxo A = (ai;).

Ipbtaon 2.2.5 Eotw Ty, Ty € B(H, F), S € B(F,K). Tdre

(i) (+T) =177 +T;
(ii) (NT)* = AT

(iii) (ST)" =Tr5"

(iv) T™ =T

(v) T = 1Tl

(i) 7T = TP

=

(vii) Av o T eivar avuiotpénjiog téte kar o T

etvar avniotpépiog kar (T*)~1 = (T71)*.

Anédaén. Ou amodeiloupe pévo to (vi), to undhotmo agrivoviar we doxnorn. ‘Eyouue
1T\ < I T*[HT] = | T]*. Exione

ITI* = sup ||T|

fl=f|=1

= sup (T"Tz, )

llzfl=1

< sup [[T*Tf]|]|=]

llzfl=1

= |77,
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Iopdderypo 2.2.6 1. 'Ectw T otov L*(2) o teheothc mou dpat todhamhaotdloviog
ue h € L>(Q). Tore

" f(x) = h(x) f(x).

2. O tekeotrc dedidS peTaTdmons oTov 12 optletar and Tt oyéon
S(l’l, Lo, T3, .. ) = (O,I‘l, Lo, T3, .. )

Torte
S*(yby?vy?n .. ) = (y27y37 .. )

O S* ovoudleton TEAEGTNC TNS APIOTEPTS HETATOTIONS.
3. Ttov L*(0,1) éotw

Bfw) = [

Tote

Bg(x) = / gt)dt.

Ilpotaon 2.2.7 Ia kdde T € B(H,F) wye

Ker(T*) = Ran(T)", Ran(T*) = Ker(T)".

Améoein. "Aoxnon. O

Ogwopoc 2.2.8 Evag tedeotis T € B(H) ya tov onolo wyver T* = T Aéyeta
autoculLYTC.

‘Apa o T etvon awvtoouluyhc av xaw povo av (T'z,y) = (z, Ty) yw xdde z,y, € H.

ITpbtaom 2.2.9 Ioydour ta €&ns:

(i) T, T oo =T+ 715 ao.
(
(

(v) avT a.o. tore (Tx,z) € R yia kdle x € H.

(i) Tao., e R= T a.o.
iii) 71,75 aco. = (T1T a.o. & Ty, Thpetatidevtar)
iv)

iv) av (T,) ao. kT, - T téte T av.0.

Améoein. "Aoxnon.

ITpotaoy 2.2.10 OT evar avtoovluyng av kat pévo av (T'x, z) € R ya kdle x € H.
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Anéoadn. Andéoen. o xdde x,y € H €yovue
HTa,y) = (T(x+y),e+y) —(T(x—y),r—y)
+ (T(x+1iy),x+iy) —i(T(x —iy),x — iy)

(ehéy&te TV Topamdve oyéon: elvon yevixeuon tne mohnig Tavtotnag, Ipdtaon 1.1.7)
X0l TOPOUOLL

o, Ty) = (z+y,T(x+y) —(z—y.T(x—-y)
+ ilx + iy, T(x +iy)) —ilx — 1y, T(x — 1y)).

AT to 6T

(Tz,z) =(Tz,z) = (2,Tz), yia xdde z € H,

éneton To {nrolyevo. O

ITpbtaoyn 2.2.11 Av o T elvar avtoouluyris tote (i) dAes ot 1botipés tov T' eivar mpay-
patikés kat (ii) 1dodrvouata mov artiotoyoly o€ SlapopeTikés 1010TIUES elval oploydria
peta&v Tous.

Anéoaén. Eotw A wotn, Tr = Ax. And v mponyoluevn mpdtaoT €youue

(Tz, )

A pumy
]

e R.

Enlong, av Ty = uy, t61e
(T'z,y) = Mz, y)
oaAAd emtlong
(Tz,y) = (z,Ty) = p(z,y)

xou Gpor A # p ouvendyeton (z,y) = 0. O

2.3 Movaodiatlol TeAecTEG Ko LOOUETRIES

‘Eotww H, F yweol Hilbert.

Optopodeg 2.3.1 (i) Erag wedeotris A+ H — F ya wov onoio wyve ||Az| =
|z||, x € H, ovoudletar wopetpia. (ii) Evas iwwopopprouds yapwy Hilbert U : H — F
ovopdletar povadlodog TeAeoTiis.

Anhady) o U elvon povodiatog av ebvor 1-1, enl, ypopupxde xou

(Uz,Uy) = (x,y), =,y€H.
Kdée povadiaiog teheotric ebvan xou toopetpla, T0 aviiotpopo dung dev toylet. )¢
Topdderyua VewpeloTe Tov TEAEOTH S TN 0eEIdC UETATOTIONS O TOV 2 (Mopdderypo 2.2.6).
O S etvau woopetplor xan S*S = I, duwg SS* # I, doo o S dev ebvan povadiaiog.
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ITpbtaom 2.3.2 Mia wouetpia U efvar povadiaios teAeotris av kai puovo av elvai emi.

Anéoedn. ‘Aueon cUVETELL TWY 0PLOUMY. O

ITpotaoy 2.3.3 O tedeotris U € B(H, F) elvar povadiaios av kar uévo av

U'U =1y ka UU* = I7.

Améoein. "Aoxnon. O

2.4 OpYoywvieg npofSoiég

‘Eotw M xkewotoc unoyweoc tou yweou Hilbert H. 'Eyouue det 611 xdde o € H
YEAPETOL XAUTE LOVADIXO TEOTO C

T =21 DT

ue x1 € M xou z9 € M*.

Efvar ebxoho va det xavelc 6TL 1 amewxovion o +— 1 elvon ypauuixy|, deo optlel évay
(Yeopuxd) teheoth P otov H, Px = ;. Emniéov, o P eivou gporypévoe xou || P|| =1,
extoc omd v eld nepintwon 6mou M = {0} onéte P = 0. Ipdyport,

[1* = llza|* + ll2all* >l [* = [|1P]®

eved Py =y vy xde y € M.

Opwopdg 2.4.1 O tedeotris T' mou opioajie ovopdletar opdoyohvia tpoBory| mdvw otov
M.

IMopathenon 2.4.2 (i) Enetou and ta nopondve ot yoo g € M éyoupe Pg = g,
evo Y g € M+ éyouvue Pg = 0. Me é\ha héyia, o P meplopiopévoc oto M elbvor o
TUUTOTIXOC TEAECTHC, EVE TEQLOPIGUEVOS GTOV M+ eivar o undevixde teAecthc. Auto
oLUY VA TO EXPEACOUNE YRAPOVTAS OTL UTO TNV avdhuo

H=MaoM*+

€Y OLUE
P=1®0.

(11) vor pavepd 6Tl 1) oploydvia TeoPolf| Téve 6Tov xAewTé unoyweo ML etvau 1)
(111) vau emtiong Qovepd oL

Ran(P)=M Ker(P) = M*.
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Oecwenua 2.4.3 FEotw P n oploydvia mpofoln mdvw otov kAewotd vroywpo M tou
H. Tére P = P? = P*. Avtiotpoga, av T efvar évag ppayjévos teleatris yia tov omoio
wyva T = T? = T*, tére o vnoydpos N := Ran(T) eivar khewtds kar o T elvar n
opOoydvia mpoPodr) mdvew otov N.

Anédeaén. Eotw x = 1 + 2, Yy = y1 + Y2 0800 oToyela Tou H. 'Eyouue
P?*z = P(P(x, + 1)) = Pz, = 2, = P,
xou doo P2 = P. Axdpa

(Pz,y) (T1, 91 + 2)
= (71,1)
(
(

1+ T2, Y1)
z, Py)

xau dpa P = P*.

[ to avtiotpogo, €otw T Evag gpayuevog xou 1" = T? =T* Botw Tw, — y. Tote
Tz, = Tz, — Ty,

Goa y = T'y xou ouvende o Ran(T') eivar xhetotoc.
[ var ohoxdnpwOel 1 oamdderln opxel va detloupe 6t yio xdde z éyovue (I — Tz €
Ran(T)*. 'Eotww howméy y € H. Eyouue

<Ty,[L‘ - Tl’> = <Ty7 ZL’> - <Tya TI)

<Ty7 l’> - <Ty7 l’>
0

%ot T0 {NToUUEVO ETETAL. O

IMopdderypa 2.4.4 Eivor dueon ouvéneto tou Afupatog 1.3.9 ot av {e,} elvon éva
optoxavovixd chvoho, ToTe

Pz = Z (x,en)en

n

etvar 1 opoydvia tpofoly| oo lin{e, } (Ewdixdtepa, av to {e,} elvoar mhipeg téte P = I
xou avoxtoVpe To (i) Tou Bewphuatoc 1.3.10).

‘Acxnor 2.4.5 Xtov L*(Q) éotw o nolhanhactactixdc tehecthc T f(z) = h(z) f(x),
6mou h € L*>(§2). Beeite pio icov) xan avaryxotor ouvdrixn yio Ty cuvdptnon h koTe o
T vo eivan opoydvia tpoBolt|. eptypddte toug vroywdeouc Ran(T) xou Ker(T') (6tav
o T elvau opBoywvior TeoPoly)).
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2.5 To gpdoua

Optowdeg 2.5.1 Eow T € B(H) To emivtxd obvoro p(T) touv T opiletar ws to
ovodo Awv twr z € C ya ta onola 0 zI — T (1) yia owropia z — T) eivar 1-1 ka1 ent
ka1 o avtiotpogos (z — T)~! elvar ppaypévos. To @dope o(T') efvar to ovvoro C\ p(T).

IMopdderypa 2.5.2 Av o H éyel nenepaocuévr SlIoTaoT TOTE TO PACHUO CUUTITTEL UE
TO GUYOAO TWV LOLOTLIWY TOU TEAECTY.

‘Aoxnomn 2.5.3 Anodeilte 6Tl

o(T*) = {2 | 2 € o(T))}.

Afppa 2.5.4 Eoww T gpayuévog pe |T|| < 1. Tére I — T elvar avuotpénpios e
ppayuévo avtiotpopo (6nkadn 1 ¢ o(T')) ka

(I-T)"'= iT”.

Anéoeadn. Eréyyouue 6TL dviwe to 0edl uéhog etvon avtiotpogog tou I —T. H extiunon
NG VOPUOS TEOXOTTEL OO TNV TELYWOVIXY) AVICOTNTA. O

ITpbtaom 2.5.5 I'a kdOe ppaypévo teAeotr) T otov H 10yle
o(T) c{zeC: [z <|T[}

Kai

_ 1 ,
Itz =)l < =70 ya kdle 2| > [|T].

171

Anédaén. Apxel vo delloupe ot av |z| > ||T|| téte 2z € p(T). Aodévtog tétolou 2
éxoupe ||z < 1 xoudpa o I — 27T ebvon avtioTpédrpoc xon

o0

(I—=27'T) =) (')

n=0

[HolamhacidlovTog pe 21 ouunepaivouye ot 0 2 — T elvan avtioTEéduuog ue

(z=T)"' =z -2"T) =2 (7T

n=0
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xat €youpe enlong

Iz =)~

IN

oo
27> LT
n=0

1
1= {21747
1
|2l =171

= |2

Apa o (z — T)~! undpyet, etvon pporypévoc xou €youde Ty {ntoluevn extiunon yuo T
vopUaL TOU. O

ITpbtaom 2.5.6 (i) To pdoua evés gpayuévov teAeotn elvar ouumayés vmooUvolo tou
C. (ii) H arexdrion C\ o(T) 2 z — (2 = T)~' € B(H) etvar avalvtxh.

Anéoaén. (i) Eyouvue fon anodeilel 6t 10 o(T) elvon ppayuévo dpa meémel vor amodel-
Eovpe 6T elvar xhewotd. O dellouye 6t 10 p(T) = C\ o(T) eivar avorxtd. Eotw
ooy zg € p(T'). Oua detloupe dTL av 0 2 elvor opXeTd XOVTd 6T 2 T61e 2 € p(T).
Hpdrypart, v xde z € C éyouye

z=T=(z—2)+(z—-T)=(20—T)[I+(z—2)(z20—T)""] .

Yuvende v va ebvon 0 z — T avtioteédutog opxel va ebvon o I + (2 — 29)(20 — T) 7!

avtioteéduiog, xou dpa, and to Afupa 2.5.4 apxel va éyoupe |z — 20| < |[(z0 —T) 7|7t
AetZope howmdy 6L 1o p(T) ebvon avoxto.

Emmiéov, yw |z — 20| < [|[(z0 = T)7| 7!

€Y OLUE

YENOWOTOLOVTUC Xot AL To Afupa 2.5.4,

-1

=T = (z—zo)+(zg—T):(zo—T)’l[I+(z—zo)(zo—T)’l]

o0

= (2 -T)") (2= 2)"[(z0 = T)7']"

n=0
To yeyovée 6t 10 (2 — 1)~ teheothc ypdgetan (Tomxd) we duvapooelpd cuvendyeto
(€ optopov) 6t 10 (2 — 1)~ elvor avohutindy ouvdiptnon tou z € C\ o(T). O
ITpotaom 2.5.7 To o(T) eivar un-kevé ya kdle gpayuévo tedeotr) T
Anédaén. ‘Eyouue det 6t av |z| > ||T|| téte 2z € o(T') xou

1
Iz =) <
|2 | =Tl

‘Apa v z Tétola WoTe 2| > 2||T|| éyoupe

1
Itz =) < 7
I
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Ac unodéoouue 6t o(T) = 0. Tote o emhutic (2 — T) ! opileton xou ebvan pparyuévoc

v xde z € C. 'Eotw tuyovia z,y € H xou éotw f: C — C n ouvdptnon

fz)={(z-T)"z,y).

To 6t o (2 — T)~! elvon avahutixd) cuvdptnor ocuverdyetor 6Tt 1 f(2) efvon avahuTixd
ouvdptnon oc 6ho to C, elvan dnhadt| axéparo ouvdptnom. Eivor gpayuévn oo clvoro
{2z |z] > 27|} agol n ||[(z — T)7 || etvon pporyuévn exel , xou elvar gparyuévn oo
{z 1 ]2] <2||T||} we ouveyhc ouvdptnon oe oupnayée. ‘Apa 1 f eivar otadepr| and to
Ocewpenua tou Liouville. ‘Ouwe f(2) = 0 xadde | 2z |—= 00, dpa 1 f eivo

((z=T)""2,y) = 0.
Aol oz xon y Hrav tuyade, (z — 1)1 = 0 yo xdde z € C, dromo. O

Ta Topamdve cUUTLXVOVOVTUL GTO aXOhoUTO

Ocwpenua 2.5.8 To pdoua evés gpaypévou tekeotn T elvar pn-kevd ouunayés vno-
atvolo tou C ka1 mepiéyetar oo kAewoté dioxo {z | | z |< ||T||}. Eriong n areikévion
2z (2= T)7! etvar avadvuiky owvdptnon oo C\ o(T') pe npés ovo B(H).

IMoapdderypa 2.5.9 Ntov yopo L*(a,b), 6mou —co < a < b < oo, opilovye Tov
teheoth T g

Tf(x) = h(x)f(x), v xdde f € L*(a,b),x € (a,b),

6mou h(x) elvon @parypévn, uryadixr xau cuveyhc cuvdptnon oto (a,b). Tote

o(T) = Ran(h).

[ voe to Bolye autd, og Yewpricouue éva A € Ran(h). To Ran(h) eivon oupmoyée
uToGUVOLO TOL, dpa UTdpyel & > 0 woTe

A=z >4, vy xdde z € Ran(h).

Ewwdtepa | A — h(z) [> 6 v xdde = € (a,b), dpa opileton 1 ouvdptnon (A — k)™t xa
€Y OUUE

(A — h(z))7! < %, v x&e x € (a,b).
‘Enetar 611 0 avtioToryog TOAATAAGIACTIXOS TEAECTAC .S,
Sf=M\—-h)"f, v xdde f € L?
elvon pparypévoc. Eivou enione dueco 6t

SA—h)=(A—h)S =1.
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Apa A & o(T). Aciaye hownév 6t o(T) C Ran(h).

Avtiotpoga, éotw A € Ran(h). Ac unotéooupe 6t X # o(T'), dnhadh 6t o A — T €yel
peayuévo avtiotpopo S. Eotw € > 0. Agol n cuvdptnon h eivon cuveyrg, uTdpyeL
UN-%evo, QpayUévo, avowté vroddotnuo U C (a,b) tétolo daote

| A —h(z) |<e, v xée x € U.
‘Eotw x 1 yapoxtneiotixt) cuvdptnor tou cuvorou U. Tote
(A —h(z))Sx(z) = x(z), v xdde = € (a,b)

xon elddtepa & € U ouvendyeton A — h(z) # 0 xou Sx(z) = (A — h(z))™L. Apa

S 2
Isiz = swp I3E
e T

ISx”

I

21 Sx(@) |? da
S x(2) |2 do

|Ur{L|@—h@»*|m

> \U|—1/e—2da:
U

—2

v

= €

Auté oylel v xdde € > 0, drono agol o S elvar @poryuévos. O

‘Aoxnor 2.5.10 Ectow (a,) € 1™ xou A : [? — [* 0 teheothic Az = y, 6mov
Yn = AnTy. owd etvon n vépua || A ; oo eivor 1o pdopa o(A);

Ocvpnua 2.5.11 Av o T eivar avroovluynis téte o(T) C R.
Améoeiln. 'Eotww z = a +1ib € R. llpénet va detloupe 6Tt 0 tedecthc 2 — T elvan
AVTIO TEEPLUOC UE PRAYUEVO aVTIoTEOYO.
O z =T eivou 1-1 agob av (2 — T)x = 0 yw xdmow = # 0 t61€ 0o T Vu elye pio
UN-TIROY OTEXT| LOLOTIUT, dToTo AOYw TOu (i) ¢ Hpdtaong 2.2.11. Oa anodellouvye OTL
Ran(z — T') = H detyvovtoc 6t 10 Ran(z — 1) ebvon (1) xhetotéd xon (ii) muxve.
(i) "Eyouue

(T —a—ib)z|* = (T —a)z|*+ |||

> bl

Apa av (2 — Tz, — y, T61€ 1) (2,) ebvon axohoudia Cauchy. Av z := limz,, éneton
6ty = (2 —T)x. Apa to Ran(z — T') elvon xhelo16.
(ii) 'Eotww y € Ran(z — T)*. Tw xdde x € H éyoupe té1E

0=((z=T)z,y) = (z,(z = T)y)
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xou emhéyovtag ¢ = (2 — T')y ovunepatvouye 6t (2 — 1)y = 0. Apo y = 0 ool 10 Z
0ev pmopet va efvar oty tov 1. Anodeilaye howndy 6t 10 Ran(z — T') eivon munvo.
Ané o (i) xou (ii) énetor 6w Ran(z — T) = H.

Téhoc, 1 aviodtnta ||(z — T)x|| > |b]||z]| cuverdyeton 6t o (2 — 1)~ efvon pporypévoc,
xou pdhota |[(z = T) 7 < 1/]0]. O

Optowdeg 2.5.12 Eow H kar F 6o ydpor Hilbert. Avo tedeotés T € B(H) xar
S € B(F) Aéyovrtar povadiada 1oodlvaygor av undpyer povadiaiog tedeotng U : H — F
T€TO10G HOTE

T=U"1SU.

ITpétaom 2.5.13 Eoww du o ypauuixol tekeotrés T € B(H) ka1 S € B(F) eivar
povadaia 1wodVvapor. Téte

(i) oT etvar 1-1 avv o S etvar 1-1

i) oT eivaieniavy 0 S elvar eni

) ot T* ka1 S* efvar povadiaia 1w0odVvauol
(iii) |7} = [1S]]
() o(T) = o(S)

(v) o1 p(T) ka1 p(S) eivar povadiaia 1wodtvapior yia kde molvdvupo p.

Améoein. "Aoxnon. O

3  Qaocpatixr] Yewpla yio cvunayels awtooculu-
YEIC TEAECTEC

3.1 Xvunayelg teAectég

‘Eotww H, F yweol Hilbert.

Opiopog 3.1.1 Evag tedeotisT : H — F Aéyetar ouunayris av yia kdle ppaypévn
akoloviia (x,) C H, n axokovdia (Tx,) éxea pia ovykAivovoa vrakolovdia (otov F).

ITpotaom 3.1.2 To otvoko C(H,F) dAwv twy ouvutaydy tekeotdy and tov ‘H otov
F etvar ypapjukés vnoyapos tov B(H, F).

IMopdderypa 3.1.3 1. Kdbe tedeotic nencpoopévne téene (téln evog teheoth T
ovoudleton 1) Bidotaon tne emxévoc Ran(7')) etvon ouumoyhc.

2. Mio opdoyomvia tpoBolt| P elvor cuumoryfig oy xou HOVO o 1) EXOVAL TNG EYEL TEMEQL-
OUEVT] OLdo TAO).

3. "Apeon ouvvénewr tou Iapadelypatog 2. elvor 6Tl 0 TAUTOTIXOC TEAEOTAG OF Evay
ametpodidotato yoeo Hilbert dev eivon cuumayfic TeAecTrc.
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To 1. elvou dueon cuvéneia Tou 6Tl xdUe *AELGTO XU PEAYHEVO GUVORO GE €V VORUIXO
YWEO TETEPAUOUEVTE BLAOTUOTG EVal CUUTIAYEC.

H plo xoredduvorn tou 2. érnetan and 1o mponyolpevo mopddetyuo. o to avtiotego,
unovétoupe 6Tt to Ran(P) éyet dnepn Sidotoon. ‘Eotw {e, 22, ula opdoxavovixr Bdon
tou Ran(P). Ac vrnodéooupe 6Tt o P eivon oupmoayic. Tote n axohoudio (e,) = (Pey,)
mepLéyel pla cuyxAivouca uraxoloudia. ‘Oune yia n # m oy lel

len — emll* = lleall® + llem||* = 2,

oo 1 (e,,) Bev popel vo teptéyet pla utaxoloudia Cauchy, dromo.

Oedpnua 3.1.4 O C(H) eivar 16ecddes tov B(H), onAadr) av o T elvar ovunayng kai

0 S gpayuévos, tote o1 tedeotés T'S ka1 ST elvar ka1 o1 6Vo oUUTAYEL.

Anédaén. 'Eotw (x,) uio @eayuévn axohoudio otov H. Toéte xou n (Szy,) elvon ppory-
pévn, xau dpo n (T'Sw,) éyer ouyxhivouoa umoxoloudio. Apa o teheotic T'S eivan
ovunoyfc. Emlong, n (T'z,,) éyer pio ouyxhivouvoo uroxorovdia (T'z,, ), xat agod o S
ebvan pparyuévog éneton Ot 1 (STxy, ) ouyxhiver. Apo xou o ST elvan cuunayhc. O

Oedpenua 3.1.5 O C(H) H elvar kheiotds vroywpos tov B(H).

Anédaén. 'Eotww (T,) axolovdia cuumoy®dy TEAEGTOV 1 ool cuyXAivel o€ xdmotov
teheoti T' € B(H). Oo amodetloupe 6t o T eivar ouvunayhc. ‘Eotw howndv (z,) uio
pearyuévn axoroudia. Xwplc TEPLOPIOUO TNG YEVIXOTNTUC UTOPOUNE Vo UTOVEGOUNE OTL
|z, || < 1. Oa anodei&ouue 6Tt 1 axohoudior (T'xy,) €xet yior cuyxhivouoo urtaxohoudio.
Agol o T} ebvan ouumay g, utdpyel uroohovdia (Tn, , )k ™S (7,) Tétota ote N (11, , )
vor ouyxAivel. Agol o T; elvon cuumoryric, undpyet axoloudia (mnm)k, umoxohoudior Tng
(Tny )k TéTOW WOTE N (Totn,,) Vo ebvar ouyxhivouoa. Yuveyiloviag enayemyxd, Yio
wde i = 1,2,... oplletan pia axorowdia S; = (zn,, )k xou oyler 6T (i) n S cbvou
vroxohowdia Tng Si—q xou (i) n oxohovdia (Tixy, , )k cUyxAver Yl xdie 1 = 1,2,.. ..
OpiCoupe
Y = Tny .-

Hpogavae 0 (yk) etvon umoxolovdio e (z,). Emlong, n oxohoudior (yqx )k €tvon umo-
xohoudia e (2n, , ) i xde i € N. [Eva didrypapuo mdavae va cag Bondfoer va
Eexodaploete yiotl woyvel autd] Oo amodeilovye ot 1 (Tyx) cuyxhiver Belyvovtog OTL
elvow Cauchy. 'Eotw howndy € > 0. Tndpyel 161 i € N wote

IT-T) <
Aol ) (Yigpr)r sbvon utaxoroudia TS (Tn, , )k xot N (Tin, , )k oUYXAVEL, cUYXAivEL X
N (T3Yisk )k, Spa undpyer N = N (i) dote
n,m >N = Ty, — Tiym| < e

‘Apo yroe n, m > N (i) éyoupe

1TYn = Tymll < N1TY0 — Tyall + 1 Tiyn — Tiymll +
1 Tiym — Tyl
€l[ynll + € + €llym|
3e.

N

IA A
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‘Apa 1 (T'yx) etvar Cauchy, to onoio frav to {nroduevo. O

ITpétaom 3.1.6 Eotww étioT € B(H) eivar ovunayng tekeotis ator aneipodidotato
xpo Hilbert H. Tore (i) kdle pn-pndevikn wotun tov T éyer nenepacuévn modda-
mAétnta kar (i) 0 € o(T).

Anéoeén. ‘Aoxnon,.

3.2 Teleotéc Hilbert-Schmidt

‘Eotw T € B(H,F) gpoypévoc xa {e,} plo opdoxavovixr Bdon tou H. H nocdtnra
S 1Ten|)? (n omolo unopet vo etvan {on pe +00) efvon aveZdptnTn Tne ouyxexpévng
Béone {e,}. T vo to Solpe autd, ag Vewproouue uio Tuyaio opBoxavovixr Booy| { f,}

Tou F. Tote
SolTenl> =D [ (Ten, fi) I”
n n k
=3 [en T fe) P=) 1T £l
n,k k

Apa D | Ten||? = >, T, |I? v x&9e dvo opBoxavovixéc Bdoeic {e,}, {e,} tou H.
H rocétnta

ITls = () I Teall)?

ovoudleton Hilbert-Schmidt vopuo touv T xan ot tekecs tég yia Toug onoioug ||T'||ps < 400
ovoudlovton terectéc Hilbert-Schmidt.

‘Aoxrnor 3.2.1 (i) Anodeilte 61 10 oOvoho twv teheotov Hilbert-Schmidt eivon
Yeouuxog unoyweog touv B(H,F) xau 6t 1 || - |lus elvon mpdypatt vopua otov yweo

owto. (i) Aeigte 6t || T|| < ||T||us yro x&de Hilbert-Schmidt teheotn T

ITpbtaon 3.2.2 Av o T € B(H, F) etvar Hilbert-Schmidt téve elvar ouunayris.

Anédein. 'Eotw 6t o T eivar Hilbert-Schmidt xou éotw {e,} pla opdoxavovixs Bdon
tou H. T xdde r = 1,2,... n oyéon

T’"(i apen) = i ay,Te,
n=1 n=1
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opilet évay teheot T, € B(H, F). Ilpogavie xdie T, éyel nencpaouévn téln (< r) xau
oo etvon oupmayic. T xdde =Y aye, € H éxoupe

1Tz =T = || Y anTenll

n=r+1

< Y fan || Ten]
n=r+1

< (>0 Tan )P 1 Ten|?)?
n=r+1 n=r+1

< () 1 Tenl®)?

n=r+1

xa dpal

IT =T < () IITeal?)* — 0.

n=r+1

‘Ovtag 10 6pto ouunayoy tTeEAecTt®y o T elvon xou autde oupnoyrc (Oedpnua 3.1.5). O

ITpétaom 3.2.3 (Oroxhnpwtixol tehectéc) Eotw H = L*(0,1) ka
k:(0,1) x (0,1) — C

pia ovvexns ovvdptnon oo (0,1) x (0,1) wetoia dote

11
/ / | k(z,y) |? dz dy < oo.
o Jo

O tedeotns T mov opiletar évag tedeotns T and tny oyéon

Kf(z) = / k() F(y)dy.

| Klus = {/R | k(z,y) \2}1/2.

Anédaén. T xdde x € (0,1) ac opicovpe k,(y) = k(z,y). Eotw {e,} pioa opdoxavo-
v Béor tou L*(0,1). Téte

etvar Hilbert-Schmidt ka1

Key(r) = / ke, y)en(y)dy = (ko).

1 1
| Ken]l? = / | Ken(a) |? do = / | (ko) 2 da
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HOL CUVETC

00 00 1

Sl = 3 [ ) P do
n=1 n=1 0
1 o

_ /Z|<km,§> 2 dz
0 n=1

1
- / kol Pde
0

11
= / / | k(x,y) |* dz dy < . O
o Jo

H ouvdptnon k(z,y) ovopdleton xar odokAnpwtikés myprvag tou tehecth| 1.

‘Aoxrnor 3.2.4 Av K eivar évac ohoxhnpwtixds teheotic ye tuphva k(z,y), tote xau
o K™ elvar 0hoXANpOTINOS TEAEGTAG %ot OL BU0 TUPAVES CUVOEOVTOL UE T1) OYEOT

k*(z,y) = k(y, ).

3.3 Poocpatind Jewpnua yia cuunayelc avtoocuvluyelc Te-
AecTéC

Oploupog 3.3.1 Eotw M évag kAeiotés vnoywpos tou H. Aéue 6t o tedeotns T'
agnver tov M avaAdoiwto av x € M ouvvendyetar Tx € M. Aéue ét1 0T avdyel tov M
av agrver avalloiwto ka1 tov M ka1 Tov M*.

Anadh o T avéyer M av 1 dpdorn tou T otov M xou 1 dpdon tou otov M=+ elvor
aveldptnTeg UeTaly Toug. Autd exgpdleton xar w¢ e€ng: xatapyhy T6co o M 600 xau
o M~ etvar yopor Hilbert w¢ xhewotol utoympol tou H. Av o T avéyer tov M té1e
undpyouv terectéc A € B(M) xou D € B(M*) dote

H=MaoM"
T(z®y) =Azr & Dy. (3. 2)
Fpdpoupe toTE
T=A®D

xou xahoVpe Tov T evd dpooja twv A xau D.

‘Evac dAlog tpémoc va dolue To Topamdve eivon o e€hc: av dog dotel o xAeloTog uTo-
xweoc M xon o tekectic T', opllovton oL TEAECTES

A:M—-M, B:M*—M, C:M—M" D:M"— M

woTE
T(x®y) = (Ax + By) ® (Cz + Dy), reM,ye M.
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Fpdpoupe toTE
A B
T ( = )

Etvar @avepd oti o M avdryer tov M oy xa uévo av B = 0 xau C' = 0, ondte

A0
(5 5)

onAaoY| 0 T €yel Blorydviar UTAOX LOP@N.

Av pag dovel évag teheothc T xon umopécouue va Bpolue Evay xAeloTéd untoyweo M Tou
avdyeton and tov T', 1ote opiCovton ol mapandve tehectéc A xou D xon 1 perétn tou T
avayetar TAYewe oty PERETN Tov A xou D. Autéd elvar onuavtind 6gehog, apod xdie
évoc am6 touc A, D etvan ev yével amhovotepog amd tov 1.

Fevixdtepa, Adue 6T 0 H elvon 0 optoymvio evdi dlpoloua TV XAELTTOV UTOYWOEWY
{M,}_, (N € NU{oo}) av o1 M, ebvor avd 500 opdoydvior xan av x&e z € H ypdpeTon
we

N
T = E T, Tn € M,.
n=1

H ypapn auty| elvon téTe povadnr| xa woylel x, = B,x, 6tou P, n opoymvia mpoBohn
Téve oTov utoyweo M,. I'odgouue tote

N N
H = @Mn, r= @xn
n=1 n=1

Av évag tehectic T avdyer xdde M, téte opiCovtan teheotéc 15, « M, — M, HoTe

N
Tx = @ Thx,,
n=1

ONAooY
N N
T<@ xn> = @ T, T,.
n=1 n=1

Téte ypdgouue
T = @ T, (3. 3)
n=1

xou 1 uerétn tou T" avdyeton Thpwe otny Pehétn twv tereotwy T,. H (3. 3) ovoudletan
paopatikn avdlvon tou T xau givon 10 {NTOVUEVO TWV QUOUATIXOY VEWENUATOV.

IMopdderypa 3.3.2 Av P civa n optoyodwia tpofolt| téve otov M tote 1 P oavdyel
Tov M xou ¢ mpog TNy avdhuon H = M @ M+ eyovue P =1@ 0.
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‘Aoxnom 3.3.3 Acilte 6t av woylel n avdhuon (3. 3) totE

@) T =swp||Tull, (i) o(T) > Uoa(T).

Aqppa 3.3.4 Av o T efvar avtoovluyrns, tote avdyer GAoUS TOUS 1010 DPOUS TOU.
Andéoeaén. Eotw A plo wbotiur tou T xou
M={z |Tx = \z}

o avtioTotyog Woywpeoc. Eiva dueco éti o T' agriver Tov M avarrointo. Eotw tohpa
y € M+, ©éroupe va detZoupe 6t Ty € M+, Tlpdyport, dodévioc & € M éyoupe

(v,Ty) = (T'v,y) = Mz, y) = 0.

(]
AAppo 3.3.5 Av o tedeotiis T € B(H) elvar avtoovluyris, téte
171 = sup (Tz, z)|.
Amdoeitn. 'Eotw M to 8e&l péhoc tne {nroluevne oyéone. o xde x € H €youpe
(T, 2)] < [|T|l||l=]| < T[],
xou Gpa M < ||T||. Texpo, yo xdide z,y € H €youpe
(T +y)z+y) —T(x—y)z—y)
= 2Tz, y) +2(Ty, x)
4Re (Tz,y),
xalL dpa
4|Re(Tz,y) | < Mllz+yl* + Mllz -y
= 2M([|=[* + llyl1*)-
‘Encton 6t av ||z]|, |lyll < 1 téte |Re (Tz,y)| < M xou dpa vy tuydvia z,y € H
[Re (T'z, y)| < Ml|z|[[yl]-
Emieyovtag y = Tx nalpvouue
IT2|* < Mjz|||| =]
xou étot ouunepatvouue ot || 17| < M. O
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Aqupa 3.3.6 Av oT elvar ouurayns kar avtoou{uyrs tote évag Touddy1otov amd Toug
ap1ipots ||T|| kar —||T|| eivar 160ty Tov T

Amdoeién. Mnopolpe vo utodécoupe 6Tt 1" # 0. Ané to Afjupa 3.3.5 €neton Tt UTdEYEL
oxohovdia (z,,) e ||2,] = 1 xou tétoo Hhote

(T, )| — [T

Ewlwdtepa 1 oxohovdior ((T'xy,, z,,)) ebvar pporypévn oto R xou dpa éyet plo cuyxivouoa
uraxohoudia,
(T, Ty) —> A
6mou |A| = ||T']] xau dpa A = || T']| h A = —||T|| (apol (T'zy, x,) € R).
Oa amodeifouvye oTL T0 A etvan Wt Tou T T anAdTntar uetovoudlovye TV ()
oe (). "Eyouue
Tz, — Ax,||> = ||Tx,]|* — 20Ty, 2,,) + A2
< 222 —2\{(Tz,, x,) — 0.

Aol o T eivan ouunayhc, 1 (T'z,) éxel pla cuyxhivouoo uraxohoudio, 1 otola UToEOVUE
vae utoYéooupe 6t ebvon 1 Bt ) (T'xy,), T, — y. Eneton t61€ 610 A, — Y xou dpot

Tz, — X\ 'Ty.

Yuumepatvouue 6Tt Ty = Ay xou dpa To A ebvan Loty agol y # 0. O

Ocedpnua 3.3.7 (Pacpatind Jebdpnua yia cupnayeic avtooculuyeic te-
Aeotéc) Eotww T ouunayns kar avtoou{uyng teAeatig atov amepodidotato Kal iayw-
plouos xapo Hilbert H. Toéte vrndpyer uia opBoxavovikn pdon tov H mou anoteAeital
ané 16wdarvouata wov T.  Eniong, av n Pdon avtr) ypagel ws {¢n} U {¢,}, dmov
{n} C Ker(T) kar {¢,} o1 16otiés mov avniororyolv oTi§ pun-pHndevikés 1010TUES Ny,
Tpn, = Ann, 6m0U |A1] > |Aa| > |A3] > ..., TdTe ) akodovlia (\,) €fve eivar memepaoévn
efte ovykAiver oto 0. Emiong éyovue

(émov n gepd ovyrAiver otov B(H)). Télog, wyvea o(T) = {\,} U {0}.
IMopathenon. Eotw T évoac gpoyuévoc tehectic otov H xou éotw {e,} pla opdo-
xovovixt| Bdon tou H. Ovopdloupe mivaka tou T' w¢ mpog v Bdon {e,} Tov (dmelpo)
mivaxa { @i bi jen mov opileton wg

Q55 = <Tej7€i>-

Edxoha PAénel xovelg 6Tt av T'x = y to1e

(y,e:) = Z%‘(ﬂfa €j),
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oyéon mou Belyvel OTL 1) évvola auTH elvon yevixeuon tng cuviloug Evvola Tou Tivoxa we
mpog [Bdon mou Eépoupe and Ty oo AlyeBpo.

To goacyotind Yedpnua uag Aéel ouctaotixd 6Tt uTdpyet pio opdoxavovixt| Bdon (n
{on} U {1, }) wc mpoc v omofu o mivaxag tou T elvor 0 Stary@dviog mivaxag e atotyeio
(A, A9, ... ] 0,0,...). (To n)\ﬁﬁog WV W]stmcbv looutan We TN Sidotoon tou Ker(T)

xoa junopet va etvon xdmotog guotde > 0 1 drerpo. )
Anodeitn. Ouo Xpnctponomooups p.LO( enaywyw pedodo. 'Eotw Hy = H, Ty = T.

And 1o Afupa 3.3.6 éncton 6tL undpyet oty Ay = ||T'|| touv T}, xu éotw @1 éva
Wodtdvuopa pe ||é1]| = 1. O Ty avdryer tov Ha := {¢1}+ xou dpo 0 TerecThC

T2 :T ‘7_[2

umopel vau Yewpniel we tehecthc otov Hy. Elvon €dxoho va del xaveic 6t o Th ebvon
ovunayhc xou autoouluyhc. Av Ty # 0 téte o Ty éyer pio wotph Ay = £|| 1], xou
€0Tw ¢y Ula avtioTouyn wioouvdptnor. Eyouue

Ao = Tl < (T3]l = Al

Oétoupe toOpa Hy = lin{er, go} xou Ty = T |3, xou cuveyilovue enarywyed xotdu-
T6V 10V TP6T0. 210 n-06T6 Brua €xoupe éva opdoxavovixd oivoro {¢1,. .., ¢, } mou
omoteheiton amd wioTwés Tou T xan yior Tic avtioTotyeg Woouvaptioes {A,} toylet

Al = [Aao] = [As] >

Optloupe t6t€ Hptr = lin{en, ..., ¢u}* %o t0v tehesth Thhy1 010V Hygq ¢ Thipr =

T ’Hn+1 °
Atoxptvoupe 600 TEQITTOOELS, avdhoyo Ue To av 1) dtadacto autr TepuatiCeton 1 Oyt

ITepintwon 1. H dwdiaocio teppatileton. Trdpyet t6te xdmoog 1 > 1 té€t010¢ OO TE
Tr41 =0, dnhad

T [3,,= T liinggr,...03-= 0.
‘Opwe yio xdlde x € H €youpe

r

Tr— Z <x7¢n>¢n S Hr+17

n=1

r

T([E - Z <:L‘, ¢n>¢n) =0

n=1

Ol CUVETIC
To=> (,¢.) T, = Z A
n=1

Ye auth) Ty nepintwon howmody o T' €yel nencpacuévr Talr, lon ue 7.

Ilepintwon 2. H dwdixaocia cuveyiletan en’ dnelpov. Oa amodelouue TewTa OTL 1
oxohoudia (A,) ouyxiiver oo 0. Tlpdyuatt, ac vnodéooupe 6Tt Bev ouyxiivelr ato 0.
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Téte undpyer € > 0 tétoto BGote [N, > € yio xée n. Autd cuvendyeton 6Tt Yo xde
n,m Ue n # m oy el

HTan_T(bmW = H/\ngbn_ >\m¢mH2
= [ A |2 + [ Am ’2
> 262,

‘Apa 1 axohoudio (T'¢,) dev uropel va €yet ouyxhivousa vraxohouvdia, To onolo eivor
dromo agol o T elvor cuumoryng.

‘Eotw tdpa x € H xaw ag VEcouue

r—1

LTr =T — Z <[L’, ¢n>¢n

n=1

AhhadY| &, = Px 6mou P, eivon 1 optoyodwio mpoforr) otov H,. Apa

H (T - i: >‘n¢n ® ¢n> SBH = ||T (x - i: <$v ¢n>¢n> ”

_ n=1
[T, ||
= [Tz
< Tl
< [ A | ]
Ol CUVETC
r—1
||T - Z/\ngbn ® an” S |)‘r| —0
n=1

%o 1 — 00, ONhadH
n=1

6mou 1 oeLRd GUYXAIVEL WC TPog TNV Vopua Tou B(H).

Ye xdie nepintwon (Snhady eite 1 dradixacio teppatileton gite dyt) €youe

n=1

émou 1 < 400 (Ilepintwon 1.) # r = +oo (Hepinwwon 2). e xdie nepintwon énetan
OTL Yo xdde x € H 1o ddvuoua

Y= — Z <~T7¢n>¢n

n

avrixer otov Ker(T'). Apa, av {1, } etvon piot opdoxavovixr Béon tou Ker(T'), téte

Yy = Z <ya ¢n>¢n = Z (T, %) n,

n n

35



xal deor

= Z <ZE, ¢n>¢n + Z <JZ, ¢n>¢n

Anb 1o Oedpnua 1.3.10 autd cuvendyeton 61t 10 opdoxavovixd cvvoro {¢,} U {1y}
elvon TArjpeS, xou €youde amodellel To Yewpnua. O

3.4 Egappoyn: to npoBAnua Sturm-Liouville
Optopdg Ovopdloupe terest Sturm-Liouville otov ywpo Hilbert L?(0, 1) éva tehe-
oth L g poppric

d

Lf@0=:—dx@35)+Qﬂ

uoll Ye cuvopLIXES CUVUTXES
af(0) +a'f'(0) =0
Bf()+ B f(1) =0,
OTOU:

(i) p xou g ouveyeic ouvopthoelc pe Tparypatixée Tpéc xou p(x) > 0 oto [0, 1].
(i) np" undpyer xau ebvon cuveync ato [0,1].
(iil) «,, B, B, ebvon mporypotixol aprduol xaw o + o* # 0, B2 + 52 # 0.

To medlo opiopol Tou L dev elvon 6Aog 0 ytpOg LQ(O, 1), to omnolo eivou OVOUEVOUEVO
agol to Lf dev opileton yio xéde f € L?(0,1). Opiloupe 1o edlo opiopéu D(L) tou L
©¢ T0 60Voho Ghwv Ttwv f € L*(0,1) nou elvor tétolec doTe:

(i) n f" undpyet xau eivan cuveyrc oo [0, 1].
(ii) 7 f” umdpyer oyeddy mavtol xa avixer otov L2(0,1).

(ili) n f wovorotel tic cuvoplaxée cuvirxeg (iii).

Apa vy f € D(L), 1o Lf elvor xahd optopévo xaw avixel otov L2(0, 1). T tpoxtinoic
Aoyoug xdvoupe emmAéoy TV (TeyVixn) unddeon 61t to 0 Sev elvon dtoTr Tou L, dnhadh

feD(L), Lf=0= f=0.
O teheothc L dev ebvan pparypévog, xou dpa tinoto amd 1 Vempio mou uéypet Todpa €Y0oUUe

o€t Oev umopet va egapuooTel Yo tov L. ‘Omwe Yo 8olue 6uws, umopolue vor pdouue
TOMG yiat ToV L UEAETOVTAC TOV L~! o onoloc etvan PEAYHEVOC.

Oewpnpa 3.4.1 O tedeotris L elvar 1-1 ka1 erd, ka1 o avtiotpopos L~ elvar ouunayris
ka1 avtoovluyng.
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Anéoeadn. And tnv Yewplo TV cuvidwy dSlapopxdy e€lo®oewy YVwpllovue 6Tt uTdp-
YOUV CUVUPTACELS U, Ug € C’Q(O, 1) ot omoieg elvon Aoewc e dLapopixrc elowong

_i( du;
dx pdx

ue avtioToryeg cuvoplaxeg cuVINxNG

)+qu; =0, i=1,2

auy(0) + o'uf (0)

Bua(1) + fup(1) = 0

xow oL MOGELS efvon un TETPLUPEVES, dnhodH ul( )2+ uy(0)? #£ 0, ug(1)? + uh(1)? # 0.
OplCoupe Vv opilouca

‘Evog amhog urtohoylouog pag oivel
(—pW) =0, ywxdde z € (0,1),

xou Gpor —p(x)W(z) = ¢ yia x&e x, émou ¢ eivon piot otadepd. Oo deioupe ot ¢ # 0.
Ac¢ unotéooupe avtideta 6t ¢ = 0. Agol p(x) # 0, éyouue W(x) = 0 vy xdde = xau
ELOOTER

u1(0)usy(0) — ug(0)uy(0) = 0.

‘Ouwg ui(0) # 0 1 ui(0) # 0. Acg urodécouue 6T uy1(0) # 0, n meplntwon uy(0) # 0
avTipetoniletar Ye avdhoyo teomo. ‘Eyouue

Bus(0) + 8u40) = ual0) + 5 (2 0))

= (Bua(0) + By (0))
= 0.

Aol 1 uy elvon 8o goopsg mpocywytotm xou 1) uy ebvon ouvsxng, émetan 6T ug € D(L)
xow Luy = 0, 10 omolo €pyetan o avtigaon pe tnv unoveorn ot to 0 dev elvon WBtoTuN
Tou L. Apa mpdrypatt ¢ # 0.

OplCoupe topa TOV OAANEWTIXG TUEY VAL

z,t) = ¢ uy(z)ug(t), wpa <t
k( ,t) { c*lul(t)u2<x)7 Lp t <.

Aol oL uy, uy elvon cuveyeic ato [0, 1], €youue

1 1
/ / (e, ) 2 da dt < oo.
0 0

k(x,t) = k(t, x).

Ebvau enlong mpogaveg ot
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‘Apa 0 tekeotic K mou oplleTon amd TOV OAOXANEOTIXG TURHVAL k(x,t),

Kf(z) = / (e, 0)f(2)dt,

etvon tedeotrc Hilbert-Schmidt xow avtoouluyrc. Oa amodelCouye OTL 0 L elvon ovti-
oteédipog xou L'=K.

'Eoto f € L*(0,1) xou ag Yéoovue g = K f. Ou delfovue 61t g € D(L) xou Lg = f.
o to oxond autd 0pllovye TIC GUVIPTATELS

vi(z) =c /(f w(t) f(t)dt, wvo(x) = c_l/ us(t) f(t)dt

X0l TORUTNEOUUE OTL
g = U1Ug + UgV1.
HMapaywyiCovtog nalpvouue

/ / / / /
g = UU2 + UV F UyV1 + UV

/ /
= UpV2 + UyV1.

Ewwotepa n ¢’ ebvon ouveync. Hopaywyilovtag dAAn pla gopd €youue

g = —c Musf + ulvy + ¢ rugub f + vyl (3. 4)
xaou dpo g” € L*(0,1) ool bhot oL bpot 670 BeEL péhog tne (3. 4) avixouy otov L(0, 1).
Emmiéov, agol v1(0) =0,

ag(0) +a’g'(0) = aui(0)vz(0) + a’u}(0)ve(0)
= [au1(0) + a'uy (0)]v2(0)
=0

xou mopdpot Bg(1) + 6'¢'(1) = 0. Apa g € D(L). "Eyoupe

(pg) +a9 = —(puivs +puynr)' +qg
= —(puy)'vz — (puy)'vr — p(ugvy + uyvy) + qg
= —quivy — qugvy + pe H(ubuy — wus) f + qg
= —qg—pc ' Wf+qg
— f
‘Apo Lg = f, onhady LK f = f.
Hpémer axdun va det€oupe 61t K Lg = g ywaxdde g € D(L). Ipdrypatt, éyouvue LK Lg =

Lg »ou dpa
LIKLg—g]=0.

H vnddeon 6t 1o 0 dev eivon ot tou L cuverdyetan 6t K Lg = g, mou elvon 0
{ntoluevo. O
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Opiowodeg 3.4.2 H ouvvdptnon k(x,t) ovoudletar ouvdptnon Green tov mpopAnuatog
Sturm-Liouwille.

Oedpenua 3.4.3 Trdpye éva mAnpes opfokavoviké ovotnua {¢,} mov arotereitar and
1bwovvaptrioes touv L. Or avtiotoryes 1010Tiués {1, } éxouv dAes memepaouévn moAanAd-
TnTa Kai fi, — 0.

Anoédeadn. Apxel vo ehéyZel xaveic 6Tt o A # 0 elvon WioTiur Tou K e dlocuvdptnon ¢
av xon u6vo ov to AT efvon ot tou L pe Wocuvdptnon ¢. To dedpruo toTe éneto
av €Qoplécouue oTov K 1o goaouatind Yedpenua yioo cuunoyeic autoouluyelc TEAEOTEC.
O

‘Acxnor 3.4.4 No Beetolv ol cuvapthoelg Green xod®g %ot Ol LOLOTUES oL LOLOGU-
VOPTACELS YIo TOV TEAECTY

Lf=-f"

oto (0, 1), ue ouvoptoxéc ouvirxec.

f(0) =0, 3f(1) + f'(1) =0.

4  Oewpnuo Lax-Milgram »ow petafohixd ngoBA7-
naLTat

Optowodeg 4.0.5 Ovoudlovue (3/2)-ypapuxn popen oe éva xapo Hilbert H pua arer-
kovion A : H x H — C ya v omofa 10y Ve

(i) Az + py,z) = M(z, 2) + pA(y, 2),
(i) Az, \y + puz) = MA(z, y) + gA(z, 2),
yia kdOe x,y € H ka1 A\, jp € C.
H (3/2)-ypappuxiy popeny A Aéyetar:
o gpayuérn, av vndpyer A > 0 dote |A(u,v)| < Aljul|||v]| yia kdOe u,v € H
I

e clarukn, av vrdpyer A > 0 dote Re A(v,v) > c||v]|* ya kdOe v € H.

Ocedpnua 4.0.6 (Oebpnua Lax-Milgram) Eoww A(-, ) pia (3/2)-ypappuxr) gpay-
pévn el artikn uoppn ovov H. I'a kdOe ppaypévo ovvaptnoaxé m : H — C vndpye

Hovaoiko u € H wote
A(v,u) = m(v), yia kd0e v € H. (4. 5)

EmmAéov n areikdévion m — u efvar ovveyrs.
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Anédeaén. 'Eotw u € H. H anewdvion
v A(v,u) (4. 6)
elvon Yooy and tov H oto C. Ernloneg
|A(v, w)| < Mul[fjv]],

G m (4. 6) elvon €va poryuévo Ypauuixd cuvapTNotaxd oTov H, Ue vopuo UxpdTepn 1
fon tou M||ul]. Anb to ©éwenua Avanapdotaonc tou Riesz émeton 61t undpyer w € H
WOTE

A(v,u) = (v,w) , v xdde v € H.
Ioyter tote ||w]| < M ||ul|, dpo optleton évag pporyuévos ypouuaxos TeheaThc S amd
oyéon Su = w. Apa hoimov

A(v,u) = (v, Su) , u,veH.

Eniong, ndht and 1o Owpnuo Avanopdotaong tou Riesz, undpyet f € H dote m(v) =
(v, f), veH. Apan (4. 5) yedpeton 10odVvaa

(v, Su) = (v, f), yio xde v € H,

xou dpo To {nTolduevo avdyetar oto va Peedel u wote Su = f. Apxel va 6etouue 6TL 0
S elvon avtioteédiuog ue peoyuévo aviioteogo. Iapatnpolue xotapyhyv 6Tt

Alz]|* < Re Az, 2) = Re (S, ) < || Sz| |||,
xa dpal
1Szl = Allll, =z eH. (4. 7)
O S eivon 1-1. Auto elvon dueon ouvénewar tne (4. 7).

H ewéva Ran(S) eivan xhetotog undywpos. Autd eivan eniong ouvéneta e (4. 7), axpl-
B omwe oty anddeln Tou Ocwpruatog 2.5.11.

H ewcdva Ran(9) ebvor tuxvég undywpoc. ‘Eotw © € Ran(S)*t. Téte

c|z]]* < Re A(x,z) = Re (Sz, 1) =0,

xan dpar & = 0.
Yuvenog o S eivon avtioteédipoc. To étL o avtictpogocg S~ etvan peaypévog EmeTan
and v (4. 7), xou wdhota ||STH| < 1/ O

Oedpenua 4.0.7 Eoww A(-,-) pia gpayuévn elanuxry (3/2)-ypaupuxr) popen ooy
H ywa Ty omoia 1wy ver emmAéov

Az, y) = Ay, z).

‘Eotw m éva ppayuévo ypappkd ovvaptnoiaxéd otov ‘H. H ouvvdptnon
1
J(u) = §A(u,u) —Ren(u), uweH,

éxer éva povadiko ekdyroto atov H to omoio Aaufdretar axkpifas otn Adon u tov Jewpr)-
pazos Laz-Milgram
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Anédéeaén. Eoto u n hbon tou Oewprjuotoc 4.0.6 xou v € H. Eyouue té1e

Jw)—Ju) = %(A(v,v) — A(u, u)> —Ren(v—u)
= %(A(v, v) — A(u, u)) —Re A(v —u,u).
‘Opwe
Re A(v —u,u) = %(A(v —u,u) + Alu,v —u)) = %(A(v, u) + A(u,v)) — Au, u),

ool

1 1 A 2
J(v)—J(u) = E(A(v,v)—l—A(u,u)—A(v,u)—A(u,v)) = §A(v—u,v—u) > EHU—UH :
xot T0 {NToUUEVO EmETL. O
Meégog 11

Eoopuoyeg otic Mepixeg
Awagpopixeg ESlowoeig

5 Xdwpeot Sobolev xau acVeveic Adoelg

‘Eotw Q éva avoxtd ywpeio (= avoxtd xow ouvextixd ovvoho) tou R™. Aéue 6t o
obvohro U mepiéyeton ouumayns oto £2, xan yedgpoupe U CC £ av

(i) UcQ
(ii) U ouumayéc ohvoro

ITpétaoyn Eotw U C Q. Ioyber U CC Q av xou pévo av U gpayuévo xou dist (U, 0€2) >
0.

Anéoeén. Aoxnon,. O
Mo 1 < p < oo opiloupe

Lp

() ={u: Q= C : wyetpnown xou u € LP(U), yio xdde U CC Q}
OplCouye emiong

Cr(Q)={u:Q—C : ueC®) xou supp(u) CC Q}
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Iapatnpnon. Eivou dueco ot

() Lipe() C L,
(i) LP(Q) C L] (), 1<p<x
(i)  Lp.(92) C C(Q)

loc
(To (i) éneton and tnv oviootnta Holder)

(Q), yraxdde 1 <p<g<oo

5.1 Oporonointeg

‘Eotww Q C R™ (dy1 anapattnta gporyuévo). Ta e > 0 opilouvye
Q. ={x € Q : dist(z,00) > €}
O<touue

C exp(— 1 MQ) |z < 1,
pm_{o, 2] > 1,

6mou 1 otadepd C' emhéyeton étot dote [ p(z)dr = 1.

o € > 0 opiCouye oTn cuvéyew

z n
p(r) =—p(=), z€R
€ €

H owoyévew ocuvapticeny (pe) ovoudletor oparonotntig xat €yel TiC oxdAoUdeS 1OLOTN-
TEC:

(i) p.€C*(R")
(i) supp(pc) = B(0,¢)
(iii) /n pe(x)dr =1

'Eoto u € L}, (Q). Tw x&de € > 0 opilovue
wiw) = [pe—ypudy= [ pla-putdy,  ze9.  6.9)
Q

ly—z|<e
IoodUvapa, emexteivovtag Ty u Vétovtde v ion ue undév oto R™ \ Q, éyoupe
Ue = (pe * u)‘Qe )
ITpotaor Ioybouv ta e€ic:
i)  u € C®()
Ue — U %At onueio oyeddV Tavtod oTo (2

)
(iii) Av u cuveyfc TOTE Ue — U OUOLOUOPPA GTOL CUUTYT| UTOGUVOAA TOU )
) Avu e L} (Q) téte ue — u otov LP(U) yo xdde U CC
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Anédaén. Anodewvioupe pévo to (i), To onolo dAhwoTe eivon to pévo mou Vo ypeto-
0TOUPE 0T oUVEYELla. Oo Bellouue opyxd 6Tt

Ou, Ope
xr) = x —y)u(y)dy,
W= ey

a.%‘k aiL'k
ONAaoY 5 5
Ue Pe
o0~ o, *u)|q, - (5. 9)

‘Eotw x € Q. xou § apxetd uxpd vote B(z,|d]) C Q.. Opiloupe

A0) = 3 (o + 50— o) -0 / i e~ )y )

xou apxel va 6et&oupe 6Tt A(0) — 0 xadde 0 — 0.
‘Eyouye hotndv

1

A(6) = g/_ - [pe(x—i-&ak —y) — pe(z —y) — 58/75

8xk

(z — y)} u(y)dy .

‘Ouwe, anéd tov timo tou Taylor éyoupe Yy xdde y € B(z,€),

dp.
&zck

Yot xdmoto onueio &, € [z —y,x —y + deg]. Eotww M > 0 tétoo dote |[Hessp|| < M.
‘Eyouue tote

1
p(x +der, —y) = p(x —y) + 0 (r—y)+ 552Hessp5(§y)ek e,

pE(x—"(;ek _y) _ps(x_y) -9

‘Apa

1 M 62
A6) < X / u(y)ldy — 0.
0 2 ly—z|<e

xoddg 0 — 0, xou To {nrovuevo EncTol.

Hapopota amodetxvietan 1 OTapdn Topoy @YWy xdie Taing: oy et Yevixd

(D) (z) = / (D°p) (& — ) uly)dy

ly—z|<e
v xéde modudeixtn a € (NU {0})". "Apo hownév ue € C(€). 0
5.2 Xwpotl Sobolev

‘Eotw u € CH(). Oupiloupe 6Tt 0hoxhhipnor xatd topdyovTes pog divel

[ u@on@is == [ w @i

Q
Y xée ouvdptnon ¢ € CX(Q).
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Oplopdeg 5.2.1 Aéue du n ovvdptnon u € L}, () etvar aoOevds mapaywyioun av

undpxowr owapTHOES g1, - - ., gn € Li,.(Q) TéToies dote

[ ut@on, @)z = - [ gla)of)is
Q Q
yia kde 1 <i <n ka1 yia kde ¢p € C(1).

Adppa 5.2.2 Av nu e L, (Q) evar tétowa dote [ upde =0 pa kdde ¢ € C(Q),
tote u = 0 oo ().

Anédeaén. HopoeineTon. O

‘Enetan and 1o Afjuua 5.2.2 611 av 1 w ebvon ao¥evig moporywylon TOTE oL GUVAPTAHCELS
g1, -+ Gn bvon povadixée (péypl ovvola pétpou undév). Tig ovopdlovue téTe acteveic
HEQIXES TORAYDYOUS TNG U %o TS SUMPBOMIOVUE YE Uy, .

Hapatnprjoes. (1) Eivor dueco ot av 1 u ebvan naporywylown ye thy xhaoowy| évvola,
TOTE elvan %ot acVeEVKS Topay Yo xou ot acVevels uepéc Topdywmyol TauTi{ovTon Ue
TIC XAACIXEC UEPIXES TIUPOLY ()Y OUC.

(2) "Enectou dueoo amd o Afjupa 5.2.2 611 1) évvola Tng acVeVolg Tapay kY oL eivon Tomikn,
onhadr av oL u xon v efvar acVevig topaywylowes oto 2 xou u = v ot Eva ovoxtd GOVOAO
U C Q) t6te uy, = vy, 010 UL

(3) Av n u eivar acdevie napaywylown oto £ xou xhaoixd napoywylown ato avoxto
obvoro U C 2, t6te 1 ao¥evic xan xhaotny| Topdywyog cupnintouy oto U.

Hapadetypata: (1) H ouvdpton u(t) = 1 + [t] eivar aodevide mopaywyiown oto R xou

) =1, <0,
u(t)_{l, t>0.

(2) H ouvdptnon
() = { 0 <0

1 >0
oev ebvon aovevog mapaywylown.

ITpbtaocyn Av ol f,g eivon aoVevie napaywyiowes t6te xau ot f + g, cf (¢ € R) elvau
acvevare mopaywyioes xat

(f +g)2i = f:m + 9 (Cf>rz = wai .

Oplopodg. Opilouue
HY Q) = {u e L*(Q) : u aodevire maparywyiown xo u,, € L*(Q)}.

O H' () ebvau YEUUUIXOC Y pog xou ovoudletal ywpeog Sobolev. Elxola ehéyyet xaveic
OTL 1] ATELXOVION

(U, V) 1) = / (u@ + Ug, Uy + - .uxnﬁxn>da: (5. 10)
0
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opllet éva eowtepind Yvopevo otov H (). H enayduevn véppa etvon 1

1/2
1/2
el = | [ (P fuP o+t s PYe] = (el + 190l 0) ™
Ewuotepa, €youue

U — U, otov L*(Q),

up — u otov HY(Q) av xou uévo av .
b (€2) W Uk z; — Uy, oT0v L2(Q),i=1,...,n

(610U Ug 2, = (Uk)z,;)-

Oedpnpa 5.2.3 O HY(Q) epodiaouévos e to eocwtepikd ywduevo (5. 10) etvar xo-
pos Hilbert.

Arddeén. 'Eotw (ug) pio oxohovdio Cauchy otov H'(Q2). Téte ot axoroudiec (ug) o
(ug;) (1 =1,...,n) elvor axohoudiec Cauchy otov L*(€). Apa uTépyOLY GUVIPTATELS
U, g1, -, gn € L*(0) do7e

Up = Uy Ukgy —> 1 yeees Uk, — Gn s 070V L2(Q), xadd¢ k — 400 . (5. 11)

‘Eotw topa ¢ € C2(Q). TN xdde k € Nxowi=1,...,n éyouye

/uk(bmidx = —/uk,xiqﬁdx.
Q Q

[atpvovtog to dpto k — 400 mpoxinTel

/ngbzidx:—/ﬂgigzﬁdx.

Agol 1 oyéon auth woylel yio xdde ¢ € C(Q), n u elvon aodevoe mopaywyiown xa
Uy, = gi- Apau € HY(Q). Téhog, 1 (5. 11) pali ye tic oyéoeic uy, = g; oUVETAYETL
ot u, — u otov HY(Q). Apa howmdv o HY(Q) ebvon ywpoc Hilbert. O

Optopdg O yopoc Hy () opileton we 1 xdewsth 9fxn tou C°(Q) we npoc T voppa
[RR RO

Mopathenoy. Eotw Q gpoyuévo pe C olvopo xaw u € H(Q)NC(2). AnodewevieTo
ot
u€ Hy()) <= u=007000.

[ To Abyo autd Aéue ouyvd 6Tt o Hy () amoteleiton omé 1o otoryela tou H'(Q2) mou
undeviCovtan oo 0.

Ocedpnua 5.2.4 (avicdtnta Poincaré) Eotw Q2 gpayuévo. Tndpyer ¢ > 0 dote
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Anédaén. Apxel vo anodeifouye Ty avicétnta Yo u € CX(Q). 'Eotw 6t 10
TepLEyEToL avdueca ota unepenineda 21 = 0 xan 1 = a. Emextelvouye tnv u o 6ho 10
R™ détovtde tn lom pe pundev extog tou (1 T w € 2 €youpe

1
lu(z)| = ‘/ um(t,xg,...,xn)dt’
< / o, (£, 9, )|t
0

«a 1/2
(/ iy, (1 o, ,xn)|2dt> |
0

Tdvovtag 610 TETPAYWVO X0 OAOXANEWVOVTAS (KOS TEOS X1 TOUPVOUUE

o «
/ lu(zy, ..., 2n)|2de; < 042/ (g, (t, @2, - @) [Pdt
0 0

< 02/ Vult, 2, 20)|2dt,
0

D=

< «

%o T0 {NTOVUEVO EMETAL OAOXANPOVOVTAS WS TPOC Tg, . . . , L. O

IMopatrpnon. Erncto and v avicémta Poincaré 6t n u — || Vu||r2(q) sivon vopua
otov Hg(Q) wwodlvoun pe v Sobolev vopua || - || g (o).

5.3 IlpoBAupata cuvoplax®wy Tinwy - acVevelg ADoeLg

Yxomog pog ebvon Vo UEAETHCOUUE TO TEOBANUA

— > i@ (D))o, = flz), T€Q
SR v o0,

6mou Q geaypévo ywelo (= avoixtd xou cuvextixd oUvoho) otov R™, a;;, f xou g 6edo-
MEVEC GUVORTNCELS XAl U 1) AY VWO TT) GLVAETNOT).

Iopathenon. Eoto 6t a; € CHQ), f € C(Q) xu g € C(0N). 'Eotw axdun u €
C2(Q)NC(Q) plo (xhaowh) Mo tou tpofhfuatoc (*). Tlolamhaotdlouye T dtepopixth
e&lowon pe pla cuvdptnon ¢ € C(2), 0AoXANEMYOLUE GTO §2 X0t OAOXANEWVOUUE XOTd
mopdyovtes. Koatahryouue 6Tt

/ D i (), b0, du = / f(@)p(x)dr .

Q50 Q

H ropamdvey oyéon anoterel tn Bdom tou opouol g acdevois hiong.
Kévoupe Tic axdroviec unodéoeic:

YroOéoeic. O nivaxac {a;j(x)}, z € Q, elvor ouppeTEXdS, TEOYUATIXGOS XU @i €
L>(Q). Enionc undpyouv A, A > 0 dote

MNP <D ay(2)& <MK, zeQLeRT,
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Yrodétouue oaxdun 6t f € L*(Q) xon g € H'(Q), pe mporyportinéc tylée.

Ogtopde Mio cuvdptnon u € HY () Aéyeto aodevic Aom Tou tpohfuatoc (x) ov
u—g € Hy(Q) xu

|3 ag(@)unn, do = [ f)ote)ds,

Q55 Q

Yo x&e ¢ € C°(Q), # 10odlvapa Yo xdde ¢ € Hy ().

Oewpnpa 5.3.1 To rpdpAnua () éxer povadixry aodeviy Avon w € HY(Q) n omnofa,
emmAéov, efaprdtar katd ovvexn Tpomo and TS f Kkai g.

Arddeén. Ltov yopo Hilbert H'(Q) dewpolue Ty (3/2)-ypopnd popeh

n

A(v,w) = /Q Z i (T)Vp, Wy dox. (5. 12)

1,j=1

[apatnpodue 61t
A(v,w) = A(w,v).

Enlong, and tic unodéceg 6Tov mivoxa {aij} éneton OTL
[A(v, w)| < Al[Vol|r2e) [Vl r2) < Alv][mollwll m @),

onhadh 1 woper A elvor pporyuévr. Zntolue Omapdn xal LoVadXOTNTA CUVARTNONG U €
HY(Q) doe
{ A(,6) = (. 0) oy i x80e & € HY(R),
u—g € Hg(Q),

Iood0vaua, Yétovtog v = u — g, {ntolue OTaEdn XU LOVUBXOTNTA CUVARTNONG U €
H} (D) doe

A(v,0) = (f,9)12q) — Al9,9) , Y xde ¢ € Hy (),
T0 omolo Ue TN OEd Tou Efvor 1GoBUVOUO UE
A(9,0) = (0, f)12(0) — Ald,g) . 1 xdde ¢ € Hy ().
To ouvaptnotaxod
7(6) = (6 ) iy — ADy9) & € HLQ),

IXOVOTIOLEL

7(0)] 12 llll 22 + AVl 2@ Vgl 22 @)

(1122 + AVl 2@) |1,
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dpa ebvon évar pparypévo ypouuxd ouvoptnotaxd otov Hy(Q) e ||I7|| < ||fllrz@) +
AVl r2q). Eniong, éyouue

Re A(v,v) = A(v,v) > )\HVU||2LQ(Q) : v e Hy(Q),

xaon dpor 1) poph A(-,+) etvar elerttixf; otov Hg () (ropdmt dev ebvon ehhetntind otov
H(Q)) Moy tne mopathpnone mou éreton tne oviednroc Poincaré.

‘Apot howméy 1 Umopén xou povodixdtnta ac¥evoie Abong énetan and to Vewpnua Lax-
Milgram. H ouveyrc e€dptnomn tne w elvar 10od0vourn pe tn cuveyy| e€dptnomn e v 1
omola enlong eneton and to Vewprnuo Lax-Milgram:

[0l 30 —HWH< (HfHLzm + AVl o))

"Apa €youpe To {NTovUEVO. O

6 PacuATINY] AVAALOT] YL YEAUULXOVS EANELTTL-
xoVC TEAEC TEC.
O oxonde pag oe auTAY TNV EVOTNTA Elval VoL BIITUTIWCOVUE TO TOEATdve TeoBAnuo ()

0¢ €va TpoBinua Ocwpioc TeAeoTMVY xou 6T CUVEYEL VoL ATOBEIEOUUE €V QPUOUATING
Yewenua yia Tov aviioTolyo TEAEcTH).

6.1 Oewpnpo cuundyeiac tou Rellich

Aqppa 6.1.1 Toydea
[ue — ullr2(0) < €l|ullm(q) (6. 13)
yia kdle € > 0 karu € Hy(Q).

Anédeitn. 'Eotw € > 0. Ac unodéooupe apywxd 61t u € CX(2). Enexteivouye v u
Vétovtde v ion ye undév extoc tou Q pe v ue va divetar tévto and v (5. 8) yia
z € R™ (dpo ue(z) =0 av dist(z, Q) > €). Eyoupe tdte yia xdde z € R”,

ue(z) — uz)| < /| e =) — (o)l

= /<E /0 —tu(x — ty)dt
[ o) [ 101190t = s
< 64« pe(y) /01 \Vu(z — ty)|dt dz .
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[ Juew) = (o)

e[ ( / ol / [ Vule - ty>|dtdy)2das
©s) < e[ ( / B ,oe<y>dy) ( /| o) { / [ Vule - ty>|dt}2dy> dr
(C-S) < ¢ /n (/y|<€ pe(y) /01 \Vu(x — ty)2dt dy) dx

1
=Vl / o(y) / dt dy

ly|<e

IN

= 62HVUH%2(R”) .

H yevixd| nepintwon u € HJ () éneton and tny mopoandve tpooceyyilovioc Ty u e pio
oxohoudia (uy) C CP(Q). Ta vo yiver autd Tpénet vo EEQOUUE OTL 1) ATEXOVION U > U,
elvor ouveyfic ané tov Hy(Q2) otov L*(Q). Autéd dpwe €netar amd TNy aviodTnTa ToU
Young:

uellzo) < lluellzz@ny = llu* pell L2@n)
< lullz@nllpellcr@ny = llulle@n = llullz @) < llullar @)
Yuveroe 1 (6. 13) wyver yio x&de u € Hy (). O

Ouuiloupe €6 6Tt av X elvon évag ouunayée urtoclvoro tou R™, 161 0 Ypouuxog
AOPOS
C(X)={f:X—=>C : fouveyi}

elvon ywpog Banach av egodiactel ye ) vopua

|| fllzoo(x) = max{|f(z)] : € X}.

Ogiopoc. ‘Eva untooivoho S C C(X) Ayeton tooouveyéc av yio xde € > 0 undpyet
0 >0 oote

av |z —y| <§ tote |f(x) — fly)| <€, ywxdde feS.
Ocvpnua 6.1.2 (Arzela-Ascoli) FEotw X ouuraynis petpikds ywpos. Av to advo-
Ao S C C(X) eivar icoouvexés kai ppaypévo, téte n kA€ot tov Onkn S elvar ovunayés
vrootrodo tou C(X).
Anédaén. TIlpéner va Bet€oupe ot M tuyoda oxohovdia (f,) C S éyel ouyxhivovoo

uroxohoudia. Eotw howmdv (f,) C S.
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Ioyvelopodg. O X éyel éva apriurowo muxvéd utocivoro A.
Anoédeaén tou Ioyypipot. T xdde n € N to abvoro

{B(x,%) zeX)

ebvou pior avouxt) xdhudn tou X. Apa tepiéyel plo nenepaocuévn unoxdhudn. ‘Eotw A, to
oUVOAO TWV XEVTRPGOVY NG utoxdiudne. Toéte to olvoro A = U, A, civan éva aprdurioo
ol TLXVO LUTTooUVOAO Tou X.

Tpdgoupe A = {y1, Y, ...} xou ouveyilouue ye v anddetln touv Yewphuatoc. H axo-
hovdia (fr,(y1)) ebvon gporypévn, dpo and to Ocwpenuo Bolzanno - Weierstrass éyet pio
ouyxAivouoa oxohoudio (f1,(y1)).

Hopduota, 1 oxorovdia (fi,(y2)) elvon peayuévn dpo €yel pio cuyxhivouoo axorouvi-
o (fon(y2)). Xuveyilovtac étor optletar yia xdde k € N wo oxohoudio (fin)n. H
xataoxeur etvan Tétolo wote Y xdde k € N

(1) 1 axohoudiol (frn)n ebvar utoxohoudion ™e (fe—1.n)n

(ii) 1 oxohovdia (frn(Yk))n ebvor cuyxhivouoa

Optloupe 10 gy, = frn- H (gn) ebvan téte Unoxorovdia e apyixic axoroudiog (fy)
xou emtmhéov 1 (g (yx)) etvan ouyxhivouoo yia xéde k € N — 10o80vapa, 1 (gn(y))s ebvan
ouyxhivouoo vl xdle y € A. Ou dei&ovye bt 1 (gy) etvor Cauchy otov C(X).

‘Eotww € > 0. Trdpyer téte M € N ©ote
1 € ,
oyl < g = @) -f@ <5, yediefes

Agol to Ay ebvan menepacpévo utooivoro Tou A, undpyer N € N tote

n,m > N :>|gn(y)—gm(y)|<§, v xdde y € Apy .

‘Eotw topa x € X. YTndpyet t6t€ y € Ay pe |z —y| < 1/M. Twn,m > N éyoupe

Tt61E

19n(2) = gm (@) <90 (2) = 9a(Y)] + 90 (¥) = g (Y)] + [9m(y) = gm ()]
€ € €
< 3 + 3 + 3= €.
Apa yioe n,m > N EYOUUE ||gm — Gnllze@) < €. Amodel€ope hownd 61t ) (gn) ebvon
Cauchy otov C'(X). O

Ocebpenpa 6.1.3 (Rellich) Av o ywpio Q C R™ elvar ppayuévo, téte n epfdntion
H(Q) C L*(Q) efvar ovunayris.

Anddeén. Tlpéner va delfoupe 6t x&de porypévn oxohouvdio (u,) otov Hy(Q) éxel
vroxohoudio cuyxhivovoa otov L (). ‘Eoto howndv (u,) ppoyuévn otov Hy ().
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Ioyveiopog. T xdde § > 0 undpyet viaxohovdia (U, )k TNG (Un)n GOTE
Hunk_uanLQ §5 ) k7l€N

Amodeitn wov Ioyupiopov. 'Ectw 6 > 0. 'Eotw uy,,. 1 ouahononuévn cuvdpetnor mou
avuotoryel oty u, (BA. (5. 8) ). Torte, and o Afupa 6.1.1,

||U,n76 — Un||L2(Q) S EHV’unHL?(Q) S CE s n Z 1.

Trdpyet dpo € = €(d) > 0 dote
J
Hun?e—un||L2<§, n=12.... (6. 14)
Aol 1o Q ebvar gparypévo 1 oxohouvdior (uy,) ebvon gpayuévn otov LH(Q). And v
aVIoOTNTA TOU Young €YOUUE TOTE

[tnell Lo my < llpellzoe llunllr < ce™.

xou mapopol, and v (5. 9),

H(un,E)wiHL‘”(R”) < [(pe)a; o llun | 21 < ce "
‘Apa 1 oxohovdia (uy, ) eivan tooouveyhic oto R” yua xdde € > 0. Eniong, dheg o1 ouvap-
TAOELS Up e €YOUV QOpEa TIOU TIEPIEYETOL 0TO ouUUTayéC aOvoro {x € R™ : dist(z, Q) < €}.

Mnogolpe howmdv va egopudoouue to Yewpnua Arzela-Ascoli. Iloafpvouue otL unde-
yeL UToOAOLOIL (Un, )k TS (Une)n M OOl oUYXAIVEL opotbpopga oto {z € R" :
dist(z, Q) < €}, dpa xou 610 Q. Apa cuyrhiver xou otov L (), dpa etvar Cauchy otov
L*(Q). Suvenade urdpyet ko = ko(d) dote

0
kal 2 kO — Hunk,e - unl,eHL2 < g

Yuvenwg undpyet utoxohoudiol (tn, )i ™S (Un,.e)r GOTE

Wl >

||unk2.,e _unkj,eHL2 S 5 Z7.] = 1727' cee

Ioyler tote vy xdde 4, j € N,

[y, =ty 220) < Nty = ngellz2i0) + ([t e =t ellz20) + [tny e = tny, 220
< ) n ) N 0
-3 3 3
= ).

O Ioyuptopodg amodetydnxe.

Ou epapudoouye tov Ioyuptoud enoywywd ya § = 1/n. INa n = 1, urdpyet oxoloudio
(u1,k)k, VToxohoudio tne (uy,), Hdote

luig — uigllr2@) <1, Kk leN.
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‘Ouota, undpyel oxohovdia (ug i)k, Utoxorovdia tng (urk)k, OOTE

. kleN.

N | —

lton — vzl L2y <

Y10 i-Prua €youue oTL undpyet axohovdia (u; i)k, Vaxohoudio TS (U1 )k, OOTE
i — iy 2) < 7 k,l € N.

‘Eotww topa 4,7 € N pe ¢ > j. Eotw axdpa k,l € N. Trdoyer tote m € N wote
Ui = Ujm- APO( )

[wi = ujallzzie) = llujm — willrz) < 7
Optloupe tdpa v = upy. H axohoudio (vg) ebvan tote LTohoudion TnE oyt axo-
Nouvdioc (uy,). Eotw [ > k. Téte

lvr = vkl 2 ) = Jwg — ekl 2 <

x|

‘Apa 1 axohoudia (vg) efvon Cauchy otov L), dpo ouyxhivet. O

6.2 Poocpatind Jewpnua Yiot EAAELTTIXOVS dLapOopLlXoVg Te-
AecTEC

Ocwpolue éva ppayuévo yweio 2 C R™. Tlupauévouue oo Thaloto g TEONYOUUEVNS
evoTnTag, oA utodétoupe Aoy oTL g = 0. I'vwpilouue howdy and 1o Oedpnua 5.3.1
™V OmapdTn xou povadxotnTa acdevols AOong Tou TRoBAuaTOg

- Z?j:l(aij('r)uxi)xj = f(z), z€Q
{ u(z) =0, € 9. (6. 15)

Autd dnec eldape onpaiver dTL undpyel povad cuvdptnor u € Hy () wote
A(u, @) = ([, @) 2y, Y xdde ¢ € Hy(9).
6mou A(, ) 1 (3/2)-ypouweh poper (5. 12).

Oa VewpOOLUE T TUEATEVE OE €Vl EAAPEOS BLapopeTIXd TAdlcto. O€houpe Vo oplcouue
évay teheoth L : L? () — L3(Q) odote n (6. 15) v ypdpeton 10od0vayo Lu = f.

Opiopog. O teheothc L opiletoan otov L3(2) w¢ e€fc: to medlo optopol tou D(L)
anotehetton omé 10 GUVoho Twv Aicewy Tou (6. 15) xadac 1 f dtpéyer Tov LA(Q):

D(L) ={u€ Hy(Q) : 3f € L*(Q) : A(w,0) = (f,¥)12(q) » Y1t x&te ¢ € Hy(Q)}

Mo w € D(L) n napondve febvor povodur| xou opiCouue t6te Lu = f.

Efvan dueon cuvéreia Tou oplopol 6Tt
A(u, ¢) = (Lu, ¢>L2(Q) (6. 16)
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v x&9e u € D(L) xou ¢ € Hy (). Tpdpouye

Lu=— Z(aijuxi)xj ulon =0

ij=1
xou héue 6t o L ixavorotel (opoyeveic) ouvoptoxée ouviixeg Dirichlet oto OS2

IMapathenon. H ouvoplaxh cuviinn ulsq = 0 tepéyetar 6oV oplogd tou TEAETTH
u€ow Tou TEBIOL OPLOUOY Tou.

Ané 1o Oedpnua 5.3.1 éneton 61 o L ebvan 1-1 xou ent and to D(L) otov L (). Apu
oplletan 0 avtiotpogoc terectic L1 L*(Q) — L*(2) e nedlo oplopol tov L(Q) o
nedlo Tpdv o D(L).

Oewpnpa 6.2.1 H aneixdvion [+ u, L*(Q) — H}(Q) eivar ypappuxri kar ouvexns,
dn\adry o L™t efvar ppayuévos av Gewpniel wg tedeatris and tov L*(Q) otov Hy ().
Exbicotepa, vrdpyer ¢ > 0 wote

IVl 2 < | fll 2 (6. 17)
Arddeaén. H ypoppuxdnta ebvon dpeon. ‘Eotw topa f € L*(Q) xou u = L f. Ioylet

Au, ) = {f,¢), v xdde ¢ € Hy(Q).
Emiéyovtac ¢ = u €youue
MVulZe < Alu,u)
= (f,u)
< N llzz@llullze@)
< 2Vl

o dpot || Vul[p2q) < C)\_l”fHLQ(Q). O

Oewpnpa 6.2.2 Fotw Q C R" gpayuévo. O tedeotrig L1 1 L*(Q) — L*(Q) evar
ouvurnayns kar avtoouluyrs.

Arédaén. 'Eotw f,g € L*(Q2). Téte

(f.L7'g)y = (LL7'f,L'g)
= A(L'f,L7'g)
= A(L1g,L71f)

= (g9, L7Lf)
= (L7'f,9).

"Apa o L7t eivan awTocuLLLYTC.

ot v amodeioupe ) ouundyeto tou L1, dewpolue wo gporypévn axohoudia (fy) C
L*(Q). 'Eoto uy = L7 fi,. 'Eneton amd v (6. 17) 611 n axohoudia (uy,) ebvon pparypévn
otov Hj(Q). And 10 Oewpnua 6.1.3 éyouvue téte 61t M (uy) €xer unoxohouda (un, )
ouyxiivouca otov L*(2). ‘Apa L™t cupnayfc. 0

93



Ocedpnua 6.2.3 (pacpatixd Jewdpnua) Yrdpye pa oploxavovikr) Bion {¢n}

tov L?(Q2) n omota anotedefrar and 1boovvaptioes tou L.

AmdoeiEn. Avéhoya pe Ty amodelln tou Ocwpruatog 3.4.3: egapuolouue to Pacuatind
Oceopnua 3.3.7 oTov L1 o YEMOULOTOLOUUE TO YEYOVOG OTL oL L %o Lt €youv Ti¢ (Oleg
LOLOGLVORTHOELG UE AVTIOTROYES WOTWES: Lo, = A\p¢p v 1o HOVO oy L7, =X\1¢,.
O

Téhog, €youpe Tic axdlouieg emmhéov WOLOTNTES Tou Lt
ITpbtaom 6.2.4 Ioydour ta €€n:

(i)  Ovwonués {\,} tou L elvar Oetikés, éxyovv memepaouérn moAdamAdtnta
kai lim \,, = +o0.

(ii)  To medio opiopod D(L) efvar yvrjoiog tukvds undywpos tou L ().

Anédaén. (i) H detxdtnra twv otiudy éneton and tny elketnrtindno:

To 611 1 moAamAdTnTA XdE WBL0TIWAC elvon Tenepaouévn éncton oo Ty [lpdtaon 3.1.6.

(ii) O D(L) mepiéyeton yviorx otov LA(Q) awod D(L) C H (), xou elvon muxvdc otov
L*(Q) ago mepiéyet o opdoxavovixh Béon. O
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A’ Tlapdetnuo: o ydeoc L)

A’.1  Xrowela yevixng Oewplac Meétpou

Opopocg A'.1.1 Eoww X éva un-kevé ovvoro. Ovoudlovue o—dAyefpa oto X éva
ouvolo A to omolo amoteAettar ané vrootvola tou X kai yia to omoio w0y vowv ta €€ns:
(i) XeA
i) FeA=X\FEeA
(i) Av E, e A,neN, wrwelJ, E, € A.

Ovopdlouye yopo Wwétpou ula tewdda (X, A, 1) 6mou A eivan plo o—8hyeBpo otov X
xou p: A — [0, 00] ebvan pio ameixdvion (to pétpo) tétola dote yior xdie apriunotun
ouhhoyh {E,} Eévev avd b0 otoryelwy tou A va toyle

B =3 wlE).

To otowyela Tou A ovopdlovtan petprionua obvoha. Mia ouvdptnon f + X — C Aéyetan
uetphown av o obvoro fH(U) ebvon petpriowo yio x&de avoxtd U C C. Téhoc, hépe
OTL o OOTNTAL Loy VEL OXY€O0Y TavToU O.7. oV TO GUVOAO Twv & € X Ylo Ta onola 1
LOLOTNTAL BEV Loy UEL Elvol UETEHOLO XAl EYEL UETPO UNOEV.

ITpbtaom A’.1.2 Av o1 f ka1 g elvar petprioiues, téte kai o1 ovvaptroes f + g, fg
kat | f| elvar pegprioues.

To oloxAjpwuo.

Ye xde yodpou pétpou (X, A, du) propolue vo 0plcouUe pio XaTtdhAnAn €vvoLo OhOXAT-
pwuatog, o onoio cupfoiilouue e fX f dp. O opioude diveton oe t€ocepa Bridato:

1. To ohoxAfpwua pag amhric cuVdETNONG (Bn)\o@r’] ulag cuvdptnong 1 omola etvar yeou-
WXOC GUVBUAOUOS YURUXTNPIO TIXDY CUVARTAGENY UETENOWWY GUVOAWY) Elval

[ e =Y antE.
X =1 i=1
2. Av ) f ebvon un-apvntinr, tote opilouue
[ dn=sup{ [ pd s o o) < f(@). 2 € X),
X

(Auté umopel va elvon (oo pe +00.)
Mia petpriown uryaduer) cuvdptnon f yio Tnv onola oy Lel fX |fldp < oo Aéyetar odo-
KAnpaoun.
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3. Av n f elvon ohoxhnpwon pe mporylaTiés Té ToTe opllouye

/X fp = /X Frod - /X [

6mou fi = max{f,0} xu fo = max{—f,0} elvou avtiotowyo to Yetxd xou apvnuxd
uépog e f.
4. Av 1 ebvar ohoxhnpoowun Ue uryadés tiuée t6te opiloue f

[ sdn= [ Re pau+i [ pya

IMpotaocn A'.1.3 Eotww f un-apynukr petpionn ovvdptnon oto X. Ioyve [y fdu =
0 av ka1 pévo av f(x) =0 o.m. .

O yopog L*(X, p).

Aodévtog evog yopou étpou (X, A, i) oplleton o ypouuxdc yweog

L2(X, A, ) = {f petprown : /X | f 12 dp < oo}

Suyvd yedpouue amhae L2(X) dtav o A xau p evvoolvon. Edxoha dlomo toveton 6t
T ATEOVION

/fgdu, f9 € LX),

IXAVOTIOLEL TIC L&omrsg (i) o (ii) Tou oploUOY TOL ECWTERIXOD YIVOUEVOL, Oyt OUWC
v (iil) apol olugwvo ye v Hedtaon A'.1.3 n oyéon (f, f) = 0 ocuvendyeton pévo
f(x) = 0 oyeddv navtol xa oyt f = 0.

Avuto avtipetoniletou we e€hc: optlouue ula oyéon looduvayiog ~ GTov £2(X) BYétovToc
f~ge flz)=ygx) o (A" 18)

‘Eotw topa L*(X) = L3(X)/ ~ o aviioToryo cOvoho-tnhixo. To L*(X) yivetou
YOUUUIXOC YMEOSC XATE PUCLONOYIXO TEOTO, Xt 0pllouue

(FLUD =0 fe LX),

Anodewvietar 6Tt o (-, ) elvon xoAd OpLOUEVO Xon elvor €Vol ECWTEPIX YVOUEVO GTOV
Yoo L*(X).

Oedpnua A'.1.4 O L*(X, A, u) elvar xdpos Hilbert.
IMopdderypa A’.1.5 Eotww X =N, A = P(N) (1o duvapocivoro tou N) xar €0t

p(E) o mindderdpoc tou E C N. H tpudda (N, P(N), 1) etvon tote Ytdhpog uétpou xau
uropet vo det xavelc 6t o L*(N, A, 1) ovurinter e 1o ywpo 1? tou Iapadetypatog 1.1.2.
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To pétpo Lebesgue otov RY.

Oedpnua A’.1.6 Trdpyea éva povadikd pépo (RN, M, u) oto RY pe ng €rig 16i6-
TNTES:

(i) o M repiéya da ta avorktd vroovvola tov RY.

(ii) w(B) = |B| (o owndng dyrog) ya kdOe avoikt urila B C RN

(iii) o p efvar T\pec, 6nAadr av A € M ka1 u(A) = 0 tére B € M ya kde B C A.

To mapamdve pétpo ovoudleton pétpo Lebesgue otov RY %o ot CUVOPTNOELG IOV ovA-
xouv oty o-dhyelpa M ovoudlovtar Lebesgue-uetpriowes 1 amhag peteriowes. To
ohoxhfpwud we Teog To pétpo Lebesgue ovoudletar ohoxhipwua Lebesgue xou Yo 1o
ovupohilovpe we [on f(x)dz.

Av Q elvon éva YeTETOUO UTOGUYORO TOU RY, t6te optloupe

| 1@ie= [ fapat) .

v xde f: Q — C petprown (dnhadh tétowa wote 1 fxo elvor yetprioyn).
O yopoc L* () oplletor t6TE ¢

L2(Q) = {f : Q= C : f pevptonn, || 2@ < oo},

1 fllz2) = </Q !f]2d$>1/2.

IMopathenon. Xtnv npdln Jewpolue to cTolyelor Tou L? o CUVAPTACELS ToEd WS
x\doeg ouvapTAoEwY. Eyouue duwe médvTto 6T0 VOu pog OTL CUVORTHCELS TOU elvon
foec oyedov mavtol etvan avtiueTonilovtor wg loeg. T'o topdderypa, un cuvdetnorn Tou
undeviCeton morvto) exTOC amd Evol GUVOAO HETEOU UNBEV Elvor 1) UNBEVIXY) CUVEETNOT).

OTOU

7

Y10 mhadowo autd, otav Aéue ot pio ouvdptnon u € L*(Q) eivan ouveyrc (n C*(Q)
C*(Q) xr) evvolpe 6T UThpyEL XATOI0C AVTITPOGKTOS GTNY XAdon [u] o omolog eiva
owveyfc (n C*(Q) 4 C*(Q) »r).

H petpnowoétnta dev elvor xdtt tou Yo gog amaoyohel: oL cuvapTroelc Tou eugaviovton

TNV TEALT, TOUAYLoTOV 0T TAdiotor auTo) Tou dadidatog, Yo elvon TévTo UETENOWIES.
Mdhiotar Oev elvon amAd VoL XATAGKEVACEL XAVELS ULl UN-UETEHOLLY] CUVEQTNOT).

‘Apo 1y pévn cuviixn mou yeeldleton Vo EAEYEOUUE TEOXEWEVOU Vo BOUUE oY Lol GUVA-
tnon f ebvor otov L ebvon ) ouvdpe [ | f12da < oo. Kou yia vor amodet&oupe xdrt wtol0
Yo YeNoLOTOOUUE TIg CUVATELS WOLOTNTES TV OAOXANEWUATOY Xoog ot Ti¢ Uetddoug
UTOAOYLOUOU TOUC.

Ocwpnua A’.1.7 Kdle ovvdptnon oto R™ n omoia efvar odoxAnpwoiun katd Rie-
mann eivar Lebesgue-oAokAnpaoiun kai ta 6Vo oAokAnpuata oupTimTouy.
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Opiopog A'.1.8 Opilovue

L2(R) = LX(R, M, ).

IMopathenon A’.1.9 (1) Tipgova ye howndy Ue Tov oplopd, to ototyela tou L (R)
elvol XAAOELC LOOBLVUUING CUVAPTACEWY Yo OYL CUVORTNOELC. XNTNV TEdln woT600 Tu
oTotyeio T avTYETOTILOVUE (G CUVAPTHOELS. Ou TEETEL LS Vo YUUOUUCTE 6TL av ia
Té€Tol ‘cuvdpTnon Teomorotniel o €var GUVOAO UNdEVIXOL pETpou TOTE 1) ‘cuvdpTnon
Topauével 1 (Bl (ool €youpe wodtnTa oyeddy movtol). Me dhhor Adyia, UmopolUE vo
VEWPHOOUPE ToL GTOLYEI TV YWOEWY LQ(R) (¢ CLVOPTHOEIC Ol OTOIEC ElValL OPIGUEVES
oYEDOV TavTOU.

(2) Lty npdén (m.y. ooxrfoeic) dev ypetdleton Vo avnouyolUe yiol To oV Wiot cuvdp-
o™ ebvar UETEAOWT, Xod®E OAEG OYEBGY Ol oLVOETACES Tou cLVRYnG eugaviovtan
elvon petprioyec. MdhoTa dev elvar edxoho v oploel xavele cuvapToeig Tou dev elvar

UETETOLIES.
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BB oypapia
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Teheo TV og yweoug Hilbert.

1. Hislop P.D. xou Sigal I.M. Introduction to spectral theory. Springer 1996.

2. Kreyszig E. Introductory functional analysis with applications. J. Wiley & Sons
1989.

3. Reed M. xou Simon B. Methods of modern mathematical physics, I. Functional
Analysis. Academic Press 1980.

4. Young N. An introduction to Hilbert space. Cambridge University Press 1988.

99



