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Householder Transformations

Definition
Let u € R" be a nonzero vector. A matrix of the form

T

H=1-2%

is called Householder.
Properties
I. H Is a symmetric matrix.

i. H is orthogonal matrix, thus HTH = |.
| i, ||l = [xlla, Vx € R

iv. H> = 1.
Title Page V. det(H) — _1

vi. Matrix H has an eigenvalue equal to -1 with multiplicity 1 and
an eigenvalue equal to 1 with multiplicity n — 1.
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Householder Transformations

Lemma

Let x be a nonzero vector, x # e, where e, the first column of the
identity matrix |. Then there exists a Householder matrix H such
that Hx is a multiple of e;. More precisely, H = | — 2%, with
u=x-+ sign(xl)Hngel.

* o
o=l | =]°].
* 0

where o € R*.
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Algorithm Householder: Creating zeros

INn 2 vector

Input: A nonzero vector x € R”,

Output: A vector which is multiple of e;.

Step 1: m = maxi<j<,|x;|

Step2: x=uy=7%

Step 3: o =sign(u)\/ui+ 3+ ...+ 12
Stepd: xx=uyu=wuy+o

Stepb: o=-m-o

Complexity

The required flops for the previous algorithm are 2(n + 1).



QR factorization with Column Pivoting
(QRCP)

Theorem

Let A€ R™" m > n. There exists an orthogonal matrix

Q € R™™ a permutation matrix P € 7Z"*" an upper triangular
matrix Ry € R™" with r < n and a matrix Ry, € R™("=") sych that

AP = QR or Q"TAP = R = [R” Rl?]

021 Oy
where the matrix Q is the product of Householder matrices
H, i=12....r: Q= HH,...H and Oy, Oy are zero

matrices of size (m — r) X r and (m — r) X (n — r) respectively.
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Product of Householder matrix H with
a matrix A

Let H=1— 2% c R™M y € R™! be a Householder matrix and
vector respectively, and A € R™". The QR factorization requires
the products of Householder matrices with A. If we perform the
matrix-matrix product with the classical way, the floating point
operations are of order of O(m?n). Because of the special struc-
ture of H, this computation can be evaluated in less flops, as follows.
Let 3 = —2-. Then the (i, j)-th entry of A— HA = (A — Buu" A) is

ulu’
equal to

aij = 5(ulalj—|—uza2j+. ..—I—umamj)u;, | = ]_,.. ., M, _]: ]_,. ..



Algorithm: Product of Householder
matrix H with a matrix A
Input: Householder matrix H € R™*"™ and a matrix A € R™*".

Output: A — HA.

for j=1,2.....n
c=0
fork=1,2,....m
C=C+ ug-ag,
end for
c=0-c
fori=1,2,....m
adjj = C - Uuj
end for
end for
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“« » Complexity
The required flops for the previous algorithm are 2mn =O(mn),
<« significantly less than those of the classical way.
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QRCP factorization

Let A€ R™" m > n.
Step 1:

Find column of A having max norm, let ¢ be the one, and permute
columns 1 and c of A: A < AP;. Use Householder algorithm to
construct a Householder matrix H; such that the first column of

: : 0 .
H,A is a multiple of e: AV = H AP, = : * N * , where
0 % *
aii *
u dani 0
H, =1, 2u’”u and H; : =
dmi 0
dil 8(12) .. a(l,,)
1 1
A(l):Hl'A°P1: O 32.2 ... dop
0 ;1) 5
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QRCP factorization
Step 2:

Find column of A® having max norm, where A®) is obtained
from A by deleting its 1st row and column. Let c be the one,
and permute columns 1 and ¢ of AD. Set A® « AP, Use
Householder algorithm to construct a Householder matrix H, such

0 *x % ... %
that : A® = HLAUP, = 0 0 x ... % |,
00 % ... %
anon *
> Um_1ul ds3) 0
where Hy = |1 — 2-7 u’"i A, . =
m—1Ym .
dm? 0
10...0 10...0
0 0
andH2 /:IQ ,PQ— FA)2



QRCP factorization

In order to save memory, overwrite A with A®®)

(311 alp a;z3 .- - 31n\
1 1 1
o A
A(Q) = H, - A(l)Pz — 0 0 ag23) agi)
\ 0 0 & ... a3 )
44 44
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QRCP factorization

Step r:

0 % T
o | :
00 ... % % | x ... %
(r) — (r-1)p —
A H AT, 00 ...0 | % ...x%x |’
00...00]0...0
P | I
\0 0 . 00\0 0
*
where I:I,:Im_rﬂ 2“m r“Z"’ 1 [ af“" = 0
mr—‘,—l""’+1 :
amn 0
10 .. ... 0
and H, = ~ , P= R
Hm—r—|—1 : Pm—r+1



QRCP factorization
Thus,

Rll R12
R=AN=H, . Ar-1p =

@21 @22
Concluding,
R=A"=HADp =HH AP, P =...
= HrHr—l .. HlApl NP Pr—lpr-
We set Q" = H,H,_;...H,, P = P,P,...P, and thus,

R=QTAP < AP = QR
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Algorithm: QRCP factorization

for j=1,....n
G = Ail:_m,jAlimJ
end
r=0; t=max{cy,...,cn}
whilet > 0and r <n
r=r+1
Find smallest k, r < k<n :¢ =t
in(I’) = k; Al:m,r NI Al:m,k; Cr £ Ck
[u, ] = house(A,...)
Ar:m,r:n - (lm—r+1 - 5UUT)Ar:m,r:n
Ar+1:m,r = UWm—r+1
for i=r+1:n
Title Page = ¢ — A%,'
end
«» t = max{c,i1,-..,Cn}
end
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Algorithm: QRCP factorization

Remark
The column norms do not have to be computed at each step
because of the property:

1
o= 2]ty = 1= 2]

2 2 2 2 2
= || Q" 1lzll; = a* + llwll; = [Iw]l; = |l2]l; — &"

2

Numerical Rank

Home Page

K plk

Ao | B R

Title Page @2 1 R2 5
S If HR%OHZ < €||A||,, with € = O(u), where u the unit round off

error, then the algorithm terminates and Rank(A) = k.
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Algorithm: QRCP factorization

Complexity

The computational complexity for the QRCP factorization is:

O(Zmnr —r*(m+n) + 23L3> flops.



