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Abstract In this paper we study the blind image deconvolution problem in the
presence of noise and measurement errors. We use a stable banded matrix
based approach in order to robustly compute the greatest common divisor
of two univariate polynomials and we introduce the notion of approximate
greatest common divisor to encapsulate the above approach, for blind image
restoration. Our method is analyzed concerning its stability and complexity
resulting to useful conclusions. It is proved that our approach has better
complexity than the other known greatest common divisor based blind image
deconvolution techniques. Examples illustrating our procedures are given.
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1 Introduction

Image restoration, using blind deconvolution methods, is an old problem in
Image Processing, but it continues to attract the attention of researchers. A
number of real-world problems from Astronomy to Satellite Imaging, finds
applications for image restoration algorithms. Many scientific areas, such as
Image Processing or Satellite Imaging, use the optical result of a rendering de-
vice, as input of their proceedings. Unfortunately, this input is often modified
by blur, noise and measurement errors. The latest are the three situations
that must be handled in Image Processing. Image blurring reduces the details
and information of the image due to the additive haziness. Noise is expressed
through the random variety of the image brightness, or color, and corrupts
the image. There are many types of noise such as, Gaussian noise, salt and
pepper noise, shot noise, quantization noise, film grain and anisotropic noise.
Measurement errors also corrupt the image information as well as the noise.

Let P be the initial clean image, B the final modified image, F the blurring
function, E the measurement errors and N the noise. Depending on the
artifacts taking place, there are the following cases:

1. If there are only image blurring conditions, B can be defined as the
convolution: B = P ∗ F (see Fig. 1b).

Fig. 1 Examples of artifacts impact on images. a Clear image. b Blurring. c Noise. d Blurring and
noise. e Blurring and measurement errors. f Blurring, noise and measurement errors
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2. In pure additive noise conditions, B can be defined as: B = P + N (see
Fig. 1c).

3. If there are measurement errors, in addition to image blurring conditions,
then it holds: B = (P + E) ∗ F (see Fig. 1e).

4. In noise and blurring conditions there are two sub-cases:

4.1 The initial image P will be blurred and then noise will be inserted:
B = P ∗ F + N (see Fig. 1d).

4.2 The initial image P includes measurement error as well. In the
sequence, image P will be blurred and finally, noise will be inserted:
B = (P + E) ∗ F + N (see Fig. 1f).

In case 1, image restoration can be resolved using image deblurring filters
such as Linear, Wiener or Regularized, in case function f is known. Case 2 can
be resolved using an image denoising algorithm [1, 4, 6, 10, 17]. Cases 3 and
4, which combine blurring, noise and measurement errors, are mostly found
in real applications. We consider that the terms F, E and N are unknown.
Previous works done for resolving cases 3 and 4 involve the development of
blind image deconvolution methods. The mathematical tools, used by these
methods, vary. In [29] a constant modulus algorithm is presented. In [2, 25]
iterative blind deconvolution algorithms are illustrated. In [22] an equalization
algorithm is used, while in [19] a recursive filtering algorithm is preferred. In
addition, for blind image deconvolution, methods such as Bussgang decon-
volution [20], alternating Krylov subspaces [27], fixed-point algorithms [9],
maximum likelihood and projection [18], greatest common divisor [8, 15, 26]
and total variation have been used [14, 31].

The present paper focuses on cases 1, 3 and 4. For 1D blurring, the proposed
algorithms can handle filters of the size of the number of elements of a row
or a column of the picture. For 2D blurring, our methods work for small
blurring kernel. A small kernel is very common in practise and represents a
great amount of blurring situations. More specifically it appears in the areas of
medical imaging and robot and machine vision [13, 30] and in many common
applications such as Magnetic Resonance Imaging (MRI), Computational
Tomography (CT). In many of the above applications the blurring is caused
by Gaussian or Laplacian filters, whose blurring kernel size is small compared
to the image. In order to restore the initial image, we use a banded matrix
based blind image deconvolution approach. Our contribution is the use of
the Sylvester matrix, in order to compute the required Greatest Common
Divisor (GCD), resulting to the image restoration. We present a stable method
triangularizing the Sylvester matrix arising from two polynomials of the same
degree. This approach reduces the complexity of the classical methods from
O(n3) to O(n2) flops for computing the GCD of two polynomials of degree
n (this algorithm will be applied to two blurred segments of n pixel each). In
addition, for handling measurement errors and noise in blind deconvolution
problem, we introduce the approximate GCD computations [21]. Pillai and
Liang [26] also use a GCD method, but instead of the Sylvester matrix, they
consider the Discrete Fourier Transformation (DFT). An improved version
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of Pillai and Liang method was introduced in [15] by Raymond Heindl, which
also uses DFT to compute the GCD. Our approach reduces the required
complexity one order than the existing algorithms using DFTs for the GCD
computation. Furthermore, we propose a new approach achieving the blind
restoration of an image blurred with 2D (2-dimensional) blurring functions.

This paper is organized as follows. In Section 2, the mathematical formu-
lation of the blind image deconvolution problem is presented. In Section 3,
we introduce the fast upper triangularization of a modified Sylvester matrix,
leading to the robust algorithms MSGCD and MAGCD specifying the exact
and approximate GCD of univariate polynomials respectively. In Section 4,
we present our approach (MA1) achieving blind image deconvolution. A new
method (V HD) for image restoration, assuming that the image is blurred using
a 2D blurring function (i.e. vertical and horizontal blurring) satisfying certain
properties, is introduced. Both methods are illustrated through numerical
examples. In Section 5 we illustrate the performance of the presented methods
and interesting comparisons are given. Comments concerning the error analy-
sis and the computational complexity of the methods are also incorporated.
Finally, in Section 6, we analyze the outcoming conclusions of the paper and
propose future challenges.

2 Problem formulation

In applications a 2D image P of dimensions m × n is represented by a 2D
matrix of size m × n.

P =

⎡
⎢⎢⎢⎢⎢⎢⎣

p0,0 p0,1 p0,2 . . . p0,n−1
p1,0 p1,1 p1,2 . . . p1,n−1
...

...
... . . .

...
...

...
... . . .

...

pm−1,0 pm−1,1 pm−1,2 . . . pm−1,n−1

⎤
⎥⎥⎥⎥⎥⎥⎦

(1)

The (i, j) element of matrix P corresponds to the color values of the position
(i, j) (pixel) of the image. The equivalent image representation in 1D (1-
dimensional) space is achieved by folding matrix P of (1).

P = [
p0 p1 p2 . . . pn−1 pn pn+1 pn+2 . . . pm·n−1

]
(2)

If the image is grayscale, only one matrix is enough for its representation.
Each element of the matrix corresponds to the grayscale values, with value
0 corresponding to black and value 255 corresponding to white. If the image
has colors, then we need three such matrices to represent it, one for the color
values of each basic color of RGB model (Red, Green and Blue).
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An image can be alternatively represented by a 2D polynomial of the form
given in (3).

p(x, y) =
m−1∑
i=0

n−1∑
j=0

Pi, j · xi · y j (3)

or by 1D polynomial expressed in (4)

p(x) =
m·n−1∑

i=0

Pi · xi. (4)

Quite similar is the representation of a blurring function. A blurring func-
tion affects all the pixels of the image. Its purpose is to coincide its middle
element with every pixel and transform the color of the pixel according to
the contribution weights of its neighbouring pixels, expressed by the function.
Because a middle element is needed, the dimensions of a blurring function are
usually odd.

Let P be an image of dimensions m × n (n > m) and F an r × r blurring
function with m > r. The operation of convolution between the blurring
function F and the image P which produces the blurred image B of dimension
(m + r) × (n + r), in matrix level is defined for each pixel (i, j) of the initial
image as (5) illustrates.

B(i, j) =
r−1∑
k=0

r−1∑
l=0

P(i − k, j − l) · F(k, l) (5)

Respectively, in polynomial level is even simpler expressed as (6) in 2D

b(x, y) = p(x, y) · f (x, y) (6)

or as (7) in 1D

b(x) = p(x) · f (x) (7)

The image may contain noise and/or measurement errors as well. Taking
these factors into account, (6) and (7) are modified to the following equations
respectively.

b(x, y) = (p(x, y) + e(x, y)) · f (x, y) + n(x, y) (8)

b(x) = (p(x) + e(x)) · f (x) + n(x) (9)

In the above equations, the terms e(x, y) and e(x) express the 2D and 1D
polynomial representations of the measurement errors and the terms n(x, y)

and n(x) the 2D and 1D polynomial representations of the noise.
The problem of blind image deconvolution is to define the polynomial p or

the matrix P of the initial image, if the modified image polynomial b or matrix
B is known.
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Throughout the paper, we will focus on the polynomial definition. We will
use grayscale images for conception facilitation. Colour images can be handled
similarly.

3 Sylvester matrices for image restoration

Blurring an image means that a blurring function is applied to all rows
and columns of it. This means, that every pixel of the blurred picture is a
term of the product of the polynomial representing the clean one with the
polynomial representing the blurring function. So, if we select two segments
of the modified image containing the whole blurring function information
and represent them by two polynomials, then finding their Greatest Common
Divisor (GCD) is equal with finding the blurring function. Dividing then, the
modified image with the computed GCD, we derive the clean one. So, it is
of great importance to construct efficient and reliable methods specifying the
GCD.

Let a(s) and b(s) be two polynomials representing two segments of a blurred
image:

a(s) = ansn + an−1sn−1 + ... + a1s + a0

b(s) = b nsn + b n−1sn−1 + ... + b 1s + b 0

with ϑ{a(s)} = ϑ{b(s)} = n, where ϑ{p(s)} denotes the degree of the polyno-
mial p(s). We modify the classical Sylvester matrix [3], formed by the above
a(s), b(s), as follows.

S∗(a, b) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

an an−1 an−2 an−3 . . . a0 0 0 . . . 0
b n b n−1 b n−2 b n−3 . . . b 0 0 0 . . . 0
0 an an−1 an−2 . . . a1 a0 0 . . . 0
0 b n b n−1 b n−2 . . . b 1 b 0 0 . . . 0
0 0 an an−1 . . . a2 a1 a0 . . . 0
0 0 b n b n−1 . . . b 2 b 1 b 0 . . . 0
. . . . . . . . . . . . . .

0 0 0 0 . . . 0 an an−1 . . . a0
0 0 0 0 . . . 0 b n b n−1 . . . b 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

The modified Sylvester matrix has n same blocks of dimension 2 × (n + 1).

3.1 Fast upper triangularization of the modified Sylvester matrix

Let S∗ ∈ R
2(n+1)×2(n+1) be the modified Sylvester matrix. There exists an

orthogonal matrix Q ∈ R
2(n+1)×2(n+1) and an upper triangular matrix R ∈

R
2(n+1)×2(n+1) such that

QT · S∗(a, b) = R.

This upper triangularization of the special structured matrix S∗(a, b) can be
efficiently computed as follows. For simplicity we will denote S∗(a, b) as S∗.
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Step 1 Let

B0 =
[

an an−1 an−2 . . . a1 a0

b n b n−1 b n−2 . . . b 1 b 0

]

and H1 the Householder matrix achieving the following transformation.

H1 · B0 =
[

a(1)
n a(1)

n−1 a(1)
n−2 a(1)

n−3 . . . a(1)
0

0 b (1)
n−1 b (1)

n−2 b (1)
n−3 . . . b (1)

0

]
.

The block B0 is repeated in the remaining rows of S∗ right shifted per one
element each time, thus is only needed to zero the second row of every B0 and
update the other entries without any additional calculations, by applying the
following transformation.

diag(H1, . . . , H1) · S∗ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(1)
n a(1)

n−1 a(1)
n−2 a(1)

n−3 . . . a(1)
0 0 0 . . . 0

0 b (1)
n−1 b (1)

n−2 b (1)
n−3 . . . b 0 0 0 . . . 0

0 a(1)
n a(1)

n−1 a(1)
n−2 . . . a1 a(1)

0 0 . . . 0

0 0 b (1)
n−1 b (1)

n−2 . . . b (1)
1 b (1)

0 0 . . . 0

0 0 a(1)
n a(1)

n−1 . . . a(1)
2 a(1)

1 a(1)
0 . . . 0

0 0 0 b n−1 . . . b (1)
2 b (1)

1 b (1)
0 . . . 0

. . . . . . . . . . . . . .

0 0 0 0 . . . 0 a(1)
n a(1)

n−1 . . . a(1)
0

0 0 0 0 . . . 0 0 b (1)
n−1 . . . b (1)

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= (S∗)(1)

where diag(H1, . . . , H1) denotes a diagonal matrix with blocks Ai, i = 1, . . . , k
in the main diagonal.

Let

B1 =
[

b (1)
n−1 b (1)

n−2 b (1)
n−3 . . . b (1)

0 0

a(1)
n a(1)

n−1 a(1)
n−2 . . . a1 a(1)

0

]
.

After step 1, (S∗)(1) contains n − 1 same blocks B1, right shifted per one entry
each time.

Step 2 We use a Householder transformation H2 to zero the first element
of the second row of B1 and update the other entries. Next, we apply the
transformation diag(I1, H2, . . . , H2) · (S∗)(1) = (S∗)(2), where Ii denotes the
i × i identity matrix.

Since the initial matrix is of dimension 2n × 2n, we apply 2n − 3 iterations.
In each iteration we have to zero only one element and to update at most n + 1
elements. In the final step is needed to apply a Householder transformation
H2n−2 to the right bottom 3 × 3 resultant block.



50 Numer Algor (2013) 64:43–72

Let Q1 =diag(H1, . . . , H1) and Qi =diag(Ii−1, Hi, . . . , Hi), i=2, . . . , 2n − 2.
Setting Q = QT

1 · Q2 · . . . QT
2n−2, we obtain QT S∗ = R.

Computational complexity Applying the above described triangularization to
the modified 2n × 2n Sylvester matrix we reduce per one order the complexity
of the classical triangularization methods [7]. The total complexity of this
modified QR factorization is O(6n2) flops in contrast with the O( 16n3

3 ) flops
of the classical one.

Error analysis The classical error analysis of QR factorization [7] can be
adjusted to our case as follows.

The QR factorization of S∗ is the exact QR factorization of a slightly
perturbed matrix Ŝ∗ = S∗ + E1 satisfying

S∗ + E1 = Q · R,

with

‖E1‖F ≤ 12.5n · μ · ‖S∗‖F,

where Q is an orthogonal matrix computed from Householder’s transforma-
tions and μ is the machine precision.

3.2 Greatest Common Divisor of two polynomials

Below, we present a proposition relating the previous factorization with the
computation of the GCD of two polynomials.

Proposition 1 If we perform QR factorization to the Sylvester matrix, then the
nonzero elements of the last nonzero row of the upper triangular resultant matrix
def ines the coef f icients of GCD in reverse order [3].

The above proposition, properly modified, holds for S∗(a, b) also.
The following algorithm attains the image restoration through the compu-

tation of the exact GCD of polynomials.

Algorithm MSGCD (Modified Sylvester GCD)
BEGIN

1. Construct the matrix S∗ from 2 segments of the image.
2. Perform the fast upper triangularization of S∗.
3. GCD = the last non zero row of the resultant upper triangular matrix.

END

Implementation of the MSGCD The numerical evaluation of MSGCD algo-
rithm, due to error measurements, noise and floating point errors, can lead to
prime polynomials. In order our proposed procedure to compute efficiently
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the GCD we use a variable inner tolerance εt. If any element during the QR
process is less in absolute value than εt we zero it. Cases 1 and 3 can be
handled using an accuracy of smaller order than the one appearing in error
measurements. MSGCD algorithm is more sensitive in cases that include noise
(cases 2 and 4). By choosing εt to be of the same order with the noise, MSGCD
efficiently computes the GCD, having an error of the same order with the
perturbation.

3.3 Approximate GCD of polynomials

The computation of the exact GCD of polynomials often is not realistic. In
order to handle even better cases 2 and 4, we can compute the approximate
GCD of polynomials instead of the exact one. The approximate GCD of
polynomials is computed relaxing the exact conditions for computing the
exact GCD. In the case that the computation of the exact GCD is pointless,
the use of the above mentioned method, which is based on matrices and
the computation of the “near null space” [21] through the Singular Value
Decomposition (SVD), gives approximate solutions which may approach the
blurring function more efficient. It follows the MAGCD algorithm.

Algorithm MAGCD (Modified Approximate GCD)
BEGIN

1. Define a threshold t > 0.
Apply the SVD algorithm to S∗ using the modified QR factorization
(Theorem 1) for the first phase of SVD.
Define a basis M for the right “near nullspace” of the Sylvester matrix S∗
as follows:
S∗ = U�VT . The columns of V corresponding to the smaller than t
singular values, define the right “near null space” of S∗.

2. Define the GCD Matrix Pencil Z (s) = s · M1 − M2, where M1 and M2 are
the matrices obtained from M by deleting the last and the first row of M
respectively.

3. Form the polynomial matrix Z (s) with elements all nonzero determinants
of maximal order.
Specify the matrix B containing the coefficients of the polynomials of Z (s).

4. Find the SVD of B: B = Ũ · �̃ṼT .
The corresponding to the largest singular value column of Ṽ defines the
approximate GCD.

END

Implementation of the MAGCD The above algorithm is implemented in a
hybrid way, combining symbolic and numeric operations. The complexity of
the numerical part of MAGCD is of O(n3) flops. Cases that include noise can



52 Numer Algor (2013) 64:43–72

be handled using an even smaller accuracy (e.g. of order O(10−16) for noise of
order O(10−3)) than εt needed for the computation of the exact GCD.

4 Image recovery using one modified instance

Let P be the m × n initial, clean image and F the r × r blurring function, where
r < n. We add measurement error E and then F is applied through convolution
on the resulting matrix. Finally, noise N is added resulting into a degraded
instance of the clean image B = (P + E) ∗ F + N. The degraded instance has
dimensions (m + r) × (n + r). Given the modified degraded instance B, our
purpose is to restore image P.

Pillai and Liang [26] and Heindl [15] suggest that we have to consider
two distinct partitions (segments) of the modified image. These partitions
are sub-images of B. This means that they can be represented by two 2D
polynomials. After the convolution multiplication between the polynomials of
the clean image and the blurring function, a new polynomial is produced which
corresponds to the modified image. Each polynomial coefficient corresponds
to the color value of the pixel in the position specified by the power of
respective variables x, y. This coefficient is produced after the multiplication of
some elements of the filter and some elements of the initial image, and after the
addition of the coefficients with the same power of the corresponding variables
x, y. The goal is to find two groups of pixels, which constitute the two pre-
mentioned sub-images. Each group consults from the multiplication of all the
elements of the blurring function with some elements of the initial image. It is
clear that the GCD of these two sub-images, would be the polynomial of the
blurring function.

Since we know the blurring function, we can find the initial image. The
key here is to select the two sub-images so that each one contains the whole

Algorithm A1 [15]
BEGIN

1. Read the 2D matrix B.
2. Partition the matrix into 2 sub-images B1, B2, containing the whole blur-

ring function.
3. Find the 2D polynomials of B1, B2, namely b 1(x, y), b 2(x, y), using (3).
4. Calculate the 2D polynomial corresponding to the blurring function as:

f (x, y) = GCD(b 1(x, y), b 2(x, y))

5. Calculate the 2D polynomial corresponding to the initial image as:

p(x, y) = b(x, y)/ f (x, y)

END
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blurring function. The noise smoothing process takes place during their GCD
procedure, but they do not take into consideration measurement errors.

Algorithm A1 requires the computation of the GCD of two 2D polyno-
mials. In [15, 26] a DFT based algorithm is applied for this computation. A
tight lower bound is not known on the number of DFT operation required
additions, although lower bounds have been proved under some restrictive
assumptions on the algorithms. The lowest published count for power-of-two
block length K was long achieved by Frigo and Johnson [11] and Lundy and
Van Buskirk [23] and is approximately 34

9 · K · log2 K.
If the minimal number of floating point multiplications required for com-

puting the exact DFT of block length K, is denoted by MDFT(K), then the
following theorem holds.

Theorem 1 For a given K = ∏m
i=1 pei

i , where pi, i = 1, ..., m are distinct primes
and ei, i = 1, ..., m are positive integers, it follows:

MDFT(K) = 2 · K −
e1∑

i1=0

e2∑
i2=0

· · ·
em∑

im=0

φ

(
GCD

(
m∏

i=1

p
i j

j , 4

))
· 1

+
∑

d1| φ(p
i1
1 )

φ(GCD(p
i1
1 ,4))

∑
d2| φ(p

i2
2 )

φ(GCD(p
i2
2 ,4))

· · ·
∑

dm| φ(pim
m )

φ(GCD(pim
m ,4))

×
∏m

k=1 φ(dk)

φ(LCM(d1, d2, ..., dm))
,

where φ(.) is the Euler’s totient function, GCD(., .) denotes the greatest common
divisor, and LCM(., .) is the least common multiple [16].

In addition, most algorithms compute the DFT approximately, with an error
that can be made arbitrarily small at the expense of increased computations
[5, 12, 28].

MSGCD and MAGCD algorithms do not use DFT operation and work in
the 1D matrix—polynomial form taking advantage of the structure of modified
Sylvester matrix.

Image recovery using one degraded instance will be studied in two parts.
The first part concerns plain vertical or horizontal (1D) blurring, and the
second part concerns simultaneous vertical and horizontal (2D) blurring.

4.1 Plain vertical or horizontal (1D) blurring

It is not a trivial problem, to partition the image so that each part contains the
whole blurring function information. For most methods, only the horizontal
and vertical blurring cases are feasible. Thus, we can solve the cases where
linear blurring functions are used i.e. F is 1 × r, or r × 1, and the sub-images are
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two rows or two columns respectively. Columns and rows are one-dimensional
which means that a 1D polynomial is more appropriate for its representation,
and hence a 1D polynomial GCD should be used. Algorithm A1 can be
rewritten for 1D matrix—polynomial form using our MSGCD or MAGCD
algorithm. It handles cases 1, 3 and 4 described in the introduction.

Algorithm MA1 (Modified A1)
BEGIN

1. Read the 2D matrix B.
2. Find the 1D polynomial of image B, namely b(x) using (4).
3. Choose 2 distinct rows (columns) of the matrix which will be our two sub-

images B1, B2.
4. Find the 1D polynomials of B1, B2, namely b 1(x), b 2(x), using (4).
5. Calculate the 1D polynomial corresponding to the blurring function as:

f (x) = MSGCD(b 1(x), b 2(x))

or

f (x) = MAGCD(b 1(x), b 2(x))

6. Calculate the 1D polynomial corresponding to the initial image as

p(x) = b(x)/ f (x)

END

Noise smoothing is taking place in our MSGCD or MAGCD procedure,
as well as the measurement errors. It follows an example illustrating Algo-
rithm MA1.

Example 1 Let us consider the modified image corresponding to left part of
Fig. 2. This image was blurred by applying the 1D Gaussian blurring function

[0.1393, 0.1428, 0.1450, 0.1457, 0.1450, 0.1428, 0.1393].
In addition, noise of order 10−3 and measurement error of order 10−5 have
been added. The modified image has dimensions 97 × 121 pixels.

Fig. 2 Left: Modified image
for Example 1. Right:
Restored image of
Example 1
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Let us consider two distinct rows of the modified image. Each row is a
sub-image represented by a 1D polynomial. By performing the 1D poly-
nomial MSGCD or MAGCD algorithm to these two row polynomials, we
get the 1D polynomial f (x) = 0.1393 + 0.1428 · x + 0.1450 · x2 + 0.1457 · x3 +
0.1450 · x4 + 0.1428 · x5 + 0.1393 · x6 corresponding to the used blurring func-
tion. Finally, by dividing the 1D polynomial representing the whole image,
with f (x) we get the final 1D polynomial which corresponds to the image
shown in the right part of Fig. 2.

Note that the dimensions of the resulting image are 97 × 115 pixels as the
filter is 1 × 7, meaning that it leaves the number of rows of the initial image
unchanged, but increases the number of columns by 6 since the larger power
of the filter is x6.

4.2 Simultaneous vertical and horizontal (2D) blurring

Plain vertical or horizontal blurring is just a small subset of the whole set
of blurring functions used in practice. Here, we develop a new approach
handling simultaneous vertical and horizontal blurring, which is much more
common. In this case, the image partition is not trivial (see Appendix A.2). In
practice, blurring of images, is frequently caused by 3 × 3 blurring functions
[13], satisfying the following properties.

Blurring function properties

1. The blurring function is symmetric with respect to its middle element.
2. The blurring functions sustain unchanged the image illumination.

The first property concerns the blurring functions data. The color contri-
bution weights of the blurring function must be symmetric with respect to
the middle element. The second property has a very strong mathematical
interpretation. If a blurring function sustain unchanged the image illumination,
then the sum of all the color contribution weights of the blurring function
equals to 1. A blurring function satisfying the above properties has already
been presented in Section 2. Taking into account the blurring functions cate-
gories presented in [25], the above properties describe 3 × 3 spatially variant
blurring functions with flexible boundaries. In the sequel, we present the V HD
algorithm achieving blind image restoration of the initial image, when the pre-
mentioned properties hold, for the blurring function. It handles cases 1, 3 and
4 described in Section 1.

Analysis Steps 1 and 2 are trivial. Steps 3 and 4 will give us the 1D polynomial
corresponding to the first and last row and the first and last column of the
blurring function respectively. This happens because of the symmetry of the
blurring function, which is demanded by the first property. Up until now, we
have found all the elements of the blurring function except the middle one, as
you can see in Fig. 3.
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Algorithm V HD (Vertical and Horizontal Deblurring)
BEGIN

1. Read the 1D matrix B and find its 1D polynomial, namely b(x) using (4).
2. Find the 1D polynomial of the first row of B, namely b row−first(x), the 1D

polynomial of the last row of B, namely b row−last(x), the 1D polynomial of
the first column of B, namely b column−first(x) and the 1D polynomial of the
last column of B, namely b column−last(x) using (4).

3. Calculate the 1D polynomial corresponding to the first and last row of the
blurring function as:

frow(x) = MSGCD(b row−first(x), b row−last(x))

or

frow(x) = MAGCD(b row−first(x), b row−last(x))

4. Calculate the 1D polynomial corresponding to the first and last column of
the blurring function as:

fcolumn(x) = MSGCD(b column−first(x), b column−last(x))

or

fcolumn(x) = MAGCD(b column−first(x), b column−last(x))

5. Calculate the middle element of the blurring function by subtracting from
1 the sum of the coefficients of the above 1D polynomials, corresponding
to different elements of the blurring function.

6. Calculate the initial image polynomial as

p(x) = b(x)/ f (x))

END

Because of the second property, we know that the sum of all the blurring
functions elements equals to 1. This means that if we subtract from 1 the sum
of the coefficients of the already found 1D row and column polynomials, we

Fig. 3 Blurring function
elements found up until step 4
of algorithm V HD
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will get the unknown middle element (step 5). The whole blurring function
1D polynomial f (x) is known. MSGCD or MAGCD algorithm takes care of
measurement error and noise artifacts, so we can now safely assume that the
following relation holds: b(x) = f (x) · p(x), where p(x) is the 1D polynomial
corresponding to the initial, clean image. So the final step would be to perform
the division b(x)/ f (x), in order to get p(x) and hence to restore the image
(step 6). Note that throughout the whole algorithm, only 1D polynomials were
used combined with the 1D polynomial MSGCD or MAGCD algorithm. In
addition, due to the filter symmetry, the row GCD will be always equal to the
column GCD, which means that we have to apply the MSGCD or MAGCD
algorithm only once in order to get the whole blurring function, except the
middle element.

4.3 Treatment of same segments in a image

If there are same segments in the picture, we have to find them and apply the
previous algorithms to two different segments. Alternatively, we can compute
the GCD of many or all segments using the algorithm proposed in [24] which
handles in an efficient way the Generalized Sylvester matrix. This matrix
corresponds to many polynomials and the procedure computes their GCD in
one order less (O(n3) flops instead of O(n4) flops of the the classical methods
for GCD computation of many polynomials). This algorithm can be applied to
the first phase of SVD for computing the approximate GCD of polynomials
[21], reducing per one order the required complexity.

Example 2 We apply Algorithm V HD on the blurred image which corre-
sponds to the left part of Fig. 4, and was produced by applying noise of
order 10−3, measurement errors of order 10−5 and the 3 × 3 Gaussian blurring
function ⎡

⎣
0.110740742 0.111295832 0.110740742
0.111295832 0.111853705 0.111295832
0.110740742 0.111295832 0.110740742

⎤
⎦

on the initial image. The blurred image has dimensions 45 × 61 pixels.

Let us consider the first and the last row of the blurred image. Each
row is a sub-image represented by a 1D polynomial. By applying the
MSGCD algorithm on these two row polynomials, using an inner accuracy
εt = 10−3, we get the 1D polynomial 0.110740742 + 0.111274383249113 · x +
0.110731093922592 · x2 which corresponds to the first and last row of the
blurring function. So far, we know that the blurring function is of the following
form:

⎡
⎢⎣

0.110740742 0.111274383249113 0.110731093922592

u1 u2 u3

0.110740742 0.111274383249113 0.110731093922592

⎤
⎥⎦
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Fig. 4 Left: Modified image for Example 2. Right: Restored image of Example 2

Let us now consider the first and last column of the modified image.
Each column is a sub-image represented by a 1D polynomial. By per-
forming MSGCD algorithm on these two column polynomials, using again
εt = 10−3, we get the 1D polynomial 0.110740742 + 0.111278478584018 · x +
0.110786105719007 · x2 which corresponds to the first and last column of the
blurring function. The last operation is not needed, because, due to the filter
symmetry, we know that the row GCD will be always equal to the column
GCD. So, now the blurring function is of the following form:

⎡
⎢⎣

0.110740742 0.111274383249113 0.110731093922592

0.111274383249113 u2 0.111274383249113

0.110740742 0.111274383249113 0.110731093922592

⎤
⎥⎦

We will calculate the middle element of the blurring function by subtracting
from 1 the sum of the coefficients of the above and we have that u2 = 1 −
0.888167609774086 = 0.111832390225914. Thus, the used blurring function is
the following:

⎡
⎢⎣

0.110740742 0.111274383249113 0.110731093922592

0.111274383249113 0.111832390225914 0.111274383249113

0.110740742 0.111274383249113 0.110731093922592

⎤
⎥⎦

which corresponds to a 1D polynomial. If we divide the 1D polynomial of
the blurred image with the latter polynomial, we get the 1D polynomial
corresponding to the right part of Fig. 4. The dimensions of the resulting image
is 43 × 62 pixels.

Applying the MAGCD algorithm instead of MSGCD, using an in-
ner tolerance εt = 10−16 and a threshold t = 5 · 10−4 we get 0.110740742 +
0.111296636539046 · x + 0.110738647919187 · x2 as the approximate GCD of
the polynomials representing the first and the last row of the blurred im-
age and 0.110740742 + 0.111287008954487 · x + 0.110755082242792 · x2 as the
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approximate GCD of the polynomials representing the first and the last
column of the blurred image. Thus, the blurring function is the following:

⎡
⎢⎣

0.110740742 0.111296636539046 0.110738647919187

0.111296636539046 0.111854674005443 0.111296636539046

0.110740742 0.111296636539046 0.110738647919187

⎤
⎥⎦

5 Performance of the algorithms

This section concerns the error analysis, the computational and the storage
complexity of our methods. Comparisons with other existing GCD based
methods are given.

Error analysis of V HD − MSGCD − MA1 algorithms In our methods the
GCD (blurring function) is computed through the modified QR factorization.
For 2D blurring the following proposition holds.

Proposition 2 Let P̃ =
[

P1
P2

]
be the matrix of two dif ferent segments P1 and P2

of the initial picture containing the whole blurring function information, S∗ the
modif ied Sylvester matrix of P1 and P2, F the 3 × 3 symmetric unknown f ilter,
F̂ the computed one, E, N the measurement error and the added noise matrix
respectively. It holds

‖F − F̂‖∞ ≤ 12.5n
5
2 · μ · (9(n + 1)‖P‖∞‖F‖∞

+9(n + 1)‖E‖∞ · ‖F‖∞ + ‖N‖∞),

where ‖.‖F and ‖.‖∞ the Frobenious and inf inity norm of a matrix respectively,
Q is an orthogonal matrix computed from Householder’s transformations and
μ is the machine precision.

Proof From the error analysis of the QR factorization of the modified
Sylvester matrix it holds S∗ + E1 = Q · R, with ‖E1‖F ≤ 12.5n · μ · ‖S∗‖F .
From norm equivalence, ‖E1‖∞ ≤ 12.5n

5
2 · μ · ‖S∗‖∞. Our algorithms com-

pute the first three coefficients of the filter F as shown below

F =
⎡
⎣

f11 f12 f13
x x x
x x x

⎤
⎦ .

Since the filter is symmetric, f21 = f32 = f23 = f12 and f31 = f33 = f11. The
middle element equals to 1 − ∑

i, j fij, i, j not simultaneously equal to 2.
The last non zero row of the computed upper triangular matrix R =

QT(S∗ + E1) gives the first three coefficients of F.
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The modified Sylvester Matrix S∗ is constructed from (P + E) ∗ F + N,
where ∗ denotes the matrix convolution. The following hold.

P ∗ F =
∑r

k=1

∑r

l=1
Pi−k, j−l · Fk,l = PijF11 + Pi, j−1 F12 + Pi, j−2 F13

+ Pi−1, jF21 + Pi−1, j−1 F22 + Pi−1, j−2 F23 + Pi−2, jF31 + Pi−2, j−1 F32

+ Pi−2, j−2 F33 ⇒ ‖S∗
ij‖ ≤ max{|Pij|} max{|Fij|} . . . max{|Pij|} max{|Fij|}

= 9 max{|Pij|} max{|Fij|}.

Because the number of non zero elements in every row of S∗ is n + 1, it
holds,

‖P ∗ F‖∞ ≤ 9(n + 1) max{|Pij|} max{|Fij|}.

Similarly,

‖E ∗ F‖∞ ≤ 9(n + 1) max{|Eij|} max{|Fij|}.

Thus, ‖F − F̂‖∞ =‖Ê‖∞ ≤12.5n
5
2 ·μ·‖(P+E) ∗ F+N‖∞ ≤ 12.5n

5
2 · μ · (‖(P ∗

F)‖∞ + ‖E ∗ F‖∞+ ‖N‖∞) ≤ 12.5n
5
2 ·μ· (9(n+1) max{|Pij|} max{|Fij|} + 9(n +

1) max{|Eij|} max{|Fij|} + ‖N‖∞) ≤ 12.5n
5
2 · μ · (9(n + 1)‖P‖∞‖F‖‖∞ + 9(n +

1)‖E‖∞ · ‖F‖∞ + ‖N‖∞).

In the presence of round-off errors, we computed the GCD, i.e. the blurring
filter, of a slightly permuted matrix S∗(a, b) + E1, corresponding to a slightly
perturbed image. �	

Remark 1 (MA1 Algorithm) For the 1D case, the filter is a vector of at most
n + 1 coefficients. The error analysis is similar with the above one, except that
the computed error Ê concerns the whole blurring function.

Remark 2 For the case that the computation of the approximate GCD,
MAGCD algorithm is required. Its error analysis can be found in [21].

Next, for Example 2, we demonstrate the behaviour of the absolute error
of the blurring function absF =‖ F − F̂ ‖∞, in respect of measurement errors,
noise and inner tolerance.

In Fig. 5, the absF through MSGCD is presented, in respect of the added
measurement errors E. As it is shown, the absF is of order O(10−9), using an
inner tolerance of 10−5 for measurement errors in the range 10−9 to 101. The
inner tolerance can be reduced downto 10−7. The method computes efficiently
the blurring function.

In Fig. 6, the norm of the difference of the real and the computed blurring
function is presented, in respect of the added noise N. The MSGCD algorithm



Numer Algor (2013) 64:43–72 61

Fig. 5 absF applying the
MSGCD algorithm in respect
of measurement errors using
constant inner tolerance

is more sensitive in noise and can handle efficiently values of noise upto
order 10−2 with inner tolerance of the same order of the added noise. But the
MAGCD algorithm can handle even larger noise, upto order of 101 using an
inner tolerance of order of the epsilon of the machine (Fig. 7).

Computational complexity The time complexity of Algorithms A1, MA1 and
V HD clearly depends on the step calculating the GCD, as it is the most
time consuming step of all. The maximum power of the input polynomials, for
Algorithms A1, MA1 and V HD, would be n − 1. This is because we use two

Fig. 6 absF applying the
MSGCD algorithm in respect
of noise using constant inner
tolerance
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Fig. 7 absF applying the
MSGCD algorithm in respect
of noise using constant inner
tolerance

rows or columns of the image matrix at a time, having n elements each. In this
case, the computational complexity of Algorithm A1 decreases even further to
O(n3) flops.

Storage complexity Let P be the initial clean image and B the degraded
instance of P. Let us consider, for easier comparisons, that the dimensions of
image B is n × n. Algorithms A1, MA1 and V HD need O(n2) space to store
the image B1. Since the dimensions of the blurring function are one or two
orders less than that of the degraded images, the space needed for its storage
does not increase the order of the total space complexity.

Comparisons In order to quantify the noise level applied in our experiments
we use the ratios SNR and PSNR. To be more precise, SNR (Signal-to-
noise ratio) is defined as the power ratio between the ground-truth signal
(meaningful information) and the background noise (unwanted signal):

SNR = Pgroundtruthsignal

Pnoise

Table 1 Artifact values of experimental images

Method Measurement Noise PSNR (dB) SNR (dB)

error

VHD − MSGCD, VHD − MAGCD 10−7 10−3 14.25 0.5
VHD − MSGCD, VHD − MAGCD 10−7 10−2 29.40 19.8
VHD − MSGCD, VHD − MAGCD 10−7 10−1 48.64 42
VHD − MAGCD 10−7 100 49.3 47.3
VHD − MAGCD 10−7 101 50.4 52.3
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Table 2 Methods comparison
with respect to noise value

Method SNR PSNR
(dB) (dB)

El-Khamy [8] − 30.00
Heindl [15] 45 −
Pillai [26] 45 −
Lin [14] 2.6 −
VHD − MSGCD, VHD − MAGCD 42 48.64
VHD − MAGCD 52.3 50.4

where P is average power. For dB units we use the following definition:

SNRdB = 10 · log10

(
Pgroundtruthsignal

Pnoise

)

PSNR (Peak Signal-to-noise ratio) in dB is defined as:

PSNRdB = 20 · log10

(
MAX√

MSE

)

where MAX is the maximum pixel value of the ground-truth signal and MSE
is the mean square error between the ground-truth signal and the background
noise.

In our experiments, we successfully recovered images characterized by the
artifact values, illustrated in Table 1, where our methods are compared with
other GCD-based blind image deconvolution techniques taking into account
the SNR and the PSNR.

In Table 2, are presented the SNR and PSNR values for estimating the
applied noise in the pre-mentioned state-of-the-art procedures. A “− ” appears
when the corresponding value is not provided from the authors. Our methods
have the same space, but better time complexity than [8, 14, 15, 26] and work
for even better artifact and noise values, handling efficiently disturbed images
with the above SNR and PSNR values.

Table 3 Comparison of the proposed image deblurring algorithms

Blurring Algorithm Meas. errors Noise εt Abs. error Time

1D MA1, MSGCD YES: O(10−5) NO 10−12 8.788 · 10−15 0.113
1D MA1, MSGCD NO YES: O(10−3) 10−3 8.455 · 10−6 0.114
1D MA1, MSGCD YES: O(10−5) YES: O(10−3) 10−3 1.503 · 10−5 0.159
1D MA1, MAGCD YES: O(10−5) NO 10−16 6.866 · 10−15 409
1D MA1, MAGCD NO YES: O(10−3) 10−16 1.640 · 10−5 419
1D MA1, MAGCD YES: O(10−5) YES: O(10−3) 10−3 4.881 · 10−6 385
2D VHD, MSGCD YES: O(10−5) NO 10−7 2.049 · 10−9 0.168
2D VHD, MSGCD NO YES: O(10−3) 10−3 7.332 · 10−5 0.169
2D VHD, MSGCD YES: O(10−5) YES: O(10−3) 10−3 1.126 · 10−4 0.164
2D VHD, MAGCD NO YES: O(10−3) 10−16 7.536 · 10−6 337
2D VHD, MAGCD YES: O(10−5) NO 10−16 9.999 · 10−10 626
2D VHD, MAGCD YES: O(10−5) YES: O(10−3) 10−16 3.204 · 10−6 488



64 Numer Algor (2013) 64:43–72

Table 4 Deblurring of 1D blurred image

Algorithm Storage space Complexity Stability Mathematical tool

A1 [15, 26] O(2n2) O(n4) Not stable DFT Operation
MA1 O(2n2) O(n4) Stable Sylvester matrices

All algorithms proposed in [15, 26] have not taken into account that it is
possible for a blurred image to contain same segments. In that case, the poly-
nomials representing the chosen segments are the same, leading to algorithm
failure, since the computed GCD will be one of the initial polynomials and will
not represent the blurring function. We have tested our procedures through
several examples. In Table 3, a comparison of the numerical implementation
of the proposed algorithms is presented. Meas. Errors and Abs. Error stands
for Measurement Errors and Absolute Error respectively. For 1D case a 1 × 3
blurring function was used, whereas for 2D case a 3 × 3. The examples were
executed on a Core 2 Duo 2.8 GHz CPU.

As it is shown in Table 3, the computation of the blurring function through
the exact GCD is significantly faster than that through the approximate GCD.
The main reason for the increase of the required time is that the MSGCD
algorithm is implemented numerically whereas the MAGCD in a hybrid way.
The symbolic computation of the required determinants is time consuming.
Concerning the required precision, the MAGCD algorithm demands a very
small εt, of order of the machine precision. For 1D blurring, the MSGCD
algorithm requires a small εt, of order of O(10−12) in case that there are
only measurement errors. When noise is inserted, MSGCD needs an internal
accuracy εt, of order of the used perturbation, both for 1D or 2D blurring.
Finally, the absolute error computing the blurring function through VHD −
MAGCD is less than the corresponding one of VHD − MSGCD.

In Table 4, we compare our methods with other GCD based, in respect of
their storage space, complexity, stability and mathematical tool that they use.

In Table 5 the performance of the new V HD algorithm is presented.
From Table 4 we see that our MA1 algorithm attain same complexity

with the existing one but it is stable. Finally, as Table 5 suggests, the new
proposed V HD algorithm performs in an efficient way image restoration,
using one vertical and horizontal blurred image. Alternatively, other denoising
algorithms can be fitted in the methods proposed in this manuscript, as a pre-
processing step. The complexity of such algorithms varies. If a low-complexity
denoising algorithm is used, then the overall complexity of the proposed
algorithms remains unaffected.

Table 5 Deblurring of 2D
blurred image

Algorithm Storage Complexity Stability Mathematical
space tool

V HD O(n2) O(n3) Stable Sylvester
matrices
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An important observation is that we are completely depended on our image
and its size. In general, there is not a trivial way to partition the given blurred
image in order to achieve restoration. If the image is too small, the solution
may be impossible. A counter example of the above statement is presented in
the Appendix A.2.

6 Conclusions

In the present paper we studied the blind image deconvolution problem. The
kernel of many presented methods is the computation of the GCD of two
polynomials. Our approaches are based on structured matrices of small band-
width and more precisely on Sylvester ones. We exploited the banded structure
resulting to fast and stable algorithms computing the blurring function through
GCDs, reducing in most cases, per one the order of the required complexity.
Our algorithms can handle in an efficient way error measurements or/and
noise.

We studied 1D and 2D blurring, having one instance of the image with
measurement errors or/and noise. We introduced the use of the approximate
GCD of polynomials in order to handle more peculiar circumstances, espe-
cially in respect of added noise. MA1 algorithm uses a variable inner tolerance
in order to compute the 1D blurring function through the exact GCD of
two polynomials (MSGCD algorithm) or the approximate GCD (MAGCD
algorithm). The behavior of MSGCD is better in case that there are only
blurring and measurement errors, but its performance is good in case that there
is also noise. In this case an inner tolerance of the same order of the added
noise is needed. If the noise is big, the use of MAGCD is more appropriate,
using an inner tolerance of order of that of the machine precision (10−16).

Our contribution in image deblurring concerns also the case that there
is simultaneously vertical and horizontal blurring. We introduced a fast and
stable algorithm, named V HD, which computes in an efficient way the 3 × 3
blurring function, which often appears in practice.

A very interesting future challenge is the study of the case where our
blurring functions are of dimensions greater than 3 × 3, but the blurring
function properties, as presented above, still hold. In this case we can apply

Fig. 8 Structure of a 5 × 5
blurring function. Only first
and last column—row can be
found
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the first two steps of Algorithm V HD. This way we get the first and the last
row as well as the first and the last column of the blurring function, due to the
first property, as we can see in Fig. 8. But now, the intermediate elements are
more than one, which nullify the use of the second property.
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Appendix

A.1 Implicit numerical example

Below we present an analytical example deblurring an image with measure-
ment errors and noise, computing

i. the exact GCD
ii. the approximate GCD

for achieving the blurring function.
Let

P =

⎡
⎢⎢⎢⎢⎢⎣

182 181 178 183 182
180 178 181 183 178
182 179 184 183 179
182 184 184 185 183
184 185 182 187 184

⎤
⎥⎥⎥⎥⎥⎦

be the initial clean image. We add measurement errors by adding a matrix E =
10−5 · rand(5, 5) ∈ R5×5, where rand(m, n) is a m × n matrix of pseudorandom
values drawn from the standard uniform distribution on the open interval
(0, 1). Following we deblur the resultant matrix through matrix-convolution
using the following filter

F =
⎡
⎢⎣

0.110740742 0.111295832 0.110740742
0.111295832 0.111853705 0.111295832
0.110740742 0.111295832 0.110740742

⎤
⎥⎦ .
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The blurred with measurements errors image is

PEF =

20.154815814224 40.299917177208 60.011214519184 60.120289830559
40.189176582504 80.247024579421 120.100090098025 120.543598937248
60.342882536085 120.322679527885 180.552039072819 181.110190210105
60.343992925059 120.656573095111 181.553704989714 182.333897902157
60.786955268139 121.879716751273 182.889267803449 183.667227973072
40.633249310931 81.802951618012 122.436758167888 123.101194572458
20.376296728058 40.965471423939 61.120841603251 61.451399381861

60.233805814161 40.521398290998 20.154815511449
120.658794386261 80.800727492742 39.967694809155
181.224266745628 120.986006278080 59.788067509908
182.224264297834 121.319341663579 59.899363691746
183.447969322169 122.433422462732 60.566028756925
122.882502532412 82.247580242003 40.743990789386
61.343434319558 41.186953963893 20.376297617639

.

The size of the blurred image is increased because of the blurring-
convolution to 7 × 7. Finally we add noise N = 10−3 · rand(7, 7) ∈ R5×5. The
blurred with measurement errors and noise image is

B =

20.155726485951 40.300866316643 60.012038803599 60.120949281114
40.189899288988 80.247797365802 120.100871633383 120.544464166928
60.342947992218 120.323495943412 180.552815034439 181.110571316990
60.344172822592 120.656719009858 181.554235326181 182.334383301477
60.787717105594 121.879790532712 182.890170434506 183.667705157687
40.633950835402 81.803663655457 122.437157034334 123.102051086887
20.377104200105 40.965675181228 61.121143170382 61.452220309827

60.234540211441 40.522345322323 20.155448548154
120.659430651095 80.801545276122 39.967814881173
181.224665322727 120.986161159213 59.788121314001
182.225189548709 121.320113079081 59.900295418986
183.448646084739 122.433676838906 60.566492094675
122.882709440636 82.248189088586 40.744153442484
61.344218379459 41.187510372286 20.376818458681

Knowing the image B, our scope is to find the unknown to us filter F. We
select two segments which contain the whole blurring information, e.g. the
first and the last row: a(x) = 20.15572648595144 + 40.30086631664272x +
60.01203880359884x2 + 60.12094928111444x3 + 60.23454021144070x4 +
40.52234532232279x5+20.15544854815354x6 and b(x)= 20.37710420010474 +
40.96567518122846x + 61.12114317038242x2 + 61.45222030982712x3 +
61.34421837945899x4 + 41.18751037228594x5 + 20.37681845868128x6.
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We construct the modified Sylvester matrix S∗ of a(x), b(x).

i. We apply the modified QR factorization using an inner tolerance εt =
10−3. The last non zero row of the upper triangular resultant from QR
matrix is:

[0.11074074200000 0.11135754386367 0.11074866970442]
which is the first and the last row of the filter.
Selecting the first and the last column of B, constructing
again their modified Sylvester matrix and applying once
again the modified QR factorization we achieve their GCD:
[0.11074074200000 0.11146644291393 0.11109148267456].
Thus we have computed the 8 of 9 elements of the filter:

F =
⎡
⎣

0.110740742 0.11135754386367 0.11074866970442
0.11146644291393 ∗ 0.11146644291393

0.110740742 0.11135754386367 0.11074866970442

⎤
⎦ .

The F2,2 element is achieved by subtracting the sum of the other element
from 1: F2,2 = 0.11137320303596 and thus the filter is computed with an
absolute error 5.428449760527508 · 10−4, which is of the same order of the
added noise.

ii. We will compute the approximate GCD of a(x), b(x). Having construct
the modified Sylvester matrix S∗ of a(x), b(x), we apply the singular
value decomposition using the modified QR factorization in its first
phase. Its singular values are: σ = [360.6765710641447 209.7177977007718
83.800263426691129.5264138040203 16.9507264946333 12.9731959346732
0.3176825247179 0.2981359254880 0.0478187888456 0.0364952003963
0.0002740576638 0.0000525698564] The inner tolerance εt we use for
computing the approximate GCD is 10−16. Using a threshold t = 10−4 the
right “near nullspace” of S∗ is:

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.39305720437705 0.12011339400492
−0.09332771895450 −0.39968383810498
−0.29806168388289 0.28207686001740

0.39170657448694 0.11445025359782
−0.09562861690373 −0.39452725049458
−0.29437899100794 0.28036304160719

0.39025683551845 0.11317276662630
−0.09660624884324 −0.39369530867918
−0.29438785148953 0.28080596459294

0.39248731123472 0.11403867342849
−0.09889395405157 −0.39712020582137
−0.29426801496527 0.28555010472527

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We construct matrices M1 and M2 by deleting the last and the first row
of M respectively and following we construct the matrix pencil Z (s) =
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s · M1 − M2. Next, we compute all determinants of Z (s) which are polyno-
mials of degree 2 and we construct the matrix B containing the coefficients
of the previous polynomials. We apply the SVD to B, B = Uσ VT

and its singular values are σ = [1.581189085948278 0.003302816278459
0.003021007759667]. The maximum singular value is the first one and thus
the first column of V gives the approximate GCD:

v(:, 1) =
⎡
⎣

0.110740742000000
0.111097327117126
0.110688204308170

⎤
⎦ .

This is the first and the last row of the filter.
Selecting the first and the last column of B, constructing again their
modified Sylvester matrix and applying once again the previous procedure,
we achieve their approximate GCD:

v(:, 1) = [
0.1107407420000000.1110973271171260.110688204308178

]
.

Thus we have computed the 8 of 9 elements of the filter:

F =
⎡
⎣

0.110740742 0.111097327117126 0.111097327117126
0.111097327117126 ∗ 0.111097327117126

0.110740742 0.111097327117126 0.111097327117126

⎤
⎦ .

The (2, 2) element is achieved by subtracting the some of the other element
from 1: F2,2 = 0.111934553297244 and thus the filter is computed with an
absolute error 6.194058675465041 · 10−4, which is of the same order of the
added noise.

A.2 Difficulties in partioning a small image

As already mentioned, in general, there is not a trivial way to partition the
given blurred image in order to achieve restoration. In fact, if the image is too
small, the solution may be impossible. To explain the above statement, let us
consider that the initial image A is the following 5 × 5 matrix:

A =

⎡
⎢⎢⎢⎢⎣

a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45
a51 a52 a53 a54 a55

⎤
⎥⎥⎥⎥⎦

and the blurring function F is the following 3 × 3 matrix:

F =
⎡
⎣

f11 f12 f13
f21 f22 f23
f31 f32 f33

⎤
⎦

Then, the blurred image 7 × 7 matrix B is presented in Table 6. We know
that the first and last line ([ f11, f12, f13] and [ f31, f32, f33]) of the blurring
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Table 6 Mathematical view of blurred image B

a11 · f11 a11 · f12+ a11 · f13+ a12 · f13+ a13 · f13+ a14 · f13+ a15 · f13
a12 · f11 a12 · f12+ a13 · f12+ a14 · f12+ a15 · f12

a13 · f11 a14 · f11 a15 · f11

a11 · f21+ a11 · f22+ a11 · f23+ a12 · f23+ a13 · f23+ a14 · f23+ a15 · f23+
a21 · f11 a12 · f21+ a12 · f22+ a13 · f22+ a14 · f22+ a15 · f22+ a25 · f13

a21 · f12+ a13 · f21+ a14 · f21+ a15 · f21+ a24 · f13+
a22 · f11 a21 · f13+ a22 · f13+ a23 · f13+ a25 · f12

a22 · f12+ a23 · f12+ a24 · f12+
a23 · f11 a24 · f11 a25 · f11

a11 · f31+ a11 · f32+ a11 · f33+ a12 · f33+ a13 · f33+ a14 · f33+ a15 · f33+
a21 · f21+ a12 · f31+ a12 · f32+ a13 · f32+ a14 · f32+ a15 · f32+ a25 · f23+
a31 · f11 a21 · f22+ a13 · f31+ a14 · f31+ a15 · f31+ a24 · f23+ a35 · f13

a22 · f21+ a21 · f23+ a22 · f23+ a23 · f23+ a25 · f22+
a31 · f12+ a22 · f22+ a23 · f22+ a24 · f22+ a34 · f13+
a32 · f11 a23 · f21+ a24 · f21+ a25 · f21+ a35 · f12

a31 · f13+ a32 · f13+ a33 · f13+
a32 · f12+ a33 · f12+ a34 · f12+
a33 · f11 a34 · f11 a35 · f11

a21 · f31+ a21 · f32+ a21 · f33+ a22 · f33+ a23 · f33+ a24 · f33+ a25 · f33+
a31 · f21+ a22 · f31+ a22 · f32+ a23 · f32+ a24 · f32+ a25 · f32+ a35 · f23+
a41 · f11 a31 · f22+ a23 · f31+ a24 · f31+ a25 · f31+ a34 · f23+ a45 · f13

a32 · f21+ a31 · f23+ a32 · f23+ a33 · f23+ a35 · f22+
a41 · f12+ a32 · f22+ a33 · f22+ a34 · f22+ a44 · f13+
a42 · f11 a33 · f21+ a34 · f21+ a35 · f21+ a45 · f12

a41 · f13+ a42 · f13+ a43 · f13+
a42 · f12+ a43 · f12+ a44 · f12+
a43 · f11 a44 · f11 a45 · f11

a31 · f31+ a31 · f32+ a31 · f33+ a32 · f33+ a33 · f33+ a34 · f33+ a35 · f33+
a41 · f21+ a32 · f31+ a32 · f32+ a33 · f22+ a34 · f22+ a35 · f32+ a45 · f23+
a51 · f11 a41 · f22+ a33 · f31+ a34 · f31+ a35 · f31+ a44 · f23+ a55 · f13

a42 · f21+ a41 · f23+ a42 · f23+ a43 · f23+ a45 · f22+
a51 · f12+ a42 · f22+ a43 · f22+ a44 · f22+ a54 · f13+
a52 · f11 a43 · f21+ a44 · f21+ a45 · f21+ a55 · f12

a51 · f13+ a52 · f13+ a53 · f13+
a52 · f12+ a53 · f12+ a54 · f12+
a53 · f11 a54 · f11 a55 · f11

a41 · f31+ a41 · f32+ a41 · f33+ a42 · f33+ a43 · f33+ a44 · f33+ a45 · f33+
a51 · f21 a42 · f31+ a42 · f32+ a43 · f32+ a44 · f32+ a45 · f32+ a55 · f23

a51 · f22+ a43 · f31+ a44 · f31+ a45 · f31+ a54 · f23+
a52 · f21 a51 · f23+ a52 · f23+ a53 · f23+ a55 · f22

a52 · f22+ a53 · f22+ a54 · f22+
a53 · f21 a54 · f21 a55 · f21

a51 · f31 a51 · f32+ a51 · f33+ a52 · f33+ a53 · f33+ a54 · f33+ a55 · f33
a52 · f31 a52 · f32+ a53 · f32+ a54 · f32+ a55 · f32

a53 · f31 a54 · f31 a55 · f31

function are equal. Taking into account the previous observation, we notice
that the first and last line of the blurred image are completely symmetric as
far as the initial image coefficients are concerned ([a11, a12, a13, a14, a15] and



Numer Algor (2013) 64:43–72 71

[a51, a52, a53, a54, a55]). This means that, the great common devisor of the pre-
mentioned lines is vector [ f11, f12, f13] which is equal to vector [ f31, f32, f33].
The same thing holds for the first and last columns of the blurred image.

It is pretty obvious, that the above does not hold for any other pair of
subimages of the blurred image. There are not any other pair of subimages,
that contain the whole blurring function in full symmetry with the initial
image coefficients aij, in order to produce the blurring function as their greater
common devisor. That is the reason why for small images there may be no
solution to our problem and why image partitioning is not trivial in general.
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