Epoouada 0 - Aoknocelg

O acknoeis tng ERdouddag 0 eupadivouv ctnv katackevn Alactnudtov Eumictocivng yia
TAQAUETEO TTOV ERPEALEL Wi agtin Tdavotnta oe dokwés Bernoulli. H givdeon ue to pddnua
BolokeTol GTO OTL N EUTTELQIKN GUVAQTNON KATOVOUNG GE KADde onuelo Tng WITtoel va eKQEAGTEL
WS 0 JeyuaTikog HéGog wag akolovdiag avegdptntov Sokwwv Bernoulli. ‘Etol n katackeun
evos AE. yia to F(z) oto onuelo x € R avdyetar otnv katackevn A.E. yia to p evég tuyaiov
detyuatog amd Bernoulli. EmimmAéov, avag@épovtor KATOES WOOTNTES TTOV GUVOEOVTAL Ue Ta
Swatetayuéva Setywata.



KEDAAAIO 0. EBAOMAAA 0 - AYXKHXEIY

0.1 GracToedg-gtadegoTrointikoi uetacynuaticuoi): H uédodog AéAta elvar TT0A0
XONOWN yia Vo BEIGKOVUE OLGUUITTWTIKES KATOVOUES EKTIUNTOLOV TTOQAUETQWV JTOU UITO-
OUV VA EKPEAGTOVV WG KATAAMNAES GUVOQTAGELS EKTIUNTOLOV UE YVOGTH OGUUITTOTIKA
KOTOVOUn.

1. Avagépete Tn péfodo kol TIC GUVINKES £AQUOYNGS TG yia didatacn 1.

2. 'EGtm O €va avolkTtd vItoGUvoAo Tou R IOV aIToTEAEl TOV TTOQAUETEIKO XWDQEO EVOS
TIOLQOWETEIKOV WOVTEAOV Ue WOVOSIAGTATN TTOQAUETEO 6 KoL O ulo ekTiwnTELo Tov 6
TOU €Vl ALGUUITTOTIKA KOVOVIKI:

Jn (é; - 9) —L . N(0,06%(8)), V6 e®.
n—o0

‘Evag  petaoynuatiouds ¢ kodelton  Siaciropdg-ctadegorrointikos  (variance

stabilising), av n ¢, := ¢(6,) €xel AGUUITTOTIKA KATAVOUN Ue SloGIToQd avegdotntn

Tov 6, SnA. vtdExel ¢ > 0:

NG (cp(gn) - ¢(9)) 1 N(0,¢), VoeO.
n—oo
Boelte kKaTdAANAO SL0.GIT0QAS-GTATEQOITTONTIKG UETAGYNMLATIGUO VIO TRV TTOQAUETQO
P €VOG LOVTEAOL Be(p) Kol KATAGKEVAGTE €val AGUUTTTOTIKO (1 —a)—A.E. faciouévol
GE OQWTOV TOV UETATYNUATIGUO.
3. XuumAnpwaote to Iapddetyua 3.1. e Tov KATAAANAO KOSIKO OGTE VO ELPAVIGTOVV
o avitigtoya 95%—A.E. ue tn uédodo avtn yia n = 10 kow n = 100.

0.2 (Wald-A.E. ye stpocdnkn wevdomagatneneewv): H Mmetgiavi pedodoAoyia uo-
el va yonowotondel yio va “eugtvelcel” TEOTTOTIONGELS KOTAAMNA®V EKTUNTELOV £TGL
WGTE Ol KAAGIKEG EKTWNTELES VO GUUTTEQLPEQEOVTOL KAATEQA YO UkEOTEQA ueyeédn Sety-
UaToG.

1. YrroY€touue 611 610 wovtédo Be(p) Stadetovue 4 pevdodedouéva GTa oroia £xovue
2 entuylec kaw 2 astoTuyleg TEWV SovUE TIC TTEAYUATIKES TTapatnEnaels. Tportoron-
GTE KATAAANAQ TNV ERTILATOELO TOV p OGTE VO AAPEeL VTTOWN TIS PEVSOTTOURATNONGELS
KOl KoTaokevdoTte pe tn uédodo Wald tpottotonuéva acuumttoTikd A.E.

2. (wpoanpeTiko) Ilowd prior katavoun ywo to p Yo uItoQovcaue va elyoue XENGLLO-
TOiGEL £T6L MGTE N UTTEVTIOVA EKTWATELO. TOV p (N Gnuelokd KAt omd v L2
GUVAQTNON OITWAELAS) VO GUUITITTTEL UE AUTHV TRV EKTWATELOL ?

3. XZuumAnpwaote to Iapddetyua 3.1. e Tov KATAAANAO KOSIKO OGTE VO ELPAVIGTOVV
Ta avtictorya 95%—A.E. ue tn uédodo avtn ywo n = 10 kow n = 100. Zvupovievteite
7o dpdpo twv Agresti and Coull kaw To TTaKkETO binom Tng “R TTOU AVOPEQRETAL GTLS
Ynuewncets. IoEg elvan ov Topatneneels cag ?

4. (IrpoapeTikd) Kataokevdote 95% Sidotnio oELoTGTIOS Yo TO P XENGLLOTIOLOVTOS
™ Umedqavn eKTWATELO Tov EpmT. 2 kol avTistaQafdAAETAL To SLAGTARATO OUTA
GE GYEon Ue aUTd TTOV TTEOKVTTTOVV aItd Ta 95% A.E..



0.3 (extignon udavotTitov kdlvyng): Ov 3 uédodor katackevng A.E. yia to p, CP,
Wald and Wilson cuustAngodnkav ue dAdeg dvo, tnv VS (variance-stabilising) kou tnv
TeoTtoTtonuévn tov Wald. Xe avtiv tnv doknon 9o cuykpivovue Odeg Tig uedddoug
®GS ITEOS TNV KOVOTNTA TOUS VO QvAITOQAYOUV Tnv ovouaoTikin agla 95% ota A.E. stov
Kkotackevdcovv. H payuatiki midavotnto kdAvyng uitoel va ektiundel ue Monte-Carlo
vyl StdpoQeg TWES Tov p.

1. Na mapoayBovv M = 10000 @oeéc ueyédn Setyuatoc n € {10,20,100} yia p €
{0.1,0.3,0.5} ko va extundovv ov mdavdtnteg kdlvyng twv 95%—A.E. mov ka-
TOOKEVALOVTOL UE TIC D SLapoEeTKES uedodoug katackevng. Kataypdwyte Tig TOQ0-
TNENGELS Gag. XQNGLOTIONGTE TIS (OlEC TTORATNENGELS (VIO KOWES TWES TOV p) OTAV
guykelvete Tig Tdavotnteg kAAuyng.

2. 'Otav Tapdyeton €va detyua Be(p) yra Sta@oeTikd p GUVAY®S N TTROGOUOI®GN TwV
dedoucvav yivetar ard tnv apyn. Ilog Ya wiropovcate va kdvete Thv ITROGOUOIOGN
dedouévav yla OAa Ta p TaVToYEova ? AQOoU TO KATOPEQETE, PTIAETE YOAUPRUATA TNG
mavétntas kdlvyng yia n € {10,20,100}. H uédodog avtn eivar meo@aveg TToAy
710 aTtodoTki. EEnyelate Toug AGyoug Ko KAVTE TS TTOQATNENGELS GOS GXETIKA UE
Tic mhavdTnTeg KAALYNG TOV S5 SLAPORETIKMOV LeTOdWV.

3. ([FEomEeTIkG) AVTUITOQABAAAETE TA GUUITEQACUATA GOS Yid Ty arddoon Twv uedo-
dwv ue ta cvurtepdouata twv Agresti and Coull.

0.4 (Clopper-Pearson A.E. ue stocostnuogra Fisher): ‘Ecto X, Y 8o avegdotnteg T.u.
ue X ~G(a,0) xaw Y ~ G(B,0) , émov «, 5,0 > 0 ko 0 TTaQdUeTEOS KAUAKAS.
1. Na deleete S av Z = X /(X +Y), 1018 Z ~ B(av, B).
2. Na delegete otL av («, 8) = (n1,n2) K ny,ng € N*, 1dte n T.U.
no X
= 7171 ? ~ f2n1,2n27
OOV Fyy, p, €lvan n katavoun Fisher ye n; kow ng faduovs avtictouyo.
3. Na deleete oL ta 100(1 — )% AE. yia to p pe tn puédodo Clopper-Pearson yia
i=1,2,...,n— 1 umwoovv va avasapactadolv GTn Loeen

1 1
—i1+1 n—1

I sy = |14 —2—1 1+~ ,

=als) ( @ f2i2(n—it1);1-a/2 (4 1) fair1),2(n—i)ia/2

6TtV ¢ glval TO TTARATREOVUEVO TIANYOS Twv uovddwv Gto detyua ueyédoug n (To
TAYOG TV ETNTUXLOV) KL fi; ngia TO @-GVv® TTOGOGTAUOQLO TG Katavoung Fisher
fnl:”?'
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0.5 Guatetayuéva detyuata):
"Eotw X tuyaio petafAnti ue astéoAvta Guvexn Katavoun kow F' n guvdTnon KaTavoung
™ge. Otovue U = F(X) rat

I ={zeR:vmdgxern F'(z) kv F'(z) > 0}.

Mgtopovue va vtodécouue x.f.y. 0TL n guvdptnon JTukvoTntas mavotntag f(x) elvon
yvigla detiki akQ®s ato 1.
1. Na autioAoyneete 0Tt yio Thv €0pecn Tng G.K. Fiy tng U Uitopovue va TTeEQLOQLGTOVUE
Gto GUvolo F(I).
2. Na detgete ot U ~ U(0,1).

3. Av X(yy,..., X(n) elvar éva Swatetayuévo delywa amd tnv F, tote va delgete oT
To Tuxalo Sidvucuo (F(X(l)), . ,F(X(n))) elvar 1oévouo ue €va tuxolo dSidvuoua
(U(l), ey U(n))> TOV AVTIGTOWYEL G €va Statetayuévo Selyuo ogtd ogolouoQen Ka-

Tavoun U(0,1).



EBdouado 1 - Aoknoeig

Ouv ackngoeis tng ERSouddas 1 agooivv 1810TNTeS Kol £QAQUOYES TNG TTOAVMVUUIKAG KOL TNG
TOAVSIAGTATNG KAVOVIKIAG KOTOVOUNG.
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1.1: 'Eotw X = (X1,...,Xm) ~ Mp(n,p), nm > 1, p = (p1,...,pm) € Af'. Oa Adue
ot uia d.t.u. S = (S1,...,Sn) akolovdel tnv adpoicTiki TOAVWVVUIKA KoL Ja yedpouue
S~ s/\/lm(n,p), av S, = X1+ Xo+ ...+ X;, 1 <i<m.

1. ®¢tovpe Yy = V(X). Na Swatumtwdel ikavi kol avaykoio cuvdnkn yio va eival
o Tivakag Yy ovToTeéWWos kat va Peedel o avtioTeomog Gtnv TeplmTtwon Tov
VTTAQYEL.

2. Na Beedel To oTripyua kot n guvdeTnon TavoTntog Tou S.

3. ITpoadopiote ta E(S) kan V(S). @étovue g = V(S). Na Swutvmtodel kavi ko
avaykaio Guvdnkn ywo va eivol o TTvokag Xg avVTIGTEEWPIWOS Ko va Beedel o avti-
GTEOMOG GTNV TTERLTTTOGN TTOV VITAQXEL.

4. (;rpoaupeTtikd) Na vitoAoyieTovv Ta pueétea (ot Tmivakes) tanpogogios tov Fisher Iy
kot Ig 7OV avTlgTOoLoUV Ge ula Ttapatignon tTov X kot S avticTolya.

1.2: 'Ecto (X,) akolovdio a.Ld.t.u. ue X, ~ Caty,(p), m > 2 ko p € A™ L. Ttnv doknon
avtn vtodéTouue OTL TO p elval AyvwGTo Kol JEAOVUE VO TO EKTYWAGOUUE.
1. Na Beedel n ekTUNTELOL QOTIOV P,, TOV p, ETEKTEVOVTAS KATAAANAQ Th UéB0d0 poTT®V
yua 8.1.u.. TU katavoun akoAovdel ?
2. Na derydel 0L n p,, elvol 1G(VEA GUVETTAG EKTIUNTOLOL TOU P.
Na Beedel n ACLUTTTOTIKA KATAVOUNR TNG P,
4. Xougredvete aTtd TO TTARATTAV®D OTL av m;(n) elval TO TTOGOGTO TwV eVOelEewV TTOV
etvaw i € {1,...,6}, oe n-avegdptntes plyelg evdg Tipov capLlov, Tote

@

() = (mo(n), ... mo(n)) “% (éé) ,

KOUL TIQOGEYYIGTE AGUUTITOTIKA TV Katavour Tov (75(n), m6(n)) kat Tov 75 (n)+7s(n).

1.3: Xto AOTTO eivon yvwaoto 0Tl 6e kdde kApwon eTtAEyovtal Tuxaio 6 aguduol asd
toug {1,2,...,49}. '‘Eotw N, = (N}, N2,...,N), n > 1, 10 Sudvucua mov TeQypdget
T0 TTANY0GC eu@AviGEDV TV aQILOV UETA AITO N-KANEMOGELS.

1. Na vrroAoyicete tnv E(N,,) kaw 1o V(N,).

2. No, 7poadloietel To 6Tadepd Sidvucua ¢ yia to oToio N, /n =% ¢.

3. Na Beedel n acuumTOTIKA KaTavoun Tou N, /n.

4. Av vtod€couue ot ge kAde kKAEwoN eTAEyeTAL €va CeVyos auiuwy (i,7), 1 <i<
J <49, ue dyvwotn mbavotnta 0 < p;; < 1, T0TE va, eTAVOAIBETE TO EQWTARATA
(2) ko (3).



1.4: 'Eotw X,Y 8V0 8.1.u. €161 date (X,Y) va akoAovdel TToALSIAGTATN KOVOVIKIA.

1. Na asodeydel 611 X, Y avegdptnteg, av kow uovo av, X,Y acucx£tiates. Mitogel va
Tmaalelpdel n vitddeon GTL n ATt KOWOU KATOVOUR TOUg eival kavovikn ? Na do-
GeTe JToAdelyuata 0QYoymdVI®V UETAGYNUATIGU®V KoL va delEete OTL oL opdoymviol
UETOGYNUOTIGUOL SLOTREOVV TRV aveE0QTNGIOL.

2. Av (X,Y) ~ N3(02, I1), TéTe va Beedel n katavoun tng 8.7.u. (R, ©) ITov TTQOKVITTEL Ue
“TEQACUOL” GTLS TTOMKES GUVTETOYUEVES £TGL MGTE N R val KATOYQEAPEL TNV ATTOGTAGN
€VOG onuelov aItd Tny aEyn Tov agdvmv Kal O Tn yovia TTov GYnuatitel To didvucua
OM 7ov onuelov M = (z,y) ue tov Jetkd nwdgova Oz Katd Tn JeTkn @oed
Sraypapng.

3. Xtnv meocouolmon €vag TEOTIOC TTOQAYMYAS KAVOVIKA KOTAVEUNUEVOV T.U. €ivol O
uetaoynuatioids Box-Muller. Me tn Boridela Tov TTaQamtdve epoTRUatog va detydel
OTL YENOWOTOLWVTAS UOvo dVo avegdetnteg opotdpopees T.u. Uy, Us ~ U(0,1) ko
KOTAAAMAO UETAGYNMULOTIGUO WITOEOVV va Ttapaydovv dvo avegdotntegs T.u. X,V ~

N(0,1).

1.5: 'Eotw X,Y 8V0 8.1.u. Swactdoewv m,n aviictowyo £tol date (X,Y) ~ Npin(p, 2).
Oétovue 1 = (ux, py), V(X) =3x, VY) = Xy kar C(X,Y) = Xxy. Yrwo9€touue o611 0
Tivakag Yy elvon Yetikd oplougvoc.

1. Na Seyydel 6L ov d.t.u. ¥V kow X — X X,yE;lY elvaw avegdptntec.
2. Na eidel 6 n Secuevuévn katavourn g [X|Y = y] ~ Ny (px)y, Zx|y), 67000

Bxly = px -+ Sxy Sy (Y — py)
Sxy = Zx —ZxyIy'Ziy.

EmmtAéov, va ggedikevdel 1o TOQATTAV® QITOTEAEGUA YL m = n = 1 XENGLLOTTOL®-
VTG TUTKES ATTOKAIGELS KOl GUVTEAEGTH YQOWUWKNAG GUGYETIONG, OTIWGS ETTIONG KOl
yloL Ty JTeQLTtToon wov m = 1 (ue avdalpeto n), dTav oL GUVIGTWGES T Y Sodelong
e T.u. X elval avegdetnieg (RaAoUvTol TOTe SecUeVUEVO AVEEAQTNTEG).

3. Ymod€touue twpa 0Tl Ge pia UITEVTLOVI TTEOGEYYLON EKTIUNGNG €XOVUE N TTALQATN-
ocers {X;}7, yi Tig omoleg viwodEtovue OTL elvar decuevuéva avegdTNTeES Ue
[X;|0] ~ N(0,02) kon 9éAovue va BEovue TV £k TOV VGTEEMV KATAVOUR TOv 6, dTav
10 02 Yewpelton yvooté ko a priori 8 ~ N(u,0?), é1wov u,0? yvootd. No Bee-
Yovv n ;epwola katavoun tng X = (Xi,..., X,) Kol N €K TOV VGTEQMV KATAVOUN
0|X = z].
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