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Chapter 6
Representations of Modelling in Mathematics 
Education

Helen M. Doerr, Jonas B. Ärlebäck, and Morten Misfeldt

Abstract Mathematical models have a substantial impact at all levels of society, 
and hence mathematical modelling stands as an important topic in mathematics 
education. Mathematical modelling has a particular pedagogical/didactical dis-
course as modelling continues to garner attention in educational research. 
Diagrammatic representations of mathematical modelling processes are increas-
ingly being used in curriculum documents on national and transnational levels. In 
this chapter, we critically discuss one of the most frequently used representations of 
modelling processes in the literature, namely, that of the modelling cycle, and offer 
alternative representations to more fully capture multiple aspects of modelling in 
mathematics education.

Keywords Modelling cycle • Modelling competences • Technology • Social- 
critical education • Mathematical modelling • Prescriptive models

6.1  Introduction

Both in society more broadly and in the workplace in particular, mathematical 
models are used to control processes, to design products, to monitor and influence 
economic systems, to enhance human agency, and to structure and understand the 
natural world. Given the widespread use and impact of mathematical models (Niss 
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2015), it is not surprising to find mathematical modelling competencies as an edu-
cational goal in various curriculum standards documents on national and transna-
tional levels. Prominent examples are the PISA 2012 framework and the recently 
adopted Common Core State Standards in Mathematics (CCSSM) in the United 
States (Council of Chief State School Officers [CCSSO] 2010). The 2012 PISA 
framework defines mathematical literacy as “an individual’s capacity to formulate, 
employ, and interpret mathematics in a variety of contexts. It includes reasoning 
mathematically and using mathematical concepts, procedures, facts and tools to 
describe, explain, and predict phenomena” (OECD 2013, p. 25, italics added). In 
CCSSM, modelling with mathematics is one of eight standards for mathematical 
practices that teachers should seek to develop in their students at all grade levels, 
K-12. Modelling is described in terms of what students are able to do:

Mathematically proficient students can apply the mathematics they know to solve problems 
arising in everyday life, society and the workplace. …[They] are comfortable making 
assumptions and approximations to simplify a complicated situation, realizing that these 
may need revision later. They are able to identify important quantities in a practical situa-
tion map their relationships using such tools as diagrams, two-way tables, graphs, flow-
charts, and formulas. They can analyse those relationships mathematically to draw 
conclusions. They routinely interpret their mathematical results in the context of the situa-
tion and reflect on whether the results make sense, possibly improving the model if it has 
not served its purpose. (CCSSO 2010, p. 7)

Both the PISA (OECD 2013) and the CCSSM (CCSSO 2010) standards docu-
ments include representations of mathematical modelling that are intended to con-
vey to stakeholders and practitioners the key elements involved in learning to do 
mathematical modelling and in learning about mathematical models and their role 
in society. As images of modelling, these representations necessarily convey some 
important aspects of modelling, but as with all images and representations, other 
important aspects of modelling are pushed into the background or left out in some 
way. Hence, our concern with the dominance of particular images of modelling is 
with the influence that dominant images will have as modelling is taken up by writ-
ers of curriculum materials, by textbook authors, by teachers, by teacher educators 
and others involved in professional development and by developers of large-scale 
and high-stakes assessments. One of the most frequently used representations of 
mathematical modelling in curricular documents and in the research literature is 
that of the modelling cycle. Our goal in this chapter is to critically examine the ques-
tion of what important aspects of modelling are pushed to the background or omit-
ted by widely used representations of the modelling cycle.

6.2  The Modelling Cycle

We begin our analysis of the cyclic representations of modelling with the PISA 
framework (OECD 2013), followed by the CCSSM (CCSSO 2010) and then the 
research literature. The PISA document situates modelling in real-world contexts, 
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noting that this includes four contexts: personal, societal, occupational and scien-
tific. Mathematical concepts, knowledge and skill are drawn upon in order to engage 
in the four processes of formulating the model, employing mathematical skills to 
obtain mathematical results, interpreting those results in context and evaluating the 
goodness of the solution (Fig. 6.1).

In the CCSSM (CCSSO 2010), modelling is both a standard of mathematical 
practices at all grade levels and a content standard in high school (grades 9 through 
12). As with the PISA framework (OECD 2013), modelling is about analysing 
empirical situations: “Quantities and their relationships in physical, economic, pub-
lic policy, social, and everyday situations can be modelled using mathematical and 
statistical methods” (CCSSO 2010, p. 72), as shown in Fig. 6.2. The vision of mod-
elling includes both descriptive models (such as graphs of observations) and ana-
lytic models that seek to explain phenomena. Computational technology (such as 
graphing utilities, spreadsheets, computer algebra systems, dynamic geometry soft-
ware) plays a role in “varying assumptions, exploring consequences, and comparing 

Fig. 6.1 Representation of modelling in the 2012 PISA framework (OECD 2013, p. 26)

Fig. 6.2 Representation of modelling in the Common Core (CCSSO 2010, p. 72)
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predictions with data” (CCSSO 2010, p. 72). The CCSSM elaborates each of these 
modelling processes, including a clarification that “compute” does not mean to 
“calculate” per se, but rather means to analyse, to perform operations on relation-
ships between variables and to draw conclusions.

In the research literature on modelling, there are several variants of the model-
ling cycle, such as the widely cited image of Blum and Leiß (2007) shown in 
Fig. 6.3. A similar image has been developed by Blomhøj and Jensen (2007), where 
modelling competency is defined as “someone’s insightful readiness to carry 
through all parts of a mathematical modelling process in a certain context” (p. 48). 
All representations of modelling have their strengths and weaknesses, a point also 
made by Blum (2015). There are some striking similarities among many of these 
cyclic representations, even when the specific words chosen to describe the subpro-
cesses of modelling differ. All of these representations capture some sense that a 
mathematical model is a simplified version of some aspect of the real world that is 
formalized in mathematics for the purpose of solving a problem situation in the real 
world.

Given the recent manifestations and importance of these representations of mod-
elling in curriculum standards documents for policy-makers, curriculum develop-
ers, teachers and researchers, we put forward four important aspects of mathematical 
modelling that are not well captured by the images we have shown: the non-linearity 
of modelling, the role of multiple models and pre-existing models within modelling 
activity, the social and critical aspects of modelling and the role of computational 
media in modelling.

Fig. 6.3 The modelling cycle depicted by Blum and Leiß (2007, p. 225)
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6.3  The Non-linearity of the Modelling Process

These widely used representations of mathematical modelling processes share the 
same problem: they provide a useful analytical abstraction of the processes involved 
when engaged in the creative thinking when an individual (or a group of individu-
als) maps a real problem situation onto some subset of mathematics for some par-
ticular purpose. However, all the individual differences that occur when students 
engage in doing mathematical tasks make the transition from an abstract analytical 
representation of modelling to a more normative tool for planning teaching and 
learning of modelling at best problematic. Teaching approaches that would guide 
students through predetermined boxes would be inadequate for embracing the 
multitude of learning pathways that are known to occur in the classroom (Borromeo 
Ferri 2007; Lesh and Doerr 2012). In her work, for example, Borromeo Ferri 
illustrates both the non-linearity (in terms of following steps or sub-competencies 
shown in the modelling cycles) and the differences between two pupils in their 
individual modelling routes or pathways, as shown in Fig. 6.4.

Just as importantly, when digital technologies are introduced into modelling 
tasks, the non-linearity of students’ actual modelling pathways becomes more 
dynamic and stochastic. As illustrated by Lesh and Doerr (2012), students’ actual 
modelling activity does not move in a linear path through the boxes and subpro-
cesses of the modelling cycle. As students work, they “bounce around” as they 
attend to different aspects of the problem situation (sometimes re-defining the prob-
lem), their mathematical work (revising the relationships between objects), the data 
and their representations (selecting new objects to represent) and their interpreta-
tions of their outcomes in terms of perceived criteria (Doerr and Pratt 2008). We 
suggest that an image of moving between “nodes” or multiple paths in a network (as 
shown in Fig. 6.5) might offer teachers and researchers new ways of thinking about 
both teaching and researching mathematical modelling.

Fig. 6.4 Individual modelling pathways (Borromeo Ferri 2007, p. 2087)

6 Representations of Modelling in Mathematics Education



76

6.4  The Role of Multiple Models or Pre-existing Models

As noted earlier, models serve many purposes in society and the workplace. Models 
sometimes serve descriptive purposes, where the modeller wants to describe or pre-
dict the behaviour of some real phenomena. Both the PISA framework (OECD 
2013) and the CCSSM (CCSSO 2010) point to the role of graphs in describing 
physical phenomena. However, as Hestenes (2010) and others have pointed out, 
models often need to serve explanatory purposes. To accomplish this, the modeller 
may need to draw on multiple models within the modelling process or on other pre- 
existing models, whose structure may need to be explored and understood. Consider, 
for example, the well-known problem of modelling light intensity as a function of 
distance from a light source. The graph of this relationship can readily be found to 
follow an inverse square relationship, but this leaves an important question unan-
swered: why is this an inverse square relationship? A graph is descriptive but not 
explanatory. To understand why light behaves in this way, another model is needed, 
namely, the geometry of the sphere (see Ärlebäck and Doerr 2015). Most represen-
tations of the modelling cycle do not include how these two models (one descriptive 
and the other explanatory) are brought together in the modelling process.

Fig. 6.5 The nodes of the modelling process (Doerr and Pratt 2008, p. 264)
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6.5  The Social and Critical Aspects of Modelling

We know from the work of Barbosa (2006), Niss (2015) and many others that mod-
els are projected back into the world. Recent years have provided us with numerous 
examples in governance and finance, as well as in science and engineering. For 
example, macroeconomic models of the development of state finances and welfare 
increasingly control political decision-making. New public management structures 
that encourage people to deliver more work and output on certain measurable 
parameters can be seen as the result of underlying models on how to increase worker 
productivity. In finance, the complexity of the models that govern the stock exchange 
(Johansen and Sørensen 2014), and the large losses that occurred as a consequence 
of these models, places new kinds of responsibilities on the mathematicians and 
financial analysts for the major economic losses that occurred during the dramatic 
events in the financial crisis. Our claim here is simple: models have a huge impact 
on our world; but the social and critical aspects of the role of models in such areas 
as governance, management and finance are not captured by the modelling cycle. As 
Barbosa (2006) noted, “mathematical models are not neutral descriptions about an 
independent reality” (p. 294). Barbosa described the kinds of critical mathematical 
modelling activity that occurs when pupils investigate a real social problem as 
“quite removed from the characterization of modelling as involving diagrammatic 
representations” (p. 294). Rosa and Orey (2015) have recently put forward a repre-
sentation (Fig. 6.6) that captures some of the dynamic and humanized aspects of 

Fig. 6.6 Representation of socio-critical modelling (Rosa and Orey 2015, p. 394)

6 Representations of Modelling in Mathematics Education



78

modelling, capturing the role of the individual modeller, the transformative nature 
of the pedagogy involved and the orientation towards action as models are projected 
back into a social context.

6.6  The Role of Digital Technologies

Some attempts to characterize the role of computational media have aimed at aug-
menting the modelling cycle (Greefrath et al. 2011). For instance, the representation 
shown in Fig. 6.7 depicts the “computer model” as distinctly separated from the 
mathematical model and suggests a sense in which technology becomes a medium 
for helping in the process of moving from mathematical problem (model) to 
mathematical results.

The interplay between the world and the mathematics that are shown in the mod-
elling cycle (Figs. 6.1, 6.2 and 6.3) might have described the mathematical model-
ling done in an era when many crucial insights were gained from the interplay 
between mathematical analysis and real-world experiments. However, advances in 
computational media have changed this situation because a new kind of “experi-
mental” work is now done through computational models of various phenomena. 
Moreover, these computational models often involve mathematics (particularly in 
the case of stochastic phenomena) that is simply not possible with the closed form 
solutions suggested by the image of the modelling cycle. Validation of such compu-
tational models is often far more complex than a mapping back to the problem 
situation would suggest. With computational media we often have several 
types of models involved in much modelling work. Indeed, we have only to look at 
the role of mathematical modelling in biology to see the role that computational 
experiments play. One representation that captures this interplay between physical 
phenomena (or empirical data), simulation (or computational data) and analysis (or 
explanatory theory) is shown in Fig. 6.8.

Research has shown that modern mathematical software can be a powerful tool 
in supporting a multitude of mathematical work processes and can act as a tool 

Fig. 6.7 Modelling cycle augmented with technology (Greefrath et al. 2011, p. 316)
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towards enhancing the mathematical abilities of their users (Guin et  al. 2005; 
Laborde 2005). But computational media have also been described as a new 
 “universe” for mathematical activity, in the sense of a new type of mathematical 
reality. This has been articulated as computational media offering mathematical 
“microworlds” for students to tinker with in order to develop their mathematical 
curiosity and start mathematical investigations. Hence, modern computational 
media allow for new mathematical venues to be investigated and also allow profes-
sional mathematicians to investigate types of mathematical realities that previously 
were inaccessible (Borwein and Devlin 2009). Furthermore, the computational 
speed of computers allows mathematical models to project their results back into the 
world in real time, hence shaping the real world. In other words, computational 
media both empower the mathematical processes involved in modelling activities by 
providing new “worlds” to explore and potentially shape the world we try to model. 
These different roles can be summed up in a representation focusing on the roles of 
computational media in modelling activities rather than the modelling process as 
such, if we think of them as overlapping spheres of influence, as shown in Fig. 6.9.

6.7  Conclusion: The Necessity of Multiple Representations

The issue addressed in this chapter is the dominance of the one single image of math-
ematical modelling that is shown by the modelling cycle in international and national 
curriculum documents such as PISA (OECD 2013) and the Common Core Standards 
(CCSSO 2010). As noted earlier, any one representation of modelling has its strengths 

Fig. 6.8 The interplay of phenomena, simulation and analysis (Doerr 1997, p. 269)
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and weaknesses, and hence we argue that we need multiple representations and 
images to capture and convey the richness of modelling for mathematics education 
for policy-makers, curriculum developers and teachers. Curriculum materials that 
would guide students through predetermined steps in a modelling cycle would be 
inadequate for conveying to teachers the non-linearity of the multiple learning pathways 
that would occur in a classroom. Similarly, modelling activities for students need to 
move beyond creating descriptive models that can be validated by comparison to 
empirical data to working with a full range of models including those with explanatory 
power, those with social and political implications and those using computational 
media. Representations of these aspects of modelling imply modelling tasks that 
explore and bring to bear existing models, that are socially relevant and engage 
students in action as the models are projected back into the world and that open up 
new realms of mathematical venues. Our recommendation is not that we should 
improve or revise the modelling cycle to encompass these important aspects of mod-
elling. Rather, we suggest that a complex process such as mathematical modelling 
should be conveyed in policy and curriculum documents by multiple images that 
accommodate the aspects addressed in this chapter and through future research.
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