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Eisagwg†

H Jewr–a MËtrou (kai Olokl†rwshc) anapt‘qjhke stic arqËc tou 20ou ai∏na kai
apÏ tÏte Ëqei g–nei kentrikÏ ergale–o gia thn Anàlush. To k–nhtro gia th melËth
aut†c thc jewr–ac s†mera e–nai arqikà h antikatàstash tou oloklhr∏matoc Riemann
apÏ to olokl†rwma Lebesgue, to opo–o, Ïpwc ja do‘me, apotele– mia pol‘ gÏnimh
gen–keush tou pr∏tou.

Ac perioristo‘me sto R gia na Ëqoume kal‘terh katanÏhsh. An Ëqoume mia mh
arnhtik† Riemann oloklhr∏simh sunàrthsh f : [a, b] ! R, tÏte to olokl†rwma
Riemann thc f ekfràzei gewmetrikà to embadÏ tou qwr–ou pou br–sketai kàtw apÏ
to gràfhma thc f , dhlad†

Z

b

a

f(x)dx = embadÏ(R
f

), (1)

Ïpou
R

f

=
�

(x, y) 2 R2 : x 2 [a, b] kai 0  y  f(x)
 

. (2)

a

b

R

f

Sq†ma 1: Gewmetrik† ermhne–a tou oloklhr∏matoc

H Ënnoia tou oloklhr∏matoc katà ton Riemann prosegg–zetai wc ex†c:

1. DialËgoume mia diamËrish tou ped–ou orismo‘ thc sunàrthshc Ëstw

P = {a = x0 < x1 < x2 < ... < x

n

= b}

kai sqhmat–zoume tic ant–stoiqec «ànw» kai «kàtw» prosegg–seic tou embado‘
apÏ en∏seic orjogwn–wn, dhlad† an

m

k

= inf{f(x) : x
k

 x  x

k+1} kai Mk

= sup{f(x) : x
k

 x  x

k+1}
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jewro‘me tic posÏthtec

L(f, P ) =

n�1
X

k=0

m

k

(x
k+1 � x

k

) kai U(f, P ) =

n�1
X

k=0

M

k

(x
k+1 � x

k

).

2. Parathro‘me Ïti Ïso «eklept‘noume» th diamËrish P , oi posÏthtec L(f, P )
kai U(f, P ) Ërqontai Ïlo kai pio kontà.

3. An, kaj∏c to plàtoc thc diamËrishc te–nei sto 0, autËc oi posÏthtec te–noun
na tautisto‘n, lËme thn f Riemann oloklhr∏simh kai thn oriak† aut† tim†
th lËme olokl†rwma thc f .

H idËa tou Lebesgue, bàsei thc opo–ac kataske‘ase th jewr–a pou ja melet†soume,
†tan h ex†c:
Xekinàme me mia diamËrish tou ped–ou tim∏n thc sunàrthshc. Dhlad†, an h f

e–nai fragmËnh1 kai f([a, b]) ✓ [m,M ], jewro‘me mia diamËrish

Q = {m = y0 < y1 < y2 < ... < y

t

= M}.
TÏte, ta ant–stoiqa «ànw» kai «kàtw» ajro–smata ja Ëprepe na Ëqoun th morf†:

e

L(f,Q) =

t�1
X

k=0

y

k

`({x 2 [a, b] : y
k

 f(x) < y

k+1})

kai

e

U(f,Q) =

t�1
X

k=1

y

k+1`({x 2 [a, b] : y
k

 f(x) < y

k+1}),

Ïpou `(A) e–nai to «m†koc» enÏc sunÏlou A ✓ R. An to A e–nai diàsthma († Ëstw
Ënwsh diasthmàtwn) upàrqei Ënac màllon fusiologikÏc trÏpoc na oriste– to m†koc.
Gia th genik† per–ptwsh Ïmwc, sthn opo–a to s‘nolo A mpore– na e–nai idia–tera
pol‘ploko, e–nai safËc Ïti qreiàzontai epiplËon idËec.

Ap' Ïti fa–netai loipÏn, gia na anaptuqje– h jewr–a Olokl†rwshc tou Lebesgue
prËpei pr∏ta na jemeliwje– h Ënnoia tou «m†kouc» † Ïpwc ja lËme, tou mËtrou. Gia
na g–nei autÏ sthn per–ptwsh tou R loipÏn, parousiàzetai to ex†c:
PrÏblhma. Upàrqei mia sunàrthsh ` : P(X) ! [0,1] ∏ste gia kàje diàsthma I
tou R, to `(I) na e–nai to m†koc tou (me th sun†jh Ënnoia) kai to opo–o na ikanopoie–
epiplËon kàpoiec «fusiologikËc» idiÏthtec m†kouc;

H basik† idiÏthta pou jËloume na ikanopoie– mia tËtoia sunàrthsh «mËtrou» e–nai
h arijm†simh prosjetikÏthta: an A

n

mia akolouj–a xËnwn anà d‘o uposunÏlwn tou
R, tÏte

`

 1
[

n=1

A

n

!

=

1
X

n=1

`(A
n

). (3)

Proqwr∏ntac sth jewr–a, ja do‘me Ïti prokeimËnou na Ëqoume mia sunàrthsh `
pou ikanopoie– ta parapànw e–maste anagkasmËnoi na kànoume kàpoiec «ekpt∏seic»
e–te stic idiÏthtec pou aut† ja plhro– e–te sta s‘nola pou ja mporo‘me na metr†sou-
me.

Sthn prospàjeia na jemeli∏soume tic idËec tou Lebesgue ja pet‘qoume ta ex†c:

1AutÏc o periorismÏc xeperniËtai pol‘ e‘kola sth jewr–a.
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1. Ja kataskeuàsoume mia pol‘ genik† jewr–a mËtrhshc (kai katà sunËpeia olo-
kl†rwshc), dhlad† ja mporo‘me na eisàgoume thn Ënnoia tou mËtrou (kai tou
ant–stoiqou oloklhr∏matoc) se auja–reta s‘nola. EidikÏtera, paràllhla me
thn Ënnoia tou «m†kouc» sto R ja melethje– austhrà kai h Ënnoia tou «Ïgkou»
stouc q∏rouc Rk.

2. Oi sunart†seic f : Rk ! R pou ja mporo‘me na oloklhr∏noume ja e–nai mia
pol‘ eur‘terh klàsh apÏ aut† twn Riemann oloklhr∏simwn sunart†sewn.

3. To olokl†rwma sto R ja mpore– plËon na oriste– pànw se mia pol‘ megàlh
klàsh sunÏlwn, kai Ïqi anagkastikà se diast†mata.

4. Ja diapist∏soume Ïti to olokl†rwma Lebesgue sumperifËretai pol‘ kal‘tera
stic sugkl–seic akolouji∏n sunart†sewn apÏ to olokl†rwma Riemann.

Gia na exhg†soume autÏ to teleuta–o shme–o: To olokl†rwma Riemann e–nai idia-
–tera «problhmatikÏ» stic sugkl–seic akolouji∏n sunart†sewn. SugkekrimËna, an
Ëqoume mia akolouj–a Riemann oloklhr∏simwn sunart†sewn f

n

: [a, b] ! R kai mia
sunàrthsh f ∏ste f

n

! f katà shme–o sto R, dhlad†

f

n

(x) ! f(x), gia kàje x 2 [a, b]

de mporo‘me en gËnei na sumperànoume Ïti isq‘ei kai

Z

b

a

f

n

(x)dx !
Z

f(x)dx.

Sthn pragmatikÏthta, e–nai pijanÏ h oriak† sunàrthsh f na mhn e–nai kan Riemann
oloklhr∏simh.

Paràdeigma. 'Estw {q
n

: n = 1, 2, ...} mia ar–jmhsh twn rht∏n tou diast†matoc
[0, 1]. Jewro‘me tic sunart†seic f

n

: [0, 1] ! R kai f : [0, 1] ! R me

f

n

= �{q1,q2,...,qn} kai
2

f = �Q\[0,1]

TÏte parathro‘me Ïti f
n

! f katà shme–o (giat–;) kai kàje f
n

e–nai Riemann olo-
klhr∏simh (Ëqei mÏno peperasmËnec to pl†joc asunËqeiec), en∏ h oriak† sunàrthsh
f den e–nai (autÏ mpore– na elegqje– me to Krit†rio tou Riemann, blËpe Paràrthma
A').

5. TËloc, ja apode–xoume Ïti pràgmati to olokl†rwma Lebesgue apotele– mia
gn†sia gen–keush tou oloklhr∏matoc Riemann: kàje Riemann oloklhr∏simh
sunàrthsh e–nai kai Lebesgue oloklhr∏simh kai tÏte ta d‘o oloklhr∏mata
taut–zontai.

AutËc oi shmei∏seic e–nai sqediasmËnec ∏ste na kal‘ptoun tic anàgkec enÏc
proptuqiako‘ † metaptuqiako‘ maj†matoc Jewr–ac MËtrou. Ta pr∏ta 6 kefàlaia
sunisto‘n th jemel–wsh thc basik†c jewr–ac, dhlad† twn ide∏n tou Lebesgue. Ta
upÏloipa 5 kefàlaia e–nai ousiastikà anexàrthta metax‘ touc kai aforo‘n pio pro-
qwrhmËna shme–a thc jewr–ac.

2 Jum–zoume Ïti gia Ëna s‘nolo A ✓ R, jËtoume �A(x) =

(
1 , x 2 A

0 , x /2 A





Kefàlaio 1

�-àlgebrec

'Opwc prodeàsame kai sthn Eisagwg†, to shme–o apÏ to opo–o prËpei na arq–sei h
jewr–a e–nai h jemel–wsh thc Ënnoiac tou «mËtrou». Prwto‘ g–nei autÏ Ïmwc, prËpei
na apofas–soume poià akrib∏c e–nai ta s‘nola pou jËloume na metr†soume. Oi
idiÏthtec pou prËpei na Ëqei mia tËtoia oikogËneia sunÏlwn periËqontai ston orismÏ
thc �-àlgebrac pou parousiàzoume se autÏ to kefàlaio.

1.1 'Algebrec kai �-àlgebrec

OrismÏc 1.1.1. 'Estw X Ëna s‘nolo kai A ✓ P(X) mia oikogËneia uposunÏlwn
tou X. H A kale–tai àlgebra an isq‘oun ta akÏlouja:
(i) X 2 A,
(ii) h A e–nai kleist† sta sumplhr∏mata, dhlad† an gia Ëna s‘nolo isq‘ei A 2 A,
tÏte kai Ac ⌘ X \A 2 A kai

(iii) h A e–nai kleist† stic peperasmËnec tomËc, dhlad† an A1, A2, ..., An

2 A tÏte
e–nai kai

T

n

j=1 Aj

2 A.

Parathr†seic 1.1.2. (a') 'Estw A mia àlgebra uposunÏlwn tou X. TÏte h A
e–nai kleist† stic sunolojewrhtikËc diaforËc kai tic peperasmËnec en∏seic, dhlad†:

(iv) An A,B 2 A tÏte e–nai kai A \B 2 A.
(v) An A1, A2, ..., An

2 A tÏte e–nai kai Sn

j=1 Aj

2 A.

ApÏdeixh. Gia to (iv) arke– na parathr†soume Ïti Bc 2 A apÏ to (ii) kai

A \B = A \B

c

. (1.1)

To sumpËrasma Ëpetai apÏ to (iii). Gia to (v) parathro‘me pàli Ïti Ac

j

2 A gia Ïla
ta j kai epiplËon

n

[

j=1

A

j

=

0

@

n

\

j=1

A

c

j

1

A

c

(1.2)

apÏ touc nÏmouc De Morgan.
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(b') H idiÏthta (i) tou orismo‘ 1.1.1 mpore– na antikatastajei me m–a apÏ tic
; 2 A kai A 6= ;.
(g') H idiÏthta (iii) tou orismo‘ 1.1.1 mpore– na antikatastaje– apÏ thn (v).

Ja fane– pol‘ s‘ntoma Ïmwc Ïti h Ënnoia thc àlgebrac den e–nai «arket†» gia
na anaptuqje– epituq∏c h jewr–a. E–nai ousi∏dec na mporo‘me na «metr†soume»
perissÏtera s‘nola. 'Etsi, odhgo‘maste ston ex†c orismÏ:

OrismÏc 1.1.3. 'Estw X Ëna s‘nolo kai A ✓ P(X) mia oikogËneia uposunÏlwn
tou X. H A kale–tai �-àlgebra an isq‘oun ta akÏlouja:
(i) X 2 A,
(ii) h A e–nai kleist† sta sumplhr∏mata, dhlad† an gia Ëna s‘nolo isq‘ei A 2 A,
tÏte kai Ac ⌘ X \A 2 A kai

(iii) h A e–nai kleist† stic arijm†simec tomËc, dhlad† an A
n

2 A, n = 1, 2, ... tÏte
e–nai kai

T1
j=1 Aj

2 A.
Parathr†seic 1.1.4. (a') Kàje �-àlgebra e–nai àlgebra.

ApÏdeixh. An A1, A2, ..., An

2 A, jËtoume A
j

= X 2 A, gia j � n+ 1 kai Ëqoume

n

\

j=1

A

j

=

1
\

j=1

A

j

2 A.

(b') ParÏmoia me ta (b') kai (g') twn Parathr†sewn 1.1.2 Ëqoume Ïti mia oikogËneia
A uposunÏlwn tou X e–nai �-àlgebra an kai mÏnon an A 6= ; kai h A e–nai kleist†
sta sumplhr∏mata kai stic arijm†simec tomËc † en∏seic.

Parade–gmata 1.1.5. (a') 'Estw X Ëna s‘nolo. TÏte oi A1 = {;, X} kai
A2 = P(X) e–nai �-àlgebrec sto X. An A mia àllh �-àlgebra sto X e–nai fusikà

A1 ✓ A ✓ A2. (1.3)

(b') 'Estw X = N to s‘nolo twn fusik∏n arijm∏n kai

A = {A ✓ N : to A † to Ac e–nai peperasmËno} (1.4)

H A e–nai àlgebra sto N, allà Ïqi �-àlgebra.
ApÏdeixh. E–nai àmeso Ïti A 6= ; kai Ïti h A e–nai kleist† sta sumplhr∏mata (a-
pÏ th summetr–a tou orismo‘ thc). An t∏ra A1, A2, ..., An

2 A, diakr–noume d‘o
peript∏seic:

An Ïla ta A
j

e–nai àpeira, tÏte Ïla ta Ac

j

e–nai peperasmËna, àra kai h Ënws† touc

n

[

j=1

A

c

j

=

0

@

n

\

j=1

A

j

1

A

c

e–nai peperasmËnh. Sunep∏c
T

n

j=1 Aj

2 A.
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An kàpoio A
j0 e–nai peperasmËno, to –dio isq‘ei kai gia thn tom†

T

n

j=1 Aj

2 A, afo‘
fusikà

T

n

j=1 Aj

✓ A

j0 .

'Ara, pràgmati h A e–nai àlgebra. Den e–nai Ïmwc �-àlgebra, afo‘ gia ta s‘nola
A

n

= {2n}, n = 1, 2, ... e–nai fusikà A
n

2 A (afo‘ e–nai peperasmËna), allà e‘kola
elËgqetai Ïti

S1
j=1 Aj

/2 A.

(g') Sto s‘nolo twn pragmatik∏n arijm∏n X = R h oikogËneia A pou apotele–tai
apÏ tic peperasmËnec en∏seic diasthmàtwn tou R e–nai àlgebra allà Ïqi �-àlgebra.

ApÏdeixh. Kat' arqàc, e–nai àmeso Ïti A 6= ;. EpiplËon, an I1 kai I2 d‘o diast†mata
sto R kai h tom† touc I1 \ I2 e–nai diàsthma. 'Etsi, an A =

S

n

i=1 Ii kai B =
S

n

j=1 Jj

d‘o stoiqe–a thc A e–nai kai

A \B =

n

[

i=1

m

[

j=1

(I
i

\ J

j

) 2 A.

Sunep∏c, me mia apl† epagwg†, h A e–nai kleist† stic peperasmËnec tomËc.
An t∏ra I Ëna diàsthma sto R to sumpl†rwmà tou Ic e–nai e–te diàsthma e–te Ënwsh
d‘o diasthmàtwn tou R kai àra an†kei sthn A. An t∏ra A =

S

n

j=1 Ij Ëna stoiqe–o
thc A e–nai

A

c =

n

\

j=1

I

c

j

2 A,

apÏ ta parapànw. 'Ara h A e–nai àlgebra. Den e–nai Ïmwc �-àlgebra, afo‘ gia kàje
n to I

n

= (2n, 2n+1) e–nai stoiqe–o thc A en∏ h Ënwsh S1
n=1 In den an†kei sthn A

(giat–;).

'Estw {A
n

} mia akolouj–a uposunÏlwn enÏc sunÏlou X. H {A
n

} ja lËgetai
a‘xousa an A

n

✓ A

n+1 gia kàje n kai fj–nousa an An

◆ A

n+1 gia kàje n. Me aut†
thn orolog–a d–noume Ëna bolikÏ qarakthrismÏ twn algebr∏n pou e–nai epiplËon kai
�-àlgebrec:

PrÏtash 1.1.6. 'Estw X Ëna s‘nolo kai A mia àlgebra uposunÏlwn tou X. H
A e–nai �-àlgebra sto X an (kai mÏnon an) isq‘ei kàpoio apÏ ta parakàtw:
(i) Gia kàje a‘xousa akolouj–a {A

n

} sthn A isq‘ei S1
n=1 An

2 A.
(ii) Gia kàje fj–nousa akolouj–a {A

n

} sthn A isq‘ei T1
n=1 An

2 A.
(iii) Gia kàje akolouj–a {A

n

} xËnwn anà d‘o sunÏlwn thc A isq‘ei S1
n=1 An

2 A.

ApÏdeixh. H A e–nai àlgebra, àra arke– na deiqje– Ïti e–nai kleist† stic arijm†simec
en∏seic † tomËc. 'Estw (B

n

) akolouj–a stoiqe–wn thc A.
'Estw Ïti isq‘ei h (i). JËtoume A

n

=
S

n

j=1 Bj

. Afo‘ hA e–nai àlgebra, e–nai A
n

2 A
kai epiplËon A

n

✓ A

n+1 gia kàje n. 'Ara kai gia thn Ënwsh isq‘ei
S1

n=1 An

2 A
apÏ thn upÏjesh. E‘kola blËpoume Ïmwc Ïti

1
[

n=1

B

n

=

1
[

n=1

A

n

=)
1
[

n=1

B

n

2 A. (1.5)
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An isq‘ei h (ii) jËtoume A
n

=
T

n

j=1 Bj

. Afo‘ h A e–nai àlgebra, e–nai A
n

2 A kai
ep–shc A

n

◆ A

n+1 gia kàje n. 'Ara kai gia thn tom† isq‘ei
T1

n=1 An

2 A. E‘kola
blËpoume Ïmwc Ïti

1
\

n=1

B

n

=

1
\

n=1

A

n

=)
1
\

n=1

B

n

2 A. (1.6)

TËloc, ac upojËsoume Ïti isq‘ei h (iii). Se aut† thn per–ptwsh, jËtoume

A

n

= B

n

\
n�1
[

j=1

B

j

(1.7)

kai parathro‘me Ïti A
n

2 A gia kàje n kai Ïti ta A
n

e–nai xËna anà d‘o. 'Ara, apÏ
th upÏjesh isq‘ei

S1
n=1 An

2 A. E‘kola blËpoume Ïmwc Ïti
1
[

n=1

B

n

=

1
[

n=1

A

n

=)
1
[

n=1

B

n

2 A. (1.8)

PrÏtash 1.1.7. An F ✓ P(X) e–nai mia oikogËneia uposunÏlwn tou X, tÏte
upàrqei h elàqisth �-àlgebra A sto X pou periËqei thn F , dhlad† an A0 mia àllh
�-àlgebra me F ✓ A0 tÏte e–nai kai A ✓ A0.

ApÏdeixh. Arqikà, mpore– na parathr†sei kane–c Ïti an (A
i

)
i2I

mia mh ken† oikogËneia
apÏ �-àlgebrec tou X, tÏte kai h

T

i2I

A
i

e–nai mia �-àlgebra sto X (àskhsh).
Jewro‘me t∏ra thn oikogËneia �-algebr∏n

C = {A : �-algebra kai F ✓ A}. (1.9)

Fusikà C 6= ; (afo‘ P(X) 2 C) kai àra apÏ thn parapànw parat†rhsh h oikogËneia
(uposunÏlwn tou X)

A =
\

C =
\

{B : B 2 C} (1.10)

e–nai mia �-àlgebra sto X. E‘kola blËpoume t∏ra Ïti F ✓ A kai màlista Ïti h A
e–nai h elàqisth me aut† thn idiÏthta.

OrismÏc 1.1.8. H (monadik†) �-àlgebra A pou prosdior–zetai apÏ thn parapànw
prÏtash lËgetai h �-àlgebra pou paràgetai apÏ thn oikogËneia F kai sumbol–zetai
me �(F).

D–noume t∏ra to basikÏtero paràdeigma �-àlgebrac pou e–nai àllwste autÏ pou
odhge– sth jemel–wsh tou mËtrou Lebesgue stouc Eukle–deiouc q∏rouc.

OrismÏc 1.1.9. 'Estw (X, d) Ënac metrikÏc q∏roc1 kai T h oikogËneia twn anoi-
kt∏n uposunÏlwn tou X. Ta stoiqe–a thc �-àlgebrac pou paràgei h T kalo‘ntai
Borel upos‘nola tou X. H oikogËneia Ïlwn twn Borel uposunÏlwn tou X sumbo-
l–zetai me B(X).

1 'Olec oi idiÏthtec twn sunÏlwn Borel pou ja melet†soume doule‘oun kai sto genikÏte-
ro pla–sio twn topologik∏n q∏rwn.
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Jum–zoume touc ex†c orismo‘c:

'Ena A ✓ X lËgetai G
�

s‘nolo an gràfetai wc arijm†simh tom† anoikt∏n sunÏlwn
tou X, dhlad† an upàrqoun G

n

anoiktà, n = 1, 2, ... ∏ste A =
T1

n=1 Gn

.

'Ena B ✓ X lËgetai F
�

s‘nolo an gràfetai wc arijm†simh Ënwsh kleist∏n tou X,
dhlad† an upàrqoun F

n

kleistà, n = 1, 2, ... ∏ste B =
S1

n=1 Fn

.

Profan∏c Ïla ta G
�

s‘nola kai ta F
�

s‘nola e–nai kai s‘nola Borel. 'Etsi, h klàsh
B(X) fa–netai na periËqei Ïla ta «kalà» topologikà s‘nola.

PrÏtash 1.1.10. 'Estw F h oikogËneia twn kleist∏n uposunÏlwn tou R kai
ep–shc oi oikogËneiec:

�1 = {(�1, b] : b 2 R},

�2 = {(a, b] : a < b, a, b 2 R},

�3 = {(a, b) : a < b, a, b 2 R}.
TÏte

B(R) = �(F) = �(�1) = �(�2) = �(�3). (1.11)

ApÏdeixh. Ja de–xoume Ïti

B(R) ◆ �(F) ◆ �(�1) ◆ �(�2) ◆ �(�3) ◆ B(R)

kai metà, àmesa, isq‘oun kai oi zhto‘menec. Afo‘ B(R) ◆ F e–nai kai B(R) ◆ �(F).
EpiplËon, kàje s‘nolo thc �1 e–nai kleistÏ, dhlad† �1 ✓ F kai Ëtsi e–nai kai
�(F) ◆ �(�1).

An t∏ra a, b 2 R kai a < b, e–nai

(a, b] = (�1, b] \ (�1, a] 2 �(�1), (1.12)

dhlad† �2 ✓ �(�1) kai sunep∏c e–nai kai �(�1) ◆ �(�2). 'Epeita, an (a, b) 2 �3,
gràfoume

(a, b) =

1
[

n=1

(a, b� 1

n

] 2 �(�2) (1.13)

kai pa–rnoume ton egkleismÏ �3 ✓ �(�2) àra kai ton �(�2) ◆ �(�3).

Gia thn apÏdeixh tou teleuta–ou egkleismo‘, jumÏmaste Ïti kàje anoiktÏ s‘nolo sto
R gràfetai wc arijm†simh Ënwsh xËnwn anà d‘o anoikt∏n diasthmàtwn 2 kai Ëtsi, an
T h oikogËneia twn anoikt∏n uposunÏlwn tou R e–nai T ✓ �(�3) kai sunep∏c

�(�3) ◆ �(T ) = B(R),

Ïpwc jËlame.

Qrhsimopoi∏ntac tic –diec idËec mpore– na de–xei kane–c thn ex†c genikÏterh prÏta-
sh thc opo–ac h apÏdeixh af†netai wc àskhsh:

2blËpe Shmei∏seic Pragmatik†c Anàlushc, P. BalËttac



10 · �-algebrec

PrÏtash 1.1.11. 'Estw F
k

h oikogËneia twn kleist∏n uposunÏlwn tou Rk kai
ep–shc oi oikogËneiec:

�1 =

8

<

:

k

Y

j=1

(�1, b

j

] : b
j

2 R, j = 1, 2, ..., k

9

=

;

,

�2 =

8

<

:

k

Y

j=1

(a
j

, b

j

] : a
j

< b

j

, a

j

, b

j

2 R, j = 1, 2, ..., k

9

=

;

,

�3 =

8

<

:

k

Y

j=1

(a
j

, b

j

) : a
j

< b

j

, a

j

, b

j

2 R, j = 1, 2, ..., k

9

=

;

.

TÏte
B(Rk) = �(F

k

) = �(�1) = �(�2) = �(�3). (1.14)

⇤

1.2 Klàseic Dynkin

OrismÏc 1.2.1. 'Estw X Ëna s‘nolo kai D ✓ P(X) mia oikogËneia uposunÏlwn
tou X. H D kale–tai klàsh Dynkin an isq‘oun ta akÏlouja:

(i) X 2 D,
(ii) an A,B 2 D me A ✓ B, tÏte e–nai kai B \A 2 D kai
(iii) h D e–nai kleist† stic a‘xousec en∏seic, dhlad† an (A

n

) a‘xousa akolouj–a
stoiqe–wn thc D, tÏte e–nai kai S1

n=1 An

2 D.

Parathr†seic 1.2.2. (a') Kàje �-àlgebra e–nai klàsh Dynkin.

(b') ApÏ to (i) thc PrÏtash 1.1.6 prok‘ptei e‘kola Ïti an D e–nai mia klàsh Dynkin
kleist† stic peperasmËnec tomËc († en∏seic) tÏte h D e–nai �-àlgebra.
(g') To ant–strofo tou (a) den isq‘ei genikà. 'Estw X Ëna mh kenÏ s‘nolo kai A,B

duo mh kenà, gn†sia upos‘nola tou X gia ta opo–a isq‘oun

A \B 6= ;, B \A 6= ;, A \B 6= ;.

TÏte h oikogËneia
D = {;, X,A,B,A

c

, B

c}
e–nai mia klàsh Dynkin sto X allà den e–nai o‘te kan àlgebra, afo‘ A,B 2 D allà
A \B /2 D.
(d') 'Omoia me thn PrÏtash 1.1.7, parathro‘me Ïti h tom† miac mh ken†c oikogËneiac
klàsewn Dynkin e–nai ki aut† mia klàsh Dynkin kai Ëtsi, gia mia oikogËneia � ✓
P(X) upàrqei h elàqisth klàsh Dynkin D pou periËqei thn �.
OrismÏc 1.2.3. H (monadik†) klàsh Dynkin D pou prosdior–zetai apÏ thn para-
pànw parat†rhsh lËgetai h klàsh Dynkin pou paràgetai apÏ thn oikogËneia � kai
sumbol–zetai me �(�).
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Profan∏c, gia mia oikogËneia � ✓ P(X) e–nai

�(�) ✓ �(�), (1.15)

afo‘ h �(�) e–nai �-àlgebra, àra kai klàsh Dynkin. To epÏmeno basikÏ je∏rhma
d–nei mia ikan† sunj†kh ∏ste na isq‘ei h isÏthta.

Je∏rhma 1.2.4. 'Estw � mia oikogËneia uposunÏlwn tou X kleist† stic pepe-
rasmËnec tomËc. TÏte

�(�) = �(�). (1.16)

ApÏdeixh. Kat' arqàc, parathro‘me Ïti an h �(�) †tan �-àlgebra, tÏte ja e–qame
�(�) ✓ �(�) kai àra thn epijumht† isÏthta. OpÏte arke– na de–xoume Ïti h �(�)
e–nai mia �-àlgebra † isod‘nama, s‘mfwna me thn Parat†rhsh 2.1.2 (b), Ïti h �(�)
e–nai kleist† stic peperasmËnec tomËc. Dhlad†, prËpei

A \B 2 �(�), gia kàje A 2 �(�) kai gia kàje B 2 �(�). (1.17)

Jewro‘me loipÏn thn oikogËneia

]
�(�) = {A ✓ X : A \B 2 �(�), gia kàje B 2 �(�)}. (1.18)

Parathr†ste Ïti prËpei na de–xoume ton egkleismÏ

�(�) ✓ ]
�(�).

Gia na deiqje– autÏ e–nai safËc Ïti arke– na apodeiqjo‘n ta akÏlouja:

1. Isq‘ei o egkleismÏc � ✓ ]
�(�) kai epiplËon

2. h oikogËneia ]
�(�) e–nai klàsh Dynkin.

T∏ra pou e–dame to sqËdio thc apÏdeixhc mporo‘me na mpo‘me stic leptomËreiec.
GenikÏtera, gia mia oikogËneia P ✓ �(�) jËtoume

e

P = {A ✓ X : A \B 2 �(�), gia kàje B 2 P}. (1.19)

IsqurismÏc: H e

P e–nai klàsh Dynkin.

Oi idiÏthtec tou orismo‘ thc klàshc Dynkin epalhje‘ontai wc ex†c:

(i) Gia B 2 P , e–nai X \B = B 2 P ✓ �(�) kai àra X 2 e

P .

(ii) 'Estw A1, A2 2 e

P me A2 ✓ A1. TÏte, gia B 2 P , e–nai

(A2 \A1) \B = (A2 \B) \ (A1 \B) 2 �(�),

afo‘ A2 \B,A1 \B 2 �(�) kai A1 \B ✓ A2 \B. 'Ara A2 \A1 2 e

P .

(iii) 'Estw (A
n

) a‘xousa akolouj–a stoiqe–wn thc eP . TÏte, gia B 2 P , e–nai
 1
[

n=1

A

n

!

\B =

1
[

n=1

(A
n

\B) 2 �(�),

afo‘ h akolouj–a (A
n

\B) e–nai a‘xousa akolouj–a stoiqe–wn thc �(�). 'Etsi,
pràgmati

S1
n=1 An

2 e

P .



12 · �-algebrec

EfarmÏzontac ton isqurismÏ gia P = �(�) apode–qjhke to 2. Gia to 1 t∏ra, pa-
rathro‘me Ïti afo‘ h � e–nai kleist† stic peperasmËnec tomËc isq‘ei o egkleismÏc
� ✓ e�. 'Omwc h e� e–nai klàsh Dynkin, àra isq‘ei epiplËon

�(�) ✓ e�.

Me àlla lÏgia, gia kàje A 2 �(�) kai B 2 � isq‘ei A \ B 2 �(�) to opo–o
isoduname– me ton egkleismÏ

� ✓ ]
�(�)

pou e–nai akrib∏c to 1. 'Etsi h apÏdeixh oloklhr∏jhke.

Parat†rhsh 1.2.5. Qrhsimopoi∏ntac to parapànw je∏rhma, h PrÏtash 1.1.11
anadiatup∏netai gràfontac

B(Rk) = �(F
k

) = �(�1) = �(�2) = �(�3).

ApÏdeixh. Arke– na parathr†sei kane–c Ïti oi oikogËneiec F
k

, �1, �2[{;}, �3[{;}
e–nai kleistËc stic peperasmËnec tomËc.

1.3 Ask†seic

Omàda A'.

1. 'Estw X Ëna s‘nolo, A ✓ P(X) mia àlgebra (ant–stoiqa �-àlgebra) sto X kai
C ✓ X. Na de–xete Ïti h oikogËneia

A
C

= {A \ C : A 2 A}

e–nai ep–shc àlgebra (ant–stoiqa �-àlgebra) sto C.

2. 'Estw X,Y d‘o s‘nola, f : X ! Y kai B mia àlgebra (ant–st. �-àlgebra) sto
Y . Na de–xete Ïti h oikogËneia

f

�1(B) = {f�1(B) : B 2 B}

e–nai ep–shc àlgebra (ant–st. �-àlgebra) sto X.

3. 'Estw X Ëna s‘nolo kai
C = {{x} : x 2 X}.

Na perigràyete thn �(C).
4. 'Estw X Ëna s‘nolo kai (A

n

) mia akolouj–a uposunÏlwn tou X. Or–zoume ta
s‘nola

lim sup
n

A

n

= {x 2 X : to x an†kei se àpeira apÏ ta A
n

} (1.20)

kai
lim inf

n

A

n

= {x 2 X : to x an†kei se Ïla telikà ta A
n

}. (1.21)
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(a) Na de–xete Ïti

lim sup
n

A

n

=

1
\

n=1

1
[

k=n

A

k

kai lim inf
n

A

n

=

1
[

n=1

1
\

k=n

A

k

. (1.22)

(b) An h (A
n

) e–nai a‘xousa, tÏte

lim sup
n

A

n

= lim inf
n

A

n

=

1
[

n=1

A

n

en∏ an e–nai fj–nousa

lim sup
n

A

n

= lim inf
n

A

n

=

1
\

n=1

A

n

.

Omàda B'.

5. 'EstwX Ëna s‘nolo kai F ✓ P(X) mia oikogËneia uposunÏlwn touX. Apode–xte
Ïti upàrqei h mikrÏterh àlgebra pou periËqei th F . Aut† lËgetai h àlgebra pou
paràgei h F kai sumbol–zetai me A(F).

6. 'Estw h oikogËneia
I = {[a, b] : a, b 2 R}.

Na de–xete Ïti �(I) = B(R).
7. 'Estw h oikogËneia

IQ = {(a, b) : a, b 2 Q}.
Na de–xete Ïti �(IQ) = B(R).

8. 'Estw X = {x1, x2, ...} e–nai Ëna arijm†simo s‘nolo. Perigràyte Ïlec tic �-
àlgebrec sto X.

9. 'Estw X,Y metriko– q∏roi kai mia sunàrthsh f : X ! Y . Na de–xete Ïti to
s‘nolo

A = {x 2 X : h f e–nai suneq†c sto x}
e–nai Borel upos‘nolo tou X.

10. 'Estw X metrikÏc q∏roc kai mia akolouj–a suneq∏n sunart†sewn f
n

: X ! R.
Na de–xete Ïti to s‘nolo

B = {x 2 X : upàrqei to lim
n!1

f

n

(x)}

e–nai Borel upos‘nolo tou X.

11. 'Estw X Ëna s‘nolo. Mia oikogËneia R ✓ P(X) lËgetai dakt‘lioc an e–nai
kleist† stic peperasmËnec en∏seic kai tic summetrikËc diaforËc. An epiplËon h
R e–nai kleist† stic arijm†simec en∏seic, ja lËgetai �-dakt‘lioc. Apode–xte ta
akÏlouja:

(a) Oi dakt‘lioi (ant–st. oi �-dakt‘lioi) e–nai kleisto– stic peperasmËnec (ant–st.
arijm†simec) tomËc.
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(b) 'Enac dakt‘lioc (ant–st. �-dakt‘lioc) R e–nai àlgebra (ant–st. �-àlgebra)
an kai mÏno an X 2 R.
(g) An o R e–nai �-dakt‘lioc, tÏte to {E ✓ X : E 2 R † E

c 2 R} e–nai
�-àlgebra.

(d) An o R e–nai �-dakt‘lioc, tÏte to {E ✓ X : E \ F 2 R gia kàje F 2 R}
e–nai �-àlgebra.

12. 'Estw X Ëna s‘nolo kai F ✓ P(X). Na de–xete Ïti gia kàje A 2 �(F) upàrqei
C
A

✓ F arijm†simh ∏ste A 2 �(C
A

).
(UpÏdeixh: Jewr†ste thn oikogËneia

A = {A 2 �(F) : upàrqei C
A

✓ F arijm†simh me A 2 �(C
A

)}

kai apode–xte Ïti e–nai �-àlgebra kai F ✓ A. Giat– Ëpetai to zhto‘meno;)
13. An X Ëna s‘nolo, mia �-àlgebra A sto X lËgetai arijm†sima paragÏmenh an

upàrqei arijm†simh oikogËneia C ∏ste A = �(C). Apode–xte Ïti h B(R) e–nai
arijm†sima paragÏmenh. EpiplËon, apode–xte to –dio gia thn B(X), Ïpou (X, d)
tuqa–oc diaqwr–simoc metrikÏc q∏roc.

Omàda G'.

14. 'Estw X Ëna s‘nolo. Mia oikogËneia M uposunÏlwn tou X lËgetai monÏtonh
klàsh sto X an ikanopoie– ta ex†c:

(i) E–nai kleist† stic a‘xousec en∏seic, dhlad† an (A
n

) a‘xousa akolouj–a
stoiqe–wn thcM, tÏte e–nai kai S1

n=1 An

2 M.
(ii) E–nai kleist† stic fj–nousec tomËc, dhlad† an (A

n

) fj–nousa akolouj–a
stoiqe–wn thcM, tÏte e–nai kai T1

n=1 An

2 M.
An � mia oikogËneia uposunÏlwn tou X, sumbol–zoume me m(�) th mikrÏterh
monÏtonh klàsh pou periËqei th � (lËme Ïti h m(�) paràgetai apÏ thn �). Na
apode–xete ta ex†c:

(a) Kàje klàsh Dynkin e–nai monÏtonh klàsh.

(b) An � mia oikogËneia uposunÏlwn tou X, tÏte m(�) ✓ �(�).

(g) Bre–te mia monÏtonh klàsh pou den e–nai klàsh Dynkin.

(d) An � e–nai mia àlgebra sto X, tÏte

m(�) = �(�).

15. 'Estw X Ëna s‘nolo kai F mia arijm†simh oikogËneia uposunÏlwn tou X. Na
deiqje– Ïti kai h A(F) (bl. àskhsh 5) e–nai arijm†simh.

16. 'Estw X Ëna s‘nolo kai A mia �-àlgebra sto X me àpeira stoiqe–a. Na de–xete
Ïti:

(a) H A periËqei mia àpeirh akolouj–a xËnwn anà d‘o sunÏlwn.
(b) H A e–nai uperarijm†simh.



Kefàlaio 2

MËtra

'Eqontac anapt‘xei th basik† jewr–a gia tic �-àlgebrec, mporo‘me t∏ra na or–soume
to basikÏ antike–meno aut∏n twn shmei∏sewn, dhlad† thn Ënnoia tou mËtrou. 'Ena
mËtro ja apod–dei se kàje s‘nolo miac �-àlgebrac Ënan mh arnhtikÏ arijmÏ, to
«m†koc» tou. Oi fusiologikËc apait†seic pou ja e–qe kane–c arqikà e–nai oi ex†c:

1. To kenÏ s‘nolo ; na Ëqei fusikà «m†koc» mhdËn kai
2. an (A

i

)
i2I

mia oikogËneia apÏ xËna anà d‘o stoiqe–a, (opo‘ proc to parÏn den
prosdior–zoume ti prËpei na isq‘ei gia to s‘nolo deikt∏n I), tÏte to «m†koc»
thc Ënwshc touc na iso‘tai me to àjroisma Ïlwn twn «mhk∏n».

O –dioc o orismÏc thc �-àlgebrac «epibàllei» to s‘nolo deikt∏n I sto 2 na e–nai to
pol‘ arijm†simo, ∏ste na exasfal–zetai Ïti an A

i

2 A gia kàje i 2 I, tÏte e–nai kai
S

i2I

A

i

2 A. AutÏ mpore–te na to de–te kai wc ex†c:
'Ena «fusiologikÏ» mËtro sto R ja apËdide se kàje kleistÏ diàsthma [a, b] to m†koc
tou b � a. 'Etsi, kàje monos‘nolo ja e–qe m†koc mhdËn. An to I sto 2 parapànw
mporo‘se na e–nai uperarijm†simo, gràfontac

A =
[

x2A

{x}

ja e–qame Ïti kàje s‘nolo A ✓ R Ëqei mhdenikÏ m†koc kai àra o orismÏc ja †tan
kenÏc no†matoc.

2.1 OrismÏc kai basikËc idiÏthtec

OrismÏc 2.1.1. 'Estw X Ëna s‘nolo kai A mia �-àlgebra sto X. Mia sunàrthsh
µ : A ! [0,1] lËgetai mËtro an:

(i) Isq‘ei µ(;) = 0 kai

(ii) to µ e–nai arijm†sima prosjetikÏ († �-prosjetikÏ), dhlad† an (A
n

)
n2N ako-

louj–a xËnwn anà d‘o sunÏlwn sthn A, tÏte e–nai

µ

 1
[

n=1

A

n

!

=

1
X

n=1

µ(A
n

). (2.1)
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ApÏ thn teleuta–a idiÏthta, Ëna tËtoio mËtro pollËc forËc anafËretai kai wc arij-
m†sima prosjetikÏ († �-prosjetikÏ) mËtro.

Ep–shc, to ze‘goc (X,A) lËgetai metr†simoc q∏roc, h triàda (X,A, µ) lËgetai
q∏roc mËtrou kai lËme Ïti to µ e–nai Ëna mËtro ston (X,A) † aplà sto X. Ta
stoiqe–a thc A lËgontai kai A-metr†sima s‘nola.
OrismÏc 2.1.2. 'Estw X Ëna s‘nolo kai A mia �-àlgebra sto X. Mia sunàrthsh
µ : A ! [0,1] lËgetai peperasmËna prosjetikÏ mËtro an:

(i) Isq‘ei µ(;) = 0 kai

(ii) to µ e–nai peperasmËna prosjetikÏ, dhlad† an (A
j

)n
j=1 mia peperasmËnh ako-

louj–a xËnwn anà d‘o stoiqe–wn thc A, tÏte e–nai

µ

0

@

n

[

j=1

A

j

1

A =

n

X

j=1

µ(A
j

). (2.2)

E–nai safËc Ïti kàje mËtro e–nai kai peperasmËna prosjetikÏ mËtro.

Parade–gmata 2.1.3. 'Estw (X,A) Ënac metr†simoc q∏roc.

(a') Gia A 2 A or–zoume

µ(A) =

⇢

n, an to A Ëqei n to pl†joc stoiqe–a
1, alli∏c

(2.3)

To µ e–nai mËtro:

ApÏdeixh. Profan∏c µ(;) = 0 kai gia na epalhje‘soume th (ii), arke– na parath-
r†soume Ïti an A

n

6= ;, gia àpeira to pl†joc n tÏte katal†goume sth sqËsh1 = 1
en∏ sthn ant–jeth per–ptwsh Ëqoume mia peperasmËnh xËnh Ënwsh peperasmËnwn su-
nÏlwn. OpÏte kai pàli isq‘ei to zhto‘meno.

To mËtro µ lËgetai arijmhtikÏ mËtro.

(b') Gia A 2 A or–zoume

⌫(A) =

⇢

0, an A = ;
1, alli∏c

(2.4)

To ⌫ e–nai ep–shc mËtro:

ApÏdeixh. E–nai ⌫(;) = 0 kai gia thn (ii), parathro‘me Ïti an isq‘ei A
n

= ; gia
kàje n, tÏte katal†goume se tautolog–a thc morf†c 0 = 0 en∏ an gia kàpoio n e–nai
A

n

6= ; tÏte katal†goume sthn 1 = 1.

(g') Gia x 2 X kai A 2 A or–zoume

�

x

(A) =

⇢

1, an x 2 A

0, an x /2 A

(2.5)

To �
x

e–nai mËtro (àskhsh) kai lËgetai mËtro Dirac sto x.
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An µ, ⌫ d‘o mËtra sto metr†simo q∏ro (X,A), tÏte to –dio isq‘ei kai gia ta µ+⌫
kai a · µ, Ïpou a 2 R me a � 0, Ïpou or–zontai apÏ tic sqËseic

(µ+ ⌫)(A) = µ(A) + ⌫(A), (a · µ)(A) = a · µ(A), A 2 A. (2.6)

An epiplËon upojËsoume Ïti gia kàje A 2 A e–nai ⌫(A) < 1 kai ⌫(A)  µ(A), tÏte
kai to µ� ⌫ e–nai mËtro.

EktÏc apÏ autËc tic aplËc pràxeic, upàrqei kai o ex†c trÏpoc na kataskeuàzoume
kaino‘rgia mËtra apÏ palià:

'Estw (X,A, µ) Ënac q∏roc mËtrou kai C 2 A. Or–zoume tÏte th sunàrthsh µ

C

:
A ! [0,1] jËtontac

µ

C

(A) = µ(A \ C), gia A 2 A (2.7)

Mpore– na de–xei kane–c Ïti to µ

C

e–nai mËtro sto metr†simo q∏ro (X,A). To µ

C

lËgetai o periorismÏc tou µ sto C. H apÏdeixh auto‘ tou isqurismo‘ af†netai wc
àskhsh.

PrÏtash 2.1.4. 'Estw (X,A, µ) q∏roc mËtrou.

(i) To µ e–nai monÏtono, dhlad† an gia A,B 2 A isq‘ei A ✓ B, tÏte e–nai kai
µ(A)  µ(B).

(ii) An epiplËon µ(A) < 1, tÏte µ(B \A) = µ(B)� µ(A).

ApÏdeixh. Gràfoume
B = A [ (B \A)

kai parathro‘me Ïti ta A kai B \ A e–nai xËna metax‘ touc. 'Etsi, apÏ thn prosje-
tikÏthta tou µ e–nai

µ(B) = µ(A) + µ(B \A).

'Ara, pràgmati µ(B) � µ(A) kai an epiplËon µ(A) < 1 e–nai
µ(B \A) = µ(B)� µ(A). (2.8)

Parathr†ste Ïti sthn apÏdeixh qrhsimopoi†same mÏno Ïti to µ e–nai peperasmËna
prosjetikÏ mËtro.

Parat†rhsh 2.1.5. To (ii) thc parapànw prÏtashc den Ëqei nÏhma an µ(A) = 1.
TÏte ja e–nai kai µ(B) = 1 apÏ to (i) en∏ to µ(B \A) mpore– na e–nai peperasmËnoc
arijmÏc † to àpeiro:

Gia paràdeigma, jewr†ste µ to arijmhtikÏ mËtro sto metr†simo q∏ro (N,P(N)) kai
ta s‘nola A = {2n : n = 1, 2, ...} kai A

m

= {m,m+ 1, ...}. TÏte A,A

m

✓ A1 = N
kai e–nai

µ(A1 \A) = 1, µ(A1 \Am

) = m� 1, m = 1, 2, ...

PrÏtash 2.1.6. 'Estw (X,A, µ) Ënac q∏roc mËtrou. To µ e–nai arijm†sima
upoprosjetikÏ († �-upoprosjetikÏ), dhlad† an (A

n

) tuqo‘sa akolouj–a stoiqe–wn
thc A, tÏte

µ

 1
[

n=1

A

n

!


1
X

n=1

µ(A
n

). (2.9)
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ApÏdeixh. Mimo‘mastË kàpwc thn apÏdeixh thc PrÏtashc 1.1.6. JËtoume

B

n

= A

n

\
n�1
[

j=1

A

j

, n = 1, 2, ... (2.10)

TÏte kàje B
n

2 A, ta B
n

e–nai xËna anà d‘o, isq‘ei B
n

✓ A

n

kai màlista

1
[

n=1

B

n

=

1
[

n=1

A

n

.

Sunep∏c:

µ

 1
[

n=1

A

n

!

= µ

 1
[

n=1

B

n

!

=

1
X

n=1

µ(B
n

) 
1
X

n=1

µ(A
n

),

lÏgw thc arijm†simhc prosjetikÏthtac tou µ kai thc monoton–ac.

PrÏtash 2.1.7. 'Estw (X,A, µ) q∏roc mËtrou. To mËtro µ e–nai «suneqËc» me
tic ex†c d‘o Ënnoiec:

(i) An (A
n

) a‘xousa akolouj–a stoiqe–wn thc A, tÏte e–nai

µ

 1
[

n=1

A

n

!

= lim
n!1

µ(A
n

). (2.11)

(ii) An A
n

fj–nousa akolouj–a stoiqe–wn thc A kai epiplËon µ(A1) < 1, tÏte e–nai

µ

 1
\

n=1

A

n

!

= lim
n!1

µ(A
n

). (2.12)

ApÏdeixh. (i) Jewro‘me ta s‘nola

B

n

= A

n

\A
n�1, n = 1, 2, ... (2.13)

(Ïpou Ëqoume jËsei A0 = ;) ta opo–a e–nai xËna anà d‘o kai parathro‘me Ïti gia
kàje n e–nai

A

n

=

n

[

j=1

A

j

=

n

[

j=1

B

j

.

Sunep∏c:

µ

 1
[

n=1

A

n

!

= µ

 1
[

n=1

B

n

!

=

1
X

n=1

µ(B
n

) =

lim
n

n

X

j=1

µ(B
j

) = lim
n

µ

0

@

n

[

j=1

B

j

1

A = lim
n

µ

0

@

n

[

j=1

A

j

1

A = lim
n

µ(A
n

).

(ii) Jewro‘me ta s‘nola

C

n

= A1 \An

gia n = 1, 2, .. (2.14)
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TÏte, h (C
n

) e–nai a‘xousa akolouj–a sthn A me
1
[

n=1

C

n

= A1 \
1
\

n=1

A

n

.

ApÏ to (i), Ëpetai t∏ra Ïti µ (
S1

n=1 Cn

) = lim
n

µ(C
n

), dhlad†

µ

 

A1 \
1
\

n=1

A

n

!

= lim
n

µ(A1 \An

).

'Etsi, apÏ thn PrÏtash 2.1.4 (ii) Ëqoume

µ(A1)� µ

 1
\

n=1

A

n

!

= µ(A1)� lim
n

µ(A
n

)

kai àra kai to zhto‘meno afo‘ µ(A1) < 1.

H upÏjesh µ(A1) < 1 sto (ii) thc parapànw prÏtashc e–nai apara–thth:
Gia paràdeigma, an jewr†soume µ to arijmhtikÏ mËtro sto (N,P(N)) kai th fj–nousa
akolouj–a (A

m

)
m�1 me Am

= {m,m + 1, ...} e–nai µ(A
m

) = 1 gia kàje m, en∏
µ (
T1

m=1 Am

) = µ(;) = 0.

Màlista, oi idiÏthtec thc PrÏtashc 2.1.7 qaràkthr–zoun eke–na ta peperasmËna
prosjetikà mËtra pou e–nai kai arijm†sima prosjetikà, s‘mfwna me thn akÏloujh
PrÏtash.

PrÏtash 2.1.8. 'Estw µ Ëna peperasmËna prosjetikÏ mËtro sto metr†simo q∏ro
(X,A). To µ e–nai mËtro an (kai mÏnon an) isq‘ei mia apÏ tic akÏloujec sunj†kec:

(i) Gia kàje a‘xousa akolouj–a (A
n

) stoiqe–wn thc A isq‘ei

µ

 1
[

n=1

A

n

!

= lim
n

µ(A
n

). (2.15)

(ii) Gia kàje fj–nousa akolouj–a (A
n

) stoiqe–wn thc A me T1
n=1 An

= ; isq‘ei
lim
n

µ(A
n

) = 0. (2.16)

ApÏdeixh. To µ e–nai peperasmËna prosjetikÏ mËtro kai àra mËnei na deiqje– mÏno
h arijm†simh prosjetikÏthta. Jewro‘me loipÏn akolouj–a (B

n

) xËnwn anà d‘o
stoiqe–wn thc A kai ja de–xoume Ïti µ (

S1
n=1 Bn

) =
P1

n=1 µ(Bn

).

'Estw Ïti isq‘ei to (i). JËtoume tÏte

A

n

=

n

[

k=1

B

k

(2.17)

kai parathro‘me Ïti A
n

2 A gia kàje n, h (A
n

) e–nai a‘xousa kai epiplËon

1
[

n=1

A

n

=

1
[

n=1

B

n

.
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'Etsi, e–nai:

µ

 1
[

n=1

B

n

!

= µ

 1
[

n=1

A

n

!

= lim
n

µ(A
n

) =

lim
n

µ

 

n

[

k=1

B

k

!

= lim
n

n

X

k=1

µ(B
k

) =

1
X

n=1

µ(B
n

),

lÏgw thc idiÏthtac (i) gia ta A

n

kai thc peperasmËnhc prosjetikÏthtac tou µ gia
ta B

n

.
Ac upojËsoume t∏ra Ïti isq‘ei to (ii). JËtoume tÏte

A

n

=

1
[

k=n

B

k

(2.18)

kai parathro‘me Ïti A
n

2 A gia kàje n, h (A
n

) e–nai fj–nousa kai epiplËon

1
\

n=1

A

n

= ;

(epeid† ta B
k

e–nai xËna, kanËna x 2 X de mpore– na an†kei se àpeira apÏ autà). Gia
kàje n Ïmwc, e–nai

1
[

n=1

B

n

= B1 [B2 [ ... [B

n�1 [A

n

kai apÏ thn peperasmËnh prosjetikÏthta tou µ pa–rnoume

µ

 1
[

n=1

B

n

!

=

n�1
X

k=1

µ(B
k

) + µ(A
n

).

StËlnontac to n sto àpeiro, pa–rnoume loipÏn

µ

 1
[

n=1

B

n

!

=

1
X

k=1

µ(B
k

),

afo‘ apÏ to (ii) Ëqoume lim
n

µ(A
n

) = 0.

Kle–noume aut† thn enÏthta, me ton orismÏ thc klàshc eke–nwn twn mËtrwn pou
ja mac e–nai pio qr†simec sta epÏmena.

OrismÏc 2.1.9. 'Estw (X,A, µ) Ënac q∏roc mËtrou. To mËtro µ lËgetai:

(i) peperasmËno an µ(X) < 1,
(ii) mËtro pijanÏthtac an µ(X) = 1 kai

(iii) �-peperasmËno an upàrqei akolouj–a (A
n

) stoiqe–wn thc A me X =
S1

n=1 An

kai µ(A
n

) < 1 gia kàje n = 1, 2, ...

Ant–stoiqa, lËme Ïti o q∏roc mËtrou (X,A, µ) e–nai peperasmËnoc, q∏roc pijanÏth-
tac † q∏roc �-peperasmËnou mËtrou.
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Parathr†seic 2.1.10. (a') An to µ e–nai peperasmËno, tÏte Ëqoume µ(A) < 1
gia kàje A 2 A, apÏ th monoton–a tou mËtrou.
(b') An to µ e–nai �-peperasmËno, gia kàje C 2 A mporo‘me na gràyoume

C = X \ C =

 1
[

n=1

A

n

!

\ C =

1
[

n=1

(A
n

\ C), (2.19)

me µ(A
n

\ C)  µ(A
n

) < 1.
(g') Ta s‘nola A

n

ston orismÏ tou �-peperasmËnou mËtrou mporo‘n na epilego‘n
kai xËna, jËtontac B

n

= A

n

\Sn�1
j=1 A

j

(Ïpwc Ëqoume xanakànei).

(d') Profan∏c isq‘oun oi sunepagwgËc

mËtro pijanÏthtac) peperasmËno mËtro ) s-peperasmËno mËtro,

allà kam–a apÏ autËc den antistrËfetai:

To diplàsio enÏc mËtrou pijanÏthtac e–nai fusikà peperasmËno, allà Ïqi mËtro pi-
janÏthtac. Ep–shc, to arijmhtikÏ mËtro sto (N,P(N)) e–nai �-peperasmËno allà Ïqi
peperasmËno (giat–;).

(e') Upàrqoun kai mËtra pou den e–nai �-peperasmËna, Ïpwc fer eipe–n, to mËtro ⌫
twn Paradeigmàtwn 2.1.3: gia X 6= ; e–nai ⌫(A) = 1 gia kàje A 2 A me A 6= ;.

2.2 MonadikÏthta

D‘o mËtra µ kai ⌫ se Ëna metr†simo q∏ro (X,A) e–nai –sa an gia kàje s‘nolo A 2 A
isq‘ei µ(A) = ⌫(A). Allà aut† h sunj†kh e–nai en gËnei d‘skolo na elegqje–.
OpÏte e–nai fusiologikÏ na rwt†sei kane–c: m†pwc an ta µ kai ⌫ taut–zontai se mia
«megàlh» upooikogËneia thc A mporo‘me na sunàgoume Ïti taut–zontai kai panto‘;
Thn apànthsh se autÏ, gia arketà kalà mËtra, th d–nei h akÏloujh prÏtash:

PrÏtash 2.2.1 (Je∏rhma MonadikÏthtac). 'Estw (X,A) metr†simoc q∏roc kai
� mia oikogËneia uposunÏlwn tou X kleist† stic peperasmËnec tomËc gia thn opo–a
isq‘ei �(�) = A. An µ kai ⌫ e–nai d‘o mËtra ston (X,A), ∏ste

µ(D) = ⌫(D), gia kàje D 2 �

kai isq‘ei mia apÏ tic akÏloujec sunj†kec, tÏte µ = ⌫:

(i) Ta µ kai ⌫ e–nai peperasmËna kai µ(X) = ⌫(X).

(ii) Ta µ kai µ e–nai �-peperasmËna kai eidikÏtera upàrqei mia a‘xousa akolouj–a
(D

n

)
n2N sthn � ∏ste X =

S1
n=1 Dn

kai µ(D
n

) = ⌫(D
n

) < 1 gia kàje n.
ApÏdeixh. (i) E–nai shmantikÏ na katano†sete aut† thn apÏdeixh afo‘ h teqnik†
pou qrhsimopoie–tai e–nai pol‘ sun†jhc sth Jewr–a MËtrou. Parathr†ste arqikà,
Ïti afo‘ h � e–nai kleist† stic peperasmËnec tomËc, s‘mfwna me to Je∏rhma 1.2.4
Ëqoume

�(�) = �(�) = A.

Jewro‘me thn oikogËneia

D = {A 2 A : µ(A) = ⌫(A)}. (2.20)
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O stÏqoc e–nai na de–xoume Ïti D = A. S‘mfwna me thn upÏjesh Ëqoume s–goura
ton egkleismÏ:

� ✓ D.

Afo‘ loipÏn e–nai A = �(�), arke– na de–xoume Ïti kai h D e–nai klàsh Dynkin, diot–
tÏte ja Ëqoume

A = �(�) ✓ D
àra kai th zhto‘menh isÏthta. Oi idiÏthtec tou orismo‘ thc klàshc Dynkin elËg-
qontai wc ex†c:

(a˛) Isq‘ei X 2 D apÏ thn upÏjesh (i).
(b˛) An A,B 2 D kai B ✓ A e–nai

µ(A \B) = µ(A)� µ(B) = ⌫(A)� ⌫(B) = ⌫(A \B).

(Parathr†ste Ïti qrhsimopoi†same xanà se autÏ to shme–o Ïti ta µ kai ⌫ e–nai
peperasmËna.) 'Etsi, A \B 2 D.

(g˛) 'Estw (A
n

) mia a‘xousa akolouj–a stoiqe–wn thc D. TÏte, e–nai

µ

 1
[

n=1

A

n

!

= lim
n

µ(A
n

) = lim
n

⌫(A
n

) = ⌫

 1
[

n=1

A

n

!

,

s‘mfwna me thn PrÏtash 2.1.7. 'Ara e–nai kai
S1

n=1 An

2 D.
'Ara pràgmati h D e–nai klàsh Dynkin kai h apÏdeixh oloklhr∏jhke.

(ii) Gia n = 1, 2, ... jewro‘me ta mËtra µ
n

, ⌫

n

: A ! [0,1] me

µ

n

(A) = µ(A \D

n

), ⌫

n

(A) = ⌫(A \D

n

), gia A 2 A, (2.21)

dhlad† touc periorismo‘c sto D
n

twn mËtrwn µ kai ⌫ ant–stoiqa. An D 2 �, e–nai

µ

n

(D) = µ(D \D

n

) = ⌫(D \D

n

) = ⌫

n

(D)

afo‘ h � e–nai kleist† stic peperasmËnec tomËc kai àra D \D

n

2 �. Ep–shc

µ

n

(X) = µ(X \D

n

) = µ(D
n

) = ⌫(D
n

) = ⌫(X \D

n

) = ⌫

n

(X) < 1.

'Etsi, gia ta µ

n

kai ⌫
n

plhro‘ntai oi upojËseic tou (i) kai sunep∏c µ
n

= ⌫

n

, gia
kàje n = 1, 2, ... An t∏ra A 2 A tuqÏn, gràfoume:

µ(A) = µ

 1
[

n=1

(A \D

n

)

!

= lim
n

µ(A \D

n

) = lim
n

µ

n

(A) =

lim
n

⌫

n

(A) = lim
n

⌫(A \D

n

) = ⌫

 1
[

n=1

(A \D

n

)

!

= ⌫(A),

dhlad† µ = ⌫.

Efarmog† 2.2.2. 'Estw µ kai ⌫ d‘o peperasmËna mËtra sto q∏ro (R,B(R)) ∏ste
µ ((�1, b]) = ⌫ ((�1, b]) gia kàje b 2 R. TÏte µ = ⌫.
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ApÏdeixh. 'Estw h oikogËneia � = {(�1, b] : b 2 R}. H � e–nai kleist† stic
peperasmËnec tomËc kai �(�) = B(R) (PrÏtash 1.1.10). Ep–shc,

µ(R) = lim
n

µ ((�1, n]) = lim
n

⌫ ((�1, n]) = ⌫(R) < 1.

S‘mfwna me thn parapànw prÏtash loipÏn e–nai µ = ⌫.

E‘kola blËpoume bËbaia Ïti oi upojËseic (i) kai (ii) e–nai apara–thtec gia thn isq‘
tou sumperàsmatoc. Gia paràdeigma, an µ to arijmhtikÏ mËtro ston (R,P(R)) kai
⌫ = 2µ, autà sump–ptoun sthn oikogËneia � en∏ genikà den e–nai –sa.

2.3 Pl†rwsh

Ac upojËsoume t∏ra Ïti se Ëna q∏ro mËtrou (X,A, µ) Ëqoume stajeropoi†sei Ëna
A 2 A me µ(A) = 0. An N Ëna tuqÏn upos‘nolo tou A den e–nai kajÏlou s–gouro
Ïti N 2 A: autÏ exartàtai apÏ thn epilog† thc �-àlgebrac. Par' Ïla autà an –squei
N 2 A tÏte s–goura ja e–nai µ(N) = 0. T–jetai loipÏn to er∏thma: mporo‘me na
epekte–noume th �-àlgebra A ∏ste na periËqei Ïla autà ta «amelhtËa» s‘nola; Ja
de–xoume sta epÏmena Ïti h apànthsh e–nai katafatik†.

OrismÏc 2.3.1. 'Estw (X,A, µ) q∏roc mËtrou kai N ✓ X. To N kale–tai µ-
mhdenikÏ s‘nolo an upàrqei Ëna A 2 A me N ✓ A kai µ(A) = 0.

O (X,A, µ) kale–tai pl†rhc (kai to µ pl†rec mËtro) an kàje µ-mhdenikÏ s‘nolo N
an†kei sthn A.
Orismo– 2.3.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou. Or–zoume tÏte:

(i) thn oikogËneia

A
µ

= {A ✓ X : upàrqoun E,F 2 A me E ✓ A ✓ F kai µ(F \E) = 0}. (2.22)
(Parathr†ste Ïti ja e–nai µ(E) = µ(F ).)

(ii) th sunàrthsh µ : A
µ

! [0,1] pou or–zetai apÏ th sqËsh µ(A) = µ(E)
opo‘ to E Ïpwc parapànw. (Parathro‘me Ïti gia B 2 A me B ✓ A e–nai
µ(B)  µ(F ) = µ(E) kai àra e–nai

µ(A) = sup{µ(B) : B 2 A, B ✓ A}. (2.23)

'Etsi, h µ e–nai kalà orismËnh sunàrthsh.)

H oikogËneia A
µ

kale–tai pl†rwsh thc A, h sunàrthsh µ pl†rwsh tou µ kai h triàda
(X,A, µ) pl†rwsh tou (X,A, µ).

Ta stoiqe–a thc A
µ

lËgontai µ-metr†sima s‘nola. E–nai àmesh apÏrroia tou para-
pànw orismo‘ Ïti kàje µ-mhdenikÏ s‘nolo e–nai kai µ-metr†simo. Kàpwc diaisjhtikà,
ta stoiqe–a thc A

µ

e–nai eke–na ta upos‘nola tou X pou apËqoun «µ-amelhtËa a-
pÏstash» (dhlad† katà Ëna µ-mhdenikÏ s‘nolo) apÏ stoiqe–a thc A.
PrÏtash 2.3.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou. TÏte h pl†rws† tou Ëqei
tic akÏloujec idiÏthtec:

(i) H A
µ

e–nai �-àlgebra sto X kai A ✓ A
µ

.
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(ii) TÏ µ e–nai pl†rec mËtro sto q∏ro (X,A
µ

) kai o periorismÏc tou sthn A e–nai
to µ, dhlad† µ|A = µ.

(iii) To µ e–nai to monadikÏ mËtro sthn A
µ

me µ|A = µ.

(iv) To µ e–nai pl†rec mËtro , A
µ

= A (kai àra µ = µ).

ApÏdeixh. Kat' arqàc, an A 2 A, pa–rnontac E = F = A sto (i) tou orismo‘ 2.2.4,
Ëpetai Ïti A 2 A

µ

kai µ(A) = µ(A). EpomËnwc, pràgmati A ✓ A
µ

kai µ|A = µ. Gia
ta upÏloipa t∏ra:

(i) E–nai fusikà A
µ

6= ;. An t∏ra A 2 A
µ

br–skoume E,F 2 A ∏ste
E ✓ A ✓ F (2.24)

kai µ(F \ E) = 0. E–nai Ïmwc epiplËon Ec

, F

c 2 A kai isq‘oun oi egkleismo–:
F

c ✓ A

c ✓ E

c

. (2.25)

Afo‘
E

c \ F c = E

c \ (F c)c = F \ E

c = F \ E (2.26)

e–nai kai µ(Ec \ F c) = 0 kai àra Ac 2 A
µ

, dhlad† h A
µ

e–nai kleist† sta sumplh-
r∏mata.
TËloc, an (A

n

) mia akolouj–a stoiqe–wn thc A
µ

br–skoume akolouj–ec (E
n

), (F
n

)
sthn A me

E

n

✓ A

n

✓ F

n

(2.27)

kai µ(F
n

\ E
n

) = 0 gia kàje n = 1, 2, .... 'Etsi, eqÏume kai

1
[

n=1

E

n

✓
1
[

n=1

A

n

✓
1
[

n=1

F

n

, (2.28)

me
S1

n=1 En

,

S1
n=1 Fn

2 A. Ep–shc, apÏ ton egkleismÏ
 1
[

n=1

F

n

!

\
 1
[

n=1

E

n

!

✓
1
[

n=1

(F
n

\ E
n

) (2.29)

Ëqoume

µ

  1
[

n=1

F

n

!

\
 1
[

n=1

E

n

!!

 µ

 1
[

n=1

(F
n

\ E
n

)

!


1
X

n=1

µ(F
n

\ E
n

) = 0.

'Epetai loipÏn Ïti
S1

n=1 An

2 A
µ

kai sunep∏c h A
µ

e–nai pràgmati �-àlgebra.

(ii) E–nai àmeso Ïti µ(;) = 0. An (A
n

) akolouj–a xËnwn anà d‘o sunÏlwn sthn
A

µ

, jewr∏ntac ta s‘nola E

n

tou orismo‘ Ëqoume, me bàsh thn apÏdeixh tou (i)
parapànw, Ïti

µ

 1
[

n=1

A

n

!

= µ

 1
[

n=1

E

n

!

(2.30)

kai afo‘ kai ta E
n

e–nai xËna (giat–;) e–nai telikà:

µ

 1
[

n=1

E

n

!

=

1
X

n=1

µ(E
n

) =

1
X

n=1

µ(A
n

).
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'Ara pràgmati to µ e–nai mËtro. EpiplËon to µ e–nai pl†rec:

An A Ëna µ-mhdenikÏ s‘nolo, upàrqei B 2 A
µ

me

A ✓ B kai µ(B) = 0.

ApÏ ton orismÏ tou µ br–skoume F 2 A ∏ste B ✓ F kai µ(F ) = 0. JËtontac E = ;,
Ëqoume

E ✓ A ✓ F kai µ(F \ E) = µ(F ) = 0.

EpomËnwc A 2 A
µ

.

(iii) 'Estw ⌫ Ëna mËtro sthn A
µ

∏ste ⌫|A = µ. TÏte, gia A 2 A
µ

br–skoume
E,F 2 A me E ✓ A ✓ F kai Ëqoume:

µ(E) = ⌫(E)  ⌫(A)  ⌫(F ) = µ(F ).

Afo‘ Ïmwc µ(E) = µ(F ) Ëpetai Ïti ⌫(A) = µ(E), dhlad† ⌫(A) = µ(A). EpomËnwc
⌫ = µ.

(iv) (() An A = A
µ

tÏte apÏ to (ii) Ëqoume Ïti µ = µ kai to µ e–nai pl†rec. 'Ara
kai to µ e–nai pl†rec.
()) 'Estw Ïti to µ e–nai pl†rec kai A 2 A

µ

. Ja de–xoume Ïti A 2 A. Br–skoume kai
pàli

E,F 2 A me E ✓ A ✓ F kai µ(F \ E) = 0.

'Ara to A \ E ✓ F \ E e–nai µ-mhdenikÏ s‘nolo kai apÏ thn upÏjesh A \ E 2 A.
'Etsi e–nai kai

A = E [ (A \ E) 2 A. (2.31)

Parade–gmata 2.3.4. (a') To arijmhtikÏ mËtro µ se opoiod†pote metr†simo
q∏ro (X,A) e–nai pl†rec, afo‘ to monadikÏ µ-mhdenikÏ s‘nolo e–nai to ; 2 A.
(b') 'Estw (X,A) metr†simoc q∏roc kai x 2 X ∏ste {x} 2 A 6= P(X). Se aut† thn
per–ptwsh, to mËtro Dirac µ = �

x

den e–nai pl†rec.

ApÏdeixh. Mporo‘me na parathr†soume Ïti A
µ

= P(X). Pràgmati, an A ✓ X

mporo‘me na gràyoume
A = (A \ {x}) [ (A \ {x}c)

kai A \ {x} = ; † {x} kai àra an†kei sthn A kai to A \ {x}c e–nai µ-mhdenikÏ afo‘
periËqetai sto {x}c pou Ëqei µ({x}c) = 0. 'Etsi, A 6= P(X) = A

µ

kai àra me bàsh
to (iv) to µ den e–nai pl†rec.

2.4 Ask†seic

Omàda A'.

1. 'Estw (X,A, µ) Ënac q∏roc mËtrou. Na de–xete Ïti h sunàrthsh µ
C

: A ! [0,1]
me

µ

C

(A) = µ(A \ C), A 2 A
or–zei Ëna mËtro sto q∏ro (X,A).
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2. 'Estw (X,A, µ) q∏roc mËtrou kai (A
n

) mia akolouj–a stoiqe–wn thc A. Na
de–xete Ïti

µ(lim inf
n

A

n

)  lim inf
n

µ(A
n

) (2.32)

kai Ïti an epiplËon µ (
S1

n=1 An

) < 1, tÏte
lim sup

n

µ(A
n

)  µ(lim sup
n

A

n

). (2.33)

3. (1o L†mma Borel-Cantelli) 'Estw (X,A, µ) kai (A
n

) akolouj–a stoiqe–wn thc A
gia ta opo–a isq‘ei

1
X

n=1

µ(A
n

) < 1.

Na de–xete Ïti µ(lim sup
n

A

n

) = 0.

4. An A 6= ; kai a : A ! [0,1] mia sunàrthsh, jËtoume

X

x2A

a(x) = sup

(

X

x2F

a(x) : F ✓ A, F 6= ; kai F peperasmËno
)

. (2.34)

EpiplËon, jËtoume
P

x2; a(x) = 0. 'Estw loipÏn s‘nolo X 6= ; kai mia sunàr-
thsh a : X ! [0,1]. Apode–xte ta ex†c:

(a) An
P

x2X

a(x) < 1, tÏte to s‘nolo J = {x 2 X : a(x) > 0} e–nai arijm†si-
mo. (UpÏdeixh:

J =

1
[

n=1

{x 2 X : a(x) >
1

n

}.)

(b) Na de–xete Ïti h sunàrthsh µ
a

: P(X) ! [0,1] pou or–zetai apÏ thn

µ

a

(A) =
X

x2A

a(x)

or–zei Ëna mËtro sto q∏ro (X,P(X)). H µ

a

e–nai h shmeiak† katanom† pou
epàgetai apÏ thn a kai o a(x) e–nai h màza tou x.

5. 'Estw (X,A) metr†simoc q∏roc kai {µ
n

} mia akolouj–a mËtrwn ston (X,A). Na
de–xete Ïti:

(a) H sunàrthsh µ : A ! [0,1] me

µ(A) =

1
X

n=1

µ

n

(A), A 2 A

e–nai mËtro ston (X,A).

(b) An epiplËon kàje µ
n

e–nai mËtro pijanÏthtac, tÏte kai h sunàrthsh ⌫ : A !
[0,1] me

⌫(A) =

1
X

n=1

1

2n
µ

n

(A), A 2 A

e–nai ep–shc mËtro pijanÏthtac.

6. Perigràyte Ïla ta mËtra sto q∏ro (N,P(N)).



2.4. Askhseic · 27

7. 'Estw (X,A, µ) Ënac pl†rhc q∏roc mËtrou. An gia kàpoia A 2 A kai B ✓ X

Ëqoume A4B 2 A kai µ(A4B) = 0, na de–xete Ïti B 2 A kai µ(A) = µ(B).

Omàda B'.

8. D∏ste paràdeigma �-peperasmËnou mËtrou µ sto q∏ro (R,P(R)) ∏ste µ((a, b)) =
1 gia kàje a < b 2 R.

9. 'Estw (X,A) metr†simoc q∏roc kai {µ
n

} mia a‘xousa akolouj–a mËtrwn ston
(X,A), dhlad† gia kàje n 2 N kai A 2 A isq‘ei µ

n

(A)  µ

n+1(A). Gia A 2 A
or–zoume

µ(A) = lim
n!1

µ

n

(A).

Na de–xete Ïti to µ e–nai Ëna mËtro ston (X,A).

10. 'Estw (X,A, µ) Ënac q∏roc �-peperasmËnou mËtrou kai (A
i

)
i2I

mia oikogËneia
xËnwn anà d‘o stoiqe–wn thc A. Na de–xete Ïti gia kàje A 2 A to s‘nolo
J

A

= {i 2 I : µ(A \A

i

) > 0} e–nai to arijm†simo.
11. 'Estw F mia àlgebra se Ëna s‘nolo X kai µ Ëna peperasmËno mËtro sto q∏ro

(X,�(F)). Na de–xete Ïti gia kàje A 2 �(F) kai " > 0 upàrqei F 2 F ∏ste

µ(A4F ) < ",

Ïpou A4F = (A \ F ) [ (F \A).

12. 'Estw (X,A, µ) Ënac q∏roc peperasmËnou mËtrou kai (A
n

) mia akolouj–a upo-
sunÏlwn tou X gia thn opo–a upàrqei � > 0 ∏ste µ(A

n

) � � gia kàje n 2 N.
(a) De–xte Ïti µ(lim sup

n

A

n

) > 0.

(b) De–xte Ïti upàrqei a‘xousa akolouj–a fusik∏n arijm∏n {k
n

} ∏ste
1
\

n=1

A

k

n

6= ;.

13. 'Estw (X,A, µ) Ënac q∏roc mËtrou. To µ lËgetai hmipeperasmËno an gia kàje
A 2 A me µ(A) = 1 upàrqei B ✓ A me B 2 A kai 0 < µ(B) < 1. Na de–xete
Ïti an (X,A, µ) q∏roc hmipeperasmËnou mËtrou kai A 2 A me µ(A) = 1, tÏte
gia kàje M > 0 upàrqei B 2 A me B ✓ A kai M < µ(B) < 1.

Omàda G'.

13. 'Estw (X,A, µ) Ënac q∏roc mËtrou. Or–zoume µ0 : A ! [0,1] me

µ0(A) = sup{µ(F ) : F ✓ A kai µ(F ) < 1}, A 2 A.

Na de–xete Ïti:

(a) To µ0 e–nai hmipeperasmËno mËtro (to hmipeperasmËno mËroc tou µ).

(b) An to µ e–nai hmipeperasmËno, tÏte µ0 = µ.

(g) Upàrqei mËtro ⌫ ston (X,A) pou pa–rnei mÏno tic timËc 0 kai1, tËtoio ∏ste
µ = µ0 + ⌫.
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14. 'Estw (X,A, µ) Ënac q∏roc mËtrou.

(a) Gia d‘o s‘nola A,B 2 A gràfoume A ⇠ B an µ(E4F ) = 0. Na de–xete Ïti
h ⇠ e–nai sqËsh isodunam–ac sthn A.
(b) Gia A,B 2 A or–zoume ⇢(A,B) = µ(A4B). Na de–xete Ïti h ⇢ e–nai metrik†
sto s‘nolo twn klàsewn isodunam–ac A/ ⇠.

15. 'Estw (X,A, µ) Ënac q∏roc mËtrou. 'Ena s‘nolo E ✓ X lËgetai topikà metr†si-
mo an E \A 2 A gia kàje A 2 A me µ(A) < 1. Or–zoume

A = {E ✓ X : E topikà metr†simo}.

(a) Na de–xete Ïti A ✓ A kai Ïti h A e–nai �-àlgebra. An A = A o (X,A, µ)
lËgetai koresmËnoc q∏roc mËtrou.

(b) De–xte Ïti an to µ e–nai �-peperasmËno, tÏte A = A.
(g) Or–zoume th sunàrthsh µ : A ! [0,1] me µ(A) = µ(A) gia A 2 A kai
µ(A) = 1 gia A 2 A\A. De–xte Ïti o (X,A, µ) e–nai koresmËnoc q∏roc mËtrou.

16. 'Estw (X,A, µ) Ënac q∏roc peperasmËnou mËtrou. De–xte Ïti ta akÏlouja e–nai
isod‘nama:

(a) To s‘nolo {µ(A) : A 2 A} e–nai peperasmËno.
(b) Gia kàje " > 0 upàrqei A 2 A me 0 < µ(A) < ".

(g) Upàrqei akolouj–a xËnwn anà d‘o sunÏlwn (A
n

)
n2N sthn A ∏ste µ(An

) > 0
gia kàje n 2 N.

17. 'Estw (X,A, µ) Ënac q∏roc peperasmËnou mËtrou kai mia oikogËneia E ✓ A. TÏte
upàrqei arijm†simh upooikogËneia F ✓ E ∏ste:

(i) An A 2 F , tÏte µ(A) > 0.

(ii) Ta stoiqe–a thc F e–nai xËna anà d‘o.
(iii) An F =

SF , to X \ F den periËqei kanËna stoiqe–o thc E gn†sia jetiko‘
µ-mËtrou.



Kefàlaio 3

Exwterikà mËtra

MËqri t∏ra Ëqoume or–sei epituq∏c thn Ënnoia tou mËtrou kai Ëqoume apode–xei me-
rikËc basikËc tou idiÏthtec. Par' Ïla autà, ta parade–gmata mËtrwn pou Ëqoume
kataskeuàsei e–nai arketà stoiqei∏dh kai Ïqi tÏso endiafËronta.
Se autÏ to kefàlaio ja parousiàsoume pr∏ta Ëna «mhqanismÏ» kataskeu†c mËtrwn
mËsw tou Jewr†matoc tou Karajeodwr†. H pore–a aut†c thc kataskeu†c e–nai me
l–ga lÏgia h ex†c:

1. Kataskeuàzoume mia sunàrthsh ' : P(X) ! [0,1] h opo–a ikanopoie– kàpoiec
asjenËsterec idiÏthtec apÏ autËc enÏc mËtrou (kai àra e–nai eukolÏtero na
kataskeuaste–). Mia tËtoia sunàrthsh ja th lËme exwterikÏ mËtro.

2. Perior–zoume thn ' se katàllhlh �-àlgebra A ✓ P(X) ∏ste o periorismÏc
autÏc na e–nai mËtro sto q∏ro (X,A).

San efarmog† aut†c thc diadikas–ac ja kataskeuàsoume to exwterikÏ mËtro Le-
besgue ston Rk pou ja mac odhg†sei argÏtera sth gen–keush tou oloklhr∏matoc
Riemann.

TËloc, ja parousiàsoume to Je∏rhma EpËktashc tou Karajeodwr† pou d–nei
mia ousiastikà ant–strofh diadikas–a kataskeu†c mËtrwn. Pio sugkekrimËna:

1. Kataskeuàzoume mia sunàrthsh µ pou «moiàzei me mËtro» kai or–zetai se mia
àlgebra A0 ✓ P(X).

2. Epekte–noume thn sunàrthsh aut† sth �-àlgebra A pou paràgei h A0.

H teleuta–a aut† teqnik† e–nai idia–tera qr†simh. E–nai gia paràdeigma domikÏ erga-
le–o gia th jemel–wsh thc Jewr–ac Pijanot†twn.

3.1 OrismÏc kai to exwterikÏ mËtro Lebesgue

OrismÏc 3.1.1. 'Estw X Ëna s‘nolo. Mia sunàrthsh ' : P(X) ! [0,1] lËgetai
exwterikÏ mËtro an:

(i) Isq‘ei '(;) = 0,

(ii) h ' e–nai monÏtonh, dhladh an A ✓ B ✓ X tÏte '(A)  '(B) kai
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(iii) h ' e–nai arijm†sima upoprosjetik† († �-upoprosjetik†), dhlad† an (A
n

)
n2N

akolouj–a uposunÏlwn tou X, tÏte e–nai

'

 1
[

n=1

A

n

!


1
X

n=1

'(A
n

). (3.1)

Me bàsh ta apotelËsmata tou prohgo‘menou kefala–ou e–nai safËc Ïti kàje mËtro
e–nai kai exwterikÏ mËtro.

Parade–gmata 3.1.2. (a') H sunàrthsh '1 : P(X) ! [0,1] me

'1(A) =

⇢

0, an A = ;
1, alli∏c

(3.2)

e–nai exwterikÏ mËtro:

ApÏdeixh. Oi sunj†kec (i) kai (ii) tou orismo‘ ikanopoio‘ntai profan∏c. Gia thn
(iii) t∏ra, an A

n

= ; gia kàje n isq‘ei profan∏c h isÏthta 0=0, en∏ an kàpoio
A

n0 e–nai mh kenÏ, tÏte '1 (
S1

n=1 An

) = 1 kai
P1

n=1 '1(An

) � '1(An0) = 1, Ïpwc
jËlame.

EpiplËon, e‘kola blËpoume Ïti an |X| � 2, h '1 den e–nai mËtro.

(b') H sunàrthsh '2 : P(X) ! [0,1] me

'2(A) =

⇢

0, an A arijm†simo
1, alli∏c

(3.3)

e–nai exwterikÏ mËtro:

ApÏdeixh. H sunj†kh (i) ikanopoie–tai afo‘ fusikà to ; e–nai arijm†simo s‘nolo.
Gia thn (ii), an A ✓ B kai to B e–nai uperarijm†simo, isq‘ei '2(A)  '2(B) = 1,
afo‘ h '2 lambànei mÏno tic timËc 0 kai 1. An to B e–nai arijm†simo pàli, kai to
A e–nai àrijm†simo, àra '2(A) = '2(B) = 0. Gia thn (iii), an kàpoio A

n0 e–nai
uperarijm†simo, h anisÏthta isq‘ei profan∏c Ïpwc kai sto (ii). An pàli Ïla ta A

n

e–nai arijm†sima, tÏte kai h
S1

n=1 An

e–nai arijm†simh kai àra

'2

 1
[

n=1

A

n

!

= 0 =
1
X

n=1

'2(An

).

'Ara pràgmati to '2 e–nai exwterikÏ mËtro.

Er∏thma: E–nai to '2 mËtro;1

1 'Iswc qreiaste–te thn upÏjesh tou suneqo‘c.
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3.1.1 To exwterikÏ mËtro Lebesgue

Ja d∏soume t∏ra ton orismÏ tou exwteriko‘ mËtrou Lebesgue �⇤ sto R. E–nai
fusiologikÏ, an I = (a, b) Ëna anoiktÏ diàsthma na jËloume na isq‘ei

�

⇤(I) = b� a. (3.4)

An t∏ra A ✓ R tuqÏn, mporo‘me pànta na kal‘youme to A apÏ arijm†sima to
pl†joc anoiktà diast†mata, dhlad† na bro‘me akolouj–a (I

n

)
n

, me I
n

= (a
n

, b

n

)
∏ste A ✓ S1

n=1 In (giat–;). TÏte, to àjroisma
P1

n=1(bn � a

n

) d–nei mia «apÏ pànw»
ekt–mhsh gia to «m†koc» tou A kai àra e–nai logikÏ loipÏn na zht†soume

�

⇤(A) 
1
X

n=1]

(b
n

� a

n

), gia opoiad†pote tËtoia kàluyh (I
n

)
n

tou A. (3.5)

Odhgo‘maste loipÏn fusiologikà ston ex†c orismÏ:

OrismÏc 3.1.3. To exwterikÏ mËtro Lebesgue �⇤ : P(R) ! [0,1] or–zetai wc
ex†c:

�

⇤(A) = inf

( 1
X

n=1

(b
n

� a

n

) : a

n

, b

n

2 R, kai A ✓
1
[

n=1

(a
n

, b

n

)

)

, (3.6)

gia kàje A ✓ R.

Oi basikËc idiÏthtec tou exwteriko‘ mËtrou Lebesgue periËqontai sthn akÏloujh
PrÏtash.

PrÏtash 3.1.4. (i) To �⇤ : P(X) ! [0,1] e–nai pràgmati Ëna exwterikÏ mËtro
sto R.

(ii) Gia a, b 2 R me a  b e–nai

�

⇤([a, b]) = �

⇤([a, b)) = �

⇤((a, b]) = �

⇤((a, b)) = b� a. (3.7)

(iii) An I mh fragmËno diàsthma sto R, tÏte �⇤(I) = 1,
ApÏdeixh. (i) Oi idiÏthtec tou exwteriko‘ mËtrou elËgqontai wc ex†c:

(a˛) Gia kàje " > 0, e–nai ; ✓ (�", "). 'Etsi, me bàsh ton orismÏ tou �⇤ (jËtoume
a1 = �", b1 = " kai a

n

= b

n

gia kàje n � 2) e–nai

�

⇤(;)  2".

Afo‘ to " > 0 †tan tuqÏn, e–nai �⇤(;) = 0.

(b˛) An A ✓ B ✓ R, tÏte kàje akolouj–a diasthmat∏n pou kal‘ptei to B ja
kal‘ptei kai to A. 'Etsi, to �⇤(A) ja e–nai mikrÏtero afo‘ pa–rnoume infimum
se perissÏtera s‘nola. Pio formalistikà, an B ✓ S1

n=1(an, bn), tÏte e–nai kai
A ✓ S1

n=1(an, bn). Dhlad†
(

((a
n

, b

n

))
n

: B ✓
1
[

n=1

(a
n

, b

n

)

)

✓
(

((a
n

, b

n

))
n

: A ✓
1
[

n=1

(a
n

, b

n

)

)

, (3.8)
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kai ara

inf

( 1
X

n=1

(b
n

� a

n

) : B ✓
1
[

n=1

(a
n

, b

n

)

)

� inf

( 1
X

n=1

(b
n

� a

n

) : A ✓
1
[

n=1

(a
n

, b

n

)

)

.

'Etsi, �⇤(A)  �

⇤(B), dhlad† to �⇤ e–nai monÏtono.

(g˛) 'Estw t∏ra akolouj–a (A
n

) uposunÏlwn tou R. Ja de–xoume Ïti

�

⇤

 1
[

n=1

A

n

!


1
X

n=1

�

⇤(A
n

).

An
P

n

�

⇤(A
n

) = 1, to zhto‘meno e–nai profanËc. UpojËtoume loipÏn Ïti
P

n

�

⇤(A
n

) < 1. 'Ara e–nai kai �⇤(A
n

) < 1 gia kàje n. 'Estw " > 0. ApÏ ton
orismÏ tou �⇤, gia kàje n br–skoume akolouj–a (I

n,j

)
j2N me In,j = (a

n,j

, b

n,j

)
∏ste

A

n

✓
[

j

I

n,j

kai
1
X

j=1

(b
n,j

� a

n,j

) < �

⇤(A
n

) +
"

2n
.

TÏte, h oikogËneia (I
n,j

)(n,j) e–nai arijm†simh (afo‘ to N⇥N e–nai arijm†simo)
kai isq‘ei

1
[

n=1

A

n

✓
1
[

n,j=1

I

n,j

.

'Ara

�

⇤

 1
[

n=1

A

n

!


X

n,j

(b
n,j

� a

n,j

) =
X

n

0

@

X

j

(b
n,j

� a

n,j

)

1

A 


X

n

⇣

�

⇤(A
n

) +
"

2n

⌘

=
X

n

�

⇤(A
n

) + ".

Afo‘ to " > 0 †tan tuqÏn Ëpetai kai h zhto‘menh.

'Ara, pràgmati to �⇤ e–nai exwterikÏ mËtro.

(ii) 'Estw a, b 2 R me a  b. Ja de–xoume Ïti �⇤([a, b]) = b� a. 'Estw " > 0. E–nai
[a, b] ✓ �a� "

2 , b+
"

2

�

, àra �⇤([a, b])  b� a+ ". Afo‘ xekin†same me tuqa–o " > 0,
e–nai

�

⇤([a, b])  b� a.

Gia thn ant–strofh anisÏthta t∏ra, jewro‘me akolouj–a anoikt∏n diasthmàtwn
I

n

= (a
n

, b

n

), n = 1, 2, ... me [a, b] ✓ S1
n=1(an, bn) kai prËpei na de–xoume Ïti

1
X

n=1

(b
n

� a

n

) � b� a.

To diàsthma [a, b] e–nai sumpagËc s‘nolo, àra to anoiktÏ kàlumma (I
n

)
n

Ëqei pepe-
rasmËno upokàlumma, dhlad† upàrqei m 2 N ∏ste [a, b] ✓ Sm

n=1(an, bn).
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IsqurismÏc. E–nai
P

m

n=1(bn � a

n

) � b� a.

Ja apodeiqje– me epagwg† sto m. Gia m = 1 o isqurismÏc e–nai profan†c. Ac
upojËsoume Ïti isq‘ei gia m = k kai gia to epagwgikÏ b†ma jewro‘me Ïti

[a, b] ✓
k+1
[

n=1

(a
n

, b

n

).

TÏte upàrqei 1  i  k + 1 ∏ste a 2 (a
i

, b

i

). D–qwc blàbh upojËtoume Ïti i = 1,
dhlad† Ïti isq‘ei a1 < a < b1. An b1 � b, tÏte (a, b) ✓ (a1, b1] kai àra

b� a < b1 � a1 
k+1
X

n=1

(b
n

� a

n

).

An pàli b1 < b e–nai

[b1, b] ✓
k+1
[

n=2

(a
n

, b

n

)

kai àra, apÏ thn epagwgik† upÏjesh

b� b1 
k+1
X

n=2

(b
n

� a

n

).

'Etsi, Ëqoume

b� a < b� a1 = (b1 � a1) + (b� b1) 
k+1
X

n=1

(b
n

� a

n

),

Ïpwc jËlame. Pràgmati loipÏn o isqurismÏc alhje‘ei.
'Ara profan∏c e–nai kai

P1
n=1(bn � a

n

) � P

m

n=1(bn � a

n

) � b � a, kai telikà
�

⇤([a, b]) = b� a.
Gia to anoiktÏ diàsthma (a, b) t∏ra, an a < b e–nai kai a + 1

n

 b � 1
n

gia
megàlec timËc tou n. 'Etsi,

⇥

a� 1
n

, b+ 1
n

⇤ ✓ (a, b) ✓ [a, b] kai apÏ th monoton–a tou
exwteriko‘ mËtrou

�

⇤
✓

a� 1

n

, b+
1

n

�◆

= b� a� 2

n

 �

⇤((a, b))  b� a.

StËlnontac to n sto 1 Ëqoume loipÏn �⇤((a, b)) = b� a. ApÏ th monoton–a tou �⇤

t∏ra, e–nai àmesec kai oi àllec d‘o isÏthtec.

(iii) Kàje mh fragmËno diàsthma I periËqei fragmËna diast†mata osod†pote megàlou
m†kouc, dhlad† gia kàje fusikÏ n upàrqei a

n

2 R ∏ste (a
n

, a

n

+ n) ✓ I. 'Etsi
�

⇤(I) � n gia kàje n kai Ëpetai to zhto‘meno.

Me tic –diec idËec allà l–go perissÏtero kÏpo, mporo‘me na kataskeuàsoume
kai to mËtro Lebesgue ston Rk. 'Ena anoiktÏ fragmËno diàsthma ston Rk e–nai Ëna
s‘nolo thc morf†c

I =

k

Y

j=1

(a
j

, b

j

) = (a1, b1)⇥ (a2, b2)⇥ ...⇥ (a
k

, b

k

) (3.9)
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Ïpou a
j

< b

j

2 R. O Ïgkoc tou diast†matoc I e–nai h posÏthta

v(I) = (b1 � a1)(b2 � a2)...(bk � a

k

). (3.10)

GenikÏtera, Ëna diàsthma ston Rk e–nai Ëna s‘nolo thc morf†c I =
Q

k

j=1 Ij , Ïpou
I1, I2, ..., Ik diast†mata sto R kai o Ïgkoc tou e–nai to ginÏmeno twn mhk∏n twn
diasthmàtwn I

j

(Ïpou kànoume th s‘mbash 0 · 1 = 0). Genike‘ontac loipÏn ton
OrismÏ 3.1.3 diatup∏noume ton akÏloujo:

OrismÏc 3.1.5. To exwterikÏ mËtro Lebesgue �⇤
k

: P(Rk) ! [0,1] ston Rk

or–zetai wc ex†c:

�

⇤
k

(A) = inf

( 1
X

n=1

v(I
n

) : I

n

✓ Rk anoiktÏ fragmËno diàsthma kai A ✓
1
[

n=1

I

n

)

,

(3.11)
gia kàje A ✓ Rk.

E–nai safËc apÏ ton orismÏ Ïti �⇤1 = �

⇤. MerikËc forËc, qàrin aplÏthtac, gràfoume
kai �⇤

k

= �

⇤.

Gia na apode–xoume tic basikËc idiÏthtec tou �⇤
k

(dhlad† ta anàloga thc PrÏtashc
3.1.4) ja qreiasto‘me to akÏloujo gewmetrikÏ L†mma:

L†mma 3.1.6. (i) H oikogËneia � twn uposunÏlwn tou Rk pou gràfontai wc
peperasmËnec xËnec en∏seic diasthmàtwn e–nai mia àlgebra ston Rk.

(ii) 'Estw I

j

, j = 1, 2, ..., n xËna diast†mata ston Rk, I =
S

n

j=1 Ij h Ënws† touc
kai J Ëna diàsthma ston Rk ∏ste I ✓ J . TÏte

n

X

j=1

v(I
j

)  v(J) (3.12)

kai an epiplËon to I e–nai diàsthma e–nai kai

n

X

j=1

v(I
j

) = v(I). (3.13)

I1

I2

I3
J

I1

I2 I3

I4

I5

I

Sq†ma 3.1: L†mma 3.1.6 (ii)
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ApÏdeixh. (i) E–nai emfanËc Ïti � 6= ;. 'Estw A,B 2 �. TÏte, gràfoume A =
S

n

i=1 Ii kai B =
S

m

j=1 Jj , Ïpou (I
i

)
i

kai (J
j

)
j

oikogËneiec xËnwn diasthmàtwn sto
Rk. TÏte

A \B =
[

i,j

I

i

\ J

j

Ïpou h (I
i

\J
j

)(i,j) e–nai ep–shc oikogËneic xËnwn diasthmàtwn ston Rk. 'Etsi A\B 2
�, dhlad† h � e–nai kleist† stic peperasmËnec tomËc.

Gia ta sumplhr∏mata t∏ra, parathro‘me Ïti an I Ëna diàsthma ston Rk tÏte
I

c ⌘ Rk \ I 2 �.

I

J1 J2 J3

J4

J5J6J7

J8

Sq†ma 3.2: Gia kàje diàsthma I e–nai Ic 2 �.

'Etsi, Ac =
T

n

i=1 I
c

i

2 � apÏ ta parapànw. 'Ara pràgmati h � e–nai àlgebra.

Parat†rhsh 3.1.7. 'Estw �0 ◆ � h oikogËneia twn peperasmËnwn en∏sewn dia-
sthmàtwn ston Rk (Ïqi anagkastikà xËnwn). TÏte � = �0, afo‘ h � e–nai àlgebra
pou periËqei ta diast†mata kai sunep∏c �0 ✓ �. 'Etsi, kàje peperasmËnh Ënwsh
diasthmàtwn tou Rk mpore– na grafe– kai wc peperasmËnh xËnh Ënwsh diasthmàtwn.

(ii) Ja to apode–xoume me epagwg† sto n. Gia n = 1 to zhto‘meno e–nai profanËc.
UpojËtoume Ïti isq‘ei gia n = m kai ja to apode–xoume gia n = m + 1. H idËa
e–nai na qwr–soume ton Rk se d‘o hm–qwro‘c, ∏ste h tom† tou I me ton kajËnan apÏ
auto‘c na e–nai Ënwsh m diasthmàtwn, ant– gia m+ 1, kai na efarmÏsoume eke– thn
epagwgik† upÏjesh.
Mporo‘me na upojËsoume Ïti I

j

6= ; gia kàje j, afo‘ sthn ant–jeth per–ptwsh
briskÏmaste sto n = m. Gia kàje j = 1, 2, ...,m+ 1 gràfoume

I

j

=

k

Y

�=1

I

j,�

,

Ïpou I
j,�

diast†mata sto R. TÏte

I1 \ I

m+1 =

 

k

Y

�=1

I1,�

!

\
 

k

Y

�=1

I

m+1,�

!

=

k

Y

�=1

(I1,� \ I

m+1,�) = ;.

'Ara, upàrqei 1  �0  k ∏ste I1,�0 \ I

m+1,�0 = ;. Mporo‘me na upojËsoume Ïti
to I1,�0 e–nai «aristerà» tou Im+1,�0 . An � to dex– àkro tou I1,�0 , jËtoume
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J1 = {(x1, x2, ..., xk

) 2 Rk : x

�0 < �} kai J1 = {(x1, x2, ..., xk

) 2 Rk : x

�0 > �}.

�

I1 I

m+1

J1 J2

Sq†ma 3.3: Ta I1 kai Im+1 diaqwr–zontai apÏ to uperep–pedo x�0 = �.

TÏte, afo‘ J1 \ I

m+1 = ; e–nai

J1 \ I =

m

[

j=1

(J1 \ I

j

) ✓ J1 \ J

kai Ïmoia, afo‘ J2 \ I1 = ;

J2 \ I =

m+1
[

j=2

(J2 \ I

j

) ✓ J2 \ J.

ApÏ thn epagwgik† upÏjesh, Ëqoume tic sqËseic

m

X

j=1

v(J1 \ I

j

)  v(J1 \ J) kai
m+1
X

j=2

v(J2 \ I

j

)  v(J2 \ J)

àra

v(J) = v(J1 \ J) + v(J2 \ J) �
m

X

j=1

v(J1 \ I

j

) +
m+1
X

j=2

v(J2 \ I

j

) =

m+1
X

j=1

v(J1 \ I

j

) +
m+1
X

j=1

v(J2 \ I

j

) =
m+1
X

j=1

(v(J1 \ I

j

) + v(J2 \ I

j

) =
m+1
X

j=1

v(I
j

),

Ïpou qrhsimopoi†same tic sqËseic v(;) = 0 kai

v(K) = v(K \ J1) + v(K \ J2) (3.14)

gia kàje K diàsthma tou Rk.

An t∏ra to I e–nai diàsthma, tÏte to –dio isq‘ei kai gia ta J1 \ I kai J2 \ I. 'Etsi,
apÏ thn epagwgik† upÏjesh pàli, e–nai

m

X

j=1

v(J1 \ I) = v(J1 \ I) kai
m+1
X

j=2

v(J2 \ I

j

) = v(J2 \ I). (3.15)

Ajro–zontac Ïpwc kai parapànw Ëpetai Ïti v(I) =
P

m+1
j=1 v(I

j

), àra kai to zhto‘meno.
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Qrhsimopoi∏ntac autÏ to (teqnikÏ) L†mma, Ëqoume to ex†c anàlogo thc PrÏta-
shc 3.1.4:

PrÏtash 3.1.8. (i) To �⇤ : P(Rk) ! [0,1] e–nai pràgmati Ëna exwterikÏ mËtro
sto Rk.

(ii) Gia kàje I diàsthma tou Rk isq‘ei �⇤(I) = v(I).

ApÏdeixh. H apÏdeixh aut† diafËrei apÏ thn apÏdeixh thc PrÏtashc 3.1.4 mÏno ston
isqurismÏ pou diamorf∏netai wc ex†c:

IsqurismÏc: AnK =
Q

k

�=1[a�, b�] Ëna sumpagËc diàsthma ston Rk kai I1, I2, ..., In
anoiktà fragmËna diast†mata me K ✓ Sn

j=1 Ij , tÏte

v(K) 
n

X

j=1

v(I
j

). (3.16)

Gia thn apÏdeixh tou Isqurismo‘, ja qrhsimopoi†soume to L†mma 3.1.7 (i) ∏ste
na «spàsoume» to

S

n

j=1 Ij se xËnh Ënwsh anoikt∏n diasthmàtwn kai Ëpeita to (ii)
∏ste na pàroume to zhto‘meno. SugkekrimËna, jewro‘me ta s‘nola

E

j

= I

j

\
j�1
[

i=1

I

i

, j = 1, 2, ..., n (3.17)

kai parathro‘me Ïti e–nai xËna anà d‘o stoiqe–a thc� (blËpe to prohgo‘meno L†mma),
E

j

✓ I

j

gia kàje j kai epiplËon isq‘ei
S

n

j=1 Ej

=
S

n

j=1 Ij . 'Etsi, apÏ to L†mma
3.1.7 (i), kàje E

j

gràfetai wc peperasmËnh xËnh Ënwsh diasthmàtwn tou Rk. 'Estw
J

t

, t = 1, 2, ...,m mia ar–jmhsh Ïlwn aut∏n twn diasthmàtwn. TÏte, ta J
t

e–nai xËna
anà d‘o (giat–;) kai

K ✓
n

[

j=1

I

j

=

n

[

j=1

E

j

=

m

[

t=1

J

t

.

'Etsi, e–nai K =
S

m

t=1(K \ J

t

), Ïpou ta K \ J

t

e–nai xËna anà d‘o diast†mata. 'Etsi,
apÏ to (ii) tou prohgo‘menou L†mmatoc Ëqoume

v(K) =

m

X

t=1

v(K \ J

t

) 
m

X

t=1

v(J
t

) =

n

X

j=1

X

{t:J
t

✓I

j

}

v(J
t

) =

n

X

j=1

v(E
j

) 
n

X

j=1

v(I
j

),

Ïpwc jËlame.

PrÏtash 3.1.9. An A ✓ Rk Ëna arijm†simo s‘nolo tÏte �⇤(A) = 0.

ApÏdeixh. 'Estw A = {x
n

: n = 1, 2, ...}. TÏte, gia " > 0 e–nai

A ✓
1
[

n=1

k

Y

�=1

⇣

x

n

(�)� "

2n
, x

n

(�) +
"

2n

⌘

(3.18)

kai àra, apÏ ton orismÏ tou �⇤ e–nai

�

⇤(A) 
1
X

n=1

k

Y

�=1

⇣

(x
n

(�) +
"

2n
)� (x

n

(�)� "

2n
)
⌘

=

1
X

n=1

(2")k

2nk
=

"

k

1� 1/2k
.

Afo‘ xekin†same me tuqa–o " > 0 Ëqoume pràgmati �⇤(A) = 0.
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3.1.2 Kataskeu† exwterik∏n mËtrwn

H idËa thc kataskeu†c tou exwteriko‘ mËtrou Lebesgue e–nai ousiastikà na kal‘you-
me kàje s‘nolo me mia arijm†simh Ënwsh «kal∏n» sunÏlwn (diasthmàtwn sth sug-
kekrimËnh per–ptwsh) twn opo–wn gnwr–zoume to «mËtro» kai sth sunËqeia na do‘me
pÏso kal† mpore– aut† h prosËggish na g–nei. Aut† h diadikas–a mpore– na genikeuje–
∏ste na mac d∏sei Ëna «mhqanismÏ» kataskeu†c exwterik∏n mËtrwn. QreiazÏmaste
pr∏ta Ënan OrismÏ:

OrismÏc 3.1.10. 'Estw X 6= ;. Mia oikogËneia C ✓ P(X) uposunÏlwn tou X

lËgetai �-kàluyh tou X an

(i) ; 2 C kai
(ii) upàrqoun X1, X2, ... 2 C ∏ste X =

S1
n=1 Xn

.

Je∏rhma 3.1.11 (Kataskeu†c exwterik∏n mËtrwn). 'Estw X 6= ;, C mia �-
kàluyh tou X kai ⌧ : C ! [0,1] mia sunàrthsh me ⌧(;) = 0. H sunàrthsh
' : P(X) ! [0,1] me

'(A) = inf

( 1
X

n=1

⌧(C
n

) : C

n

2 C kai A ✓
1
[

n=1

C

n

)

(3.19)

gia A ✓ X e–nai Ëna exwterikÏ mËtro sto X.

Prin thn apÏdeixh tou Jewr†matoc, parathr†ste Ïti afo‘ h C e–nai �-kàluyh h
sunàrthsh ' e–nai kalà orismËnh. H apÏdeixh e–nai ousiastikà auto‘sia me thn
apÏdeixh thc PrÏtashc 3.1.4 (i) kai àra e–nai kalÏ na prospaj†sete na thn kànete
wc àskhsh. Thn sumplhr∏noume gia lÏgouc plhrÏthtac.

ApÏdeixh. Oi idiÏthtec tou Orismo‘ 3.1.1 elËgqontai wc ex†c:

(i) Gia to kenÏ s‘nolo e–nai ; ✓ S
n

; kai àra '(;) P
n

⌧(;) = 0. 'Ara '(;) = 0.

(ii) An A ✓ B ✓ X tÏte, kàje kàluyh tou B apÏ stoiqe–a thc C e–nai kai kàluyh
tou A, dhlad†

(

(C
n

)
n

: C
n

2 C kai B ✓
[

n

C

n

)

✓
(

(C
n

)
n

: C
n

2 C kai A ✓
[

n

C

n

)

.

Sunep∏c, pràgmati '(A)  '(B) (giat–;).

(iii) MËnei na de–xoume mÏno thn arijm†simh upoprosjetikÏthta tou '. 'Estw (A
n

)
n

mia akolouj–a uposunÏlwn tou X. Ja deixoume Ïti ' (
S

n

A

n

) P
n

'(A
n

).

An
P

n

'(A
n

) = 1 to zhto‘meno e–nai profanËc. UpojËtoume loipÏn ÏtiP
n

'(A
n

) <
1 kai àra e–nai kai '(A

n

) < 1 gia kàje n. 'Estw " > 0. Gia kàje n loipÏn, br–skou-
me akolouj–a stoiqe–wn thc C, (C

n,j

)
j

∏ste C
n

✓ S
j

C

n,j

kai

1
X

j=1

⌧(C
n,J

)  '(C
n

) +
"

2n
.
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TÏte
S

n

C

n

✓ S
n,j

C

n,j

kai àra (afo‘ to N⇥ N e–nai arijm†simo) e–nai

'

 1
[

n=1

C

n

!


1
X

n=1

0

@

1
X

j=1

⌧(C
n,j

)

1

A 
X

n

'(C
n

) + ".

'Ara, gia "! 0 isq‘ei kai to zhto‘meno.

3.2 Metr†sima s‘nola

'Estw ' : P(X) ! [0,1] Ëna exwterikÏ mËtro sto s‘nolo X. 'Opwc e–pame kai sthn
eisagwg† tou kefala–ou, anazhto‘me mia �-àlgebra A sto X ∏ste o periorismÏc '|A
na e–nai mËtro sto q∏ro (X,A). Mia tËtoia �-àlgebra upàrqei pànta (h tetrimmËnh
A = {;, X}), Ïmwc qreiazÏmaste na yàxoume gia mia arketà pio «plo‘sia» apÏ
aut†. 'Ena «mhqanismÏ» gia na to pet‘qoume autÏ d–nei o akÏloujoc orismÏc twn
'-metr†simwn sunÏlwn se sunduasmÏ me to Je∏rhma tou Karajeodwr† 3.2.3.

OrismÏc 3.2.1. 'Estw ' : P(X) ! [0,1] Ëna exwterikÏ mËtro se Ëna s‘nolo X.
'Ena B ✓ X lËgetai '-metr†simo an «kÏbei swstà» kàje àllo upos‘nolo tou X,
dhlad†

'(A) = '(A \B) + '(A \B), (3.20)

gia kàje A ✓ X. Sumbol–zoume me M
'

thn oikogËneia Ïlwn twn '-metr†simwn
uposunÏlwn tou X.

Parathr†seic 3.2.2. (a') ApÏ thn upoprosjetikÏthta tou exwteriko‘ mËtrou
h sqËsh '(A)  '(A \ B) + '(A \ B

c) isq‘ei pànta. 'Etsi, gia na deiqje– Ïti Ëna
B ✓ X e–nai '-metr†simo arke– na elegqje– h anisÏthta

'(A) � '(A \B) + '(A \B), gia kàje A ✓ X. (3.21)

'Omwc, h anisÏthta aut† e–nai profan†c sthn per–ptwsh pou '(A) = 1. Sunep∏c,
arke– na koitàxoume mÏno eke–na ta A ✓ X me '(A) < 1.
(b') ApÏ to (a') prok‘ptei Ïti kàje B ✓ X me '(B) = 0 e–nai '-metr†simo, afo‘ apÏ
th monoton–a tou ' Ëqoume '(A \B) = 0 kai '(A \B)  '(A).

Je∏rhma 3.2.3 (Karajeodwr†). 'Estw ' : P(X) ! [0,1] Ëna exwterikÏ mËtro
sto s‘nolo X. TÏte h M

'

e–nai mia �-àlgebra sto X kai o periorismÏc '|M
'

tou
' sthM

'

e–nai pl†rec mËtro.

ApÏdeixh. Ja d∏soume thn apÏdeixh se b†mata.

B†ma 1. HM
'

e–nai àlgebra.

An A ✓ X e–nai

'(A \X) + '(A \X) = '(A) + '(;) = '(A).

'Ara X 2 M
'

.

An B 2 M
'

kai A ✓ X, e–nai

'(A) = '(A \B) + '(A \B

c) = '(A \B

c) + '(A \ (Bc)c),
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dhlad† Bc 2 M
'

.

Jewro‘me t∏ra B1, B2 2 M
'

kai ja de–xoume Ïti B1 \ B2 2 M
'

. 'Estw A ✓ X.
Afo‘ B1 2 M

'

e–nai
'(A) = '(A \B1) + '(A \B

c

1)

kai afo‘ B2 2 M
'

'(A \B1) = '(A \B1 \B2) + '(A \B1 \B

c

2).

'Omwc, B1 \B2 = B1 \ (B1 \B2) kai Bc

1 ✓ (B1 \B

2)c, àra

'(A \B1 \B

c

2) + '(A \B

c

1) = '(A \ (B1 \B2)
c \B1) + '(A \ (B1 \B2)

c \B

c

1).

Qrhsimopoi∏ntac tic parapànw kai Ïti B1 2 M
'

Ëqoume Ïti

'(A) = '(A \ (B1 \B2)) + '(A \ (B1 \B2)
c \B1) + '(A \ (B1 \B2)

c \B

c

1) =

= '(A \ (B1 \B2)) + '(A \ (B1 \B2)
c).

Sunep∏c, pràgmati B1 \B2 2 M
'

.

B†ma 2. An B1, B2 2 M
'

e–nai xËna metr†sima s‘nola kai A ✓ X, tÏte

'(A \ (B1 [B2)) = '(A \B1) + '(A \B2). (3.22)

EidikÏtera, to '|M
'

e–nai peperasmËna prosjetikÏ mËtro, dhlad† gia B1, B2 2 M
'

xËna isq‘ei
'(B1 [B2) = '(B1) + '(B2). (3.23)

Qrhsimopoi∏ntac Ïti B1 2 M
'

kai B1 \B2 = ;, pa–rnoume
'(A\(B1[B2)) = '(A\(B1[B2)\B1)+'(A\(B1[B2)\Bc

1) = '(A\B1)+'(A\B2).

To de‘tero sumpËrasma Ëpetai jËtontac A = X.

Parat†rhsh 3.2.4. ApÏ to parapànw b†ma, Ëpetai me apl† epagwg† Ïti

'

0

@

A \
0

@

n

[

j=1

B

j

1

A

1

A =
n

X

j=1

'(A \B

j

) (3.24)

gia kàje B1, B2, ..., Bn

2 M
'

xËna anà d‘o kai A ✓ X.

B†ma 3. HM
'

e–nai �-àlgebra kai to '|M
'

e–nai mËtro.

S‘mfwna me to (iii) thc PrÏtashc 1.1.6, arke– na deiqje– Ïti an (B
n

) akolouj–a
xËnwn anà d‘o stoiqe–wn thcM

'

kai B =
S1

n=1 Bn

tÏte B 2 M
'

kai epiplËon

'(B) =

1
X

n=1

'(B
n

). (3.25)

Ja de–xoume Ïti gia kàje A ✓ X isq‘oun oi sqËseic

'(A) = '(A \B) + '(A \B) =

1
X

n=1

'(A \B

n

) + '(A \B). (3.26)
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ApÏ thn pr∏th isÏthta Ëpetai Ïti B 2 M
'

kai apÏ th de‘terh jËtontac A = B

Ëpetai kai h (3.25).

EfarmÏzontac thn Parat†rhsh parapànw gia ta s‘nolaB1, B2, ..., Bn

kai
⇣

S

n

j=1 Bj

⌘

c

pou e–nai xËna anà d‘o stoiqe–a thcM
'

me Ënwsh to X Ëpetai Ïti gia kàje A ✓ X

e–nai

'(A) = '(A\X) =

n

X

j=1

'(A\B
j

)+'

0

@

A \
0

@

n

[

j=1

B

j

1

A

c

1

A �
n

X

j=1

'(A\B
j

)+'(A\Bc).

StËlnontac to n sto 1 sthn parapànw loipÏn, Ëqoume

'(A) �
1
X

j=1

'(A \B

j

) + '(A \B) � '(A \B) + '(A \B) � '(A),

Ïpou gia tic teleuta–ec qrhsimopoi†same thn �-upoprosjetikÏthta tou '. 'Ara telikà
isq‘ei h pr∏th zhto‘menh isÏthta, dhlad† B 2 M

'

. JËtontac A = X sthn teleuta–a
pa–rnoume kai th de‘terh isÏthta.

B†ma 4. To '|M
'

e–nai pl†rec mËtro.
'Estw B ✓ X ∏ste na upàrqei C 2 M

'

me B ✓ C kai '(C) = 0. TÏte, apÏ th
monoton–a tou ', e–nai '(B) = 0 kai àra B 2 M

'

apÏ thn Parat†rhsh 3.2.2 (b').

OrismÏc 3.2.5. Ta stoiqe–a thc �-àlgebracM
�

⇤ lËgontai Lebesgue metr†sima
s‘nola.

En gËnei, to na elegqje– katà pÏso Ëna dosmËno s‘nolo B ✓ Rk e–nai Lebesgue
metr†simo e–nai idia–tera d‘skolo. Proc to parÏn, ta Lebesgue metr†sima s‘nola pou
gnwr–zoume e–nai mÏno to Rk kai ta «amelhtËa», dhlad† eke–na pou Ëqoun exwterikÏ
mËtro mhdËn. H akÏloujh PrÏtash de–qnei Ïti h oikogËneia M

�

⇤ e–nai idia–tera
plo‘sia.

PrÏtash 3.2.6. Kàje Borel upos‘nolo tou Rk e–nai kai Lebesgue metr†simo,
dhlad† B(Rk) ✓ M

�

⇤ .

ApÏdeixh. An jewr†soume thn oikogËneia

� =

8

<

:

k

Y

j=1

(�1, b

j

] : b1, b2, ..., bk 2 R

9

=

;

(3.27)

gnwr–zoume (PrÏtash 1.1.11) Ïti �(�) = B(Rk). Sunep∏c, afo‘ h M
�

⇤ e–nai �-
àlgebra, gia na de–xoume ton egkleismÏ B(Rk) ✓ M

�

⇤ arke– na de–xoume Ïti � ✓
M

�

⇤ . Jewro‘me loipÏn Ëna B =
Q

k

j=1(�1, b

j

] 2 � kai ja de–xoume Ïti e–nai
Lebesgue metr†simo, dhlad† Ïti

�

⇤(A) � �

⇤(A \B) + �

⇤(A \B), gia kàje A ✓ Rk me �⇤(A) < 1.

'Estw A ✓ Rk me �⇤(A) < 1 kai " > 0. ApÏ ton orismÏ tou �⇤, br–skoume akolouj–a
(I

n

) anoikt∏n fragmËnwn diasthmàtwn tou Rk ∏ste A ✓ S
n

I

n

kai

1
X

n=1

v(I
n

) < �

⇤(A) + ". (3.28)
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Gia kàje n to I
n

\B e–nai fragmËno diàsthma (Ïqi apara–thta anoiktÏ) en∏ to I
n

\B
gràfetai wc peperasmËnh xËnh Ënwsh fragmËnwn diasthmàtwn apÏ to L†mma 3.1.6
(i), dhlad†

I

n

\B =

k

n

[

j=1

I

n,j

, Ïpou I

n,j

, j = 1, 2, ..., k
n

xËna fragmËna diast†mata. (3.29)

E–nai emfanËc, Ïti gia kàje fragmËno diàsthma I tou Rk mporo‘me na bro‘me Ëna
anoiktÏ fragmËno diàsthma J ∏ste I ✓ J kai h diaforà v(J)�v(I) na e–nai osod†pote
mikr†. Br–skoume loipÏn anoiktà kai fragmËna diast†mata J

n

kai J
n,j

, Ïpou n 2 N
kai j = 1, 2, ..., k

n

∏ste

I

n

\B ✓ J

n

kai I

n,j

✓ J

n,j

kai

v(J
n

) +

k

n

X

j=1

v(J
n,j

) < v(I
n

\B) +

k

n

X

j=1

v(I
n,j

) +
"

2n
= v(I

n

) +
"

2n
, (3.30)

s‘mfwna me to L†mma 3.1.6 (ii). TÏte Ïmwc

A \B ✓
1
[

n=1

(I
n

\B) ✓
1
[

n=1

J

n

kai A \B ✓
1
[

n=1

(I
n

\B) ✓
1
[

n=1

k

n

[

j=1

J

n,j

kai sunep∏c

�

⇤(A \B) 
1
X

n=1

v(J
n

) kai �⇤(A \B) 
1
X

n=1

k

n

X

j=1

v(J
n,j

).

'Ara telikà,

�

⇤(A \B) + �

⇤(A \B) 
1
X

n=1

0

@v(J
n

) +

k

n

X

j=1

v(J
n,j

)

1

A

<

<

1
X

n=1

v(I
n

) +
"

2n
=

1
X

n=1

v(I
n

) + " < �

⇤(A) + 2".

Afo‘ to " > 0 pou arq–same †tan tuqa–o Ëpetai kai h zhto‘menh.

Parathr†ste Ïti sthn per–ptwsh tou R, dhlad† gia k = 1, to I
n

\B e–nai fragmËno
diàsthma kai àra h apÏdeixh aplouste‘etai arketà.

OrismÏc 3.2.7. O periorismÏc tou exwteriko‘ mËtrou Lebesgue �⇤
k

sth �-àlgebra
M

�

⇤
k

lËgetai mËtro Lebesgue kai sumbol–zetai me �
k

† aplà me �.

S‘mfwna me ta parapànw, to � e–nai pl†rec mËtro. MerikËc forËc, kai o periorismÏc
tou �⇤

k

sthn B(Rk) ja lËgetai mËtro Lebesgue.

Mia perigraf† tou exwteriko‘ mËtrou Lebesgue me bàsh ton periorismÏ tou sthn
B(Rk) d–netai sthn akÏloujh PrÏtash.
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PrÏtash 3.2.8. Gia kàje A ✓ Rk isq‘oun ta akÏlouja:

�

⇤(A) = inf{�(B) : B 2 B(Rk), B ◆ A} = inf{�(G) : G anoiktÏ me G ◆ A}.
(3.31)

ApÏdeixh. Gia B 2 B(Rk) me B ◆ A e–nai �⇤(A)  �

⇤(B) = �(B). Sunep∏c

�

⇤(A)  inf{�(B) : B 2 B(Rk), B ◆ A}  inf{�(G) : G anoiktÏ me G ◆ A}.

'Etsi, an �⇤(A) = 1 h zhto‘menh e–nai profan†c. Jewro‘me loipÏn A me �⇤(A) < 1,
" > 0 kai ja bro‘me G ✓ Rk anoiktÏ me

�

⇤(G) < �

⇤(A) + ".

ApÏ ton orismÏ tou �⇤ br–skoume akolouj–a (I
n

) anoikt∏n diasthmàtwn ∏ste A ✓
S

n

I

n

kai
P

n

v(I
n

) < �

⇤(A) + ". JËtoume G =
S

n

I

n

. To G e–nai anoiktÏ, periËqei
to A kai epiplËon

�(G) = �

 

[

n

I

n

!


X

n

v(I
n

) < �

⇤(A) + ".

'Etsi, inf{�(G) : G anoiktÏ me G ◆ A}  �

⇤(A) + " kai gia " ! 0 pa–rnoume to
zhto‘meno.

3.3 EswterikÏ kai exwterikÏ mËtro

To apotËlesma thc teleuta–ac PrÏtashc mac d–nei thn ex†c katàstash: to exwterikÏ
mËtro enÏc uposunÏlou tou Rk taut–zetai me thn «apÏ pànw» prosËggish tou apÏ to
mËtro sunÏlwn Borel kai anoikt∏n sunÏlwn. H idËa aut† odhge– ston ex†c OrismÏ:

OrismÏc 3.3.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou. Gia A ✓ X tuqÏn or–zoume:

(i) to exwterikÏ mËtro tou A wc proc µ:

µ

⇤(A) = inf{µ(B) : B 2 A kai B ◆ A} (3.32)

(ii) to eswterikÏ mËtro tou A wc proc µ:

µ⇤(A) = sup{µ(B) : B 2 A kai B ✓ A}. (3.33)

E–nai àmeso apÏ th monoton–a tou µ Ïti gia kàje A ✓ X e–nai µ⇤(A)  µ

⇤(A) kai an
epiplËon A 2 A, tÏte µ⇤(A) = µ(A) = µ

⇤(A).

PrÏtash 3.3.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou. To exwterikÏ mËtro µ⇤ tou
µ Ëqei tic ex†c idiÏthtec:

(i) Gia kàje A ✓ X upàrqei B 2 A me A ✓ B kai µ⇤(A) = µ(B).

(ii) H sunàrthsh µ⇤ : P(X) ! [0,1] e–nai pràgmati Ëna exwterikÏ mËtro (s‘mfwna
me ton orismÏ 3.1.1).
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ApÏdeixh. (i) An µ⇤(A) = 1 e–nai kai µ(X) = 1 (apÏ ton orismÏ tou µ⇤) kai àra
gia B = X Ëqoume th zhto‘menh.
Ac upojËsoume Ïti µ⇤(A) < 1 t∏ra. TÏte, gia kàje n 2 N, br–skoume B

n

2 A me
A ✓ B

n

kai

µ(B
n

) < µ

⇤(A) +
1

n

.

Jewro‘me to s‘nolo B =
T

n

B

n

2 A kai parathro‘me Ïti A ✓ B kai àra µ⇤(A) 
µ(B). 'Omwc, gia n 2 N e–nai kai B ✓ B

n

kai àra µ(B)  µ(B
n

)  µ

⇤(A) + 1
n

.
'Etsi,

µ

⇤(A)  µ(B)  µ

⇤(A) +
1

n

, gia kàje n = 1, 2, ...

kai àra, pa–rnontac n ! 1 Ëqoume pràgmati µ(B) = µ

⇤(A).
(ii) Oi idiÏthtec tou Orismo‘ 3.1.1 elËgqontai wc ex†c:

(a˛) Profan∏c µ⇤(;) = µ(;) = 0.

(b˛) An A1 ✓ A2 ✓ X, kàje stoiqe–o thc A pou kal‘ptei to A2 kal‘ptei kai to A1,
àra e–nai µ⇤(A1)  µ

⇤(A2) (giat–;). 'Ara to µ⇤ e–nai monÏtono.

(g˛) MËnei na de–xoume Ïti to µ⇤ e–nai upoprosjetikÏ. An (A
n

) akoluj–a uposunÏlwn
tou X ja de–xoume Ïti

µ

⇤

 1
[

n=1

A

n

!


1
X

n=1

µ

⇤(A
n

). (3.34)

Gia kàje n br–skoume, s‘mfwna me to (i) s‘nolo B

n

2 A me A

n

✓ B

n

kai
µ

⇤(A
n

) = µ(B
n

). TÏte
S

n

A

n

✓ S
n

B

n

2 A kai àra

µ

⇤

 

[

n

A

n

!

 µ

 

[

n

B

n

!


X

n

µ(B
n

) 
X

n

µ

⇤(A
n

),

Ïpwc jËlame.

Parat†rhsh 3.3.3. An � to mËtro Lebesgue sto metr†simo q∏ro (Rk

,B(Rk))
tÏte to exwterikÏ mËtro pou or–zei to � s‘mfwna me ton OrismÏ 3.3.1 taut–zetai me
to gnwstÏ mac exwterikÏ mËtro Lebesgue (OrismÏc 3.1.5).

PrÏtash 3.3.4. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai A ✓ X me µ⇤(A) < 1.
TÏte

A 2 A
µ

, µ⇤(A) = µ

⇤(A). (3.35)

ApÏdeixh. ()) ApÏ ton orismÏ thc �-àlgebrac A
µ

upàrqoun E,F 2 A ∏ste E ✓
A ✓ F kai µ(F \ E) = 0. TÏte

µ(E)  µ⇤(A)  µ

⇤(A)  µ(F )

pou maz– me th sqËsh µ(E) = µ(F ) d–nei th zhto‘menh: µ⇤(A) = µ

⇤(A).
(() UpojËtoume t∏ra Ïti µ⇤(A) = µ

⇤(A) < 1. TÏte, sunduàzontac touc d‘o
orismo‘c 3.3.1, gia kàje n 2 N br–skoume s‘nola E

n

, F

n

2 A me E
n

✓ A ✓ F

n

kai

µ(F
n

)� µ(E
n

) = µ(F
n

\ E
n

) <
1

n

.
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Jewro‘me ta s‘nola E =
S

n

E

n

kai F =
T

n

F

n

kai parathro‘me Ïti E ✓ A ✓ F

kai epiplËon, gia kàje n:

µ(F \ E)  µ(F
n

\ E
n

) <
1

n

apÏ th monoton–a tou µ. 'Etsi, µ(F \ E) = 0 kai àra A 2 A
µ

.

Parat†rhsh 3.3.5. ApÏ thn apÏdeixh thc teleuta–ac PrÏtashc, prok‘ptei Ïti
gia A 2 A

µ

e–nai µ⇤(A) = µ

⇤(A) = µ(A).

3.4 To je∏rhma epËktashc tou Karajeodwr†

'Opwc e–pame kai sthn Eisagwg† tou Kefalala–ou, to je∏rhma epËktashc de–qnei
mia ant–strofh ousiastikà diadikas–a kataskeu†c mËtrwn apÏ to Je∏rhma 3.2.3 tou
Karajeodwr†. D–noume pr∏ta ton ex†c OrismÏ:

OrismÏc 3.4.1. 'Estw X Ëna s‘nolo kai A0 mia àlgebra uposunÏlwn tou X.
Mia sunàrthsh µ0 : A0 ! [0,1] lËgetai premeasure sto s‘nolo X an:

(i) Isq‘ei µ0(;) = 0 kai

(ii) An A1, A2, ... mia akolouj–a xËnwn anà d‘o stoiqe–wn thc A0 gia ta opo–a
epiplËon isq‘ei

S1
n=1 An

2 A0, tÏte

µ0

 1
[

n=1

A

n

!

=

1
X

n=1

µ0(An

). (3.36)

EidikÏtera, kàje premeasure e–nai peperasmËna prosjetikÏ sthn àlgebra A0.

Je∏rhma 3.4.2 (Je∏rhma EpËktashc). 'Estw X Ëna s‘nolo, A0 mia àlgebra
sto X, A = �(A0) h �-àlgebra pou paràgei h A0 kai µ0 Ëna premeasure sthn A0.
Jewro‘me th sunàrthsh µ

⇤ : P(X) ! [0,1] pou or–zetai wc

µ

⇤(A) = inf

( 1
X

n=1

µ0(An

) : A
n

2 A0 kai A ✓
1
[

n=1

A

n

)

(3.37)

gia A ✓ X. TÏte isq‘oun ta ex†c:

(i) H µ

⇤ e–nai Ëna exwterikÏ mËtro sto s‘nolo X.

(ii) Gia A 2 A0 e–nai µ⇤(A) = µ0(A).

(iii) AnM
µ

⇤ h �-àlgebra twn µ⇤-metr†simwn sunÏlwn tÏte isq‘ei

A ✓ M
µ

⇤
. (3.38)

Sunep∏c to µ = µ

⇤|A e–nai Ëna mËtro sto metr†simo q∏ro (X,A) pou epekte–nei to
µ0. EpiplËon, isq‘ei kai h akÏloujh morf† monadikÏthtac:

(iv) An to µ0 e–nai �-peperasmËno, dhlad† an upàrqei mia a‘xousa akolouj–a (Fn

)
sthn A0 me X =

S

n

F

n

kai µ0(Fn

) < 1 gia kàje n, tÏte to µ e–nai to monadikÏ
mËtro sto metr†simo q∏ro (X,A) pou epekte–nei to µ0.
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ApÏdeixh. (i) E–nai àmeso apÏ to Je∏rhma 3.1.11 (kataskeu†c exwterik∏n mËtrwn).

(ii) 'Estw A 2 A0. E–nai safËc Ïti µ⇤(A)  µ0(A), afo‘ h akolouj–a A, ;, ;, ...
e–nai mia kàluyh tou A apÏ stoiqe–a thc A0. Gia thn ant–strofh anisÏthta t∏ra,
jewro‘me mia akolouj–a (A

n

)
n

sthn A0 me A ✓ S
n

A

n

kai ja de–xoume Ïti

µ0(A) 
1
X

n=1

µ0(An

).

Jewro‘me ta s‘nola

B

n

= A

n

\
0

@

n�1
[

j=1

A

j

1

A

, n = 1, 2, ...

TÏte B

n

2 A0 gia kàje n, ta B

n

e–nai xËna anà d‘o, B
n

✓ A

n

gia kàje n kai
S

n

B

n

=
S

n

A

n

. 'Ara:

µ0(A) = µ0

 1
[

n=1

(A \B

n

)

!

=

1
X

n=1

µ0(A \B

n

) 
1
X

n=1

µ0(Bn

) 
1
X

n=1

µ0(An

),

Ïpwc jËlame. 'Ara, pràgmati µ⇤|A0 = µ0.

(iii) Gnwr–zoume (Je∏rhma Karajeodwr† 3.2.3) Ïti hM
µ

⇤ e–nai mia �-àlgebra upo-
sunÏlwn tou X kai epomËnwc afo‘ A = �(A0) gia na deiqje– o egkleismÏc (3.38)
arke– na de–xoume Ïti A0 ✓ M

µ

⇤ . 'Estw loipÏn A 2 A0 kai B ✓ X me µ⇤(B) < 1.
PrËpei na de–xoume Ïti

µ

⇤(B) � µ

⇤(B \A) + µ

⇤(B \A).

'Estw " > 0. Br–skoume mia akolouj–a (B
n

) sthn A0 me B ✓ S
n

B

n

kai epiplËon

1
X

n=1

µ0(Bn

)  µ

⇤(B) + ".

Afo‘ to µ0 e–nai premeasure Ïmwc, Ëqoume:

1
X

n=1

µ0(Bn

) =

1
X

n=1

µ0(Bn

\A) +

1
X

n=1

µ0(Bn

\A

c) � µ

⇤(B \A) + µ

⇤(B \A),

afo‘ B
n

\A,B

n

\A

c 2 A0 gia kàje n. 'Ara telikà

µ

⇤(B \A) + µ

⇤(B \A)  µ

⇤(B) + "

kai gia "! 0 Ëqoume to zhto‘meno.

(iv) Gia th monadikÏthta t∏ra, jewro‘me Ëna mËtro ⌫ sto q∏ro (X,A) me ⌫|A0 = µ0

kai ja de–xoume Ïti ⌫ = µ. Gia A 2 A, an A ✓ S
n

A

n

me A
n

2 A0 e–nai

⌫(A)  ⌫

 1
[

n=1

A

n

!


1
X

n=1

⌫(A
n

) =

1
X

n=1

µ0(An

).
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Katà sunËpeia e–nai kai ⌫(A)  µ(A) apÏ ton orismÏ tou µ

⇤. Gia thn ant–strofh
anisÏthta t∏ra, de–qnoume pr∏ta to ex†c:

IsqurismÏc. An F 2 A me µ(F ) < 1, tÏte e–nai µ(F ) = ⌫(F ).

'Estw " > 0. Br–skoume akolouj–a (B
n

) sthn A0 ∏ste F ✓ S
n

B

n

kai

1
X

n=1

µ(B
n

)  µ(F ) + ". (3.39)

An B =
S

n

B

n

, tÏte qrhsimopoi∏ntac thn upoprosjetikÏthta tou µ, thn sqËsh
(3.39) kai to gegonÏc Ïti µ(F ) < 1, sumpera–noume Ïti

µ(B \ F )  ". (3.40)

Parathro‘me Ïmwc Ïti:

⌫(B) = lim
n

⌫

0

@

n

[

j=1

B

j

1

A = lim
n

µ

0

@

n

[

j=1

B

j

1

A = µ(B),

Ïpou qrhsimopoi†same Ïti
S

n

j=1 Bj

2 A0 gia kàje n. Sunep∏c, e–nai:

µ(F )  µ(B) = ⌫(B) = ⌫(F ) + ⌫(B \ F )  ⌫(F ) + µ(B \ F )  µ(F ) + ".

'Ara pràgmati µ(F )  ⌫(F ) kai o isqurismÏc apode–qjhke.

Gia A 2 A tuqÏn t∏ra, gràfoume

A =

1
[

n=1

(A \ F

n

)

kai àra e–nai
µ(A) = lim

n

µ(A \ F

n

) = lim
n

⌫(A \ F

n

) = ⌫(A),

Ïpwc jËlame. 'Etsi h apÏdeixh e–nai pl†rhc.

3.5 Ask†seic

Omàda A'.

1. 'Estw A ✓ Rk me Ao 6= ;. Na de–xete Ïti �⇤(A) > 0.

2. 'Estw X Ëna s‘nolo. D–nontai oi sunart†seic �
j

: P(X) ! [0,1], j = 1, 2, 3, 4
me

�1(A) =

(

0, an A = ;
1, an A 6= ; , �2(A) =

(

0, an A = ;
1, an A 6= ; ,

�3(A) =

(

0, an A arijm†simo
1, an Auperarijm†simo

kai �4(A) =

(

0, an A arijm†simo
1, an Auperarijm†simo

.

Na de–xete Ïti oi �
j

e–nai exwterikà mËtra kai na bre–te ticM
�

j

.
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3. Gia A ✓ N or–zoume �(A) = lim sup
n

1
n

|{E \ {1, . . . , n}| (Ïpou |A| e–nai o plh-
jàrijmoc tou A). Exetàste an h � e–nai exwterikÏ mËtro.

4. Jewro‘me thn oikogËneia C pou apotele–tai apÏ to kenÏ s‘nolo kai Ïla ta dis‘no-
la fusik∏n arijm∏n. Or–zoume ⌧(;) = 0 kai ⌧({m,n}) = 2 gia kàje {m,n} 2 C.
H C e–nai �-kàluyh tou N, opÏte epàgei Ëna exwterikÏ mËtro µ⇤ sto N. Upolo-
g–ste to µ⇤(A) gia A ✓ N kai bre–te ta µ⇤-metr†sima s‘nola tou N.

5. Apode–xte Ïti kàje euje–a kai kàje k‘kloc sto R2 Ëqei mËtro Lebesgue mhdËn.

6. 'Estw A ✓ R Ëna metr†simo s‘nolo me 0 < �(A) < 1.
(a) De–xte Ïti h sunàrthsh f : R ! R me f(x) = �(A \ (�1, x]) e–nai suneq†c.

(b) De–xte Ïti upàrqei metr†simo s‘nolo F ✓ A ∏ste �(F ) = �(A)/2.

7. 'Estw (X,A, µ) q∏roc mËtrou kai Ëna A ✓ X. De–xte Ïti upàrqei A0 2 A me
A0 ✓ A kai µ⇤(A) = µ(A0).

8. 'Estw (X,A, µ) Ënac q∏roc mËtrou. An (A
n

) mia a‘xousa akolouj–a uposunÏlwn
tou X, tÏte

µ

⇤

 1
[

n=1

A

n

!

= lim
n

µ

⇤(A
n

).

Omàda B'.

9. 'Estw A ✓ R me �⇤(A) > 0. De–xte Ïti upàrqoun x, y 2 A ∏ste x� y 2 R \Q.
10. 'Estw A ✓ R me �(A) = 0. Na de–xete Ïti kai gia to A

0 = {x2 : x 2 A} isq‘ei
�(A0) = 0.

11. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai A ✓ X. Na de–xete Ïti

µ⇤(A) + µ

⇤(X \A) = µ(X).

12. De–xte Ïti Ëna A ✓ R e–nai Lebesgue metr†simo an kai mÏno an

�

⇤((a, b)) = �

⇤((a, b) \A) + �

⇤((a, b) \A), gia kàje a < b sto R.

13. 'Estw A ✓ R me �⇤(A) > 0 kai ↵ 2 (0, 1). Na de–xete Ïti upàrqei anoiktÏ
diàsthma I sto R ∏ste

�

⇤(A \ I) > ↵�(I).

14. Na de–xete Ïti upàrqei Lebesgue metr†simo s‘nolo A ✓ R me �(A) > 0 kai
�(A \ I) < �(I) gia kàje mh tetrimmËno diàsthma I.

15. 'Estw X Ëna s‘nolo kai A mia àlgebra sto X. Gràfoume A
�

gia thn oikogËneia
Ïlwn twn arijm†simwn en∏sewn stoiqe–wn thc A kai A

��

gia thn oikogËneia Ïlwn
twn arijm†simwn tom∏n stoiqe–wn thc A

�

. 'Estw µ0 Ëna premeasure sthn A kai
µ

⇤ to ant–stoiqo exwterikÏ mËtro. De–xte ta ex†c:

(a) Gia kàje A ✓ X kai " > 0, upàrqei B 2 A
�

∏ste A ✓ B kai µ⇤(B) 
µ

⇤(A) + ".

(b) An µ⇤(A) < 1, tÏte to A e–nai ��metr†simo an kai mÏn an upàrqei B 2 A
��

tËtoio ∏ste A ✓ B kai µ⇤(B \A) = 0.

(g) An to µ0 e–nai ��peperasmËno, tÏte sto (b) de qreiàzetai na kànoume thn
upÏjesh µ⇤(A) < 1.



3.5. Askhseic · 49

16. 'Estw � Ëna exwterikÏ mËtro sto s‘nolo X kai µ to epagÏmeno mËtro sto q∏ro
(X,M

�

). An E,G ✓ X, to G lËgetai ��metr†simo kàluma tou E an:

E ✓ G, G 2 M
�

kai gia kàje A 2 M
�

me A ✓ G \ E isq‘ei µ(A) = 0.

(a) An G1 kai G2 d‘o ��metr†sima kal‘mata tou –diou E ✓ X, de–xte Ïti
µ(G14G2) = 0.

(b) An E ✓ G, G 2 M
�

kai �(E) = µ(G), na de–xete Ïti to G e–nai Ëna
��metr†simo kàluma tou E.

17. 'Estw (A
n

) akolouj–a metr†simwn uposunÏlwn tou [0, 1] me thn idiÏthta

lim sup
n

�(A
n

) = 1.

De–xte Ïti gia kàje ↵ 2 (0, 1) upàrqei upakolouj–a (A
k

n

) thc (A
n

) ∏ste

�

 1
\

n=1

A

k

n

!

> ↵.

Omàda G'.

18. 'Estw {q
n

} mia ar–jmhsh tou Q \ [0, 1]. Gia kàje " > 0 or–zoume

A(") =

1
[

n=1

⇣

q

n

� "

2n
, q

n

+
"

2n

⌘

.

TËloc, jËtoume A =
T1

j=1 A(1/j).

(a) De–xte Ïti �(A("))  2".

(b) An " < 1
2 de–xte Ïti to [0, 1] \A(") e–nai mh kenÏ.

(g) De–xte Ïti A ✓ [0, 1] kai �(A) = 0.

(d) De–xte Ïti Q \ [0, 1] ✓ A kai Ïti to A e–nai uperarijm†simo.

19. 'Estw A Ëna Lebesgue metr†simo upos‘nolo tou Rk me �(A) < 1 kai {A
n

}1
n=1

akolouj–a Lebesgue metr†simwn uposunÏlwn tou A ∏ste �(A
n

) � c gia kàpoio
c > 0 kai n 2 N.
(a) De–xte Ïti �(lim sup

n

A

n

) > 0.

(b) De–xte Ïti upàrqei gnhs–wc a‘xousa akolouj–a {k
n

} fusik∏n arijm∏n me thn
idiÏthta

1
\

n=1

A

k

n

6= ;.

20. 'Estw {q
n

} mia ar–jmhsh twn rht∏n arijm∏n. De–xte Ïti sqedÏn kàje x 2 R (wc
proc to mËtro Lebesgue) Ëqei thn ex†c idiÏthta:

upàrqei k = k(x) 2 N ∏ste gia kàje n � k na isq‘ei |x� q

n

| � 1/n2
.
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21. LËme Ïti Ëna A ✓ R Ëqei shme–o sump‘knwshc sto àpeiro an gia kàje a > 0, to
s‘nolo {x 2 A : |x| > a} e–nai uperarijm†simo. Or–zoume

�(A) =

8

>

<

>

:

0, an A arijm†simo
1, an A uperarijm†simo q∏ric shme–o sump‘knwshc sto àpeiro
1, an A uperarijm†simo me shme–o sump‘knwshc sto àpeiro

.

De–xte Ïti h � e–nai exwterikÏ mËtro sto R kai Ïti

M
�

= {A ✓ R : A arijm†simo † Ac arijm†simo}.

'Eqei kàje A ✓ R ��metr†simo kàluma;
22. 'Estw Lebesgue metr†simo s‘nolo A ✓ R me �(A) > 0. Na de–xete Ïti to s‘nolo

A�A = {x� y : x, y 2 A} periËqei diàsthma me kËntro to 0.



Kefàlaio 4

BasikËc idiÏthtec tou
mËtrou Lebesgue

Sto prohgo‘meno kefàlaio anapt‘xame meriko‘c trÏpouc kataskeu†c exwterik∏n
mËtrwn kai mËtrwn d–nontac idia–terh Ëmfash sthn kataskeu† tou mËtrou Lebesgue
stouc Eukle–deiouc q∏rouc Rk. Sto kefàlaio autÏ ja melet†soume tic basikËc
idiÏthtec tou mËtrou Lebesgue kai ja to qarakthr–soume bàsei aut∏n. Sth sunËqeia
ja strafo‘me sth melËth twn egkleism∏n

B(Rk) ✓ M
�

⇤ ✓ P(Rk)

pou e–dame sto prohgo‘meno kefàlaio. Ja de–xoume Ïti upàrqoun idia–tera «pajo-
logikà» s‘nola, dhlad† upos‘nola tou Rk pou den e–nai Lebesgue metr†sima kai
Lebesgue metr†sima s‘nola pou den e–nai Borel.

4.1 KanonikÏthta tou mËtrou Lebesgue

OrismÏc 4.1.1. 'Estw (X, d) Ënac metrikÏc q∏roc, A mia �-àlgebra sto X ∏ste
A ◆ B(X) kai µ Ëna mËtro sto metr†simo q∏ro (X,A). To mËtro µ lËgetai kanonikÏ
mËtro an:

(i) µ(K) < 1 gia kàje K ✓ X sumpagËc.

(ii) To µ ikanopoie– th sunj†kh exwterik†c kanonikÏthtac, dhlad†

µ(A) = inf{µ(G) : G anoiktÏ sto X kai G ◆ A}, gia kàje A 2 A. (4.1)

(iii) To µ ikanopoie– th sunj†kh eswterik†c kanonikÏthtac, dhlad†

µ(G) = sup{µ(K) : K sumpagËc kaiK ✓ G}, gia kàjeG ✓ X anoiktÏ. (4.2)

H sunj†kh kanonikÏthtac enÏc mËtrou µ ekfràzei mia sumbibastÏthta tou µ me th
dom† tou X wc metriko‘ q∏rou (ousiastikà, me thn topolog–a tou).
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PrÏtash 4.1.2. To mËtro Lebesgue � ston Rk e–nai kanonikÏ mËtro. EpiplËon,
isq‘ei

�(A) = sup{�(K) : K sumpagËc kai K ✓ A}, gia kàje A 2 M
�

⇤ (4.3)

(Ïqi mÏno gia ta anoiktà).

ApÏdeixh. S‘mfwna me thn PrÏtash 3.2.6 e–nai B(Rk) ✓ M
�

⇤ kai katà sunËpeia
Ëqei nÏhma na elËgxoume tic idiÏthtec (i)-(iii) tou Orismo‘ 4.1.1:

(i) 'EstwK ✓ Rk sumpagËc s‘nolo. TÏte, mporo‘me na bro‘me Ëna megàlo fragmËno
diàsthma J tou Rk ∏ste K ✓ J . 'Ara, apÏ th monoton–a tou � e–nai

�(K)  �(J) = v(J) < 1.

(ii) Aut† e–nai akrib∏c h idiÏthta pou apode–xame sthn PrÏtash 3.2.8 gia Lebesgue
metr†sima s‘nola.

(iii) Gia thn eswterik† kanonikÏthta t∏ra, lÏgw thc monoton–ac tou � arke– na
de–xoume Ïti

�(A)  sup{�(K) : K ✓ A sumpagËc}.
Ja upojËsoume arqikà Ïti to A e–nai fragmËno. Gia na apode–xoume th zhto‘menh
yàqnoume Ëna kleistÏ1 s‘nolo K mesa sto A pou na e–nai «pol‘ kontà» sto A.
Isod‘nama, yàqnoume Ëna anoiktÏ s‘nolo G megal‘tero apÏ to Ac pou na e–nai pàli
«pol‘ kontà» sto Ac (ousiastikà G = K

c). 'Omwc, to A e–nai fragmËno opÏte ant–
na bro‘me Ëna tËtoio anoiktÏ G mac arke– na perioristo‘me se Ëna megàlo sumpagËc
s‘nolo L me L ◆ A, na bro‘me Ëna anoiktÏ U «l–go megal‘tero» apÏ th diaforà
L \ A kai sth sunËqeia na jËsoume K eke–no to tm†ma tou A pou den tËmnei to U .
AutÏ ja e–nai anagkastikà «kontà» sto A.

A

L

U

K

A

Sq†ma 4.1: ApÏdeixh thc eswterik†c kanonikÏthtac gia fragmËna s‘nola

1afo‘ to A e–nai fragmËno, ja e–nai autÏmata sumpagËc
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Gràfontac ta parapànw pio formalistikà, jewro‘me " > 0 kai br–skoume L sumpagËc
me L ◆ A kai U anoiktÏ me L \A ✓ U kai epiplËon

�(U \ (L \A)) < ".

Sth sunËqeia, jËtoume K = A \U . Parathro‘me Ïti K ✓ A kai K = L \U (giat–;),
sunep∏c to K e–nai kleistÏ. EpiplËon, A \K ✓ U \ (L \A) kai katà sunËpeia

�(A \K)  �(U \ (L \A)) < ".

Sth genik† per–ptwsh t∏ra (to A Ïqi apara–thta fragmËno), jËtoume

A

n

= A \B(0, n), Ïpou B(0, n) = {x 2 Rk : kxk2 < n}, n = 1, 2, ... (4.4)

TÏte, h akolouj–a (A
n

) e–nai a‘xousa kai kàje A
n

e–nai fragmËno s‘nolo ston Rk.
'Etsi:

�(A) = sup
n2N

�(A
n

) = sup
n

sup{�(K) : K ✓ A

n

sumpagËc} 

 sup{�(K) : K ✓ A sumpagËc}.

Qrhsimopoi∏ntac thn kanonikÏthta tou mËtrou Lebesgue e–maste se jËsh na
katalàboume kal‘tera th sqËsh metax‘ tou q∏rou mËtrou (Rk

,M
�

⇤
,�) kai tou

(Rk

,B(Rk),�). Apode–xame sthn PrÏtash 3.2.6 Ïti B(Rk) ✓ M
�

⇤ , allà sthn prag-
matikÏthta isq‘ei to ex†c isqurÏtero apotËlesma:

PrÏtash 4.1.3. To mËtro Lebesgue sto metr†simo q∏ro (Rk

,M
�

⇤) e–nai h
pl†rwsh tou mËtrou Lebesgue ston (Rk

,B(Rk)).

ApÏdeixh. Afo‘ prÏkeitai ousiastikà gia to –dio mËtro sth mikrÏterh �-àlgebra
B(Rk) arke– na de–xoume ÏtiM

�

⇤ = B(Rk)
�

† isod‘nama:

A 2 M
�

⇤ , upàrqoun E,F 2 B(Rk), me E ✓ A ✓ F kai �(F \ E) = 0. (4.5)

()) 'Estw A 2 M
�

⇤ . UpojËtoume arqikà Ïti �(A) < 1. TÏte, apÏ thn parapànw
prÏtash br–skoume akolouj–ec (K

n

), (G
n

) me K
n

sumpag† kai G
n

anoiktà, K
n

✓
A ✓ G

n

kai

�(G
n

)� �(K
n

) = �(G
n

\K
n

) <
1

n

.

JËtoume (Ïpwc Ëqoume xanakànei) E =
S

n

K

n

kai F =
T

n

G

n

. TÏte, E ✓ A ✓ F ,
E,F 2 B(Rk) kai

�(F \ E)  �(G
n

\K
n

) <
1

n

, gia kàje n = 1, 2, ...

'Ara �(F \ E) = 0, dhlad† A 2 B(Rk)
�

.

An t∏ra A 2 M
�

⇤ tuqÏn gràfoume

A =

1
[

n=1

A

n

, Ïpou A
n

= A \B(0, n).



54 · Basikec idiothtec tou metrou Lebesgue

TÏte, kàje A
n

e–nai metr†simo kai fragmËno kai àra apÏ ta parapànw A

n

2 B(Rk)
�

.
Afo‘ Ïmwc h B(Rk)

�

e–nai �-àlgebra, e–nai kai A 2 B(Rk)
�

kai àra h ()) apode-
–qjhke.

(() An A ✓ Rk ∏ste na upàrqoun E,F 2 B(Rk) me E ✓ A ✓ F kai �(F \ E) = 0,
gràfoume A = E [ (A \ E). TÏte, �(A \ E) = 0 apÏ th monoton–a tou � kai àra
A \ E 2 M

�

⇤ kai epiplËon E 2 B(Rk) ✓ M
�

⇤ . 'Ara kai A 2 M
�

⇤ .

Parat†rhsh 4.1.4. Sthn pragmatikÏthta isq‘oun oi ex†c isqurÏterec isoduna-
m–ec:

A 2 M
�

⇤ , upàrqei E ◆ A G

�

s‘nolo me �(E \A) = 0 (4.6)

kai
A 2 M

�

⇤ , upàrqei F ✓ A F

�

s‘nolo me �(A \ F ) = 0, (4.7)

h apÏdeixh twn opo–wn af†netai wc àskhsh.

OrismÏc 4.1.5. 'Estw (X, d) metrikÏc q∏roc. Kàje mËtro sto metr†simo q∏ro
(X,B(X)) lËgetai mËtro Borel ston X.

PrÏtash 4.1.6. To mËtro Lebesgue e–nai to monadikÏ mËtro Borel ston Rk me

�(I) = v(I), gia kàje I diàsthma ston Rk

. (4.8)

ApÏdeixh. PrÏkeitai gia efarmog† tou jewr†matoc MonadikÏthtac (PrÏtash 2.2.1).
Jewro‘me thn oikogËneia

� = {I ✓ Rk : I diàsthma}.
H � e–nai kleist† stic peperasmËnec tomËc kai �(�) = B(Rk) katà ta gnwstà. An
µ Ëna mËtro Borel ston Rk me µ(I) = v(I) gia kàje I 2 �, tÏte e–nai µ(I) = �(I)
gia kàje I 2 �. EpiplËon Rk =

S1
n=1[�n, n]k, Ïpou h ([�n, n]k)

n

e–nai a‘xousa
akolouj–a sthn � kai µ([�n, n]k) = �([�n, n]k) = (2n)k < 1 gia kàje n. 'Etsi,
apÏ thn PrÏtash 2.2.1 e–nai telikà � = µ.

Parat†rhsh 4.1.7. Parathr†ste kàje prÏtash thc morf†c

«To � e–nai to monadikÏ mËtro Borel ston Rk ∏ste na isq‘ei h idiÏthta (P)»

sunepàgetai thn ant–stoiqh

«To � e–nai to monadikÏ mËtro sto q∏ro (Rk

,M
�

⇤) ∏ste na isq‘ei h idiÏthta (P)»

apÏ th monadikÏthta thc pl†rwshc (PrÏtash 2.3.3 (iii)). OpÏte, Ïtan sta parakàtw
mia PrÏtash ja mac exasfal–zei Ïti to mËtro Lebesgue e–nai to monadikÏ mËtro Borel
pou ikanopoie– mia sugkekrimËnh idiÏthta ja gnwr–zoume Ïti autÏmata Ëqoume kai thn
ant–stoiqh monadikÏthta sto q∏ro (Rk

,M
�

⇤).

Kle–noume aut† thn enÏthta me Ëna apotËlesma pou entàssetai stic legÏmenec
«3 ArqËc tou Littlewood»2. To apotËlesma autÏ lËei «qontrikà» Ïti

2Oi àllec d‘o e–na ta jewr†mata tou Egorov kai tou Luzin kai ja apodeiqjoun sta
Kefàlaia 7 kai 8 ant–stoiqa.
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Kàje metr†simo s‘nolo ston Rk e–nai sqedÏn –so me peperasmËnh Ënwsh xËnwn anà
d‘o anoikt∏n diasthmàtwn.

Fusikà, mËnei na dieukriniste– ti shma–nei «sqedÏn –so». H austhr† diat‘pwsh e–nai
wc ex†c:

PrÏtash 4.1.8. 'Estw A Ëna Lebesgue metr†simo s‘nolo me �(A) < 1. Gia
kàje " > 0 upàrqoun xËna anà d‘o anoiktà diast†mata J1, J2, ..., Jm ∏ste

�(A4(J1 [ J2 [ ... [ J

m

)) < ".

3 (4.9)

ApÏdeixh. ApÏ ton orismÏ tou exwteriko‘ mËtrou Lebesgue, br–skoume akolouj–a
(I

n

)
n

anoikt∏n diasthmàtwn ∏ste A ✓ S
n

I

n

kai

1
X

n=1

v(I
n

) < �(A) +
"

2
.

Afo‘ h seirà twn v(I
n

) sugkl–nei, upàrqei N 2 N arketà megàlo ∏ste

1
X

n=N+1

v(I
n

) <
"

2
.

Parathro‘me Ïmwc Ïti

A \
 

N

[

n=1

I

n

!

✓
1
[

n=N+1

I

n

kai

 

N

[

n=1

I

n

!

\A ✓
 1
[

n=1

I

n

!

\A. (4.10)

Katà sunËpeia

�

 

A \
 

N

[

n=1

I

n

!!

 �

 1
[

n=N+1

I

n

!


1
X

n=N+1

v(I
n

) <
"

2

kai

�

  

N

[

n=1

I

n

!

\A
!

 �

  1
[

n=1

I

n

!

\A
!

=

= �

 1
[

n=1

I

n

!

� �(A) 
1
X

n=1

v(I
n

)� �(A) <
"

2
.

S‘mfwna me to L†mma 3.1.6 (i) Ïmwc, mporo‘me na bro‘me akolouj–a xËnwn anà d‘o
diasthmàtwn J1, J2, ..., Jm ∏ste

N

[

n=1

I

n

=

m

[

n=1

J

m

3Upenjum–zoume Ïti h summetrik† diaforà 4 duo sunÏlwn X kai Y or–zetai wc

X4Y = (X \ Y ) [ (Y \X) = (X [ Y ) \ (X \ Y ).
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kai epiplËon, afo‘

�

  

m

[

n=1

J

n

!

\
 

m

[

n=1

J

o

n

!!

= 0

ta J1, J2, ..., Jm mporo‘n na upotejo‘n kai anoiktà. 'Etsi, pràgmati

�(A4(J1 [ J2 [ ... [ J

m

)) = �

 

A \
 

N

[

n=1

I

n

!!

+ �

  

N

[

n=1

I

n

!

\A
!

< ".

4.2 MËtro Lebesgue kai metasqhmatismo–

An A,B ✓ Rk jËtoume

A±B = {a± b : a 2 A, b 2 B}, (4.11)

to àjroisma twn A,B. An B = {x}, gràfoume A+ x ant– tou A+ {x}, dhlad†

A+ x = {a+ x : a 2 A}, (4.12)

h metàjesh tou A katà x. Gia x 2 Rk jewro‘me thn apeikÏnish T

x

: Rk ! Rk me
T

x

(y) = y+x, y 2 Rk. H T

x

e–nai 1-1 kai ep– me ant–strofh thn T�x

. ApÏ th sqËsh
A+ x = T

x

(A), sumpera–noume ta ex†c:

(i) (
S

n

A

n

) + x =
S

n

(A
n

+ x),

(ii) (
T

n

A

n

) + x =
T

n

(A
n

+ x) (afo‘ h T
x

e–nai 1-1),

(iii) (A \B) + x = (A+ x) \ (B + x) kai

(iv) B

c + x = (B + x)c.

EpiplËon, h T
x

e–nai omoiomorfismÏc kai sunep∏c gia A ✓ Rk to A e–nai anoiktÏ an
kai mÏnon an A+ x anoiktÏ, gia x 2 Rk.

Parat†rhsh 4.2.1. Gia Ëna A ✓ Rk kai x 2 Rk isq‘ei h isodunam–a:

A 2 B(Rk) , A+ x 2 B(Rk). (4.13)

ApÏdeixh. Profan∏c, arke– na de–xoume mÏno th sunepagwg† ()), afo‘ A = (A+
x)� x. JËtoume

F = {B 2 B(Rk) : B + x 2 B(Rk)}. (4.14)

S‘mfwna me ta parapànw, kàje anoiktÏ s‘nolo an†kei sthn F kai apÏ tic sqËseic (i)-
(iv) e‘kola blËpei kane–c Ïti h F e–nai �-àlgebra. 'Etsi F = B(Rk) Ïpwc jËlame.

PrÏtash 4.2.2. (i) To exwterikÏ mËtro Lebesgue �⇤ e–nai anallo–wto stic me-
tajËseic, dhlad† gia kàje A ✓ Rk kai x 2 Rk e–nai

�

⇤(A+ x) = �

⇤(A). (4.15)

(ii) To mËtro Lebesgue � e–nai anallo–wto stic metajËseic, dhlad†:
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(a˛) Gia A ✓ Rk kai x 2 Rk e–nai

A 2 M
�

⇤ , A+ x 2 M
�

⇤ (4.16)

kai

(b˛) gia kàje A 2 M
�

⇤ kai x 2 Rk e–nai

�(A+ x) = �(A). (4.17)

ApÏdeixh. (i) Parathro‘me arqikà Ïti an I Ëna anoiktÏ kai fragmËno diàsthma tou
Rk kai x 2 Rk tÏte kai oi metajËseic A± x auto‘ e–nai ep–shc anoiktà kai fragmËna
diast†mata me v(I) = v(I ± x). 'Etsi, gia A ✓ Rk kai x 2 Rk tuqÏn e–nai:

�

⇤(A+x) = inf

( 1
X

n=1

v(I
n

) : I
n

anoiktÏ kai fragmËno diàsthma me A+ x ✓
1
[

n=1

I

n

)

=

= inf

( 1
X

n=1

v(I
n

� x) : I
n

� x anoiktÏ kai fragmËno diàsthma me A ✓
1
[

n=1

(I
n

� x)

)

=

= inf

( 1
X

n=1

v(J
n

) : J
n

anoiktÏ kai fragmËno diàsthma me A ✓
1
[

n=1

J

n

)

= �

⇤(A).

(ii) Gia to (a'), jewro‘me A 2 M
�

⇤ kai x 2 Rk kai gia B ✓ Rk ja de–xoume Ïti

�

⇤(B) = �

⇤(B \ (A+ x)) + �

⇤(B \ (A+ x)). (4.18)

E–nai loipÏn:

�

⇤(B) = �

⇤(B � x) = �

⇤((B � x) \A) + �

⇤((B � x) \A) =

= �

⇤((B\ (A+x))�x)+�⇤((B \ (A+x))�x) = �

⇤(B\ (A+x))+�⇤(B \ (A+x)),

Ïpou qrhsimopoi†same arketËc forËc to (i). 'Ara pràgmati A + x 2 M
�

⇤ . To (b')
prok‘ptei t∏ra àmesa apÏ to (i) kai to (a').

Me bàsh to (i) thc parapànw PrÏtashc kai thn Parat†rhsh 3.2.1 e–nai àmeso
Ïti to mËtro Lebesgue sto metr†simo q∏ro (Rk

,B(Rk)) e–nai ep–shc anallo–wto stic
metajËseic. E–nai pol‘ endiafËron Ïti to � e–nai ousiastikà to monadikÏ mËtro Borel
ston Rk pou Ëqei aut† thn idiÏthta. Gia na apode–xoume autÏ ton isqurismÏ ja
qreiasto‘me to epÏmeno L†mma pou e–nai Ëna anàlogo thc PrÏtashc:

Kàje anoiktÏ s‘nolo sto R gràfetai wc arijm†simh Ënwsh xËnwn anà d‘o anoikt∏n
diasthmàtwn.

Parathr†ste Ïti epiplËon to teleuta–o apotËlesma mpore– an beltiwje– wc ex†c:

An D Ëna puknÏ upos‘nolo tou R, tÏte kàje anoiktÏ s‘nolo sto R gràfetai wc
arijm†simh xËnh Ënwsh xËnwn anà d‘o anoikt∏n diasthmàtwn me àkra sto s‘nolo
D.
H apÏdeixh tou teleuta–ou auto‘ isqurismo‘ af†netai wc àskhsh.
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L†mma 4.2.3. Kàje anoiktÏ s‘nolo sto Rk gràfetai wc arijm†simh Ënwsh xËnwn
anà d‘o diasthmàtwn thc morf†c:

�(n, p1, p2, ..., pk) =

⇢

(x1, x2, ..., xk

) 2 Rk :
p

i

2n
 x

i

<

p1 + 1

2n
, i = 1, 2, ..., k

�

,

(4.19)
gia n 2 N kai p1, p2, ..., pk 2 Z.

ApÏdeixh. 'Estw G ✓ Rk anoiktÏ. Ja gràyoume to G wc arijm†simh xËnh Ënw-
sh sunÏlwn thc morf†c (4.19). Gia n 2 N stajerÏ jewro‘me thn oikogËneia �

n

uposunÏlwn tou Rk me

�
n

= {�(n, p1, p2, ..., pk) : p1, p2, ..., pk 2 Z}. (4.20)

Ta stoiqe–a thc �
n

or–zoun Ëna «plËgma» ston Rk pou epàgei mia diamËrish auto‘
se k-diàstatouc k‘bouc Ïgkou 1/2nk. Ep–shc, gia n < m h diamËrish �

m

e–nai
leptÏterh apÏ thn �

n

, me thn ex†c Ënnoia: an A 2 �
n

kai B 2 �
m

me A \ B 6= ;,
tÏte B ✓ A (giat–;).

Ja «exantl†soume» to s‘nolo G apÏ mËsa me tËtoiouc k‘bouc. Xekinàme me touc
megal‘terouc (n = 1): jewro‘me thn oikogËneia

E1 = {A 2 �1 : A ✓ G} . (4.21)

H E1 e–nai s–goura arijm†simh (afo‘ periËqetai sthn �1), allà pijan∏c na e–nai ken†.
Sth sunËqeia, yàqnoume touc amËswc mikrÏterouc k‘bouc (n = 2) pou periËqontai
sto G, allà den tËmnoun auto‘c pou br†kame prin (jumhje–te Ïti jËloume xËnh
Ënwsh). Jewro‘me loipÏn thn oikogËneia

E2 = {A 2 �2 : A ✓ G kai A \B = ; gia kàje B 2 E1} . (4.22)

Genikà, an oi E1, E2, ..., En Ëqoun oriste–, jewro‘me thn oikogËneia twn amËswc mi-
krÏterwn k‘bwn

E
n+1 =

8

<

:

A 2 �
n+1 : A ✓ G kai A \B = ; gia kàje B 2

n

[

j=1

E
j

9

=

;

. (4.23)

Kàje E
n

e–nai fusikà arijm†simh kai E
n

✓ �
n

, sunep∏c

E :=

1
[

n=1

E
n

✓
1
[

n=1

�
n

.

'Etsi, h E apotele–tai apÏ arijm†sima to pl†joc diast†mata thc morf†c (4.19) pou
periËqontai sto G. Ja de–xoume Ïti

G =
[

E =
[

{A : A 2 E} . (4.24)

'Estw x 2 G. To G e–nai anoiktÏ, àra upàrqei mpàla kËntrou x pou periËqetai sto
G kai sunep∏c upàrqoun kai s‘nola C 2 S

n

�
n

∏ste C ✓ G kai x 2 C. Jewr∏
n0 ton elàqisto fusikÏ ∏ste na upàrqei A 2 �

n0 me A ✓ G kai x 2 A. TÏte, e–nai
A 2 E

n0 , diÏti an up†rqe l < n0 kai B 2 �
l

∏ste A \ B 6= ; ja †tan A ✓ B kai
àra x 2 B: àtopo apÏ thn epilog† tou n0. 'Etsi, x 2 S E

n0 ✓ S E . 'Ara, pràgmati
isq‘ei to zhto‘meno.
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Je∏rhma 4.2.4. 'Estw µ Ëna mËtro Borel ston Rk anallo–wto stic metajËseic
diasthmàtwn, dhlad† me

µ(I + x) = µ(I), gia kàje I diàsthma kai x 2 Rk

kai µ(K) < 1 gia kàje K ✓ Rk sumpagËc. TÏte upàrqei a � 0 ∏ste µ = a · �,
dhlad†

µ(A) = a · �(A), gia kàje A 2 B(Rk).

ApÏdeixh. Kat' arqàc, an upojËsoume Ïti isq‘ei h zhto‘menh. TÏte, gia to s‘nolo

D = {(x1, x2, ..., xk

) 2 Rk : 0  x

i

< 1, i = 1, 2, ..., k}
e–nai µ(D)  µ(D) < 1 (afo‘ to D e–nai sumpagËc) kai µ(D) = a · �(D) = a � 0.
JËtoume loipÏn a = µ(D) < 1.
An a = 0, e–nai µ(Rk) = 0, afo‘ to Rk gràfetai wc arijm†simh xËnh Ënwsh meta-
jËsewn tou D (giat–;). 'Ara kai µ = 0 apÏ th monoton–a tou mËtrou.

An a > 0, jewro‘me th sunàrthsh ⌫ : B(Rk) ! [0,1] me ⌫(A) = 1
a

· µ(A) gia
A 2 B(Rk). E‘kola blËpoume Ïti to ⌫ e–nai mËtro Borel ston Rk pou e–nai epiplËon
anallo–wto stic metajËseic diasthmàtwn. Ja de–xoume Ïti ⌫ = �. Gia n 2 N, to
[�n, n)k gràfetai wc xËnh Ënwsh (2n)k to pl†joc metajËsewn tou D kai àra apÏ
thn upÏjesh

⌫([�n, n)k) = (2n)k⌫(D) = (2n)k = �([�n, n)k)

kai sunep∏c, apÏ to je∏rhma MonadikÏthtac (PrÏtash 2.2.1) arke– na de–xoume Ïti
⌫(G) = �(G) gia kàje G ✓ Rk anoiktÏ. Sunep∏c, s‘mfwna me to prohgo‘meno
L†mma, arke– na de–xoume Ïti

⌫(�(n, p1, p2, ..., pk)) = �(�(n, p1, p2, ..., pk))

gia kàje n 2 N kai p1, p2, ..., pk 2 Z. Gia n 2 N kai p1, p2, ..., pk 2 Z to�(n, p1, p2, ..., pk)
e–nai mia metàjesh tou �(n, 0, 0, ..., 0) kai àra

⌫(�(n, p1, p2, ..., pk)) = ⌫(�(n, 0, 0, ..., 0)).

'Omwc, to D gràfetai wc xËnh Ënwsh 2nk antit‘pwn tou tou �(n, 0, 0, ..., 0) kai àra

1 = ⌫(D) = 2nk⌫(�(n, 0, 0, ..., 0)).

'Ara, telikà

⌫(�(n, p1, p2, ..., pk)) =
1

2nk
= �(�(n, p1, p2, ..., pk))

Ïpwc jËlame.

Gia A ✓ Rk kai ⇢ 2 R or–zoume

⇢ ·A = {⇢ · a : a 2 A}. (4.25)

Gia thn pràxh aut† isq‘oun Ïlec oi idiÏthtec (i)-(iv) pou anafËrame kai gia to àjroi-
sma d‘o sunÏlwn. Mporo‘me na de–xoume akrib∏c Ïpwc prin Ïti oi �-àlgebrec B(Rk)
kaiM

�

⇤ diathro‘ntai anallo–wtec apÏ thn pràxh aut† (àskhsh).
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PrÏtash 4.2.5. An A ✓ Rk kai ⇢ 2 R tÏte isq‘ei h sqËsh

�

⇤(⇢ ·A) = |⇢|k · �⇤(A). (4.26)

ApÏdeixh. Gia ⇢ = 0 h zhto‘menh e–nai profan†c. Gia ⇢ 6= 0, parathro‘me Ïti gia
Ëna anoiktÏ kai fragmËno diàsthma

I = (a1, b1)⇥ (a2, b2)⇥ ...⇥ (a
k

, b

k

)

e–nai
⇢ · I = (|⇢|a1, |⇢|b1)⇥ (|⇢|a2, |⇢|b2)⇥ ...⇥ (|⇢|a

k

, |⇢|b
k

)

kai àra v(⇢ · I) = |⇢|kv(I). H sunËqeia e–nai Ïmoia me thn apÏdeixh thc PrÏtashc
4.2.2 (i).

GenikÏtera, an T : Rk ! Rk Ënac grammikÏc metasqhmatismÏc kai A 2 M
�

⇤

mpore– na deiqje– Ïti kai T (A) 2 M
�

⇤ (af†netai wc àskhsh). Upenjum–zoume se
autÏ to shme–o Ïti thn ex†c gewmetrik† ermhne–a thc or–zousac tou T : an D =
{(x1, x2, ..., xk

) 2 Rk : 0  x

i

< 1, i = 1, 2, ..., k} tÏte
v(T (D)) = | det(T )|. (4.27)

H apl† aut† idiÏthta genike‘etai wc ex†c:

PrÏtash 4.2.6. An T : Rk ! Rk Ënac grammikÏc metasqhmatismÏc kai A 2
M

�

⇤ , tÏte
�(T (A)) = | det(T )| · �(A). (4.28)

ApÏdeixh. UpojËtoume arqikà Ïti det(T ) 6= 0 kai ja efarmÏsoume to Je∏rhma mo-
nadikÏthtac 4.2.4. Jewro‘me th sunàrthsh µ : B(Rk) ! [0,1] me µ(A) = �(T (A)).
E‘kola blËpoume Ïti to µ e–nai Ëna mËtro Borel ston Rk kai epiplËon gia A 2 B(Rk)
kai x 2 Rk e–nai:

µ(A+ x) = �(T (A+ x)) = �(T (A) + T (x)) = �(T (A)) = µ(A)

apÏ to anallo–wto tou mËtrou Lebesgue stic metaforËc kai th grammikÏthta thc T .
'Ara apÏ to Je∏rhma 4.2.4 e–nai

µ(A) = a · �(A)

Ïpou a = µ(D) = �(T (D)) = | det(T )|. 'Etsi, Ëqoume th zhto‘menh.
An t∏ra det(T ) = 0, ja de–xoume Ïti µ = 0 † isod‘nama Ïti �(T (Rk)) = 0. Afo‘
det(T ) = 0 o T den e–nai ep– kai àra upàrqei m < n ∏ste (d–qwc blàbh allàzoume
th seirà twn metablht∏n)

T (Rk) = {(x1, x2, ..., xm

, 0, ..., 0) : x1, x2, ..., xm

2 R} =

1
[

n=1

J

n

(4.29)

Ïpou
J

n

= [�n, n]⇥ [�n, n]⇥ ...⇥ [�n, n]⇥ {0}⇥ ...⇥ {0}.
'Etsi

�(T (Rk)) 
1
X

n=1

�(J
n

) =

1
X

n=1

v(J
n

) = 0,

Ïpwc jËlame. 'Ara pràgmati µ = 0.
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Kle–noume aut† thn enÏthta me Ëna je∏rhma pou de–qnei kàpwc th domh twn
sunÏlwn jetiko‘ mËtrou Lebesgue. H pr∏th ent‘pwsh pou –swc Ëqei kane–c e–nai
Ïti Ëna s‘nolo jetiko‘ mËtrou Lebesgue anagkastikà periËqei mia anoikt† mpàla,
to opo–o fusikà e–nai làjoc (gia paràdeigma to R \ Q san upos‘nolo tou R den
Ëqei aut† thn idiÏthta). Par' Ïla autà, to epÏmeno je∏rhma de–qnei Ïti isq‘ei kàti
asjenËstero allà par' Ïla autà idia–tera qr†simo.

Je∏rhma 4.2.7 (Steinhaus). An A Ëna Lebesgue metr†simo upos‘nolo tou Rk

me �(A) > 0, tÏte upàrqei � > 0 ∏ste

B(0, �) ✓ A�A. (4.30)

ApÏdeixh. Kat' arqàc, mporo‘me na upojËsoume Ïti �(A) < 1. Sthn per–ptwsh
pou isq‘ei �(A) = 1 mporo‘me na bro‘me (apÏ thn eswterik† kanonikÏthta gia
paràdeigma) B 2 M

�

⇤ me B ✓ A kai 0 < �(B) < 1. 'Etsi, an gia kàpoio � > 0
isq‘ei B(0, �) ✓ B �B ja e–nai s–goura kai B(0, �) ✓ A�A.

UpojËtume Ïti 0 < �(A) < 1 loipÏn. Ja qrhsimopoi†soume thn kanonikÏthta
tou mËtrou Lebesgue. 'Estw " > 0. TÏte, s‘mfwna me thn PrÏtash 4.1.2, upàrqoun
K ✓ Rk sumpagËc kai G ✓ Rk anoiktÏ ∏ste K ✓ A ✓ G kai

�(G) < �(A) + ", �(K) > �(A)� ". (4.31)

TÏte K ✓ G kai àra or–zetai kalà h apÏstash

� := dist(K,G

c) > 0. (4.32)

'Etsi, gia z 2 K e–nai B(z, �) ✓ G. Ja de–xoume Ïti autÏ e–nai to � pou yàqnoume.
PrËpei na de–xoume Ïti kàje x 2 Rk me kxk < � gràfetai wc diaforà d‘o stoiqe–wn
tou A. Ja apode–xoume to ex†c isqurÏtero:

IsqurismÏc. E–nai B(0, �) ✓ K �K.

'Estw x 2 Rk me kxk < �. Ja bro‘me z1, z2 2 K ∏ste x = z1 � z2. Isod‘nama,
yàqnoume z 2 K tËtoio ∏ste x + z 2 K. An upojËsoume Ïti den upàrqei tËtoio,
e–nai K \ (K + x) = ; kai àra:

�(K [ (K + x)) = �(K) + �(K + x) = 2�(K) > 2�(A)� 2"

apÏ to anallo–wto tou mËtrou Lebesgue stic metajËseic. 'Omwc K ✓ G kai epiplËon
K + x ✓ G, afo‘ an y 2 K + x, upàrqei z 2 K ∏ste ky � zk = kxk < � kai àra
y 2 G. Sunep∏c,

�(K [ (K + x))  �(G) < �(A) + ".

Telikà, e–nai:
2�(A)� 2" < �(A) + "

† isod‘nama
�(A) < 3".

Ef' Ïson to " > 0 me to opo–o xekin†same †tan tuqa–o, Ëqoume �(A) = 0 pou Ërqetai
se ant–fash me thn upÏjesh.
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4.3 Mh metr†sima s‘nola

Sto prohgo‘meno kefàlaio melet†same tic �-àlgebrec B(Rk) kaiM
�

⇤ kai parath-
r†same touc egkleismo‘c

B(Rk) ✓ M
�

⇤ ✓ P(Rk).

To er∏thma Ïmwc an auto– oi d‘o egkleismo– e–nai gn†sioi (dhlad†, an upàrqoun
upos‘nola tou R pou den e–nai metr†sima kai an upàrqoun metr†sima s‘nola pou den
e–nai Borel) den e–nai kajÏlou aplÏ. Se aut†n thn paràgrafo ja kataskeuàsoume pa-
ràdeigma mh metr†simou sunÏlou. H kataskeu† bas–zetai sto «ax–wma thc epilog†c»
apÏ thn Jewr–a SunÏlwn, to opo–o apodeqÏmaste.

Ax–wma thc Epilog†c: 'Estw X = {X
a

: a 2 A} mia mh ken† oikogËneia xËnwn,
mh ken∏n uposunÏlwn enÏc sunÏlou ⌦. TÏte, upàrqei Ëna s‘nolo E pou periËqei
akrib∏c Ëna stoiqe–o x

a

apÏ kàje s‘nolo X
a

. Dhlad†, upàrqei sunàrthsh epi-
log†c f : A ! ⌦ me f(a) 2 X

a

gia kàje a 2 A.

Shme–wsh. To Ax–wma thc Epilog†c, an kai fa–netai «aj∏o», apodeikn‘etai ane-
xàrthto apÏ ta axi∏mata (Zermelo-Fraenkel) thc Jewr–ac SunÏlwn.

Je∏rhma 4.3.1 (Vitali). Upàrqei mh metr†simo upos‘nolo tou R.

ApÏdeixh. Or–zoume sqËsh isodunam–ac ⇠ sto R wc ex†c:
x ⇠ y () x� y 2 Q. (4.33)

H ⇠ qwr–zei to R se klàseic isodunam–ac
E

x

= {y 2 R | y = x+ q gia kàpoion q 2 Q}. (4.34)

An sumbol–soume me X = {X
a

: a 2 A} thn oikogËneia twn diaforetik∏n klàsewn
isodunam–ac, to ax–wma thc epilog†c mac lËei Ïti upàrqei Ëna s‘nolo E = {y

a

: a 2
A} ⇢ R to opo–o periËqei akrib∏c Ëna stoiqe–o y

a

apÏ kàje klàsh X
a

. EidikÏtera,
an a 6= b sto A tÏte y

a

� y

b

/2 Q.
Jewro‘me mia ar–jmhsh {q

n

: n 2 N} tou Q kai jewro‘me thn akolouj–a sunÏlwn
E

n

:= E + q

n

, n 2 N. (4.35)

Ta s‘nola E
n

ikanopoio‘n ta ex†c:

1. An n 6= m tÏte E

n

\ E

m

= ;. Pràgmati, an up†rqan y

a

, y

b

2 E ∏ste
y

a

+ q

n

= y

b

+ q

m

, tÏte ja e–qame 0 6= y

a

� y

b

= q

m

� q

n

2 Q, to opo–o e–nai
àtopo apÏ ton trÏpo orismo‘ tou E.

2. R =
S1

n=1 En

. Pràgmati, an x 2 R tÏte upàrqei a 2 A ∏ste x 2 X

a

. AutÏ
shma–nei Ïti x = y

a

+ q gia kàpoion q 2 Q. 'Omwc, tÏte upàrqei n = n(x) 2 N
∏ste q = q

n

, dhlad†, x = y

a

+ q

n

2 E

n

.

Ac upojËsoume Ïti to E e–nai metr†simo. TÏte, to E
n

= E + q

n

e–nai metr†simo gia
kàje n 2 N kai �(E

n

) = �(E). ApÏ tic idiÏthtec twn E
n

kai apÏ thn arijm†simh
prosjetikÏthta tou mËtrou, pa–rnoume

+1 = �(R) =
1
X

n=1

�(E
n

) =

1
X

n=1

�(E).
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Sunep∏c, �(E) > 0. ApÏ to Je∏rhma Steinhaus, to E�E periËqei diàsthma (��, �)
gia kàpoion � > 0. 'Omwc autÏ e–nai àtopo, diÏti to E � E den mpore– na periËqei
rhtÏ diaforetikÏ apÏ to 0: an x 6= y sto E tÏte o x�y e–nai àrrhtoc, apÏ ton trÏpo
orismo‘ tou E. 'Epetai Ïti to E den e–nai metr†simo s‘nolo.

Parat†rhsh 4.3.2. Mimo‘menoi aut† thn apÏdeixh mporo‘me na de–xoume to ex†c
isqurÏtero apotËlesma:

An A ✓ R Ëna metr†simo s‘nolo jetiko‘ mËtrou, tÏte upàrqei mh metr†simo E ✓ A.

H apÏdeixh auto‘ tou isqurismo‘ af†netai wc àskhsh.

Mporo‘me, me parÏmoio trÏpo, na apode–xoume thn ‘parxh mh metr†simou E ✓
[0, 1], apofe‘gontac thn qr†sh tou Jewr†matoc Steinhaus.

De‘terh apÏdeixh. Or–zoume sqËsh isodunam–ac ⇠ sto [0, 1] wc ex†c:

x ⇠ y () x� y 2 Q. (4.36)

Parathr†ste Ïti, anagkastikà, x � y 2 [�1, 1]. H ⇠ qwr–zei to [0, 1] se klàseic
isodunam–ac

E

x

= {y 2 [0, 1] | y = x+ q gia kàpoion q 2 [�1, 1] \Q}. (4.37)

An sumbol–soume me X = {X
a

: a 2 A} thn oikogËneia twn diaforetik∏n klàsewn
isodunam–ac, to ax–wma thc epilog†c mac lËei Ïti upàrqei Ëna s‘nolo E = {y

a

: a 2
A} ⇢ [0, 1] to opo–o periËqei akrib∏c Ëna stoiqe–o y

a

apÏ kàje klàshX
a

. EidikÏtera,
an a 6= b sto A tÏte y

a

� y

b

/2 Q.
Jewro‘me mia ar–jmhsh {q

n

: n 2 N} tou Q \ [�1, 1] kai jewro‘me thn akolouj–a
sunÏlwn

E

n

:= E + q

n

, n 2 N. (4.38)

Ta s‘nola E
n

ikanopoio‘n ta ex†c:

1. E
n

✓ [�1, 2].

2. An n 6= m tÏte E
n

\ E

m

= ;.
3. [0, 1] ✓ S1

n=1 En

. Pràgmati, an x 2 [0, 1] tÏte upàrqei a 2 A ∏ste x 2 X

a

.
AutÏ shma–nei Ïti x = y

a

+ q gia kàpoion q 2 Q\ [�1, 1]. 'Omwc, tÏte upàrqei
n = n(x) 2 N ∏ste q = q

n

, dhlad†, x = y

a

+ q

n

2 E

n

.

UpojËtoume Ïti to E e–nai metr†simo. TÏte, to E

n

= E + q

n

e–nai metr†simo gia
kàje n 2 N kai �(E

n

) = �(E). ApÏ tic idiÏthtec twn E
n

kai apÏ th monoton–a kai
thn arijm†simh prosjetikÏthta tou mËtrou, pa–rnoume

1 = �([0, 1])  �

 1
[

n=1

E

n

!

=
1
X

n=1

�(E
n

) =
1
X

n=1

�(E)  3,

to opo–o e–nai àtopo afo‘ to teleuta–o àjroisma e–nai e–te –so me 0 (an �(E) = 0)
e–te me +1 (an �(E) > 0). Sunep∏c, to E den e–nai metr†simo s‘nolo.
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4.4 Metr†sima s‘nola pou den e–nai Borel

Se aut†n thn paràgrafo meletàme ton pr∏to egkleismÏ gia ton opo–o mil†same para-
pànw. Ja apode–xoume Ïti e–nai gn†sioc, dhlad† Ïti upàrqoun metr†sima upos‘nola
tou R pou den e–nai Borel. Ja d∏soume d‘o apode–xeic gia autÏ ton isqurismÏ, mia
sunolojewrhtik† pou qrhsimopoie– tic idiÏthtec twn diataktik∏n arijm∏n kai mia
kataskeuastik† pou bas–zetai sth sunàrthsh Cantor-Lebesgue pou or–zoume sthn
paràgrafo 4.4.2. Kai gia tic d‘o autËc apode–xeic qreiazÏmaste merikËc basikËc
idiÏthtec tou sunÏlou tou Cantor to opo–o ja kataskeuàsoume.

4.4.1 To s‘nolo tou Cantor

§1. Kataskeu† tou sunÏlou tou Cantor

Jewro‘me to diàsthma C0 = [0, 1] kai to qwr–zoume se tr–a –sa diast†mata. Afairo-
‘me to anoiktÏ mesa–o diàsthma

�

1/3, 2/3
�

. Onomàzoume C1 to s‘nolo pou apomËnei,
dhlad†

C1 =
⇥

0, 1/3
⇤ [ ⇥2/3, 1⇤.

To C1 e–nai profan∏c kleistÏ s‘nolo. Qwr–zoume kajËna apÏ ta diast†mata
⇥

0, 1/3
⇤

kai
⇥

2/3, 1
⇤

se tr–a –sa diast†mata kai, apÏ kajËna apÏ autà, afairo‘me to mesa–o
anoiktÏ diàsthma. Onomàzoume C2 to kleistÏ s‘nolo pou apomËnei, dhlad†

C2 =
⇥

0, 1/9
⇤ [ ⇥2/9, 1/3⇤ [ ⇥2/3, 7/9⇤ [ ⇥8/9, 1⇤.

Suneq–zontac me autÏn ton trÏpo, kataskeuàzoume gia kàje n = 1, 2, . . . Ëna kleistÏ
s‘nolo C

n

Ëtsi ∏ste h akolouj–a (C
n

) na Ëqei tic ex†c idiÏthtec:

1. C1 � C2 � C3 � · · · .
2. To C

n

e–nai h Ënwsh 2n kleist∏n diasthmàtwn, kajËna apÏ ta opo–a Ëqei m†koc
1/3n.

To s‘nolo tou Cantor e–nai to s‘nolo

C =

1
\

n=1

C

n

. (4.39)

Shme–wsh. Ta diast†mata thc morf†c
⇥

k/3n, (k+1)/3n
⇤

, n 2 N, k = 0, 1, . . . , 3n�
1, onomàzontai triadikà diast†mata.

§2. IdiÏthtec tou sunÏlou tou Cantor

To C e–nai s–goura mh kenÏ, afo‘ periËqei ta àkra Ïlwn twn triadik∏n diasthmàtwn
pou apart–zoun kàje C

n

(Ïpwc ja do‘me parakàtw periËqei kai pollà àlla shme–a).
Ep–shc to C e–nai kleistÏ, afo‘ h tom† kleist∏n sunÏlwn e–nai kleistÏ s‘nolo.
EpiplËon, to C Ëqei tic ex†c idiÏthtec:

(1) To C e–nai tËleio s‘nolo, dhlad† e–nai kleistÏ kai kàje shme–o tou C e–nai shme–o
suss∏reushc tou C.

ApÏdeixh. E–dame Ïti to C e–nai kleistÏ. Gia na de–xoume Ïti kàje x 2 C e–nai shme–o
suss∏reushc tou C parathro‘me Ïti gia to tuqÏn x 2 C upàrqei monadik† akolouj–a
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kleist∏n triadik∏n diasthmàtwn I
n

(x), n = 1, 2, . . ., me x 2 I

n

(x), I
n

(x) ⇢ C

n

kai
`(I

n

(x)) = 1
3n . Oi akolouj–ec (↵n

(x)) kai (�
n

(x)) twn arister∏n kai dexi∏n àkrwn
twn I

n

(x) ant–stoiqa periËqontai sto C, kajem–a apÏ autËc sugkl–nei sto x, kai
h m–a toulàqiston apÏ tic d‘o den e–nai telikà stajer†. 'Ara, to x e–nai shme–o
suss∏reushc tou C.

(2) To C Ëqei exwterikÏ mËtro –so me 0.

ApÏdeixh. Gia kàje n 2 N Ëqoume C ⇢ C

n

kai �⇤(C
n

) = 2n

3n , afo‘ to Cn

e–nai Ënwsh
2n xËnwn anà d‘o kleist∏n diasthmàtwn, kajËna apÏ ta opo–a Ëqei m†koc 1

3n . 'Ara,

�

⇤(C)  �

⇤(C
n

) =
2n

3n

gia kàje n 2 N, opÏte �⇤(C) = 0.

Parat†rhsh. EidikÏtera, to C den periËqei kanËna diàsthma.

(3) To C e–nai uperarijm†simo.

ApÏdeixh. ApÏ Ëna genikÏ je∏rhma thc Topolog–ac, kàje mh kenÏ tËleio upos‘nolo
tou R e–nai uperarijm†simo. Afo‘ de–xame Ïti to C e–nai tËleio, Ëpetai o isqurismÏc.
Ja d∏soume Ïmwc mia de‘terh apÏdeixh, h opo–a màc d–nei thn aform† na do‘me mia
diaforetik† perigraf† tou sunÏlou C pou parousiàzei genikÏtero endiafËron.
Mporo‘me na or–soume m–a Ëna proc Ëna kai ep– apeikÏnish � tou C sto s‘nolo

{0, 2}N =
�

(↵
n

)1
n=1 | gia kàje n, ↵

n

= 0 † ↵
n

= 2
 

. (4.40)

To {0, 2}N e–nai uperarijm†simo (jumhje–te to diag∏nio epiqe–rhma tou Cantor). 'Ara,
to C e–nai uperarijm†simo. H apeikÏnish � or–zetai wc ex†c:
Gia kàje x 2 C upàrqei monadik† akolouj–a kleist∏n diasthmàtwn I

n

(x), n =
1, 2, . . ., ∏ste: I1(x) � I2(x) � · · · , kai gia kàje n, x 2 I

n

(x) kai to I
n

(x) e–nai Ëna
apÏ ta triadikà diast†mata m†kouc 1

3n pou apart–zoun to Cn

.
Me bàsh aut†n thn akolouj–a diasthmàtwn or–zoume mia akolouj–a (↵x

n

)1
n=1 2

{0, 2}N wc ex†c:
(a) n = 1: JËtoume ↵x

1 = 0 an I1(x) =
⇥

0, 1/3
⇤

(dhlad†, an x 2 ⇥0, 1/3⇤) kai ↵x

1 = 2

an I1(x) =
⇥

2/3, 1
⇤

(dhlad†, an x 2 ⇥2/3, 1⇤).
(b) EpagwgikÏ b†ma: Gia kàje n, an I

n

(x) =
⇥

k/3n, (k+1)/3n
⇤

tÏte to I
n+1(x) e–nai

Ëna apÏ ta d‘o diast†mata
⇥

k/3n, (k/3n)+(1/3n+1)
⇤

, [(k/3n)+(2/3n+1), (k+1)/3n
⇤

:
eke–no pou periËqei to x. JËtoume ↵x

n+1 = 0 an I
n+1(x) e–nai to pr∏to diàsthma, kai

↵

x

n+1 = 2 an I
n+1(x) e–nai to de‘tero diàsthma.

Parathro‘me Ïti an x 6= y, tÏte gia kàpoio n ja isq‘ei I
n

(x) 6= I

n

(y), alli∏c
ja Ëprepe na Ëqoume |x � y|  1

3n gia kàje n 2 N. An n0 e–nai o pr∏toc fusikÏc
gia ton opo–o I

n0(x) 6= I

n0(y), tÏte apÏ ton orismÏ twn ↵
x

n

blËpoume Ïti ↵x

n0
6= ↵

y

n0
,

àra oi d‘o akolouj–ec (↵x

n

)1
n=1 kai (↵

y

n

)1
n=1 e–nai diaforetikËc. AutÏ apodeikn‘ei Ïti

h apeikÏnish � : C ! {0, 2}N me �(x) = (↵x

n

)1
n=1 e–nai Ëna proc Ëna.

Ant–strofa, an (↵
n

)1
n=1 e–nai mia akolouj–a apÏ 0 † 2, h akolouj–a aut† or–zei

monadik† akolouj–a triadik∏n diasthmàtwn (I
n

)1
n=1 me I1 � I2 � · · · , ∏ste gia kàje

n to I
n

na e–nai Ëna apÏ ta triadikà diast†mata m†kouc 1
3n pou apart–zoun to Cn

:

(a) n = 1: JËtoume I1 =
⇥

0, 1/3
⇤

an ↵1 = 0 † I1 =
⇥

2/3, 1
⇤

an ↵1 = 2.
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(b) Genikà, to I
n+1 or–zetai na e–nai Ëna apÏ ta d‘o triadikà upodiast†mata m†kouc

1
3n+1 tou I

n

pou periËqontai sto C

n+1: to aristerÏ an ↵n+1 = 0, † to dexiÏ an
↵

n+1 = 2.
Afo‘ ta m†kh twn diasthmàtwn I

n

fj–noun sto 0, h tom† touc e–nai monos‘nolo:
Ëstw

{x} =

1
\

n=1

I

n

.

(Jumhje–te Ïti h tom† e–nai mh ken† lÏgw tou jewr†matoc twn kibwtismËnwn diasth-
màtwn). Afo‘ I

n

⇢ C

n

gia kàje n, e–nai fanerÏ Ïti x 2 C. Ep–shc, I
n

(x) = I

n

gia
kàje n, kai apÏ ton trÏpo orismo‘ twn I

n

Ëqoume

(↵
n

)1
n=1 = (↵x

n

)1
n=1 = �(x).

AutÏ apodeikn‘ei Ïti h � e–nai ep– tou {0, 2}N, àra to C e–nai uperarijm†simo.

O trÏpoc orismo‘ thc � màc odhge– se mia àllh perigraf† tou sunÏlou tou Cantor.

§3. Triadik† paràstash arijmo‘
An (a

n

)1
n=1 e–nai mia akolouj–a me a

n

2 {0, 1, 2} gia kàje n 2 N, tÏte h seirà
P1

n=1
a

n

3n sugkl–nei se Ënan arijmÏ x 2 [0, 1]. An x =
P1

n=1
a

n

3n me an 2 {0, 1, 2} gia
kàje n, h seirà

P1
n=1

a

n

3n († h akolouj–a (an)
1
n=1) lËgetai triadik† paràstash

tou x. Gràfoume x = (a1, a2, . . .) ant– thc x =
P1

n=1
a

n

3n .
Kàje arijmÏc x sto diàsthma [0, 1] Ëqei triadik† paràstash. H akolouj–a

(a
n

)1
n=1 mpore– na epilege– wc ex†c: Qwr–zoume to [0, 1] sta tr–a upodiast†mata

[0, 1/3], (1/3, 2/3) kai [2/3, 1]. JËtoume

a1 =

8

>

<

>

:

0 , x 2 [0, 1/3]

1 , x 2 (1/3, 2/3)

2 , x 2 [2/3, 1].

Me autÏn ton orismÏ, se kàje per–ptwsh Ëqoume

a1

3
 x  a1

3
+

1

3
. (4.41)

Ac upojËsoume Ïti x 2 [0, 1/3]. Qwr–zoume autÏ to diàsthma sta tr–a upodiast†mata
[0, 1/9], (1/9, 2/9), [2/9, 1/3] kai jËtoume a2 = 0, 1 † 2 ant–stoiqa an to x an†kei
sto aristerÏ, sto mesa–o † sto dexiÏ apÏ autà ta diast†mata. Anàloga or–zetai to
a2 Ïtan x 2 (1/3, 2/3) † x 2 [2/3, 1], Ëtsi ∏ste se kàje per–ptwsh na Ëqoume

a1

3
+

a2

32
 x  a1

3
+

a2

32
+

1

32
. (4.42)

Suneq–zoume thn epilog† twn a
n

me autÏn ton trÏpo Ëtsi ∏ste gia kàje n na Ëqoume

n

X

k=1

a

k

3k
 x 

n

X

k=1

a

k

3k
+

1

3n
. (4.43)

Afo‘ loipÏn

0  x�
n

X

k=1

a

k

3k
 1

3n
,
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Ëpetai Ïti h seirà
P1

k=1
a

k

3k sugkl–nei ston x, dhlad†

x =

1
X

k=1

a

k

3k
.

E–nai fanerÏ Ïti an x 6= y tÏte h triadik† paràstash tou x e–nai diaforetik† apÏ
aut†n tou y, afo‘ mia seirà den mpore– na sugkl–nei se d‘o diaforetikà Ïria.

Upàrqoun Ïmwc arijmo– x 2 [0, 1] pou Ëqoun d‘o diaforetikËc triadikËc para-
stàseic. Gia paràdeigma, an x = 1/3 tÏte

1

3
=

1

3
+

1
X

k=2

0

3k
kai

1

3
=

1
X

k=2

2

3k
.

(Me ton trÏpo epilog†c thc (a
n

)1
n=1 pou parousiàsame parapànw, ja br–skame thn

de‘terh paràstash).
GenikÏtera, isq‘ei to ex†c: O x 2 [0, 1] Ëqei d‘o diaforetikËc triadikËc para-

stàseic an kai mÏno an o x e–nai triadikÏc rhtÏc: dhlad† an x = k/3n gia kàpoion
n 2 N kai kàpoion 1  k  3n (af†netai wc àskhsh).

To Je∏rhma pou akolouje– d–nei Ënan àllo trÏpo perigraf†c tou sunÏlou tou
Cantor.

Je∏rhma 4.4.1. 'Estw x 2 [0, 1]. TÏte, x 2 C an kai mÏno an o x Ëqei m–a
triadik† paràstash h opo–a periËqei mÏno ta yhf–a 0 kai 2. 2

ApÏdeixh. 'Estw x 2 [0, 1]. An h akolouj–a (a
n

) epilege– me ton trÏpo pou parou-
siàsame parapànw, tÏte isq‘ei to ex†c: x 2 C an kai mÏno an a

n

6= 1 gia kàje n.
AutÏ apodeikn‘ei Ïti an x 2 C tÏte o x Ëqei m–a triadik† paràstash pou periËqei
mÏno ta yhf–a 0 kai 2. H olokl†rwsh thc apÏdeixhc af†netai wc àskhsh.

§4. Upàrqoun metr†sima s‘nola pou den e–nai Borel

Gia thn apÏdeixh auto‘ tou isqurismo‘ qreiazÏmaste to ex†c sunolojewrhtikÏ L†m-
ma:

L†mma 4.4.2. An X e–nai Ënac diaqwr–simoc metrikÏc q∏roc, tÏte |B(X)|  c,
Ïpou c = |R| to suneqËc. Pio sugkekrimËna, an X = R, Ëqoume |B(X)| = c.

ApÏdeixh. Afo‘ o X e–nai diaqwr–simoc upàrqei arijm†simo puknÏ s‘nolo D =
{x1, x2, ...} sto X. TÏte, h oikogËneia

C = {B(x
n

, q

m

) : n,m = 1, 2, ...},

Ïpou {q
m

: m = 1, 2, ...} mia ar–jmhsh tou Q\(0,1) e–nai mia arijm†simh bàsh gia thn
topolog–a tou X, dhlad† kàje anoiktÏ s‘nolo sto X gràfetai wc Ënwsh stoiqe–wn
thc C - exhg†ste giat–. Katà sunËpeia, kàje anoiktÏ s‘nolo an†kei sthn �(C) kai
àra B(X) = �(C). Gia kàje arijm†simo diataktikÏ arijmÏ ↵ or–zoume upooikogËneiec
B
↵

✓ B(X) wc ex†c: B0 = C,
B
�

=
[

↵<�

B
↵



68 · Basikec idiothtec tou metrou Lebesgue

gia kàje oriakÏ diataktikÏ arijmÏ � kai B
↵+1 thn oikogËneia Ïlwn twn arijm†simwn

en∏sewn kai twn sumplhrwmàtwn stoiqe–wn thc B
↵

. Apodeikn‘etai tÏte Ïti kàje B
↵

Ëqei plhjàrijmo mikrÏtero † –so apÏ to suneqËc kai Ïti

B(X) =
[

{B
↵

: ↵ arijm†simoc diataktikÏc arijmÏc}.

EpomËnwc, pràgmati, h B(X) Ëqei plhjàrijmo mikrÏtero † –so apÏ to suneqËc, dhlad†
|B(X)|  c.

Sthn per–ptwsh tou R t∏ra, h apeikÏnish � : R ! B(R) me �(x) = (�1, x)
e–nai fusikà 1 � 1 kai àra c = |R|  |B(R)|. H isÏthta |B(R)| = c Ëpetai t∏ra apÏ
to Je∏rhma Schröder-Bernstein.

PrÏtash 4.4.3. Upàrqei Lebesgue metr†simo upos‘nolo tou R pou den e–nai Bo-
rel.

ApÏdeixh. An C to s‘nolo tou Cantor, apÏ thn plhrÏthta tou � kai th sqËsh
�(C) = 0 sumpera–noume Ïti

P(C) ✓ M
�

⇤
.

Sunep∏c, e–nai |M
�

⇤ | � |P(C)| > |C| = c. O zhto‘menoc gn†sioc egkleismÏc Ëpetai
apÏ to prohgo‘meno L†mma: e–nai |B(R)| = c.

4.4.2 H sunàrthsh Cantor-Lebesgue

Jewro‘me ta s‘nola C
n

pou qrhsimopoi†jhkan gia thn kataskeu† tou sunÏlou C
tou Cantor. Gia kàje n 2 N or–zoume sunàrthsh f

n

: [0, 1] ! [0, 1] wc ex†c. An
J

n

1 , . . . , J
n

2n�1 e–nai ta diadoqikà anoiktà diast†mata pou sqhmat–zoun to [0, 1] \ Cn

,
or–zoume f

n

(0) = 0, f
n

(1) = 1, f
n

(x) = k

2n gia kàje x sto J

n

k

, kai epekte–noume
grammikà se kajËna apÏ ta kleistà diast†mata pou sqhmat–zoun to C

n

∏ste na
prok‘yei suneq†c sunàrthsh.

1
3

2
3

1

1
2

1 f1

1
9

2
9

1
3

2
3

7
9

8
9

1

1
4

1
2

3
4

1 f2

1
27

2
27

1
9

2
9

7
27

8
27

1
3

2
3
19
27

20
27

7
9
22
27

23
27

8
9
25
27

26
27

1

1
4

1
2

3
4

1 f3

Sq†ma 4.2: Kataskeu† thc sunàrthshc Cantor-Lebesgue
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Gia paràdeigma, Ëqoume C1 = [0, 1/3][ [2/3, 1]. H f1 e–nai stajer† kai –sh me 1/2
sto (1/3, 2/3), grammik† sto [0, 1/3] me f(0) = 0 kai f(1/3) = 1/2, grammik† sto
[2/3, 1] me f(2/3) = 1/2 kai f(1) = 1. Sto de‘tero b†ma, to [0, 1]\C2 apotele–tai apÏ
tr–a xËna anoiktà diast†mata: sto (1/9, 2/9) h f2 e–nai stajer† kai –sh me 1/4, sto
(1/3, 2/3) h f2 e–nai stajer† kai –sh me 1/2, sto (7/9, 8/9) h f2 e–nai stajer† kai –sh
me 3/4, en∏ se kajËna apÏ ta tËssera kleistà diast†mata tou C2 thn epekte–noume
grammikà se suneq† sunàrthsh, or–zontac pàli f2(0) = 0 kai f2(1) = 1.

PrÏtash 4.4.4. H akolouj–a {f
n

}1
n=1 sugkl–nei omoiÏmorfa se mia suneq† su-

nàrthsh f : [0, 1] ! [0, 1]. H f e–nai a‘xousa kai ep– tou [0, 1]. H eikÏna tou C mËsw
thc f Ëqei mËtro �(f(C)) = 1.

ApÏdeixh. ApÏ thn kataskeu† thc h akolouj–a {f
n

} Ëqei tic akÏloujec idiÏthtec:
1. Kàje f

n

e–nai a‘xousa, suneq†c sunàrthsh me f
n

(0) = 0 kai f
n

(1) = 1.

2. An Jn

k

e–nai kàpoio apÏ ta anoiktà diast†mata pou afairo‘me sto n-ostÏ b†ma
thc kataskeu†c tou C, tÏte h f

n

e–nai stajer† sto Jn

k

, kai

f

n

⌘ f

n+1 ⌘ f

n+2 ⌘ · · ·

sto Jn

k

.

3. Isq‘ei

kf
n+1 � f

n

k1  1

2n
, n = 1, 2, 3, . . . .

ApÏ thn tr–th idiÏthta elËgqoume e‘kola Ïti h {f
n

} e–nai basik† akolouj–a ston
C[0, 1]: an m > n tÏte

kf
m

� f

n

k1 
m�1
X

k=n

kf
k+1 � f

k

k1 
m�1
X

k=n

1

2k
 1

2n�1
! 0

Ïtan m,n ! 1. O C[0, 1] e–nai pl†rhc wc proc thn k · k1, àra upàrqei suneq†c
sunàrthsh f : [0, 1] ! R ∏ste f

n

! f omoiÏmorfa.
Profan∏c, f

n

! f katà shme–o sto [0, 1]. Afo‘ kàje f
n

e–nai a‘xousa sunàr-
thsh me f

n

(0) = 0 kai f
n

(1) = 1, Ëpetai Ïti h f e–nai ki aut† a‘xousa, suneq†c
sunàrthsh me f(0) = 0 kai f(1) = 1. EidikÏtera, h f e–nai ep– tou [0, 1].
TËloc, f(C) = [0, 1]. Pràgmati, apÏ thn de‘terh idiÏthta thc {f

n

} blËpoume
Ïti h f e–nai stajer† se kàje anoiktÏ diàsthma J tou sumplhr∏matoc tou C, kai
màlista aut† h stajer† tim† pa–rnetai kai sta àkra tou J ta opo–a an†koun sto C.
Afo‘ h f e–nai ep– tou [0, 1], kàje y 2 [0, 1] e–nai –so me f(x) gia kàpoio x 2 C. ApÏ
thn f(C) = [0, 1] e–nai fanerÏ Ïti �(f(C)) = 1.

Shme–wsh. Parathr†ste Ïti �([0, 1] \ C) = 1 kai f 0(x) = 0 gia kàje x /2 C.
Pràgmati, an x /2 C tÏte to x an†kei se kàpoio anoiktÏ diàsthma J sto opo–o h f
e–nai stajer†. Sunep∏c, h f e–nai paragwg–simh sto x kai f 0(x) = 0. Me àlla lÏgia,
h f 0 e–nai sqedÏn panto‘ –sh me mhdËn, parÏlo pou h f e–nai a‘xousa kai apeikon–zei
to [0, 1] ep– tou [0, 1].

Qrhsimopoi∏ntac thn sunàrthsh Cantor–Lebesgue, mporo‘me na apode–xoume
thn ‘parxh metr†simwn sunÏlwn ta opo–a den e–nai s‘nola Borel. Ja qreiasto‘me
to ex†c L†mma:
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L†mma 4.4.5. 'Estw A s‘nolo Borel sto R kai Ëstw f : A ! R suneq†c sunàr-
thsh. TÏte, gia kàje Borel s‘nolo B ✓ R, to f�1(B) = {x 2 A : f(x) 2 B} e–nai
s‘nolo Borel.

ApÏdeixh. Jewro‘me thn oikogËneia

A = {B ✓ R : to f�1(B) e–nai s‘nolo Borel}. (4.44)

An B e–nai anoiktÏ upos‘nolo tou R, tÏte to f

�1(B) e–nai anoiktÏ sto A, diÏti h
f e–nai suneq†c. Afo‘ to A e–nai s‘nolo Borel, Ëpetai Ïti to f

�1(B) e–nai s‘nolo
Borel (exhg†ste giat–).
E‘kola elËgqoume Ïti h A e–nai �-àlgebra – oi leptomËreiec af†nontai wc àskh-

sh. Afo‘ h A e–nai �-àlgebra kai periËqei ta anoiktà s‘nola, sumpera–noume Ïti
h Borel �-àlgebra B(R) periËqetai sthn A. ApÏ ton orismÏ thc A Ëpetai Ïti h
ant–strofh eikÏna f�1(B) kàje Borel sunÏlou B ✓ R e–nai s‘nolo Borel.

PrÏtash 4.4.6. Upàrqei Lebesgue metr†simo upos‘nolo tou sunÏlou tou Cantor,
to opo–o den e–nai s‘nolo Borel.

ApÏdeixh. Jewro‘me thn sunàrthsh g : [0, 1] ! [0, 2] me g(x) = f(x) + x, Ïpou f h
sunàrthsh Cantor–Lebesgue. H g e–nai gnhs–wc a‘xousa, suneq†c kai ep– (to –dio
kai h g�1).
To s‘nolo g(C) e–nai metr†simo kai �(g(C)) = 1. Pràgmati, to g(C) e–nai

kleistÏ wc suneq†c eikÏna tou sumpago‘c sunÏlou C, àra e–nai metr†simo. Ep–shc,
h g apeikon–zei kàje anoiktÏ diàsthma J tou [0, 1] \ C sto {f(J)} + J , dhlad† se
diàsthma –sou m†kouc. 'Ara �(g([0, 1] \ C)) =

P

�(J) = 1. 'Epetai Ïti �(g(C)) = 1.
Afo‘ to g(C) Ëqei jetikÏ mËtro, upàrqei mh metr†simo upos‘nolo M tou g(C).

TÏte, toK = g

�1(M) e–nai Lebesgue metr†simo diÏti e–nai upos‘nolo tou C to opo–o
Ëqei mhdenikÏ mËtro. 'Omwc, to K den e–nai s‘nolo Borel: an †tan, apÏ to L†mma
4.4.5 toM = (g�1)�1(K) ja †tan s‘nolo Borel wc ant–strofh eikÏna sunÏlou Borel
mËsw suneqo‘c sunàrthshc. Sunep∏c, to M ja †tan Lebesgue metr†simo.

4.5 Ask†seic

Omàda A'.

1. De–xte Ïti kàje upos‘nolo A tou R me �⇤(A) > 0 Ëqei mh metr†simo upos‘nolo.

2. D∏ste paràdeigma enÏc Lebesgue metr†simou uposunÏlou A ✓ R2 ∏ste to ⇡1(A)
na mhn e–nai Lebesgue metr†simo, Ïpou ⇡1(x, y) = x gia (x, y) 2 R2 h probol†
sthn pr∏th suntetagmËnh.

3. An C to s‘nolo tou Cantor, de–xte Ïti 1
4 2 C, parÏlo pou to 1

4 den e–nai àkro
kanenÏc apÏ ta diast†mata pou or–zoun to s‘nolo tou Cantor.

4. 'Estw A ✓ R, a 2 R kai � > 0. UpojËtoume Ïti gia kàje t 2 (��, �) isq‘ei
a+ t 2 A † a� t 2 A. De–xte Ïti �⇤(A) � �.

Omàda B'.

5. 'Estw E, F duo sumpag† upos‘nola tou Rk me E ⇢ F kai �(E) < �(F ).
De–xte Ïti gia kàje a 2 (�(E),�(F )) mporo‘me na bro‘me sumpagËc s‘nolo K

me E ⇢ K ⇢ F kai �(K) = a.
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6. 'Estw A = Q \ [0, 1]. De–xte Ïti:

(a) Gia kàje " > 0 upàrqei akolouj–a {I
n

}1
n=1 anoikt∏n diasthmàtwn ∏ste

A ✓
1
[

n=1

I

n

kai
1
X

n=1

�(I
n

) < ".

(b) Gia kàje peperasmËnh akolouj–a {I
n

}m
n=1 anoikt∏n diasthmàtwn me

A ✓
m

[

n=1

I

n

isq‘ei
m

X

n=1

�(I
n

) � 1.

7. 'Estw {q
n

}
n�1 mia ar–jmhsh twn rht∏n arijm∏n. De–xte Ïti upàrqei Ëna s‘nolo

B me �(B) = 0 ∏ste kàje x 2 R \ B na Ëqei thn ex†c idiÏthta: upàrqei k =
k(x) 2 N tËtoioc ∏ste gia kàje n � k na isq‘ei |x� q

n

| � 1/n2
.

8. (a) 'Estw f : R ! R sunàrthsh, h opo–a e–nai Lipschitz suneq†c se kàje kleistÏ
diàsthma [a, b] ⇢ R.

(i) De–xte Ïti h f apeikon–zei s‘nola mhdeniko‘ mËtrou Lebesgue se s‘nola
mhdeniko‘ mËtrou Lebesgue.

(ii) De–xte Ïti h f apeikon–zei Lebesgue metr†sima s‘nola se Lebesgue metr†si-
ma s‘nola.

(b) E–nai swstÏ Ïti kàje suneq†c sunàrthsh f : R ! R apeikon–zei Lebesgue
metr†sima s‘nola se Lebesgue metr†sima s‘nola;

9. (a) 'Estw G fragmËno, anoiktÏ upos‘nolo tou Rn. De–xte Ïti den upàrqei a-
rijm†simo kàlumma {B

j

} tou G apÏ anoiktËc mpàlec ∏ste: kàje shme–o tou G

an†kei se àpeirec to pl†joc B
j

kai
P1

j=1 �(Bj

) < 1.
(b) De–xte Ïti upàrqei akolouj–a {B

j

} anoikt∏n mpal∏n ∏ste na kal‘ptei to G
Ïpwc sto (a) kai gia kàje p > 1 na isq‘ei

P1
j=1(�(Bj

))p < 1.
10. 'Estw A to upos‘nolo tou [0, 1] pou apotele–tai apÏ Ïlouc touc arijmo‘c pou to

dekadikÏ touc anàptugma den periËqei to yhf–o 4. De–xte Ïti to A e–nai Lebesgue
metr†simo kai bre–te to �(A).

11. An C to s‘nolo tou Cantor de–xte Ïti C �C = [�1, 1]. Sunàgete Ïti den isq‘ei
to ant–strofo tou Jewr†matoc Steinhaus.

12. 'Estw ✓ 2 (0, 1). Epanalambànoume thn diadikas–a kataskeu†c tou sunÏlou
tou Cantor me thn diaforà Ïti sto n-ostÏ b†ma afairo‘me kentrikÏ anoiqtÏ
diàsthma m†kouc ✓/3n apÏ kàje diàsthma pou Ëqei apome–nei sto (n � 1)-ostÏ
b†ma. Katal†goume se Ëna s‘nolo C

✓

«t‘pou Cantor». De–xte Ïti:

(a) To C
✓

e–nai tËleio kai den periËqei anoiqtà diast†mata.

(b) To C
✓

e–nai uperarijm†simo.

(g) To C
✓

e–nai metr†simo kai �(C
✓

) = 1� ✓ > 0.
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Omàda G'.

13. Gia kàje A 2 M
�

⇤ kai gia kàje x 2 R or–zoume

⇢(A, x) = lim
t!0+

�(A \ (x� t, x+ t))

2t
,

an autÏ to Ïrio upàrqei. O ⇢(A, x) e–nai h metrik† puknÏthta tou A sto shme–o
x.

(a) De–xte Ïti ⇢(Q, x) = 0 kai ⇢(R \Q, x) = 1 gia kàje x 2 R.
(b) 'Estw 0 < ↵ < 1. Kataskeuàste s‘nolo A ✓ R me thn idiÏthta ⇢(A, 0) = ↵.

14. De–xte Ïti upàrqei akolouj–a {A
n

} xËnwn anà d‘o uposunÏlwn tou R ∏ste

�

⇤

 1
[

n=1

A

n

!

<

1
X

n=1

�

⇤(A
n

).

15. 'Estw E Lebesgue metr†simo upos‘nolo tou R me 0 < �(E) < 1.
(a) De–xte Ïti

lim
t!0

�(E \ (E + t)) = �(E).

(b) De–xte Ïti, gia kàje k 2 N, upàrqoun x, s 2 R ∏ste

x, x+ s, x+ 2s, . . . , x+ (k � 1)s 2 E.

16. 'Estw µ Ëna mh arnhtikÏ mËtro sta Borel upos‘nola tou R me µ(R) = 1. De–xte
Ïti upàrqei kleistÏ upos‘nolo F tou R me µ(F ) = 1 kai thn ex†c idiÏthta: gia
kàje kleistÏ s‘nolo E pou periËqetai gn†sia sto F isq‘ei µ(F ) < 1.

17. 'Estw E, F d‘o Lebesgue metr†sima upos‘nola tou Rk me �(E) > 0 kai �(F ) >
0. De–xte Ïti to E + F periËqei diàsthma.

18. 'Estw E to s‘nolo twn x 2 R gia ta opo–a h akolouj–a {sin(2nx)}1
n=1 sugkl–nei.

Na de–xete Ïti �(E) = 0.

19. 'Estw f : [0, 1] ! R suneq†c sunàrthsh me f(0) = f(1). Jewro‘me to s‘nolo

A = {t 2 [0, 1] : upàrqei x 2 [0, 1] ∏ste f(x+ t) = f(x)}.
(a) De–xte Ïti to A e–nai kleistÏ, àra kai metr†simo.

(b) An B = {t 2 [0, 1] : 1� t 2 A}, de–xte Ïti A [B = [0, 1].

(g) De–xte Ïti �(A) � 1/2.

20. Apode–xte Ïti: an �(E) > 0 kai gia kàje x, y 2 E Ëpetai Ïti 1
2 (x+ y) 2 E, tÏte

to E Ëqei mh kenÏ eswterikÏ.

21. 'Estw A ✓ R me �(A) > 0. De–xte Ïti

� (R \ (A+Q)) = 0.

22. Kataskeuàste Ëna Lebesgue metr†simo s‘nolo E ✓ [0, 1] me thn ex†c idiÏthta:
gia kàje diàsthma J ✓ [0, 1] isq‘ei

�(J \ E) > 0 kai �(J \ E) > 0.



Kefàlaio 5

Metr†simec sunart†seic

Se kàje klàdo twn Majhmatik∏n, ektÏc apÏ ta diàfora antike–mena pou meletàme
asqolo‘maste kai me tic «kalËc» sunart†seic metax‘ aut∏n, dhlad† eke–nec tic su-
nart†seic pou sËbontai th dom† twn antikeimËnwn. Sthn Topolog–a autËc e–nai oi
suneqe–c sunart†seic, sth Diaforik† Gewmetr–a oi diafor–simec sunart†seic, sth
Jewr–a Omàdwn oi omomorfismo– omàdwn k.o.k.. To ant–stoiqo antike–meno sth Je-
wr–a MËtrou e–nai oi metr†simec sunart†seic. Oi metr†simec sunart†seic e–nai autËc
gia tic opo–ec ja epiqeir†soume sth sunËqeia na or–soume to olokl†rwma Lebesgue.

Jumhje–te, apÏ thn Eisagwg†, Ïti h basik† idËa tou Lebesgue †tan na proseg-
g–soume to olokl†rwma

R

X

f miac sunàrthshc f se Ëna s‘nolo X apÏ ajro–smata
thc morf†c

t�1
X

k=0

y

k

µ({x 2 X : y
k

 f(x) < y

k+1}) (5.1)

Ïpou {y0 < y1 < ... < y

t

} mia diamËrish tou ped–ou tim∏n thc f . Gia mia tËtoia
sunàrthsh loipÏn, katalaba–noume Ïti apaito‘ntai ta ex†c:

1. H f ja prËpei na or–zetai se Ëna metr†simo q∏ro (X,A) kai na lambànei timËc
sto [�1,1].

2. Ta s‘nola
B

k

= {x 2 X : y
k

 f(x) < y

k+1}
prËpei na e–nai metr†sima (gia opoiad†pote epilog† twn y

k

, y

k+1), dhlad† stoi-
qe–a thc A.

Fusikà, sth sunËqeia pou ja or–soume to olokl†rwma Lebesgue ja apaito‘me kai
thn ‘parxh enÏc mËtrou µ sto (X,A) gia na or–zontai kalà ta ajro–smata (5.1),
allà autÏ den e–nai apara–thto proc to parÏn.

5.1 PragmatikËc metr†simec sunart†seic

Odhgo‘maste loipÏn ston ex†c OrismÏ:

OrismÏc 5.1.1. 'Estw (X,A) Ënac metr†simoc q∏roc.
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(i) Mia sunàrthsh f : X ! [�1,1] lËgetai metr†simh wc proc A (h A-
metr†simh) an

[f  b] := f

�1([�1, b]) = {x 2 X : f(x)  b} 2 A, gia kàje b 2 R. (5.2)

(ii) An µ Ëna mËtro sto q∏ro (X,A) h f lËgetai µ-metr†simh an e–naiA
µ

-metr†simh.

(iii) EidikÏtera, an X = Rk kàje �-metr†simh sunàrthsh lËgetai Lebesgue metr†si-
mh.

(iv) An o X e–nai metrikÏc q∏roc kai h f e–nai B(X)-metr†simh, tÏte h f lËgetai
Borel metr†simh.

Meriko– aplo– qarakthrismo– thc metrhsimÏthtac d–nontai sthn akÏloujh PrÏta-
sh:

PrÏtash 5.1.2. 'Estw (X,A) Ënac metr†simoc q∏roc kai f : X ! [�1,1] mia
metr†simh sunàrthsh. Ta akÏlouja e–nai isod‘nama:

1. H f e–nai A-metr†simh.
2. [f < b] = {x 2 X : f(x) < b} 2 A gia kàje b 2 R.

3. [f � b] = {x 2 X : f(x) � b} 2 A gia kàje b 2 R.

4. [f > b] = {x 2 X : f(x) > b} 2 A gia kàje b 2 R.

ApÏdeixh. (i) ) (ii) Gia b 2 R, gràfoume

[f < b] =

1
[

n=1



f  b� 1

n

�

(5.3)

afo‘, gia x 2 X e–nai f(x) < b an kai mÏnon an upàrqei n ∏ste f(x)  b� 1
n

. 'Ara
[f < b] 2 A.
(ii) ) (iii) Gia b 2 R e–nai

[f � b] = [f < b]c (5.4)

kai àra [f � b] 2 A.
(iii) ) (iv) 'Opwc kai sthn pr∏th sunepagwg†, gia b 2 R gràfoume

[f > b] =

1
[

n=1



f � b+
1

n

�

(5.5)

kai sunep∏c [f > b] 2 A.
(iv) ) (i) Gia b 2 R e–nai

[f  b] = [f > b]c (5.6)

àra [f  b] 2 A kai katà sunËpeia h f e–nai A-metr†simh.
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Parade–gmata 5.1.3. (a') 'Estw (X,A) Ënac metr†simoc q∏roc kai B ✓ X. H
sunàrthsh �

B

: X ! R me

�

B

(x) =

⇢

1, an x 2 B

0, an x /2 B

(5.7)

e–nai h qarakthristik† sunàrthsh tou sunÏlou B. H �

B

e–nai A-metr†simh an kai
mÏnon an B 2 A.
ApÏdeixh. AutÏ prok‘ptei àmesa apÏ ton upologismÏ

[�
B

 b] =

8

>

<

>

:

;, an b < 0

B

c

, an 0  b < 1

X, an b � 1.

(5.8)

(b') An f : Rk ! R tÏte

f suneq†c ) f Borel metr†simh ) f Lebesgue metr†simh. (5.9)

ApÏdeixh. An h f e–nai suneq†c, tÏte gia kàje b 2 R to [f  b] = f

�1((�1, b]) ja
e–nai kleistÏ s‘nolo (afo‘ to (�1, b] e–nai kleistÏ) àra kai s‘nolo Borel. (Parath-
r†ste Ïti prok‘ptei kai apÏ to L†mma 4.4.5 se sunduasmÏ me thn prohgo‘menh prÏta-
sh.) H de‘terh sunepagwg† Ëpetai àmesa apÏ ton egkleismÏ B(Rk) ✓ M

�

⇤ .

(g') An I Ëna diàsthma sto R kai f : I ! R mia a‘xousa sunàrthsh tÏte h f e–nai
Borel metr†simh.

ApÏdeixh. 'Estw b 2 R. JËtoume

a = sup[f  b] = sup{x 2 I : f(x)  b}.

Afo‘ f a‘xousa, an t, s 2 I me f(t)  b kai s < t tÏte e–nai kai f(s)  b. Katà
sunËpeia

[f  b] =

⇢

I \ (�1, a], an a 2 I kai f(a)  b

I \ (�1, a), alli∏c
(5.10)

Se kàje per–ptwsh [f  b] 2 B(R).
Fusikà to –dio apotËlesma isq‘ei kai gia fj–nousec sunart†seic.

Gia na anaferjo‘me stouc periorismo‘c metr†simwn sunart†sewn qreiazÏmaste
ton ex†c OrismÏ:

OrismÏc 5.1.4. 'Estw (X,A) Ënac metr†simoc q∏roc kai C ⇢ X. Jewro‘me thn
oikogËneia

A
C

= {A \ C : A 2 A}. (5.11)

E‘kola apodeikn‘etai Ïti h A
C

e–nai mia �-àlgebra sto C (àskhsh) pou lËgetai
–qnoc († periorismÏc) thc A sto C.
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Mia sunàrthsh f : C ! [�1,1] lËgetai metr†simh an e–nai A
C

-metr†simh, dhlad†
an

[f  b] 2 A
C

, gia kàje b 2 R.
An Ïmwc C 2 A parathro‘me Ïti A

C

= {A 2 A : A ✓ C} kai àra
f metr†simh , [f  b] 2 A, gia kàje b 2 R.

Sqetikà isq‘oun ta ex†c:

PrÏtash 5.1.5. 'Estw (X,A) Ënac metr†simoc q∏roc kai mia sunàrthsh f :
X ! [�1,1].

(i) An h f e–nai A-metr†simh kai C ✓ X tÏte kai h f |
C

e–nai A
C

-metr†simh.

(ii) An (C
n

) e–nai mia akolouj–a stoiqe–wn thc A me X =
S1

n=1 Cn

, tÏte

f A–metr†simh , f |
C

n

A
C

n

–metr†simh gia kàje n. (5.12)

ApÏdeixh. (i) Gia b 2 R e–nai

[f |
C

 b] = {x 2 C : f(x)  b} = C \ [f  b] 2 A
C

.

'Ara h f |
C

e–nai pràgmati metr†simh.

(ii) Gia b 2 R e–nai

[f  b] =

1
[

n=1

(C
n

\ [f  B]) =

1
[

n=1

⇥

f |
C

n

 b

⇤ 2 A,

dhlad† h f e–nai metr†simh.

PrÏtash 5.1.6. 'Estw (X, d) metrikÏc q∏roc kai Y ✓ X. TÏte isq‘oun ta ex†c:

(i) B(X)
Y

= B(Y ) kai

(ii) An mia f : X ! [�1,1] e–nai Borel metr†simh tÏte kai h f |
Y

: Y ! [�1,1]
e–nai Borel metr†simh.

ApÏdeixh. (i) PrËpei na de–xoume Ïti Ëna B ✓ Y e–nai s‘nolo Borel sto Y , upàrqei
A s‘nolo Borel sto X me B = A \ Y . Gnwr–zoume Ïti ta anoiktà s‘nola sto Y

e–nai akrib∏c ta s‘nola thc morf†c G \ Y me G ✓ X anoiktÏ.
Jewro‘me thn oikogËneia

A = {A ✓ X : A \ Y 2 B(Y )}. (5.13)

E‘kola de–qnei kane–c (àskhsh) Ïti h A e–nai mia �-àlgebra sto X pou periËqei ta
anoiktà tou X. 'Ara B(X) ✓ A, dhlad† isq‘ei h sunepagwg† (() parapànw. Gia
thn ant–strofh, parathro‘me Ïti an U anoiktÏ sto Y tÏte U = G \ Y gia kàpoio
G anoiktÏ sto X kai àra U 2 B(X)

Y

. 'Etsi h B(X)
Y

e–nai �-àlgebra pou periËqei
ta anoiktà tou Y kai katà sunËpeia kàje Borel s‘nolo sto Y an†kei sthn B(X)

Y

,
dhlad† isq‘ei h zhto‘menh.

(ii) S‘mfwna me to (i) thc prohgo‘menhc PrÏtashc h f |
Y

e–nai B(X)
Y

metr†simh kai
apÏ to (i) pou mÏlic de–xame e–nai kai Borel metr†simh.
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Kle–noume aut† thn enÏthta me merikËc akÏmh idiÏthtec twn metr†simwn sunar-
t†sewn pou ja odhg†soun argÏtera se Ënan arketà genikÏtero orismÏ thc metrhsi-
mÏthtac.

PrÏtash 5.1.7. 'Estw (X,A) Ënac metr†simoc q∏roc. Gia mia sunàrthsh f :
X ! [�1,1] ta akÏlouja e–nai isod‘nama:

(i) H f e–nai metr†simh.

(ii) E–nai f�1(G) 2 A gia kàje G ✓ R anoiktÏ.
(iii) E–nai f�1(F ) 2 A gia kàje F ✓ R kleistÏ.
(iv) E–nai f�1(B) 2 A gia kàje B 2 B(R).
ApÏdeixh. Jewro‘me thn oikogËneia

F = {A ✓ [�1,1] : f�1(A) 2 A}. (5.14)

E‘kola mpore– na deiqje– Ïti h F e–nai mia �-àlgebra sto [�1,1]. H apÏdeixh
auto‘ af†netai wc àskhsh. Oi protàseic (i)-(iv) Ëqoun tic ex†c isod‘namec:

(i)' H F periËqei Ïla ta diast†mata thc morf†c (�1, b], b 2 R.
(ii)' H F periËqei Ïla ta anoiktà upos‘nola tou R.
(iii)' H F periËqei Ïla ta kleistà upos‘nola tou R.
(iv)' H F periËqei Ïla ta Borel upos‘nola tou R.
'Omwc, epeid† h B(R) e–nai h �-àlgebra pou paràgetai apÏ ta diast†mata thc morf†c
(�1, b], ta anoiktà s‘nola kai ta kleistà s‘nola kai epiplËon h F e–nai �-àlgebra,
pràgmati h (iv)' e–nai isod‘namh me kajem–a apÏ tic (i)'-(iii)' Ïpwc jËlame.

5.2 Pràxeic metax‘ metr†simwn sunart†sewn

Xekinàme t∏ra na meletàme tic pràxeic metax‘ metr†simwn sunart†sewn. Ja de–xoume
sta parakàtw Ïti to s‘nolo twn metr†simwn sunart†sewn sumperifËretai «fusio-
logikà» wc proc tic sun†jeic pràxeic kaj∏c kai ta Ïria akolouji∏n.

PrÏtash 5.2.1. 'Estw (X,A) Ënac metr†simoc q∏roc kai f, g : X ! [�1,1]
d‘o metr†simec sunart†seic. TÏte:

(i) [f < g] = {x 2 X : f(x) < g(x)} 2 A,
(ii) [f  g] = {x 2 X : f(x)  g(x)} 2 A kai
(iii) [f = g] = {x 2 X : f(x) = g(x)} 2 A.
ApÏdeixh. (i) ApÏ thn puknÏthta twn rht∏n sto R sumpera–noume Ïti: gia Ëna x 2 X

f(x) < g(x) an kai mÏno an upàrqei q 2 Q me f(x) < q < g(x).

'Etsi, mporo‘me na gràyoume

[f < g] =
[

q2Q

�

[f < q] \ [g > q]
�

(5.15)
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to opo–o e–nai stoiqe–o thc A afo‘ oi f, g e–nai metr†simec kai to Q e–nai arijm†simo.
(ii) E–nai

[f  g] = [g < f ]c

to opo–o e–nai metr†simo s‘nolo apÏ to (i).

(iii) E–nai
[f = g] = [f  g] \ [f < g]

to opo–o e–nai metr†simo s‘nolo apÏ ta (i) kai (ii).

PrÏtash 5.2.2. 'Estw (X,A) metr†simoc q∏roc kai f, g : X ! [�1,1] me-
tr†simec sunart†seic. TÏte

(i) Oi sunart†seic f _ g = max{f, g} kai f ^ g = min{f, g} e–nai metr†simec.
(ii) Oi sunart†seic f+ = f _ 0 kai f� = (�f) _ 0 e–nai metr†simec.

ApÏdeixh. (i) Gia b 2 R e–nai

[f _ g  b] = [f  b] \ [g  b] 2 A (5.16)

kai
[f ^ g  b] = [f  b] [ [g  b] 2 A. (5.17)

'Etsi Ëqoume to zhto‘meno.

(ii) 'Epetai àmesa apÏ to (i) afo‘ oi 0 kai �f e–nai metr†simec.

f

f

+

f

�

Sq†ma 5.1: Oi sunart†seic f+ kai f�
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Parat†rhsh 5.2.3. Oi sunart†seic f+ kai f� e–nai idia–tera shmantikËc kai ja
mac fano‘n pol‘ qr†simec sta parakàtw. E–nai to jetikÏ kai to arnhtikÏ mËroc thc
sunàrthshc f . Gia mia opoiad†pote sunàrthsh f isq‘oun oi ex†c sqËseic:

f = f

+ � f

� kai |f | = f

+ + f

� (5.18)

h apÏdeixh twn opo–wn af†netai wc àskhsh.

PrÏtash 5.2.4. 'Estw (X,A) Ënac metr†simoc q∏roc kai f
n

: X ! [�1,1]
mia akolouj–a metr†simwn sunart†sewn. TÏte

(i) Oi sunart†seic sup
n

f

n

kai inf
n

f

n

e–nai metr†simec.

(ii) Oi sunart†seic lim sup
n

f

n

kai lim inf
n

f

n

e–nai metr†simec.

(iii) An h akolouj–a {f
n

} sugkl–nei katà shme–o se mia sunàrthsh f , tÏte kai h f

e–nai metr†simh.

ApÏdeixh. (i) Gia b 2 R upolog–zoume

[sup
n

f

n

 b] =

1
\

n=1

[f
n

 b] 2 A (5.19)

kai

[inf
n

f

n

< b] =

1
[

n=1

[f
n

< b] 2 A (5.20)

kai Ëtsi to zhto‘meno Ëpetai.

(ii) Gnwr–zoume Ïti an (a
n

) e–nai mia akolouj–a arijm∏n tÏte

lim sup
n

a

n

= inf
n2N

✓

sup
k�n

a

k

◆

kai lim inf
n

a

n

= sup
n2N

✓

inf
k�n

a

k

◆

(5.21)

kai àra

lim sup
n

f

n

= inf
n2N

✓

sup
k�n

f

k

◆

kai lim inf
n

f

n

= sup
n2N

✓

inf
k�n

f

k

◆

.

Sunep∏c, apÏ to (i) oi lim sup
n

f

n

kai lim inf
n

f

n

e–nai metr†simec sunart†seic.

(iii) An f = lim
n

f

n

, tÏte e–nai fusikà kai f = lim sup
n

f

n

= lim inf
n

f

n

h opo–a
e–nai metr†simh apÏ to (ii).

H teleuta–a idiÏthta thc parapànw PrÏtashc e–nai exairetikà shmantik†. S‘mfwna
me aut† an mia akolouj–a sunart†sewn «oloklhr∏netai» (dhlad† e–nai metr†simec),
tÏte to –dio ja isq‘ei kai gia to katà shme–o Ïrio touc. Jumhje–te Ïti aut† e–nai
mia idiÏthta pou fusikà den –sque gia to olokl†rwma Riemann kai àra Ëqoume Ëna
pr∏to de–gma thc genikÏthtac sthn opo–a efarmÏzetai h Jewr–a Olokl†rwshc tou
Lebesgue.
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OrismÏc 5.2.5. 'Estw (X, d) Ënac metrikÏc q∏roc. Mia sunàrthsh f : X ! R
lËgetai Baire-1 sunàrthsh an upàrqei akolouj–a f

n

: X ! R suneq∏n sunart†sewn
∏ste h f na e–nai to katà shme–o Ïrio twn f

n

.

Mia sunàrthsh f : X ! R lËgetai Baire-2 sunàrthsh an e–nai to katà shme–o Ïrio
miac akolouj–ac Baire-1 sunart†sewn kai genikÏtera gia n � 2 lËgetai Baire-n
sunàrthsh an e–nai to katà shme–o Ïrio miac akolouj–ac Baire-(n-1) sunart†sewn.

Me mia apl† epagwg†, qrhsimopoi∏ntac Ïti oi suneqe–c sunart†seic e–nai Borel me-
tr†simec kai to (iii) thc teleuta–ac PrÏtashc, Ëqoume Ïti kàje Baire-n sunàrthsh
e–nai Borel-metr†simh.

Efarmog† 5.2.6. An f : R ! R mia paragwg–simh sunàrthsh, tÏte h f 0 : R ! R
e–nai Borel metr†simh.

ApÏdeixh. Gia x 2 R e–nai

f

0(x) = lim
h!0

f(x+ h)� f(x)

h

= lim
n!1

n

�

f(x+
1

n

)� f(x)
�

apÏ thn Arq† thc Metaforàc. 'Ara h f

0 e–nai Baire-1 sunàrthsh kai àra Borel
metr†simh.

EpistrËfoume stic pràxeic metax‘ metr†simwn sunart†sewn kai apodeikn‘oume
ta ex†c:

PrÏtash 5.2.7. 'Estw (X,A) Ënac metr†simoc q∏roc, f, g : X ! [0,1] d‘o mh
arnhtikËc metr†simec sunart†seic kai Ëna a � 0. TÏte:

(i) H a · f e–nai metr†simh sunàrthsh.
(ii) H f + g e–nai metr†simh sunàrthsh

ApÏdeixh. (i) An a = 0 h a · f e–nai h mhdenik† sunàrthsh pou e–nai profan∏c
metr†simh. An a > 0 t∏ra, gia b 2 R e–nai

[af  b] =



f  b

a

�

2 A

kai àra h a · f e–nai metr†simh.
(ii) Gia b 2 R Ëqoume

[f + g < b] =
[

q2Q

�

[f < q] \ [g < b� q]
�

skeptÏmenoi akrib∏c Ïpwc sto (i) thc PrÏtashc 5.2.1. 'Ara, pràgmati kai h f + g

e–nai metr†simh sunàrthsh.

PrÏtash 5.2.8. 'Estw (X,A) Ënac metr†simoc q∏roc, f, g : X ! R d‘o me-
tr†simec sunart†seic kai a 2 R. TÏte

(i) H sunàrthsh a · f e–nai metr†simh.
(ii) Oi sunart†seic f + g kai f � g e–nai metr†simec.
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(iii) Oi sunart†seic f2 kai f · g e–nai metr†simec.
(iv) An g(x) 6= 0 gia kàje x 2 X, kai h sunàrthsh f

g

e–nai metr†simh.

(v) H sunàrthsh |f | e–nai metr†simh.

ApÏdeixh. (i) H apÏdeixh e–nai –dia me to (i) thc prohgo‘menhc PrÏtashc ektÏc apÏ
thn per–ptwsh a < 0. TÏte gia b 2 R e–nai

[a · f  b] =



f � b

a

�

2 A

kai àra Ëqoume to zhto‘meno.

(ii) Apodeikn‘etai akrib∏c Ïpwc to (ii) thc prohgo‘menhc PrÏtashc, afo‘ kai h �g

e–nai metr†simh.

(iii) Apodeikn‘oume pr∏ta ton isqurismÏ gia thn f2. An b  0 e–nai

[f2
< b] = ;

en∏ an b > 0 e–nai
[f2

< b] = [f <

p
b] \ [f > �

p
b] 2 A. (5.22)

'Ara, pràgmati h f2 e–nai metr†simh. Gia thn f · g t∏ra, gràfoume

f · g =
(f + g)2 � (f � g)2

4
(5.23)

kai àra apÏ ta parapànw e–nai ki aut† metr†simh.

(iv) LÏgw tou (iii) arke– na deiqje– Ïti h 1/g e–nai metr†simh sunàrthsh. Jewro‘me
to s‘nolo A = [g > 0] 2 A kai gia b 2 R gràfoume



1

g

 b

�

= ([bg � 1] \A) [ ([bg  1] \A

c) 2 A, (5.24)

afo‘ kai h b · g e–nai metr†simh. 'Ara kai h 1/g e–nai metr†simh sunàrthsh.
(v) Gràfoume

|f | = f

+ + f

�

(jumhje–te thn Parat†rhsh 5.2.3) kai sumpera–noume Ïti h |f | e–nai metr†simh apÏ
thn PrÏtash 5.2.2 kai to (ii).

5.3 AplËc sunart†seic

Se aut† thn enÏthta ja melet†soume tic legÏmenec aplËc sunart†seic pou Ëqoun sth
Jewr–a Olokl†rwshc tou Lebesgue th jËsh pou e–qan oi klimakwtËc sunart†seic
sthn olokl†rwsh katà Riemann. Xekinàme me ton ex†c orismÏ:

OrismÏc 5.3.1. 'Estw (X,A) Ënac metr†simoc q∏roc. Mia metr†simh sunàrthsh
s : X ! R lËgetai apl† an to s‘nolo tim∏n thc s(X) e–nai peperasmËno.
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Kàje apl† sunàrthsh gràfetai sth morf†

s =

n

X

j=1

a

j

�

A

j

(5.25)

Ïpou {A1, A2, ..., An

} e–nai mia oikogËneia metr†simwn uposunÏlwn tou X kai a
j

2 R.
Ant–strofa, e–nai emfanËc Ïti kàje sunàrthsh aut†c thc morf†c e–nai apl†.

Fusikà, den upàrqei monadik† tËtoia paràstash thc s, allà mporo‘me na «xeqwr–sou-
me» mia. An jËsoume s(X) = {a1, a2, ..., an} me ai 6= a

j

gia i 6= j kai sth sunËqeia
A

j

= {x 2 X : s(x) = a

j

} tÏte h {A1, A2, ..., An

} e–nai mia diamËrish tou X se mh
kenà s‘nola kai e–nai pàli

s =

n

X

j=1

a

j

�

A

j

.

H teleuta–a aut† paràstash thc s ja lËgetai kanonik† morf† thc s kai e–nai monadik†.

To kentrikÏ apotËlesma aut†c thc paragràfou (Je∏rhma 5.3.3) de–qnei Ïti kàje
mh arnhtik† metr†simh sunàrthsh e–nai to katà shme–o Ïrio miac a‘xousac akolouj–ac
apl∏n sunart†sewn. Gia na to apode–xoume ja qreiasto‘me to ex†c L†mma:

L†mma 5.3.2. 'Estw (X,A) Ënac metr†simoc q∏roc kai f : X ! [0,1] mia mh
arnhtik† metr†simh sunàrthsh.

(i) Gia kàje peperasmËno s‘nolo P tou [0,1) me 0 2 P , ac po‘me

P = {0 = a0 < a1 < ... < a

n

},

jËtoume

s

P =

n

X

j=0

a

j

�

A

j

, (5.26)

Ïpou A

j

= [a
j

 f < a

j+1] gia 0  j  n � 1 kai A
n

= [f � a

n

]. TÏte h s

P

e–nai mia apl† sunàrthsh me 0  s

P  f kai gia x 2 X me f(x) < a

n

isq‘ei h
anisÏthta

0  f(x)� s

P (x) < kPk, (5.27)

Ïpou kPk = max{a
j+1 � a

j

: 0  j  n� 1}.
(ii) Gia kàje P,Q ✓ [0,1) peperasmËna me 0 2 P kai P ✓ Q isq‘ei sP  s

Q.

ApÏdeixh. Prin mpo‘me stic leptomËreiec thc apÏdeixhc prËpei na katalàboume thn
idËa thc kataskeu†c twn sunart†sewn sP . 'Opwc e–pame kai prin, gia mia dedomËnh
mh arnhtik† kai metr†simh sunàrthsh f yàqnoume mia a‘xousa akolouj–a (s

n

) apl∏n
sunart†sewn pou na thn prosegg–zei (anagkastikà «apÏ kàtw»). Oi sunart†seic sP

kataskeuàsthkan loipÏn wc ex†c:

1. DialËxame mia auja–reth «diamËrish»1 P = {0 = a0 < a1 < ... < a

n

} tou
[0,1] kai diamer–zoume to s‘nolo X anàloga me tic timËc pou lambànei h f .
'Etsi kataskeuàzoume ta s‘nola A

j

.

2. Se kajËna apÏ ta s‘nola A
j

= [a
j

 f < a

j+1] d∏same sthn sP th mikrÏterh
tim† pou mpore– na pàrei eke– h f , dhlad† thn tim† a

j

. 'Etsi, Ëqoume pràgmati
mia «apÏ kàtw» prosËggish thc f .
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a2

a3

a4

a5

a6

a7

...

X

Sq†ma 5.2: ProsËggish metr†simhc sunàrthshc apÏ aplËc

Gia thn apÏdeixh t∏ra:

(i) E–nai emfanËc Ïti h s

P e–nai mh arnhtik† apl† sunàrthsh. Màlista, afo‘ ta
{A0, A1, ..., An

} sunisto‘n mia diamËrish tou X e–nai eke–nh h apl† sunàrthsh pou
sto A

j

lambànei thn tim† a
j

. Gia x 2 A

j

, 0  j  n e–nai

s

P (x) = a

j

 f(x),

apÏ ton orismÏ tou A
j

kai an epiplËon j < n (dhlad† f(x) < a

n

) e–nai

f(x)� s

P (x) = f(x)� a

j

< a

j+1 � a

j

 kPk
apÏ ton orismÏ thc kPk.
(ii) 'Estw Ïti h sP d–netai apÏ th sqËsh (5.26). Arke– na de–xoume to zhto‘meno sthn
per–ptwsh pou Q = P [ {â} gia kàpoio â > 0, â /2 P . H genik† per–ptwsh Ëpetai me
epagwg† sto |Q \ P |. Diakr–noume tÏte tic peript∏seic:
An a

j

< â < a

j+1 gia kàpoio j = 0, 1, ..., n � 1, h paràstash thc sQ diafËrei
apÏ authn thc s

P mÏno ston Ïro tou ajro–smatoc pou periËqei to A

j

. Ant– tou
prosjeta–ou a

j

�

A

j

emfan–zetai to àjroisma

a

j

�

A

1
j

+ â�

A

2
j

, Ïpou A1
j

= [a
j

 f < â] kai A2
j

= [â  f < a

j+1]. (5.28)

Sunep∏c, qrhsimopoi∏ntac th sqËsh �
A

j

= �

A

1
j

+ �

A

2
j

Ëqoume Ïti

s

Q � s

P = a

j

�

A

1
j

+ â�

A

2
j

� a

j

�

A

j

= (â� a

j

)�
A

2
j

� 0,

Ïpwc jËlame.

An pàli â > a

n

, h paràstash thc s

Q diafËrei apÏ aut† thc s

P mÏno ston
teleuta–o Ïro pou periËqei to A

n

. Ant– tou prosjeta–ou a

n

�

A

n

emfan–zetai to
àjroisma

a

n

�

A

1
n

+ â�

A

2
n

, Ïpou A1
n

= [a
n

 f < â] kai A2
n

= [f � â]. (5.29)

'Ara
s

Q � s

P = a

n

�

A

1
n

+ â�

A

2
n

� a

n

�

A

n

= (â� a

n

)�
A

2
n

� 0.

'Etsi oloklhr∏jhke h apÏdeixh.

1Den e–nai diamËrish me th gnwst† Ënnoia bËbaia, afo‘ ja Ëprepe na periËqei kai thn
«tim†» 1.
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Je∏rhma 5.3.3. 'Estw (X,A) Ënac metr†simoc q∏roc kai f : X ! [0,1] mia
metr†simh mh arnhtik† sunàrthsh. TÏte upàrqei a‘xousa akolouj–a apl∏n sunar-
t†sewn 0  s1  s2  ...  f ∏ste

s

n

% f.

An epiplËon h f e–nai fragmËnh, tÏte h s‘gklish e–nai omoiÏmorfh.

ApÏdeixh. Ja kataskeuàsoume mia a‘xousa akolouj–a «diamer–sewn» P
n

tou [0,1]
Ïpwc sto prohgo‘meno L†mma kai s‘mfwna me autÏ h ant–stoiqh akolouj–a {s

n

} ja
e–nai a‘xousa kai ja prosegg–zei «kalà» thn f an kP

n

k ! 0.

Pio sugkekrimËna, jËtoume

P

n

=

⇢

0 <

1

2n
<

2

2n
< ... <

n2n

2n
= n

�

(5.30)

kai s
n

= s

P

n Ïpwc sto prohgo‘meno L†mma, dhlad†

s

n

=

n2n�1
X

j=0

j

2n
�

B

n,j

+ n�

C

n

, (5.31)

Ïpou

B

n,j

=



j

2n
 f <

j + 1

2n

�

, j = 0, 1, ..., n2n � 1 kai C
n

= [f � n]. (5.32)

TÏte, apÏ to L†mma, kàje s
n

e–nai apl† sunàrthsh me 0  s

n

 f kai gia eke–na ta
x 2 X me f(x) < n e–nai

0  f(x)� s

n

(x) < kP
n

k =
1

2n
.

EpiplËon P
n

✓ P

n+1 gia kàje n kai àra apÏ to (ii) tou L†mmatoc h akolouj–a (sn)
e–nai pràgmati a‘xousa.

'Estw x 2 X. An f(x) < 1 upàrqei n0 ∏ste gia kàje n � n0 na e–nai f(x) < n

kai àra f(x) � s

n

(x) < 1/2n. 'Etsi, pràgmati s
n

(x) ! f(x). An pàli f(x) = 1
tÏte s

n

(x) = n gia kàje n kai àra pàli s
n

(x) ! f(x).

An h f e–nai fragmËnh t∏ra, upàrqei n0 ∏ste gia kàje n � n0 kai x 2 X na
e–nai f(x) < n, 'Ara 0  f(x)�s

n

(x) < 1/2n gia kàje x kai n � n0. 'Etsi, pràgmati
s

n

! f omoiÏmorfa.

PÏrisma 5.3.4. 'Estw (X,A) Ënac q∏roc mËtrou kai f : X ! [�1,1] mia
metr†simh sunàrthsh. TÏte upàrqei akolouj–a (s

n

)
n

apl∏n sunart†sewn me

0  |s1|  |s2|  ...  |f | (5.33)

kai s
n

! f . An epiplËon h f e–nai fragmËnh, tÏte h s‘gklish e–nai omoiÏmorfh.

ApÏdeixh. S‘mfwna me thn Parat†rhsh 5.2.3 mporo‘me na gràyoume f = f

+ � f

�

Ïpou oi f+ kai f� e–nai mh arnhtikËc kai metr†simec. 'Ara, upàrqoun a‘xousec
akolouj–ec {�

n

}
n

kai {⌧
n

}
n

mh arnhtik∏n apl∏n sunart†sewn ∏ste �
n

! f

+ kai
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⌧

n

! f

�. An jËsoume s

n

= �

n

� ⌧

n

, tÏte h s

n

e–nai apl† kai epiplËon s

n

!
f

+ � f

� = f .
Parathr†ste Ïti an A = [f > 0] tÏte gia kàje n Ëqoume ⌧

n

= 0 sto A kai �
n

= 0
sto Ac. Sunep∏c

|s
n

| = |�
n

� ⌧

n

| = max{�
n

, ⌧

n

}  max{�
n+1, ⌧n+1} = |s

n+1|,
kai àra afo‘ |s

n

| ! |f | Ëpetai h (5.31).
TËloc, an h f e–nai fragmËnh, tÏte to –dio isq‘ei kai gia tic f+ kai f�. Sunep∏c,

oi {�
n

} kai {⌧
n

} mporo‘n na epilego‘n ∏ste na sugkl–noun omoiÏmorfa se autËc
apÏ to parapànw Je∏rhma. Sunep∏c e–nai kai s

n

! f omoiÏmorfa.

5.4 MigadikËc metr†simec sunart†seic

H Ënnoia thc metrhsimÏthtac pou melet†same stic prohgo‘menec paragràfouc mpore–
na anaptuqje– se pol‘ pio genikÏ pla–sio apÏ autÏ sto opo–o th jËsame mËqri t∏ra.2

Qwr–c epiprÏsjeth duskol–a Ïmwc, mporo‘me na melet†soume metr†simec sunart†seic
pou pa–rnoun migadikËc timËc.

OrismÏc 5.4.1. 'Estw (X,A) Ënac metr†simoc q∏roc .

(i) Mia sunàrthsh f : X ! C lËgetai metr†simh wc proc A (h A-metr†simh) an
f

�1(B) 2 A, gia kàje B 2 B(C).
(ii) An µ Ëna mËtro sto q∏ro (X,A) h f lËgetai µ-metr†simh an e–naiA

µ

-metr†simh.

(iii) EidikÏtera, an X = Rk kàje �-metr†simh sunàrthsh lËgetai Lebesgue metr†si-
mh.

(iv) An o X e–nai metrikÏc q∏roc kai h f e–nai B(X)-metr†simh, tÏte h f lËgetai
Borel metr†simh.

Mpore– kai se ed∏ na apodeiqje– to anàlogo thc PrÏtashc 5.1.7, dhlad† Ïti mia
f : X ! C e–nai metr†simh an kai mÏnon an antistrËfei ta anoiktà (ant–stoiqa ta
kleistà) se A-metr†sima s‘nola.
PrÏtash 5.4.2. 'Estw (X,A) Ënac metr†simoc q∏roc kai f = u + iv : X ! C
me u = Ref kai v = Imf . TÏte h f e–nai metr†simh an kai mÏno an oi u kai v e–nai
metr†simec.

ApÏdeixh. ( ) ) Gia b 2 R e–nai

[u  b] = {x 2 X : u(x)  b} = {x 2 X : f(x) 2 (�1, b]⇥ R} = f

�1 ((�1, b]⇥ R) 2 A
afo‘ (�1, b]⇥ R 2 B(C). Tele–wc Ïmoia kai h v e–nai metr†simh.
( ( ) 'Estw G ✓ C anoiktÏ. Ja de–xoume Ïti f�1(G) 2 A. ApÏ to L†mma 3.1.7
(diàspash twn anoikt∏n sunÏlwn tou Rk se diast†mata) mporo‘me na bro‘me ako-
louj–ec (I

n

) kai (J
n

) diasthmàtwn tou R ∏ste G =
S

n

(I
n

⇥ J

n

). Sunep∏c

f

�1(G) =

1
[

n=1

f

�1(I
n

⇥ J

n

) =

1
[

n=1

(u�1(I
n

) \ v

�1(J
n

)) 2 A,

2BlËpe thn §8.1.
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afo‘ oi u kai v e–nai metr†simec. 'Epetai loipÏn Ïti kai h f e–nai metr†simh.

PrÏtash 5.4.3. 'Estw (X,A) Ënac metr†simoc q∏roc kai f
n

: X ! C mia akolou-
j–a metr†simwn sunart†sewn. An h {f

n

} sugkl–nei katà shme–o se mia sunàrthsh
f , tÏte kai h f e–nai metr†simh.

ApÏdeixh. Gràfoume f
n

= u

n

+ iv

n

kai f = u + iv Ïpou u

n

= Ref
n

, v
n

= Imf

n

,
u = Ref kai v = Imf . Afo‘ f = lim

n

f

n

Ëpetai Ïti u = lim
n

u

n

kai v = lim
n

v

n

.
'Etsi, apÏ thn PrÏtash 5.2.4 oi u kai v e–nai metr†simec kai àra apÏ thn prohgo‘menh
PrÏtash to –dio isq‘ei kai gia thn f .

Parat†rhsh 5.4.4. An (X,A) Ënac metr†simoc q∏roc kai f : X ! C, ' : C ! C
d‘o metr†simec sunart†seic tÏte kai h ' � f : X ! C e–nai metr†simh3

ApÏdeixh. Gia B 2 B(C) parathro‘me Ïti

(' � f)�1(B) = f

�1
�

'

�1(B)
�

,

to opo–o e–nai metr†simo s‘nolo epeid† '�1(B) 2 B(C) kai sth sunËqeia apÏ th
metrhsimÏthta thc f .

Apodeikn‘etai kai ed∏, Ïpwc kai sthn pragmatik† per–ptwsh, Ïti kàje suneq†c su-
nàrthsh e–nai Borel metr†simh kai katà sunËpeia h Parat†rhsh isq‘ei eidikÏtera gia
suneqe–c sunart†seic ' : C ! C.

PrÏtash 5.4.5. 'Estw (X,A) Ënac metr†simoc q∏roc, f, g : X ! C d‘o me-
tr†simec sunart†seic kai a 2 C. TÏte

(i) H sunàrthsh a · f e–nai metr†simh.
(ii) Oi sunart†seic f + g kai f � g e–nai metr†simec.

(iii) Oi sunart†seic f2 kai f · g e–nai metr†simec.
(iv) An g(x) 6= 0 gia kàje x 2 X, kai h sunàrthsh f

g

e–nai metr†simh.

(v) H sunàrthsh |f | e–nai metr†simh.
ApÏdeixh. An gràyoume f = u+ iv, g = w + iz me u = Ref , v = Imf , w = Reg kai
z = Img Ëqoume:

f +g = (u+w)+ i(v+z), f ·g = (uw�vz)+ i(uz+vw),
1

g

=
w

w

2 + z

2
+ i

�z

w

2 + z

2
.

'Etsi, qrhsimopoi∏ntac epaneillhmËna tic Protàseic 5.2.8 kai 5.4.2 Ëpontai ta sum-
peràsmata (i)-(iv). Gia to (v) t∏ra, e–nai

|f | =
p

u

2 + v

2

h opo–a e–nai metr†simh wc s‘njesh thc metr†simhc sunàrthshc u

2 + v

2 kai thc
suneqo‘c ' : [0,1) ! R me '(x) =

p
x.

3H idiÏthta aut† e–nai eidik† per–ptwsh thc PrÏtashc 8.1.2 pou ja do‘me parakàtw.
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Suneq–zoume me ton orismÏ twn apl∏n sunart†sewn me migadikËc timËc kai to
ant–stoiqo je∏rhma prosËggishc.

OrismÏc 5.4.6. 'Estw (X,A) Ënac metr†simoc q∏roc. Mia metr†simh sunàrthsh
s : X ! C lËgetai apl† an to s‘nolo tim∏n thc s(X) e–nai peperasmËno.

Parathro‘me Ïti mia sunàrthsh s : X ! C e–nai apl† an kai mÏnon an oi Res kai Ims

e–nai aplËc sunart†seic (giat–;). 'Opwc kai sthn per–ptwsh twn pragmatik∏n apl∏n
sunart†sewn upàrqei mia monadik† kanonik† morf† kàje apl†c migadik†c sunàrthshc
s.

PrÏtash 5.4.7. 'Estw (X,A) Ënac metr†simoc q∏roc kai f : X ! C mia me-
tr†simh sunàrthsh. TÏte upàrqei akolouj–a {s

n

}
n

apl∏n sunart†sewn me s
n

! f .
An epiplËon h f e–nai fragmËnh, tÏte h s‘gklish e–nai omoiÏmorfh.

ApÏdeixh. 'Estw f = u + iv, Ïpou u =Ref kai v =Imf . ApÏ to PÏrisma 5.3.4
briskoume akolouj–ec {r

n

} kai {t
n

} apl∏n pragmatik∏n sunart†sewn ∏ste r
n

! u

kai t
n

! v. TÏte, h s
n

= r

n

+ it

n

e–nai apl† kai e–nai profan∏c s
n

! u+ iv = f .

An h f e–nai fragmËnh t∏ra, to –dio isq‘ei kai gia tic u kai v kai katà sunËpeia
r

n

! u kai t
n

! v omoiÏmorfa. 'Epetai Ïti kai h s‘gklish thc (s
n

) sthn f e–nai
omoiÏmorfh.

5.5 Ask†seic

Omàda A'.

1. 'Estw (X,A) Ënac metr†simoc q∏roc kai mia sunàrthsh f : X ! [�1,1].
De–xte Ïti h f e–nai metr†simh an kai mÏno an [f  q] 2 A gia kàje q 2 Q.

2. 'Estw (X,A) Ënac metr†simoc q∏roc kai f : X ! R mia metr†simh sunàrthsh.
Or–zoume th sunàrthsh g : X ! R me

g(x) =

(

0, an f(x) 2 Q
1, an f(x) /2 Q

.

De–xte Ïti h g e–nai metr†simh.

3. 'Estw f, g : R ! R d‘o sunart†seic me thn f na e–nai metr†simh kai to s‘nolo
[f 6= g] na e–nai ��mhdenikÏ. De–xte Ïti kai h g e–nai metr†simh.

4. 'Estw mia sunàrthsh f : (a, b) ! [�1,1] ∏ste gia kàje 0 < " < b� a o perio-
rismÏc f |(a,b�") na e–nai metr†simh sunàrthsh. De–xte Ïti h f e–nai metr†simh.

5. 'Estw (X,A, µ) Ënac q∏roc mËtrou, {s
n

} mia akolouj–a apl∏n metr†simwn su-
nart†sewn kai mia metr†simh sunàrthsh f : X ! R ∏ste s

n

! f omoiÏmorfa
sto X. De–xte Ïti h f e–nai fragmËnh.

Omàda B'.

6. D∏ste paràdeigma miac sunàrthshc f : R ! R pou na mhn e–nai Lebesgue me-
tr†simh, en∏ oi |f | kai f2 e–nai Lebesgue metr†simec.

7. 'Estw f : R ! [0,1] mia a‘xousa sunàrthsh. De–xte Ïti upàrqei mia a‘xousa
akolouj–a {s

n

} pou apotele–tai apÏ a‘xousec aplËc sunart†seic me s
n

% f .
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8. 'Estw (X,A, µ) q∏roc mËtrou kai {E
n

} akolouj–a stoiqe–wn thc A.
(a) An µ(E

n

) <

1
2n gia kàje n 2 N, de–xte Ïti µ({x : �

E

n

(x) 9 0}) = 0.
(UpÏdeixh: jumhje–te to 1o L†mma Borel-Cantelli.)

(b) Isq‘ei to prohgo‘meno sumpËrasma me thn asjenËsterh upÏjesh µ(E
n

) ! 0;

9. 'Estw f : R ! R mia suneq†c sunàrthsh.

(a) De–xte Ïti h f apeikon–zei F
�

s‘nola se F
�

s‘nola.

(b) De–xte Ïti h f apeikon–zei Lebesgue metr†sima s‘nola se Lebesgue metr†sima
s‘nola an kai mÏno an gia kàje A ✓ R me �(A) = 0 isq‘ei kai � (f(A)) = 0.

10. 'Estw (X,A, µ) Ënac q∏roc mËtrou. UpojËtoume Ïti gia kàje ↵ 2 R mac d–netai
Ëna metr†simo s‘nolo E

↵

2 A tËtoio ∏ste:
(i) Gia ↵ < � e–nai E

↵

✓ E

�

,

(ii) isq‘ei
S

↵2R E

↵

= X kai

(iii)
T

↵2R E

↵

= ;.
De–xte Ïti upàrqei metr†simh sunàrthsh f : X ! R tËtoia ∏ste gia kàje ↵ 2 R
na isq‘oun ta ex†c: an x 2 E

↵

tÏte f(x)  ↵ en∏ an x /2 E

↵

tÏte f(x) � ↵.

11. 'Estw (X,A, µ) q∏roc peperasmËnou mËtrou kai akolouj–a metr†simwn sunar-
t†sewn f

n

: X ! R me thn ex†c idiÏthta: gia kàje x 2 X isq‘ei

sup
n2N

|f
n

(x)| < 1.

De–xte Ïti: gia kàje " > 0 upàrqoun A 2 A kai M > 0 ∏ste

µ(X \A) < " kai gia kàje x 2 A : sup
n

|f
n

(x)|  M.

12. Qrhsimopoi∏ntac thn sunàrthsh Cantor-Lebesgue bre–te mia suneq† sunàrthsh
g : R ! R kai mia Lebesgue metr†simh sunàrthsh h : R ! R ∏ste h h � g na mhn
e–nai Lebesgue metr†simh.

13. 'Estw E Lebesgue metr†simo upos‘nolo tou Rk me �(E) < 1 kai Ëstw f : E !
R Lebesgue metr†simh sunàrthsh. Or–zoume th sunàrthsh !

f

: R ! R me

!

f

(t) = �({x 2 E : f(x) > t}).

(a) De–xte Ïti h !
f

e–nai fj–nousa kai suneq†c apÏ dexià. Se poià shme–a e–nai
asuneq†c;

(b) An oi f
n

, f : E ! R e–nai Lebesgue metr†simec kai f
n

% f , de–xte Ïti
!

f

n

% !

f

.

Omàda G'.

14. 'Estw f

n

: R ! R Lebesgue metr†simec sunart†seic kai Ëstw ↵ 2 R. De–xte Ïti
an

1
X

n=1

� ({x : f
n

(x) > ↵}) < 1,

tÏte upàrqei Z ✓ R me �(Z) = 0 ∏ste lim sup
n

f

n

(x)  ↵ gia kàje x 2 Z

c.
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15. 'Estw f

n

: R ! R Lebesgue metr†simec sunart†seic kai akolouj–a ("
n

) jetik∏n
arijm∏n me "

n

! 0. De–xte Ïti an

1
X

n=1

� ({x : f
n

(x) > "

n

}) < 1,

tÏte upàrqei Z ✓ R me �(Z) = 0 ∏ste f
n

(x) ! 0 gia kàje x 2 Z

c.

16. 'Estw f : [0, 1]⇥ [0, 1] ! R mia qwristà suneq†c sunàrthsh, dhlad† suneq†c wc
proc kàje metablht† qwristà. De–xte Ïti h f e–nai Borel metr†simh.

17. 'Estw f

n

: [0, 1] ! R mia akolouj–a Lebesgue metr†simwn sunart†sewn. De–xte
Ïti uparqei akolouj–a jetik∏n pragmatik∏n arijm∏n (↵

n

) kai s‘nolo Z ✓ [0, 1]
me �(Z) = 0 ∏ste

lim
n!1

f

n

(x)

↵

n

= 0, gia kàje x 2 Z

c

.





Kefàlaio 6

Olokl†rwma

Se autÏ to Kefàlaio o stÏqoc e–nai na kataskeuaste– to olokl†rwma Lebesgue
gia metr†simec sunart†seic. BriskÏmaste loipÏn se Ëna q∏ro mËtrou (X,A, µ) kai
meletàme pragmatikËc († migadikËc argÏtera) metr†simec sunart†seic f : X ! R.
Oi idiÏthtec pou ja jËlame na ikanopoie– to olokl†rwma e–nai oi ex†c:

(i) An A 2 A, tÏte R �
A

dµ = µ(A), Ïpou �
A

h qarakthristik† sunàrthsh tou
A.

(ii) To olokl†rwma e–nai grammikÏ: an f, g metr†simec sunart†seic kai a, b 2 R
tÏte

Z

(af + bg) dµ = a

Z

f dµ+ b

Z

g dµ.

(iii) To olokl†rwma e–nai «jetikÏ» an f metr†simh sunàrthsh me f � 0, tÏte kai
R

fdµ � 0. H idiÏthta aut† e–nai fusikà isod‘namh me th monoton–a: an f, g

metr†simec sunart†seic kai f � g, tÏte kai
R

fdµ � R gdµ.

H kataskeu† aut† ja g–nei se tr–a b†mata:

(i) Or–zoume to olokl†rwma Lebesgue gia mh arnhtikËc aplËc sunart†seic basi-
zÏmenoi sta (i) kai (ii) parapànw.

(ii) Or–zoume to olokl†rwma gia mh arnhtikËc metr†simec sunart†sec basizÏmenoi
sth monoton–a kai sthn prosËggish tËtoiwn sunart†sewn apÏ aplËc.

(iii) Or–zoume to olokl†rwma genikà qrhsimopoi∏ntac th sqËsh f = f

+ � f

� kai
th grammikÏthta.

Paràllhla me aut† thn pore–a ja apode–xoume merikËc pol‘ basikËc idiÏthtec tou
oloklhr∏matoc Lebesgue kai idia–tera kàpoia apotelËsmata sqetikà me th sumpe-
riforà tou oloklhr∏matoc Lebesgue wc proc th s‘gklish akolouji∏n metr†simwn
sunart†sewn.
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6.1 AplËc mh arnhtikËc metr†simec sunart†-
seic

OrismÏc 6.1.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f : X ! [0,1] mia apl†
mh arnhtik† sunàrthsh me kanonik† morf†

f =

n

X

j=1

a

j

µ(A
j

) (6.1)

TÏte or–zoume to olokl†rwma thc f na e–nai h posÏthta

Z

f dµ =
n

X

j=1

a

j

µ(A
j

), (6.2)

Ïpou Ëqoume kànei th s‘mbash 0 ·1 = 1 · 0 = 0.

s

a1

a3
a2

Sq†ma 6.1: Olokl†rwma apl†c sunàrthshc

Parathr†seic 6.1.2. (a') E–nai àmeso apÏ ton orismÏ Ïti
R

f dµ � 0 kai an
A 2 A tÏte:

Z

�

A

dµ = µ(A). (6.3)

(b') S‘mfwna me ton orismÏ, Ëqoume
R

f dµ = 0 an kai mÏno an µ({x 2 X : f(x) >
0}) = 0.

Gia na apode–xoume t∏ra th grammikÏthta tou oloklhr∏matoc me bàsh ton pa-
rapànw orismÏ qreiazÏmaste to ex†c:

L†mma 6.1.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f : X ! [0,1] mia apl†
sunàrthsh pou gràfetai wc:

f =

m

X

j=1

b

j

�

B

j

(6.4)

gia kàpoia b1, b2, ..., bm kai B1, B2, ..., Bm

metr†sima kai xËna anà d‘o. TÏte:

Z

fdµ =

m

X

j=1

b

j

µ(B
j

). (6.5)
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ApÏdeixh. D–qwc blàbh mporo‘me na upojËsoume Ïti
S

m

j=1 Bj

= X (alli∏c, jËton-
tac B

m+1 = X \Sm

j=1 Bj

kai b
m+1 = 0 den allàzei kàti). 'Estw loipÏn Ïti h f Ëqei

kanonik† morf†

f =

n

X

i=1

a

i

�

A

i

.

Afo‘ h f e–nai apl† sunàrthsh, an A
i

\ B

j

6= ; e–nai fusikà a

i

= b

j

kai epiplËon
isq‘oun oi ex†c tautÏthtec:

A

i

=

m

[

j=1

(A
i

\B

j

) kai B
j

=

n

[

i=1

(A
i

\B

j

), (6.6)

Ïpou kai oi d‘o en∏seic e–nai xËnec. 'Etsi, Ëqoume:

Z

fdµ =

n

X

i=1

a

i

µ(A
i

) =

n

X

i=1

m

X

j=1

a

i

µ(A
i

\B

j

) =

n

X

i=1

m

X

j=1

b

j

µ(A
i

\B

j

) =

=

m

X

j=1

n

X

i=1

b

j

µ(A
i

\B

j

) =

m

X

j=1

b

j

n

X

i=1

µ(A
i

\B

j

) =

m

X

j=1

b

j

µ(B
j

).

PrÏtash 6.1.4. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f, g : X ! [0,1] d‘o aplËc
mh arnhtikËc sunart†seic kai a � 0. TÏte isq‘oun ta ex†c:

(i) To olokl†rwma e–nai «omogenËc»:
Z

af dµ = a

Z

f dµ. (6.7)

(ii) To olokl†rwma e–nai «prosjetikÏ»:
Z

(f + g) dµ =

Z

f dµ+

Z

g dµ. (6.8)

(iii) To olokl†rwma e–nai «monÏtono»:

an f  g sto X tÏte
Z

f dµ 
Z

g dµ. (6.9)

ApÏdeixh. 'Estw

f =

n

X

i=1

a

i

�

A

i

kai g =

n

X

j=1

b

j

�

B

j

oi kanonikËc morfËc twn f kai g.

(i) TÏte h af =
P

n

i=1 aai�A

i

e–nai h kanonik† morf† thc af kai àra

Z

af dµ =

n

X

i=1

aa

i

µ(A
i

) = a

n

X

i=1

a

i

µ(A
i

) = a

Z

f dµ.
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(ii) H oikogËneia (A
i

\B

j

)(i,j) apotele–tai apÏ xËna anà d‘o s‘nola kai afo‘

f + g =
X

i,j

(a
i

+ b

j

)�
A

i

\B

j

(6.10)

(epalhje‘ste to) s‘mfwna me to parapànw l†mma Ëqoume Ïti
Z

(f + g) dµ =
X

i,j

(a
i

+ b

j

)µ(A
i

\B

j

) =

=
X

i,j

a

i

µ(A
i

\B

j

) +
X

i,j

b

j

µ(A
i

\B

j

) =

=

n

X

i=1

a

i

m

X

j=1

µ(A
i

\B

j

) +

m

X

j=1

b

j

n

X

i=1

µ(A
i

\B

j

) =

=

n

X

i=1

a

i

µ(A
i

) +

m

X

j=1

b

j

µ(B
j

) =

Z

f dµ+

Z

gdµ.

(iii) H (g � f) e–nai mh arnhtik† apl† sunàrthsh kai àra apÏ to (ii):
Z

g dµ =

Z

f dµ+

Z

(g � f) dµ �
Z

f dµ,

Ïpwc jËlame.

Parat†rhsh 6.1.5. S‘mfwna me ta (i) kai (ii) thc teleuta–ac PrÏtashc, to
L†mma 6.1.3 Ëpetai kai qwr–c thn upÏjesh Ïti ta B

j

e–nai xËna, afo‘:

Z

m

X

j=1

b

j

�

B

j

dµ =

m

X

j=1

b

j

Z

�

B

j

dµ =

m

X

j=1

b

j

µ(B
j

).

6.2 Mh arnhtikËc metr†simec sunart†seic

Epekte–noume t∏ra ton orismÏ tou oloklhr∏matoc gia mh arnhtikËc metr†simec su-
nart†seic. Gnwr–zoume apÏ to Je∏rhma 5.3.3 Ïti gia kàje f mh arnhtik† metr†simh,
mporo‘me na bro‘me a‘xousa akolouj–a (s

n

) mh arnhtik∏n apl∏n sunart†sewn me

s

n

% f.

EpiplËon, an s mia tuqo‘sa apl† metr†simh sunàrthsh me 0  s  f sto X, ja
jËlame, apÏ th monoton–a tou oloklhr∏matoc, na isq‘ei

Z

s dµ 
Z

f dµ,

me ton orismÏ thc prohgo‘menhc paragràfou gia to
R

sdµ. Ef' Ïson mporo‘me na
bro‘me loipÏn aplËc metr†simec s osod†pote kontà (apÏ «kàtw») sthn f odhgo‘ma-
ste ston ex†c:
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OrismÏc 6.2.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f : X ! [0,1] mia
mh arnhtik† metr†simh sunàrthsh. Or–zoume tÏte to olokl†rwma thc f na e–nai h
posÏthta

Z

f dµ = sup

⇢

Z

s dµ : s apl† sunàrthsh me 0  s  f

�

. (6.11)

Fusikà, o orismÏc autÏc sumfwne– me ton OrismÏ 6.1.1 tou oloklhr∏matoc gia aplËc
sunart†seic, afo‘ an h f e–nai apl† to supremum ulopoie–tai gia s = f apÏ th
monoton–a tou oloklhr∏matoc gia aplËc mh arnhtikËc sunart†seic (PrÏtash 6.1.4
(iii)).

An A 2 A, or–zoume
Z

A

f dµ =

Z

f�

A

dµ, (6.12)

to olokl†rwma thc f sto A. E–nai àmeso Ïti
R

A

f dµ 2 [0,1] kai ep–shc

Z

X

f dµ =

Z

f dµ.

PrÏtash 6.2.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f, g : X ! [0,1] d‘o mh
arnhtikËc metr†simec sunart†seic, A,B 2 A kai Ëna a � 0. TÏte isq‘oun ta ex†c:

(i) To olokl†rwma e–nai «omogenËc»:
Z

af dµ = a

Z

f dµ (6.13)

(ii) To olokl†rwma e–nai «monÏtono»:

An f  g sto X tÏte
Z

f dµ 
Z

g dµ. (6.14)

(iii) An A ✓ B tÏte
Z

A

f dµ 
Z

B

f dµ. (6.15)

(iv) An µ(A) = 0 † an f = 0 sto A, tÏte
Z

A

f dµ = 0. (6.16)

ApÏdeixh. (i) An a = 0 h zhto‘menh e–nai profan†c. An a > 0 t∏ra, Ëqoume:
Z

af dµ = sup

⇢

Z

s dµ : s apl† me 0  s  af

�

=

= sup

⇢

a

Z

s

a

dµ :
s

a

apl† me 0  s

a

 f

�

=

= a sup

⇢

Z

t dµ : t apl† me 0  t  f

�

= a

Z

f dµ.
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(ii) AutÏ prok‘ptei e‘kola apÏ ton trÏpo pou or–same to olokl†rwma: an s mia apl†
sunàrthsh me 0  s  f , tÏte ja e–nai kai 0  s  g. 'Ara

{s : s apl† me 0  s  f} ✓ {s : s apl† me 0  s  g} ,
kai àra pràgmati

R

f dµ  R g dµ.

(iii) H sqËsh A ✓ B ekfràzetai mËsw qarakthristik∏n sunart†sewn apÏ thn �
A


�

B

(giat–;). 'Ara, e–nai kai f�
A

 f�

B

kai to sumpËrasma Ëpetai apÏ to (ii).

(iv) An f = 0 sto A, tÏte f�
A

= 0 stoX kai àra
R

f�

A

dµ = 0, dhlad†
R

A

fdµ = 0.
'Estw Ïti µ(A) = 0 t∏ra. An s apl† me 0  s  f�

A

, tÏte h s ja mhden–zetai Ëxw
apÏ to A kai àra ja Ëqei mia paràstash thc morf†c

s =

n

X

i=1

a

i

�

A

i

, Ïpou A
i

✓ A gia kàje i.

'Ara ja e–nai
Z

s dµ =

n

X

i=1

a

i

µ(A
i

) =

n

X

i=1

a

i

· 0 = 0.

Afo‘ autÏ isq‘ei gia kàje apl† s me 0  s  f�

A

e–nai kai
R

f�

A

dµ =
R

A

f dµ =
0.

Par'Ïlo pou oi parapànw idiÏthtec tou oloklhr∏matoc apode–qjhkan sqetikà e-
‘kola, me ton OrismÏ 6.2.1 pou d∏same den e–nai kajÏlou profan†c h prosjetikÏthta
tou oloklhr∏matoc, dhlad† Ïti an f, g : X ! [0,1] d‘o mh arnhtikËc, metr†simec
sunart†seic, tÏte

Z

(f + g) dµ =

Z

f dµ+

Z

g dµ. (6.17)

Gia na apode–xoume thn prosjetikÏthta ja basisto‘me se d‘o pol‘ basikà jewr†mata
s‘gklishc, to Je∏rhma MonÏtonhc S‘gklishc tou Lebesgue kai to L†mma tou Fatou.
Ja qreiasto‘me arqikà to ex†c L†mma, pou ja genikeuje– argÏtera sthn §6.2.1:
L†mma 6.2.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai s : X ! [0,1] mia apl†
mh arnhtik† sunàrthsh. TÏte h sunàrthsh ⌫ : A ! [0,1] me

⌫(A) =

Z

A

s dµ, (6.18)

gia A 2 A e–nai Ëna mËtro1 sto q∏ro (X,A).

ApÏdeixh. An

s =

n

X

j=1

a

j

�

A

j

h kanonik† morf† thc s, tÏte gia A 2 A upolog–zoume:

⌫(A) =

Z

A

s dµ =

Z

s�

A

dµ =

n

X

j=1

a

j

Z

�

A\A

j

dµ =

n

X

j=1

a

j

µ(A \A

j

),

Ïpou qrhsimopoi†same thn tautÏthta �
A

�

B

= �

A\B

. 'Omwc, to µ
j

: A ! [0,1] me
µ

j

(A) = µ(A \ A

j

) e–nai Ëna mËtro, o periorismÏc tou µ sto A

j

, kai katà sunËpeia
isq‘ei to –dio kai gia to ⌫, afo‘ a

j

� 0 gia kàje j.

1H ⌫ lËgetai aÏristo olokl†rwma thc s wc proc µ.
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Gia na proqwr†soume sthn apÏdeixh twn basik∏n jewrhmàtwn s‘gklishc ja
qreiasto‘me thn Ënnoia tou lim inf

n

miac akolouj–ac sunÏlwn: An (A
n

) mia akolou-
j–a uposunÏlwn tou X, jËtoume

lim inf
n

A

n

= {x 2 X : to x an†kei se Ïla telikà ta A
n

}. (6.19)

S‘mfwna me thn àskhsh 1.4 (àskhsh 4 tou kefala–ou 1), Ëqoume thn tautÏthta

lim inf
n

A

n

=

1
[

n=1

1
\

k=n

A

k

. (6.20)

S‘mfwna me thn àskhsh 2.2 t∏ra, an epiplËon oX e–nai Ënac q∏roc mËtrou (X,A, µ),
isq‘ei h anisÏthta:

µ(lim inf
n

A

n

)  lim inf
n

µ(A
n

). (6.21)

H apÏdeixh Ïlwn aut∏n twn teleuta–wn isqurism∏n af†netai wc àskhsh. Qrhsimo-
poi∏ntac ta parapànw de–qnoume loipÏn to ex†c:

Je∏rhma 6.2.4 (L†mma tou Fatou). 'Estw (X,A, µ) Ënac q∏roc mËtrou kai
f

n

: X ! [0,1] mia akolouj–a mh arnhtik∏n metr†simwn sunart†sewn. TÏte:
Z

lim inf
n

f

n

dµ  lim inf
n

Z

f

n

dµ. (6.22)

ApÏdeixh. Jewro‘me th sunàrthsh f = lim inf
n

f

n

h opo–a e–nai metr†simh apÏ thn
PrÏtash 5.2.4 kai mia apl† sunàrthsh s me 0  s  f sto X. Ja de–xoume Ïti

Z

s dµ  lim inf
n

Z

f

n

dµ. (6.23)

Isod‘nama, ja de–xoume Ïti gia " 2 (0, 1) auja–reto isq‘ei

"

Z

s dµ  lim inf
n

Z

f

n

dµ.

'Estw " 2 (0, 1). Jewro‘me ta s‘nola

A

"

n

=
⇥

f

n

� "s

⇤

= {x 2 X : f
n

(x) � "s(x)} (6.24)

kai parathro‘me Ïti e–nai metr†sima kai epiplËon lim inf
n

A

"

n

= X: Pràgmati, gia
x 2 X an s(x) = 0 tÏte profan∏c x 2 A

"

n

gia kàje n, en∏ an s(x) > 0, tÏte

"s(x) < s(x)  f(x) = lim inf
n

f

n

(x)

kai àra upàrqei n0 ∏ste gia kàje n � n0 na e–nai "s(x) < f

n

(x). 'Etsi, pràgmati
x 2 A

"

n

, gia kàje n � n0 kai àra x 2 lim inf
n

A

"

n

.

ApÏ ton orismÏ tou A"

n

Ëqoume loipÏn Ïti

f

n

(x) � "s(x)�
A

"

n

(x) sto X (6.25)

kai katà sunËpeia:
Z

f

n

dµ � "

Z

s�

A

"

n

dµ = "

Z

A

"

n

s dµ = "⌫(A"

n

)
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Ïpou ⌫ : A ! [0,1] to mËtro tou L†mmatoc 6.2.3 gia thn apl† sunàrthsh s. Katà
sunËpeia apÏ th sqËsh (6.21) kai thn isÏthta lim inf

n

A

"

n

= X Ëpetai Ïti:

lim inf
n

Z

f

n

dµ � " lim inf
n

⌫(A"

n

) � "⌫(lim inf
n

A

"

n

) = "⌫(X).

'Omwc, ⌫(X) =
R

X

s dµ kai àra pràgmati

lim inf
n

Z

f

n

dµ � "

Z

s dµ,

pou gia " ! 1� d–nei thn (6.23). Metà, pa–rnontac to supremum pànw se Ïlec tic
aplËc metr†simec s me 0  s  f Ëpetai to zhto‘meno.

PÏrisma 6.2.5. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

: X ! [0,1] mia
akolouj–a mh arnhtik∏n metr†simwn sunart†sewn. An h f

n

sugkl–nei katà shme–o
se mia sunàrthsh f : X ! [0,1] kai epiplËon f

n

 f sto X gia kàje n tÏte
Z

f dµ = lim
n

Z

f

n

dµ. (6.26)

ApÏdeixh. Ja efarmÏsoume to L†mma tou Fatou: e–nai lim inf
n

f

n

= f kai àra:
Z

f dµ =

Z

lim inf
n

f

n

dµ  lim inf
n

Z

f

n

dµ 

 lim sup
n

Z

f

n

dµ 
Z

f dµ,

afo‘ f
n

 f sto X. 'Ara, isq‘oun Ïlec oi isÏthtec kai katà sunËpeia

lim
n

Z

f

n

dµ =

Z

f dµ.

EidikÏtera Ëqoume to ex†c pol‘ shmantikÏ PÏrisma:

PÏrisma 6.2.6 (Je∏rhma MonÏtonhc S‘gklishc). 'Estw (X,A, µ) Ënac q∏roc
mËtrou kai f

n

: X ! [0,1] mia a‘xousa akolouj–a mh arnhtik∏n metr†simwn
sunart†sewn. An f = lim

n

f

n

, tÏte
Z

f

n

dµ %
Z

f dµ gia n ! 1. (6.27)

ApÏdeixh. H apÏdeixh e–nai àmesh apÏ to prohgo‘meno L†mma, afo‘ f

n

 f sto
X.

Qrhsimopoi∏ntac t∏ra to Je∏rhma MonÏtonhc S‘gklishc Ëqoume Ënan pol‘ pio
bolikÏ trÏpo na qeirizÏmaste to olokl†rwma: Gia mia f : X ! [0,1] mh arnhtik†,
metr†simh br–skoume apÏ to Je∏rhma 5.3.3 mia a‘xousa akolouj–a (s

n

) apl∏n mh
arnhtik∏n sunart†sewn me

s

n

% f.
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TÏte, s‘mfwna me to PÏrisma 6.2.6 e–nai
Z

f dµ = lim
n

Z

s

n

dµ.

ApÏ aut† thn parat†rhsh Ëpontai ta ex†c:

PÏrisma 6.2.7. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f, g : X ! [0,1] d‘o mh
arnhtikËc metr†simec sunart†seic. TÏte:

(i) To olokl†rwma e–nai prosjetikÏ, dhlad†
Z

(f + g) dµ =

Z

f dµ+

Z

g dµ. (6.28)

(ii) An f  g sto X kai epiplËon
R

f dµ < 1, tÏte
Z

(g � f) dµ =

Z

g dµ�
Z

f dµ. (6.29)

ApÏdeixh. (i) 'Opwc e–pame kai prin th diat‘pwsh tou por–smatoc, br–skoume a‘xou-
sec akolouj–ec (s

n

)
n

kai (t
n

)
n

mh arnhtik∏n apl∏n sunart†sewn me s
n

% f kai
t

n

% g. TÏte, h akolouj–a (s
n

+ t

n

)
n

e–nai ep–shc mia a‘xousa akolouj–a mh arnh-
tik∏n apl∏n sunart†sewn kai

s

n

+ t

n

% f + g.

Sunep∏c, apÏ to Je∏rhma MonÏtonhc S‘gklishc Ëqoume
Z

(f + g) dµ = lim
n

Z

(s
n

+ t

n

) dµ = lim
n

Z

s

n

dµ+lim
n

Z

t

n

dµ =

Z

f dµ+

Z

g dµ,

Ïpou qrhsimopoi†same th grammikÏthta tou oloklhr∏matoc gia tic aplËc sunart†seic
s

n

kai t
n

(PrÏtash 6.1.4).

(ii) Oi f kai g � f e–nai mh arnhtikËc metr†simec sunart†seic kai àra apÏ to (i):
Z

f dµ+

Z

(g � f) dµ =

Z

g dµ.

Afo‘ epiplËon
R

f dµ < 1, apÏ thn teleuta–a Ëpetai pràgmati Ïti
Z

(g � f) dµ =

Z

g dµ�
Z

f dµ.

An t∏ra epiqeir†soume na antikatast†soume to lim inf sto L†mma tou Fatou me
lim sup pa–rnoume ta ex†c dukà apotelËsmata:

Je∏rhma 6.2.8. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

: X ! [0,1] mia
akolouj–a mh arnhtik∏n metr†simwn sunart†sewn. TÏte:
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(i) An upàrqei mia g : X ! [0,1] metr†simh ∏ste f

n

 g gia kàje n kai
R

g dµ < 1, tÏte
Z

lim sup
n

f

n

dµ � lim sup
n

Z

f

n

dµ. (6.30)

(ii) An h (f
n

) sugkl–nei katà shme–o se mia sunàrthsh f : X ! [0,1] me f
n

� f

sto X gia kàje n kai epiplËon upàrqei mia g : X ! [0,1] ∏ste f
n

 g gia
kàje n kai

R

g dµ < 1, tÏte
Z

f dµ = lim
n

Z

f

n

dµ. (6.31)

(iii) An h akolouj–a (f
n

) e–nai fj–nousa kai
R

f1 dµ < 1, tÏte gia thn f = lim
n

f

n

isq‘ei:
Z

f

n

dµ &
Z

f dµ. (6.32)

ApÏdeixh. (i) EfarmÏzoume to L†mma tou Fatou gia thn akolouj–a (g � f

n

)
n

kai
Ëqoume Ïti

Z

lim inf
n

(g � f

n

) dµ  lim inf
n

Z

(g � f

n

) dµ.

'Omwc, an (a
n

) mia akolouj–a pragmatik∏n arijm∏n kai a 2 R, isq‘oun oi sqËseic:

lim inf
n

(a
n

+ a) = lim inf
n

a

n

+ a kai lim inf
n

(�a

n

) = � lim sup
n

(a
n

) (6.33)

kai àra h parapànw gràfetai wc:
Z

g dµ�
Z

lim sup
n

f

n

dµ 
Z

g dµ� lim sup
n

Z

f

n

dµ.

Sunduàzontac aut† me th sqËsh
R

g dµ < 1 sumpera–noume Ïti pràgmati
Z

lim sup
n

f

n

dµ � lim sup
n

Z

f

n

dµ.

(ii) Prok‘ptei apÏ to (i) akrib∏c Ïpwc prok‘ptei to PÏrisma 6.2.5 apÏ to L†mma
tou Fatou. Oi leptomËreiec af†nontai wc àskhsh.

(iii) Prok‘ptei àmesa apÏ to (ii) an parathr†soume Ïti h g = f1 kuriarqe– Ïlec tic
f

n

, dhlad† f
n

 f1 gia kàje n.

Parat†rhsh 6.2.9. H upÏjesh thc ‘parxhc miac metr†simhc g : X ! [0,1] pou
na Ëqei peperasmËno olokl†rwma kai na kuriarqe– Ïlec tic f

n

e–nai apara–thth gia
thn isq‘ tou prohgo‘menou jewr†matoc.

ApÏdeixh. An jewr†soume gia paràdeigma thn akolouj–a sunart†sewn f
n

: R ! R
me f

n

= n�(0,1/n) parathro‘me Ïti Ïlec oi fn e–nai metr†simec, fn ! 0 katà shme–o
kai

R

f

n

dµ = 1 gia kàje n. Sunep∏c oi (6.30) kai (6.31) den alhje‘oun.

Kle–noume aut† thn enÏthta parathr∏ntac Ïti to olokl†rwma Lebesgue sumpe-
rifËretai kalà kai wc proc tic seirËc mh arnhtik∏n sunart†sewn. Pio sugkekrimËna:
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Je∏rhma 6.2.10 (Beppo Levi). 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

:
X ! [0,1] mia akolouj–a mh arnhtik∏n metr†simwn sunart†sewn. TÏte:

Z 1
X

n=1

f

n

dµ =

1
X

n=1

Z

f

n

dµ. (6.34)

ApÏdeixh. An jËsoume
S

m

= f1 + f2 + ...+ f

m

,

kàje S
m

e–nai metr†simh kai gia th sunàrthsh f =
P1

n=1 fn isq‘ei:

S

m

% f gia m ! 1.

Sunep∏c, apÏ to Je∏rhma MonÏtonhc S‘gklishc Ëqoume Ïti
Z 1
X

n=1

f

n

dµ =

Z

f dµ = lim
m

Z

S

m

dµ = lim
m

m

X

n=1

Z

f

n

dµ =

1
X

n=1

Z

f

n

dµ,

Ïpou sthn tr–th isÏthta qrhsimopoi†same thn (peperasmËnh) prosjetikÏthta tou
oloklhr∏matoc.

H Ënnoia tou «sqedÏn panto‘»

'Estw (X,A, µ) Ënac q∏roc mËtrou kai P (x) mia idiÏthta pou aforà ta stoiqe–a
x 2 X. Ja lËme Ïti h P (x) isq‘ei µ�sqedÏn panto‘ an to s‘nolo

Z = {x 2 X : h P (x) den alhje‘ei}
e–nai µ-mhdenikÏ (jumhje–te ton OrismÏ 2.3.1). Ja gràfoume Ïti h P isq‘ei µ�s.p..
H akÏloujh prÏtash de–qnei Ïti oi «sqedÏn panto‘ diataraqËc» den ephreàzoun to
olokl†rwma:

PrÏtash 6.2.11. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f, g : X ! [0,1] d‘o
mh arnhtikËc metr†simec sunart†seic. TÏte isq‘oun ta ex†c:

(i) An f = g µ�s.p., tÏte R f dµ =
R

g dµ.

(ii) f = 0 µ�s.p. an kai mÏno an R f dµ = 0.

ApÏdeixh. (i) JËtoume X = {x 2 X : f(x) 6= g(x)} kai parathro‘me Ïti Z 2 A (a-
fo‘ f, g metr†simec) kai àra apÏ thn upÏjesh µ(Z) = 0. Sunep∏c, qrhsimopoi∏ntac
to (iv) thc PrÏtashc 6.2.2 pràgmati:

Z

f dµ =

Z

X\Z
f dµ =

Z

X\Z
g dµ =

Z

g dµ.

(ii) An f = 0 µ�s.p. tÏte apÏ to (i)
Z

f dµ =

Z

0 dµ = 0.

An pàli
R

f dµ = 0 jËtoume A = [f > 0] kai parathro‘me Ïti an A
n

=
⇥

f � 1
n

⇤

tÏte
e–nai

A =

1
[

n=1

A

n

.
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'Omwc

0 =

Z

f dµ �
Z

A

n

f dµ �
Z

A

n

1

n

dµ =
1

n

µ(A
n

),

dhlad† µ(A
n

) = 0 gia kàje n. 'Epetai loipÏn Ïti e–nai kai µ(A) = 0 kai àra pràgmati
f = 0 µ�s.p..

ApÏ thn prÏtash aut† Ëpetai Ïti an mia idiÏthta miac sunàrthshc f isq‘ei µ�s.p.
tÏte to olokl†rwma thc f de ja allàxei an upojËsoume Ïti isq‘ei panto‘. 'Etsi, mpo-
ro‘me na genike‘soume gia paràdeigma to PÏrisma 6.2.5 lËgontac Ïti h f

n

sugkl–nei
sthn f µ�s.p. kai Ïti f

n

 f µ�s.p.. 'Omoia mpore– na genikeuje– kai to Je∏rh-
ma 6.2.8. Sth sunËqeia ja qrhsimopoio‘me autËc tic idiÏthtec tou «sqedÏn panto‘»
qwr–c idia–terh mne–a.

6.2.1 To aÏristo olokl†rwma

Se autÏ to shme–o ja epiqeir†soume na genike‘soume to L†mma 6.2.3. D–noume pr∏ta
ton ex†c orismÏ:

OrismÏc 6.2.12. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f : X ! [0,1] mia mh
arnhtik† metr†simh sunàrthsh. Or–zoume th sunàrthsh ⌫ : A ! [0,1] me

⌫(A) =

Z

A

f dµ (6.35)

gia A 2 A. H ⌫ lËgetai aÏristo olokl†rwma thc f wc proc µ.

Oi basikËc idiÏthtec tou aÏristou oloklhr∏matoc e–nai oi ex†c:

PrÏtash 6.2.13. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f : X ! [0,1] mia mh
arnhtik† metr†simh sunàrthsh kai ⌫ to aÏristo olokl†rwma thc f wc proc µ. TÏte
isq‘oun ta ex†c:

(i) To ⌫ e–nai mËtro.

(ii) An A 2 A me µ(A) = 0 tÏte e–nai kai ⌫(A) = 02.

(iii) An g : X ! [0,1] mia metr†simh sunàrthsh, tÏte
Z

g d⌫ =

Z

gf dµ. (6.36)

ApÏdeixh. (i) E–nai profanËc Ïti ⌫(;) = 0. Gia thn arijm†simh prosjetikÏthta,
jewro‘me mia akolouj–a (A

n

) xËnwn anà d‘o stoiqe–wn thc A kai ja de–xoume Ïti
⌫ (
S1

n=1 An

) =
P1

n=1 ⌫(An

), dhlad† Ïti

Z

S1
n=1 A

n

f dµ =

1
X

n=1

Z

A

n

f dµ. (6.37)

2An gia d‘o mËtra µ kai ⌫ isq‘ei aut† h idiÏthta, lËme Ïti to ⌫ e–nai apÏluta suneqËc
wc proc µ kai gràfoume ⌫ ⌧ µ.
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Afo‘ ta A
n

e–nai xËna anà d‘o, sumpera–noume Ïti

�

S
n

A

n

=

1
X

n=1

�

A

n

kai àra h (6.37) gràfetai wc

Z 1
X

n=1

f�

A

n

dµ =

1
X

n=1

Z

f�

A

n

dµ

pou e–nai akrib∏c to Je∏rhma Beppo Levi gia tic f
n

:= f�

A

n

.

(ii) To Ëqoume apode–xei †dh sto (iv) thc PrÏtashc 6.2.2.

(iii) Ja spàsoume thn apÏdeixh se b†mata, akolouj∏ntac thn mËqri t∏ra pore–a tou
orismo‘ tou oloklhr∏matoc.

B†ma 1. An h g e–nai thc morf†c g = �

A

gia kàpoio A 2 A.
Se aut† thn per–ptwsh, upolog–zoume

Z

g d⌫ = ⌫(A) =

Z

A

f dµ =

Z

gf dµ.

B†ma 2. An h g e–nai apl† sunàrthsh thc morf†c

g =

n

X

j=1

a

j

�

A

j

.

Se aut† thn per–ptwsh, qrhsimopoi∏ntac to B†ma 1 kai th grammikÏthta tou olo-
klhr∏matoc Ëqoume:

Z

g d⌫ =

n

X

j=1

a

j

Z

�

A

j

d⌫ =

n

X

j=1

a

j

Z

�

A

j

f dµ =

Z

gf dµ.

B†ma 3. H g e–nai tuqo‘sa mh arnhtik† metr†simh.

Se aut† thn per–ptwsh, mporo‘me na bro‘me mia a‘xousa akolouj–a apl∏n mh ar-
nhtik∏n sunart†sewn (s

n

)
n

me s
n

% g. Qrhsimopoi∏ntac to B†ma 2 t∏ra Ëqoume
Ïti

Z

s

n

d⌫ =

Z

s

n

f dµ

gia kàje n kai àra, gia n ! 1 apÏ to Je∏rhma MonÏtonhc S‘gklishc Ëpetai kai h
Z

g d⌫ =

Z

gf dµ,

afo‘ oi (s
n

) kai (s
n

f) e–nai a‘xousec akolouj–ec.

SqÏlio. ApÏ thn PrÏtash 6.2.13 prok‘ptei fusiologikà to ex†c er∏thma: An µ
kai ⌫ d‘o mËtra se Ënan q∏ro (X,A) ∏ste ⌫ ⌧ µ e–nai apara–thto to ⌫ na Ëqei
th morf† thc sqËshc (6.35); AutÏ to er∏thma e–nai arketà d‘skolo. To Je∏rhma
Radon-Nikodym pou ja apode–xoume sto Kefàlaio 10 d–nei diàfora ze‘gh mËtrwn
gia ta opo–a autÏ isq‘ei.
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6.3 Oloklhr∏simec sunart†seic

Kle–noume autÏ to kefàlaio me to teleuta–o stàdio tou orismo‘ tou oloklhr∏matoc:
to olokl†rwma gia sunart†seic me timËc sto [�1,1] kai migadikËc sunart†seic. Ar-
q–zoume me thn pr∏th per–ptwsh: 'Estw mia metr†simh sunàrthsh f : X ! [�1,1].
Jumhje–te th basik† tautÏthta

f = f

+ � f

�

Ïpou oi f+ kai f� e–nai mh arnhtikËc metr†simec sunart†seic. An pistËyoume proc
stigm†n Ïti Ëqoume or–sei Ëna olokl†rwma gia Ïlec autËc tic sunart†seic f , to opo–o
na epekte–nei ton orismÏ thc §6.2 kai autÏ e–nai epiplËon grammikÏ, anagkastikà ja
isq‘ei:

Z

f dµ =

Z

f

+
dµ�

Z

f

�
dµ.

Gia na or–zetai kalà aut† h posÏthta Ïmwc prËpei na apof‘goume katastàseic thc
morf†c 1�1. D–noume loipÏn ton exhc orismÏ:
OrismÏc 6.3.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f : X ! [�1,1] mia
metr†simh sunàrthsh.

(i) An isq‘ei toulàqiston m–a apÏ tic
R

f

+
dµ < 1 kai R f

�
dµ < 1, tÏte lËme

Ïti to olokl†rwma thc f or–zetai kai jËtoume
Z

f dµ =

Z

f

+
dµ�

Z

f

�
dµ. (6.38)

(ii) An isq‘oun kai oi d‘o parapànw sqËseic, dhlad†
R

f

+
dµ < 1 kai R f

�
dµ <

1, tÏte h sunàrthsh f lËgetai oloklhr∏simh kai pàli jËtoume:
Z

f dµ =

Z

f

+
dµ�

Z

f

�
dµ.

Parat†rhsh 6.3.2. Qrhsimopoi∏ntac thn tautÏthta

|f | = f

+ + f

�

parathro‘me Ïti h f e–nai oloklhr∏simh an kai mÏnon an
R |f | dµ < 1.

LÏgw thc teleuta–ac parat†rhshc odhgo‘maste ston ex†c orismÏ gia th migadik†
per–ptwsh:

OrismÏc 6.3.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f : X ! C mia metr†simh
sunàrthsh. H f lËgetai oloklhr∏simh an

R |f | dµ < 1.
An u = Ref kai v = Imf , tÏte h f e–nai oloklhr∏simh an kai mÏnon an oi u kai v
e–nai oloklhr∏simec (giat–;), dhlad† an kai mÏnon an ta oloklhr∏mata

Z

u

+
dµ,

Z

u

�
dµ,

Z

v

+
dµ kai

Z

v

�
dµ

e–nai peperasmËna. Se aut† thn per–ptwsh jËtoume fusikà:
Z

f dµ =

✓

Z

u

+
dµ�

Z

u

�
dµ

◆

+ i

✓

Z

v

+
dµ�

Z

v

�
dµ

◆

. (6.39)
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ApÏ ton orismÏ e–nai fusikà àmesh h sqËsh
Z

f dµ =

Z

u dµ+ i

Z

v dµ. (6.40)

Ep–shc, an A 2 A jËtoume kai pàli
Z

A

f µ =

Z

f�

A

dµ. (6.41)

Sumbol–zoume me L1
R(µ) to s‘nolo twn oloklhr∏simwn sunart†sewn tou Ori-

smo‘ 6.3.1 kai me L1(µ) to s‘nolo twn oloklhr∏simwn sunart†sewn tou Orismo‘
6.3.3. Ja anapt‘xoume sth sunËqeia tic idiÏthtec aut∏n twn q∏rwn. Oi apode–xeic
twn ant–stoiqwn Protàsewn kai Jewrhmàtwn moiàzoun pol‘ kai gia autÏ ja asqo-
lhjo‘me ousiastikà mÏno me thn per–ptwsh tou L1(µ). Kale–tai o anagn∏sthc na
sumplhr∏sei Ïsec apode–xeic gia ton L1

R(µ) den e–nai panomoiÏtupec.

PrÏtash 6.3.4. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f, g 2 L1(µ) kai a, b 2 C.
Isq‘oun ta ex†c:

(i) O q∏roc L1(µ) e–nai grammikÏc q∏roc, dhlad† af + bg 2 L1(µ).

(ii) To olokl†rwma ston L1(µ) e–nai grammikÏ, dhlad†
Z

(af + bg) dµ = a

Z

f dµ+ b

Z

g dµ. (6.42)

ApÏdeixh. (i) H sunàrthsh af + bg e–nai fusikà metr†simh kai apÏ thn trigwnik†
anisÏthta ikanopoie– thn

|af + bg|  |a||f |+ |b||g|
kai katà sunËpeia Ëqoume

Z

|af + bg| dµ  |a|
Z

|f | dµ+ |b|
Z

|g| dµ < 1

apÏ th grammikÏthta tou oloklhr∏matoc gia mh arnhtikËc metr†simec sunart†seic.

(ii) Gia thn prosjetikÏthta: upojËtoume arqikà Ïti oi f kai g pa–rnoun timËc sto R
kai jËtoume h = f + g 2 L1(µ) apÏ to (i). TÏte, apÏ th gnwst† tautÏthta gia to
jetikÏ kai to arnhtikÏ mËroc Ëqoume Ïti

h

+ � h

� = f

+ � f

� + g

+ � g

�

† isod‘nama
h

+ + f

� + g

� = h

� + f

+ + g

+
.

'Omwc, Ïlec oi emplekÏmenec sunart†seic e–nai t∏ra mh arnhtikËc kai katà sunËpeia:
Z

h

+
dµ+

Z

f

�
dµ+

Z

g

�
dµ =

Z

h

�
dµ+

Z

f

+
dµ+

Z

g

+
dµ

h opo–a afo‘ Ïla ta oloklhr∏mata e–nai peperasmËna gràfetai wc:
Z

h

+
dµ�

Z

h

�
dµ =

Z

f

+
dµ�

Z

f

�
dµ+

Z

g

+
dµ�

Z

g

�
dµ
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† isod‘nama
Z

h dµ =

Z

f dµ+

Z

g dµ.

Sth genik† per–ptwsh, jËtoume u1 = Ref , v1 = Imf , u2 = Reg kai v2 = Img. TÏte,
apÏ th sqËsh (6.40) kai apÏ ton teleuta–o upologismÏ Ëqoume:

Z

f + g dµ =

Z

(u1 + u2) dµ+ i

Z

(v1 + v2) dµ =

=

✓

Z

u1 dµ+ i

Z

v1 dµ

◆

+

✓

Z

u2 dµ+ i

Z

v2 dµ

◆

=

Z

f dµ+

Z

g dµ.

Gia thn omogËneia t∏ra: upojËtoume kai pàli gia arq† Ïti h f pa–rnei timËc sto
R kai a 2 R. TÏte, an a � 0 Ëqoume tic sqËseic

(af)+ = af

+ kai (af)� = af

�

kai àra se aut† thn per–ptwsh e–nai
Z

af dµ =

Z

af

+
dµ�

Z

af

�
dµ = a

Z

f dµ.

An pàli a < 0 oi ant–stoiqec sqËseic pa–rnoun th morf†:

(af)+ = �af

� kai (af)� = �af

+

(giat–;) kai àra kai pàli isq‘ei:
Z

af dµ = �a

Z

f

�
dµ+ a

Z

f

+
dµ = a

Z

f dµ.

An t∏ra h f e–nai genikà mia migadik† sunàrthsh, gràfoume u = Ref kai v = Imf

kai tÏte gia a 2 R e–nai
Z

af dµ =

Z

au dµ+ i

Z

avdµ = a

Z

f dµ

apÏ ton prohgo‘meno upologismÏ. An a = i, tÏte e–nai af = �v + iu kai àra
Z

f dµ = �
Z

v dµ+ i

Z

u dµ = i

Z

f dµ

qrhsimopoi∏ntac kai pàli thn (6.40). Gia th genikÏterh per–ptwsh t∏ra, an a = x+iy

me x, y 2 R Ëqoume Ïti
Z

af dµ =

Z

(xf + iyf) dµ =

Z

xf dµ+

Z

iyf dµ =

= x

Z

f dµ+ iy

Z

f dµ = a

Z

f dµ.
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Parat†rhsh 6.3.5. An f 2 L1(µ) † f 2 L1
R(µ) kai A,B 2 A d‘o xËna s‘nola,

tÏte isq‘ei h ex†c tautÏthta:
Z

A[B

f dµ =

Z

A

f dµ+

Z

B

g dµ. (6.43)

ApÏdeixh. Afo‘ ta A,B e–nai xËna isq‘ei h sqËsh �
A[B

= �

A

+ �

B

kai àra to
sumpËrasma Ëpetai apÏ to (ii) thc parapànw prÏtashc.

Sth sunËqeia apodeikn‘oume Ïti to olokl†rwma pou or–same e–nai pràgmati mo-
nÏtono Ïpwc jËlame. Fusikà autÏ den Ëqei nÏhma gia migadikËc sunart†seic opÏte
doule‘oume sthn klàsh L1

R(µ).

PrÏtash 6.3.6. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f, g 2 L1
R(µ) me f  g

µ�s.p. sto X. TÏte
Z

f dµ 
Z

g dµ. (6.44)

ApÏdeixh. Jewro‘me to s‘nolo A = [f = 1] kai parathro‘me Ïti
Z

A

f dµ =

Z

A

g dµ = 1 · µ(A).

ApÏ to anàlogo thc PrÏtashc 6.3.4 gia to q∏ro L1
R(µ) Ëpetai Ïti g�A

c � f�

A

c 2
L1
R(µ) kai epiplËon:

Z

A

c

g dµ =

Z

A

c

f dµ+

Z

A

c

(g � f) dµ �
Z

A

c

f dµ,

afo‘ g � f � 0 µ�s.p.. 'Ara telikà:
Z

g dµ =

Z

A

g dµ+

Z

A

c

g dµ �
Z

A

f dµ+

Z

A

c

f dµ =

Z

f dµ.

PrÏtash 6.3.7. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f 2 L1(µ). TÏte:
�

�

�

�

Z

f dµ

�

�

�

�


Z

|f | dµ. (6.45)

ApÏdeixh. An
R

f dµ = 0 tÏte to zhto‘meno e–nai profanËc. Se ant–jeth per–ptwsh
jewro‘me eke–non ton a 2 C me |a| = 1 ∏ste

�

�

�

�

Z

f dµ

�

�

�

�

= a

Z

f dµ (6.46)

kai parathro‘me Ïti me bàsh thn PrÏtash 6.2.4
�

�

�

�

Z

f dµ

�

�

�

�

= a

Z

f dµ =

Z

af dµ.

'Omwc, h arister† posÏthta e–nai pragmatik† kai àra qrhsimopoi∏ntac th sqËsh
(6.40) kai thn teleuta–a PrÏtash Ëqoume

�

�

�

�

Z

f dµ

�

�

�

�

=

Z

Re(af) dµ 
Z

|af | dµ =

Z

|f | dµ,

Ïpwc jËlame.
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Kle–noume to kefàlaio me Ëna pol‘ basikÏ je∏rhma s‘gklishc: to Je∏rhma
KuriarqhmËnhc S‘gklishc tou Lebesgue. To je∏rhma autÏ Ëqei to pleonËkthma
Ïti efarmÏzetai se auja–retec metr†simec sunart†seic se ant–jesh me to L†mma tou
Fatou kai to Je∏rhma MonÏtonhc S‘gklishc pou isq‘oun mÏno gia mh arnhtikËc
sunart†seic.

Je∏rhma 6.3.8 (Je∏rhma KuriarqhmËnhc S‘gklishc). 'Estw (X,A, µ) Ënac q∏roc
mËtrou, f

n

: X ! C mia akolouj–a metr†simwn sunart†sewn kai f : X ! C ∏ste
f

n

! f µ�s.p.. UpojËtoume Ïti epiplËon upàrqei mia sunàrthsh g 2 L1
R(µ) ∏ste

|f
n

|  g µ�s.p. sto X. TÏte oi f
n

kai h f e–nai oloklhr∏simec kai isq‘ei:
Z

|f
n

� f | dµ ! 0. (6.47)

ApÏ aut† th s‘gklish Ëpetai Ïti

lim
n

Z

f

n

dµ =

Z

f dµ. (6.48)

ApÏdeixh. Kat' arqàc, afo‘ |f
n

|  g µ�s.p. Ëpetai Ïti
Z

|f
n

| dµ 
Z

g dµ < 1,

dhlad† f

n

2 L1(µ) gia kaje n. EpiplËon, afo‘ f

n

! f µ�s.p. Ëpetai h f e–nai
metr†simh kai |f |  g µ�s.p.. 'Ara e–nai kai f 2 L1(µ).
Gia thn (6.47) t∏ra, parathro‘me Ïti h sunj†kh thc ‘parxhc miac tËtoiac su-

nàrthshc g jum–zei thn ant–stoiqh sunj†kh sto Je∏rhma 6.2.8. H |f
n

� f | e–nai
mia akolouj–a mh arnhtik∏n metr†simwn sunart†sewn, |f

n

� f | ! 0 µ�s.p. kai
|f

n

� f | � 0. Afo‘ epiplËon

|f
n

� f |  2g µ� s.p. kai
Z

2g dµ < 1

Ëpetai, apÏ to (ii) tou Jewr†matoc 6.2.8, Ïti

lim
n

Z

|f
n

� f | dµ = 0.

Gia thn teleuta–a zhto‘menh, Ëqoume Ïti
�

�

�

�

Z

f

n

dµ�
Z

f dµ

�

�

�

�

=

�

�

�

�

Z

(f
n

� f) dµ

�

�

�

�


Z

|f
n

� f | dµ ! 0

kai àra isq‘ei kai h (6.48).

PÏrisma 6.3.9 (Je∏rhma FragmËnhc S‘gklishc). 'Estw (X,A, µ) Ënac q∏roc
peperasmËnou mËtrou, f

n

: X ! C mia akolouj–a metr†simwn sunart†sewn kai
f : X ! C ∏ste f

n

! f µ�s.p.. UpojËtoume Ïti epiplËon upàrqei M > 0 ∏ste
|f

n

|  M µ�s.p. sto X. TÏte oi f
n

kai h f e–nai oloklhr∏simec kai isq‘ei:
Z

|f
n

� f | dµ ! 0.

ApÏ aut† th s‘gklish Ëpetai Ïti

lim
n

Z

f

n

dµ =

Z

f dµ.
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ApÏdeixh. E–nai àmeso apÏ to Je∏rhma KuriarqhmËnhc S‘gklishc an parathr†soume
Ïti h stajer† sunàrthsh M e–nai oloklhr∏simh: pràgmati

Z

M dµ = M · µ(X) < 1.

SqÏlio. Me to parapànw je∏rhma oloklhr∏netai h diadikas–a orismo‘ tou olo-
klhr∏matoc Lebesgue kai h apÏdeixh twn basik∏n tou idiot†twn. H –dia h pore–a pou
akolouj†same gia ton orismÏ mac d–nei mia mËjodo apÏdeixhc nËwn apotelesmàtwn:
An jËloume na apode–xoume Ïti mia prÏtash P isq‘ei gia kàje oloklhr∏simh sunàr-
thsh f akoloujo‘me pollËc forËc ta ex†c b†mata:

1. Apodeikno‘me arqikà thn prÏtash sthn per–ptwsh pou h f e–nai thc morf†c
f = �

A

gia kàpoio A metr†simo.

2. Qrhsimopoio‘me th grammikÏthta tou oloklhr∏matoc gia na apode–xoume to
apotËlesma sthn per–ptwsh pou h f e–nai mh arnhtik† kai apl†.

3. Qrhsimopoio‘me thn prosËggish apÏ aplËc sunart†seic se sunduasmÏ me to
Je∏rhma MonÏtonhc S‘gklishc gia na apode–xoume thn prÏtash sthn klàsh
twn mh arnhtik∏n metr†simwn sunart†sewn.

4. TËloc, lÏgw thc ta‘tothtac f = f

+ � f

� genike‘oume to apotËlesma gia
tuqo‘sa oloklhr∏simh sunàrthsh me pragmatikËc timËc kai sth sunËqeia me
migadikËc apÏ thn tautÏthta (6.40).

H teqnik† pou perigràyame mÏlic e–nai idia–tera sun†jhc sth Jewr–a MËtrou kai ja
th qrhsimopoi†soume pollËc forËc parakàtw.

6.4 Ask†seic

Omàda A'.

1. 'Estw (X,A, µ) q∏roc mËtrou kai f : X ! [0,1] oloklhr∏simh sunàrthsh.
Or–zoume F : [0,1) ! [0,1] me

F (t) = µ({x 2 X : f(x) > t}).

De–xte Ïti h F e–nai fj–nousa, suneq†c apÏ dexià kai lim
t!+1 F (t) = 0.

2. De–xte Ïti
R

[1,1)
1
x

d� = 0.

3. Bre–te mia akolouj–a {f
n

} mh arnhtik∏n metr†simwn sunart†sewn pou ikanopoie–
ta ex†c: f

n

! 0 allà lim
n

R

f

n

d� = 1. Mpore–te na epilËxete thn {f
n

} Ëtsi
∏ste na sugkl–nei omoiÏmorfa sth mhdenik† sunàrthsh;

4. 'Estw (X,A, µ) q∏roc mËtrou. UpojËtoume Ïti f kai f
n

, n 2 N e–nai mh arnhtikËc
metr†simec sunart†seic, f

n

& f , kai upàrqei k tËtoioc ∏ste
R

f

k

< 1. De–xte
Ïti

Z

f dµ = lim
n!1

Z

f

n

dµ.
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5. 'Estw (X,A, µ) q∏roc mËtrou kai f : X ! [�1,1] metr†simh sunàrthsh.
UpojËtoume Ïti f > 0 s.p. An

R

E

f = 0 gia kàpoio metr†simo s‘nolo E, de–xte
Ïti µ(E) = 0.

6. 'Estw f : R ! [0,1] mh arnhtik† Lebesgue metr†simh sunàrthsh. De–xte Ïti
Z 1

�1
f d� = lim

n!1

Z

n

�n

f d� = lim
n!1

Z

{f�1/n}
f d�.

7. 'Estw (X,A, µ) q∏roc mËtrou kai f mh arnhtik† oloklhr∏simh sunàrthsh. De-
–xte Ïti

Z 1

�1
f dµ = lim

n!1

Z

{fn}
f dµ.

8. 'Estw f mh arnhtik† oloklhr∏simh sunàrthsh. E–nai swstÏ Ïti lim
x!±1 f(x) = 0;

9. Jewr∏ntac tic sunart†seic f

n

= �[n,n+1) de–xte Ïti sto L†mma tou Fatou h
anisÏthta mpore– na e–nai gn†sia.

10. 'Estw {f
n

} mia akolouj–a mh arnhtik∏n metr†simwn sunart†sewn se Ëna q∏ro
mËtrou (X,A, µ). E–nai swstÏ Ïti

lim sup
n!1

Z

f

n

dµ 
Z

✓

lim sup
n!1

f

n

dµ

◆

;

An prosjËsoume thn upÏjesh Ïti h {f
n

} e–nai omoiÏmorfa fragmËnh;
11. (AnisÏthta Chebyshev-Markov) 'Estw (X,A, µ) q∏roc mËtrou kai f : X !

[0,1] mia mh arnhtik† metr†simh sunàrthsh. TÏte gia kàje t > 0 e–nai

µ ({x 2 X : f(x) > t})  1

t

Z

f dµ.

Omàda B'.

12. 'Estw f kai f
n

, n 2 N mh arnhtikËc metr†simec sunart†seic se Ëna q∏ro mËtrou
(X,A, µ) me f

n

 f gia kàje n 2 N kai f
n

! f . De–xte Ïti
Z

f dµ = lim
n!1

Z

f

n

dµ.

13. 'Estw {f
n

} akolouj–a Lebesgue oloklhr∏simwn sunart†sewn sto [a, b]. An
f

n

! f omoiÏmorfa, de–xte Ïti h f e–nai oloklhr∏simh kai Ïti
R

b

a

|f
n

�f | d�! 0.

14. 'Estw Ïti oi f, f
n

e–nai oloklhr∏simec se Ëna q∏ro mËtrou (X,A, µ) kai f
n

% f .
Mporo‘me na sumperànoume Ïti

R

f

n

dµ ! R

f dµ;

15. 'Estw f, f

n

oloklhr∏simec sunart†seic se Ëna q∏ro mËtrou (X,A, µ). An
R |f

n

�
f | dµ ! 0, de–xte Ïti

R

f

n

dµ ! R

f dµ kai
R |f

n

| dµ ! R |f | dmu.

16. 'Estw f, f

n

oloklhr∏simec sunart†seic se Ëna q∏ro mËtrou (X,A, µ). An
R |f

n

�
f | dµ ! 0, de–xte Ïti

R

E

f

n

dµ ! R

E

f dµ gia kàje metr†simo s‘nolo E, kai
R

f

+
n

dµ ! R

f

+
dµ.
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17. 'Estw f mh arnhtik† oloklhr∏simh sunàrthsh se Ëna q∏ro mËtrou (X,A, µ).
De–xte Ïti: gia kàje " > 0 upàrqei metr†simo s‘nolo E me µ(E) < 1 tËtoio
∏ste

Z

E

f dµ >

Z

f dµ� ".

EpiplËon, de–xte Ïti to E mpore– na epilege– Ëtsi ∏ste h f na e–nai fragmËnh
sto E.

18. 'Estw f mh arnhtik† oloklhr∏simh sunàrthsh se Ëna q∏ro mËtrou (X,A, µ).
De–xte Ïti gia kàje " > 0 upàrqei � = �(") > 0 me thn ex†c idiÏthta: an
µ(E) < �, tÏte

R

E

f dµ < ".

19. 'Estw f : R ! R mh arnhtik† Lebesgue oloklhr∏simh sunàrthsh. De–xte Ïti h
sunàrthsh F (x) =

R

x

�1 f d� e–nai suneq†c.

20. 'Estw Ënac q∏roc mËtrou (X,A, µ) kai f, f
n

, n 2 N mh arnhtikËc metr†simec
sunart†seic me f

n

! f kai

lim
n!1

Z

f

n

dµ =

Z

f dµ < 1.

De–xte Ïti

lim
n!1

Z

A

f

n

dµ =

Z

A

f dµ

gia kàje metr†simo s‘nolo A 2 A. D∏ste paràdeigma pou na de–qnei Ïti autÏ
den isq‘ei an

R

f = 1.
21. 'Estw f metr†simh sunàrthsh se Ëna q∏ro mËtrou (X,A, µ). De–xte Ïti h f e–nai

oloklhr∏simh an kai mÏno an

1
X

k=�1
2kµ({|f | > 2k}) < 1.

22. De–xte Ïti
Z 1

0
e

�x

dx = lim
n!1

Z

n

0

⇣

1� x

n

⌘

n

dx = 1.

23. Upolog–ste (aitiolog∏ntac pl†rwc thn apànthsh sac) to

lim
n!1

Z

n

0
(1� (x/n))nex/2dx.

24. 'Estw {f
n

}, f oloklhr∏simec sunart†seic se Ëna q∏ro mËtrou (X,A, µ) kai Ëstw
Ïti f

n

! f sqedÏn panto‘. De–xte Ïti
Z

|f
n

� f | dµ ! 0 an kai mÏno an
Z

|f
n

| dµ !
Z

|f | dµ.

25. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f mia metr†simh sunàrthsh.

(i) An f � 0 sqedÏn panto‘ kai an f
n

= min{f, n}, tÏte R f

n

dµ ! R

f dµ.

(ii) An h f e–nai oloklhr∏simh kai f
n

= max{min{n, f},�n}, tÏte R f

n

dµ !
R

f dµ.
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26. 'Estw f : [a, b] ! R Lebesgue oloklhr∏simh sunàrthsh me thn idiÏthta
Z

[a,x]
f d� = 0,

gia kàje x 2 [a, b]. Na de–xete Ïti f = 0 ��s.p. sto [a, b].
27. De–xte Ïti

lim
n!1

Z 1

0

nx

1 + n

2
x

2
dx = 0 kai lim

n!1

Z 1

0

n

3/2
x

1 + n

2
x

2
dx = 0.

Omàda G'.

28. Upolog–ste (me pl†rh aitiolÏghsh) to

1
X

n=0

Z

⇡/2

0

⇣

1�
p
sinx

⌘

n

cosxdx.

29. 'Estw {f
n

}, {g
n

} kai g oloklhr∏simec sunart†seic se Ëna q∏ro mËtrou (X,A, µ).
UpojËtoume Ïti |f

n

|  g

n

, f
n

! f , g
n

! g (Ïla autà sqedÏn panto‘) kai Ïti
R

g

n

dµ ! R

g dµ. De–xte Ïti h f e–nai oloklhr∏simh kai Ïti
R

f

n

dµ ! R

f dµ.

30. 'Estw f Lebesgue metr†simh kai sqedÏn panto‘ peperasmËnh sto [0, 1].

(i) An
R

E

f d� = 0 gia kàje metr†simo E ✓ [0, 1] me �(E) = 1/2, de–xte Ïti
f = 0 ��s.p. sto [0, 1].

(ii) An f > 0 sqedÏn panto‘, de–xte Ïti inf{R
E

f d� : �(E) = 1/2} > 0.

31. 'Estw E Ëna Lebesgue metr†simo upos‘nolo tou Rk me �(E) < 1 kai f : E ! R
mia gnhs–wc jetik† metr†simh sunàrthsh. De–xte Ïti: gia kàje ↵ > 0 upàrqei
� > 0 ∏ste, an A ✓ E Ëna Lebesgue metr†simo s‘nolo me �(A) > ↵, tÏte

Z

A

f d� � �.

32. 'Estw mia sunàrthsh f 2 L1[0, 1], suneq†c sto 0. Na de–xete Ïti gia kàje n kai
h sunàrthsh f

n

(x) = f(xn) an†kei ston L1[0, 1].

33. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

: X ! R akolouj–a oloklhr∏simwn
sunart†sewn me

1
X

n=1

Z

|f
n

| dµ < +1.

De–xte Ïti:

(i) H seirà
P1

n=1 fn(x) sugkl–nei sqedÏn gia kàje x 2 x.

(ii) H sunàrthsh
P1

n=1 fn e–nai oloklhr∏simh kai

Z

 1
X

n=1

f

n

dµ

!

=

1
X

n=1

Z

f

n

dµ.
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34. Stajeropoio‘me 0 < a < b kai or–zoume f
n

(x) = ae

�nax � ne

�nbx. De–xte Ïti

1
X

n=1

Z 1

0
|f

n

| = 1

kai
Z 1

0

 1
X

n=1

f

n

!

6=
1
X

n=1

Z 1

0
f

n

.

35. 'Estw k, n 2 N me k  n kai E1, . . . , En

metr†sima upos‘nola tou [0, 1] me thn
ex†c idiÏthta: kàje x 2 [0, 1] an†kei se toulàqiston k apÏ ta E1, E2, . . . , En

.
De–xte Ïti upàrqei i  n ∏ste µ(E

i

) � k/n.

36. 'Estw {q
n

: n 2 N} mia ar–jmhsh twn rht∏n tou [0, 1] kai Ëstw (a
n

) akolouj–a
pragmatik∏n arijm∏n me

P

n

|a
n

| < 1. De–xte Ïti h seirà
1
X

n=1

a

n

p|x� q

n

|

sugkl–nei apol‘twc sqedÏn panto‘ sto [0, 1].

37. Jewro‘me th sunàrthsh f : R ! R me f(x) = x

�1/2 an 0 < x < 1 kai f(x) = 0
alli∏c. Jewro‘me mia ar–jmhsh {r

n

: n 2 N} twn rht∏n kai jËtoume

g(x) =

1
X

n=1

f(x� r

n

)

2n
.

(i) De–xte Ïti g 2 L1
R(�). EidikÏtera, de–xte Ïti |g| < 1 sqedÏn panto‘.

(ii) De–xte Ïti h g e–nai asuneq†c se kàje shme–o kai den e–nai fragmËnh se
kanËna diàsthma.

(iii) De–xte Ïti h g

2 den e–nai oloklhr∏simh se kanËna diàsthma, par' Ïlo pou
g

2
< 1 sqedÏn panto‘.

38. 'Estw f : [0, 1] ! [0,1 mh arnhtik† oloklhr∏simh sunàrthsh. De–xte Ïti

lim
n!1

Z 1

0

n

p

f(x) d�(x) = �({x : f(x) > 0}).

39. 'Estw f : [0,1) ! R mia oloklhr∏simh sunàrthsh. Gia x > 0 or–zoume

g(x) =

Z 1

0
f(t)e�xt

d�(t).

De–xte Ïti h g e–nai suneq†c kai lim
x!+1 g(x) = 0.

40. 'Estw f

n

: [0, 1] ! R Lebesgue metr†simh sunàrthsh me

(⇤)
Z 1

0
|f

n

(t)|3 d�(t)  1,

gia kàje n 2 N.
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(i) De–xte Ïti gia kàje " > 0 upàrqei � > 0 ∏ste an E ✓ [0, 1] Lebesgue
metr†simo me �(E) < �, tÏte

R

E

|f
n

| d� < " gia kàje n 2 N.
(ii) De–xte Ïti to sumpËrasma tou (i) den isq‘ei an h (⇤) antikatastaje– apÏ
thn

R 1
0 |f

n

(t)| d�(t)  1 gia kàje n 2 N.

41. 'Estw (X,A, µ) q∏roc mËtrou kai f mia oloklhr∏simh sunàrthsh. An E
n

= {x :
|f(x)| � n}, na de–xete Ïti n · µ(E

n

) ! 0 kaj∏c n ! 1.
42. 'Estw f : R ! R mia Lebesgue oloklhr∏simh sunàrthsh.

(i) An
R

U

f d� = 0 gia kàje anoiktÏ s‘nolo U me �(U) = 1, de–xte Ïti f = 0
sqedÏn panto‘.

(ii) An
R

G

f d� =
R

G

f d�, gia kàje anoiktÏ s‘nolo G, de–xte Ïti f = 0 sqedÏn
panto‘.

43. 'Estw (X,A, µ) q∏roc mËtrou kai mia sunàrthsh f 2 L1
R(µ). UpojËtoume Ïti

upàrqei stajerà C > 0 ∏ste
R

E

f dµ  C gia kàje metr†simo s‘nolo E pepe-
rasmËnou mËtrou. De–xte Ïti

Z

X

f dµ  C.

Isq‘ei to sumpËrasma qwr–c thn upÏjesh thc oloklhrwsimÏthtac thc f ;

44. 'Estw mia akolouj–a A1, A2, ..., Ak

, ... Lebesgue metr†simwn uposunÏlwn tou R
me tic ex†c idiÏthtec:

(a˛) �(A
k

) � 1/2, gia kàje k kai

(b˛) �(A
k

\A

s

)  1/4 gia kàje k 6= s.

De–xte Ïti

�

 1
[

k=1

A

k

!

� 1.



Kefàlaio 7

S‘gklish akolouji∏n
metr†simwn sunart†sewn

Gnwr–zoume apÏ thn Pragmatik† Anàlush tic Ënnoiec thc katà shme–o kai thc omoi-
Ïmorfhc s‘gklishc akolouji∏n pragmatik∏n sunart†sewn. SugkekrimËna, an X Ëna
s‘nolo, f

n

: X ! R mia akolouj–a sunart†sewn kai mia f : X ! C, lËme Ïti

f

n

! f katà shme–o an f

n

(x) ! f(x) gia kàje x 2 X (7.1)

kai
f

n

! f omoiÏmorfa an kf
n

� fk1 ! 0, (7.2)

dhlad† an gia kàje " > 0 upàrqei n0(") 2 N ∏ste

|f
n

(x)� f(x)| < ", gia kàje n � n0 kai x 2 X.

Sto kefàlaio autÏ ja melet†soume diàforec àllec Ënnoiec s‘gklishc akolou-
ji∏n metr†simwn sunart†sewn se Ëna q∏ro mËtrou (X,A, µ) kai ja exetàsoume
diàforec sqËseic metax‘ touc. Ta apotelËsmata aut†c thc morf†c e–nai idia–tera
qr†sima sth Jewr–a Pijanot†twn kaj∏c e–nai to basikÏ ergale–o gia thn apÏdeixh
oriak∏n jewrhmàtwn. Endeiktikà, parapËmpoume se opoiod†pote bibl–o metrojew-
rhtik∏n Pijanot†twn gia tic apode–xeic tou Isquro‘ NÏmou twn Megàlwn Arijm∏n
kai tou Kentriko‘ Oriako‘ Jewr†matoc.

7.1 Katà shme–o kai omoiÏmorfh s‘gklish

Oi sun†jeic katà shme–o kai omoiÏmorfh s‘gklish den e–nai idia–tera qr†simec sth
Jewr–a Pijanot†twn, Ïpou mac apasqolo‘n fainÏmena pou den sumbàinoun «pan-
to‘» allà sumba–noun «bËbaia», dhlad† me pijanÏthta 1. 'Etsi, Ëqoume touc ex†c
asjenËsterouc orismo‘c:

OrismÏc 7.1.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C metr†simh sunàrthsh. TÏte lËme Ïti

(i) H {f
n

} sugkl–nei sthn f katà shme–o µ�s.p. an upàrqei Z 2 A me µ(Z) = 0
∏ste f

n

(x) ! f(x) gia kàje x 2 X \ Z.



116 · Sugklish akoloujiwn metrhsimwn sunarthsewn

(ii) H {f
n

} sugkl–nei sthn f omoiÏmorfa µ�s.p. an upàrqei Z 2 A me µ(Z) = 0
∏ste f

n

! f omoiÏmorfa sto X \ Z, dhlad†

sup
�|f

n

(x)� f(x)| : x 2 X \ Z ! 0. gia n ! 1. (7.3)

(iii) H {f
n

} e–nai omoiÏmorfa Cauchy µ�s.p. an upàrqei Z 2 A me µ(Z) = 0 ∏ste:

Gia kàje " > 0 na upàrqei n0(") 2 N ∏ste: gia kàje m,n � n0 kai gia
kàje x 2 X \ Z na isq‘ei |f

n

(x)� f

m

(x)| < ".

E–nai fanerÏ apÏ touc orismo‘c Ïti an f
n

! f omoiÏmorfa µ�s.p. tÏte kai f
n

!
f katà shme–o µ�s.p.. Ep–shc, an h {f

n

} sugkl–nei omoiÏmorfa µ�s.p. se mia
sunàrthsh f , tÏte h {f

n

} e–nai kai omoiÏmorfa Cauchy µ�s.p..
Isq‘ei kai to ant–strofo tou teleuta–ou isqurismo‘:

PrÏtash 7.1.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

: X ! C mia ako-
louj–a metr†simwn sunart†sewn. An h {f

n

} e–nai omoiÏmorfa Cauchy µ�s.p. tÏte
upàrqei metr†simh sunàrthsh f : X ! C ∏ste f

n

! f µ�s.p..

ApÏdeixh. Gnwr–zoume Ïti an h f

n

: A ! R e–nai omoiÏmorfa Cauchy tÏte upàrqei
mia f : A ! R ∏ste f

n

! f omoiÏmorfa sto A. EfarmÏste autÏ to apotËlesma
sto s‘nolo X \ Z Ïpou Z to s‘nolo pou br–skoume apÏ ton OrismÏ 7.1.1. Oi
leptomËreiec af†nontai wc àskhsh.

Apodeikn‘oume t∏ra tic basikËc idiÏthtec aut∏n twn sugkl–sewn pou or–same:

PrÏtash 7.1.3. 'Estw (X,A, µ) q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f, g : X ! C metr†simec sunart†seic.

(i) An f

n

! f katà shme–o µ�s.p. kai f
n

! g katà shme–o µ�s.p., tÏte f = g

µ�s.p..
(ii) An f

n

! f omoiÏmorfa µ�s.p. kai f
n

! g omoiÏmorfa µ�s.p., tÏte f = g

µ�s.p..

ApÏdeixh. (i) ApÏ ton orismÏ thc katà shme–o µ�s.p. s‘gklishc, br–skoume s‘nola
Z1, Z2 2 A me µ(Z1) = µ(Z2) = 0 ∏ste

f

n

(x) ! f(x) sto X \ Z1 kai f

n

(x) ! g(x) sto X \ Z2.

'Etsi, e–nai f(x) = g(x) gia x 2 X \ (Z1 [ Z2). To sumpËrasma t∏ra Ëpetai apÏ th
sqËsh µ(Z1 [ Z2) = 0.

(ii) E–nai àmeso apÏ to (i) afo‘ h omoiÏmorfh µ�s.p. s‘gklish sunepàgetai thn
katà shme–o µ�s.p. s‘gklish.

PrÏtash 7.1.4. 'Estw (X,A, µ) q∏roc mËtrou, f
n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn kai f, g : X ! C metr†simec sunart†seic.

(i) An f
n

! f katà shme–o µ�s.p. kai g
n

! g katà shme–o µ�s.p., tÏte gia kàje
a, b 2 R e–nai kai af

n

+ bg

n

! af + bg katà shme–o µ�s.p..
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(ii) An f
n

! f omoiÏmorfa µ�s.p. kai g
n

! g omoiÏmorfa µ�s.p., tÏte gia kàje
a, b 2 R e–nai kai af

n

+ bg

n

! af + bg omoiÏmorfa µ�s.p..
ApÏdeixh. (i) 'Omoia me thn prohgo‘menh apÏdeixh, br–skoume s‘nola Z1, Z2 2 A me
µ(Z1) = µ(Z2) = 0 ∏ste

f

n

(x) ! f(x) sto X \ Z1 kai g

n

(x) ! g(x) sto X \ Z2.

'Etsi, gia x 2 X\(Z1[Z2) e–nai afn(x)+bg

n

(x) ! af(x)+bg(x), Ïpou µ(Z1[Z2) =
0. Pràgmati loipÏn af

n

+ bg

n

! af + bg µ�s.p..
(ii) Br–skoume pàli s‘nola Z1, Z2 2 A ∏ste

f

n

! f omoiÏmorfa sto X \ Z1 kai g

n

! g omoiÏmorfa sto X \ Z2.

'Etsi, apÏ ta gnwstà gia thn omoiÏmorfa s‘gklish e–nai af
n

+ bg

n

! af + bg omoi-
Ïmorfa sto X \ (Z1[Z2). To zhto‘meno Ëpetai t∏ra kai pàli afo‘ µ(Z1 [ Z2) = 0.

PrÏtash 7.1.5. 'Estw (X,A, µ) q∏roc mËtrou, f
n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn, f, g : X ! C metr†simec sunart†seic kai a, b 2 C.

(i) An f
n

! f katà shme–o µ�s.p. kai g
n

! g katà shme–o µ�s.p., tÏte f
n

g

n

!
fg katà shme–o µ�s.p..

(ii) An f
n

! f omoiÏmorfa µ�s.p., g
n

! g omoiÏmorfa µ�s.p kai epiplËon, upàrqei
M > 0 ∏ste |f

n

|  M kai |g
n

|  M µ�s.p. gia kàje n, tÏte f
n

g

n

! fg

omoiÏmorfa µ�s.p..
ApÏdeixh. (i) H apÏdeixh e–nai ousiastikà h –dia me to (i) thc prohgo‘menhc PrÏtashc
kai af†netai wc àskhsh.

(ii) Kat' arqàc ja «mazËyoume» Ïla ta kakà s‘nola ∏ste na agno†soume ta µ�s.p.
stic upojËseic. S‘mfwna me ton orismÏ thc omoiÏmorfhc µ�s.p. s‘gklishc, br–skou-
me s‘nola Z1, Z2 2 A me µ(Z1) = µ(Z2) = 0 ∏ste

f

n

! f omoiÏmorfa sto X \ Z1 kai g

n

! g omoiÏmorfa sto X \ Z2.

ApÏ th de‘terh upÏjesh, gia kàje n br–skoume epiplËon s‘nolo A
n

2 A me µ(A
n

) =
0 ∏ste |f

n

|  M kai |g
n

|  M sto X \A
n

. JËtoume

Z = Z1 [ Z2 [
1
[

n=1

A

n

(7.4)

kai parathro‘me Ïti Z 2 A kai epiplËon

µ(Z)  µ(Z1) + µ(Z2) +

1
X

n=1

µ(A
n

) = 0,

dhlad† µ(Z) = 0.
'Estw " > 0. Gia x 2 X \ Z e–nai

|f
n

(x)g
n

(x)� f(x)g(x)| =
�

�

�

f

n

(x)g
n

(x)� f(x)g
n

(x)
�

+
�

f(x)g
n

(x)� f(x)g(x)
�

�

�

 |f
n

(x)� f(x)||g
n

(x)|+ |f(x)||g
n

(x)� g(x)|
 M

�|f
n

(x)� f(x)|+ |g
n

(x)� g(x)|�.



118 · Sugklish akoloujiwn metrhsimwn sunarthsewn

afo‘ e–nai kai |f(x)|  M sto X \ Z (giat–;). 'Omwc, s‘mfwna me tic upojËseic,
br–skoume N 2 N ∏ste gia kàje x 2 X \ Z kai n � N na e–nai

|f
n

(x)� f(x)| < "

2M
kai |g

n

(x)� g(x)| < "

2M
.

Katà sunËpeia, me bàsh ta parapànw, gia x 2 X \ Z kai n � N Ëqoume

|f
n

(x)g
n

(x)� f(x)g(x)|  M

"

M

= ",

kai àra f
n

g

n

! fg omoiÏmorfa µ�s.p. Ïpwc jËlame.

SqÏlio. H sunj†kh tou omoiÏmorfou fràgmatoc twn {f
n

} kai {g
n

} sthn prohgo-
‘menh prÏtash den mpore– na paralhfje–. Af†netai wc àskhsh h kataskeu† enÏc
antiparade–gmatoc.

7.2 S‘gklish katà mËso

Ac upojËsoume proc stigm†n Ïti briskÏmaste se Ëna q∏ro pijanÏthtac (X,A, µ).
Oi metr†simec sunart†seic se Ëna tËtoio q∏ro kalo‘ntai tuqa–ec metablhtËc. An
f : X ! C mia tuqa–a metablht† loipÏn, h posÏthta

E[f ] =
Z

f dµ (7.5)

lËgetai mËsh tim† thc f kai e–nai, katà kàpoio trÏpo, to kËntro thc katanom†c thc
f . AutÏ odhge– ston ex†c:

OrismÏc 7.2.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. TÏte lËme Ïti:

(i) H {f
n

} sugkl–nei sthn f katà mËso an
Z

|f
n

� f | dµ ! 0. (7.6)

(ii) H {f
n

} e–nai Cauchy katà mËso an gia kàje " > 0 upàrqei n0(") 2 N ∏ste: gia
kàje m,n � n0 na isq‘ei

Z

|f
n

� f

m

| dµ < ". (7.7)

E–nai kai pàli safËc, Ïti an mia akolouj–a {f
n

} sugkl–nei katà mËso se mia sunàrthsh
f , tÏte e–nai kai Cauchy katà mËso.
'Opwc kai sthn §7.1 apodeikn‘oume t∏ra tic basikËc idiÏthtec thc s‘gklishc

katà mËso:

PrÏtash 7.2.2. 'Estw (X,A, µ) q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f, g : X ! C metr†simec sunart†seic. An f

n

! f

katà mËso kai f
n

! g katà mËso, tÏte f = g µ�s.p..
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ApÏdeixh. Parathro‘me Ïti lÏgw thc trigwnik†c anisÏthtac kai thc grammikÏthtac
tou oloklhr∏matoc gia kàje n Ëqoume

Z

|f � g| dµ 
Z

|f � f

n

| dµ+

Z

|f
n

� g| dµ ! 0

apÏ tic dosmËnec sugkl–seic. 'Etsi, afo‘ |f � g| � 0, sumpera–noume Ïti |f � g| = 0
µ�s.p. † isod‘nama Ïti f = g µ�s.p..
PrÏtash 7.2.3. 'Estw (X,A, µ) q∏roc mËtrou, f

n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn kai f, g : X ! C metr†simec sunart†seic. An f

n

! f

katà mËso kai g
n

! g katà mËso, tÏte gia kàje a, b 2 C e–nai kai af
n

+bg

n

! af+bg

katà mËso.

ApÏdeixh. To sumpËrasma e–nai àmeso apÏ th sqËsh:
Z

�

�(af
n

+ bg

n

)� (af + bg)
�

�

dµ  |a|
Z

|f
n

� f | dµ+ |b|
Z

|g
n

� g| dµ ! 0.

Sqetikà me tic akolouj–ec sunart†sewn pou e–nai Cauchy katà mËso Ëqoume to
ex†c basikÏ apotËlesma:

Je∏rhma 7.2.4 (Riesz). 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

: X ! C
mia akolouj–a metr†simwn sunart†sewn. An h {f

n

} e–nai Cauchy katà mËso, tÏte
upàrqei mia metr†simh sunàrthsh f : X ! C ∏ste f

n

! f katà mËso. EpiplËon,
upàrqei upakolouj–a {f

n

k

} thc {f
n

} ∏ste f
n

k

! f µ�s.p..
ApÏdeixh. Ja kataskeuàsoume th zhto‘menh sunàrthsh f . Afo‘ h {f

n

} e–nai Cau-
chy katà mËso, gia kàje k upàrqei n

k

2 N ∏ste gia kàje m,n � n

k

na isq‘ei
Z

|f
n

� f

m

| dµ <

1

2k
.

Mporo‘me màlista na upojËsoume Ïti n1 < n2 < ... (giat–;) kai katà sunËpeia h {f
n

k

}
e–nai mia upakolouj–a thc {f

n

}. ApÏ thn kataskeu† thc upakolouj–ac sumpera–noume
loipÏn Ïti

Z

|f
n

k+1 � f

n

k

| dµ <

1

2k
(7.8)

gia kàje k. Jewro‘me tÏte th sunàrthsh F : X ! [0,1] me

F =

1
X

k=1

|f
n

k+1 � f

n

k

|

kai parathro‘me Ïti e–nai metr†simh me
Z

F dµ =

1
X

k=1

Z

|f
n

k+1 � f

n

k

| dµ <

1
X

k=1

1

2k
= 1 < 1,

apÏ to Je∏rhma Beppo-Levi 6.2.10. Sumpera–noume loipÏn Ïti F < 1 µ�s.p. sto
X kai àra h seirà

P1
k=1(fnk+1(x) � f

n

k

(x)) sugkl–nei gia kàje x 2 B gia kàpoio
B 2 A me µ(X \B) = 0. Jewro‘me th sunàrthsh f : X ! C me

f(x) =

(

f

n1 +
P1

k=1(fnk+1(x)� f

n

k

(x)), an x 2 B

0, diaforetikà
(7.9)
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kai parathro‘me Ïti e–nai metr†simh kai epiplËon gia x 2 B e–nai

f(x) = lim
K

f

n1(x) +

K�1
X

k=1

(f
n

k+1(x)� f

n

k

(x)) = lim
K

f

n

K

(x).

Sunep∏c, pràgmati f
n

k

! f µ�s.p. sto X.
MËnei na deiqje– mÏno Ïti f

n

! f katà mËso. Gia x 2 B parathro‘me Ïti

|f
n

K

(x)� f(x)| =
�

�

�

�

�

f

n

K

(x)� f

n1(x)�
1
X

k=1

(f
n

k+1(x)� f

n

k

(x))

�

�

�

�

�

=

�

�

�

�

�

K�1
X

k=1

(f
n

k+1(x)� f

n

k

(x))�
1
X

k=1

(f
n

k+1(x)� f

n

k

(x))

�

�

�

�

�

=

=

�

�

�

�

�

1
X

k=K

(f
n

k+1(x)� f

n

k

(x))

�

�

�

�

�


1
X

k=K

�

�

f

n

k+1(x)� f

n

k

(x)
�

�

.

Katà sunËpeia, afo‘ µ(X \B) = 0 kai apÏ to Je∏rhma Beppo-Levi e–nai
Z

|f
n

K

� f | dµ 
1
X

k=K

Z

�

�

f

n

k+1(x)� f

n

k

(x)
�

�

dµ ! 0

kai àra f
n

k

! f katà mËso kaj∏c K ! 1. TËloc, Ëqoume Ïti
Z

|f
k

� f | dµ 
Z

|f
k

� f

n

k

| dµ+

Z

|f
n

k

� f | dµ ! 0

kaj∏c k ! 1 apÏ ton parapànw upologismÏ kai to gegonÏc Ïti h {f
n

} e–nai Cauchy
katà mËso.

PÏrisma 7.2.5. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An f

n

! f

katà mËso, tÏte upàrqei upakolouj–a {f
n

k

} thc {f
n

} ∏ste f
n

k

! f µ�s.p..
ApÏdeixh. E–nai àmeso apÏ to Je∏rhma Riesz afo‘ h {f

n

} ja e–nai epiplËon Cauchy
katà mËso.

Paràdeigma 7.2.6. Den e–nai swstÏ Ïti h s‘gklish katà mËso sunepàgetai thn
µ�s.p. s‘gklish.
ApÏdeixh. Jewro‘me thn akolouj–a metr†simwn sunart†sewn f

m

: R ! R me f1 =
�(0,1), f2 = �(0, 12 )

, f3 = �( 1
2 ,1)
, f4 = �(0, 13 )

, f5 = �( 1
3 ,

2
3 )
k.o.k.. Dhlad†, gia kàje

n jewro‘me ta diadoqikà diast†mata m†kouc 1
n

pou kal‘ptoun to (0, 1) (xekin∏ntac
apÏ to n = 1) kai metà suneq–zoume sto n+ 1. E–nai safËc Ïti

Z

|f
m

(x)| dx ! 0,

dhlad† f

m

! 0 katà mËso allà den isq‘ei f
m

! 0 µ�s.p.: An x 2 (0, 1) Ënac
àrrhtoc, tÏte to x an†kei se àpeira diast†mata thc morf†c

�

k

n

,

k+1
n

�

me 0  k  n�1
kai àra e–nai f

m

(x) = 1 gia àpeirouc de–ktec m: àra h {f
m

(x)} de sugkl–nei sto 0
gia Ïla ta àrrhta x 2 (0, 1).
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Mia efarmog† tou Jewr†matoc Riesz e–nai to ex†c anàlogo thc PrÏtashc 7.1.5
gia th s‘gklish katà mËso:

PrÏtash 7.2.7. 'Estw (X,A, µ) q∏roc mËtrou, f
n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn kai f, g : X ! C metr†simec sunart†seic.

(i) An f
n

! f katà mËso kai epiplËon upàrqei M > 0 ∏ste |f
n

|  M µ�s.p. gia
kàje n 2 N, tÏte |f |  M µ�s.p..

(ii) An f

n

! f katà mËso, g
n

! g katà mËso kai epiplËon upàrqei M > 0 ∏ste
|f

n

|  M kai |g
n

|  M µ�s.p. gia kàje n 2 N, tÏte f
n

g

n

! fg katà mËso.

ApÏdeixh. (i) S‘mfwna me to prohgo‘meno je∏rhma, upàrqei upakolouj–a {f
n

k

} thc
{f

n

} pou sugkl–nei sthn f katà shme–o µ�s.p. kai àra to zhto‘meno Ëpetai apÏ thn
PrÏtash 7.1.5 (ii).

(ii) Akolouj∏ntac thn apÏdeixh thc PrÏtashc 7.1.5 (ii) mporo‘me na bro‘me s‘nolo
Z 2 A me µ(Z) = 0 ∏ste gia kàje x 2 X \ Z kai n 2 N na isq‘ei

|f
n

(x)|  M kai |g
n

(x)|  M

kai àra kai |g(x)|  M apÏ to (i). 'Etsi, gràfoume:
Z

�

�

f

n

g

n

� fg

�

�

dµ =

Z

�

�(f
n

g

n

� f

n

g) + (f
n

g � fg)
�

�

dµ


Z

|f
n

||g
n

� g| dµ+

Z

|f
n

� f ||g| dµ

 M

Z

|g
n

� g| dµ+M

Z

|f
n

� f | dµ ! 0.

Sunep∏c, pràgmati e–nai kai f
n

g

n

! fg katà mËso.

7.3 S‘gklish katà mËtro

OrismÏc 7.3.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. TÏte lËme Ïti:

(i) H {f
n

} sugkl–nei sthn f katà mËtro († katà pijanÏthta), an gia kàje " > 0

µ

�{x 2 X : |f
n

(x)� f(x)| � "}�! 0. (7.10)

(ii) H {f
n

} e–nai Cauchy katà mËtro an gia kàje ", � > 0 upàrqei n0(", �) 2 N
∏ste: gia kàje m,n � n0 na isq‘ei

µ

�{x 2 X : |f
n

(x)� f

m

(x)| � "}� < �. (7.11)

Ja mac fane– pol‘ qr†simh sta parakàtw h ex†c:

Parat†rhsh 7.3.2. An f, g : X ! C d‘o metr†simec sunart†seic, tÏte gia kàje
a, b > 0 isq‘ei:

µ

�{x : |f(x) + g(x)| � a+ b}�  µ

�{x : |f(x)| � a}�+ µ

�{x : |g(x)| � b}�.
H apÏdeixh thc anisÏthtac af†netai wc àskhsh.
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ApÏ thn parapànw sqËsh t∏ra, e–nai arketà emfanËc Ïti an mia akolouj–a {f
n

}
sugkl–nei se mia sunàrthsh f katà mËtro, tÏte h {f

n

} e–nai kai Cauchy katà mËtro
– na to epalhje‘sete.

PrÏtash 7.3.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f, g : X ! C d‘o metr†simec sunart†seic. An f

n

! f

katà mËtro kai f
n

! g katà mËtro, tÏte f = g µ�s.p..
ApÏdeixh. 'Estw " > 0. TÏte, apÏ thn parat†rhsh pio pànw, gia kàje n e–nai:

µ

�{x : |f(x)�g(x)| � "}�  µ

�{x : |f(x)�f

n

(x)| � "

2
}�+µ

�{x : |f
n

(x)�g(x)| � "

2
}�

to opo–o sugkl–nei sto mhdËn kaj∏c n ! 1. 'Ara µ({x 2 X : |f(x)�g(x)| � "}) = 0
gia kàje " > 0 kai katà sunËpeia f = g µ�s.p. (giat–;).
PrÏtash 7.3.4. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f

n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn kai f, g : X ! C d‘o metr†simec sunart†seic. An f

n

! f

katà mËtro kai g
n

! g katà mËtro, tÏte gia kàje a, b 2 C e–nai af
n

+ bg

n

! af + bg

katà mËtro.

ApÏdeixh. Mporo‘me na upojËsoume Ïti a 6= 0 kai b 6= 0. To zhto‘meno Ëpetai àmesa
apÏ th sqËsh:

µ

�{x : |(af
n

(x) + bg

n

(x))� (af(x) + bg(x))| � "}�

 µ

�{x : |f
n

(x)� f(x)| � "

2|a| }
�

+ µ

�{x : |g
n

(x)� g(x)| � "

2|b| }
�! 0

kaj∏c n ! 1. Sumplhr∏ste tic leptomËreiec wc àskhsh.
Ja melet†soume t∏ra thn sumperiforà twn akolouji∏n {f

n

} pou e–nai Cau-
chy katà mËtro. Gia autÏ ja qreiasto‘me thn Ënnoia tou lim sup

n

miac akolouj–ac
sunÏlwn: An (A

n

) mia akolouj–a uposunÏlwn tou X jËtoume

lim sup
n

A

n

= {x 2 X : to x an†kei se àpeira to pl†joc apÏ ta A
n

}. (7.12)

S‘mfwna me thn àskhsh 1.4, Ëqoume thn tautÏthta

lim sup
n

A

n

=

1
\

n=1

1
[

k=n

A

k

. (7.13)

Sqetikà me to lim sup
n

miac akolouj–ac sunÏlwn isq‘ei kai to ex†c basikÏ apotËle-
sma:

PrÏtash 7.3.5 (1o L†mma Borel-Cantelli). 'Estw (X,A, µ) Ënac q∏roc mËtrou
kai (A

n

) mia akolouj–a stoiqe–wn thc A. An
1
X

n=1

µ(A
n

) < 1,

tÏte µ(lim sup
n

A

n

) = 0 dhlad† µ�sqedÏn kàje x 2 X an†kei to pol‘ se pepera-
smËna apÏ ta A

n

.



7.3. Sugklish kata metro · 123

Aut† e–nai h àskhsh 2.3. Oi apode–xeic twn parapànw isqurism∏n parale–pontai kai
af†nontai wc ask†seic ston anagn∏sth.
Qrhsimopoi∏ntac loipÏn autà ta ergale–a apodeikn‘oume to ex†c:

Je∏rhma 7.3.6. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

: X ! C mia ako-
louj–a metr†simwn sunart†sewn. An h {f

n

} e–nai Cauchy katà mËtro, tÏte upàrqei
mia metr†simh sunàrthsh f : X ! C ∏ste f

n

! f katà mËtro. EpiplËon upàrqei
upakolouj–a {f

n

k

} thc {f
n

} ∏ste f
n

k

! f µ�s.p..
ApÏdeixh. Afo‘ h {f

n

} e–nai Cauchy katà mËtro, gia kàje k br–skoume n
k

2 N ∏ste

µ

✓⇢

x 2 X : |f
n

(x)� f

m

(x)| � 1

2k

�◆

<

1

2k
,

gia kàje m,n � n

k

. Màlista, mporo‘me na dialËxoume ta n
k

me tËtoio trÏpo ∏ste
na e–nai n1 < n2 < ... (giat–;). 'Etsi, h {f

n

k

} e–nai mia upakolouj–a thc {f
n

} kai
epiplËon µ(A

k

) < 1
2k gia kàje k, Ïpou

A

k

=

⇢

x 2 X : |f
n

k+1(x)� f

n

k

(x)| � 1

2k

�

.

Afo‘ loipÏn
P

k

µ(A
k

) < 1 sumpera–noume Ïti an F = lim sup
n

A

n

, tÏte apÏ to
1o L†mma Borel-Cantelli ja e–nai µ(F ) = 0. ApÏ ton orismÏ tou lim sup

n

miac
akolouj–ac sunÏlwn, an x 2 X \ F upàrqei K = K(x) 2 N ∏ste

|f
n

k+1(x)� f

n

k

(x)| < 1

2k
, gia kàje k � K.

Sumpera–noume loipÏn Ïti h seirà

1
X

k=1

(f
n

k+1(x)� f

n

k

(x))

sugkl–nei gia kàje x 2 X \ F , dhlad† µ�s.p. sto X. Jewro‘me th sunàrthsh
f : X ! C pou or–zetai wc

f(x) =

(

f

n1(x) +
P1

k=1(fnk+1(x)� f

n

k

(x)), an x 2 X \ F
0, diaforetikà.

(7.14)

E–nai emfanËc Ïti h f e–nai metr†simh kai epiplËon gia x 2 X \ F Ëqoume

f(x) = lim
K

f

n1(x) +

K�1
X

k=1

(f
n

k+1(x)� f

n

k

(x)) = lim
K

f

n

K

(x),

kai àra pràgmati f
n

k

! f µ�s.p. sto X.
MËnei na deiqje– mÏno h s‘gklish katà mËtro. An jËsoume

F

m

=

1
[

k=m

A

k

(7.15)

parathro‘me Ïti

µ(F
m

) 
1
X

k=m

µ(A
k

) <

1
X

k=m

1

2k
=

1

2m�1
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kai epiplËon Ïti gia x 2 X \ F

m

e–nai |f
n

k+1(x) � f

n

k

(x)| < 1
2k gia kàje k � m.

Sunep∏c, an x 2 X \ F
m

Ëqoume Ïti:

|f
n

m

(x)� f(x)| =
�

�

�

�

�

f

n

m

(x)� f

n1(x)�
1
X

k=1

(f
n

k+1(x)� f

n

k

(x))

�

�

�

�

�

=

=

�

�

�

�

�

m�1
X

k=1

(f
n

k+1(x)� f

n

k

(x))�
1
X

k=1

(f
n

k+1(x)� f

n

k

(x)

�

�

�

�

�

=

=

�

�

�

�

�

1
X

k=m

(f
n

k+1(x)� f

n

k

(x))

�

�

�

�

�


1
X

k=m

|f
n

k+1(x)� f

n

k

(x)| < 1

2m�1
.

ApÏ autÏ ton upologismÏ sumpera–noume Ïti

µ({x 2 X : |f
n

m

(x)� f(x)| � 1

2m�1
})  µ(F

m

) <
1

2m�1
.

'Estw " > 0. Br–skoume m0 2 N ∏ste 1
2m0

< " kai parathro‘me Ïti gia m � m0

e–nai:

µ

�{x : |f
n

m

(x)� f(x)| � "}�  µ

�{x : |f
n

m

(x)� f(x)| � 1

2m
}�  1

2m
! 0

kaj∏c m ! 1, dhlad† f
n

k

! f katà mËtro.

TËloc, gia kàje k kai " > 0 e–nai

µ

�{x : |f
k

(x)� f(x)| � "}� 

 µ

�{x : |f
k

(x)� f

n

k

(x)| � "

2
}�+ µ

�{x : |f
n

k

(x)� f(x)| � "

2
}�! 0

afo‘ h {f
n

} e–nai Cauchy katà mËtro kai f
n

k

! f katà mËtro. 'Ara telikà, pràgmati
f

n

! f katà mËtro.

PÏrisma 7.3.7. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An f

n

! f

katà mËtro, tÏte upàrqei upakolouj–a {f
n

k

} thc {f
n

} ∏ste f
n

k

! f µ�s.p..
ApÏdeixh. E–nai àmeso apÏ to prohgo‘meno je∏rhma afo‘ h {f

n

} ja e–nai epiplËon
Cauchy katà mËtro.

Paràdeigma 7.3.8. Den e–nai swstÏ Ïti h s‘glish katà mËtro sunepàgetai thn
µ�s.p. s‘gklish: to Paràdeigma 7.2.6 e–nai antiparàdeigma kai ed∏ – exhg†ste giat–.
PrÏtash 7.3.9. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f

n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn kai f, g : X ! C d‘o metr†simec sunart†seic.

(i) An f
n

! f katà mËtro kai epiplËon upàrqei M > 0 ∏ste |f
n

|  M µ�s.p. gia
kàje n 2 N tÏte e–nai kai |f |  M µ�s.p..

(ii) An f
n

! f katà mËtro, g
n

! g katà mËtro kai epiplËon upàrqei M > 0 ∏ste
|f

n

|  M kai |g
n

|  M µ�s.p. gia kàje n 2 N, tÏte e–nai kai f
n

g

n

! fg katà
mËtro.
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ApÏdeixh. (i) S‘mfwna me to prohgo‘meno je∏rhma upàrqei upakolouj–a {f
n

k

} thc
{f

n

} pou sugkl–nei sthn f katà shme–o µ�s.p. kai àra to zhto‘meno Ëpetai apÏ thn
PrÏtash 7.1.5.
(ii) Br–skoume, katà ta gnwstà, s‘nolo Z 2 A me µ(Z) = 0 ∏ste

|f
n

(x)|  M kai |g
n

(x)|  M

gia kàje x 2 X \ Z. 'Estw " > 0. TÏte isq‘ei h anisÏthta:

µ

�{x : |f
n

(x)g
n

(x)� f(x)g(x)| � "}� 

 µ({x : |f
n

(x)� f(x)| � "

2M
}) + µ({x : |g

n

(x)� g(x)| � "

2M
})

(na thn apode–xete) kai àra Ëpetai to zhto‘meno.

7.4 SqedÏn omoiÏmorfh s‘gklish

Asqolo‘maste se aut† thn paràgrafo me mia kàpwc asjenËsterh morf† thc omoi-
Ïmorfhc µ�s.p. s‘gklishc. D–noume ton ex†c:

OrismÏc 7.4.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. TÏte lËme Ïti:

(i) H {f
n

} sugkl–nei sthn f sqedÏn omoiÏmorfa an gia kàje � > 0 upàrqei A 2 A
me µ(A) < � ∏ste f

n

! f omoiÏmorfa sto X \A.
(ii) H {f

n

} e–nai Cauchy sqedÏn omoiÏmorfa an gia kàje � > 0 upàrqei A 2 A me
µ(A) < � ∏ste h {f

n

} na e–nai omoiÏmorfa Cauchy sto X \A.

E–nai kai pàli safËc apÏ ton orismÏ Ïti an f
n

! f sqedÏn omoiÏmorfa tÏte h {f
n

}
e–nai Cauchy sqedÏn omoiÏmorfa.

PrÏtash 7.4.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f, g : X ! C metr†simec sunart†seic. An f

n

! f

sqedÏn omoiÏmorfa kai f
n

! g sqedÏn omoiÏmorfa tÏte f = g µ�s.p..

ApÏdeixh. 'Estw � > 0 kai E = {x 2 X : f(x) 6= g(x)}. S‘mfwna me tic upojËseic,
br–skoume s‘nola A1, A2 2 A ∏ste

f

n

! f omoiÏmorfa sto X \A1 kai f

n

! g omoiÏmorfa sto X \A2

kai µ(A1), µ(A2) < �. TÏte, sto X \ (A1 [ A2) e–nai s–goura f = g (giat–;) kai àra
E ✓ A1 [A2. Sunep∏c

µ(E)  µ(A1) + µ(A2) < 2�

kai afo‘ to àrqikÏ � > 0 †tan tuqÏn, pràgmati f = g µ�s.p..

PrÏtash 7.4.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn kai f, g : X ! C d‘o metr†simec sunart†seic. TÏte, gia
kàje a, b 2 C e–nai af

n

+ bg

n

! af + bg sqedÏn omoiÏmorfa.
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ApÏdeixh. 'Estw � > 0. Upàrqoun tÏte s‘nola A1, A2 2 A ∏ste µ(A1), µ(A2) <

�/2 kai

f

n

! f omoiÏmorfa sto X \A1, g

n

! g omoiÏmorfa sto X \A2.

An jËsoume A = A1 [ A2, tÏte afn + bg

n

! af + bg omoiÏmorfa sto X \ A kai
µ(A) < �, àra Ëpetai to zhto‘meno.

H sqedÏn omoiÏmorfh s‘gklish sumperifËretai kal‘tera se sqËsh me tic ako-
louj–ec Cauchy apÏ tic sugkl–seic pou melet†same stic d‘o prohgo‘menec enÏthtec.
Pio sugkekrimËna isq‘ei to ex†c:

Je∏rhma 7.4.4. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai f
n

: X ! C mia ako-
louj–a metr†simwn sunart†sewn. An h {f

n

} e–nai Cauchy sqedÏn omoiÏmorfa, tÏte
upàrqei mia metr†simh sunàrthsh f : X ! C ∏ste f

n

! f sqedÏn omoiÏmorfa.
EpiplËon isq‘ei Ïti f

n

! f µ�s.p..
ApÏdeixh. Gia kàje k br–skoume s‘nola A

k

2 A me µ(A
k

) < 1
k

∏ste h {f
n

} na e–nai
omoiÏmorfa Cauchy sto X \A

k

. Sunep∏c, upàrqoun sunart†seic g
k

: X \A
k

! C
∏ste f

n

! g

k

omoiÏmorfa sto X \A
k

. JËtoume

A =

1
\

k=1

A

k

kai parathro‘me Ïti or–zetai kalà mia f : X \ A ! C ∏ste f
n

! f katà shme–o
sto A. Pràgmati, an x 2 X \ A, tÏte x 2 X \ A

k

gia kàpoiouc de–ktec k kai afo‘
f

n

(x) ! g

k

(x) sumpera–noume Ïti oi posÏthtec g
k

(x) taut–zontai gia Ïlouc auto‘c
touc de–ktec k. EpomËnwc, h f e–nai metr†simh kai f

n

! f katà shme–o sto X \ A
kai afo‘

µ(A)  µ(A
k

) <
1

k

gia kàje k Ëpetai Ïti µ(A) = 0 kai àra f
n

! f µ�s.p..
Gia th sqedÏn omoiÏmorfh s‘gklish t∏ra, jewro‘me � > 0 kai br–skoume k ∏ste

1
k

< �. TÏte f

n

! f omoiÏmorfa sto X \ A

k

kai µ(A
k

) <

1
k

< � kai àra to
zhto‘meno Ëpetai.

PÏrisma 7.4.5. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An f

n

! f

sqedÏn omoiÏmorfa, tÏte f
n

! f µ�s.p..
ApÏdeixh. E–nai àmeso apÏ to prohgo‘meno Je∏rhma afo‘ h {f

n

} ja e–nai epiplËon
Cauchy sqedÏn omoiÏmorfa.

Anàloga me tic prohgo‘menec paragràfouc, efarmÏzoume to Je∏rhma 7.4.4 kai
de–qnoume thn ex†c:

PrÏtash 7.4.6. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

, g

n

: X ! C akolouj–ec
metr†simwn sunart†sewn kai f, g : X ! C d‘o metr†simec sunart†seic.

(i) An f

n

! f sqedÏn omoiÏmorfa kai epiplËon upàrqei M > 0 ∏ste |f
n

|  M

µ�s.p. gia kàje n 2 N, tÏte |f |  M µ�s.p..
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(ii) An f

n

! f sqedÏn omoiÏmorfa kai epipleÏn |f
n

|  M kai |g
n

|  M µ�s.p.
gia kàje n 2 N, tÏte f

n

g

n

! fg sqedÏn omoiÏmorfa.

ApÏdeixh. (i) ApÏ to prohgo‘meno je∏rhma e–nai kai f
n

! f µ�s.p. kai àra to
zhto‘meno Ëpetai apÏ thn PrÏtash 7.1.5 (ii).

(ii) 'Estw � > 0. Mporo‘me na bro‘me s‘nola A1, A2 2 A ∏ste µ(A1), µ(A2) < �/2
kai epiplËon

f

n

! f omoiÏmorfa sto X \A1 kai g

n

! g omoiÏmorfa sto X \A2.

Pàli apÏ thn PrÏtash 7.1.5 (ii) loipÏn e–nai f
n

g

n

! fg omoiÏmorfa µ�s.p. sto
X \ (A1 [ A2) kai afo‘ µ(A1 [ A2) < � Ëpetai kai h zhto‘menh sqedÏn omoiÏmorfh
s‘gklish.

7.5 S‘gkrish twn diafÏrwn eid∏n s‘gklishc

Kle–noume autÏ to kefàlaio me diàfora jewr†mata pou de–qnoun th sqËsh metax‘
twn sugkl–sewn pou melet†same stic prohgo‘menec enÏthtec. Xekinàme apÏ to ex†c:
e–dame sto Je∏rhma 7.4.4 Ïti an mia akolouj–a {f

n

} sugkl–nei sqedÏn omoiÏmorfa
se mia sunàrthsh f tÏte sugkl–nei sthn f kai katà shme–o µ�s.p.. ParajËtoume
d‘o merikà ant–strofa auto‘ tou jewr†matoc: To pr∏to, to Je∏rhma Egorov, e–nai
h 2h apÏ tic legÏmenec «3 ArqËc tou Littlewood» tic opo–ec e–qame xananafËrei sto
Kefàlaio 4.

Je∏rhma 7.5.1 (Egorov). 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia
akolouj–a metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An
µ(X) < 1 kai f

n

! f µ�s.p., tÏte f
n

! f sqedÏn omoiÏmorfa.

ApÏdeixh. 'Estw � > 0. Kat' arqàc mporo‘me na upojËsoume Ïti f
n

! f panto‘
sto X (exhg†ste giat–). Gia kàje k,m 2 N or–zoume to s‘nolo

A

k,m

=

⇢

x 2 X : |f
n

(x)� f(x)| < 1

k

gia kàje n � m

�

(7.16)

kai parathro‘me Ïti h akolouj–a (A
k,m

)1
m=1 e–nai a‘xousa (giat–;). EpiplËon, para-

thro‘me Ïti an x 2 X kai k 2 N, tÏte upàrqei m 2 N ∏ste |f
n

(x)� f(x)| < 1/k gia
kàje n � m. AutÏ apodeikn‘ei Ïti

X =

1
[

m=1

A

k,m

. (7.17)

Katà sunËpeia µ(A
k,m

) ! µ(X) gia m ! 1 kai àra gia kàje k mporo‘me na bro‘me
m

k

2 N ∏ste
µ(X) < µ(A

k,m

k

) +
�

2k
.

Or–zoume

A =

1
\

k=1

A

k,m

k

.
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TÏte f
n

! f omoiÏmorfa sto A: Ëstw " > 0. Br–skoume k 2 N ∏ste 1/k < ". TÏte
gia kàje x 2 A Ëqoume x 2 A

k,m

k

kai àra gia kàje n � m

k

|f
n

(x)� f(x)| < 1

k

< ",

dhlad† k(f
n

� f)|
A

k1 < ".

Ep–shc,

µ(X \A) 
1
X

k=1

µ(X \A
k,m

k

) <

1
X

k=1

�

2k
= �,

kai àra pràgmati f
n

! f sqedÏn omoiÏmorfa.

'Ena àllo merikÏ ant–strofo tou Jewr†matoc 7.4.4, pou den apaite– to mËtro µ
na e–nai peperasmËno e–nai to ex†c:

Je∏rhma 7.5.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An f

n

! f

µ�s.p. kai epiplËon upàrqei g : X ! [0,1] ∏ste |f
n

|  g gia kàje n kai
R

g dµ <

1, tÏte f
n

! f sqedÏn omoiÏmorfa.

ApÏdeixh. 'Estw � > 0. Jewro‘me kai pàli Ïti f
n

! f panto‘ sto X kai ta s‘nola
A

k,m

thc prohgo‘menhc apÏdeixhc. TÏte, afo‘ |f
n

|  g gia kàje n e–nai kai |f |  g

kai àra |f
n

� f |  2g. ApÏ th sqËsh aut† kai thn (7.16) Ëpetai Ïti

X \A
k,m

✓ {x 2 X : g(x) >
1

2k
}. (7.18)

IsqurismÏc. Gia kàje k e–nai µ({x 2 X : g(x) > 1/2k}) < 1.

Pràgmati, an kalËsoume S
k

autÏ to s‘nolo, an to µ(S
k

) †tan àpeiro ja e–qame

1 >

Z

g dµ �
Z

S

k

g dµ >

Z

S

k

1

2k
dµ =

1

2k
µ(S

k

) = 1 :

àtopo.

'Omoia me thn prohgo‘menh apÏdeixh, de–qnoume Ïti h akolouj–a (X \A
k,m

)1
m=1

e–nai fj–nousa me tom† to kenÏ s‘nolo kai àra, lÏgw tou isqurismo‘, e–nai lim
n

µ(X\
A

k,m

) = 0 gia kàje k. 'Etsi, br–skoume m
k

2 N ∏ste

µ(X \A
k,m

k

) <
�

2k
.

JËtoume

A =

1
[

k=1

A

k,m

k

.

TÏte f
n

! f omoiÏmorfa sto A (akrib∏c Ïpwc prin) kai

µ(X \A) 
1
X

k=1

µ(X \A
k,m

k

) = �.

'Etsi, pràgmati f
n

! f sqedÏn omoiÏmorfa.
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Suneq–zoume me àllo Ëna je∏rhma pou epibebai∏nei Ïti h sqedÏn omoiÏmorfh
s‘gklish e–nai isqur†: sunepàgetai thn s‘gklish katà mËtro.

Je∏rhma 7.5.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An f

n

! f

sqedÏn omoiÏmorfa, tÏte f
n

! f katà mËtro. Ant–strofa, an f

n

! f katà mËtro,
tÏte upàrqei upakolouj–a {f

n

k

} thc {f
n

} ∏ste f
n

k

! f sqedÏn omoiÏmorfa.

ApÏdeixh. Gia to euj‘ pr∏ta: 'Estw " > 0. TÏte gia kàje � > 0 upàrqei s‘nolo
A 2 A me µ(A) < � kai f

n

! f omoiÏmorfa sto X \ A. ApÏ thn omoiÏmorfh
s‘gklish, br–skoume Ëna n0 2 N ∏ste gia kàje x 2 X \A kai n � n0 na e–nai

|f
n

(x)� f(x)| < ".

Katà sunËpeia
{x 2 X : |f

n

(x)� f(x)| � "} ✓ A

kai àra
µ({x 2 X : |f

n

(x)� f(x)| � "})  µ(A) < �

gia kàje n � n0. 'Ara pràgmati fn ! f katà mËtro.

'Oson aforà to ant–strofo, Ëqei †dh apodeiqje– ousiastikà sto Je∏rhma 7.3.6:
Akolouj∏ntac ton sumbolismÏ aut†c thc apÏdeixhc, Ëqoume Ïti µ(F

m

) < 1
2m�1 gia

kàje m. 'Estw � > 0. Br–skoume kai pàli m ∏ste 1
2m�1 < � kai tÏte gia x 2 X \F

m

e–nai
|f

n

k

(x)� f(x)| < 1

2k

gia kàje k � m. Sunep∏c,

k(f
n

k

� f)|
X\F

m

k1  1

2k
! 0

gia k ! 1 kai àra f

n

k

! f omoiÏmorfa sto X \ F

m

. 'Ara, pràgmati f
n

k

! f

sqedÏn omoiÏmorfa.

Sunduàzontac to prohgo‘meno je∏rhma me to Je∏rhma Egorov pa–rnoume to
ex†c basikÏ:

PÏrisma 7.5.4 (Lebesgue). 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia
akolouj–a metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An
µ(X) < 1 kai f

n

! f µ�s.p., tÏte f
n

! f katà mËtro.

2

Apodeikn‘oume t∏ra Ëna basikÏ ergale–o gia ta parakàtw: thn anisÏthta twn
Chebyshev-Markov pou par' Ïlh thn aplÏthta thc Ëqei, Ïpwc ja do‘me, shmanti-
kÏtatec efarmogËc:

PrÏtash 7.5.5 (AnisÏthta Chebyshev-Markov). 'Estw (X,A, µ) Ënac q∏roc
mËtrou kai f : X ! [0,1] mia mh arnhtik† metr†simh sunàrthsh. TÏte, gia kaje
" > 0 isq‘ei h anisÏthta

µ({x 2 X : f(x) � "})  1

"

Z

f dµ. (7.19)
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[f � "]

"

Sq†ma 7.1: ApÏdeixh thc anisÏthtac Chebyshev-Markov

ApÏdeixh. Parathro‘me Ïti, an A
"

= {x 2 X : f(x) � "}, tÏte
Z

f dµ �
Z

A

"

f dµ �
Z

A

"

" dµ = " · µ(A
"

)

pou isoduname– fusikà me th zhto‘menh.

Sth sunËqeia, sugkr–noume thn s‘gklish katà mËtro me th s‘gklish katà mËso.
Isq‘ei to ex†c:

Je∏rhma 7.5.6. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. An f

n

! f

katà mËso, tÏte f
n

! f katà mËtro. Ant–strofa, an f
n

! f katà mËtro kai epiplËon
upàrqei mia metr†simh sunàrthsh g : X ! [0,1] me

R

g dµ kai |f
n

|  g gia kàje
n, tÏte f

n

! f katà mËso.

ApÏdeixh. Kat' arqàc gia to euj‘: Ëstw " > 0. ApÏ thn anisÏthta Chebyshev-
Markov Ëqoume Ïti

µ({x 2 X : |f
n

(x)� f(x)| � "})  1

"

Z

|f
n

� f | dµ ! 0,

afo‘ f
n

! f katà mËso. 'Ara, pràgmati f
n

! f katà mËtro.

Gia to ant–strofo t∏ra, upojËtoume Ïti f
n

! f katà mËtro. An to zhto‘meno
den isq‘ei, upàrqei "0 > 0 kai upakolouj–a {f

n

k

} thc {f
n

} ∏ste
Z

|f
n

k

� f | dµ � "0 (7.20)

gia kàje k. Afo‘ f
n

! f katà mËtro e–nai kai f
n

k

! f katà mËtro kai àra, apÏ to
PÏrisma 7.3.7, upàrqei mia upakolouj–a f

n

k

l

thc f
n

k

∏ste f
n

k

l

! f µ�s.p.. ApÏ
th sqËsh |f

n

k

l

|  g kai th sunj†kh gia th g to Je∏rhma KuriarqhmËnhc S‘gklishc
6.3.8 d–nei Ïti

Z

|f
n

k

l

� f | dµ ! 0

to opo–o Ërqetai fusikà se ant–fash me th sqËsh (7.20). 'Ara, pràgmati f
n

! f

katà mËso, Ïpwc jËlame.

Paràdeigma 7.5.7. Den e–nai swstÏ Ïti, genikà, h s‘gklish katà mËtro sune-
pàgetai th s‘gklish katà mËso.
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ApÏdeixh. Jewro‘me thn akolouj–a metr†simwn sunart†sewn f

n

: (0, 1) ! R me
f

n

= n�(0, 1
n

). TÏte, gia " 2 (0, 1] e–nai

µ({x 2 X : |f
n

(x)� 0| � "}) = 1

n

! 0

kai àra f
n

! 0 katà mËtro. 'Omwc, gia kàje n e–nai
Z

|f
n

(x)| dx = n

1

n

= 1 9 0

kai àra h {f
n

} de sugkl–nei sth mhdenik† sunàrthsh katà mËso1.
Kle–noume autÏ to kefàlaio me meriko‘c isod‘namouc qarakthrismo‘c thc s‘g-

klishc katà mËtro se Ëna q∏ro peperasmËnou mËtrou:

Je∏rhma 7.5.8. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! C mia akolouj–a
metr†simwn sunart†sewn kai f : X ! C mia metr†simh sunàrthsh. UpojËtoume
Ïti µ(X) < 1. Ta akÏlouja e–nai isod‘nama:
(i) H {f

n

} sugkl–nei sthn f katà mËtro.
(ii) Kàje upakolouj–a thc {f

n

} Ëqei mia upakolouj–a pou sugkl–nei sthn f µ�s.p..
(iii)

R |f
n

�f |
1+|f

n

�f | dµ ! 0 kaj∏c n ! 1.

ApÏdeixh. (i) ) (ii) UpojËtoume Ïti f
n

! f katà mËtro kai jewro‘me mia upako-
louj–a {f

n

k

} thc {f
n

}. TÏte epiplËon e–nai kai f
n

k

! f katà mËtro kai àra to
zhto‘meno Ëpetai apÏ to PÏrisma 7.3.7.

(ii)) (iii) An upojËsoume Ïti den alhje‘ei to zhto‘meno, mporo‘me na bro‘me � > 0
kai upakolouj–a {f

n

k

} thc {f
n

} ∏ste
Z |f

n

k

� f |
1 + |f

n

k

� f | dµ � � (7.21)

gia kàje k. 'Omwc, apÏ to (ii) mporo‘me na bro‘me upakolouj–a {f
n

k

l

} thc {f
n

k

} me
f

n

k

l

! f µ�s.p. kai àra
|f

n

k

l

� f |
1 + |f

n

k

l

� f | ! 0.

Afo‘ o q∏roc e–nai peperasmËnou mËtrou kai
�

�

�

�

�

|f
n

k

l

� f |
1 + |f

n

k

l

� f |

�

�

�

�

�

 1

sto X Ëpetai apÏ to Je∏rhma FragmËnhc S‘gklishc 6.3.9 Ïti

Z |f
n

k

l

� f |
1 + |f

n

k

l

� f | dµ ! 0

to opo–o Ërqetai se ant–fash me thn (7.21).

1Giat– den efarmÏzetai ed∏ to prohgo‘meno je∏rhma;
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(iii) ) (i) 'Estw " > 0. TÏte apÏ thn AnisÏthta Chebyshev-Markov sumpera–noume
Ïti:

µ({x : |f
n

(x)� f(x)| � "}) = µ

✓⇢

x :
|f

n

(x)� f(x)|
1 + |f

n

(x)� f(x)| �
"

1 + "

�◆



 1 + "

"

Z |f
n

� f |
1 + |f

n

� f | dµ ! 0,

s‘mfwna me to (iii).

Ta apotelËsmata aut†c thc enÏthtac mporo‘me na ta sunoy–soume sto parakàtw
diàgramma:

S‘gklish katà mËtro S‘gklish katà mËso

SqedÏn omoi-

Ïmorfh s‘gklish

S‘gklish katà shme–o

m- sqedÏn panto‘

(K)

(K) † (P)

(U) (U)
(U)

(P)

Sq†ma 1: Diàgramma twn diafÏrwn sugkl–sewn

1

Sq†ma 7.2: S‘gkrish twn diafÏrwn eid∏n s‘gklishc

Ïpou:
(U): s‘gklish katà upakolouj–a
(P): µ(X) < 1 kai
(K): h akolouj–a kuriarqe–tai apÏ katàllhlh oloklhr∏simh sunàrthsh.

7.6 Ask†seic

Se Ïlec tic parakàtw ask†seic, (X,A, µ) e–nai Ënac q∏roc mËtrou, Ïla ta upos‘nola
tou X pou emfan–zontai an†koun sthn A kai oi f

n

, f : X ! C e–nai metr†simec.
Omàda A'.

1. UpojËtoume Ïti o X e–nai metrikÏc q∏roc, efodiasmËnoc me Ëna mËtro Borel µ
kai jewro‘me mia suneq† sunàrthsh ' : X ! X. Apode–xte Ïti an f

n

! f katà
shme–o µ�s.p., tÏte e–nai kai '(f

n

) ! '(f) katà shme–o µ�s.p.
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2. Na de–xete Ïti an h akolouj–a {�
A

n

} sugkl–nei se mia sunàrthsh f katà mËtro
† sqedÏn omoiÏmorfa, tÏte upàrqei A 2 A ∏ste f = �

A

µ�s.p.
3. UpojËtoume Ïti µ(X) < 1 kai Ïti gia mia akolouj–a metr†simwn sunart†sewn

f

n

: X ! C isq‘ei sup
n

|f
n

(x)| < 1 µ�sqedÏn gia kàje x 2 X. Na de–xete Ïti
gia kàje � > 0 upàrqei B 2 A me µ(X \B) < � ∏ste

sup
n2N,x2B

|f
n

(x)| < 1.

4. An f
n

� 0 kai f
n

! f katà mËtro, de–xte Ïti
Z

fdµ  lim inf
n!1

Z

f

n

dµ.

Omàda B'.

5. UpojËtoume Ïti o X e–nai metrikÏc q∏roc, efodiasmËnoc me Ëna mËtro Borel µ
kai jewro‘me mia suneq† sunàrthsh ' : X ! X. Apode–xte Ïti an f

n

! f katà
mËtro (ant–st. sqedÏn omoiÏmorfa), tÏte e–nai kai '(f

n

) ! '(f) katà mËtro
(ant–st. sqedÏn omoiÏmorfa).

6. Na de–xete Ïti h akolouj–a {�
A

n

} e–nai Cauchy katà mËso † sqedÏn omoiÏmorfa
an kai mÏno an µ(A

n

4A

m

) ! 0 gia n,m ! 1.

7. UpojËtoume Ïti µ(X) < 1. Gia " > 0 kai k 2 N jewro‘me ta s‘nola

E

k

(") = {x 2 X : |f
k

(x)� f(x)| � "}.

Apode–xte Ïti f
n

! f katà shme–o µ�s.p. an kai mÏno an gia kàje " > 0 isq‘ei

lim
n!1

µ

 1
[

k=n

E

k

(")

!

= 0.

8. UpojËtoume Ïti µ(X) < 1. Apode–xte Ïti an gia akolouj–ec metr†simwn sunar-
t†sewn {f

n

}, {g
n

} isq‘ei f
n

! f katà mËtro kai g
n

! g katà mËtro, tÏte e–nai
kai f

n

g

n

! fg katà mËtro. [UpÏdeixh: Qrhsimopoi†ste thn àskhsh 3.]

9. An gia mia oloklhr∏simh sunàrthsh g : X ! [0,1] isq‘ei |f
n

|  g kai epiplËon
f

n

! f katà mËtro, na de–xete Ïti
Z

f

n

dµ !
Z

fdµ.

Omàda G'.

10. UpojËtoume Ïti to µ e–nai mËtro pijanÏthtac kai Ïti gia kàje n isq‘ei µ({x :
f

n

(x) = 1}) = µ({x : f
n

(x) = �1}) = 1/2. Na de–xete Ïti gia thn akolouj–a
{g

n

}, Ïpou
g

n

=
1

n

n

X

j=1

f

j

isq‘ei g
n

! 0 katà mËtro.
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11. UpojËtoume Ïti µ(X) < 1 kai jewro‘me akolouj–a f
n

: X ! [�1,1] metr†si-
mwn sunart†sewn me |f

n

| < 1 µ�s.p.
(i) Apode–xte Ïti upàrqei akolouj–a (�

n

) jetik∏n arijm∏n ∏ste �
n

f

n

! 0
katà shme–o µ�s.p.

(ii) Apode–xte Ïti upàrqei metr†simh sunàrthsh g : X ! [0,1] kai akolouj–a
(r

n

) jetik∏n arijm∏n ∏ste |f
n

|  r

n

g µ�s.p. gia kàje n.
12. UpojËtoume Ïti µ(X) < 1 kai Ïti f

n

! 0 katà shme–o µ�s.p.
(i) Apode–xte Ïti upàrqei akolouj–a (�

n

) jetik∏n arijm∏n me �
n

! 1 ∏ste
�

n

f

n

! 0 katà shme–o µ�s.p.
(ii) Apode–xte Ïti upàrqei metr†simh sunàrthsh g : X ! [0,1] kai akolouj–a

("
n

) jetik∏n arijm∏n kai "
n

! 0 ∏ste |f
n

|  "

n

g µ�s.p. gia kàje n.
13. UpojËtoume Ïti µ(X) < 1 kai Ïti oi f

n

, f e–nai oloklhr∏simec. LËme Ïti oi f
n

e–nai omoiÏmorfa oloklhr∏simec an gia kàje " > 0 upàrqei � > 0 ∏ste an A 2 A
me µ(A) < �, tÏte na isq‘ei

�

�

�

�

Z

A

fdµ

�

�

�

�

< ", gia kàje n 2 N.

Apode–xte Ïti f
n

! f katà mËso an kai mÏno an oi f
n

e–nai omoiÏmorfa oloklh-
r∏simec kai f

n

! f katà mËtro.

14. UpojËtoume Ïti µ(X) < 1 kai Ïti oi f
n

, f e–nai oloklhr∏simec. Exetàste an
isq‘ei to ex†c: f

n

! f katà mËso an kai mÏno an
R

A

f

n

dµ ! R

A

fdµ gia kàje
A 2 A.

15. 'Estw mia sunàrthsh f : Rn ! C, suneq†c wc proc kàje metablht† xeqwristà.
Apode–xte Ïti h f e–nai Lebesgue metr†simh.



Kefàlaio 8

Metr†simec sunart†seic kai
olokl†rwma

EpistrËfoume se autÏ to kefàlaio sth melËth twn metr†simwn sunart†sewn kai
asqolo‘maste me ta ex†c tr–a basikà antike–mena:

1. D–noume arqikà Ëna genikÏ orismÏ thc metrhsimÏthtac, dhlad† or–zoume tic
metr†simec sunart†seic f : X ! Y , Ïpou (X,A) kai (Y,B) e–nai metr†simoi
q∏roi kai sth sunËqeia meletàme tic basikËc touc idiÏthtec.

2. Meletàme to prÏblhma thc prosËggishc metr†simwn sunart†sewn apÏ sune-
qe–c sunart†seic.

3. Meletàme th sqËsh tou oloklhr∏matoc Lebesgue me to olokl†rwma Riemann
kai apodeikn‘oume Ïti to pr∏to apotele– pràgmati mia gn†sia gen–keush tou
de‘terou.

Ta apotelËsmata autà sumbàlloun se mia pio oloklhrwmËnh katanÏhsh thc metrh-
simÏthtac kai tou oloklhr∏matoc Lebesgue.

8.1 MetrhsimÏthta kai to epagÏmeno mËtro

Sthn PrÏtash 5.1.7 (iv) apode–xame Ïti se Ëna metr†simo q∏ro (X,A) mia sunàrthsh
f : X ! R e–nai metr†simh an kai mÏno an gia kàje B 2 B(R) isq‘ei f�1(B) 2 A.
Orm∏menoi apÏ autÏ to apotËlesma d–noume ton ex†c genikÏ orismÏ thc metrhsimÏth-
tac:

OrismÏc 8.1.1. 'Estw (X,A) kai (Y,B) d‘o metr†simoi q∏roi kai mia sunàrthsh
f : X ! Y . H f lËgetai (A,B)-metr†simh († metr†simh wc proc A kai B) an gia
kàje B 2 B e–nai f�1(B) 2 A.
Eidikà, sthn per–ptwsh pou o Y e–nai metrikÏc q∏roc kai B = B(Y ) h f lËgetai
A-metr†simh.

An jewr†soume thn oikogËneia

f

�1(B) = {f�1(B) : B 2 B} (8.1)
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parathro‘me Ïti h f e–nai (A,B)-metr†simh an kai mÏnon an
f

�1(B) ✓ A. (8.2)

PrÏtash 8.1.2. 'Estw (X,A), (Y,B) kai (Z, C) metr†simoi q∏roi kai sunart†seic
f : X ! Y kai g : Y ! Z. An h f e–nai (A,B)-metr†simh kai h g e–nai (B, C)-
metr†simh, tÏte h s‘njesh touc g � f e–nai (A, C)-metr†simh.
ApÏdeixh. Parathro‘me arqikà Ïti

(g � f)�1(C) = f

�1
�

g

�1(C)�. (8.3)

ApÏ thn parat†rhsh parapànw Ëqoume Ïti f�1(B) ✓ A kai g�1(C) ✓ B. 'Epetai
loipÏn Ïti:

f

�1
�

g

�1(C)� ✓ f

�1(B) ✓ A
pou lÏgw thc (8.3) d–nei to zhto‘meno.

Mia pol‘ qr†simh parat†rhsh gia na elËgxei kane–c katà pÏso mia sunàrthsh
f : (X,A) ! (Y,B) e–nai metr†simh e–nai to (ii) thc akÏloujhc PrÏtashc:
PrÏtash 8.1.3. 'Estw (X,A) kai (Y,B) d‘o metr†simoi q∏roi kai f : X ! Y

mia sunàrthsh. TÏte isq‘oun ta ex†c:

(i) H oikogËneia F = {B ✓ Y : f�1(B) 2 A} e–nai mia �-àlgebra sto X.
(ii) An C ✓ P(Y ) me �(C) = B, tÏte h f e–nai (A,B)-metr†simh an kai mÏnon an

f

�1(C) ✓ A. (8.4)

ApÏdeixh. To (i) e–nai sqedÏn àmeso apÏ ton orismÏ thc �-àlgebrac kai af†netai wc
àskhsh. Gia to (ii) t∏ra, h f e–nai metr†simh an kai mÏnon an

B ✓ {B ✓ Y : f�1(B) 2 A}. (8.5)

Afo‘ h oikogËneia F dexià e–nai �-àlgebra kai �(C) = B oi isqurismo– C ✓ F kai
B ✓ F e–nai isod‘namoi.
Parathr†seic 8.1.4. (a') 'Omoia me to (i) apodeikn‘etai kai Ïti h oikogËneia
f

�1(B) e–nai �-àlgebra sto X.
(b') An jewr†soume thn oikogËneia

� = {(�1, b] : b 2 R}
gnwr–zoume Ïti �(�) = B(R) kai katà sunËpeia to (ii) thc teleuta–ac PrÏtashc e–nai
o OrismÏc 5.1.1 gia metr†simec sunart†seic f : (X,A) ! R.

Ac upojËsoume t∏ra, Ïti epiplËon o metr†simoc q∏roc (X,A) Ëqei ki Ëna mËtro
µ. TÏte, h metr†simh sunàrthsh f epàgei Ëna mËtro sto q∏ro (Y,B) wc ex†c:
OrismÏc 8.1.5. 'Estw (X,A) kai (Y,B) d‘o metr†simoi q∏roi kai f : X ! Y

mia (A,B)-metr†simh sunàrthsh. An µ Ëna mËtro sto q∏ro (X,A), jewro‘me th
sunàrthsh ⌫ : B ! [0,1] pou or–zetai wc

⌫(B) = µ

�

f

�1(B)
�

:= µ(f 2 B), (8.6)

gia B 2 B. E‘kola apodeikn‘etai Ïti to ⌫ e–nai mËtro (epalhje‘ste to) sto q∏ro
(Y,B). To mËtro ⌫ lËgetai eikÏna tou µ mËsw thc f kai sumbol–zetai me f⇤(µ) † me
µ

f .
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MËsw auto‘ tou mËtrou Ëqoume mia morf† jewr†matoc «allag†c metablht†c»
gia to oloklhr∏ma Lebesgue. Pio sugkekrimËna, to epÏmeno je∏rhma d–nei Ënan
trÏpo na metatrËyoume ta oloklhr∏mata wc proc f⇤(µ) se oloklhr∏mata wc proc
µ.

Je∏rhma 8.1.6. 'Estw (X,A) kai (Y,B) d‘o metr†simoi q∏roi kai f : X ! Y

mia (A,B)-metr†simh sunàrthsh. An to µ e–nai Ëna mËtro sto q∏ro (X,A) kai
g : Y ! [�1,1] † g : Y ! C mia metr†simh sunàrthsh, tÏte

Z

B

g df⇤(µ) =

Z

f

�1(B)
g � f dµ, (8.7)

gia kàje B 2 B. (Me thn teleuta–a isÏthta ennoo‘me Ïti to pr∏to olokl†rwma
upàrqei an kai mÏnon an upàrqei to de‘tero kai se aut† thn per–ptwsh e–nai –sa.)

ApÏdeixh. Kat' arqàc, lÏgw thc PrÏtashc 8.1.2 h sunàrthsh g � f e–nai metr†simh
kai àra ta oloklhr∏mata pou emfan–zontai Ëqoun nÏhma. EpiplËon, parathr∏ntac
th sqËsh

(g � f) · �
f

�1(B) = (g · �
B

) � f (8.8)

mporo‘me na upojËsoume Ïti B = Y (en anàgkh jËtontac eg = g · �
B

), kai àra
f

�1(B) = X. JËtoume ⌫ = f⇤(µ) kai ja de–xoume loipÏn Ïti
Z

g d⌫ =

Z

g � f dµ.

Ja spàsoume thn apÏdeixh se b†mata, wc sun†jwc:

B†ma 1. H g e–nai thc morf†c g = �

B

gia kàpoio s‘nolo B 2 B.
Upolog–zoume tÏte:

Z

g d⌫ =

Z

�

B

d⌫ = ⌫(B) = µ

�

f

�1(B)
�

kai
Z

g � f dµ =

Z

�

B

� f dµ =

Z

�

f

�1(B) dµ = µ

�

f

�1(B)
�

kai àra isq‘ei h zhto‘menh.

B†ma 2. H g e–nai mh arnhtik† apl† metrhsimh sunàrthsh thc morf†c

g =

m

X

j=1

b

j

�

B

j

.

ApÏ th grammikÏthta tou oloklhr∏matoc kai to B†ma 1 Ëqoume:

Z

g d⌫ =

m

X

j=1

b

j

Z

�

B

j

d⌫ =

m

X

j=1

b

j

Z

�

B

j

� f dµ =

Z

g � f dµ,

Ïpwc zht†same.

B†ma 3. H g e–nai tuqo‘sa mh arnhtik† metr†simh sunàrthsh.
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ApÏ to Je∏rhma 5.3.3, mporo‘me na bro‘me mia a‘xousa akolouj–a mh arnhtik∏n,
apl∏n sunart†sewn (s

n

)
n

me s
n

% g sto Y . ApÏ to B†ma 2, Ëqoume Ïti gia kàje n
e–nai

Z

s

n

d⌫ =

Z

s

n

� f dµ.

'Omwc oi akolouj–ec (s
n

)
n

kai (s
n

� f)
n

e–nai a‘xousec akolouj–ec mh arnhtik∏n
metr†simwn sunart†sewn me s

n

% g kai s
n

� f % g � f . EfarmÏzontac d‘o forËc to
Je∏rhma MonÏtonhc S‘gklishc 6.2.6 loipÏn, Ëpetai Ïti

Z

g d⌫ = lim
n

Z

s

n

d⌫ = lim
n

Z

s

n

� f dµ =

Z

g � f dµ.

B†ma 4. H g : Y ! [�1,1] e–nai tuqo‘sa metr†simh sunàrthsh.

Gràfoume, wc sun†jwc, g = g

+ � g

� kai parathto‘me Ïti, apÏ to B†ma 3 e–nai
Z

g

+
d⌫ =

Z

g

+ � f dµ =

Z

(g � f)+ dµ

kai
Z

g

�
d⌫ =

Z

g

� � f dµ =

Z

(g � f)� dµ.

'Etsi, pràgmati to olokl†rwma
R

g d⌫ upàrqei an kai mÏno an upàrqei to
R

g � f dµ

kai se aut† thn per–ptwsh e–nai –sa.

B†ma 5. H g : Y ! C e–nai tuqo‘sa metr†simh migadik† sunàrthsh.

E–nai àmeso an efarmÏsoume to B†ma 4 stic metr†simec pragmatikËc sunart†seic
u = Ref kai v = Imf .

8.2 To je∏rhma tou Luzin

Sthn enÏthta aut† asqolo‘maste me thn prosËggish metr†simwn sunart†sewn ston
Rk apÏ suneqe–c sunart†seic. Upàrqoun pollà apotelËsmata sqetikà, pou isq‘oun
kai se genikÏtero pla–sio, allà eme–c ja arkesto‘me sto je∏rhma tou Luzin, to
opo–o e–nai h teleuta–a apÏ tic «3 ArqËc tou Littlewood» pou Ëqoume xananafËrei.

Je∏rhma 8.2.1 (Luzin). 'Estw A ✓ Rk Ëna Lebesgue metr†simo s‘nolo me
�(A) < 1 kai f : A ! R mia metr†simh sunàrthsh. Gia kàje " > 0 mporo‘me na
bro‘me kleistÏ s‘nolo F

"

✓ A me �(A \ F
"

) < " ∏ste h f |
F

"

na e–nai suneq†c.

ApÏdeixh. 'Estw " > 0. Ja d∏soume kai pàli thn apÏdeixh se b†mata.

B†ma 1. An h f e–nai thc morf†c f = �

E

gia kàpoio E ✓ A Lebesgue metr†simo.

Ja «diaqwr–soume» ta shme–a sta opo–a h f pa–rnei tic timËc 1 kai 0. ApÏ thn
kanonikÏthta tou mËtrou Lebesgue, mporo‘me na bro‘me K kleistÏ s‘nolo sto A

kai G anoiktÏ sto A me K ✓ E ✓ G kai

�(E)  �(K) +
"

4
, �(G)  �(E) +

"

4
.
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A

E

K

G

Sq†ma 8.1: ApÏdeixh tou jewr†matoc Luzin

Afo‘ �(E)  �(A) < 1 oi sqËseic autËc d–noun:

�(G \K)  "

2
. (8.9)

Jewro‘me to s‘nolo F1 = K [ (A \G) kai parathro‘me Ïti

�(A \ F1) = �(G \K) <
"

2
.

Ta s‘nola K kai A \G e–nai xËna kai kleistà sto A kai epiplËon f ⌘ 1 sto K kai
f ⌘ 0 sto A \G. 'Epetai Ïti h f |

F1 e–nai suneq†c sunàrthsh (giat–;).
Pàli apÏ thn eswterik† kanonikÏthta tou � br–skoume F ✓ F1 kleistÏ me �(F1 \

F ) < "

2 . 'Etsi h f |F suneq†c kai epiplËon

�(A \ F ) = �(A \ F1) + �(F1 \ F ) < ".

B†ma 2. An h f e–nai apl† sunàrthsh thc morf†c

f =

m

X

j=1

a

j

�

A

j

.

ApÏ to B†ma 1, gia kàje j br–skoume s‘nolo F

j

✓ A kleistÏ me �(A \ F
j

) < "/m

kai �
A

j

|
F

j

suneq†c. An F =
T

n

j=1 Fj

, tÏte to F e–nai kleistÏ upos‘nolo tou A, h
f |

F

e–nai suneq†c sunàrthsh kai epiplËon

�(A \ F ) 
m

X

j=1

�(A \ F
j

) < ",

Ïpwc jËlame.

B†ma 3. An h f e–nai tuqo‘sa metr†simh sunàrthsh.

ApÏ to PÏrisma 5.3.4, upàrqei akolouj–a sunart†sewn (s
n

)
n

thc morf†c tou B†ma-
toc 2 ∏ste s

n

! f sto A. Gia kàje n mporo‘me na bro‘me kleistÏ s‘nolo A
n

✓ A



140 · Metrhsimec sunarthseic kai olokhrwma

me �(A \A
n

) < "

2n+2 ∏ste h sn|A
n

na e–nai suneq†c. JËtoume

A1 =

1
\

n=1

A

n

kai parathro‘me Ïti

�(A \A1) 
1
X

n=1

�(A \A
n

) <

1
X

n=1

"

2n+2
=
"

4

kai Ïti fusikà Ïlec oi s
n

|
A1 e–nai suneqe–c. Gia na peràsoume Ïmwc th sunËqeia sthn

oriak† sunàrthsh f ja jËlame h s‘gklish na e–nai omoiÏmorfh. Ed∏ qrhsimopoio‘me
to je∏rhma tou Egorov: mporo‘me na bro‘me s‘nolo B ✓ A me �(A \B) < "

4 ∏ste
s

n

! f omoiÏmorfa sto B. Metà, gia to s‘nolo

C = B \A1

e–nai �(A \ C) < "

2 (giat–;) kai h f |C e–nai suneq†c, afo‘ oi sn|C e–nai suneqe–c gia
kàje n kai s

n

! f omoiÏmorfa sto C.
To C e–nai fusikà metr†simo, allà Ïqi apara–thta kleistÏ. ApÏ thn eswterik†

kanonikÏthta tou � br–skoume kleistÏ s‘nolo F
"

✓ C ∏ste �(C \ F
"

) < "

2 . TÏte

�(A \ F
"

) = �(A \ C) + �(C \ F
"

) < ".

kai fusikà h f |
F

"

e–nai suneq†c, afo‘ F
"

✓ C.

SqÏlio. Qreiàzetai kàpoia prosoq† sth diat‘pwsh tou Jewr†matoc Luzin: Den
isqurizÏmaste Ïti gia kàje " > 0 mporo‘me na bro‘me s‘nolo F

"

✓ A kleistÏ me
�(A \ F

"

) < " ∏ste Ïla ta shme–a tou F
"

na e–nai shme–a sunËqeiac thc f . Se aut†
thn per–ptwsh h f ja †tan suneq†c sqedÏn panto‘ sto A (giat–;) to opo–o, Ïpwc ja
do‘me sthn epÏmenh paràgrafo, shma–nei Ïti h f e–nai Riemann oloklhr∏simh. To
apotËlesma e–nai Ïti o periorismÏc thc f sto F

"

e–nai suneq†c sunàrthsh.
Gia paràdeigma, gia thn f = �Q sto [0, 1] xËroume Ïti e–nai asuneq†c se kàje

shme–o tou [0, 1] en∏ o periorismÏc thc f sto (R\Q)\[0, 1] e–nai h stajer† sunàrthsh
0.

8.3 S‘gkrish me to olokl†rwma Riemann

Gia mia sunàrthsh f : [a, b] ! R ja gràfoume
R

b

a

f(x) dx gia to olokl†rwma Rie-

mann kai
R

b

a

f d� gia to olokl†rwma Lebesgue thc f (otan autà upàrqoun). Ep–shc
lËgontac «sqedÏn panto‘» ja ennoo‘me ��sqedÏn panto‘. 'Opwc de–qnei to je∏rhma
pou akolouje–, to olokl†rwma Lebesgue epekte–nei to olokl†rwma Riemann.

Je∏rhma 8.3.1. 'Estw f : [a, b] ! R Riemann oloklhr∏simh sunàrthsh. TÏte,

(i) H f e–nai metr†simh.

(ii) H f e–nai Lebesgue oloklhr∏simh kai
Z

b

a

f d� =

Z

b

a

f(x) dx. (8.10)
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ApÏdeixh. Ja qrhsimopoi†soume ta ex†c:

1. To je∏rhma kuriarqhmËnhc s‘gklishc.

2. An h � 0 metr†simh kai
R

E

h d� = 0, tÏte h = 0 sqedÏn panto‘ sto E.
EpomËnwc, an f  g kai

R

E

f d� =
R

E

g d�, tÏte f = g sqedÏn panto‘ sto E.

3. An s =
P

�

i

�[a
i

,b

i

] e–nai mia klimakwt† sunàrthsh, tÏte

Z

b

a

s d� =

Z

b

a

s(x) dx.

UpojËtoume Ïti h f e–nai Riemann oloklhr∏simh. TÏte, upàrqei akolouj–a (P
n

)
diamer–sewn tou [a, b] me tic ex†c idiÏthtec: P

n

⇢ P

n+1 (h Pn+1 e–nai eklËptunsh thc
P

n

), kP
n

k ! 0 (ta plàth twn diamer–sewn P
n

te–noun sto 0), kai

L(f, P
n

) !
Z

b

a

f(x) dx , U(f, P
n

) !
Z

b

a

f(x) dx.

'Estw `
n

h klimakwt† sunàrthsh me
R

b

a

`

n

(x) dx = L(f, P
n

) (dhlad†, an L(f, P
n

) =
P

k�1
i=0 m

i

(x
i+1 � x

i

) tÏte `
n

=
P

k�1
i=0 m

i

�[x
i

,x

i+1)) kai un

h ant–stoiqh klimakwt†

sunàrthsh me
R

b

a

u

n

(x) dx = U(f, P
n

). TÏte,

`

n

 f  u

n

.

ApÏ thn P

n

⇢ P

n+1 Ëpetai Ïti h (`
n

) e–nai a‘xousa kai h (u
n

) fj–nousa, opÏte
or–zontai oi sunart†seic ` = lim

n

`

n

kai u = lim
n

u

n

kai `  f  u. ApÏ to
je∏rhma fragmËnhc s‘gklishc,

Z

b

a

u d� = lim
n

Z

b

a

u

n

d� = lim
n

Z

b

a

u

n

(x) dx =

Z

b

a

f(x) dx

kai
Z

b

a

` d� = lim
n

Z

b

a

`

n

d� = lim
n

Z

b

a

`

n

(x) dx =

Z

b

a

f(x) dx.

Afo‘ `  u kai
R

b

a

` d� =
R

b

a

u d�, sumpera–noume Ïti ` = u sqedÏn panto‘. Afo‘
`  f  u, prok‘ptei Ïti

` = f = u sqedÏn panto‘. (8.11)

'Ara, h f e–nai metr†simh sunàrthsh wc Ïrio (sqedÏn panto‘) akolouj–ac metr†simwn
sunart†sewn (aitiolog†ste tic leptomËreiec). AutÏ apodeikn‘ei to (i).

Afo‘ h f e–nai metr†simh kai fragmËnh, h f e–nai Lebesgue oloklhr∏simh. TËloc,
apÏ thn (8.11) Ëqoume

Z

b

a

f d� =

Z

b

a

u d� =

Z

b

a

f(x) dx,

dhlad† Ëqoume apode–xei kai to (ii).

Kle–noume aut†n thn paràgrafo me Ënan qarakthrismÏ twn Riemann oloklh-
r∏simwn f : [a, b] ! R: e–nai eke–nec oi fragmËnec sunart†seic pou e–nai suneqe–c
sqedÏn panto‘.
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Je∏rhma 8.3.2. 'Estw f : [a, b] ! R fragmËnh sunàrthsh. H f e–nai Riemann
oloklhr∏simh an kai mÏno an

�({x 2 [a, b] : h f e–nai asuneq†c sto x}) = 0.

ApÏdeixh. UpojËtoume pr∏ta Ïti h f e–nai suneq†c sqedÏn panto‘. EpilËgoume a-
kolouj–a (P

n

) diamer–sewn tou [a, b] me P
n

⇢ P

n+1, kPn

k ! 0, kai ja de–xoume Ïti
U(f, P

n

)� L(f, P
n

) ! 0.

Jewro‘me tic sunart†seic `
n

, u

n

pou antistoiqo‘n sthn P

n

, me `
n

 f  u

n

,
R

b

a

`

n

(x) dx = L(f, P
n

) kai
R

b

a

u

n

(x) dx = U(f, P
n

). Dhlad†, an P
n

= {a = x0 <

· · · < x

k

= b} or–zoume

`

n

=

k�1
X

i=0

m

i

�[x
i

,x

i+1) kai un

=

k�1
X

i=0

M

i

�[x
i

,x

i+1) (8.12)

TÏte, `
n

% ` kai u
n

& u, Ïpou `  f  u.
Oi `

n

, u

n

e–nai metr†simec kai omoiÏmorfa fragmËnec (apÏ to supremum kai to
infimum thc f sto [a, b]). ApÏ to je∏rhma fragmËnhc s‘gklishc blËpoume Ïti

Z

b

a

`

n

(x) dx !
Z

b

a

` d� kai
Z

b

a

u

n

(x) dx !
Z

b

a

u d�.

Dhlad†,

L(f, P
n

) !
Z

b

a

` d� kai U(f, P
n

) !
Z

b

a

u d�. (8.13)

Arke– na de–xoume Ïti
Z

b

a

` d� =

Z

b

a

u d�.

AutÏ isq‘ei gia ton ex†c lÏgo: an P =
S1

n=1 Pn

kai an A e–nai to s‘nolo twn shme–wn
asunËqeiac thc f sto [a, b], tÏte gia kàje x 2 [a, b] \ (A [ P ) Ëqoume `(x) = u(x).
Pràgmati: Ëstw x 2 [a, b] \ (A [ P ) kai Ëstw " > 0. Afo‘ h f e–nai suneq†c sto x,
upàrqei � > 0 ∏ste: an y, z 2 (x� �, x+ �) tÏte |f(y)� f(z)| < ". EpilËgoume n0

gia to opo–o kP
n0k < �. An [x

i

, x

i+1] e–nai to upodiàsthma thc Pn0 sto opo–o an†kei
to x, tÏte [x

i

, x

i+1] ✓ (x� �, x+ �), àra

M

i

�m

i

= sup{f(y) : y 2 [x
i

, x

i+1]}� inf{f(z) : z 2 [x
i

, x

i+1]}  ",

dhlad† 0  u

n0(x)� `

n0(x)  ". 'Omwc,

0  u(x)� `(x)  u

n0(x)� `

n0(x)  ".

kai afo‘ to " > 0 †tan tuqÏn, Ëpetai Ïti u(x) = `(x). 'Omwc �(A [ P ) = 0 ka àra
` = u sqedÏn panto‘, to opo–o de–qnei Ïti

R

b

a

` d� =
R

b

a

u d�.

Ant–strofa: UpojËtoume Ïti h f e–nai Riemann oloklhr∏simh sto [a, b]. Epi-
lËgoume akolouj–a diamer–sewn (P

n

)
n

me P
n

✓ P

n+1 gia kàje n kai

L(f, P
n

) !
Z

b

a

f(x) dx , U(f, P
n

) !
Z

b

a

f(x) dx
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Gia kàje n 2 N, jewro‘me tic klimakwtËc sunart†seic `
n

kai u
n

pou antistoiqo‘n
sthn P

n

, me `
n

 f  u

n

kai

Z

b

a

`

n

(x) dx = L(f, P
n

) ,

Z

b

a

u

n

(x) dx = U(f, P
n

).

H akolouj–a (`
n

) e–nai a‘xousa kai h (u
n

) e–nai fj–nousa. 'Estw ` = lim
n

`

n

kai
u = lim

n

u

n

. TÏte `  f  u kai apÏ to je∏rhma kuriarqhmËnhc s‘gklishc

Z

b

a

` d� = lim
n

Z

b

a

`

n

(x) dx = lim
n

L(f, P
n

) =

Z

b

a

f(x) dx

kai
Z

b

a

u d� = lim
n

Z

b

a

u

n

(x) dx = lim
n

U(f, P
n

) =

Z

b

a

f(x) dx.

'Ara,
Z

b

a

` d� =

Z

b

a

u d�. (8.14)

Afo‘ `  u, Ëpetai Ïti ` = u sqedÏn panto‘.

'Estw C = {x 2 [a, b] : `(x) = u(x)} kai Ëstw P =
S1

n=1 Pn

. Ja de–xoume Ïti
gia kàje x 2 C \ P h f e–nai suneq†c sto x. Pràgmati: Ëstw x 2 C \ P kai " > 0.
TÏte `(x) = u(x), àra upàrqei n0 me 0  u

n0(x)� `

n0(x) < ". AutÏ shma–nei Ïti an
(x

i

, x

i+1) e–nai to upodiàsthma thc Pn0 sto opo–o an†kei to x, tÏte

sup{f(y) : y 2 [x
i

, x

i+1]}� inf{f(z) : z 2 [x
i

, x

i+1]} < ".

'Epetai Ïti h f e–nai suneq†c sto x (exhg†ste giat–).

Sumpera–noume Ïti an A e–nai to s‘nolo twn shme–wn asunËqeiac thc f , tÏte
A ✓ ([a, b] \ C) [ P , àra �(A) = 0.

SqÏlio. Isq‘oun ta akrib∏c anàloga apotelËsmata me autà pou mÏlic apode–xame
gia thn pragmatik† euje–a kai gia touc q∏rouc Rk genikÏtera.

8.4 Ask†seic

Omàda A'.

1. 'Estw X,Y metriko– q∏roi efodiasmËnoi me tic ��àlgebrec twn Borel uposu-
nÏlwn touc. Apode–xte Ïti kàje suneq†c sunàrthsh f : X ! Y e–nai metr†simh.

2. 'Estw oi sunart†seic f, g : R ! R me f(x) = e

x kai g(y) = y

3+y. Na upologiste–
to olokl†rwma

Z

(0,1)
g df⇤(�).

3. 'Estw X Ënac metrikÏc q∏roc. Mia sunàrthsh f : X ! [�1,1] lËgetai ànw
(ant–st. kàtw)hmisuneq†c an to s‘nolo {x 2 X : f(x) < a} (ant–st. {x 2
X : f(x) > a}) e–nai anoiktÏ sto X gia kàje a 2 R. Apode–xte Ïti mia tËtoia
sunàrthsh f e–nai suneq†c an kai mÏno an e–nai ànw kai kàtw hmisuneq†c.
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Omàda B'.

4. 'Estw (X,A) metr†simoc q∏roc, Y metrikÏc q∏roc kai f
n

: X ! Y , n =
1, 2, ... mia akolouj–a (A,B(Y ))�metr†simwn sunart†sewn. An h {f

n

} sug-
kl–nei katà shme–o se mia sunàrthsh f : X ! Y , na de–xete Ïti kai h f e–nai
(A,B(Y ))�metr†simh.

5. 'Estw (X,A, µ) Ënac metrikÏc q∏roc peperasmËnou mËtrou kai f : X ! R mia
Borel metr†simh sunàrthsh. Na de–xete Ïti upàrqei akolouj–a suneq∏n sunar-
t†sewn g

n

: X ! R ∏ste g
n

! f katà shme–o µ�sqedÏn panto‘ sto X.
6. 'Estw X Ënac metrikÏc q∏roc kai Ëna upos‘nolo A ✓ X. PÏte h qarakthristik†
sunàrthsh �

A

e–nai ànw hmisuneq†c kai pÏte kàtw hmisuneq†c;

7. 'Estw X Ënac metrikÏc q∏roc kai f
,

g : X ! [�1,1] d‘o ànw (ant–st. kàtw)
hmisuneqe–c sunart†seic. Na de–xete Ïti gia kàje a, b � 0, h sunàrthsh af + bg

e–nai kai aut† ànw (ant–st. kàtw) hmisuneq†c.

Omàda G'.

8. (Je∏rhma Vitaly-Karajeodwr†) 'Estw A ✓ Rk Ëna metr†simo s‘nolo me �(A) <
1, mia sunàrthsh f 2 L1

R(A) kai Ëna " > 0. Apode–xte Ïti upàrqoun ànw hmi-
suneq†c kai ànw fragmËnh sunàrthsh � kai kàtw hmisuneq†c kai kàtw fragmËnh
sunàrthsh  sto A ∏ste �  f   kai epiplËon

Z

X

 � �dµ < ",

akolouj∏ntac ta ex†c b†mata:

(i) UpojËste pr∏ta Ïti f � 0 kai apode–xte Ïti h f mpore– na grafe– sth morf†

(⇤) f =

1
X

k=1

b

k

�

B

k

gia kàpoia metr†sima s‘nola B
k

kai b
k

� 0.

(ii) Qrhsimopoi∏ntac thn (⇤) kai thn kanonikÏthta tou mËtrou Lebesgue kata-
l†xte sto zhto‘meno sthn per–ptwsh pou f � 0..

(iii) Oloklhr∏ste thn apÏdeixh gràfontac f = f

+ � f

� kai qrhsimopoi∏ntac
thn àskhsh 7.

9. 'Estw (X, d) Ënac metrikÏc q∏roc kai f : X ! [0,1] mia kàtw hmisuneq†c
sunàrthsh, Ïqi tautotikà –sh me 1. Gia n = 1, 2, ... kai x 2 X or–zoume

g

n

(x) = inf{f(p) + nd(x, p) : p 2 X}.
Apode–xte Ïti:

(i) Isq‘ei h anisÏthta |g
n

(x)� g

n

(y)|  nd(x, y) gia kàje x, y 2 X.

(ii) Isq‘ei 0  g1  g2  ...  f .

(iii) H {g
n

} sugkl–nei katà shme–o sthn f gia n ! 1.
Sunàgete Ïti mia mh arnhtik† sunàrthsh e–nai kàtw hmisuneq†c an kai mÏno an
e–nai katà shme–o Ïrio miac a‘xousac akolouj–ac suneq∏n sunart†sewn.



Kefàlaio 9

MËtra ginÏmena

Se autÏ to kefàlaio asqolo‘maste me mËtra se q∏rouc ginÏmena. Xekinàme loipÏn
me d‘o q∏rouc mËtrou (X,A, µ) kai (Y,B, ⌫) kai jËloume na d∏soume sto kartesianÏ
ginÏmeno X ⇥ Y mia «fusiologik†» dom† q∏rou mËtrou (X ⇥ Y, C, ⇢). EidikÏtera,
jËloume:

1. H �-àlgebra C na periËqei Ïla ta metr†sima orjog∏nia, dhlad† Ïla ta s‘nola
thc morf†c A⇥B me A 2 A kai B 2 B.

2. To mËtro ⇢ na akolouje– th disdiàstath Ënnoia tou embado‘, dhlad† gia kàje
A 2 A kai B 2 B na isq‘ei

⇢(A⇥B) = µ(A)⌫(B). (9.1)

Ja apode–xoume Ïti, upÏ sunj†kec, Ëna tËtoio mËtro upàrqei kai e–nai màlista mona-
dikÏ.
To epÏmeno fusiologikÏ er∏thma e–nai na katalàboume pwc «leitourge–» to olo-

kl†rwma wc proc autÏ to mËtro ⇢. Gnwr–zoume, apÏ ton ApeirostikÏ LogismÏ, Ïti
an K = [a, b]⇥ [c, d] ✓ R2 kai f : K ! R mia suneq†c sunàrthsh, tÏte

Z

K

f(x, y) dA =

Z

b

a

Z

d

c

f(x, y) dydx =

Z

d

c

Z

b

a

f(x, y)dxdy, (9.2)

Ïpou dA e–nai to stoiqe–o tou embado‘ sto ep–pedo (ousiastikà e–nai to d�2). Se
aut† thn per–ptwsh loipÏn, to diplÏ olokl†rwma sto q∏ro ginÏmeno gràfetai wc d‘o
diadoqikà aplà oloklhr∏mata. Ja do‘me parakàtw Ïti to –dio akrib∏c apotËlesma
ja isq‘ei kai sth genik† per–ptwsh dedomËnou fusikà Ïti or–zetai kalà to mËtro
ginÏmeno.

9.1 Q∏roi kai mËtra ginÏmeno

Xekinàme me ton orismÏ thc �-àlgebrac ginÏmeno gia thn opo–a mil†same sto 1.
parapànw:

OrismÏc 9.1.1. 'Estw (X,A) kai (Y,B) d‘o metr†simoi q∏roi. 'Ena s‘nolo
C ✓ X⇥Y kale–tai metr†simo orjog∏nio an e–nai thc morf†c C = A⇥B gia kàpoio
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A 2 A kai B 2 B. H �-àlgebra ginÏmeno twn A kai B e–nai eke–nh h �-àlgebra pou
paràgetai apÏ ta metr†sima orjog∏nia, dhlad† h

A⌦ B = �({A⇥B : A 2 A, B 2 B}). (9.3)

OrismÏc 9.1.2. 'Estw X,Y d‘o s‘nola kai Ëna C ✓ X⇥Y . An x 2 X kai y 2 Y

oi tomËc tou C sta x kai y ant–stoiqa e–nai oi

C

x

= {y 2 Y : (x, y) 2 C} kai Cy = {x 2 X : (x, y) 2 C}. (9.4)

x

C

x

y

C

y

Sq†ma 9.1: Oi tomËc enÏc sunÏlou C

An epiplËon f : X ⇥ Y ! R mia sunàrthsh, tÏte or–zontai oi sunart†seic
f

x

: Y ! R kai fy : X ! R me

f

x

(y) = f(x, y) kai fy(x) = f(x, y). (9.5)

Parathr†ste Ïti an h f e–nai thc morf†c f = �

C

gia kàpoio C ✓ X ⇥ Y , tÏte
f

x

= (�
C

)
x

= �

C

x

, afo‘ gia x 2 X stajerÏ e–nai f(x, y) = 1 an kai mÏnon an
(x, y) 2 C, dhlad† y 2 C

x

. Tele–wc Ïmoia isq‘ei kai fy = (�
C

)y = �

C

y .
Ep–shc, an to C e–nai thc morf†c A⇥B gia kàpoia A ✓ X kai B ✓ Y , tÏte

C

x

=

(

B, an x 2 A

;, diaforetikà
kai C

y =

(

A, an y 2 B

;, diaforetikà
. (9.6)

Genikà isq‘oun ta ex†c:

PrÏtash 9.1.3. 'Estw (X,A) kai (Y,B) d‘o metr†simoi q∏roi.
(i) An C 2 A⌦B Ëna metr†simo s‘nolo, tÏte C

x

2 B kai Cy 2 A gia kàje x 2 X

kai y 2 Y .

(ii) An h f e–nai mia metr†simh sunàrthsh sto X⇥Y , tÏte h f
x

e–nai B-metr†simh
gia kàje x 2 X kai h f

y e–nai A-metr†simh gia kàje y 2 Y .

ApÏdeixh. (i) Jewro‘me thn oikogËneia

C = {C 2 A⌦ B : C
x

2 B, gia kàje x 2 X}. (9.7)

Ja de–xoume Ïti C = A⌦ B. Parathro‘me arqikà, Ïti an C = A⇥B Ëna metr†simo
orjog∏nio, tÏte apÏ thn (9.6) C

x

2 B gia kàje x 2 X kai àra h C periËqei ta
metr†sima orjog∏nia. Gia na deiqje– loipÏn to zhto‘meno, arke– na de–xoume Ïti h C
e–nai �-àlgebra. Parathr†ste arqikà Ïti isq‘oun oi sqËseic:

�

(X ⇥ Y ) \ C�
x

= Y \ C
x

kai

 1
[

n=1

C

n

!

x

=

1
[

n=1

(C
n

)
x

(9.8)
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(na tic elËgxete). ApÏ autËc t∏ra, Ëpetai Ïti h oikogËneia C e–nai kleist† sta
sumplhr∏mata kai stic arijm†simec en∏seic, dhlad† e–nai �-àlgebra, Ïpwc jËlame.
'Ara, pràgmati isq‘ei to zhto‘meno. Tele–wc Ïmoia de–qnoume kai Ïti Cy 2 A.
(ii) 'Estw (Z,D) Ënac metr†simoc q∏roc kai f : (X ⇥ Y,A⌦B) ! (Z,D) metr†simh
sunàrthsh. TÏte, gia D 2 D e–nai

(f
x

)�1(D) = {y 2 Y : f
x

(y) = f(x, y) 2 D} =
�

f

�1(D)
�

x

2 B
apÏ to (i). 'Omoia kai h fy e–nai metr†simh.

SqÏlio. Sto (ii) parapànw qrhsimopoi†same th genik† Ënnoia thc metrhsimÏthtac
tou prohgo‘menou kefala–ou. An h sunàrthsh f pa–rnei timËc sto [�1,1] ta
ant–stoiqa s‘nola D e–nai ta diast†mata thc morf†c (�1, b] Ïpou b 2 R en∏ an
pa–rnei timËc sto C e–nai ta Borel upos‘nola tou C.
Eisàgoume se autÏ to shmËio Ëna sumbolismÏ: An f mia metr†simh sunàrthsh se

Ëna q∏ro mËtrou (X,A, µ) ja gràfoume
Z

f dµ =

Z

X

f(x) dµ(x) (9.9)

gia na xeqwr–zoume kàje forà th metablht† olokl†rwshc.
'Opwc e–pame kai sthn arq† tou kefala–ou jËloume na apode–xoume jewr†mata

t‘pou Fubini se arketà «kalËc» katastàseic. EidikÏtera, an (X,A, µ) kai (Y,B, ⌫)
d‘o «kalo–» q∏roi mËtrou kai f : X ⇥ Y ! R mia «kal†» sunàrthsh ja jËlame na
mporo‘me na allàxoume th seirà thc dipl†c olokl†rwshc, dhlad†

Z

X

✓

Z

Y

f(x, y) d⌫(y)

◆

dµ(x) =

Z

Y

✓

Z

X

f(x, y) dµ(x)

◆

d⌫(y). (9.10)

L–go pio prosektikà, mporo‘me na gràyoume thn teleuta–a kai wc
Z

X

✓

Z

Y

f

x

(y) d⌫(y)

◆

dµ(x) =

Z

Y

✓

Z

X

f

y(x) dµ(x)

◆

d⌫(y). (9.11)

Eke–noi oi q∏roi mËtrou gia touc opo–ouc ja pet‘qoume tËtoiac f‘shc apotelËsmata
e–nai akrib∏c oi q∏roi �-peperasmËnou mËtrou. Ja fane– argÏtera poiËc ja e–nai oi
«kalËc» sunart†seic, allà se kàje per–ptwsh ja jËlame oi qarakthristikËc sunar-
t†seic na e–nai tËtoiec. 'Eqoume loipÏn to ex†c apotËlesma:

Je∏rhma 9.1.4 (Fubini gia qarakthristikËc sunart†seic). 'Estw (X,A, µ) kai
(Y,B, ⌫) q∏roi �-peperasmËnou mËtrou. Gia C 2 A ⌦ B jewro‘me tic sunart†seic
�

C

: X ! [0,1] kai  
C

: Y ! [0,1] pou or–zontai wc

�

C

(x) = ⌫(C
x

) =

Z

Y

�

C

x

(y) d⌫(y) =

Z

Y

�

C

(x, y) d⌫(y) (9.12)

kai

 

C

(y) = µ(Cy) =

Z

X

�

C

y (x) dµ(x) =

Z

X

�

C

(x, y) dµ(x). (9.13)

TÏte h �
C

e–nai A-metr†simh, h  
C

B-metr†simh kai epiplËon isq‘ei
Z

X

�

C

dµ =

Z

Y

 

C

d⌫, (9.14)
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† isod‘nama

Z

X

✓

Z

Y

�

C

(x, y) d⌫(y)

◆

dµ(x) =

Z

Y

✓

Z

X

�

C

(x, y) dµ(x)

◆

d⌫(y). (9.15)

ApÏdeixh. UpojËtoume arqikà Ïti ta µ kai ⌫ e–nai peperasmËna. Jewro‘me thn
oikogËneia

C =

⇢

C 2 A⌦ B :

Z

X

�

C

dµ =

Z

Y

 

C

d⌫

�

(9.16)

kai ja de–xoume Ïti C = A⌦B. 'Omwc A⌦B = �(�), Ïpou � h oikogËneia Ïlwn twn
metr†simwn orjogwn–wn kai afo‘ h � e–nai kleist† stic peperasmËnec tomËc (giat–;)
sumpera–noume Ïti epiplËon isq‘ei A⌦ B = �(�) apÏ to Je∏rhma 1.2.4. EpomËnwc,
arke– na de–xoume Ïti:

1. H C periËqei ta metr†sima orjog∏nia.
2. H C e–nai klàsh Dynkin.

Gia to pr∏to, an C = A ⇥ B me A 2 A kai B 2 B Ëqoume Ïti C
x

= B gia
x 2 A kai C

x

= ; alli∏c. Ep–shc Cy = A gia y 2 B kai Cy = ; alli∏c kai àra
�

C

(x) = ⌫(B)�
A

kai  
C

(y) = µ(A)�
B

metr†simec sunart†seic. EpomËnwc
Z

X

�

C

dµ =

Z

A

⌫(B) dµ = µ(A)⌫(B) =

Z

B

µ(A) d⌫ =

Z

Y

 

C

d⌫.

Gia to de‘tero, prËpei na elËgxoume tic idiÏthtec tou orismo‘ thc klàshc Dynkin.
Kat' arqàc profan∏c X ⇥ Y 2 C afo‘ to X ⇥ Y e–nai metr†simo orjog∏nio.

Jewro‘me (C
n

)
n

a‘xousa akolouj–a stoiqe–wn thc C kai ja de–xoume Ïti C :=
S

n

C

n

2 C. 'Olec oi �
C

n

kai  
C

n

e–nai metr†simec kai epiplËon isq‘ei
Z

X

�

C

n

dµ =

Z

Y

 

C

n

d⌫

gia kàje n. Afo‘ h (C
n

)
n

e–nai a‘xousa, to –dio isq‘ei kai gia tic
�

(C
n

)
x

�

kai
�

(C
n

)y
�

kai epiplËon Ëqoume

C

x

=

1
[

n=1

(C
n

)
x

kai C

y =

1
[

n=1

(C
n

)y.

'Etsi, oi (�
C

n

) kai ( 
C

n

) e–nai a‘xousec kai epiplËon

�

C

(x) = ⌫(C
x

) = lim
n

⌫

�

(C
n

)
x

�

= lim
n

�

C

n

(x)

kai
 

C

(y) = µ(Cy) = lim
n

µ

�

(C
n

)y
�

= lim
n

 

C

n

(y)

gia kàje x 2 X kai y 2 Y . 'Etsi, oi �
C

kai  
C

e–nai metr†simec kai epiplËon, apÏ
to Je∏rhma MonÏtonhc S‘gklishc 6.2.6 Ëqoume Ïti

Z

X

�

C

dµ = lim
n

Z

X

�

C

n

dµ = lim
n

Z

Y

 

C

n

d⌫ =

Z

Y

 

C

d⌫,
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dhlad† pràgmati C 2 C.
Jewro‘me t∏ra d‘o s‘nola C,D 2 C me C ✓ D kai ja de–xoume Ïti D \ C 2 C.

Gia x 2 X kai y 2 Y e–nai

(D \ C)
x

= D

x

\ C
x

kai (D \X)y = D

y \ Cy (9.17)

kai àra, afo‘ C
x

✓ D

x

kai Cy ✓ D

y kai ta µ kai ⌫ e–nai peperasmËna Ëqoume:

�

D\C(x) = ⌫(D
x

\ C
x

) = ⌫(D
x

)� ⌫(C
x

) = �

D

(x)� �

C

(x)

kai Ïmoia  
D\C =  

D

�  

C

. 'Epetai loipÏn Ïti oi �
D\C kai  D\C e–nai metr†simec

kai epiplËon
Z

X

�

D\C dµ =

Z

X

�

D

� �

C

dµ =

Z

X

�

D

dµ�
Z

X

�

C

dµ =

=

Z

Y

 

D

d⌫ �
Z

Y

 

C

d⌫ =

Z

Y

 

D

�  

C

d⌫ =

Z

Y

 

D\C d⌫.

'Ara pràgmati D \ C 2 C.
'Etsi, isq‘oun ta 1 kai 2 parapànw kai àra Ëpetai kai to zhto‘meno sthn pe-

r–ptwsh twn peperasmËnwn mËtrwn. Sth genik† per–ptwsh t∏ra, br–skoume a‘xousec
akolouj–ec (X

n

)
n

kai (Y
n

)
n

stic A kai B ant–stoiqa ∏ste X =
S

n

X

n

, Y =
S

n

Y

n

kai gia kàje n isq‘ei µ(X
n

), ⌫(Y
n

) < 1. Jewro‘me, wc sun†jwc, touc periorismo‘c
µ

n

kai ⌫
n

twn µ kai ⌫ pou or–zontai wc

µ

n

(A) = µ(A \X

n

) kai ⌫
n

(B) = ⌫(B \ Y

n

)

gia n 2 N, A 2 A kai B 2 B.
Ta µ

n

kai ⌫
n

e–nai peperasmËna mËtra kai gia opoiesd†pote metr†simec sunar-
t†seic f kai g sta X kai Y ant–stoiqa isq‘ei

Z

X

f dµ

n

=

Z

X

n

f dµ kai
Z

Y

g d⌫

n

=

Z

Y

n

g d⌫, (9.18)

arke– na or–zontai Ïla ta oloklhr∏mata. (H apÏdeixh aut∏n twn sqËsewn af†netai
wc àskhsh.) Afo‘ ta µ

n

kai ⌫
n

e–nai peperasmËna, s‘mfwna me ta parapànw oi
sunart†seic

x 7! ⌫

n

(C
x

) kai y 7! µ

n

(Cy)

e–nai metr†simec kai epiplËon isq‘ei
Z

X

⌫

n

(C
x

) dµ
n

(x) =

Z

Y

µ

n

(Cy) d⌫
n

(y)

gia kàje n. S‘mfwna me th sqËsh (9.18) t∏ra h teleuta–a gràfetai wc
Z

X

⌫

n

(C
x

)�
X

n

(x) dµ(x) =

Z

Y

µ

n

(Cy)�
Y

n

(y) d⌫(y). (9.19)

'Omwc, e‘kola blepoume Ïti �
C

(x) = ⌫(C
x

) = lim
n

⌫

n

(C
x

) kai Ïmoia  
C

(y) =
lim

n

µ

n

(Cy) kai àra oi �
C

kai  
C

e–nai metr†simec sunart†seic. T∏ra, afo‘ oi
akolouj–ec (X

n

) kai (Y
n

) e–nai a‘xousec to –dio isq‘ei kai gia tic upÏ olokl†rwsh
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akolouj–ec thc sqËshc (9.19). EpomËnwc, stËlnontac to n sto 1 Ëqoume (apÏ to
Je∏rhma MonÏtonhc S‘gklishc 6.2.6) Ïti

Z

X

�

C

(x) dµ(x) =

Z

Y

 

C

(y) d⌫(y),

Ïpwc jËlame. 'Etsi oloklhr∏netai h apÏdeixh tou Jewr†matoc.

An upojËtame proc stigm†n Ïti e–qe oriste– Ëna mËtro ⇢ ston (X⇥Y,A⌦B) ∏ste
na ikanopoie–tai h (9.1) kai jËlame na isq‘ei kai kàpoio apotËlesma t‘pou Fubini gia
thn f = �

C

ja Ëprepe:
Z

X

�

C

dµ =

Z

Y

 

C

d⌫ =

Z

X⇥Y

�

C

d⇢ = ⇢(C).

Me bàsh aut† thn parat†thsh apodeikn‘oume loipÏn to ex†c:

Je∏rhma 9.1.5. 'Estw (X,A, µ) kai (Y,B, ⌫) d‘o q∏roi �-peperasmËnou mËtrou.
TÏte upàrqei Ëna monadikÏ mËtro ⇢ sto q∏ro (X ⇥ Y,A⌦ B) ∏ste

⇢(A⇥B) = µ(A)⌫(B), gia kàje A 2 A kai B 2 B. (9.20)

Ep–plËon to ⇢ d–netai apÏ th sqËsh

⇢(C) =

Z

X

�

C

dµ =

Z

Y

 

C

d⌫, gia C 2 A⌦ B, (9.21)

Ïpou oi �
C

kai  
C

e–nai Ïpwc sto prohgo‘meno je∏rhma.

ApÏdeixh. Apodeikn‘oume arqikà thn ‘parxh. Jewro‘me loipÏn th sunàrthsh ⇢
pou or–zetai apÏ tic sqËseic (9.21) kai ja de–xoume Ïti or–zei Ëna mËtro sto q∏ro
(X ⇥ Y,A⌦ B). Kat' arqàc e–nai

⇢(;) =
Z

X

�; dµ =

Z

X

⌫(;
x

) dµ(x) = 0.

EpomËnwc, mËnei na deiqje– mÏno h arijm†simh prosjetikÏthta. Jewro‘me loipÏn mia
akolouj–a (C

n

)
n

xËnwn anà d‘o stoiqe–wn thc A⌦ B kai ja de–xoume Ïti

⇢

 1
[

n=1

C

n

!

=

1
X

n=1

⇢(C
n

). (9.22)

Upolog–zoume loipÏn:

⇢

 1
[

n=1

C

n

!

=

Z

X

�[
n

C

n

dµ =

Z

X

⌫

 1
[

n=1

(C
n

)
x

!

dµ(x) =

Z

X

1
X

n=1

⌫

�

(C
n

)
x

�

dµ(x) =

=

1
X

n=1

Z

X

⌫

�

(C
n

)
x

�

dµ(x) =

1
X

n=1

Z

X

�

C

n

dµ =

1
X

n=1

⇢(C
n

),
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Ïpou sthn tr–th isÏthta qrhsimopoi†same Ïti ta (C
n

)
x

e–nai xËna anà d‘o kai sthn
epÏmenh to Je∏rhma Beppo Levi 6.2.10. 'Etsi, pràgmati to ⇢ e–nai mËtro. An A⇥B

Ëna metr†simo orjog∏nio t∏ra, dhlad† A 2 A kai B 2 B Ëqoume:

⇢(A⇥B) =

Z

X

⌫

�

(A⇥B)
x

�

dµ(x) =

Z

A

⌫(B) dµ(x) = µ(A)⌫(B).

Sunep∏c, pràgmati to ⇢ ikanopoie– ta zhto‘mena, àra pràgmati to mËtro ginÏmeno
gia q∏rouc �-peperasmËnou mËtrou upàrqei.

Gia th monadikÏthta t∏ra, jewro‘me ⌧ Ëna àllo mËtro sto q∏ro (X ⇥Y,A⌦B)
me thn idiÏthta

⌧(A⇥B) = µ(A)⌫(B), gia kàje A 2 A kai B 2 B

kai ja de–xoume Ïti taut–zetai me to ⇢. Br–skoume a‘xousec akolouj–ec (X
n

) kai
(Y

n

) metr†simwn sunÏlwn ∏ste X =
S

n

X

n

kai Y =
S

n

Y

n

kai ep–shc, gia kàje
n na isq‘ei µ(X

n

) < 1 kai ⌫(Y
n

) < 1. TÏte Ïmwc, X ⇥ Y =
S

n

(X
n

⇥ Y

n

) kai
epiplËon

⌧(X
n

⇥ Y

n

) = µ(X
n

)⌫(Y
n

) = ⇢(X
n

⇥ Y

n

) < 1.

'Etsi, afo‘ h oikogËneia twn metr†simwn orjogwn–wn e–nai kleist† stic peperasmËnec
tomËc Ëpetai, apÏ to Je∏rhma MonadikÏthtac 2.2.1, Ïti ⇢ = ⌧ .

OrismÏc 9.1.6. 'Estw (X,A, µ) kai (Y,B, ⌫) d‘o q∏roi �-peperasmËnou mËtrou.
To monadikÏ mËtro ⇢ pou exasfal–zetai apÏ to prohgo‘meno je∏rhma lËgetai mËtro
ginÏmeno twn µ kai ⌫ kai sumbol–zetai me µ⇥⌫. O q∏roc mËtrou (X⇥Y,A⌦B, µ⇥⌫)
lËgetai q∏roc ginÏmeno twn (X,A, µ) kai (Y,B, ⌫).

Parathr†ste Ïti me ton trÏpo pou or–sthke to mËtro ginÏmeno e–maste t∏ra se
jËsh na xanagràyoume th sqËsh (9.14) wc ex†c:

Z

X

�

C

dµ =

Z

Y

 

C

d⌫ =

Z

X⇥Y

�

C

d(µ⇥ ⌫). (9.23)

PÏrisma 9.1.7 (Arq† Cavalieri). 'Estw (X,A, µ) kai (Y,B, ⌫) d‘o q∏roi �-
peperasmËnou mËtrou. An C,D 2 A⌦ B gia ta opo–a

⌫(C
x

) = ⌫(D
x

) µ� sqedÏn gia kàje x 2 X

tÏte (µ⇥ ⌫)(C) = (µ⇥ ⌫)(D).

ApÏdeixh. H dosmËnh sqËsh gràfetai kai wc �
C

= �

D

µ�s.p. sto X kai àra,
pràgmati

(µ⇥ ⌫)(C) =

Z

X

�

C

dµ =

Z

X

�

D

dµ = (µ⇥ ⌫)(D).

Exetàzoume t∏ra th sumperiforà tou mËtrou Lebesgue sta ginÏmena:

Paràdeigma 9.1.8. Gia n 2 N jewro‘me to mËtro Lebesgue �
n

sto metr†simo
q∏ro (Rn

,B(Rn)). An k,m 2 N me n = k +m, tÏte:
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(a˛) Isq‘ei B(Rn) = B(Rk) ⌦ B(Rm), Ïpou Ëqoume kànei fusikà thn ta‘tish Rn =
Rk ⇥ Rm.

(b˛) E–nai �
n

= �

k

⇥ �

m

.

ApÏdeixh. (a') Ja apode–xoume diadoqikà touc d‘o egkleismo‘c. Jewro‘me arqikà
d‘o s‘nola A 2 B(Rk) kai B 2 B(Rm) kai ja de–xoume Ïti A⇥B 2 B(Rn). An

⇡1 : Rn ⌘ Rk ⇥ Rm ! Rk kai ⇡2 : Rn ⌘ Rk ⇥ Rm ! Rm

oi apeikon–seic probol†c, tÏte mporo‘me na gràyoume

A⇥B = (A⇥ Rm) \ (Rk ⇥B) = ⇡

�1
1 (A) \ ⇡�1

2 (B).

Afo‘ oi ⇡1 kai ⇡2 e–nai suneqe–c sumpera–noume Ïti ta ⇡�1
1 (A) kai ⇡�1

2 (B) e–nai s‘nola
Borel ston Rn kai àra to –dio isq‘ei kai gia to A ⇥ B. Sunep∏c h B(Rn) periËqei
ta metr†sima orjog∏nia kai afo‘ epiplËon e–nai �-àlgebra Ëqoume ton egkleismÏ
B(Rk)⌦ B(Rm) ✓ B(Rn).

Gia ton ant–strofo egkleismÏ t∏ra, arke– fusikà na de–xoume Ïti an G Ëna
anoiktÏ upos‘nolo tou Rn tÏte G 2 B(Rk) ⌦ B(Rm), afo‘ h B(Rn) paràgetai
apÏ ta anoiktà s‘nola. ApÏ to basikÏ L†mma 3.2.3 mporo‘me na bro‘me akolouj–a
xËnwn anà d‘o diasthmàtwn R

t

, t = 1, 2, ... ston Rn ∏ste

G =

1
[

t=1

R

t

.

E–nai safËc Ïmwc, Ïti kàje diàsthma R
t

gràfetai sth morf† R
t

= R

(1)
t

⇥R

(2)
t

Ïpou
to R

(1)
t

e–nai Ëna diàsthma ston Rk kai to R

(2)
t

e–nai Ëna diàsthma ston Rm kai àra
R

t

2 B(Rk)⌦ B(Rm) gia kàje t. 'Epetai loipÏn kai Ïti

G =

1
[

n=1

R

t

=

1
[

n=1

(R
(1)
t

⇥R

(2)
t

) 2 B(Rk)⌦ B(Rm)

àra kai h zhto‘menh isÏthta.

(b') Gnwr–zoume Ïti to mËtro Lebesgue e–nai to monadikÏ mËtro Borel ston Rn ∏ste

�

n

(I) = v
n

(I), gia kàje I diàsthma ston Rn

,

Ïpou v
n

o n-diàstatoc Ïgkoc tou I. An I Ëna tËtoio diàsthma, tÏte mporo‘me na
gràyoume I = I

(1)⇥ I

(2) Ïpou ta I(1) kai I(2) e–nai diast†mata ston Rk kai ston Rm

ant–stoiqa kai àra:

(�
k

⇥ �

m

)(I) = (�
k

⇥ �

m

)(I(1) ⇥ I

(2)) = �

k

(I(1))�
m

(I(2)) =

v
k

(I(1))v
m

(I(2)) = v
n

(I(1) ⇥ I

(2)) = v
n

(I).

'Etsi, pràgmati �
n

= �

k

⇥ �

m

.

Paràdeigma 9.1.9. To je∏rhma Fubini gia qarakthristikËc sunart†seic mpore–
na mhn isq‘ei an Ëstw kai Ëna apÏ ta µ kai ⌫ den e–nai �-peperasmËno.
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ApÏdeixh. 'Estw (X,A) = (Y,B) = ([0, 1],B([0, 1])), µ to mËtro Lebesgue sto
(X,A) kai ⌫ to arijmhtikÏ mËtro ston (Y,B). Jewro‘me to � = {(x, x) : x 2
[0, 1]} ✓ X⇥Y kai parathro‘me Ïti � 2 A⌦B kai ep–shc gia x 2 X kai y 2 Y e–nai

��(x) = ⌫(�
x

) = ⌫({x}) = 1

kai
 �(y) = µ(�y) = µ({y}) = 0.

Sunep∏c,
Z

X

�� dµ = 1 6= 0 =

Z

Y

 � d⌫.

SqÏlio. Sthn enÏthta aut† apode–xame loipÏn Ïti sthn per–ptwsh pou Ëqoume d‘o
q∏rouc �-peperasmËnou mËtrou or–zetai pànta Ëna monadikÏ mËtro ginÏmeno (dhlad†
pou na ikanopoie– th sqËsh 9.1) sto q∏ro ginÏmeno. Den e–nai genikà swstÏ, an
afairËsoume thn upÏjesh tou �-peperasmËnou mËtrou, Ïti upàrqei pànta mÏno Ëna
tËtoio mËtro: sthn àskhsh 13 d–netai Ëna antiparàdeigma. ParÏla autà e–nai gegonÏc
Ïti gia opoiousd†pote d‘o q∏rouc mËtrou (X,A, µ) kai (Y,B, ⌫) upàrqei Ëna mËtro
⇢ ston (X ⇥ Y,A⌦B) pou na ikanopoie– thn (9.1). H apÏdeixh auto‘ tou Jewr†ma-
toc qrhsimopoie– to Je∏rhma EpËktashc tou Karajeodwr† allà xefe‘gei apÏ touc
skopo‘c aut∏n twn shmei∏sewn. Ja skiagraf†soume ta basikà thc b†mata sthn
àskhsh 12 parakàtw.

9.2 Ta jewr†mata Tonelli kai Fubini

Sthn enÏthta aut† ja apode–xoume d‘o diaforetikËc ekdoqËc jewrhmàtwn t‘pou
Fubini. S‘mfwna me to Je∏rhma 9.1.4 kai ton OrismÏ 9.1.6, an oi X kai Y e–nai
q∏roi �-peperasmËnou mËtrou kai f = �

C

gia kàpoio C 2 A⌦ B, tÏte isq‘ei
Z

X

✓

Z

Y

f d⌫

◆

dµ =

Z

Y

✓

Z

X

f dµ

◆

d⌫ =

Z

X⇥Y

f d(µ⇥ ⌫). (9.24)

O stÏqoc mac e–nai na apode–xoume tËtoiec tautÏthtec gia eur‘terec klàseic sunar-
t†sewn. To fusiologikÏtero pou ja skeftÏtan màllon kane–c e–nai na proqwr†soume
Ïpwc akrib∏c kai ston orismÏ tou oloklhr∏matoc sto kefàlaio 6: metà apÏ tic qa-
rakthristikËc na ftàsoume stic aplËc, sth sunËqeia stic mh arnhtikËc metr†simec
kai tËloc stic oloklhr∏simec. Aut† akrib∏c thn pore–a ja krat†soume; xekinàme
loipÏn apÏ to ex†c:

Je∏rhma 9.2.1 (Tonelli). 'Estw (X,A, µ) kai (Y,B, ⌫) d‘o q∏roi �-peperasmËnou
mËtrou. An f : X⇥Y ! [0,1] mia metr†simh sunàrthsh jewro‘me tic sunart†seic
�

f

: X ! [0,1] kai  
f

: Y ! [0,1] pou or–zontai wc

�

f

(x) =

Z

Y

f

x

d⌫ =

Z

Y

f(x, y) d⌫(y) (9.25)

kai

 

f

(y) =

Z

X

f

y

dµ =

Z

X

f(x, y) dµ(x). (9.26)
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TÏte h �
f

e–nai A-metr†simh, h  
f

B-metr†simh kai epiplËon isq‘ei
Z

X

�

f

dµ =

Z

Y

 

f

d⌫ =

Z

X⇥Y

f d(µ⇥ ⌫) (9.27)

† isod‘nama

Z

X

✓

Z

Y

f(x, y) d⌫(y)

◆

dµ(x) =

Z

Y

✓

Z

X

f(x, y) dµ(x)

◆

d⌫(y) =

Z

X⇥Y

f d(µ⇥ ⌫).

(9.28)

ApÏdeixh. Kat' arqàc, oi �
f

kai  
f

e–nai kalà orismËnec s‘mfwna me thn PrÏtash
9.1.3. Wc sun†jwc, d–noume thn apÏdeixh se b†mata:

B†ma 1. H f e–nai thc morf†c f = �

C

gia kàpoio C 2 A⌦ B.
'Opwc e–pame kai prin th diat‘pwsh tou jewr†matoc, prok‘ptei àmesa apÏ to Je-
∏rhma 9.1.4 kai ton OrismÏ 9.1.6, an parathr†soume Ïti �

f

= �

C

kai  
f

=  

C

akolouj∏ntac touc sumbolismo‘c tou Jewr†matoc 9.1.4.

B†ma 2. H f e–nai mh arnhtik† apl† sunàrthsh, dhlad† thc morf†c

f =

n

X

j=1

a

j

�

C

j

gia kàpoia a
j

� 0 kai C
j

2 A⌦ B.
E–nai emfanËc Ïti gia x 2 X e–nai

f

x

=

n

X

j=1

a

j

(�
C

j

)
x

kai katà sunËpeia h grammikÏthta tou oloklhr∏matoc d–nei

�

f

=

n

X

j=1

a

j

�

C

j

(9.29)

h opo–a e–nai metr†simh. Telei∏c Ïmoia fusikà, pa–rnoume Ïti

 

f

=

n

X

j=1

a

j

 

C

j

(9.30)

kai àra kai h  
f

e–nai metr†simh. EpiplËon, apÏ to B†ma 1, gia kàje j Ëqoume
Z

X

�

C

j

dµ =

Z

Y

 

C

j

d⌫ =

Z

X⇥Y

�

C

j

d(µ⇥ ⌫).

Pollaplasiàzontac autËc tic sqËseic me a
j

kai prosjËtontac pa–rnoume Ïti (lÏgw
twn (9.29) kai (9.30)) Ïti

Z

X

�

f

dµ =

Z

Y

 

f

d⌫ =

Z

X⇥Y

f d(µ⇥ ⌫),
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dhlad† th zhto‘menh.

B†ma 3. H f e–nai tuqo‘sa mh arnhtik† metr†simh sunàrthsh.

Katà ta gnwstà, upàrqei a‘xousa akolouj–a (s
n

)
n

mh arnhtik∏n apl∏n metr†simwn
sunart†sewn ∏ste s

n

% f . TÏte, gia x 2 X, h akolouj–a sunart†sewn
�

(s
n

)
x

�

n

e–nai a‘xousa kai epiplËon (s
n

)
x

% f

x

. Katà sunËpeia, apÏ to Je∏rhma MonÏtonhc
S‘gklishc Ëqoume Ïti

lim
n

�

s

n

(x) = lim
n

Z

Y

(s
n

)
x

d⌫ =

Z

Y

f

x

d⌫ = �

f

(x).

Tele–wc Ïmoia Ëqoume kai th sqËsh

lim
n

 

s

n

(y) =  

f

(y)

gia kàje y 2 Y . 'Omwc, apÏ to B†ma 2 oi �
s

n

kai  
s

n

e–nai metr†simec gia kàje n
kai epiplËon isq‘ei

Z

X

�

s

n

dµ =

Z

Y

 

s

n

d⌫ =

Z

X⇥Y

s

n

d(µ⇥ ⌫).

'Ara, kai oi sunart†seic �
f

kai  
f

e–nai metr†simec kai màlista, afo‘ kai oi (�
s

n

)
n

kai ( 
s

n

)
n

e–nai a‘xousec (giat–;), Ëpetai apÏ to Je∏rhma MonÏtonhc S‘gklishc Ïti
Z

X

�

f

dµ =

Z

Y

 

f

d⌫ =

Z

X⇥Y

f d(µ⇥ ⌫).

PÏrisma 9.2.2. 'Estw (X,A, µ) kai (Y,B, ⌫) duo q∏roi �-peperasmËnou mËtrou
kai mia metr†simh sunàrthsh f : X ⇥ Y ! C. Ta akÏlouja e–nai isod‘nama:

(i) H f e–nai oloklhr∏simh, dhlad† f 2 L1(µ⇥ ⌫).

(ii) Isq‘ei
R

X

R

Y

|f(x, y)| d⌫(y) dµ(x) < 1.
(iii) Isq‘ei

R

Y

R

X

|f(x, y)| dµ(x) d⌫(y) < 1.
ApÏdeixh. H |f | e–nai metr†simh, mh arnhtik† sunàrthsh kai apÏ to Je∏rhma Tonelli
isq‘ei:
Z

X

Z

Y

|f(x, y)| d⌫(y) dµ(x) =
Z

Y

Z

X

|f(x, y)| dµ(x) d⌫(y) =
Z

X⇥Y

|f | d(µ⇥ ⌫).

Profan∏c loipÏn an isq‘ei m–a apÏ tic (i)-(iii), dhlad† Ëna apÏ ta tr–a oloklhr∏mata
e–nai peperasmËno tÏte to –dio isq‘ei kai gia tic àllec d‘o.

To epÏmeno b†ma e–nai na melet†soume fusikà t– g–netai me tic oloklhr∏simec
sunart†seic pou pa–rnoun timËc sto C. Gia autËc isq‘ei to ex†c:

Je∏rhma 9.2.3 (Fubini). 'Estw (X,A, µ) kai (Y,B, ⌫) d‘o q∏roi �-peperasmËnou
mËtrou kai mia oloklhr∏simh sunàrthsh f 2 L1(µ⇥ ⌫). TÏte:

(i) Isq‘ei f
x

2 L1(⌫) µ�sqedÏn gia kàje x 2 X kai fy 2 L1(µ) ⌫�sqedÏn gia
kàje y 2 Y .
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(ii) Oi sunart†seic �
f

: X ! C kai  
f

: Y ! C pou or–zontai wc

�

f

(x) =

(

R

Y

f

x

(y) d⌫(y), an f
x

2 L1(⌫)

0, diaforetikà
(9.31)

kai

 

f

(y) =

(

R

X

f

y(x) dµ(x), an fy 2 L1(µ)

0, diaforetikà
(9.32)

an†koun stouc L1(µ) kai L1(⌫) ant–stoiqa kai epiplËon isq‘ei
Z

X

�

f

dµ =

Z

Y

 

f

d⌫ =

Z

X⇥Y

f d(µ⇥ ⌫) (9.33)

dhlad†, ousiastikà
Z

X

✓

Z

Y

f(x, y) d⌫(y)

◆

dµ(x) =

Z

Y

✓

Z

X

f(x, y) dµ(x)

◆

d⌫(y) =

Z

X⇥Y

f d(µ⇥⌫).
(9.34)

ApÏdeixh. Ja qrhsimopoio‘me kai to sumbolismÏ �
h

kai  
h

gia mia metr†simh su-
nàrthsh h : X ⇥ Y ! [0,1] Ïpwc kàname sto Je∏rhma Tonelli.

(i) Afo‘ f 2 L1(µ⇥ ⌫), s‘mfwna me to prohgo‘meno pÏrisma Ëqoume Ïti
Z

X

✓

Z

Y

|f
x

(y)| d⌫(y)
◆

dµ(x) < 1

kai katà sunËpeia
Z

Y

|f
x

(y)| d⌫(y) < 1

µ�sqedÏn gia kàje x 2 X (exhg†ste to autÏ analutikà). Me àlla lÏgia f
x

2 L1(⌫)
µ�sqedÏn gia kàje x 2 X. Tele–wc Ïmoia Ëqoume kai Ïti fy 2 L1(µ) ⌫�sqedÏn gia
kàje y 2 Y .

(ii) JËtoume A = {x 2 X : f
x

/2 L1(⌫)} kai parathro‘me Ïti gia Ëna x 2 X e–nai
Z

Y

|f
x

(y)| d⌫(y) = 1 an kai mÏno an �|f |(x) = 0

kai àra A 2 A me µ(A) = 0, afo‘ h �|f | e–nai metr†simh. Gia thn apÏdeixh thc (9.33)
t∏ra:

UpojËtoume arqikà Ïti h f e–nai pragmatik† sunàrthsh. Gia x 2 X \A Ëqoume

�

f

(x) =

Z

Y

f

x

(y) d⌫(y) =

Z

Y

(f
x

)+(y) d⌫(y)�
Z

Y

(f
x

)�(y) d⌫(y) =

=

Z

Y

(f+)
x

(y) d⌫(y)�
Z

Y

(f�)
x

(y) d⌫(y) = �

f

+(x)� �

f

�(x).

'Ara �
f

= (�
f

+ � �

f

�)�
X\A. ApÏ to Je∏rhma Tonelli loipÏn, h �f e–nai metr†simh

kai epiplËon, afo‘ µ(A) = 0 kai f 2 L1(µ⇥ ⌫) isq‘oun oi:
Z

X

�

f

+
�

X\A dµ =

Z

X

�

f

+
dµ =

Z

X⇥Y

f

+
d(µ⇥ ⌫) < 1
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kai
Z

X

�

f

�
�

X\A dµ =

Z

X

�

f

�
dµ =

Z

X⇥Y

f

�
d(µ⇥ ⌫) < 1.

Sunep∏c
Z

X

|�
f

| dµ 
Z

X

�

f

+
dµ+

Z

X

�

f

�
dµ =

Z

X⇥Y

|f | d(µ⇥ ⌫) < 1,

dhlad† �
f

2 L1(µ). Màlista e–nai kai
Z

X

�

f

dµ =

Z

X

�

f

+
�

X\A dµ�
Z

X

�

f

�
�

X\A dµ =

=

Z

X⇥Y

f

+
d(µ⇥ ⌫)�

Z

X⇥Y

f

�
d(µ⇥ ⌫) =

Z

X⇥Y

f d(µ⇥ ⌫).

Tele–wc anàloga apodeikn‘etai kai h sqËsh me thn  
f

.
Gia th genik† per–ptwsh t∏ra: gràfoume f = f1 + if2 Ïpou oi f1, f2 e–nai prag-

matikËc sunart†seic, oloklhr∏simec wc proc µ⇥ ⌫. JËtoume

A1 = {x 2 X : (f1)x /2 L1(⌫)} kai A2 = {x 2 X : (f2)x /2 L1(⌫)}.
Afo‘ f

x

= (f1)x + i(f2)x Ëpetai Ïti A = {x 2 X : f

x

/2 L1(⌫)} = A1 [ A2

(sunep∏c µ(A) = 0) kai ep–shc �
f

= (�
f1 + i�

f2)�X\A. 'Ara h �f e–nai metr†simh
kai �

f

= �

f1 + i�

f2 µ�s.p. sto X kai sunep∏c �
f

2 L1(µ) kai
Z

X

�

f

dµ =

Z

X

�

f1 dµ+ i

Z

X

�

f2 dµ =

=

Z

X⇥Y

f1 d(µ⇥ ⌫) + i

Z

X⇥Y

f2 d(µ⇥ ⌫) =

Z

X⇥Y

f d(µ⇥ ⌫).

Tele–wc Ïmoia Ëpetai kai to sumperasma gia tic  
f

kai Ëtsi oloklhr∏netai h apÏdeixh.

Me thn –dia ousiastikà apÏdeixh mpore– na de–xei kane–c Ïti to Je∏rhma Fubini e–nai
Ëqei isq‘ kai gia oloklhr∏simec sunart†seic me timËc sto [�1,1]. H apÏdeixh
af†netai wc àskhsh.
SqÏlio. Sun†jwc ta jewr†mata Tonelli kai Fubini efarmÏzontai maz–. An jËloume
na upolog–soume to olokl†rwma miac sunàrthshc f : X ⇥ Y ! C bole‘ei pollËc
forËc na apode–xoume pr∏ta Ïti f 2 L1(µ⇥ ⌫) qrhsimopoi∏ntac to Je∏rhma Tonelli
(ousiastikà to pÏrisma pou to akolouje–) kai sth sunËqeia na to upolog–soume mËsw
tou Jewr†matoc Fubini anadiatàssontac ta oloklhr∏mata me katàllhlh seirà. Mia
efarmog† aut†c thc idËac ja do‘me sto Kefàlaio 11 pou ja melet†soume th sunËlixh
sto q∏ro L1(�).

9.3 Ask†seic

Omàda A'.

1. 'Estw (X,A, µ) kai (Y,B, ⌫
i

), i = 1, 2 q∏roi ��peperasmËnou mËtrou. Na de–xete
Ïti

µ⇥ (⌫1 + ⌫2) = (µ⇥ ⌫1) + (µ⇥ ⌫2).
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2. 'Estw (X,A) metr†simoc q∏roc kai f : X ! R metr†simh sunàrthsh. Na de–xete
Ïti ta s‘nola

(i) Gr�(f) = {(x, y) 2 X ⇥ R : y < f(x)}
(ii) Gr+(f) = {(x, y) 2 X ⇥ R : y > f(x)} kai
(iii) Gr(f) = {(x, y) 2 X ⇥ R : y = f(x)}
an†koun sth ��àlgebra A⌦ B(R).

3. 'Estw (X,A, µ) q∏roc ��peperasmËnou mËtrou kai f : X ! [0,1) metr†simh
sunàrthsh. JËtoume

R(f) = {(x, y) 2 X⇥R : 0  y  f(x)} kai S(f) = {(x, y) 2 X⇥R : )  y < f(x)}.
Na de–xete Ïti isq‘ei R(f), S(f) 2 A⌦ B(R) kai epiplËon

Z

X

f dµ = (µ⇥ �) (R(f)) = (µ⇥ �) (S(f)) =

Z

[0,1)
µ ([f � y]) d�(y).

Sunàgete Ïti an gia mia metr†simh sunàrthsh g : X ! [0,1) isq‘ei µ ([f � y]) 
µ ([g � y]) gia kàje y � 0, tÏte

R

X

fdµ  R
X

gdµ.

Omàda B'.

4. Apode–xte Ïti den upàrqei s‘nolo Borel A ✓ [0, 1] ⇥ [0, 1] ∏ste A
x

arijm†simo
gia kàje x 2 [0, 1] kai [0, 1] \Ay arijm†simo gia kàje y 2 [0, 1].

5. D∏ste paràdeigma sunÏlou C ✓ R2 ∏ste C /2 B(R2) kai na isq‘oun ta ex†c:

(a˛) C

x

2 B(R) kai Cy 2 B(R) gia kàje x, y 2 R kai
(b˛) Oi sunart†seic x 7! �(C

x

) kai y 7! �(Cy) e–nai Borel metr†simec kai isq‘ei
Z

R
�(C

x

)d�(x) =

Z

R
�(Cy)d�(y).

6. D∏ste paràdeigma Borel metr†simhc sunàrthshc f : R2 ! R ∏ste f /2 L1(�⇥�)
kai na isq‘ei f

x

2 L1(�) kai fy 2 L1(�) gia kàje x, y 2 R kai epiplËon
Z

R

Z

R
f(x, y)d�(x)d�(y) =

Z

R

Z

R
f(x, y)d�(y)d�(x).

7. 'Estw f mia sunàrthsh Ïpwc sthn prohgo‘menh àskhsh. Jewro‘me thn g : R2 !
R pou or–zetai apÏ th sqËsh g(x, y) = xf(x, y). Na exetàsete an:

(i) H g e–nai Borel metr†simh.

(ii) Isq‘ei g 2 L1(�⇥ �).

(iii) Gia thn g isq‘oun oi apait†seic thc prohgo‘menhc àskhshc.

8. 'Estw (a
nk

)1
n,k=1 mia dipl† akolouj–a pragmatik∏n arijm∏n gia thn opo–a h seirà

P

n,k

|a
nk

| sugkl–nei. Na de–xete Ïti
1
X

k=1

1
X

n=1

a

nk

=

1
X

n=1

1
X

k=1

a

nk

.
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Omàda G'.

9. 'Estw f : (0, 1) ! R mia Lebesgue metr†simh sunàrthsh. An h sunàrthsh
g(x, y) = f(x) � f(y) e–nai oloklhr∏simh sto (0, 1) ⇥ (0, 1), na de–xete Ïti f 2
L1(0, 1).

10. 'Estw f, g : Rn ! [0,1] mh arnhtikËc metr†simec sunart†seic. Na de–xete Ïti

Z

Rn

f · g d� =

Z 1

0

 

Z

{x2Rn:g(x)�y}
f(x) d�(x)

!

d�(y).

Sunàgete Ïti
Z

Rn

g(x) d�(x) =

Z 1

0
�({x : g(x) � t}) dt.

11. 'Estw f : Rn ! R mia Lebesgue metr†simh sunàrthsh me thn ex†c idiÏthta:
upàrqei C1 > 0 ∏ste, gia kàje t > 0

�({x : |f(x)| � t})  C1

t

2
.

De–xte Ïti upàrqei C2 > 0 ∏ste, gia kàje metr†simo s‘nolo E me 0 < �(E) < 1
na isq‘ei

Z

E

|f(x)| dx  C2

p

�(E).

12. 'Estw mia metr†simh sunàrthsh f 2 L1(0, 1). Gia x 2 (0, 1) jËtoume

g(x) =

Z 1

x

f(t)

t

dt.

De–xte Ïti g 2 L1(0, 1) kai

Z 1

0
g(x) d�(x) =

Z 1

0
f(x) d�(x).

13. 'Estw (X,A, µ) kai (Y,B, ⌫) tuqÏntec q∏roi mËtrou. Apode–xte Ïti sto q∏ro
ginÏmeno (X ⇥ Y,A ⌦ B) or–zetai Ëna mËtro ginÏmeno ⇢ akolouj∏ntac ta ex†c
b†mata:

(i) Apode–xte Ïti an Ëna metr†simo orjog∏nio A⇥B gràfetai sth morf†

A⇥B =

1
[

n=1

(A
n

⇥B

n

),

Ïpou {A
n

⇥B

n

} akolouj–a xËnwn anà d‘o metr†simwn orjogwn–wn, tÏte

µ(A)⌫(B) =

1
X

n=1

µ(A
n

)⌫(A
n

).
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(ii) An {A
n

⇥ B

n

} kai {E
n

⇥ F

n

} d‘o akolouj–ec xËnwn anà d‘o metr†simwn
orjogwn–wn ∏ste

1
[

n=1

(A
n

⇥B

n

) =

1
[

n=1

(E
n

⇥ F

n

),

tÏte e–nai
1
X

n=1

µ(A
n

)⌫(B
n

) =

1
X

n=1

µ(E
n

)⌫(F
n

).

(iii) Jewr†ste R thn oikogËneia Ïlwn twn peperasmËnwn xËnwn en∏sewn me-
tr†simwn orjogwn–wn. Gia Ëna C =

S

n

k=1(Ak

⇥B

k

) 2 R jËtoume

⇢0(C) =
n

X

k=1

µ(A
k

)⌫(B
k

).

Apode–xte Ïti h R e–nai àlgebra kai to ⇢0 Ëna premeasure sthn R.
(iv) Qrhsimopoi∏ntac to Je∏rhma EpËktashc tou Karajeodwr† sunàgete to

zhto‘meno.

14. 'Estw (X,A, µ) = (Y,B, ⌫) = (R,P(R), µ), Ïpou

µ(A) =

(

0, an A arijm†simo
1, an A uperarijm†simo

.

'Estw ⇡ : X ⇥ Y ! X me ⇡(x, y) = x � y h probol† tou X paràllhla sth
diag∏nio � = {(x, x) : x 2 X} tou X ⇥ Y = R2. Or–zoume ⇢, ⌧ : A⌦B ! [0,1]
apÏ tic sqËseic

⇢(C) =

(

0, an C = A [B kai ⇡1(A),⇡2(B) arijm†sima
1, diaforetikà

⌧(C) =

(

0, an C = A [B [D kai ⇡1(A),⇡2(B),⇡(D) arijm†sima
1, diaforetikà

.

Na de–xete Ïti:

(i) Ta ⇢ kai ⌧ e–nai mËtra sthn A⌦ B.
(ii) ⇢(A⇥B) = ⌧(A⇥B) = µ(A)⌫(B) gia kàje A 2 A kai B 2 B.
(iii) Gia th diag∏nio � isq‘ei � 2 A⌦ B kai ⇢(�) = 1, en∏ ⌧(�) = 0.

'Etsi, h monadikÏthta tou mËtrou ginomËnou apotugqànei d–qwc thn upÏjesh tou
��peperasmËnou.



Kefàlaio 10

To Je∏rhma
Radon-Nikodym

O stÏqoc tou kefala–ou auto‘ e–nai na parousiàsoume analutikà to jemeli∏dec
Je∏rhma Radon-Nikodym. To je∏rhma autÏ xeqwr–zei kur–wc lÏgw thc eure–ac
efarmog†c tou sth Jewr–a Pijanot†twn kai th Sunarthsiak† Anàlush.
Parathr†same sthn §6.2.1 Ïti an (X,A, µ) Ënac q∏roc mËtrou kai f : X ! [0,1]

mia metr†simh mh arnhtik† sunàrthsh, tÏte to ⌫ : A ! [0,1] me

⌫(A) =

Z

A

f dµ (10.1)

or–zei Ëna mËtro sto q∏ro (X,A) to opo–o e–nai, Ïpwc lËme, apÏluta suneqËc wc proc
to µ, dhlad† an µ(A) = 0 gia kàpoio A 2 A, tÏte e–nai kai ⌫(A) = 0. To Je∏rhma
Radon-Nikodym exetàzei katà pÏso isq‘ei to ant–strofo, dhlad† poiËc sunj†kec
prËpei na isq‘oun gia Ëna mËtro µ se Ëna metr†simo q∏ro (X,A) ∏ste kàje apÏluta
suneqËc mËtro ⌫ wc proc µ na e–nai thc morf†c (10.1). Ja do‘me sth sunËqeia Ïti
arke– h upÏjesh Ïti to µ e–nai �-peperasmËno.
Upàrqoun pollËc diaforetikËc prosegg–seic gia thn apÏdeixh tou jewr†matoc.

E–nai idia–tera s‘nhjec na apodeikn‘etai metà apÏ th melËth thc Ënnoiac tou pro-
shmasmËnou mËtrou qrhsimopoi∏ntac thn anàlush Hahn enÏc tËtoiou mËtrou. Par'
Ïla autà emeic ja apof‘goume autà ta ergale–a kai ja d∏soume mia s‘ntomh apÏdei-
xh pou bas–zetai mÏno se Ïsa Ëqoume melet†sei mËqri to Kefàlaio 6. Sto epÏmeno
kefàlaio ja d∏soume kai mia de‘terh apÏdeixh tou jewr†matoc me qr†sh jewr–ac
q∏rwn Hilbert efarmosmËnhc ston L2(µ).

10.1 ApÏluth sunËqeia kai kajetÏthta

Kànoume se autÏ to shme–o mia s‘ntomh melËth thc Ënnoiac thc apÏluthc sunËqeiac
pou anafËrame parapànw. Xekinàme me ton orismÏ:

OrismÏc 10.1.1. 'Estw (X,A) Ënac metr†simoc q∏roc kai µ, ⌫ d‘o mËtra ston
(X,A). LËme Ïti to ⌫ e–nai apÏluta suneqËc wc proc µ kai gràfoume ⌫ ⌧ µ an gia
kàje A 2 A me µ(A) = 0 e–nai kai ⌫(A) = 0.

H Ëkfrash «apÏluta suneqËc» pou qrhsimopoi†same parapànw dikaiologe–tai
apÏ thn ex†c endiafËrousa prÏtash:
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PrÏtash 10.1.2. 'Estw (X,A) Ënac metr†simoc q∏roc kai µ, ⌫ d‘o mËtra sto
(X,A). Ta akÏlouja e–nai isod‘nama:

(i) To ⌫ e–nai apÏluta suneqËc wc proc µ.

(ii) Gia kàje " > 0 upàrqei � > 0 ∏ste gia kàje A 2 A me µ(A) < � na isq‘ei
⌫(A) < ".

ApÏdeixh. (i) ) (ii) Ac upojËsoume Ïti to (ii) den alhje‘ei. TÏte, upàrqei " > 0
∏ste gia kàje n na mporo‘me na bro‘me A

n

2 A me

µ(A
n

) <
1

2n
kai ⌫(A

n

) � ".

JËtoume A = lim sup
n

A

n

kai parathro‘me Ïti, afo‘

1
X

n=1

µ(A
n

) <

1
X

n=1

1

2n
= 1 < 1

Ëpetai apÏ to 1o L†mma Borel-Cantelli ('Askhsh 2.3) Ïti µ(A) = 0, àra kai ⌫(A) = 0.
'Omwc, apÏ thn àskhsh 1.4 Ëqoume Ïti:

⌫(A) = ⌫

 1
\

n=1

1
[

k=n

A

k

!

= lim
n

⌫

 1
[

k=n

A

k

!

� "

afo‘ ⌫ (
S1

k=n

A

k

) � ⌫(A
n

) � " gia kàje n kai àra Ëqoume ant–fash.

(ii) ) (i) 'Estw A 2 A ∏ste µ(A) = 0 kai " > 0. TÏte, br–skoume Ëna � > 0 ∏ste
na isq‘ei h (ii) allà tÏte µ(A) < � kai àra ⌫(A) < ". Afo‘ to " > 0 †tan tuqÏn
Ëqoume pràgmati Ïti ⌫(A) = 0 kai katà sunËpeia Ïti ⌫ ⌧ µ.

Pernàme t∏ra sthn Ënnoia thc kajetÏthtac pou ja qreiasto‘me metà thn apÏdeixh
tou Jewr†matoc Radon-Nikodym:

OrismÏc 10.1.3. 'Estw (X,A) Ënac metr†simoc q∏roc kai µ, ⌫ d‘o mËtra ston
(X,A).

(i) LËme Ïti to µ e–nai sugkentrwmËno se Ëna A 2 A an isq‘ei µ(X \A) = 0.

(ii) LËme Ïti ta mËtra µ kai ⌫ e–nai kàjeta an upàrqei A 2 A ∏ste to µ na e–nai
sugkentrwmËno sto A kai to ⌫ na e–nai sugkentrwmËno sto X \ A. Gràfoume
tÏte µ ? ⌫.

MerikËc sqedÏn àmesec idiÏthtec thc apÏluthc sunËqeiac kai thc kajetÏthtac
periËqontai sthn akÏloujh prÏtash:

PrÏtash 10.1.4. 'Estw (X,A) Ënac metr†simoc q∏roc kai µ, ⌫ kai ⇢ mËtra ston
(X,A). TÏte isq‘oun ta ex†c:

(i) An ⌫ ⌧ µ kai ⇢⌧ µ, tÏte ⌫ + ⇢⌧ µ.

(ii) An µ ? ⌫ kai ⇢ ? ⌫, tÏte µ+ ⇢ ? ⌫.

(iii) An ⌫ ⌧ µ kai ⇢ ? µ, tÏte ⌫ ? ⇢.
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(iv) An ⌫ ⌧ µ kai ⌫ ? µ, tÏte ⌫ = 0.

ApÏdeixh. (i) An A 2 A tËtoio ∏ste µ(A) = 0, apÏ tic dosmËnec pa–rnoume Ïti
⌫(A) = 0 kai ⇢(A) = 0. 'Ara kai (⌫ + ⇢)(A) = ⌫(A) + ⇢(A) = 0.

(ii) Br–skoume s‘nola A,B 2 A ∏ste
µ(X \A) = ⌫(A) = ⇢(X \B) = ⌫(B) = 0.

'Etsi, gia C = A[B 2 A e–nai ⌫(C) = 0 kai µ(X \C) = ⇢(X \C) = 0 (giat–;). 'Ara
kai (µ+ ⇢)(X \ C) = 0, kai sunep∏c µ+ ⇢ ? ⌫.

(iii) Afo‘ ⇢ ? µ br–skoume Ëna s‘nolo A 2 A ∏ste ⇢(X \ A) = 0 kai µ(A) = 0.
Afo‘ Ïmwc ⌫ ⌧ µ Ëqoume kai Ïti ⌫(A) = 0 kai àra e–nai kai ⌫ ? ⇢.

(iv) ApÏ to (iii), gia ⇢ = ⌫, sumpera–noume Ïti ⌫ ? ⌫ kai àra pràgmati ⌫ = 0 (giat–;).

10.2 To Je∏rhma Lebesgue-Radon-Nikodym

Xekinàme se aut† thn enÏthta thn apÏdeixh tou Jewr†matoc Radon-Nikodym sthn
per–ptwsh pou ta mËtra µ kai ⌫ e–nai peperasmËna. Sthn pragmatikÏthta ja apode-
–xoume to ex†c isqurÏtero je∏rhma anaparàstashc:

Je∏rhma 10.2.1 (Lebesgue-Radon-Nikodym). 'Estw (X,A) Ënac metr†simoc
q∏roc kai µ, ⌫ d‘o peperasmËna mËtra ston (X,A). TÏte upàrqei mia metr†simh
sunàrthsh f : X ! [0,1) kai Ëna D 2 A me µ(D) = 0 ∏ste

⌫(A) = ⌫(A \D) +

Z

A

f dµ, gia kàje A 2 A. (10.2)

ApÏdeixh. Ja d∏soume thn apÏdeixh se b†mata.

B†ma 1. Kataskeu† thc sunàrthshc f .

H sunàrthsh f pou yàqnoume s–goura Ëqei
Z

A

f dµ  ⌫(A), gia kàje A 2 A.

Ja dialËxoume eke–nh th sunàrthsh pou prosegg–zei Ïso to dunatÏn kal‘tera thn
isÏthta ed∏. Jewro‘me loipÏn thn oikogËneia

H =

⇢

h : X ! [0,1) :

Z

A

h dµ  ⌫(A), gia kàje A 2 A
�

. (10.3)

Gia thn H parathro‘me ta ex†c:
(i) E–nai H 6= ;, afo‘ 0 2 H.
(ii) An h1, h2 2 H tÏte h1_h2 2 H. Pràgmati, an B = [h1 > h2] kai A 2 A tuqÏn
e–nai:

Z

A

h1 _ h2 dµ =

Z

A\B

h1 _ h2 dµ+

Z

A\B
h1 _ h2 dµ =

=

Z

A\B

h1 dµ+

Z

A\B
h2 dµ  ⌫(A \B) + ⌫(A \B) = ⌫(A).
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(iii) Gia h 2 H e–nai
Z

h dµ  ⌫(X) < 1, (10.4)

afo‘ to mËtro ⌫ e–nai peperasmËno.

JËtoume loipÏn

a = sup

⇢

Z

h dµ : h 2 H
�

< 1. (10.5)

Ja de–xoume Ïti autÏ to supremum e–nai sthn pragmatikÏthta maximum kai h su-
nàrthsh sthn opo–a epitugqànetai ja e–nai h zhto‘menh f . Gia kàje n br–skoume
sunart†sh h

n

2 H ∏ste
a� 1

n


Z

h

n

dµ

kai àra an g
n

= max{h1, h2, ..., hn

} e–nai g
n

2 H kai

a� 1

n


Z

h

n

dµ 
Z

g

n

dµ  a. (10.6)

'Omwc, h akolouj–a (g
n

)
n

e–nai a‘xousa (giat–;) kai àra sugkl–nei katà shme–o se
mia metr†simh sunàrthsh f . ApÏ to Je∏rhma MonÏtonhc S‘gklishc kai th sqËsh
(10.6) sumpera–noume Ïti f 2 H kai màlista

Z

f dµ = lim
n

Z

g

n

dµ = a.

Jewro‘me th sunàrthsh ⌧ : A ! [0,1) me

⌧(A) = ⌫(A)�
Z

A

f dµ, gia A 2 A (10.7)

kai parathro‘me Ïti e–nai mËtro ston (X,A) (giat–;). PrËpei na bro‘me s‘nolo D me
µ(D) = 0 kai ⌧(A) = ⌫(A \D) gia kàje A 2 A. An µ(D) = 0 Ïmwc, upolog–zoume

⌧(A) = ⌧(A\D)+⌧(A\D) = ⌫(A\D)�
Z

A\D

f dµ+⌧(A\D) = ⌫(A\D)+⌧(A\D).

Sunep∏c toD prËpei kai arke– epiplËon na ikanopoie– epiplËon th sqËsh ⌧(A\D) = 0
gia kàje A 2 A. OpÏte, sunolikà, yàqnoume Ëna D 2 A ∏ste

µ(D) = 0 kai ⌧(X \D) = 0. (10.8)

Ja mac fane– qr†simo to ex†c teqnikÏ L†mma:

B†ma 2. 'Estw (X,A, µ) Ënac q∏roc peperasmËnou mËtrou kai mia oikogËneia
E ✓ A. TÏte upàrqei arijm†simh upooikogËneia F ✓ E ∏ste:
(i) An A 2 F , tÏte µ(A) > 0.

(ii) Ta stoiqe–a thc F e–nai xËna anà d‘o.
(iii) An F =

SF , to X \ F den periËqei kanËna stoiqe–o thc E gn†sia jetiko‘
µ-mËtrou.
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Jewro‘me thn oikogËneia

S = {F ✓ E : isq‘oun oi (i) kai (ii) parapànw}. (10.9)

To (iii) parapËmpei sthn e‘resh miac oikogËneiac F 2 S h opo–a na e–nai pol‘ «me-
gàlh» kai àra sth qr†sh tou L†mmatoc Zorn. An

�F
i

�

i2I

mia alus–da stoiqe–wn thc
S, tÏte aut† Ëqei ànw fràgma sthn S afo‘ F

j

✓ S
i2I

F
i

gia kàje j 2 I kai epiplËon
S

i2I

F
i

2 S – h apÏdeixh auto‘ tou isqurismo‘ af†netai wc àskhsh.
EpomËnwc upàrqei F 2 S megistikÏ wc proc th sqËsh tou periËqesjai. Gia thn

F isq‘oun fusikà oi (i) kai (ii) afo‘ F 2 S. Gia thn (iii) t∏ra, an F =
SF kai

up†rqe E 2 E me µ(E) > 0 ∏ste E ✓ X \F tÏte ja †tan E\A = ; gia kàje A 2 F
(giat–;) kai àra ja e–qame F [ {E} 2 S: àtopo apÏ th megistikÏthta tou F .
MËnei na deiqje– h arijmhsimÏthta thc F . (Parathr†ste Ïti den Ëqei qrhsimo-

poihje– mËqri t∏ra Ïti to µ e–nai peperasmËno) Gia kàje n h oikogËneia

F
n

=

⇢

A 2 F : µ(A) >
1

n

�

(10.10)

e–nai peperasmËnh, afo‘ an up†rqe akolouj–a {A
n

: n = 1, 2, ...} ✓ F
n

apÏ to (ii)
parapànw sumpera–noume Ïti

µ

 1
[

n=1

A

n

!

=

1
X

n=1

µ(A
n

) �
1
X

n=1

1

n

= 1,

to opo–o e–nai àtopo afo‘ to µ e–nai peperasmËno. ApÏ to (i) parapànw sumpera–noume
Ïti

F =

1
[

n=1

F
n

(10.11)

kai àra h F e–nai arijm†simh.
B†ma 3. Kataskeu† tou D.

'Opwc e–pame kai prin to L†mma loipÏn, yàqnoume Ëna s‘nolo D 2 A me
µ(D) = 0 kai ⌧(X \D) = 0.

Gia n 2 N jewro‘me thn oikogËneia

E
n

=

⇢

A 2 A : ⌧(A) <
µ(A)

n

�

(10.12)

kai parathro‘me Ïti

(a˛) an A 2 E
n

tÏte µ(A) > 0 kai Ïti

(b˛) h E
n

e–nai kleist† stic arijm†simec xËnec en∏seic

(na ta epalhje‘sete). EfarmÏzontac, to B†ma 2 gia kajËna apÏ ta E
n

br–skoume
arijm†misec oikogËneiec G

n

✓ E
n

xËnwn anà d‘o sunÏlwn jetiko‘ µ-mËtrou, ∏ste an
G

n

=
SG

n

to X \G
n

na mhn periËqei kanËna stoiqe–o thc E
n

jetiko‘ µ-mËtrou.

ApÏ to (b') parapànw sumpera–noume Ïti kàje G
n

2 E
n

kai àra

⌧(G
n

)  µ(G
n

)

n

 µ(X)

n

.
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'Etsi, an G =
T1

n=1 Gn

Ëqoume Ïti ⌧(G)  ⌧(G
n

) ! 0 kai àra ⌧(G) = 0. JËtoume
loipÏn

D = G

c =

1
[

n=1

G

c

n

(10.13)

kai parathro‘me Ïti mËnei na deiqje– mÏno Ïti µ(D) = 0. Ed∏ ja qrhsimopoi†soume
ton trÏpo pou dialËxame thn f . Arke– fusikà (apÏ thn upoprosjetikÏthta tou
mËtrou) na deiqje– Ïti µ(X \G

n

) = 0 gia kàje n.

IsqurismÏc. An A 2 A me µ(A) > 0, tÏte gia kàje n 2 N upàrqei B
n

2 E
n

∏ste
B

n

✓ A.

Pràgmati, an jËsoume

g = f +
1

n

�

A

(10.14)

h g den e–nai stoiqe–o thc oikogËneiac H afo‘
Z

g dµ =

Z

f dµ+
1

n

µ(A) >

Z

f dµ = sup

⇢

Z

h dµ : h 2 H
�

.

Sunep∏c, upàrqei s‘nolo B 2 A ∏ste
Z

B

g dµ > ⌫(B)

† isod‘nama

⌫(B) <

Z

B

f dµ+
1

n

Z

B

�

A

dµ =

Z

B

f dµ+
1

n

µ(A \B).

Sunep∏c, gia to B
n

= A \B Ëqoume

⌧(B
n

)  ⌧(B) = ⌫(B)�
Z

B

f dµ <

µ(A \B)

n

,

dhlad† B
n

2 E
n

Ïpwc jËlame.

Stajeropoio‘me Ënan fusikÏ arijmÏ n loipÏn. An †tan µ(X \ G

n

) > 0 ja
br–skame B

n

2 E
n

me µ(B
n

) > 0 ∏ste B
n

✓ X \ G

n

to opo–o e–nai àtopo apÏ ton
trÏpo epilog†c thc oikogËneiac G

n

. 'Etsi, pràgmati µ(X \G
n

) = 0 kai àra µ(D) = 0
kai Ëtsi h apÏdeixh oloklhr∏jhke.

San àmeso pÏrisma tou Jewr†matoc Lebesgue-Radon-Nikodym Ëqoume t∏ra to
Je∏rhma Radon-Nikodym gia peperasmËna mËtra:

PÏrisma 10.2.2 (Je∏rhma Radon-Nikodym gia peperasmËna mËtra). 'Estw (X,A)
Ënac metr†simoc q∏roc kai µ, ⌫ d‘o peperasmËna mËtra ston (X,A) ∏ste ⌫ ⌧ µ.
TÏte upàrqei mia monadik† µ�s.p. metr†simh sunàrthsh f : X ! [0,1) ∏ste

⌫(A) =

Z

A

f dµ, gia kàje A 2 A. (10.15)
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ApÏdeixh. S‘mfwna me to Je∏rhma Lebesgue-Radon-Nikodym br–skoume metr†simh
sunàrthsh f : X ! [0,1) kai s‘nolo D 2 A me µ(D) = 0 ∏ste

⌫(A) = ⌫(A \D) +

Z

A

f dµ, gia kàje A 2 A

Afo‘ Ïmwc µ(D) = 0 kai ⌫ ⌧ µ Ëpetai Ïti ⌫(D) = 0 kai sunep∏c kai ⌫(A\D) = 0.
'Ara pràgmati

⌫(A) =

Z

A

f dµ, gia kàje A 2 A.

Gia th monadikÏthta t∏ra, upojËtoume Ïti upàrqei kai mia f0 : X ! [0,1) metr†simh
∏ste to ⌫ na e–nai to aÏristo olokl†rwma thc f0 wc proc µ kai ja de–xoume Ïti f = f0

µ-s.p. sto X. Afo‘ f, f0 2 L1(µ) Ëpetai Ïti kai f � f0 2 L1(µ) kai epiplËon gia
kàje A 2 A e–nai

Z

A

(f � f0) dµ =

Z

A

f dµ�
Z

A

f0 dµ = ⌫(A)� ⌫(A) = 0.

Sunep∏c, pràgmati Ëpetai to zhto‘meno (giat–;).

10.3 H genik† morf† tou jewr†matoc

'Opwc e–pame kai sthn eisagwg† tou kefala–ou, stÏqoc mac se aut† thn paràgrafo
e–nai na apode–xoume to Je∏rhma Radon-Nikodym sthn per–ptwsh pou to mËtro µ

e–nai �-peperasmËno. Gia na to pet‘qoume autÏ ja qreiasto‘me àllo Ëna teqnikÏ
L†mma sto ‘foc tou B†matoc 2 thc apÏdeixhc tou Jewr†matoc 10.2.1:

L†mma 10.3.1. 'Estw (X,A, µ) Ënac q∏roc �-peperasmËnou mËtrou kai mia oiko-
gËneia E ✓ A. TÏte upàrqei arijm†simh upooikogËneia F ✓ E ∏ste an F =

SF na
e–nai

µ(E \ F ) = 0, gia kàje E 2 E . (10.16)

(Parathr†ste Ïti Ëpetai apÏ autÏ Ïti to X \ F den periËqei kanËna stoiqe–o thc E
jetiko‘ mËtrou.)

ApÏdeixh. UpojËtoume arqikà Ïti to µ e–nai peperasmËno kai jewro‘me thn oiko-
gËneia E

�

pou apotele–tai apÏ Ïlec tic arijm†simec en∏seic stoiqe–wn thc E . Fusikà,
kàje stoiqe–o thc E

�

an†kei kai sthn A kai àra Ëqei nÏhma h posÏthta
a = sup{µ(E) : E 2 E

�

} (10.17)

gia thn opo–a epiplËon isq‘ei 0  a  µ(X) < 1. Br–skoume loipÏn mia akolouj–a
(E

n

)
n

stoiqe–wn thc E
�

∏ste µ(E
n

) ! a kai jËtoume F =
S1

n=1 En

. 'Omwc tÏte
F 2 E

�

(giat–;) kai àra upàrqei F ✓ E ∏ste F =
SF . 'Etsi, gia kàje n Ëqoume Ïti

µ(E
n

)  µ(F )  a

kai afo‘ µ(E
n

) ! a Ëpetai Ïti µ(F ) = a. Sunep∏c, afo‘ to µ e–nai peperasmËno,
gia E 2 E Ëqoume Ïti

µ(E \ F ) = µ(E [ F )� µ(F ) = µ(E [ F )� a  a� a = 0,

afo‘ E [ F 2 E
�

. Sunep∏c, pràgmati µ(E \ F ) = 0.
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Sth genik† per–ptwsh t∏ra, afo‘ to µ e–nai �-peperasmËno, br–skoume akolouj–a
(X

n

)
n

stoiqe–wn thc A ∏ste X =
S1

n=1 Xn

kai µ(X
n

) < 1 gia kàje n. JËtoume
loipÏn µ

n

(A) = µ(A \X

n

) gia A 2 A kai parathro‘me Ïti kàje µ
n

e–nai Ëna pepe-
rasmËno mËtro ston (X,A). Katà sunËpeia, apÏ ta parapànw, gia kàje n br–skoume
mia arijm†simh oikogËneia F

n

✓ E ∏ste

µ

n

⇣

E \
[

F
n

⌘

= 0

gia kàje n 2 N kai E 2 E . JËtoume tÏte

F =

1
[

n=1

F
n

(10.18)

kai parathro‘me Ïti h F e–nai arijm†simh, F ✓ E kai an epiplËon F =
SF , gia

E 2 E e–nai

µ (E \ F ) 
1
X

n=1

µ (X
n

\ E \ F ) 
1
X

n=1

µ

⇣

X

n

\ E \
[

F
n

⌘

=

=

1
X

n=1

µ

n

⇣

E \
[

F
n

⌘

= 0,

Ïpwc dhladh zht†same.

Parat†rhsh 10.3.2. An F kai F 0 d‘o arijm†simec upooikogËneiec thc E Ïpwc
sto parapànw l†mma, tÏte

µ

⇣

[

F4
[

F 0
⌘

= 0. (10.19)

ApÏdeixh. Gràfoume
[

F \
[

F 0 =
[

n

E \
[

F 0 : E 2 F
o

kai afo‘ h F e–nai arijm†simh sumpera–noume Ïti

µ

⇣

[

F \
[

F 0
⌘


X

E2E
µ

⇣

E \
[

F 0
⌘

= 0

apÏ th sqËsh (10.16) gia thn F 0.Tele–wc Ïmoia Ëpetai kai h sqËsh

µ

⇣

[

F 0 \
[

F
⌘

= 0

kai katà sunËpeia kai h (10.19).

Qrhsimopoi∏ntac to prohgo‘meno l†mma apodeikn‘oume t∏ra to:

Je∏rhma 10.3.3 (Radon-Nikodym). 'Estw (X,A) Ënac metr†simoc q∏roc kai
µ, ⌫ d‘o mËtra ston (X,A) ∏ste to µ na e–nai �-peperasmËno kai ⌫ ⌧ µ. TÏte
upàrqei mia monadik† µ�s.p. metr†simh sunàrthsh f : X ! [0,1] ∏ste

⌫(A) =

Z

A

f dµ, gia kàje A 2 A. (10.20)

An epiplËon kai to ⌫ e–nai �-peperasmËno tÏte h f mpore– na epilege– ∏ste na pa–rnei
timËc sto [0,1).
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ApÏdeixh. D–noume kai pàli thn apÏdeixh se b†mata:

B†ma 1. Ta µ kai ⌫ e–nai �-peperasmËna.

Sthn per–ptwsh aut† br–skoume akolouj–ec (A
i

)
i2N kai (Bj

)
j2N xËnwn anà d‘o stoi-

qe–wn thc A ∏ste µ(A
i

) < 1 kai ⌫(A
j

) < 1 gia kàje i kai j. An pàroume wc
(X

n

)
n2N mia ar–jmhsh thc oikogËneiac {A

i

\ B

j

}(i,j)2N2 parathro‘me Ïti h (X
n

)
apotele–tai apÏ xËna anà d‘o stoiqe–a thc A ∏ste µ(X

n

), ⌫(X
n

) < 1 gia kàje n –
epexhg†ste tic leptomËreiec.

JËtoume t∏ra µ
n

= µ|A
X

n

kai ⌫
n

= ⌫|A
X

n

, Ïpou A
X

n

= {A 2 A : A ✓ X

n

} to
–qnoc thc A sto X

n

. Ta µ
n

kai ⌫
n

e–nai peperasmËna mËtra me ⌫
n

⌧ µ

n

kai àra apÏ
to Je∏rhma Radon-Nikodym gia peperasmËna mËtra sumpera–noume Ïti gia kàje n
upàrqei mia metr†simh sunàrthsh f

n

: X
n

! [0,1) ∏ste

⌫

n

(A) =

Z

A

f

n

dµ

n

, gia kàje A 2 A me A ✓ X

n

,

† isod‘nama

⌫(A) =

Z

A

f

n

dµ, gia kàje A 2 A me A ✓ X

n

. (10.21)

Or–zoume th sunàrthsh f : X ! [0,1) ∏ste f |
X

n

= f

n

gia kàje n kai parathro‘me
Ïti aut† or–zetai kalà kai e–nai metr†simh (giat–;). Katà sunËpeia, qrhsimopoi∏ntac
th sqËsh (10.21) kai to Je∏rhma Beppo-Levi, gia A 2 A pa–rnoume:

⌫(A) =

1
X

n=1

⌫(A \X

n

) =

1
X

n=1

Z

A\X

n

f

n

dµ =

=

1
X

n=1

Z

A\X

n

f dµ =

1
X

n=1

Z

A

f�

X

n

dµ =

=

Z

A

1
X

n=1

f�

X

n

=

Z

A

f · 1 dµ =

Z

A

f dµ.

An t∏ra f0 : X ! [0,1) mia àllh metr†simh sunàrthsh ∏ste to ⌫ na e–nai to
aÏristo olokl†rwma thc f0 wc proc µ, sumpera–noume Ïti gia kàje n

⌫

n

(A) =

Z

A

f dµ =

Z

A

f0 dµ, gia kàje A 2 A me A ✓ X

n

kai àra apÏ thn monadikÏthta gia peperasmËna mËtra Ëpetai Ïti f = f0 µ�s.p. sto
X

n

. Sunep∏c, afo‘ X =
S1

n=1 Xn

Ëqoume pràgmati Ïti f = f0 µ�s.p. sto X

(sumplhr∏ste tic leptomËreiec).

B†ma 2. H genik† per–ptwsh: to ⌫ den e–nai apara–thta �-peperasmËno.

Ja xeqwr–soume eke–na ta upos‘nola tou X sta opo–a to ⌫ e–nai peperasmËno kai ja
diamer–soume sth sunËqeia to X katàllhla bàsei tou prohgo‘menou l†mmatoc. Pio
sugkekrimËna, jËtoume

E = {A 2 A : ⌫(A) < 1} (10.22)

kai s‘mfwna me to L†mma 10.3.1 br–skoume F ✓ E arijm†simh ∏ste an F =
SF

na e–nai µ(E \ F ) = 0 gia kàje E 2 E . An gràyoume F = {F1, F2, ...} Ëqoume



170 · To Jewrhma Radon-Nikodym

Ïti ⌫(F
n

) < 1 (afo‘ F ✓ E) gia kàje n kai àra to ⌫|A
F

e–nai �-peperasmËno.
Afo‘ epiplËon ⌫|A

F

⌧ µ|A
F

, s‘mfwna me to B†ma 1, upàrqei metr†simh sunàrthsh
g : F ! [0,1) ∏ste

⌫(A) =

Z

A

g dµ, gia kàje A 2 A me A ✓ F.

MËnei na do‘me mÏno ti g–netai gia eke–na ta A me A ✓ X \ F :
IsqurismÏc. An A 2 A me A ✓ X \ F , tÏte ⌫(A) = 1 · µ(A)1.

Pràgmati, an gia kàpoio tËtoio A e–nai µ(A) = 0, tÏte ja e–nai kai ⌫(A) = 0 afo‘
⌫ ⌧ µ en∏ an µ(A) > 0 ja e–nai kai µ(A \ F ) > 0 (giat–;) kai àra A /2 E , dhlad†
⌫(A) = 1.
Or–zoume loipÏn th sunàrthsh f : X ! [0,1] me

f(x) =

(

g(x), x 2 F

1, x 2 X \ F (10.23)

kai parathro‘me Ïti gia A 2 A e–nai

⌫(A) = ⌫(A \D) + ⌫(A \D) =

Z

A\D

g dµ+1 · µ(A \D) =

=

Z

A\D

g dµ+

Z

A\D
1 dµ =

Z

A\D

f dµ+

Z

A\D
f µ =

Z

A

f dµ.

MËnei na deiqje– mÏno h monadikÏthta thc f : upojËtoume kai pàli Ïti upàrqei mia
àllh sunàrthsh f0 : X ! [0,1] ∏ste

⌫(A) =

Z

A

f dµ =

Z

A

f0 dµ (10.24)

gia kàje A 2 A. ApÏ th monadikÏthta sto B†ma 1 Ëpetai Ïti f |
F

= f0|F µ�s.p.
kai àra mËnei na de–xoume mÏno Ïti f0|

X\F = 1 µ�s.p.. An autÏ den alhje‘ei to
s‘nolo

{x 2 X \ F : f0(x) < 1} =

1
[

n=1

{x 2 X \ F : f0(x)  n}

Ëqei jetikÏ µ-mËtro kai katà sunËpeia upàrqei n ∏ste

µ({x 2 X \ F : f0(x)  n}) > 0.

Afo‘ to µ e–nai �-peperasmËno t∏ra, br–skoume A ✓ {x 2 X \ F : f0(x)  n} me
0 < µ(A) < 1. TÏte, afo‘ A ✓ X \D kai µ(A) > 0 Ëpetai Ïti ⌫(A) = 1 en∏

Z

A

f0 dµ 
Z

A

n dµ = n · µ(A) < 1 :

àtopo apÏ thn (10.24). 'Etsi h apÏdeixh oloklhr∏jhke.

1Ïpou wc sun†jwc kànoume th s‘mbash 1 · 0 = 0.
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OrismÏc 10.3.4. 'Estw (X,A) Ënac metr†simoc q∏roc kai µ, ⌫ d‘o mËtra ston
(X,A) ∏ste to µ na e–nai �-peperasmËno kai ⌫ ⌧ µ. H monadik† µ�s.p. metr†simh
sunàrthsh f pou prodior–zetai apÏ to Je∏rhma Radon-Nikodym lËgetai Radon-
Nikodym paràgwgoc tou ⌫ wc proc µ kai sumbol–zetai me d⌫

dµ

.

'Etsi, h sqËsh (10.20) lambànei th morf†

⌫(A) =

Z

A

d⌫

dµ

dµ

kai h PrÏtash 6.2.13 (iii) gràfetai wc
Z

g d⌫ =

Z

g

d⌫

dµ

dµ

gia kàje g : X ! [0,1] metr†simh. To teleuta–o autÏ apotËlesma isq‘ei kai gia
oloklhr∏simec sunart†seic g : X ! C – epalhje‘ste to.

Paràdeigma 10.3.5. To sumpËrasma tou Jewr†matoc Radon-Nikodym den i-
sq‘ei kat' anàgkh sthn per–ptwsh pou to µ den e–nai �-peperasmËno.

ApÏdeixh. JËtoume (X,A) =
�

[0, 1],B([0, 1])�, ⌫ = �, to mËtro Lebesgue ston
(X,A) kai µ to arijmhtikÏ mËtro ston (X,A). TÏte e–nai ⌫ ⌧ µ, allà an upo-
jËsoume Ïti upàrqei f : X ! [0,1] metr†simh ∏ste

⌫(A) =

Z

A

f dµ, gia kàje A 2 A,

tÏte gia x 2 X

0 = ⌫({x}) =
Z

{x}
f dµ = f(x)µ({x}) = f(x),

dhlad† f ⌘ 0 kai àra ⌫ ⌘ 0 to opo–o e–nai fusikà àtopo.

10.4 To Je∏rhma Anàlushc Lebesgue

S‘mfwna me to Je∏rhma Lebesgue-Radon-Nikodym, an µ kai ⌫ d‘o peperasmËna
mËtra sto q∏ro (X,A), tÏte upàrqei mia metr†simh sunàrthsh f : X ! [0,1) kai
Ëna s‘nolo D 2 A me µ(D) = 0 ∏ste

⌫(A) = ⌫1(A) + ⌫2(A), gia kàje A 2 A

Ïpou

⌫1(A) = ⌫(A \D) kai ⌫2(A) =

Z

A

f dµ. (10.25)

Oi sunart†seic ⌫1 kai ⌫2 e–nai ep–shc mËtra sto q∏ro (X,A) gia ta opo–a màlista
parathro‘me Ïti to ⌫1 e–nai sugkentrwmËno sto D, en∏ to µ e–nai sugkentrwmËno
sto X \D kai to ⌫2 e–nai apÏluta suneqËc wc proc to µ. Me àlla lÏgia ⌫1 ? µ kai
⌫2 ⌧ µ. Aut† h parat†rhsh genike‘etai sto ex†c:
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Je∏rhma 10.4.1 (Anàlushc Lebesgue). 'Estw (X,A) Ënac metr†simoc q∏roc
kai µ, ⌫ d‘o mËtra ston (X,A) ∏ste to µ na e–nai �-peperasmËno. TÏte upàrqoun
monadikà mËtra µ1 kai µ2 sto q∏ro (X,A) ∏ste

µ = µ1 + µ2, me µ1 ? ⌫ kai µ2 ⌧ ⌫. (10.26)

(Parathr†ste Ïti isq‘ei kai µ1 ? µ2 apÏ to (iii) thc PrÏtashc 10.1.4.)

ApÏdeixh. Anazhto‘me s‘nolo F 2 A, ∏ste µ1(A) = µ(A\F ) kai µ2(A) = µ(A\F ).
TÏte, profan∏c µ = µ1 + µ2 kai to µ1 e–nai sugkentrwmËno sto F . 'Ara, gia na
isq‘ei µ1 ? ⌫ prËpei ⌫(F ) = 0. EpiplËon, gia na e–nai µ2 ⌧ ⌫, prËpei gia kàje E 2 A
me ⌫(E) = 0 na e–nai kai µ(E \ F ) = 0, dhlad† to F prËpei na e–nai katà kàpoio
trÏpo Ëna megistikÏ s‘nolo (wc proc to µ) gia to opo–o ⌫(F ) = 0. Odhgo‘maste
loipÏn sth qr†sh tou L†mmatoc 10.3.1 gia thn oikogËneia

E = {A 2 A : ⌫(A) = 0}. (10.27)

Br–skoume Ëtsi mia arijm†simh upooikogËneia F ✓ E ∏ste an F =
SF na e–nai

µ(E \ F ) = 0, gia kàje E 2 E .
'Omwc, h E e–nai kleist† stic arijm†simec en∏seic kai àra F 2 E . Sumperasmatikà
Ëqoume Ïti

⌫(F ) = 0 kai µ(E \ F ) = 0, gia kàje E 2 A me ⌫(E) = 0. (10.28)

JËtoume loipÏn, µ1(A) = µ(A \ F ) kai µ2(A) = µ(A \ F ) ta opo–a fusikà or–zoun
mËtra sto q∏ro (X,A) kai epiplËon µ = µ1+µ2. Ep–shc, prok‘ptei apÏ th suz†thsh
prin th sqËsh (10.27) Ïti µ1 ? ⌫ kai µ2 ⌧ ⌫ – exakrib∏ste to.

Gia th monadikÏthta t∏ra, jewro‘me d‘o akÏmh mËtra µ0
1 kai µ

0
2 sto q∏ro (X,A)

∏ste µ = µ

0
1 + µ

0
2 me µ

0
1 ? ⌫ kai µ0

2 ⌧ ⌫. Afo‘ µ

0
1 ? ⌫ upàrqei F 0 2 A ∏ste to

µ

0
1 na e–nai sugkentrwmËno sto F

0 kai to ⌫ na e–nai sugkentrwmËno sto X \ F 0. An
t∏ra E 2 A me ⌫(E) = 0, tÏte

µ(E \ F 0) = µ

0
1(E \ F 0) + µ

0
2(E \ F 0)  µ

0
1(X \ F 0) + µ

0
2(E) = 0,

afo‘ µ0
1 ? ⌫ kai µ0

2 ⌧ ⌫. Sunep∏c, apÏ thn Parat†rhsh 10.3.2 Ëpetai Ïti µ(F4F

0) =
0 (giat–;). Sunep∏c, gia Ëna A 2 A e–nai:

µ1(A) = µ(A \ F ) = µ(A \ F

0) = µ

0
1(A \ F

0) + µ

0
2(A \ F

0) = µ

0
1(A)

afo‘ to µ0
1 e–nai sugkentrwmËno sto F

0 kai µ0
2(F

0) = 0, afo‘ µ0
2 ⌧ ⌫. 'Ara µ1 = µ

0
1.

Anàloga, gia A 2 A e–nai kai
µ2(A) = µ(A \ F ) = µ(A \ F 0) = µ

0
1(A \ F 0) + µ

0
2(A \ F 0) = µ

0
2(A)

(exhg†ste giat–). 'Ara e–nai kai µ2 = µ

0
2 kai h apÏdeixh oloklhr∏jhke.

10.5 To Je∏rhma Anaparàstashc tou Riesz

Kle–noume autÏ to kefàlaio kànontac mia apl† anaforà sto Je∏rhma Anaparàsta-
shc tou Riesz. Jum–zoume Ënan orismÏ apÏ th Sunarthsiak† Anàlush pou mac e–nai
apara–thtoc:
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OrismÏc 10.5.1. 'Estw (X, k · k) Ënac q∏roc me nÏrma. O dukÏc q∏roc tou
(X, k · k) e–nai o q∏roc me nÏrma (X⇤

, k · k), Ïpou

X

⇤ = {f : X ! R : f fragmËno grammikÏ sunarthsoeidËc} (10.29)

kai
kfk = sup{|f(x)| : kxk  1}. (10.30)

E–nai idia–tera s‘nhjec prÏblhma sth Sunarthsiak† Anàlush, gia Ëna dosmËno
q∏ro (X, k · k) na jËloume na katalàboume pwc «moiàzei» o dukÏc tou (X⇤

, k · k),
dhlad† na bro‘me Ënan trÏpo na perigràyoume Ïla ta fragmËna grammikà sunarth-
soeid† f : X ! R. D‘o apotelËsmata tËtoiac f‘shc e–nai ta ex†c:

1. (Je∏rhma Riesz gia q∏rouc Hilbert) An (H, h·, ·i) Ënac (pragmatikÏc) q∏roc
Hilbert kai f : H ! R Ëna fragmËno grammikÏ sunarthsoeidËc, tÏte upàrqei
v 2 H ∏ste

f(x) = hx, vi, gia kàje x 2 H. (10.31)

Me àlla lÏgia o H⇤ e–nai isometrikà isÏmorfoc me ton H.
2. 'Estw (`

p

, k · k
p

) gia 1 < p < 1 o q∏roc akolouji∏n me

`

p

=

(

(a
n

)
n

:

1
X

n=1

|a
n

|p < 1
)

(10.32)

me nÏrma thn

k(a
n

)
n

k
p

=

 1
X

n=1

|a
n

|p
!

1
p

. (10.33)

An f : `
p

! R Ëna fragmËno grammikÏ sunarthsoeidËc, tÏte upàrqei akolouj–a
(b

n

)
n

2 `

q

∏ste

f(x) =

1
X

n=1

a

n

b

n

, (10.34)

gia kàje x = (a
n

)
n

2 `

p

, Ïpou q o suzug†c ekjËthc tou p, dhlad†

1

p

+
1

q

= 1. (10.35)

Me àlla lÏgia o `⇤
p

e–nai isometrikà isÏmorfoc me ton `
q

.

Gia perissÏtera parade–gmata duk∏n q∏rwn parapËmpoume stic Shmei∏seic Sunar-
thsiak†c Anàlushc.

To Je∏rhma Anaparàstashc tou Riesz qarakthr–zei ta jetikà fragmËna grammi-
kà sunarthsoeid† tou q∏rou Banach

�

C(K), k·k1
�

Ïpou K Ënac sumpag†c metrikÏc
q∏roc2. Dhlad† eke–na ta sunarthsoeid† � 2 C(K)⇤ me thn idiÏthta: an f � 0,
tÏte kai �(f) � 0. Isq‘ei to ex†c loipÏn:

2Upàrqei kai mia arketà genikÏterh ekdoq† tou jewr†matoc pou anafËretai se topikà
sumpage–c Hausdor↵ topologiko‘c q∏rouc kai qarakthr–zei ta jetikà grammikà sunarth-
soeid† tou q∏rou Cc(X).
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Je∏rhma 10.5.2 (Anaparàstashc tou Riesz). 'Estw (K, d) Ënac sumpag†c me-
trikÏc q∏roc. An � : C(K) ! R Ëna jetikÏ fragmËno grammikÏ sunarthsoeidËc,
tÏte upàrqei Ëna monadikÏ kanonikÏ mËtro Borel µ sto K ∏ste

�(f) =

Z

K

f dµ, gia kàje f 2 C(K). (10.36)

Gia mia apÏdeixh tou jewr†matoc parapËmpoume sto Kefàlaio 12 tou bibl–ou Jewr–a
MËtrou, G. Koumoull†c, S. NegrepÏnthc.

Mia genikÏterh ekdoq† tou Jewr†matoc Anaparàstashc tou Riesz qarakthr–zei
Ïla ta migadikà (Ïqi mÏno ta jetikà) grammikà sunarthsoeid† tou q∏rou C(K).
Gia th diat‘pwsh auto‘ tou apotelËsmatoc qreiazÏmaste thn Ënnoia tou migadiko‘
mËtrou me thn opo–a den Ëqoume asqolhje– se autËc tic shmei∏seic. Gia mia apÏdeixh
tou jewr†matoc me mia «migadik† ekdoq†» tou Jewr†matoc Radon-Nikodym para-
pËmpoume sto Kefàlaio 6 tou bibl–ou Real and Complex Analysis, W. Rudin.

'Ena akÏmh apotËlesma tËtoiou t‘pou ja d∏soume sto epÏmeno kefàlaio: gia
«kalà» mËtra µ, ja do‘me Ïti gia 1 < p < 1 o dukÏc q∏roc tou q∏rou sunart†sewn
L

p(µ) e–nai isometrikà isÏmorfoc me ton Lq(µ) Ïpou q o suzug†c ekjËthc tou p.

10.6 Ask†seic

Omàda A'.

1. 'Estw (X,A, ⌫) Ënac q∏roc mËtrou kai µ to arijmhtikÏ mËtro sto X. Apode–xte
Ïti ⌫ ⌧ µ.

2. 'Estw (X,A) Ënac metr†simoc q∏roc kai µ, ⌫1, ⌫2 mËtra ston (X,A) ∏ste ⌫1 ⌧ µ

kai ⌫2 ⌧ µ. Apode–xte Ïti

d(⌫1 + ⌫2)

dµ

=
d⌫1

dµ

+
d⌫2

dµ

kai Ïti gia a � 0
d(a⌫1)

dµ

= a

d⌫1

dµ

.

Omàda B'.

3. 'Estw µ, ⌫ d‘o mËtra sto q∏ro (X,A). Apode–xte Ïti µ ? ⌫ an kai mÏno an gia
kàje " > 0 upàrqei A 2 A ∏ste

µ(A) < " kai ⌫(X \A) < ".

4. 'Estw µ, ⌫ mËtra sto metr†simo q∏ro (X,A) kai f : X ! [0,1] metr†simh sunàr-
thsh ∏ste ⌫(A) =

R

A

fdµ gia A 2 A. Apode–xte Ïti to ⌫ e–nai ��peperasmËno
an kai mÏno an f < 1 µ�s.p.

5. 'Estw µ, ⌫ mËtra sto metr†simo q∏ro (X,A) kai f : X ! [0,1] metr†simh
sunàrthsh ∏ste ⌫(A) =

R

A

fdµ gia A 2 A. Apode–xte Ïti f > 0 µ�s.p. an kai
mÏno an µ ⌧ ⌫.
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6. 'Estw µ, ⌫ mËtra sto metr†simo q∏ro (X,A) ∏ste µ ⌧ ⌫ kai ⌫ ⌧ µ. Apode–xte
Ïti isq‘ei

d⌫

dµ

· dµ
d⌫

= 1, µ� s.p.

7. 'Estw (X,A, µ) q∏roc ��peperasmËnou mËtrou. Apode–xte Ïti upàrqei pepera-
smËno mËtro ⌫ ston (X,A) ∏ste ⌫ ⌧ µ kai µ ⌧ ⌫.

8. 'Estw µ, ⌫ mËtra sto metr†simo q∏ro (X,A). Apode–xte Ïti ⌫  µ an kai mÏno
an h Radon-Nikodym paràgwgoc d⌫

dµ

or–zetai kai isq‘ei d⌫

dµ

 1 µ�s.p. sto X.
Omàda G'.

9. 'Estw µ1, ⌫1 ��peperasmËna mËtra sto q∏ro (X,A) kai µ2, ⌫2 ��peperasmËna
mËtra sto q∏ro (Y,B) ∏ste ⌫1 ⌧ µ1 kai ⌫2 ⌧ µ2. Na de–xete Ïti

⌫1 ⇥ ⌫2 ⌧ µ1 ⇥ µ2

kai epiplËon
d(⌫1 ⇥ ⌫2)

d(µ1 ⇥ µ2)
(x, y) =

d⌫1

dµ1
(x) · d⌫2

dµ2
(y), (µ1 ⇥ µ2)� s.p.

10. (DesmeumËnh mËsh tim†) 'Estw (X,A, µ) Ënac q∏roc ��peperasmËnou mËtrou,
mia ��àlgebra B ✓ A kai mia A�metr†simh sunàrthsh f : X ! R. Mia
desmeumËnh mËsh tim† thc f wc proc th ��àlgebra B e–nai mia B�metr†simh
sunàrthsh g : X ! R gia thn opo–a isq‘ei

Z

B

fdµ =

Z

B

gdµ, gia kàje B 2 B.

UpojËtoume t∏ra Ïti f 2 L1
R(µ).

(i) Apode–xte Ïti mia desmeumËnh mËsh tim† thc f wc proc B upàrqei.
(ii) Apode–xte Ïti an g mia desmeumËnh mËsh tim† thc f wc proc B, tÏte

Z

|g|dµ 
Z

|f |dµ < 1.

(iii) Apode–xte Ïti h desmeumËnh mËsh tim† e–nai monadik†, dhlad† an g, g1 d‘o
desmeumËnec mËsec timËc thc f , tÏte g = g1 µ�s.p.

H desmeumËnh mËsh tim† thc f wc proc B sumbol–zetai me E(f |B).
11. 'Estw (X,A, µ) Ënac q∏roc ��peperasmËnou mËtrou kai mia A�metr†simh su-

nàrthsh f : X ! R. Na upologisto‘n oi E (f |{;, X}) kai E(f |A).

12. (IdiÏthtec thc desmeumËnhc mËshc tim†c) 'Estw (X,A, µ) Ënac q∏roc mËtrou,
f, g : X ! R d‘o A�metr†simec sunart†seic kai d‘o ��àlgebrec C ✓ B ✓ A.
Na de–xete Ïti:

(i) H desmeumËnh mËsh tim† e–nai grammik†: gia a, b 2 R isq‘ei
E(af + bg|B) = aE(f |B) + bE(g|B).

(ii) An h g e–nai eidikÏtera B�metr†simh, tÏte
E(gf |B) = gE(f |B).

(iii) Isq‘ei
E (E(f |C)|B) = E(f |C) = E (E(f |B)|C) .





Kefàlaio 11

Q∏roi Lp

Se autÏ to teleuta–o kefàlaio kataskeuàzoume touc q∏rouc sunart†sewn L

p. O
stÏqoc mac e–nai na kataskeuàsoume Ëna suneqËc anàlogo twn q∏rwn (`

p

, k · k
p

)
touc opo–ouc anafËrame sthn §10.5. 'Etsi, afo‘ to olokl†rwma e–nai en gËnei Ëna
suneqËc anàlogo tou ajro–smatoc, briskÏmaste se Ëna q∏ro mËtrou (X,A, µ) kai
asqolo‘maste me eke–nec tic metr†simec sunart†seic f : X ! C ∏ste

Z

|f |p dµ < 1. (11.1)

An 1  p < 1, mimo‘menoi ton orismÏ thc k·k
p

ston `
p

, e–nai fusiologikÏ na jËsoume

kfk
p

=

✓

Z

|f |p dµ

◆1/p

(11.2)

gia eke–nec tic f pou ikanopoio‘n thn (11.1). Parathro‘me Ïti en∏, Ïpwc ja do‘me
parakàtw, me autÏ ton orismÏ h k · k

p

ikanopoie– thn trigwnik† anisÏthta den e–nai
swstÏ Ïti kfk

p

= 0 ) f = 0, parà mÏno Ïti f = 0 µ�s.p. (giat–;). Gia na
apof‘goume autÏ to prÏblhma ja kataskeuàsoume touc q∏rouc L

p «agno∏ntac»
thn µ�s.p. isÏthta.
Perigràfoume analutikà aut† thn kataskeu† kai sth sunËqeia meletàme diàforec

basikËc idiÏthtec aut∏n twn q∏rwn; mia ex aut∏n: apodeikn‘oume Ïti e–nai q∏roi
Banach. Sth sunËqeia, asqolo‘maste idia–tera me touc q∏rouc L1 kai L2 pou Ëqoun
kàpoio anexàrthto endiafËron kai tËloc d–noume, san efarmog† authc thc jewr–ac,
mia komyÏtath apÏdeixh miac (l–go pio asjeno‘c ekdoq†c) tou Jewr†matoc Radon-
Nikodym.

11.1 Kataskeu† twn q∏rwn Lp

OrismÏc 11.1.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai 1  p < 1. H klàsh
Lp(µ) apotele–tai apÏ Ïlec eke–nec tic metr†simec sunart†seic f : X ! C gia tic
opo–ec isq‘ei

Z

|f |p dµ < 1.
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Parathro‘me arqikà Ïti o Lp(µ) e–nai grammikÏc q∏roc: Pràgmati, Ëstw f, g 2
Lp(µ). TÏte gia x 2 X Ëqoume

|f(x) + g(x)|p  (|f(x)|+ |g(x)|)p  �2max{|f(x)|, |g(x)|}�p =

= 2p max{|f(x)|p, |g(x)|p}  2p(|f(x)|p + |g(x)|p)
kai àra

Z

|f + g|p dµ  2p
✓

Z

|f |p dµ+

Z

|g|p dµ

◆

< 1,

dhlad† f + g 2 Lp(µ).

ProkeimËnou na apof‘goume th duskol–a gia thn opo–a mil†same sthn eisagwg†
tou kefala–ou, or–zoume mia sqËsh isodunam–ac sto q∏ro Lp(µ) wc ex†c: an f, g 2
Lp(µ) jËtoume f ⇠ g an f = g µ�s.p. sto X – epalhje‘ste Ïti e–nai pràgmati
sqËsh isodunam–ac.

OrismÏc 11.1.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai 1  p < 1. TÏte to
s‘nolo twn klàsewn isodunam–ac tou q∏rou Lp(µ) wc proc th sqËsh ⇠ sumbol–zetai
me Lp(µ). EpiplËon, o Lp(µ) g–netai grammikÏc q∏roc me tic pràxeic:

[f ] + [g] = [f + g] kai a · [f ] = [a · f ], (11.3)

Ïpou a 2 C kai [f ] 2 L

p(µ) h klàsh miac sunàrthshc f 2 Lp(µ).

Sta parakàtw, gia na aplouste‘soume to sumbolismÏ, ant– na gràfoume [f ] 2 L

p(µ)
ja gràfoume aplà f 2 L

p(µ). 'Etsi, gia mia f 2 L

p(µ) jËtoume

kfk
p

=

✓

Z

|f |p dµ

◆1/p

. (11.4)

PrÏtash 11.1.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai 1  p < 1. O q∏roc
(Lp(µ), k · k

p

) e–nai q∏roc me nÏrma.

ApÏdeixh. H tàutish sunart†sewn pou sump–ptoun µ�s.p. Ëgine akrib∏c gia na e–nai
swst† h sunepagwg† kfk

p

= 0 ) f = 0. Pràgmati, an
R |f |p dµ = 0 tÏte f = 0

µ�s.p. sto X kai àra [f ] = [0] 2 L

p(µ). EpiplËon, e–nai àmeso Ïti an f 2 L

p(µ) kai
a 2 C, tÏte

kafk
p

= |a|kfk
p

(11.5)

kai àra mËnei na deiqje– mÏno h trigwnik† anisÏthta. Aut† prok‘ptei àmesa apÏ
thn anisÏthta tou Minkowski, thc opo–ac d–noume thn apÏdeixh ed∏ qrhsimopoi∏ntac
kàpoiec klasikËc anisÏthtec.

L†mma 11.1.4 (AnisÏthta Young). An x, y � 0 kai p, q > 1 me 1
p

+ 1
q

= 1, tÏte

xy  x

p

p

+
y

q

q

(11.6)

me isÏthta mÏno an xp = y

q.
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ApÏdeixh. H sunàrthsh f : (0,+1) ! R me f(x) = lnx e–nai gnhs–wc ko–lh. An
loipÏn a1, . . . , am > 0 kai t

j

2 (0, 1) me t1 + · · ·+ t

m

= 1, tÏte

m

X

j=1

t

j

ln a
j

 ln(t1a1 + · · ·+ t

m

a

m

),

apÏ thn anisÏthta Jensen. 'Epetai Ïti

a

t1
1 a

t2
2 · · · atm

m

 t1a1 + · · ·+ t

m

a

m

(11.7)

me isÏthta mÏno an a1 = · · · = a

m

. H anisÏthta aut† genike‘ei thn anisÏthta
arijmhtiko‘-gewmetriko‘ mËsou. An t1 = · · · = t

m

= 1/m, pa–rnoume

m

p
a1 · · · am  a1 + · · ·+ a

m

m

.

EfarmÏzoume thn anisÏthta (11.7) me a = x

p, b = y

q. Afo‘ 1
p

+ 1
q

= 1, sumpera–noume
Ïti

xy = a

1/p
b

1/q  a

p

+
b

q

=
x

p

p

+
y

q

q

me isÏthta mÏno an xp = a = b = y

q.

OrismÏc 11.1.5 (suzuge–c ekjËtec). An p, q > 1 kai 1
p

+ 1
q

= 1, lËme Ïti oi p
kai q e–nai suzuge–c ekjËtec. Sumfwno‘me Ïti o suzug†c ekjËthc tou p = 1 e–nai o
q = 1.

PrÏtash 11.1.6 (AnisÏthta Hölder). 'Estw (X,A, µ) Ënac q∏roc mËtrou, f 2
L

p(µ) kai g 2 L

q(µ), Ïpou p, q suzuge–c ekjËtec. TÏte, fg 2 L

1(µ) kai

Z

|fg| dµ 
✓

Z

|f |p dµ

◆1/p✓Z

|g|q dµ

◆1/q

, (11.8)

dhlad†
kfgk1  kfk

p

kgk
q

. (11.9)

ApÏdeixh. UpojËtoume pr∏ta Ïti

kfkp
p

=

Z

|f |p dµ = 1 kai kgkq
q

=

Z

|g|q dµ = 1.

ApÏ thn anisÏthta tou Young, gia kàje x 2 X isq‘ei

|f(x)g(x)|  1

p

|f(x)|p + 1

q

|g(x)|q.

Oloklhr∏nontac thn teleuta–a pa–rnoume
Z

|fg| dµ  1

p

Z

|f |p dµ+
1

q

Z

|g|q dµ =
1

p

+
1

q

= 1 = kfk
p

kgk
q

.

Sthn genik† per–ptwsh: mporo‘me na upojËsoume Ïti kfk
p

6= 0 kai kgk
q

6= 0 (alli∏c
f ⌘ 0 † g ⌘ 0 µ�s.p. kai to aristerÏ mËloc thc zhto‘menhc anisÏthtac mhden–zetai,
opÏte den Ëqoume t–pota na de–xoume). Jewro‘me tic sunart†seic

f1 =
f

kfk
p

kai g1 =
g

kgk
q

.
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Parathro‘me Ïti

Z

|f1|p dµ =
1

kfkp
p

Z

|f |p dµ = 1 kai
Z

|g1|q dµ =
1

kgkq
q

Z

|g|q dµ = 1.

ApÏ thn eidik† per–ptwsh thc anisÏthtac pou de–xame parapànw, Ëqoume

Z

|f1g1| dµ  1, dhlad†,
Z

|fg| dµ  kfk
p

kgk
q

.

PrÏtash 11.1.7 (AnisÏthta Minkowski). 'Estw (X,A, µ) enac q∏roc mËtrou
kai 1  p < 1. An f, g 2 L

p(µ), tÏte

✓

Z

|f + g|p dµ

◆1/p


✓

Z

|f |p dµ

◆1/p

+

✓

Z

|g|p dµ

◆1/p

, (11.10)

dhlad†

kf + gk
p

 kfk
p

+ kgk
p

. (11.11)

ApÏdeixh. H anisÏthta e–nai apl† sthn per–ptwsh p = 1. Sth sunËqeia jewro‘me
thn per–ptwsh 1 < p < 1. Mporo‘me na upojËsoume Ïti kf + gk

p

> 0. Gràfoume

kf + gkp
p

=

Z

|f + g|p dµ =

Z

|f + g|p�1|f + g| dµ


Z

|f + g|p�1|f | dµ+

Z

|f + g|p�1|g| dµ


✓

Z

|f + g|(p�1)q
dµ

◆1/q

kfk
p

+

✓

Z

|f + g|(p�1)q
dµ

◆1/q

kgk
p

,

Ïpou, sto teleuta–o b†ma, efarmÏsame thn anisÏthta Hölder gia ta zeugària |f +
g|p�1

, |f | kai |f + g|p�1
, |g|. Parathro‘me Ïti (p� 1)q = p (oi p kai q e–nai suzuge–c

ekjËtec). Sunep∏c,

✓

Z

|f + g|(p�1)q
dµ

◆1/q

=

✓

Z

|f + g|p dµ

◆1/q

= kf + gkp/q
p

.

'Epetai Ïti

kf + gkp
p

 kf + gkp/q
p

�kfk
p

+ kgk
p

�

.

Qrhsimopoi∏ntac thn p� p

q

= 1 sumpera–noume Ïti

kf + gk
p

=
kf + gkp

p

kf + gkp/q
p

 kfk
p

+ kgk
p

.
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O q∏roc L1

Kataskeuàzoume t∏ra to suneqËc anàlogo tou q∏rou (`1, k · k1) twn fragmËnwn
akolouji∏n parale–pontac pollËc leptomËreiec.

OrismÏc 11.1.8. 'Estw (X,A, µ) Ënac q∏roc mËtrou. H klàsh L1(µ) apotele–tai
apÏ Ïlec eke–nec tic sunart†seic f : X ! C gia tic opo–ec upàrqei Ëna � > 0 ∏ste

µ ({x 2 X : |f(x)| > �}) = 0.

Gia mia tËtoia f , jËtoume kfk1 to infimum Ïlwn aut∏n twn �.

E‘kola blËpoume Ïti o L1(µ) e–nai grammikÏc q∏roc. 'Opwc kai prohgoumËnwc,
an gia mia f 2 L1(µ) isq‘ei kfk1 = 0, tÏte sumpera–noume Ïti f = 0 µ�s.p. 'Etsi,
gia f, g 2 L1(µ), jËtoume f ⇠ g an f = g µ�s.p. sto X.

OrismÏc 11.1.9. 'Estw (X,A, µ) Ënac q∏roc mËtrou. TÏte to s‘nolo twn klàse-
wn isodunam–ac tou q∏rou L1(µ) wc proc th sqËsh ⇠ sumbol–zetai me L

1(µ).
EpiplËon, o L1(µ) g–netai grammikÏc q∏roc me tic profane–c pràxeic.

Ja gràfoume, Ïpwc kai prin, f 2 L

1(µ) ant– gia [f ] 2 L

1(µ). TËloc, gia mia
f 2 L

1(µ) jËtoume

kfk1 = inf {� > 0 : µ ({x 2 X : |f(x)| > �})} ,

to ousi∏dec supremum thc f .

PrÏtash 11.1.10. 'Estw (X,A, µ) q∏roc mËtrou. O q∏roc (L1(µ), k ·k1) e–nai
q∏roc me nÏrma.

ApÏdeixh. Af†netai wc àskhsh.

11.2 BasikËc idiÏthtec twn q∏rwn Lp

S‘gklish ston Lp

'Opwc mÏlic apode–xame, gia 1  p  1 h k · k
p

or–zei mia nÏrma ston L

p(µ) kai
katà sunËpeia or–zei kai mia Ënnoia s‘gklishc akolouji∏n metr†simwn sunart†sewn
pou br–skontai se autÏ to q∏ro. Se aut† thn enÏthta ja sugkr–noume aut† th
s‘gklish me tic upÏloipec sugkl–seic pou melet†same sto Kefàlaio 7. D–noume ton
ex†c orismÏ:

OrismÏc 11.2.1. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! R mia akolouj–a
metr†simwn sunart†sewn kai f : X ! R mia metr†simh sunàrthsh ∏ste f

n

, f 2
L

p(µ). LËme Ïti h {f
n

} sugkl–nei sthn f ston Lp(µ) Ïtan

kf
n

� fk
p

! 0 (11.12)

kaj∏c n ! 1.

E–nai emfanËc Ïti h s‘gklish ston L1(µ) den e–nai àllh apÏ th s‘gklish katà mËso
thc §7.2.
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Je∏rhma 11.2.2. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! R mia akolouj–a
metr†simwn sunart†sewn kai f : X ! R mia metr†simh sunàrthsh ∏ste f

n

, f 2
L

p(µ). An f
n

! f ston Lp(µ), tÏte f
n

! f katà mËtro.

ApÏdeixh. 'Estw " > 0. UpojËtoume pr∏ta Ïti p < 1. Ja qrhsimopoi†soume thn
anisÏthta Chebyshev-Markov 7.5.5: TÏte

µ({x : |f
n

(x)� f(x)| � "}) = µ({x 2 X : |f
n

(x)� f(x)|p � "

p})
 1

"

p

Z

|f
n

� f |p dµ ! 0,

afo‘ f
n

! f ston Lp(µ). 'Etsi, pràgmati f
n

! f katà mËtro.
Gia thn per–ptwsh p = 1 t∏ra, parathro‘me pr∏ta Ïti |f

n

(x)� f(x)|  kf
n

� fk1
µ�s.p. sto X. 'Etsi, afo‘ kf

n

� fk1 ! 0 telikà e–nai kf
n

� fk1 < " kai àra

µ({x : |f
n

(x)� f(x)| � "}) = 0.

To ant–strofo tou prohgo‘meno jewr†matoc den isq‘ei – af†netai wc àskhsh h
e‘resh katàllhlou antiparade–gmatoc. Isq‘ei Ïmwc to ex†c merikÏ ant–strofo:

Je∏rhma 11.2.3. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! R mia akolouj–a
metr†simwn sunart†sewn kai f : X ! R mia metr†simh sunàrthsh ∏ste f

n

, f 2
L

p(µ), Ïpou 1  p < 1. An f

n

! f katà mËtro kai epiplËon upàrqei metr†simh
sunàrthsh g : X ! [0,1] me g 2 L

p(µ) ∏ste |f
n

|  g gia kàje n 2 N, tÏte e–nai
kai f

n

! f ston Lp(µ).

ApÏdeixh. Ac upojËsoume Ïti f
n

9 f ston Lp(µ). TÏte, upàrqei "0 > 0 kai upako-
louj–a {f

n

k

} thc {f
n

} ∏ste
Z

|f
n

k

� f |p dµ � "0 (11.13)

gia kàje k. Afo‘ f
n

! f katà mËtro Ïmwc e–nai kai f
n

k

! f katà mËtro kai àra,
apÏ to PÏrisma 7.3.7, upàrqei upakolouj–a {f

n

k

l

} ∏ste f
n

k

l

! f µ�s.p.. ApÏ th
sunj†kh gia th g t∏ra kai to Je∏rhma KuriarqhmËnhc S‘gklishc, Ëpetai Ïti

Z

|f
n

k

l

� f |p dµ ! 0

to opo–o Ërqetai se ant–fash me thn sqËsh (11.13).

E–nai safËc, Ïti sunduàzontac autà ta apotelËsmata me ta jewr†mata thc §7.5
mporo‘n na bgoun pollà epiplËon sumperàsmata. Xeqwr–zoume to ex†c:

PÏrisma 11.2.4. 'Estw (X,A, µ) Ënac q∏roc mËtrou, f
n

: X ! R mia akolouj–a
metr†simwn sunart†sewn kai f : X ! R mia metr†simh sunàrthsh ∏ste f

n

, f 2
L

p(µ). An f
n

! f ston Lp, tÏte upàrqei upakolouj–a {f
n

k

} thc {f
n

} me f
n

k

! f

µ�s.p..

ApÏdeixh. E–nai àmeso apÏ to Je∏rhma 11.2.2 se sunduasmÏ me to PÏrisma 7.3.7.
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PlhrÏthta twn q∏rwn Lp

'Opwc prodeàzei kai o t–tloc thc enÏthtac ja de–xoume ed∏ Ïti gia 1  p  1, Ïloi
oi q∏roi me nÏrma Lp(µ) e–nai pl†reic, dhlad† q∏roi Banach. Gia na to pet‘qoume
autÏ ja qrhsimopoi†soume ta apotelËsmata pou mÏlic de–xame gia thn s‘gklish ston
L

p(µ).

Je∏rhma 11.2.5 (Riesz-Fischer). 'Estw (X,A, µ) Ënac q∏roc mËtrou kai 1 
p < 1. O q∏roc me nÏrma (Lp(µ), k · k

p

) e–nai q∏roc Banach.

ApÏdeixh. Exetàzoume pr∏ta thn per–ptwsh p < 1. 'Estw {f
n

} mia akolouj–a pou
e–nai Cauchy ston Lp(µ). Ja de–xoume Ïti upàrqei mia f 2 L

p(µ) ∏ste kf
n

�fk
p

! 0.
Kat' arqàc, qrhsimopoi∏ntac to epiqe–rhma thc apÏdeixhc tou Jewr†matoc 11.2.2
Ëqoume Ïti h {f

n

} e–nai Cauchy katà mËtro: Pràgmati, gia " > 0 kai m,n 2 N e–nai

µ({x 2 X : |f
m

(x)� f

n

(x)| � "}) = µ({x 2 X : |f
m

(x)� f

n

(x)|p � "

p})
 1

"

Z

|f
n

� f

m

|p dµ

=
1

"

kf
n

� f

m

kp
p

! 0.

kaj∏c n,m ! 1. Sunep∏c, apÏ to Je∏rhma 7.3.6 upàrqei mia metr†simh f : X ! C
kai mia upakolouj–a {f

n

k

} thc {f
n

} me f
n

k

! f µ�s.p.. PrËpei na de–xoume Ïti
epiplËon f 2 L

p(µ) kai f
n

k

! f ston Lp(µ).
'Estw " > 0. Upàrqei n0 2 N ∏ste kf

n

� f

m

k
p

< ", gia kàje m,n � n0. ApÏ
to L†mma tou Fatou sumpera–noume Ïti:

Z

|f
m

� f |p dµ  lim inf
k

Z

|f
m

� f

n

k

|p dµ < "

p

gia m � n0. Sunep∏c, fm � f 2 L

p(µ), àra kai f 2 L

p(µ) kai epiplËon, gia kàje
m � n0 e–nai kfm � fk

p

< ". Afo‘ to arqikÏ " > 0 †tan tuqÏn, pràgmati e–nai
f

n

! f ston Lp(µ).

Gia thn per–ptwsh p = 1 t∏ra, jewro‘me ta s‘nola

A

n,m

= {x 2 X : |f
n

(x)� f

m

(x)|  kf
n

� f

m

k1} ,

gia ta opo–a isq‘ei µ(X \A
n,m

) = 0. 'Etsi, an A =
T

n,m

A

n,m

e–nai kai µ(X \A) = 0
(giat–;). 'Etsi, Ëqoume

sup
x2A

|f
n

(x)� f

m

(x)|  kf
n

� f

m

k1,

àra h {f
n

} e–nai omoiÏmorfa Cauchy sto A kai sunep∏c omoiÏmorfa sugkl–nousa.
Upàrqei loipÏn mia metr†simh sunàrthsh f : X ! C ∏ste f

n

! f omoiÏmorfa sto
A. Katal†goume loipÏn sto ex†c:

kf
n

� fk1 = k(f
n

� f)�
A

k1  sup
x2A

|f
n

(x)� f(x)| ! 0

kai àra f 2 L

1(µ) kai f
n

! f ston L1(µ).
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ProsËggish sunart†sewn ston Lp

Parousiàzoume se aut† thn enÏthta d‘o basikËc idiÏthtec prosËggishc twn sunar-
t†sewn pou an†koun se q∏rouc Lp. Xekinàme me to ex†c genikÏ apotËlesma:

Je∏rhma 11.2.6. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai 1  p  1. Jewro‘me
thn oikogËneia S pou apotele–tai apÏ Ïlec tic aplËc sunart†seic s : X ! C gia tic
opo–ec isq‘ei

µ({x 2 X : s(x) 6= 0}) < 1. (11.14)

H S e–nai pukn† ston Lp(µ).

ApÏdeixh. Exetàzoume thn per–ptwsh p < 1. Kat' arqàc an s 2 S mia apl† sunàr-
thsh me kanonik† morf†

s =

n

X

j=1

a

j

�

A

j

,

Ïpou an a
j

6= 0, tÏte µ(A
j

) < 1 Ëqoume
Z

|s|p dµ =

n

X

j=1

a

j

µ(A
j

) < 1.

Dhlad† S ✓ L

p(µ).
Gia thn puknÏthta t∏ra, upojËtoume arqikà Ïti f 2 L

p(µ), f � 0. TÏte, upàrqei
a‘xousa akolouj–a apl∏n sunart†sewn {s

n

} me 0  s

n

 f kai s
n

% f . TÏte Ïmwc
e–nai s

n

2 L

p(µ) gia kàje n kai àra e–nai kai s
n

2 S (giat–;). EpiplËon, |f�s

n

|p  f

p

kai afo‘ f 2 L

p(µ), to Je∏rhma KuriarqhmËnhc S‘gklishc d–nei Ïti
Z

|s
n

� f |p dµ ! 0,

dhlad† Ïti ks
n

� fk
p

! 0. 'Ara, oi jetikec sunart†seic ston Lp prosegg–zontai apÏ
aplËc wc proc thn k ·k

p

. H genik† per–ptwsh twn migadik∏n sunart†sewn Ëpetai apÏ
aut† me tic sun†jeic teqnikËc. EpiplËon, h per–ptwsh p = 1 af†netai wc àskhsh.

Sth sunËqeia ja asqolhjo‘me eidikÏtera me mia idiÏthta prosËggishc Borel me-
tr†simwn sunart†sewn se kàpoio metrikÏ q∏ro (X, d). D–noume pr∏ta Ënan orismÏ:

OrismÏc 11.2.7. 'Estw (X, d) Ënac metrikÏc q∏roc kai f : X ! C mia migadik†
sunàrthsh. To kleistÏ s‘nolo

supp(f) = {x 2 X : f(x) 6= 0} (11.15)

kale–tai forËac thc f .

Jewro‘me t∏ra ton upÏqwro C
c

(X) tou q∏rou C(X) twn suneq∏n sunart†sewn
sto X pou apotele–tai apÏ Ïlec eke–nec tic suneqe–c sunart†seic f : X ! C twn
opo–wn o forËac e–nai sumpag†c, dhlad† autËc pou mhden–zontai Ëxw apÏ Ëna sumpagËc
s‘nolo K ✓ X. E–nai gegonÏc Ïti se «pollo‘c» metriko‘c q∏rouc oi sunart†seic
ston Lp(µ), Ïpou 1  p < 1, prosegg–zontai apÏ suneqe–c sunart†seic me sumpag†
forËa (qontrikà, se Ïsouc q∏rouc isq‘ei to Je∏rhma Luzin 8.2.1). Eme–c, gia lÏgouc
aplÏthtac, ja apode–xoume to apotËlesma mÏno stouc q∏rouc Rk. QreiazÏmaste to
ex†c je∏rhma apÏ thn Topolog–a:
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Je∏rhma 11.2.8 (Tietze gia metriko‘c q∏rouc). 'Estw (X, d) Ënac metrikÏc
q∏roc, F ✓ X kleistÏ kai mia suneq†c sunàrthsh f : F ! C. TÏte, upàrqei mia
suneq†c sunàrthsh g : X ! C pou epekte–nei thn f , dhlad† g|

F

= f , kai epiplËon
Ëqei kgk1 = kfk1.
Gia mia apÏdeixh tou jewr†matoc sto genikÏtero pla–sio twn fusiologik∏n topologi-
k∏n q∏rwn parapËmpoume sto bibl–o Genik† Topolog–a kai Sunarthsiak† Anàlush,
S. NegrepÏnthc, J. Zaqariàdhc, N. Kalam–dac, B. Farmàkh (Kefàlaio 13).

Je∏rhma 11.2.9. 'Estw 1  p < 1. To s‘nolo C
c

(Rk) twn suneq∏n sunart†se-
wn me sumpag† forËa tou Rk e–nai puknÏ ston L

p(�
k

), Ïpou �
k

to mËtro Lebesgue
ston Rk.

ApÏdeixh. S‘mfwna me to Je∏rhma 11.2.6 arke– na de–xoume Ïti kàje apl† sunàr-
thsh s 2 S, dhlad† me sumpag† forËa, prosegg–zetai apÏ suneqe–c sunart†seic
me sumpag† forËa. 'Estw " > 0 kai s 2 S. S‘mfwna me to Je∏rhma Luzin, an
A = {x 2 Rk : s(x) 6= 0}, tÏte upàrqei kleistÏ s‘nolo F

"

✓ A me µ(A \ F

"

) < "

∏ste h s|
F

"

na e–nai suneq†c. EpiplËon, apÏ thn exwterik† kanonikÏthta tou mËtrou
Lebesgue, br–skoume s‘nolo U

"

◆ A me µ(U
"

\A) < ". TÏte, to E = F

"

[ (Rk \U
"

)
e–nai kleistÏ s‘nolo kai h s|

E

e–nai suneq†c (exhg†ste giat–). Sunep∏c, apÏ to
Je∏rhma Tietze, upàrqei mia suneq†c sunàrthsh g : Rk ! R me

g|
F

"

= s, g|
U

"

= 0 = s kai kgk1  ksk1.

Sunep∏c µ({x : s(x) 6= g(x)}) = µ(U
"

\A) + µ(A \ F
"

) < 2". 'Etsi, e–nai

ks� gkp
p

=

Z

{x:s(x) 6=g(x)}
|s� g|p dµ  2pkskp1µ({x : s(x) 6= g(x)})

kai àra
ks� gk

p

 2ksk121/p"1/p = C"

1/p
,

me th stajerà C na mhn exartàtai apÏ to ". 'Ara o C(Rk) e–nai p‘knoc ston Lp(�
k

).
TËloc, mËnei na deiqje– Ïti h g pou e–nai Ëna stoiqe–o tou C(X) mpore– na pro-

seggiste– «kalà» wc proc thn k · k
p

apo stoiqe–a tou C

c

(X) me thn upÏjesh Ïti
g 2 L

p(�
k

). H apÏdeixh auto‘ tou teleuta–ou b†matoc af†netai wc àskhsh. (U-
pÏdeixh: mpore–te na kànete pàli katàllhlh qr†sh tou Jewr†matoc Tietze.)

O dukÏc tou Lp

Kle–noume aut† thn enÏthta me to je∏rhma pou uposqej†kame sto tËloc tou proh-
go‘meno kefala–ou: ja qarakthr–soume Ïla ta fragmËna grammikà sunarthsoeid†
tou Lp(µ) gia 1 < p < 1 sthn per–ptwsh pou to µ e–nai �-peperasmËno.
Je∏rhma 11.2.10. 'Estw (X,A, µ) Ënac q∏roc �-peperasmËnou mËtrou kai 1 <

p < 1. An � : Lp(µ) ! C Ëna fragmËno grammikÏ sunarthsoeidËc, tÏte upàrqei
mia g 2 L

q(µ), Ïpou q o suzug†c ekjËthc tou p, ∏ste

�(f) =

Z

fg dµ (11.16)

gia kàje f 2 L

p(µ). Dhlad†, o dukÏc
�

L

p(µ)
�⇤
tou Lp(µ) e–nai isometrikà isÏmorfoc

me ton Lq(µ).
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H apÏdeixh tou jewr†matoc parale–petai miac kai xefe‘gei apÏ touc skopo‘c aut∏n
twn shmei∏sewn. ParapËmpoume e–te stic Shmei∏seic Anàlushc II, A. GiannÏpou-
loc (Kefàlaio 2) e–te sto bibl–o Jewr–a MËtrou, G. Koumoullhc, S. NegrepÏnthc
(Kefàlaio 11) gia thn apÏdeixh.

11.3 Oi q∏roi L1 kai L2

Kànoume ed∏ mia epiplËon anaforà stouc q∏rouc L1 kai L2 oi opo–oi Ëqoun kàpoia
epiplËon dom†, algebrik† kai analutik†.

§ H sunËlixh ston L

1(�).

'Opwc isq‘ei kai genikà gia Ïlouc touc Lp(µ), Ïpou (X,A, µ) Ënac q∏roc mËtrou,
kai o L

1(�) Ëqei th dom† grammiko‘ q∏rou. Par' Ïla autà ja jËlame na or–soume
kai kàpoiac morf†c «pollaplasiasmÏ» sto q∏ro autÏ, ∏ste na g–nei, Ïpwc lËme
àlgebra. O sun†jhc, katà shme–o, pollaplasiasmÏc Ïmwc, den e–nai kalà orismËnh
pràxh ston L1, afo‘ upàrqoun sunart†seic f, g 2 L

1(�) gia tic opoiec fg /2 L

1(�)
(na kataskeuàsete Ëna tËtoio paràdeigma). O «katàllhloc» pollaplasiasmÏc gia
ton L1(�) e–nai h sunËlixh.

'Estw f, g 2 L

1(�). Jewro‘me th sunàrthsh � : Rk ⇥ Rk ! C me

�(x, y) = f(x� y)g(y), (11.17)

h opo–a e–nai profan∏c metr†simh. An†kei ep–shc ston L1(R2k):

Z

Rk

|�(x, y)| d�(x) = |g(y)|
Z

Rk

|f(x� y)| d�(x) = |g(y)|kfk1

apÏ to anallo–wto tou mËtrou Lebesgue stic metajËseic. EpomËnwc:

Z

Rk

✓

Z

Rk

|�(x, y)| d�(x)
◆

d�(y) =

Z

Rk

|g(y)|kfk1 d�(y) = kfk1kgk1 < 1.

'Epetai loipÏn, apÏ to Je∏rhma Tonelli, Ïti � 2 L

1(�2k) kai àra apÏ to Je∏rhma
Fubini Ëqoume Ïti to olokl†rwma

Z

f(x� y)g(y) d�(y)

or–zetai ��sqedÏn gia kàje x 2 Rk kai epiplËon (an jËsoume thn tim† tou –sh me
mhdËn eke– pou den or–zetai), san sunàrthsh tou x or–zei Ëna stoiqe–o tou L

1(�).
D–noume ton ex†c:

OrismÏc 11.3.1. 'Estw f, g 2 L

1(�). TÏte, eke–no to stoiqe–o f ⇤ g tou L

1(�)
pou or–zetai ��s.p. apÏ th sqËsh

(f ⇤ g)(x) =
Z

f(x� y)g(y) d�(y) (11.18)

lËgetai sunËlixh twn f kai g.
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Katà sunËpeia Ëqoume t∏ra mia kalà orismËnh pràxh

⇤ : L1(�)⇥ L

1(�) ! L

1(�) me (f, g) 7! f ⇤ g.

AutÏc ja e–nai o «pollaplasiasmÏc» pou zht†same. Pol‘ e‘kola parathro‘me kat'
arqàc Ïti h sunËlixh e–nai digrammik† – epalhje‘ste to. MerikËc basikËc idiÏthtec
thc sunËlixhc perigràfontai parakàtw:

PrÏtash 11.3.2. An f, g 2 L

1(�), tÏte

kf ⇤ gk1  kfk1kgk1. (11.19)

EpiplËon, h sunËlixh e–nai suneq†c.

ApÏdeixh. Me ton parapànw sumbolismÏ gia th sunàrthsh � Ëqoume Ïti

kf ⇤ gk1 =

Z

�

�

�

�

Z

f(x� y)g(y) d�(y)

�

�

�

�

d�(x) 


Z

✓

Z

|�(x, y)| d�(x)
◆

d�(y) = kfk1kgk1.

Gia th sunËqeia t∏ra, ja de–xoume Ïti an f
n

, f, g

n

, g 2 L

1(�) me kf
n

� fk1 ! 0 kai
kg

n

� gk1 ! 0, tÏte e–nai kai kf
n

⇤ g
n

� f ⇤ gk1 ! 0. Pràgmati

kf
n

⇤ g
n

� f ⇤ gk1 = kf
n

⇤ (g
n

� g) + (f
n

� f) ⇤ gk1 

 kf
n

⇤ (g
n

� g)k1 + k(f
n

� f) ⇤ gk1  kf
n

k1kgn � gk1 + kf
n

� fk1kgk1 ! 0,

apÏ tic upojËseic.

PrÏtash 11.3.3. 'Estw f, g, h 2 L

1(�). H sunËlixh Ëqei tic ex†c idiÏthtec:

(i) E–nai digrammik†, dhlad†

(f + g) ⇤ h = f ⇤ h+ g ⇤ h kai f ⇤ (g + h) = f ⇤ g + f ⇤ h. (11.20)

(ii) E–nai metajetik†, dhlad†
f ⇤ g = g ⇤ f. (11.21)

(iii) E–nai prosetairistik†, dhlad†

(f ⇤ g) ⇤ h = f ⇤ (g ⇤ h). (11.22)

ApÏdeixh. LÏgw thc sunËqeiac thc sunËlixhc, gia na apode–xoume se pl†rh geni-
kÏthta autà ta apotelËsmata, arke– na ta apode–xoume gia tic suneqe–c sunart†seic
me sumpag† forËa, lÏgw tou Jewr†matoc 11.2.9, Ïpou Ëqoume tic sun†jeic idiÏthtec
tou oloklhr∏matoc Riemann.

H digrammikÏthta e–nai àmesh. Gia th metajetikÏthta, gràfoume:

(f ⇤ g)(x) =
Z

f(x� y)g(y) dy =

Z

f(z)g(x� z) dz = (g ⇤ f)(x),

Ïpou kàname thn allag† metablht†c z = x� y.
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Gia thn prosetairistikÏthta, Ëqoume:

�

f ⇤ (g ⇤ h)�(x) =
Z

f(x� y)(g ⇤ h)(y) dy =

Z

f(x� y)

✓

Z

g(y � z)h(z) dz

◆

dy =

Z

✓

Z

f(x� y)g(y � z) dy

◆

h(z) dz =

Z

✓

Z

f(x� z � u)g(u) du

◆

h(z) dz =

=

Z

(f ⇤ g)(x� z)h(z) dz =
�

(f ⇤ g) ⇤ h)(x),
Ïpou kàname thn allag† metablht†c u = y � z.

Me bàsh thn parapànw prÏtash kai to Jewr†ma Riesz-Fischer, o L

1(�)e–nai mia
metajetik† àlgebra Banach, dhlad† mia metajetik† àlgebra me mia nÏrma gia thn
opo–a isq‘ei h anisÏthta (11.19) kai e–nai pl†rhc wc proc th metrik† pou aut† epàgei.

§ O L

2(µ) e–nai q∏roc Hilbert.

Jum–zoume arqikà to ex†c: an h·, ·i Ëna eswterikÏ ginÏmeno se Ëna grammikÏ q∏ro
X, tÏte autÏ epàgei fusiologikà mia nÏrma sto X pou or–zetai apÏ th sqËsh

kxk = hx, xi1/2, gia x 2 X, (11.23)

h opo–a me th seirà thc kajistà to X metrikÏ q∏ro. An o X e–nai pl†rhc wc proc
aut† th metrik† pou epàgei to eswterikÏ ginÏmeno, tÏte o X lËgetai q∏roc Hilbert.
Jum–zoume epiplËon Ïti se opoiod†pote q∏ro me eswterikÏ ginÏmeno isq‘ei h ex†c:

PrÏtash 11.3.4 (AnisÏthta Cauchy-Schwarz). 'Estw (X, h·, ·i) Ënac q∏roc me
eswterikÏ ginÏmeno. TÏte, gia kàje x, y 2 X e–nai:

|hx, yi|  kxkkyk. (11.24)

ApÏdeixh. Afo‘ to eswterikÏ ginÏmeno e–nai jetikÏ, gia kàje � 2 R isq‘ei:

hx� �y, x� �yi � 0

† isod‘nama
hy, yi�2 � 2hx, yi�+ hx, xi � 0.

Katà sunËpeia h diakr–nousa auto‘ tou triwn‘mou (wc proc �) prËpei na e–nai mh
jetik†, dhladh

4hx, yi2 � 4hx, xihy, yi  0

pou isoduname– àmesa me th zhto‘menh apÏ ton orismÏ thc nÏrmac.

'Estw (X,A, µ) Ënac q∏roc mËtrou t∏ra. Jewro‘me thn apeikÏnish

h·, ·i : L2(µ)⇥ L

2(µ) ! C me hf, gi =
Z

fg dµ. (11.25)

ApÏ thn anisÏthta Cauchy-Schwarz sumpera–noume Ïti

Z

|fg| dµ 
✓

Z

|f |2 dµ

◆1/2✓Z

|g|2 dµ

◆1/2

< 1

kai katà sunËpeia h h·, ·i e–nai kalà orismËnh kai màlista or–zei Ëna migadikÏ eswterikÏ
ginÏmeno ston L2(µ), dhlad†:
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(i) E–nai digrammik†, dhlad†

hf, g + hi = hf, gi+ hf, hi kai hf + g, hi = hf, hi+ hg, hi, (11.26)

gia kàje f, g, h 2 L

2(µ).

(ii) E–nai antisummetrik†, dhlad†

hf, gi = hg, fi, (11.27)

gia kàje f, g 2 L

2(µ).

(iii) E–nai jetik†, dhlad†

hf, fi � 0, gia kàje f 2 L

2(µ) kai hf, fi = 0 , f = 0. (11.28)

H apÏdeixh aut∏n twn idiot†twn af†netai wc àskhsh. TËloc, parathro‘me Ïti an
k · k h nÏrma pou epàgei to eswterikÏ ginÏmeno ston L2(µ), tÏte

kfk =

✓

Z

ff dµ

◆1/2

=

✓

Z

|f |2 dµ

◆1/2

= kfk2,

gia kàje f 2 L

2(µ). Katà sunËpeia o L

2(µ) Ëqei klhronom†sei th nÏrma k · k2 apÏ
to eswterikÏ ginÏmeno h·, ·i. Sunduàzontac aut† thn parat†rhsh me to Je∏rhma
Riesz-Fischer, sumpera–noume Ïti o L2(µ) e–nai q∏roc Hilbert.

11.4 Mia de‘terh apÏdeixh tou jewr†matoc Radon-

Nikodym

D–noume se aut† thn enÏthta mia de‘terh, suntomÏterh, apÏdeixh tou Jewr†ma-
toc Radon-Nikodym. Ja qrhsimopoi†soume to apotËlesma thc prohgo‘menhc pa-
ragràfou, dhlad† Ïti o L

2 e–nai q∏roc Hilbert. SugkekrimËna, ja qreiasto‘me to
Je∏rhma Riesz gia q∏rouc Hilbert to opo–o anafËrame kai sthn §10.5. To upenju-
m–zoume kai ed∏:

Je∏rhma 11.4.1 (Riesz). 'Estw (H, h·, ·i) Ënac q∏roc Hilbert kai f : H ! C Ëna
fragmËno grammikÏ sunarthsoeidËc. TÏte upàrqei v 2 H ∏ste

f(x) = hx, vi, gia kàje x 2 H.

H apÏdeixh e–nai auto‘sia me aut† thc pragmatik†c per–ptwshc kai upàrqei stic
Shmei∏seic Sunarthsiak†c Anàlushc.
EidikÏtera, sthn per–ptwsh tou q∏rou L2(µ), Ïpou (X,A, µ) Ënac q∏roc mËtrou

to apotËlesma e–nai to ex†c:
An � : L2(µ) ! C Ëna fragmËno grammikÏ sunarthsoeidËc, tÏte upàrqei mia

g 2 L

2(µ) ∏ste

�(f) =

Z

fg dµ, (11.29)

gia kàje f 2 L

2(µ).
To meionËkthma aut†c thc apÏdeixhc pou ja parousiàsoume, se s‘gkrish me

aut† pou d∏same sto prohgo‘meno kefàlaio, e–nai Ïti apaite– kai ta d‘o mËtra pou
emplËkontai sth diat‘pwsh tou jewr†matoc na e–nai �-peperasmËna. H apÏdeixh
ofe–letai ston von Neumann.
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Je∏rhma 11.4.2 (Radon-Nikodym). 'Estw (X,A) Ënac metr†simoc q∏roc kai
µ, ⌫ d‘o �-peperasmËna mËtra ston (X,A) me ⌫ ⌧ µ. TÏte, upàrqei metr†simh
sunàrthsh h : X ! [0,1] ∏ste

⌫(A) =

Z

A

h dµ, (11.30)

gia kàje A 2 A.
ApÏdeixh. Ja apode–xoume mÏno thn per–ptwsh pou ta µ kai ⌫ e–nai peperasmËna. H
sunËqeia gia thn per–ptwsh pou e–nai �-peperasmËna, thn opo–a parousiàsame sthn
apÏdeixh tou Jewr†matoc 10.3.3, e–nai apl† kai den Ëqei kàpoia nËa idËa.

Jewro‘me to mËtro ⇢ = µ+ ⌫ sto q∏ro (X,A) to opo–o e–nai profan∏c pepera-
smËno. Jewro‘me th sunàrthsh � : L2(⇢) ! C me

�(f) =

Z

f d⌫. (11.31)

E–nai àmeso Ïti to � e–nai grammikÏ sunarthsoeidËc ston L2(⇢) kai epiplËon

|�(f)| 
Z

|f | d⌫ 
Z

|f | d⇢ 


✓

Z

1 d⇢

◆1/2✓Z

|f |2 d⇢)

◆1/2

=
p

⇢(X)kfk2,

dhlad† e–nai kai fragmËno. ApÏ to Je∏rhma Riesz loipÏn, upàrqei g 2 L

2(⇢) me thn
idiÏthta

�(f) =

Z

fg d⇢,

dhlad†,
Z

f d⌫ =

Z

fg d⇢, (11.32)

gia kàje f 2 L

2(⇢). ApÏ aut† thn g ja kataskeuàsoume thn h tou jewr†matoc.

IsqurismÏc. Isq‘ei 0  g  1 ⇢�s.p. sto X.
JËtoume arqikà A

n

= {x 2 X : g(x) � 1 + 1
n

} kai Ëqoume, jËtontac f = �

A

n

sthn
(11.32), Ïti:

⇢(A
n

) � ⌫(A
n

) =

Z

A

n

g d⇢ �
✓

1 +
1

n

◆

⇢(A
n

),

dhlad† ⇢(A
n

) = 0. 'Ara kai ⇢({x 2 X : g(x) > 1}) = 0. 'Omoia, jËtoume B
n

= {x 2
X : g(x)  � 1

n

} kai tÏte, gia f = �

B

n

, pa–rnoume:

0  ⌫(B
n

) =

Z

B

n

g d⇢  � 1

n

⇢(B
n

),

dhlad† ⇢(B
n

) = 0. 'Etsi, Ëpetai kai o isqurismÏc.

ApÏ th sqËsh ⇢ = µ+ ⌫ t∏ra, sumpera–noume Ïti
Z

f d⇢ =

Z

f dµ+

Z

f d⌫
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gia kàje f : X ! C oloklhr∏simh kai katà sunËpeia h (11.32) lambànei th morf†:
Z

f(1� g) d⌫ =

Z

fg dµ (11.33)

gia kàje f 2 L

2(⇢). An C = {x 2 X : g(x) = 1}, tÏte efarmÏzontac thn teleuta–a
gia f = �

C

, pa–rnoume Ïti

0 =

Z

C

(1� g) d⌫ =

Z

C

g dµ

kai katà sunËpeia µ(C) = 0. Afo‘ ⌫ ⌧ µ, Ëqoume Ïti ⌫(C) = 0 kai àra kai ⇢(C) = 0.
Katà sunËpeia, mporo‘me d–qwc blàbh na upojËsoume Ïti 0  g < 1 panto‘ sto X.

'Estw A 2 A. Gia n 2 N jewro‘me th sunàrthsh:

f

n

= (1 + g + ...+ g

n)�
A

(11.34)

h opo–a an†kei ston L2(⇢), afo‘ 0  g < 1 kai to ⇢ e–nai peperasmËno, kai àra h
(11.33) gia f = f

n

d–nei:

Z

A

(1� g

n+1) d⌫ =

Z

A

g · 1� g

n+1

1� g

dµ.

Oi upo olokl†rwsh akolouj–ec e–nai Ïmwc a‘xousec kai gn ! 0 katà shme–o sto X.
'Etsi, to Je∏rhma MonÏtonhc S‘gklishc d–nei Ïti:

⌫(A) =

Z

A

1 d⌫ =

Z

A

g

1� g

dµ.

To A †tan tuqÏn, opÏte jËtontac h = g

1�g

Ëqoume to zhto‘meno.

11.5 Ask†seic

Omàda A'.

1. 'Estw (X,A, µ) q∏roc mËtrou kai f 2 L

p(µ). Na de–xete Ïti gia kàje a > 0
isq‘ei

µ ({x : |f(x)| � a}) 
✓kfk

p

a

◆

p

.

2. 'Estw (X,A, µ), 1 < p < 1 kai q o suzug†c ekjËthc tou p. An f
n

! f ston
L

p(µ) kai g
n

! g ston Lq(µ), de–xte Ïti f
n

g

n

! fg ston L1(µ).

3. 'Estw (X,A, µ) q∏roc mËtrou kai p, q, r � 1 me 1
r

= 1
p

+ 1
q

. Na de–xete Ïti an
f 2 L

p(µ) kai g 2 L

q(µ), tÏte fg 2 L

r(µ) kai

kfgk
r

 kfk
p

kgk
q

.

4. 'Estw (X,A, µ) q∏roc mËtrou kai f
n

, f 2 L

p(µ) ∏ste f
n

! f ston Lp(µ). An
(g

n

) mia omoiÏmorfa fragmËnh akolouj–a metr†simwn sunart†sewn sto X me
g

n

! g µ�sqedÏn panto‘, na de–xete Ïti kf
n

g

n

� fgk
p

! 0.
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5. 'Estw (X,A, µ) q∏roc peperasmËnou mËtrou kai 1  p < q < 1.
(i) An f : X ! C metr†simh, na de–xete Ïti

kfk
p

 kfk
q

[µ(X)]
1
p

� 1
q

.

(ii) Na de–xete Ïti Lq(µ) ✓ L

p(µ).

Omàda B'.

6. 'Estw (X,A, µ) q∏roc mËtrou kai 1  p < q < r < 1. Na de–xete Ïti kàje
f 2 L

q(µ) gràfetai sth morf† f = g + h gia kàpoiec g 2 L

p(µ) kai h 2
L

r(µ). [UpÏdeixh: Jewr†ste to s‘nolo E = {x : |f(x)| > 1} kai gràyte
f = f�

E

+ f�

E

c .]

7. 'Estw (X,A, µ) q∏roc mËtrou kai 1  p < r < 1. Na de–xete Ïti an f 2
L

p(µ) \ L

r(µ), tÏte e–nai kai f 2 L

q(µ) gia kàje p  q  r.

8. 'Estw (X,A, µ) q∏roc mËtrou, p � 1 kai mia akolouj–a {f
n

} ston L

p(µ) me
kf

n

k
p

 1 gia kàje n. An f
n

! f katà shme–o µ�s.p., na de–xete Ïti f 2 L

p(µ)
kai kfk

p

 1.

9. 'Estw (X,A, µ) q∏roc peperasmËnou mËtrou kai f : X ! C mia metr†simh su-
nàrthsh. Na de–xete Ïti f 2 L

p(µ) an kai mÏno an

1
X

n=1

n

p

µ ({x 2 X : n� 1  |f(x)| < n}) < 1,

Ïpou 1  p < 1.
10. 'Estw (X,A, µ) q∏roc mËtrou kai f

n

, f 2 L

p(µ), Ïpou 1  p < 1, me f
n

! f

µ�s.p. Na de–xete Ïti

kf
n

� fk
p

! 0 an kai mÏno an kf
n

k
p

! kfk
p

.

11. 'Estw (X,A, µ) q∏roc peperasmËnou mËtrou kai mia metr†simh sunàrthsh f :
X ! C. Na de–xete Ïti

lim
p!1

kfk
p

= kfk1.

12. 'Estw 1  p0 < p1  1. D∏ste parade–gmata metr†simwn sunart†sewn f :
(0,1) ! R pou ikanopoio‘n ta ex†c:

(i) f 2 L

p(0,1) an kai mÏno an p0 < p < p1.

(ii) f 2 L

p(0,1) an kai mÏno an p0  p  p1

(iii) f 2 L

p(0,1) an kai mÏno an p = p0.

[UpÏdeixh: Dokimàste sunart†seic thc morf†c f(x) = x

a| log x|b.]
13. 'Estw E Ëna Lebesgue metr†simo upos‘nolo tou [0, 1] me 0 < �(E) < 1.

(i) De–xte Ïti h �
E

⇤ �
E

e–nai suneq†c sunàrthsh.

(ii) De–xte Ïti upàrqei " > 0 ∏ste: an |x| < " tÏte �(E \ (E + x)) > 0.
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14. 'Estw {f
n

} akolouj–a mh arnhtik∏n suneq∏n sunart†sewn sto R. UpojËtoume
Ïti kàje f

n

mhden–zetai Ëxw apÏ to [0, 1/n] kai
Z 1/n

0
f

n

(t) dt = 1.

'Estw g 2 L

1(R). Or–zoume g

n

= f

n

⇤ g. De–xte Ïti kg
n

� gk1 ! 0 kaj∏c
n ! 1.

15. Stajeropoio‘me mia g 2 L

1(Rn) kai or–zoume

A

g

(f) = g ⇤ f.
(i) De–xte Ïti o A

g

: L1(Rn) ! L

1(Rn) e–nai fragmËnoc telest†c.

(ii) An epiplËon g � 0, upolog–ste th nÏrma kA
g

k tou A
g

.

(iii) De–xte Ïti h monadik† f 2 L

1(Rn) gia thn opo–a f ⇤ f = f e–nai h f = 0.

16. De–xte Ïti an f
n

2 L

1[0, 1] kai kf
n

k  1
2n , tÏte fn ! 0 sqedÏn panto‘ wc proc

to mËtro Lebesgue.

Omàda G'.

17. 'Estw (X,A, µ) q∏roc mËtrou, p � 1 kai mia sunàrthsh f 2 L

p(µ). Na de–xete
Ïti

Z

|f |p d� = p

Z 1

0
t

p�1
µ ({x 2 X : |f(x)| > t}) dt.

18. 'Estw (X,A, µ) q∏roc peperasmËnou mËtrou kai f : X ! R metr†simh sunàrth-
sh. UpojËtoume Ïti upàrqoun p � 1 kai stajerà C > 0 tËtoia ∏ste

µ ({x 2 X : |f(x)| � t})  C

t

p

,

gia kàje t > 0. De–xte Ïti f 2 L

r(µ) gia kàje 1  r < p.

19. 'Estw r � 1 kai f
n

: (0, 1) ! R metr†simec sunart†seic me kf
n

k
r

 M gia kàje
n. UpojËtoume Ïti f

n

! f sqedÏn panto‘ (wc proc to mËtro Lebesgue) sto
(0, 1). Na de–xete Ïti gia kàje 1  p < r isq‘ei kf

n

� fk
p

! 0.

20. 'Estw f 2 L

1(Rn). Gia kàje t 2 R jËtoume f
t

(x) = f(x+ t), x 2 R. Na de–xete
Ïti:

(i) Gia kàje t e–nai f
t

2 L

1(Rn) kai
R

f

t

d� =
R

fd�.

(ii) Isq‘ei lim
t!0

R |f
t

� f |d� = 0.

21. 'Estw f 2 L

1(R). Na de–xete Ïti

lim
n!1

Z

f(x) cos(nx) d�(x) = 0 kai lim
n!1

Z

f(x) sin(nx) d�(x) = 0.

22. D–netai mia fragmËnh Lebesgue metr†simh sunàrthsh f : R ! R pou mhden–zetai
Ëxw apÏ to [�1, 1]. Gia kàje h > 0 or–zoume th sunàrthsh �

h

: R ! R me

�

h

(x) =
1

2h

Z

x+h

x�h

f(t) d�(t), x 2 R

De–xte Ïti k�
h

k2  kfk2 kai k�h � fk2 ! 0 Ïtan h ! 0+.
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23. 'Estw {f
n

} akolouj–a mh arnhtik∏n sunart†sewn ston L1(Rk) me
R

f

n

d� = 1
gia kàje n 2 N. UpojËtoume Ïti gia kàje � > 0,

lim
n!1

Z

{x:|x|>�}
f

n

d� = 0.

De–xte Ïti gia kàje p > 1,
lim

n!1
kf

n

k
p

= 1.

24. 'Estw (X,A, µ) q∏roc pijanÏthtac kai mia f 2 L

p(µ) gia kàpoio p � 1. Na
de–xete Ïti

log kfk
p

�
Z

log |f | dµ.

25. 'Estw E,F Lebesgue metr†sima upos‘nola tou R, me �(E) < 1.
(i) De–xte Ïti h �

E

⇤ �
F

e–nai suneq†c sunàrthsh.

(ii) De–xte Ïti n · ��
E

⇤ �[0,1/n]

�! �

E

sqedÏn panto‘ kaj∏c n ! 1.
26. 'Estw (X,A, µ) q∏roc ��peperasmËnou mËtrou kai g : X ! C mia metr†simh

sunàrthsh. UpojËtoume Ïti gia kàje f 2 L

1(µ) isq‘ei kai f · g 2 L

1(µ). Na
de–xete Ïti f 2 L

1(µ).

27. 'Estw 1  p < 1 kai f 2 L

p[0, 1]. Gia kàje n 2 N or–zoume

f

n

= 2n
2n
X

k=1

a

n,k

(f)�
J

n,k

,

Ïpou J
n,k

=
⇥

k�1
2n ,

k

2n

�

kai a
n,k

(f) =
R

J

n,k

f d�. De–xte Ïti

lim
n!1

kf � f

n

k
p

= 0.

28. 'Estw 1 < p < 1 kai mia sunàrthsh f 2 L

p[0,1). De–xte Ïti
�

�

�

�

Z

x

0
f(t) d�(t)

�

�

�

�

 kfk
p

x

1� 1
p

gia kàje x > 0 kai Ïti

lim
x!1

1

x

1� 1
p

Z

x

0
f(t) d�(t) = 0.

29. 'Estw (X,A, µ) q∏roc mËtrou kai c1, c2, ..., cm > 0 me c1 + c2 + ...+ c

m

= 1. Na
de–xete Ïti an f1, f2, ..., fm : X ! C e–nai metr†simec sunart†seic, tÏte

Z

 

m

Y

i=1

|f
i

|ci
!

dµ 
m

Y

i=1

✓

Z

|f
i

| dµ
◆

c

i

.

30. UpojËtoume Ïti f 2 L

p(R) gia kàje 1  p < 2 kai epiplËon Ïti

sup
1p<2

kfk
p

< +1.

De–xte Ïti f 2 L

2(R) kai
kfk2 = lim

p!2�
kfk

p

.
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31. 'Estw f 2 L

1[0, 1] me thn ex†c idiÏthta: upàrqei C > 0 ∏ste
Z

A

|f | d�  C

p

�(A)

gia kàje Lebesgue metr†simo upos‘nolo A ✓ [0, 1]. De–xte Ïti f 2 L

p[0, 1] gia
kàje 1  p < 2. E–nai anagkastikà h f ston L2[0, 1];

32. 'Estw f : Rn ! R Lebesgue metr†simh, E = supp(f) gia thn opo–a isq‘ei

(⇤).
Z

E

exp (f(x)) d�(x) = 1

Apode–xte Ïti f 2 L

p(Rn) gia kàje 1  p < 1 kai kfk
p

 Cp, Ïpou C >

0 mia apÏluth stajerà. D∏ste paràdeigma miac metr†simhc sunàrthshc f pou
ikanopoie– thn (⇤) allà f /2 L

1(Rn).

33. 'Estw (X,A, µ) Ënac q∏roc mËtrou kai mia metr†simh sunàrthsh f : X ! C.
Or–zoume to ousi∏dec ped–o tim∏n thc f na e–nai to s‘nolo R

f

Ïlwn twn a 2 C
gia ta opo–a isq‘ei to ex†c: gia kàje " > 0

µ({x 2 X : |f(x)� a| < "}) > 0.

(i) Na de–xete Ïti to R
f

e–nai kleistÏ s‘nolo.

(ii) An f 2 L

1 na de–xete Ïti to R
f

e–nai sumpagËc kai kfk1 = max{|a| : a 2
R

f

}.
34. 'Estw 0 < p < 1. Or–zoume ton (arnhtikÏ aut† th forà) suzug† ekjËth q tou

p apÏ th sqËsh 1
p

+ 1
q

= 1. 'Estw (X,A, µ) Ënac q∏roc mËtrou. An f, g : X !
[0,1] na de–xete Ïti isquoun oi ex†c:

Z

fg dµ �
✓

Z

f

p

dµ

◆1/p✓Z

g

q

dµ

◆1/q

✓

Z

(f + g)p dµ

◆1/p

�
✓

Z

f

p

dµ

◆1/p

+

✓

Z

g

p

dµ

◆1/p

.

35. De–xte Ïti an 1  p < q  1, tÏte o Lq[0, 1] e–nai pr∏thc kathgor–ac upos‘nolo
tou Lp[0, 1].





Parart†mata





Paràrthma A˛

Olokl†rwma Riemann

A˛.1 OrismÏc

'Estw [a, b] Ëna kleistÏ diàsthma. DiamËrish tou [a, b] ja lËme kàje peperasmËno
upos‘nolo P = {x0, x1, . . . , xn

} tou [a, b] me x0 = a < x1 < . . . < x

n

= b. Ja
gràfoume P = {a = x0 < x1 < . . . < x

n

= b} gia na ton–soume aut†n akrib∏c th
diàtaxh.
Kàje diamËrish P = {a = x0 < x1 < . . . < x

n

= b} qwr–zei to [a, b] se n

upodiast†mata [x
k

, x

k+1], k = 0, 1, . . . , n � 1. Onomàzoume plàtoc thc diamËrishc
P ton arijmÏ

kPk = max{x1 � x0, x2 � x1, . . . , xn

� x

n�1}.
Parathr†ste Ïti den apaito‘me apÏ ta [x

k

, x

k+1] na Ëqoun to –dio m†koc.
H diamËrish P1 lËgetai eklËptunsh thc P an P ✓ P1, dhlad† an h P1 pro-

k‘ptei apÏ thn P me thn prosj†kh peperasmËnwn to pl†joc shme–wn. An P1, P2

e–nai d‘o diamer–seic tou [a, b], h koin† eklËptunsh twn P1, P2 e–nai h diamËrish
P = P1 [ P2.

Jewro‘me t∏ra mia fragmËnh sunàrthsh f : [a, b] ! R kai mia diamËrish
P = {a = x0 < x1 < . . . < x

n

= b} tou [a, b]. Gia kàje k = 0, 1, . . . , n� 1 or–zoume
touc pragmatiko‘c arijmo‘c

m

k

(f, P ) = m

k

= inf{f(x) : x
k

 x  x

k+1}
kai

M

k

(f, P ) = M

k

= sup{f(x) : x
k

 x  x

k+1}.
To ànw kai to kàtw àjroisma thc f wc proc thn P e–nai oi arijmo–

U(f, P ) =

n�1
X

k=0

M

k

(x
k+1 � x

k

)

kai

L(f, P ) =

n�1
X

k=0

m

k

(x
k+1 � x

k

)

ant–stoiqa. E–nai fanerÏ Ïti gia kàje diamËrish P isq‘ei

L(f, P )  U(f, P )
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afo‘ m

k

 M

k

kai x
k+1 � x

k

> 0, k = 0, 1, . . . , n � 1. Isq‘ei Ïmwc mia pol‘ pio
isqur† anisÏthta:

L†mma A˛.1.1. 'Estw f : [a, b] ! R fragmËnh sunàrthsh kai P1, P2 d‘o diame-
r–seic tou [a, b]. TÏte,

L(f, P1)  U(f, P2).

ApÏdeixh. H apÏdeixh bas–zetai ston akÏloujo isqurismÏ:

'Estw P = {a = x0 < x1 < . . . < x

k

< x

k+1 < . . . < x

n

= b} kai
x

k

< y < x

k+1 gia kàpoio k = 0, 1, . . . , n� 1. An P1 = P [ {y}, tÏte
L(f, P )  L(f, P1)  U(f, P1)  U(f, P ).

ApÏdeixh tou isqurismo‘: JËtoume m

(1)
k

= inf{f(x) : x

k

 x  y} kai m(2)
k

=

inf{f(x) : y  x  x

k+1}. TÏte, mk

 m

(1)
k

kai m
k

 m

(2)
k

(diÏti A ✓ B =)
inf B  inf A). EpomËnwc,

L(f, P1)� L(f, P ) = m

(1)
k

(y � x

k

) +m

(2)
k

(x
k+1 � y)�m

k

(x
k+1 � x

k

) � 0.

Entel∏c anàloga de–qnoume Ïti

U(f, P1)  U(f, P ).

Gia thn apÏdeixh tou L†mmatoc jewro‘me thn koin† eklËptunsh P = P1 [ P2

twn P1 kai P2. H P prok‘ptei apÏ thn P1 me prosj†kh peperasmËnwn to pl†joc
shme–wn. An efarmÏsoume ton isqurismÏ peperasmËnec to pl†joc forËc, pa–rnoume
L(f, P1)  L(f, P ).
Afo‘ h P prok‘ptei apÏ thn P2 me thn prosj†kh peperasmËnwn to pl†joc

shme–wn, Ïmoia blËpoume Ïti U(f, P )  U(f, P2). ApÏ thn àllh pleurà, L(f, P ) 
U(f, P ). Sunduàzontac ta parapànw, Ëqoume

L(f, P1)  L(f, P )  U(f, P )  U(f, P2).

OrismÏc A˛.1.2. 'Estw f : [a, b] ! R fragmËnh sunàrthsh. Or–zoume san kàtw
olokl†rwma thc f sto [a, b] to

Z

b

a

f(x)dx = sup

⇢

L(f, P ) : P diamËrish tou [a, b]
�

kai san ànw olokl†rwma thc f sto [a, b] to

Z

b

a

f(x)dx = inf

⇢

U(f, P ) : P diamËrish tou [a, b]
�

.

ApÏ to L†mma A'.1.1 Ëqoume

Z

b

a

f(x)dx 
Z

b

a

f(x)dx.

Mia fragmËnh sunàrthsh f : [a, b] ! R lËgetai Riemann oloklhr∏simh an

Z

b

a

f(x)dx =

Z

b

a

f(x)dx.
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H koin† aut† tim† lËgetai olokl†rwma Riemann thc f sto [a, b] kai sumbol–zetai
me

Z

b

a

f(x)dx †
Z

b

a

f.

A˛.2 To krit†rio tou Riemann

Je∏rhma A˛.2.1 (krit†rio Riemann). 'Estw f : [a, b] ! R fragmËnh sunàrthsh.
H f e–nai Riemann oloklhr∏simh an kai mÏno an gia kàje " > 0 mporo‘me na bro‘me
diamËrish P tou [a, b] tËtoia ∏ste

U(f, P )� L(f, P ) < ".

ApÏdeixh. UpojËtoume pr∏ta Ïti h f e–nai Riemann oloklhr∏simh. Dhlad†,

Z

b

a

f(x)dx =

Z

b

a

f(x)dx =

Z

b

a

f(x)dx.

'Estw " > 0. ApÏ ton orismÏ tou kàtw oloklhr∏matoc, upàrqei diamËrish P1 tou
[a, b] tËtoia ∏ste

Z

b

a

f(x)dx < L(f, P1) +
"

2
.

ApÏ ton orismÏ tou ànw oloklhr∏matoc, upàrqei diamËrish P2 tou [a, b] tËtoia ∏ste

Z

b

a

f(x)dx > U(f, P2)� "

2
.

Jewro‘me thn koin† eklËptunsh P = P1 [ P2. TÏte,

U(f, P )� "

2
 U(f, P2)� "

2

<

Z

b

a

f(x)dx =

Z

b

a

f(x)dx

< L(f, P1) +
"

2
 L(f, P ) +

"

2
,

ap’ Ïpou Ëpetai Ïti
0  U(f, P )� L(f, P ) < ".

Ant–strofa: upojËtoume Ïti gia kàje " > 0 upàrqei diamËrish P

"

tou [a, b] tËtoia
∏ste

U(f, P
"

) < L(f, P
"

) + ".

TÏte,
Z

b

a

f(x)dx  U(f, P
"

) < L(f, P
"

) + " 
Z

b

a

f(x)dx+ ",

dhlad†
Z

b

a

f(x)dx 
Z

b

a

f(x)dx 
Z

b

a

f(x)dx+ "
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gia kàje " > 0. 'Epetai Ïti

Z

b

a

f(x)dx =

Z

b

a

f(x)dx,

dhlad† h f e–nai Riemann oloklhr∏simh. 2

Je∏rhma A˛.2.2. Kàje monÏtonh sunàrthsh f : [a, b] ! R e–nai Riemann olo-
klhr∏simh.

ApÏdeixh: Qwr–c periorismÏ thc genikÏthtac upojËtoume Ïti h f e–nai a‘xousa. H
f e–nai profan∏c fragmËnh. Gia kàje n 2 N jewro‘me th diamËrish P

n

= {a = x0 <

x1 < · · · < x

n�1 < x

n

= b} tou [a, b] se n –sa upodiast†mata. Dhlad†,

x

k

= a+
k(b� a)

n

, k = 0, 1, . . . , n.

TÏte, afo‘ h f e–nai a‘xousa Ëqoume

U(f, P
n

) =

n�1
X

k=0

M

k

(x
k+1�x

k

) =

n�1
X

k=0

f(x
k+1)

b� a

n

=
b� a

n

·(f(x1) + · · ·+ f(x
n

)) ,

en∏

L(f, P
n

) =
n�1
X

k=0

m

k

(x
k+1�x

k

) =
n�1
X

k=0

f(x
k

)
b� a

n

=
b� a

n

· (f(x0) + · · ·+ f(x
n�1)) .

'Ara,

U(f, P
n

)� L(f, P
n

) =
[f(x

n

)� f(x0)](b� a)

n

=
[f(b)� f(a)](b� a)

n

! 0.

ApÏ to krit†rio tou Riemann blËpoume e‘kola Ïti h f e–nai Riemann oloklhr∏simh.
2

Je∏rhma A˛.2.3. Kàje suneq†c sunàrthsh f : [a, b] ! R e–nai Riemann olo-
klhr∏simh.

ApÏdeixh: 'Estw " > 0. H f e–nai suneq†c sto kleistÏ diàsthma [a, b], àra omoi-
Ïmorfa suneq†c. Mporo‘me loipÏn na bro‘me � > 0 me thn ex†c idiÏthta:

An x, y 2 [a, b] kai |x� y| < �, tÏte |f(x)� f(y)| < "

b�a

.

Mporo‘me ep–shc na bro‘me n 2 N tËtoio ∏ste

b� a

n

< �.

Qwr–zoume to [a, b] se n upodiast†mata tou id–ou m†kouc b�a

n

. Jewro‘me dhlad† th
diamËrish P

n

pou apotele–tai apÏ ta shme–a

x

k

= a+
k(b� a)

n

, k = 0, 1, . . . , n.
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'Estw k = 0, 1, . . . , n � 1. H f e–nai suneq†c sto kleistÏ diàsthma [x
k

, x

k+1], àra
pa–rnei mËgisth kai elàqisth tim† se autÏ. Upàrqoun dhlad† y0

k

, y

00
k

2 [x
k

, x

k+1] t.w.

M

k

= f(y0
k

) kai m

k

= f(y00
k

).

EpiplËon, to m†koc tou [x
k

, x

k+1] e–nai –so me b�a

n

< �, àra

|y0
k

� y

00
k

| < �.

ApÏ thn epilog† tou � pa–rnoume

M

k

�m

k

= f(y0
k

)� f(y00
k

) = |f(y0
k

)� f(y00
k

)| < "

b� a

.

'Epetai Ïti

U(f, P
n

)� L(f, P
n

) =

n�1
X

k=0

(M
k

�m

k

)(x
k+1 � x

k

)

<

n�1
X

k=0

"

b� a

(x
k+1 � x

k

)

=
"

b� a

(b� a) = ".

ApÏ to krit†rio tou Riemann, h f e–nai Riemann oloklhr∏simh. 2

A˛.3 IdiÏthtec tou oloklhr∏matoc Riemann

Se aut†n thn paràgrafo anafËroume tic pio basikËc idiÏthtec tou oloklhr∏matoc
Riemann kai apodeikn‘oume merikËc apÏ autËc. H apÏdeixh twn upolo–pwn e–nai mia
kal† àskhsh.

Je∏rhma A˛.3.1 (grammikÏthta tou oloklhr∏matoc). An f, g : [a, b] ! R e–nai
d‘o oloklhr∏simec sunart†seic kai t, s 2 R, tÏte h tf + sg e–nai oloklhr∏simh sto
[a, b] kai

Z

b

a

(tf + sg)(x)dx = t

Z

b

a

f(x)dx+ s

Z

b

a

g(x)dx.

Je∏rhma A˛.3.2. 'Estw f : [a, b] ! R fragmËnh sunàrthsh kai Ëstw c 2 (a, b).
H f e–nai oloklhr∏simh sto [a, b] an kai mÏno an e–nai oloklhr∏simh sta [a, c] kai
[c, b]. TÏte, isq‘ei

Z

b

a

f(x)dx =

Z

c

a

f(x)dx+

Z

b

c

f(x)dx.

Je∏rhma A˛.3.3. 'Estw f : [a, b] ! R oloklhr∏simh sunàrthsh. UpojËtoume
Ïti m  f(x)  M gia kàje x 2 [a, b]. TÏte,

m(b� a) 
Z

b

a

f(x)dx  M(b� a).
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Shme–wsh. O arijmÏc
1

b� a

Z

b

a

f(x)dx

e–nai h mËsh tim† thc f sto [a, b].

PÏrisma A˛.3.4. 'Estw f, g : [a, b] ! R oloklhr∏simec sunart†seic. UpojËtou-
me Ïti f(x) � g(x) gia kàje x 2 [a, b]. TÏte,

Z

b

a

f(x)dx �
Z

b

a

g(x)dx.

Je∏rhma A˛.3.5. 'Estw f : [a, b] ! [m,M ] oloklhr∏simh sunàrthsh kai Ëstw
� : [m,M ] ! R suneq†c sunàrthsh. TÏte, h � � f : [a, b] ! R e–nai oloklhr∏simh.

ApÏdeixh. 'Estw " > 0. Ja bro‘me diamËrish P tou [a, b] me thn idiÏthta U(� �
f, P )� L(� � f, P ) < ". To zhto‘meno Ëpetai apÏ to krit†rio tou Riemann.
H � e–nai suneq†c sto [m,M ], àra e–nai fragmËnh: upàrqei A > 0 ∏ste |�(⇠)| 

A gia kàje ⇠ 2 [m,M ]. Ep–shc, h � e–nai omoiÏmorfa suneq†c: an jËsoume "1 =
"/(2A+ b� a) > 0, upàrqei 0 < � < "1 ∏ste, gia kàje ⇠, ⌘ 2 [m,M ] me |⇠ � ⌘| < �

isq‘ei |�(⇠)� �(⌘)| < "1.
EfarmÏzontac to krit†rio tou Riemann gia thn oloklhr∏simh sunàrthsh f ,

br–skoume diamerish P = {a = x0 < x1 < · · · < x

k

< x

k+1 < · · · < x

n

= b} ∏ste

U(f, P )� L(f, P ) =

n�1
X

k=0

(M
k

(f)�m

k

(f))(x
k+1 � x

k

) < �

2
.

Or–zoume

I = {0  k  n� 1 : M
k

(f)�m

k

(f) < �}
J = {0  k  n� 1 : M

k

(f)�m

k

(f) � �}.
Parathro‘me ta ex†c:

(i) An k 2 I, tÏte gia kàje x, x0 2 [x
k

, x

k+1] Ëqoume |f(x) � f(x0)|  M

k

(f) �
m

k

(f) < �. Pa–rnontac ⇠ = f(x) kai ⌘ = f(x0), Ëqoume ⇠, ⌘ 2 [m,M ] kai |⇠�⌘| < �.
'Ara,

|(� � f)(x)� (� � f)(x0)| = |�(⇠)� �(⌘)| < "1.

Afo‘ ta x, x0 †tan tuqÏnta sto [x
k

, x

k+1], sumpera–noume ÏtiMk

(��f)�m

k

(��f) 
"1 (exhg†ste giat–). 'Epetai Ïti

X

k2I

(M
k

(� � f)�m

k

(� � f))(x
k+1 � x

k

)  "

X

k2I

(x
k+1 � x

k

)  (b� a)"1.

(ii) Gia to J Ëqoume

�

X

k2J

(x
k+1 � x

k

) 
X

k2J

(M
k

(f)�m

k

(f))(x
k+1 � x

k

) < �

2
,

àra
X

k2J

(x
k+1 � x

k

) < � < "1.
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Ep–shc,

|(� � f)(x)� (� � f)(x0)|  |(� � f)(x)|+ |(� � f)(x0)|  2A

gia kàje x, x0 2 [x
k

, x

k+1], àra Mk

(� � f)�m

k

(� � f)  2A gia kàje k 2 J . 'Epetai
Ïti

X

k2J

(M
k

(� � f)�m

k

(� � f))(x
k+1 � x

k

)  2A
X

k2J

(x
k+1 � x

k

) < 2A"1.

ApÏ ta parapànw sumpera–noume Ïti

U(� � f, P )� L(� � f, P ) =

n�1
X

k=0

(M
k

(� � f)�m

k

(� � f))(x
k+1 � x

k

)

=
X

k2I

(M
k

(� � f)�m

k

(� � f))(x
k+1 � x

k

)

+
X

k2J

(M
k

(� � f)�m

k

(� � f))(x
k+1 � x

k

)

< (b� a)"1 + 2A"1 = ".

AutÏ oloklhr∏nei thn apÏdeixh. 2

Qrhsimopoi∏ntac to Je∏rhma A'.3.5 mporo‘me na elËgxoume e‘kola thn oloklh-
rwsimÏthta diafÏrwn sunart†sewn pou prok‘ptoun apÏ thn s‘njesh miac oloklh-
r∏simhc sunàrthshc f me katàllhlec suneqe–c sunart†seic.

Je∏rhma A˛.3.6. 'Estw f, g : [a, b] ! R oloklhr∏simec sunart†seic. TÏte,
(a) h |f | e–nai oloklhr∏simh kai

�

�

�

�

Z

b

a

f(x)dx

�

�

�

�


Z

b

a

|f(x)|dx.

(b) h f

2 e–nai oloklhr∏simh.

(g) h fg e–nai oloklhr∏simh.

ApÏdeixh. Ta (a) kai (b) e–nai àmesec sunËpeiec tou Jewr†matoc A'.3.5. Gia to (g)
gràyte

fg =
(f + g)2 � (f � g)2

4

kai qrhsimopoi†ste to (b) se sunduasmÏ me to gegonÏc Ïti oi f + g, f � g e–nai
oloklhr∏simec. 2

Mia s‘mbash. Wc t∏ra or–same to
R

b

a

f(x)dx mÏno sthn per–ptwsh a < b (dou-
le‘ame sto kleistÏ diàsthma [a, b]). Gia praktiko‘c lÏgouc epekte–noume ton orismÏ
kai sthn per–ptwsh a � b wc ex†c:

(a) an a = b, jËtoume
R

a

a

f = 0 (gia kàje f).

(b) an a > b kai h f : [b, a] ! R e–nai oloklhr∏simh, or–zoume
Z

b

a

f(x)dx = �
Z

a

b

f(x)dx.
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A˛.4 O orismÏc tou Riemann

O orismÏc pou d∏same gia thn oloklhrwsimÏthta miac fragmËnhc sunàrthshc f :
[a, b] ! R ofe–letai ston Darboux. O pr∏toc austhrÏc orismÏc thc oloklhrwsi-
mÏthtac dÏjhke apÏ ton Riemann kai e–nai o ex†c:

OrismÏc A˛.4.1. 'Estw f : [a, b] ! R fragmËnh sunàrthsh. LËme Ïti h f e–nai
oloklhr∏simh sto [a, b] an upàrqei Ënac pragmatikÏc arijmÏc I(f) me thn ex†c
idiÏthta:

Gia kàje " > 0 mporo‘me na bro‘me � > 0 ∏ste: an P = {a = x0 <

x1 < · · · < x

n

= b} e–nai diamËrish tou [a, b] me plàtoc kPk < � kai an
⇠

k

2 [x
k

, x

k+1], k = 0, 1, . . . , n � 1 e–nai tuqo‘sa epilog† shme–wn apÏ
ta upodiast†mata pou or–zei h P , tÏte

�

�

�

�

n�1
X

k=0

f(⇠
k

)(x
k+1 � x

k

)� I(f)

�

�

�

�

< ".

Se aut† thn per–ptwsh lËme Ïti o I(f) e–nai to (R)-olokl†rwma thc f sto [a, b].

SumbolismÏc. Sun†jwc gràfoume ⌅ gia thn epilog† shme–wn {⇠0, ⇠1, . . . , ⇠n�1} kai
P

(f, P,⌅) gia to àjroisma

n�1
X

k=0

f(⇠
k

)(x
k+1 � x

k

).

Parathr†ste Ïti t∏ra to ⌅ «upeisËrqetai» sto sumbolismÏ
P

(f, P,⌅) afo‘ gia thn
–dia diamËrish P mporo‘me na Ëqoume pollËc diaforetikËc epilogËc ⌅ = {⇠0, ⇠1, . . . , ⇠n�1}
me ⇠

k

2 [x
k

, x

k+1].

Je∏rhma A˛.4.2. 'Estw f : [a, b] ! R fragmËnh sunàrthsh. H f e–nai oloklh-
r∏simh katà Darboux an kai mÏno an e–nai oloklhr∏simh katà Riemann.

ApÏdeixh. UpojËtoume pr∏ta Ïti h f e–nai oloklhr∏simh katà Riemann. Gràfoume
I(f) gia to olokl†rwma thc f me ton orismÏ tou Riemann.
'Estw " > 0. Mporo‘me na bro‘me mia diamËrish P = {a = x0 < x1 < · · · < x

n

=
b} (me arketà mikrÏ plàtoc) ∏ste gia kàje epilog† shme–wn ⌅ = {⇠0, ⇠1, . . . , ⇠n�1}
me ⇠

k

2 [x
k

, x

k+1] na isq‘ei

�

�

�

�

n�1
X

k=0

f(⇠
k

)(x
k+1 � x

k

)� I(f)

�

�

�

�

<

"

4
.

Gia kàje k = 0, 1, . . . , n� 1 mporo‘me na bro‘me ⇠0
k

, ⇠

00
k

2 [x
k

, x

k+1] ∏ste

m

k

> f(⇠0
k

)� "

4(b� a)
kai M

k

< f(⇠00
k

) +
"

4(b� a)
.

'Ara,

L(f, P ) >

n�1
X

k=0

f(⇠0
k

)(x
k+1 � x

k

)� "

4
> I(f)� "

2
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kai

U(f, P ) <

n�1
X

k=0

f(⇠00
k

)(x
k+1 � x

k

) +
"

4
< I(f) +

"

2
.

'Epetai Ïti
U(f, P )� L(f, P ) < ",

dhlad† h f e–nai oloklhr∏simh katà Darboux. Ep–shc,

I(f)� "

2
<

Z

b

a

f(x)dx 
Z

b

a

f(x)dx < I(f) +
"

2
,

kai afo‘ to " > 0 †tan tuqÏn,

Z

b

a

f(x)dx =

Z

b

a

f(x)dx = I(f).

Dhlad†,
Z

b

a

f(x)dx = I(f).

Ant–strofa: upojËtoume Ïti h f e–nai oloklhr∏simh me ton orismÏ tou Darboux.
'Estw " > 0. Upàrqei diamËrish P = {a = x0 < x1 < · · · < x

n

= b} tou [a, b] ∏ste

U(f, P )� L(f, P ) <
"

4
.

H f e–nai fragmËnh, dhlad† upàrqei M > 0 ∏ste |f(x)|  M gia kàje x 2 [a, b].
EpilËgoume

� =
"

6nM
> 0.

'Estw P

0 diamËrish tou [a, b] me plàtoc kPk < �, h opo–a e–nai kai eklËptunsh
thc P . TÏte, gia kàje epilog† ⌅ shme–wn apÏ ta upodiast†mata pou or–zei h P

0

Ëqoume

Z

b

a

f(x)dx� "

4
< L(f, P )  L(f, P 0) 

X

(f, P 0
,⌅)

 U(f, P 0)  U(f, P ) <

Z

b

a

f(x)dx+
"

4
.

Dhlad†,
�

�

�

�

X

(f, P 0
,⌅)�

Z

b

a

f(x)dx

�

�

�

�

<

"

2
.

Zhtàme na de–xoume to –dio pràgma gia tuqo‘sa diamËrish P1 me plàtoc mikrÏte-
ro apÏ � (h duskol–a e–nai Ïti mia tËtoia diamËrish den Ëqei kanËna lÏgo na e–nai
eklËptunsh thc P ).
'Estw P1 = {a = y0 < y1 < · · · < y

m

= b} mia tËtoia diamËrish tou [a, b]. Ja
«prosjËsoume» sthn P1 Ëna-Ëna Ïla ta shme–a xk

thc P ta opo–a den an†koun sthn
P1 (autà e–nai to pol‘ n� 1).
Ac po‘me Ïti Ëna tËtoio x

k

br–sketai anàmesa sta diadoqikà shme–a y
l

< y

l+1 thc
P1. Jewro‘me thn P2 = P1 [ {x

k

} kai tuqo‘sa epilog† ⌅(1) = {⇠0, ⇠1, . . . , ⇠m�1}



208 · Pararthma a˛. Oloklhrwma Riemann

me ⇠
l

2 [y
l

, y

l+1], l = 0, 1, . . . ,m � 1. EpilËgoume d‘o shme–a ⇠0
l

2 [y
l

, x

k

] kai ⇠00
l

2
[x

k

, y

l+1] kai jewro‘me thn epilog† shme–wn ⌅(2) = {⇠0, ⇠1, . . . , ⇠l�1, ⇠
0
l

, ⇠

00
l

, . . . , ⇠

m�1}
pou antistoiqe– sthn P2. 'Eqoume

�

�

�

�

X

(f, P1,⌅
(1))�

X

(f, P2,⌅
(2))

�

�

�

�

= |f(⇠
l

)(y
l+1 � y

l

)� f(⇠0
l

)(x
k

� y

l

)

�f(⇠00
l

)(y
l+1 � x

k

)|
 3M max

l

|y
l+1 � y

l

| < 3M�

=
"

2n
.

Antikajist∏ntac th dosmËnh (P1,⌅
(1)) me Ïlo kai leptÏterec diamer–seic (P

k

,⌅(k))
pou prok‘ptoun me thn prosj†kh shme–wn thc P , metà apÏ n to pol‘ b†mata ftànou-
me se mia diamËrish P0 kai mia epilog† shme–wn ⌅(0) me tic ex†c idiÏthtec:

(a) h P0 e–nai koin† eklËptunsh twn P kai P1, kai Ëqei plàtoc mikrÏtero apÏ �.

(b) afo‘ h P0 e–nai eklËptunsh thc P , Ëqoume

�

�

�

�

X

(f, P0,⌅
(0))�

Z

b

a

f(x)dx

�

�

�

�

<

"

2
.

(g) afo‘ kàname to pol‘ n b†mata gia na ftàsoume sthn P0 kai afo‘ se kàje b†ma
ta ajro–smata ape–qan to pol‘ "

2n , Ëqoume
�

�

�

�

X

(f, P1,⌅
(1))�

X

(f, P0,⌅
(0))

�

�

�

�

< n

"

2n
=
"

2
.

Dhlad†, gia thn tuqo‘sa diamËrish P1 plàtouc < � kai gia thn tuqo‘sa epilog†
⌅(1) shme–wn apÏ ta upodiast†mata thc P1, Ëqoume

�

�

�

�

X

(f, P1,⌅
(1))�

Z

b

a

f(x)dx

�

�

�

�

<

�

�

�

�

X

(f, P1,⌅
(1))�

X

(f, P0,⌅
(0))

�

�

�

�

+

�

�

�

�

X

(f, P0,⌅
(0))�

Z

b

a

f(x)dx

�

�

�

�

<

"

2
+
"

2
= ".

'Epetai Ïti h f e–nai oloklhr∏simh me ton orismÏ tou Riemann, kaj∏c kai Ïti oi I(f)
kai

R

b

a

f(x)dx e–nai –soi. 2



Paràrthma B˛

Arijm†sima kai
uperarijm†sima s‘nola

B˛.1 Isoplhjikà s‘nola

OrismÏc B˛.1.1 (IsoplhjikÏthta). 'Estw A,B d‘o mh kenà s‘nola. Ta A,B

lËgontai isoplhjikà an upàrqei mia sunàrthsh f : A ! B, h opo–a e–nai 1-1 kai ep–1.
TÏte, gràfoume A =

c

B † |A| = |B| † kai A ⇠ B.

Parade–gmata B˛.1.2. (a) Ta s‘nola (0, 1) kai (0, 2) e–nai isoplhjikà, mËsw thc
antistoiq–ac f : (0, 1) ! (0, 2) me f(x) = 2x. GenikÏtera, kàje anoiktÏ diàsthma
(a, b), a, b 2 R, a < b, e–nai isoplhjikÏ me to (0, 1) mËsw thc antistoiq–ac f :
(0, 1) ! (a, b) me f(t) = (1� t)a+ tb.

(b) To s‘nolo twn fusik∏n arijm∏n N = {1, 2, . . . } e–nai isoplhjikÏ me to s‘nolo
twn art–wn A = {2n : n 2 N} mËsw thc antistoiq–ac N ⇢ A me n 7! 2n.

(g) To s‘nolo twn fusik∏n arijm∏n N e–nai isoplhjikÏ me to s‘nolo twn akera–wn
Z. Pràgmati: jewro‘me th sunàrthsh f : N ! Z me

f(n) =

⇢

k, an n = 2k � 1, k 2 N
1� k, an n = 2k, k 2 N

H sunàrthsh f antistoiqe– stouc peritto‘c fusiko‘c touc jetiko‘c akera–ouc kai
stouc àrtiouc fusiko‘c touc mh jetiko‘c akera–ouc.

(d) Ta s‘nola [0, 1] kai [0, 1) e–nai isoplhjikà. Pràgmati: jewro‘me to s‘nolo A =
{ 1
n

: n = 1, 2, . . . }, to opo–o e–nai upos‘nolo tou [0, 1] kai or–zoume th sunàrthsh
f : [0, 1] ! [0, 1) me

f(x) =

⇢

1
n+1 , an x 2 A kai x = 1

n

x, diaforetikà

E‘kola elËgqoume Ïti h f e–nai antistoiq–a.

H epÏmenh prÏtash mac lËei Ïti h isoplhjikÏthta metax‘ sunÏlwn e–nai sqËsh
isodunam–ac.

1Mia tËtoia sunàrthsh onomàzetai antistoiq–a. LËme tÏte Ïti Ëqoume mia antistoiq–a
apÏ to A sto B kai gràfoume A ⇢ B.
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PrÏtash B˛.1.3. 'Estw A,B,C mh kenà s‘nola. TÏte isq‘oun ta akÏlouja:
(a) A ⇠ A,
(b) an A ⇠ B, tÏte B ⇠ A kai
(g) an A ⇠ B kai B ⇠ C, tÏte A ⇠ C.

ApÏdeixh. 'Amesh. 2

SumbolismÏc. Sumbol–zoume me T
n

to s‘nolo twn pr∏twn n fusik∏n, dhlad†
T

n

= {1, 2, . . . n}.
OrismÏc B˛.1.4 (peperasmËna kai àpeira s‘nola). (a) 'Estw A mh kenÏ s‘nolo2.
To A lËgetai peperasmËno an upàrqoun n 2 N kai sunàrthsh f : A ! T

n

h opo–a
e–nai 1-1 kai ep–. TÏte, lËme Ïti o plhjàrijmoc tou A e–nai n † Ïti to A Ëqei n stoiqe–a
kai gràfoume card(A) = n † #A = n † kai |A| = n.
(b) 'Ena s‘nolo A lËgetai àpeiro an den e–nai peperasmËno.

PrÏtash B˛.1.5. 'Ena s‘nolo A e–nai àpeiro an kai mÏno an upàrqei 1-1 sunàrthsh
f : N ! A, dhlad† upàrqei B ✓ A ∏ste B ⇠ N.

ApÏdeixh. UpojËtoume pr∏ta Ïti to A e–nai àpeiro. EidikÏtera, to A e–nai mh
kenÏ. 'Ara, upàrqei a1 2 A. TÏte, to s‘nolo A \ {a1} e–nai mh kenÏ. 'Ara, upàrqei
a2 2 A\{a1}. Omo–wc, A\{a1, a2} 6= ; kai mporo‘me na epilËxoume a3 2 A\{a1, a2}.
Epagwgikà, or–zetai akolouj–a (a

n

) stoiqe–wn tou A. Pràgmati: an up†rqe n 2 N
∏ste A \ {a1, a2, . . . , an} = ; tÏte ja e–qame A = {a1, a2, . . . , an} kai to A ja †tan
peperasmËno.
Or–zoume tÏte f : N ! A me f(n) = a

n

. H f e–nai 1-1 diÏti ta a
n

e–nai diaforetikà
anà d‘o. An jËsoume B = f(N) tÏte B ✓ A kai h f : N ! B e–nai 1-1 kai ep–.
Dhlad†, B ⇠ N.
Ant–strofa, upojËtoume Ïti upàrqei 1-1 sunàrthsh f : N ! A. An to A e–nai

peperasmËno, tÏte upàrqoun m 2 N kai g : A ! T

m

h opo–a e–nai 1-1 kai ep–. TÏte,
h sunàrthsh g � f : N ! T

m

e–nai 1-1, àtopo (exhg†ste giat–). 2

SumbolismÏc. 'Estw A,B d‘o s‘nola. An upàrqei 1-1 sunàrthsh f : A ! B,
gràfoume A 

c

B † A � B kai lËme Ïti to A Ëqei plhjàrijmo to pol‘ –so me autÏn
tou B. O sumbolismÏc kai h orolog–a dikaiologo‘ntai apÏ to gegonÏc Ïti to A e–nai
isoplhjikÏ me to f(A) to opo–o e–nai upos‘nolo tou B.

Parade–gmata B˛.1.6. (a) To s‘nolo Z twn akera–wn e–nai àpeiro, diÏti N ✓ Z.
(b) To s‘nolo twn rht∏n e–nai àpeiro diÏti N ✓ Q.
(g) Kàje mh tetrimmËno diàsthma e–nai àpeiro s‘nolo.

SqÏlia B˛.1.7. Kàje àpeiro s‘nolo A e–nai isoplhjikÏ me kàpoio gn†sio upo-
s‘nolÏ tou. Pràgmati, sthn prÏtash B'.1.6. de–xame Ïti an to A e–nai àpeiro tÏte
upàrqei 1-1 sunàrthsh f : N ! A. Gràfoume b

n

= f(n) gia n = 1, 2, . . . kai jËtoume
B = f(N) = {b1, b2, . . .} ✓ A. Jewro‘me to s‘nolo C = A \ {b1}, to opo–o e–nai
gn†sio upos‘nolo tou A kai or–zoume mia sunàrthsh g : A ! C wc ex†c:

g(x) =

⇢

b

n+1, an x = b

n

gia kàpoio n
x, an x 2 A \B

E‘kola elËgqoume Ïti h g e–nai 1-1 kai ep– (àskhsh).

2Gia to kenÏ s‘nolo deqÏmaste Ïti e–nai peperasmËno me plhjàrijmo 0.
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B˛.2 Arijm†sima kai uperarijm†sima s‘nola

OrismÏc B˛.2.1 (arijm†sima kai uperarijm†sima s‘nola). 'Estw A Ëna àpeiro
s‘nolo. To A ja lËgetai àpeiro arijm†simo an upàrqei 1-1 kai ep– sunàrthsh f :
N ! A, dhlad† an A ⇠ N. 'Ena s‘nolo A lËgetai arijm†simo an e–nai peperasmËno
† àpeiro arijm†simo. An to A den e–nai arijm†simo, ja lËgetai uperarijm†simo.

SumbolismÏc. Ton plhjàrijmo twn fusik∏n arijm∏n ton sumbol–zoume me ! †
@0 (àlef 0). 'Etsi, an to s‘nolo A e–nai arijm†simo gràfoume |A| = @0.

Parade–gmata B˛.2.2. (a) To s‘nolo Z twn akera–wn e–nai àpeiro arijm†simo.
(b) To N ⇥ N = {(m,n) : m,n 2 N} e–nai àpeiro arijm†simo: h sunàrthsh f :
N ⇥ N ! N me f(m,n) = 2m�1(2n � 1) e–nai 1-1 kai ep–. To gegonÏc Ïti e–nai ep–
Ëpetai apÏ to jemeli∏dec je∏rhma thc arijmhtik†c (de–xte Ïti e–nai 1-1).

(g) An A,B e–nai àpeira arijm†sima s‘nola, tÏte to A⇥B = {(a, b) : a 2 A, b 2 B}
e–nai ep–shc àpeiro arijm†simo. Pràgmati, an ta A,B e–nai àpeira arijm†sima tÏte
upàrqoun f : A ! N kai g : B ! N sunart†seic 1-1 kai ep–. Jewro‘me th sunàrthsh
h : A⇥B ! N⇥ N Ïpou h(a, b) = (f(a), g(b)). Qrhsimopoi∏ntac to gegonÏc Ïti oi
f kai g e–nai 1-1 kai ep– mporo‘me e‘kola na elËgxoume Ïti h h e–nai 1-1 kai ep–. 'Ara,
A⇥B ⇠ N⇥N. ApÏ to prohgo‘meno paràdeigma Ëqoume N⇥N ⇠ N, opÏte apÏ thn
prÏtash A'.1.3. Ëpetai Ïti A⇥B ⇠ N.

H epÏmenh prÏtash d–nei qr†simouc qarakthrismo‘c gia ta arijm†sima s‘nola.

PrÏtash B˛.2.3. 'Estw A àpeiro s‘nolo. Ta ex†c e–nai isod‘nama:
(a) To A e–nai arijm†simo.
(b) Upàrqei sunàrthsh f : N ! A, h opo–a e–nai ep–.
(g) Upàrqei sunàrthsh g : A ! N, h opo–a e–nai 1-1.

Gia thn apÏdeixh thc prÏtashc ja qreiasto‘me Ëna l†mma to opo–o parousiàzei
anexàrthto endiafËron.

L†mma B˛.2.4. 'Estw A àpeiro upos‘nolo tou N. TÏte, to A e–nai arijm†simo.

ApÏdeixh. To A e–nai àpeiro, epomËnwc e–nai mh kenÏ. ApÏ thn arq† thc kal†c diàta-
xhc (arq† tou elaq–stou) upàrqei to a1 = minA. To s‘nolo A \ {a1} e–nai ep–shc
mh kenÏ (alli∏c to A ja †tan peperasmËno) opÏte, pàli apÏ thn arq† thc kal†c
diàtaxhc, upàrqei to a2 = minA \ {a1}. H diadikas–a aut† suneq–zetai ep' àpeiron,
giat– an stamato‘se se kàpoio b†ma n0 ja e–qame A \ {a1, . . . , an0} = ;, dhlad† to
A ja †tan peperasmËno. 'Etsi, or–zetai epagwgikà mia akolouj–a (a

n

) diaforetik∏n
anà d‘o stoiqe–wn tou A. Parathr†ste Ïti h (a

n

) e–nai gnhs–wc a‘xousa akolouj–a
fusik∏n, àra a

n

� n gia kàje n 2 N.
IsqurismÏc. A = {a1, a2, . . . , an, . . . }.
E–nai profanËc Ïti {a1, a2, . . . , an . . .} ✓ A. An upojËsoume Ïti o egkleismÏc

e–nai gn†sioc, tÏte upàrqei a 2 A ∏ste a 6= a

n

gia kàje n 2 N. Profan∏c, e–nai
a > a1 kai ep–shc upàrqei n 2 N ∏ste a

n

> a (diÏti a
n

� n). 'Ara, upàrqei mËgistoc
n me thn idiÏthta a > a

n

. TÏte, a
n

< a < a

n+1. AutÏ e–nai àtopo, diÏti Ëqoume
a 2 A \ {a1, . . . , an} kai a < minA \ {a1, . . . , an}.
ApÏ ton isqurismÏ Ëpetai àmesa Ïti to A e–nai arijm†simo. 2

T∏ra e–maste se jËsh na apode–xoume thn prÏtash B'.2.3.
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ApÏdeixh thc prÏtashc B'.2.3. H sunepagwg† (a) ) (b) e–nai àmesh apÏ ton orismÏ
tou arijm†simou sunÏlou.
UpojËtoume Ïti isq‘ei to (b), dhlad† upàrqei sunàrthsh f : N ! A, h opo–a e–nai

ep–. TÏte, gia kàje a 2 A isq‘ei f�1({a}) 6= ;. JËtoume n
a

= min f�1({a}), a 2 A

(to min upàrqei apÏ thn arq† thc kal†c diàtaxhc). H sunàrthsh g : A ! N, me
g(a) = n

a

e–nai kalà orismËnh kai 1-1. Pràgmati: parathro‘me Ïti an a, b 2 A me
a 6= b, tÏte f�1({a}) \ f

�1({b}) = ; kai àra n
a

6= n

b

.
'Estw Ïti isq‘ei to (g) dhlad†, upàrqei 1-1 sunàrthsh g : A ! N. TÏte, to

B = g(A) e–nai àpeiro upos‘nolo twn fusik∏n. ApÏ to l†mma e–nai arijm†simo,
dhlad† upàrqei h : B ! N, h opo–a e–nai 1-1 kai ep–. Jewro‘me th sunàrthsh
� : A ! N me �(a) = h(g(a)). E‘kola elËgqoume Ïti e–nai 1-1 kai ep–, àra to A e–nai
arijm†simo. 2

Parade–gmata B˛.2.5. To s‘nolo Q twn rht∏n arijm∏n e–nai arijm†simo. Afo‘
to Q e–nai àpeiro, arke– na de–xoume Ïti upàrqei 1-1 sunàrthsh g : Q ! N. Afo‘
N ⇠ Z⇥N, arke– na de–xoume Ïti upàrqei 1-1 sunàrthsh f : Q ! Z⇥N. Jewro‘me th
sunàrthsh f : Q ! Z⇥N me f(m

n

) = (m,n), Ïpou m 2 Z, n 2 N kai gcd (m,n) = 1.

To epÏmeno je∏rhma ofe–letai ston Cantor kai de–qnei Ïti arijm†simec to pl†joc
pràxeic metax‘ arijm†simwn sunÏlwn paràgoun arijm†sima s‘nola. To epiqe–rhma
pou qrhsimopoie–tai gia thn apÏdeixh e–nai gnwstÏ wc pr∏to diag∏nio epiqe–rhma tou
Cantor.

Je∏rhma B˛.2.6 (Cantor, 1899). 'Estw (A
i

)
i2I

mia oikogËneia arijm†simwn u-
posunÏlwn enÏc sunÏlou X. An to I e–nai arijm†simo, tÏte kai to

S

i2I

A

i

e–nai
arijm†simo.

ApÏdeixh. To I e–nai arijm†simo, mporo‘me loipÏn na upojËsoume qwr–c periorismÏ
thc genikÏthtac Ïti e–nai to N. 'Etsi, Ëqoume thn oikogËneia A1, A2, . . . , An

, . . ..
Ep–shc, kàje A

i

e–nai arijm†simo, epomËnwc mporo‘me na aparijm†soume ta stoiqe–a
tou wc

A

i

= {ai1, ai2, . . . , aik, . . . }, i = 1, 2, . . .

(an kàpoio apÏ ta A

i

e–nai peperasmËno, «epanalambànoume» kàpoio stoiqe–o tou
àpeirec forËc). Arijm∏ntac me autÏn ton trÏpo ta stoiqe–a tou ekàstote sunÏlou
pa–rnoume Ënan àpeiro p–naka, Ïpwc fa–netai sto akÏloujo sq†ma:

A1 : a

1
1 a

1
2 a

1
3 . . . a

1
k

. . .

A2 : a

2
1 a

2
2 a

2
3 . . . a

2
k

. . .

A3 : a

3
1 a

3
2 a

3
3 . . . a

3
k

. . .

...
...

...
...
. . .

...
. . .

A

n

: a

n

1 a

n

2 a

n

3 . . . a

n

k

. . .

...
...

...
...
. . .

...
. . .

TÏte, e–nai profanËc Ïti o p–nakac autÏc periËqei Ïla ta stoiqe–a tou A =
S1

i=1 Ai

(endeqomËnwc me epanal†yeic). Aparijmo‘me ta stoiqe–a auto‘ tou p–naka
katà m†koc twn diagwn–wn me kate‘junsh apÏ ta aristerà proc ta dexià, wc ex†c:

a

1
1, a

2
1, a

1
2, a

3
1, a

2
2, a

1
3, . . .
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ApÏ thn parapànw diadikas–a ar–jmhshc prok‘ptei apeikÏnish ⇡ : N ! A ep– (or–ste
thn ⇡). To sumpËrasma Ëpetai apÏ to (b) thc prÏtashc A'.2.3. 2

H epÏmenh prÏtash apodeikn‘ei Ïti upàrqoun s‘nola ta opo–a den e–nai arijm†si-
ma. AutÏ màlista isq‘ei gia ta mh tetrimmËna diast†mata sto R.

PrÏtash B˛.2.7. To s‘nolo [0, 1] = {x 2 R : 0  x  1} e–nai uperarijm†simo.

ApÏdeixh. To s‘nolo [0, 1] e–nai àpeiro. 'Estw Ïti e–nai arijm†simo. TÏte, mporo‘me
na gràyoume

[0, 1] = {x
n

: n = 1, 2, . . . }.
Diairo‘me to [0, 1] se tr–a diadoqikà isom†kh diast†mata wc ex†c: [0, 1] = [0, 1/3] [
[1/3, 2/3] [ [2/3, 1]. TÏte, toulàqiston Ëna apÏ autà ta tr–a diast†mata den pe-
riËqei to x1. Onomàzoume autÏ to diàsthma I1 kai to diairo‘me se tr–a isom†kh
diadoqikà kleistà diast†mata m†kouc 1/9. Toulàqiston Ëna apÏ autà den periËqei
to x2. Onomàzoume autÏ to diàsthma I2. Suneq–zoume me ton –dio trÏpo, opÏte
pa–rnoume mia fj–nousa akolouj–a kleist∏n diasthmàtwn I

n

= [a
n

, b

n

] me x
n

/2 I

n

kai b
n

� a

n

= 3�n ! 0. ApÏ thn arq† kibwtismo‘ isq‘ei
T1

n=1 In = {x}. Afo‘
x 2 [0, 1], upàrqei n0 2 N ∏ste x = x

n0 . 'Atopo, diÏti x 2 I

n

gia kàje n 2 N en∏
x

n0 /2 I

n0 . 2

Shme–wsh: Parathr†ste Ïti h plhrÏthta twn pragmatik∏n arijm∏n pa–zei ousiasti-
kÏ rÏlo sthn apÏdeixh: qrhsimopoi†same thn arq† tou kibwtismo‘. Se antidiastol†,
to s‘nolo Q \ [0, 1] e–nai arijm†simo.

PÏrisma B˛.2.8. To s‘nolo twn pragmatik∏n arijm∏n R kai to s‘nolo twn ar-
r†twn R \Q e–nai uperarijm†sima.

TËloc, de–qnoume Ïti to s‘nolo twn duadik∏n akolouji∏n e–nai uperarijm†simo.

Je∏rhma B˛.2.9 (Cantor). To s‘nolo twn duadik∏n akolouji∏n

2N = {0, 1}N = {x = (x(n)) : x(n) 2 {0, 1}, n = 1, 2, . . . }

e–nai uperarijm†simo.

ApÏdeixh. To epiqe–rhma thc apÏdeixhc e–nai gnwstÏ wc de‘tero diag∏nio epiqe–rhma
tou Cantor. Arqikà parathro‘me Ïti to s‘nolo 2N e–nai àpeiro. 'Estw Ïti e–nai a-
rijm†simo. TÏte, upàrqei mia ar–jmhsh twn stoiqe–wn tou: 2N = {x

n

: n = 1, 2, . . . },
Ïpou kàje x

n

e–nai duadik† akolouj–a. Mporo‘me tÏte na parast†soume ta stoiqe–a
x

n

kai tic suntetagmËnec touc se morf† àpeirou p–naka:

x1 = (x1(1), x1(2), x1(3), . . . , x1(k), . . .)

x2 = (x2(1), x2(2), x2(3), . . . , x2(k), . . .)

x3 = (x3(1), x3(2), x3(3), . . . , x3(k), . . .)

...

x

n

= (x
n

(1), x
n

(2), x
n

(3), . . . , x
n

(k), . . .)

...
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Koitàme to pr∏to stoiqe–o sthn pr∏th suntetagmËnh, to de‘tero stoiqe–o sth de-
‘terh suntetagmËnh, to tr–to stoiqe–o sthn tr–th suntetagmËnh k.o.k. Dhlad†, kino-
‘maste sthn «k‘ria diag∏nio» tou p–naka kai bàsei aut†c or–zoume to ex†c stoiqe–o
tou 2N:

y = (1� x1(1), 1� x2(2), . . . , 1� x

k

(k), . . .)

TÏte, gia kàje n 2 N e–nai x
n

6= y diÏti x
n

(n) 6= 1� x

n

(n) = y(n). Me àlla lÏgia,
to y diafËrei apÏ to x1 sthn pr∏th jËsh, apÏ to x2 sth de‘terh jËsh k.o.k. 'Etsi
odhgo‘maste se ant–fash. 2
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