Harmonic Analysis Notes

Lin, Fall 2009

Table of contents

Course COoVerage: . . . .. .. ... 2
Week 1 (9/9/2009) . . .. ... ... 2
Hardy-Littlewood Maximal Functions . .. ... ... ... ... .. .. .. .. .. ... ..... 2
Covering Lemmas . . . . . . .. e 4
Week 2 (9/16/2009) . .. ... ..., 8
Decomposition of Sets and Functions . . ... ... ... .. .. .. o 8
An Aside About Theorems in Analysis . . .. .. .. ... ... .. ... .. ... .. ... .. 13
Week 3 (9/23/2009) . . ... ... ... .. ... .. 14
Interpolation Theorems . . . . . . . . .. .. . e 14
Fourier Transforms . . . . . . ... . . 18
Schwarz Class . . . . . .. . 20
Week 4 (10/7/2009) . ... .. ... ... 22
Translation Invariant Operators . . . ... .. .. ... . . 24
Fourier Series . . . . . . . . .. 28
Riemann-Lebesgue and Decay Rates . . ... ... ... ... .. .. .. ... .. .. .. .. .. 29
Week 5 (10/14/2009) . ... ... ... ... ..., 30
Singular Integrals . . . . . . .. L 33
Week 6 (10/21/2009) . .. .................. 38
Hilbert Transform . . .. .. . .. 42
Week 7 (10/28/2009) . ... .. ............... 43
Riesz Transform . . . .. . . . .. 44
Calderon-Zygmund Operators . . ... .. ... . ... 46
Week 8 (11/4/2009) . .. ... ... .. ... 50
H'and BMO SPaCeS . . . v v oo ot e e 52
Week 9 (11/11/2009) . . ... ................ 55
Fatou Theorems . . . . . . . . e 55
Week 10 (11/18/2009) . ... ................. 58
Week 11 (11/25/2009) . . ... .. ... ... ... 62
The Space BMO . . . . e 62
Week 12 (12/2/2009) . ... ... 65
Square Functions (Lusin Area-Integrals) . ... ... ... .. ... .. .. . .. ......... 66
Carleson mMeasures . . . . . . ..ot 69
Week 13 (12/9/2009) . .. ... ... 70



Course Coverage:
I. Some Real Variable Methods
II. Fourier Integrals and Series, Convolution
III. Singular Integrals
IV. BMO (Bounded Mean Oscillations), Hardy Space (H')
V. Representation Theory, Stationary Phase
References
1. E. Stein, Singular Integrals and Differentiable Properties of Functions
2. E. Stein, (G. Weiss) Fourier Analysis on R™
3. E. Stein, Harmonic Analysis

4. Dym, McKean, Fourier Series and Integrals

Week 1 (9/9/2009)

Hardy-Littlewood Maximal Functions

Notation:

1. |E| denotes the measure of the set. Which measure depends on context. For instance, |V|
could be Lebesgue measure, and |0V | could be the H"~!'-measure of 9V. (related to
trace, probably)

Let f € LY(R"™), and define
fBT(z) |f(y)|dy

My¢(x)= sup

)= T B
and

Ap(e) =z e R™ [ f(x)] > a}
Two tools:

1. (Fubini type result) If f e LP(IR™), note that
/ |f(x)|pdx:f/o¢pd)\(oz):p/ a7 \(a)da
n 0

Proof. Fubini’s Theorem gives

| if@pda

[f ()]
/ / pa? ldadz
» Jo

= p/ ap_l/ dxda
0 {lf@)[>a}

= p/o aP~ N\ s(a)da



2. (Chebyshev) If fe€ LY(R"™), then

() < e S @Iz

Proof.

o @ldsz [ i@z alif>a) =are)

The main goal is to prove the following properties of the Hardy Maximal function M :

Theorem 1.
a) If fe LP(R™), 1<p<oo, then Mf is finite a.e.

b) (Weak (1,1) estimate) If f € L'(R™), then

[asMy@)>a)| <4 [ |f()lds

Rn,
for some constant A depending on the dimension n.
¢) If fe LP(R"), 1<p<oo, then M;e LP(R"™), and
[MpllLe <Cl[ e

with a constant C depending on the dimension n and p.

Remarks.

1. If feLYR™) and f is not identically zero, then M ZL'(R"). In fact,

My(z) > o

el
in R™ for |z|>1.

For example, consider &g(z), which is approximated by C§° (smooth compactly sup-
ported) functions.

Note

Miy(z) = ——— ¢ L'(R")

Wy |z|™

where |B|;|(0)| = wn|z |

Proof. First we show this for compactly supported f, with || f||z1>0 (i.e. not identically
zero), and supp(f) C Bg for some R > 0. Note that for |z|> R,

- 1 _ Clflzr o, r1mn
My(x) > Bl Jo. |f(y)ldy —(|z|+R)”¢L (R™)



In general, we can approximate f by f1{;|>r} and there exists R such that
I f = flye;>ryllzr <e
Then

1 Clflgz>ryllcr—¢€ n
Mf(z)Zm - |f(y)ldy > (x| £ R)" ¢ L'(R™)

2. If supp(f) C By, then M€ LY(By) if | f|log(1+|f]) € LY(B1). (The Shannon Entropy)

Proof. We consider the integral of M ¢(x):

0 < M¢(x)dx

By

/ Mf(x)dx+/ M¢(x)dx
Bin{M;<1} Bin{M;>1}

|B1|+)\Mf(1)+[ A (o) do

IN

where we have used the Fubini result earlier (slightly modified to account for integration
over the smaller set {Ms>1}.

Now we apply a trick, which we justify later:

2A
)\Mf(a)ﬁ—/ |fldx (*)
@ J{fI>a/2}

Given this, we apply Fubini:

IN

/100 A, () do

/ %/ |fldzda
1 X Jif>ar2
24

2[f(x)] 1
/ |f(x)|/ —dadzx
Bin{|f|>1/2} 1 o

~ 24 |£(@)] log| £ ()] da
Bin{|f|>1/2}

which is finite since we the integral avoids possible singularities and |f(z)[log|f(z)]
behaves asymptotically like | f(x)|log(1+]|f(x)]). O

The second remark in particular will be helpful in proving the theorem; a similar trick will be
used. The main ingredient of the proof, however, lies in covering lemmas.

Covering Lemmas

Lemma 2. (Vitali Covering Lemma) Let E be a measurable set in R™ covered by a family
of balls F = {B,} of bounded diameter. Then there is a countable disjoint subfamily F' of balls
in F, i.e. F'={B;}21 with B; € F, such that

Ec| | B

s

i=1

where B: =5B;.



Lemma 3. (Besicovitch Covering Lemma) Let F be a set in R"™ and let F be a family of
balls with centers at © € E, F ={B, (x): x € E}. Then there is some integer N > 0, depending
only on the dimension, and N subfamilies of F, F1,...F N, such that

Ecl) U B
i—=1 BEF;

where balls in each F; are disjoint.

Remarks.

1. The Vitali covering lemma only requires metric space structure, independent of dimen-
sion, etc. However, the lemma is useless unless the measure has some structure, i.e. “dou-

bling”:
W(2B) < Cou(B)

for some constant Cy. In Euclidean space R™ this constant is 2". Note that the subcollec-
tion is disjoint, and to cover we then need to enlarge the sets.

2. The Besicovitch covering lemma depends on Euclidean structure, but is useful for arbi-
trary measures. The difference between the two covering lemmas is that this lemma
allows for a bounded number of overlaps when covering F, and that the sets in the cover
do not need to be enlarged.

Proof. (Vitali Covering) Let

R . R

for j=0,1,2,... and R=suppcrdiam(B). Note if the diameter is arbitrarily large (i.e. R=00),
then we can just cover the whole space easily, taking a sequence of B, whose diameters go to
00. Thus we assume R < oo. We then construct a sequence as follows.

First let By be the maximal (countable) subcollection of disjoint balls from Fy (existence is guar-
anteed by Hausdorff Maximal Principle). Then let 3; be the maximal subcollection of disjoint
balls from F; such that they are also disjoint from the previously chosen sets. Then letting F' =
U=, B; gives the desired collection.

To prove this, suppose B € F. Then B € F}, for some k, and BN [ UI;:O ﬂj] # (), otherwise this

contradicts the maximality of i (can fit in one more set). Thus there exists S € UI;:O B; such
that B NS # (. Note diam(B) < 2 diam(S) by construction. (Worst case S € [, where
2 diarfl(S) > 2—13 > diam(B)). Thus B C S =55 (draw a picture). This implies that for any B € F,
BCS for some S€F',andso ECJgz.r BCUpepr B- O

The proof of the other covering lemma is to be looked up somewhere else... It may be useful
someday.

Now we return to the proof of the theorem.

Proof. (Theorem 1) Let E,={z: M;>a}, a>0. Then for all z € E,, by definition of M we
have that there exists some r, >0 such that

1
B o, o, iy >a



Then {B,,(v): € Ey} covers E,, and we can apply the Vitali covering lemma to find a count-
able subcover. There exists {x;}721 and corresponding r,, such that E, C U 1 Bi, where B; =
B, (x;), mutually disjoint. Then

|Eal <

HC8

5 <3 |5]-

ZIBI

From the above we have |B;| < & fBi | f(y)|dy, so that

B, |<—Z/ |dy——/ ldy<> [ 15wy

where the equality follows from B; being disjoint. This proves part (b) and taking o — oo proves
part (a) in the case p=1. For p > 1, we now prove the trick (*) above:

Lemma.
2A
Ay )<—/ |fldz
{If1>e/2}

Proof. Note that | f(x)] §%+1{m>a/2}|f| Calling f1=[f|1{f|>a/2}, We have
My(e) <& 4 My, (a)

and note that if My > «, then My > /2, so that

M) = [Eql
= |{$:Mf>a}|

< |z My, >a/2}]
Now using the result we just proved,
2A
{z: Mf1>a/2}|<_||f1||L1—_ | flda
& JifI>a/2

Now we can prove (b) of the theorem for 1 < p <oco. Let g=Mjy.

/ gPdx = p/ aP= I\ (o) da
n 0

—p[ a2 f@)deda
0 @ JIf|>a/2

I I
o o
N BN
= ]
\%
s
= =
ORG)
__d ~
N
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)
[
— 3
IS
S W
o)
IS
K

Taking p-th roots, we conclude

1/p
Iyl <220 2 ) s



where the constant A from Vitali, affected by the doubling constant. This proves part (c) for
1 < p< o0, and taking For p = oo, the theorem (parts (a) and (c)) follows from the trivial inte-
gral estimate

My(z) <[|f]l 2o~

Finally, for 1 < p< oo, (¢)=> (a) follows from the first tool above,
52 =p [~ a7~ Ay (0) da

where the finiteness of || M| r» implies the integrability of a? =X/ («). This implies that

lim a?~ Ay, () =0

a— 00

from which we conclude Aps (o) =|{|My|>a}| —0, i.e. My is finite almost everywhere. O

As a Corollary to the Theorem, we can show that
| f1 < My
for almost every x € R"™.
Corollary 4. If f € LP(R"), 1<p<oo (or L., say). Then

. 1 B
}1{%—|BT(I)| o [f(y)ldy= f(x)

or almost every x € R™. (i.e. almost every point is a Lebesgue point o
Y

Proof. (Idea) First, we note that for continuous functions, the statement follows by continuity.
The idea is to approximate by continuous functions. For any 1 > 0, we note that there exists g €
LY(R™) N Co(IR™) such that || f — g||r1 <n. Then

A A
(f - g) >} <2 - gl =20
. 1 :
Since ERE fBT(I) f(z)dy = f(x), it suffices to prove that

[f(y) = f(2)[dy =0

limsup ~—=——+
r\,0 |BT($)| B,(z)

Now examining the decomposition f(y)=g(y)+ (f — g)(y), we study the set

_ 1
{z: hin\sgpm o |f(y) — f(x)|dy > 5}

in the hopes of bounding the measure by something that vanishes as € — 0.

By the triangle inequality, the above set is contained in the set where

. 1
{hin\SlOlpm/Br(I) Ig(y)g(sc)ldy+Mfg(w)+|f(z)g(w)l>€}



by the triangle inequality. Note that limsup,~ o |B—1(z)\ fB @ lg(y) — g(x)|dy = 0 by continuity.
Moreover, this set is contained in

{My-o@)> S {17 @) - 9@) > 5}

noting that if A+ B > ¢, then either A or B must be larger than % (or else A+ B <e).
Now, since || f — g|[1 <7, by Chebyshev inequality |{ f(z) — g(x) > $}| < 28—77 Thus we have that

by monotonicity of measure (A C B=>|A|<|B|),

{etimsn s [ 1500 s@lay>e | < [{arr-00> 5 U {1500 = 0@ > 5]
< [{Ms-o@> S+ |{11@) - 9@ > £}
o 24y 2
- 3 3
- (2A+2)g

Now for any ¢ > 0 given, we can choose 77 = &2 to bound the set by (24 + 2)e, and taking & — 0
gives the result. 0

Remark 5. Note that denoting M,f(z) = ﬁ Iz (@) |f(y)|dy, the result tells us that
lim, o M,f(z) exists a.e. and equals f(x) a.e. The general tool that gives us convergence a.e. is
the weak LP estimate on M f, the maximal function. This will be a common theme when
proving that limits exist a.e.

Remark. Above, the results of the theorem hold if we replace balls by other shapes. Replacing
balls by squares works (squares can be bounded between two circles). Replacing balls by rectan-
gles also works, if the sides are parallel to the axes. Even weaker, replacing balls by the dila-
tion/translation family {AO, A >0} where O is a fixed convex set containing the origin.

Why do we care about different shapes? Depends on the structure of the problem, some shapes
appear more naturally. A story about Fritz-John, who proved that the affine transform of a
convex set is bounded between two balls.

Week 2 (9/16/2009)

Decomposition of Sets and Functions

Theorem 6. (Whitney’s Decomposition) Let F be a closed subset of R™ and let QO =R"\F.
Then we can find a sequence of cubes Q; with sides parallel to the azis and whose interior are
mutually disjoint, such that Q = Uji1 Q; and whose side lengths 1(Q;) are comparable with

d(Qj,F), i.e.

cpdiam Q; <d(Q;, F) < cpdiam(Q);)
for all j. Here d(Q;, F)=infyeq; yerd(x,y). In Stein’s proof, c1=1 and ca=4.

Remark. This allows us to obtain a partition of unity for arbitrary open sets in R™. This will
be useful in extending functions defined on closed subsets F' to the entire space. The proof is
quite difficult. See Stein’s book.



Theorem 7. (Calderon-Zygmund Decomposition) Given 0< f(z) € LY(R"), a >0, we can
decompose R™ in the following way:

a) R*=FUSQ where F and Q are disjoint (or overlap on a set of measure zero)
b) f(xz) <a almost everywhere on F

c) Q= Uf; Q; where Q; are cubes with mutually disjoint interiors with the additional
constraint that

1
o< — (x)dz <2«
Q51 Jo,

This decomposes the space into a region F' where f is small, and another region where f may
be large, but with some control on the L' norm of f.

Later, we will see other decompositions. A refinement of this decomposition is the atomic
decomposition of Hardy Spaces, proved by Fefferman and Stein, involving the replacement of L!
and L>® by H' and BMO... and L. Carleson’s decomposition of N-space, involving the dual to
Carleson measures... and as an aside, Carleson proved a.e. convergence of Fourier series of L2
functions. We will also see this later.

Proof. (of C-Z Decomposition) Given 0 < f < LY(R") and « > 0, there exists a decomposi-
tion of R™ into large cubes of size >>1 such that for each cube (¢ we have that

1
— (x)dz <«
1Qol Jq,
This follows simply because
1 £l
— flx)dx <
|Qol Jq, (@) |Qo

so that taking |Qo| arbitrarily large allows us to make the average arbitrarily small, and in par-
ticular, less than a. Then we perform a simple iterative process. Decompose each )y into 2"
smaller cubes of equal sizes. There are then two possibilities for each ()1 of smaller size:

a) |Q_11|IQ1 fx)dz <o

b) ﬁf& fl@)dz >«

In case (b), we take ()1 to be one of the cubes in the C-Z decomposition. Otherwise, so long as
there is any cube @ in case (a), we decompose @ the same way as (o, which is a process that
produces at most countably many cubes for the C-Z decomposition.

Let @; be a list of all the cubes produced by the above process. Then we use 2 = Uj Q@; and
F=R"\Q. For each Q;, note that

1
o< — flx)dx
Qi Jo,
and that (); has a precessor Qj in the process above such that ﬁ IQ f(@)dz < «. This
implies that
L flz)de <= f(z)dx <2«
|Q]| Qj ‘QJ A]‘




This gives the third condition of C-Z. Now for any zy € F, we note that there is a sequence of
cubes {Q}} such that zo € Q; and that ﬁ fQ. f(z)dx < a. Then by the Lebesgue differentia-
J J

tion theorem, f(z¢) <« for almost all 2o € F. This is because for almost every zg€ F,

1 1
flx :hm—/ f(x)de= lim —— r)dr <a
(z0) r—0 | Br(20)| J B, (x0) (=) i—oo |Qj1 Jq, (=)

Replacing balls with cubes is a technical point, but intuitively we can find a sequence of balls

which nest nicely with the cubes, and in the limit the difference of the average integrals tends to
zero. This proves the second condition.

This second condition can also be proved in a different manner. Assume the measure of the set
{z € F: f(z) > o} has positive measure... Then something about Lebesgue points and then can
find a cube for which the integral is larger than «, a contradiction... (to figure out later) 0

Note. I do not know if the @; in the above construction satisfy the comparable length condi-
tion in Whitney’s decomposition. Most likely not...

Corollary 8. Suppose f >0, f € L'(R"), « >0 and F, Q, Q; has in the C-Z Decomposition.
Then there are two constants A, B >0 (dependent on dimension) such that

a) 1/ < 2| fllz (A=1 in proof)

b) IQ_IJ'IfQj f(@)dx < Ba (B=2" in proof)

Sometimes it is required that {2 be open, and then we need a stronger decomposition than C-Z
and a different approach using Whitney’s Decomposition and the maximal function.

Proof. (of C-Z with closed F) For 0< f € L'(R") and o > 0 given, define
F={zeR"Mf<a}

note that F is closed by definition. This implies Q@ = {z € R™ M f > a} = F° is open. Recall the
weak (1,1) estimate from before:

A
<2 f s

(which followed from Vitali, with A=>5"). If we use Whitney’s decomposition of 2= Uj Q; with
QQ; cubes with mutually disjoint interior and

cpdiam Q; <d(Q;, F) <cgdiam Q;

Now let p; € F' such that d(p;, Q;) =d(Q;, F).
We can then find a ball B; centered at p; such that diam B; ~ [(Q;) (comparable lengths) and
Q; C Bj. Also since p; € F', M f(p;) < v, which implies that

1 c
QZW[% f(z)d$Z|Q—]| o, f(z)dx

1 : :
(fQj f< fBj [ and |B,;| <¢|Qj|) so that a < o7 fQj f(z)dz < Ca (the first inequality fol-
lows from Q; CQ={x: Mf>a}). O

10



Note. A tiny note on convention, wherever possible capital constants C' will usually denote
large quantities and lower case constants ¢ will denote small quantities.

To draw complete connections between the different results of the past two lectures, we will
show that the weak (1,1) estimate

M f >0} < 2] £

can be derived from the C-Z decomposition. Note that the C-Z decomposition itself did not
need the maximal function to prove, although using the maximal function with Whitney’s
decomposition gave a C-Z decomposition with F' closed.

Proof. (Weak (1,1) Estimate from C-Z decomposition)

Let f € LY(R"), f >0 and > 0. The C-Z Decomposition gives us F,Q, Q; with Q = Ujozl Q;
and F'=Q°, with

1
DRI
. 1 N A [e'e) N
since \Q_ﬂfQj f(x)dz>a. Let Q;=3Q; and Q= Uj=, Qj- Then
. . 3n
Q<o <2 .

The claim is that if ¢ €, then M f(z) < Ca for some constant C not dependent on «. First
note that there is a sequence of dyadic cubes R; with |R;41| = 2—1n|Rj| converging to x, with

ﬁl{ f@)de<a

The above condition guarantees that all the adjacent cubes of the same size as R; are also con-
tained in F', or in other words, Rj =3R; satisfies I%j C F'. Note that this implies

ﬁ/}{ fl@)dz<a

as well. Therefore M f(z) < Ca follows from

1 c
dr < — dr<C
|Br(x)|[3r(z) f(z) xSIRjIA f(x)dz < Ca

where given any ball B,(z), we can find R; such that |R;| < C|B,(x)| (if we use L> metric on
R™, where the balls become cubes, then this constant is C' = 2™). Note that without Rj7 ie. if
we used just Rj;, we may not be able to embed the balls in this fashion, since x may be on the
corner of all the R;’s. Finally, this implies that

N 3"
{z: Mf>Cal}| <|Q <3™|9Q] SEHJCHLI

which proves the weak (1,1) estimate. O

11



Now recall an observation from last lecture:

{a: Mf>al] g%/{m RIS

(0%

which was used to prove a sufficient condition for M f € L*(B) for bounded set B. On the other
hand, we can now show that

M >C—I d
L Y (I

for some constant ¢’ >0, so that [{x: M f > «}| is comparable to (z)|dx.

1
a s 1

Proposition 9. For f € L*(R"),

|{z:Mf>oz}|Zc—//{|f|> p | f(z)|dx

(0%

for some constant ¢’ > 0.

Proof. Note that from the third property of the C-Z decomposition,

2" |f(z)ldz = o

1
a>—
Qi Jo,

Then if € Q;, M f(z) > ca. We can see this by noting that if z lies in the center of the cube,
then we already have that
1

M =
USEIEN

|f(z)|ldz = o

using the definition of M f with cubes instead of balls (L metric). Otherwise, a worst case sce-
nario is that if x lies in the corner, and the adjacent cubes that share x as a corner are all con-
tained in F' (where 0 < |f| < «). Let the union of all the cubes sharing = as a corner be Q. We
can bound M f below by

1 ) -

The other cases lie in between, and so c=2"". Note that
{If1Za}[ <[Q<{Mf>call

since |f| <« a.e. on F' = Q¢ and for every x € Q, x € Q; and so M f(x) > ca. Finally, using the
ne>_L } 2"
fact that 2"« > ToH fQj |f(x)|dz (C-Z property), [Q;|> = fQj |f(x)|dx and

2"

& JifIza

0f >0} 210220 [ |5(a)ldo> |£(@)lda

Now replacing ca with «, we have

M 2" do>< d
e Ty BN EI

12



noting that c is small (¢=27"). O
Remark. For the next proof, we will use the form of the inequality

rf>a)z [ If@)ds

[fIZa
(in the proof above the «/2 is arbitrary, and can be replaced by anything larger than a/c).
Corollary 10. For a function f supported in B where f € LY(B), we have that

flog(1+|f|)e LY(B)+= M f € L}(B)

Proof. The forward direction ( = ) was proved last time with the trick discussed above. The
converse direction is proved similarly with the inequality we just proved.

1Ml > /°° {a: Mf(z) > a}| do

1
c'/ l/ | f(z)|dzda
1 @ J{f>a}

c’/M 1£()] [” da

¢ / ()] og(| £(2)]) da
[fI>1

/ ()| og(1 + | f(x)] da
B

Y

%

since log(]f(x)|) behaves asymptotically like log(1l + |f(z)|) for large |f(z)|. This proves the
result. O

Remark. This result gives us a way to characterize the Hardy space, defined to be the space of
functions f such that M f € L1(B).

An Aside About Theorems in Analysis

First, define Hausdorfl metric HD(A, B) for sets A, B contained in a metric space (X, d).

HD(A, B) :max(sup inf d(z,y),sup inf d(ac,y))
acA bEB beB a€A

or equivalently,

HD(A,B)<e<= ACB.and BC A,

Intuitively, consider the following game: your friend picks an arbitrary point from either A or B,
and you must travel to the other set. HD(A, B) is then the longest distance you are forced to
travel, where your friend picks the worst possible point, and you take the shortest path from
this point to the other set.

Also, let pa(z) = p(z, A). Then

lpa—ppll~=HD(A, B)

13



In particular, the notion of convergence in HD metric can be translated to convergence of p4 in
L norm.

Remark. Let X = {C: C is a nonempty closed subset of R”}. Then (X', HD) is a complete metric
space. This can be justified by using the identification A «— pa (metric preserving isomor-
phism).

Proof. Letting E={pa, A€ X}, we note that (E, L*) is a metric space, and it suffices to show
that it is complete. It then suffices to show that E is closed, since (C(R™), L*°) is a complete
metric space. Suppose pa, — f in L* (i.e. uniformly). We want to show the existence of A € X
such that p4 = f. We note that for a given € >0 and n sufficiently large, |f(x) — pa,(z)| <e for
all z. Note that

Ap={z:pa,(x)=0} C{z: f(z)<e} C{x:d(z, An) <2e}=(Apn)2
This implies that

d(x, An) <d(z,{f Ze}) <d(z, (An)2:)
(by an argument involving triangle inequality). Furthermore, since

|d(x, Ay) —d(z, (An)2e| < 2e
we have that

f(x)—e<d(z,An) <d(z,{f>e}) <d(z,An)+2e < f(z)+3¢

and letting ¢ — 0 we have that f(z) = d(z, {f = 0}). Letting A = {x: f(z) = 0} gives the
result. O

Many theorems in analysis come in three forms: one that is set-theoretic, function-theoretic, and
measure-theoretic. One form of a theorem can usually be transferred to and from other settings
by setting up correspondences. Here we have transferred a set-theoretic property of HD to func-
tion spaces.

Another example, for instance, are forms of Bolzano Weierstrass (extracting a convergent subse-
quence from a bounded sequence). Arzela-Ascoli’s Theorem, which is function theoretic. Helly’s
Selection Theorem is an analogue for measures, and for HD there is a corresponding theorem
Blaschke Selection Theorem.

Coming next...

1. For sublinear operators T, where ||T(z + y)|| < ||Tz| + || Ty||, for example the maximal
operator f— M f, we will derive some interpolating theorems that allow us to determine
if it is a bounded operator on LP spaces. The Marcinkiewicz interpolation theorem is the
relevant result, and it will tell us that the Hardy Littlewood Maximal Operator M is
bounded from LP— LP for 1< p<oo

2. The Riesz-Thorin Interpolation Theorem for linear operators tells us that if 7T is a
bounded linear operator from LP — LP? and from L9 — L9 then it is a bounded operator
from L" — L" for p < r < q. The proof involves Hadamard’s 3-circle theorem, with

- 1 t 1—-t
Cr=CLCy "and —=— 4 —=
T p q

14



Week 3 (9/23/2009)

Interpolation Theorems

We will finish developing analysis tools. The following interpolation theorems allow us to con-
clude the boundedness of operators T from LP — LP given bounds on the operator taken as a
mapping from LPi— LP:

Theorem 11. (Marcinkiewicz Interpolation) Let T be a sublinear map, e.g.
T(f +9)(@) < |Tf(x)|+|Tg()|
and let T be defined on LP*N LP2 with 1< py < ps < oo satisfying

2
Pi
api

{a:|Tf(2)| > a}| <e i=1,2

) )

(i.e. “T is weak-type (p1,p1) and weak-type (p2,p2)”)

Then T is a bounded operator from LP — LP for p1 < p < pa, (strong-type (p,p)), i.e.

ITfllp <epll Fllo

where the constant c, depends only on cy, ca.

As a quick remark, in the special case where T'f = M f, the maximal operator, we already proved
this result. We showed that M is weak-type (1, 1) and strong-type (0o, 00) (which implies weak-
type (00, 00)), and if we use the above result then we are done. The proof of the Marcinkiewics
Interpolation is very similar to the steps of the proof of the maximal inequality from the first
lecture.

Proof. The idea of the proof is to exploit the bounds for LP:. Given any f € LP, we can decom-
pose f as a sum of a function in LP* and a function in LP2. The intuition is that near oo, where
decay determines integrability, higher powers LP cause faster decay, so for functions bounded
above (in absolute value), f € LP = f € LP2. Locally, lower powers of LP behave nicer (higher
powers cause large values to blow up faster), and so for functions bounded below (in absolute
value), f € LP = f € LP'. Thus for any «, we can decompose f = f1 + f2, where f; =
fl{fi>ay € LP* and fo= f1{¢|<a} € LP2. To show this quickly,

P1d P1 Pi g
/flzoz (@)l d= /ozSIfSI F@) x+/|f2max(a,1) |f@)™ d

< I{a§|f|§1}|+/ |/ ()P da
£ 1> max(a,1)

< Ha<Ifl< U+

< o0

where we note that | f(z)|P* <|f(z)|? for | f(z)] >1, and [{a <|f]|<1}| < oo since
o> [If@Pdae= [ Jf@Prdezer{a<lf<1)]
a<[fI<1

15



Thus f1 € LP'. An analogous proof holds to show fs € LP2. For sanity, we do it anyway:

/ f(@)Pde = / | ()P da+ / |/ ()P da

[fI<a 1<|fILa [ f1<min(a,1)
ar|{1<|f] <o}l + I FIE

< o0

IN

Now that we have this decomposition, note that

Ha:|Tf]>2a} < [{a:|TH]>a}|+ [{z: |Tfa] >}
all Allyy | cllfallps

aPt aP?

1 P1
/ﬂza £ ()P dar +

aPt

IN

C2
aP?

/ | F ()P da
[fl<a

since if 2a <|Tf|=|Tf1+ Tfa| <|Tf1| +|Tfal, either |Tf1| > a or [T fa| >« (otherwise the sum is
< 2a, a contradiction). Now we use the Fubini type result to compute [|Tf|}:

17115

12

| e 71> 20} do
0

/ clozpfpl’l/ | f(z)|Prdxda

o If1za

+/ czoep*pz’l/ | f(z)|P2dzda
0 FARR

[f(z)]
- / F () / e107 -7 dada (p>p1)
0
+ / ()| / ex0? P davda (p<p2)
[ f(z)]

. C1 C2
= [ r@pder 2 [ r@)p
- Il

< 00

IN

C1 Cc2
+
—P1 p2—p

bounded by —2— + 2 O

p—p1  p2—p

where ¢ = - . This proves that T is a bounded operator from LP — LP with norm

Remark. Note that we do not have good control over the operator norm of T as a bounded
operator from LP — LP  since as p — pi, our bound on the norm tends to co. With a slightly
stronger assumption, we can get good control over the norm:

Theorem 12. (Riesz-Thorin) If T is a bounded linear operator from LP: — LPi for i =1, 2

with norms ¢, i.e. |Tf|pri < ¢|f|Lri, then T is a bounded linear operator from LP — LP with

p1 < p < pg with operator norm bounded by c¢icy ™" where %: pi 1; L
1 2

Remark. Before the proof, note that by Marcinkiewicz interpolation, since bounded LPi — LP?
implies weak-type (p;, p;), we already know that T is a bounded operator from L? — LP. This
theorem gives good control on the operator norm (as claimed in the previous remark).

First we will need a lemma from complex analysis:

Lemma 13. (Hadamard 3-lines Theorem) Let f(z) be holomorphic in a strip a <Re(z) <b
and let M (x) =maxge =z | f(x)|. Then log M(x) is convex in x.

16



Proof. Consider f.(z) = f(z)e*’, noting that |e*’| = ¢*(**~¥") where a < # <b and so as |y| —

00, so long as log |f(z)| = o(y?), fo(2) — 0. Thus by the maximum modulus principle, |f.(2)]

achieves its maximum along Re z = a or Re z = b. Denoting M.(x) = maxge.—. |f:(z)|, this
implies that M (x) <max (M.(a), Mc(b)). Taking ¢ — 0 shows that M (z) <max (M (a), M (b)).

So let’s try.... f(z)e

To show convexity in z, now consider f;(z) = f(z)e!?, noting that |e!?| = €!* which is bounded.
The above result applied to f(z)e'?, so long as log | f(2)| =o(y?) as y — oo, implies that

Mi(z) < max (Mi(a), My(b))
e M(z) < max(e!®M(a),e®M(b))
M(z) < max (e!®=®) M(a), e ®=*) M (b))

In particular, for any ¢ we have that
log M(z) <t(a—z)+logM(a) and log M(z)<t(b—xz)+logM(b)
We then pick the values of t such that

b—=z

log M (x) <

log M (a) and 10gM(x)§:Zia

—a —a

log M (b)

For the first one, t = ﬁ log M (a) and for the second one, take t = % log M (b). Combining
the two gives the convex inequality

X xr a
log M log M
—log M(a) +7—log M(D)

log M (x) Sz

7, and z = (1 — A)a + Ab, this

which is valid so long as M (a), M(b) > 1. Note that with A =
becomes

log M((1 —MX)a+Ab) <(1—X)log M(a)+ Alog M(b)
Now without loss of generality we can assume M (a), M (b) > 1, since we can always scale f(z),
which affects log M (z) by a constant term (does not affect convexity). Note that M (a) # 0, or

else f(z) =0 on Re z = a, from which we conclude that f must be identically zero, in which case
the theorem is trivial. Likewise for M (b). O

Remark. The conclusion of the lemma above can be written
log M (x) =tlog M(a) + (1 —1t) log M(b)

or

with c=ta+ (1 —1)b.
Using this tool we can then prove the Riesz-Thorin interpolation theorem:

Proof. (of Riesz-Thorin) The operator norm of T in L?, ||T||,,, can be written by duality
theory

ITlpp= sup \ /ngdu]
Ifll,<1
[lgllg<1

17



For starters, we assume that T is a complex operator, otherwise we can extend T(f +ig)=Tf +
iTg. Thus f, g are assumed to be complex functions. We can make a reduction by factoring f
as f=|f| with |p|=1, and likewise for g =1 |g|, so

ITllp,p= sup

Il llglla<1
f,920
lel,|¥|=1

/ ng(fsa)du'

We can make a further reduction by noting that f € LP <= fP € L', and thus

1T lp.p= sup
[l llglli<1

,920
lel,|¥|=1

/g””wT(fl‘””sD)du‘

with # = 1/q. Denote F(f, g, ¢, ¥, x) :== [ g“T(f'~* ¢)du, and now we extend to complex,
replacing f1=%, g% with f1=% g*. Thus F(f, g, ¢, 1, 2) makes sense, and the claim is that (for a

fixed f, g, ¢, ¥) it is holomorphic in the strip % <Rez < é. For one, p; < p < ps implies that

1 > % > pi = qi < % < qi so that in this region T is a bounded operator from [1=1/Rez _,
2 1 2

P1
L'~Y/Rez Note that

z _ ,Rez_ ilm zlo
g*=g"% &9

where the second term has modulus 1, and hence can be absorbed in the 3 term. The same
holds for f1=2. Now g¢*(z) and f!~2(z) are analytic functions of z for every z such that g(x),
f(z) are nonzero (defined by 198 9(®)) Therefore T'(f1~% ¢) is a complex function in L'~1/Re?

and by linearity it is analytic as well, noting that if ¢(z) is analytic then (T¢)(z) is analytic too:

(T¢)I(Z) = lim T¢(Z + h}z — T¢(Z) — lim T< ¢(z + hf)L — ¢(Z) > — T((b'(z))

h—0 h—0

To handle the potential problems where f, g vanish, we can approximating f, g by functions f.,
ge that never vanish (add ce—="" for instance). This will cause the integrand to be holomorphic
for all , and then taking the integral F(f:, gc, ¢, ¥, z) is holomorphic. Taking a limit as ¢ — 0
gives F(f, g, ¢, ¥, z) which we have now expressed as a limit of holomorphic functions. So long
as the limit is uniform on every compact subset of the region q—ll <Rez< q—12, this limit becomes

holomorphic. In fact, the convergence is uniform for all z in the region since the real part is
bounded.

Then now that we have that F(f, g, ¢, ¥, z) is holomorphic, we can apply the three lines lemma
to get that

t 1—-t

IF(f,g,w,w,w)IS'F<f,g,<P,w,%>

F<f,g,sa,w,é>

with %: 5 + %and taking the supremum in f, g, ¢, 1 gives the result

1Tl p < NT s 1T 1

Pp2,p2

where 1—l:t—L+(1—t)—ﬁ ort=2 1=t
q q1 q2 p P1 P2

18



Note that this technique extends to the case where T LP* — L% ¢ =0, 1 to conclude that 7" is a

bounded map from LP*— L% where pi = 1}:t + pi and qi = 1;t + qi with norm Mol_th. What
t 9 1 t 0 1
needs adjustment in the proof above is
[Thg=  sup | [g/0(s ) dn
1l llglla<1
920
lels [ =1

and establish that this is a holomorphic from 0 < Re z < 1.

Fourier Transforms
The starting point for discussion about Fourier Transforms are integrable functions f € L'(R™).

Our definition of the Fourier Transform that we will be working with (other definitions differ in
how the constants are distributed between the transform and its inverse) is

F&=[ flae"da

R™

with inverse

flz)= (e (8) ag

R™

Note: This is a departure from class, inserting the 27 in the definition here saves a
lot of headaches!

Consider two simple operations:

e Translation by he R™

with Fourier transform

e Dilation by a > 0:

with Fourier transform

The proofs are quite direct, involving change of variables. Here are a few more useful properties:

1. With the naive integral estimate,

I F Il poemey < I1F Nl pr ey

2. If >0, then

1Flimeey = 10) = [ (o)

19



just by noting that if £ # 0 then the oscillation from the exponential will cause the value
of | f(&)] to be smaller.

3. For one dimension, for indicators 1(4,5) we have

o~ efzbtiefzat

1(ap)(t) = i

which is by direct computation.

4. (Riemann Lebesgue Lemma) Again for one dimension, for f € LY(R), as t — oo,

f(t)—0

To prove this we can approximate by C§° functions, (which we then approximate by
simple functions, then indicators).

Denote the Fourier transform operator by F(f):= f . We would like to classify the image of the
Fourier trasnform on the space of integrable functions, F(L'). We can show that

F (L) € Co(R™)

where Co(R™) are the continuous functions that vanish at co. This result can be proved from
building up from indicators also (or using the modulus of continuity of e~®, can prove that the
fourier transform of an integrable function is uniformly continuous).

However, there exist functions in Co(IR™) for which there does not exist a corresponding L' func-
tion in the preimage. Consider for simplicity n =1. We show this by considering an estimate for
odd functions f(—x)=— f(x). In this case, we know that

fla)=—i /OO sin (tz) f(t)dt

— o0

since the integral of cos (tx) f(t) vanishes since it is odd. Then we note that

IN

sin(tm) f¥)dtdx

o[ =

bl Sl

IN

noting that floo @dm is bounded for all ¢. Using this estimate, we can make the LHS oo for
some choice of f(x) € Co(R) by considering g(z) = @. Then supposing there existed f such

that F f = g, by the above estimate the left hand side is fl dx =00, and thus || f||1 >0
and f is not integrable. Thus F(LY(R))# Co(R).

mlogz

As an aside, having F(L') C Cy(IR), we can make sense of the following interesting proposition:

Proposition 14. If f, g€ LY(R"), then
| tode= [ raar
Note that both sides are well defined, since f,g € Co(R™).

20



Proof. This is just Fubini:

fgde

R"

I
T

o(€) [ fa)e s 0 dae
f@) [ o@em 9 dga

fgdx

n

n

n

Schwarz Class

On the positive side, there exists a special class of functions for which we can classify the image
of the Fourier transform, the Schwarz class S:

§={peC=(®"): lim |D|(1+z[)"—0Vk, ¢}

i.e. smooth functions where all derivatives decay faster than any polynomial.

First note the following additional properties concerning the differentiation operator Dy :=
!

% ¢’ (the addition of the 1/2mi term simplifies notation). With integration by parts, and the

fact that ¢ decays at oo,

53(9) = [ gre@emintdn=¢ [oa)emintdn=¢5(6)

21

and since ( — z) ¢(z)e™2™*¢ is integrable,

—

(*w)w(é):/ (= 2)p(a) e 2w dy = L.

211

- /sau)e*?mwz:w(s)

Generalizing to higher dimensions (which involves just taking products of these identities, we
have that

—
D(— )% (§) = £*D7¢(§)

Ca o o
where «, v are multi-indices D* = Dq,---Dq,,, 27 = 2"

any peSisalsoin §,s0 F:S§—S. In fact,

-z} Therefore, the Fourier transform of

Theorem 15. F is an isomorphism from S — S with inverse F~1 (given by the inversion for-
mula).

Proof. We showed that F maps from S — S, so all that remains is to verify the inversion for-
mula, i.e. F~'oF =1d on S. This is by a computation involving Fubini’s Theorem to swap the
double integral. However, the complex exponential poses problems since it is not integrable. The
—elel*/2 and let e — 0. So first we prove a useful identity
*EMZ/Q, first in one dimension:

idea is then to multiply by a Gaussian e
concerning the Fourier transform of the Gaussian e

> ; 2
/ e—2mm£e—57rz dx

— o0

_ e /OO e—em(@ =i/ gy

/\
exp( —emz?)

oo
— e*ﬂEZ/E/ e—em® g (Contour integration)
—o0
= \/16_7752/8
€
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where the contour integration is of e~**"/2 on the boundary of the region { — &/e < Im z < 0}.
Generalizing to products, we get

_wmz
exp( —em|z|?) = e~ "/%
Now if p €S,
PG = [ eetaa
) em|g|? ;
_ 11r51+ 627”(:6,5)6* 3 / gﬁ(y)€727m<y7§>dyd£
e— R"™ "
(Fubini) lim 90(9)/ eQm’(z—y,ﬁ)e_sw\;\
= e—0T R n
_mly—=|?
= lim [ p(y)e e = dy
e—0t JRrn
= ()

2
where we note that ¢ (x)= %pe_ﬂz/‘/g' is an approximate identity, so that
€

pxhe— ¢
as € — 0. Thus the inversion formula is valid and F is an isomorphism. O
Proof. (Second Proof of Inversion Formula) This proof (from D. Javier, Fourier Analysis)

uses the weak Parseval equality f fg = f g f which in this case follows again by Fubini. Note
that

/ AT O g de= [ f)gOade= [ FapTrgtade

RTL RTL
and so

fOe)g(@)de= | fz)g(A\'x)da

Rn RTL
taking A — oo gives

—ml|z|?

and setting g(xz)=e (noting §(z) =e " 1¢1*) we get

and replacing f by 7, f gives

as desired. O]

Week 4 (10/7/2009)

(This week’s notes are a little scattered...)

Continuing the discussion about the Fourier transform on the Schwarz’ space, we establish fur-
ther properties of the Fourier transform:

22



Proposition 16. For all o, €S we have the following properties:

1. fRnW/;:fRn@/;

o~

2. px1p =

<

3. (p/z\/J: *

>

All of these are proved by Fubini. For instance,

pxtp = /e‘Q’Ti””‘g/w(y)w(z*y)dydz
Jetw) [ota—pemsmiv<aaay
Jetw [ aaay
= [etwemiviay [o)erizcas

= ¢

By duality we can extend the Fourier transform to the space of tempered distributions, S’ i.e.
the space of linear functionals on S. For u € §’, we define 4 € S’ by

u(p)=u(p)

noting ¢ € S. We can easily check that this coincides with the usual definition if u € L' (recall
functions can be identified with a distribution by

U(so)=/us0

and note using the definition for distributions,

ﬁ(@)=/wp=/ﬁ<p

noting 4 in the integrand is a Cy function which can be identified with the above functional. So
4 in this case is a distribution corresponding to an actual function, and moreover the definitions
agree.

Thus,

F:8§—8,8 -8

is an isomorphism. The inverse is defined similarly: F~'u(¢) = w(F~'¢) and thus F o
Flu(p)=¢.

Now returning to LP spaces, we know that F: L' — Cy. We can extend F to L? functions by
density, approximating by functions in L' N L?. We show that for u € L?, 1 € L? as well:

/uv*:/dﬁ*

23

In fact, we will prove that for u,v € L?,



(Parseval’s equality) from which 4 € L? follows (Plancherel).

/ﬁ(‘f)ﬁ*“)dﬁ = lim[a(€)5" (&Il dg

e—07t

= lim e‘”lglz/u(x)e_%”fdx/v*(y)e%iy‘gdydg

e—07t

= lim [u(x) /U*(y) /6_2”(5”_?/)‘56_5”'5‘2dfdydx

e—07t

= lim [u(z) /U*(y)s_”/Qe_gly_zlzdydx

e—07t

_ / w(z)v () dz

using the same technique used in the first proof of the inversion formula above. Thus, we have
proved that F: L? — L? with ||d | 2= ||u|/z2. In summary, we have:

e F:L!'— [ with norm 1.
o F:L?— [? with norm 1.

e By Riesz-Thorin, this implies that F: L? — L?" with norm 1, and this is for 1 < p <2.

Now we turn to another property concerning homogeneity of the Fourier trasnform:

Proposition 17. If u€ S’ is homogeneous of degree o, then 4 is homogeneous of degree —n —o
i.e. for functions, if we use dwu:=u(tx), then u is homogeneous of degree o if dru(x) = u(tx) =
tou(x), and under this condition, 4 (t&) =t="~74(¢&).

For distributions, we define dfu(p) := u(dwp), so u is homogeneous of degree o if dfu(p) =
t7u(yp).

Proof. Using the property of the Fourier transform, we note that for functions,

~
N
IS
Il
g
S
\

= 176y (§) =t (E/1)
a(g/t) = t7rra(s)
) = t777a(g)

For distributions, we use the result above to get

Stu(p) = dtu(e)
= U(5t§5)
= u(t™"%)
= ()
t7" %0 ()

And now for some convolution properties:

Properties about Convolution:

1. (Hausdorff-Young inequality) || f * g|» <|| fllpllgllq for 1 +%:
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2. pex f— fin LP with p. an approximate identity (converging to the dirac measure 9)

3. A special case of (1) is ||f * gll1 < || f|l1]lg|l1, and using convolution as a product on L1,
this turns L' into a Banach Algebra.

4. f % g inherits the nicer property between f, g. This manifests itself in the Hausdorff-
Young inequality above, the convolution between L' and L? is LP.

gl <17 1sllglh

Also, C* convolved with something not even continuous is C*. Note

(fxg)'=f'xg=fxg

if f, g are differentiable.

Translation Invariant Operators

Now for some reason we are talking about translation invariant operators (will use in Week 5).

A translation invariant operator A € B(L?, L?) is a bounded operator satisfying 7,4 = A7p,.

Theorem 18. If A€ B(LP, L) is translation invariant, then
1. If g<p< oo, then A=0
2. If g<p=o00, then A|L3°EO'
Proof. Note that ||Aul|q <[ A]|Ju]||p for all we€ LP. Then
[Au+mnAullg=[[A(u+7hu)llq < | Al [[u+Thull,
Now let h — oco. For sufficiently large h, Au and 7, Au become “essentially” disjoint, since func-
tions in LP decay at infinity, so that outside a ball of radius R the LP norm can be bounded by
e. Thus ||Au+ 1,Aul|l,~2Y9||Aul|,, noting that
||Au+ThAu||gQ:2||Au||g
Likewise, ||u+ mhu|,= 2Y/P||u|p, and
2V Aullg S [|AI12Y7 lull,
[Aullq S NAN2Y P~ Nl < JA] ull,

for p > ¢q and ||A|| # 0. Note that the inequality [|Aullq < ||A|l||u]lp can be made strict above
since 21/P=1/4 <y < 1. This contradicts the definition of ||A||, so it must be the case that A=0.

The second case is similar, since we restrict A to the space of L* functions that decay at co. [

Therefore when classifying translation invariant operators, the interesting case is when p < g¢q. In
this case we have the following theorem:

Theorem 19. Let A € B(LP, L9) be translation invariant, with p < q. Then there exists a T € S’
such that Au="T % u.
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Remark 20. Note that convolution of a tempered distribution with a function is a tempered
distribution, and can be defined by extending the behavior of regular convolutions as distribu-
tions. Note if f * g are functions, then as a distribution,

(F*9)(0) = /f*g)() (2)da

where f(z)= f(—z).
Thus,

and since u*x p €S, T xu is also in §’.
The theorem is proved with the following lemma:
Lemma 21. If f e W*TLP(R"), for 1< p<oo, then f €.

Remark. Recall W*P(R") is the Sobolev space with norm defined by

S osl,

la|<k

(there are other equivalent norms, using for instance an L? like sum...

Proof. Let us consider the case p =1 first. The idea is to prove that 1l < C\lfllwnirs, in
which case f(—x)=Ff is in Cp, since F: L' — Cy. This relies on the inversion formula, which is
valid for f € L'. Note that

+
A+lz) > <en D 27

la|<n+1

(just expand the LHS, use triangle inequality and bound by the largest constant) Then

f@)] < eal+1e)™ T Y 2o f ()]

la|<n+1

L+ ™% S Dos()|

la|<n+1

_nt1 .
ca(l+ [z Y DF

la|<n+1

=
&
A IA

IN

ntl
The key is that (14 |x]?)”" 2 is integrable in R” (behaves like ||~ ("*Y), so that
”f Hl < Cn||fHWn+1,1
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as desired. Also, we have the bound
[ flloo <Ch I f w1

For higher powers of p a different proof seems to be needed... O

Proof. (of Theorem) First we claim that D*Au = AD%u for v € S. This is a straightforward
computation. For h = hje;, note

DpAu= lim ThAu=Au _ lim A<M>A(Dhu)
h;—0 hj h;—0 hj

where we have used translation invaraince of A in the second equality above.

Now we show that Au € Wn"+14 in which case Au € Cy by the lemma. But this follows from
D*Au=ADu € LY

for any « since D% € L? (u € §), and in particular, for || < n + 1. This shows that Au €
wntha and

[Aufloo < Cr | Al ul[wrns1.0

This implies that the mapping v+ Au(0) is a linear, continuous functional (linear and bounded)
on WnT1P and thus there exists (by a Riesz representation like theorem) a

T(x)= Y  DTo(—w)
la|<n+1
with T, € LP, such that

Au0)= 3 [DT(= puln) =T 5 u(0)

la|<n+1

noting that the integration is defined as

> [pTipuw= Y (~1 [T 9 Dut)

la|<n+1 la|<n+1

(since D*T, in general is a distribution).

From this we show that Au(z)=Txu(z):

To(z —y)D*u(y)dy

Txu(z) = Z (=1~

la|<n+1

/
= Y (f1)a/Ta(fy)D“u(z+y)dy
/

la|<n+1

- > (-

la|<n+1
= Tx*7,u(0)

= Aru(0)
= Au(z)

To(—y)D*1pu(y)dy

using the translation invariance of A in the last equality. O
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Remark 22. The characterization of linear functionals on W*? as a sum of weak derivatives of
classical functions is obtained by... First we identify W* P~ LP x ... x LP = (L?)* by

J times
fe—(f,Df,D?f,...,DFf) € LP x ... x LP
and then the linear functional 7' € (W*:P)’ can be transferred by
T(f,Df,D*f,....DFf)=Tf

(apply T to the first coordinate). This can further be extended to (LP)* by Hahn Banach. Now
by linearity we can write T'=Ty+ ... + 141, where

T(fo, ceny fk) ZTo(fo, 0, ) +... +Tk(---, 0, fk)

which we will denote by T'(fo, .-, fx) =Tofo+ ... + Tifr- Then we can apply Riesz representation
to each T}, to get a g; € LY such that
Ti fi= / figi

T(foaafk)zz /flgl

and then

and in particular,
k k
T(£.Df, D)= [Dife=Y" [1-(~ 1D
i=0 i=0

and this gives the characterization,
k
)=y [ (~0'Das
i=0
Fourier Series

A good reference for this section: Katznelson. Introduction to Harmonic Analysis.

Now we turn our attention to trigonometric series:

oo
E CneQTrz né

n=—oo

1 > .
§a0 + Z a,cos 27l + b, sin 2mnl

n=1

A trigonometric series is called a Fourier series if it comes from an integrable function f via the
relation

1
Cn= / f(x)e=2minz dy
0

or
an:2/01 f(z)cos (2mnax)dz, bn:2/01 f(z)sin(2mnz)da

Notation: If this is the case, we use the notation f~ c,.
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Goal: We are building towards the relation between Fourier Series and singular integrals...

Remark 23. Not all convergent trigonometric series are Fourier series. Actually, given the
Fourier series of f € L', 3 c,e?™"% the series can be integrated term by term, and the
resulting series converges uniformly and is the Fourier series of [ f. This follows from the fact
that F(z) = [ Om f(t)dt is an absolutely continuous function and the Fourier series of a abso-
lutely continuous function converges uniformly (need reference here)

Then consider

i sin(27nd)
logn

n=2

which by the Dirichlet test converges everywhere (though not absolutely convergent). Suppose
the series is a Fourier series corresponding to f € L'. Then integrating term by term gives

i — cos(2mnd)

2mnlogn

which does not converge uniformly, which contradicts the previously stated fact.

See also Katznelson, Corollary to 4.2.

Remark 24. There exists a Fourier series which diverges everywhere (pointwise). (There is a
proof using Uniform Boundedness Principle and examining the Dirichlet kernel)

Properties for L? Functions:

1. (Besov)
1
S lenlt= [ emnin po)a0
n 0

2. (Riesz-Fisher) If 3 |c,|? < oo, there exists f € L?[0,1] such that f~ c,.

3. (Parseval)

113=3 leal?

n

More General Properties:
1. If f>0, then |a,| <ao, |bn] <ap, and ag=2 fol f(z)dz

1
2

[\]

. If f>0on [0 } and f is odd, then |b,| <27wnb;. This uses |sin27n 0| < 27n |sinb)|.

3. If f is monotone decreasing on [0, 1], then b, > 0.
4. If f is convex on (0,1), then a, >0 for n > 0.

There is a result from complex analysis that bounds the growth rate of Fourier coefficients:

Proposition 25. Let F(z) ="

o1 Cn2™ be a holomorphic, one-to-one function on |z| <1 with
c, €R. Then

len]| Y™ <nr

and in particular, |c,|<n.
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Riemann-Lebesgue and Decay Rates

We know from the Riemann-Lebesgue that ¢, — 0 as n — oco. There are no rates of convergence,
even for (uniformly) continuous functions. Given any e, — 0, we can construct a continuous
function whose Fourier coefficients decay slower than e,. Take a sequence ni, no, ... with k=2 >
€ny, and construct

=1
Z —5cos nil
k=1 k

The series converges uniformly, and thus converges to a continuous function f whose Fourier

coefficients are f(ng)= % > Eny-

Some results in this direction...

Proposition 26. If f is absolutely continuous, and f ~ c,, then ¢, = 0( ! )

n

Proof. This is an integration by parts:

1
Cn = / f(x)e=2minzdy
01 . |
— 271.2'”/0 f/(x)e—ana;dx
and since fol f(z)e=2™"® 4z — 0 by the Riemann Lebesgue Lemma, c¢,, = 0(%). O

Proposition 27. (F. Riesz) There exists a CoNBV function f such that ¢, # 0(%).

(Note that BV:>cn:O(%)...)

Theorem 28. (Wiener) If f € BV, then f € Cy if and only if Z‘m

|<n |mem|=o(n).

Theorem 29. (Fefferman) If f(z) =3 axe®™** and |as| S%, then f € BMO

Theorem 30. (Jouné) If Y are?™*® € BMO with ay >0, then 3 bpe?™*® € BMO if |bi| <
ax (A comparison test-like result)

Week 5 (10,/14/2009)

Continuing the discussion about Fourier Series, recall that associated to f € LP(0,1) we have the
Fourier coefficients

1
Cn :/ e~ 2mine f (1) dx
0

and we write
f ~ E cne%rznz
n

Note |cp| < fol |f(z)|dz, and a,— 0 as |n| — oo for f € L' by Riemann Lebesgue.

If feCk k>1thenc, = 0(%). This is from integrating by parts and applying Riemann
Lebesgue.
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If feCF for k>2, then

‘ E cne%rznz
n

SZ len] < o0
n

and so the Fourier series converges uniformly to some g (which may or may not be f, though
later we will show that it converges to f).

Studying the partial sums,

SNf(fE) _ Z Cn€27rinz

\"\1§N

= [t X emmenay
0 In|<N

= /01 f(y)Dn(z —y)dy

= Dnx f(x)

where

Din(y) = sin[2ﬂ'(N+5)y}

sin 7y
(the Dirichlet kernel). Note

i'[eﬂ'iy _ e—ﬂ'iy] p2miny _ i'[e2m'(N+1/2)y _ e 2mi(N+1/2)y
21 21

In|<N
by cancellations. This kernel is signular near y =0, where it behaves roughly like

sin[27r(N+%)y}
™Y

Dn(y) ~

The partial sums of the Fourier series therefore behaves (very) roughly like the Hilbert Trans-
form:

Hf(;v):%PV[R %dy

The convergence of Syf is a very delicate issue since the Dirichlet kernel is highly oscillatory.
These can be smoothed out if we consider a different kind of sum (Cesaro sum)

1 N
Fnf(z) = Ni12 nf(2)

1 " 1 N n

_ 2rin(z—y)
1

= fW) Fn(z—y)dy

for some kernel Fi (Fejer kernel). Note
— 2mimy _ 2miny
SIS EPIPILE P CS £
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and
1 1

(sm 7ry)2 — _627rzy _ _6727rzy + =

4 4 2

multiplying (sin 7y)2Fy(y) and performing cancellations gives N;H[sin (N + 1)7ry]2 so that

Fn(y)

1 [sin(N+1)my 2
T N+1 sin 7y

The Fejer kernel satisfies three nice properties (of approximate identities)
1. Fx >0
2. fol Fn(y)dy=1
3. f5<y<1_6 Fn(y)dy— 0 as N — oo uniformly

Positivity is obvious. The second property holds from examining the partial Fourier series of 1
(which is just constant =1). The third property is a consequence of the simple bound

1 1
< - .=
R v (sin 79)2

ford<y<1—4.

Remark 31. If f € CJ0,1] then Fy* f — f uniformly as N — oco. (Fi is an approximate iden-
tity)

Thus, above if f € C?, we have that Sxf and Fnxf both converge uniformly to f.

Proof. If f € C? then Syf(z) — g(x) and since Fyf are averages of Syf, Fxf — g(x), and by
the remark Fnf — f(z). Thus f=g. O

Even more, we have that
Proposition 32. If f € C% a >0, then Sxf(z)— f(z).

Proof. Note that

(f(0) = f(y))dy

) 570 /1 sin[27r(]\7+%)y}

0 sin my

using the fact that [ Dy(y)dy=1. Now note that for small y,

‘f(O)—f(y)'< C

simry | Tg[e

0) - f(y)

by Holder continuity, and thus A ey is integrable. Then by the Riemann-Lebesgue lemma,

f(0) = Snf(0) —0

Translating by = shows that f(x) — Snf(z) — 0 as well. O
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In any case, the study of convergence of the partial sums in general requires study of the sin-
gular kernel Dy(y). Consider the following operator approach:

1 .
Tof(x) = /O fla—y) BN g,

sin 7y
noting that Tor(n11/2)f = Snf. Thus we are interested in the behavior as A — oo. Again for
small y we note that
sin Ay
Y

1)~ o -y BN g,

which is a singular kernel. Note
sin Ay

1 A
° IO Y dy:fo

formly bounded in A. This implies that T f(z)- f(x) for some continuous f and some
point z by the uniform boundedness principle. (This says that if a family of operators is
ptwise bounded, then it is uniformly bounded. Thus, if we do not have uniform bound,
then there is a function where || T f||co — 00)

sinu

du~log A\, so that as an operator from C°— C°, T} is not uni-

U

sin Ay
Ty
operator from L' — L', T) is not bounded for any \.

. is not uniformly bounded in A (in fact not even finite for any A), so that as an

Nevertheless, we have that

° HT,\fHLPSCprHLP for all )\, 1<p<oo
o [{z:|Taf]>al < f]|pr for all A.

This motivates the study of singular integrals. The Dirichlet kernel is a little more difficult to
deal with because of the addition of the highly oscillatory term sin(N + %)y

Singular Integrals

First we consider the Hilbert Transform,

Hf(x)::%PV/_OO @dy:: liml f(m—y)dy

e=0T Jly|>e Y

Following Stein’s Singular Integrals..., beginning of Chapter II, and a few comments from class,
we describe a few aspects of the theory of the Hilbert Transform.

1. First, we note H is translation invariant, and naturally we will be dealing with convolu-
tions. In the L? theory, the tools of Fourier transforms and Plancherel, etc will play a sig-
nificant role.

2. Classically the LP theory for proving boundedness of the operator was proved by M.
Riesz with complex function theory of HP spaces (even with 0 < p < 1). At least for 1 <
p < 00, the approach is to first look at 1 < p < 2 first, and then by duality 2 < p < oo is
obtained automatically, since the dual of a convolution operator is also a convolution
operator. The relation to complex analysis is through the Cauchy integral formula.

3. The Hilbert Transform is not bounded in L!, but a weak (1,1) estimate for the Hilbert
Transform was proved by Besicovitch, Titchmarsh, Calderén-Zygmund. This approach is
more difficult than (2), but through this approach (2) the L? boundedness is obtained
automatically via Marcinkiewicz interpolation.

The general situation will be that an operator will not be bounded in L', and so we gen-
erally look for a weak (1,1) estimate.
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First, a few remarks about translation invariant operators on L' and L2.

Remark 33. Let T be a bounded linear operator from L' — L!. Then T commutes with trans-
lation if and only if Tf = p* f where p is a measure with ||u|| < co (i.e. a convolution operator).

From last time we already proved that T'f must be a convolution operator T * f with a distribu-
tion T € 8’ Why must T be a measure? To obtain this we can use smoothing and take the
limit. Let T. = pe*T where p. is a smooth, compactly supported (symmetric) approximate iden-
tity, so that T is now smooth. The key is that T. converges to T' in distribution S’, since

T(p)=T(pe* @) — T(p)

and also that as a convolution operator from L' — L1,

1Tl =lpe* Tl <[ T2
since
ITex fllv=llpex (T )l < NT flln <Ml £l
Also, since T. € L', as a convolution operator ||T:||1,1 = ||7-||s. This follows from the fact that

equality can be achieved in the Hausdorff-Young inequality

1+ gl < fllllgl

/ '/f(y)g(y:c)dy

dr < / £ ()] l9(y — 2)|dydz

- / ) gl dy
£ llglz

with equality when ¢ has the same sign as f, so that the integral is positive. This implies that
I Tell1,2 = 1]

These facts together should allow us to bring 7. to C{, the space of complex Borel measures.
Thus we have that || Ty = |T:||zr < ||T'||1,1 so that T, € C§ for all €, and since a bounded ball
in Cf is weak* compact, we can extract a subsequence converging to a complex Borel measure.
But this implies that this same subsequence converges to a complex Borel measure in S’; and
thus T must be a complex Borel measure (the limit in S’ is unique).

Remark 34. Let T be a bounded linear operator from L? — L2 Then T commutes with trans-
lation if and only if T'f = g* f with § € L*>°.

Again we already know that T'f =T * f for some distribution T € &’. Applying smoothing, we
have that T.:= p.*T € S C L2. Note that 7. also maps L? — L
T.f = pe* (T f) € L?

In this case we can take the Fourier transform so that for f & L2

— ~

Tox f=T.f € L?

Thus in the Fourier domain 7. is a multiplication operator, it is sufficient for 1. € L™ by
Holder’s inequality. It is also necessary (if T. were not bounded, can find f € L? such that 7.f

is not in L?). Like before, |T:|oo < |T'|2.2, and since L is the dual of L', and the bounded ball
in L (as the dual) is weak™ compact, as argued above T, converges to an L function.
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This characterizes translation-invariant bounded linear operators from LP — LP (we already
studied the general LP case earlier) as convolution operators, which we now study in more
detail.

Theorem 35. Let K € L?>(R") satisfying the following properties

a) [K(&)|<B
b) VK| <2

For fe LPN L', define Tf := J e F(y) K(x —y)dy. Then for 1<p< oo, we have that

ITfllp < Ap,B.nll £l

i.e. T is a bounded operator from LP— LP.

Remark. A quick technical detail is that we define T as an operator on LP by density of the
subspace LPN L.

Proof. We will obtain a strong (2,2) estimate and a weak (1,1) estimate, from which the result
follows by Marcinkiewicz interpolation. First, note that since K is bounded,

ITfll2=ITF ll2= K] ll2 <K ool Fll2< B f |2

using Plancherel’s identity. This establishes a strong (2,2) estimate.

Now we establish the more technical estimate, relying on the Calderén-Zygmund decomposition.
We want to show that

{ITf1> 03| < S| £ forall £

For f € LY(R"), a > 0, we have the Calderén-Zygmund decomposition R"™ = Q U F disjoint,
where ) = Uj Q; with @, dyadic cubes with disjoint interiors with side lengths comparable to

the distance from @); to I, where
1. 191< %Hf”l where A comes from Vitali covering lemma.
2. On F, we have that | f(z)| <« almost everywhere.
1
o<l — < 2"
3. a< TeH fQj f(z)dr < 2"«

Now we write f(z)=g(x)+b(z) (“good” and “bad” functions) where

o f(x) reF
9= L f o Ty zeQ

and so

b(x) 0 zel
x):= 1

@) =57 o, fy)dy €@
In particular, note that |g(x)| < 2"«. Now note that

HITf1 >} <{ITg[>a/2} + {[T0] > /2}|
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(If [Tf| > «, then either |Tg|>a/2 or |Tb| > a/2). Also, since g € L' and g€ L™, g€ L? with

||g||%=/ ng/ 9] < 27allg]ls

so that || Tg||3< Bl|g[l3 < B(2"a)|lg]1- Thus,

4
Slirgl3

C
< Sl

{ITg] > a/2}]

IN

This bounds the first part. For the second part, we can write
=" bi(x)
J

with b; =0 on @; and 0 elsewhere, and by linearity 7b = Zj Th;. Notice that by definition of b,

IQIIQ =0. Thus

Tb, () / by K (z — y)dy

J

/ b(y) (K (z —v) - K(z — y,)]dy 1)

J

where y; is the center of );. Now using the second condition in the theorem,

|K(z—y)—K(z—yj)| < [VK(z—3;)ly—yjl
Bly — y;
|z — g "+t
dlam(QJ)
| =gt

IN

where the first line follows from a mean value type result (y; is on a line segment between y and
y;)- Now let = € F. Note |z — ;| ~ |v — y| since diam(Q;) ~ d(Q;, F'). Likewise, diam(Q;) ~
d(y, F). Then

d(y;, ')
|Tbj(x)| SB—2—2= | [b(y)ldy, z€F
! |z —y; "t Jq,

Now note that

[ wwlay< [ g+ 2ady<2iam@;)

Qj
so that
d(y, F)

_ +1
Sz =yl

d HF n
|Tb;(x)| S2"HlaB E Eyj .|n)+1m(Qj) <2 leOéB/
Y Q

for x € F', and summing in j, we have

d(y, I)

n |z —y[n Tt

|Th(x)| < 2"+1ozB/

R

< n+1
A |Tb(z)|de < 2 ozB//n |z— |n+1d ydx
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The right hand side is the Marcinkiewicz integral, which we can show is bounded by em(F*°).
This follows Stein’s Singular Integrals... section 2.4:

// o y|n+1dydm // |x—y|"+1dyd””
— , dxd
/Fc nE / [z — |"+1 Y

d( ,F/—dacd
Fe y F|$_y|n+1 Y

J
/c 4y, F) /x|>d(y F) |57C|}”r1 dody
J
J

IN

IN

c
d(y,F)/ "n drdy
e r>d(y,F) T 1

d(y, F)—d(;:’F) dy
= ¢ym(F°)

IN

IN

c

Note F¢=. This shows that [ . |Tb(x)|dz $2"'aBe, m(Q) <Cy gl f|1. Thus,

[{z € F: [Th(a)| > a/2}] < 22 =2 f|

and since || < §||f||1, we have

{ITb(a)] > a2} < 2 22| £l

which controls the second part. Thus

ITf 1> 03 < S22 £

which is the weak (1,1) estimate. By Marcinkiewicz interpolation, we have boundedness of L?
for 1<p<2,ie.

ITfllp < An.5,pll fllp

To extend to p > 2, we can use duality. Taking f € LP, we note that

Ifllp= sup / fgdz

llgllq=1

Now take any |/ g||4=1, and consider

/ngdx

//K Yg(z)dady
/f (/K —2) dz)d
/f(y)K*g(y)dy

where K (2) = K(— ). Then since g€ L and ¢ <2, K g€ L%, so

ITgllq= sup /ngdxé||f||LP||K*9||q§||f||LPAn,B,q

lglla=1
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as desired. ]

Week 6 (10,/21/2009)

We will now weaken the conditions of Theorem 35. We start by replacing the gradient condition
VK |<—2_ with

a7

/ |K(z—y)— K(z)|dx < B*
2] >2[y]
Note that the gradient condition implies this weaker condition:

/ K (2 — ) — K()|dz =/ VE(z— )|yl de
|z]>2]y]| |z]>2]y]|

B
/ %dw
e|>2ly| |2 =7

|z|>2|y| (| = lyl)

< epn—l
lyl

IN

= Be

Using this new condition, we can prove the weak (1,1) estimate again in a different manner. As
in the proof we use Whitney’s decomposition, and then split f = g + b as before. This time,
however, we consider Q; =3Q;, Q=) Q; and F'=R"\Q. We still have a favorable bound

A
12 SEHle

and F' C F. The difference now is that we estimate J |Tb| on F', where we can now use the

new condition with || > 2|y| since F is separated from €:

A Tb(z)|dz < /§|Tbj(x)|d$

Fj,

i [ el

using (1) (near the definition of Th; in the previous section). Continuing, we have

/Q. [K(z —y) — K(z —y;)]b(y)dy| dz

N A LU

<Y [ 1w K (2 — y') — K(2)| ddy
= Ja, 21> 2y

<Y [ pimeay
j=17Qs

< B fllu
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noting that the third inequality follows from the fact that looking at y' =y — y; and 2’ =z — y;,
for any z € F, |x — y;| is by construction larger than 2 diam(Q;) > 2y’, and this is how we can
incorporate the new condition. The rest of the proof is then the same after obtaining the esti-
mate on Th. Thus we have proved

Theorem 36. Suppose K € L? satisfies
a) |K(§|<B
b) f|I|22|y| |K(z—y)— K(z)|de <B

Then with Tf:= [g. f(y)K(z — y)dy as before, T is a bounded operator from LP — LP, with
1<p<oo.

We can weaken the conditions even further. As in Stein’s Singular Integrals, p35, assuming
that K € L? is too strong and rules out principal-value singular integrals (integrals relying on
cancellations between positive and negative values).

Theorem 37. Suppose K satisfies

1 |K(@)| <=2, 240

EIRE
2 [ oy K@ —y) - K()|dz < B

3. fR1<‘z|<R2 K(x)dz=0 for all 0 < Ry < Ra< o0

Consider T.f = f|y|>6 fle — y)K(y)dy, € > 0, avoiding the possible singularity at the origin.
Then | T.f|lp <Al fllp for A independent of €, and the limit of T.f in L? as ¢ — 0 exists and

ITfllp < Apll fllo

for 0<p<oo.

Remark 38. A few examples of kernels satisfying the conditions above:
L. K(x)=|z|7"K(0), where [ _, K(0)d0=0, |K(0)<B.

2. n=1, K(z) =—.

T

(We will check the conditions later)

B

Remark 39. If K(x) given is such that |K(z)| < TR and we let
_J K@) |z|>¢
Ka(x)_{O lz| <e

Then K. € L2 (This removes the possible singularity near = 0, and the decay rate is enough
for K to be square integrable near oo).

Lemma 40. For any € >0 we have

R.(¢)| <0B
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where C depends only on dimension.

Proof. First we prove the result for ¢ = 1 and then use dilations to prove the general case. If
e=1, then

Ki(§) = B}me len 2w (2) d
= / 2™ K (x)dr + lim 2™ K (x)da
|z <7gr R—oo) L<lz|<R
i 11

(The limit is necessary since K is not necessarily in L!). The first part we bound by

I = (condition 3)

/| 1 (e27riz'£71)K1(:C)dZ'
z|<

< 27r/| o+ €| K1 (o)) d

L
211"

— eiﬂ‘

For the second part, let z = =—1and |z|= Then by a change of vari-

able,

/eQWiz'le(:c)dz:§/ [Ki(2) — Ki(x — 2)]e?™ ¢ da
IR/TL n

and similarly,

II = 1 lim / [Ki(z) — Ki(x — 2)] > S dx
2R—o0 %SW‘SR

1 .
- = Ki(x— 2)e?™= 8 dy
2/I+Z\21/IE\ e =2)
lz|<1/[€]
1 )
+ = Ki(x — 2)e?™* &y
2/|z\21/\s| e =2)
|z+2|<1/]€]

g / [Ki(z) — Ki(x — 2)]e* "¢ dx
2R—o0\ JL<lz|<R

1 )
+= Ki(x)e2m™i@ €y
2/\w|zl/|s\ 1(@)

le—21<1/|¢]
1 _
—= Kq(z)e?™% &d
2 o ppryge K1)
o] <1/[€]

noting that the two remainder terms comes from the change of variable

r<le+z|<R

/ Kl(x)e%”fdx:—/ Ki(x —2)e?m* & dy
er<lz<R

and replacing the domain. See picture, where — , + indicate the regions that were added and
subtracted in the formula above.
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Summarizing, and taking absolute values and limits, we have

1
11 < 5/1 |K1(z) — Ki(z — 2)|dx

<l
1
v [, K@l
e SIS a7
where we note that in each of the two exceptional regions, | — z| > % implies that || > ﬁ
since |z — z| <|z|+ |z| = || + ﬁ and |z — 2| < ‘Tl‘ implies that |z| < % since |z — z| > |z| —
|z| = x| — ﬁ The second term above is bounded by
1 1 (= B! 1
- IKy(2)|de <= [ 20 da < Zlog(3)cB=CyB
2 ) L cla<t 2 ) rm 2
21€] =1 =27¢] 2|¢]
Noting that 2|z| = —, the first term above is bounded by

=

/ . [Ki(x) — Ki(x — 2)]e?™® 8dy < / |K1(z) — Kq1(z — 2)|dx
|| > || >2]z|

T€l
< B

Adding all the estimates together gives the result that |K (¢)| < CB.
General Case ¢ > 0. Replace the kernel K, by K ="K (ez). Then K(z)=0if |z| <1, and

Be™ B
K ="K < -
|K(z)|=¢"|Kc(ex)| < lez|*  |z|”

Thus K satisfies the the Lemma with ¢ = 1 and from above we know that |K| < CB and thus
|K.| <CB by the dilation property of the Fourier transform:

K (&) =e"(e7"K<(/e))

and thus |K.(€)| < |K (¢€)| < CB. This dilation trick is very useful and we will be using it again
(probably...) O

Now we finish the proof of the theorem.
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Proof. (of Theorem 37) As remarked in the main idea, we consider T.f = K, * f. By theorem
36

ITef llp < Apll 1l

for 1 < p< oo, and Lemma 40 shows that the bound is uniform in e (Marcinkiewicz interpolation
bound depends on the bounds of the weak (1,1), weak (2,2) estimates. The weak (1,1) bound
relies only on p and B, the (2,2) estimate relies on the bound in Lemma 40). Now (following
Singular Integrals, p37), let g be a continuously differentiable function with compact support
g€ C}. Then

Teg(z) = / _ KW=y

/>1 K(y)g(xy)dy+/<| KWl =y =gy

where we have used the cancellation condition (condition 3). The first term is an L? function
(convolution of L! and the LP function K;). For the second term, by the continuous differentia-
bility of g, |g(z —y) — g(z)] < Aly|, where A is the uniform bound on the derivative of g (note g
is continuously differentiable and compactly supported). Then

|</yg1 _/8§ygl )K(y)[g(w—y)—g(w)]dy |/|y|<8 lg(z —y) — g(z)]dy
/ |y|n'y' Y
— AB/ e

= ABce

— 0

IN

so that the second term converges uniformly as € — 0 to the integral on |y| <1. As a function of
x, this limit is in LP, since it is compactly supported and the limit is uniform. Thus T.g con-
verges in L? to some Tig and ||Tg||, < A,|lg|l,- Thus T is a bounded operator on C§ N LP with
LP norm, and we extend to LP by continuity. For any f € LP, we can take a sequence g, — f in
LP with g € C¢ and define T'f =lim,,_, oo T'gn, (Tg, is Cauchy in LP since g, is Cauchy in LP, and
L? is a complete Banach space). In this case the inequality ||T'f||, < Ap||f|p is trivially satisfied.
This completes the proof. O

Hilbert Transform

The Hilbert Transform H f is defined by

Hf(z)=lim 1 Mdy
ENOT ly|>e y

(working with 1 dimension), and the (convolution) kernel is K (x) = % Then via the usual con-
tour integration methods (semicircular contour in the upper half plane with a small detour
around z=0) we have

~ e*2ﬂ'i§x
K(¢) = lim dx
ENOJSz|>e  TE
= —isgn()
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noting that for negative £ <0,

—27mi€z —27iéz

lim € dz —mi ResZ:0€ =0

e\.0 |Re z|>e Tz Tz

(the little detour around the pole at 0 picks up half a residue, and for the upper half plane we
need — 27€ > 0 for Rouché’s Theorem) and for negative £ < 0, the sign reverses (change of vari-
able in integration). Thus

HJ(§) =K (§)=—isen(¢) / (¢)
This implies that
H*=—1T
in L2 A few properties involving dilations and translations:
1. Hép=06pH, h>0
2. Héop=—90pH, h<0
3. Hrp=7pH (already known for convolution operators)

These properties characterize the Hilbert transform.

Proposition 41. Suppose T bounded operator from L?> — L? satisfies
1. T commutes with translations (i.e. convolution operator)
2. T commutes with positive dilations.
3. T anti-commutes with negative dilations.

Then T =c-H.

Proof. The first property shows that 77 () = f(£)m(€) for some m(£) € L™ (a multiplication

operator from L? — L?). As for the second property, since Fé;, = iél/h]i we have that §,F =

||
|T1\‘7:61/h’ 51/h-7:_1 = |h|.7:_16h and
Sn(m-f) = OW(FTF1f)
- %'Hl WTFf
— %}*T(;l/h F-1f (Properties 2, 3)

= sgn(h) FTF 0, nf
= sgn(h)m- (dnf)

Thus m(h€) f(h€) = sgn(h)m(€) f(h€) and m(h€) = sgn(h)m(€), and if h # 0 this proves that
m(&) = C sgn(§), which proves the result since the Hilbert Transform in the Fourier domain cor-
responds to multiplication by —isgn(§). O

Week 7 (10,/28/2009)

Quick note: Stein proves general results about Calderon-Zygmund type operators and then shows
that Riesz Transforms are a special case. We will treat Riesz Transforms first and then move to
C-Z type operators next.
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Riesz Transform

Note that for the Hilbert transform,

F(€)=—isgn(€) f(&)=— %f(&)

Now we look into the higher dimensional analogue. For j=1,2,...,n in R", we define R;f(z) by

Then R;: L? — L?, |Rj||2,2< 1, and

Rjf =Kjx* f

for some K ;. We will also use the notation R;; = R;R; with corresponding kernel K.

Note that K; = — z% is homogeneous of degree 0, and by Proposition 17 (from week 4), this
implies that K; is homogeneous of degree — n, so that K;(x) = gfi(‘f) where Q;(x) is homoge-

x

neous of degree 0, i.e. Qj( ) =Q;(x), constant along rays from the origin. The same holds for

||
K 1. We will show shortly that K;, Kz, etc. satisfy the conditions of Theorem 37 so that R;,
R ;i map from L? to LP for 1 <p < oo.

Relation to Laplace’s Equation

We relate this to the solution of Laplace’s equation in R”

—Au = feLP(R")
Uloo = 0
Taking the Fourier transform, we have that
“Au = (9
arlePae) = F(9)
96 = e
Note that
Upjar = —4m%E;€1(E)
_ =&k
= Rjif

so that ug 2, = Rjirf, or Rjrf =Dy Dy (—A)71f.

(As an aside, recall that the kernel of ( — A)~! is the fundamental solution, the Green’s func-
tion:

(fA)*lf:cn/mf(%dy
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for n > 2)

At any rate, the L? boundedness of R;j will imply that for u € C? and Au € L?,

H“zﬂkllp [RjrAull, <Cl|Aull,

Riesz Kernel Formula

Before continuing, we compute the kernel explicitly.

Lemma 42.

Qj(z) _ cnzy
lz* fz| !

i.e. Q(x) =22 and the conditions of Theorem 37 are satisfied, so that R; is a bounded oper-
J 7] J

ator from LP — LP for 0 < p < 0.

Also, Kji(z)= én‘fljﬁz and has the same properties.

Proof. As discussed above, since the Fourier transform is homogeneous of degree 0, the kernel
is homogeneous of degree — n and hence has the form above. We can perform an explicit com-
putation to determine Q; (Follows Fourier Analysis by Javier D, Corollary to Proposition 4.3
and below Corollary 4.9).

First, we note by Proposition 17 that since Iw\% (as a tempered distribution) is homogeneous

of degree 1 — n, its Fourier transform (&) is homogeneous of degree — 1. Furthermore, we note
that the Fourier transform is rotationally invariant, since

A 1 —2miz-

— /|x|}lile—2ﬂinlz‘£dl‘
1 —2mix-&
= W@ dx
_ /| |1 —27rim‘£d1.
X
¢(&)

and thus ¢(&) = ﬁ Now we use the fact that

ST (1—-n) [T

in the sense of distributions (since it is not integrable near oo), and thus taking Fourier trans-
forms of both sides yields

ko)== 2 )

Oni_ a5 desired. Taking an additional D,, derivative proves the result for K.

‘ |n+1

and thus K; =

Now note that Q;(x) restricted to $"~' is smooth, and in particular bounded, and that
fgnfl j(x)dS™— 1Z =0, so that K satisfies the first and third properties of Theorem 37.
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We check the second property directly:

Ti—Yj
|Kj(x —y) — Kj(z)|lde = ¢ / / dx
/z|z2y ’ ’ " Jiaiz oty [z =y FT |95|"+1
w2t — e —y|" ) — gl

dx

= Cn/
lz[>2]y|

Clyllz]™ +|y|lz["+! |
C" =y
lz[22]y] =y v

< B/ vl 4,
2|2yl T[T
B’ /OO |y|d7°
2|y| r?

< B//

Tl

IN

IN

where we have used the mean value theorem on ||z|"™! — |z — y|"T!| along an arbitrary line seg-
ment from x to  — y, so that it is bounded by |y||z — ¥'|” < C|y||z|™ (Jy| <2|x|). The proof for
K i, is identical. O
A Short Application

Consider the problem

— Au divF
ul =0

for F a vector field in R¥. Taking the Fourier transform gives

where the Fourier transform of F is just a component-wise Fourier transform. Note 7 is homoge-
neous of degree — 1, which allows us to “gain” a derivative in estimating Vu. Note

and since Ry is a bounded operator from L? to L?, this gives us the apriori estimate

IVullp <Cu, p) [Fl,

Calderon-Zygmund Operators

Now we turn to general convolution operators with kernels that are homogeneous of degree — n,
ie. K(z)= 22) with Qw) = Q(l ‘ ) homogeneous of degree 0, and consider conditions on Q(w)

|z |™

under which the conditions of Theorem 37 are satisfied. Note that Riesz Transforms are a spe-
cial case.

To satisfy the first and third conditions, we should have that |Q(w)] < B and that
S/ gn—1 $(w)dw=0. For the second condition, we perform a computation that leads us to a suit-

able condition on 2. First we define the modulus of continuity of Q2 by

no(d) = sup  |Q(w) - Q)]

ol =lw’|=1
Jw—w’|<d
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Then note that

K(r—y) - K() = 2y )

o —y[*

_ Q(zy)ﬂ(z)mx)(;L)

|z —y[”
and thus

[ ey -K@ldr < [l
] >2ly| wlz2lyl | —yl" [zl

[ ey,
|z >2]y] [z =y

The first integral is bounded exactly like the computation in Lemma 42:

/ Bl—1 i <5 2 ~ |z = yI"] 4,
j>20y T —ylr o |z]” - l|>20y] 1M =yl
clyl
< B
ol >2py| [2]"
< B

For the second integral, we use the fact that for |z|>2]y|,

(this is the same trick as above). Then we have

_ — 77(2 CT
[ Beop-E,, ( |n)dz
2] >2]y| |z =yl e|>2ly 17—yl
[yl
_ / () da
o] >2]y| ‘i—‘—y‘" [
2|y r r
c/2
< e / ()%
. 5

The third line follows from bounding the denominator below with triangle inequality and |z| >

2|y| and then converting to polar. The last line follows from the change of variable § = Cl—zl.
Thus, if this last quantity is bounded, we say that 2 is Dini-continuous on $"~!. In particular
this is true if 2 is Holder continuous, since in this case

c/2 c/2
/ ng(5)d_5</ (;l—_(;agBC’O‘<oo
0 0

Thus, with these conditions we have the following theorem.

Q(x)

| |™

Theorem 43. Suppose K (x)= where ) is homogeneous of degree 0, satisfying
1. |Q(x)|<B

2. fS"*l Qw)dw=0
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3. Q(w) is Dini-continuous, i.e.

Then for 1<p<oo and f € LP, define

Q
r.(f)= [ Tt ay
ylze 1Y
as before. Then
a) |Tefllp < Ap || flp where A, does not depend on ¢.
b) lime_oTo(f) =T (f) exists in LP (this implies ||T||p.p < Ap)

¢) If f € L2, then T} = m(€) f(&) where m(€) is homogeneous of degree 0, and can be com-
puted by

m(§)=/‘5n71 [gisgn(ﬁ-y)ﬁ%og(@)} Qy)dSy

for |€]=1.

Proof. Since the conditions imply that K (z) satisfy the hypotheses of Theorem 37, (a) and (b)
are immediate. (c) is a long computation. See Stein, Chapter 2 Section 4.3. O

Remark 44. For K(z) = 2z) Qz)= Q(%) #0,

- ‘z|n7

1. If f>0,and fe€ L', then Tf ¢ L.

To verify this we check that f}(g) = m(&) f(€) is not continuous. Since m is homoge-
neous of degree 0, it cannot be continuous at 0 (unless m is constant, which cannot
happen unless K is a dirac mass). Also, f(0) = || f|/z: > 0 since f >0 (assuming f is not

identically zero), and thus we conclude that f]\” cannot be continuous at 0, and Tf¢L".

2. There exists f € Cy(B) such that T'f is unbounded near every point of B.

This follows from Baire category theorem and the uniform boundedness principle
somehow (7)

Now we pass from LP convergence of T, to almost everywhere convergence by use of the max-
imal function.

Theorem 45. Let Q be as above, f € LP, for 1<p<oo and K(z) :%

a) lim._oT.f(x) exists a.e. x.
b) Let T* f =supeso |Tef(2)|, then T* is weak (1,1)

c) If 1<p<oo, then [T f|l, < Apllfllp
For this Theorem it will be useful to use the following Lemma which we prove later.

Lemma 46. (Cotlar) For x € R™,

T f(z) < Mryp(z) + CMy(x)
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Proof. (of Theorem 45) Accepting Lemma 46 for now, we see that the proof of (¢) is imme-
diate:

IT*fllpy < [Mrsllp+CllMgllp

<
S ITfl+Cllf s
S e

To prove (b), we again use the Calderon-Zygmund decomposition, and much of the details from
the proofs of Theorems 35, 36 are the same. We again write f = g+ b, and consider the enlarged
cubes Q; =3Q; and the decomposition R" = Qu F, where we have the usual estimate on €2,

~ _3"A
1< 24711
so that we only need to focus on F. Following the same proof we estimate
RIT*f1>a}| <KIT*g]> a/2} + [{|T7b] > a/2}]

and as in the proof of Theorem 35 and (c), the first is estimated by
. 4y 12 C, 10 _C
779l > 0/2) | < T3 < Sllal3 < Flall

using g € L*° and g € lAll to get the final estimate in L'. For the bad part, we again focus on F.
We claim that for xz € F,

T*b(z):s;q())TEb(:c)SZ/.|K(:cfy)—K(:c)||b(y)|dy+CMb(:c)

so that we can use the usual estimate for the first term and the maximal function estimate for
the second term. To prove this claim, we fix € and separate each @); into three cases:

o Casel:Forall yeQj, [z —y|>¢
o Case2: Foral ye @y, [z —y|<e
e Case 3: There exists y € Q; such that |z — y|=e¢.

With the reminder that Teb(xz) =3, fQ, K.(z — y)b(y)dy, we note that for the @, in case 2,
J

since |z — y| < ¢, we have that K.(x — y) =0 for y € Q;, and thus there is no contribution to
T.b(z) from @; in case 2.

On the other hand, for the @, in case 1, since |z — y| > ¢, K.(x — y) = K(z — y) and so the con-
tribution of the integral over @; is bounded above by fQ' | K (z—y)||b(y)|dy.

For the @; in case 3, there exists some y € @); such that |x — y| =¢. Then by construction since
z € (3Q;)%, Q; is contained in By, . Then the contribution to 7.b for this Q; is bounded above
by

IN

/ K.z — 9)]b(y)|dy / K.(z— 3)]b(y)|dy
Q; Q;NBa(x)

B

Q,NBa(a) [T —Y|"
B/
< 7= b(y)|dy
|B2:(2)| Jo,nBs.(x) bW
B" [My(z)]

b(y)|dy

IN
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Combining all three cases, and noting the bound is indepenent of & proves the claim. Now we
use

{ze F:|T*b(z)| > a/2}| < [{xeF:CMy(z)>a/4}]

+ {wGFrZ/‘|K($—y)—K(w)llb(y)|dy>a/4}

where the first term is bounded by gHbHLl < g||f||L1 using the maximal operator bound, and
the second term is bounded in the same way as in the proof of Theorem 36, by bounding the L'
norm of the sum and using Markov. This proves (b).

Now (a) follows from (b),(c), similar in spirit to the proof of Corollary 4 (Week 1). From the
proof of Theorem 37, we showed that T.g converges uniformly if g € C'. Now decompose f as
f=9g+(f—g)sothat ||f—gl|p,<0and T.f =T.g +T.(f — g). Thus we only need to study the
convergence of T.(f — g), and we will only use the weak (p, p) estimate on T* for 1 < p < oc.
Consider (following Stein, Chapter 2, section 4.6.3)

Ay g(x) = |limsup T.(f — g)(z) — liminf T.(f —g)(x)

e—0

and note that Ay_4(z) <2T*(f — g)(x). Now using the weak estimate on 7™ (note that we have
a weak LP estimate for 1< p < o0), we have that for any «,

A Al Al
< ZPNTHE(f — <IP|f— <P
[{As—g(@) > a}| < Z2IT(f — g)llp < 22) £ gl < 22
and thus Ay_4(z) =0 a.e., and T.(f — g) converges almost everywhere. U
We will prove Cotlar’s Lemma (46) next time.
Week 8 (11/4,/2009)

Proof. (of Lemma 46, Cotlar’s Lemma) By translation invariance, it suffices to show this
result for x = 0. More precisely, if T%f(0) < CMrs(0) + C’ M(0) for any f (with a constant
independent of f), we can apply this result to the translate 7,f to show the same result for
arbitrary z. So for € >0 and =0, we want to show that

T F(O)] <C(Mf(0) + Mz (0))

with constant C independent of f and e. Decompose f = f1+ fo where f1 =1, <.f. In partic-
ular, T, f(0) =T'f2(0). Now we make the following claim.
Claim: For |z| <e/2, |T'fo(z) — Tf2(0)] < CMy(0)

Accepting the claim for now, which implies that for |z| <e/2,

|Tf2(0)] — |T fa(x)| <|T fo(x) — T f2(0)| < CMy(0)
and so
IT-£(0)] = |Tf2(0)]

|T fa2(x)| + CMy(0)
Tf (@) +|Tfr(a)| + CM(0) (%)

IA A
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for |z| <e/2. Now we consider two cases:
o SIT-F(0)| <OM{(0)
In this case, we already have the result, since
IT-£(0)]| <3CM£(0) <3C(M(0) + Mrs(0))

o S[TLf(0)| > CM,(0)

In this case, let A = [T.f(0)], and B = B./3(0) = {z: |z| <e/2}. Note for any = € B, from
the previous calculation we have that by (*) above and the assumption,

AS|Tf (@) + T f(x)[+ /3

and so either |T'f(x)] > A/3 or |Tfi(x)] > A/3 must be true or else A < A, a contradiction.
Therefore,

|B| < HazeB:|Tf(x)|=X/3} + {z e B:[Tfi(x)] = A/3}]

For the first term we use Chebyshev’s inequality and the definition of the maximal func-
tion:

{z e B:[Tf(x)]=A/3} <

3 Tf(x)|dx
/5 Af( Nde 3By, o)

- A

For the second term, we use the weak (1,1) estimate for 7' and the fact that f; is sup-
ported on and equal to f on {|z|<e}=2B to get

e e BITA@I 233 < Sl

i
< QCTWM)‘(O)

Combining the results, we have that
3|B 2C"|B
1< 3B vty 0+ 28 0)
and so

T (0)| = A <3Mqzs(0) +2C" Mg(0)

Now combining the two cases together, letting C'=max (3C, 3,2C") we have that

T (0)| < C(Mrs(0) + M(0))

as desired. What remains is the proof of the claim:

Proof of Claim: We want to show that for |z| <e/2, |Tfa(z) — T f2(0)| < CM(0).

T folr) — Th(0)] = ’ /| K=y =K ) W)y
< / K (z— ) — K(— )l | /()] dy
Ce /| L Fw)ldy

y|>e |y
CMy(0)

IN

IN
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Clz|

T with the gradient condition. Using Dini conti-

The third line uses |K(x —y) — K( — y)| < ——~ P

nuity needs a bit more justification and is quite technical. The fourth line uses integration by
parts in the following way. First we convert to polar:

_ OO; row n—1\m—1g4,
C’&?/y|>8 I |n+1|f( y)ldy = C’E/8 r”+1</$n1 |f(r,w)|dS > d
R
[ ovs@tas= [F( [ 1 aast e

fB | f(z)|dz. We will

enr™M5(0) (definition of maxunal functlon). Then continuing

Note that

Therefore we will apply integration by parts with u(r) =

also use the inequality v(r) <
above, we have that

Ccn M £(0) ] *® —(n+1) ,
C€|:—T"+{( )L fCE/E —£n+2 )T M(0)dr
—CenMs(0) +C(n+1)My(0)

CnM £ (0)

IN

as desired. ]

(Other proofs in Stein, Javier D....)

Fourier Series Convergence

We now know enough to understand the convergence of Fourier series, as far as singular opera-
tors are concerned. There are a few more technical points. Recall that we want to study the
convergence of

T sin \
/ A fa— g)dy

as A — 0o. Note that the Dirichlet kernel for the Fourier series has A = N + % and the denomi-
nator is sin 7y instead of y, which is a small difference. Can get LP — LP uniformly in A using a
slick trick by representing the operator by something like

M_N(I+H)My—Myi1(I+H)Mpy41

where My is multiplication by €2V (modulation). This gives boundedness in L? (uniformly in

A, using uniform boundedness principle).

Then to get a.e. convergence, we need the weak (1,1) estimate on supy T), and this is much
harder. (Need more references now)

H' and BMO Spaces

We note that in singular integral estimates, we have boundedness of operators in L? for 1 < p <
00, and which fail to be bounded for p=1 or p=oc. This motivates a search for perhaps a sub-
space of L' for which we do have boundedness, whose dual space then corresponds to a slightly
larger space than L°°. The Hardy space will serve as the replacement, and the dual is BMO, the
space of functions with bounded mean oscillations.
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We denote the Hardy spaces by HP?, for 0 < p < oo, which we will define in various ways and
show that all the definitions are equivalent. Also we will see that HP = LP for p > 1.

The following is a survey of results, omitting all proofs. We will return in detail later.

First we start with the following known result. Let P, be the Poisson kernel in the upper half
plane.

Theorem 47. If 1 <p <oo, and if supy>o|lu( -, y)||Lr(rn) <00 (i.e. each slice is bounded) and
Au=0 in IRTrl (harmonic in the upper half plane), then

u(z,y)=Py* f

for some f. For p=1, we have the same result except we have a Radon measure p in place of f.

In general, we can consider the supremum over a cone-like region (simplifies discussion of limits
among other issues). Let 'y, ={(z, y): || — zo|| <y, y >0} (cone with origin xg in the upper half
plane), and consider

w(z)= sup |u(z,y)|
(Z,y)GFI

Then we can show that u* € LP <= u= Py, * f for f € L?, 1 <p <oc. For p=1, the same result
holds with f replaced by a Radon measure p.

Possible First Definition of H?(RR")

If f e LP(R™), then f € HP(R") iff P, « f € LP(R"). We can then consider this definition for
when 0 < p < co. By the above result, we have that HP = LP for p > 1 for this definition. Also,
by the definition of u*, f <wu* (since the cone includes the y =0 hyperplane), and thus H? C LP
for all p. The interesting case is when 0 < p < 1. For instance, for f € L!, it is not necessarily the
case that f € H!. This definition works nicely, but it is highly dependent on dimension and hard
to characterize in the range of p in (0, 1).

Theory of M. Riesz
For f defined on R, define F(z) to be the Cauchy integral of f,

P =g [ L a

T2 Jg E—2

We are then interested in the value of F' towards the boundary. For what follows, there is an
analogous theory for the Cauchy integral over the unit disk.

Then define f € H? if and only if

sup/ |F(z+iy)|Pda < oo
y>0JR

and this definition makes sense for p > 0. This says that F' restricted to lines z =14y is in L? with
uniformly bounded norm. Under this definition, it turns out that

HP(R)={f€LP. Hf € LP}

where H is the Hilbert transform. In the smooth case, if we write F(z) =u 4+ iv, fix yo> 0, and
consider f=u[, _ . then

Hf

’U|y:y0:
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and so

Flyy=f il

and F|y:y0 € L? if both f and H f are in LP. Then for p > 1, by the boundedness of the Hilbert

transform in LP, we have that H f € LP. Furthermore, we have a uniform bound for all y since
for harmonic functions, the p-norm of each strip z = = + iy is bounded by the p-norm at the
boundary y =0 (by the Fatou Theorems, which we prove later). Thus H? = L? for p > 1.

For higher dimensions, we use Riesz Transforms to define HP(IR").
Given f € LP(R™), the Poisson integral ug = P, * f gives a harmonic function in the upper half
plane with boundary value f, i.e.

Aug = Oon ]R’}F‘H

uO’y:O =/
Note that P, (&) = e~ 271¢1%. Then define QY such that @(E) = '%6_277'5“/. It turns out that
inverting gives

Y )=y " C"zj/yj
Q]( ) Y (1+|x/y|2)(n+1)/2

Then as y— 0, we have that Py * f — f and Qi * f— R;f. Then the study of the conjugate har-
monic functions R;f leads to the second possible definition of H?:

Second Possible Definition of H?(RR")
HP(R™) = { f € LP(R"™): R;f € LP(R"), j =1,...,n}

1
for p>1——.

We will be focusing on H' and its dual BMO. As an aside, it turns out that for 0 < p < 1, the
dual of ‘H? is Lip®» for some a,.

The definitions above are all equivalent, and we have the following equivalent characterizations
of HL.

1. feH!if and only if u* € L, and || f ||z ~ ||u*|| L
2. feH' if and only if Mof € L, and | fj2a~ || Mo f] 12

where ®,(z) =t~"®(z/t) and ® is an approximate identity, and

Mg f(x) =sup [+ f|(z)
>0

(the Grand Maximal Function) which is not quite the Hardy Littlewood maximal func-
tion, since we use f instead of |f|, so that it measures cancellations as well. This defini-
tion is motivated from noting that we should not have to restrict ourselves to the Poisson
kernel, and it turns out that the resulting definition is equivalent.

3. H'={fe L' (R"): R;f e L"(R"), j=1,...,n}

4. (HY)*=BMO
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5. feH'if and only if fe L' and f =37 | Apar where Ay € R s.t. Y7 | [Ax] < oo and
the ay satisfy

a. supp(ax) C B

1
b. |ag|(x) < B

C. fB ak:()

In this case || f |71~ > r-, [Ak|]- The ay are called the H' atoms of f and this decomposi-
tion is called the atomic decomposition of f.

Week 9 (11/11/2009)

(Again) For a typical singular operator T', we see that | Tf], < A, fllp for 1 < p < oo, and also
we have weak (1,1) estimate. For p =1, we want ||Tf||1 < A1 ||f|l1, but this is not true in gen-
eral. But perhaps we will have ||Tf||p: < Ay || f|l#:. In fact, maybe we can define H! as the f €
L' such that T'f € L! for “typical” singular operators 7. Such definitions do not give much infor-
mation about H?.

For example,

{ —Au=finR"

u|00:0

If feLP? then u € WP for 1< p<oo. If f€ L', then it is not true that u € W21!. By Sobolev
embedding, we note that W2! C C° but it is not hard to find an f € L' where the corre-
sponding wu is not continuous. In 1 dimension, for instance, take u(x) =log |x|, then uy.(z) = —
%, which is integrable (too simple...). As for p =00, even if f is continuous (uniformly even), u

may not be C2. Then we can ask what space gives us ||Tf||? < Ao || f||£=. This will turn out to
be the dual of H!, BMO.

Now we will work towards showing the equivalences of all the definitions.
Fatou Theorems

Theorem 48. Suppose f € LY(R"), 1 < p < oo, and let u(z, y) = Py * f(z). Let a > 0 fized.
Then

1. SUDP(q,y)eTa(z0) |U(T, Y)| < AaM f(z0)

2. lim (g, o)~ 00 u(x,y) = f(x0) for a.e. xo€R™.
(z,y)€Ta

where T'o(z0) = {(z,y) e R |2 — mo| < ay}.

Pictorally, I'n(x0) looks like a cone:

o€ R™
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Proof. (of (a)) First we note that Py(z) = ———= — and so Py(z —t) < A,P,(z) for |t| <

(|&]2 4 y2)(nt1)/2
ay, since

cny
(fe = -+ )07

cny
(122 = 2Jeja] + i+ 277

CnyY

(e + Gy (A7

CnyY
(1= e+ (1— a2yt 7
= AaPy(z)

Py(z—t) =

1
(1—a)ntt

with A, = when |t| <ay. By definition we have

u(ao—t,y)= [ Pyaa=t-6) ()¢

and thus we have that

sup  |u(z,y)| = sup |u(zo—t,y)
(z,y)€Ta(xo0) [t] <oy
< Ausup / Py(zo— ) |£(6)|de
y>0JR"

we want to show that this is less than A, Mf(zg). Without loss of generality, consider zo = 0.

(Otherwise just translate to origin). We will do a dyadic decomposition:

= Sup/ ———==|f(§)]d¢
y>0JR" (|€]2 4 42) 2

< + o |1 £ (&)l
2213(/&@; /ygg|g2y >(|£|2—|—y) IOl

o0

y>0 Y" \&ISy

IN

k=0
< CM4(0)

Cn Cp2n—*
< ~n
sup |de+§: g L

The other way to show this estimate is to convert to polar and integrate by parts, as in the

proof of Cotlar’s Lemma 46. So if f € L? for 1< p < oo, we have that u*(x) € LP.

Proof. (of (b)) Consider u(zg—t,y)— f(xo) for |t| < ay, which is

/n Py(xo—t — €)(f(€) — f(x0))dt

O

since [ Py,=1. Then for a fixed y, and using the same observation as in the proof of (a), that

Py(z —t) < Ay Py(z) for |t| < ay, we have

sup [u(zo—t,y)— f(zo)] < Ao / Py(o— ) 1(€) — (o) | de

[t|<ay

IN
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In the second term, the integrand tends to 0 uniformly, and the first term tends to 0 for contin-
uous f. Approximating gives the result in general (This is just the usual approximation of iden-
tity estimate), which gives the result. O

Combining the two statements, we have that | f(z)| < u*(z) a.e. z since u(z,y) — f(z) as y—0
for a.e. z.

Theorem 49. (Fatou) Suppose u is given on IRT_I. Then u is the Poisson integral of some
f€L>®R™) if and only if u is a bounded harmonic function on IRTH

Proof. We already proved the forward direction in the previous theorem. Conversely, suppose
that u is a bounded harmonic function on R\ ™! Let fy(z) = u(z, %) € L>®(R™) N C* (smooth-

ness follows from u being harmonic). Then let ug(z, y) = Py * fx, which is harmonic in ]Rr_f_Jrl,

with uk‘ 0= fr Study u(z, y + 1/k), ug(x, y), which are both bounded harmonic and agree at
y

y=0. This implies by the maximum principle that u(z,y+ 1/k) = ur(z, y).

(Aside: To handle the unbounded domain, can use an extension and Liouville type argument, or
use a scaling argument, pulling points near infinity back towards the origin and establish a con-
tradiction)

Now fix y > 0. Then as k— oo we have that ug(z,y) =u(z, y + 1/k) — u(x, y) pointwise. On the
other hand, we have that since f; is uniformly bounded, we can take a subsequence if needed so
that fr— f weakly (in weak™ topology). In this case then Py* f— P, * f, by weak™ convergence

(frs Py(x = )) = (f, Pyl = £)). O
By the previous theorem, we also have that

ubdd harmonic <= w is Poisson integral = « has nontangential limit as y — 0 a.e.

This generalizes to L? as well:

Theorem 50. (Generalization of Fatou) Let u be harmonic in R}, 1 < p < oco. If

SUPy>0|lu(-,y)||p<oo then u(z,y) = Pyx f for some f € LP forp>1, and u(z,y) =Py p forp=
1, where p is a Radon measure.

Proof. This is accomplished in two steps:

1. First we show |u(z, y)| < Cy~"/? for y > 0. Taking a ball of radius y/2 around (z, y), we
have that

/‘ lulP < Cy
By/2(z,y)

where the bound follows from integrating along strips where y is constant. This implies
that

1 / -
v ulP < Cyn
|By/2($ay)} By a(z,y)

n+1

noting that |By/s(x, y)| = cpp1y™t'. Now using the mean value property for harmonic

functions, we have that

1/p
1
Oy s — / p ) <oy
}By/Q('Tay” By 2(x,y)
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2. Now we use the same technique as before, and look at the same fj, u; defined above.
Part 1 shows that u(x, y + 1/k) and P, * f;, are bounded for y > 0, and thus u(z, y + 1/
k) = Py * fy, since both are bounded harmonic and have the same boundary values. Now
we have that fr — f weakly (weak™® topology) in L? (uniform boundedness follows from
the assumption), which gives the result, where the limit is an LP function if p > 1 and a
Radon measure if p =1 (the closure of L! in weak* topology is the space of Radon mea-
sures).

Summarizing:

o Forl<p<oo,u*cLP(R"). if fe LP(R™). Thus if we define HP(R"™) ={f € LP:u* € LP},
then HP = LP.

e For p=1, H'(R")={f € L u*€ L'} # L'. Recall that M; ZL! for some fe L' If Mse€
L', then f € HY(R™) by Theorem 48. In particular, we saw in the first week that if f >0,
then flogtf e L!'«= fcH! In particular, L? (p > 1) functions satisfy this property.

Now we turn towards the Grand Maximal function Mg f, where ®,(x) =t~ "®(x/t) and ® is an
approximate identity, and

Mg f(z) =sup [®;* f|(z)
t>0

Recall that if f is a distribution, then for ® € S, f *« ® € C>°. The same holds for f * ®;. Note

that the Poisson kernel is not in S, but we still want to make sense of P f for f in some class
of distributions.

Definition 51. We say that f is a bounded distribution if f+® c L> for all D€ S.

There are easy examples for which f * ® is not bounded at oo for some ®, for instance polyno-
mials will work (a polynomial convolved with a bump will still be unbounded near oo).

Fact: If f is a bounded distribution and h € L*(IR™), then f * h is also a bounded distribution.
This is straightforward to check: For all ® € S,

(f*h,q>>=<f*<i>,f{>

the ~ denotes the reflection f(z) = f( — z). Since f * ® € L>® and h € L', thus f * h is well
defined. Also, for any ¥ € S, we have that

fxhxU=fx(h+x¥)eL>®

since h* ¥ € S.

Now if f is a bounded distribution, then P;* f is well defined as a bounded distribution.

Week 10 (11/18/2009)

Theorem 52. Let f be a bounded distribution, 0 < p <oo. Then the following are equivalent:

1. There exists ® €S such that fRn ®dx=1 and Mg f € LP(R"™).
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2. For any ® €S such that fRn ddx =1, we have that Mg f € LP(R™).

3. u* € LP(R™), where u*(x) =sup(z,y)er(zo) [Py * f ().

Proof. (Idea) This is a very technical proof, so we sketch the necessary tools here.

e First, to show (1) = (2), we use a Littlewood-Paley decomposition. For any two functions
® U eS, we can find a decomposition of the form

U= Z n*) % &, k()
k=1

more easily described in the Fourier domain:

where %) is a smooth cutoff function which is 1 at dyadic intervals [2F) 2F+1] We can
also choose ) so that |17« < M(m, @) where || - ||m.o are the family of seminorms
that come from the Frechet space S.

e To show (2) = (3), the idea is to decompose the Poisson kernel in terms of functions in S.
We can write

Pi(z)=Y 27 %03 (x)
k=0

taking P, for y =1, and ®*) € S and satisfies |®*)||,,.o < M (m,a) where || - || o are the
family of seminorms that come from the Frechet space S.

e To show (3)= (1), we can get a Schwarz function in terms of P, by use of a smooth func-
tion with rapid decay. First we construct n € C*°(1, co) such that floo n(s)ds =1 and
J{" s*n(s)ds=0 for k=1,2,... Given such a function, we then examine

ﬁ@=AmM@&WMs

and then take the Taylor expansion (to show smoothness). The n that satisfies the
desired properties exists and is of the form

n(s) = %Im exp(l —a(l— s)’1/4), o= e~ im/4

O

This gives the equivalence of the Hardy space definition using the Grand maximal function.
Now we turn to HP atomic decomposition.

(Fefferman’s paper) H? atoms 0 < p < 1. We say a is an H? atom if the following three condi-
tions hold:

1. a(z) is supported in a ball B

1
2. Jal(@) <
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3. (Moment condition) [, #”a(x)dxz =0 for all 5 such that |3]<n(p~'—1)

Note that under these conditions, we have that [, [Mea|?dz <Cy:
Proof. Using the second condition,

C
Mga(x)=sup |Psxa(z)| <
(#)=sup [ eale)] <

Now for x € 2B, we have an easy estimate:

/ Ma a(2)|Pdz < C,,
2B

For = ¢ 2B, we have that

ax®y(r) = [B a(y) Pe(z —y)dy
— /B a(y)[Pi(z — y) — qe(x — y)]dy

where ¢ is the Taylor polynomial of ®; with center 0 and degree d = [n(p
third condition to insert into the integral. Now we estimate

— 1), using the

d+1
y—x
|P4(7 —y) — gz — y)| < Cdlthr%

noting that ®;(&) =t "®(¢/t). If y € B and x ¢ 2 B, this becomes like a singular operator esti-
mate:

|ax ®y(z)|

IN

/ |a<y>||<1>t<:c—y>—qt<x—y>|dy

At
< / |B|1/p td+1+n

rdtndr

<t |
|B|1/Ptd+1+n 0
C/ R d+1+n
|B|1/p (?)

Above R is the radius of B. Let yo be the center of B for what follows. Now we choose a par-
ticular @ to be supported in By, and with this choice we note that for ¢t < |z — yo|, P:(z — yo) =
ge(x — yo) =0, since — > 1. Thus, we consider the case t > |x — yol, so that

’ d+14+n
Mga(z) < L(L)

~ B[P\ |z — yol

Now combining the two estimates, we have that

[ taalr < [ intalrr [ (ptaalr
n 2B (2B)e

C" paitantp [ !
n—-—p
Ch +|B|R /R rd+1+n+pd7°
< cy

IN
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This shows that if a is an HP-atom, then a € HP using the definition with the Grand maximal
function. As a direct Corollary, we have that if f(x) = 22021 Arar where a; are HP-atoms and
> hey |Ak] <oco. Then feHP. This is because using ® as above, we have

Mg f(x Z [Ak| Moar(z

so that

oo

Mg f(z)|Pdx <C’ M| Cr < o0
| 1o s@) S Il

k=1

using Jensen’s to show that ( ey ‘)Zfl Mq>ak)p <Y ‘/\—C]f‘|Mq>f(£C)|p.

Thus we have shown that functions of the form Zzozl Agar are in HP. We have a result that
shows that every function in H? has such a decomposition. Here we focus on the case p=1.

Theorem 53. H' decomposition. For any f € H', we can find a H'-atoms and Ay for which
22021 |)‘k| <Cy ||M<I>fHL1 so that

[eS)
g kak

Furthermore, we can define || f|3 to be > 7. | |Ax|. Then ||[Mgf||p1 is comparable to || f |+

The proof is long and technical, involving the Calderén-Zygmund type decomposition on a
dyadic choice of «y (in fact, we examine the sets {Mgf > o} and {Msf < a}), and patching
everything together.

Remark 54 The third moment property for HP atoms is necessary. For p=1, this condition is

just [ a(x)dx =0. If a = 1p for instance, we can show that ®a(x) =~ ‘m%, which is not inte-
grable. The cancellation gives us an additional |z |~!

This gives a rough sketch of all the equivalent definitions of '. Now we turn back to estimates
on singular operators in the case p=1, filling in the gap.

Theorem 55. If T is a singular integral operator of Calderon-Zygmund type, then T is bounded
from H' — L.

Remark 56. Another quick remark for why the cancellation condition is good. Earlier we dis-
cussed that in order for Tf € L' it must be the case that Tf is Continuous Since T is homoge-
neous of degree 0, we have a problem near the origin unless f = [ f=0. This gives a neces-
sary condition for when T'f € L'.

We now have all the equivalent definitions for the Hardy space, and we will make use of the
atomic decomposition.

Proof. For all f € H! we can write f = 22021 Akag as in the atomic decomposition. It then suf-
fices to check this estimate for each atom aj, and the result follows by subadditivity. Thus we
show that ||Ta|z: for an H! atom a. Recall a is supported in some ball B, bounded by 1/|B|,
and [, a=0. As before we estimate |Ta| on 2B and (2B)":
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On 2B we can use just the L? bound:

B| _
Tal2dz < A%||la 2<A2/ al?= A2|
| irapde < 4%l o =arZh— 2o
Then
A
Ta|dz < |2B|Y?||Ta| 2 =2 B|'/? =CpA
/23| |dz <|2B|'?||Ta| > =|2B| gz o

Now for (2B)¢, we use the usual singular operator trick:

Ta(z) = /K:c— (y)dy
- / — ) K(z — yo)la(y)dy
B

Then
[ ire@as < [ jetlay [ JK@=9) - K@= mwlda
(2B)e B (2B)°
< CoA |K(z —y) — K(z)|dx
lz]>2]y|
< CoA’
Combining the two estimates gives the result. (]
Week 11 (11/25/2009)

The Space BMO

First we define the space BMO.
Definition: A function f € Ll (R") is said to be in BMO(R") if

sup

Here @) are cubes in R", and fg = x)dz. The optimal upper bound is taken to be the

arlal
norm || f|lsmo. If desired we can also use balls instead of cubes. Note that constants have 0
norm, and thus BMO functions are defined up to an additive constant (BMO functions that
differ by an additive constant are equivalent). This means that we may replace fg by arbitrary

constants cq in the definition.

Remark 57. We have the following facts about BMO:
1. L CBMO, [|flBmo < 2] f e
2. Whn(R") Cc BMO, by Poincaré inequality.
3. log|z| € BMO, log|z|¢L>:

1

= |lnz—lnR|dz:/ Inz|dz
R Br(0)

B1(0)
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Now we return to the Calder6n-Zygmund singular operators to fill in the gap concerning L>°:

Theorem 58. If T is a Calderén-Zygmund type operator, then T maps L to BMO.

Proof. Let f € L*(R"), and let g=Tf =K * f with K = 20 We want to show that g is in

ly|™
BMO. Note that the BMO norm is scaling and translation invariant by definition, so if g, =

g(a+ Ax), then

| 9a.xlIB7MO =11 g9][BMO

The same is true for L>°. Therefore it suffices to check
/Q 19— g0ldz < Cal £l

for the unit cube @ centered at the origin (note that |Q|=1). Now write
f=flag+ flege=fit f2
Then g= g1 + go, with g; = K * f;, and
lg1llzi@) < lg1llza@) < IK locll fill 22 < Coll f 1o

with C,, = || K ||002™/? (Hélder).

Thus IQ 191 — 91,0] < Cnl| floo- As for g, we compute

/ 192~ Colda
Q

where Cq = [ . K( — y) fa(y)dy = g2(0) (recall that we can replace g o With any constant
Cq). Note go(z) = [, K(z—y) f2(y)dy

Now
[ @) ~Calda < [ [ 1K@ —y) - K(= )l )ldyda

0o K(zx—y)— K(—vy)|dyd
1 [ [ 1) K )y
< Bl

IN

recalling that f(QQ)C Kx-y) —K(—y)ldy < f\y\zlhl |K(z —y)— K(y)|dy < B, since K is a

Calder6n-Zygmund type kernel.
Thus g € BMO. U

In particular, the Riesz Transforms map L* to BMO.

Now note that (R;f, g) = (f, Rig) = —(f, Rig) (can check that R} = — R; on a common
domain). Then if f € H!, then R;f € L' and suppose that g € L>. Then Rjg € BMO by what
we just proved. In particular, R} g defines a linear functional on H'.
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We want to show that H' = {f € L': R;f € L', i =1, ..., n}. By our previous results, we know
that H! C {f € L Rif € L', i=1,...,n}. We want to show that it is enough to check just the
Riesz transforms. (What we know is that if Mg f € L' for some ® € S, then f & H?!).

We also know that BMO D {R;g:i=1,....,n,g€ L™} =J;_, Ri(L>).

Remark 59. Establishing that (H!)*=BMO implies equality of both definitions. ??

Theorem 60. (H')* C BMO

Proof. Let f € H!'. Consider G(f) = (f, R1f, ..., Rof) € (L)1, Note that g(H') is a closed

subspace. Now let | € (H')*. Then define [(G(f)) = I(f), a functional on g(H'). By Hahn-

Banach, we can extend to (L')"*1, so that I € ((L')"+1)* = (L>)"t1. So there exists go, ..., gn €
L such that

[(anafn):/ Z flgl
=0

(reminder, make use Riesz Representation on [ o m; where ; is projection to i-th component)

Thus
I(f) Z/ <f90+z RifQi) :A{ f(go—z Ri!]i)
i=1 " i=1
from integration by parts. Then go— """ | Rig; € BMO. This shows that (H')* ¢ BMO. O

It remains to show that BMO functions define a continuous linear functional on H!. Towards
this result we have the following Lemma:

Lemma 61. If f € BMO(R") then %eﬂ(w).

Proof. We want to show that

/Rn %m <Cp |l f Mo

which implies the result. Now note that

1
o |17~ i, <Call Flanno
B

by definition of BMO. This shows that

C
|fB2k+17fB2k| S QTnk |f7fsz+l}
B,k

Cn
- onk B2k+1|f fBz’“*J
< CullfllBmo

Now we have that | fg,, — fB,| < cak | flBmo by triangle inequality, for k=1,2,... and so

/ 1F — folda < Cok2*™ | £ lmaro
k

2
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so that

IN

|f7fBl| / |f*f31|

et —dx T dz

/]R”' (1+|x|)n+1 ; B,k+1— Byk (1+|1.|)n+1
Cn k27| f |lBMmO

< Z (2F)n+1 dx

k

< Crll fllBmo

A

(Notes say that this result implies that P, f € L' also...??)

Remark 62. Note that In|P(z)] € BMO and In |z| € BMO. Then f=Inu€BMO where u satis-
fies u>0, 37, 0z,(a’(2)us,) = Lu=0€ B (Moser estimate)

Proof. We will show that for f € BMO, ¢?!/l€ L. Combining these gives

/e‘ﬁh‘“dx/ ePlhude <C
B B

Thus Lu=0, v >0 in By implies

/ u‘ﬁdm/ wldr<Cy
By 2 By 2

(Moser’s inequality), (essentially Harnack?) 77 O

Note f € BMO implies ¢?!/l e L. This shows that flog f € L' for f >0 implies that f € H!, so
we should expect such an estimate. 77

(What’s missing... Stein’s Harmonic Analysis, the large one has most of these)

e John-Nirenberg inequality

. . A 1/p 1
e Reverse (?) Holder inequality (F. Gehrig), if (@ fQ |f|P) < mg fQ |fl, p>1,
then fe LP*9 §>0, depending on p,n. Useful for Q.C. (?) Mapping

e General rule: If you have translation/dilation, then use C-Z.
e Bourgain theorem on harmonic measure...

e Finishing Duality, BMO C (H!)*, using atomic decomposition.

Week 12 (12/2/2009)

Summary

I£ HY = {3050, Ak fi € L, J 2990, where S A [BilY2 | full 2 < 5o, then
l. feEH' = Msfel'=u*cL’
2. feH'= R;felL'j=1,,...,n,andTf € L', T of C-Z type.

3. feL®= R;f€BMO,j=1,...,nandTf € BMO (John Nirenberg, Llog L« exp(-))
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4. l€ (HY)* = 39 € BMO s.t.I(f) = (f, g) forall f € H! (Prove on L?(B) first with Riesz
representation and patch up by continuity)

5. If g€ BMO, then g € (H!)*= (H!)*=BMO (Here we noted that

(Rif,h)y=—(f,Rih)
with f € H', h € L, and the closed graph theorem shows U?:o R;L>°=BMO.

We are only missing the full proof of the 7{'-atomic decomposition, which gives the reverse
implication in (1).

Square Functions (Lusin Area-Integrals)

Now we continue investigating properties of H' and BMO.

Lemma 63. If g € BMO, then u(x,t)= Py * g(x) satisfies

o /y_m t|VulX(y, t)dydt < Cy || g|Buoh”

T
0<t<h

for all h> 0.

The integration is over the truncated cone of height h, with origin  and slope 1. Denoting K (¢,

x) = Pi(z) (easier notation), recall that K(t, x) = Mﬁ, and if we dilate the integral y,
x

x,t by h, we may assume that h=1:

u(hy’, ht') /K (ht';hy’ —hz")g(hz")dz' */K —z")g(hz")dz'
Vu(hy', ht') /VK (ht',hy' —hz")g(hz')dz /VK ,y'—z2"g(hz')dz’
where we note that §;, K = %K and §,VK = = +1VK using direct computation:
K(ht,ha)=-LK(t,z), 9,,K(t,z) = — ot 2z d
(ht,ha)==K(t,z), O, (,x)—W,an

Cn(t2+|x|2)("+1)/ C t(t2+|:c| )n+1 /2— 1(2t)
(12 + [z 2"+t
cn—cp 22+ |x)?) 7t

n+1
(2 +[x]?) =

GtK(t, ZC) =

so that (0; K)(ht,hz)=—=0:K(t,z). Thus (VK)(ht,hz)= hn+1(VK)( )

(in notes: “counting dimensions (dilation factor), each y; gives 1, t gives 1, a gives —1, 6% gives
—l,u—0and Vu——-1,01—-24+(n+1)=n")

hn+1

Therefore, we have that

/ t|Vu|2(y,t)dydt:h"/ t|\VK % 6r9|%(y,t)dydt
ly—z|<h ly—z|<1
0<t<h 0<t<1

and since ||0r9||lBMo = ||9]|BMO, we have reduced the problem to the case where h=1.
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Proof. From discussion above, we may assume h = 1. Now decompose g = g1 + g2, g1 = gl20.
We may assume without loss of generality that g; 20 = ﬁ IQQ g1 dx = 0, since the area inte-

gral and the BMO norm are both invariant up to constants. Now let u = u; 4+ us where u; = P; *
g;- Have

/ t|Vul?(y,t)dydt
ly|<1

o<t<1

Note that us is the easy part, since it solves the boundary problem on 2@ with boundary value
0. This gives (PDE estimate)

Vutz] =(gn) < C sup lua(y, £)] < C /( | @I s < g lmmo
2Q)° (

@ L4 Jof2)

Then

/ £ [Vusl2(y, £)dydt < C [lglEmo
lyl<1

o<t<1
As for uq, we have

/ t|Vui|?(y, t)dydt < / dt/ t|Vui(y,t)|*dy
ly|<1 0 n
o<t<1

(In notes: Since gy is supported in a ball, Vuy decays fast 77)

Using Plancherel, we have

= /OO/ t|€[2e= 21l gy (&) 2 dedt
. €| [

— ~ 2161 —2t €|
An 16:1(8)] 2/0 2t[¢| e~ Elatde

- / 1G1(6)[? e
= CHQlH%%2Q)

noting [ OOO 2t |£]e 2 €l = ﬁ (expectation of exponential distribution). This apparently proves

the desired result (not sure how to bound this last term in terms of | g1|%mo though...) O
Remark 64. Let G be the Green’s function on Bg with pole at ¢=(0,3/2). Then
[ tvuarady < [ [ 6.0 Vut.op
Q1 Br

(not sure why...)

Using Green’s identity, we then have

co/ G |Vui|? +ui(0) / GA(u?) —uiAG
Br Br

B ou? G
= /%RGE/GBRmm

note that — AG =§ and A(uf) = 2u1Aug + |Vuy|? = |[Vuy|? (ug is harmonic). Thus

AN

/ / HVur(y, P dtdy < Collgrl2a@ap — ud(0) +C /a o
1 R

IN

Cllgilliz2qn
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much like the L2boundary — H'/? estimate in PDE.

Lemma 65. Any function g € LY(R"™) N L?(R"™) where the Poisson integral P; x g satisfies
Lusin’s Area integral estimate

// t|V(P* g)|? dydt < B2h"™
Qn

is an element in (H')*=BMO.

Proof. (Sketch) Let U(y,t)=Pi* g(y) and V(y,t) = P * f(y) and consider

2/000/ (tVu, Vo) dedt = / /t|§|2 e=2t1¢1 F(¢)4(£) dedt
f ), 4(

5
:<() ()>

Take f € H'. Using a decay estimate for tVv, we show that [ [ (tVu, Vv) < oo, from which it
follows by the above computation that [ f*g < oo, and since this holds for all f € H!, we have
that g € BMO. The assumption on g allows us to use the maximal function.

Again, we will show that I(f)=2 fooo J (tVu,Vv)dédt for feH is well defined and bounded,
then [ is a linear functional implies that g € BMO by the above computation. The proof makes
use of the characterization of H! as the L' closure of { 3" Axgw, gx € L*(Bx)}. O

Scattered notes... to decipher later...

o Let @ C§%(B;1) with [ ®=0, and define

Sef(z) = (/Oolf*@bIth)/
saf@) = ([ [ 1+ w‘fﬁf?)

with I'y ={(y,t): |y — x| <t}. By a tedious computation involving Fubini, we have

[Se flIZe=collSe flI7 < Al fI72

where the last inequality is a computation involving Fourier transform:

Isafle = [ [T 1F©rIBC P a
(suw [~ o008 dt)/m NGIR

Cl £z

IN

IN

Note that [ ®=0 holds if and only if |®(u)| < C'|u| and for u large, | (u)| < <

lul”

e (Hardy Sobolev estimate, side remark)

[ e < Co [ 19l
Q d2($a59) Q

u? 9
A—d(z,aﬂ) C’dAd(z,[?QﬂVzﬂ

IN

IN
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Carleson measures

Carleson addresses the following question: Which positive measures x on R™*! have the prop-
erty that

[ PP @) ) < Cul £

+

If f=1¢q, then P, * f(x)> ¢ for all (z,¢) € Ql/Q, where Ql/g ={|lz;|<L,i=1,..,n+1, p41>
0} (cube in the upper halfspace). This implies that

V

du(x,t)
Q1/2

= Cg#(@1/2)

Qual=Cul Il [ 1P fPautat) > €3 [
+

Thus, u(Q) < Co|Q], called the Carleson condition. We then define a Carleson measure to be a
measure on R™*! such that u(Q) < Cp|Q|. The computation above shows that any positive
measure satisfying the property

[ oo PP @) a0 < Cul £

a
is a Carleson measure.

It turns out that the converse is also true:
Lemma 66. (Carleson) If i1 is a Carleson measure on R\, then
[ PP ) duto, ) <Ol £
RpH!
for 1<p<oo. Also,
[ P fP@dnta<c [ pappa
]R1+1 R"
for 1<p<oo. (u* is probably the restriction of u on R"™, or something...)

Observation. Let ¢, €S, with [ ¢ =1, [ 1) =0. Define

~

(BS)(E) = () f(£)
(@F)(©) = (e F(&)

(similar to square functions). If f€ L?*(R™), then
o dt
| 1@ oS <yl 1

Since [ Quf 3= | GrF 32 = [4t€) (&) 3 Co= [ 19(€)2

Theorem 67. If f € BMO, then

dxdt

dn(e )= |Quf P25

1s a Carleson measure.
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Proof.
1. Show that Q.f is well defined for z € R™:
e (:+1=0 (can take out constant for BMO)

e | R %dz < oo since f € BMO (thus product with Schwarz function also

< 00)
These two imply that Q:f is well defined. (in notes: take off average, gain %)

2. Tt suffices to verify the Carleson condition for Q = Qy, noting that BMO is invariant
under translation and dilation, and the same is true for %. Furthermore, we may assume
without loss of generality that fog, =0 since Q+1 =0 (doesn’t see constants)

Finally, check that

[ [ 1P HE < el flmvolal

Let f= fi+ fo with fi = f 129, Then Q+f = Q+f1 + Q+¢fa. As before, Q+f2 is not a problem.

Otherwise,
dxdt dxdt
[ pttt < [ qurtt
Q1 R}

LGS A WP
(2’/0 tdt>/|f1(é)l

Cull flI72

IN

the same estimate as before. Now for (z, t) € @, and letting K be the kernel for the operator

Qt7
1|K(z—=2)
Qa@l < [ R e)a
< Cw/ t|f(Z)|d2L+l
R (2 + (x—€)?) 2
< Cyt| flismo
so that

[ 1@unr@ S <o Ihwol@
0

This theorem shows that the space BMO can be embedded into the space of Carleson measures.

A similar theorem for singular operators T of C-Z type. T bounded in L? < T'1€BMO (? Levy
Theorem ?)

Week 13 (12/9/2009)

We return to the Carleson lemma.
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Theorem 68. Suppose du(z,t) is a Carleson measure on (x,t) € R Then

/ \Pox £ 2 du(a, t) < CLllf 12
R}

Ideas. (BMO «— Square function «— Carleson measures)

Suppose Q; is an operator such that @7(5) = (&) f(€), where ¢ € S or has sufficient decay
(4(0) =0 works).

e If g&€BMO, then Mdmdt is a Carleson measure (proved last time)
o If g€ BMO, then

/~ tIVQ: g (x,t)dxdt < B2h™
Qn

This is the square function (which in 2D is the area of the image u(Qp))
e Also, if g€ L', and

/~ t|VQ:ig|2dzdt < B2h™
Qn

then g € BMO. (converse type result)

Proof. (Sketch) Consider

// (tVPx g, VP, f) dedt
with f € H?!. Taking the Fourier transform (“polarization or whatever”) we get
| e cieraei@ards = (3. 1) = to.)

where we integrate in ¢ first.

Need (tVP;* g, VP * f) to make sense (i.e. each part should be in L?).
If we consider Cjt?] =t€e ¢, then we can use the previous lemmas to show that tV P, % g € L?

also. We will show the second term is also L? in what follows. O

Consider F(z,t) € LY(R" + Ry), and F*(z) =sup(y,¢)er, |F(y,t)| where I'; is the usual cone for
the nontangential maximal function. Note that if F'(x,t) = P, * f, then we already have the esti-
mate F*(z) <CM f(x).

Define the space

N= {FeLl(m“);F* € Ll}

noting that if F'= P, f, then we have the Hardy space, i.e. H! CN. Define ||F||x:= ||F*| 11

Given a ball B, (z9) = B, we examine tents T'(B) = {(x, t): |x — xo| <r —t}. Having defined T(B)
for balls, we can extend the definition to open sets O C R" as well:

T(0)= |J T(Bu,(x))

zeO
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with d, =d(z,0°). Let p be a Radon measure, and define

1
C(dp)(x) = sup BT du(x, 1)
zeB | | T(B)

Note that if u is a Carleson measure, then C(du)(x) <C, uniform in z. Then define
C = {du > 0, measures on R’} "' such that C'(du(x)) € L=(R™)}

This will behave like the dual to the N space.

Theorem 69. For all F € N and p€C, we have that

R™

// F(:I:,t)d,u(:n,t)g/ F*(x)C(dp(z))dx <Cy F*(z)dx
]R1+1 n

Corollary 70. If F(x,t) =|P* f(2)|?, then F*(x) < C(Mf(x))?, and since f € L? implies that
M f € L?, we have that F(x,t) €N, and this implies the theorem concerning

[ 1P P < Cl e
RY

Proof. If F >0, and >0, let O = {z € R™ F*(x) > a}, which is an open set (maximal func-
tion properties). Then

/n+1 F(:I:,tf)du(:l:,ﬁ):/OO w{(z,t): Fx,t) >a}da
R% 0
and

/F*(z)das:/ooo {a: F*(z) > a}| da

We have two observations:
o {(z,t):F(zx,t)>a}CT(0)
o If Cldu(z))<1,ie p(T(B))<|B|forall BCR" then u(T(0))<C|O]
Given these two observations, we are done, since
p{(@,0): F(e,t) > a} < p(T(0)) < C|0] = Clfa: F*(z) > a}

For the first observation, we note that if y € By(z), then F*(y) > «, since (z,t) €'y

t Ly

Bi(x) Y "
Thus {(z,t): F(z,t)>a} CT(O) by taking union of all balls.

72



For the second observation, the 1 dimensional case is easy, since we can write any open set as a
disjoint union of intervals O = Uy Iy, and thus u(T(0)) =3, u(T(Ix)) <> [Ix|=|O].

In multiple dimensions, we write an open set as a union of cubes with disjoint interior, O =
Uk Qk, where diam(Qg) =~ d(Qx, O°) (Whitney’s decomposition). Let By O Qk, where diam By =
vndiam(Qg). Then T(0) C U T(Bg) so that

wT(0) < > u(T(Br)

k

> Bl
k
C > 1Qkl

k
= Clo|

IN

IN

(i.e. even though the union is not disjoint, we can set it up so that there is bounded overlap,
and we therefore get the same result). This proves both observations, from which the theorem
follows. 0

Now we return to thf‘ with Q.f = O (tE) f(£). We are interested in

/ /leth d:cdt—CO/ /n/ |Qtft|n+l dydzdt

where the equality above holds from a computation involving Fubini. Then

/Oo/n (tV P g(x), VP* f(x)) dedt

/ / / [tVPx glx —y ||VPt*f( ”dyda:%
/ / / [tV P g(x — )||VPt*f( )ldydxﬁ
. . t

1/2 1 1/2 dt
/ / Z <—n/ t|VPt*g|2> <—n/ |VPt*f|2) dydz—
o Jrr G\ Jg, hk 16,

The third line is a decomposition of the physical space, decomposing the cone I'; into cubes Qk
of length hy:

IN

Iy

The fourth line above applies Cauchy Schwarz. The first term involving P; % g is bounded since
by assumption the integral is bounded by B2h}. The second can be estimated by a harmonic
function on a slightly larger domain (introducing bounded overlap). We have the standard PDE

estimate
1/2
[ ivar s(/ |u|>
B2 B,
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This means that we can further bound the above by

/ / C/ Ft,x—y |dydxd—

()

IN

IN

Rn»

where F(t,z) = P,* f. This finshes the proof of Theorem 68.

We conclude with the atomic decomposition for A. Note that we did not prove the atomic
decomposition for H!. It turns out the decomposition for A/ is a lot simpler, and using this we
can complete the equivalences of H' definitions... (recall that the idea for ' atomic decomposi-
tion requires Calderon-Zygmund decomposition on a dyadic family of ag, with further adjust-
ments...)

Let BCR" An atom associated with B is a measurable function a supported in T(B) c R} ™"
such that ||a||pe < —= IB\ Note a*(z) < = when z € B and a*(z) =0 for ¢ B. This implies that

a€N and ||a||xy=|la*||r: < 1.

IBI

Observation. If a; € N are atoms and \x > 0 such that > A\x < oo, then 3}, Agap € N,
( Zk )\kak) <Z |/\k|ak€L1 and || Zk )\kak|\/\/<zk Y

Theorem 71. If F € N then F can be written as F = Zk Apar where ay are atoms and A\ > 0,
Sk A SCF|n

Proof. Let O; = {x: F*(z) > 27}, j € Z. Note that O; D O;41 so that T(0;) D T(0O,+1), and
Ujez T(O;) Dsupp(F). Apply Whitney’s decomposition to each O; = Uy Q?, where diam(Q’;) ~
d(Q?, 05). Let B? be balls containing Q’; (while introducing bounded overlap. Then

0,) c|J T(BH N (QF x [0,00))
k

Set Ak = T(Bf) N Q?— x [0,00) NT(O;) — T(Oj4+1). Then supp F C U; 1, A% (on A% F has values
between 27 and 2771) which are mutually disjoint. Now let F; x(z, t) = F(z, t)1ax. Then we
have that F' = 7. Fji(z, t). Write Fjx = A\jka;, where ;) = 291 BY| and a; =
2-9=1|B¥|=1F} ;. Note that |F}; ;| <2/%1 and supp a;j , C T(B¥), and |a; |(z) < \Bl’V|' Then it
remains to verify that ’

Yo Nk= 2Bl =G 27QS)
J.k i,k

(bounded overlap). Then for k= 1,2, ..., |Q%| is a Whitney decomposition of O; = {z: F*(z) >
27}. This implies that summing over j gives

:coz 27410 :CO/F*($)200|‘F|‘N
k

where we may need to use O; = {2971 < F* < 27} instead to make the middle equality work
out...

O
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