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anN�=LV#k�V#u�<>:�=L7"�l<B:�=�9M]X6�[ IJ[L[LU�9 =f]X6�<
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∅
!�]JU�:�aJ[L;vH#e2[LU85�U

N = {0, 1, 2, . . .} !l]JU�H#e2[LU85�U ]nkl[ T�g2H"9 : �l[ =2?89 7�@2�l[
Z
!�]JU¥H#e2[LU85�Uv]nkl[f=8:�aJ?L=�O kl[

Z>0 = {1, 2, . . .} !�]JU¥H#e2[LU85�Uv]nkl[
7�an]L9 : �l[ =8:�aJ?L=�O kl[
Q
!�]JU¥H#e2[LU85�Uv]nkl[f?_62]X�l[

R
!�]JU¥H#e2[LU85�Uv]nkl[ N�?L=LV"@�=8]L9 : �l[

[n]
!l]JU�H#e2[LU85�U {1, 2, . . . , n} 1�>=�V"?L^2T�U g2@�a
A ⊆ B

=2[ ]JU H#e2[LU85�U
A

N�aJ?89 IJKMan]J=�9lHM]JU H#e2[LU85�U
B

:�=�9
A ⊂ B

�
;2]J=2[

A ⊆ B
:�=�9(=8N�U�: 5�abO an]J=�9(6�9 H#;2]X62]J=�1W�>=¥H#g2@  U85�O §LU g2@�a @�a

ArB
u @�a

A − B
]X6

\89 =2T�U ?L^ {x ∈ A : x /∈ B} ]JU g H#g2[L;85�U g
B

=8N�;f]JUvH#e2[LU85�U
A
1 ��9 = =8N�ab9 :�;�[89 HM6fH#g2[L;852kl[

f : A→ B
:�=�9#g8N�U H#e2[LU85�=

C ⊆ A
:�=�9

D ⊆ B
��7�=vH#g2@  U85�O §LU g2@�a>@�a

f(C)
]X6�[fab9 :�;�[L=

]JU g
C

:�=�9#@�a
f−1(D)

]X6�[ =2[_]LO HM]_?LU T"6Wab9 :�;�[L= ]JU g
D

�M@�IJHMk ]X6�<
f
�#\_625�=2\_u

◦ f(C) = {f(x) : x ∈ C} �
◦ f−1(D) = {x ∈ A : f(x) ∈ D} 1�>=|V"?L^2T�U g2@�a¥=8N�5�U e2HM]_aJ?L=

f−1(y)
V�9 = ]X6�[|=2[_]LO HM]_?LU T"6 ab9 :�;�[L=

f−1({y}) aJ[L; < g8N�U2x
H#g2[L;85�U g {y} ]JU g

B
@�aBIJ[L=f@�;�[LU HM]JU�9 KMabO U"�"U�N�;2]_a

f−1(y) = {x ∈ A : f(x) = y} 1
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aJg2?Le8]J=8]JU�T�^2H#@�=&]nkl[ H#eLV"KM?LU�[_kl[ @�=L7"6�@�=8]L9 : �l[�1 ¢B9�N�5�U e2H"9 aJ<|]_aJKM[89 :�IJ<�N�U g IJKMU g2[
=2[L=8N�]_g2K 7�abO�V�9 =¥]X6 5�e2HM6�]JU g2<W=8N�U2]_an5�U e2[ HM6�@�=2[_]L9 :�;�@�IJ?LU < ]nkl[�@�aw7�; \_kl[vN�U g KM?_6�H"9 x
@�U�N�U�9 U e2[_]J=�9�HM]J= \89 =8:�?89 ]_^�@�=L7"6�@�=8]L9 :�^�1 i�]JU :�aJT�^85�=�9 U�=2g8]_;¥7�=�@�an5�an]Xu�H#U g2@�a  =2H"9 :�IJ<
=2?LKMIJ<f=8N�=2?8O 7�@26�HM6�<f:�=�9�7�=¥]L9 <WaJT�=2?L@�; H#U g2@�a
H#afHM]JU�9 KMab9 �l\_6�N�?LU �52u�@�=8]J=�1Wi�6�@�=2[_]L9 : u
IJ[L[LU�9 = V�9 = ]X6|@�an5�In]X6|@�=2<¥abO [L=�9�=2g8]Xu�]X6�<�=2@�T(9 @�U�[LU HMu�@�=2[_]X6�<�=8N�ab9 :�;�[89 HM6�< 
 0���0¥=2[_]L9 x
HM]JU�9 K#O =2<��jN�anN�aJ?L=2H#@�IJ[_kl[ H#g2[L;852kl[�1

����� � ����� ������� ��!��"� �����
3>?_k�]J=2?LK#9 : uBIJ[L[LU�9 =�V�9 =>]X6B@�an5�In]X6B]nkl[�N�?LU �526�@�^8]nkl[�@�a-]J=BU�N�U�O =�7�=B=2H#KMU852687�U e2@�a�HM]JU
:�aJT�^85�=�9 U�=2g8]_;�abO [L=�9M=2g8]XuW]X6�<A=2@�T(9 @�U�[LU HMu�@�=2[_]X6�<B=8N�ab9 :�;�[89 HM6�<BH#g2[L;852kl[�1# )# ��,.���|�%$ �%$ �'&)( *+*-,/.0(2143/56( 798�79:-563<;>=?5

ϕ : A → B
;%@/AB.DCE*�(F*HGFI%( GKJ/5HJ679L4GM*-5�C/8�N<LO/PQO *-5�C0( 7MCEJ6( RTS *6UVL O/PQO 14*�(W./,/SX*-,/.0(2143/56( 798DYZ*-5�AB( *)14[�\�.�7MCEJ6( RX.0S J

y
CEJD:

B
:Q,/[�]^RX.0(GKJ/50*�_6(2143`7MCEJ6( RX.0S J

x
CEJD:

A
UaC0@DCEJ6( Jcb?7MCE.

ϕ(x) = y de H#U \Le2[L=2@�= �G6&=8N�ab9 :�;�[89 HM6
ϕ : A → B

abO [L=�9�=2@�T(9 @�U�[LU HMu�@�=2[_]X6&=2[|:�=�9j@�;�[LU =2[
g8N�^2?LKMab9�=8N�ab9 :�;�[89 HM6

ψ : B → A
]_In]JU�9 = �lHM]_af6 H#e2[X7�aJHM6

ψ ◦ ϕ [L= abO [L=�9�6 ]J=2g8]JU2]L9 : u
=8N�ab9 :�;�[89 HM6 HM]JU

A
:�=�9M6

ϕ ◦ ψ [L=WabO [L=�9M6v]J=2g8]JU2]L9 : u�=8N�ab9 :�;�[89 HM6 HM]JU
B
�#\_625�=2\_uW]_In]JU�9 =

�lHM]_a
ψ(ϕ(x)) = x

V�9 =�:�^L7�a
x ∈ A

:�=�9
ϕ(ψ(y)) = y

V�9 =�:�^L7�a
y ∈ B

1�i�]X6�[�N�aJ?8O N�]nklHM6
=2g8]Xu �":�=L7�aJ@�9 ^v=8N�;�]L9 <

ϕ,ψ
5�IwV"an]J=�9 *-5�C0S 7MC"]9J-I%8+*-,/.0(2143/56( 798 ]X6�<
^852526�<81�3>=2?L=8]X6�?LU e2@�a

;2]L9�6 H#e2[X7�aJHM6 \Le2U =2@�T(9 @�U�[LU HMu�@�=2[_]nkl[�=8N�ab9 :�U�[8O H#ankl[�abO [L=�9�anN O HM6�< =2@�T(9 @�U�[LU HMu�@�=2[_]X6
=8N�ab9 :�;�[89 HM6M1 f



�

���������
	��������� Y>[
A = {a, b, c} �(;�N�U g a, b, c abO [L=�9"\89 =2T�U ?Lan]L9 :�^W=2[L^v\Le2U�HM]JU�9 KMabO =v]JU g

A
:�=�9

B = {1, 2, 3} �(]_;2]_a>6�=8N�ab9 :�;�[89 HM6
ϕ : A → B

@�a
ϕ(a) = 3

�
ϕ(b) = 1

�
ϕ(c) = 2abO [L=�9-=2@�T(9 @�U�[LU HMu�@�=2[_]X6 �G@�a =2[_]LO HM]_?LU T"6 =8N�ab9 :�;�[89 HM6 ]X6�[

ψ : B → A
@�a

ψ(1) = b
�

ψ(2) = c
�
ψ(3) = a

1
2# )# ��,.���|�%$ �%$ ��� � 50*Z7��-5HJ<;%J

S
;%@/AB.DCE*�(W,/./,/."]>*�7>G @/5HJ�*-5Z:Q,/[�]^RX.0(

m ∈ N
14*�(a*HGFI%( �GKJ/5HJ679L4GM*-5�C/8 *-,/.0(2143/56( 798

f : S → [m]
U%3 ,/JD:

[0] := ∅ d�� * 14@"]>*�( J�� m ;%@/AB.DCE*�( , ;K84\Q(2143��*�]9( \�G 3���UaL�, ;KL4\�J�� C =?5 7MCEJ6( RX.0S =?5DU?CEJD:
S
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1�ijg2[LanN��l<lg8N�^2?LKMU g2[ ( n

n1

) anN 9 5�ULV"IJ<
V�9 =v]JU

S1
�(g8N�^2?LKMU g2[ (n−n1

n2

) anN 9 5�ULV"IJ<BV�9 = ]JU
S2

�(=2T�U ev=2g8]_; abO [L=�9
n2
xyg8N�U H#e2[LU85�U¥]JU g

[n]rS1
:�=�9#U e8]nk :�=L7�aJ`_u�<	�#U�N�;2]_a�H#g2[LU85�9 :�^Wg8N�^2?LKMU g2[

(

n

n1

)(

n− n1

n2

)

· · ·
(

n− n1 − · · · − nr−1

nr

)

=
n!

n1!n2! · · · nr!

anN 9 5�ULV"IJ<�V�9 =W]X6
σ
1

2

��������� � � ����� � �����	
  ����
 ��� �

. S-HM]nk n 7�an]L9 :�; <�=8:�IJ?L=�9 U <81
	 �-56\�.E798
(composition)

��u _6( *6CE.DCE*HA�G @/5 8V_6( *HG @"]9( 798 ��]JU g
n5�IwV"an]J=�9 @�9 = =8:�U85�U gL7(O =

ρ = (r1, r2, . . . , rk)
@�a�HM]JU�9 KMabO =A7�an]L9 :�U e2<�=8:�aJ?L=�O U g2<jN�U g
IJKMU g2[

^L7�?LU�9 H#@�=
n
1�¢B9�=8:�IJ?L=�9 U�9

ri
5�IwV"U�[_]J=�9 G @"]98 ]X6�<

ρ
1Gr H#e2[X7�aJHM6

ρ
N�=2?89 HM]_^2[Lan]J=�9�:�=�9"kl<

r1 + r2 + · · · + rk
1

���������
	��������� ¢B9#H#g2[X7�IJH#ab9 <B]JU g
n = 4

abO [L=�9MU�9

(4) (1, 3) (2, 1, 1) (1, 1, 2)
(3, 1) (2, 2) (1, 2, 1) (1, 1, 1, 1)

1 
 021�0 �

¢ =8:�IJ?L=�9 U <
n = 5

IJKMab9�H#g2[LU85�9 :�^
16

H#g2[X7�IJH#ab9 <	�-=8N�; ]L9 <¥U�N�U�O aJ<W]_?8O = @�IJ?_6�IJKMU g2[ U�9
(3, 1, 1)

�
(1, 3, 1)

�
(1, 1, 3)

�
(2, 2, 1)

�
(2, 1, 2)

:�=�9
(1, 2, 2)

1 ��9 =
n = 1, 2, 3

]JU N�52u87�U <
]nkl[ H#g2[X7�IJH#ankl[
]JU g

n
abO [L=�9#O H#U�@�a

1, 2, 4
��=2[_]LO HM]JU�9 KM=�1

2

� )��"	�!"�.� �%$ �K$ � � Jc, ;KL4\�J�� C =?5 79:-56\�@E7Q.^=?5 CEJD:
n
.0S 50*�(QS 7QJ G .

2n−1 d � Jc, ;KL4\�J�� C =?579:-56\�@E7Q.^=?5 CEJD:
n
G .

k
G @"]98 .0S 50*�(%S 7QJcG . (n−1

k−1

) d



� �

+V,/36_6.0( -48 d�. S-HM]nk An
]JU H#e2[LU85�U ]nkl[vH#g2[X7�IJH#ankl[W]JU g

n
:�=�9(IJHM]nk

Bn
]JU�H#e2[LU85�U ]nkl[

g8N�U H#g2[L;852kl[
]JU g
[n− 1]

1 ��9 =
ρ = (r1, r2, . . . , rk) ∈ An

7�In]JU g2@�a

ϕ(ρ) = {r1, r1 + r2, . . . , r1 + r2 + · · · + rk−1}.
��9 =�N�=2?L^2\Lab9 V"@�= ��=2[

n = 8
:�=�9

ρ = (3, 1, 2, 2)
� ]_;2]_a

ϕ(ρ) = {3, 4, 6} 1lY�N�;B]X6�[�g8N�;�7�aJHM6;2]L9�U�9
r1, r2, . . . , rk

abO [L=�9�7�an]L9 :�U�O�=8:�IJ?L=�9 U�9.@�aW^L7�?LU�9 H#@�=
n
N�?LU�:�e8N�]_ab9.;2]L9

ϕ(ρ) ∈ Bn
1

S-e8:�U85�=WanN�=852687�aJe2ab9#:�=2[LabO <>;2]L9#6v=8N�ab9 :�;�[89 HM6
ϕ : An → Bn

abO [L=�9M=2@�T(9 @�U�[LU HMu�@�=2[_]X6 �#@�a
=2[_]LO HM]_?LU T"6f]X6�[ =8N�ab9 :�;�[89 HM6

ψ : Bn → An
@�a

ψ(S) = (s1, s2 − s1, . . . , n− sk−1)

V�9 =>:�^L7�a�g8N�U H#e2[LU85�U
S = {s1, s2, . . . , sk−1}

]JU g
[n−1]

@�a
s1 < s2 < · · · < sk−1

1�Y�N�;
]X6�[B3>?L;2]J=2HM6 021 D�1�0�:�=�9 ]JUW3>=2?L^2\Lab9 V"@�=v021 D�1�0>H#g2@2N�aJ?L=�O [LU g2@�aG;2]L9

#An = #Bn = 2n−1 13>=2?L=8]X6�?LU e2@�a anN O HM6�<v;2]L9.6 H#e2[X7�aJHM6
ρ ∈ An

IJKMab9
k
@�IJ?_6�=2[ :�=�9.@�;�[LU�=2[ ]JU|H#e2[LU85�U

ϕ(ρ)
IJKMab9

k − 1
HM]JU�9 KMabO =�1 �A=8]_^ H#g2[LInN�ab9 = ��6

ϕ
N�aJ?89 U ?8O §Lan]J=�9�H#aB@�9 =�=2@�T(9 @�U�[LU HMu�@�=2[_]X6

=8N�ab9 :�;�[89 HM6v=8N�;v]JU�H#e2[LU85�UW]nkl[ H#g2[X7�IJH#ankl[A]JU g
n
@�a
k
@�IJ?_6WHM]JU�H#e2[LU85�Uv]nkl[

(k − 1)
x

g8N�U H#g2[L;852kl[ ]JU g
[n− 1]

1 . Y>?L= �#]JU�N�52u87�U <A]nkl[fH#g2[X7�IJH#ankl[f=2g8]X�l[fabO [L=�9"O H#U¥@�a (n−1
k−1

) 1
2

���������
	��������� �|a-]X6�[�=2[_]L9 HM]JU�9 K#O =
ϕ
]X6�<�N�?LU�68V"U e2@�aJ[_6�<�=8N�; \Lab9 `_6�<lV�9 =

n = 4
��U�92U�: ]X�

H#g2[X7�IJH#ab9 < 
 021�0 ��]JU gfm =8N�ab9 :�U�[8O §LU�[_]J=�9�HM]J= g8N�U H#e2[LU85�=

∅ {1} {2, 3} {1, 2}
{3} {2} {1, 3} {1, 2, 3}

]JU g
[3]

�"=2[_]LO HM]JU�9 KM=�1
2

��������� � � ����� 
��������	���	� � 
��� �������
¢�\89 kl[Lg2@�9 :�; <�H#g2[_]_an5�aJHM]Xu�< (n

k

) @2N�U ?LabO�[L= aJ?L@26�[LaJgL7�abO�kl<�]JUvN�52u87�U <�]nkl[
\89 =2[Lg2H#@�^8]nkl[
(a1, a2, . . . , an) ∈ {0, 1}n @�a

a1 + a2 + · · · + an = k
1 ��U N�52u87�U <f]nkl[ \89 =2[Lg2H#@�^8]nkl[

(a1, a2, . . . , an) ∈ Nn @�a
a1 + a2 + · · · + an = k

=2[L=2T�IJ?Lan]J=�9�kl< ]JU N�52u87�U < ]nkl[
H#g2[L\Lg2=2H#@2�l[ @�aWanN�=2[L^8526�o"6

k
=8N�;

n
=2[_]L9 :�abO @�aJ[L=

x1, x2, . . . , xn
:�=�9�H#g2@  U85�O §Lan]J=�9�@�a

((n
k

)) 1-¢�=8:�IJ?L=�9 U < ((n
k

)) @2N�U ?LabO�[L=
aJ?L@26�[LaJgL7�abO�H#g2[L\Lg2=2HM]L9 :�^ @�a�N�U�9 :MO 5�U g2<�]_?L;�N�U g2<	��V�9 =
N�=2?L^2\Lab9 V"@�=Wkl<	!

◦ ]JUvN�52u87�U <�]nkl[
@�U�[_kl[Le2@2kl[B]X6�<>@�U ?LT"u�<
xa1

1 x
a2

2 · · · xan

n

 =L7�@�U e
k
H#a
n
@�an]J= �526Lx

]_IJ<
x1, x2, . . . , xn


 ;�N�U gWU  =L7�@�; <>]JU g
xa1

1 x
a2

2 · · · xan

n

U ?8O §Lan]J=�9Mkl<>]JU�^L7�?LU�9 H#@�=
a1 + a2 + · · · + an

� �
◦ ]JUfN�52u87�U <G]nkl[>]_?L;�N�kl[>@�aj]JU g2<�U�N�U�O U g2<

k
; @�U�9 =A=2[_]L9 :�abO @�aJ[L=B@2N�U ?LU e2[>[L=A@�U�9 ?L=_x

HM]JU e2[�H#a
n

\89 =8:�an:�?89 @�IJ[LU g2<W=8N�U \LIn: ]_aJ< 
 ;�N�U g abO [L=�9�\Lg2[L=8]_;�[�:�^8N�U�9 U�9�=8N�; ]JU g2<
=8N�U \LIn: ]_aJ<>[L=f@26v5�^  U g2[A:�=2[LIJ[L=f=8N�;v]J=v=2[_]L9 :�abO @�aJ[L=f=2g8]_^ �n1



� �

◦ ]JU N�52u87�U <
]nkl[ \89 =2[Lg2H#@�^8]nkl[
(i1, i2, . . . , ik)

@�a
=8:�IJ?L=�9 aJ< H#g2[_]_an]J=LV"@�IJ[LaJ<AV�9 = ]J=
U�N�U�O =W9 H#KMe2ab9

1 ≤ i1 ≤ · · · ≤ ik ≤ n
1

��9 =�N�=2?L^2\Lab9 V"@�= �-IJKMU g2@�a ((3
2

))

= 6
=2T�U e�g8N�^2?LKMU g2[ U�9�IJ`89�]_?89 ^2\LaJ<

(2, 0, 0)
�
(1, 1, 0)

�
(1, 0, 1)

�
(0, 2, 0)

�
(0, 1, 1)

:�=�9
(0, 0, 2)

T�g2H"9 : �l[A=2?89 7�@2�l[ @�a�^L7�?LU�9 H#@�=WH#g2[_]_an]J=LV"@�IJ[_kl[
O H#U @�a>D �#@�a>=2[_]LO HM]JU�9 KM=v@�U�[_�l[Lg2@�= ]J=

x2
1

�
x1x2

�
x1x3

�
x2

2

�
x2x3

:�=�9
x2

3

:�=�9#=2[_]LO HM]JU�9 KM=
\89 =2[Le2H#@�=8]J=

(i1, i2)
]J=

(1, 1)
�
(1, 2)

�
(1, 3)

�
(2, 2)

�
(2, 3)

:�=�9
(3, 3)

1
� )��"	�!"�.� �%$ �K$ / � ( * G?8 *�]95 8 C0(214J���� * 14."]>*�S JD:��

n, k
( 7/R���.0(

((

n

k

))

=

(

n+ k − 1

k

)

.

 021 D �

+V,/36_6.0( -48 d ��N�U ?LU e2@�aG[L=
g8N�U�7�IJH#U g2@�a�;2]L9
n ≥ 1

1lijg2@  U85�O §LU g2@�a�@�a
A(n, k)

]JUWH#e2[LU85�U
]nkl[�\89 =2[Lg2H#@�^8]nkl[

(a1, a2, . . . , an) ∈ Nn @�a
a1 + a2 + · · · + an = k

1|3>=2?L=8]X6�?LU e2@�a
;2]L9�=2[

x = (a1, a2, . . . , an) ∈ A(n, k)
:�=�9

bi = ai + 1
V�9 = :�^L7�a

i
��]_;2]_aW]J=

bi
abO [L=�9

7�an]L9 :�U�O�=8:�IJ?L=�9 U�9�@�aW^L7�?LU�9 H#@�=
b1 + b2 + · · · + bn = n + k

1�SlN�U @�IJ[_kl<	��]JU|\89 ^2[Lg2H#@�=
ϕ(x) = (b1, b2, . . . , bn)

abO [L=�9�H#e2[X7�aJHM6 ]JU g
n + k

@�a
n
@�IJ?_6M1�3>=2?L=8]X6�?LU e2@�aB=8:�; @26 ;2]L9

V�9 =v]_g2KM=�O = H#e2[X7�aJHM6
y = (b1, b2, . . . , bn)

]JU g
n+ k

g8N�^2?LKMab9�@�U�[L=2\89 :�;
x ∈ A(n, k)

@�a
ϕ(x) = y

��H#gLV#:�an:�?89 @�IJ[L=�]JU�\89 ^2[Lg2H#@�=
x = (a1, a2, . . . , an)

@�a
ai = bi − 1

V�9 =¥:�^L7�a
1 ≤ i ≤ n

1�ijg2[LanN��l<	��IJKMU g2@�ajU ?8O H#ab9�@�9 =W0���0�=2[_]L9 HM]JU�9 K#O =
ϕ
=8N�;
]JU

A(n, k)
HM]JUfH#e2[LU85�U

]nkl[WH#g2[X7�IJH#ankl[ ]JU g
n+ k

@�a
n
@�IJ?_6M1G��U §_62]JU e2@�aJ[LU¥InN�an]J=�9�=8N�;¥]L9 <
3>?LU2]_^2H#ab9 <v021 D�1�0

:�=�9�021 R�1 ��1
2

���������
	��������� �|aj]X6�[�=2[_]L9 HM]JU�9 K#O =
]X6�<GN�?LU�68V"U e2@�aJ[_6�<G=8N�; \Lab9 `_6�<�V�9 =
n = 3

:�=�9
k = 2

�
U�98]_?89 ^2\LaJ<

(2, 0, 0)
�
(1, 1, 0)

�
(1, 0, 1)

�
(0, 2, 0)

�
(0, 1, 1)

:�=�9
(0, 0, 2)

=8N�ab9 :�U�[8O §LU�[_]J=�9LHM]L9 <
H#g2[X7�IJH#ab9 <

(3, 1, 1)
�
(2, 2, 1)

�
(2, 1, 2)

�
(1, 3, 1)

�
(1, 2, 2)

:�=�9
(1, 1, 3)

]JU g h ��=2[_]LO HM]JU�9 KM=�1
2

����� � ��!'&������ ����� �������	��
a�*)�� ����� �������	�
��9 =WN�anN�aJ?L=2H#@�IJ[L=fH#e2[LU85�=

A,B
IJKMU g2@�a

#(A ∪B) = #A + #B − #(A ∩B)

 021 R �

:�=�9#H#g2[LanN��l<
#(S −A ∪B) = #S − #A − #B + #(A ∩B).


 021 m �
c�N�^2?LKMU g2[�=2[L^85�ULV"U�9�]_e8N�U�9�V�9 =A]_?8O =BuAN�aJ?89 H#H#U2]_IJ?L=AN�anN�aJ?L=2H#@�IJ[L=AH#e2[LU85�= � r N�=2?L=8:�^8]nk
=2?LK�u �B6�U�N�U�O = =8N�U2]_an5�abO�=8:�?LULV#kl[89 =�O U 5�O 7�U ]X6�< =8N�=2?89 7�@262]L9 : u�< H#g2[L\Lg2=2HM]L9 : u�<	�
\8O [Lab9
=8N�^2[_]X6�HM6 H#a =2g8]_; ]JU�aJ?_��]X6�@�= :�=�9�V"aJ[89 :�aJe2ab9�]L9 <fN�=2?L=8N�^2[_kz9 H#;2]X62]_aJ<	�.:�=L7"�l< :�=�9(]X6�[
3>?L;2]J=2HM6 021 D�1 D�1



� �

� ����)���,.! �%$��F$ � 
 Y>?LK�u S�V#: 5�ab9 H#@�U e_x Y�N�U�: 5�ab9 H#@�U e � � ( * :Q,/J67��-5HJ<;4*
A1, A2, . . . , An,/./,/."]>*�7>G @/5HJD: 79:-563<;%JD:

S
( 7/R���.0(

#

(

S −
n
⋃

i=1

Ai

)

=
n
∑

k=0

(−1)k
∑

1≤i1<···<ik≤n

#(Ai1 ∩ · · · ∩Aik)

=
∑

I⊆[n]

(−1)#I #
⋂

i∈I

Ai,3 ,/JD:
Ai1 ∩ · · · ∩Aik = S

AB( *
k = 0 d

���������
	��������� ��9 =
n = 3

�#U N�?LU�68V"U e2@�aJ[LU <�]_e8N�U <�V"?L^2T�an]J=�9

# (S −A1 ∪A2 ∪A3) = #S − #A1 − #A2 − #A3 + #(A1 ∩A2) +

#(A1 ∩A3) + #(A2 ∩A3) − #(A1 ∩A2 ∩A3).

� ]BbWC/8 *-,/36_6.0( -48+CEJD:�� .^=M]9L4GM*6CEJ�� O d �Qd O d ��9 = 1 ≤ i ≤ n
:�=�9

x ∈ S
7�In]JU g2@�a

χi(x) =

{

1,
=2[

x ∈ Ai

0,
\89 =2T�U ?Lan]L9 :�^�1

3>=2?L=8]X6�?_�l[_]J=2<B;2]L9
n
∏

i=1

(1 − χi(x)) =

{

1,
=2[

x ∈ S −⋃n
i=1Ai

0,
\89 =2T�U ?Lan]L9 :�^ 
 021 h �

 ?8O HM:�U g2@�a�;2]L9

#

(

S −
n
⋃

i=1

Ai

)

=
∑

x∈S

n
∏

i=1

(1 − χi(x)) =
∑

x∈S

∑

I⊆[n]

(−1)#I
∏

i∈I

χi(x)

=
∑

I⊆[n]

(−1)#I
∑

x∈S

∏

i∈I

χi(x).

3>=2?L=8]X6�?_�l[_]J=2<BanN O HM6�<B;2]L9
∏

i∈I

χi(x) =

{

1,
=2[

x ∈ ⋂i∈I Ai

0,
\89 =2T�U ?Lan]L9 :�^

V�9 =
I ⊆ [n]

�MN�?LU�:�e8N�]_ab9M]JU�§_62]JU e2@�aJ[LU"1
2

� . �4CE."]98 *-,/36_6.0( -48+CEJD:�� .^=M]9L4GM*6CEJ�� O d �Qd O d �>In]JU g2@�a
χI(x) =

{

1,
=2[

x ∈ ⋂i∈I Ai

0,
\89 =2T�U ?Lan]L9 :�^



� �

V�9 =
I ⊆ [n]

:�=�9
x ∈ S

:�=�9MN�=2?L=8]X6�?LU e2@�a�;2]L9

#
⋂

i∈I

Ai =
∑

x∈S

χI(x).

SlN�U @�IJ[_kl<	�#H#g2@  U85�O §LU�[_]J=2<>@�a
B

]JU�\LaJ`89 ; @�In5�U <>]X6�<A§_62]JU e2@�aJ[_6�<>H#KMIJHM6�<	�"IJKMU g2@�a

B =
∑

I⊆[n]

(−1)#I
∑

x∈S

χI(x) =
∑

x∈S

c(x),

 021 � �

;�N�U g
c(x) =

∑

I⊆[n]

(−1)#IχI(x).

. S-HM]nk ;2]L9(]JU
x ∈ S

=2[_u2:�ab9(H#a
m

=8N�;�]J=¥H#e2[LU85�=
A1, A2, . . . , An

�.;�N�U g
0 ≤ m ≤ n

1
3>=2?L=8]X6�?LU e2@�aB;2]L9(]JU

x
=2[_u2:�ab9�H#a (m

2

) =8N�; ]J=¥H#e2[LU85�=
Ai ∩ Aj

@�a
i < j

��H#a (m
3

) =8N�;
]J=�H#e2[LU85�=

Ai ∩ Aj ∩ Ar
@�a
i < j < r

:�=�9.U e8]nk :�=L7�aJ`_u�<81v�|af^8525�= 5�;LV�9 = ��IJKMU g2@�a
χI(x) = 1

V�9 = (m
k

) ]JUvN�52u87�U <
k
xyg8N�U H#e2[LU85�=

I
]JU g

[n]
:�=�9

χI(x) = 0
V�9 = ]J=fg8N�;85�U�9 N�=�1

ijg2[LanN��l<
c(x) =

(

m

0

)

−
(

m

1

)

+

(

m

2

)

− · · · + (−1)m

(

m

m

)

.
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∑
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]X6�[�]L9 @2u
f(j)

]X6�<
f
V�9 =A:�^L7�a

1 ≤ j ≤ m
1l¢>@�U�O kl<

#Ai = (n− 1)mV�9 =
1 ≤ i ≤ n

1 ��aJ[89 :�;2]_aJ?L=
V�9 =
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∑
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*"9�,1� ��#%	�J�9

4 9 6 2
8 1 10

7 3
5

��������!���#�.%�1	���)0#�9��(	���	�,1� ��#%	�J�9
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n/2

) .?��� #�������2/=-��GA�1< =-#%	�< �1� *")���./=-���4#1� ./=3	��H�
n/2

.%< ��	��8���4#1� ��=;��	��8��./�1� #4#�2/=-	��H�
n/2.%< ��	�����./�1� #4#�)�=��

^ ���P�
	��0D F> �#/G
S = {1, 2, . . . , 3000} ��	��e2/ �#/G A1

*
A2

��	��
A3

#%	Q������ "!�������	�#%���
S
�����

	�����#�.?����!��4#%	��>	���)f#%	 	���2/��	�� 	d��������	������� 8� 	O#/GA�R^�*�\ ��	��`]�*0	��4#1<  �#%��� ��	�� _`)�#�.h#%	
A1∩A2

*
A1∩A3

*
A2∩A3

��	��
A1∩A2∩A3

	�����#�.?����!��4#%	���	���)0#%	;	���2/��	�� 	`��������	������� 8� 	
#/GA�`p�*�����*���](��	��1\ �� �#%�

S
*�	��4#1<  �#%��� ��	�*���	��1 "����.?��@A=

#(A1∩A2) = 500
*
#(A1∩A3) =

300
*
#(A2 ∩ A3) = 200

��	��
#(A1 ∩ A2 ∩ A3) = 100

�h&(��)L#�9���	�����:Q.?K�����.%�  "6���!1n
	���������.%�  "6���!�*�#%�+����:157��=�#/GA�$	���./��	�< GA�-�����Hi�9�#���6�.0.%< ��	���#%�

# (S −A1 ∪A2 ∪A3) = 3000− 1500− 1000− 600 + 500 + 300 + 200− 100 = 800.

�CB��>D F> �#/G
S
#%�P "!��������T#/GA�H]�n ������ "����)���GA�;#%���� "����)������ {1, 2, 3, . . . , 10} ��	�� A1

*
A2
*

A3
#%	P������ "!�������	�#%���

S
�����+	�����#�.?����!��4#%	��8	���)P#%	P �#%��� ��.%< 	T#%���

S
�����+��./�1� 2/�������$#%	

 "!�������	 {1, 2} * {3, 4} ��	�� {5, 6} *8	��4#1<  �#%��� ��	���D F>������6�. #S =
(

10
5

)

= 252
��	��

#A1 =

#A2 = #A3 =
(

8
3

)

= 56
�TFA��<  "9�=

#(A1 ∩ A2) = #(A1 ∩ A3) = #(A2 ∩ A3) = 6��	��
A1 ∩ A2 ∩ A3 = ∅

� &(��)R#�9��O	�����:d.?K�����.%�  "6���!1n 	���������.%�  "6���!�*e#%�R����:157��=�#/GA�
������ "����)���GA�;�����Hi�9�#���6�.0.%< ��	���#%�

# (S −A1 ∪A2 ∪ A3) = 252− 3 · 56 + 3 · 6 − 0 = 102.

�SK8�(D F> �#/G
S
#%�h "!��������N#/GA�+	���	�,1� 	�#���J�.?GA��#%���� "����)������ {1, 2, 3, 4, 5, 6} ��	�� A1

*
A2
*

A3
#%	h������ "!�������	�#%���

S
�����h	�����#�.?����!��4#%	��j	���)Q#1� =+	���	�,1� 	�#���J�.%� =

(σ1, σ2, . . . , σ6)
6�.

σ1 ∈ {1, 2} * σ2 ∈ {3, 4} ��	�� σ3 ∈ {5, 6} *Y	��4#1<  �#%��� ��	��0D F>������6�. #S = 6!
��	��

#A1 =
#A2 = #A3 = 2 · 5!

� FA��<  "9�=
#(A1 ∩ A2) = 2 · 2 · 4!

*�,1� )�#1�AK8� 	b6�� 	b	���	�,1� ��#%	�J�9
(σ1, σ2, . . . , σ6)

 �#%�
A1 ∩ A2

2/������6�.$,�!��h.?��� ����K"2/=3K8� 	P#%�
σ1 ∈ {1, 2} *7,�!��h.?��� ����K"2/=



«
f

K8� 	T#%�
σ2 ∈ {3, 4} ��	�� 4!

#���)�������=-��	+.?��� ��2/J�����6�.0#%	T����)������ ��	� �#%��� ��.%< 	
σ3, σ4, σ5, σ6

�
�06���< GA=MB��1<  �������6�.

#(A1∩A3) = #(A2∩A3) = 2·2·5!
��	��

#(A1∩A2∩A3) = 2·2·2·3!
�

&(��)�#�9���	�����:`.?K�����.%�  "6���!1n 	���������.%�  "6���!�* #%�(����:157��=e#/GA��	���	�,1� 	�#���J�.?GA�A�����`i�9�#���6�.e.%< ��	��
#%�

# (S −A1 ∪ A2 ∪A3) = 6! − 3 · 2 · 5! + 3 · 4 · 4! − 8 · 3! = 240.
mQ.'#%�H< ,1� �$ ���.?��#1� ��)-B��1<  �������6�.�)�#1��#%�$����:157��=�#/GA�0	���	�,1� 	�#���J�.?GA�

(σ1, σ2, . . . , σ2n)
#%���

 "����)������
[2n]

*�#�2?#%��� GA�-@A �#�.
σi /∈ {2i− 1, 2i} K8� 	 1 ≤ i ≤ n

*".%< ��	��8<  "�+6�.

n
∑

k=0

(−1)k

(

n

k

)

2k(2n− k)! = n!

n
∑

k=0

(−2)k n!

k!

(

2n− k

n

)

.

^����P�
	��kcE� 	���	����1<  "����6�.A6�� 	�	���	�,1� ��#%	�J�9
σ = (σ1, σ2, . . . , σn)

#%���
[n]
6�.>	����1� B�@A=

k
 �#%	157./���

 "9�6�.%< 	�*k��������������� (n
k

) #���)������k��	N.?��� ��2/J�����6�.3#%	� �#%	157./���N "9�6�.%< 	
i1, . . . , ik

#�9�=
σ
��	��

Dn−k
#���)������e��	L	���	�,1� 	�#���J�����6�.H#%	L����)������ ��	

n − k
 �#%��� ��.%< 	h#%���Q "����)������

[n]
*A2?#� 8�

@A �#�.3��	P�  "��!�.%�
σj 6= j

K8� 	
j ∈ [n]r{i1, . . . , ik}

� � i�9�#%��!�6�./��9� "��2/ "9P2?��.?#%	��8	���)+#�9��
��������	�����	� 8� 	� �#1� ��:-	�����:��
�CB��E[�	���	�#�9�����!�6�.A)�#1�1���157.>	���	�,1� ��#%	�J�9(#%���

[n]
2/��.%�

k
 �#%	157./���0 "9�6�.%< 	(K8� 	;2/��	06�����	�,1� ��)

	���2/��	�� �
0 ≤ k ≤ n

��FA����6�2/�4GA=�*� "!�6�Z"GA��	f6�.h#�9��O������ �57.?#1� ��:R	�����:�*(#%� ,��� "6�2/���
�157�����  "6�	�.%< ��	��8<  "�+6�.�#%�P "��������� ��)�����:157��=�#/GA�$	���	�,1� 	�#���J�.?GA�;#%���

[n]
*",�9���	�,�:H6�.

n!
�

�SK8�T���6�B�����< i�����6�.T6�.
S
#%�d "!��������O#/GA�Q,1� 	�#�.?#%	�K"6�2/�4GA�hi�./��K�@A�

(σ, i)
*�)������

σ
.%< ��	��

	���	�,1� ��#%	�J�9$#%���
[n]

��	��
i
.%< ��	��8 �#%	157./��)� "9�6�.%< �T#�9�=

σ
�>D F>������6�.

#S =
∑n

k=0 kf(n, k),1� )�#1�e���������������
f(n, k)

	���	�,1� 	�#���J�.%� =H#%���
[n]

6�.
k
 �#%	157./���Q "9�6�.%< 	h��	��EK8� 	Q������� 	�,�:1n

����#�.$#�2?#%��� 	P	���	�,1� ��#%	�J�9
σ
*E���������������T	����1� B�@A=

k
#%�N����:157��=H	���2/��	�� ���

i
6�.

(σ, i) ∈ S
�

[�	���	�#�9�����!�6�.(.?��<  "9�=�)�#1��K8� 	$���157.
1 ≤ i ≤ n

���������������;	����1� B�@A=
(n− 1)!

	���	�,1� 	�#���J�.%� =
σ
#%���

[n]
6�.

(σ, i) ∈ S
�
)� "./=+��	��M	���	�,1� 	�#���J�.%� =H#%���L "����)������

[n]r{i} �?�hD FA��.?#%	��e)�#1�
#S = n · (n− 1)! = n!

��	��" "����.?��@A=;9�i�9�#%��!�6�./��9��  ")�#�9�#%	��
�
,1�`mL� 	�	���)�,�.%� J�9H��	���)�6���� 	�6�.;.?��.%< ��9� �#%�P./�4@M#�9�6�	h�SK8�'6�������.%<8��	T,���57.%<8	��4#1� ��	15Y�  �#4@en
�4#%	�=`#%�

S
6�.`#%�� "!��������3#/GA�-,1� 	�#�.?#%	�K"6�2/�4GA��#��1� ��,4GA�

(σ, i, j)
*�)������

σ
.%< ��	���	���	�,1� ��#%	�J�9

#%���
[n]

��	��
i, j

.%< ��	��8,1� 	���.?���1� 6�2/��	T �#%	157./���T "9�6�.%< 	H#�9�=
σ
� �;�"��.?��#%��6�2/��.%� ./=0	�Z8:������4#%	��

 �#%���$	���	�K"�4@A �#�9��
^�^��$_`�Q�
	�����������!���#�.%����6�./ "	�	���)�#%���-#�!����T#�9�=0[���)�#%	� "9�=H��� l � ^3K8� 	H#%�

Dn
��	���#%�Q�SK8�'	���)

#%�N "����,���	� "6�)�#/GA�N�
	��(��	��e�CB��`#�9�=-D &� ���9� "9�=H^����0mL� 	+ "����,���	� �#1� ��:+	���)�,�.%� J�9T#%���Q�CB��
.%< ��	��Y9�./J�:�=��0D F> �#/G

An
#%�N "!���������#/GA�+	���	�,1� 	�#���J�.?GA�$#%���

[n]
��GA�1< =H �#%	157./���� "9�6�.%< 	

��	���K8� 	
1 ≤ i < n

*�2/ �#/G
An,i

#%�H "!��������3#/GA�;	���	�,1� 	�#���J�.?GA�
σ = (σ1, σ2, . . . , σn) ∈ An6�.

σn = i
�f[�	���	�#�9�����!�6�.+)�#1�M#%	O "!�������	

An,i
.%< ��	��A	����O,�!��dJ�2/��	O6�.?#%	�J�!Q#%����=P��	��

9N2/�4GA ":N#%����=�.%< ��	��j#%�
An
�������.?��@A=�	��4��.%<k��	N,�.%< J�����6�.H)�#1�

#An,i = Dn−1 + Dn−2K8� 	+���157.
i
�0[�����Z8	��4@A=H���������������

Dn−2
	���	�,1� 	�#���J�.%� =

σ = (σ1, σ2, . . . , σn) ∈ An,i
6�.

σi = n
�OFA����6�2/�4GA=�*>	��4��.%<M��	L,�.%< J�����6�.T)�#1�M#%�b "!��������

Bn,i
#/GA�h	���	�,1� 	�#���J�.?GA�

σ =
(σ1, σ2, . . . , σn) ∈ An,i

6�.
σi 6= n

2/��.%�
Dn−1

 �#%��� ��.%< 	��$D F>������6�.
#Bn,i = #Bn,n−1K8� 	H���157.

1 ≤ i ≤ n− 1
�
	��4#%	������� " "���4#%	�=(#%����=;��)�������=0#/GA�

i
��	��

n− 1
����	��" "����.?��@A=

6���������!�6�.-��	+������572/ "����6�.-)�#1�
i = n − 1

��cE� 	
σ = (σ1, σ2, . . . , σn) ∈ Bn,n−1

*Y,�9���	�,�:
σ = (σ1, σ2, . . . , σn) ∈ An

6�.
σn = n− 1

��	��
σn−1 6= n

*�2/ �#/G
ϕ(σ)

9H	���	�,1� ��#%	�J�9-#%���
[n − 1]

�����+��������!���#�.%�Y	���)�#�9
(σ1, σ2, . . . , σn−1)

	��4#1� ��	15Y�  �#4@A�4#%	�=3#%���T)����N�����P.%< ��	��



« �

<  "��=+6�.
n
6�.T#%�

n − 1
� � 	���.%� ��)��1�  "9

ϕ : Bn,n−1 → An−1
.%< ��	��e	�6�Z7� 6������� ":�6�	��4#�9

�
./J�9�K":� �#�.�K8� 	�#1< �>��	��� "����.?��@A=
#Bn,n−1 = Dn−1

*")���GA=0#%�T572?��	�6�.1�
^�\��P�
	��>[�	���	�#�9�����!�6�.()�#1��K8� 	$���157.

σ ∈ Ωn
����������.%��6�����	�,1� ��:$	���	�,1� ��#%	�J�9

τ = (τ1, . . . , τn)#%���+ "����)������
[n]

��	��Y.?��� ����K":T������ ":�6�GA�
εi ∈ {−1, 1} K8� 	 1 ≤ i ≤ n

*7@A �#�.$��	N�  "��!�.%�
σ(i) = εiτi

�
����)�#�.-��	��
σ(−i) = −εiτi

�(K8� 	
1 ≤ i ≤ n

�3&�Z8��!����������������
n!
.?��� ����K"2/=

K8� 	P#�9��
τ
��	��

2n .?��� ����K"2/=3K8� 	�#%	P����)� "9�6�	�*j "��6���./��	�< ������6�.$)�#1� g(n) = #Ωn = 2nn!K8� 	H���157.
n ≥ 1

�
�CB����!�6�Z"GA��	O6�.T#%�g�
	��?*AK8� 	Q#�����	�< ����=+,�.%< ��#�./=

1 ≤ i1 < · · · < ik ≤ n
*A#%�b����:157��=

#/GA�
σ ∈ Ωn

6�.
σ(ij) = ij

K8� 	
1 ≤ j ≤ k

.%< ��	��><  "�d6�.
2n−k(n − k)!

�RFA����6�2/�4GA=�*
�N#�!�����=P� ��� ���(K8� 	+#%�

f(n)
��������!���#�.%�Y	���)�#�9��T	�����:P.?K�����.%�  "6���!�n(	���������.%�  "6���!+)���GA=

 �#�9��3	���)�,�.%� J�9$#�9�=;[���)�#%	� "9�=H��� l � ^��
�SK8�'&(��)T#%	N�CB�����	��k�SK8�' "������K"����6�.�)�#1�

f(n)

g(n)
=

1

2nn!

n
∑

k=0

(−1)k

(

n

k

)

2n−k(n− k)! =

n
∑

k=0

(−1/2)k

k!

��	��� "����.?��@A=-)�#1�

lim
n→∞

f(n)

g(n)
=

∞
∑

k=0

(−1/2)k

k!
= e−1/2.

^ l �-D F> �#/G
A(n, k)

#%�O "!��������Q#/GA�
k
n ������ "����)���GA�+#%���

[2n]
#%	Q������< 	h2/�������P#%���������"�  �#%���

2/��	N����� ��)O �#%��� ��.%< �Q6�.���	1572/��	h	���)Q#%	h "!�������	 {1, 2} * {3, 4}, . . . , {2n − 1, 2n} ��&(��)#�9��h	�����:O.?K�����.%�  "6���!1n 	���������.%�  "6���!���������!���#�.%�'�S��@A= � � )�#1�M#%�b����:157��=P#/GA�Q �#%��� ��.%< GA�
#%���

A(n, k)
.%< ��	��8<  "�P6�.�#%�+	��1�  �#�./��)+6�2?����=0#�9�=�� ��� �����?�M[�����Z8	��4@A=-#%�+ "!��������

A(n, k).%< ��	�����./��)+	��
k < n

*"./�4@f,1� 	�Z8����.?#1� ���HK8� 	$���157.
S ∈ A(n, k)

���������������-	����1� B�@A=
k − n,�.%< ��#�./=

j ∈ [n]
K8� 	�#%����=-������< ����=0#%�

S
��./�1� 2/��.%����	��"#%	+,�!��P �#%��� ��.%< 	�#%��� {2j − 1, 2j} �I�������������� ( n

k−n

) #���)������8��	T.?��� ��2/J�.%����	���.%< =-	���#%��!�=0#%����=-,�.%< ��#�./=;��	��
22n−k #���)������8��	

.?��� ��2/J�.%��#%	;����)������ ��	
2n−k  �#%��� ��.%< 	(#%��� S *�2/��	;	���);��	1572/��	;	���);#%	 2n−k  "!�������	�#�9�=6�����Z8:�= {2j − 1, 2j} �����P,�./�H��./�1� 2/�����4#%	��7 �#%� S �-�����.?��@A=3#%�P����:157��=-#/GA�T �#%��� ��.%< GA�#%���

A(n, k)
.%< ��	��8<  "�+��	���6�.0#%�+,�./J1� )+6�2?����=0#�9�=�� ��� �����?�

^�]��P�
	���[����� �572?#%����6�.-#1� =$./�157.%< ./=$ �#%�N.?��< ��./,��N,1� 	�,����"� ����*76�.-#�����	�< 	P ".%� ����*7��	��857.?GA����!�6�.
#%� ����:157��=h#/GA�b��./�1� ����@A�L#%���R.?��� ��2/,����d�����R,�9�6�� �����4K"��!��4#%	��> ".Q���157.h �#���,1� �8� >#%�
	����"� ��)$ �#���,1� �$2/������6�.'6�< 	-��./�1� ����:0��	�����	�6�� �-./�157.%< 	��E[����� �572?#%���4#%	�=`#�9��

i
n �� �#�:-./�157.%< 	

,�9�6�� �����4K"��!��4#%	��
i
.?��� ����2/���A��./�1� ����2/=�*�)� "./=A��	��4#%	`#�6�:�6�	�#%	( �#%	�������< 	`��GA�1< i�.?#%	��19(./�157.%< 	

	���#�:'	���)(#1� =
i−1

������9�K"��!�6�./��./=��E>#%�(#�.?��./��#%	�< �( �#���,1� �8*�.?����6�2/�4GA=�*�2/�������>,�9�6�� �����4K"9157.%<
1 +

∑n
i=1 i = 1 + n+

(

n
2

) ��./�1� ����2/=��
�CB��(>��.?��#�)�6�	� �#�.;)���GA=- �#%�O�
	��'��	��"������ �572?#%����6�.�#%	T.?��< ��./,�	� �#%����@A����,1� 	�,����"� ����*"6�.
#�����	�< 	� ".%� �����`[����� �572?#%���4#%	�=;#%�

i
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(
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 ��� ) � !�����
�� !��� �
c�N�aJ[X7�g2@�O §LU g2@�a�;2]L9�V�9 =v=8N�ab9 :�;�[89 HM6 H#g2[L;852kl[
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f(x) = y

1�3>=2?L=8]X6�?LU e2@�a�;2]L9�V�9 =f:�^L7�a
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y ∈ B
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#A = 7

�(]_;2]_a
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KMU g2[
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x1, x2, x3
]JU g
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f(x1) = f(x2) = f(x3)

1
2

���������
	��������� i�:�anN�]_; @�aJ[LU�9�;�N�kl<�HM]JU 3>=2?L^2\Lab9 V"@�= D�1�021 R :�=�9MaJT�=2?L@�; §LU�[_]J=2<�]X6�[B3>?L;2x
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2m + 1
]_g2KM=�O kl[�=8:�aJ?L=�O kl[�@2N�U ?LU e2@�a
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x1
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x2
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x3
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x1 − x2
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x1 − x3
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x2 − x3
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S
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S = {a, b, c, d, e, f} @�a�IJ`89�HM]JU�9 KMabO =�1�� 9 = \89 =2@�IJ?89 HM6 ]JU g
S
abO [L=�9�6 {{a, d}, {b, e}, {c, f}} 1�� 9 =W^852526 abO [L=�9�6 {{a, e}, {b}, {c, d, f}} 1 2
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2n−1 H#e2[LU85�=
]X6�<¥@�U ?LT"u�< {S, S̄} N�U g�7�ankl?_u�H#=2@�a�HM]JU 3>=2?L^2\Lab9 V"@�=|D�1�021�0 ��;�N�U g

S ⊆ [n]
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S̄ =
[n]rS

abO [L=�9�]JU H#g2@2N�52u�?_kl@�=W]JU g
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�#=8N�U2]_an5�U e2[A]J=W@�IJ?_6W@�9 =2<B\89 =2@�IJ?89 HM6�<

π
]JU g

Ω
1 ��9 =

n = 2
IJKMU g2@�a

π = {{∅, {1, 2}}, {{1}, {2}}} 1 2
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S × S
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a, b ∈ S
@�a

(a, b) ∈ R
�#V"?L^2T�U g2@�a

aR b
:�=�9#5�IJ@�aA;2]L9"]JU

a
7/RX.DC0S  .DCE*�( @�a>]JU

b
kl<AN�?LU <

]X6 \89 @�an52u�H#KMIJHM6
R
1
r¡IJ[L[LU�9 = ]X6�<W\89 @�an5�U e2<fH#KMIJHM6�<WHM]JU

S
V"aJ[89 :�aJe2ab9(]X6�[ IJ[L[LU�9 = ]X6�<

=8N�ab9 :�;�[89 HM6�<
f : S → S

1 . Sl]_H"9 ��aJ[_� @�aW@�9 = =8N�ab9 :�;�[89 HM6
f : S → S

:�^L7�afHM]JU�9 KMabO U
a]JU g

S
H#KMan]LO §Lan]J=�9(@�a =8:�?89 ��l< IJ[L= HM]JU�9 KMabO U ]JU g

S
�(]JU

b = f(a)
��@�a @�9 =¥\89 @�an52u¥H#KMIJHM6

R ⊆ S×S
IJ[L=
HM]JU�9 KMabO Uv]JU g

S
@2N�U ?LabO�[L= H#KMan]LO §Lan]J=�9�@�a�N�aJ?89 H#H#;2]_aJ?L= =8N�;vIJ[L=Au :�=�9�@�a

:�=2[LIJ[L= HM]JU�9 KMabO U�]JU g
S
1

���������
	��������� Y>[
S = {a, b, c, d} :�=�9

R = {(a, b), (a, c), (b, a), (b, d), (d, a)} �G]_;2]_a]JU
a
H#KMan]LO §Lan]J=�9"@�aB\Le2U�HM]JU�9 KMabO =v]JU g

S
�#]J=

b
:�=�9

c
�"aJ[_� ]JU

c
\LaBH#KMan]LO §Lan]J=�9"@�a>:�=2[LIJ[L=

HM]JU�9 KMabO U�]JU g
S
1

2# )# ��,.��� �9$ �9$ � &)( *V_6( G . ;KL � 7/RT@E798 ∼ 7MCEJc7��-5HJ<;%J S ;%@/AB.DCE*�(%7/RT@E798+( 7QJ6_6:-50*HG S *�� *-5AB( *V3<;4*+CE*
a, b, c ∈ S

( 7/R���JD:-5 CE* . -4L �
�

(i) a ∼ a
N *-50* 1H;4*�7MC0(21BL ( _6( 3/C/8 CE*0Y0U

(ii)
*-5
a ∼ b
UaC03/CE.

b ∼ a
N 79:DG G .DC"]9(21BL ( _6( 3/C/8 CE*0Y0U

(iii)
*-5
a ∼ b
14*�(

b ∼ c
UaC03/CE.

a ∼ c
N G .DCE* �M*6C0(21BL+( _6( 3/C/8 CE*0Y d

� @0G . 3/C0(9CEJ
a
.0S 50*�(%( 7QJ6_��-50*HGKJ G . CEJ

b
N = �c, ]9J�� C/8+7/RT@E798 ∼ Y0U *-5 a ∼ b d
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�WU H#@�IJ[_6�< @�9 =2<W\89 =2@�IJ?89 HM6�<
π
]JU g¥H#g2[L;85�U g

S
��7�ankl?LU e2@�aA]X6¥\89 @�an52u H#KMIJHM6 HM]JU

S
�

]X6�[vU�N�U�O = H#g2@  U85�O §LU g2@�a
@�a ∼π
�(N�U g¥U ?8O §Lan]J=�9"kl< aJ`_u�<	!GV�9 =

a, b ∈ S
7�In]JU g2@�a

a ∼π b=2[
]J=
a
:�=�9

b
=2[_u2:�U g2[AHM]JU O \89 U @�IJ?LU <�]X6�<

π
1

���������
	��������� Y>[
S = {a, b, c, d, e, f} :�=�9

π = {{a, e}, {b}, {c, d, f}} ��]_;2]_aA9 H#KMe2U g2[
a ∼π e

�
e ∼π a

�
b ∼π b

�
c ∼π d

�
d ∼π f

:�1 U"1 :�1
2

S�O [L=�9"T�=2[LaJ?L;v;2]L9MV�9 =W:�^L7�a>\89 =2@�IJ?89 HM6
π
]JU g

S
�M6 ∼π

abO [L=�9#H#KMIJHM6�9 H#U \Lg2[L=2@�O =2<BHM]JU
S
1�Y>[_]LO HM]_?LU T�= �":�^L7�aAH#KMIJHM6 9 H#U \Lg2[L=2@�O =2< ∼ HM]JU

S
U ?8O §Lab9"@�9 =�\89 =2@�IJ?89 HM6

π
]JU g

S
V�9 =

]X6�[AU�N�U�O =AU�9 ∼π
:�=�9 ∼ ]J=2g8]LO §LU�[_]J=�9�1�3B9 UvH#gLV#:�an:�?89 @�IJ[L= � 1H;%[�798 ( 7QJ6_6:-50*HG S *�� ]JU g

a ∈ S5�IwV"an]J=�9#]JU�g8N�U H#e2[LU85�U
Ca = {x ∈ S : x ∼ a}

]JU g
S
N�U g�=8N�U2]_an5�abO ]J=�9(=8N�;�;85�=v]J= 9 H#U \Le2[L=2@�= @�aA]JU

a
HM]JU�9 KMabO =�]JU g

S
1�Y>T�U e

a ∼ a
�

IJKMU g2@�a
a ∈ Ca

V�9 =
:�^L7�a
a ∈ S 1 �A=8]_^ H#g2[LInN�ab9 =
U�9�: 5�^2H#ab9 <>9 H#U \Lg2[L=2@�O =2<�abO [L=�9 @26
:�aJ[LIJ<

:�=�9�6 IJ[_klHMu
]JU g2<�abO [L=�9�]JUWH#e2[LU85�U
S
1�SlN O HM6�<	�MU�9�: 5�^2H#ab9 <

Ca
:�=�9

Cb
abO [L=�9�`LIJ[LaJ<G@�an]J=2`Le

]JU g2<�an: ]_; < =2[
Ca = Cb

1�3>?L^LV"@�=8]L9 �l=2[
Ca ∩ Cb 6= ∅

��]_;2]_a g8N�^2?LKMab9
c ∈ Ca ∩ Cb

�
U�N�;2]_a

c ∼ a
:�=�9

c ∼ b
1|Y�N�; ]L9 <¥H#KMIJH#ab9 <¥=2g8]_IJ<	�-aJ`L=�9 ]LO =2< ]X6�<�H#g2@�@�an]_?89 : u�<�:�=�9�]X6�<

@�an]J=  =8]L9 : u�<f9 \89 ;2]X62]J=2<	�"N�=�O ?L[LU g2@�a
a ∼ b

1 . S-HM]nk�]X�l?L=W]_g2KM=�O U
x ∈ Ca

1�Y�N�;�]L9 <
x ∼ a:�=�9

a ∼ b
N�?LU�:�e8N�]_ab9(;2]L9

x ∼ b
��\_625�=2\_u

x ∈ Cb
1
�WabO `L=2@�a
;2]L9

Ca ⊆ Cb
:�=�9�=2[L^85�ULV"=

=8N�U \Lab9 :�[Le2U g2@�aA;2]L9
Cb ⊆ Ca

��^2?L=
Ca = Cb

1Aijg2@2N�aJ?L=�O [LU g2@�aA;2]L9(]J=¥\89 =8:�an:�?89 @�IJ[L=v=8N�;
]J= H#e2[LU85�=

Ca
V�9 =

a ∈ S
=8N�U2]_an5�U e2[ \89 =2@�IJ?89 HM6

π
]JU g

S
��]J= @�IJ?_6�]X6�<WU�N�U�O =2< abO [L=�9(U�9

: 5�^2H#ab9 <
9 H#U \Lg2[L=2@�O =2<>]X6�< ∼ 1lY�N�; ]X6�[
:�=8]J=2HM:�aJg8uW]X6�<
π
IJKMU g2@�a�;2]L9MV�9 =

a, b ∈ S
�M]J=

a:�=�9
b
=2[_u2:�U g2[AHM]JU�O \89 U�@�IJ?LU <�]X6�<

π
=2[
:�=�9"@�;�[LU =2[

Ca = Cb
�"\_625�=2\_uW=2[
:�=�9"@�;�[LU =2[

a ∼ b
1�SlN�U @�IJ[_kl<	�M6 H#KMIJHM6 ∼π

]J=2g8]LO §Lan]J=�9"@�a�]X6�[ ∼ 1
���������
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S = {a, b, c, d} :�=�9 ∼ abO [L=�9�6v\89 @�an52u�<AH#KMIJHM6

{(a, a), (b, b), (c, c), (d, d), (a, b), (b, a), (c, d), (d, c)}
HM]JU

S
�_]_;2]_a�6 ∼ abO [L=�9bH#KMIJHM6�9 H#U \Lg2[L=2@�O =2<�@�a�\Le2U�: 5�^2H#ab9 <l9 H#U \Lg2[L=2@�O =2<

Ca = Cb = {a, b}:�=�9
Cc = Cd = {c, d} 1-rt=2[_]LO HM]JU�9 K�6�\89 =2@�IJ?89 HM6 abO [L=�9�6

π = {{a, b}, {c, d}} 1 2
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]X6�<A\89 =2@�IJ?89 HM6�<B:�=�9M]X6�<BH#KMIJHM6�<
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f
]X6�<v@�U ?LT"u�<

f−1(y)
��V�9 =

y ∈ f(S)
1¥3>=2?L=8]X6�?LU e2@�af;2]L9�]J= H#e2[LU85�=
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abO [L=�9�@26
:�aJ[L^Bg8N�U H#e2[LU85�=B]JU g
S
1�SlN 9 N�5�IJU�[���:�^L7�aGHM]JU�9 KMabO U
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@�a
y = f(x)

1�ijg2@2N�aJ?L=�O [LU g2@�a
;2]L9�]J= H#e2[LU85�=�]X6�< @�U ?LT"u�<

f−1(y)
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y ∈ f(S)
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:�aJ[L^ g8N�U H#e2[LU85�= ]JU g
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@�IJ?_6 @�9 =2<
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S
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f(a) = f(b)
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S = {a, b, c, d, e} � T = {1, 2, 3} :�=�9

f : S → T
abO [L=�9#6v=8N�ab9 :�;�[89 HM6

@�a
f(a) = f(d) = 1

�
f(b) = 2

:�=�9
f(c) = f(e) = 3

�(]_;2]_a
πf = {{a, d}, {b}, {c, e}} 1
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1 ��9 =

a, b ∈ Z
V"?L^2T�U g2@�a

a ≡ b (mod m):�=�9.5�IJ@�av;2]L9�]JU
a
abO [L=�9 ( 7>3/C0( GKJ CEJD:

b modulo m
��=2[�]JU

m
\89 =�9 ?LabO�]JU

a − b
��\_625�=2\_u

=2[
a − b = qm

V�9 = :�^8N�U�9 U
q ∈ Z

1 ��9 = N�=2?L^2\Lab9 V"@�= ��9 H#KMe2ab9
23 ≡ 2 (mod 7)

:�=�9
2m + 1 ≡ 1 (mod m)

V�9 =¥:�^L7�a
m
1fr 9 H#U2]L9 @�O =

modulo m
abO [L=�9�H#KMIJHM6�9 H#U \Lg2[L=2@�O =2<

HM]JU
Z
1�Y><
an5�IwV"`LU g2@�aBaJ[L\Lab9 : ]L9 :�^W]X6¥@�an]J=  =8]L9 : u 9 \89 ;2]X62]J=�1 . S-HM]nkz;2]L9

a ≡ b (mod m):�=�9
b ≡ c (mod m)

1���;2]_a>g8N�^2?LKMU g2[
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a− b = pm
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b− c = qm
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N�=�O ?L[LU g2@�a

a − c = pm + qm = (p + q)m
@�a
p + q ∈ Z

:�=�9(H#g2[LanN��l<
a ≡ c (mod m)

1
3>U�9 aJ<�abO [L=�9XU�9b: 5�^2H#ab9 <-9 H#U \Lg2[L=2@�O =2< � Y�N�;�]X6�[-3>?L;2]J=2HM6�h�1 {�1 DjN�?LU�:�e8N�]_ab9_;2]L9JV�9 =G:�^L7�a

n ∈ Z
g8N�^2?LKMab9�@�U�[L=2\89 :�;

r ∈ {0, 1, . . . ,m− 1} @�a
n ≡ r (mod m)

:�=�9�H#g2[LanN��l<B]JU
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partial order
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a, b, c ∈ P
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(i) a � a
U

(ii)
*-5
a � b
14*�(

b � a
UaC03/CE.

a = b
U

(iii)
*-5
a � b
14*�(

b � c
UaC03/CE.

a � c d
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a � b
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b � a
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a ≺ b
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b � a

��=2[
a � b

:�=�9
a 6= b

1�Y>[
a ≺ b

:�=�9�\LaJ[ g8N�^2?LKMab9
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a ≺ b
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a ≺ c
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b ≺ d
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 7�ankl?LU e2@�af]L9 < 9 \89 ;2]X62]_aJ<v]JU g|¢>?89 H#@�U e
D�1 R�1�0-HM]X6�[�N�aJ?8O N�]nklHM6�=2g8]XuGV"[_klHM]_IJ<��n1�i�]X6�\89 ^8]J=2`_6�=2g8]Xu�U�N�U�9 =2\_u2N�U2]_a�\Le2U�HM]JU�9 KMabO =�]JU g
Z
abO [L=�9#H#gLV#:�?8O H"9 @�=�1-� 9 =W@�aJ?89 : u \89 ^8]J=2`_6 @�a>=2g8]Xuv]X6�[W9 \89 ;2]X62]J=W5�IwV"an]J=�9 J<;%(21BL _6( [6CE*�-48 �

u A/]>*HG GK(21BL _6( [6CE*�-48 ��u *^;B:�7>S _H* 1 ��9 = N�=2?L^2\Lab9 V"@�= ��g8N�^2?LKMU g2[B\Le2UW=85�g2H"O \LaJ<�HM]JUvH#e2[LU85�U
{1, 2} �M6 1 ≺ 2

:�=�9�6
2 ≺ 1

1 ��aJ[89 :�;2]_aJ?L= 
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n
HM]JU�9 KMabO =fabO [L=�9 ]X6�<�@�U ?LT"u�<

σ1 ≺ σ2 ≺ · · · ≺ σn
V�9 = :�^8N�U�9 = =2[L=2\89 ^8]J=2`_6

(σ1, σ2, . . . , σn)
]JU g
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1 �A=8]_^vH#g2[LInN�ab9 = g8N�^2?LKMU g2[

n!
U85�9 :�IJ<A\89 =8]_^2`Lab9 <
H#aBIJ[L=WH#e2[LU85�U
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n
HM]JU�9 KMabO =�1
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a � b⇔ a = b
��V�9 =

a, b ∈ P 1�rtH#KMIJHM6v=2g8]XuvabO [L=�9�N�?LU T�=2[_�l<�@�aJ?89 : uf\89 ^8]J=2`_6vHM]JU
P
��5�IwV"an]J=�9 *-5�C0( *^;B:�7>S _H* :�=�9�=8N�U2]_an5�abO�]X6 @�U�[L=2\89 : u¥@�aJ?89 : u \89 ^8]J=2`_6�HM]JU

P
HM]X6�[�U�N�U�O =

\LaJ[�g8N�^2?LKMU g2[�\89 =8:�an:�?89 @�IJ[L=>H#gLV#:�?8O H"9 @�= 
 @�an]J=2`LeB]JU g2<���HM]JU�9 KMabO =A]JU g
P
1 �A^L7�aGHM]JU�9 KMabO U

@�9 =2<A=2[_]L9 =85�g2H"O \L=2<>abO [L=�9M]J=2g8]_;2KM?LU�[L=Wan5�=2K#9 HM]L9 :�;�:�=�9#@�awV�9 HM]L9 :�;"1
2

{2}

{1,2} {1,3} {2,3}

{1,2,3}

{}

{1} {3}

{1} {2}

{1,2}

{}
{}
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B1, B2
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�
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�
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]nkl[-7�an]L9 : �l[j=8:�aJ?L=�O kl[

6vU�N�U�O = U ?8O §Lan]J=�9 7�In]JU�[_]J=2<
a | b =2[
U b \89 =�9 ?LabO ]J=�9"@�a�]JU a �#\_625�=2\_uW=2[
g8N�^2?LKMab9

q ∈ Z>0@�a
b = aq

1
r�H#KMIJHM6�=2g8]Xu abO [L=�9(@�aJ?89 : u¥\89 ^8]J=2`_6�HM]JU
Z>0

1
3>?L^LV"@�=8]L9 ��6 =2[L=8: 5�=2HM]L9 : u
9 \89 ;2]X62]J=
abO [L=�9�T�=2[LaJ?_uM1 ��9 =
]X6�[>=2[_]L9 H#g2@�@�an]_?8O = � N�=2?L=8]X6�?LU e2@�aG;2]L9 =2[

a | b :�=�9 b | a � ]_;2]_a
a ≤Z b

:�=�9
b ≤Z a

:�=�9(H#g2[LanN��l<
a = b

1 ��9 = ]X6 @�an]J=  =8]L9 :�;2]X62]J= �.N�=2?L=8]X6�?LU e2@�aA;2]L9�=2[
a | b :�=�9 b | c ��]_;2]_aAg8N�^2?LKMU g2[ p, q ∈ Z>0

@�a
b = ap

:�=�9
c = bq

�(U�N�;2]_a
c = apq = at@�a

t = pq ∈ Z>0
:�=�9(H#g2[LanN��l<

a | c 1A¢�=8:�IJ?L=�9 U <v0fabO [L=�9"]JU an5�^2K#9 HM]JU HM]JU�9 KMabO U =2g8]Xu�<
]X6�< \89 ^8]J=2`_6�< aJ[_��\LaJ[|g8N�^2?LKMU g2[|@�awV�9 HM]L9 :�^ 
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:�=85�e8N�]JU g2[
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IJKMU g2[ \89 =�9 ?LIn]X6 ^8525�U�=8N�;�]JU�0
uf]JU�[
aJ=2g8]_;W]JU g2<	�#\_625�=2\_ufU�9 , ]BbWCEJ6(%*�]9( \�GKJ6S 1 ��aJ[89 :�;2]_aJ?L= ��U

b
:�=85�e8N�]_ab9�]JU�[

a
H#a�=2g8]Xu

]X6v@�aJ?89 : uv\89 ^8]J=2`_6v=2[
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b = ap
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S � T
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S ⊆ T

�MV�9 =
S, T ⊆ [n]

1G¢B9
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T ⊆ S
V�9 =
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Bn

1 �|a =2g8]Xu ]X6�@�aJ?89 : u \89 ^8]J=2`_6 �.]JU�H#e2[LU85�U
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@�U ?LT"u�< {x1, x2, . . . , xk}
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\��$&�=; "��6�B�����<  "����6�.`6�.
C1, C2, . . . , C11

#1� =0,��� "6�2/��./=;	����������15Y< ./=��E&�Z8��!H���������������;6�)����
,�2?��	P,�.?��	�,1� ��� �89�Z7< 	�*j	���)�#�9���	�����:+#%���+��./�1�  �#�./�4@A��	+��������!���#�.%�7)�#1�YK8� 	+���157.3,�.%< ��#�9
k
*8,�!��P#%���������"�  �#%���3	���)+#1� =3	����������15Y< ./=02/�������H<  "./=

k
n  "���4#�.?#%	�K"6�2/��./=�� �02?#%����6�.

Sk =
{ik, jk}

*�)������
Cik

��	��
Cjk

.%< ��	���,�!��T#�2?#%��� ./=0	����������15Y< ./=(6�.
ik < jk

��	��� "��9�6�	�#1< i�����6�.
#�9��H	����������15Y< 	

(S1, S2, . . .)
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a1, a2, . . . , an
����	���2/��	�� ������	���2/ �#/G

si = a1+a2 + · · ·+ai
K8� 	

1 ≤ i ≤ n
�e&��

��������� ��=M	���)�#%����=>	���./��	�< ����=
s1, . . . , sn

,1� 	�� ��.%< #%	��46�.A#%�
n
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s1, . . . , sn

6�.-#%�
n
.%< ��	��

#%	
1, 2, . . . , n − 1
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s1, . . . , sn

*�2/ �#/Gf���
si
��	��

sj
6�.
i < j

*�	�Z8:��������;#%�P< ,1� ������)������ ���H,1� 	�� ����!�6�./������6�.�#%�
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n
,1� 	�� ��.%<�#�9�,1� 	�Z8�����

sj − si = ai+1 + · · · + aj
�

�CB��>D F>��	H#�2?#%��� �+ "!��������T.%< ��	���#%� {n+ 1, 2n+ 1, . . . , n2 − n+ 1} �
]�� �0.?GA����!�6�.E#�9��>	���.%� ��)��1�  "9

f : Z → {0, 1} 6�. f(x) = 0
*�	����

x
.%< ��	��4���4#1� ��=E��	��

f(x) = 1
*

	��>�
x
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A
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g : A→ {0, 1}2 6�. g(x1, x2) = (f(x1), f(x2))
�M&�Z8��!0#%� {0, 1}2

2/��.%�"#�2/ " "./��	+ �#%��� ��.%< 	�*� "!�6�Z"GA��	+6�.;#�9��$	�����:T#%���H��./�1�  �#�./�4@A��	T���������������$,�!��P "9�6�.%< 	
(x1, x2)

��	��
(y1, y2)

#%���
A
#�2?#%��� 	`@A �#�.

g(x1, x2) = g(y1, y2)
*�,�9���	�,�:(6�.

f(x1) = f(y1)��	��
f(x2) = f(y2)

�+&���#�)L "9�6�	�< ��.%�k)�#1�k���
x1, y1
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x2, y2
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������	0#%	

(x1, x2)
��	��

(y1, y2)
2/��.%��	���2/��	�� ./=� "���4#�.?#%	�K"6�2/��./=

(x1 +y1)/2
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(x2 +y2)/2
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h : A → {0, 1}n 6�. h(x1, x2, . . . , xn) = (f(x1), f(x2), . . . , f(xn))
�`cE� 	�#%�
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(σ1, σ2, . . . , σn)
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[n]
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σn = n
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J�.%� =
σ = (σ1, σ2, . . . , σn)

��	��
τ
#%���

[n]
K"����Z8����6�.

σ ∼ τ
*Y	��

τ = (σi, σi+1, . . . , σi−1)K8� 	N��������� �Q,�.%< ��#�9
1 ≤ i ≤ n

�hcE� 	h��	�����,�.%� K"6�	�*E	��
n = 4

��	��
σ = (3, 1, 4, 2)

*k#�)�#�.
���7	���	�,1� 	�#���J�.%� =

τ
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[4]
6�.
σ ∼ τ

.%< ��	��7���
(3, 1, 4, 2)

*
(1, 4, 2, 3)

*
(4, 2, 3, 1)��	��

(2, 3, 1, 4)
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σ
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[n]
6�.
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σ = τ
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(ε1, ε2, . . . , εn) ∈ {−1, 1}n 2/��.%���157�����  "6�	3 �#%��� ��.%< GA�0<  "�
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σ = (ε1, ε2, . . . , εn) ∈ A(n, k)

*Y����)�#�.
ε1 + · · · + εn = −n+ 2k < 0
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1 ≤ i ≤ n
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ε1 + · · · + εi = −1
� �0.?GA����!�6�.

#%�O6�� ����)�#�./���L#�2?#%��� �L,�.%< ��#�9
i
��	��k572?#%����6�.

f(σ) = (−ε1, . . . ,−εi, εi+1, . . . , εn)
�LcE� 	

��	�����,�.%� K"6�	�*k	��
n = 8

*
k = 3

��	��
σ = (1,−1, 1,−1,−1, 1,−1,−1)

*"#�)�#�.
i = 5

��	��
f(σ) = (−1, 1,−1, 1, 1, 1,−1,−1)
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f(σ) ∈ A(n, k + 1)
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f : A(n, k) → A(n, k + 1)
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f
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f(σ) = (ε1, ε2, . . . , εn) ∈ A(n, k + 1)
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1 ≤ i ≤ n

K8� 	Q#%���N������< �b�  "��!�.%�
ε1 + · · ·+εi = 1

�EFA����6�2/�4GA=`	��
f(τ) = (ε1, ε2, . . . , εn) = f(σ)

K8� 	;��������� 	
τ ∈ A(n, k)

*
#�)�#�.

τ = (−ε1, . . . ,−εi, εi+1, . . . , εn) = σ
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σ = (σ1, σ2, . . . , σn) ∈
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i
�b6�� ����)�#�./����=P,�.%< ��#�9�=+6�. |σ1 − σi| = 1
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σ ∈ An��	���	�#�9�����!�6�.;)�#1�

3 ≤ i ≤ n
��	��Y���1< i�����6�.

f(σ) = (σi−1, . . . , σ2, σ1, σi, σi+1, . . . , σn)
�

cE� 	+��	�����,�.%� K"6�	�*Y	��
n = 10

��	��
σ = (7, 1, 4, 9, 3, 8, 5, 10, 6, 2) ∈ A10

*j#�)�#�.
i = 6

��	��
f(σ) = (3, 9, 4, 1, 7, 8, 5, 10, 6, 2)

�h[�����Z8	��4@A=
f(σ) ∈ Bn

��	��M�
i
.%< ��	��A�b6�����	�,1� ��)�=

,�.%< ��#�9�=
j ≥ 2
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j − 1

��	��
j
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f(σ)
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f : An → Bn
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(τ1, τ2, . . . , τn) = f(σ)
K8� 	���������� �

σ ∈ An
*"#�)�#�.-����������.%�"6�����	�,1� ��)�=-,�.%< ��#�9�=

j ≥ 26�.�#�9��H� ,1� )�#�9�#%	 |τj−1 − τj | = 1
��	��

σ = (τj−1, . . . , τ2, τ1, τj , . . . , τn)
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#An ≤ #Bn
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f : An → Bn
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(τ1, τ2, . . . , τn)
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6�. |τ1 − τ2| = 1
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m = 4
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n = 8
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n
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n
�

��^��P�
	��E&(��)-#1� =
S(n, k)

,1� 	�6�./�1<  ".%� =>#%���0 "����)������
[n]

6�.
k
6�2/��9�*����

S(n−1, k−1)
��./�1� 2/�������

#%�+6�2/����= {n} � �;�"����)������ ��./=`��������!���#%�����;	���)���	157./6�< 	H	���)�#1� = S(n− 1, k)
,1� 	�6�./�1<  ".%� =



� �

#%���b "����)������
[n − 1]

6�.
k
6�2/��9�*������� �572?#%���4#%	�=N#%�

n
 ".h2/��	d	���)d#%	d6�2/��9d	���#��b6�.

k
,�����	�#%��!�=h#���)�������=��W_`�fi�9�#%��!�6�./��� ��������!���#�.%��	���) #%�  "��������K8�  "6�) 	���#�)��L��	���#1� =
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a(n, k) =
∑k

i=0 (−1)k−i
(

k
i

)

in.%< ��	��e<  "��=+6�.�#%�L����:157��=T#/GA��.?��<e	���.%� �����1<  ".?GA�
f : [n] → [k]
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(π, σ)
*�)������

π
.%< ��	��

,1� 	�6�2/�1�  "9�#%���T "����)������
[n]

6�.
k
6�2/��9+��	��

σ = (B1, B2, . . . , Bk)
.%< ��	��7	���	�,1� ��#%	�J�9H#/GA�

6�./�4@A��#%���
π
�L[�����K"6�	�#1� *e	���)O2/��	h#�2?#%��� �Li�./!�K"��=

(π, σ)
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f572?#%���4#%	�=
f−1(i) = Bi

*Y,�9���	�,�:
f(x) = i

	��
x ∈ Bi

*7K8� 	
1 ≤ i ≤ k

�-cE� 	+��	�����,�.%� K"6�	
	��

n = 5
*
k = 3

*
π = {{1, 4}, {2, 5}, {3}} ��	�� σ = ({2, 5}, {3}, {1, 4}) *�#�)�#�. f(2) =

f(5) = 1
*
f(3) = 2

��	��
f(1) = f(4) = 3

�(I��������������
S(n, k)

,1� 	�6�./�1<  ".%� =;#%���
[n]

6�.
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a(n, k) = k!S(n, k)
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x
6�.0����	�K�n

6�	�#1� ����!�=H "���4#�.?��./ �#�2/=���	��k "����.?��@A=T	��4��.%<E��	N#�9��P	�����,�.%< J�����6�.3K8� 	h����.%� ��./=H#1� 6�2/=�#�9�=
6�.?#%	1B���9�#�:�=

x
� �0	f#�9�� 	�����,�.%< J�����6�.QK8� 	

x = m
*3)������

m
.%< ��	��(#�����	�< ��=Q57.?#1� ��)�=

	���2/��	�� ��=��E[�	���	�#�9�����!�6�.`)�#1����	���2/��	�� ��=
mn .%< ��	���<  "��=�6�.(#%�H����:157��=`#/GA�-	���.%� �����1<  ".?GA�

f : [n] → [m]
*>	�Z8��!LK8� 	L���157.

1 ≤ i ≤ n
2/������6�.

m
.?��� ����K"2/=TK8� 	L#%�

f(i) ∈ [m]
�

[�	���	�#�9�����!�6�.�.?��<  "9�=+)�#1�e9
f
��	157���1< i�.?#%	��e	���)L#�9��N.%� ��)���	h#�9�=

B ⊆ [m]
��	��e#�9���.?��<

	���.%� ��)��1�  "9
g : [n] → B

6�.
g(i) = f(i)

K8� 	
1 ≤ i ≤ n

�QI�������������� (m
k

) ������ "!�������	
B
#%���

[m]
6�.

k
 �#%��� ��.%< 	Q��	��AK8� 	L���157.P#�2?#%��� �d������ "!��������8*A���������������

k!S(n, k)
.?��<

	���.%� �����1<  ".%� =
g : [n] → B

	���)T#%�+./�4@M#�9�6�	N�
	��?�AV-	�#��� "����2?��.%� 	�*����������������- "��������� ���

m
∑

k=1

(

m

k

)

k!S(n, k) =

m
∑

k=1

S(n, k)m(m− 1) · · · (m− k + 1)

=

n
∑

k=1

S(n, k)m(m− 1) · · · (m− k + 1)

	���.%� �����1<  ".%� =
f : [n] → [m]

�ED FA��.?#%	���)�#1�
mn =

∑n
k=1 S(n, k)m(m− 1) · · · (m− k+ 1)

�
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�CB��0D F> �#/G

π
,1� 	�6�2/�1�  "9N#%���Q "����)������

[n + 1]
�L&��

S ⊆ [n + 1]
.%< ��	��E#%�O6�2/����=+#�9�=

π�����O��./�1� 2/��.%�A#%�
n + 1

��	��
#S = i + 1

*'#�)�#�.
0 ≤ i ≤ n

� I�������������� (n
i

) #���)������
��	h.?��� ��.?K"��!��T#%	

i
 �#%��� ��.%< 	�#%���

S
.?��#�)�=�#%���

n + 1
	���)Q#%	

1, 2, . . . , n
��	��

B(n − i)#���)���������	d,1� 	�6�./�1�  �#�.%<>#%�
[n + 1]rS

@A �#�.h��	R "��9�6�	�#1�  �#%��!��h#%	d����)������ ��	O6�2/��9b#�9�=
,1� 	�6�2/�1�  "9�=

π
�>�����.?��@A=`��������������� (n

i

)

B(n− i) ,1� 	�6�./�1<  ".%� =�#%��� [n+1]
K8� 	0#1� =`������< ./=�#%�

6�2/����=0�����H��./�1� 2/��.%��#%�
n+ 1

2/��.%�
i+ 1

 �#%��� ��.%< 	��MV-	�#��H "����2?��.%� 	�*����������������3 "��������� ���
B(n+ 1) =

∑n
i=0

(

n
i

)

B(n− i) =
∑n

i=0

(

n
i

)

B(i)
,1� 	�6�./�1<  ".%� =�#%���

[n+ 1]
�

�SK8� �02?#%���4#%	�=
S(n, k) = 0

K8� 	
k > n

*"2/������6�.

B(n) =

n
∑

k=1

S(n, k) =

∞
∑

k=1

S(n, k)
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B(n) =

∞
∑

k=1

1

k!

k
∑

i=0

(−1)k−i

(

k

i

)

in =

∞
∑

i=0

in

i!

∞
∑

k=i

(−1)k−i

(k − i)!

=
∞
∑

i=0

in

i!

∞
∑

j=0

(−1)j

j!
=

1

e

∞
∑

i=0

in

i!
.
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S → S

.%< ��	��>	�6�n
Z7� 6������� ":�6�	��4#�9LK8� 	L���157.

S ⊆ [n]
� �  "��6�6�.?#��1� ��:Q��	��A6�.?#%	1B�	�#1� ��:Q� ,1� )�#�9�#%	O�  "��!������

,1� )�#1�>	��
f : S → T

��	��
g : T → R

.%< ��	��A	�6�Z7� 6������� ":�6�	��4#�./=N	���.%� �����1<  ".%� =�*M#�)�#�.�9
	��4#1<  �#�����Z89$	���.%� ��)��1�  "9

f−1 : T → S
��	158@A=(��	���9$ "!��%57./ "9

g ◦ f : S → R
.%< ��	���.?��<  "9�=

	�6�Z7� 6������� ":�6�	��4#�./=;	���.%� �����1<  ".%� =��
�CB��$&��N#%�

S ⊆ [n]
2/��.%�

k
 �#%��� ��.%< 	�*e#�)�#�.P����������.%�e	�6�Z7� 6������� ":�6�	��4#�9Q	���.%� ��)��1�  "9

f :
S → [k]

� �����.?��@A=
S ≡ [k]

��	��e#%�
S
	���:���.%�e �#�9��h������ "9L�  "��,�����	�6�< 	�=

Ck
#%���

[k]
�

&��4#1<  �#�����Z8	H	��
S ≡ [k]

*�#�)�#�.
#S = k

�ED FA��.?#%	���)�#1������������ ".%� =��  "��,�����	�6�< 	�=`#�9�= ≡ .%< ��	��
���
C0, C1, . . . , Cn

*")������
Ck = {S ⊆ [n] : #S = k} �

��]��P�
	���D F> �#/Gg)�#1�8����������.%����.?��./��	� "6�2/���P6�9���./��)P6�./�1� ��@A=-,1� 	�#�.?#%	�K"6�2/���+ "!��������
(P,�)

#%�
������< �h,�./�+2/��.%�j6�.?K8�  �#1� ��)h �#%��� ��.%< �8�$_`)�#�.$K8� 	P���157.

x ∈ P
����������.%�

y ∈ P
6�.
x ≺ y

�
FA����6�2/�4GA=�*�J�.?��� �4@A�4#%	�=0	���)�#�����	�< �� �#%��� ��.%< �

x1
#%���

P
6���������!�6�.(��	$B�����!�6�.(6�� 	H����.%� ��9

	����������15Y< 	
x1 ≺ x2 ≺ x3 ≺ · · ·  �#%��� ��.%< GA��#%��� P �$F>Z8)� "���T#%� P .%< ��	��Y��.?��./��	� "6�2/���8*
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i < j
6�.
xi = xj

�'&(��)+#�9T6�.?#%	1B�	�#1� ��)�#�9�#%	$��	���#1� =
xi ≺ xi+1 ≺ · · · ≺ xj = xi��������!���#�.%��)�#1�

xi ≺ xi+1
��	��

xi+1 � xi
*� "��2/ ".%� =������$	��4#1� B�	�< �������; �#�9��3	��4#1�  "��6�6�.?#��1< 	��
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�CB��0D F> �#/G
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b
#�����	�< �L6�.?K8�  �#1� ��)

 �#%��� ��.%< �P#%���
P
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	��?�0D F> �#/G

Q = {x ∈ P :
x � b} 6�.T#�9L6�./�1� ��:Q,1� ��#%	�J�9h�����Q.?����K".?#%	��E	���)L#%� P *A,�9���	�,�:h6�. x � y

 �#%�
Q
	��

x � y
 �#%�

P
�3_`�

Q
.%< ��	��Y6�9+��./��)h	�Z8��!

b ∈ Q
�-&(��)N#%�b�
	��(#%�

Q
2/��.%�7#%���������"�  �#%���

2/��	N.?��	��"�  �#1� ��)h �#%��� ��.%< �
a
*k#%�Q������< �h.%< ��	��j��	��k.?��	��"�  �#1� ��)N �#%��� ��.%< �N#%���

P
�
./J�9�K":� �#�.

K8� 	�#1< �?�M&�Z8��!
a ∈ Q

*8�  "��!�.%�
a � b

 �#%�
P
�

�SK8�7D F> �#/G
(P,�)

#�����	�< ������� ���',1� 	�#�.?#%	�K"6�2/���� "!���������6�.
n
 �#%��� ��.%< 	��e�!�6�Z"GA��	(6�.M#%�H�
	��

#%�
P
2/��.%��#%���������"�  �#%���;2/��	�.?��	��"�  �#1� ��)T �#%��� ��.%< �8*�2/ �#/G #%�

σ1
�A&��

x
.%< ��	��"������� ��,�:�����#�.

�������+ �#%��� ��.%< �T#%���
P
*�#�)�#�.;#%	

σ1
��	��

x
.%< ��	��86�.?#%	�J�!H#%����=- "��K����1<  8� 6�	�*"./�4@g,�./�H�  "��!�.%�

x ≺ σ1
�a���6�.?��@A=�����2?��.%�>��	d�  "��!�.%�

σ1 ≺ x
��	��A#%�

σ1
.%< ��	��A#%�R.?�����"�  �#%�d �#%��� ��.%< �

#%���
P
� �0��9� 8� 6�������� @A�4#%	�=�.?��	�K�GMK":N �#%�h����:157��=$#/GA�P �#%��� ��.%< GA�T#%���

P
*E6���������!�6�.$��	

������572/ "����6�.-)�#1�Y����������.%�7	���	�,1� ��#%	�J�9
(σ2, . . . , σn)

#%���P "����)������
Pr{σ1}

#�2?#%��� 	T@A �#�.
σ2 ≺ · · · ≺ σn

��D �06�GA=T2/������6�.
σ1 ≺ σ2

 �#%�
P
��	��k "����.?��@A=�9

(σ1, σ2, . . . , σn)
.%< ��	��

	���	�,1� ��#%	�J�93#%���
P
6�.
σ1 ≺ σ2 ≺ · · · ≺ σn
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�4p��P�
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(a1, b1), (a2, b2), (a3, b3) ∈ Pn

��	��j�  "��!�.%�
(a1, b1) � (a2, b2)

��	��
(a2, b2) � (a3, b3)

*"#�)�#�.
a1 ≤ a2

*
b1 ≤ b2

��	��
a2 ≤ a3

*
b2 ≤ b3
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Z
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a1 ≤ a3
*
b1 ≤ b3

 �#%�
Z
��	��k "����.?��@A=

(a1, b1) � (a3, b3)
� �
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height(Pn) = 2n− 1
�M[�	���	�#�9�����!�6�.�)�#1��	��-2/������6�.

(a, b) ≺ (c, d) �#%�
Pn
*�#�)�#�.

a+ b < c+ d
�eFA����6�2/�4GA=0K8� 	3#�����	�< 	3	����� 8< ,�	

(a1, b1) ≺ (a2, b2) ≺ · · · ≺
(ak, bk)

 �#%�
Pn

6�.
k
 �#%��� ��.%< 	��  "��!�.%�

2 ≤ a1 + b1 < a2 + b2 < · · · < ak + bk ≤ 2n
*�6�.

ai + bi ∈ Z
K8� 	H���157.

i
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k ≤ 2n− 1
�AFA��<  "9�=�*�����������.%�"	����� 8< ,�	H �#%�

Pn
6�.

	����1� B�@A=
2n− 1

 �#%��� ��.%< 	�*�K8� 	H��	�����,�.%� K"6�	H9

(1, 1) ≺ (2, 1) ≺ · · · ≺ (n, 1) ≺ (n, 2) ≺ · · · ≺ (n, n).

D FA��.?#%	���#%�+i�9�#%��!�6�./���8�
�
,1� �0	-,�.%< J�����6�.`)�#1�

width(Pn) = n
�e[�����K"6�	�#1� *�6�� 	3	��4#1� 	����� 8< ,�	0#%���

Pn
6�.
n
 �#%��� ��.%< 	

.%< ��	��19 {(n, 1), (n−1, 2), . . . , (1, n)} �kFA��<  "9�=�*1����������.%�1,1� 	�6�2/�1�  "9(#%��� Pn
 ".
n
	����� 8< ,�./=�*

K8� 	���	�����,�.%� K"6�	P9 {C1, C2, . . . , Cn}
*E)������

Ci
.%< ��	��k9N	����� 8< ,�	

(1, i) ≺ (2, i) ≺ · · · ≺
(n, i)

K8� 	
1 ≤ i ≤ n

�M_`�Pi�9�#%��!�6�./���T2?��.?#%	���	���)T#%����:�6�6�	�^�� l � �T�CB��?�
� � �P�
	���&��

S ⊆ T
��	��

#T = #S + 1
*7#�)�#�.$.%< ��	��YZ8	���./��)h)�#1�

S ⊂ T
��	��Y)�#1�Y,�./�T����������.%�

 "!��������
R
6�.

S ⊂ R ⊂ T
*e,�9���	�,�:N)�#1�k#%�

T
��	���!���#�.%�j#%�

S
�N&��4#1<  �#�����Z8	�*e2/ �#/G )�#1�

#%�
T
��	���!���#�.%�Y#%�

S
�N_`)�#�.

S ⊆ T
��	��

#T ≥ #S + 1
�N&���.%< ��	�6�.

#T > #S + 1
*

#�)�#�.�57	+����:�����	��-#%���������"�  �#%���3,�!��P,1� 	�Z8����.?#1� ���T �#%��� ��.%< 	
a, b

#%���
TrS

��	���57	T.%< ��	�6�.
S ⊂ S ∪{a} ⊂ T

*�����)�#�.`9
S ⊂ T

,�./�;.%< ��	��� "��2/ "9-���������89�=` �#�9
Bn
� � 	��4#1< Z8	� "93	���#�:

6�	�=;��,�9�K".%<" �#%�+ "��6���2/��	� "6�	�)�#1�
#T = #S + 1

�
�CB��MmL� 	3	����� 8< ,�	

C
 �#�936�./�1� ��:3,1� ��#%	�J�9

Bn
6�.
k
 �#%��� ��.%< 	-.%< ��	���2/��	3 "!��������3#�9�=(6�����Z8:�=

C = {S0, S1, . . . , Sk−1}
6�.
S0 ⊂ S1 ⊂ · · · ⊂ Sk−1 ⊆ [n]

�0&��
ai = #Si

K8� 	
0 ≤ i ≤

k − 1
*"#�)�#�.3���

a0, . . . , ak−1
.%< ��	��7	���2/��	�� ���"��	��Y�  "��!�.%�

0 ≤ a0 < · · · < ak−1 ≤ n
��&(��)

	���#�);��������!���#�.%��)�#1�
k ≤ n+1

*�,�9���	�,�:0������� 	�,�:�����#�.A	����� 8< ,�	0 �#�9
Bn

2/��.%��#%�-������!
n+1 �#%��� ��.%< 	��eFA��� ����2/���$9�	����� 8< ,�	

C
6�.
S0 = ∅

��	��
Si = {1, 2, . . . , i} K8� 	 1 ≤ i ≤ n

2/��.%�
	����1� B�@A=

n+ 1
 �#%��� ��.%< 	��A���6���./��	�< ������6�.�)�#1��#%�+!��8��=;#�9�=

Bn
.%< ��	��8<  "�+6�.

n+ 1
�

�SK8��&(��)�#�9H��!� "9$6�	�=0 �#%�+./�4@M#�9�6�	��CB��>��������!���#�.%��)�#1��6�� 	H	����� 8< ,�	
C
 �#�9

Bn
6�.
n+ 1 �#%��� ��.%< 	T.%< ��	��8#�9�=36�����Z8:�=

C = {S0, S1, . . . , Sn}
6�.
S0 = ∅

��	��
Si = Si−1 ∪ {σi}

6�.



� #

σi /∈ Si−1
K8� 	

1 ≤ i ≤ n
�TFA��� ����2/����*k9N	����������15Y< 	

(σ1, σ2, . . . , σn)
.%< ��	��k	���	�,1� ��#%	�J�9

#%���
[n]
�AcE� 	H��	�����,�.%� K"6�	$	��

n = 4
��	��

S0 = ∅
*
S1 = {3} * S2 = {1, 3} * S3 = {1, 3, 4} *

S4 = {1, 2, 3, 4} *�#�)�#�.$9P	��4#1<  �#%��� ��9+	���	�,1� ��#%	�J�9T#%��� [4]
.%< ��	��j9

(3, 1, 4, 2)
�;mQ.$	���#�)��

#%���3#���)����+���1< i�.?#%	��"6�� 	����7�;	��4#1�  �#%��� �"< 	��S����� 	�.%< ��	��"9T	��4#1<  �#�����Z8:�	���.%� ��)��1�  "9 � �$	���)T#%�
 "!���������#/GA�T	����� 8< ,4GA�T6�.

n + 1
 �#%��� ��.%< 	T#�9�=

Bn
 �#%�h "!���������#/GA�T	���	�,1� 	�#���J�.?GA�H#%���

[n]
�-�����.?��@A=3���������������H	����1� B�@A=

n!
	����� 8< ,�./=36�.

n + 1
 �#%��� ��.%< 	+ �#�9

Bn
*7)� "./=3��	��7���

	���	�,1� 	�#���J�.%� =(#%���
[n]
�

� ���P�
	��3I�������������� (n
k

) #���)������E��	h.?��� ��.?K".%<j2/��	
k
n ������ "!��������

S
#%���

[n]
��	��

2k #���)������k��	
.?��� ��.?K".%<E2/��	h����)� "9�6��

ε ∈ {−,+} K8� 	h���157.T �#%��� ��.%< �Q#%��� S *e@A �#�.+��	h��������!��8.%�e2/��	 �#%��� ��.%< �h#%���
Pn

6�.H����9157���1� 576��
k
�h�����.?��@A=T	����1� B�@A=

2k
(

n
k

) 	���)h#%	h �#%��� ��.%< 	�#%���
S2/������������9157���1� 576��

k
�b_`�b "��������� ��)L����:157��=T#/GA�h �#%��� ��.%< GA��#%���

Pn
.%< ��	��A<  "�b6�.

3n �
&���#�)d��������!���#�.%�A.%< #�.�	���)d#�9��h��������	�����	� 8� 	� �#1� ��:h	�����:�*'	�Z8��!OK8� 	O���157.

1 ≤ i ≤ n���������������H���7#���.%� =$.?��� ����K"2/=
∅
* {i} ��	�� {−i} K8� 	+#�9��H#%��6�:P./��)�=$ �#%��� ��.%< ����#%��� Pn

6�.
#%�+ "!�������� {i,−i} *�.%< #�.0����������K8< i����4#%	�=()�#1�

n
∑

k=0

2k

(

n

k

)

= (2 + 1)n = 3n
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Pn
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n+ 1
�

�
,1�3cE� 	N���157.
k ∈ {0, 1, . . . , n} *e#%�L "!��������Q#/GA�N �#%��� ��.%< GA�P#%��� Pn

6�.�����9157���1� 576��
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Pn
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width(Pn) ≥ 2k
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n

k
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k
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n
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n
k
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1 ≤ k ≤ n

	157����< i������- �#%�
3n − 1
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(3n − 1)/n
�

�
.%�>D �0�"� *�	�Z8��!�	���)T#�9N� ^�� ^��>K8� 	
n = 4

��	��
k = 3

��������!���#�.%��)�#1�
width(P4) ≥ 32

�
�����P�
	��'&�Z8:���.?#%	��� �#%���$	���	�K"�4@A �#�9��

�CB�� �0	O,�.%< J�����6�.�)�#1�
height(Qn) = b1 + log2(n)c � V-�157.�	����� 8< ,�	L �#%� Qn

6�:�������=
m+ 1

.%< ��	��"#�9�=36�����Z8:�=
q0 ≺ q0q1 ≺ · · · ≺ q0q1 · · · qm

*7)������
qi
.%< ��	���57.?#1� ����<8	���2/��	�� ���

6�.
qi ≥ 2

K8� 	
1 ≤ i ≤ m

��	��
q0q1 · · · qm ≤ n

�3&(��)�#1� =H "��2/ ".%� =$	���#�2/=3��������!���#�.%�7)�#1�
2m ≤ n

*e,�9���	�,�:
m ≤ log2(n)

��	��E.?����6�2/�4GA=T#%�L6�:�����=T#�9�=T	����� 8< ,�	�=�,�./�N����./�%B�	�< ��.%�
#%� b1 + log2(n)c � �02?#%���4#%	�= q0 = 1

��	��
qi = 2

K8� 	
i ≥ 1

��������!���#�.%��9R	����� 8< ,�	
{1, 2, 22, . . . , 2m} 6�:�������=;	����1� B�@A= m+ 1

*�6�.
m = blog2(n)c ��SK8� �0	L,�.%< J�����6�.T)�#1�

width(Qn) = b(n + 1)/2c �dI�����572?#%����6�.�)�#1�A� n .%< ��	��M���4#1� ��=�*2/ �#/G
n = 2m

�
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n
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�
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Cq = {q, 2q, 4q, . . .}∩ [n]

K8� 	
���157.A��./�1� #4#�);	���2/��	�� �

q ∈ [n]
�EF�< ��	���Z8	���./��)-)�#1�1#%�

Cq
.%< ��	��1	����� 8< ,�	(#%���

Qn
�EFA��� ����2/����*

#%	
m
 "!�������	

C1, C3, . . . , Cn−1
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[n]
*�	�Z8��!0���157.
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ϕ(e) = {a, b} 1�� 9 = =8:�@2u

e ∈ E
@�av^8:�?L=

a
:�=�9

b
5�IwV"an]J=�9\Q:^;%( [ 
 u  ?L;2KMU <��G=2[

a = b
1��We2U =8:�@�IJ<

e1, e2 ∈ E
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Ḡ
2/��.%����� K")�#�./��./=(	���)

n− 1
	���6�2/=`��	��� "����.?��@A=�*� "!�6�Z"GA��	$6�.`#%��[�)��1�  "6�	$\�� \�� �$�
	��?*�#%�

Ḡ
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1���U�N�52u87�U <l]nkl[j]_In5�ab9 kl[j]J=�9 ?89 =2H#@�^8]nkl[�]JU g
Gn

N�U g�N�aJ?89 IJKMU g2[�]X6�[ {un, vn}abO [L=�9_aJ@�T�=2[_�l<�O H#UB@�a
an−1

1���U�N�52u87�U <�an:�abO [_kl[-N�U g�N�aJ?89 IJKMU g2[�]X6�[ {un−1, un}
abO [L=�98O H#U

@�a
an−2

�M=2T�U e
:�^L7�a�]_In]JU�9 U ]J=�O ?89 =2H#@�=fN�aJ?89 IJKMab9Mg8N�U2KM?Lank�]L9 :�^
:�=�9�]X6�[
=8:�@2u {vn−1, vn}
1

� � «



� � �

�������
	 � � ����� � �
��� 	���	
� �%� ��&��
	 ��	������
4 × 2

����	�� ���
	 ����� � 	������ ��	�� �

ijg2@2N�aJ?L=�O [LU g2@�a�;2]L9�9 H#KMe2ab9"U�=2[L=LV#k�V�9 :�; <�]_e8N�U <

an = an−1 + an−2

 m#1�0 �

V�9 =
n ≥ 2

��;�N�U g IJKMU g2@�a�7�IJH#ab9
a0 = 1


 anN�U @�IJ[_kl<	�j6
(an)

abO [L=�9l6 =8:�U85�U gL7(O = ]JU g
Fibonacci

N�U g�@�an5�an]Xu�H#=2@�a HM]X6�[ . Y>HM: 6�HM6 0_C ]JU g �AaJT�=85�=�O U g 0 �n1���U anN�; @�aJ[LU �u�@�=
=8N�U2]_an5�abO�]X6  =2H"9 : u 9 \LIJ=�]X6�< @�aw7�; \LU g ]nkl[�V"aJ[L[_62]_?89 �l[�H#g2[L=2?_]Xu�H#ankl[�! 7�ankl?LU e2@�av]X6
\Lg2[L=2@�U H#ab9 ?L^

F (x) =
∑

n≥0

anx
n = a0 + a1x+ a2x

2 + · · · 
 m#1 D �

:�=�9#anN 9 KMab9 ?LU e2@�a>[L=f]X6�[ g8N�U85�ULV�O H#U g2@�aL1�3>=2?L=8]X6�?LU e2@�a�;2]L9

F (x) = 1 + x +
∑

n≥2

anx
n = 1 + x +

∑

n≥2

(an−1 + an−2)x
n

= 1 + x + x
∑

n≥2

an−1x
n−1 + x2

∑

n≥2

an−2x
n−2 = 1 + x+ x (F (x) − 1)

+ x2F (x) = 1 + (x+ x2)F (x)

:�=�9#H#g2@2N�aJ?L=�O [LU g2@�a�;2]L9
F (x) =

1

1 − x− x2
.


 m#1 R �

��N�U ?LU e2@�a�]X�l?L= [L= =2[L=8N�]_e2`LU g2@�a ]JU \LaJ`89 ;&@�In5�U < ]X6�< 
 m#1 R �Wkl< \Lg2[L=2@�U H#ab9 ?L^ ]JU g
x@�aW\89 ^2T�U ?LU g2< ]_?L;�N�U g2<W:�=�9�[L= :�=8]J=852u�`LU g2@�afH#av=2[_]LO HM]JU�9 KMU g2<v]_e8N�U g2<fV�9 =�]JU

an
1 ��9 =

N�=2?L^2\Lab9 V"@�= ��=2[L=8N�]_e2H#H#U�[_]_^2<G]JU
kl<�V"ankl@�an]_?89 : uAH#ab9 ?L^B:�=�9�aJT�=2?L@�; §LU�[_]J=2<-]JU �v9 kl[Lg2@�9 :�;
�>an�l?_6�@�= �  ?8O HM:�U g2@�a�;2]L9

∑

n≥0

anx
n = F (x) =

∑

k≥0

(x+ x2)k =
∑

k≥0

xk(1 + x)k =
∑

k≥0

k
∑

i=0

(

k

i

)

xk+i.



� � #

S-`89 HM�l[LU�[_]J=2<�]JU g2<�H#g2[_]_an5�aJHM]_IJ< ]JU g
xn HM]J=|\Le2U =8:�?L=�O =�@�In526�]X6�<�N�=2?L=8N�^2[_ktH#ab9 ?L^2<

9 H#U2]Xu2]nkl[fN�?LU�:�e8N�]_ab9#Uv]_e8N�U <

an =
∑

k+i=n

(

k

i

)

=

bn/2c
∑

i=0

(

n− i

i

)

.

 m#1 m �

SlN O HM6�<	�MV"?L^2T�U�[_]J=2<

1

1 − x− x2
=

1

(1 − τx)(1 − τ̄x)
=

1

x
√

5

(

1

1 − τx
− 1

1 − τ̄x

)

,

;�N�U g
τ = (1 +

√
5)/2

:�=�9
τ̄ = (1 −

√
5)/2

��:�=�9�=2[L=8N�]_e2H#H#U�[_]J=2<�]L9 <�H#g2[L=2?_]Xu�H#ab9 <
(1 − τx)−1 :�=�9

(1 − τ̄x)−1 kl<>V"ankl@�an]_?89 :�IJ<>H#ab9 ?LIJ<	�  ?8O HM:�U g2@�a�;2]L9
∑

n≥0

anx
n =

1

x
√

5

∑

n≥0

(τn − τ̄n)xn.

Y�N�; ]X6�[f9 H#;2]X62]J= =2g8]XuWN�?LU�:�e8N�]_ab9 �#;�N�kl<>N�?LU�68V"U g2@�IJ[_kl<	�M;2]L9

an = (τn+1 − τ̄n+1) /
√

5

 m#1 h �

V�9 =
n ∈ N

1 . Y�525�aJ< H#g2[L\Lg2=2HM]L9 :�IJ<faJ?L@26�[LabO aJ<BV�9 =�]JU
an

\8O [LU�[_]J=�9�HM]X6�[ . Y>HM: 6�HM6|0_C ]JU g
�AaJT�=85�=�O U g�0B:�=�9#HM]JU�3>=2?L^2\Lab9 V"@�= m#1�021 C 1

2

� ������� � � ���  � � ��� ��
������ ����� � �

. ¢�N�kl<AT�^2[_62:�a�HM]JU�3>=2?L^2\Lab9 V"@�= m#1�021�0 �#IJKMU g2@�a�]JU�[ aJ`_u�<  =2H"9 :�;�U ?89 H#@�;"1# )# ��,.��� �F$ �%$ � � �T7MC = * 14J<;%JD:�\�S * GK( AB*�_6(21 b?5Z*�]9( \�G b?5
(an)
U AB( *

n ∈ N d � C/:Q,�(21BL_6:-50*HGKJ67Q.0( ]>[
∑

n≥0

anx
n = a0 + a1x+ a2x

2 + a3x
3 + · · ·;%@/AB.DCE*�( N 79:-5 L4\Q8 �<YVAB./565 L C"]9( *V79:-56[�]MC/84798�C/8 �

(an) d
���������
	��������� Y>[

an
abO [L=�9.]JU�N�52u87�U <v]nkl[ g8N�U H#g2[L;852kl[�]JU g

[n]
��]_;2]_a

an = 2n V�9 =
n ∈ N

:�=�9"H#g2[LanN��l<
∑

n≥0

anx
n =

∑

n≥0

2nxn =
1

1 − 2x
.

2



� � �

�|a�]JU�[ ; ?LU �L]_g8N 9 : u�\Lg2[L=2@�U H#ab9 ?L^ � ��N�U g KM?_6�H"9 @�U�N�U�9 u�H#=2@�a HM]JU�[ ¢>?89 H#@�; m#1�021�0 �
aJ[L[LU e2@�aW;2]L9�=2[_]L9 5�=2@  =2[L; @�=2HM]_av]L9 < \Lg2[L=2@�U H#ab9 ?LIJ<W:�=�9�]L9 <¥N�?L^2`Lab9 < ]JU g2<�@�a�=858V"a  ?89 :�;
]_?L;�N�U"1�3B9 U�H#gLV#:�an:�?89 @�IJ[L= � V"?L^2T�U g2@�a

C[[x]] =







∑

n≥0

anx
n : an ∈ C








 m#1 � �

V�9 =A]JUfH#e2[LU85�Uf;852kl[�]nkl[B\Lg2[L=2@�U H#ab9 ?_�l[�HM]JU
x
@�a�H#g2[_]_an5�aJHM]_IJ<�=8N�;f]JU

C
1 ��9 =
HM]JU�9 KMabO =

F (x) =
∑

n≥0 anx
n :�=�9

G(x) =
∑

n≥0 bnx
n ]JU g

C[[x]]
��IJKMU g2@�a

F (x) = G(x)
=2[
:�=�9

@�;�[LUf=2[
an = bn

V�9 =
:�^L7�a
n ∈ N

1li�]JU
C[[x]]

U ?8O §LU g2@�a-]L9 <�N�?L^2`Lab9 <�]X6�<�N�?L; H�7�aJHM6�<�:�=�9
]JU gfN�U8525�=8N�5�=2H"9 =2H#@�U eW7�In]JU�[_]J=2<





∑

n≥0

anx
n



 +





∑

n≥0

bnx
n



 =
∑

n≥0

(an + bn)xn 
 m#1 C �

:�=�9




∑

n≥0

anx
n









∑

n≥0

bnx
n



 = a0b0 + (a0b1 + a1b0)x + (a0b2 + a1b1 + a2b0)x
2

+ (a0b3 + a1b2 + a2b1 + a3b0)x
3 + · · ·

=
∑

n≥0

cnx
n,


 m#1 Q �

;�N�U g
cn = a0bn + a1bn−1 + · · · + anb0 =

n
∑

k=0

akbn−k.

 m#1 q �

��9 = ]L9 < N�?L^2`Lab9 < =2g8]_IJ<&9 H#KMe2U g2[ U�9�V"[_klHM]_IJ<&9 \89 ;2]X62]_aJ< 
 @�an]J=L7�an]L9 : u � N�?LU H#an]J=�9 ?89 x
HM]L9 : u ��anN 9 @�aJ?89 HM]L9 : u ��:�1 U"1 :�1 �fN�U g 9 H#KMe2U g2[ V�9 =W]X6�[ N�?L; H�7�aJHM6v:�=�9#]JU�[ N�U8525�=8N�5�=2H"9 =2H#@�;
N�U85�g8kl[Le2@2kl[�1
���������
	��������� Y>[

F (x) = 1 + x+ x2 + x3 + · · · =
∑

n≥0

xn,

G(x) = 1 − x+ x2 − x3 + · · · =
∑

n≥0

(−1)nxn,

 m#1�0X{ �

H(x) = 1 + x2 + x4 + · · · =
∑

n≥0

x2n,



� �

f
]_;2]_a

F (x) +G(x) = 2 + 0 · x + 2 · x2 + 0 · x3 + · · · = 2H(x),

F (x)G(x) = 1 + (−1 + 1)x + (1 − 1 + 1)x2 + (−1 + 1 − 1 + 1)x3 + · · ·
= 1 + x2 + x4 + · · · = H(x).

¢ 5�ULV�9 H#@�; <¥]nkl[�]_g8N 9 : �l[ \Lg2[L=2@�U H#ab9 ?_�l[�IJKMab9�=2?_:�an]_IJ<�U @�U�9 ;2]X62]_aJ<¥@�a�=2g8]_;�[ ]nkl[
N�U85�g8kl[Le2@2kl[
:�=�9M=2g8]_;�[A]nkl[ \Lg2[L=2@�U H#ab9 ?_�l[A]JU gW=8N�ab9 ?LU HM]L9 :�U e 5�ULV�9 H#@�U e 
 K�kl?8O <B[L=f@�=2<
=8N�=2H#KMU85�abO"]JU 7�IJ@�=W]X6�<AH#eLV#: 5�9 HM6�<��n1 ��9 =vN�=2?L^2\Lab9 V"@�= �#:�^8]nk =8N�;�u2N 9 U g2<AN�aJ?89 U ?89 H#@�U e2<	�
@2N�U ?LU e2@�aG[L=A\89 =�9 ?LU e2@�aj]_g8N 9 :�IJ<�\Lg2[L=2@�U H#ab9 ?LIJ<j:�=�9 [L=AKMab9 ?89 §L; @�=2HM]_aj]J=
=2[_]LO HM]JU�9 KM=
N�625�O x
:�=|;�N�kl<�]L9 <�?_62]_IJ<�H#g2[L=2?_]Xu�H#ab9 <	��u [L=�N�=2?L=LV#k�V�O §LU g2@�av]_g8N 9 :�IJ<¥\Lg2[L=2@�U H#ab9 ?LIJ< :�=�9�[L=
KM?_6�H"9 @�U�N�U�9 U e2@�aA]JU g2<
H#g2[_u87�ab9 <A:�=2[L;�[LaJ<>N�=2?L=LV#��V�9 HM6�<81>i�]L9 < HM6�@�ab9 �lH#ab9 < =2g8]_IJ<B7�=vN�a x
?89 U ?89 HM]JU e2@�afHM]JU g2< N�=2?L=8:�^8]nk 5�9 V"U HM]JU e2<WU ?89 H#@�U e2< :�=�9�N�=2?L=2\LabO V"@�=8]J= �.; H#U�[W=2T�U ?L^ ]JU
5�ULV�9 H#@�;W]nkl[>]_g8N 9 : �l[B\Lg2[L=2@�U H#ab9 ?_�l[�1 ��9 = @�9 =AN 9 UWan: ]_aJ[_u
H#g2§_u2]X6�HM6
N�=2?L=8N�IJ@2N�U g2@�a�HM]JU
N�?_��]JU :�aJT�^85�=�9 U ]JU g � D�� 1

� 9 =B]_g8N 9 : u \Lg2[L=2@�U H#ab9 ?L^
G(x) ∈ C[[x]]

5�IwV"an]J=�9 *-5�C0( 7MC"]>@ �M( G?8 =2[�g8N�^2?LKMab9
G0(x) ∈

C[[x]]
In]_H"9��lHM]_a [L= 9 H#KMe2ab9

G(x)G0(x) = 1 := 1 + 0 · x + 0 · x2 + · · · HM]JU C[[x]]
1

��9 = HM]JU�9 KMabO =
F (x), G(x),H(x) ∈ C[[x]]

V"?L^2T�U g2@�a
F (x)/G(x) = H(x)

=2[ 6
G(x)abO [L=�9�=2[_]L9 HM]_?LIJo(9 @�U HM]JU�9 KMabO U�]JU g

C[[x]]
:�=�9(9 H#KMe2ab9

G(x)H(x) = F (x)
HM]JU

C[[x]]
1 ��9 =

F (x) =
∑

n≥0 anx
n ∈ C[[x]]

U ?8O §Lan]J=�9j6 ,/*�]>[HA =9ABJ��
F ′(x) ∈ C[[x]]

kl<
F ′(x) =

∑

n≥1 nanx
n−1 1 ��9 = F (x),H(x) ∈ C[[x]]

9 H#KMe2U g2[WU�9MV"[_klHM]JU�O�:�=2[L;�[LaJ<>N�=2?L=LV#��V�9 HM6�<
(F (x) +G(x))′ = F ′(x) +G′(x)

�
(F (x)G(x))′ = F ′(x)G(x) + F (x)G′(x)

�#:�1 U"1 :�1
� !")��"���� ��,.! �F$ �%$ � . S-HM]nk α ∈ C

1-ije2@�T"kl[L=f@�a�]JU�[ U ?89 H#@�; 
 m#1 Q � �#IJKMU g2@�a

(1 − αx) · (1 + αx+ α2x2 + · · ·) = 1 + (α− α)x + (α2 − α · α)x2 + · · · = 1

:�=�9#H#g2[LanN��l<
∑

n≥0

anxn := 1 + αx+ α2x2 + · · · =
1

1 − αx
.


 m#1�020 �

¢>@�U�O kl<  ?8O HM:�U g2@�a�;2]L9
∑

n≥0

xkn := 1 + xk + x2k + · · · =
1

1 − xk


 m#1�0XD �

V�9 =W:�^L7�a�7�an]L9 :�;�=8:�IJ?L=�9 U
k
1

2

���������
	��������� . S-HM]nk ;2]L9>U�9
F (x), G(x),H(x) ∈ C[[x]]

abO [L=�9�;�N�kl< HM]X6�[ 
 m#1�0X{ �n1
�>In]JU�[_]J=2<

α = 1
:�=�9

α = −1
HM]X6�[ 
 m#1�020 �  ?8O HM:�U g2@�a ;2]L9

F (x) = 1/(1 − x)
:�=�9

G(x) = 1/(1 + x)
�"=2[_]LO HM]JU�9 KM=�1j3>?LU H�7�In]JU�[_]J=2<B:�=�9MN�U8525�=8N�5�=2H"9 ^2§LU�[_]J=2<A]L9 <
\Le2U�=2g8]_IJ<



� � �

?_62]_IJ<
H#g2[L=2?_]Xu�H#ab9 <
@�aA]JU�V"[_klHM]_;¥]_?L;�N�U"�":�=�9�KM?_6�H"9 @�U�N�U�9 �l[_]J=2<
]X6�[ 
 m#1�0XD �jV�9 =
k = 2

�
anN�=852687�aJe2U g2@�a>;2]L9

F (x) +G(x) = 1/(1 − x) + 1/(1 + x) = 2/(1 − x2)

= 2 (1 + x2 + x4 + · · ·) = 2H(x),

F (x)G(x) = 1/(1 − x)(1 + x) = 1/(1 − x2) = 1 + x2 + x4 + · · · = H(x).

3>=2?L=LV#k�V�O §LU�[_]J=2<j]X6�[
F (x) = 1+x+x2 + · · · H#e2@�T"kl[L= @�aG]JU�[BU ?89 H#@�;"�� ?8O HM:�U g2@�aG;2]L9

F ′(x) =
∑

n≥1 nx
n−1 = 1 + 2x+ 3x2 + · · · 1-��U¥O \89 U�=8N�U2]_In5�aJH#@�=WN�?LU�:�e8N�]_ab9"=8N�; ]X6�[

F (x) = 1/(1 − x)
�#KM?_6�H"9 @�U�N�U�9 �l[_]J=2<B]JU g2<�V"[_klHM]JU e2<B:�=2[L;�[LaJ<�N�=2?L=LV#��V�9 HM6�<	!

F ′(x) = 1/(1 − x)2 = (1/(1 − x))2 = (1 + x+ x2 + · · ·)(1 + x+ x2 + · · ·)
= 1 + 2x+ 3x2 + · · · .

� !")��"���� ��,.! �F$ �%$ � �>In]JU�[_]J=2<
α = 1

HM]X6�[ 
 m#1�020 � �#N�=�O ?L[LU g2@�a
∑

n≥0

xn =
1

1 − x
.


 m#1�0XR �

3>=2?L=LV#k�V�O §LU�[_]J=2<
k
T�U ?LIJ<�kl<>N�?LU <

x
�MN�=�O ?L[LU g2@�a

∑

n≥k

n(n− 1) · · · (n− k + 1)xn−k =
k!

(1 − x)k+1
.

Y>[_]L9 :�=L7(9 HM]X�l[_]J=2<B]JU
n
=8N�; ]JU

n+ k
:�=�9#\89 =�9 ?_�l[_]J=2<B@�a

k!
N�?LU�:�e8N�]_ab9M6W]J=2g8]_;2]X62]J=

∑

n≥0

(

n+ k

k

)

xn =
1

(1 − x)k+1
.


 m#1�0Jm �

V�9 =
k ∈ N

1
2

i�]J=f=8:�;85�U gL7�=
N�=2?L=2\LabO V"@�=8]J= \8O [LU g2@�aGaJ[L\Lab9 : ]L9 :�^
\Le2UWaJT�=2?L@�ULV"IJ<�]X6�<�7�ankl?8O =2<�@�=2<81
� !")��"���� ��,.! �F$ �%$�� �vO [Lan]J=�9�6 =8:�U85�U gL7(O =

(an)
@�a
a0 = 0

:�=�9
an+1 = 2an + (−1)nV�9 =

n ≥ 0
1 ��9 =&N�=2?L^2\Lab9 V"@�= �>IJKMU g2@�a

an = 0, 1, 1, 3, 5, 11
V�9 =

n = 0, 1, 2, 3, 4, 5
�

=2[_]LO HM]JU�9 KM=�1 ��9 =�[L= g8N�U85�ULV�O H#U g2@�a ]JU
an

V�9 = ]_g2KM=�O U
n ∈ N

��7�ankl?LU e2@�a
]X6 V"aJ[L[_u2]_?89 =
H#g2[L^2?_]X6�HM6

F (x) =
∑

n≥0 anx
n 1�3>U8525�=8N�5�=2H"9 ^2§LU�[_]J=2<B]X6vH#KMIJHM6

an+1 = 2an + (−1)n@�a
xn+1 :�=�9#=L7�?LU�O §LU�[_]J=2<�V�9 =

n ≥ 0
�MN�=�O ?L[LU g2@�a

∑

n≥0

an+1 x
n+1 = 2x

∑

n≥0

anx
n + x

∑

n≥0

(−1)nxn = 2xF (x) +
x

1 + x
.



� � �

3>=2?L=8]X6�?_�l[_]J=2<j;2]L9 ∑
n≥0 an+1x

n+1 = F (x)−a0 = F (x)
��U \_68V"U e2@�=2HM]_a�HM]X6�[�aJ`8O HMklHM6

F (x) = 2xF (x) + x/(1 + x)
1 �je2[LU�[_]J=2<�kl<>N�?LU <

F (x)
�MN�?LU�:�e8N�]_ab9#;2]L9

F (x) =
x

(1 + x)(1 − 2x)
.

S-?XV"=2§L; @�aJ[LU�9M;�N�kl<BHM]JU 3>=2?L^2\Lab9 V"@�= m#1�021�0 �  ?8O HM:�U g2@�a�;2]L9

F (x) =
1

3

(

1

1 − 2x
− 1

1 + x

)

=
1

3





∑

n≥0

2nxn −
∑

n≥0

(−1)nxn





:�=�9#H#g2[LanN��l<B;2]L9
an = (2n + (−1)n−1)/3

V�9 =W:�^L7�a
n ∈ N

1
2

� !")��"���� ��,.! �F$ �%$ � �vO [LU�[_]J=�9�U�9l=8:�U85�U gL7(O aJ<
(an)

:�=�9
(bn)

@�a
a0 = 3

�
b0 = 5

:�=�9
an = 5an−1 − 2bn−1

�
bn = 6an−1 − 2bn−1

�MV�9 =
n ≥ 1

1 ��9 =WN�=2?L^2\Lab9 V"@�= �"IJKMU g2@�a
an =

3, 5, 9, 17
:�=�9

bn = 5, 8, 14, 26
V�9 =

n = 0, 1, 2, 3
��=2[_]LO HM]JU�9 KM=�1 ��9 =v[L=Wg8N�U85�ULV�O H#U g2@�a>]J=

an
:�=�9

bn
V�9 =G]_g2KM=�O U

n ∈ N
�_7�ankl?LU e2@�a�]L9 <lV"aJ[L[_u2]_?89 aJ<�H#g2[L=2?_]Xu�H#ab9 <

F (x) =
∑

n≥0 anx
n:�=�9

G(x) =
∑

n≥0 bnx
n 1 3>U8525�=8N�5�=2H"9 ^2§LU�[_]J=2<f]X6 H#KMIJHM6

an = 5an−1 − 2bn−1
@�a
xn:�=�9#=L7�?LU�O §LU�[_]J=2<�V�9 =

n ≥ 1
�MN�=�O ?L[LU g2@�a

∑

n≥1

anx
n = 5x

∑

n≥1

an−1x
n−1 − 2x

∑

n≥1

bn−1x
n−1 = 5xF (x) − 2xG(x).

3>=2?L=8]X6�?_�l[_]J=2<�;2]L9 ∑
n≥1 anx

n = F (x)− a0 = F (x)− 3
�MU \_68V"U e2@�=2HM]_a�HM]X6�[AaJ`8O HMklHM6

(1 − 5x)F (x) + 2xG(x) = 3.

 m#1�0Xh �

�|a�N�=2?L; @�U�9 Uv]_?L;�N�U"�#=8N�; ]X6vH#KMIJHM6
bn = 6an−1 − 2bn−1

N�?LU�:�e8N�]_ab9#;2]L9
6xF (x) − (1 + 2x)G(x) = −5.


 m#1�0X� �
�je2[LU�[_]J=2< ]JU H#e2HM]X6�@�= ]nkl[ aJ`89 HM�lH#ankl[ 
 m#1�0Xh ��:�=�9 
 m#1�0X� � kl<�N�?LU <

F (x)
:�=�9

G(x)
�

N�=�O ?L[LU g2@�a
F (x) =

3 − 4x

1 − 3x+ 2x2
, G(x) =

5 − 7x

1 − 3x+ 2x2
.

S-?XV"=2§L; @�aJ[LU�9M@�a�]X6fV"[_klHM]Xu \89 =2\89 :�=2H"O = �MH#g2[L^LV"U g2@�a>;2]L9

F (x) = (3 − 4x)

(

2

1 − 2x
− 1

1 − x

)

= (3 − 4x)
∑

n≥0

(2n+1 − 1)xn

:�=�9

G(x) = (5 − 7x)

(

2

1 − 2x
− 1

1 − x

)

= (5 − 7x)
∑

n≥0

(2n+1 − 1)xn.

S-`89 HM�l[LU�[_]J=2<B]JU g2<BH#g2[_]_an5�aJHM]_IJ<>]JU g
xn HM]J= \Le2U @�In526W]nkl[
N�=2?L=8N�^2[_k aJ`89 HM�lH#ankl[��  ?8O x

HM:�U g2@�a>;2]L9
an = 3(2n+1 − 1) − 4(2n − 1)

:�=�9
bn = 5(2n+1 − 1) − 7(2n − 1)

�"\_625�=2\_u
;2]L9

an = 2n+1 + 1
:�=�9

bn = 3 · 2n + 2
��V�9 =W:�^L7�a

n ∈ N
1

2



�2« �

� ������� � � ����� � �����	
  ����
 ��� �
i�]X6�[WN�=2?L^LV"?L=2T�U¥=2g8]Xu 7�= N�aJ?89 V"?L^2o�U g2@�aB:�^8N�U�9 aJ< =8N�5�IJ< aJT�=2?L@�ULV"IJ<A]X6�< @�aw7�; \LU gv]nkl[
V"aJ[L[_62]_?89 �l[
H#g2[L=2?_]Xu�H#ankl[
H#a�N�?LU �52u�@�=8]J=v=8N�=2?8O 7�@26�HM6�<AH#g2[X7�IJH#ankl[
=8:�aJ?L=�O kl[�1

+`7>\�./5 L �T7��-56\�.E798 
 u *�7>\�./5 L � _6( *6CE.DCE*HA�G @/5 8V_6( *HG @"]9( 798 �laJ[L; <G=8:�aJ?L=�O U g
n
7�=A5�IwV"a x

]J=�9�@�9 = =8:�U85�U gL7(O =
ρ = (r1, r2, . . . , rk)

@�avHM]JU�9 KMabO = @26�=2?L[_62]L9 :�U e2<v=8:�aJ?L=�O U g2<fN�U g I x
KMU g2[ ^L7�?LU�9 H#@�=

n
1 . ¢�N�kl<A:�=�9�HM]X6�[ N�aJ?8O N�]nklHM6 ]nkl[WH#g2[X7�IJH#ankl[ 
 ;�N�U gW]J= HM]JU�9 KMabO = ]X6�<

=8:�U85�U gL7(O =2<>abO [L=�9 7�an]L9 :�U�O#=8:�IJ?L=�9 U�9 � �#U�9
ri

5�IwV"U�[_]J=�9 G @"]98 ]X6�<
ρ
1

� )��"	�!"�.� �F$ �%$ �,+V5
ak(n)


 *-5�C0S 7MCEJ6( RX*6U
bk(n)

� .0S 50*�(MCEJ , ;KL4\�J�� C =?5c*�7>\�./5/b?5c79:-56\�@ �7Q.^=?5 
 *-5�C0S 7MCEJ6( RX*6Ua79:-56\�@E7Q.^=?5 � CEJD:
n
G .

k
G @"]98�U C03/CE.

∑

n≥0

ak(n)xn =
1

(1 − x)k
,


 m#1�0_C �

∑

n≥0

bk(n)xn =
xk

(1 − x)k
.


 m#1�0XQ �

+V5
b(n)
.0S 50*�(9CEJ , ;KL4\�J�� 3<;>=?5 C =?5 79:-56\�@E7Q.^=?5 CEJD:

n
U C03/CE.

∑

n≥0

b(n)xn =
x

1 − 2x
.


 m#1�0Xq �

+V,/36_6.0( -48 d 3>=2?L=8]X6�?LU e2@�a�;2]L9M]JU ak(n)
U ?8O §Lan]J=�9#9 H#U \Le2[L=2@�=W=8N�; ]X6�[f9 H#;2]X62]J=

∑

n≥0

ak(n)xn =
∑

ri≥0

xr1+r2+···+rk ,

 m#1 D2{ �

;�N�U gj]JUB^L7�?LU�9 H#@�=�HM]JUB\LaJ`89 ;�@�In5�U <l\89 =8]_?LIJKMab9L;85�aJ<�]L9 <-=8:�U85�U gL7(O aJ<
(r1, r2, . . . , rk) ∈ Nk 13>?L^LV"@�=8]L9 �2V�9 =B:�^L7�a

n ∈ N
��U H#g2[_]_an5�aJHM]Xu�<G]JU g

xn HM]JUf^L7�?LU�9 H#@�=A=2g8]_; abO [L=�9�O H#U <G@�a�]JU
N�52u87�U <�]nkl[�=8:�U85�U gL7(9 �l[

(r1, r2, . . . , rk) ∈ Nk V�9 =�]L9 <�U�N�U�O aJ<�9 H#KMe2ab9
r1+r2+ · · ·+rk =

n
�M\_625�=2\_uv@�a

ak(n)
1l3>=2?L=LV"U�[_]JU�N�U�9 �l[_]J=2<�]X�l?L=f]JU�\LaJ`89 ; @�In5�U <>]X6�< 
 m#1 D2{ � �MN�=�O ?L[LU g2@�a

∑

n≥0

ak(n)xn =





∑

r1≥0

xr1









∑

r2≥0

xr2



 · · ·





∑

rk≥0

xrk





= (1 + x+ x2 + · · ·)k =
1

(1 − x)k
,

\_625�=2\_uf]X6�[ 
 m#1�0_C �n1��|a>=2[L^85�ULV"Uv]_?L;�N�UvN�?LU�:�e8N�]_ab9M:�=�9M6 
 m#1�0XQ � !
∑

n≥0

bk(n)xn =
∑

ri≥1

xr1+r2+···+rk



�2« �

=





∑

r1≥1

xr1









∑

r2≥1

xr2



 · · ·





∑

rk≥1

xrk





= (x+ x2 + x3 + · · ·)k =
xk

(1 − x)k
.

��In5�U <	�
=L7�?LU�O §LU�[_]J=2<|]X6�[ 
 m#1�0XQ �¥V�9 =
k ≥ 1

:�=�9�5�=2@  ^2[LU�[_]J=2< g8N�; o"6�[&;2]L9
b(n) =

∑

k≥1 bk(n)
V�9 =

n ≥ 1
�#N�=�O ?L[LU g2@�a

∑

n≥0

b(n)xn =
∑

k≥1

xk

(1 − x)k
= −1 +

∑

k≥0

(

x

1 − x

)k

= −1 +
1

1 − x/(1 − x)
=

x

1 − 2x
,

\_625�=2\_uf]X6�[ 
 m#1�0Xq �n1
2

����������� ��������� Y�N�;v]JU�[
]_e8N�U 
 m#1�0Xq �jN�?LU�:�e8N�]_ab9M;2]L9
∑

n≥0

b(n)xn = x
∑

n≥0

2nxn =
∑

n≥0

2nxn+1 =
∑

n≥1

2n−1xn

:�=�9�H#g2[LanN��l<�;2]L9
b(n) = 2n−1 V�9 =�:�^L7�af7�an]L9 :�; =8:�IJ?L=�9 U

n
1 . Y>?L= ��IJKMU g2@�a \_�lH#ab9�@�9 =

=8N�; \Lab9 `_6�]X6�<fN�?_��]JU g 9 H#KMg2?89 H#@�U e ]X6�<f3>?L;2]J=2HM6�<�021 R�1 �¥@�a
]X6�@�Iw7�U \LU ]nkl[WV"aJ[L[_62]_?89 �l[
H#g2[L=2?_]Xu�H#ankl[�1|�|a =2[L^85�ULV"U|]_?L;�N�U"�lKM?_6�H"9 @�U�N�U�9 �l[_]J=2<�]X6�[ 
 m#1�0Jm � �-=8N�U \Lab9 :�[Le2an]J=�9�;2]L9
U�9�H#KMIJH#ab9 < 
 m#1�0_C �B:�=�9 
 m#1�0XQ �BabO [L=�9�9 H#U \Le2[L=2@�aJ< @�af]JU g2<v]_e8N�U g2<

ak(n) =
(n+k−1

k−1

) :�=�9
bk(n) =

(n−1
k−1

) �#=2[_]LO HM]JU�9 KM= 
 �5�InN�a�3>?LU2]_^2H#ab9 <f021 R�1 Cf:�=�9�021 R�1 � �n1
2r @�Iw7�U \LU <l]X6�<�=8N�; \Lab9 `_6�<l]X6�<-3>?L;2]J=2HM6�<lm#1�021�0j@2N�U ?LabOL[L=�aJT�=2?L@�U HM]_abOLH#a�V"aJ[89 :�;2]_aJ?L=

N�?LU �52u�@�=8]J=v=8N�=2?8O 7�@26�HM6�<AH#g2[X7�IJH#ankl[
=8:�aJ?L=�O kl[���@�a�N�aJ?89 U ?89 H#@�U e2<AHM]J=v@�IJ?_6W]JU g2<81
� !")��"���� ��,.! �F$ �%$ � . S-HM]nk an

]JUAN�52u87�U <�]nkl[�=2H�7�aJ[_�l[�H#g2[X7�IJH#ankl[
(r1, r2, r3, r4)

]JU g
n
V�9 = ]L9 <¥U�N�U�O aJ< 9 H#KMe2U g2[ ]J=|aJ`_u�<	!f]JU

r1
abO [L=�9�^2?_]L9 U <�=8:�IJ?L=�9 U <	��]JU abO [L=�9

r2
=8:�IJ?L=�9 U

N�U8525�=8N�5�^2H"9 U|]JU g�R �
r3 ∈ {0, 1} :�=�9

r4 ∈ {0, 2, 4} 1 ��9 = N�=2?L^2\Lab9 V"@�=�IJKMU g2@�a
a4 = 4

�
=2T�U e U�9l=2[_]LO HM]JU�9 KMaJ<�=2H�7�aJ[LabO < H#g2[X7�IJH#ab9 <�]JU g

n = 4
abO [L=�9�U�9

(0, 0, 0, 4)
�

(0, 3, 1, 0)
�

(2, 0, 0, 2)
:�=�9

(4, 0, 0, 0)
1

Y>< H#g2@  U85�O H#U g2@�a @�a R ]JUzH#e2[LU85�U�]nkl[ ]_an]_?L^2\_kl[
(r1, r2, r3, r4) ∈ N4 @�a|]L9 <

N�=2?L=8N�^2[_k 9 \89 ;2]X62]_aJ< :�=�9�@�a M ]JU�H#e2[LU85�U ]nkl[ ]_an]_?L^2\_kl[
(m1,m2,m3,m4) ∈ N4@�a

m3 ∈ {0, 1} :�=�9
m4 ∈ {0, 2, 4} 1 c�N�U85�ULV�O §LU�[_]J=2< ]X6 V"aJ[L[_u2]_?89 = H#g2[L^2?_]X6�HM6 ]X6�<

=8:�U85�U gL7(O =2<
(an)

;�N�kl<BHM]X6�[ =8N�; \Lab9 `_6W]X6�<>3>?L;2]J=2HM6�<�m#1�021�0 �  ?8O HM:�U g2@�a�;2]L9
∑

n≥0

anx
n =

∑

(r1,r2,r3,r4)∈R

xr1+r2+r3+r4 =
∑

(m1,m2,m3,m4)∈M

x2m1+3m2+m3+m4



�2« �

=





∑

m1≥0

x2m1









∑

m2≥0

x3m2









∑

m3∈{0,1}

xm3









∑

m4∈{0,2,4}

xm4





=
1

1 − x2
· 1

1 − x3
· (1 + x) · (1 + x2 + x4) =

1 − x+ x2

(1 − x)2

= 1 +
x

(1 − x)2
= 1 +

∑

n≥1

nxn

:�=�9#H#g2@2N�aJ?L=�O [LU g2@�a�;2]L9
a0 = 1

:�=�9#;2]L9
an = n

V�9 =W:�^L7�a
n ≥ 1

1
2

� !")��"���� ��,.! �F$ �%$ / ijg2@  U85�O §LU g2@�aG@�a
c(n)

]JUfN�52u87�U <G]nkl[BH#g2[X7�IJH#ankl[�]JU g
n
@�aG@�IJ?_6

N�aJ?89 ]X]JU e2< =8:�aJ?L=�O U g2<81 . S-KMU g2@�a c(n) = 0, 1, 1, 2, 3
V�9 =

n = 0, 1, 2, 3, 4
��=2[_]LO HM]JU�9 KM=�1

��9 =�N�=2?L^2\Lab9 V"@�= �-U�9�H#g2[X7�IJH#ab9 <¥]JU g
n = 4

@�a N�aJ?89 ]X]_^ @�IJ?_6|abO [L=�9�U�9
(3, 1)

�
(1, 3)

:�=�9
(1, 1, 1, 1)

1��>=Wg8N�U85�ULV�O H#U g2@�a�]JU
c(n)

V�9 =W]_g2KM=�O U
n ∈ N

1
. S-HM]nk ck(n)

]JU�N�52u87�U <W]nkl[¥H#g2[X7�IJH#ankl[ ]JU g
n
@�a
k
@�IJ?_6 �.:�=L7�IJ[L= =8N�;�]J=�U�N�U�O =

abO [L=�9�N�aJ?89 ]X]_; <A=8:�IJ?L=�9 U <81 . ¢�N�kl<AHM]X6�[ =8N�; \Lab9 `_6f]X6�<B3>?L;2]J=2HM6�<�m#1�021�0 �  ?8O HM:�U g2@�a�;2]L9
∑

n≥0

ck(n)xn =
∑

ri∈{1,3,5,...}

xr1+r2+···+rk

=





∑

r1∈{1,3,5,...}

xr1









∑

r2∈{1,3,5,...}

xr2



 · · ·





∑

rk∈{1,3,5,...}

xrk





= (x+ x3 + x5 + · · ·)k = xk(1 + x2 + x4 + · · ·)k

=
xk

(1 − x2)k
.

Y�7�?LU�O §LU�[_]J=2< V�9 =
k ≥ 1

:�=�9�5�=2@  ^2[LU�[_]J=2< g8N�; o"6�[&;2]L9
c(0) = 0

:�=�9�;2]L9
c(n) =

∑

k≥1 ck(n)
V�9 =

n ≥ 1
�#N�=�O ?L[LU g2@�a

∑

n≥0

c(n)xn =
∑

k≥1

xk

(1 − x2)k
= −1 +

∑

k≥0

(

x

1 − x2

)k

= −1 +
1

1 − x/(1 − x2)
=

x

1 − x− x2
.

ijgLV#:�?8O [LU�[_]J=2<-]JU =8N�U2]_In5�aJH#@�=B=2g8]_; @�a�]L9 < 
 m#1 D ��:�=�9 
 m#1 R ��N�?LU�:�e8N�]_ab9�;2]L9�U�9�=2?89 7�@�U�O
c(n)abO [L=�9MU�9#; ?LU�9�]X6�<A=8:�U85�U gL7(O =2<�]JU g

Fibonacci
1�ijgLV#:�an:�?89 @�IJ[L= �MIJKMU g2@�a

∑

n≥0

c(n)xn = x
∑

n≥0

anx
n =

∑

n≥1

an−1x
n,



�2«�«

;�N�U gB]JU
an

U ?8O §Lan]J=�9�;�N�kl<�HM]JU 3>=2?L^2\Lab9 V"@�=>m#1�021�021 . Y>?L= ��]JU c(n)
abO [L=�9 O H#U @�aj]JUfN�52u87�U <

an−1
]nkl[¥]_In5�ab9 kl[ ]J=�9 ?89 =2H#@�^8]nkl[�]JU g

(n − 1) × 2
V"?L^2T"6�@�=8]JU < �|=2[LKM^8]J=2[���V�9 = :�^L7�a

n ≥ 1
1

2

� �"! � �0� � � !���� � � � ����� ! � � ���
i�]X6�[�N�=2?L^LV"?L=2T�U�=2g8]Xu�7�=�=2H#KMU852687�U e2@�a�@�a�N�?LU �52u�@�=8]J=�=8N�=2?8O 7�@26�HM6�<-\89 =2@�aJ?8O H#ankl[j=8:�a x
?L=�O kl[�1 � ( *HG @"]9( 798 ]JU g�7�an]L9 :�U e�=8:�aJ?L=�O U g

n
5�IwV"an]J=�92@�9 =>=8:�U85�U gL7(O =

λ = (λ1, λ2, . . . , λr)@�a¥HM]JU�9 KMabO =|7�an]L9 :�U e2< =8:�aJ?L=�O U g2<
λ1 ≥ λ2 ≥ · · · ≥ λr

N�U g IJKMU g2[ ^L7�?LU�9 H#@�=
n
1 ¢B9

=8:�IJ?L=�9 U�9
λi

5�IwV"U�[_]J=�9 G @"]98 ]X6�<
λ
1-�>= V"?L^2T�U g2@�a |λ| = n

V�9 =f]JU�^L7�?LU�9 H#@�^v]JU g2<81
��9 = N�=2?L^2\Lab9 V"@�= ��6

(5, 4, 4, 2)
abO [L=�9�\89 =2@�IJ?89 HM6�]JU g

n = 15
@�a ]_IJH#H#aJ?L= @�IJ?_6M1 i�]JU

ijK�u�@�=Wm#1 D =8N�ab9 :�U�[8O §Lan]J=�9#]JU _6( [HA/]>*HG GM*
Young

V�9 =v]X6�\89 =2@�IJ?89 HM6¥=2g8]Xu ��IJ[L=2<A=8N�;�]JU g2<
:�e2?89 U g2<B]_?L;�N�U g2<B@�a>]JU g2<
U�N�U�O U g2<B@2N�U ?LU e2@�a>[L=WN�=2?L=2HM]Xu�H#U g2@�aBH#K�6�@�=8]L9 :�^ \89 =2@�aJ?8O H#ab9 <
=8:�aJ?L=�O kl[�1���U \89 ^LV"?L=2@�@�=

Young
]X6�<

λ = (λ1, λ2, . . . , λr)
=8N�U2]_an5�abO ]J=�9�=8N�;

n = |λ|@�U�[L=2\89 =�O =|]_an]_?L^LV#kl[L=|N�=2?L=8]J=LV"@�IJ[L= H#a
r
H#ab9 ?LIJ<81 r H#ab9 ?L^

i
N�aJ?89 IJKMab9

λi
]_an]_?L^LV#kl[L=

:�=�9(U�9
r
H#ab9 ?LIJ<
=2?LK#O §LU g2[f=8N�;�=2?89 HM]_aJ?L^�=8N�;¥]X6�[ O \89 =v:�=8]J=8:�; ?Lg2T�U"��;�N�kl<
T�=�O [Lan]J=�9(HM]JU

H#K�u�@�=�1

�������
	 � � �$��� � �%� � ����	��
�
	
Young

���
� �%� 	�� � �%� &��
�
(5, 4, 4, 2)

�

ijg2@  U85�O §LU g2@�a
@�a
p(n)

]JU N�52u87�U <
]nkl[ \89 =2@�aJ?8O H#ankl[f]JU g
n
1 . Sl]_H"9 �.IJKMU g2@�a p(n) =

1, 2, 3, 5, 7
V�9 =

n = 1, 2, 3, 4, 5
��=2[_]LO HM]JU�9 KM=�1 ��9 = N�=2?L^2\Lab9 V"@�= �(U�9#N�IJ[_]_aA\89 =2@�aJ?8O H#ab9 <
]JU g

n = 4
abO [L=�9_U�9

(4)
�
(3, 1)

�
(2, 2)

�
(2, 1, 1)

:�=�9
(1, 1, 1, 1)

1lS-[_� g8N�^2?LKMU g2[�@�;�[LU�aJ`L=�9 ?Lan]L9 :�^
N�aJ?8O N�5�U�:�U�9�]_e8N�U�9�V�9 =W]JU

p(n)

 �5�InN�a ��V�9 =WN�=2?L^2\Lab9 V"@�= � � m � �AaJT�^85�=�9 U�h�� � �M6v=2[_]LO HM]JU�9 K�6

V"aJ[L[_u2]_?89 =fH#g2[L^2?_]X6�HM6 \8O [Lan]J=�9M=8N�; ]X6�[ =8:�;85�U gL7"6WN�?L;2]J=2HM6M1
� )��"	�!"�.�&�F$ �9$ � � @DCEJ/5�CE*��

p(0) = 1
U @ RTJD:DG .

∑

n≥0

p(n)xn =
∏

i≥1

1

1 − xi
:=

1

(1 − x)(1 − x2)(1 − x3) · · · .

 m#1 D�0 �



�2« �

����������� ��������� ��9 =
[L=AIJKMab9 [L;�6�@�=B6 
 m#1 D�0 ��kl<�]J=2g8]_;2]X62]J= HM]JU
C[[x]]

� N�?LInN�ab9 [L=AaJ`_68V#uLx
H#U g2@�af]JU�N��l< U ?8O §Lan]J=�9�]JU ^8N�ab9 ?LU�V�9 [L; @�aJ[LU N�U g�aJ@�T�=2[8O §Lan]J=�9.an:�abO.kl<W]_g8N 9 : u�\Lg2[L=2@�U2x
H#ab9 ?L^ � \_625�=2\_uBN��l<�U ?8O §Lan]J=�9�U H#g2[_]_an5�aJHM]Xu�<�]JU g

xn HM]JU V�9 [L; @�aJ[LU =2g8]_;"��V�9 =
n ∈ N

1 ��9 =
]JU 5�;LV"U =2g8]_;"�"7�ankl?LU e2@�aA;2]L9�U�9(; ?LU�9

(1 − xi)−1 ]JU gvV�9 [LU @�IJ[LU gv@�a
i ≥ n + 1

\LaAH#g2[bx
ab9 H#T�IJ?LU g2[BHM]JU H#g2[_]_an5�aJHM]Xuf]JU g

xn 1-¢�H#g2[_]_an5�aJHM]Xu�<>=2g8]_; <�U ?8O §Lan]J=�9 kl<�UvH#g2[_]_an5�aJHM]Xu�<
]JU g

xn HM]JU�N�anN�aJ?L=2H#@�IJ[LUWV�9 [L; @�aJ[LU
1

(1 − x)(1 − x2) · · · (1 − xn)
.

. Sl]_H"9 �"U�9#H#g2[_]_an5�aJHM]_IJ<>]nkl[ 1, x, x2, x3, x4 g8N�U85�ULV�O §LU�[_]J=�9Mkl<
∏

i≥1

1

1 − xi
=

1

1 − x
· 1

1 − x2
· 1

1 − x3
· 1

1 − x4
· · · = (1 + x+ x2 + x3 + x4 + · · ·)

(1 + x2 + x4 + x6 + · · ·) (1 + x3 + x6 + · · ·) (1 + x4 + x8 + · · ·) · · ·

= 1 + x+ 2x2 + 3x3 + 5x4 + · · ·

+V,/36_6.0( -48 C/8 � � ]>3/CE*�798 � �Qd � d O d ijg2@  U85�O §LU g2@�a�@�a
Λk

]JU�H#e2[LU85�U ]nkl[ \89 =2@�aJ?8O H#ankl[
λ = (λ1, λ2, . . . , λr)


 H#g2@2N�aJ?89 5�=2@  =2[LU @�IJ[_6�<�:�=�92]X6�<G@�U�[L=2\89 : u�<�\89 =2@�IJ?89 HM6�<�K�kl?8O <j@�IJ?_6��
@�a
λi ≤ k

V�9 =f:�^L7�a
i
:�=�9#IJHM]nk

pk(n)
]JU N�52u87�U <>]nkl[ \89 =2@�aJ?8O H#ankl[A]JU g

n
N�U gW=2[_u2:�U g2[

HM]JU
Λk

1-ije2@�T"kl[L=W@�a�]X6�[
N�=2?L=8]Xu�?_6�HM6WN�U gfN�?LU�68V#u87"62:�a �M=2?_:�abO#[L=f\LabO `LU g2@�a�;2]L9
∑

n≥0

pk(n)xn =
1

(1 − x)(1 − x2) · · · (1 − xk)


 m#1 D2D �

V�9 =�:�^L7�af7�an]L9 :�; =8:�IJ?L=�9 U
k
��;�N�U g

pk(0) = 1
1 ��9 = ]_g2KM=�O = \89 =2@�IJ?89 HM6

λ
��IJHM]nk

mi
]JU

N�52u87�U <l]nkl[�@�aJ?_�l[�]X6�<
λ
N�U g�abO [L=�9LO H#=�@�a

i
1 ��9 =�N�=2?L^2\Lab9 V"@�= �LV�9 =

λ = (5, 4, 4, 2)
IJKMU g2@�a

m2 = m5 = 1
�
m4 = 2

:�=�9
mi = 0

V�9 =�]L9 <¥g8N�;85�U�9 N�aJ<�]L9 @�IJ<�]JU g
i
1 3>=2?L=8]X6�?LU e2@�a

;2]L9l6 =8N�ab9 :�;�[89 HM6
ϕk : Λk → Nk @�a

ϕk(λ) = (m1,m2, . . . ,mk)
V�9 =

λ ∈ Λk
abO [L=�9

=2@�T(9 @�U�[LU HMu�@�=2[_]X6W:�=�9#;2]L9 |λ| = m1 + 2m2 + · · · + kmk
V�9 =W:�^L7�a

λ ∈ Λk
1�3>?LU�:�e8N�]_ab9

;2]L9

∑

n≥0

pk(n)xn =
∑

λ∈Λk

x|λ| =
∑

mi≥0

xm1+2m2+···+kmk =

k
∏

i=1





∑

mi≥0

ximi





=
k
∏

i=1

1

1 − xi
,

\_625�=2\_uW;2]L9"9 H#KMe2ab9"6 
 m#1 D2D �n1
2



�2« #

���������
	��������� ije2@�T"kl[L=v@�a>]X6�[ 
 m#1 D2D � �#V�9 =v]JU�N�52u87�U <
p2(n)

]nkl[W\89 =2@�aJ?8O H#ankl[
]JU g
n@�a>@�IJ?_6 0BuvDWIJKMU g2@�a

∑

n≥0

p2(n)xn =
1

(1 − x)(1 − x2)
= (1 + x+ x2 + · · ·) (1 + x2 + x4 + · · ·)

= 1 + x+ 2x2 + 2x3 + 3x4 + 3x5 + · · · ,
\_625�=2\_u

p2(n) = bn/2c + 1
V�9 =W:�^L7�a

n ∈ N
1

2��U HM:�anN�]L9 :�;�]X6�<AN�?LU�68V"U e2@�aJ[_6�<A=8N�; \Lab9 `_6�<A@2N�U ?LabO"[L= aJT�=2?L@�U H�7�abO"H#aBN�?LU �52u�@�=8]J=
=8N�=2?8O 7�@26�HM6�<W\89 =2@�aJ?8O H#ankl[ =8:�aJ?L=�O kl[��(;2]J=2[ anN 9  ^8525�U�[_]J=�9.N�aJ?89 U ?89 H#@�U�O.HM]JU g2<v=8:�aJ?L=�O U g2<
mi

1
� !")��"���� ��,.! �F$ �9$ � . S-HM]nk o(n)

]JU N�52u87�U <G]nkl[B\89 =2@�aJ?8O H#ankl[�]JU g
n
@�aG@�IJ?_6BN�aJ?89 ]X]JU e2<

=8:�aJ?L=�O U g2<�:�=�9
q(n)

]JU>N�52u87�U <l]nkl[G\89 =2@�aJ?8O H#ankl[�]JU g
n
@�al@�IJ?_6�=8:�aJ?L=�O U g2<�\89 =2T�U ?Lan]L9 :�U e2<

=2[L^ \Le2U"1 . Sl]_H"9 ��IJKMU g2@�a o(1) = q(1) = 1
�
o(2) = q(2) = 1

�
o(3) = q(3) = 2

�
o(4) = q(4) = 2

�
o(5) = q(5) = 3

:�1 U"1 :�1 ��9 =�N�=2?L^2\Lab9 V"@�= ��U�9�]_?Lab9 < \89 =2@�aJ?8O H#ab9 <v]JU g
n = 5

@�a
@�IJ?_6 N�aJ?89 ]X]JU e2< =8:�aJ?L=�O U g2<AabO [L=�9�U�9
(5)

�
(3, 1, 1)

:�=�9
(1, 1, 1, 1, 1)

:�=�9(an:�abO [LaJ<
@�a \89 =8:�an:�?89 @�IJ[L=v@�IJ?_6 abO [L=�9�U�9

(5)
�
(4, 1)

:�=�9
(3, 2)

1f�>=¥g8N�U85�ULV�O H#U g2@�a
]L9 < V"aJ[L[_u2]_?89 aJ<
H#g2[L=2?_]Xu�H#ab9 <�]nkl[

o(n)
:�=�9

q(n)
:�=�9�7�= \LabO `LU g2@�a�;2]L9j9 H#KMe2ab9

o(n) = q(n)
V�9 = :�^L7�a

n ∈ N
1

��9 = ]_g2KM=�O = \89 =2@�IJ?89 HM6
λ
��IJHM]nk

mi
]JU|N�52u87�U <v]nkl[ @�aJ?_�l[�]X6�<

λ
N�U g�abO [L=�9�O H#= @�a

i
��;�N�kl<WHM]X6�[�=8N�; \Lab9 `_6¥]X6�<f3>?L;2]J=2HM6�< m#1 D�1�0 �.:�=�9.IJHM]nk

Γ

 =2[_]LO HM]JU�9 KM= �

∆
��]JU�H#e2[LU85�U

]nkl[�\89 =2@�aJ?8O H#ankl[ @�a @�IJ?_6 N�aJ?89 ]X]JU e2< 
 =2[_]LO HM]JU�9 KM= ��\89 =2T�U ?Lan]L9 :�U e2< =2[L^¥\Le2U ��=8:�aJ?L=�O U g2<81
. Sl]_H"9 �#IJKMU g2@�a λ ∈ Γ

=2[B:�=�9�@�;�[LUW=2[
mi = 0

V�9 = :�^L7�a�^2?_]L9 U
i
��aJ[_�

λ ∈ ∆
=2[>:�=�9�@�;�[LU

=2[
mi ∈ {0, 1} V�9 =W:�^L7�a

i
�#:�=�9#H#g2@2N�aJ?L=�O [LU g2@�a�;2]L9

∑

n≥0

o(n)xn =
∑

λ∈Γ

x|λ| =
∑

mi≥0

xm1+3m3+5m5+···

=





∑

m1≥0

xmi









∑

m3≥0

x3m3



 · · · =
∏

j≥1

1

1 − x2j−1
,

:�=�9#;2]L9
∑

n≥0

q(n)xn =
∑

λ∈∆

x|λ| =
∑

mi∈{0,1}

xm1+2m2+3m3+···

=





∑

m1∈{0,1}

xm1









∑

m2∈{0,1}

x2m2



 · · · =
∏

i≥1

(1 + xi),

;�N�U g
o(0) = q(0) = 1

:�=8]_^WH#e2@  =2HM6M1
2
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� ��)# ��,.! �F$ �9$ � ��7/R���.0(
o(n) = q(n)

AB( * 14[�\�.
n d

+V,/36_6.0( -48 1 . S-KMU g2@�a
∑

n≥0

q(n)xn =
∏

i≥1

(1 + xi) =
∏

i≥1

1 − x2i

1 − xi
=

(1 − x2)(1 − x4)(1 − x6) · · ·
(1 − x)(1 − x2)(1 − x3) · · ·

=
1

(1 − x)(1 − x3)(1 − x5) · · · =
∑

n≥0

o(n)xn

:�=�9#H#g2[LanN��l<
q(n) = o(n)

V�9 =f:�^L7�a
n ∈ N

1
2

� ��� � � � � 
����%$ � � � � � � 
 !�� � � � � � ��! 
 � � � � �
i�]X6�[BN�=2?L^LV"?L=2T�UW=2g8]Xu 7�= =2[L=2T�aJ?X7�U e2@�a�H#e2[_]JU @�=fHM]L9 <>an:�7�an]L9 :�IJ<�V"aJ[L[_u2]_?89 aJ<�H#g2[L=2?_]XuLx
H#ab9 <G:�=�9�H#aGaJT�=2?L@�ULV"IJ<j]JU g2<�H#ajN�?LU �52u�@�=8]J=A=8N�=2?8O 7�@26�HM6�<�=8:�U85�U gL7(9 �l[�:�=�9�\89 =2@�aJ?8O H#ankl[
H#g2[L;852kl[�1 ��9 =�@�9 = N 9 U�U85�U852: 6�?_kl@�IJ[_6vN�?LU H#IwVMV�9 HM6�N�=2?L=8N�IJ@2N�U g2@�aB]JU�[W=2[L=LV"[_�lHM]X6�HM]JU
�AaJT�^85�=�9 U�Rf]JU g � D�� 1
# )# ��,.��� �F$ �K$ � � �T7MC =�* 14J<;%JD:�\�S *ZGK( AB*�_6(21 b?5Z*�]9( \�G b?5

(an)
U AB( *

n ∈ N d � C/:Q,�(21BL_6:-50*HGKJ67Q.0( ]>[
∑

n≥0

an
xn

n!
= a0 + a1x + a2

x2

2!
+ a3

x3

3!
+ · · ·;%@/AB.DCE*�(M.H14\�.DC0(21BL�AB./565 L C"]9( * 79:-56[�]MC/84798�C/8 �

(an) d
���������
	��������� Y>[

an
abO [L=�9�]JU|N�52u87�U <v]nkl[ g8N�U H#g2[L;852kl[ ]JU g

[n]
��]_;2]_a

an = 2n V�9 =
n ∈ N

:�=�9#H#g2[LanN��l<>6van:�7�an]L9 : ufV"aJ[L[_u2]_?89 =fH#g2[L^2?_]X6�HM6W]X6�<
(an)

abO [L=�9M6
∑

n≥0

an
xn

n!
=
∑

n≥0

2nx
n

n!
= e2x.

Y>[
bn

abO [L=�9L]JU
N�52u87�U <�]nkl[�=2[L=2\89 =8]_^2`Lankl[G]JU g
[n]

��]_;2]_a
bn = n!

V�9 =
n ∈ N

:�=�92H#g2[LanN��l<
6v=2[_]LO HM]JU�9 K�6 an:�7�an]L9 : ufV"aJ[L[_u2]_?89 =fH#g2[L^2?_]X6�HM6 abO [L=�9�6

∑

n≥0

bn
xn

n!
=
∑

n≥0

xn =
1

1 − x
.
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Y�N�; ]JU�[
U ?89 H#@�; ]X6�<>N�?L; H�7�aJHM6�< 
 m#1 C ��:�=�9�]JU gfN�U8525�=8N�5�=2H"9 =2H#@�U e 
 m#1 Q �lx 
 m#1 q �jHM]JU
C[[x]]

IJKMU g2@�a




∑

n≥0

an
xn

n!



 +





∑

n≥0

bn
xn

n!



 =
∑

n≥0

(an + bn)
xn

n!


 m#1 D2R �

:�=�9




∑

n≥0

an
xn

n!









∑

n≥0

bn
xn

n!



 =
∑

n≥0

cn
xn

n!


 m#1 DLm �

;�N�U g
cn
n!

=
n
∑

k=0

ak

k!
· bn−k

(n− k)!
,

\_625�=2\_u

cn =

n
∑

k=0

(

n

k

)

akbn−k

 m#1 D2h �

= a0bn +

(

n

1

)

a1bn−1 +

(

n

2

)

a2bn−2 + · · · + anb0.

�Ae2?89 U <|HM]_;2KMU <|@�=2<|abO [L=�9�[L= \_�lH#U g2@�a @�9 = H#g2[L\Lg2=2HM]L9 : u&aJ?L@26�[LabO = HM]JU V�9 [L; @�aJ[LU
an:�7�an]L9 : �l[AV"aJ[L[_62]_?89 �l[
H#g2[L=2?_]Xu�H#ankl[�1 ��9 =W]JU�5�;LV"U¥=2g8]_;"�M7�ankl?LU e2@�a>@�9 =vU�9 :�ULV"IJ[Lab9 = AN�anN�aJ?L=2H#@�IJ[_kl[�=8:�U85�U gL7(9 �l[¥@�aW; ?LU g2<f=8N�;|IJ[L= H#gLV#:�an:�?89 @�IJ[LU =85�T�^ �62]JU"��]_In]JU�9 U��lHM]_a
]JU N�52u87�U <�]nkl[ HM]JU�9 KMabO kl[�]X6�< A @2u2:�U g2<

n
[L=�abO [L=�9�N�anN�aJ?L=2H#@�IJ[LU|V�9 =�:�^L7�a

n ∈ N
1

¢>?8O §LU g2@�a�]X6�[Wan:�7�an]L9 : uWV"aJ[L[_u2]_?89 =vH#g2[L^2?_]X6�HM6 N�U gv=2[_]L9 HM]JU�9 KMabO�HM]X6�[ A kl<B]X6�[f]_g8N 9 : u
\Lg2[L=2@�U H#ab9 ?L^

EA(x) =
∑

n≥0

an
xn

n!
,


 m#1 D2� �

;�N�U g
an

abO [L=�9 ]JUvN�52u87�U <�]nkl[
HM]JU�9 KMabO kl[A]X6�< A @2u2:�U g2<
n
1�S�9 \89 :�;2]_aJ?L= ��IJKMU g2@�a

a0 = 1
�

=2[ 6 A N�aJ?89 IJKMab9#]X6�@�U�[L=2\89 : uv=8:�U85�U gL7(O =W@2u2:�U g2<A@26�\LIJ[ 
 :�aJ[_uv=8:�U85�U gL7(O = ��:�=�9
a0 = 0

�
\89 =2T�U ?Lan]L9 :�^�1
� !")��"���� ��,.! �F$ �K$ � �>ankl?LU e2@�a�]JU =85�T�^ �62]JU {1, 2} 1 . S-HM]nk A 
 =2[_]LO HM]JU�9 KM= � B �¥6
U�9 :�ULV"IJ[Lab9 =|;852kl[�]nkl[�N�anN�aJ?L=2H#@�IJ[_kl[�=8:�U85�U gL7(9 �l[�@�a�; ?LU g2< O H#U g2<¥@�a�0 
 =2[_]LO HM]JU�9 KM= �
]nkl[v@26�:�aJ[_�l[ N�anN�aJ?L=2H#@�IJ[_kl[f=8:�U85�U gL7(9 �l[W@�a
; ?LU g2<
O H#U g2<
@�a
D �n1�Y>[

an

 =2[_]LO HM]JU�9 KM= �

bn
��abO [L=�9�]JUvN�52u87�U <�]nkl[
HM]JU�9 KMabO kl[A]X6�< A 
 =2[_]LO HM]JU�9 KM= �M]X6�< B �-@2u2:�U g2<

n
��]_;2]_a�IJKMU g2@�a

an = 1
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∑
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(
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ex + e−x
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· e
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∑
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=
∑
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4 · n!



� � �

��	�����	�#%	���:�K"����6�.( �#�9��3	������4#�9� "9
(3n + 3(−1)n)/4

*�K8� 	
n ∈ N

�
� l �$&(��)T#%���3#�!����

Dn =

n
∑

k=0

(

n

k

)

(−1)k (n− k)!

#�9�=N[���)�#%	� "9�=O��� l � ^Q��������!���#�.%�A)�#1���  "��!�.%�A9 � l � ^�]��$K8� 	
cn = Dn

*
an = (−1)n ��	��

bn = n!
�������.?��@A=�*�	���)T#�9��+� l � ^ l �>��	�< ��������6�.

∑

n≥0

Dn
xn

n!
=





∑
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∑
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∑
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∑
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∑
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∑

n≥0

bnx
n =

∑

n≥0

b2n/3c
∑

k=0

an−k,k x
n =

∑

m≥0

2m
∑

k=0

am,k x
m+k

=
∑

m≥0

xm
2m
∑

k=0

am,k x
k =

∑

m≥0

xm (1 − x+ x2)m

=
∑

m≥0

(x− x2 + x3)m =
1

1 − x+ x2 − x3
.

�CB��'&(��)T#%�+	�����#�2?��./ "6�	$#%���N�
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n≥0

bnx
n =

1 + x

1 + x4
= (1 + x) (1 − x4 + x8 − x12 + · · ·)

= 1 + x− x4 − x5 + x8 + x9 − x12 − x13 + · · ·
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