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3.5 To Bswpnpua Hahn-Banach og tomoAoykouc SLavuouaTIKoUC XWPOoUC.

E€stdloupe katapynVv tn oxeon HeTafl evog pyadikol Stavuopatikol xwpou E kattou

UTtoKEipEVOU Tpaypatikol xwpou Eg.

EFotw E pyadikdg Slavuopatikog xwpog (K = C) kat f :E — C ypauuikd
ouvaptnooeldéc. Av U sival to mpaypotikd pépoctou f ( &nAadn,

u(x) =Ref (X) ,X€ E)téte 1o U eivar R—ypapuikd eni tou E ( nhadn,
u(x+y)=u(x)+u(y)kat u(Ax)=Aau(x),xye E,1 e R)ka oxdet 61t

f(x)=u(x)-iu(ix),xeE (1)
( Apkei va mapatnprcoupe 6ttav Ze C tote, Z=Rez—i Re(iz) )

Avtiotpoda, av U: E — R sivat R—ypauuiké cuvaptnooetbég katto f opiletal ano tnv
(1) toteto f elvar C—ypapuikd ( dnAasdn, f (X+ y) =f (X)+ f (y) Kol
f(Ax)=Af(x), x,yeE, 1€C).

Ag utoB£oou e Twpa OTL 0 pyadikoc xwpog E eival tomohoyikog Stavuopatikog xwpog. Ot
napandvw napatnpioelg éxouv we ouvénela ottav f 1 E — C eival ypappikd

ouvaptnooeldég tote to T elvan ouvexric ouvaptnon ( f € E™) av kat pévo av to
npaypatikod tou pépog Ut E — R eivat cuvexég ypappikd ouvaptnoostdéc. Eniong ott kdbe
ouvexéc R— ypauuiké cuvaptnooetbég U: E — R eival to mpaypatikd pépog evég
(uovadikol) cuvexoug ouvaptnoosdolug f :E — C.

Mapatnpoupe &t k&Oe pyadikog xwpog E pmopei va OswpnOsi we mpaypatikog xwpoc,

oupBoAllouevog ouviBwg pe E;, meplopifovtag tov Babuwtd moAamiactacusé oto Rx E .

‘EtoL otov T.6.). ( E,T) eni tou owpatog twv pyadikwv C avtiotooUpe Tov T.8.). ( ER,T)
€M TOU CWHATOC TWV TPAYUATIKWY R. Inuewwvoupe 6TL wg TomoloyLkol xwpol

( torohoyikéG opdSeg) ot Sopég (E,T) Kol (ER,T) tautifovtat. Na mapddeypo av K
elval oupmayng kat Hausdorff téte o xwpog Banach (CC (K) , ””m ) €XEL WG UTIOKELMEVO

TIPAYUATIKO XWPO TO TOTOAOYLIKO euBU abpolopa

E; =C:(K)®Cx(K),

SnAadr Tov XWpo Twv ouvexwv ouvaptioewv f 1K — R?, pe vopua || f || = || fl”i +|| f2||i ,

ornou f :( f,, f2) . NMpodavwg oL HETPLKOL XWpoL (CC (K),””w) Kol (E,””) givat

LoopEeTpIKoil. Ao TNV mapamndavw culitnon pokumtel ot uttdpxetl e 1-1 avtiotoyia
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HETAEL Twv ( ouvexwv ) ypapptkwy cuvaptnooetdwy f : E — C kat twv (ouvexwv )

ypapukwy cuvaptnooedwv U=Ref 1 E; - R.

YrnievBupuiloupe tnv avaAutikny popdr touv Bewpruatog Hahn-Banach yia mpaypatikoug
SlavuopaTIKoU G XWwpPOoUuc.

Qewpnua (Hahn-Banach ) 3.5.1 Eotw E Siavuopatikdg xwpog emitou R kot M

Slavuopatikog unoxwpog tou E . Eotw p: E — R unoypapuiko cuvaptnooeldég. Av
f :M = R ypapuiké cuvaptnooeidég wote f (X) < p(X), Xe M , téte undpyxet
ypoppké ouvaptnooedéc A 1 E — R wortg, A(X) =f (X) , XeM kat A(X) < p(X) ,

XekE.

H avaAutikn popon tou Bswpruatog Hahn-Banach oUtwg wote va cupnepAapBAvel Toug
pLyadikoug SLovuopatikoug Xwpoug lval n akoAouon.

Qewpnua 3.5.2 (Hahn-Banach-AvaAutiki popdn ). Eotw E Slavuopatikog xwpog emni tou
K, M Swvuopatikog unoxwpogtou E, p: E — R nuwoppakat f: M — K ypapukd

OUVAPTNOOELBEG WOTE ‘f (X)‘ < p(x), xeM.

Tote UTLAPYEL YPAUUIKO cuvapTtnoosldeg A wote A(X) =f (X) , XeM kat

‘A(x)‘g p(x), xeE.

Anodeién (1) Eotw K = R. Ao to Bswpnua Hahn-Banach ( Bswpnua 3.5.1 ) umtdpxet
ypoppukn enéktaon A E — R wote A(X) < p(X) , Xe€ E. uvenuwg

A(—X)S p(—X) = p(X), X € E . Enetal 6tL

—p(X)<-A(-x)=A(X)< p(x),x€ E < |A(x) < p(x), xeE.

(1)Eotw K =C . H ouvdptnon u=Ref sivat R—ypapuiké ocuvaptnooeidég eni tov M
VL3 u(x) < ‘f (X)‘ < p(x), XeM . Ané to Bswpnua 3.5.1 untdpxet R—ypoappikd

ouvaptnooetdéc U 1 E — R nou enexteivet to U wote U (X) < p(X), xeE.

Oewpovpe to C—ypapukd ouvaptnooedéc A . E — C wortg, A(X) =U (X)—iU (iX),
Xe E.Téteto A enekteivetto f katav X € E to6te undpyxet a€ C pe |a| =1 wote
‘A(X)‘ = aA(x) = A(ax) . Enedn A(ax) =U (ax)—iU (|ax) >0 Ba éxoupe oOTL
A(ax) =U (ax) Emopévwg ‘A(X)‘ = A(ax) =U (ax) < p(ax) = p(X).

Noplopa 3.5.3 Eotw E Savuopatikog xwpog, X, € E kat p: E — R nuwoppa pe

p(XO) # 0. Tote undpxet A E — K ypoapuikd cuvaptnooetdég pe A(XO) = p(XO)
KQL‘A(X)‘S p(X), xeE.



73

Anodel€n Oswpoulue Tov Slavuopatikd uttoxwpo M = {/1)(0 ‘A€ K} tou E kaito
ypappko cuvaptnooedéc f M — K f (/1)(0) = /Ip(xo) . Napatnpouvue 4t
‘ f (lxo)‘ = |l| p(XO) = p(/lxo) . Anto to Bewpnua 3.5.2 UTIAPXEL YPARKLKO CUVAPTNOOELSEC

A E —> K rnou enekteivetto f wote ‘A(X)‘ < p(X) , Xe E . Npodavuc

A(%)=f(%)=P(%).

Noplopa 3.5.4 Eotw E(;t {0}) Hausdorff tomwd kuptdg xwpog. Tote o E* Staxwpilet ta

onueiatou E, 6nhadn yia kdBe X,y € E pe X# Yy undpxet A € E* wote A(X) #* A(y).

Anoden Eotw X, Y € E pe X# Yy, Bétope X, = X— Y # 0. H tonohoyia tou E opifetat and

L0l OLKOYEVELD NULVOP LWV p O£ TPOTIO WOTE OL NULVOPLEG TNG p va elval ouveyeig
ouvaptnoelg eni tov E kat va Stayxwpifouv ta onueia tou E (adol o E eival Hausdorff).

Eotwpe P wote p(xo) # 0. Ant6 to méplopa 3.5.3 undpxet A E — K ypapuikod
OUVOPTNOOELSEG WOTE A(XO) = p(XO) Kol ‘A(X)‘ < p(X) , Xe E.Enedn n peivar

OUVEXNC NULWVOPHA EMeTal amo To moplopa 3.3.4 6tLto A gival CUVEXEG YPOUMIKO
OUVOPTNOOELSEG KL £TOL TO AMOTEAECUA £XEL amoSelyBel.

Mpokeltal otn cuvEXELa va amodeifou e TNV YEWUETPLIKNA Yopdr Tou Bewpnpatog Hahn-

Banach n omola pag AéeL OTL, o€ €va TOTILKA KUPTO XWPO £Vl KAELOTO Kal KUpTo cUvolo A
UTtopel va SlaxwploTel amnod éva e€WTePLKO onpeio ( YEVIKOTEPA ATO VOl GUUTAYEG Kall
KUPTO oUvoAo Tou Sev Tépvelto A ) pe éva KAelotd umepeminedo.

Oa XpeLooTOUUE YLla TNV AMOSELEN AUTOU TOU CGHUOVTIKOU amOoTEAECUATOC SUO AfUUATO.

Afupo 3.5.6 Fotw E t.6.x. kot A E — K ypappiké cuvaptnooetdégpe A #0. Toteto A
glval avolktr ametkovion eni tou K (A( E) =K).

Anodeitn Epooov n A elval ypappLKh amelkovion apkel va amodeifoupe 0Tt yla kabe

nepoxi U tov O€ E 10 A(U) eivat teploxry tou 0 € K . Eotw U woopponnuévn neploxn

tou Oe E, téte 10 A(U ) elval Looppomnnuévo unmooUvolo tou cwpatog K kat emeldn

(E:UnU kow) A # 0 8o undpxet X, €U wote A(X)#0. Enetatériav K =R téte

n=1

TO A(U ) givat éva pn tetpupévo ouppetpko mepi 1o 0 Sdotnua katav K =C évag
Siokog kévtpou O pe Betikh aktiva. & kaBe nepintwon To A(U ) elval meployn tou
0 € K .'0cov adopd to 5eUtepo cCUUMEPACHA EMETAL OUECWE ATTO TO YEYOVOC OTL TO A( E)

eivat pn tetpupévog ( adou A # 0) Stavuopatikdg umdxwpog tou K.
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Afuua 3.5.7. Eotw E tomkd kuptoc xwpog Hausdorff. Av A kat B eivat Eéva un keva
kAelotd umocUvola tou E wote to A elval oupmay£g, TOTe UTTAPYEL AVOLKTH KaL KUPTH

nepoxiV tou O E worte (A+V)ﬂ B=0.

Anébdein Av X € A téte to X e E\ B 10 onoio givat avoiktd cUvolo, cuvenwg umdpxet

nepoxy U, tov O€ E wote x+U, cE\B< (X+Ux)ﬂ B=. Ané tnv torukn
kuptotnTa tou E kat tnv cuvéxela tng mpdobeong umtapyel avolktr kot kupth meploxn V,
tou 0 woteV, +V, cU, . Howoyévewn {X+V, : X A} eivat éva avolktd kéAupua Tou

ovunayolg A, dpa UTAPXOLV X,..., X, onueiatou A

woTE AgO{Xk +ka :k:ZLZ,...,n}.
k=1

n
Mapatnpolpe 4TL N avolktr Kot Kuptr repox V = ﬂvxk tou O avormolei to
k=1

oupnépaopa. Mpaypaty, éotw ac€ A kauX eV, tote undapxet K, <n wote a= X, TY ue
erXm JEmetan 01, a+ X=X + X+ Y€ X "'me +ka0 X%, +U% .

Enopévwg a+Xg B.

Qswpnua 3.5.8 ( Aloywplotiko Bewpnua Hahn — Banach ).

‘Eotw E tomoloyikog Stavuopatikog xwpog Hausdorff kat A, B £éva kuptd pn keva

urtoocUvoAa tou E.

(a) Avto A eival avowtd, tote untapxouv A € E kat y € R tétola wote

ReA(x) <y <ReA(y)

yla kdBe X € A kaikdbe ye B.

(B) Avto A eivai oupmnayeg, 1o B eival kAewoto kat o E tomikd Kuptdg tote undpyouv

A € E kat y,,7, € R tétola wote
ReA(X) <y, <y, <A(Y)
yla kdBe Xe A katkdbe ye B. (Av K =R tote ReA=A))

Anodei€n. Eivat apketd va amodeifoupe 1o Bewpnuayia K =R.Av K =C kaun
nepimtwon K = R €xel anmodeyBel, tote undpyel éva cuvexéc R— ypapuukd
ouvaptnooeldég A, - E — R 1o omoio wavorolei toug toxuptopois (a) i (B). Av A eivat to
(Hovadikd ) C —ypappiké cuvaptnooeldég enitov E wote A; = ReA, tote A e E .Eto

otnv ouvexela umoBetope otL K = R.
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(a) YoBétope xwpic amwAela tng yevikotntag ott O e A. OswpoUpe To 6UVOPTNOOELSEG

tou Minkowski P = [, Tou avowtol kat kuptol cuvorov U = A—B+ Y, émou Y,
kdroto ototxeio tou B kat napatnpovpe 6t 0 €U . Q¢ yvwotdv €xoupe OtL

U :{Xe E: p(X) <l} kat oo Y, ¢ U énetat ot p(yo) >21(y,2U adol
ANB=yY).

Eotw M o undxwpogtou E mou opiletal we (n evbeia) M = {/1y0 ‘A€ R} . Opitoupe
f:M > R wortg, f (/”tyo) = /1p(y0) Ko tapotnpoU e OTL,
f(A¥)=2P(Ys) < P(AY,), A€ R(av 220 tte, f(AY,)=2p(Y,)=P(1Y,), av
A<0 tore, | (/7,y0) = Zp(yo) <0< p(/iyo) ). An6 to Bewpnua Hahn-Banach ( Bswpnua
3.5.1 )undpxet A : E = R ypappikd cuvaptnooeldéc nou enekteivetto f wote
A(X) < p(X) yla kdBe X € E . Enedn o p eival ppaypuévo otnv neproxry U tou pundevog

£netal anod tnv npotaon 3.3.3 oTL elval cuvexnc amneslkovion. Ano to mopiopa 3.3.4 £netal
otLkatto A elval ouvexng amewkovion. ( MpPA. kaL tnv mapatipnon 3.3.5 .)

<A(a-b)+p(¥,)= A(a-b)+A(y,)

Eniongav a€ A kat b e B tote A(a—b)+1
< p(a-b+y,) <1, ouvenig A(a—b)=A(a)-A(b)<0=A(a)<A(b).

‘Emetol ot ta A(A) Kol A(B) givat ( €&&va kuptd umooUvola tou R kat ouvenwg ) E€va
Slaotrpata YE to A(A) apLOTEPA TOU A(B) . ZNUELWVOUUE OTL emeld) A avoLKTH

QTELKOVLON TO A(A) elvat avolkto Sdotnua. O£tope ¥ va gival to Se€i dkpo Tou A(A)

KOL TIOpATNPOULE OTL 0 aplBUdG ¥ LKOVOTIOLEL TOV LOXUPLOUO (at).
Ao eIKVUOULIE TWPO TOV LoXUPLoUO (B) .

AvTikaBLoTOUHE TO KUPTO Kol cuunayEg oUvoho A pe To avolktd kat kuptd cuvolo A+V,

orou V eivat avouktr kat kuptr neptoxr tou O wote (A+V)ﬂ B =, tétoa neploxn V

tou 0 undpyet ard to Afppa 3.5.7. And Tov Loxuptopd (a), urdpxet A € E, A #0, wote

A(A+V)NA(B)=0.
Ta ocUvoAa A(A+V) Kot A(B) givat €éva Staotipata tou R pe to A(A+V) QVOLKTO
KoL 0PLOTEPQ TOU A( B) .
Eneldn to A(A) eivat oupmnayéc Sidotnua pe A( A) C A(A+V) £TTETOL TO CUUTIEPACHAL.

H anodelén tou Bewpnpatog eivat mAnpnG.
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Mépoua 3.5.9 Eotw E tomikd kuptog xwpog, M Savuopatikdg untoxwpog tou E kat
X, € E wote X, ¢M . Tote undpxet A € E- wote A(XO) =1 kat A(X) =0 ywa kdBe
xeM.

AndSeién Edappodloupe tov Loxuplopo (B) tou Bewprpatog 3.5.8 ue A= {XO} kat B=M ,
ETOUEVWG UTLAPXELA, € E" wote ta {Al(XO)} Kol Al(l\/l ) elvat Eéva ouvoha. Auto
emPBareL o Al(l\/l ) va gival yvAolog SLavuopatikog urtoxwpog tou owpatog K kat

emopévwg A, (M) ={0} kav A, (%) #0.

Oétope A = KOlL €XOULIE TO CUUMEPOCHAL.

A
Ay (%)

Napatrnpnon To amotéAeopa auTto pog Sivel pla péBodo dlampayudteuong KAToLwY
TPOBANUATWY TPOCEYYLONG:

Ma va anodeifoupe otLéva X, € E Bpioketat otnv kAelototnta Kdmolou umoxwpou M tou
ToTK& KuptoL xwpou E, eival apketd va anobeifoupe otL A(XO) =0y kdbe A € E ya

to ornoio oxvet ot A |, =0

Moéploua 3.5.10 Eotw E tomikd kuptog xwpog, M Stavuouatikdg unidxwpog tou E kat

f:M — K ouvexéc ypappko ouvaptnooetdéc. Tote umdpxet A € E- tote A =T

Anodel€n Yrobétoupe xwpic meploplopd tng yevikotntag ot f = 0. Oétoue
M, :{Xe M:f (X) :0} ko emléyope éva X, € M wote f (Xo)zl. Enedin f eivau
ouvexng anewdvion to X, dev aviiketotnv M — khewotdtnratou M, (X, ¢ cl,, M) kat

EMOUEVWG TO X, Sev avnkeL otnv E kAewotdtntatou M (X, %M_O).

Am6 To mOpLopa 3.5.9 untdpxet A € E wote A(XO) =1kat A |M0: 0.Av XeM , téte
X—f (X)X € My, eneidny f(X%,)=1. Enopévug,
A(X)— f (X) = A(X)— f (X)A(XO) :A(X— f (X)XO) =0. Ano 6mou cupmnepaivoupe 4t
Ay, = f .(MpBA. kat tnv Mpodtaon 3.3.18 )

INUELWVOUUE OTL pLa AAAn amddetén tou Mop. 3.5.10, n onola xpnolgomolel tnv

OVOAUTIKN popdn Tou Oswpnuato¢ Hahn -Banach (Gewp.3.5.2), £metal KalL amod tnv
aoknon 5 g mapayp. 3.3 .
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Aoknoelg

1)’ Eotw X TOMIKA CUMTAYNG LETPLKOTIOLAOLUOG Staxwpiopog Xwpoc. YioBEtoue otL o
X &ev elval cupnayng. Arodeifte OtL 0 YWPOG C( X) LLE TNV ToTtoAoyia Tng opoldpopdng
oVyKAlong ota cuumnayn T eivatl évag Staxwpiotpog xwpog Frechet tou omoiou n tomoAoyia

Sev emAyetaL amo pia vopua.

[ Yodeten O X €xel pia aplOuriown Bdaon (Un) amd CXETIKA CUMTTAY OVOLKTA 0UVOAQ.

‘Emetal OTL UTTAPYXEL Hila akoAouBio oupTTaywV UTTOGUVOAWY (Kn) tou X wote

K,cintK.,, n>1ko X = U K, .Etolo C(X) HETpIKOTIOLELTAL ATT6 TNV aKoAouBia
n=1

NULVOPUWV pn(f):wp{‘f(x)‘:Xe Kn}, n=1.Eotw V, :{f eC(X): pn(f)<%},r]

(Vn) eivat Bdon neployxwv tou O e C( X) Kot av urtoBéoope otL V' eival pia ppaypévn

neproxj tou O e C( X) tote V., <V, n>n, yua kdmnowo N, € N . Alakpivete Tig
\intK

MEePUTTWOELG: (a) Yrdpyxet N> N, wote K # J Kal IPoXwPnoTe ONwE oTo

n+1 n+l

napddetypa 3.4.1 kau (B) K, ., =intK_; yioa kdBe N> N, tote ta ovora K, ,n>n, +1

gival avolktd kal KAelotd urtoocUvola tou X Katemeldy X Sev ival cupmayng UTTapXEL
n=n;: K, #K, 6étope W=K

pnl+1 ((0) = 1]

o1 VK, katgotw f =X, e peV, =V, cV ka

2)Eotw O0< p<1l. Oswpolpe to xwpo £ p TWV 0KOAOUBLWV TIPOYUATIKWY X = (Xk) WOoTE,
q(x) = Z:|Xk|p < +o0. Anobeifte 6tin d (X, y) = q(x— y) elval pa MANpngG LETPLKA Kot
k=1
otLo (E b d) elval évag TomoAoyLkdg SLavVUCATLKOC XWPOC 0 omoiog Sev eival ToTkd
KUPTOG. Antodeite OtLO [p =/{_ koL emopévwg o culuyngtou /¢ , Sloxwpilet ta onpeia tou
L.
[ Yodelén: Mapatnpolpe otL q(x+ y) < q(x) + q(y) KaL OTL q(/lx) = |/1|p q(x) ,
X,yel,, A€ R, and énou énetat étio / p Elvat SLavuopaTkog XWwpog kat N d petpwn.

H mAnpotnta tngd amodekvietal 6wg Kat yia toug £ p HE P2 1. Na va dgi€oupe oTL

l b= ¢, mopoatnpolpe ot /¢ p © ¢, karotLn TonoAoyia tou £, eiva Aemtotepn ano tmy
Toroloyia Tou ¢, emopévwg KaBe otolxeio tou £ elvat cuVEXEG YPAUULIKO CUVAPTNOOELSES

enitou £ . Av fe ﬁ*p toteto f KkaBopiletal and tnv ppaypévn akoloubia g, = f (q() ,

ke N, onouv g =9, , wote f(X):iaka, X=(X) €l ,. uvenig ﬁ*p =/ .Mava
k=1
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amnobdeitoupe otLo ¢ p OV elval Tomka KupTog, Bewpoupe TNV akoAoubia (X" ) c/ o woTte

X' =n""avn=K kaw X! =0 av n=k.

NapatnpoUpe dtL (X") c éd (0,1) KoL OTL d(xn , O) — 0.

n+1 2n

X " +..+X
Aeifte 6L N akohouBia, Y =—"——— 8ev ival dpaypévn otov ¢ D TIAPATNPWVTAG

n -1\P p( p-1) "
ot d(y”,O):q(y“): i (kp j > n(2n) I L e N

k=n+1 n np
Enetan ot n By (0,1) Sev unopet va tepLéxel kuptr rieployxr tou 0e /¢ ol

3)Eotw (E,””) HLyaSLKOC XWpog pe voppo kat T € E . Anobeifte 6ttav u=Re f tote

Re( f (x))‘ .

, SnAash, sup\f )| =sup
Ix<1 Ix<1

4) Eotw (E, ||||) TIPAYHOTIKOG XWPOG Ue vopua. Antobeite otL:

(@) O ExE yivetaw évag pyadikdg xwpog pe voppa E. pe mpdgeig kot vopua mou
opilovtat wg e€AG: (X, y)+(u,v) = (X+ u, y+v) , (a+ib)(x, y) = (ax—by,bx+ ay),
|(x.Y)|,. =sup{||lcos@-x+sing-y|:0< 6 <2x},xy,uveE, abeR.

(B) To cUvolo E x {O} elvat évag kAewotog R— ypapuikdg undxwpog tou E.  1oopetpikdg

pe tov E péow tng X—)(X,O).Avuotpéd)wc, E. :{h+ik:h,ke EX{O}}.

(v) H toroAoyia mou endyetat otov E. = ExE ané v |||| ¢ tautiletat e v Tomoloyia

YWOLEVO Ttou entdyetol otov Ex E amd tnv |||| .
5)Eotw B kuptd wooppomnuévo kat KAeLoTd utooUVoAo evog ToTikd Kuptol xwpou E
kaLX, € E pe X, ¢ B. Anodeifte ot undpyet A € E wote ‘A(X)‘ <1, xeB,

aMd A (%) >1.

6)Eotw E Savuopatikog xwpog enitouv K kat Py, P, : E— R nuwoppes. Av f :E > K
YPOULLKO OUVAPTNCOELSES (borz—:‘ f (X)‘ < pl(X) + P, (X), X € E, tote undpyouv ypoppikd

ouvaptnooedn f, f,:E— K wote f =f + f, kaw ‘ f (X)‘S p(x), xeE,i=12.

[ Yo6eLn Bpetite ypappikd cuvaptnooeldég ¢ Ex E — K wote
[0 (%% )| < P (%) + P, (%) ke (X X) = f (X)1.
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7) Eotw E mpaypatikog xwpog pe vopua kat A, B un keva E€va kuptd untocvola tou E

wote 0¢ A—B. Anodeitte dtundpyet T € E™ worte

sup{ f (x):xe B} <inf { f (x):xe A}.
loYUEL TO QMOTEAECO QUTO O€ VA TIPOYUATIKO TOTUKA KUPTO XWPO;

8)Ma kabe ae R, Bétope E, = {f € C[—ZLl]: f (O) = a}.

' . ‘ ' . . . 2 '
Anodeifte otLkaBe E, eival kuptod kot mukvo umoovolo Tou L [—1, l] .Ava=b, anobeifte

ottta E, kat B dev Stoaxwpilovral anod kavévo GUVEXEG YPAULULIKO CUVOPTNOOELSES
F:L[-11]->R.
[ Yodei€n. O xwpog C[—l,l] glvat tukvoc otov L2 [—1,1] . Anodeifte btav ae R, >0
1
KoL g € C[—l,l] t61e UTtdpyeL he C[—l,l] HE h(O) =a Katﬂg - h|2 dt < &%. Av
-1

1
9(0) = 8, Bpeite p € C[-1,1] wote, (0)=a—f ka j(ﬂzdt < &”. Katémw Béoate

-1
h=g+¢.]
9)Eotw ¢ o Xxwpog Banach twv ppaypévwv akohouBwv mpaypatikwy apdpwv. Eva 6plo
Banach eivat éva ypappikéd cuvaptnooetdég L: 7/, — R worte: (a) L(X) >0,av X= ()gq)

pe X =0 yakabe n>1.

(B) L(X) = L(O'(X)), énou o il — [ oteleotig ng petadopds ( shift operator ),
SNAASH O (X Koy Xy yer) = (Xos Xy eens Xy ron2) KO

(v) L(l,l,...,l, ) =1. Anobeifte otL:
() Av L eival éva 6plo Banach kat X= (Xn) el tote

liminf x, <L(x)<limsupx,

(1) Opla Banach umapyouv.

[ Yro6eén Mo to (1): Enedh liminf x. = lim(inf {Xk k> n})

n—oo

kalimsupx, = |im(SLIp{Xk k> n}), apkei vo arnodeifoupe T,
n—o0

n—oo

inf {x,:n>1} <L(x)<sup{x,:n>1}.
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Mo to (w): Eotw C 0 KAELOTOG YPOUMLIKOG UTIOXWPOG Tou £ TwV CUYKALVOUCWV aKOAOUBLWY
TIPAYLOTIKWY aplOpwv. OswpoUl e To Ypouukd cuvaptnoosldég £ :C—> R wote

f(x) = LLI‘[]C X, X= ()gq) € C KOl TO UTIOYPaULIKG cuvaptnooedég Pl — R wote

p(x)= Iimsup%, x=(x,)e’,

n—oo
Edapuodote 1o Bewpnua Hahn- Banach yia to Zevyog 7, p.]
10) Anobeifte 6tL o xwpog C” (l ) Tou mapadeiypartog 3.4.3 sival Staxwplolog

[ Ynobelln . E¢etdote Ta moAuwvupa]



