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ITpoloyog

Ol 0TOYAOTIKEG AVEMEELG GUVEYOVG YPOVOU LOVTELOTTOLOVY UEYEDT TV OTOLWV 1) TUUT WETAPOE-
Tou TUY LA 1] oTPOPAETTOL TUITLKG TOPASELYILOTA ELVAL 1) TUUT ILOG LETOYNG 1] TO TTAN00G TOV aTOUmY
£VOG OUYKEKPLUEVOU LotkoU eld0ug 0 £va otkoototnua. ITEpa artd TG EQAPUOYES TTOV EXOUV OE Sl
popovg Topelg 0TTmg M Puotkn, N Blohoyia, kot ta OLKOVouKd, oL 0ToyaoTikeg avelEelg £xovy amd
WOVEG TOUG LAONUATIKO EVOLAPEPOY. MITopolv va eldmO0UV Mg TUYOLEG CUVOPTIOELS KO YL T ULE-
AETN TOV LOLOTNTWV TOVG O OELALLE VAL YPNOLUOTTOLCOVUE TA EPYOAELC TOV ALTTELPOGTIKOV AOYLOUOD.
‘Opmg oL 7O ONUAVTIKEG AVEMEELG 08 GUVEYT] XPOVO, UE YAPAUKTIPLOTIKO EKTTPOCMIO TNV KIVIon
Brown, gtvai un dtagpoplotpeg ovvaptnoels. I'ia tov Aoyo autd avormtiydnke amd T SeKUTETLO TOV
1940 Ko £TELITO 0 ZTOYAOTIKOG AOYLOUOG, TTOV 0KOTTO £XEL VO TUPUKAMPEL AVTO TO TPOPANUOL. An)-
WoVPYOg Ko TPmTEPYATNG ToL Ntawy o Kiyosi Itd (1915-2008). Autég oL ONUELDOELS ELVAL ULOL ELOCL-
YWY 0€ OUTOV TOV AOYLOUO.

OL onueldoelg amevfHVovVTaL 0 TPOTTTLYLUKOVUG POLTITEG TTOV EYOUV ALOYOANOEL UE TIG OTOLYELM-
deig mOOVOTNTEG KO £Y0VV KATTOLO TPLPT UE TIG UETPOOEWPNTIKES TOAVOTNTES (1] TN OEmpla uETPOUL)
KO TNV TPOYUATIKT avalvon). ATto Tig Hetpofempntikeg mbavotteg Oempouvion dedoueva. 1 oye-
TUKT) UE UETPNOLUEG OUVAPTIOELS OPOAOYLAL, OL TPOTTOL GUYKALOTG GKOAOVOLMV UETPNOLUMDY CUVAPTY-
OEWV, TO. OPLOKA OEWPNUATO (LOVOTOVNG KO KUPLOPYTUEVIG OVYKALONG), KOl OL BOOLKES LOLOTNTEG
™G 0veEaPTNOLOG O-OAYEBPMV KL TUXOLWV UETOBANTMV. ATTO TNV TPOYUATIKT 0vOAvoT Oewpol-
VIoL SeSOUEVE TA EVTEMDG BOOLKA OTOLYELR TNG OEMPLAG TV TANPWV UETPLKDV YDPWV.

Ta Oguota ov pehetoue elvol To. martingales og SLaKPLTO X POVO, 1 Kivion Brown, To 6T0)00TIKO
ohokAnpoua (ohokinpmua Itd), ko o Trog Tou Itd.

H €001 TOU VALKOD YIVETOL OE TEOOEPQ. UEPN).

L. Evodyetol 1) €vvoLa TG SEOUEVUEVIC LEONG TLUNG KaiL £TTELTA TOV martingale. Ao v Oewpla
TV martingales, KaATTOUUE LOVO TO OEDMPNULOL ETTLAEKTLKNG SLAKOTTNG KoL 0L TO OemdPnua oVYKALOMG,
£TELON YPELOLOUOOTE TO TPADTO WG VITOLOYLOTIKO EPYOLELD, EVH eV YPELALOUAOTE EQUPUOYEG TOV
devTEPOUL.

II. Zto deltepo nEPog aoyoloduaote ue ™V Kivion Brown. Tiveton AeTTOUEPELOKA WO KOTOL-
OKELN NG Ko BAETOVUE PBAOLKEG LOLOTITES TG, KUPLOG AVOAVTIKEG. Lol T OUVEYELD TWV ONUELD-
oewv apkovv ot [Tapdypagot 5.1, 5.2, 5.5, 8.3. Ta. vTOLOLTTA. ATTOTELECUOLTA GTOYO EXOVV TNV TPLPN
ue TV Kivnon Brown, alld ko va dei€ovv TL mhololeg Kat eEWTIKEG LOLOTNTES EXEL.

III. AuTo TO UEPOG ELVAL TO BAOLKOTEPO TWV ONUELDOEWY. ZUVOVALOVUE TPAYUOTO TTOV ELOAUE OE
mponyovueva kegaara (kivnon Brown, martingales, tetpobempn Tk aroTEAEOUATO) YL VO KOTOL-
okgvaoovue To ohokAnpwua Itd. BrEémouvue faotkeg tdLOTNTEG TOV (oUVEYNG £kdoyT), martingale) Ko
ATTOSELKVVOUUE SLAPOPES LOPYPEG TOV TVITOV TOL Ttd.

IV. 210 televtalo UEPOG PAETOVUE TPELS EPUPUOYES TOV TUTOV ToV Itd. ZTNV TPAdTY, XPNOLUO-
molovue Tov TOTTO YL vo. eEetdoovue TV Kivnon Brown og SLdpopeg SLAOTAOELS WG TPOG TNV ETT0L-
VOATTTLKOTNTO. 2T Se0TEPT], AUVOUUE UE YPNOT] TOU TUTTOV KATTOLEG OTOYAOTIKEG SLOPOPLKEG EEL-
owoelg. TToAEg amd auTeg TG eEL0MOELS EUPAVICOVTOL PUOLOLOYLK( 08 TEPLOYES OTTMG 1) (PUOLKT
Kow To X pnuetootkovoutkd. H tpien epapuoymn elvar 1 artdSelEn g UePLKNG dLopoptkng eELowong
Black-Scholes yio tippohoynon sapayoymv Evpwmoikol timov.

ATOSEIEELS TEYVIKDV OITOTELECUATMVY EXOVV OUYKEVIPWOEL 08 dV0 TTapapTHuaTa. 2to «Teyvikd
amoteléopato I mepleyovral amodelEeLg o elVoL WPEMLIO VO SLABACEL KAVELG GOV EYEL OITTOKTI-
OEL EVYEPELOL UE TNV VITOAOLTTY] VAN TV ONUeEL®woEwv. 210 «Teyxvikd amotedéopota II» mepieyovon
OTTOOEIEELG TTOV ELVOLL TTLO TEYVIKEG OTTO GUTEG TOU TTPONYOVUEVOU TTAPUPTIUATOS KOL SEV ELVOLL ALTTOL-
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POLTNTO VO TIG SLALPAOEL KOVELS. APKEL VO KATOAMABALVEL TL AEVE OL EKPMVIOELS TWV OEWPNUATOV TTOU
TOUG OvTLoTOLYOUV. Kastoleg mopdypapot £X0uv onuelwOel ue «*». Eivow Alyo eplocOTepo artouty-
TIKEG KOL OEV YPNOLUOTOLOVVTOL OTO VTOAOLTTO TWV ONUELDOEMY.

O 0ToYOTIKOG MOYLOROG ELVAL EVOL OIVILKELUEVO TTOV EV TO NAOALVEL KOVELG LOVOIAG OMAG OF
SLadOYLK A TEPAOUATA AVEAVOUEVNC KAMPNG KOL YEVIKOTNTAG. AUTEG OL ONUEUDOELG OTOYEVOVY VO
ELVOL TO TTPDTO TEPUOUA KOL VO, ETOLUAOOUV TOV OVOYVMOTI] VIO TH UEAETY TTLO TEPLEKTIKMV TTOL-
POVOLAOEMY TOV OvTLKeELUEVOL [Steele (2001), Durrett (1996), Karatzas and Shreve (1991), Revuz and
Yor (1999)]. ‘Etot, O¢uato mov nabalvel Kavelg 0g £V TPMTO UETATTUYLOKO UaONUo OYETIKO e
martingales, Ktvnon Brown, kau 0toyaotiko Aoyopd mapoleimoviar. Tetolo Oguata eval 1 opoo-
HOPPT OAOKANPWOLUOTN T, TO Bempnuo. oUYKALONG TV martingales, o vopog 0-1 Tov Blumenthal, n
arhaym xpovov, to Oewpnua Girsanov, To OedPNUO AVOTOPAOTAONG TV martingales, oL YEVVITOPES
drayvoemv, Kat 1 Bewplo OAOKANPWONG MG TPOg GuveyN 1 a.ovveyn semimartingales [Protter (2005)].

Evyaplotd tov ouvadedpo Avtdvn Tooropitn yia t Bondsia oe Opota Latex kot ) Stoudp-
WO TNG EWPAVLONG TOU KELUEVOD, VO OVWVULOUS AELOLOYNTES TTOV OTO TTAGLOLO TOV TTPOYPAUUATOS
«KOMITTOG» EKAVOLY Y PNOLUEG TTOPATNPNOELG OE TTPONYOUUEVT EKSOO0T] TWV ONUELDOEWYV, KOL TOV OU-
VadELPO Muydhn AoVAGKY TTOV LEAETNOE TPOOEKTIKG TIG ONUELDOELG Kai Ekave TOMEG SLopOmOoELg
KOL TTPOTAOELS YO TPOOONKEC/AAMAYES, OL OTTOLEG OUVEBAAALY 0TI ONUAVILKT BEATIMON TOV ONUELD-
OLWV.

Anutpng Xehwg
3 Maptiov 2020
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Mepog 1

Agougvon Ko martingales



1

Ewsayoyika

1.1 H o-0lyeppa og TAnpogopio

21t Bewplo uETpov, otav dovkelel Kavelg og Evav xmpo X, ovvnomg exel Staheet o opkeTd
UEYAAY 0-OAyePPO. 0TOV X €T0L HOTE OMOL TG GUVOLD TTOU eU(pavifovTal Vo, avikovv og autny. O
POLOG TNG ELVOL VO, ATOTPEYPEL TPOPANUOTA/TAPASOEQ.

Avtifeta, otig TOovOTNTEG 1) 0-GAYERPQ ExEL SLanoONTLKO VONUOL. XP1OLUOTTOLELTOL YLOL VO KWOL-
KOTTOLNOEL «TTATPOQOPLAL)) KOl GUY VA, OTav Sovheliovue o€ vav xhpo, Oempolue TOMEG 0-alyePPEC.
"Evag ywpog mbavotntog (Q, F, P) uoviehomotel éva metpapa. Lo kabe mpayuatomoinon @ € Q
TOV TEPAUATOG, 1 TANPOPopLa TOV Bempoue OTL pag divel 1) 0-ahyefpo F elvol O€ TToLe OTOLEL,
NG AVIKEL TO @ KO O 7010 OyL. TlepLocdTepa yia avTh) v omrtikt) 0o SoVe 0TO ETTOUEVO KEPAAALO.

Mapadevyna. 1.1, Tt piym evog Loptol, 0 UOLohoyLKOg SeLynatikog ympog eivano Q = {1,2,3,4,
5, 6} ko ovvnBwg Bewpoue wg o-alyeBpa yia To setpauc Ty F 1= P(Q). H F Stver O A TV tAn-
POYOPLAL YLOL TO CLTTOTELECUC WLOG TTPAYLOTOTIOMONG AoV TtepLEyeL ta. povoouvoda {1}, ...,{6}. H
TANPOPOPLA. TTOV TTUPEYEL 1 O-AAYERPQL

F| = {Q,Q’{1’3=5}’ {2’ 4, 6}}

glvaL LOvo av 1 €vOeLEn tou Caplov VoL GPTLOG 1) TEPLTTOC. AEV UTTOPEL VO SLOKPLVEL TAL OLTTOTENE-
ouato. 1 kau 3. 'Etol epieyer Avyotepn minpogopio od ty F.

1.2 X-dlyeBpa mopoyouevy amd dwopépion

OL 0-G\YEPPES TTOV TAPAYOVTUL OO SLAUEPLOT EUPAVIEOVTOL O TTOMA TOAVOTIKG LOVTELD, KOLL
BonBolv 0TV KaTavonon EVVoLmY TToU 0pLLOVTaL YEVIKG VLo OAEG TIG O-AAYERPES (TT.)X., LETPNOLUO-
™TO, SEOUEVON KTA).

YrevOuullovue ToV 0pLopod TG 0-OAYERPAG TAPAYOUEVIS GITTO L0 OLKOYEVELX, GUVOAMYV.

Opoudg 1.2. 'Eotw X ovvoro ko € C P(X). Opiovue
g :={A CcPX) : AD CxanA elvor o-ahyeppal,

dMAadN T0 0VVOLO TV 0-aAYERP®Y 0TO X TTOV K0OEULO TOVG TTEPLEYEL TNV OLkoYEVeLa C. H o-alyeppa
7ov opayetan o ™) € oplleTar wg 1 Town OV TV 0-0AYERPOV 0To X Tov mepLEXovv T € Kot
ovuBoiiletan pe o(C), dnhadn

(7(6’) = ﬂﬂegﬂ.

H o(C) mepieyel axpifmg Oha oo B C X pe v idomta B € A yio ke o-ahyeppo A oto X ue A D
C.

Amodeikvietar evkoro 0TL 1 o(C) elval TPAYUATL O-OAYERPO. TTOV TTEPLEXEL TV OLKOYEVELX C, KO
aTtO TV KATAOKELT] TG ELVOL 1) WKPOTEPT UE TNV LOLOTNTO GuTY). ANAOOT TEPLEYETOL OF OTTOLAVON-
note o-aiyeppa mepteyel Ty C. Ipogavag, av 1 € gvar o-aryefpa, Tote o(C) = €.
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1.2 2-dAyePoa maoayouevn ard Stouéoion

Mitopoupe va €xovue 0To PuaAo pog 0t 1 o(C) TpokiTeL e TV eENG avadpoikn dtadikaota.
Zekwvape pue v € KoL, av out 8ev elval 0-GAYERP, TT.Y., YIOTL TO CUUTANPMUC VOGS OTOLYELOV TG
1 KATTOL0 apLOUN oL V0T OTOLYELMV TNG OEV ELVOL OTOLYELO TNG, TTPOOOETOVUE OF CLUTI] TO OVVOAO
OV OVOKOADPapE OTL TNG AELTEL. AUTO TTPETTEL VOL TO KAVOUUE TTOMEG (POPEG UE T1) VEO, OLKOYEVELOL
TTOV TTPOKVITTEL UETA TNV TPOooONKN KGOe oVVOLoU. KAToLo 0Tryun (TAVOUUE OE L0, OLKOYEVELOL TTOU
elvaw 0-0lyepa Kat ToTe otauataue, Bpnkaue ™ o(C).

Moapaderyno. 1.3 (S-ahyeBpa mapayouevn amd apbunowun dtapépton). ‘Eotw X ouvolo ko € 1=
{A; : i € I} aplOunowun dapgpion tov X (dnhadn ta A; elvan un Keva ovvora, Egva ava 800, pe
evwon to X), ue I = {1,2, ..., k} yia kamowo k € N\{0} 1) I = N. T ™) 0-dhyefpa tov tapayer n €,
£YOVUE TNV EENG ATTAT TTEPLYPALQY),

a(@):{u,-eJA,- : Jcl}. (1.1)

Anrodn €va ouvoro g 6(€) elvan Evwon KATOLmY oToLElwv The dropeptong €.
Ag ovouaocovue A 10 60voho 0to SeEL HEAOG TG TTaPOTTaV®W oYEons. TOTE €xovue To €ENG:

* Howoyévera A mepiéyer ) C. Tlpdypatt, omolodnmote ovvoro g € eival TG Lopgng A;, Yo
xamolo iy € 1. H emdoyn J = {ip} C I o meprypagi otouyeiov g A diver Uig/A; = A, € A.

* Omoladnmote o-ahyefpa. A, mepLeyet ™) C mpemel va mepteyet TV A. [t 0TTolodnmoTe Evaon
UiesA; elvar apBunoun agov to I eivan aptbunowpo. Ko egpocov n A etvar o-alyepa ko
TEPLEYEL TOL A; e [ € J, B0l TTePLEYEL KOL TNV EVIDOT] TOVG.

* HA eivou o-alyeppo. payuot,  emhoyn J = @ diver U A; = @. Emtiong, av apovue A g
uopeng A = U;ejA; yia kamowo J C I, 1ote X\A = U,cp\ A4; Tov elvar otoyelo g A. Téhog, av
éyovpe axohovdia (B,),>; otoveiwv ™mg A e B, = Uig; A;, 0mov J, C I y1a. ka0 n > 1, 10te
v J 1= U, J, éxovue U B, = U;cjA; TOU TTAML ELVOL OTOLYELD TG A.

SUVOVATOVTOG OUTEG TIG TPELS TTOPATNPNOELS Ttaipvouue Ty (1.1).

Mopaderyna 1.4 (Metpnowueg ovvapmoelg oty {d, X}). 'Eotw A = {@, X} 1 tetpiupévn o-ahyeppa

oto X.

[=XYPIzMOz: Mo ovvaptnon f : X — R elvol A-Uetpnoun ov Kot Hovo av ivan otadepn).
[payuat, av n fx) = ¢y kabe x € X 6mov ¢ € R otabepd, 101e Y10 kaBe A C R ovoro Borel

gyovue

X ovc€EA,
1) =
@ ovce e R\A.

Emeldn ooy f71(A) € A yia ké0e A € B(R), éxovue o 1 f eivar A-petpriowun.

'‘Botw twpa f : X — R mov eivar A-puetpnowun. Av dev eivon otadepr), T0Te malpvel d10 diapo-
PETIKEG TUYEG, £0TW a, b ue a < b. Yrapyovv x;,x, € X pe fix;) = a,fx,) = b. AOy® LETPNOLUOTNTAG
npémel 10 o0vorho A 1= f1((—o0,al) va avixel oy A. Ouog A # @ 0ol TEPLEYEL TO X, KOl
A # X aqot deV TEPLEYEL TO Xy, ETTOUEVWG A & A, 0Tommo. Apa 1) f TPETEL Va. lvan oTadepn).

[CeviKevon Tov TPOIYOVUEVOU TOPADELYUATOG ELVOL TO EENG.

Moapaderyna. 1.5 (MeTpnoLUEG CUVAPTNOELS O O-OAYERPOL TAPOYOUEVT) OITO apLOu oL StapepLon).
Tu wopEn £XOVV OL TTPAYUATIKEG OUVOPTNOELG TTOV ELVOL UETPNOLUEG MG TTPOG T 0-aAyeRpa o(€) mmo
Tavm?



1.3 2-dAyefoa mapayouevn orxd cuvagtioels

[zxrPizMosz: Mo o(C)-puetpnoun ovvapmon f : X — R mpémel va eivor otadepn oe kKaOg 0volo
NG SLOUEPLONG.

[Mpdrynat, £0tw fuetpnowun ko iy € 1. Agumofecouvpe OTLT fTatpvel SV0 SLOPOPETIKES TIEG a <
b o710 A;,. Oa. €mpeme howov 1o ovvoro A; N{f < b} va avikel 0T 6(C). ‘Ouwg 0wt To oVvoho eivou
U1 KeVO Kal yviolo uroovvolo tov A; . Tétowo ohvoro dev viapyel ot 6(C) (deg ™V mepLypagn
™c o(C) om (1.1)).

Emtiong, eivar e0kolo va del€el Kavelg OTL (oL ouvapTnon mov eival otadepn og kabe oVvolo
NG SLAUEPLONG ELVOL UETPNOLUT. APO, CUTEG ELVOL AKPLBDG OAEG OL LETPTOLUEG GUVOPTHOELG OTOV
X, 0(C))

1.3 X-dlyeBpa mapayouevi) od cuVaPTIoELS

Opopos 1.6. 'Eotw Q ovvoro. e wa ovvapton f : Q — [—o0, 0], ovoudLovue o-alyefpa
TAPAYOUEV) A0 TNV fTO GVVOLO

o(f) 1= I1(A) : A € B([—c0, o]}

AvTn elvan M ehayotn o-aryefpa A oto Q 1 ool kKavel v f uetpnowun otov (Q, A) [Aoknon].
BéBawa av oto Q €xeL 161 opLotel pia o-0dyefpa F ®ote 1 f va etvon petpnowun otov (Q, F), tote
O exovue o(f) C F.

S EPLITTMOTN TTOV EXOVUE TTOMEG CUVAPTNOELS {f; & I € I} oploueveg oto ovvoro Q ko BEhovpe
va. Bpoliue pia o-ahyeppa A hote va eivar Oheg uetpnotueg otov (Q, A), tote mpemel Kaw apkel o(f;) C
A o xa0e i € I Anhadn n A va mepleyel v evwon U;go(f;). Ao Okeg Tig A TOU LKOVOTOLOUV
v TV OLOTNTO SLOAEYOUUE TN KPOTEPT).

Opwoudg 1.7. 'Eotm Q ovvoro. Av n {f; : i € I} elvan (o OLKOYEVELD, OUVOPTNOEMY 0TO L UE TUUEG
070 [—00, 0], ovopaZovue o-aryeppa mapayouevy até T svvaptyoes {f; : i € I} to ovvoro

o{f, i€l = a( Uies 6(ﬁ)>. (1.2)
Avt elvon 1 eMLotn o-ahyefpa Tov Kavel Oheg TG {f; 1 i € I} ueTpnouec.

Hopaderypa 1.8 (Axolovdia piypewv vopioparog). Matpvovue Q = {—1, 1IN Mropodue va Sodpe
GUTO TO GUVOLO (G TOV SELYUATIKO YMPO YLOL Lot KoAovOLaL piypewv evog voulopotog. To —1 apt-
ota 1o amotéheona «Kopdva» kar to 1 to amotéheona «paupatar. Na n € N, opilovue ™
owvapmon X, : Q - Rue X, (0) = 0,, omov 0 = (0,),>; € Q. Anhadn 1 X, elvon 1) Tpofoin
ot n-00tn ovvretayuevn. H X, matpver povo dvo tpeg. Omote m o(X,,) eivar axpipog to o0voro
{Q’ Q’An,—l’An,l}’ ne

Ay =X (1) ={weQ:w, =1} ={-1, 1} x {1} x {=1, IN\I"],
A =X (D) ={weQ:w,=1}= {11} x {1} x {-1, N\,

orov [n] :={1,2,...,n}.
Oa mepLypdpovpe THpa ) 0-hyeppa F, 1= o({X}, X, ..., X,}). Twa dedopévn axorovbio s =
(51,82, ...,8,) € {—1, 1}, Bewpotue T0 OVVOLO

A= {(sl,sz, cee s Sy X 1o Xng2s -2) -+ X € {—=1, 1}y k@O i > n + 1}
= Xl_l({sl}) an‘l({sz}) n-- nX;l({sn}).



1.4 O yaoou I?

ANhadn To A TEPLEYEL ONEG TIG QUTELPEG akohovBOLeg 0td —1 Ko 1 TO TO 0PYLKO TOUG TUNUOL ELVOL TO §
Ko UeTa etvan ehetBepeg v gxovv 0,1 OEhovv. o o akohovBio Tov aviKeL 0To Ay, 1] CUITEPLPOPAL
TNG WG TOV YPOVO 711 ELVAL YVWOTH).
Izxrrizmos: H &, eival 1) 0-Ghyefpo tov apdyetor oo ) dwapépion € = {A, : s € {—1, 1}"} tou
Q.

Az Tov opiopd e 1 F, mpémer va mepiéxe to X ({s,}) yio i = 1,2, ..., n. Apa, wg o-ahyeBpa,
mepLE el Kaw 10 Ay, tov eivon stemepaouévn topn tov X; ! ({s;}). Enopévag o(€) € F,. And mv Gidn,
KaOe X; ue 1 < i < neivan petpnowun wg mpog ™ o(C). T'a mapaderyua,

Xi_l({l}) = Usgf—1,1 :s,.=1As

ELVOLL TTETEPAOUEVT] EVOOT 0TOLYXELWV TG 0(C), Apal OTOLYELOD TNG. ATTO TNV eEharLoTtoTTa TG F), £me-
T ot F, C 0(C) Ko 0 LoyvPLonog amodelyOnke.

1.4 Ouvyopor I?
T X tuyaia petafint otov xopo mbavotntog (Q, F, P) ko p € [1, 00), opllovue
11X11, = (E(IX|")}7

Ko
LP(Q, F,P) 1= {X tuyaia petofinti oto Q : ||X]|, < oco}.

'Oty €LVaL OOEEG TTOLOG ELVOL 0 YMPOg Q KoL sroto. M 0-ahyeppa F, ypagouvue LP(P) avtl LP(Q, F, P).
Amoderkvietar ot 1 ovvaptnon X — ||X|| » LKOLVOTTOLEL TIG LOLOTNTES

1211, = [A111X1],»
1X + Y1, < [1X1], + Y]],

v X,Y € LP(P) kau 4 € R. 'Emeton 0L to 0vvoro LP(P) etvan Stavvopatikog ywpog. H ovvaptnon
|| - ], Oa Tav vopua av emmhéov tkavomorovoe ™y [|X]|, = 0 = X = 0. Opwg dev ™V tkavorotel
YLOTL EVOEYETOL ILCL TUY OO, UETAPANTN X Vo unv ebvar 1 undeviky), aAld va toovtal pe 0 pe mbo-
vomra 1, dhadn P(X = 0) = 1, kou emopévag va €xet [|X]|, = 0. H Mbon og avto to mpofinua
etval va optoovpe otov LP(P) wa oygon wodvvautag: X ~ Y av P(X = Y) = 1, dnhadn dlo tuyaieg
uetafAnteg TG TovtiCovpe av eivan toeg pe mbovotto 1. Zvppoiifovue o 0UvVoro TV KAAOEWV
wooduvvaptog ue L2(Q, F,P) n LP(P).

ZyedOV OTTOL0L GUVAPTNON EXOVIE OPLOEL OF TUYULEG UETUPATEG UTOPOVIE VO OPLOOVIE KL YLOL
T otovyeia g L (P). Tlwg? Méow evog avTurpoommov. Ag o dove yia ™) ouvapton || - ||,. Eotw
H € L7(P) wio kAo ko X €va otouyelo g khaong (AEue avtd o otouyelo ekdoyn g H). Opilovue
||H||, = [IX]],- O opLouog dev eEapTATOL OO TV EMAOYY) TOV AVILTPOOMITOV X LTl arv Y ebva dhhog
avurpoonog, tote E(|X|P) = E(|Y]?) (agov oL X, Y eival oxgdov mavtov ioeg), omote ||X]|, = [|Y]],.
Amo v A, yio o H € AP([0, 1], B([0, 1]), A) dev éyer vomua va whaue yio v tun H(1) yuoti
av TAPOLVUE SVO AVTLITPOOMITOVS f, g amd TV KAdon H, dev woyber amapartto 1) = g(1).

[o petpobewpntikd Ogpota, Oewpovue S0 Tuyaleg LETABANTES TTOV ELval Logg ne Tbavotnta 1
TOVTOON IO AVTLKELUEVE. MEe ToV 1810 TpOTo, PAETOVUE TOV Y PO L (P) 10g X (DPO TUYALMY UETARANTMOV
Kal oL 0g Y0po kKhaoewv toodvvauiag. Topa n ouvapmon || - ||, optougvn otov L (P) eivou vopua.
yati yiopio X € LP(P) m [|X]|, = 0 ovvemdyeton P(X = 0) = 1, dpa 1 khdon g X eivow 1 khdon
™G UNSEVIKNG ovvapTnong. Avth 1 khaon etvar to 0 Tov dtavvouatikol ympov L (P).



1.4 O yaoou I?

Mpéroaon 1.9. (Aveoétnra Holder) Eotw X, Y tvyaiss ustafAntés, p € (1, 00), kat g € (1, o) téroto
wore p~l + ¢! = 1. Tére
E XY < [1X]],[|Y]],-

Ewdukn sepltmon g aviootnrag Holder (p = g = 2) etvow 1) aviootnto Cauchy-Schwarz:
E [XY] < {EQ)}AHE()} .
Mpéraon 1.10. o kdOc tvyaio uetafint X kaw 1 < r < s, toyvet
1X11 < [1X]];-

Amddein. Eivar ovvemela g avicotntag Holder, omov ) 0gom e X exeln |X|”, Tnv Ogom g Y €xel
n otabepn ovvaptnon 1, p = s/r, kav g = s/(s — r). Anhodm,

E|X|" = E(IX|"1) < E(X|*)"*(E(19))"/7 = E(|X|*)"*
KOL TO OUUITEPOLOUOL ETTETAL. [

Kata ovvenewo LS(P) C L'(P). O tehevtaiog eYKAELONOG OUMG ETETOL KL TTLO €VKOAL At TNV
napatnpnon ot [X|” < |XI* + 1 (to 1 kahismter Ty mepitwon tov [X(w)| < 1).

H vopua || - ||, opiler pla petpikn d, otov xdpo LP(P). Ioyber To €ENg onuovttkd amotéheoiia
[Kovpouviing and Neypemoving (1991), @empnua 11.17].
Ocompnue 1.11. O uetoirég ywoog (LF(P), d,) elvauw wiijong.

‘Otav elval 0ogEg oo elval 1o uetpo P, tote ypagovue LP avti L (P).
Aoknozig

1.1 'Eoto f 6mwg otov Optopd 1.6. Na Serybel ot

(o) H f etvan o(f)-uetpnoy.

(B) Av n f elvar F-petprowun, 6mov F elvar o-alyeppa oto Q, tote o(f) C F.
Apa n o(f) eivar 1 EMyLot o-0hyePpa 6To Q TOU KAVEL TNV f UETPNOLU).

1.2 'BEotw f,g : Q = R ovvaptioelg oto ouvoro Q. Na deiy st ot o(f) C o(f, g).

1.3 'Eotw F to 00volo Twv ovvoptinoemv f : R — R mov eivar dptieg. No mpoodiopiotel 1) o-Ghyefpo oo R mov
napdyet 1 owkoyévera F (Opropdg 1.7).

14 'Eotw X : Q — [—00, 0] ovvapnon. Na dery0et ot o Y : Q — [—o0, 0] etvan o(X)-uetpnoun av kKot udvo
av VITapPYEL a i ¢ [—oo, 0] = [—o0, co] Borel-uetpnowun dote Y = h(X).



2
AgOUEVUEVT] HEOT] TIUN)

2.1 Opiouog

IMavtol 0 aUTO TO KEPAMULO, OV OEV AVAPEPETUL KATL SLOPOPETLKO, SOVLEVOVUE OE EVALY YMDPO
mbavomrog (Q, F,P) kaun G C F eivar o o-GAyeppa.

Opopndg 2.1. T X : Q - R tuyaia petafinm otov (Q, F,P) ue E|X| < oo, deouevpévny néon
T g X g Tpog T 0-GAyeRpa G ovoudlovue omolavonToTe Tuyaia ueTaint Y i Q — R gyel
TG €ENG LOLOTNTEC:

(i) HY etvaw G-petpnouun.

(ii) Toyver

fXdP: fmp @.1)
A A

H astattnon (ii) utepLeyel Kot Ty amoltnon 1 Y vo elvot TETole moTe To oOAoKANpoua 0to Sekl
uehog g (2.1) va opiletod.

CeviKd, av (o TUYCLo LETABANTI ELVAL HETPNOLUN MG TTPOG WO ULKPY] O-OAYERPO, TOTE OVUITE-
palvouue OTL elvoL A0 avIlKeluevo. o Tapaderyua, ov elvol UETPNOLUN WG TPOG Lo O-OAYERPQ
TTOV TTOPAYETAL OITO SLOAUEPLOT LE 7 OTOLYELQL, TOTE WITOPEL VO, TTOLPVEL TO TOA) 11 SLAPOPETIKEG TULEG
(Mapaderyuo. 1.5).

O opLopdg howmdv pag Ager 0t av Belovpue vo vtohoyllovpe ohokinpopota g X oe ovvola
™G VITOaAYERpac G, Sev elvar avaykn va. YPNOLUOTOLOVUE T X, 1] OTTOLOL WTTOPEL VO. ELVAL GPKETA
ePLITAOKT ovvaptnon. Yaapyer 1 Y wov eivar athoVotepo aviiKelnevo amd ) X Kol UTOPEL V.
KAVEL TNV 1OL1aL SOVLELAL.

[0 TV TPOKTIKY] ONUOoLOL TG SEOUEVUEVNC LEOTC TUNG B avapepOolue 0Ty eTOUEVY TOPA-
YPAPO. EEKLVAUE Ie TO Oempnua VITUPENG Kol LOVASLKOTNTOG Kol KATOLOL TTOPADELYILOLTAL.

v kabe A € G.

Mpéroaon 2.2. (Yraosn kot uovadikétnra)

(i) Mia decusvuévn uéon ) Y tng X wg moog tyv G vadoyet.

(it) T omotadrjmote Secuevuévy tiun Y s X wg mwoog v G woyvet E Y| < E |X] < oo.
(iii) Av Y, Y elvau Svo deoucvuéveg uéoeg tués tne X wg moog v G, téte P(Y = Y') = 1.

Amddeén. (1) Ag vrrobeoovue Tpmdta 6Tt X > 0. H ouvapmonv : G — R ue

v(A) = /XdP
A



2.1 Oowouods

v KaOe A € G elvan eva uetpo ko emuthéov P(A) = 0 = v(A) = 0 (Aoknon). To @ewpnuo Radon-
Nikodym [Kovpoviing and Neypemoving (1991), @copnua 10.15] diver 6t vapyer ¥ > 0,Y €
L'(Q, G,P) dote v(A) = f, YdP.

Topa yia T yevikn mepimtwon, O¢tovue X; = X, X, 1= X~. And Vv mtponyoduevn mopd-
Ypapo gxovue OtL vtapyovy Yy, Y, > 0 mov va avtiotoryoly otig X, X, kot eéxovv EY|,EY, < oo.
Evkoha BAemtovue 0TLn Y 1= Y, — Y, elvaw o Seopevpevn tun yuo ) X.

(i) ' Eotw A; :={Y > 0},4, := Q\A; = {Y < 0}, wov eivan Kaw tar dVo otoryelo g G agpol 1 Y
etvol G-uetpnoun. Tote

E|Y|:f de—f YdP:/XdP—fXdPSf |X|dP+f IX|dP = E|X|.
A Ay A Ay A Ay

H deltepn 100TNTO TPOKVITTEL UE eapuoyn Tov (i) tov OpLopot 2.1 yia ta. oOVoha Ay, As,.

(iii) 'Eotw 6t P(Y — Y > 0) > 0. Tote 10 00voro A := [Y — Y > 0] etvow otorgeto g G (ot 1
Y — Y eivow G-uetpnowun) Ko

/(Y— Y)dP = fXdP—fXdP: 0.
A A A

Anhadn m un apvntkn ovvaptnon (Y — Y)1, exer undevikd ohokinpwua. Mpemer P((Y — Y')1, >
0) = 0. Opwg P((Y — Y)1, > 0) = P(A) > 0 a6 vtobeon. Atomo. Apa P(Y — Y > 0) = 0. Adyw
ovupetptag, P(Y — Y > 0) = 0, kot 10 Ouumépaona ETETOL. [

Svupoiilovue omoladnmote deopevuevn neon tun ™e X og tpog ™ G ue E(X| G). To (iii) g
TPONYOVUEVNG TTPOTAONG eTLTPETEL Va. Oswpoue ot M E(X | §) elvol ovolaoTtikd povadik.

Moapaderyna 2.3. Sy nepimtwon mov G = {@, Q}, woyvel
EX|9) =EX,

dMhad etvar otadepd. AvTO YLOTL OL HOVEG G-UETPNOLUEG CUVOPTNOELS ELVOL OL OTAOEPES KAl av
vrobéoovue 6TL E(X | §) = ¢ kaw eappocovpe v 2.1) yia A = Q € G, maipvovue EX = [, cdP =
c.

Mopaderyna 2.4. To pornyoluevo Tapaderyno yevikeveton wg eEng. Av 1 X elval aveEapTnTn oo
™mv G, 101e
EX|9) = EX.

[Mpaypatt, 1 otabepn ovvaptnon E X eivon tpogpavag G-uetpnown ko yio A € G €xovue

/XdP =E(1,X) = E1,)EX =PA)EX = fEXdP.
A A

Moapaderyna 2.5. Sy xepimtwon mov G = F, oyvel
E(X|9) = X.
Avtd yiati 1) X elvan G-peTpnoun) Ko Tpogavmg tkovorotel to (i) Tov Opiopot 2.1.

Mopaderyna 2.6. O dolue TOPA THV TEPLTTWON TOV 1] § TOPAYETOL ATTO (0oL ApLOUN oL Stoue-
pon, €éotw C = {A; : i € I} C F, tov derypotikot yopov Q (Mapaderypa 1.3). Anhadn G = o(C).
BéeBoua, emeldn mpener G C F, Ba gxovue 0TLA; € F yio kabe i € 1.

8



2.1 Oowouods

Synua. 2.1: Zuvaptnon (SLaKEKOUUEVESG YPOUUES) KOL 1] SEOUEVUEVT] HEON TLUH TG (EVOVYPOUUE TUNUOTO) MG TTPOG
uio o-0hyeppa. H o-ahyeppa mapdyetar amd ) diauépion {[4, 6.5),[6.5,10), [10, 17),[17,22]} tov medlov opLopot’
[4,22].

H deopevpévn péon tun, €otw Y, etvor o(€)-puetpnowun. Apo ue paon to Moapaderyua 1.5, etvon
otafepn oe KGO oVvolo TG Stapeptong. Anhadn vrapyovy otabdepec {c; : i € I} wote Y(w) = ¢;
v kabe w € A; kaii € I. ©a Bpolue avteg Tig otabepes. Egapuotovue vy (2.1) yia A = A; € o(C)
KOl TTOLPVOUUE

f XdP = ¢, P(A). 22)

A

Av P(A)) # 0, éxovue auéong ¢; = E(X;A,)/ P(A)), evdd av P(A,) = 0, otoradnote otadepd LKavo-
motel TV (2.2) agol Kot To aplotepd nelog wovtal e 0 (ohokAnpwua og cuvoro puetpov 0). Apo.

E(X;A) avm € A; KoL P(Ai) >0,
E(X| §)(@) =1 Pt -
0 avw € A; ko P(4;) =0,

kaw gtorn E(X | §) kaboplotnke mAnpwg og OLo to Q (To §e0TEPO 0KELOG TOU OPLOUOV ELVOLL CLONULOVTO
Aol aopd T0 OVVORO U;. p(s )=0A;, TO 07010 )€l NETPO 0 G APLOINOLUY EVOIOT CUVOLMYV IE IETPO
UNSEV).

211g otoLelmdelg mavoTnTeg To TAlko oty (2.3) ovufoiileton pe E(X|A;) xou Aeyeton de-
OpeVUEVY neom Tyun e X dedopgvou 6tL ouvePT To A;. Elvaun emiong n peon Ty g X g tpog T
KavOVLKOTTolnon tov eptoptopot g P oto A; (Aoknon 2.1). Etvaw ) ((néom tuur g X 0to oUvoro
A})) pe TV 8L EVVOLOL TTOV 1) HECT] TLWY oG ouveyolg ovvaptong f : R — R og €va diaotnua

[a, b] elvar 0 aptOuoOG
b
1
—_— 1) dt.
= |

210 Zymuo 2.1 gxovue (Ue SLAUKEKOUUEVEG YPOUUES) TO YPAPNUO ULaG ouvapTnong X 1e medlo opt-
ouov 1o Q : = [4,22]. O ywpog mbavotrag etvon o ([4,22], B([4,22]), A/18), 6mou A glvol TO PETPO
Lebesgue sto [4, 22]. Ot 0ptLOVTLEG YPOUUES ELVOL TO YPAPNULC. TNG OECUEVUEVNC LEONG TLUNG TG X ™G
TPOG TN 0-GAYERpa o TapayeTon amto ) dauepion {[4,6.5),[6.5, 10), [10, 17),[17,22]}. O mtpoo-
SLoPLONOG TNG SEOUEVUEVTIC UEONC TLUNG EYLve WG eENG. 'Eotw u = A/18. H deouguuévn ugon tyun oto
TpoTO draotua [4,6.5) = [a, b) 1ooUTaL UE

S X@Odu(t) S Xy dr
M([a’ b)) B b—a




2.2 Znuoacio tng SecuevuEVns uéens Tiung

Avt etvon 1 ((neom tun g X o7o [a, b))). Ouora vtoloyilletal 1) dECUEVUEVY LEDT) TLUT KOl OTA,
VITOAOLITTOL SLOLOTNUOTOL.

2.2 Xnuootio Tg deouevuivig nEons Tung

e auT TV Tapdypopo Bghovue va otnpiEovue T dMimon Ot

((H deopevpevn ueon tun E(X | §)(w) dtver v kodvtepn ektiunon yio to X(w) dedouevng g
TANPOPOPLAG TTOV dLVEL 1] 0-AAYERPO. G Y0 TO @.))

Ou évvoreg ((ekTiumon)) Ko ((FTTANPOPopLa)) ELVaL 0OOPELG Kot EAayLoTa Oa TIC SLATOPIVIOOUUE
mopakato. H o mdve @pior omhmg TPooPEPEL EVOV TPOTTO VO, OKEPTOUNOTE YLO. T1) SECUEVUEVT)
UEON TUUT). AEV TPOKELTOL VAL TV YPNOLUOTOOOUUE OTNV OVATTVEN TG Oewplog.

YrevOvuiLovue OtL, yo e o-ahyeppa G C F, og mAnpogopia Tov kpatdael 1 G Bempotue v
eENg yvmor. ‘Otav YIVETOL TO TELPOUE TO OTTOL0 WOVIEAOTOLEL 0 Yhpog ThavotnTag (Q, F,P) xou
TPOKVPEL EVOL OTTOTELEOUO. @ € Q (TO 0ol guelg dev EEpoupie), 1 TANPOYopLe TG G ELvaL TO OF
TTOLO. OTOLYELOL TG OLVIKEL KO OF TTOL0L SEV AVIKEL TO @. ANAASN 1) TANPOPOPLE. EVOEXOUEVIC VA, PNV
WO TTEL TTOLO aKPLRWG elval To @, odla Bo To meproplost. Euelg Befatwg Egpovpe Ta TavTa yLo TV
tpLado (Q, F,P) kat ) ovvaptnon X Kou Wropodue vo, KAvoupue vitohoyLopols mlavoTHtoy Kol
UECMV TUUWV.

Oa. douE THOPA AUTO TO OKETTIKO EPUPUOOUEVO OF TPONYOVUIEVO TOPASELYILOTO YLC. TO, OTTOLC,
€)Y OVUE VITOLOYLOEL TN SECUEVUEVT] UECT] TLUT).

Zto [Mapaderyna 2.3, n o-aiyefpa {@, Q} dev pag diver kapla tinpogopta. To 6Tt w € Q To
E¢poupe. 'Etot, 0ol YIVeL TO TELPANO, 1] KOAUTEPT EKTLUNON TOV Kavouue Yo v Ty X(w) mou
eyeL maper X etvou n EX.

o Mapaderypa 2.6. Otav 1 G mapdyeton and wo apdunown dwapgpon {A; : i € I}, ya
gvo. dedopevo w € Q, 1 TAnpogopla T G g AEEL OE TTOLO OTOLXELD A; TNG SLOUEPLONG CAVIKEL
TO @ KOL OEV WITOPEL VO TTEL KATL L0 KATUTOMLOTIKO YIOTL TO A; OEV TEPLEYEL YVNOLWG WKPOTEPO
KO (1 KEVO VITOOUVOLO TTOV VO, ELVAL OTOLYELD TG SLAUEPLONG. ZEPOVTAS hOWTOV OTL @ € A; KL
OVVOVATOVTAG TO UE TO OKETTLKO TOV TLPOTYOUUEVOV TTOPAUDELYUOTOS, ELVOL EVIEAMDS PUOLOAOYLKO VO
TOPOVUE WG KOAVTEPT EKTLUNON LaG Yo To X(w) T uEon Tiun e X g Tpog TV KAVOVIKOITOLN01] TOU
7ePLopLlopov Tov P 670 A; (To UETPO 0TOV VITOAOLTO Y MPO SV Hag EVOLAPEPEL). ANLadT ToV apLtOud
oty (2.3).

o [Moapaderypa 2.5. Aot 1) X eivan G-puetpnowun, Oho ta ovvora {X = r}, 6mov r € R, avinkouvv
omv G, ko Yo dedopévo w € Q, E€poupe o€ TOLo AUTO AVNKEL KoL 08 TToLa OyL. Apo. EEpovuE TOLO
etval to X(w) axpipwc. I' avto ko E(X | G) = X.

Avt 1 SLaoONon OUwe SEV AELTOVPYEL TAVTOL, OTTME SELYVEL TO ETOUEVO TAPAIELYUCL.

Mopaderyna 2.7. Ztov yopo mbavomtog (Q, F,P) ue Q := (0,1),F := B((0,1)),P := 4, 10
uetpo Lebesgue oto (0, 1), Bempovue ) o-ahyeppa

G :={AC(0,1) : A apOunowo 1 (0, IN\A apOunoipo},

7OV €lvan VToovvolo g F (yiatl?). @empolue Kow Ty tuyaio petafinm X pe X(w) = o yuo kabe
® € Q [elvar auTn oV Aéue Tuyaia uetaAnt opotopopen oto (0, 1)]. Tivetar Aowtov To melpauo
Ko Tpokvrttel eva w. H G mepLeyel 0oL To tovoohvolo Tov £ Ko apa. 1) TANPOQOPLAL TTOU KPATAEL
TPETEL VAL LOG OMOEL TOLO ELVAL TO @ OKPLBMG Ko apa Kot TNV akppn Ty tov X(w). And v
aAAn, emeldn kabe ovvolo g G €xel P ugtpo 0 1 1, €xovue 6L 1 X eivon aveEaptnm omd v G
Kot emouevog, oo to MHapaderypa 2.4 mo navo, E(X | §)(w) = EX = fol xdA;(x) = 1/2 o xG60e
w € Q.
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2.3 Baoikég 10totnteg
2.3 Boowkég 1dtétnteg

Oa dovUE 0F QUTN TNV TAPAYPUPO KATTOLEG XPNOLUES LOLOTNTEG TNG DEOUEVUEVNG UEONG TLUNG.
OL Loy UPLOUOL, LOOTNTEG/AVLGOTNTES, IO KATW LoyVouv ue mbavotnta 1. [apakelmovue auth ™)
dLaoaEnvion Yo arhoTnTa 0T SLaTHIWon).

Iporaon 2.8. Eorw X € L'(Q,F,P) kau G C F o-dAyePoa. Ioyvovv ta etijg.
(i) E(E(X|9) =EX.
(ii) Av n X elvau G-uetorjowun, tote E(X|G) = X.

Amddeén. (i) poximrel Octoviag A = Q oty (2.1).
(il) H X ikavomolel Tig §100 0ITOLTOELS TOV OPLOUOV TG SEOUEVUEVIG LEONG TLUNG. [

Iporaon 2.9. Eorw X,Y € L'(Q, F,P), a,b € R. Ioyvovv ta e&ifg.
(i) E(aX+ bY|G) =aEX|G) + bE(Y|G).
(i) AvX >0, tére E(X|G) > 0.
(iii) AvX <Y, t6te E(X|G) < E(Y| ).
Anbden. 1) HaE(X|G) + bE(Y|G) elvor G-uetpnoiun, koL yia A € G €xovue

f{aE(X|9)+bE(Y|9)}dP=a/E(X|9)dP+b/E(Y|9)dP
A

A A

=andP+bdeP=f(aX+bY)dP.
A A A

1 devtepn oot TA XpNoomomoaue TV 1dtotn o optopot Twv E(X| ), E(Y | §) kawto 0TLA € G.
ApanaE(X|G)+ bE(Y|9) eivar pa dsopevuévn peon tun g aX + bY wg pog v G.

(ii) 'Emeton amd v amodelEn g [Mpotaong 2.2(i) 0Tt vrdpyel o SECUEVUEVT] LECT] T TTOV ELVOL
un opvNTIKY. ‘Ouwg 1 deopevpevn ueon Tun eivar povadikn [[Ipdtoaon 2.2(iii)] Kot 1o ovuTEPaoua.
ETTETAL.

(iii) O¢tovpe W 1= Y — X, £apuoLOVUE TO TPONYOVUEVO UEPOG TG TPOTAONG, KOL UETA Y PVOLUO-
TOLOVUE TN YPOUMKOTNTO THG OSEOUEVUEVG UEOTC TUG (TTPMTO UEPOG TG TPOTAONG). [

Ipotaon 2.10. Eotw X € L'(Q,F,P) kow G, C G, C F o-dAyefoec. Tote:
(i) E(E(X]91)19,) = E(X|G)).
(ii) E(E(X|92)|91)) = E(X|G)).

Amddeén. (1) H tuyala petapinm E(X| G;) etvar G,-uetpnowun oot eivar G,-uetpnowun kow G; C
G,. To ovumepaouo. eretar oo v IpoToaon 2.8(ii).

(i) HE(X| G,) etvan G, -petpnown, kaw yi A € G, €xouvue

/E(X|91)dP=fXdP=fE(X|92)dP.
A A A

2V TehevTaLa LOOTNTO. XPNnopomototue Tov optopo ™ E(X | G,) kot to 0Tt T0 A glva OTOLYELD TG
G, emiong. To CUUTEPAOUO. ETTETOL. [
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2.3 Baoikég 10totnteg

Ipo6raon 2.11 (Ta yvwotd Pyaivouv Ew). Eotw X € LY(QF,P) kaw Y : Q — R ocvvdornoy
G-uetrorowun wote E |XY| < o0. Tote

E(XY|9) = YE(X|9). (2.4)
AmdSeién. To 8eEL UELOG TG LOOTNTOC ELVAL (0L G-UETPNOLUT OVVAPTNON, APa LEVEL Va. detEovue OTL
tkavomoLel T devtepn ouvOnkn tov OpLopo? 2.1. Oo aue Le T ovvinOT TOKTUKY).
l1.AvnY=1zue B € G, 10t Yo KGO A € G €xouvue

fYE(X|9)dP=f E(X|9)dP=f XdP=/lBXdP=/XYdP,
A ANB ANB A A

KOl TO OUIITEPOLOUO, ETTETOLL.

2. H ponyoduevn 18Ik TEPLITTmon KaL 1) YPUWUKOTITO TG SECUEVUEVIC LEONG TLUNG SLVYOUV TNV
(2.4) 6tov 1 Y etvan ot ko G-petpnouun).

3.AvolX, Y > 0, t0te maipvovue avEovoa akorovdia (¥,,),s Un apvnukay amhdv Kot G-Hetpnouny
OVVOPTNOEMY TTOV OVYKALVEL ONuelakd oty Y. Me Baon Ta mponyovueva, Yo A € G gxovue

/Y,,E(X|9)d1>= /XYndP.

A A

Egapuoovue to Oempnua novotovng oUyKAong 0TV TELEVTOLN, KO TTOLPVOUUE

fYE(X| G)dP = fXYdP.

A A
"Etol, mahL woyver ) (2.4).
4. Two. T yevikn sepintwon. Egapuofovue v (2.4) yio ta Cevyapra (X, YL {X—, YL {X*, Y},
{X*, Y*} yio ta omota E€poupe OTL LOYVEL, KOL KAVOUE TIG OTTOPALTITEG TPAEELS UE TLG LOOTNTEG TTOV
Bo tpokpovv. Xpnotpomolovpe BERaLaL TO YEYOVOG OTL
E(X-Y") + EX-Y*) + EX*+Y-) + E(X* 1) = E|XY] < co.
|

Iporaon 2.12. Eorw X € L'(Q, F,P) kaw I, G 6-dAyeposgs orov Q dote n I va elvaw aveEdotnty
and ™ o(0(X), G). Tore

E(X|9) = E(X|0o(G, ). (2.5)
Amddeén. Apkel vo deryOel yia X mov alpvel Tueg oto [0, 00]. To apLotepo HELOG TG LOOTNTOGC, G
10 ovoudaoovue Y, eivan pa o(G, F)-petpnoun ouvaptnon. Mével va dei&ovpe 0t
v ka0e A € o(G, F(). To apLotepd HEAOG TNG TEAEVTALOG LOOTTAS, OEWPOVUEVO G CUVAPTNOT TOV A
VOl LETPO, E0TW U, OTOV UETPNOLUO XDPO (Q, (G, F()), To 1dio Ka To deEL PELOG, Ag TO OVOUAooUpE
v. Avta ta 0o eivol memepaocuevo petpa pe w(Q) = v(Q) = E(X) < oo Kal ouugovoly otV
owkoyévewn C :={GNH : G € G, H € F} yuati yua kaOe ouvoro G N H oty C gpouvpe

u(H N G) = E(X151y) = E(X15) E(1p),

Entetdn n € etvou khewotn ot emepaopueveg Toues Ko o(C) = o(G, F), neton amd yvmoto Oempnuo

[7t.x., [TpoTaon 2.8 oto Kovuouddng and Neypemoveng (1991)], 0tL tar u€tpo i, v TaUTLLOVIOL 0TO
0(G, F), xou To TNToVUEVO SELYTNKE. [ |
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2.3 Baoikég 10totnteg

H 710 Katm mpdTaion Lval YOl 08 VITOAOYLOUOVS.
Mpéroaon 2.13. Eorw 8,8, dtaywolowor uetoikol yoot, X : Q — §,,Y : Q — 8, tvyaiss uera-
pAntés, h @ 81 X 8, = R Borel uetonjowun wote E|h(X, Y)| < o0, kat G C F o-dAyefoa wote n X va
elvau G-uetonowun eva n 'Y va elvar avebdotntn g G. Oérovue ¢p(x) 1= E(h(x, Y)) av n uéon twurj
elvau kadd ogtouévn kar ¢p(x) = 0 dwagpogetird. Tote ue mbavornra 1, n G(X) moocdiogiletar amd
TOV TQWTO KAGSO TNGS P Ko
E(W(X,Y)|9) = ¢(X). (2.6)
Anhadn, YL v, VITOAOYLOOVUE TNV TUY] THG dEoUEVUEVNG HEomg Tiung g A(X, Y) ot éva o € Q,
naydvovpe ™ X oty TN x = X(w) Kau virohoylZovpue T ueon T g tocottog Ax, Y), otnv
0TTOLOL 1] TUYOLOTNTO OPEIAETOL HOVO 0TO0 Y. EVOAAGKTIKEG YPUPES TOV TOPOITAV® TUITOV ELVOL OL
egig:
E(h(X’ Y) | 9) = E{h(x9 Y)}|x=X’ (27)
E(h(X, V)| 9)(w) = /h(X(w), Y(@") dP(o). (2.3)

Ztov ywpo 8; X 8, Bewpolue ™ o-ahyeppa B(S; X 8,) Twv Borel cuvorwv, 1 ool (emeldn)
oL 8,8, elvor draywplotpor) ovumirtel ue ™V B(S;) ® B(S,) (Aeg Kovuoviing and Neypemoving
(1991), Mapaderypa 9.2).

Amddeén. 'Eotm u, v ou katovoues Twv X, Y avriotoya. Ht.u. (X, Y) €xeL kotavoun o : = uXv (ULETPO
ywouevo) emeldn ol X, Y eivon aveEdptnteg, kan yvwpitovpe ot h € L1(8; X 85, B(8; X 8,),u X v).
Tote, and ) Bewpia OhOKANPWONG 08 YMPOo YLvouevo [m.y. Oewmpnua 9.14 oto Kovpovihng and
Neypemoving (1991)], woyvet

$(x) = f hx,y) dv()

Y1 (-0yedov Oha ta x € X ka1 ¢ eilvon Borel petpnowun. Apan ¢(X) etvan o(X) petpnowun. ‘Emerta
0o ehéyEovue TNV 1oY 0 TG devTepng ouvONKNng Tov Optopot 2.1. Anhadn OtL yio kabe A € G 1oy deL

E(h(X, 1,) = E(p(X)1,) (2.9)
Oa del€ovpe KATL YEVIKOTEPO, OTL Yia KGOe Z : Q — R pparyuevn koL G-uetpnotun toyvet ot
E(h(X,Y)Z) = E(p(X)Z) (2.10)

O¢tovrag Z = 1, o auty, Taipvouue to Inrovuevo. 'Eotw Aowmdv pia tétola Z. Zvufoiifovue e
i, v Tig kotavoueg Twv (X, Z), Y avtiotouya. Tote, amd v vitofeon aveEapmolag, Oa £xovue OTL 1)
Katavoun ™g (X, Z, Y) elval To UETpo yvouevo i ® ¥ Ko £tot

E(h(X,Y)Z) = / / h(x,y)z di(x, z) di(y) = f z / h(x,y) dv(y) di(x, z)

= f z29(x)dii(x, z) = E(¢p(X)Z). [
Yvuporopos: Av Z, W sivar Tuyoieg LetafAnTeg, Tote yia ) deopevuevn peon tun E(Z| o(W))
xpNoLosoovue Tov ouufoiond E(Z| W).

Moapadevyno. 2.14. Mo Tp®dTH EQAPUOYT TNG TTLO TAVE TPOTOONG elvar M akohovdn. 'Eotw X, Y
aveEQpTNTEG TUYOLEG UETAPANTES, e Kabeulo va £xel TV opotopnopen katavoun oto (0, 1). H uéon
) E(XY) vohoyiZeton wg €.

E(X") = E(E(X"| 1)) = E(¢(Y))
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2.3 Baoikég 10totnteg
ue ¢(y) = E(X). T y € (0, 1) €xovue E(XY) = fO1 ¥ dx = 1/(y + 1). Apa. n Tnrovuevn peon twun
wovtow ue E(1/(Y + 1)) = fol(l +y)~'dy = log2.

Mopaderypa 2.15 (Tuyaio aOpoopa Tuyoimv petafintav). 'BEotw N, (X,),en+ TUXOLEG LETABANTEG
otov (Q, F,P) ue ™ N va matpver tpeg oto N ko Tig X, vo aipvouv tuég oto R. Opilovue Tig
Toyoleg uetapinteg So(w) = 0,5,(w) 1= X|(w) + Xo(w) + -+ + X,(w) Yo xabe n € Nt ko v
Sy e Sy(w) = Syw)(@). Ymobétovue 6L o1 (X,,),en+ lvon aveEapmnTeg amd ™ N Kol LOOVOLLEG,
EN < o0,E|X;| < 00. Oa delEovue 6T

E(Sy|N) = NE(X,).

Eqapuodtovue v mponyovpevn mpotaon e §; 1= N, 8, 1= RN, A(n, (x)i1) = x; + - + x, av
n Z 1 N h(O, (x,-)iZI) = O,X = N, Y= (Xl')izbg = G(N)
Agnvouue to Ogua HeTpNodTNTOG ™G A Yia to TéAog. Aetyvovue 0tL E |A(N, Y)| < 0.

E[h(N, V)| = E( 3 Iysalh@ V1) = ) E(yo,lS,) = ) E(ly=,) E(S, )
n=0 n=0 n=0

o0
<Y nPWN=nE|[X,| = ENE|X,| < co.

n=0

'Enterta, yioon € N* éyovue ¢p(n) := E(h(n,Y)) = E(X, + X, + --- + X,,) = nE(X,). H idua o€on
woyve Kaw ywo n = 0. 'Etot, 1) (2.6) divel to Tntovuevo.
Kamoeg Aemtopépeteg. Oewpovpe tov 8, = RN o uetpucd xmpo pe petpikny v d(x,y) =

(69 — X =Y, , ’ ’ ’ ’ ’
Dt 2 "%, 0mtov X = (x,),>1,X = (Vy)n>1- ME QUTI] T1) LETPLKN ELVOL OLOLYWPLOLUOG UETPLKOG
- + (%, =Yy - -

xwpoc. ‘Enerta, 1) h etvan Borel-petpnowun yiatt yia omrorodnmote A € B(R) €xovue
{(n,x) : h(n,x) € A} =AoUU ()} x (x € RN : x; +x, + -+ 4+ x, €A}

To o0voro Ay oovtaw pe {0} X 8, av 0 € A evdd Loovtow e @ av 0 & A. AQNVETOL OTOV OVOYVAOOTN
VO SLKOLOLOYNOEL OTL 1) VO] 0TIV TEAEVTALA EKPPAOT Elval oVvolo Borel tov §; X 8.

Ipo6taon 2.16 (Avicomro Jensen). Eotw X € L'(Q, F, P) kau f kvotij ovvdornon oe éva Sidotnua
ICRusP(X €l)=1kau E|X)| < 00. Tote

AEX]9)) <EAX)|9).
H aviootnta Jensen €xeL v €ENG XPNOLUT GUVETTELL.
Mépwopa 2.17. INa p > 1 ke X € LP(Q, F, P) woyver
ITEX | DI, < 11X]],-
Ty mepiTmon p = 1 v £xovue NN det oty Ipotaon 2.2(ii).

AnddeiEn. To dtLm X eivou otouyeto Tov L2 divel 6t eivar otoryeio kaw tov L. ‘Etol, epapudfovrag
™V aviooTTa Jensen yo. Ty kupth ovvaptnon fix) = |x]P, Exovue 6T

|EX| 9P < E(XP19)

ue mbavotnta 1. atpvovue peon tun ota d0o ueln, kot ue xpnomn g Mpotaong 2.8(i) maipvouue
E{|EX| 9P} < E(XP),

7OV €LvaL TO CNTovuUEVO. [
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2.4 H Seouevuévn uéon tiur wg moofoirr

[0 T SECUEVUEVT] LEOT] TLUY VITAPYOVY OPLOKG OEWPNUOTA CVTLOTOLYC CLUTMV YLOL TV LEOT) TUUN).
Kavovue Aemtropepetakd v omrodelEn yia to Oempnua povotovng ovyKAMoNg eva yia. To. GAA Si-
vouue TNV O TG atodelENG. Elval akpifmg 1) 1dta 07wg Ko oTig ek80YEC TmV OEwPNUAT®Y YWPLG
deopevon.

Ocdpnua. 2.18 (Oedpnua povoTovig ovykAong). Av ot (X,),en+ elvar otowyeic tov LY(Q, F,P) ue
0<X, <X, rardben > 1 ko E(lim,_,  X,) < oo, té1€

E(lim X, |9) = lim E(X, | 9).

ArédeEn. To opo oto SeEL pehog vitapyet, yrott 1 akohovdia {E(X,, | 9)},en+ elvar avEovoa (Tpod-
tooN2.9(iii)), ko etvon G-uetpnowun tuyaio petafint). ‘Exeita, yio omoodnmrote A € G €xouvue

f lim E(X, | G)dP = lim fE(Xn |G)dP = lim fX,,dP - f lim X, dP.
STV TPOTY KoL TPLTH LOOTTO XPNOLUOTOOUUE TO GUVNOLOUEVO BemPNUO LOVOTOVIG GUYKALONG
EVM 0T SEVTEPT TOV OPLOUO TG SECUEVUEVIG LEOTG TLUNG. Apa 1) Tuyaina petain lim,_ o E(X, | §)
LKOLVOTTOLEL KO T1 SEVTEPT QITOALTNON TOU OPLOUOV THG SECUEVIEVNG UEONGC TLUNG, KoL TO Bempnua.
aodelyOnKe. [

Ocpnuo 2.19 (AMupo Fatou). Av or (X,),en+ evaw un apvyuixée, orowyela tov LY(Q, F,P), ko
E(li_mn_)oo X,) < oo, TétTE
Elim X,| ) < lim E(X, |9).
n—oo n—>oo
Amddeén. Epoapuolovue To mponyovuevo Oempnua oTnv odE0uoa 0KOAOUOLo ) apVITLKMV Tu-
xatwv petofintav Y, = infis, X;, n € N*. To 0pLo g elvon 1o lim X, [

Ozpnua 2.20 (Oehpnua Kuplapynuevng ovykiong). Avou {X, : n > 1} elvau tuyaleg uetaffAntés
otov (Q, F,P), ovykAivovv ue mbavérnyra 1 ce o tuyaia uetapinti X, kow vrdoyer Y € LY(P) ue
1X,| <Yy kdOe n > 1, téte X € L'(P) kou

E(lim X, |§) = lim E(X,|9).
n—oo n—>oo

Amddeén. Epapuolovue to mponyovuevo Bempnua otig akohovbieg Z, := ¥ — X,,n € N xa
W,:=Y+X,neNt. |

2.4 H deouevpuévn péon T} wg tpofodr)

To ovvokho H := L*(Q, F,P) eqpodLaouévo e 1o eowteptkd ywvouevo (X, Y) = E(XY) = [ XYdP
etvan yopog Hilbert (deg Hapdpmua B'). O Hy = L*(Q, G,P) eival vdywpog Tov H Ko uahoto.
Khewotoc. ‘Exouvpe opioel T deopevpévn uéon T og pog ™y G yio ta otouyeia tov L(Q, F,P) D
H. 'Oumg yo. T otoryelo Tov H 1) SEOUEVUEVY) UECT) TUUT EXEL TNV EENG YEWUETPLKT] EPUNVELQL.

Mpéroon 2.21. H arncxévion T : H — Hy ue T(X) = E(X|9G) elvar 1 ogBoydvia wooforr] atov
voyweo H,.

Amddeén. Kat apyac, n T maipver tpdynott Teg otov Hy yiatt amto to [opona 2.17 (ya p = 2),
av X € H,10t1e E(X| §) € H,.

Kabe X € H ypageton wog X = E(X|G) + {X — E(X| 9)} ue E(X| G) € Hy. Méver va. deiEouvpe 0TL
X —E(X|9) € HE, dnhadn E(Y{X — E(X|9)}) = 0 yia k40 Y € H,. Avtd agivetal o¢ 4oknon
(Aoxnon 2.9). |
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2.4 H Seouevuévn uéon tiur wg moofoirr

/ L*(9,G,P)

Synuo 2.2: H deopevuévn péon tun) wg mpoPort). O meppdhiwv ympog eivar o L2(Q, F,P), kar o vdywpog
L*(Q, G, P) noplotdvetal amd éva, emimedo.

Aoknozig

g aokNoELg o KT virodgtoupe 0Tt Sovislovpe ot évav ydpo mbavottag (Q, F,P) ko otL 1 G eivon
0-GhyeBpa 0To Q Ko vtooUvoro g F.

2.1 'Botw (Q, F,u) xopog uétpov kar Ay € F ue u(Ay) > 0.
(o) Na deryBet ot m ovvapmon v : F — [0, 0] ne

v(A) =u(ANA)

elvol uEtpo otov (Q,F). Autd 10 PETPO OVOUATETAL TEPLOPLOUOG TOV u 0To Ay. Kovovikomounvtag to (dnhadn
SLOLPDVTAG TO UE T OUVOMKT TOU AL, TALPVOUUE TO UETPO TLOAVOTITOG

W) _ uAnay)
O RTEE

(B) Na derybet 0tL yio kaBe X 1 Q — [—o0, oo] uetpnowun pe f |X| du < oo 1 pe X > 0 woydel 6t

1
Xdv=—— | Xdu.
f Au(AO) Ao ¢

2.2 'Eoto (X, Y) didtdotor tuyoio petofint) ue mukvomra f : R? — [0,00) kar & : R — R Borel petpnowun
wote E|h(X)| < co. HY éyeL mukvomro fy(y) 1= Jp fx,y)dx yio kébe y € R. T x,y € R Bgtovpe

H(A) =

f(x’)’)
Sepr(xly) = [% av fy(y) # 0,
0 av fy(y) = 0.

Téhog Oétovpe p(y) = fi A(x)fy|y(x|y) dx yia k4Be y € R. Na dewyOei ot
E(hX)|Y) = ¢(1).
Emopgvog, n «X|[{Y = y}» éxeL mukvomra fy| y(x | y), Tov 011G 0ToyeLddelg mbavotteg eival opioud.

2.3 'Boto X € L1(Q, F,P) ue X(w) > 0 yio k40e 0 € Q. Na deuy0el 6t
() E(X|G) > 0 pe mbavotnta 1.

B E(s) =1

E(X|9)
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2.4 H Seouevuévn uéon tiur wg moofoirr

2.4 Boto X € L1(Q,F,P) ue X(w) # 0 yia x40 w € Q. Ioyer amapaityra E(X | ) # 0 ue mOavomra 1?
2.5 'Boto X € L2(Q,F,P) xav F, C F, C F o-GhyePpec. Na deryOel o

E(EX | #1)*) < E(EX | 7).

TToLo €lvon 1) YEWUETPLKT] EPUNVELDL TG AvVIOOTNTOG?

2.6 'Eoto X € L*(Q, F,P). Na dery0ei 6T

E(XE(X|9)) < E(X).

2.7 AvolX,Y € LX(Q, F,P) ixavomowovv E(Y | §) = X xou E(Y?) = E(X?), 11 X = Y pe mOavomta 1.
2.8 AvolX,Y € LX(Q, F,P) ixavomowovv E(Y? | §) = X? xaw E(Y| §) = X, téte X = Y pe mbavodmro 1.
29T X € L2(Q, F,P) xou Y € £L2(Q, G,P), va dery0el 6T

(a)
E(YX) = E(YE(X|9)),

Mmadn X —E(X|G) LY.

(b)
E(X -EX|9)) <E(X-1)*),

Ko 1 100TNTo. LoyveL av Kat uovo av Y = E(X| G), dnhadn woldvror pe mbavotnta 1. Me ko Aoywa, 1 E(X| G)
elval 1o (ovolaoTikd wovadikd) eyyitepo oto X onueio Tov vroywpov £L2(Q, G, P).

2.10 T X,Y € £X(Q, F,P), va deryOel 6T

E(E(X|9)Y) = E(XX E(Y|9)).

2.11 T X € L2(Q, F,P), ovoudZovpe v Tuyoio petafint)
Var(X|9) := E{(X - E(X|9))* | §}

deopgvuévn duaomopd g X wg tpog T 0-aiyePpa G. Na. deiybel ot
(a) Var(X| 9) = E(X*| G) — {E(X| 9)}*.
(b) Var(X) = E(Var(X| 9)) + Var(E(X | 9)).

JTNV TEAEUTOL LOOTNTO, 1] Var 0TV TPMTY KoL 0TV TPLTH TOCOTHTO ELVAL 1] GUVIIOLOUEVT] SLOOTTOPA TUYOLCG
ueTapANTIG.
2.12 'Eotw X, X5, ... , X, aveEqptnteg TUyaieg uetafAnteg ue pueon tyun 0 ko Staomopd 1. Ogtovpe Fy = {Q, Q}, F i =
o(X1, X5, ..., X)) a1 < k < n. 'Eotw KoL TUYOLEG UETAPANTEG ay, Ay, ... » d,, DOTE N G VO EIVOL F_ | -IUETPNOLUT KO
ppayuévn o 1 < k < n. No SeryBel 6T

n 2 n
E (Z aka> = 2 E(ai)
k=1 k=1
2.13 'Eotw X, Y aveEaptnreg Tuyoaieg uetofintéc wote E [X|, E Y] < oo xar E(X) = 0. No deiy0el 0T E [X + Y| >

EY|.

2.14 (Alhoyn uétpov kar deouevuévn péon ) ‘Eotw P uétpo otov (Q, F) karf : Q — [0, oo] tuyaio petafinm
ue Ep(f) = 1. Na deiydel 6

(a) H ovvapmon Q : F — [0,00] ue Q(A) := [, fdP = [fl,dP yia x4Be A € F eivou pétpo mbavotag.
[Cpagovue dQ = fdP.]
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2.4 H Seouevuévn uéon tiur wg moofoirr
(b) T kG0 X > 0 Tuyaio peTafAnTh LoyveL

Eq(X) = Ep(X/).

Koy X 1 Q = [—o0, o0] tuxaio petapinm, Eq(|X]) < co & Ep(|X[f) < oo.
) T G C F o-dyeppa ko X € L1(Q, F,Q),

Ep(Xf19)

EeX19) = 0715) -

2.15 'Eotw (A,),>; apbunoiun diauépton tov derypotikot ympov Q pe P(4,) > 0 yia kabe n > 1. To Bedpnua
oMknNg mhavoTNTaG AéeL OTL Yo KGOe B € F 1oy et

P(B) = > P(A,)P(B|A,).
n=1

OewpmVTag KATOMNAN Tu e uetafint X Kar o-0hyeppa G, SEIETE OTL VT 1] LOOTITO ELVOLL CUVETELD. TG OYEONG
E(X) = E(E(X| 9)).
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3

Martingales

3.1 Opopods Kot Topadelynato

"Botw ympog mbavotntog (Q, F, P). Amdnen oe avtov tov ympo héue wo abEovoo axolovdia
(F )0 0-0AYEBPMOV 1) KOOEULOL ATTO TLG OTTOLEG ELVOIL VITOOUVOAO TG F. Anhadn, éxovue F, C Fyy C
F vy kaOe n > 0. Mo akorovdio Tuxalov petafAntav (X,),>o 0tov Q hEyetal TPosapuoouévn
ot dmMOnon (F,),50 av yia kabe n > 0 X, elvaw F,-uetpnoun.
Toupaon: e avtd To KEPAROLO, OL SEIKTEC TWV SLOPOPWV OLKOYEVELDV TOV EUPAVILOVTAL ELVOL
guotkot aptbuot. 'Etot, 0tav ypagovue n > 1,n > 0, evvootue n € NT xow n € N avrtiotouya.

Opropog 3.1. Av ) akohovBia Tuyatwv petafntav X = (X,,),>( LKavomotel TG tdotnteg
(i) H (X,),>0 elvar tpocappooévn omy (F,),0.
(ii) E|X,| < oo yia ka0e n > 0,

(iii) E(X,,, | F,) = X, yi k&Oe n > 0,

10T Aéyetow martingale wg mtpog ) dtONon (F,),0 kar o petpo P. Av avel g (i) woyvel 1
EX, | F,) = X,, 10t 1 axokovOia Aéyetor submartingale, evey av wyber 1 E(X,, | F,) < X,,
T0Te 1) okorovBia Aéyeton supermartingale (wg pog ta (F,,),50 ko P).

H oot ta 1 avicotnta oto (iii) evvoeitan OTL Loyvet ue mbavomta 1. Avtiotoyn Tapotenon
Kavaue ko oty apyi g Hapaypdpov 2.3. Otav elvar cages mota etvar o (F,),>o kKou P, dev ta
AVAPEPOVUE OTAV YapOKTNPLLOVUE o akohovBia wg martingale, submartingale, 1) supermartingale wg
TPOG QVTAL.

Av " (X,,),>0 elvou submartingale, t0te 1) (—X,,),,>( ebvar supermartingale. Kaun (X,,),>0 €lvow martingale
av KoL HOVo av elvol TauTtoypova. submartingale ko supermartingale.

Entiong, malpvovtog neoeg Tuég ota uehn g (i) €govpe ot 1 akorovdia (E(X,)),>o lvon ota-
Bepm), avEovoa, 1 pOivovoa otav avtiotorya 1 X elvon martingale, submartingale, supermartingale.

OavTalOUOOTE EVOV TTALYTY TTOV CVUUETEYEL OE EVOL TALYVIOL TTOV YiveTal o Pruata kKo X, on-
AdVEL TNV TTEpLovoto. Tov petd to fnua n. H E(X,4; | F,) diver Ty KalOTepn eKTIUNOT IOV £XOVUE
YLOL TV TTEPLOVOLOL TOV UETA OITO €VOL PNuct pe dESOUEVY OA1 TNV TANPOPOPLE. KUTA TOV YXPOVO 7.
Emouévmg, Otav 1 X etvor submartingale (supermartingale), To oty vidL €lvar VTEp (AVTLOTOLY O, KOTA)
TOU TTaLyTY), EVO Otav 1 X elvol martingale, To oy vidt elvol StKao.

O oupperpikds ohdg Tvyaiog Tepintatog oto Z. 'Eotw (X;),>; akolovdio aveEapttmy 1oo-
VoV TUy oV petofintov pe P(X; = 1) = P(X; = —1) = 1/2. ©¢tovue

SO .= 0,
S, =X, + -+ X, yioxdbe n > 1.

H avéMEN S = (S,),>0 AEYETOL CUUUETPLKOG 0TTAOG TUYOLOG TTEPLITOTOG 0T0 Z. DavTaLOUaOTE OTL TO
S, elvaw 1 O£01 010 Z £VOG TEPLITATITN TN YPOVLKT oTLyun) 7. KAOe xpovikn oTiyun n o TeputatnTng
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3.1 Ooioude ko mapadelyuara

Synua: 3.1: To ypagnue. Wog TPOYUOTOTON 0TS TV TPMTMY 9 BNUATOY TOU GUUIETPIKOD ATAoD TUYGLOV TEPLITA-
Tov oto Z.

ETALEYEL TUYOLOL PLaL KOTeEVOUVOT), SEELA 1) APLOTEPQL, KAVEL EVOL BNUOL TPOG 0T TV KATEVOUVOT KoL
toroOeTeltan ot Ogom S,4; ™ xPovikn otiyun n + 1. To «amhog» avagepetan oto OTL kKabe fnua
etvol ueyedoug 1 (evd B umopovoe va Lval TEPLOCOTEPO) EVAD TO «OUUUETPLKOC» 0TO OTL TO PNuc
ota 8eELa gxelL TV 1L TUOAVOTITO UE TO PULCL 0TA APLOTEPA.
Oa dolue aueomg dvo martingales OV TPOKVITTOUV GO TOV QWTAO TUYOULO TEPLTATO TO, OTTOLC,

uwakoto fondovv ot uelétn Tov. H Sindnon mov Ba Bewpovue elvor 1) eENG:

fO = {®> Q},

F, i=0X;, X5, ..., X,) yaon > 1.

o k40e n € N Oétovpue M, := S2 —n.

Mapaderyna 3.2. O aveliEeig
(@) (Sy)uz00
(b) (M,,),0
etvo, martingales wg mtpog ™V (F,),>0-
IMparynatt, 0rd TOV 0PLONO TG (_fn)n>0 pokvITTEL OTL oL S, M elvon Tpooapuoouéve. H (ii) Tov
opLopo¥ Tov martingale LKOVOTTOLELTOL a(p_m') IS,| < n, |M,| < n?®+notovQyokdOe n € N.
Tyenka pe v 1ot To. (iii) Tov 0pLopoY, Yo TV aveMEN Tou (a) vtoloyifovue

E(Sn+l |fn) = E(Sn +Xn+l |fn) = Sn + E(Xn+1 |fn) = Sn + E(Xn+l) = Sn'

21 de0TEP LOOTNTA, YPNOLULOTOLNOOUE TV YPOUULKOTNTO TG SECUEVUEVIG TUNG KOL TO YEYOVOG OTL
n S, etvor F, petpnoyun). STy Tpit ooTnTa, To 0TL 1 X, elvow aveEdptnm amd v F, KoL v
[potaon 2.8(iii).

Ca v oveMEN tov (b), emedn S,y = S, + X401, EXOVUE

S = Sh =2X, 1S, + X2 =2X,,4S, + |
Kow apa M, — M, = 2X,.,S,. [Talpvovtog Heon T wg TTpog ™ o-alyeRpa F, €xovue
EM,11 | F,) — M, = EQX,1,S, | F,) = 25, E(X,41) = 0.
21 deltepn ooTTO Ypnowortonoaue Ty potaon 2.11 kow v [Mpotaon 2.8(iii).
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3.1 Ooioude ko mapadelyuara

A¢ gpavtaotobue Evav okt A ov eugpaviletal og £va Kalivo koL ailel o eEng oty vidt.
Ka0e ypovikn otyun 1, 2, 3,... plyvetar €va tiwo vouopa. Av épbet (Kegpakn)), o A kepdilel pio
uwovada, eva ov £pOet (Tpauuata)), o A xavel uia povada. To ouvolKo KEPSOG TOU TALKTY AKPLBWG
Uetd to ouyvidt n etvan S,. H péon tov tun drotnpetton otabdepn, ton pe 0, agpod m (S,),so elvat
martingale.

Hapaderypa 3.3. 'Eotw (Z;),5 axorovdio aveEaptntov odvoumy tuxaiov uetofintav ue E(Z,) =
1. ©¢tovue Fy :=1{2,QL F, :=0(Z,,2,, ..., Z,) 0. kabe n > 1, xou

RO = 1,

R, :=2Z,---Z,ywo.n > 1.

H (R,),>0 elvouw martingale g 1tpog TV (F,,),>0- [Tt To (i) Tov opLopov etvar tpogaveg. T'ua to (i),
YPNOLULOTTOLOVUE TV AVEEQPTNOLAL KO VTTOAOYLLOVUE

E|Z,Z,---Z,| = E|Z||E|Z,| ---E|Z,| = (E|Z;])" < co.
T to (iii), govue
ER, 41 1F,) =ER,Z,11 | F) = R E(Z,1,|F,) = R, E(Z,11) = R,.
21 deltepn LooTNTO YpNowortonoaue Ty Ipotaon 2.11.

Mapadevypa 3.4 (Martingale tov Doob). 'Ecto ydpog mbavotntog (Q, F, P), wa dtnonon (F,),s0
og avtdv, kar X € L'(P). Opilovue
X, 1= EX|F,)

v k@0e n > 0. Tote n X = (X,,),>¢ elvar martingale wg mtpog ) dMOnon (F,),50- Ot n X et~
VO TTPOCAPUOOUEVT] TTPOKVITTEL A0 TOV OPLOUO TG deouevuevng ueong tuns. Emerta E |X,| =
E(|EX|F,)]) < E|X| < oo amo 7o (ii) g [Ipdtaong 2.2. Telog, yio n > 0,

E(Xn+1 |3tn) = E(E(X|'Tn+1) | ‘Tn) = E(lein) = Xn'
2t deltepn wooTTa, pnopwomomoaue ot F, C F, 4 ko v [potaon 2.10(i).

210 €TOUEVO TOPAdELYUE, VLo TV aAmodel€n OTL o akohovbio elvon martingale 0o yPELAOTEL
VO KAVOUUE EVAV TTPAYUOTIKO VITOAOYLOUO OGS OEOUEVUEVIG UEONG TLUNG (EVHD OTA TTPONYOVUEVA,
TOPASELYUOTOL TTOVTOL (0L ATTAN LOLOTNTO oG YAOTWVE 0Ttd ToV KOTTO).

Mopadevyna 3.5 (H kakan tov Pélya). Mo KGATN TEpLEYEL & GOTPEG Ko u worvpeg umdaheg. Emi-
AEYOUUE OTNV TUYT WL GTTO TIG WITAAEG TTOV TTEPLEYEL 1) KAATY], TV EMLOTPEPOVIE OTNV KA, KoL
poobETovue akopa € Tov 8o xpouatog ue avtny. Exavolaufdvovue ovtn t diadikaoio e’
amewpov. 'Botw A,, kou B, 0 0ptOuog Tov Aompwy Kol foipmy UWTOADMY VTLOTOLYO. UETA T n-00TH)
emavainym tov mewpapotog ko X, 1= A,/(A, + B,) T0 T0600TO TV AOTPWV UTAADY TNV KAAIT
ekelvn ) otrypn). Octovue F, :=o({A,B; 1 i=1,2,...,n}).

Izxrprzmoz: H (X)), elvar martingale wg wpog v (F,),> -

Ou Lot Teg (i), (i) Tov opLopo¥ Tov martingale tkavorToLOVVTOL. ZyETIKA we TV (iii), Yo Tov viro-
AOYLOUO TG SEOUEVUEVTIC LEOMG TLUNG, Oa ypnowuoomoovue To Mapaderyuo 2.6. H F, mapayetol
aTto SLOUEPLOT KAOE UELOG TNG OTTOLOG ELVAL TNG LOPPNG

C(jl,kl,jz,kz, ,j”,kn) .= {Ar =jr,Br = kr Yo Kd@e r= 1,2, ,n}
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3.2 Baoikég tOLotnTeg

OOV J,., k, OETIKOL OKEPOLOL. AUTO GUYKEKPLUEVOTTOLEL TA. OTTOTEAEOUOTO TOV 72 TPWTMV TELPOUATWV
KoL yLo voL £yt 0eTikn mbovoTnTo TPETEL OL f,, k, VOL LKOVOTTOLOVV KOITOLEG TTPOQAVELS 0%E0eLs. 'Eotw
AoLov C €va GUVOLRO QTG TNG WOPYPNG e OETLKY TLOOvVOTITA, KOl YL EUKOALOL YPAPOUUE J, k avTL
Jus k- Tt 0 € C vtohoyiZovue

E(X,.1;0)
E(X,41 | F)(@) = PO (3.1)
__Jj+¢ PA, =j+8n0) i PA,=j1n0) 3.2)
j+k+¢ P(C) j+k+¢ P(O) '
=T pu, =jte|O+——P@A,,, =j|C) 3.3)
Ttk+e 1T Ttk+e 1= '
jte i i ko _ G

= = =X,
Jtk+€j+k jHk+€j+k j+k "

KOl O LOYVPLOUOG 0TT0deLyONKE.

ADOOUE ILo 0XOAAOTIKT AtOSELEN Tov LoyupLopot. O TPOTOG TOV TNV AVOKAADTTOUUE, KoL OV-
vIOWG TV Ypagpovue, elval wg eENg. v E(X,,4; | F,) nog divetar OAn 1 10Topla Tng SLodLKaolog 0
M) n-00T1 ETAVAAN YT TOV TELpapatos. Etvar otn d1a0gom pog Aowwov ou apibuotj := A,k := B,,.
O evdeyoueveg Tneg Tov X, etvan (j + €)/( + k + €) xou j/(j + k + €) xau, dedouévov tov apeh-
Bovtog, exovv mbavotnta P(A,.; =j+ ¢ |A, =, B, = k),P(A,, =j|A, =J,B, = k) avtiotouya.
Ed8® 1 deopgupevn mbovotnta etvor 1 ouvnBLouevn astd Tig otoryetmdelg mbavotnte. Kot énerta
YPOAPOVUE TNV TEAEVUTOLOL YPOUUY TOU TOPATAVD VITOAOYLOUOV.

‘Eva e0hoyo epmtnua ebvar TL Kover 11 X, Kabmdg to n = 00. ZuYKALVEL 08 KATTOLOV 0TaOEPO
apOuo? Ily., to 1/2, mov B oNuaLve OTL TEAKA ETTEPYETOL ULOL LOOPPOTTLOL OTOV APLOUO TV WITOADV
otV KGATN. Avtod mmov woyvet etvor ot 1 X, TPAyuaT ouykhiver o évav aptduod oto (0, 1), alld
avTog elvan Tuyolog. Kade porypatomolnon g melpng SLadikaolag Sivel Kot SLagpopetiko aptOuod.
Mrmopet vo amodeydet to eEng: Me mbavotnta 1, n akorovdia (X,),>; OvykAiver o€ pua Tuyoi
uetafAnTn X n omola £xeL kKotovoun Brjta pe mapapetpovg a/é, /€. Zv eldIKN TEPLITTWON TOV @@ =
w =€ = 1,1 0pLak TVYoLo LETAPANTN £XEL KaTtavoun TV opotopopen oto (0, 1). o Aemtougpeie,
dec v Hapaypago 5.3.2 oto Durrett (2010) .

3.2 Boaowkég 1dotnTeg

Mpétaon 3.6. Eotw X = (X,,),>0 e avérén kaw m,n € N ug n > m.
(i) Av n X elvaw supermartingale wg woog tnv (F,),>0, T0Te
EX,|%F,) < X,.
(ii) Av n X eivou submartingale wg woog v (F,),>0, TOTE
EX,|F,) > X,
(iii) Av n X elvaw martingale wg woog tnv (F,),>0, TOTE
EX, |F,) = X,

AmédeEn. Apxet va dei€ovpe to (i). [atpvovue otabepd m € N Ko epapuodlovue exaywyn 0To n.
T n = m+ 11 Iyrovuevn woybeL amd tov oplopd tou supermartingale. "Eotw OTL LoyVEL Y10 KOITTOLO
n > m. Tote

E(X,11 | F) = B(EX,41 [ F) | F) < EX, | F,) <X,
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3.3 Hawyvidia kat To SLaKQLTO GTOYXAGTIKO 0AOKATIQWUA

H npw wootnta Enetan omto v [podtaon 2.10, n tpoTy avicotnto atd To 0tLn X elval supermartingale,
Kot 1 SEVTEPN ELVOL 1) ETTAYWYLKT VITOOEO). [

Ipétaon 3.7. Eotw (X,),>o axorovbia tuyalwv uetafintdv otov Q ue tiués oto R kaw f © I - R
ovvdotnon ootouévn ce éva dudotnua I C R dore P(X, € I) = 1 ke E |{X),)| < o0 yia kdOe n € N.

(i) Av n (X,),>0 elvar martingale wg woog v (F,),>0 Kot n f elvaw kvotij, tote n (X)), >0 elvau
submartingale wg oog v (F,),>0-

(ii) Av n (X,),>0 elvar submartingale wg woog v (F,),>0 ko 1 f elvaw kvot1j kow avovoa, Tote 1
(AX,))n>0 €lvaw submartingale wg woog tnv (F,),>0-

Amddetn. (1) Méver vo ehéyEouvpe v 1dtotnta (iii) Tov Opropov 3.1 yio submartingales.

E(f(Xn+l) | *Tn) Zf(E()(n+l |*Tn)) :ﬂXn)

Xpnowpomomoate Tyv avicomta Jensen (Ilpdtoomn 2.16) kar oty tehevtaia l0éTTo 0Tt 1 (X,),0
elvol, martingale.
(i1) "Exouvue
E(fX,41) | F,) 2 AEX,41 | F,)) 2 fX,):

Xpnowpomomoapie Ty aviootnto Jensen KoL 0TV TEAELTALO OVIOOTNTA TO YEYOVOS OTL N (X,,),>0
elvo, submartingale ko 1 f etvon abEovoa. [

Mapadevypa 3.8. H mponyovpevn mtpodtaon ovvendyeton 0t ov 1 (X,),so ebvar martingale wg tpog
MY (F)ps0 ko E(X2) < 00 Yo k0e n € N, 101 1) (X2),,50 €lvar submartingale og tpog ™V (F,),>0-

3.3 IMoyvidio Kot To dLoKPLTO 0TOYACTIKO 0LOKAPONK

'Eoto wa dtonon (F,),>0 KoL Wot Tpooaproouev o auty avelEn X = (X,,),>o-

Opronog 3.9. Mua akorovBia tuxatwv petapintmv (4,),s; Aeyeton tpofréiun av yo kdben > 1,
NA, etvon F,_; uetpnoun.

e aUTH TNV TOPAYPago, epunvevovue TV oveMEN X wg e&nc. Ymobetovue OTL vl TTawyvidL
TOULLETOL OF TOAG OTASLA, TIG YPOVIKEG OTLYUES 1, 2, 3, K.0.K. AV TOVTAPEL KOVELG IO LOVADOL YLOL
TO OTASLO TNG YPOVLKNG OTLYUNG 11, TOTE TO KEPSOG Tov elvan X, — X,_;. [ mopaderyuo, X, Wropel
VOL ELVOLL 1) TUUT PLOG UETOYNG T YPOVLKT) OTLYUN 7. AUECWG UETA TN YPOVIKT oTLyun n — 1, €xovtog
TOPUTNENOEL OTL 1] UeToyN €xeL T X,_;, oryopafovue pio uetoyn. Tn ypovikn otwyun n out 1
uetoym £xel a&la X,. Av v ovknoovue, o Kepdog 1 1 Inua pag etvan X, — X,_ ;. Oswpolue ot
TO EMLTOKLO TG TPATECOG elvar 0%.

St mhaiola evog oLy vidLoU, wa TpofrEPLun akolovOia T AEUE OTPATIYIKY TOVTAPLOUATOC.
Svwnbwg, Fy = {D, Q}, kau F,, 1= o(X, X5, ..., X,) Yo n > 1. Tl TO GITOTELECWO. TOV OTOSLOV 71, O
TOLKTNG TOVTAPEL A, wovadec. H tpofrepudotnTo. elvan 0 padnuotikdg TpOmog VoL el KAVELS OTL 1|
TOCOTNTA A, WTOPEL VO. EEQPTATAL LOVO GTTO TNV TTANPOQPOPLE. TTOV ELVOL SLOOECLUY TOLV TPAYILOLTO-
7omOeL To 0TAdLO 11 TOV TTaLYVIdLOV, SNAadN TV F_ .

T 0o axorovdies (X,), >0, (A,)p>1 OTOG 7O TAVO, 0pLLovpE TNV avEMEN A « X wg eENg.

(AeX)y: =0,

(A L X)n .= Ak(Xk - Xk—l) yuLo Kdes n> 1.
k=1
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3.4 Xobvor dtakomns

O apBudg (A « X),, €lvar To CUVOMKO KEPSOG EVOG TTALKTY UETA TO OTASLO 71 TOU TTOLYVIOLOV 0V AKO-
AovOel T otpatnykn (A,),> - H avéMEn A « X elval 1o dakpitod otoyastiké ook Mjpopna tg A
¢ mpog X.

Ipértaon 3.10. Eotw (A,),>1 ToofAéYwun axorovbia.

(i) Av 5 (X,)n>0 €ivou (sub)supermartingale xouw kGO A, eivou un aovntiky goayuévy tuyaia ueta-
PAnTY, ToTE A * X elvau (sub)supermartingale.

(ii) Av n (X,)n>0 €lvaw martingale kau kGO A, elvow poayuévn tuyalo uetapint, tote n A « X efvou
martingale.

AnddeiEn. H (i) tov Opiopot (3.1) mpokirter amod tig vito0£oels Yo TG (X,),>1, (A,),s 1, EVO 1 (i)
TPOKVITTEL At TO OTL, Yo KAOe n > 1, 1 A,, elvon ppayuevn tuyaia uetofinen. 'Emeita, yio Kaoe
n > 0, gyovue

E{(A ° X)n+1 |}'n} - (A ° X)n = E{(A ° X)n+1 - (A ° X)n |?n} = E{An+1(Xn+l - Xn) | }dn}
= An+1 {E(Xn+1 |‘rfrn) - Xn} .

Me 11g voBéoelg tov (i), emewdn A, > 0, 1 tehevtaia woootta eivan wn Oetkn av 1 (X,,),>o €l-
vau supermartingale kat un apvnukn av 1 (X,),so elvow submartingale. Me tg vtobgoeig tov (ii), 1
TehevTOLO TO0OTNTA LoovTOL e 0. |

H Souo0nTikn epunveta tov ugpovg (ii) Tng mponNyouuevNg TPOTOONG ELVAL OTL OF €VO. SLKOLO
mowyvidt (To martingale X) 8&v wropovue Vo dSNWOVPYNOOVUE TAEOVEKTNUO. (VO KePSLoOVUE KATA
UECO OPO) AV 1] OTPATIYLKY TTOVTOPLOUATOG TTOV Y PNOLUOTOLOVUE ELVOLL TTPOBAEYLUN.

3.4 Xpovor duaxkomig

Opiopdg 3.11. Mo ovvaptnon T : Q — N U {oo} Aéyeton gpdvog draxomns wg tpog T dndnon
(F )0 ov Y1 kG0e n € N woydeL
{T<n}e&F,

Anhadn To av woyver T < n umopel vo KaBopLoTel ue BAon Tig TANPOPOPLES TTOV EXOVUE MG TOV
¥POVO n. TaL ETOUEVOL TAPOUSELYILOTO TO KAVOUV OUTO TTLO KATAVONTO.

Hapadevypa 3.12 (Xpovog dtokomng). 'Eoto (S,),>0 0 CUUUETPLKOG QTAOG TUYOLOG TEPLTATOG OTO
Z xau (F,),>0 N dOnon 6mwg pwy to Mapaderypa 3.2. H tuyaio petafinm

T:=inf{k>0: S, =3}

natpver Teg 0to N U {oo} (inf @ = 00). Eivaw 0 pdTog xpovog ov 0 mepliatog yTumaet to 3. I
n € NA{T < n} = UL{S; = 3} kar {S; = 3} € F; C F, i kaOe j < n apod 1 S; eivon F; perpnowun.
Apa o T elvor TPAYUATL XPOVOS SLAKOTG.

[MpaKTIKA, 0V Lag SMOEL KATOL0G TV TANPOQOPLe Tov Ty, SNAAST TL TYEG TNPOAVE OL TUYALES
uetopinteg X, X, ... , X,,, uopovue va. amopavhoiue av woyber T < n.

Tevikd oL xpovoL TPdTNG L0080V 0 €va GVVOLO YLt TV (S,,),>0 ELVOL POVOL LUKOTTNG WG TTPOG
™ dMONoM (F,),>0 Tov Mopadetyuatog 3.2. Topa Ba dovue Eva Tapaderypo xpOvoL Tov deV elvon
YPOVOG SLOKOTTNG,.
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3.5 To Oedonua emAeKTIKNS OLAKOTNS

Tynua 3.2: O ypdvog dwakomng T tov Mapadeiypatog 3.12. Tt ovykekpLuévn mpayuatomoinon xovpe T = 9.

Moapadevyna 3.13 (Xpdvog mov dev elvar Ypovog dLoKomng). AOULEDOUUE TTAAL UE TOV CUUUETPLKO
amAd TV Lo Teplitoto 0to Z. 'Eotw

T :=suplk<7:8, =0}

AvT) eivar 1o TELevTaio undevikd g S mpwv o ypdvo 7. To ovvolo Tov omoiov To sup eivar 1o T
glva wn Kevo agol mepteyel to 0. O XPNOLULOTOLOOUUE YLOL TOV YPOVO SLOKOTTNG TOV L00dVVANO
YOPAKTNPLOUO aTtd TV Aoknon 3.6.

o n > 0 avapwtopaote av {T = n} € F,. To epdTNUA £XEL EVOLAPEPOV NOVO VLo 11 < 7, GG
10 00voho {T = n} elvar 10 kevo. Ag apouvpue Mowtov n = 2. 'Exovtag v IAnpogopla. Lo, To Tt
OVVEPN G TOV POV 2, WITOPOVUE VO TTOVUE AV GUVERT TO Yeyovog T = 22 'Oy, YLoTl AKOUOL KOt VO,
woyveL S, = 0, dev E¢povue av apyotepa n S Eavaytvmmoet to 0. Etvaw Suvatov, yio mopdderyua, vo
woyveL Sg = 0, otote T = 6 ( S7 = 0 dev ervan SuvaTodv va ouufet ToTE), 1 va LoyveL Sg # 0, omoTe
T=20T=4.

[aue topo va 1o dovpe Kow tvmka. Av {T = 2} € F,, tote enedn Kow 1o ovvoro A = {X;| =
LX, =—1} € %, 0awyber B :={T=2}NA € F,. Tote @ # B & Ayt

X, =1,X=—1,X;=1,X, =1} CA\ B
Ko
X,=1,X =-1,X;=1,X,=1,X; = 1} C B.
‘Ouwg ortd Ty eprypogn g o-aayeppag F, (Mapaderyua. 1.8) mpokOmTel OTL TO HOVO OTOLYELO TNG

JTOV ELVOL YVIOLO VITOOVVOLO TOV A €LVaL TO .

3.5 To Ozdpnua emAeKTIKIG dLaK 0TS

T xpovo drakomng T Kow (et TPOGOPUOCUEVT) 0TOXAOTIKT aveMEN X = (X,),0, Optlovue T
otapomuévn avéMEn X7 o¢ XL = X, xr. Anhadi yian € Nn XL 0 Q — [—c0, o] €yel Tinég
X(w) avT(w)=i<n,

. _
Xa@) = Xt (®) =05 () v Tw) 2 .
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3.5 To Oedonua emAeKTIKNS OLAKOTNS

TN k40e w € Q, 0étovrag r = T(w), n X axorovOel ™ X otig Tég Xy, Xy, ... , X, Kau €mertal
otadepomoteiton oty T X,.. Av T(w) = oo, TOTE YL ovth) TV TLut Tov @ M X7 €xeL 1o 110 povomdt
ue ™ X. To 6t X7 elvaw emiong mpooappoouévn agnvetal og doknon (Acknon 3.9). Stv eidik
mePLITT™OoN wov 1 X elvan submartingale 1) supermartingale ot TPOKVITTEL KoL 0td TNV AOSEEN TG
ETTOUEVNG TTPOTAUONG.

Mpéraon 3.14. Eotw T yobvog Stakomijg.
(i) Av n (X,).>0 lvae (sub)supermartingale, téte 1 X" evau (sub)supermartingale.
(ii) Av 1 (X,,),>0 eivou martingale, Tote n XT etvau martingale.
AndSeEn. Oewpoipe v avéMEn (4,),>; mov opiletan wg A, 1= 1,7 yio kaOe n > 1. Anhodm

avn < T(w),

1
An0) = 0 avn > T(w).

Me TV gpunVeLa TG OTPATNYLKNG TTOU dMOAUE 0TV A, 1] OUYKEKPLUEVT] ETTLAOYT ONUOLVEL OTL OE
KO 0TASL0 TOV FTOUYVIOLOU UEYPL Ko To 0Tado T moviapovue uia povada. ‘Emerta otapataue. H
A glvan poPreun yiatl, yio kabe n > 1, A, €lvan 1) SEIKTPLO. GUVAPTNOT TOV GUVOLOU

Ten=Q\{T<n—1}eF,_,.

‘Enerta
nAT
(A« X), = 2, (X = Xim1) = Xonr = Xo,
k=1
KoL To ovusepaoua Emetal oo v Ipotaon 3.10 kat to 0t n X,y etvaw Fy petpnoun. [

"Emetan Mowtov 0t ya ypovo dwakomng T, supermartingale X, kown € N, 1oy0et
E(X,A7) < E(X), (3.5)

ev yia. X martingale 1oy Vet
E(Xn/\T) = E(XO) (36)

Te mohhég meputtioelg woyvelr P(T < o) = 1 xou 10te lim,,_, o X7 = X7 pe mbovomra 1. Ta X
martingale, 0 O¢hape va woyvprototue 0t E(X,) = E(X)) xou 00 To TETUYOIVOUE 0V UTOPOVCAUE
oty ekppaon lim,_,  E(X,,7) = E(X;) va Baloue To 6pLo HEca 0T UEOT) TLM).

Ag dovpe Eva TopAdeLyoL TOV QUTO dEV LLITOPEL VOL YiveL. Oewpovie (S,),>( TOV CUUUETPLKO OTTAO
Tuyato teptroto oto Zkow T = inf{k > 1 : S, = 1}. O Tetvau xpdvog drakomng kot Oa delEovue 0to
[Moapaderypa 3.17 o katm ot P(T < 00) = 1. Apa Sp = 1 xou ermopuevaog E(Sp) = 1 # 0 = E(Sp).

Ozopnua 3.15 (Oehpnuo emhekTikng dtakomng). Eotw (X,),en arxorovdia tuyalwv ustapinrdv
otowyelwv tov L'(P) kau T yobvog Siakomiic wg moog t0 dujdnon (F,),en kot poayuévog. Téte

E(X;) < E(X,) (3.7)
av 1 (X),en Elvau supermartingale,

E(X7) > E(X)) (3.8)
av n (X),en elvar submartingale, ko

E(X;) = E(X,) (3.9)

av 1 (X),en elvar martingale.
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3.6 Epaguoyés 6tov ouuuetoikd amio tuyaio meginaro oto Z

Amddeén. 'Eotm ot yio kabe o € Q woytel ot T(w) < ng yo kamowo ng € N. Eropevog ng AT = T,
Ko to Bedpnua pokvTTeL oo tig (3.5), (3.6). [ |

H amaitnon o T vo. elval @payueévog dev elvol TO00 TePLopLoTikt. [io omolovonmote ypovo dia-
Komng T e tueg 0to N U {oo} pummopoline vo ipouie @poyuevoug xpovoug SLOKOTNG IOV TOV TTPO-
oeyyitovy, toug TAk (ue to k € N otabepo). o avtolc To Oempnua e@QapuoleTol GUECH KoL ETELTOL
7TPooTaf0VUE VO TTAPOVUE kK — 00 YPNOLUOTOLMVTAG KATOL0 Oempnuo. 0UYKALONG (LOVOTOVNG, (PPOLY-

UEVIG, KUPLOPYNUEVNG OVYKALONG).

3.6 E@opuoyis 6tov GuuUeTpIKo amrhé Tuyaio Tepinato oto Z

e aut) ™V Topaypago dovievovue oto mhatoto tov [Mapadetypotog 3.2. H tun S, etvor to
OVVOALKO KEPSOG TOV TTOlTN A aKPLBMG et To oLy vid 1 (deg axpifwg petd to Mapaderyuo 3.2).
Mo kaOe akepato r, OgTovue

T, :=inflk >0 : S, =r},

TTOV ELVOL 1] OTLYUT] KOTAL TNV OTTOLOL TO KEPOOG TOV TTALYTY YLVETOL F YLO. TPMTY] POPQL.

"Eotm 0TL 0 TTabyThg €xeL OuVolKO Kepahao —a (a < 0) evd 1o Kalivo b > 0, ue a,b € Z. Av
T, < T,, TOTE O TALYTNG KATAPEPVEL VO, 0ONYNOEL TO KaLlvo o€ ypewkomia, eved ov T, < Tp, T0te
YPEWKOTEL O Ty TNG. To soryvidt Tehetdver T xpovikn otwyun Tj, A T, OTOV KOITTOL0G Atd Toug dU0o
ypewKomeL. To eOUeVo TaPAdELYU SLVEL TN LECT] SLAPKELOL TOV TTALy VLSOV KoL TV THOvOTNTO VoL
KePSLOEL O TTALYTNG.

Moapadevyne 3.16 (EEodoc amd draotnua). Oempovue akepalovg a,b pe a < 0 < b ko Bgtovue
T=T,AT, O delEovue OTL

() E(T) < o,

) _
(i) P(T, < T,) = m,
(iit) E(T) = |a|b.

H deltepn oyon eivar 1) TOAVOTITA 0 CUUUETPLKOG OUTAOG TUYALOG TTEPLITATOS VO BYEL atd TO SLdi-
omua (a,b) oto onuelo b kow T := T, A T;, elvon 0 xpovog eE6S0v.

(i) Xpnowpomowwvrag to Hapaderypa 3.2 xar v Hpotaon 3.14, exovue o (Z,),50 Ue Z, =
SiAT — (n AT) y1a. xa0e n € N eivou martingale. H E(Z,) = E(Z;) = 0 diveL

E(S2, ) =EnAT) (3.10)

yio ka0e n € N. To 8€EL nelog g TELEVTALAG LOOTNTOG, Yo 1 = 00, ovykMveL oto E(T) (Oedpnua
uovoTovig ovykhong). To aplotepd péhog elvar ppayuévo amd to maxia?, b*} Aoyw Tov opLopon Tou
T. 'Eneton 0tL E(T) < o0.

(i) H (W,),50 ue W, 1= S,.r Y10 k00 n € N elvou éva @payuévo martingale. Avtd Aoym g
[Tpdtaon 3.14 Ko Tov 6Tt PoOMG 1) akorovBia S TTapeL pua amd TG TWEG a M b (dMAadi yia KAmoLo n,
S, =ansS, = b), n Wotabepomoleital 0TV T ouTh Yio OOV TOUG UEYAADTEPOVE YPOVOUS, GPaL
dev UITOPEL vaL TAPEL TYUEG EEW amtd To draotnua [a, b]. 'BEtoun E(W,) = E(W,) = 08ivet E(S,,7) = 0,
Kot To Oepnua pparyuevng ovykiong diver E(Sy) = 0 (agol T < oo pe mbavotna 1). TTpogpavng
{T< oo} ={T, < T,}U{T, < T,}, xkou Sy = a ot0 {T, < T},}, evw» Sy = b ot0 {T), < T,}. Apa.

0= E(ST) = E(ST1T1‘<T;,) + E(ST1TU>T;,) = aP(Ta < Tb) + bP(Ta > Tb)
—a{l —P(T, < T) +bP(T, <T,)=a+(b—a)P(T, <T,),
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3.6 Epaguoyés 6tov ouuuetoikd amio tuyaio meginaro oto Z

S
b I
Y—Ll // n
; z
a |

Synua 3.3: Xpdvog mg v pdTn £€€080 amtd To diaotnua (a, b). Ztn ovyKekpuévn paypatomoinon, T = T, agot
T, <T,.

Ko £T0L TPOKVITTEL O LOYVPLOUAG (ii).
(iii) Svveyitovue amd v (3.10). Enedn exovue P(T < o0) = 1, epapuolovtag to Oempnua

PPOYUEVIG OVYKAONG 0TO apLtotepd uehog g (3.10) xaw to Bedpnua wovotovng ovYKAong 0To

8eEL, matlpvovue

b > lal

b
brla b+

E(T) = E(S7) = a*P(T, < T,) + * P(T, < T,) = a* = |al|b.

Xpnowworomoaue To (i) oty detvrepn LooTnTO.
Mapadevyne. 3.17 (Xpovog ueypt kEpdog 1). TrevOuullovue OTL €xovue OPLOEL
T, :=infln>0:5,=1}L

Oa del&ovpe OTL:

Synmua 3.4: Xpdvog uexpL képdog 1.

(i) E(T}) = oo.
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3.6 Epaguoyés 6tov ouuuetoikd amio tuyaio meginaro oto Z

(i) P(T, < o) = 1.

(iii) T kO k > 1 axgporo LoyveL

1/2 1 2k
)= ()

BT = 2= 1) = D'} = =%

P(T] = Zk) = O.

H (iii) ka0opllel TANP®E TNV KaTovoun thg Tuyoiag uetofinmg 7.

(i) T k&b k € N* gyovue P(T > k) > P(T_;, < T}) = 1/(k + 1) 056 t0 TPONYOULUEVO TTAPA-
dewyuo. Erouevog E(T) = Z:o:l P(T > k).

(i), (iii) 'Eotw a > 0 otabepo. o n € N, Ogtovue

eaX,,

n

cosha’

Eneidn ot (Z,),>0 elvar aveEaptnteg ko toovoues e Z, > 0 kav E(Z;) = 1, énetan 6t m (R,),>0
mov opiletar dmwg oto Mapdderypa 3.3 elvar martingale. Ioyvel féPara R, = e*S'/(cosh a)” yia k&Oe
n € N.Twan € N 8edouevo, epapuolovue To OEmPNUOL ETMAEKTIKTG SLOKOTTNG YLO. TOV PPAYUEVO
xpOvo draxorng n A T,. Tlaipvouvue

aSn/\T
E(—f——L—)zEwwozL

(cosh a)"ATh

H ouvaptnon o puéon i eivon ppayuévn amod 1o e ywati a > 0, S,,7, < 1, amd Tov 0plopd tov
Ty, xavcosha > 1. 210 {T; < co} éxovue Sy, = 1 Ko
eaSn/\Tl ea

li = ,
o (cosha)""Tv ~ (cosha)l

v oto {T} = o0} 0 Opto toovTon pe 0 agov (cosha)* = (cosha)?, cosha > 1 kar S,,7, < 1. Apa
0 Bedpnua ppayuévng odykhong diver E (e“(cosha) 117 o) = 1 ko dpa

E ((cosha)™" 1T1<°0) =e %
Topa eqapudfovue 0Ty TEAEVTALO OXEOT TO BedpNUO PPayUEVNG oVuYKAtong Yo a — 0. Tlaip-
vovue €toL P(T; < 00) = 1. Ko }pnoLpomoLdvTag auTh) TV TANPogopla, 1) 1dLa 0yEon Stvel
E ((cosha)™) = ¢4

v kaBe a > 0. Avti 1 oo Ta SLvel ovoLaoTIKG TV sbavoyevviTpla g T Ko apo TAnpn
epLypan g Katavoung g 7). Svykekpuueva, 0étovtag t = 1/cosha = 2/(e? + e7%) € (0, 1),

napvovpe e = (1 + V' 1 —2)/t ko

E(") = ! _1=- tl — 2 = Z (1/2)(_1)k+1t2k—1

1+V1-2 ok
Ue XPNomn Tov dtwvuukol avastiypatog. Kabmng to a dwotpéyel to (0, 00), to 1 drozpeyer to (0, 1).
Apa. 1 tehevtola oxgon woyvel yio kabe ¢ € (0,1). Ouwg 1 T elvor Tuyoie. WETARANTI UE TUUES
axépateg Oetikéc, omote E(11) = Z;:l P(T, = j)¢. Eneton 6T
1 /2) 1

2k
k)= )

P(r =210 =D (00) = o

kow P(T, = 2k) = 0 yuo ka0e k € Nt
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3.7 Avweotnta Doob

HMapotipnon 3.18 (Acvppetplkog amhog Tuyatog mepimatog 0to Z). 'Eotw (X;);>; akohovdio ove-
EQPTNTWV LOOVOUWOV TUYALOV UETAPANTMOV Ue

omov p € (0,1). Qg ovvnOwg, Bewpovpe TV axorovdio TvyalmV peTaBInTt®v (S,),>0, Ue Sy =
0,S, := X;+--+X,yian € N*. OpiLovue yio. r € Z v tvyaia uetapnm T, :=inffk >0 : S, = r}.
Oa detEovpe 0TL Yo a < 0 < b axepatovg woyver P(T, A T, < o0) = 1. Anhad), 0 AOVUUETPLKOG
TUYOLOG TTEPLITaTOg Byatvel pe mbavomta 1 amd to diotua (a, b). 'Eotw € = |a| + b to unxog
tov drootnuatog. o n € Nt Ogtovue

A, ={Xy=1vwak=nl+1,n€+2,...,n€ + £}.

Tu ovufaiver Kot Toug YpOVoug k Toug omolovg meplopiletl 1o A,? O tuyolog meplmatog Eekivael
Ao pa T (T S,,0) Ko ovEaver yio € Sadoytkd fruata. Av cuppel va oo ta A, TOTE olyoupo.
0 TTEPLITOTOG Byaivel artd To draotnua (a, b).

Ta {A, : n > 1} elvow aveEdpmro petofl Toug kKou to Kabéva gxel mbavoémta s := pf > 0.
ToyvpLLopaote OTL 1) Vo Toug £xel mbovotnto. 1, dmiadn pe mbavomta 1 Kamowo amd Ta A, ovu-
Baiver [To devtepo AMupa Borel-Cantelli Siver 0ti, pe mbovomto 1, dmelpa oo to A, ovufaivovy,
oAl BOEhovue va To Kavoupe eviehmg otowyetmwdmg]. EEgtalovue v mbavotnta Tov cupumAnpm-
WOITOG TG EVOONG. ANhad viroloyliovue

P(N;2,47) < P(M2iA7) = (1= 5)Y = 0
v N = oo. H wo6tnta etvon ovvenela g aveEapmotag. Apa P(US2,A4,) = 1. Erewdn, omwg oyo-

maoape o avo, {T, AT, = oo} N (UZ,A,) = @, enetoan Ouw P(T, AT}, = 00) = 0.
[MepLooOTEPQ YL TOV OLOVUUETPLKO ATAO TuYailo Tteplmato Oa dolue otic Aoknoelg 3.4, 3.10.

3.7 Avieétyro Doob

O YPELAOTOVUE APYOTEPQ TNV EENG LOYVPOTTOINON TG avioOTTOG Markov.

Ozapnua 3.19 (Avicotta Doob). Eotw X = (X,,),>0 submartingale kou n € N. Tote yua ke A > 0
Exovue

P(sup X, > 1) < 7 BCX).
0<k<n

Amxddeén. Tk € Nue 0 < k < n, ¢otw A, 1= {X; > 1 > X,y xabei < k} € F;. Oetovue
M := supy o, Xy Tote {M > A} = Uj_A; ko ta o0voro TG £vwong eivan Eéva avd dvo. Emerta,
amd v Ipotaon 3.7 éxovue otun (X;F),>0 elvon submartingale (N f(x) = x* eivon adEovoa ko KupTh),
apa

EQXGH) > Y EX1,) = Y EEX 1, [F)) = D EEXT | Fol,)
k=0 k=0 k=0

> D E(XF1,) > > APA) = APM > A).
k=0 k=0

Sy TPOT AviooTTa YPNoLHoTomoaue To 0tL 1 X, > 0 kau to 6t ta {A, 1 0 < k < n} elvar Eéva
ava 8vo. T devtepn LWodTTA, T0 OTL A, € Fr. Téhog, 0T delTepn aviodTTa, T0 O6TL N (X;F),>0 elvan
submartingale. |
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3.7 Avweotnta Doob
Aoknoeg
3.1 'Eotw 6un (X,,),>0 elvow martingale wg mtpog t) dtnONom (G,),50. Optlovue F, 1= o(Xy, ..., X,) yioa kOe n € N.
Tote F, C G, koun (X,,),>0 elvon martingale g tpog ™V (F,),>0-

3.2 'Eotwo (X,),>0 supermartingale wg mtpog ) dtnonon (F,),0-
(a) Na dey st 0TL yL00 A € F, KaL 1 > m Loy 0EL

[x.ap< [x,ar.
A A

(B) TmoOrovrog 6TL X,, > 0 yio. Oha To. 1, va. dery el OTL Yo otalepd m > 0, i > 1 £yovue OTL
0yedov mtavtov oto {X,, = 0} woyver X,,,; = 0,

dmradn PHX,, = ONX,,,; = 0}) = 0.
(y) Me v vatd0gom tov (B), va detydst 0t yior 0tabepd m > 0 £xovue OTL

0yed0v avtol oto {X,, = 0} woylel X,,,; = 0 yia kaBe i > 1.
3.3 Me (S,),0 Ko (F,)us0 O7twg oto Mapdderypa 3.2, va dewydel 6t (Z,),50 1e Z, = S; — 3nS, yua k&Oe n € N
elval martingale wg pog ™V (F,),0-
3.4 'Eot (S,,),50 0 AThOG AOVUUETPLKOG TUYALOG TTEPLITATOg OTTmG optotnke otnv Mapatipnon 3.18 kar opifovue T
dMOnom (F,),0 ws Fo :=1{2,Q}L F, 1= 0(X|,X,, ..., X,) vian > 1. Na devy0et 6t ov axorovdieg (W,),>0, (M) >0
ue

W, 1= 8, = (p— pn, M, 1= (q/p)*

elvaw martingales g tpog ™V (F,,),>0-
3.5 "Eoto (S,),>0 O OUUUETPLKOG QITAOG TUYALOG TTEPLTATOG OTO Z.
(a) Na vrohoyrotel 1) mbavotra P(S, = k) yio tig duagpopeg tuég tov n € N, k € Z.
(B) Na. ety el ot

P(SZn = 0) ~

n
Kabwg n — oo.

(y) Boto N=|{n>1:S,, = 0}. Na dery0st 61t E(N) = o0.

3.6 Na deiy0el 6L 1 ouvONKn Tov OpLopov 3.11 givon Loodbvaurn pe v
{T=n}€ F, naxaben € N.

3.7 Av k € N U {oo}, va deiydet 011 1) otafepn) Tuyaio petafine T = k elvon xpovog dtakormc.
3.8 Av ou tuyaieg petafntég S, T elvar xpovolr dLakomng wg mpog e dminon (F,),s1. va deyel ot ypovol
SLOKOTTNG WG TTPOG TV LdLeL S1NONON ELVaL ETTLONG KOL OL TUYOULEG UETAPBANTEG

SAT,SVT,S+T.

3.9 AvnavéMEn X = (X,,),>0 elvon tpooapoopévy atn Stnonom (F,),so ko T elval xpovog SLakomg wg TTpog T
id1a dSuOnom, va dewyOel 6L yio kéOe n € N 1 ouvdpmon X7 etvouw F,-petpiowun. Idwautépmc, n XL eivon tuyaia
ueTafAnTY.

3.10 (To mpoPANUA EEOS0V VL0 TOV AOUUUETPLKO OUTAO TUYCLO TTEPLTTOTO) SUVEYLLOVUE OTO TAGLOLO TNG ACKNONG
3.4. TmoBétovue OTL p > g (Kou dpa p > 1/2). Two k4Oe aképono r, Bétovpe T, := inf{k > 0 : S, = r}, ko €otw
¢ : R — R ovvaptnon ue ¢(x) = (¢/p)* yio k4be x € R. Na deryfolv ta eEng.
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3.7 Avweotnta Doob

(o) Twa axepaiovg a, b ue a < 0 < b,

¢(b) — ¢(0)

¢(b) — p(a)’
[Enpeiwon: Zepovpe 1O amd v Hoapatnpnon 3.18 Ot P(T, AT, < o0) = 1.]
(B) T kaBe a < 0 axépoo, P(T, < o0) = 1/¢p(a) < 1.

(y) T ka0e b > 0 akepano, P(T, < 00) = 1.

(8) Twa kaOe b > 0 axeparo, E(T,,) = b/(p — q).

(e) Me mbavotnta 1 woyvel lim,_, o, S, = 0.

P(Ta < Th) =

(T) Htuyata petofinm R := —inf{S, : k € N} axolovbei ) yemuetpikn kotovopn (tuég 0, 1,2, ...) ue mapduetpo
a :=1-(q/p) M R petpher mN00¢ amoTuytdv wg TNV TPAOTN ETLTUYLC. O We. akorovdia dokiudv mov kKadeuio
£yl TOUVOTNTO. EMTUYLOG a).

3.11 Gswpovue TV eldikn Tepurtmon Tov Mapadelyuatog 3.3 Katd v omoto M Z; waipver Tig tuég 0 Kow 2 pe
mbavomta 1/2 v kabepia. Oewpoiue TG (F,),50, (R,),>0 07w eKel Ko Tov xpovo dwakomng N 1= min{n > 1 :
R, = 0}. T\ xatavour) €xer o N? Mropolue vo e@apudoovue To Bempnuo. eAEKTIKNG SLakomng Yo To martingale
R xai tov povo N?

3.12 'Eotm (S,),0 0 CUUUETPLKOG 0TthOg TUY0Log Teplatog 0to Z kow (F),) >0 1 dtnOnon 6mwg tpwy to Mopaderypa
3.2. ©¢tovpe J, = 0 ko

n—1
J, 1= Z 15—y Y kaOen > 1.
k=0

Anrodn M J, ueTpdet Tov aptiud ToV ETOKEYEWV TOV TEPLTATov 0o 0 g Tov Ypdvo n — 1 (Eekivmvtog amd Tov
ypovo 0). @¢tovue emiong M, = |S,| — J, yio kaOe n > 0.

(a) Na dedet 0t 1 (M,,),>0 elvar martingale wg stpog T dnOnon (F,),>o-

(b) 'Eotw a Betikog axéparog kar T, := minfk > 0 : |Si| = a}. Na deyx0ei 0t E(J7) = a.

3.13 Ou kaheouévol o €va Taptu £xouv TAN00¢ K Kai £X0VV 0pNoeL 6TV £l00d0 To oKkt Tovg. Kamola otryun
ATOQACLZOVY GAOL VO, PUYOUV KOL 0 OLKOSECTOTNG ToUg uotpdlel Tuyala Ta ookakia. ‘Ocol Tapouv To d1kd Toug
aTOXmPOVY, EVA YLOL TOUG VITOMOLTTOUS, O OLKOSEGTTOTIG ETAVOLAUBAVEL T SLASLKAOI0. O0EG POPES Y PELCOTEL HOTOV
va. BpetL o kabévag to oakdkl Tov. 'Eotw A, to mAN00¢ TV KOAEOUEVOY TTOU eV £XOUV BPEL TO COKAKL TOUG UETA,
N 71 LOLPAOLA TOV 01KOSEoTOTN (A) = K) ko T 0 apldudg Tmv popmv IOV 0 OLKOSEOTOTIG KAVEL TUYALC. LOLPO.OLA
MhOTOV OLOL VA BPOVV TO caKaKL Tovg. Na deiyOel oti:

(a) H (A a7 + 1 A T),>0 €lvon martingale.

B)P(T > n) < a"yokdben > 16mova=1—(K)~' €(0,1).

() No deuy0el 6w E(T) = K.

3.14 (AMayn pétpov kau martingales) ‘Eoto (Q, F, P) ydpog mbavomrag, (F,),>; dmonon oe avtdv, f, Q dmwg
oty Aoknon 2.14, ko (X,,),> akorovdio tuyaimv petafntav pue tég oto R. Opilovue f, = E(f| F,) yia ka0
n > 1. Na deuy0et 1L To. €Eng 800 givan Loodhvapuo.

(o) H (X,,),> elvon martingale g tpog ) dtnOnon (F,),>1 Kou 1o uétpo Q.

(B) H (X, f,)n>1 €lvow martingale wg mtpog ) dtnonom (F,),»1 Ko 1o uétpo P.

[Tr68e1En: XpnowomooVue v Aoknon 2.14 ko tig Ipotdoeg 2.10, 2.11]

3.15 'Eotww f,g : R — [0, 00) mukvotnteg (dnhadn pun apvnukég Borel petpiowueg ovvaptmoeig pe Jp fx) dx =
Jr ) dx = 1) kaw (X;);> axolhovbic aveEAPTNTOV Kal LOOVOUMV TUY a0V HETABANTOY Kabepia [ie TuKvoThTa 8.
Octovpe Fy 1= {3, Q} xaw F,, 1= o(X;, X, ..., X,) Yro k40 n € N xou

Mo = 1,

y o JX) - fX,)
" e(X)eXy) - g(X,)

vio ka0e n € N*T.
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3.7 Avweotnta Doob

(o) Nat deryBel 6t pe mbavotnta 1 woyver g(X,) > 0 yia kabe n € Nt
(B) Na dewyet ot (M,,), >0 elvon martingale g tpog ™V (F,,),>0-

3.16 Eotw (X,),>; submartingale g mtpog ) dmnOnon (F,),>; ®ote ou X, va maipvovy tuég oto [0,A], omov A €
(0, 00). Naw devyel ot E(X X, --- X,,) > E(X]) yia k60g n > 1.
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4

AveMEeig og ouveyn ypovo

Ze aUTO TO KEPALOLO ELVOL GUYKEVTPMOUEVOL OPLOUOL KOL OITOTEAEOUATA ATTO T1) BEwpla TV OTO-
YOOTIKMV aveMEEmV ovveyolg xpovov. Me eEatpeon v Hoapdaypago 4.1, 1 ool elvol eVIEhmG
BaoLk), oL VITOLOWITEG UTTOPOVV VAL SLOBOOTOVV T1) OTLYUT TTOV 00 YLVEL OLVOQPOPE OE QUTEG OTO. TTALPOL-
KAt KeQaiowa, omote Kot 0o £xovv evolapépov. To viepoaplBunoLio Tov ouvey oug pOVou SLEVKO-
AOVEL TNV ELPAVLOT U LETPNOoLL®Y ouvolwv. ‘Etot, vrevOuuilovue oporoyia tov 0o pavel ypnouun.

Opolroyia. Eoto (8, A4,u) évag ydpog uetpov. 'Eva A C 8 ovopdletol u-undevikod ov vrdpyeL
N € A ue A C N xaru(N) = 0. 'Evo. u-undevikod o0volo Sev elvol amapoltnTo. otolyelo g A. Mia
WO Ta B(x) ov agopd Ta. onueia! Tov 8 Aéue oL LoYVEL BYEDOV TAVTOU 1) OYEDOV YIX Oha TOL
x € S avtoolvvoro {x € § 1 M W(x) dev LoyveL} elvor u-undeviko. Av To u el LETPO THOVOTNTAS,
1OTE 071 BE0T TOV «OYESOV TOVTOU» YPNOLUOTOLOVUE TO «OYEDOV BEBaa» 1 TO «ue mBavoOTNTA
EVO.

4.1 AveMEeaig

'Botw (8,.A) £vog netpnouog xmpog. Anhadt 1o 8 eivar €va 60voro koL A eival o o-GAyeppa.
070 8.

Y10 0otk aVEMEN e TYEG OTOV 8 AEUE LOL OLKOYEVELX TUY ALV UETAPATOV {X, : ¢ € I} Tou
optLovral og Kowvo ympo mbavotnrag (Q, F, P) kar matpvouv tueg otov 8. To I etvan €va ovBalpeTo
00VoLO deLkTMV, alha ouvnBwg elvar o N 1) To [0, 00) KoL TOTE EpUVEDOVUE TO I WG YPOVO KOL TO X,
WG TNV TLUN EVOG LEYEDOUG (IT.. 1] TEPLOVOLAL UL ETALPLAS) TN YPOVLKN oTryun 2. Tia otabepd w € Q,
N ouvapmnon ¢ — X,(w) ovoualeTol movostaTt (1) Kou TpoyLd) TG aveMENG.

Q¢ ovvnBwg, 6tav 0 § elvar HETPLKOG Y DPOg, Talpvovue A = B(8), T 0-0lyeBpa TV ouVOL®V

Borel otov 8. Z¢ autég i onuewmoelg 0o aoyolnfovue ne ovelEELS TOV TALPVOUY TLUEG 08 KOITOLO
%DPO TG popng RY.
Moapadevyna 4.1. Taipvovue I = [0, 00). Trapyel xopog mbavotntog (Q, F, P) xor aveEaptnteg
Tuyateg HeTaBANTES (X,),>0 OPLOUEVEG O€ QUTOV WOTE YL KaOe ¢ > 0 X, va onpvel Tig Tuég —1 kan 1
koOepia pe mboavotTo 1/2 (.y., Q = {—1, 1}, P 10 kordAAnho uétpo ywvouevo, ko X, : Q — {—1, 1}
1 PoPoin otV 7 cuvtetayuevn). [paktikd, Kabe ypovikn otrypn ¢ > 0 plyvoupe Eva auepOANTTO
vowopa ko, av €pfer Fpauuata, Octovue X, = —1, evo av £pber Kegolr, Oétovue X, = 1. Me
mOavoTNTOL 1, TO HOVOTTATL TNG AVEMENG ELVAL LLOL CUVAPTNON TTOV TAAVIWVETOL OUVEY MG (KAOMG
10 ¢ peTafarieTon) ovapeoo ot Tueg —1 kou 1.

Mo aveMEN witopel va eldwOEL WG OTTELKOVLON)
X:IxXxQ->S§
ue X(t,w) = X,(w) M KoL mg OITELKOVLON
X:Q-8

Mo térota B(x) popei va eivoun « f : 8 = R elvau ouveyig 010 x», 6o emhéov VToDETOVIE OTL TO 8 ELVAL ETPLKOE Y MOPOG YLO. VO,
£YEL VONLAL 1] OUVEYELOL.
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4.2 loodvvaula averiewv

ue X(w) vo etvou ) ouvdpmon pe tipée X(w)(1) = X(t, w). O 8 eqodidleton ue ) o-dhyePpa yivouevo
KoL ¢ TPOg ovThv N X elvan Tuyoio petofinT.

YrevOvulLovue OTL 1) 6-AAYEBPA YLVOUEVO ELVOL QUTY) TTOV TUPAYETOL ALTTO T UETPNOLUA 0pOOYM-
via Kau petpnotpo opBoydvio Aépe kabe atvoro tg wopeng [ .., A; ue A; € A o kabe i € I ko
uef{i €1 : A; # 8} memepaouevo.

i€l

Opiondg 4.2. Karavopn} e avéMEng X Mue v katavou] g Tuyoiog petafintic X, dnhadi to
uétpo mbavéTag PX(A) = P(X € A) ywa k6B A C 8! ot 0-dhyeBpa yivduevo.

OL SLagopeg TPOPOAEG TG KoTavoung TG X O€ TETEPAOUEVEG TO TAO0G ouvTeETayuEVEg TOu 8!
AEYOVTOL KOTAVOUEG TTETEPAOUEVNC dLaoTaong g X.

Opopos 4.3. Katavoues temepoonévig d1a.otaons wog aveMEng X AEpe TG KOTOVOUEG TWV SLot-
voopdtav (X, , X, , ..., X, ) 0mov n OeTikOg aKEPALOG KA 11, 15, ... , 1, € I dlopopeTikol deikTe.

310 O TAVD TAPASELYUO, YL OTTOLOdNTOTE 11 > 1 KO £y, 1y, ... » 1, = 0 SLaLPOPETIKOVG SEIKTEC,
1 katavoun tov (X, , X, , ..., X, ) elvow 1o uétpo yivopuevo u @ i @ -+ @ u (n gopég) 6mov u etvon To

OpoLOUoPPo uETPo oto {—1, 1}.

4.2 Toodvvapuic aveMEewv

e Ut TNV TOPAYPapo B doUuE TEGOEPLC EVVOLEG LOOSVVOULOG AVEALEEWY.

Opwopnds 4.4. 'Eotw I otvoro xou X = (X)), Y = (Y,),e; 800 otoyaotikeg avelEelg mov oplloviol
0€ KOLVO YMPOo TLhHavoTnTaC.

(i) H X Aéyeton Tpomomoinen g ¥ av yio kabe t € I woyvet P(X, = Y,) = 1.
(i) Ou X, Y Aéyovtol my drakpioues ov oyedov BeBara toyer 0tL «X, = Y, yio kbe ¢ € I».

H detepn 0%E01 LOOSUVOULAG OVEMEEMV ELVAL TTLO LOYVPT OITTO TNV TPMTN AoV Y10, SESOUEVO
t € I, woyde {X;, = Y, yioxabe s € I} C {X, = Y,}. Zto (ii) Ba Oehape va SOOOVUE MG OPLOUO TO
P(X, =Y, yiaxa0e r € I) = 1, adha dev E€povue av to {X, = Y, yio k00¢ ¢ € I} elvan otovyeto g F
(avnker otv F v to I tvan apBunoto, oA Yevika dev yvoplovue). OToTe Y P1OLULOTOLOVUE TOV
0po «oyedOV BERLO», TTOV ueTAPPALETAL 0TO OTL TO {X, = Y, Y10 K4Og t € I} TEPLEYEL EVOL OTOLYELO
A€ FuePA) = 1.

Mopaderypa 4.5. Ocwpolue v aveMEn X ue X, = 0 yio xabe 1 > 0, 0 € Q Ko (o Tuyolo
uetafinm T ue Katavour v opotdpopen oto duaotnua (0, 1). @tovue

_|0avre[0,00)\{T},

Y, .=
love=T.

Tote yio kaOe t > 0, P(X, # Y,) = P(T = 1) = 0, agot 1 T €lvor 0UVEXNG TUYOLO UETORANTY, Gpa
P(X, = Y,) = 1. Ouwg P(X, = Y, yio. xa0e t > 0) = 0. Kabe povomartt g X elvan ouveyng ouvap-
™mon (otabepn LAAoTa), eV KGOE HoVoTTaTL TG Y €xeL oL aovveEyELa 0to onuelo T Tov eTAEYETOL
Tuyaioe. Emouévag ou X, Y elvan tpomomoinon 1 wd g GAANg, oALG Sev elval un SLoKpLOLUEC.

Tt oygon ueta€l Twv §10 O TAVED EVVOLMVY SLATVTTMVOUUE MG TTPOTAON ULCL GTTAT) TTOPATY)-
PNoN. Oa. T YPNOLUOTONCOVIE TNV ATOSEEN Tov Ocwpnuatog 12.1 (Tumog Ito).

Mpétaon 4.6. Av I C R Sudotnua, S uetoikds ywoog kat ot X, Y © I X Q — 8 elvau toomomoinon 1
uLo Tng aAAng ot omolieg ue mbavornta 1 Eyovv cuveyn uovordrnia, tote ot X, Y eivar un Stakoloueg.
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4.2 loodvvaula averiewv

AmédelEn. And v vitobeom, vtapyxovv Q,Q, C Q ue mbavotnta 1 mote yuo kabe o € Q) 1
t = X,(w) elvon ovveyng ko yia kabe w € Q, 1 — Y, (w) eivow ovveyne. I ¢ > 0 BEtovpe
A, i={w € Q : X(0) = Y(w)}. Téte 10 0hvoro Q) N Qy N ( Nieq 0 A;) Exer mbBavomTa 1 ko oe
avto wyvel X,(w) = Y,(w) yuo kabe ¢ > 0 Aoym ovveyelag. To Tnroduevo amodeiyOnke. [

[Mopatnpolue OTL TO CUIITEPAOUA TG TPOTAONG ETTETOL ETTLONG OV 1] VITOOECT GUVEY MV UWOVOTTOL-
TV avukataotadel pe v vrodeon ot ue mbavomta 1 oL X, Y €xouvv povomatia ov o Kade
oNuUeLo 7 1 elvar Kat oL 800 ouveyelg amd deELd Tov £ 1) elval Kol ot S0 OVVEYELS 0ITO UPLOTEPA TOU L.

Todpa yLo aveMEELG e TULEG OF EVOLV UETPNOLUO YDPO 8, Ue 110 0VVOLO SELKTMV I, AMG OPLOUEVEG
o€ eVOEYOUEVIC DLAPOPETLIKO YMPO TLOAvVOTNTAS, dNACdN

X:IxQ—> S8,
Y:IxQ - S,

gyovue TIg eENG EVVOLEG LOOSUVALOG.

Opopnidg 4.7. 'Eotw X = (X)), Y = (Y,),e; 900 0TOYAOTIKEG AVEMEELG UE TLUEG OTOV LOLO UETPTOLUO
XWPO 8.

(i) Afpe 0TLoLX, Y €Y0UV TIC IO1EG KATAVOUES TETEPAOUEVIS DLAGTAONS v, Yio KAOe n > 1 Kaw
t, by, .5 1, € I SlapopeTikovg deikTeg, To dravvopata (X, , X, , ..., X, ), (¥, , Y, ..., ¥, ) éxovv
™V 1dL10 KaTavou).

(ii) Aéue dtLouX, Y éyovv v idta Karavem ov P = P

H 100t T0 KOTAVo UG Y10 0TOY00TIKEG AveMEELS PAETTEL TIG AVEMEELS WG TUYOLEG LETABANTEG OTOV
8! kou etvar 1 ovvnOLoPEVY LEOTTO KATAVOUDY TUXaiwV HeTafinTdv. Avo aveMEelg pe ida Kato-
VOUT EYOVV TIG LOLEC KATOVOUEG TETEPAOUEVNG SLaoTtaong (Aoknon 4.2), aAld LoyVEL KOL TO OVTL-
OTPOYO.

Oeopnua 4.8. Eotw X = (X,),ep, Y = (Y,),e; 0V0 otoyactikés averileis ue tyués otov (Sto uetonowo
x00 (8, A). Av ot X,Y éxovv tig (dieg katavoués memegacuévns didotaong, téte épovv tnv (o
KaTavour).

Arméden. H wobuyta kotavoudy memepaopévng dibotaong onuaiver 6t to pétpa PX,PY ovugo-
VOOV TThve 6T0 0VVORO TV peTpioly opBoywviav (dnradi PX(4) = PY(A) yia kébe petpriowo
0pBoy®VIo A), dAAG auTd TO OVVOAO ELVOL KAELOTO WG TTPOG TETEPACUEVEG TOUEG KO 1] O-OAyERPQ,
mov apbyer eivon n 8. Amo to Bedpnua w-A, émetan 6 P = P [

Mopoamypnon 4.9. [Z-aryeppa otov Cg([0, 0))] 'Eotm 8 évag Saymploog HETPLKOG XMPOg. AVo
0-GAyeBpeg mov wropel va. Oempnoet kaveig otov Y 1= Cg([0, 00)) (ovveyeic ovvaptnoegf : [0, 00) —
8) elvon ot €Eng:

(@A) :={ANY : A € Bigfo,00)B(8)}. Anhadn Bempodue 1oV ¥ g VITOGTHVOLO TOV YMPOV YIVO-
uevo 8L o omoiog elvan eodiaouévog pe T o-dhyeBpa YLVOUEVO (AUt TTov TTapdyeTaL omtd Ta
uetpnopa ophoymvLe) Kot out 1 0-ahyefpa 0pillel UOLOAOYLKE pLa. 0-0lyeRpo. oTov Y.

(B) A, := B(Y). H Borel o-aiyeppo. otov Y. Ed® Oempolue Tov Y ig HETPLKO YMPO UE UETPLKT TNV

oh0) = Y, 50 sup_d(f(0, g} A D).
n=1 1€[0,n]

Me d cupforilovpe ™) petpikn otov 8. Mia akohoubia ovvaptoemv (f,),>; CUYKALVEL WG TPOg
1] UETPLKT 0 OE LG OUVAPTNON f OV KaL WOVO 0V GUYKALVEL OUOLOUOPQA OTNV f 08 KAOE OUUITOYEG
vroovvolo tou [0, o).

Toyvel To €ENg amoTéheona, To omolo amodetkviovue oto Hapaptnua A’
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4.3 Martingales ko yoovor Stakomns

Mpétoaon 4.10. A, = A,.

4.3 Martingales kou ypdévor drakomg

Opwonog 4.11. (i) Aujdnom otov xwpo mbavomrag (Q, F, P) héue wa avEovoa otkoyévera (F,),o
o-aAyeBpiv, kKabeuio vitoouvolo g F. Anhadn, exovue F, C F, C F o kabe 0 < s < 1.

(ii) Mo otoyaotkn avéMEn (X,)so Aéyetar mpocapuoonévy ot dMdnon (F,);50 av yia Kabe
t > 0n X, elvan F,-petpnouyun).

Topa, av X = (X,);>0 elvow por 0Toxaotikn aveéMEn, TOTe 1) ehdyLoTy) diOnom g pog TV ool
N X €lvolL TPOOAPUOCUEVT] ELVOL QLUTT) TTOV OPLLETAL WG

F,i=0({X; : 0 <s <t}) yvakabe ¢ > 0,

diadn n dindnon mov mapdyeton amd ™ X.

Avahoyo optletal 1 Evvora g dNONoNg we Yevikd oUVOLO SELKTMV I APKEL 08 OUTO VAL EXOVILE
wo. SrataEn. Ko avriotouya yio o aveEn (X,),e; opileton n dinmdnon mov ovth mapdyet. AKpLBog
qpwv to IMapaderypo 3.2 edape xpNnon avtdv Tov evvolmy (ekel elyoue I = N).

Ou avellEeig mov Ba Bewpnoovue MG TO TELOG CUTNG TG TTAPAYPAPOV TTALPVOUV TIUEG 0TO R.

Opronog 4.12. Av 1 otoy00tkn) avéMEN (X,)>( LKAVOTTOLEL TLG LOLOTNTEG:
(i) H (X,),>0 etvar mpoooapuoopevn oty (F,) >0,
(i) E|X,| < oo yia ka0 £ > 0,

(iii) E(X,|F,) = X, yvakabe 0 < 5 < 1,

t0Te Aéyetow martingale wg mtpog T dNONoN (F,) 0. AV vt g (iii) woyver n EX, | F,) > X,,
1oTE M vEMEN Aéyetow submartingale, eve ov woyvel 1 E(X, | F,) < X, 101 1 0veMEN AéyeTon
supermartingale.

[Ipogavag, av (X,)s( elvor martingale wg 7tpog T dtONon (F,),>o ka (7,),en ELVOL e adEovoa
akohovBia 070 [0, 00), ToTE 1) AvEMEN (X, ),en elvon martingale wg wpog ™) dStONoM (F, ),en- XpNot-
UOTTOLOVE CLUTY) TV TLAPOTIPYO) YLC. VO, LETOPEPOVUE OTO TAALOLO TOV AVEMEEWY OE oLVEYT] XPOVO
aTOTEAEOUATO. TTOV €xouV ety Oel o SLakpLTd YPOvo (deg TV amddelEn Tov Oewpnuatog 4.16 mo
KOTW).

Avaloya pe TV TEpLITTmon o gxovue dinbnon oe dtakpLtod xpovo (I = N), opiletol kKoL Thpa,
ue I = [0, 00), 1 £vvora Tov YPOVOL SLaKOTTNG,.

Opoudg 4.13. Mo ovvaptnon 7 : Q — [0, co] Agyetar xpdvog drakomng wg tpog t dindnon
(Fis0 av yro kaBe t > 0 woyde
{T<t e 4.1)

Se OUTEG TIG ONUELMOEL; Do ypmoLpuomooovue martingales og ovveyn yPOVO YL, VO, VITOAOYL-
OOVE TTOOOTNTEG TTOV apopolV TV kivnon Brown, omwg oty Iapdypago 3.5 ypnoLuomomooue
martingales o0& SLOKPLTO YPOVO YLC. TOV TUYLO TTEPLTATO.

T (X))o avEMEN ko T @ Q — [0, 0], ovpforiZovpe pne X7 v avéMEn mov opiletal wg
X! (0) = X,p1(w)(@) Yo k6B ¢ > 0. Xperalouaote 1o akorovbo Oedprua, ™y arddeiEn tov omoiov
wropel va et 0 avayvimotg oty Mapdypago 3 tov Kegaratov IT oto Revuz and Yor (1999).

Oeopnua 4.14. Eotw X = (X,)»¢ ovvexés martingale xaw T yoévog Staxomrs. Téte n avéhén X
elvatr martingale.
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4.3 Martingales ko yoovor Stakomns

O 0pog «ovveyeg» yia v X onuatvel 0tL pe mbavotnta 1 1 amewkovion ¢ — X, (w) eivow ovveyng.
AUECT] OUVETELDL GUTOV TOU OUTOTELEGLOLTOG ELVAL TO EENC.

Oedpnua 4.15 (Oedpnua emhektikng dtokonng). Eotw X = (X,)o ovveyés martingale kaw T poay-
ugvog yoovog dwaxomng. Tote
E(X7) = E(X)).

AmédelEn. Av M eivar éva Gvo @pdyua tov xpdvov dvakorng T, tote emetdn 1 X! eivan martingale,
Oa éxovpe E(X},) = E(X]), t0 ontoio eivaw 1) Tnrovpevn wodmra agod TAM =T. [

XpNowun otV KaTa.oKeu ) TOU 0TOYAOTIKOU OAOKATPMUATOG ELVOL 1] AKOAOVOY 0vioOTTA.

Oedpnna 4.16 (Avicotnto Doob yio submartingales). Eotw X = (X,);>0 ovvexés submartingale ko
t > 0. Tore yra kabe A > 0, Eyovue

1
P( sup X, > 1) < -EX).
(SE[O,I] ) A

Arddeén. Twn > 1, ¢otw I, := ({k/2" : k € N}n[0,]) U{r}. To @empnuo 3.19 Sivel 6ty r > 0
LOYVEL

P(supX, > r) < P(supX, >r) < %E(X;L)

s€l, s€l,

H axolovBia A, 1= {supseln X, > r},n > 1 eivon av€ovoa (yatt kat 1 (7,),> ELvOL) Kow 1 EVeooT) g
glvoL To 0UVOAO {sup,efo,q Xs > r}. Ztov TEALEVTOLO LOYVPLOUO YPNOLUOTTOLOVUE OTL 1) X EXEL GUVEYN
HOVOTTATLOL KOt OTL 1) EVInon Twv 1, elvai €va Tukvo vroohvoro tou [0, 7]. Apa.

P(sup X, > r) < L E(XP). 42)
s€[0,z] r

[atpvovpe tdpa wo yvnotwg avEovoa akohovbia (r,),>; OETKOV aptdumv Tov ovyAiver oto A.

Tote 1 axorovdia A, = {sup X, > r,} elvon pOivovoa pe toun to ovvoko {sup o 1 X, = A}.
EgapuoCovue v (4.2) yio. r = r,, TALPVOVUE 1 — 00, KO ETELTA eTLKaAovpaote Ot lim,_, o P(4,) =
P(N,>14,). [Tpokimtel €10l To Tnroduevo. [ |

Mo 180T TO 000eVESTEPY Atd vtV Tov martingale aAld eEloov ypnowun elvor ovtr tov local
martingale. O 0pLopdg TG elvon 0 ENG.

Opionog 4.17. H avélEn (X,),»o Aéyetau local martingale g tpog T dONom (F,)50 0V VITAPYEL
avEovoa akohovbia (z,),s| XPOVOYV dLAKOTNG OOTE:

(1) P(lim,_, o 7, = 00) = 1.
(ii) T kG n > 1 1 otapatuévn avéMEn (X, );>o elvou martingale wg pog ™V (F,),>o-

Eneidn X, = lim,_, o, Xz, , h X elvar tpooappoopévn omy (F,),»o. KaOe martingale eivau local
martingale 0rwg Oa Solue TP, TO AVTLOTPOPO OUWG dev Loy Vel (deg mapaderypa 13.7).

Mopatipnon 4.18. Oa deiEovpue 6Tt KGOe martingale X etvon local martingale. T'wa k60e n € N¥
Betovue 7, 1= n (0100epdg YPOVOG drakomng). Méver va dei€ouvpe ot yio kKaBe n € NT 1 avelEn
(X;an)i>0 €lvow martingale. Etvou tpocappoouévn yatt, av ¢ < n, tote 1 X,a, = X, elvon F,-petpnowun,
eV, AV [ > n, £XoVuE X, = X, 1 ool elvan F-puetpnowun, apo kor F-uetpnown agpot F, C F,.
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4.4 I616tnreg Markov*

Enttong, E |X,1,| < 00 pogovme, agov yia tov aptbud s 1=t A n Egpovue 0tL E |X;| < 00. Mével va
det&ovpe 0TL yLo KaOe 0 < 5 < £ Loy VEL

E(Xt/\n | ?Y) = Xv/\n'

[a autd SLOKPLVEL KAVELG TIG TEPUTTMOELG § < T < n, s <n < f,n < s < t. Ag dodue v televtala.
O¢hovue E(X, | F,) = X,, t0 omoto toyveL agov 1 X, sivar F - uetpnoyn (og F,-uetpnowun). Ot
aMeg 800 TEPLITTMOELS ELVAL EELOOV OTTAEC.

Yo Kamoteg poimobeoelg €va local martingale eivan martingale. Mo TETOLOL TTEPLITTMON ELVAL 1)
aKOLOVO.

Ipértaon 4.19. Ectw 6t to local martingale (X,);>q lvar ouotduoopa goayugvo amd ua oAoKAnow-
owun ovvdotnon, dniad vrdoyet tvyaia ustofinty Y : Q — [0, 00) ue E(Y) < oo dorte |X,(w)] <
Y(w) yra kd0Oe t > 0 kaw w € Q. Tote 1 (X,);>0 elvar martingale.

Ambden. Eépoupe 0tL 1 (X,)>0 elvon pocapuoouévn. 'Botw (z,),>; wo akohovbia xpovov dia-
Komng 0rtwg otov Opopd 4.17. Tote, E |X,| K EY < oo kaw yia 0 < s < 1 €ovue

E(XZAT,, |‘Ts) = Xs/\r,,

vy ka0e n > 1. T n — oo, To 8eEL HELOG TNG TEAEVTALAG LOOTNTAG TELVEL OTO X, EV( OTO APLOTEPO
eQaPUOTOVNE TO BEDPNUA KUPLAPYNUEVNG OUYKALONG YLOL TN SEOUEVHEVT] HEOT Tt (Oempnua 2.20).
Kvplapyotoo ouvaptnon etvor 1 Y. [

IMopadeiyuoto martingales og ovveyn xpOVo KaOMOG KoL EPAPUOYES TOU DEWPNUOTOS ETLAEKTL
KNG drakomng (Oehpnua 4.15) Ba dolue apodTov KoTaoKevdoouue TV Kivion Brown oto etduevo
KEPAAALO.

4.4 Id6tnreg Markov*

Mo etdikn kanyopla ovelEewv etval ov avehiEelg Markov. 'Etol Aépe auTeg ov £ouv Ty 1Lo-
o Markov, thv omola O 0ploovue TMPA.

'Botw (Q,F, P) yopog mbovomrtog, I C R ovuvolo dewktov, (F,),e; wa dnmbnon, (8,.A) évag
UETPNOLOG XDPOG, Kot X = (X)), o aveéMEN ue THEG 0Tov 8 Kat TPooapuoouevn oty (F,)er-
Suvnowe, N (F),),e; elvar ovth ov mapdyetar oo ™ X. Anhadn F, :=o({X; : s € s < 1}).

o C € Fxaw § C F o-alyePpa, Bo ovpporilovpe ue P(C|G) tn deouevuevn ueon tum
E(1¢|9).

Opopnds 4.20. Ague 6tL 1 X €xer v dotyTa Markov wg mpog ) dnonon (F,),c; ov yio ka0g
s, t € Tpe s <tk A € A woyveL

PX,€eA|F,)=PX, € A|X,)
ue mbavotnra 1.

ANLadY, 0V TOTOOETNCOVUE TOV EAVTO UAG 0T XPOVLKT] OTLYUN] s, 1) KOTAVOWUN TG TG g X
o€ €vov SeSOUEVO UEMLOVTLKO YPOVO £, HESOUEVOL OLOKANPOV TOU TTapeAOOVTOG (AT TN OTLyUn §
KoL 7TPLy), bvan 1) 10t av dedouevn elva arthmg 1 tiun X, e X Katd tov Tapovio, xpovo s. Mat-
OTO ELVOL GUVETIELCL TOV OPLOUOU OTL 1) Korravour] ohokANpng tg avéMEng (X,),», dedouévng g F
TOAPOUEVEL 1) LOLOL v OvTL TNG Fy elvan dedouevn N X,.
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4.4 I616tnreg Markov*

HMapadevypa 4.21. (a) O ovuuetpiicog amhog Tuyatog eplmatog (S,),so 010 Z (deg Mapdypago 3.1
Y10 TOV GUUPBOMLOUO) €xeL TNV 1OLOTTO Markov g mtpog T Stndnon mov TopayeL 0 110G YLoTL Lo
n>kxoA C Z ggovue

P(S, € A|F) = ¢(S) =P(S, € A|S))

ue p(r) = P(r+ 3, <i<nXj € A) vt KaOe r € Z. Ou 1o0TNTEG ELVOL dLOLOONTIKA TPOPAVELG KO
TpoKVITTOVV UE xpnon g [pdtaong 2.13. ZvyKeKPLUEVA, OF EKELVI] TV TPOTAOT), TAUPVOVUE 8| =
$=2X= S Y =8, =S h(x’y) = 1x+y€A-

(b) H avéMEN (M,),>0 te M, = maxXo<i<, Sk, 07OV (S,),>0 ELVOL O CUUUETPLKOG ATTAOG TUYOLOG
TEPLTATOG 0TO Z, dev £xeL TNV 1dLoTTa. Markov wg mtpog ) dindnon ov ovtn apdyel. H amodel&n
QUTOV TOU LOYVPLOUOV QLPNVETOL MG AOKT|ON).

Xpovo drakomng wg mtpog ™V (F,),e; Meue omoradnmote tuyana petapinm T : Q — [0, 0]
uvkavortotel T (4.1) yuo kabe ¢ € 1.

[TolrE qopég, wa aveMEN Markov (X,),e; tkavortotel Thv 1dtotTa tov Optopot 4.20 mo Tavm
OyL aTAG YLo KAOe 0Ta0gp0 XPOVO s AALG KoL YL KAOE TETEPAOUEVO YPOVO dtokortng T. Anhod,
1 Katavor Tov wovortotol (X,)sr g X netd tov ypovo T ennpedletol omod TV «TtAnpopopla
1oV TOPELOOVTOG HOVo neow g TG X(7). IpdTo 0pllovie TL ONUALVEL «TTATPOPOPLO» UEYPL TOV
TUy Lo xpovo T. Avtr etvor 1) o-ahyefpa

Fri={AeF : An{T <t} € F, naxkabet €I} 4.3)

ALaloONTLKG, 0T 1) 0-GAYERPQ TEPLEYEL TOL YEYOVOTOL YLO. TC. OTTOLOL WITOPOVUE TN YPOovikY otryun T
va, aropavBolpe av £xovv ovpPel wg tote. Kou oL Tuyaleg LeTABANTES TTOU ELVOIL LETPTOLUES WG TLPOG
QT TN 0-GAYERPOL ELVOL EKELVEG TV OTTOLMV 1) TUUT WTOPEL VO KAOOPLOTEL ATTO TNV TTANPOQPOPLOL (G
Kot tov xpovo 7.

Emeldn n X etvon tpooapuoopévn ot dmonon (F,),e, N TANPogopla wg Kot Tov xpovo T epLeyel
v T Tov T KoL TG TUEG TTov £)el tapet 1 X 0to didotnua [0, T]. To KAVOuuE TTLo 0OpEG auTd 0TO
ETTOUEVO TTAPOAOELYILCL.

Moapadevyna 4.22. (o) H T etvor Fr-petpnowun. Apket va det&ovue 0tL yiar osorodnmrote r > 0 1o
veyovoc A 1= {T < r} eivon otouyeto g Fr. payuatt, yio kabe t € I 0¢tovue s = sup(IN[0,rAt])
Ko ag vrrobgoovue ot s € 1. Tote

An{T<g={T<rAt}={T<s}eF,CF,

ago¥ o T givaw xpovog drakorne. H mepimrtwon ov s & I agnvetal mg Goknon).

(B) Ag voBgoovue 0t I = [0, 00) Ko OTL 1) X TOUPVEL TLIEG OF EVAV UETPLKO XMDPO KL £)EL OUVEYT
wovostatio. Tote 1) Tuyoio petafAntn Xy eivon Fp uetpnotun). Avto elvor KATL EVIEADG AVOUEVOUEVO
aTTO TNV TEPLYPOPT] TTOV SDOOUE YL TNV F7 OAG SV ELVOL APECO, OTTOTE CLPNVOVUE TNV ATOSELEN
TOU Yo TG oKNoel; (Aoknon 4.11).

ALVOUUE TOPO TOV 0PLOUO TG LoYVPNG LWOLOTNTAG Markov. Oswpovue onueto § & S kaw oplfovue
X, = 6 ywo ka0e t € R\L

Opoudg 4.23. Ague ot X €xeL v woyup drotre Markov og pog t dndnon (F,),e; av yo
KaOe xpovo drakomng T mwov satpvet Tweg oto I, £ > 0 ko A € A woyvel

P(Xry, € A|F7) = P(Xpy, € A| Xp).

[woc v woyvpn ot Te. Markov 1oy gL avaroyn Topatnpnon We cutny tov akolovbet Tov Opt-
oub 4.20.
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4.4 I616tnreg Markov*

[0 TePLocOTEPQL OYETLKA UE TIG AVEMEELG TTOV £XOVV TNV LOLOTNTA Markov 1 v toyvpn dotto
Markov kou T oygon Twv §00 WotTwv uropel va dei kavelg ota Kegpahawo 19, 20 tov Bass (2011)
n oto Kegahawo 1T twv Revuz and Yor (1999).

Aoknjoeig
4.1 (Aéouevon kar ohokinpwuc Lebesgue) ‘Eotw (Q, F, P) ywpog mbavotrag, § C F o-ahyefpa, kar X @ [0, co) X
Q - R avéMEn petpioun wg mtpog ™ o-aiyeppa B([0, ) ® F ue f0°° E |X(r,w)| dr < 0.

(o) Na dewy et 0t 1) aveMEN {A(r, )},50 ue h(r,w) 1= E{X(r, ) | GHw) €xeL tpomomoinon mov etvar B([0, ) ® F-
petpnowun. [Katd ta yvwotd, yio ouTh TV TPosonoinoy gxovue Ot yia ke w € Q, 1 r +— h(r,w) eivol Borel-

uetprioym).]
o0
E (f X(r,w)dr
0

(B) No. derydet 6T
4.2 'Eoto (X,);50, (Y})i>0 OTOXAOTIKEG 0veMEELG UE TUUEG OE EVAV UETPLKO XMDPO S. AV £XOVV TV LBLOL KATOVOU), VOL
deryOel OTL £XOVV TG LOLEG KATAVOUEG TETEPAOUEVNG SLAOTAOTG.

9):](; EX(r,w)| 9)dr.

4.3 'Eotw (F,),e; o dnmbnon oe ydpo mbavotnrog (Q, F,P) xaw a € [0, 00). Na derybei 6t 1) otobepm Tuyaic,
uetapint T = a eivon xpovog diakomng wg pog T Snonon (F,),es.

4.4 Av o tuyaieg petofintég T, S sivon ypovol diakomng wg pog wio dimdnon (F,),e; koL a > 1, vo deiydst ot
¥pOVoL SLakomng wg Ttpog TV (F,),e; ELVOL ETTLONG KaL OL TUYOLOL XPOVOL

SAT,SVT,S+T,aS.

4.5 'Eotw T %povog draxomig wg pog uo Stnnon (F,).e(o,00)- [0t kGO n € N opilovue Tov Tuyaio ypovo T, : =
[2"T + 1]/2", dnhodn Octovue T, = k/2" (k € NT) axpipig otav T € [(k — 1)/2",k/2"), evdy T,, = o0 otav T = oo.
Na deuy0el ot

(o) Kabe T, eivou xpovog dtakomig g tpog ™V (F,)e[o,00)-

(B) H (T,)),50 elvon gbivovoa kow lim,, o, 7, = T.

4.6 Av o T elvau ypovog drakomig wg mtpog T dSONoM (F,)efo,c0)» TOTE Y10t KGOE 1 > 0 1oyveL {T < 1} € F,.

4.7 'Eoto X = (X,);50 OUVEXES Un apvnTiko submartingale, p > 1, kaw 7 > 0. Tote yia kaOe A > 0, €xouvpe

P( sup X, > a) < /%DE(X‘;’).

0<s<r
4.8 'Eoto X = (X,),0 un apvnuko local martingale. Na deuy0el ot elvar supermartingale.
4.9 'Eotw X = (X,),»0 0ettkd ovveygg martingale pe Xy = x, € (0, 00) dedouévn otabepd ko lim,, X, = 0 pe
mbavomTo 1. O¢tovpe X* 1= sup,,, X;. No deryOel 6TL yia kdbe x > X Loyvet

X

P(X* > x) = —.

X
[Ym6delEn.: 'Eotw T := inf{r > 0 : X, = x}. EpopudCovue to Oechpnua emheKTikng SLoKomig yio. To martingale X
Kar tov xpovo T A rue r € (0, 00) avbaipeto.]
4.10 Na deuy0el 0TL Tpdywott | Fp g oxeong (4.3) etvar o-dayeBpa. O T elvar xpOvog SLAKOTTG.

4.11 Eotw (F,)50 SO0 og évay ydpo mbavottag kow X = (X,)>o AVEMEN UE TYUEG OF EVAV UETPLKO XMDPO Ko
TPOCGUPUOOUEVT 0TIV (F )50 [l T xpdvo drokomng pe g oto [0, 00) Bewpodie TV akolovdio ToV TuXaiwy
woovov T, = [27T]/2",n € N (dev eivar amapaityra xpdvol diakomng). Na dewydsi otu:

(o) H X7, eivou Fr-petpnoun yio kabe n € N.

(B) Av 1 X £xgL ouveyn wovoramia, Tote 1 Xy etvol Fr-puetpnouu).
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4.4 I616tnreg Markov*

4.12 'Eoto (F,)50 dmMOnon oe evay yopo mbavomrog (Q, F,P) kaw X : [0, 00) X Q — R avélEn mpocappoouévn
oV ()50 Ko e ouveyh wovordma. Tia kée n > 1 Bewpodue ™y avélEn XM ue XU(r, w) = X([nt]/n, ©) ya
KaOe (1, w) € [0,00) X Q. 'Eotw t > 0 dedopévo.

(o) Naw deiy0et 6t 0 mepropropog X [0, 1] x Q etvon B([0, 1]) ® F,-petpiouun avémEn.

(B) Na derybet 6tun X|[0, 7] X Q eivar B([0, £]) ® F,-uetprowun.
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Mepog 11

Kivnon Brown



5

Kortaokev] g kivijong Brown kot athég idrotnreg

5.1 Opwopds, VtapEn, Kot povadikoTyTe

Opopdg 5.1. Mua otoyaotikn aveMEN {B(?) : ¢ > 0} oprouévn oe evav ywpo mbovottog (Q, F, P)
Ko pe Tipeg oto R Agyeton (uovodiaototn) Kivigern Brown av woyvovy o Eng:

(i) H aveMEn £xel aveEaptnteg mpooavEnoelg. Anhodn yia kaben > 1 ko 0 <1 <1, < -+ < 1,,
OL TUYOLLEG UETOPANTEG

B(1,), B(ty) — B(t,), B(t;) — B(12), ... , B(t,) — B(t,~1)
elvolL aveEapTTEG.

(i) TwkaPe 0 < s < t,
B(t) — B(s) ~ N(0,t — s).

(iii) Zyedov yia Ol ta w € Q, M ovvaptnon t — B(1)(w) elvan cuveyng.

30

20

10

T T T T T [ T T T T [ T T T T [ T T T

T
—

| A I
200 400 600 ' WV 800 1000

Synua 5.1: To ypagnuo. WG TPoyIoToToinong g Kiviiong Brown.

Muo. ktvnon Brown yio v omoto pe bavotnra 1 woyver B(0) = x Aéyetar kivnon Brown mou
Eekvael artd To x, evey otav x = 0 o TEToto, aveEMEN Aéyetal Tumiky] Kivijon Brown.

St azatnon (i) Tov opropov, 1 B(f;) dev elvar TpocovEnon g B eKTOg oV 1) B €LvOL TUTTLKY)
Kivnon Brown, ortote B(t,) = B(t;) — B(0). 'Etou ) (i), 0T1 YEVIKT] TEPLTTWON), ELVOL KOTL TOPATAV®
aTtO «aveEQPTITEG TPOCUVENOELCY.
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5.1 Ootouds, vmagln, Kot uovadtkoTnTo

Mopatipnon 5.2 (Enueto ekkivinong g B). O 1o mavem opLopdg dev BETEL KOVEVA TEPLOPLOUO 0TIV
apykn i B(0) g xivnone. ‘Etol, givar dSuvatov 1 Kiviion vo EeKLVAeL atd Vo OUYKEKPLUEVO
x € R 1), yevikOTEPQ, VO EEKLVAEL TUYOLO ETTAEYOVTOG TO OPYLKO TNG ONUELO UE PAOT EVO UETPO
mbavottag u oto R (dmhadn n B(0) va elvar tuyaia pnetaint pe kotavoun ). Oheg autég ou
Kuvnoelg Brown mapdyoviol amd Ty Tusmkn kivnon Brown wg e€ng. '‘Eotm W tumikn kivon Brown
Ko X Tuyai ueta AT (otov 1810 xmpo mbavotntog) aveEapmnm e W ko ue kotavoun w. Tote
M oveEMEN B ue
B(t) := X+ W(t)

yio. KaOe ¢ > 0 etvan kivion Brown pe apyikn Katovoun w. Idontépmg, 0Tav to u Siver OA) Tou T
uato oe €vo onueto x € R, tote €xovue B(r) = x + W(r), dnhadn v kivnon Brown mov Eekivael
a7l TOo X.

Av og o TOavOTNTO 1] O (Lt LEOT) TLUT EUaviCeTon o Kivon Brown B ue apykn Katovoun
u xaw B¢hovpe vo To kavouvue Eekdbapo, To dMhavovue ypagovrag Py, E, avtiotowya. Ewdikd yio
™V kivnon Brown mrov Eexivaer 0mtd 1o x € R, ypnowuomorotpe tov ovuportopod Py, E,. Av to apyko
oNueto etvor adLagopo M Eekabapo amd ta cupppaloueva, Oa ypagovue aring P, E.
Mapoampnon 5.3 (Katavousg memepaouevng duaotaong). Av E¢povue v katavoun g B(0), Oheg
OL KOTOVOULEG TIETMEPAOUEVNG SLaoTtaong Tng B voloyiZovrar (Oproudg 4.3). Ag vroOgoovue OTL 1)
B Eexvaer amo 1o x, hadn B(0) = x (yio kdbe w € Q). Tw0 =1 <t <, < -+ < 1, Oa
TPOOSLOPIOOVUE TV KOTOVOUY TOU SLOVIOUATOG

Z := (B(t,), B(ty), ... , B(t,))».

'Eotw Xi = B(ti)—B(ti_l), 0; =4/ ti - ti—]’ Yl = Xi/gi Yo Kdes I = 1, 2, ey 1. O Yl’ Yz, veey Yn SLVGL
AVEEAPTNTEG TUTTLKEG KAVOVIKEG (ETTETOL ATTO TOV 0PLOWO TG Kivnong Brown) kot pe ) Bondetd toug
WITOPOVIE VOL YPOPOVLLE

B(ll) X+X1 X (o8] 0 0 0 Yl
B(tz) X+X1 +X2 _ X + 01 Oy 0 0 Y2
B(t,) x+ X +X+ -+ X, X o, 0, 03 - O, Y,

Avt 1 oy€om delyveL OTL 1) KaTavour) Tov Staviouatog Z tpoodtoplleTol ovadiKd Kat emheéov OTL
10 Stavuopa eivar F'kaovoravo (Opwopog A'.3 oto Iapapmua A'). H katavoun evog I'kaovotavo
draviopatog Kabopiletal TANPOG 0ITO TIG UEOES TUIES TMV OUVLOTWODY TOV KO TOV JILVAK GUVOLOL-
KOuavong tov (Bhéme ovlnmon puetd to Osdpnua A”.4 oto Mapaptmua A'). YTroroyilovue tHpo.
AUTA TO YOPOKTNPLOTIKA Yo To (B(t)), B(t), ... , B(1,)). Zagwne, E(B(1)) = x yia kabe t > 0 ool 1
B(1) — B(0) ~ N(0, 7). T'wa. TIg OUVOLOKVUAVOELG £XOVILE TO EENG.

Mopaderyna 5.4. 'Eotw x € R kou B xivnon Brown pue B(0) = x. Tote Cov(B(s), B(t)) = s A f Y0
KaOe 5,1 > 0.
[Mpdayuot, €otw 6t 0 < s < t. Tote

Cov(B(s), B(t)) = Cov(B(s), B(t) — B(s) + B(s))
= Cov(B(s), B(t) — B(s)) + Cov(B(s), B(s))
= 0 + Var(B(s)) = s.

1 de0TEPT LOOTNTA Y PNOLUOTOLOVILE T1 SLYPOUULKOTITO TG CUVILAKVILAVONG. TNV TPLTH 10OTNTA,
otL oL B(s), B(t) — B(s) etvar aveEaptteg Kaw 0t B(s) ~ N(x, s) (agov B(s) — B(0) ~ N(0, s)).
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5.2 AmAég tdiotnTes

Tnv xtvnon Brown g guotkd gawvouevo Kateypape pmtog o Robert Brown to 1828 mapatnpm-
VIOG TNV Kivnon KOKwv yUpng ueoo og vepo. ‘Emerta, to 1900, o Louis Bachelier tn ypnowwomoinoe
WG WOVTELO VLo TIG TLuEG petoymv. O Albert Einstein to 1905 amedetEe 0Tt pua Kivinon (e KAToLo. «u-
OLOAOYLKG» ETTLOVUNTA YOPAKTNPLOTIKG Oa Lkovostotel T Lot (ii) Tov opLopol 7o Tave Kot
VITEdELEE EQAPUOYEG OTOV KPOKOOUO (7T.., TPOoadLopLopdg Tov aptbuol Tov Avogadro). Tap’ dha
avtd, 1 amwodel€n 0t 1 Kivnon Brown vitapyet, Snhodn 0t vtdpyel aveMEN Tov VO. LKOVOTTOLEL TIG
amautnoelg Tov Optopot 5.1, €yuve to 1923 amtd Tov Nobert Wiener. AkoAoUONoay KoL GALeG AmodEeL-
Eelg YopENG.

Oewpnua 5.5. Mia tvmikr) kiven Brown vrdgyet.

o Mapaptnue I diveton pa artddelEn mov ogethetan otov Paul Lévy kau dSnuootetvnke to 1939.

Movadikomyta. Yrapyouv apaye TOMEG OTOYOOTIKEG AVEMEELS TTOV VA, LKAVOTTOLOVV TIG LOLO-
mteg Tov Oplopot 5.1 o mavw wall pe ™ B(0) = 0; Anhadn va elvol TUTTLKEG Kivioelg Brown;
Naw, vitapyouvv. o Tapdderyuo, av B lvol po TEToL, TOTE T0 1810 elvar Ko 1 —B. MovadikT opmg
elvol 1) Karavour] ™G Tumkng kivnong Brown otov ywpo C([0, 00)) Tmv ouveymv ouvapTNoE®mY 0TO
[0, 00). Ag BupnBovue (Mapaypagog 4.1) 6t 1 Tumky kivon Brown umopet va BewpnBel tuyato
uetafintn ue tueg otov C([0, 00)). Anhadn

w — f°,

omov f* : [0,00) = R givaw 1 ovvaptnon pe tueg (1) = B(r). Q¢ ovvndme, yLoL i TUYoLoL (Le-
TOPANTN TAPOAELTTOVUE TO SELYIATIKO onuelo @ kKo ypagovue B(r) avil B()(w). H katovoun wog
TuTTLKNG Kivnong Brown eivan éva uétpo mbavotnrag otov C([0, 00)). It 0-GAyePpa. pe Ty ool
epodiatoupe tov C([0, )), deg v Mapatnpnon 4.9.

Ou 1810 TEG OPLOUOD TG TUTTLKNG Kivnong Brown elvan apketég mote va kKabopllovy wovo pia.
Katovour). 'Etol gxovue to €ENg amoTeLeomo LOVASLKOTITAG.

Oeopnua 5.6. Eorw dvo tvmkés kivijoeis Brown B, B*. Téte ot B, B* €yovv tnv (i katavour).

AmédeEn. Me Baon v [Mapatnpnon 5.3, ou B, B* £(0uv TG 1d1eG KATAVOUEG TTETEPAOUEVIG OLAOTAL
one. To ovumépaoua €xeton amd To Oempnua 4.8. [

52 Amhég 1dubtnteg

Ka0e kivnon Brown opilel 0Tov ympo mbavotnTag 0Tov 0molo oplleTol Pie (QUOLOLOYLKT Sur-

Onon. Ty (F7)»0 e
F0 :=6({B(s) : s € [0,]}) 5.D

yio. kae ¢ € [0, o0).

Ipotaon 5.7 Metatomon). ‘Eotw B kivon Brown kau ty > 0. Ooillovue tnv avéaén X wg
X(1) := B(ty + t) — B(ty) ywa kdbe t € [0, 00).

Torte:

(i) H X eivou tvmmixn kivnon Brown.
(i) H X eivau aveEdotnrn amd tnv F;.

Amdden. (1) Ereyyovue Tig 1d0TNTEG TOV 0pLopot. T 0 < 1) <1, < -+ < 1,

(X(#)), X(1,) — X(2,), X(13) — X(1), ..., X(2,,) — X(t,,-1))
= (B(ty +t;) — B(ty), B(ty + t,) — B(ty + t,),B(ty + t3) — B(ty + t,), ..., B(ty + t,) — B(ty + t,,_;)).
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Synue. 5.2: HIpdtoon 5.7 Aéel 6T tomofeTmvTog VEoug aEoveg 0To (fy, B(fy)), 1) 0vEMEN deELL TOV VEOU OCUGTUATOG
aEOvov glval Tumiky Kivinorn Brown kau aveEdptnTn astd to mopehdov.

Ol GUVTIETAYUEVEG TOU TEAEVUTOLOV SLOVIOUOTOG ELVOL OVEEAPTNTEG TUYOLEG UETAPANTEG emeldn 1 B
elva Kivnon Brown.

Mo 0 < s < 1, gpovue X(1) — X(s) = B(ty + 1) — B(ty + s) ~ N(0, s — 1) emerdn 1 B elvan Kivnon Ko
(ty+1)—(tg+s)=1t—s.

Téhog, ue mbavotnta 1, n ovvapton ¢ = X(7) elvar ovveyng ag@ol n B etvaw ovveyng ue moao-
votnra 1. To B(fy) elvar arthig £vag aptbuog mov eEapTatal amd To @ Al OXL 0Ito TO L.

(i) H amodel&n eivan teyvikn ko dtveton oto Mapaptnua I [

H stponyotpevn potaon Aget 0tL yia dedouevo 1, > 0, kivon Brown Eavayevvietal tn ypovikn
OTLYUN fy UE TNV £VVOLa OTL QTO TToV akolovOel emtnpealetal amo to mapehdov {B(s) : s € [0, 1]}
uwovo amd vt B(Z,). To vwolowwo Tunuo T Kivinong, dmiadn to Bty + 1) — B(t,) : t > 0,
eLVOLL KATL EVIEADG KavoUpylo. Aev eEaptatat amd 1o mapeh0ov. EvOALOKTIKA, 0V Topatnpole
10 Ypagnua {(1, B(r)) : t > 0} g Kivnong Brown ki tomofetnoovue v apy TOV aEOVWV 0TO
(9, B(ty)), M Kivnomn mov Bo Sovue deEd artd o (0, 0) TOU VEOU CUOTNUATOG CUVTETAYUEVOV ELVOL
7oL Kivnon Brown kot paioto aveEaptiTn asto 1o mapehfov. ZuveEmELD GUTHG TNG LOLOTNTOG ELVOL
OTL M B elvan aveéMEN Markov wg rtpog tn dtndnon mov mopayst.

Mpéroon 5.8. Eorw B tvmikr] kivnen Brown. Ogifovue tyv avérén X wg
X(t) := —B(t) yto kdOe t € [0, 00).
Tote n X eivou tvmmikn) kivnen Brown.
AmddeiEn. Opora 6mtmg oto (i) g [podTaong 5.7. [

Ipotoaon 5.9 (Ahhayn kKhwokag). Eotw B tvmikr kivyon Brown kau ¢ # 0. Oollovue tnv avéén X
wg

X := %B(czt) o kdOe t € [0, o).
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5.2 AmAég tdiotnTes

Tote n X eivou tvmmikn) kivnen Brown.
AmddelEn. ‘Ouora 6mtwg oto (i) g [podTaong 5.7. [

Mopatipnon 5.10. H domta alhoyng kKhipakog etvan Todl xpnowurn og vrroloyiopots. Lo ma-
pdderyna, yioe a # 0, av opioovue T8 := inf{t > 0 : B(¢) = a} Tov ypdvo mOV aOLTEITOL MOTE M)
TLITLKT Kivnon Brown B va tapel Ty tiun a, Tote

T8 < 77, (5.2)

Mpdyuatt, eeldn yio Ty kivion Brown X¢ : = B(a®-)/a éxovue B(t) = a & X(t/a*) = 1, émeton dm
o d
T} = a’T) = a’T?.

Agmropépereg: o Ty o v atodelEn ypnouomomoaue 1o eEng: Av (8,,4,), (85,A,), elva
UETPNOLUOL XMPOL, oL X, ¥ elval Tuyaieg LETOPANTEG Ue TYEG 0ToV 81, oL X, ¥ €xouv TV 181 KorTavoun,
Kavh : 8; = 8, elvol wo petpnoun) ouvaptnon, tote ot A(X), A(Y) £xouvv v 1dLa KaTovoun).
Two va etvor TAnpng 1 artodelsn), xpeLdletol va dei§ovue Ot

(o) H ammetcdvion T8 Q — [0, oo] elvow petprjoyun.

(B) H amewkovion h : C[0, 00) = [0, co0] e A(X) :=inf{t > 0 : X(¢) = 1} elvon uetpnouym).
To (a) Ba dewyBel (ovvemeia g [potaong 6.2) ApOTOv TPAYUATOTOCOUUE LG LETATPOITTT GTOV
ywpo mavottag oty Mapdypago 6.1.

H emopevn duotnta g Kivnong Brown cuoyetilet T oupseplpopd g 0to 0 Ue auThv oTo oo.

Ipotaon 5.11 (Aviiotpogn xpovov). Eotw B tvmikrj kivion Brown. Opilovue tnv avélén X wg

X() = tB(1/t) avit> 0, (5.3)
0 avt=0.

H X elvau vk kivnoen Brown.

Amddeén. Oa detEovpe 0t oL X, B £X0VV TIG IOLEG KOTUVOUEG TETEPAOUEVNG OLAOTOONG KOL CUVEYT
LOVOTTATLOL KOLL TO OVUITEPAOUC. Oa Tpok el amd to Oempnua 4.8.

KATANOMES MENEPASZMENH: AIAXTAsHE: 'Botw 0 < f; < 1, < -+ < t,. H tuoyaia petafinm
X(1,), X(8), ... , X(1,,)) etvan T'kaovolavn g ypouukog uetaoynuoatopog g (B(1/t,), B(1/t,), ...,
B(1/t,)). H pgomn tiun ka0g ouviotdoog TG ELVaL UNSEV, EVED O TLVOKAG OUVOLLKVUAVONG TNG ELVOL

Ci,j := Cov(X(1), X())) = t1{(1/t) A(1/t))} = t; A t;.

Ao tig 10T TEG TV ['Kaovotavav dtavvopdatonv (Mapapmmuo A’ 1) éreton ot (X(,), X(5), ..., X(1,))
gyeL v e koravoun ue ™y (B(t,), B(t,), ..., B(1,)). IIpogavdg To 1810 CUUTEPAOUO LOYVEL AV EL-
youe t; = 0 agot X(0) = B(0) = 0.

SYNEXEIA: H X etvar ovveyng oto (0, 00) Ko pével vo orodet€ovue 0t elvan ouveyng oto 0. Emeid
o1 X|(0, 00), B|(0, 0) £(0UV OUVEYT LOVOTTATLO KOLL LOLEG KATOVOUEG TTETEPAOUEVNC SLAOTAONG, ETTETOL
amo to Oedpnuo 4.8 6T €xovv TV L8 Katavoun). Apa, 1 = P(lim,_ o+ B(¢) = 0) = P(lim,_ o+ X(¢) =
0), wov diver T ovveyera oto 0 yio ) X. H ammodelEn ohokAnpoOnke. |

MLoL GUVETTELOL TG TTPOTYOVUEVIG TTPOTOONG elvan OTL pe mhavomnto 1 1 X etvar ovveyng oto 0,
Kot apa pe mbavomnta 1 woydet
. B()
lim — =

t>oo [

0. (5.4
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5.3 2vumeoupogd 6To dmelQo*

Moapoatypnon 5.12 (Yohoyiopol pe v kivnon Brown). Ze voloyiopotg pe v Kiviorn Brown
Y PNOLUOTTOLOVULE:
(a) Tnv 1doTTa TV AVEEAPTNT®VY TPOOAVENOEWV KoL TNV OUVETELX TG OTL Y10. 0 < s < ¢

n B(1) — B(s) eivar aveEdptnn amd v o-dhyeppa FO. (5.5)

Avto yott pe Baon v Mpotaon 5.7 n aveMEn Y ue Y(r) = B(s + r) — B(s) yia ke r > 0 eivan
aveEdpmm e FV wou B(f) — B(s) = Y(t — ).
(b) Ztnv mEPLTTOON TG TLTLKNG Kiviong Brown to ot yia kaOe ¢ > 0 woyder

B() < \[1B(1). (5.6)

AvTt0 glvon 6woto Yot kaw ta 8o pekn éxovv katavopn N(0, 1). TIpocoyn opwg. Ou averi&eig (B(1)) >0
Ko (X(0))is0 1e X(2) = \/1B(1) eivon Sragopetikéc. Kabe povomdm mg X eivan amhadg éva (tuyaio)
TOMATAGOLO TNG CUVAPTNONG \/;, eV aUTO 8EV LOYVEL YLOL TO, LOVOTTATLO. TNG B. AUTO 7OV LoYVEL
gtvaw Ot oL B, X €yovv Tig 18teg katavoueg diaotaong 1 (deg Oprond 4.3), dnhadn ovtd mov Aéet
N (5.6), alLG €XOVV SLOPOPETIKEG KaTavoueS [oL omoleg etvan uetpa otov C([0, 00))]. ALpOopeTIKEG
£LVOLL KOO KOl OL KOTAVOUEG TOVG dLdotaong 2 (Aoknon).

I Tapaderyo, oTov VITOAOYLOUO

1 1 1 1
E (f eB() ds) = f E(eB(S)) ds = / E(e\/EB(I)) ds = / 2 ds,
0 0 0 0

, , ) o, d
epapuotovue ™V (5.6) xwpLoTtd yLo KAOE s. AEV LTTOPOVILE VO, LOYVPLOTOVUE OTL j(')l B ds = S eVsBM) g
210 8eEL uéhog g (5.6) puoka avrl g B(1) wwopovue va farovue wo Z ~ N0, 1) 1 va ypa-

Youue W(1) dtov W etvan o GAAy tumks) kivnorn Brown.

‘Ouota 67tmwg otV (5.6), woyvel B(r) — B(s) Z /|t = s|B(1) yua kaOe s, ¢ > 0. 'Etol avayouoote oe
VITOAOYLOHOVG TTOV apopotV TV Katovoun N(O, 1).

5.3 Xvumepugpopd. 6To ATEPo*

H xivnomn Brown aipvel OTIKES Ko apVITLKEG TLUEG VL0 000ONITOTE UeYAAOUS Y POVOUS. MahioTo.
woyveL ot lim,_, o, B, = c0,lim B, =—oco. Euelg 0o amodei&ovpue kATl LoYLPOTEPO.

Mpéroaon 5.13. I v tvmki) kivyen Brown B, ue mbavétnta 1 woyvet

. . B
m = hm — =
=0 \/—[ =00 \/;

AmddelEn. Oa. det€ovue OTL e mbavotnta 1 oyvel

— B(n)
lim = 00

n—>oo 1’”

©¢tovpe X = B(k) — B(k — 1) yio xaBe k € N*. Ou tvyaieg uetapintes (X )is1 elvon aveEaptmteg
ko wovopeg. T € > 0 otadepd kaw kdBe n € N* Oétovpe A, (C) = {B(n) > Cy/n}. Tote

A(C) := {E B > C} D limsupA,(C)

n—>oo 1’” n>1
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5.4 Emoxéyes oto 0

Ko
P(limsupA,(C)) > lim P(4,(C)) = P(B(1) > C) > 0.
nZl n—oo
H tpd ) aviootnTa eival yvmoTi) OOTNTe TV UETPWV TOAVOTNTOG KoL 1) LOOTITO ETETAL ATTO TNV
WO To adhayng khpakog ™ kivnong Brown. Apa to otvoro A(C) gxer Ogtikn mbovotnto. Anod
TV GAAT), AVIKEL 0TIV TEALKT] 0-0AYEBPQL TV (X )i>1. ATtO Tov vouo 0-1 tov Kolmogorom, €meton OTu
10 A(C) €yeL mbavotta 1. Apo Kot To

{E B(n) _

n—co \/;

oo} =NZ,A(k)

éyeL mbavotnra 1.

o to de0Tepo Oplo, TapaTnpovue OTL Y —B glval eTTLONG TUITLKY Kivnon Brown, Gpa otd 1o TpmTo
6pLo éxovpe pe mbavoTyTo 1 6T lim,_, o (—B(1)/\/1) = oo mov onpaivel 6 li_mt_)oo(B(t)/\/—t) = —00.
e £va 00voro e mhovotnTo 1 ta 500 OpLo. £(0UV TIC TLIEG 00 KOL —00 AVTLOTOLYO. |

KoUtepn etkova yuo T GuptepLpopd g Kiviiong Brown oto dmelpo diver 0 vOUog Tov enava-
AapBavouevou hoyopibuov [@cdpnua 8.8.1 oto Durrett (2010)], wov Aéel 6TL

—_— B(t B(t
lim (0 =1, lim ()

=00 4 [2tloglogt - oo \/2tloglogt -

MAALOTO, TO. ONUELD OVGCDPEVONG TOV SIKTVOV

~1. (5.7)

()
2tloglogt/

(ywo. t = 00) glvar ohOKANPo to dtaotnua [—1, 1].

5.4 Emwokéyeg oto 0

‘Ontwg Oo pavel oto Kegdhawo 8, 1 Kivnon Brown £yl apKeTd akavovioto ypagnuo. I'io wopd-
SELYUO, TO KOG TOV TTEPLOPLOUOV TOV YPAPUOTOG OF OTTOLONTOTE SLAOTNIA ELVAL GITELPO EVD 1
1dLa 1 KLvNo1), Mg OVVAPTIOT TOV YPOVOU, SEV £LvaL SLapopLoLUn TOVOEVA. Ze QT TNV TAPAYPUPO
Oa Sovue OTL LOMG EEKLVAEL ALTTO TO UNOEV, AUEOMG TTOLPVEL KOl OETUKEG KOl APV TIKEG TLUES. ANAadT)
dev etvan duvatdv vo vrapyet Staotnua (0, £) 6TTov 1) KIvnomn va SLatnpel Tpdonuo.

OemPovE TOUG YPOVOUG

T~ :=inf{t > 0 : B(r) < 0},
Tt :=inf{t > 0 : B(r) > O}.

Mpéroaon 5.14. Ectw B tvmikij kivyen Brown. Téte ue mbavornra 1, toyvet
T-=Tt=0.

Ambdein. OpiLovue TV aveMEn X omwg oty (5.3) ko oty Turmtkn Kivnon Brown X eqpapuolovue
v [potaon 5.13 . Iaipvouvue €tot 6Tt pe mbavotnta 1, n X maipver yio cvOalpeto Leyahes TULES
TOV YPOVOU £ Ko OETLKEG KO APVNTLKEG TLEG. AUTO Agel OTL pe mbavotnta 1 1) B alpver kKo OeTikeg
KOLL 0PV TUKEG TUIEG VL0 AUDOLPETOL WKPEG TUIEG TOU YPOVOU. [
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5.4 Emoxéyes oto 0
"Entetat ostd TV o yoUUEVY TPOTAOT KOL TH OUVEYELD. THG Kiviong Brown otL pe mbavotnra 1,
inf{r >0 : B(r) =0} =0.

Emougvag, vrdpyel akohovdio undevikwv g B mov tetvouv oto 0.
Ooa. amodelEovpe TP OTL TO GUVOLO

Z :={t€[0,00) : B(t) =0}
gyeL Lebesgue ugtpo 0.
Mpéraon 5.15. Me mbavétnra 1 woyvel A(Z) = 0.
Me A ovuforZovue To petpo Lebesgue oto R.

Amédeén. Xpnowomorhvrag to Oempnua Fubini, viroloyilovue

E{Ad(2)} = E (/ 1(9)=0 ds) = / E(1p(5)=0) ds = f P(B(s) =0)ds = 0,
0 0 0

ao¥ 1 B(s) elvar ovveyng tuyaia uetaint [exer katavoun N(0, s)]. To ovumepaopa enetor. M

H tehevtaia mpoTaon AeL OTL KOTA (Lo £VVOLO TO 0UVOLO Z elval WKpoO. Ao Ty alky, Oa dei-
Eovue otv Ipotaon 6.8 OtL elvan £va TEAELO GUVOLO (Elval KAELOTO Ko KAOE ONUELD TOV ELVOL OV
UELO OVOOMPEVOTNG TOV), ETOUEVMG vitepoplOunopo. Exiong umopet va detydetl OtL £xelL dtdotaon
Hausdorft 1/2.

Moapatypnon 5.16 (1810t teg pe mbovomto 1 yio averi&elg). Eivar Bolkod, otav wo 1dotta A
oy Vel pe mbovotnta 1 va ypagouue «ue mbavotnta 1 woylel 1o A» avil va ypagovue «P(A) = 1»
(ag viroBecovpe yLoL oUTH T CUENTNON OTL TO A ElVaL PETPNOLUWO OVVOAO). AUTO KAVOUE YLOL TT0L-
PAdELYILO 0T SLOTHTTMOT TWV TPOTACEWV QUTHG KO TG TPONYOUUEVNG TTAPOypapov. ‘Otav Opmg
YPAPOUUE KATL TETOLO YLOL TO LOVOTTALTL ULOG AVEMENG, X PELALETOL VO TTPOCEYOUVIE TTOV YPAPOVE TO
«ue mbavotnTa 1». Fia Topaderyua, oL QPAoELS

e Me mbavotnra 1, yia ka0 £ > 0 1 B dgv elvol dLapopLotut) oo f.
e Twa k@0 £ > 0, pe mObavotTa 1 1 B dev elvan diagoploun oTo L.
onuatvovy Katt dtapopetiko. Kat, av Tig ypagpaue Tumkd, outod 0o NTov 6ageg, YLOTl YPAPOVTaL
e P(yia ka0 t > 0 m B d¢ev elvor Stagoplowun oto ¢) = 1.
* T kaOe t > 0, P(n B dev elvou dragopiowun oto 1) = 1.

H mpdtn ovvemdyetar ) detvtepn, kot 0o dodue Ot 1 TpdT elvon aindng (Oewpnua 8.4). duocio-
AoYLKa, 1) artodelEn g etvan o dVokoAn astd avtny g devtepng (Aoknon 5.10).
Ac dovue Ouwg 800 GALES, AVTLOTOLYES (PPAOELS.

e Me ubavotnta 1, yio kaOg £ > 01 B dev £XEL TOTUKO UEYLOTO OTO L.
e Twa ka0 ¢t > 0, ue mObavotTo 1 1 B dev €)eL TOTIKO UEYLOTO OTO 1.

H devtepn etvan owot (Aoknon 5.9) evad ) wpmtn etvan Aabog. Tiatt kabe povomdrt (spaypoto-
moinomn) ™G B elval i ouveyng Kat w povotovny ovvapton (Aoknom 8.1), apa Bo €xel onueto
TOTLKOV UEYLOTOV.
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5.5 HoAvdidortarn kivnon Brown

H tusmmikn) stepLypagn Tov pavouevou outov eivar og eEnc. 'Eotm A, éva yeyovog mov agopd Tnv
OVUITEPLPOPE. TNG Kiviong Brown oto onuelo ¢ > 0. Tote

P(N;>04;) = 1 ovvemayeton 0t yia kaBe r > 0 woyder P(A,) = 1. (5.8)

Avto 1oyl Yot Yo omotodnmote r > 0 €xovue N;spd; C A,, T0 avTloTpogo opmg g (5.8) dev

TPOKVITTEL TUTILKGL YLOTL 1) M504, ELVOL vTEQCOUTiGYUT) ToUY] GUVOLMV e TovoTnTa 1, Kow 1 tda
dev elval amapaltnto va el mbavomro. 1.

5.5 ITolvdidotorn Kivijon Brown

Opopnds 5.17. (o) 'Eoto d > 1 guotkdg aptbudg. Ovoudlovue d-draotary Tumik Kivijon Brown
Ka0e aveMEN e wopgng

BW()
s =| 270 | e0.00,
B(d.)(t)
omov ov BV, B@), .| B givou, aveEdptnreg povodidotateg Tumikég Kivioelg Brown.

(B) 'Eotw d > 1 guotkdg aptBuoc. Ovopalovue d-duaotatn kivien Brown oroladnmote avelEn

(B()),>0 WTOPEL VO YPOPEL 1OG
B(t) = X+ W(r)

omou X elvou o Tuyoda peTaBinT pe Tpég otov RY, W eivan wa d-Sudotaty Tumik) kivnon Brown,
Kat ov X, W elvar aveEapTnTec.

Sty meplitwon (), Yo Kaoe ¢ > 0, oL ouvteTayuEveg Tov dtoviouatog B(r) elvol aveEapTTeg
TUYOLEG UETAPINTEG. ZTNV TTEPLTTWON (B) 0T SV LoYVEL OTOPALTITOL YLOTL EVOEYETAL VAL VTTAPYEL
Kamola eEaptnon Aoym g X. Av oi ovvtetayuéveg g X eivar aveEaptnteg (m.y., av 1 X eival
otabepn), TOTE Kat LOVO TOTE oL cuvteTayueveg g W Ba etvol aveEaptnteg Kivnoewg Brown.

Synuat 5.3: Avd TPAYUATOTOWOELG TG TUTLKNG SLdLdotatng Kiviong Brown yia to ypovikd didotnua [0, 1]. Zo-
ypogitovue TV etkdva g B oto draotua [0, 1] kaw 6yL To ypagnuo tne.

H d-8udotaty kivinon Brown meprypdgel v Kivnon evog copotidiov otov RY. Se ke ovvre-
TOYUEV 1] KLVI|O1] TOU OOUATIOOU ELVOL (o LOVOSLAOTOTY Kiviion Brown, Kol vito mpoimolfEoelg
OV AVOPEPALE, OL KIVNOEG Brown mov avtiotolyolv otig d ouvietayueveg eivon aveEaptnteg. H
KLynom sov artaoyoinoe toug Brown kot Einstein ytav 1 tpidid.otaty kivnon Brown.
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5.6 H kivnon Brown w¢ @uaetodoyikd avtikeiuevo

T v mohvdiaototy kivon Brown woybouv ta avaroya twv [potdocemv 5.6 kau 5.7. Twa v
[pdtaon 5.7 ) dOnon mov Bewpovue eivou  FV = o({B(s) : s € [0, 1]}) yio ké0e ¢ € [0, ).

5.6 H xiviion Brown wg @uo10hoyiko avrikeinevo

H kivnon Brown glvol T0 OUVEYEG AVAAOYO TOU CUUUETPLKOD OThOU TUYOLOV TEPUTATOV 0TO Z
(Mapdypagog 3.1). Ov dvo avtég avelEelg ouvdgovTal pe ToAhoUg TPOTOVG Ka d® o TepLypa-
POVUE EVOLV ATTO AUTOVG, LOWG TOV TTLO OTTAD.

"Eoto (S,,),50 0 OVUUETPLKOG AthOG TUYOLOG TTEPLTOTOG 0TO Z. AV TOV BewP1|COVUE (G TUYOLOL V-
VAPTNON, TO YPAPNUA TNG ELVOL TO SLakpLTo ovvoho onuetmv {(k, S;) : k € N}. Evidvovtag dtadoykd
onueta ue vOVYPOUIO TUNUOTA, PTLAYVOVUE L. ovveyn ovvaptnon S @ [0, 00) — R. Aniadn,

. avx €N,
Sx) := ., , , (5.9)
YPOUWKY) ETEKTOON  O€ KO0Oe draotnua [k, k + 1] pue k € N.

Tumka, 1 S woltal pe
S(x) = {1 — (x = [xDISp + (¢ = [xDSpg41 = Spg + & = [xDCSpg+1 — Spp)
yio. kaOe x € [0, 00).

6,

_al

Synuo 5.4: To ypagnuo g ovvapmnong S oto diaotnua. [0, 40] yio po TparyIoTomoLon ToU TUY 0oV TEPLTATOV.
T n € Nt Bewpotue ) ovvaptnon S : [0,00) — R ue

S(nr)

N

yio kG0g 1 € [0, 00). Me dhha AOYLQL, TO YPAgNUo. TG S, TPOKVITTEL AV TTAPOVUE TO YPAPIUC THG S
KO GUPPLKVACOVUE TOV e optiovTio dEova katd 1/n tov de kdbeto katd 1/4/n.
AvTO OV LoYVEL ELVaL OTL:

SH(1) = (5.10)

T pueydho n, | aveMEn S, pooeyyllel TV Kivnon Brown.
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5.6 H kivnon Brown w¢ @uaetodoyikd avtikeiuevo

ANhadT, ov OELEL VO OEL KAVELG ILOL TTPOYILOITOTTOLN 0T TG Kivnong Brown, apkel vo ipeL ueyaio
n KOL VO KAVEL 0L TIPOYILOTOTTOMN 0N TG Si. AUt 1 00apig TPOTOOT ELVOL ULG. TTAOVOTEVUEVT
SLaTUITMON £VvOg DEWPNUATOG TO 0TTOLO HOL SLATVTTMCOVUE THOPL.

Oempovpe tov xmpo C[0, 00) pe TV TOTOLOYLOL TNG OUOLOUOPEPNG OVYKALONG OTO GUIITOYT| VITO-
ovvoha tov [0, 00) [eg apatnpnon 4.9(i)] kar évav xmpo mbavomtag (Q, F, P) otov omoio ovu-
BortZovue T néon T pe E ko otov omoto ebvon opropévn wia kivion Brown B.

"Emterto Oewpoipe (X,),>; okorovdio aveEapTntmv loovoumv tuxatov petafintov ue E(X) =
0, Var(X;) = 1. ©¢tovue S, =0, S, := X + - + X,, i KaOe n > 1 Kow oplLovue TG ouvapTNoEL; S
Ko Sy omwg otig (5.9), (5.10).

Mapatnpnote 0t M (Sy),>1 ELVOL AKOAOVOLO TUXOLOV HETABANTOV 1) OTTOLCL TALPVEL TLUEG OTO
Cl[0, ). Z70 1810 GVUVOLO TTALPVEL TLIEG KL 1] B.

Oedpnua 5.18 (Donsker). H axolovbia (Sy),>| ovykAiver katd katavourj oty B.

Av OuunBovue Tov opLoud g ovykiong Katd Katoavoun (Aeg apaptnuo A'), avtd onuaivel
otL 1o ka0e ovvapmon f : C[0, 00) — R ouveyn Kou ppoyuevn toyveL Ot

lim EAS}) = EAB).

Tnv amodelEn Tov Bewpnuotog witopel vo Bpel Kavelg oe PBALO TTOV 0oYXOAOVVTAL e TV KLVIoT
Brown, yia wopaderyua, oto Karatzas and Shreve (1991), ©@shpnua 4.20 tov Kegaratov 2.

To Bedhpnua cuveyoig ametkoviong (@empnua A’.8) ovvertayeton otLav éxovue G : C[0, 0) = R
ue P(B € {onueia aovveyelog e G}) = 0, tote

G(S¥) = G(B). (5.11)

Moapadevyna 5.19. (a) H G, : C[0, ) = R ue G,(f) = f(1) eivaw ovveyng (doknon), apa G,(Sy) =
S,/7/n = B(1), 10 omoio eivon To kevTpLKd opLakd Bedpnua.
(B)H G, : C[0,0) = R pe Gy(f) = max,g[o, 1A elvon ouveyng (Goknon), £T0L Taipvovpe OTL

1
— max S, = max B(7)
\/; 1<k<n t€[0,1]

Yo n = 00. 210 etouevo keqahano (TIoptopa 6.6) VITOLOYLLOVIE TNG KATOVOUN TNG OPLAKTG TUYOLOG
uetaPAnTng (etvow 1 e e ovtnv g [B(1)]) €101 €x0oVuE WLOL TTPOCEYYLON YLOL TNV KOTAVOUN TG
max; <<, Sk, 1) OTTOLOL KOTOVOUT] YEVIKG OEV UITOPEL VO VITOLOYLOTEL LEOW KATTOLOV EVYPNOTOV TUTTOV.

Aoknoeig

ZT1G AOKNOELG 70 KATm, B glvon o Tustiky) Kivion Brown.
5.1 @swpodue ) cvvapmon f: (0,0) = R ue ) = P(B() > 1) yia kabe ¢ > 0.
(o) Na deryBel 6t 1 f eivan gpBivovoa.
(B) Howa etvar 1 TEPEYWYOS TNG;
5.2 T s, t > 0 va dewyOel 61w Cov(B2(1), B*(s)) = Var(B*(s A1) = 2(s A1)%.
5.3 'BEotwn € N*,ypovor0 =1, < t; < -+ < t,,, ko 0T00epég ay, ay, ... , a, € R. No deiy0et OTi 1) Tuyaio ueto A

alB(tl) + et anB(tn)

akohovBel TNV Kavovikn koatavour). [owa ivar 1 p€orn T Kol SLaomopd g,
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5.6 H kivnon Brown w¢ @uaetodoyikd avtikeiuevo

5.4* 'Eotw 0 < r < s < t. Na dewy0et 6t v B(s) — B(r) | (B(r), B(f)) axohovOei v kotavoun N(u, 6%) ue

S—=r S—=r

. _ 2 _ _
u = t—r(y X), 0 t—r(t s),

ko x = B(r),y = B(2).

Avt) 1 1OLOTNTO LOG ETULTPETEL VAL TTPOCOUOLMVOULLE AKPLBDG OTOLOSNTOTE TEMEPATUEVO TANOOG ONUELWV GTO LOVO-
mdm g kivnong Brown. T wapdderypa, O¢tovue B(0) = 0 kouw E€povue 6tin B(1) ~ N(0, 1), dpa TPpOcOROLOVOUpE
™mv T g akpipog. ‘Enerta mpooopoidvovue ) B(1/2) ue xpnom g GokNong KoL WTOPOUUE VO, GUVEXLOOVUE
npooopoLdvovtog T Tiweg B(1/4), B(3/4).

5.5 'Eotw t > 0. No deiyfel douun X = fot B(s) ds axohov0el v katavoun N(0, £2/3).
5.6 Tt > 0 vo VITOAOYLOTEL 1) HEOT] TLUY KO 1] SLOGTTOPA TG TUYoleg petafintg Y = fOr B*(s)ds.

5.7 'BEotw a > 0. Na dewy0et otvm avéMEn X pe X(1) 1= B(a — 1) — B(a) ywa. ka0e 1 € [0, a] elvou kivnon Brown oto
[0’ Cl] . d

5.8 'Eotw Z :={s > 0 : B(s) = 0} T0 ovvoko Twv undevikdv g B. Na dewyOet ot yio k4be a > 0 woyber Z = a’Z
kat apa 1 E{A(Z)} € {0, 0o}, 6mov A(Z) eivon to uétpo Lebesgue Tov ovvorov Z.

5.9 'Eotw 1, > 0. Na dety0et 6t ue mbavotnra 1 1 kivnon Brown dev €xel Tomikd akpoTaTo (UEYLOTO 1] EAAYLOTO)
070 4.

5.10* 'Eotw £y > 0. No deuyBel 6t pue mbovotnta 1 1 kivnon Brown dgv elvat SLogpopiouun oto f.

5.11 'Botw g : R = R cuveyng kow gpayuévn ovvdpmon. Na deiybet 6tL 1) ouvdpmnon F : C[0,0) — R ue
F() = g(f(1)) elvan ouveyng Kot pporyuev).

5.12 'Eoto (S,),50 O CUUUETPLKOG athdg Tuyonog mteptmatog. Na detyOel otL 1) akorovbia (1,),>; Ue
1 n
. 2
L= kz_:l sz

OVYKALVEL KOTA KATAVOUT] OTIV TUYOLO UETOBANT fol B(t)* dt.

5.13 'Eotw {B(1)};>0, {W(1)} 50 dv0 aveEapTnteg Tumtikég Kivijoelg Brown kai o € [—1, 1]. ©¢tovue

X, :=0B(®) + V1 —02W(p)

yio KGOe ¢ € [0, 00). Naw deryBet OtL 1) X elvan Tk Kiviorn Brown.
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6

H woyvpn détra Markov kou ovveneieg

Ze ouTo To Kegpahawo Oa dovue ot 1 Kivion Brown og kae duaotaon €xel v oyvpm ot Ta
Markov. Anhadn, yio Ka0e ypovo drakomng T, To povomaTt g Kivnong Uetd tov xpovo T emnped-
Ceton 0o to mapehbov {B(s) : s € [0, T]} uwovo peow g tyung B(T). H 180Tt vt govepdvel
TOAMGL TTOLOTUK AL 0P AKTIPLOTIK(L TOU LOVOTTATLOV TG KIVIONG AAAG Kait SLEVKOAIVEL TOV UTTOLOYLOUO
TOOOTNTWV OYETIKDV UE CUTNV.

6.1 H emovEnuévn dujdnon ko ypovor ereédov

'Eotw B wa d-dudotatn kivion Brown B otov ywpo mbavomrtog (Q, F, P). Iepa amd ) dinbnon
(FD) 150 moU TOPhyeL M B, dnhadn ue I 1= o({B(s) : s € [0,1]}), Ba opioovpe wa véa duonon.

[Mpdta Oewpoue TV TANPwWon Tov }hpov (Q, F, P). Anhadn optlovue

N :={NCQ: vrapystA € G ue P(A) = 0}

10 0Vvolo TV P-undevoouvorwv kor F = o(F UN). Ioyder 6t F = {AUN : A € F,N € N}
Ko opitovrag mv P oty F wg P(A U N) = P(A), n P eivon Kahd opLopévn Kaw uétpo mbavotnrag
otov (Q, F) [deg Oedpnua A.2.3 oto Mapdptua Al tov Durrett (2010)]. O ydpog (Q, F, P) Aéyeton
Tnpwon tov (Q, F, P).

H vea inOnon mov optlovue elvor 1

F, = o(FOUN) (6.1)

yio ka0e 1 > 0 ko heyetan eavEnuevn dimdmon. ‘Exel to yopaktpLotko ot Fy (apa KoL OAEG oL
aMeg F,) mepLéyer Oha ta P-umdevooivora. Zto eEng 0o suuPorilovue to P emiong pe P.

H aihayn ot dinbnon otov xhpo mboavottog dev dratapdooel v 1oy¥ g [pdtaong 5.7(ii),
1 omola eEakolovdel va Loy Vel pe Tt o-olyeppa F, 0 0T Ocon g F, ,?) . To amodetkviovue yio. Lovo-
draotatn kivnorn Brown, alld eVIEADG 0VAAOYO ATTOSELKVIETAL KOl OF TTEPLOOOTEPES OLOOTAOELG.

IIpétaon 6.1. Eotw B uovodidotarn kivnen Brown kau ty > 0. Oétovue X(t) 1= B(ty + 1) — B(ty) yia
kale t > 0. Tote n X eivou tvmikn) kivnon Brown ave§aotntn arxd v F, .

Anbdeitn. 'Botw G := o({X(s) : s > 0}) n o-GhyePpa wov mapdyer n X. Oewpovue A € F,,B € G.
Yrdpyouv A € fg,N € N wote A =AUN. Tote

P(ANB)=P(ANB)U(NNB))=P(AnB)=PA)PB) = P(A)P(B)

agov P(NV) = 0 xau ta A, B eivar aveEdpmnra Moyw g Mpdtaong 5.7(ii) (vrevOvpilovpe 6t to P
OVUBOALLEL TTAEOV TNV TANPWOT] TOV APYLKOV UETPOV TULOHAVOTNTOG). [

Iporaon 6.2. ‘Ectw B ua d-dudorarn kivyon Brown kaw C C RY. Oérovue
Tc :=inf{s > 0 : B(s) € C}.
Av 1o C elvaw kAeotd, ToTe 0 T elvau yooévog dwakomijs yio T SujOnon (F,)o-

56



6.2 H toyvon) tdtotnta Markov*

AmédeEn. 'Eotw Q €éva ouvolo pe mbovomta 1 wote ywo kabe € Q 1t — B()(w) vo eivon
ovveyng. Tote yio k6Oe t > 0, Oétovpe A, 1= N U,yeq < 1B(g) € C/MY (dmov yia k60e & > 0
Bétovpe C) = {x € R? : vmdpyery € C pe ||x — y|| < €}) kaw mapapovpe 6Tt

QO ﬂ{TC S I} = QO ﬂA,.

Xpnowportorotpe yror v artodel€n 0tL 1o C glvar KAELoTo Kow 1 B ovveyng ywo. o € Q. Apa {T- <
1t = ((Te < 40 (Q\Q)) U (Q N A). Ta ohvora oto deEl péhog etvan otouyelo g F;, Kau To
Tnrovuevo detyOnke. [

6.2 H wyvpn Wdotyte Markov*

Me Baon v [potaon 6.1, yio kGO otabepod xpovo ty > 0 1 aveMEn (B(ty + 1) — B(ty))>0 elvon
TutLKY Kivion Brown aveEdpttn amod v F, , ™V omoia Katavoohe wg v ((TAnpogopia)) uéypt
TOV YPOVO fj). Z& aUTH TV TaPAYPapo Oa doue OTL To 1810 Loy VEL OV, VTl Tov 0TaOEPOD YPOVOU I,
£Y0UUE OTTOLOVONTTOTE YPOVO dtakomng T wov malpvel Temepaoueveg Tiues. 'Eotw howtov T ypovog
dLaKomg wg TPpog TNV emavEnuevn dinbnom (6.1). Yrevhvuilovue (deg Mapaypago 4.4) 6t v o-
alyeBpa Tov Kwdikomotel T StabEoLun TANPogopla wg ToV TUYaLo Xpovo T elvar 1)

Fri={AeF :An{T <t} € F,yia kaOe t > 0}. (6.2)

To KUPLO ATOTELECUO CUTOV TOV KEPOUAALOV £LvaL TO akOhovbo Bedpnua, Tov omolov 1) amddelEn
dtvetan oto Mapaptuo I .

Oeopnua 6.3. Eotw B wo d-dudotatn kivnen Brown kow T yoovog dtakomis wg woog 1 dunjfnon
(F 0 ov pe mbavornra 1 waiover wemeoaocuéves tués. Tote n avén (B(T +t) — B(T))»( elvau
kivnon Brown aveEdotntn amd tn o-dAyefoa Fr.

SUVETELOL TOV OEMPNUATOG 0UTOV ELVOL 1) LoYLVPY WOLOTNTO. Markov, 1 ortola At OTL 1 Katavoun)
e {B®) : t > T} ue dedouevo 1o TapehbOV Fr lvar 1) 1OL0L LE TNV KATOVOUN THG AV SESOUEVT ELVOL
wovo 1 T B(T). Avtd yuott

B(t) = B(T) + B(1) — B(T),
Kau apa n {B(r) 1 t > T} xabopileton oo v un B(T) ko tv aveMEn {B(t) — B(T) : t > T} mov
elvol aveEapTnT) amo to Topehov Fr.
210 VITOAOLTO CVTOV TOV Ke@aaiov, B Oa cupPollel pa povodidotatn Kivnon Brown kot otov
AVAPEPOUAOTE OE YPOVO dLOKOTNG B0 EVVOOTUE WG TTPOG TNV ETAVENUEVY StOnon.
XpOVoL YLo. TOUG 0TTOLOVG UTTOPOVUE VO EQAPUOCOVUE TO TPONYOUUEVO Dedpnua elval oL eENG:

T, :=inf{r >0 : B(¢) =2}, (6.3)

T, :=inf{t > 0 : B(r) € {-2,3}}, (6.4)

T; :=inf{t > 1 : B(¥) = m[gui] B(s)}. (6.5)
se|0,

o toug Ty, T, avtd Sukauwohoyeitan amd Ty [pdtaon 6.2, 1) meplirtwon) Tov T agpiveTal wg Goknon).
Mopaderyna 6.4. 'Eotw o1t B(0) = 0. Oa dei&ouvpe 0TL 0 YpOVOG

T :=max{t € [0,1] : B(¢) =0}
dev elvan XpOVog SLOKOTNG, TO 07T0l0 dLoodNTIKA elvan Tpopaves. Kot apydg mopatnpovue 0Tt ie
mOavomTa 1 woyder B(1) # 0 xou emedn B(0) = 0, éneton on T € [0, 1) ue mbavomta 1. Anod
Tov 0pLopo Tov T gxovue OtL 1 aveMEn {B(T + 1) — B(T) : t > 0} uéver Sragopetikn amd 1o 0 0T0
dvaomua (0, 1 = T), apa eEartiag g [Mpdtaong 5.14 dev umopet va. givar TumtkT kivnon Brown. To
70 TAvw Bepnua cuverdyetal 0t o T eV elval XPOvVog SLaKOTNG.

57



6.3 H agyn tns avaklaons*
6.3 H apyn s avakiaons*
AT TIG TOMEG EQUPUOYES TNG LOYLPNG WOLOTHTaG Markov amopovidvovue o ot TV Topd-
YPOPO TV 0PYN TNG AVAKAQONG. ZUUPOVA LE AUTHV, AV aTtO €V Xpovo dtakorng 7' Ko HETA avTL-

KOTOOTNOOVIE TO WOVOTTATL TG Kiviong Brown pe v avakhaon tov wg tpog v evbeta y = B(T),
TO LOVOTTALTL TTOV TTPOKVITTEL ELVAL KL AUTO KLvion Brown.

4,

Synua 6.1: To ypaghuato Tov B kar B mg Mpdtaong 6.5 oty nepintwon mov T = T,. Me may\tepn ypouu
asetkoviLetal 1o ypdgnua e B puetd tov xpdvo mov Eekivael ) avdkhaon. 1o cvykekpLuévo oyfuo a = 2.53 KoL
T, ~2.32

Ipotaon 6.5 (Apyn g avakiaong). Eotw B tvmiky uovodidorary kivnon Brown kau T yodvog
Suakomiig wg weog T dufOnan (F,)so, memeoacuévos ue mbavérnra 1. Téte n avéén (B(1) : t > 0}
ue

A

B(r) = B(?) avt<T,

B -BGH-B(T) avi>T
elvau Ttk kivnen Brown.
210 Synua 6.1 gaiveton mmg TpokimteL | B amd ™ B.

Anédein. 'Eoto B o mepopioudg e B oo [0, 7], kow B @ [0,00) - R ue BA() = B(T +
1) — B(T) ywa ka0e t > 0. Ou &0 ovvaptnoelg eEaptdvtor emtong atd o @ € Q alld To Topa-
Aelmovpe, Tig PAémovpe wg Tuyateg ovvaptoeic. To Oempnua 6.3 diver 6t B elvon aveEdptnm

’ ’ ’ ’ ’ d ’ ’
a6 ta BY, T'xou etvow wo TUTTLKY) Ktvnom Brown. Apa B® = —B® ovvOLALOVTOG AUTO e TNV
aveEaPTNOLa EYOVUE

(BM, B®) 4 (B, _B@), (6.6)

To GUNITEPOOLIQL ETTETAL YLOTL 1 B lvat TO 0moTéAeopiaL TG ouyKOANonG Tov ypagnudtwy twv BM, B,
evd M B elvan To amotéheopa g ovykoMong Twv ypagnudtov twv B, —B®).
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6.3 H agyn tns avaklaons*

[Cpagouue o hemttopeperakd to televtato emxelpnua. Eoto C = U C([0,7]) kaw G @ C< X
C([0, 00)) = C(]0, 00)) N arerkovion N TN G(f, g) TG 0TTOLOG ELVAL 1) CUVAPTIOT) TTOV TPOKVITTEL LE
((ovykOAANnoM)) TG g uetd v £ Anhadn, ov f : [0,7] = Rkor g : [0,00) = R, 1 G(f, g) €xeL Tueg

1(s) av s € [0,1],

G y =
(8 SO +¢(s —1) —g(0)  avs € [1, ).

H G eivou petpnoyun) (TopaAeltovpe TOV 0pLotd The KOATaANANG 0-GlyeRPOG 0TO TESLO OPLOUOD TG
G xou TV amddelEn e petpnowomrag), B = G(BW, B@), kaw B = G(BW, —B@) agoty yuat > T
gyouvue
G(BMW, —BD)(1) = BIO(T) + (=B (s — T) + BA(0)) = 2B(T) — B(»).
SuvOUALOVTOG TIC OYEOEIG GUTEG UE TNV (6.6) £XOVUE TO OITOTELEOUOL. [
Moig eVOLOPEPEL 1) KOTOVOUT) TG TUYCLAG UETAPANTNG
M(1) := sup{B(s) : s € [0,1]}
omov £ > 0. H M Aéyetal o TpEYOV UEYLOTO TG Kivnong Brown.
IMépwopa 6.6. Eorw B tvmiky) kivon Brown. I'a kd0Oe t,a > 0 woyvet
P(M(1) > a) = 2P(B(1) 2 a) = P(|B(2)| = a). (6.7)
doa
d
M(2) = [B(2)|.

AmdSeién. EQopuolovue v apyn T avakiaong yio tov xpovo dwakommg T, = inf{s > 0 : B(r) =
a} (apov 1o {a} eivar KAeloto), 0 omolog pe moavotta 1 eivan memepaouévog (Ipdotoon 5.13).

P(M(t) > a) = P(M(t) > a,B(t) > a) + P(M(¢) > a,B(t) < a)
= P(B(Y) > a) + P(B(Y) > a) = 2P(B(¢) > a).

1 dettepn WwoTNTO YpNoLpwotooaue TpdTa 0t {B(t) > a} C {M(r) > a} ko émerta OTL TO YEYOVOQ
{M(t) > a,B(f) < a} ovupaiver axpipag otav ovpfaivel o B(r) > a [ B(t) > a ovvemdyeton 611
T, < t, ombdte M(f) > a xou B(t) = 2B(T,) — B(f) = 2a — B(?), 4pa B(t) < a]. H tpitn wodmta eiva
OUVETTELD, TG OPYNG TNG UVAKACONG. [

H (6.7) mpoodiopilel v katavour g M(7) agov to deEL uélog elvar kATt yvwoto. Ipagpeton
ko wg 2P(B(1) > a/\[1) = 2{1 — ®(a/\[1)}, 6mov D eivon 1 ovvdpon Katavoung g N(O, 1).
[MapaywylLovtag wg TPOog a, TALPVOUUE TV Tukvotta the M(1).

[Mapatnpotue emiong ot ou M(1), |B(r)| €xovv TV 1dia Katavour| (yia t otabepo) Ouwg mg avel-
Eewg o (M(1)),>0, (|B(1)])is0 deV €xouv TV 1810l Kartavop, elvar Toh diagopetikés. H M €yel povo-
TOTLOL TTOV ELVAL AVEOVOEG OUVAPTNOELG O€ avTlOEoN Ue TV |B], TG 0TTOLOG T LOVOTTOTLOL TOAAVTM-
VOVTOLL.

H apyn ™g avakhaong WTtopel va. YEVIKEVOEL TO TPONYOUUEVO TOPLOUA SIVOVTAS TNV OItd KOL-
vov Katavoun tmv M(1), B(f), oL omoleg elvol eE0PTNUEVES TUYOLEG UETAPANTEG KOL LKAVOTTOLOUV TV
avioomto. B(r) < M(1).

Moépwopa 6.7. I'a kdbe a,t > 0 kaw x € (—o0, al toyvet
P(M(1) > a, B() < x) = P(B(t) > 2a —x) = 1 — ®((2a — x)/\1). (6.8)
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6.4 Addeg epaouoyes*

AmdSeén. E@oapuolovue Ty opyn Ths ovaKAaong st yio tov xpovo dwakomng T, := inf{s > 0 :
B(1) = a}. Trohoyilovue

P(M(7) > a,B(t) < x) = P(T, < t,B(t) > 2a — x)
=P(B(t) > 2a — x) = P(B(t) > 2a — x).

H devtepn 100TTaL Loyet yiath 2a — x > a omd ™y vdfeon x < a koun B(f) > a diver T, < t. H
TPLTN LOOTNTA TTPOKVITTEL ALTTO TV AP TG OVAKAAONG,. [

‘Otav x > a > 0, Bremovue OTL
P(M(1) > a,B(1) < x) = P(B(t) < x) — P(M(?) < a),

Kot ovvdvalovtag avth v wotnta ue ™y (6.8) Bplokovue 0tL To Cevydpl (B(1), M(1)) £xer amod
KOLVOU JTUKVOTITA,

2Q2a —x) _@=?
—Ce

N

T m(xa) =
2783

sto R2.

6.4 Alheg eapuoyéc*

"Botw Q 0 deLyuatikdg X MPOog 0ToV 07Tolo 0pLLETOL (o, ovodiLdotatn Kivion Brown B. Z1ig 810
TOPUKATW TPOTAOELS, YLOL OOPNVELL, ONUELDVOUUE THV EEAPTNON OTTO TO @ € © AVTIKEWUEVWV TTOU
glva ouvapTNoel; oplopeveg oto Q. I wapaderyua, ypagovue B2 (1) yio. v tyun g B(f) oto w.

Mpéraon 6.8. Me mbavétnra 1, to ovoro Z(w) 1= {t € [0,0) : B*(t) = 0} dev éyet ueuovouéva
onueia.

Az6oesn. T kaBe g € [0, 00) N Q Bétovpe 7,(w) := inf{s > g : B”(s) = 0}. O 7, eivow ypdvog
drarkomiig Kaw elvar emepaouévog e mbavomroa 1 (cuvémelo mg Mpotaong 5.13). Emewdn B(7,) =
0 (apo¥ B givou ouvexng), N Loyupi oot ta Markov diver 6t (B(r, +1)),50 lvon Tummk Kivion
Brown ko dpo oo v Ipotaon 5.14 o xpovog 7, (w) wpooeyyiletol amo deELd amd onueia Tov Z(w).
Apa vrapyer va Q, C Q pe mbavomta 1 dote yia kabe 0 € Q, va 1oydeL 61l 7,(w) < oo Ko
inf{s > 7,(w) : B’(s) = 0} = 7,(®). TOA := Nyeqn[o,c0)y EXEL TOAVOTNTA 1, KOl LOYXVPLLONOOTE OTL
v @ € A woyber 0t to Z(w) dev €xel pepovmuevo, onueta. IMpayuott, €0tw w € A Ko s € Z(w). Av
10 s > 0 lval ONUELO CVOTMPEVONG ONUELWV TOV Z() ATtd apLoTePd., OV EYOVUE TLTTOTO, ETTITAEOV VO
dei&oupe yLow owTd. Av dev etvau, 10Te vrdpyer pNtog g € (0,5) pe (g,5) N Z(w) = @. Tote s = 1,(w)
Kal, G0 TV KoTaokevn Tov A, To 7,(w) eival onuelo ovoompevong onueinv Tov Z(w). Téhog, av
s =0 € Z(w), to1e 5 = 79(), KL AP ELVOLL KOL AUTO ONUELD CVOCMHPEVONG Tov Z(w). [

Apa pe mbovomta 1, 10 Z(w) eitvor kKAetoto (oo 1) B elvor Guverng) Ywpig LELOVOUEVA ONUELD,
dMradn téhelo. 'Emteta, emetdn emutheov Vol i) KEVO, OTL ELVOL VITEPAPLOUNOLIO.

IMpotaon 6.9. I'a k&Oe ty > 0, n mOavéTnTa n B[y, ) va éxet Tomkd uéyioto ue tyur) M(t,) eivau
0.

Amddeién. To ty dev elvan Tomko axpotato g B (Aoknon 5.9). T'a g € (ty, ) 6étovpe 7,(w) @ =
inf{s > g : B°(s) = M“(t,)}. H woyvpn duotta Markov ko 1 Ipdtaon 5.14 divouvy OtL ot £va
ovvolo Q, C Q mov éyel mbavomta 1, To 7, dev elvar onueio Tomkol peyiotov yioo ™ B. To A =
Nye(i,00)na Yy EXEL TOAVOTTA 1 KO yioL @ € A B?|[£, 00) dev €xel TommLKo PEYLOTO e Tyun) M®(1p).
AQNVETAL OTOV OVOYVOOTI 1 ATTOSELET TOV TELEVTALOU LOYVPLOUOD. [
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6.4 Addeg epaouoyes*

Egapuoyeg g toyvpng tdotntog Markov otnv tohvdiaotatn kivinon Brown 6a dovue otnv IMa-

paypago 13.2.

Aoknoeig

6.1 Na deiy0et 611 0 ypdvog T g (6.5) elvan YpOVOg SLOKOTNG MG TTPOG TV ETOVENUEVY StnONom).

6.2 'Eotw B povodiaortaty kiviion Brown. No deiyBel 6ti 0 xpovog

T :=inf{t € [0,1] : B(t) = max B(s)}
s€[0,1]

ue mbavotnTo 1 elvar < 1 Kou €merto 0T dev elval Ypovog SLOKOTG.

6.3 'Eotw B povodiaotaty tumikt) kivion Brown. Tia kGOe a € R Bétovue T,

yie KaOe a, b > 0 woybel
d
Ta + Tb = Ta+b'

6.4 'Eotw B povodidotaty tumikt) kivion Brown. Tie kGOe a € R Bétovue T,

yie. KaOe a > 0 woyvel

d
T, =

N[ %,

ue Z ~ N(O, 1).
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7

Martingales ko Kivijon) Brown

Ze ouTo To Kegpahawo Oa dodue Kool martingales tov POk VITTOVY Atd TNV Kivnor Brown ko
00 TOL YPNOLLOTOTOVUE YLOL VO, KAVOUUE VITOLOYLOUOUG 0vaAoyous e awtovg tmv Mapaderypdtony
3.17, 3.16. ITo ovykekpuuéva Oo Bpovine TV mbavotnTo. 1) TumTLky Kivion Brown va Byet amd to apt-
0TEPO AKPO EVOG SLOOTNUATOG TTOV TEPLEYEL TO 0, TOV LEGO YPOVO MOOTOV VO BYEL ATTd TO SLAOTNUCL,
KO TNV POTOYEVVITPLO. TOU Y POVOU WOOTOV VO, TTEPAOEL ATTO EVOV SESOUEVO TPAyIATLKO apLtOuo.

7.1 Martingales oyetikd. ue Tv Kivijen Brown

‘Otav avagepopaote oe martingales oyetika pe v ktvnon Brown, 6o evvoolue martingales wg
TPOG TV ETAVENUEVT dNONON (F,);>0 0TI oplotnke oty Hapdypago 6.1.

Oeopnua 7.1. Eorw B tvmki kivon Brown. Ou akbiovOeg avelibeis elvar martingales.
(i) {B(®) : 1 > 0}
(ii) {B()* —t : t > 0}

22
AB(I‘)— 7[

(iii) {e 1 1> 0}, ue A € R dedouévo.

Amdden. (i) Elvol mpogaveg ot etvar tpooapuoouevn. 'Exerta, yiat > 0, B(f) €xeL v Kotavoun
N(0, £) TG OTTOLAG 1] ATOMUTY TN E)EL TETEPAOUEVO OAOKANpwuaL. Tehog, Yo 0 < s < 7,

E(B(1) | F,) = E(B(1) — B(s) | ) + E(B(s) | F,) = E(B(1) — B(s)) + B(s) = B(s).

H dettepn wootnta eetan amd v [Mpdtaon 6.1, evd 1) tehevtaia amd to 0tL 1 B(2) — B(s) €xeL uéon
Tun 0 ko 1 B(s) eivon F-petpnowun.
(ii) EL&yyovpe wovo TV LT 0ITOLTNon TOU 0pLtopov Tov martingale. T 0 < s < ¢, gxouvue

B(1)> —t = {B(t) — B(s) + B(s)}*> — t = {B(t) — B(s)}* + B(s)* + 2{B(t) — B(s)}B(s) — t,
KO 0GP0 TTOLPVOVTOG SEOUEVUEVT] LECT] TLUY] VITOAOYLLOVUE

E(B(t)* — 1| F,) = E({B(t) — B(s)}*) + B(s)> + 2B(s) E(B(1) — B(s) | F,) — t
=t—s+B(s)> +0—t=B(s)> —s.

Xpnowomowmoaue o6t 1 B(2) — B(s) elvar aveEaptntm g Fy, el ueon tun 0 Kow dlaomopd ¢ — s.
Entiong ot 1 B(s) elval F-uetpnouyu).

(iii) ‘Ouora, 6TWG OTO TPONYOVUEVO, TTAPATNPOVUE OTL YLt 0 < s < £ LoYVEL

2 2
ABO=51 _ A{B()-B(s)} BT
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7.2 'EEodog amd Sidotnua kow od nuevlela

H ") givan F,-uetpnoyn, evad 1 B(r) — B(s) eivar aveEdpmm g F, kar akohovOel v Katovoun)
N0, —5). Apa.

E <e/lB(t)—%2t | 3‘2) = B (1050 SBO-E1 _ B ran6)-Ee _ gBo)-Ls

7.2 'EE0dog amd draotnua Ko oo nuevdeia

To wpdTo amotéleoua ov O amodelEovue apopd TV €080 NG KIVNONG OTTO EVO SLAOTNUA
YOpw atd to undev. Me i mbavomnta Byaivel n Kivion amtd to aplotepod (1 to deEL) dkpo tov
SLOOTNUATOG Ko FTO0T ELVAL 1] LEOT] TLT] TOV YPOVOL (OTTOV VAL BYEL 0TTO KATTOL0 GKPO?

1.0

0.5

T T
——
—
=

=

B

<_

<=
'_;(
N
w
N
(6]

-05

—Lo;

—15; ﬂNH

20 LV/\Uhvl\, \ j\\f

Synua. 7.1: Bd® éxovue [a, b] = [—2, 1]. Ze avt) v mparyuatomoinon €Tuye 1 kivinon Brown va Byst amd to [—2, 1]
o710 -2.

Mpéroon 7.2. la a < 0 < b oyve
(i) (T, < T,) = b/(|a| + b).
(ii) E(T, A T},) = |a|b.

Am6deén. Ovypovol Ty, Ty, T, A Ty, €lvon xpovol Stakomng omtmg €xel dewyBet oty IMapaypago 6.1
Kow oty Aoknon 4.4. Me mbavomra 1 eivan memepaocuevol (Ipdtaon 5.13).

(i) 'Botw r > 0 dedouévo. Egapuodfovue to Oedpnuo emhektikng dwakomng (Osdpnuo 4.15) yo
to martingale B(¢) kow tov @payuevo xpovo dwakomng T A r. Ilatpvovue E(B(T A r)) = 0. Topa, e
mbavotyta 1 exovue lim, o TAr = T < oo kaw apa lim,_, o B(T A r) = B(T) [ed® elvar Kplowo
va. Eépoupe 0TL T < 00 (DOTE VO VITAPYEL TO TELEVTOLO OPLO, KL BERaLAL TOTE £YEL VONUK TO OVUBOLO
B(T)]. Eniong, ywo ke r > 0 €xovue B(T A r) < |a| V b. Apa 1o Bedpnuo pporyuevng oUyKALONG
dlvel

0 = EB(T) = E{B(D1y <7, + B(M1y 1,} = Elaly ., + b1y 7.} = aP(T, < T,) + bP(T, > T)).
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7.2 'EEodog amd Sidotnua kow od nuevlela

H tehevtata oxgon, pall ue mv P(T, < T,) + P(T, > T,) = 1, dtver to Tnroduevo.
(ii) T r > 0 dedopévo, epapuoovue To Oempnua emhekTikng dakomng (Osmpnua 4.15) yia to
martingale M, := B(t)*> — t k0w Tov gppayuévo ypovo dakomng T A r. H E(M7,,) = E(M,,) = 0 divel

EBX (T A1) =E(TAY). (7.1)

Egapuoovrog to Bedpnuo Lovotovng o0YKALONG 0To deEL UEAOG KOL TO (PPAYUEVIG OTO OPLOTEPO
(n moodTTAL PECO. 0T PéoT TYY) PPAOOETAL atd TO a” V b?) maipvouue

E(7) = E(B(T)) = E{B(1)’17,<7, + B(T)17,51,} = @ P(T, < T,) + 0> P(T, > T},)

b |al
2 2
a0 e+ b al
STV TPOTEAEVUTALOL LOOTITA YPTOLUOTTOLNOGUE TO TPADTO UEPOG TNG TPOTOUONG. [ |

H enikinon g [Mpotaong 5.13 dievkoiuve Ty amddelEn oAAd O Propovoaue Vo, CUUTEPC-
voupe v P(T < o0) = 1 mapampmvrag 6t 1 (7.1) divet E(T) = lim,_, . E(T A 1) < a® V b°.

Mpétoaon 7.3. INa kdOe a € R oyver P(T, < 00) = 1 kau, emmwAéov, yia ke A > 0 1oyvet
E(e) = ¢laV2A, (7.2)

Amddeén. Agvmobeoouvue 0tLa > 0, 1) mepimtwon wov a < 0 eneton avaroyo. H P(T, < o) = 1
etval ovvemera g Ipotaong 5.13 alhd Sivovue Kot v eENG evOAAakTIKY amddelEn. o 0toLodn-
note ¢ < 0, TO TPWTO UEPOG TG TTPONYOUUEVIG TTPOTALONG SLvEL OTL

lcl

> = .
P(T, <) >P(T,<T,) e

To 6pLO TG TEAEVTOLOG TTOOOTNTAG YL ¢ = —00 €lVOL 1 KO £TOL TPOKVITTEL O LOYVPLOUOS LOLG.
Topa yio dedopeva r, € > 0 epapuodovpe to Bempnuo emhektikng diakomng (Qempnuo 4.15)
2

2
yLo. To martingale PO~ ou tov PpayuEvo ypovo dvaxomng T, A r. Ilaipvouvue

o2
E{euﬂB(Ta/\r)—?(Ta/\r)} _ L

H moodtnta ot péon tyw) eivon gpaypévn amd 1o e (agpov moymvovpe TV kivnon Brown poiig
(PTAOEL 0TIV TUUN d KOL OAEG OL TTPOTYOUUEVEG TUUEG TNG ELVOL KPOTEPES OO @, 0o Egkivael amd
10 0) KO TO OPLO TNG YLOL I — 00 LOOVTAL UE

2
€a—€—TH
e 20,

Avto yatt pe mbavotnta 1 wyver T, < oo kon apa B(T,) = a. 'Etol 10 Oedpnuo ppoyuevng
ovyKMong Sivel
o2
E(€_7Ta) — e—gd.
O¢tovtag € = /24 mailpvouue To LNTovUEVO. [

Mitopovue emiong vo. det€ovpe OtL 1 TuyoLo peta it T, elval orOMTA CUVENNG UE TTUKVOTITOL
KOl VO UTTOAOYLOOVUE TNV TTUKVOTNTA TG, Ag vtobgoovue ot a > 0. Xpnopomolhvtog to [opiopa
6.6 KoL TOV OUUBOAMOUO TOV, VIToAoYLLovuE YLoL 1 > 0

P(T, < 1) = P(M, > a) = 2P(B(r) > a) = 2 P(B(1) > a/\[).
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7.2 'EEodog amd Sidotnua kow od nuevlela

Entopévig n T, €Yl GUVAPTNON KOTAVOUNG TTOV ELVAL GUVEXNG 0TO R KoL TApOyw Lo e ouveyT
Tapaywyo (cuppollovue ue ¢ Vv TukvoTnTo ™G Katavoung N(0, 1))

a a a 2
N=20|—|—1.,= eIy .
A0 ¢<\ﬁ) STz >0 Vour >0

Kota to yvoota, aut 1 Topaymyos elvoL TukvoTnTa yio Vv T,.
Aoknjoeig

7.1 'Eotw (B(1)),5( Tumiky kivnon Brown. No dey0el 6t 1) avéMEn X, 1= tB(t) — j(')' B(r)dr,t > 0 eivouw martingale
wg 7TPOG TN dtnONoN oLV TaAPayeL 1) B.

7.2 'Eotw B tumtkn kiviion Brown, u > 0, kot x € R. Oswpovpe v avémEn X pe
X, :=x+B(t) +wt

yie KaOe ¢ > 0. H X ovopdeton kiviion Brown pe tdom u mov Eekivael amd 1o x. T r € R, opilovue 7T, 1= inf{s >
0 : X, =r}xaw¢(r) := e %" Na dery0el ot

() H avéMEN M, : = ¢(X,) elvou martingale.

PB)Twkdbe a < x < boywet P(T, AT, < 00) = 1.

(y) T k4be a < x < b LoyveL

P(b) — ¢
P(b) — (@)’

®) T x =0kora < 0woyeL P(T, < 00) = %4, Anhady), dtav mpoodécovpe o Oetiky) Tdon oty kivinon Brown,
EKELVY] EVOEYETOL VO, TTOPOUELVEL VLo TAVTO SEELG TOV aptOuov a < 0, og avTiOEoT ue TV TumLkT) kKivnorn Brown.

P(Ta < Tb) =

(¢) 'Eotw x = O kow R := inf{X, : t > 0} € [—00,0]. Na derybei 6tL 1] —R axorovBel tnv ekOeTIKY KaTavouT pe
napduetpo 2u. Mapatnpnote 6Tt R > —oo pe mbavornta 1.

7.3 e vt v Goknon 0o dovpe o evoAAaKTKY artodelEn Tov upoug (g) TG TPONYoUUEVNS Aoknong, SNAaS
OtL M —R eivon eKOETLKT TUY L0 LETARAITY UE TAPAUETPO 2.

Bpeite katdhnro A € R\{0} dote N M, := & va eivou martingale pe lim,_, o M, = 0 KoL YPNOLULOTOWOTE TNV
Aoxnon 4.9.

7.4 (Ta molvdvuua Hermite kou martingales) 'Eotw x,0 € R otadepéc. H ouvaptnon 4 — elx—%ﬂ", WG AVOAVTLKY
oto C, avasttiooeTal o8 dSuvapooslpd ue Kévepo to 0, £t

_lp 1
MMl = kZ}) o Hi )2, (7.3)

(a) Na dery0el 6tL 0 ovvteheotng Hi(x;0) elval Hovikd olvdvuuo Tov x pe Pabud k Kau vo poodioplotoly ta,
Hy, H,, H,, Hy. Ta. H, ovopdZovrol mohvmvupo Hermite.

(b) No deuyBel 0w yro kaOe k > 0 1 aveM&n (H(B(1); 1)) elvou martingale.
7.5 'Eotw B = (BD, B®) did1dotam tumk kivnon Brown kav a # 0. O¢tovpe 7, : = inf{s > 0 : BI(s) = a}.
Na dety0el 6T 1 Twyaia petapinm) BA(T,) éxer v katavouy Cauchy pe mopduetpo khMpakog a. Anhady éxel
mukvomnta fx) = 27 al /(2 + a?) xow yopaxmeLotiky ovvdpton ¢(r) = e lalll,
., d

7.6* (Nopog toEou nutovov) (a) ‘Eotw r > 0 xou d, := inf{s > r : B(s) = 0}. Na dayfet 6w d, = r + Tl‘;"(r),
omov B, W etvan dv6 aveEdptnrec Tumikée kivioelg Brown xaw TY = inf{s > 0 : W(s) = a}. 'Emeita va deuyOei 611

d d , , , ,
TI‘;V(r) = r(B(T\))* = rC? mov 1 C axohovBei v kotavoun Cauchy pe mopapetpo khipakog 1.
(B) 'Eotw X := supfr € [0,1] : B(r) = 0}. Na dewyBel ot 1 X éxer mukvomta (my/x(1 — x)) ™' g (o,1)-
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7.2 'EEodog amd Sidotnua kow od nuevlela

[Yrodeien: {X < r} ={d, > 1}.]

7.7 Xpnowomoudvtag ot n avéMEn (e),5( elvau ouveyég submartingale yia kGOe r > 0 kau v aviedtnta Doob,

dei&te OTL Y10 KGOE @, t > 0 1oydeL

P( sup |B(s)| > a) < 2e~"/%.
s€[0,z]

[Xwpig xpnon tov Mopiouatog 6.6.]

7.8 Tleprypdpte wo evorhakTikn amodelen g oxéong P(lim,_, o, B(t)/t = 0) = 1 cvvdudalovtag g €Eng do
TAPATNPYOELG.

(o) Toyvet lim,,_, o B(n)/n = 0 pe mbavomta 1. [Trodei&n: loyupdg vopuog twv peydAmv aptbumv.]

(B) Me mbavomra 1 woydet sup .y, .11 1B(s) — B(n)| < 2logn ywo Ohat ta peydha n. [Anhadi) ta @ yia ta omoio
VITapyEL n(w) MOTE 1) AVICOTNTO VO Loy VEL Yo KaOe i > n(w) £xovv mbavotnto 1.]
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8

Avolvtikeg 1dLoTTES

8.1 BaOudg ocvveyeroc*

E¢povpue 0TL 1) Kivnon Brown eivar ouvveyng ko o detovue apyodtepa OtTL ebvor Tovbeva diopo-
ptowun. TI6oo opain givar Aotrrdv? Mio. aoOevETTEPT LOPQPT) OUCAOTNTAG OITO TNV SLAPOPLOLUOTN T,
etvor 1 a-Holder ovveyelo yia kamow a < 1.

ZTOY0G QTG TG TAPOYPAPOL glval va detEovpe OTL 1) Kivion Brown givon tomka a-Holder ov-
veyne yia ka0 a € (0, 1/2) ko oy yiaa = 1/2. Aeiyvovpe TpdTo KATOLa, TLo kPP OTTOTELECUOTOL
TTOV £XOVV EVOLAPEPOV AITO UOVOL TOVG,.

Oesopnua 8.1. Eotw B tvmkij kivyon Brown. Yrdoyer wa otaleod C > 0 érol wote ue mbavornto
1, vrdoyet hy = ho(w) € (0, 1) wote yia kdOe h € (0, hy| ko yra dAa ta t € [0, 1 — h] va woyver

B(t + 1) — B(D)| < Cy/ hlog % 8.1)

AmbdeiEn. XpnoWomoLlove TV KOTAOKELT TG Kiviong Brown mov £ywve oty amddelEn tov Oem-
pnuotog 5.5 oto Mapapmua I . Tw 1, + h € [0, 1], n (I'.3) dtver

|B(t + h) — B(t)] < D [Fi(t + h) — Fi(1)] yua k&0 1 € [0, 1 — hl. (8.2)
k=0
Amo ™ oyxeon (I7.2), VILAPYEL EVOC TUYOLOG PUOLKOG ky MOTE Yok > ki VoL Exovue

IF e < CiVk2742, (8.3)

ue C; wa omolvTn otabepd (Wropolie va emhéEovue C; = 2). Autd OUVETAYETAL KOL EVOL PPAYULOL
YoV ||F || 0. Trorti m F glvon ypoyuuki peta&d onpeiov mov éxovy amoéotaon 27 ko dpa

1P lloo < 211Fll0/27% < 2C,Vk 242 yu01 kGBe k > Koy (8.4)

Topa kdbe tpoobeteog 0NV (8.2) PPAoOETOL WG EENG

t+h
Fyt+ 1) = Fy(0)] = | f Fi()ds| < |1F Lo
t

Yot 1 Fy, lvon ouveyng TavTol Ko SLopopLoLun EKTOC 08 TETEPAOUEVA TO TTANO00g onuelo. ANAad)
n F elvan Lipschitz pe otadepd to moAv ||F, ||« ‘Emerta mapampobpe 0T To @pdypa wov divel 1
(8.4) y1a. T otaOepa Lipschitz g Fj, ueyolmver kabag to k pueyoldver. Apa SLVeL XpNoLuo Qpayuo.
yio T Sapopd |Fi(t + h) — Fi(1)| pexpr éva k. Twa ta peyarbrepa k m Srapopd |Fi(t + h) — Fi(1)| 6a
glval (ukpn oy emeldn to ki etvon wkpo kaw N ||F||o eheyyouevov peyédoug, alhd emeldn kabepio
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8.1 BaBudg ovvéxeiag™

amo Tig moootnteg Fi(t + h), Fi(f) etvan tohh pukpn, 0mog Ager 1 (8.3). Me fAon autod To OKETTIKO,
otafepomorovue n > ky Kar ppaocovue To deEL pehog g (8.2) wg eEng:

n—1

Z [Fi(t + h) = Fi(0)] < hZ 1Flleo + 1 D IIF} oo + ZZIIFklloo

k=k,

<hZ||F’||oo+2C1hZ Vk2H2 4 2¢, Z\[z /2

k=k,

0
< h S IF o + 2C, 2724 + 2C,\[n 2722
k=0

ko
=h ) |IF}|le + 8Cm/n2"2 + 4C\[n 272, (8.5)
k=0

Yrdapyer (tuxaio) h(ky) dote h Zi():o IIF |leo </ log(1/h) yia b € [0, h(ky)). Mmopovpe va. vodé-
oovpe ot h(ky) < 1/2%. Topa, yia b € (0, h(ky)) vrdpyel povadikd n > ky wote 27" < h < 27,
Tote n < (1/1og?2)log(1/h),2" < 1/h,27" < 2h. EMKOAOVUAOTE TO TTLO TTAVMD PPAYUC YL OUTO TO
n. Ko 1o @paryno tov mapvoupe evor

|B(t+h)—B(t)|S\/hlogl( G 4\/_C1)=C1/h10gl,
y/log2 4/log2 h

ue T C emiong amwolvtn otabepd (wt.y., n emioyn C = 20 doviever). 'Etol mpokimtel To Tnroduevo.
|

Yy O0Mo. ZTNV PO YoUueVY) AtOSELEN), YioL SESOUEVO A, TG BPNKOUE TO 7 YLO. TO OTTOLO EPOPUO-
oaue v (8.5)? Ayvowvtog Tig otabepes, eElomaoae Toug dU0 TeElevTalovg Opous. Anhad Beoapue
h\[n2"? = \[n 272 Kar owtd yioi, kaddg To 1 avEvet, o tehevtaiog 6pog Hetdveton alld o Tpo-
T0g avEavel. O TPDOTOG ELVOL KPOG AOYW TG TAPOVOLAG Tov i. Bplokouue AOLITOV TO 1 0TO 0TTOLO
oL 0pot elvat TG oG TAENG. Elvan avadpeho va Kavouue Tov TehevTailo 0po TOAD UKpO av 0 GAAOG
OVEAVEL.

Loy el To eEng amotéleopa, To omolo dev Oo amodeiEovue. Me mbavotnta 1 toydet

: |B(t + h) — B(1)|
lim  sup =1.

h=0% 1e[0,1—h] 2hlog 1
h

Apa to ppayua mtov divel to deEL uehog g (8.1) dev pmopel va fedtimbel ovolaoTikd, dnAadn va
avtikataotadel pe ouvaptnon mov tetvel oto 0 kabwg 7 — 07 1o ovvtouo amd v \/ hlog(1/h).

Opopdg 8.2. 'Eotw f 1 A = R ovvapmon ue medio opopot A C R. T a € [0, 00) kaw xy € A, f
Aeyetan Tomukd a-Holder ouvveyng oto x, av vapyovv § > 0 ko C € R wote

[fx) = flxo)l < Clx — xo/”
YL0. OML TOL X € A P |x — x| < 6.

To @payua \/ hlog(1/h) Tov o mave Bempnuatog diver koo v a-Holder ovveyelo yia a <
1/2. To amodetkviouue TUTTLKAL.

Mépwopa 8.3. Eotw a € [0, 1/2). Me mbavétnra 1, n kivyon Brown eivau tomikd a-Holder ouveyrjg.
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8.2 Mn Swapootoiuotnta™

Amddeén. Epapuolovue 1o Ocmpnua 8.1 yio Kabepia amd Tig Tumikeg Kivnoelg Brown BXO(n) =
B(k + 1) — B(k),t > 0. Yrapyovv tuyoio by = h(w) € (0,1),k € N, wote

W0+M—BGﬂsch;g%

vio ka0e t € [k, k+ 1), kawh € (0, A ((k+ 1) —1)).
'‘Botw a € (0, 1/2). @¢tovue C, := SUP,e(0.1) h'/2=\[log(1/h) € (0, o). To TerevTaio sup etvou

nemepoouévo Yot limy, o+ h'72~%\/log(1/h) = 0 agot a < 1/2.

Tt € (kk+ 1) ue k € N, éxovue o6t |B(t+ h) — B(r)| < |h|*CC,, yio x0e hpe |h| < y A(t—k) A
((k+1)—1) =: 6, O apBudg d, etvan Oetikoc. Apa 1 B elvan a-Holder ouveyng oto t. H eplmtwon
7oV 0 £ € N 0 VETOL GTOV OVAYVOOT). [ |

8.2 Mn dwgoprotpnotra*

"Eotw ovvapmon f: A — R, ue A C R, x; € A xou C € (0, 00). Aéue 6t felvan Lipschtz oo x,
ue ota0epa C avvmapyerd > 0 mote yio kabe x € AN(xy—3, xy+3d) vo toyvet [f{x)—fxy)| < Clx—xp.
ITpoYavdE OV ULe. GUVAPTNOT ELVOL TTOPOYWYLOLY (UE TETEPAOUEVY TAPAYWYO) OF EVOL ONUELO X
E0WTEPLKO TOV TESLOV 0OPLOUOV TG, TOTE elvan Lipschtz oto x, ue otabepa |f (xo)| + 1.

Oeopnua 8.4. Me mbavornyra 1, n kivnon Brown dev eivar Stapoglowun oe kavéva onuelo tov [0, 0o).

Amddeén. Twn > 1 ko C € (0, 0) Oetovpue
A, (C) :={w : vrapyers € [0, 1] wote |B(r) — B(s)| < Clt — s| yua. t € [s—(3/n), s+ (3/n)] N[0, 1]}
Tote 1 A,(C) elvan adEovoa 0KoAOVOLOL CUVVOLMVY e EVIOT] TO GUVOLO

A(C) :={w : n B eivau Lipschitz ue otabepa C oe kamoro s € [0, 1]}

Enouévag P(A(C)) = lim,,_, o, P(4,,(C)). Oa dei€ovue 6TL awtd 0 0pto toovtar ue 0.

ok €{l,2,...,n—2}, 0¢tovue
k+j k+j—1
n n

ko téhog B,(C) 1= Ui X, < 5C/n}.
Ioyvpropos: A,(C) C B,(C).

TNow € A,(C), £0tw s To onuelo ov divetar otov oploud tov A,(C). To s Oo Bploketal peoo
oe €va draotnua unkovg 3/n g wopgng [(k — 1)/n, (k + 2)/n] yia kamow k € {1,...,n — 2}. Ag
vrtoBEcouvpe OTL TO s BpLokeTol 0To SEELO TPLTO TOV draoTnuaTog, dSnhadm oto [(k + 1)/n, (k + 2)/n].

Tote
(2 -a(E52) )

scﬁ—s+c
n

Xox = max{

- (=)

s—&:HSC%+C
n n

> -
n

n
‘Opoia deiyvovue ot |B((k + 1)/n) — B(k/n)| < 3C/n,|B((k + 2)/n) — B((k + 1)/n)| < 2C/n, omote

X,x < 5C/n. Av BéBara to s dev avnkel ota dtaotuata [0, 1/n], [(n — 1)/n, 1], tote emréyovue éva
k mote o s va aviker oto [k/n, (k + 1)/n] ko tote B mailpvope ppayua X, , < 3C/n.
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8.3 Kuavon ko Tet0ayoviks) kiuevor
O tuyaieg petafinteg 1X,, , : k= 1,2,...,n — 2} éxouv v idto Karavoun. Apa
P(A4,(C) < P(B,(0)) < (n—2)P(X,; <5C/n)
= e ([e () -00)] < o () -5 < S o (2) -5 () < )

- nP<'B<%)‘ < %)3 = n(P(IBO)| < 5CIn)) <7 (\/1275_\/9 - \7;

Apa mpoxvmtel 6t P(A(C)) = 0. Téhog, emeidn
{w : m B eivau Lipschitz og kamow s € [0, 1]} = U, A(r),

TO OUVOAO 0TO aPLOoTEPO MEAOG €xet mbovotnta 0. To amotéheopo Yo to [0, 00) TPOKVITTEL UE TPO-
v TPOTo amtd To asotéleoua oto [0, 1]. [

8.3 Kvuaven kot TeETpayoviki] KURoveh)

'‘Botw f : [a,b] = R ko p > 0. T ka0e dwopepton A :={a =1, <t; < -+ < t, = b} tou [a, b],
oplZovue ™V p-KOpaven g f wg Tpog ™ A mg

V,(hA) 1= ) 1t) = f )P
k=1

Ko TNV KOuaven mg f wg
Vi(f, [a, b]) 1= sup{V,(f,A) : A Sapgpion tov [a, b]}.

StV avaivon opiletan emiong 1 tetpaynvikn Kopavon Vs (f, [a, b]) ™ f oto [a, b] w¢ To supremum
mg Va(f, A) mavm ot Oheg g dtopeploelg A tov [a, b]. T Bewpla TwV OTOYUOTIKMV aVEMEEWV 0
0POG TETPAYWVLKT] KUIOVOT] AVOPEPETOL OF AANO CVTLKELUEVO TO 0700 Ol SoVE OUEOMC,.
o ke dopepton A 1= {a =ty < t; < -+ < 1, = b} evdg daomuatog [a, b, optlovue ™
AETLTOTITAL TG G
Al = max{|t;, — t,_| : i = 1,2, ...,k

Opropog 8.5. 'Eoto (X,),»( otoyxaotikn avemEn kau [a, b] C [0, 00). Av vrdpyel Tuyaia petaprnt
Y dote ya kaBe axkohovBia dapepioemv (A,),>; Tov [a, b] pe [|A,]] = 01 akolovBia Tov Tuyolmv
UETOPANTOV

(W(X, An))nZI

Vo OUYKAVEL KaTd subavotnta oty Y, 1ote ovoudlovue Ty Y TETpaymviky) KOpavon g X oto
[a, b] xar ™) cvpBoiiCovue pe (X, X, p)-

Alotuwvovpe xwplg amodelEn 1o ENg amoTELEOUA VIO TNV TETPAYWMVLKT] KOUAVOY OUVEYMV
martingales. Oa. to yperaotovue novo yio v Aoknon 11.1. H amr68e&n tov divetow oto Revuz and
Yor (1999) (ITpotaon 1.12 tov Kegaratov IV).

Mpotaon 8.6. Eorw (X,),»( martingale ue cvveyn uovordrio keu E(X?) < oo yio kdOe t > 0 70 omolo
Exet ergaywviky kvuaven (X, X)jo,1 = 0 yua kdOe t > 0. Téte ue mbavérnra 1 woyver X, = X, yuo
kaOet > 0.

! AeiEape ko kén mapamdvo. Anhadh étt dhot oL bpo g axohovdiog (P(A,(C))),s1 wovvrar ue 0 yiatt avth eivon un apvnuki, avEovoa,
KOLL TELVEL 0TO UINSEV.
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8.3 Kduavon ko tetoaywwviks) kuoven

Yvuporopos: Zto eEng, yia v kivnon Brown, avti B(r) 6a ypagovue B,.

O LG ATAOYOANOEL ) TETPAYWVLKY KOUAVOT TG Kivnong Brown. Zekuvaue pe €vov vrohoytouo.
ANupa 8.7. Ectw 0 < a < b A :={a =1, <t < - <t = b} dwauéoion tov [a,b], kar (B,);>o
kivnon Brown. loyvel 6t

E{V,(B,A) — (b—a)} <2(b— a)||All. 8.6)
Améden. O¢tovpe Y, = (B, — B, ) — (t; —ti_) nvoi = 1,2, ..., k. Tote
2

k k
VaB,A) = (b—a)} = (Z Yl-) =YV +2 > Yy,
i=1 i=1

1<i<j<k

Ou tuyaieg petapintég {Y; 1 1 < i < k} eivon aveEapnreg pe E(Y,) = E{(B, —B,_)*}—(;—1,_,) =0
Ko

E(Y,-z) =E{(B, — le._l)4} —2(t; — ;) E{(B,, — Bti_l)z} + (1=t = (4 — 1) B(ZY) — (6 — 1)

ue Z ~ N(0, 1). Ouwg E(Z*) = 3 and to Anupa A'.1, ondte E(Y?) = 2(1; — 1,_)%. TuvdvdLovrog ta
TAPUTTAVW, BPLOKOVUE

k
E{V,(B.A) — (b —a)} =236~ 1)) < 2(b— a)|[Al (8.7)

i=1
H avicdmra woyvel yuoti (1 — £,_1)> < (8 — t,_1)||A]| Yo k60g i. [

Oeopnua 8.8. I'a kdbe 0 < a < b, n tetoaywviky kKbuaven tng kivnens Brown eto didornua [a, b)
toovtar ue b — a. EmiwAéov:

(i) I'a omolodrmote akorovOia Staueoicewv (A,),>1 ue ||A,|| = 0 toyver
V,(B,A,) = b —aotov L?
KaOw¢ n — 0.
(ii) I'ia kGOe axolovOia dwaueoloewv (A,),>1 e Z:o:] [|A,l| < oo toyvet
Vo(B,A,) = b — a ue mbavérnra 1
kaOdg n — oo.
Amddeén. (i) 'Eneton apeowg amod v (8.6).
(i) @¢tovue U, := V,(B,A,)—b—a. Ao v (8.6) Kaw tnv vodeon, E(Z:;l U2) = Z;‘;l E(U?) <
0. Apa. pe mbavotnta 1 gxovue Z;x;] U? < oo xau emopévag lim,,_, o, U, = 0. [

Mo ovvnOLopevn akorovbia dtaueplocmv Tov [a, b] mov tkavostolel Ty vitofeon tovu (ii) etvor

QT TTOU E)EL

N S O R ) ) _ ) _ (b—a)
An.—{a—to <t <<t —b} net; —at+J—211

v kabe j =0,1,...,2"

To tponyouevo Bempnua diver evkora OtL, pe mbavotta 1, 1 kivnon Brown dev elvan ppay-
HEVNG Kupavong ko Ba to dodue auéome. Avto Befaa emetor Kou amd o Oempnua 8.4 yiotl o
OVVAPTNON PPAYUEVIC KUILAVOTG ELVAL SLapopLoLin) 0xedOV tavtol. O TEAEVTALOG LOYVPLOUOS OUMG
elva gva apketd duokoro Bedpnuo (Aeg Kovpoviing and Neypemoving (1991), @empnua 14.8).
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8.3 Kduavon ko tetoaywwviks) kuoven
IMépropa 8.9. Me mbavornra 1, oe omotodrjwote vrodidornua tov [0, 00) 1 kivnon Brown éxet delon
Kvuavon.
Amddeén. 'Eotm 0 < a < b dedougvol mpayuatikol aptbuol. Oswpolue akorhovdic, SLoueploemy

(A1 TV [, 6] ue T 1A, ]| < o0. Eotw A, := {0 = {7 < £ < . < = 8 Trdpyer
2 n=1 0 1 k(n)

uetpnono ovvoro Qy(a,b) C Q ue mboavomta 1 mote yia Kabe w og avTtd TO GUVOLO VO LOYVEL
lim,_, o, V5(B,A,) = b — a xoun B(= B?”) va. eivaw ovveyng. loyvet

Vy(B,A,) < sup |Bw — Bt.(i)] |Vi(B,A,).

1<j<k(n) 7
'BEotw w € Qy(a,b). T n — 00, T0 aplotepd PENOG TG OYEONG OVYKAVEL 0TO b — a KoL TO

sup |Bt(n) — Bt(n)| -0
1j<k(n) Y -1

AoV 1) CLYKEKPLUEVY TTPAYUOTOTOL 0T TG B glval opotdpoppa. ouveyng oto [a, b] wg ovveyrg.
"Enteton 0L V, (B, A,) — 0. Apa 010 Qy(a, b) 1oyver

Vi(B,[a,b]) > lim V(B,A,) = co.

Topa 1o 00vorho Q) : = No<a<sQp(a, b) €xeL mbavoTTa 1, kKow o w € Qp ko 0 < a < b Bplokovue
a,beQ

pntovg p,quea <p < g < b, xaw apa. Vy(B, [a,b]) > V,(B,[p,q]) = .
[ |

Ipétaon 8.10. Eotw f : R — R ovveyrjg, t > 0, kaw pra kdOe n > 1, A, :=1{0 = t(()") < t(ln) < <
(n)
t

o = 1} Swaudoron tov [0, t] dote ||A, || = 0. Téte

lin)f(B[@ )(Btgn) — Btgn) )2 - /tf(BS) ds (8.8)
=1t ! 0
kata mbavornta kobog n — oo. EmtmAéov
H 0m6de1En divetow oto Mapaptmua I
Moapoarypnon 8.11. EEartiag g (8.8), £xovue Yo To SLOPOPLKE TN O EoM
(dB,)* = ds. (8.9)

Avto yiott ov akolovBovoape Tig ovufacelg ouuforlono g ohokAnpwong Stieljes, Ba expeme va
OoVUBOALLOVUE TO OPLO TOV 0PLOTEPOD HEAOVS TG (8.8) ue jg f(B,) (dB,)>.

Katavoolue dionobntikd v (8.9) oav vo AgeL OTL TO TETPAYWVO TG UETABOANG TNG KIvong
Brown og £vo. SLO0TUa ATELPOOTOD UNKOUG dSs LOOVTOL E TO UNKOG TOU SLOOTHUATOG. ZTNV KApSLa
avt) ™G oyéong Ppiloketon To OTL yia 5, As > 0, M (Byya, — B;)? €xer uéom tyun As.

Aoknjoeig

8.1 Na dey0et 011, pue mbavotnTa 1, yro omoodnmote vrodiaotnue. I Tov [0, 00) pe Oetikd unkog, 1 kivnorn Brown
dev givan povotovn oto L.

72



8.3 Kduavon ko tetoaywwviks) kuoven

PO

8.2 'Eotw (A,),>) axoloudia dapepioemv tou [0,1], ue A, 1= {0 = t(()") < IE") <<t

=}y kaOe n > 1,
wote ||A,]| = 0. Tote yio kaOe & > 0 va derydst Ot

k(n)
D 1B — B[P =0 (8.10)

j=1 J j=1
otov L2(P) ka0w¢ n — oo.

8.3 H doknon avtn avagépetar oty amodelEn g Hpodtaong 8.10 oto Hapdptmua I . Me tig vrobeoelg tng
Mpdraong 8.10, av éxovue emmiéov 6TL vdpyel otadepd C € R wote E(B,)*) < C yio k40e s € [0, 1], vo. dewyOel
otL 1 uéon Ty tov tetporydvov g (IM.10) ppdooeton omd

J=1

k(n)
OO
2C Z;(tj £,
j:

Apa 08 auTY) TV TEPLTTOON, 1) 6VYKAON otV (8.8) LoyveL otov L2 (P).
8.4 (Amepn kduavon) ‘Eotw (A,),s; axorovbia dwapepioewv tov [0,7], ue A, 1= {0 = t(()") < tE") << tIE'(lr)l) =1t}
v K6Oe n > 1. Octovue A 1= E(|B,|) = V/2/x, xou yia kGOe n > 1,
k(n)
L= 3B Bl

=1 7 =

(o) Naw dewy0et 6t E(L,) > At/||A, ]2
(B) Naw dewy0¢t 6t Var(L,) = (1 — A%z
(y) Me ypnon g avieotitag Chebyshev, va Bpebet dvo gpdyua yio Ty mbavotta
1
P(Ln <3 E(Ln)>.

(8) Na. deryBel ot av lim,,_, o [|A,]] = 0, Tote L, — o0 xotd mbavotnto. Anhadn ot yo ke M € R woylel ot
lim,_ o, P(L, < M) = 0.
(e) Av Z:il [|A,l] < o0, va deryBel OTL pe mbavomta 1, L, — oo kabng n — oo.

8.5 'Eotw avelEeis (X,)50, (¥;)>0 Ot 0moleg pe mbavotnta 1 £(ouv ouveyn povortatia Kat g KABe TEnEPUOUEVO
Staotuo N X €xeL pPayUEVY] KUILAVOT), Ve 1 Y £xeL TeTparymvikn Kouavon (esepacuévn M amepn). Na deiyOel
ot X + Y €xeL tetpaywviky Kopavon

X+Y.X+ V=D
yio ka0 ¢ > 0.

8.6 'Eotw u : [0, 00) X Q — R uetpnowun ouvaptnon mote ue mbavomra 1 va woyvet

t
/ lu(s, w)|ds < o
0

yie KaBe £ > 0. @ewpoiue TV aveMEN X pe

t
X, :=/ u(s, ) ds
0

yio ka0e (1, w) € [0, 00) X Q. Na. dery0eit 6t pe mbavotnta 1 M X €eL memepaoueévn KOUavon og Ka0e TETEPOOUEVO
draotnua.
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To ohoxkinpouo Ito



9

Kotaokeui] Tov 0L0KApouatog

Ze auTo To KEPAAaLo dovAgvoVUE O€ Evay Yo havotntag (Q, F, P) 0TOV 0TTOLO ELVOL OPLOUEVY
o povodiaotaty Kivinon Brown B = (B,);5g, OXL OTTOpOLTITO TUTTLKT. AVTH 1 Kivnon opllet Ty
emavENUEVN dnOnon (F,);>0 LEow g oxgong (6.1). Entong, Oa frémovue po aveMEn (X,),e; 0TOv
Q wgovvapmon X : IXQ — R. To I elvor avbaipeto 6UVoLo SELKTOV. ZTOY0G WOG ELVOL VOL OPLOOVUE
TO OMOKANPWUC,

/ X(s,w) dB;
0

YLOL O EVPELL. KAGON aveMEewv X.

H mtpd 1 mapdypagog Tov KEQOAGLOU OEV YPNOLUOTOLELTOL KATO, Al EENYEL TTMOC 0dNYELTOL
KOVELG 0TO OTOYOOTIKO OAOKANPmUC, KABMOE KoL T PAOLKT SUOKOME TTOU VITAPYEL YL TOV OPLOUO
tov. 'ETOL ylveTol mTEpLocOTEPO KOTAVONTI] 1] TOPELR TTOV B0 AkOLOUONCOVUE YLO. TOV OPLOUO OTIG
ETTOUEVEG TTOPAYPAPOVG,.

9.1 H kivnon Brown og ohokAnpotis. Mo Oepuelddng dvokorio

Ag vmoBgoovpe 6tL ) kivnon Brown (B,),so noviehomotel v eEEMEN g oELag wog eTaLpelog
0ToV YPOVO (B, < 0 onualvel OTL 1) ETALPELD E)EL XPEN TOV Y POVO 1). 'Evag emevduTng o Tov 1povo s
KPOTAEL TTOC00TO f{s) TNG ETAUPELAG, OF EVAL WKPO XPOVIKO dtaotnua [s, s+ds] Oa kepdiloet fls{ Byt g—
B,}. 'Botw t > 0 dedouevo. TmobEtoupe OTL OUVAALAYEG YIVOVTOL TTOMD OUYVA, 0YESOV OE OUVEYN
YPOVO, KO OTL 0 ETEVOVTNG GALALEL TO TTOOOOTO CUUUETOYNG TOV 0TIV ETOLPELC. TIG YPOVIKEG OTLYUES
0=ty <t <-- <t, =1 ToKEPSOG TOV TOV TOPEPEL 1] UETABOAY TNG AELAG TNG ETALPELOG ELVOLL

n—1

2, fa)B,,, - B,).
i=0

Av n dwopepton A (= {0 =1, < t; < -+ < 1, = 1} tov [0, 1] €xeL wKpo TAKOG, AVTO TO ABpOLoUL
HoOLACEL va pooeyyitel To ohokApmua Riemann-Stieltjes’!

f f(s)dB,. (9.1)
0

€ aUTO TO OLOKATPWUC OO YELTOL KAVEL OTTO TO TTLO TTAVM OEVAPLO GAAGL KOL 0O AALEC EQPAPUOYEC.

Mo (UOLOAOYLKT] OITALTNOT ELVOL TO OMOKANPMUO. VO VTTAPYEL Vi kKaOe ovveyn f : [0,7] - R
(6mtwg ovufatver pe Ao, GuVNOLOUEVE €181 OAOKANPOUATOV). AUTO OUMG SEV UITOPEL VAL YLVEL UE
yxpnon g Bewpiag Tov ohokAnpmuatog Riemann-Stieltjes yiott av yio otabepd @ € Q 10 0ho-
KAMpouo vitapyeL ue v evvoro. tov Optopov B'.5 (TTapaptnua BY) ywo kabe f € C([0,1]), tote 1
(By(@))sefo,] TPEMEL VL glvar ppayévng Kipavong [@empnuo 12.1 oto Kegdhato 2 Tov Hildebrandt

IMepuicd ototyeia yia To ohokApwpa Riemann-Stieltjes divovrar oto Mapdptua B'.
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9.2 OAokATjowon oAbV UeTonoLuwy averiewv

(1963)]. Ouwg pe mbovotnta 1 To povortatt g Kiviong Brown &yel asmelpn KOuavon og omolodn-
note duaotnua (Moproua 8.9 Tov Kegaraiov 8).

Tu evarlhoktikn €xovue; H dradukaoia opiopot tov ohokinpouatog (9.1) Oa ftav (ue xpnon
g Mapatpnong B".6), yia dedouévo w € Q, va mapovpe o omoradnmote akorovdia (A,),s
dapepioewv tov [0,1], éotw A, 1= {0 = tg") < ti") << i

k(n)
(L. ETLAOYY EVOLAUEOMV ONUElWV Z, = {gf”) 2 j=1,2,...,k,} ue 5}@ € [’1@1’ t;")]

= t}, ue ||A,|] = 0, va kavouvue

, VO, OPLOOVUE TCL
abpotlopato Riemann-Stieltjes

ky
S(B.AWE,) = 3 fE)Bw —Bw), 92)
]=l ] J=

Kot va tapovue to 0pto lim,_, o S, B, A, Z,) eAmtilovtag 0Tt autd vrtapyel. Emxeldn, omwg eEnyn-
OOUE TTLO TTAVWM, AT 1] SLASIKAOLO AITOTUYOLVEL VO, TPAYILOTOTOLNOEl onuelakd (dniadn yio ka0
dedopevo w € Q) yia kabe f € C([0,t]), Oa apreaTovue va Tntnoovue T o0yKkiion Thg akohovdiog
(9.2) otov L*(P) 1) xatd mbavoéma. Kot avtd 1o pio Oa eivar To 0Toy0oTikd 0LoKApwLLCL.

9.2 OLOKAMPOGN ATADY NETPNOLUW®Y AVEMEEDY

Oponds 9.1. Mo aveMEN X : [0, 00) X Q — R AEYETOL HETPROLUI] OV ELVOL UETPTOLUT G TTPOG TN
o-alyeppa B([0, 0)) @ F.

‘Ontwg elmrape Kol mo Tave, Oempoue 6Tov Xmpo ToavoTHTag TV eovEnUevn dindnon mov
TopayeL 1 Kivnorn Brown [oygon (6.1)].

Opropos 9.2. OvopdZovpe 2 1o 0UVOLO OAWV TV UETPNOLUMV KL TPOCUPUOOUEVWY OVEAIEEWV
X OV 1Kavomotovv

(o]
X117 ey *= E(/ X(s,w)* ds) < co. (9.3)
0

H || - |l2gxp) €ivon 1 L? vopua otov xhpo L*([0,00) X Q, B([0,0)) @ F,1 X P), omov A eivon 10
uétpo Lebesgue. ITio ko Oa ypnoomomcovue ko mv L2 vopuo otov xmpo L2(Q, F, P) kau, katd
avaloyo Tpomo, Oo v ovpforiCovpe e || - ||r2p)

Opuouog 9.3. Ovopdiovue F2 o ovvolo Twv averiEewv T Lopgng

k
X(t,0) = 37 Af(@) 1,10 9.4)
i=1

nek € N*,0 <1y < -+ < iy, TV A; vaglvon F, -petpiioyn, ko E(A7) < oo yia ke i = 1,2, ..., k.

Toyber 73 C F% yati pla X dmog oy (9.4) ikavomotel Ty (9.3), elvou mpooapuoopévn, Kot
T€AOG elva petpnoun yatl yio kabe C € B(R) woydel

X~HC) = UL, (1, 1:41] X ATH(C) € B(]0, ) @ F.

Opouos 9.4. Two X € F(3 dmwe oy (9.4), opilovpe To ohokApmua Te X wg mpog TV Kivinon
Brown ¢

i

k
IX) := > A(w)B,, —B,). 9.5)
i=1
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9.2 OAokATjowon oAbV UeTonoLuwy averiewv

Etvor e0kolo va deilEel Kavelg 0Tt 0 0pLopog Sev eEapTatal artd Tov TPOTO TOV Ypapovue T X,
dMAadN av TAPOVUE GAAT YPOPT LE GO SLOLPETIKA ONUELC. £; KOL AVTLOTOLYEG OUVOPTNOELS A;. To
I(X) etvon o Tuyolo peTofAnT otov Q Kot cuvnome To YPAPOUUE WG

f X(s,w) dB,.
0

‘Ontwg KAVOULE YEVIKG UE TIG TUYOLEG UETAPANTES, £TOL KoL €M, yiow TV T TG I(X) ot éva. w € Q
dev ypnopomorovue Tov TANPN ovuportoud I1(X)(w).
O PNOLUOTONCOVILE TTOAEG POPES TTLO KATW OTL Y1 0 < 5 < 1,

N B, — B, elvaw aveEaptnm oo ) o-ahyeppa Fi, (9.6)
T0 07010 dikatoroyettar ovvdvatovtag v Hapatnpnon 5.12 xow v [podTtaon 6.1.
Ipoéraon 9.5. Eotw X,Y € (3, kaw a € R. Téze
(i) (aX+Y) = al(X) + I(Y).
(ii) E(I(X)) = 0.

Amddeén. (1) Apkel va to deler kavelg yio Y = 0 kaw yiooa = 1. Av n X ypageton onwg oty (9.4),
TOTE N aX £YEL TAPOUOLA YPaPT] e WOV dtopopd ot T 0o Tg A, () £xer 1 aA (). "ETot 0 optopdg
g I diver I(aX) = al(X). Two va det&ovpe v I(X + Y) = I(X) + I(Y) ypagovue tg X, Y ot popen
(9.4) kau £merta pépvouvpe koL ™ X + Y oy 1dwa popgn). H amddel€&n agnvetar wg doknon.

(ii) "Eoto 6Tt n X ypagetow omog omv (9.4). OLA;, B, — B, elvar aveEapmreg yLoti 1 A; eival
?,l_—usrpﬁol,pm, EVD 1 B, — B, elvaiL aVeEQPTIT TG Fis Omwe onuerwoape oty (9.6). 'Emetol ot
E{Ai(B,m - B,’,)} =0y xabei=1,2,...,kxou apa E(I(X)) = 0. [ |

Aqupa 9.6 (Ioouetpio Itd otov F3). Av X € F3, tére

o0 2 o0
— 2
E{('/O‘ X(s, ) st) } =E (/(; X(s,w) ds). 9.7)

Amddeén. 'Eotm ot n X etvar 0mwg oty (9.4). Tote

k

X(S, 60)2 = ZAIZ((’U) l(fi,’iﬂ](s)
i=1

yia KaBe s > 0 kou to deEL uehog g (9.7) woovton e

k
Z E{AZ @)}ty — 1)
i=1

O VITOLOYLOROG TOV APLOTEPOV UEAOVG TG (9.7) YiveTow akpLpag 0mtmg oty Acknon 2.12. Tlaipvoupe
TO TETPAYWVO TG £K@paong (9.5) Kar wapatnpoue Ot Lo i < j 1 TuY Lo ueTafAnTn

Af(w)(B,,, — B )A(w)B,,, —B,)

lit1
gxeL péon T undév. Avto ywati n B, — B, €xer péon ty 0 xau elvar aveEapmmm omd mmy
A{@)(B,,, — B,)A(w) yoti n tehevtaio elvon I, -petpnowm, evo n B, — B, elvon aveSapmm

lit1
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9.3 Enéxraon o€ uetonoiues avelEeis
me 7. Xpeatetar PEPara va deigovue oTL A(w)(B,,, — B, )A(w) € L', mov émetan pe xpvjon ave-
Eapmotog ko g aviootntag Cauchy-Schwarz, dSnhodn
E|A(0)(B,,, = B)A()| < {E|A(@)(B,,, —B)IYHEA (@)}

= {EA7 (@)} (141 — 1) HEAX (@)} < 0.

Apa
k k
E(I(X)?) = D E{AXw)(B,,, — B,)*} = ), E{A2(w)}E{(B,,, — B,)*}
i=1 i=1

k
= S EA(0)) (1141 — 1).
i=1

Xpnouomomoape ™y aveEapmoio twv AX(w), B, — B, kou 10 6T 1 deltepn pomn g B,
elvaL fi4 1 — f;. O LoYVPLOUOG Hog artodelyOnke.

il Bfi

9.3 Eméktoon oe petprjolues aveligerg

e ouTn TV Tapdypapo o exektelvouue Tov oplopud tov I(X) dote va €xel vonua yio kabe X
otoyeto Tov F2. Lol TNV emEKTA0N VITAPYEL UL (PUOLOLOYLKY] ETTLAOYT| aipo), Omwg Oa detove, 0
F3 eivar mukvd vroovvoro Tov F2.

Aupe 9.7. 0 J€} eivau mvrvég vadywoog tov FH?
H am68e1En tov Mupatog dtvetar oto Hapapmua A, Eivaw 0gpo avaivong.
Oedpnue 9.8. I'a X € H? kau axorovdia (X,),s, orov I5 ue || X — Xullzoxpy = 0,
(i) H axodovOia (I(X,)),s1 ovyriiver orov L*(P).
(ii) To 69to dev eEaprdrar amd tnv emAoyr tng akoiovdiog (X,),> .-

AmédeEn. () Twam,n > 1, ypnowomordvrag 6t I eival ypoky) Kot loopetpio oto 3 (Mpdtaoy
9.5 ko Anuuo. 9.6), xovue

||I(Xn) - I(Xm)”U(P) = ||I(Xn - Xm)HLZ(P) = ||Xn - Xm”Lz(/lXP)'

H tehevtaia moootnta tetvel oto 0 yio m,n — 0o agov 1 (X,,),>; ovykiiver. Apan (I(X,)),>| elvon
Baoikn axorovdia otov L2(P), o omoiog eival tANpng. Apo ouykMVveL.

(i) Avto émeton dueoa amd to (i). ‘Botw dvo axohovdieg (X,),>1, (¥,),>1 otov F3 oL omoieg
ovyKAivouv otn X wg tpog T vopua || - [[2gxp). TOTe kar 1 axokovdia (Z,),>; mov opiletar g
X, Y, X, Ys, ... ouykhiver ot X kat, emopévag, oo 1o (1), 1 (I(Z,)),s; ovkhivel. Apa

lim I(X,) = lim I(Z,,,,) = lim I(Z,,) = lim I(Y,). W
To PO YOUUEVO AU ETULTPETEL VO SLATUTIMOOVIE TOV EENG OPLOUO.
Opopos 9.9. To X € 2, opitovpe
I(X) := lim I(X,),
610V (X,,),>1 elvon wo ortoLadnmote akohovBia otov Fi pe ||X — X, ||2oxp) — O.
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9.3 Enéxraon o€ uetonoiues avelEeis

[Ta, yro to I(X), xpnotpomolovpe Tov GuuBoloud

f X(s,w) dB,.
0

Ipoéroon 9.10. Eorw X,Y € H?, kow a € R. Tére:
(i) (aX+Y) =al(X) + I(Y).
(it) EUI(X) = 0.

Anbdesn. (i) Hatpvouvpe axorovdies (X,),>1, (Y,)>1 TOV cvykhivouvy otig X, Y avtiotouya. Tote
aX, +Y, = aX+ Y otov L>(A X P), omote

I(aX +Y) = lim I(aX, +Y,) = lim al(X,) + I(Y,) = al(X) + I(Y).
n—>oo n—->oo
H devtepn wodmta mpokdmTel amd ) ypopuukdmta mg I otov F3 (Mpdtaon 9.5).
(ii) Topa, yia X € FH? Bewpoue axorovdia (X,),s; 0mwg oto Ocdpnua 9.8. H (I(X,,)),>1 ovyKkii-

verLomv I(X) otov L2(P), dpo. kan otov L' (P). Katd ovvémera E(I(X,)) — E(I(X)) koL to ovumépaociia
ETMETAL. [ |

H astetkovion tov otoyaotikol ONOKANPMUOTOS
1: 9 = [2(P)

ue Baon To (i) Tg TPoNYovUEVNG TPOTAONG ELVOL YPOUULKT]. O SelE0VUE EMUTAEOV OTL ELVOL CUVEYNG
KOl LWAALOTOL LOOUETPLOL.,

Iopiona 9.11 (Ioopetpio Itd otov F2). Av X € F(?, té1e

Ol z2py = [1X1lz2ixp)-

o0 2 (o0
S = S 2 S ). .
E{(/O X( ,w)st) } E(fo X(s, ) d) (9.8)

Amédei€n. Bewpovpue axohovdio (X,),>; otov F5 pe lim, o X, = X og wpog ™ vopua. || - Il12¢xP)-
‘Exovpe ot lim,,_, o, I(X,,) = I(X) ot || - [|12¢p) VOpUQL KaLL

XN 2p) = 11Xl |2 axp)

vio k00e n > 1. Emeldn oe évo xhpo pe vopua 1 Guvaptnon vOpra eivoal ovvexng (Eetal oo
| [|x]] = [V | < [lx = yl]), yia n = o0, 1) Tehevtaia LooTTa divel To Titovuevo. [

Andadi)

To etOUEVO BNULAL ELVOL VO OPLOOVIE TO OLOKANPOULA Y10, OVEMET e 0VVOLO SELKTMV VAL VITOOLA-
omua [a, b] C [0, o).

Oa 0plLoOVUE TPDTO KATOLOUG Y MPOVG aveMEemv. Mo aveMEn X @ [a,b] X Q — R Aéyetan
UETPNOLUN av elvar puetproun g mpog ™ o-daveppa B([a, b]) @ F. O ywpoc F2[a, b] mepiéyer
axpLag TIg netpnoeg tpooapuoopeves X : [a,b] X Q — R pe

b
E(/ X(s, w)? ds) < o0,

79



9.4 YmoAoyiouol kamwotwv oAoKAnowuUATWLV

evar 0 F(3[a, b] mepiéyer tic X : [a,b] X Q — R g wopeic

k
X(t,w) = Y A) 1, ... () via xa0e (t,0) € [a,b] X Q, (9.9)

i=1

nek € NY,a <1y <t) < - < fiy1 < b, MV A; va eivaw F, -petpoym, kaw E(A7) < oo yia kébe
i=1,2,..,k
T o X € F2[a, b] Oempodue v eméxtaon X : [0,00) X Q — R ¢ X pe

K(t0) = X(t,w) avt€ |a,b], 9.10)
7 o av t € [0, 0)\[a, b], .

n omoia elvaw oTotyeio Tov FH? kau opilovue
b o
f X(s,w)dB, :=I(X) = f X(s,w) dB,.
a 0

EL81Kd Lo To OMOKApmUoL fot X(s, w) dB(s) ypnoipomorotue tov ovufoiond 1,(X).

BéBawa to I(X) givon to dpto lim,,_, o, I(X,,) otov L2 dtov (X,,),>; etvon po axorovdia otov HE ue
X=X, |l 20xp) = 0,1 0apEn g omotag eEaopohileta amd To Anupa 9.7. Ao v amddel&n tou
Mupartog pokvTeL 6T Lo T (X, ),>1 Wropodpe vo vrobécovpe 0t X, (f, w) = 0 avt € [0, oo)\[a, b]
KaL pa vdpyel Y, € H3[a,b] wote X, = ¥,

9.4 Ymohoyionol KATOL®WY 0AOKAM)POUATOV

Moapaderypa 9.12. Two B tumkn kivnon Brown kai ¢ > 0,

' 1 1
B,dB, = =B} — 1. 11
‘/0‘ S S 2 t 2 (9 )
AmbdeiEn. AxohovBovue T SLASLKAOLO TTOV TEPLYPAPNKE TNV TTPONYOVUEVT TTOPaypago. Exovue
X(s,w) = B, yio xaBe s € [0,7] kou émevtar X(s,w) 1= Bylepo, Y\t KGOe 1 € [0,00). H X dev
elvai otouyelo Tov H5 alhé Tov F2 (Yo T petpnoudmTa, epapudovue v Aoknon 4.12), omdte
Bplokoupe axorovdia oToryeimv Tov FH3 ov TV TpooeyyiZouv.

Mo n € Nt ko 0 <j < 2" Ogtovue t;") 1= jt/2". Ko €merta, yuo (s,w) € [0,00) X Q kavn € NT,

pI
X,(s,w) := Z Btgn)l(tgn) t(n)l](s). (9.12)
i=0 J i+

o v amdotaon Tov X, X, otov F2 éyovue

t -1 A
||X - Xn”iz(le) =E (f {X(S, a)) - Xn(s’ a))}Z dS) =E Z “ (Bg‘ - Bt(n))z ds
o j

. n
Jj=0 tj

on_y A

’ (n)
'—1 L j+1

Jj+1

= ZO o E(B, —Bt/(n))2 ds = Z
J= i ’

(s — t(")) ds
j:O t(n) !
J

2M—1
1 W oy L, P
—§§)(G+1—6 )y =32 = s
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9.5 To oloxArjowua kot Séouevon

mov Tetvel 0to 0y n — oo.
‘Emerta, xpnotpomotmvrag Ty tawtdomra 2x(y — x) = y? — x2 — (y —x) yia x, y € R, maipvovue

2"—1 2n—1 2n—1
I(Xn) = Z Bt(’l) (B[(”) - Bt(”)) Z (B (n) Bz(n)) - Z (B[(n) - Bt(n) )2
j=0 J J+1 J /+1 lj =0 j+1 J

2
1 t
) 2 2 2
_B 5 Z(B(n) _Bt(n)) - §Bt )
1+1 J

otov L*(P) yio. n — 00 Adym tov Osmpnuatog 8.8. Mdhota to idto Bedpnua, e€attiog g emhoyng
TV ONUELWV tf"), dtver 61 I(X,,) = (B? — £)/2 ue mBavémra 1. [

Mopadevyna 9.13. Twa B tusmkn kivion Brown ko 7 > 0,

t 1 t
fost=—B,3—f B, ds.
0 3 0
@)

AmédeiEn. Edh o ohoknpmtéog eivon 1 avéMEN Y(s,w) = B2 yia k40e s € [0, ]. Opilovue Ta f;
O 0TOo TPONYoUuUEVo TTapaderyna. Kat yio (s, ) € [0, 0) X Q,

AY(S’ a)) = BglsE[O,t]’
2"—1

Y, (s,0) 1= Z B(n) (0] (5)-

Mutopei va dei kaveic 6t lim,,_, o ||¥ — Yn“iZ(sz) = 0. T v €0peon Tov oplov TG

-1
— 2
1Y, = Z;) B, (Bt]@1 —Bw),
= J )

TOPATNPOVUE OTL

= (B, o + Bw —B <n>)

/+l

= B3 , + 3B2 )(B (n) —Bw)+3Bw(Bw —B (n))2 +(Bw —B (n))3.
tj 5O l lis1 l

/+1

[MpooBETovTag aUTEG TIG Loérnreg v j=0,1,...,2" — 1 maipvovue
-] -]
B} =31Y,)+3 )] B (B —Bw) + (B o =B
= . = :

To mpdto dOpotopo. ovykhiver otov L2(P) oto 3 fot B, ds v to devtepo oto 0 (Aoknoelg 8.3, 8.2).
Ko to ovumépaoa Exetol. [

9.5 To ohokMjpoua Kot déouevon

Mpotaon 9.14. a0 < a < ¢ < b kaw X € F*[a, b éyovue:

(i) H/, b X(s, w) dB, elvau F,-uerorjowun tvyaia uetafAnti. Akoipéoteoa, to odokAjowua [, b X(s,w) dB,
w¢ oroyeto Tov L*(P) éyer avtimobowmo tuyala uetapinti wov eivaw F,-uetorjowun.

81



9.5 To oloxArjowua kot Séouevon

(ii) Me mbBavornta 1 toyvet

(iit) Me mBavornta 1 woyvet

b c b
f X(s,w)dB, = / X(s,w) dB; +f X(s,w) dB,.
b
E{/ X(s,w) dB;

fa} =0.
(iv) (loouetola Ito ue déoucvon) Me mbavornra 1 woyvet

b 2 b
E[(f X(s,a))st> fale{f X(s,a))zdsfa}.

AmédeiEn. (i) Eotw X1 owé)\tgn mov oplotnke oty (9.10). Ao to Anuua 9.7, vrapye (X, )n>1 oTov
FE uelim,_, o X, Xom vopuo. ||+ ||L2(,1Xp) Omug TOPUTNPNOOUE TPV TN SLATOITMOT TG npomong,
unopovus va. éxovpe 6TL kK4Oe X, LoovTal pe wa ¥, pe Ty Y, € F3[a,b]. Tote k4Oe I(X,), eivar F-
uetpnoy. Emeldn lim,_, o I(X,) = I(X) om || - || 12(p) VOPUOL, EETAL OTL VITAPYEL VITOKOLOVOLEL TNG
I(X,)) o ovykhiver oty I(X) oyeddv mavton. Mmopotpe pdhiota vo. virofécovue 6t 1 idra 1 1(X,,)
OVYKALVEL (AAMME, TNV AvTLKOOLOTOVUE (e (o GUYKALVOUOO. vitakolovdia TG o€ 0,TL akolovBOeL).
'Botw A :={w € Q : lim,_, , I(X,) vapyst }. Evkola delyvovue 0TL A € F,. O¢tovTtag

lim,, I(X,) avew €A,

Z(w) :=
0 avw € Q\A,

éxovue OTL 1 Z etvan Fp-petpriowun kat, emetdn) P(Q\A) = 0, avikel oty khdon tov I(X). H Z eivon
0 AVTLITPOOMITOG TTOV TNTAUE.
(ii) 'Eoto X émoc opiotnke oty (9.10) Ko
Xl (t’ CU) = X(t’ w)ltﬁc’
X(tw) = X(t, o)1,
yia k60 (1, ) € Q X [0, 00). ToTE TO AUPLOTEPS PELOG TG TNTOVHEVNC LoOTNTAC LoovTaw e I(X), evd
10 8eEl ne I(X,) + I(X;), Ta. omota LoovvTon Adyw tov 01t X = X| + X, Kow g ypouukomrog e 7
(TTpotaom 9.10).
(iii) Yrobétovpe mpmta ot X € Ft[a, b] var ypheetol dmwg oty (9.9). Tote

k k
E {Z Ai(w)(Bli_H - Bt,-) ‘rfa} = Z E {Ai(w)(BtH_l - Bt,-)
i=1 i=1

lal<i<knF,CF, OUVETTAYETOL OTL 0 § OPOG TOV TEAEVTAUOU ALOPOLOUATOG LOOVTAL UE

5%}

fa}.

E {E {Ai(w)(Bz,+l - Bt,-)|5tt,-} \rfa} =E {Ai(a)) E {(Bt,-+1 - Bt,-)|‘Tt,-}
- E{Ai(w) EB,, - fa} =0
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9.5 To oloxArjowua kot Séouevon

agovn B,  — B, elvar aveEapmm amd mv F, . Topo yioL T YeVIKY Tepimtomon, udpyel akohovdio
(X)z1 0t0v Hila,b] dote ||X — X, || 2axp) — 0. Emedn yia kébe X, €xovpe deiEer v mpdraom,

LoyveL OTL
2 b
f}) - E (E{ / (X(s,a))—Xn(s,a)))st ?D

b
E (E{f X(s,w)dB,

a b 2 b 2
<E|(E ( f (X(s,a))—Xn(s,a))>st> F U =E ( f (X(s,w)—Xn(s,w))st)

= E{1C0 — 1)1 = 11X = Xl ey

H avicdmta ot devtepn ypouun Tpokimtel artd Ty aviootta Jensen yio T SEOUEVUEVY HEO)
. H Tpd 100tta 0ty TEAEUTAlo YPOouUn VoL atA®g 0 0pLoHOg TV OAOKANPWUATWV TG
mponyovuevng ypouung. H emduevn wodtnta mpokimrer amd ) ypopuukotta g I Kot TV 1o0-
uetplo Itd . H moootto oty omota katainEaue tetver 0to 0 yi 1 — 00 KoL 0 LOYUPLOUOG LAG
aTodely ONKe.

2

(iv) Apxel va dei€oupe OTL Yo KGOe A € F, 1oyveL

b 2 b
E{1, (f X(s,a))st) =E{1Af X(s,w)zds(.

AVTO OUWE TPOKVITTEL AITO TV EQOPUOYT TNG LOOUETPLOG TOV Itd otV aveME

1 X(1, t €la,b],
K (o < (M@0 10
0 t € [0, 00)\[a, D].
1) OTTOLEL ELVOLL UETPTOLUT] KO TTPOCCPUOCUEVT] YIOTL A € F,. [
Aoknoeig

S1T1¢ AOKNOELG TW0 KATW, B €lvoL wio TuTtLkn Kivnon Brown.

9.1 'Eotw f : Q@ — R opowdpuopga ovveyne. Na deiydei ot1
(i) T kG0 Cauchy (Baoikn) axorovbia (x,),> 0t0 Q, 1) axorovdia (Ax,)),s; elvar Cauchy.
(i) H f éxer povadun ovveyr eméktaon f @ R — R.

9.2 Ta a € R va dewyOet 6L avéMEN X pe X(1, w) : = e®® y10.xd0e (t, w) € [0, 00) X Q dev elval otoLyeio Tov F2,
aré 0 TePLopLopds T oo [0, 1] X Q eivou otouyeto Tov F2[0, 1]. 'Emerto. vo vToAOYLOTEL 1] SLLOTOPE TG TUY UG
uetopinig I(a) := fol e’B dB,.

9.3 T a € R, Oewpodpie TV avéMEN X pe X(t, 0) = e yia kéBe (1, ) € [0, 1] X Q. Na Bpedet yia ot a eivan
N X otouyeio Tou F2[0, 1] kot va vtohoylotel 1 Staomopd g Tuyaiag uetapintg J(a) 1= fol B! dB,.

9.4 (a) Avf,g € F(?, tote
EU(I(g)} = f E{f(t, 0)g(t, )} dr.
0

(B) Tota 1 GUVSLAKVILOVOT TWV TUYCLOV UETOPANTOV fol tB,dB,, f02 B! dB;

t 2
/ sdB, = tB, — f B, ds.
0 0
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9.5 To oloxArjowua kot Séouevon

9.6 >to MMapdderypa 9.12 eidape Ot y1o kGOe £ > 0, yio n — 00, éxovue otov L2(P) ) ovykhion
-
t

1
Bw(Bw —Bw) > =B>— —.
j;) ,}()( e ,J()) 7B =3

Na Sery0el 0TL £x0vue MLONG TIG OVYKALOELS
21—

1
2 BwBw - Br}"’) - 3B +

t
A~
=0 2

2"—1
1
B n n B n _B n - _Bz
Z P ion® =) = 38

otov L*(P) kofo¢ n — .

9.7 Tw 0 <a<bxaf: [ab] - R Borel uetpnown pe fubfi(t) dt < oo, va deiyOel OTL 1) TUY QUL PETABATY

b
2P = f f1)dB,

akorovbel v katavoun N(0,0?) pe o* = [ " R(1dt.

H doxmon Agel 0L to ohokAnpopo. Itd KaOe un Tuyaiog CUVAPTNONG, EPOCOV AUTO WTOPEL VO, OPLOTEL, AKOLOVOEL TNV
KOVOVLKT] KOTavouT. Auto oumg dev 1oy VeL yio. To ohokAnpmuo Itd Ohwv tov aveliEewv. Ia mapdderyud, To olo-
KMpopa oty (9.11) akohovdel o Katovoun pe oTpLypna to [—t/2, 00) TV 0mToLo UTOPOUUE VO TPOTILOPLOOVHE
£0KOLO KOL 00pMG SEV ELVAL KAVOVLKY.

9.8 Zto MMapdaderyua 9.13, va deryOet 6t lim,,_, o, ||Y — Yn||i2(lxl,) =0.

9.9 'Eotwf : [0,1] — R Borel petprowun pe j(')lfz(t) dt < oo. Na deryBel 0tL 1) Tuyoie petafinm
I

X :=f SD){sin(B,) + cos(B,)} dB,
0

éyeL droomopd Var(X) = fol £ ar.
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10
To ohokMjpouna wg aveMEN

370 TPONYOUUEVO KEQPALOLO opioape yioo X € F(2 war kéOe ¢ > 0 1o ohoxiMpwua 1,(X) =
fot X(s, w) dB,. Torpa Ohovue vo pehetnoovue Ty eEEMEN avTmv TV Tuyainv uetafintov {,(X) :
t > 0} kabwmg to ¢ petafarreror. Anhadn va Tig dovue mg WeAN wog aveMEng. To onuovTkoTePa,
OTTOTEAEOUATO. TOV KEQOAQLOU mepLeyovtar oty Hapdypago 10.1. H Mapdaypagog 10.2 sivar Te-
YVIKT). ALVEL EVOL ATTOTEAEOUE. TTOV 0L YPELAOTEL OTO ETMOUEVO KEQPAAGLO YLOL [ULOL ETLTAEOV ETEKTOLON
TOU OAOKANPOUOLTOG.

10.1 Xvveyis exdoyn

Otav X € J(5, tote to wpdrypoto eivon omhd. Ta kbbe o € Q kon t > 0, 1) Tuyaio petopinT
1,(X) elvaw povoonuavta optopévn. Aev xpetdletor va ) dovue wg otoryeio tov L2(P). Emopévac,
yio kabe w € Q, 1) ouvapton ¢ — X(w, 1) eivon Kahd optouévn. ‘Exyovue tote to Eng amotéleoo.

Ipotaon 10.1. Eorw X € HF. Tére n avéuén (1(X))so elvaw éva ovvexés martingale wg woog
dufnon (fz)zzo-

Arédeén. Tlpwta amodeikviovue OTL elvar martingale. To OTL €lvalL TPOCUPUOOUEVY TTPOKVITTEL OITO
mv Ipdtaon 9.14(1). To 6t k40 1,(X) € L'(P) mpokimtel yiot 0d TOV 0pLopd Tov OAOKANPMUATOG
1t6 woyver I(X) € L*(P) yuo k40e X € H3 xou L2(P) C L'(P). Emetta y1. 0 < s < 1,

E(1t<x>|fv>=E(zc(x>+ f X, dB, fg)=zs<X)+o=1s<X)

ypnotpomowvtag ta. (i), (i), (iii) oo v [podTaon 9.14.
Agtyvovue Topa ot 1 (1,(X)),>o elvar cvveyns. 'Eotom ot 1 X ypagpetar 6og ot oygon (9.4). T
re{l,..,k}xout € [t,,1,,,), Exovue

r—1

Xl[O,t] (s) = ZAi(w)l(z,.,t,-H](s) + Ar(w)l(z,,t] (5).
i=1

Apa. Lo auTo 10 £, ue Baon tov Opouod 9.4,
r—1
1(X) = ), A(@)(B,,, —B,) + A(0)B,~ B,).
i=0

Entong I,(X) = 0 yuau t < 1, ko I,(X) = Zf:l A(@)(B,, —B,)yw.t >t . Eneidn n B elvan ouveyng,
OL EKPPAOELG GUTEG SLVOUV TO LNTOVUEVO. [

OéLovpEe VoL £)OVILE TO ATTOTELECILOL TNG TTPONYOUEVNC TTPdTaong Yo X € F2. Yrdpyel dung éva
copapd mpdPAnua. H avémEn (1,(X)),so Sev elvan kakd optopévn og amerkovion f : Q — RIG©) e
0TToLOG 1) ELKOVAL 0T0 @ € Q gtvan 1) ovvaptnon Aw)(r) = I,(X).
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10.2 TommkdTnTa TOV OAOKANQOUATOS

[ vo to dovpe avto, ag mpoomadnoovue va Ty optoovue. Emeldn kabe ,(X) eivar oplopevn
og otougeio Tov L2(P), emhéyovue évav avimpoommo amd TV KAGon ¢ (dnhad wo ekdoym
™G), 0 TOV OVUBOAOOUVUE UE Ifl)(X), KOL €(OVUE £TOL QL VEMEN (It(l)(X)),ZO KAA®DG OPLOUEVT] OTO
[0, ) X Q. Ovouagouue avth Thv avélEn ekdoyn g (Z,(X)),>o- AV Tapovue OUmG GAAOVG AVTL-
TPoomITovg Oa Eyovue o AR aveMEN (It(z)(X)),ZO. Oa Oghaue avtég oL dvo avelEelg va elval
un draxploweg (Optopog 4.4, dote 1 aveMEN (1,(X))>¢ VO ELVOL OVUOLAOTLKG LOVADLKG OPLOUEVT)).
ANAOST VO VITAPYEL LETPNOLUO GUVOLO Q) C Q ue mbavotnta 1 mote Yoo w € € 0L CUVOPTNOELG
(t— Ifl)(X)), (t— It(z)(X)) va. tavTiZovran. Tote yia kabe ¢ > 0 Oa LoyveL

0, c {00 = P} =: C..

Kau emouévng omotadnmote emmhoyn €y Oa elvar virtoovvoro g Toung N;»oC;. Eneldn kabe C, éxel
mbavotTa 1, 1 Toun Ha elye ko avtn mbavotta 1 av nrav tave o aptdunouo tinbog ard C,.
Emeldn opmg etvon mavm og virepoptdunotno minog amd C,, eV VL COPES KOV OV ELVAL L] KEVY).
Ex Twv tpotépmv dnhad tirmota dev amokheiet 1) topn va. €xel mbavotnta 0 Ko tote ko o Q) Oa
gyer mbavotnra 0.

SUWTEPAOUATIKA, VITAPYEL TPOPANUC OPLOUOV YLOTL VITAPYEL UEYOAT cvBanpeoto 0T SLodLkaolo
0PLOUOV TOU GUVOLOU TV TUY oLV uetafintov {I,(X) : t > 0}.

Euelg 0o emidLdEoupE VoL KATAOKEVAGOVUE WLO. AVEAETN OTTwG TNV Ifl)(X) O TV, SNAAdT o
exdoyt) ™G (I(X)),>0, UE TOV EMUITAEOV TTEPLOPLOUO 1) OLVAPTNON ¢ = [,(X) va elvar ouvexns e mba-
vomro 1.

Oedpnna 10.2 (Zvveyng exdoyn Tov ohokAnpduatog). Eotw 6t n avéén (X,);so eivar uetorjowun,
TQOGAQUOGLEVT), KA

t
E(f Xz(s,a))ds) <o yakdOet> 0. (10.1)
0

(/ X(s,a))st)
0 >0

n omola ue mbavornta 1 elvau cvveyns ovvagtnon tov t. EmuwAéov, autn n ekdoyn eivow martingale.

Tote vaagyel wa ekdoyn tne

H am68e1En tov Bewpnuartog divetar oto Hapaptnua I

H ovveymg exdoym g (1,(X)),>0, N V7tapEn tng omolag eEaopoliletan 0md To mpornyovuevo Oe-
MOPNUCL, ELVOL OVOLAOTLK 1] LOVAOLKT] OUVEXNG EKSOYN. ANAadY 0TTOLadNTTOTE ALY GUVEYNG EKSOYT
glvol un-dtaxekptoyun amod avtmv (Ipotaon 4.6). Zvupoiilovue avtn v avelEn ue X « B, kot o
OVUPBOMOUOG ELVaL AVAAOYOG Ue TN dtakpLtn) seplirtwon g Hapaypdgov 3.3.

210 €E1¢, OmoTe BewpPoVuE TNV AVEMEN (jg X(s, w) dBS) . 0o VITOOETOVUE OTL TTOLPVOUE T1) OU-

>
veyn ekdoyT TG,
10.2 TomkoTNTA TOU 0AOKAM)POUATOS

Ac oxegrovpe 10 €ENg epddmua: 'Eotw X € F2 kou t > 0. @étovue
A:={w € Q : X(s,w) = 0y xkadbe s € [0, 1]}

To A evdeyouevog va elval €va ovoro ue mbavotnta > 0 ko < 1, Snhadn un TETPLUUEVO.
Toyvet ng(s, w)dB; = 0y KGOe 0 € A?
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10.2 TommkdTnTa TOV OAOKANQOUATOS

Otovn X € F3, to1e autd LoyveL Ko eival dueco yLoti 1o ohokMipmpa opiotke pe Eexddapo
OO0 Yo kéOe dedopévo w (TOmog 9.5). Ouwg v X € F2 1o ohokMipmpa optotnke wg éva OpLo
otov L2(P) ko dev elvor oapéc av 1 amdvinon oTo epmTNUe VAL KATOQATLKY [YLa Teptocdtepa,
deg ) ovlnmon oty Hapdypago 6.5 tov Steele (2001)]. H dtaiobnon pag Aéel 0TL to 1810 Bt Loy
KoL otov H2, al\d mpémel va To amodeiEovue mepvavtag uéoa amd tov ((epiepyo)) opLoud Tou
OLOKANPOUATOC. TNV TAPAYPAPO CUT B0 Lo OTTAOYOMOEL WO YEVIKOTEPT UOPPY] CUTOV TOU
EPWTNUOTOC.

Av T givor xpovog drakomng ko X aveMEN omwg oto Oshpnuo 10.2, Oa dei€ovue OTL 1) oTOUO-
muévn avéMEn (X « B) mpokimtel Kaw aut) amd éva 0toyaotikd ook poua. ITo ovykekpLuéva,
1oovTow pe Ty avéMEN (X1jg 7)) * B. Anhadn,

(X B)T = (Xl[o,T]) * B.

Kot apydg, opeihovue va dei&ovpe 6TL ) avéMEN X[ 71 tkavomotel Tig cuVOTKeg Tov OewpPNaTOg
10.2 mote 1 (X1jo,77) * B va opiletar. 'Eotw howwov Y(1, w) = X(1, w)1o 71(1).
(i) H Y eivow petpnoun. Hpohra sopatnpovpe ot to U = {(f,w) : t £ T(w)} € B([0,0)) @ F
YLOTL ELVOL 1] AVTLOTPOQPY 1KoV Tov ouvolov Borel {(x,y) : 0 < x < y} u€ow NG QTELKOVIONG
r(t,w) = (¢, T(w)). Twa va det€ovpie OTL 1) TEAEVTALA ELVaL peTpn oL, Ttapotnpovue oty 0 < a < b
ko ¢ < dwoyver r~([a, b] X [¢,d]) = [a,b] X T ([c,d]) € B([0,0)) ® F agol 1 T elvou petpnowun.
Topa, yia A € B(R), exovue

Y'A) = {(t,w) : Y(t,0) € A, T(w) > U{(t,0) : Y(t,w) € A, T(w) < t}

=X 'ANnU)UYV,

dmov V=Uav0 €A, evio V=g av 0 & A. Ze x40 mepimtoon, 1o Y~!(A) € B([0,0)) ® F.
(i) H Y eivau tpooappoopévn. Apkel va 1o dei€ovpe yiow myv 1jo 71(2). Twa 1 > 0, m 1o 79(7) elvon
detkTpLa ouvapTnon Tov cuvolov {w € Q : t < T(w)} = Q \ {T < t} Kai o TELEVTALO OVVOLO ELVOL
otouyelo g F, ue paon v Acoknon 4.6. @aiveton ed® 1 onuacto vo eivor o T xpovog SLoKOTNG.

(iii) Téhog, yio ka0 t > 0,
t t
E(f X110,79(s) ds) < E(/ X2 ds) < 0.
0 0

To 0TOTELEOUO TTOV PO EVOLOPEPEL NOLTTOV ELVOLL TO EENG.

Mpéroaon 10.3. Eotw T yodvog dwaxomrjc. Me mbavornra 1 woyvet

AT t
f X, dB; = f X1o,71(s) dB; (10.2)
0 0

yio kalbe t > 0.

H amddelEn g mpdtaong divetar oto [oapaptnua ??. Aueon OUVETELR TG ELVOL TO ETTOUEVO
OTTOTEAEOUCL, TO OTTOLO CTTAVTIGEL TNV EPWTION TTOV TEONKE OTNV apYN TG TTAPAYPAPOV KO TO OTTOLO
OaL YPELCOTOVILE YLOL TNV ETEKTOON TOV OAOKANPOUOTOG o8 avelEelg €Em amd To ovvoro F2.

Ipoétaon 10.4. Eotw X € H? ko T yobévog Sraxomijc wote yia ke s > 0 va woyver X(s,w) = 0
oxedov wavrov oto {w € Q . T(w) > s}. Téte yra kdbe t > 0 Exovue

t
f X(s,w)dB, =0
0
oxedov avrov oto {w € Q : T(w) > t.
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10.2 TommkdTnTa TOV OAOKANQOUATOS

Amddeén. T 1o dedouévo 1, xovue pe mbavota 1

INT t
f X, dB, = f X, 1[0, 11(s) dB,. (10.3)
0 0

To 8eEL uehog g LooTNTOG VTG ooVt e 0 pe havoTnTa 1 yiatt pe xpnomn Tov tHmov tov Itd 1
delrtepn) Tov pomn elva

t t
E (/ Xgl[O,T](S) ds) = f E{XEI[O,T](S)} ds = O.
0 0

H televtoio toomTo Loyver yiott yio dedopgvo s € [0, 1], n deixtpra 1 77(s) elvan # 0 povo oto
{w € Q : T(w) > s}, oto omoto dpuwg X, = 0 ue mbavotnta 1.

Tehog, To apLotepd uerog g (10.3) wwottal ue fot X, dB; 010 {w € Q : T(w) > t}. Kowm wpdTaon
ETTETALL. [ |

Aoknjoeig

10.1 'Eoto (X, 0) netpikodg xopog kau (x,),s; akorovbia otov X dote va vrapyel otadepd c € (0, 1) ue

Q(xn’ xn+1) <c"

yio kG0 n > 1. Na deiyOet on 1 (x,),>; elvon Cauchy.
10.2 'Eotow avéMEn X 6nmg oto Oedpnua 10.2. Na deiy0el 0t 1) avéMEN (¥,),»o ue

t 2 t
Y, :=< f X(r,w)dB,) - / X(r,w)?* dr
0 0

yio KGOe £ > 0 elvor €va martingale sov e mbavotnta 1 €xel cuveyn LOVOTATLOL.
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11

EReKTAOELS TOV 0AOKAPOUATOS

1 yevikn Oewplo 0TOYOOTIKNG OAOKANPMOTNG SLVETAL VONLOL OTO OAOKATPMUC,

b
f XdM

yio. opketeg avelEelg M kar X, ywpig va elvol amapattnto 1 M va eival Kivion Brown ovte n X
VoL aviKeL o€ éva. 60VOLO TOGO TEPLOPLOUEVO Omtmg To F2. e autd To kepdhao 0o kKdvovue dvo
EMEKTAOELG. TNV TPAOTN O0L Kportnoovpe wg M v Kivnon Brown ko 0o eLTpEPoue TEPLOOOTEPES
X a7td 0,TL EYOVUE KAVEL WG TMPO, VM 0T SevTep O emtitpeyovue teploodtepeg M. H deitepn etvan
amAMg €U ETEKTAONG TOV OVUBOMOUOD Kal OV OITOLTEL KOTTOLO, SOVAELCL.

11.1 Ileproodtepor ohokAjpmTEot

Oa mepipeve kavelg 0tL avn X : [0,7] X Q@ - R, ue 0 < 1 < oo, €xeL v WOO™Ta 1 X(-, 0)
vaL €lvaL oVvEYNG Yo KaOe @ € Q, TOTE To OMOKAN PO jg X(s, w) dB; 60, opiZeToL. Avtod opwg dev
wybeL amapaimnta. Av whpovpe X(s, ) = €& (ue B Tomiky kivion Brown), tote

E(f X(s, w)? ds) = E(f B ds) = f E(e28) ds = f E(e%7) ds,
0 0 0 0

ue Z ~ N(0, 1). Ouwg

1
E(e>7) = / 6'2”2—1 e dx = L / BT gy,
R

R \2x Var

TO OTTOLO ELVOL TEETEPACUEVO OVO Yo s < 1/4 (kaw woovtaw pue 1/4/ 1 — 4s). Apa ywo 1 > 1/4, egovue
o X ¢ F2[0,1] xar To ohoKMPWUC SEV LTOPEL VO OPLOTEL ILE TN SLASLKAGLOL TOV FTPONYOVUEVO
KEPAAALO.

S& aUTO TO KEQPAALO, B0 OPLOOVILE TO OTOYAOTIKO OAOKANPWILA VL0l TTEPLOCOTEPEG X AVTLKAOLOT®M-
viag TV amoitnon E ( fot X2(s, ) ds) < 00, wov Opite Tov H2([0, £]), ue Vv aobevéotepn amaitnon

P(f X2(s,a))ds<oo)= 1. (11.1)
0

Ko yio o X 0mowg oty apymn e opaypapov, To oAokAnpwua 0a opiletol.
‘Onwg Kar oy, Oa dovképouue pe diaotyua ohokAnpwong to [0, 00), koL gvkola Oa opLoTel
HECW 0TV TO OAOKANPOU 08 Kabe ppayuevo didotnua [0, ). O¢tovue

Hoc :={X: [0,00) X Q = R

X petpnouun), TPOoUPUOOUEVT), Ko yia KaOe ¢ > 0
Loy VEL fOtXZ(s, w)ds < oo pe mbovomTo. 1.
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11.1 ITegioe6TEQOL OAOKANOWTEOL

T X og autd 1o ouvolo, oplletor katadinia to ohokinpoua I,(X) yia kaOe ¢ > 0. To cupfo-
MCovue pe fot X(s,w) dB,. O akpipNg TPOTOG 0PLOUOV TEPLYPAPETAL OTNV ETOUEVT] VITOTAPAYPUPO
OAG SV B0 HOG YPELAOTEL TAPAKATM, OTTOTE O AVALYVOTNG UWTOPEL VO OUVEYLOEL UE TNV VITOTTALPA-
ypago 11.1.2.

11.1.1 O 0QLouos Tne ETEKTAONS

Mo kétw, vl X : [0,00) X Q@ = Rxaw7 : Q = [0, 00), Ba. oupPoriZovpe pe X v avéEn
7OV OpLLETAL WG
XO(t,0) = X(t, 0)1,<,(u)

yio KaBe (¢, w) € [0, 00) X Q. [Tpoooyn. O 0pLopdg ELVaL SLOPOPETIKOG CTTO OUTOV TG OTAUNTI|UEVNG
0TOYAOTIKNG 0VEMENC TTov eldaue oty Mapdypago 3.5.

Opwopog 11.1. 'Eoto X @ [0, 00) X Q — R. Mo akorovBia xpovav dtakomng (7,,),> Aéyeton F2-
TOTIKOTTOLOVGC. VL0, T X OLv:

(i) H (z,),>1 elvar avEovoa pe mbavomra 1.
(i) lim,,_, o, 7, = o0 ue mbovotTa 1.
(iii) X € FH? v x60e n > 1.

T kéOe X € F o vrbpyel F2-tomkomolovoa akorovdia. TTpdypatt, av opicovue

t
7, :=n/\inf{t>01sz(s,a))dSZn}
0

ue ™ ovppaon ot inf @ = oo, T0TE N (7,),>| ELVOL AVEOVOQ, e OPLO TO 00, KaiL TELOG

E( f (XEN2(1, w) d;) = E( f i X2(t,a))dt) <n< oo
0 0

Thpo, TOLPVOULLE L0 TOTILKOTTOLOV00, 0koAovdia (7,),s1 xPOVOV dtokomne kat Yo ka0e ¢ > 0 opt-
n/n>1

Covue
LX) := LX) ot0{w € Q : t <7, (0))}. (11.2)

Botw A, :={w € Q : 1 < 1,(w)} i kaOe n > 1. 'Exovue P(UR,A,) = 1 ago? lim,_, o 7,(w) = oo
ue mboavotnta 1. Emouevag m 1,(X) eivon po Tuyoio petafint) mov opiletar og OMov Tov Q, eKTOg
evoE OUEVIG aTto £va 00VOAo pe mhovotnTo 0. ‘Eva tpofinuo oume etvor OTL eeldn 1 akohovdio
(A,),>1 €lvon ovEovoa, ya dedopévo w € Q, 1 I,(X) opiletar mohhég popég! Anhadi) v optfovue
wg LX) yua 6ha T n pe () > 1. Oa deiovpe apéong THpa 6TL To GVVOLO TWV oNuelmv @

0TO OTTOLO EYOVUE CVYKPOVOT TTOMATADV optopmv £xel mbavotnto 0. Kow apa n 1,(X) elvon Kohd
OPLOUEVY] O€ OOV TOV Q €KTOG 0Ttd €va 0Vvoro pe mhavotnta 0.

HMpéroon 11.2. Ia t > 0 otabepd, n tvyaia uetafin 1(X) oolletaw uovosrjuavra ue mbavornra
1 kou dev eEaotdron ad Tnv emtAoyn) Ty TomKOTOLOVGAS AKoAoVOiOS T.
Amddeén. Oa deiEovue TPHOTO TO €ENG. AV 0, T ELVOL YPOVOL SLAKOTNG TTOV LKOVOTTOOUY T 0 < T
otov Q kaw X, X e F2 1ote

LX) = 1,(x™) (11.3)
oYed6V mavTon oto {w : o(w) > 1. Mpdypat, yra my Y 1= X® — X éyovue 6m ¥ € FH? xou 10
Kabe w € Q woyvel Y(w,s) = 0 yio s € [0,0(w)]. Me Baon v [podtaon 10.4, exetar OTL 0%edOV
ntavtod oo {o @ o(w) > t} wyvel L(Y) = 0, dnhadn LX) = 1,(XD).
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11.1 ITegioe6TEQOL OAOKANOWTEOL

Topa epapuotovtac v (11.3) yio Toug YpOVOVG T,,, T, VL0 m < 1, ETETAL OTL TO GVVOLO
Cp 1 ={w € Q 1 1 < 7,(0), (X)) # (X))}

gxeL mOovoTToL 0. AP0l TO 1810 LOYVEL KO Y0 TO Uj <,y Cpp - AVTO ATTOSELKVVEL TOV TTPMDTO LOYVPLOUO

NG TPOTOUOTG.
[ Tov 8e0TePo Lo LPLOWO, TALPVOULE KoL o Ak Torukostototoa akohovdia (6,),>1, EQPOp-
woZovue ™V (11.3) o ta Levyapia xpovov {t, A 0, 7,} {t, A 6,,,0,} Kai €xovue OTL

LX) = L(XEA90) = 1,(XOD)

0yedov tavtot oto D, = {w € Q : 6, A1, > t}. Eneldn P(U,D,) = 1, émetan 1o ovpmepaopo. M

11.1.2  I616tnTES TOV EMEKTETAUEVOU OAOKANQMDUATOS

210 VITOAOLITTO TNG TAPAYPAPOV B SOVUE ONUOVTIIKEG LOLOTNTEG TOV VEOU OAOKANPMUATOG TTOV
optoaue oty (11.2). Kat’ apydg, €L KoL quTtd OUVEYT] TPOTOTOLON).
Hpotaon 11.3. T'a X € H} e, n avéuén (1(X))0 Exet ovveytj toomomoinon.
AnddeEn. 'Eotw ot opifovpe v (I,(X))>o UECW pag Tomkomotovoag akorovdiag (z,),s- T'a

K4Oe n > 1, (L(X™)),50 éxer ouvexs) Tpomomoinom, é0tw (Z,,)s0. Opitovue I,(X) = Z,, yio dha
ta{fweQ 1, >t>1, |} |

Toupaon: Zto eEng, 6mote SOVAEVOVUE IE ULl AVEMEN ( ng dB)l>0 ue X € H32 ¢, 00 Bewpoiue o1t
TALPVOVUE TN OUVEYN EKSOYN TNG. -

‘Opota o Tpwv, Yo 0 < a < b, opiletan o ydpog F7ocla, b] kar to ohokMpwiic fab X(s,w) dB(s)
yio. X og ovtdv Tov xwpo. o to véo ohokAnpmuo oyvouv ot tdtotnteg g Ipotaong 9.10 (i) ko
g [potaong 9.14 (i), (ii). Twpa Ouwg T0 ohokANpmua dev exel ueon tiun 0. Maliota evogyeTaL 1
UEOT TOU TUUY VO U1V UTTOPEL VOL OPLOTEL 1] VAL ELVAL 00 1] —00. ZUVETELD, OUTOV €lvail OTL 1) OVEMEN)
(1,(X)) ;>0 dev elvou amapattnto martingale. Etvon opwg local martingale (Opiouog 4.17).

Hpotaon 11.4. I'a X € e, n avélén (1(X))o eivau local martingale.

AnédeiEn. 'Eotw (1,),>; wo tomkomoovoa akorovbia yio t X. Tote yia kabe n > 1 €qovue
Lp:, (X) = LX) yua k60e t o8 dhov Tov Q (amd mv Mpdraon 10.3). Opwg 1 (L(X™)),5, elvor
martingale apot X() € FH? kau 1o ovpmépaopa émeta. [

Y70 Kamoleg TPoUmoOL0ELS, £Va OTOYAOTIKO OMOKANPMUO. IITOPEL VO TTapaoTadel mg 0pLo adpot-
oudtwv Riemann. o ta 0oTeEAEOUOTO TTOV AKOAOVOOVV, B0l XPELOLOTOVUE WL TTOMD ELSLKT) TTEPL-
TTOOT TTOV AVTO GUUBOLVEL.

Ipértaon 11.5 (TTpooeyyion amd abpoiopoto Riemann). Eotw f : R — R ovveyijg, t > 0, kaw yi

kdOen > 1, A, :={0= tén) < tgn) << t]((?z) = t} dwauéoton tov [0, 1], dote ||A, || = 0. Téte

t k(n)
f(By)dB, = lim " f(Bw)Bw —Bw) (11.4)
0 n— oo = -1 j -1

Kkatd mbavornra.

H amddelEn g mtpdtaong diveton oto [Moapaptnua I'.
Moapatypnon 11.6. Ztnv o TAvVE TPOTOON, KATA TOV OYNUATLONO Tov adpolopatog Riemann, yio
KaOe draotnua [t](.f)1 , t}")]
WOToG. Av emMEEOUIE KATTOLO AALO ONUELD TOU SLOLOTNIOTOG, TOTE TO AOPOLOWOL EVOEXOUEVIE VAL NV
ovykAlver oto ohokAnpmua Itd. To gxovue der avtd oty Aoknon 9.6.

EMALEEQE VAL VITOLOYLOOUUE TNV TUUT TG f OTO APLOTEPO (KPO TOU SLALOT)-
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11.2 ITept666TEQOL OAOKANQWTES
11.2 TIleproodtepor 0AOKAPWTES

'Eoto (Q, F, P) yopog mbavomrag kou (F,),5¢ d1bnon oe avtov.

Opropog 11.7. Mo aveMEn (X,)>¢ UE TLUEG OE EVOV UETPNOLUO XMPO (S, A) AéyeTon TPOOdEVTIKA
uetpnoyn av yo ke ¢ > 0 1 ametkovion

(s, 0) = X (w)

ue edio opopov to [0, 7] X Q eivar B([0, 1]) ® F,/A-uetpnowun. B([0,1]) eivon Ta vtoovvora Borel
tov [0, £].

'‘Botw ywpog mbavomrag (Q, F,P) otov omoto opiletor pia m-d1aototy Kivion Brown B ko
(Fis0 M ETAVENUEVY S1NONON TTOV AVTY) TAPAYEL.

Opopndg 11.8. AvéMEn Itd oe avtd Tov X MPOo pe TeG 0to R Aéue kaOe aveMEN X : [0,00) X Q - R
TTOV YPAPETOL 1OG

t t
X, =X+ f u(s, )ds + f v(s,w) - dB, (11.5)
0 0

yio ka0e ¢ > 0, pe mbavotta 1, dwov virobeétovue OTL:
(i) H X, etvon F Tpocapuoouevn.

(i) Ovu(t, ), v(t,w) = (VO(t,)) <i<m ELVOL pETPTOLUEG TTPOCOPIIOOUEVEG OVEMEELG e TIUEG OTOV
R kot otov R™ aviiotouya.

(iii) Two ka0e 1> 0 kavi = 1, ..., m, ue mbavomra 1, Loyvel
t t
f lu(s, w)| ds < oo,f v (s, w) ds < .
0 0

OL ovVONKEG Elva AKPLBOG AVTEG MOTE TA ONOKANPMUOLTOL VO LTTOPOVV VAL OPLOTOVY KO ETULTAEOV
N X, va. elval TPooapUootEVT) (auTog elvar 0 AOYog IOV TNTAUE KoL Gtd TNV U VO. ELVOL TTPOCTPUO-
OUEVT], EVED YLOL VOL OPLOTEL TO OhOKANpwuo. (Riemann) 7tov TV EUTAEKEL, AUTO SEV ELVOL ATAPOLTI|TO).
Mo ebypnoTn eivar 1 ypogn wog aveMEng Itd oe Stagpoptkd cupBoitond, dniadn

dX, = u(t, 0)dt + v(1,0) - dB, = u(t,w)dt + ¥, vV (1, 0)dB".

i=1

To tehevtaio ohokAnpoua oty (11.5) vl GOPOLoU 71 0TOYAOTIKDOV OAOKANPWUATOV, Kot Ue Boom
™ oVuPoon OV Exovue KAveL auéong uetd v Ipotaon 11.3, elvan pe mbavotta 1 ovveyng ov-
VAPTNOT TOV £, 07TOTE 1) X £XEL GUVEYY NOVOTTATLO Ue TibavotnTa 1.

Entektelvoupe Tov 0pLopd ToU OLOKANPMUOTOS ETLTPETOVTOG O OAOKANPMTNG VO, lvar aveMEn Itd
OTT™G TTLO TAVW. OLTOVUE

fY(s,w)dXs :=f Y(s,a))u(s,a))ds+/ Y(s, w)v(s,w) - dB,
0 0 0

t m t
=f Y(s,w)u(s,w)ds+2f Y(s,w)v(i)(s,w)ngl).
0 i=1Jo

Ou avelEelg Y yia Tig omtoleg 0pLlleTol T0 OMOKANPWUE EIVOL AKPLBMG QUTEG YLOL TIG OTTOLEG EYOVV
VONUO, TA OAOKANPOUOTA TOV SEELOU HEMOVG TG TELEVTALAG LOOTTOG.
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11.2 ITept666TEQOL OAOKANQWTES
Aoknoeg

11.1 'Eoto (u(t, ));50, (v(t, 0)),>0 LETPNOLUEG TPOCAPUOOUEVES averiEeLs e TiuEG 0to R dote yia kabe ¢ > 0 va
oyveL v € F2[0, t] xau, pe mbavomra 1, fot lu(s, w)| ds < co. Oewpovpe ™V avéMEN X Tou opileTon g

t t
X, =X, + / u(s, w)ds + f v(s,w) dB,,
0 0

ue X, kdmoro tuyaio uetafint. Av ue mbavotrta 1 €xovue X, = 0 yio k40e ¢ > 0, tote e mbavoTra 1 1oyvet

XO = 0
u(t,w) =0 A-oxedOv yia kabe t > 0,
v(t,w) =0 A-oxedov yio kaBe t > 0.

93



12

O tmog Tov Ito

T ouvapmon f : R — R pe ouveyn mopaywyo, Exovue dfis) = f(s)ds mov e 0hoKANPOTIKY
HOPT] OTUCLVEL

b
fb) —fla) = f £(5)ds (12.1)

vio KaOe a < b. Av emmhéov ko g : R = R €yeL ouveyn mopaymyo, oL TPONYOUUEVEG OYECELS YLOL
mv fo g ypagovron d(f(g(s))) = f'(g(s))g'(s) ds = f (g(s)) dg(s), xaw v a < b,

b
fg(®)) — flg(a)) = / f(g(s)) dg(s)- (12.2)

Otav 1 g elvar 1 kivon Brown (kau dpa oL Stapoptowun), T €01 autig TG LOOTITOAG TALPVEL
o tOmog tou Itd. To apotepd nehog g (12.2) ypagetar wg abpotopo dvo ohokinpwudatwv. Evog
Riemann ko evog 0toyaotikol (Agg oyeon (12.3) o KaTm).

[Mavtoy 08 aUTo TO KEQPAAALO, EKTOG 0V ONAMVETAL SLOPOPETIKA, B €lvOL (Lol LOVOSLAOTOTY Ki-
vnom Brown, Oyt awopaitnTo TumK).

12.1 TiYmog Itd. H arthovotepn popgn

Oeopnua 12.1 (TVmog It6. 'Exdoon I). Eorw f : R — R Své pogés mapaywyiowun ue cuveyrj devteon
mapaywyo. Tote ue mbavotnra 1, toyvet

8= e+ [ r@yas,+ 5 [ 1) (123)
0 0

v kG t > 0.

H am6de1€n divetran oto Hapaptue I'. ESm 0o Sovue xovrpikd ot loyveL To amotéheona. To
neplepyo oty (12.3) oe oyxeon pe v (12.2) etvor 1) mopovoia tov 6pov (1/2) fotf’(Bs) ds.
H déa mg amoderEns: H petaforn g fB,) ot £va mkpo diaotnua [s, s + As] eivar

f(Bs+As) _f(Bs) zf'(Bs)(Bs+As - Bs) + %f"(Bs)(Bs+As - Bs)z' (124)

AvTO glvar pEPog tov avortiywotog Taylor. Ayvoouue Toug petemerto opove. H (12.4) ue ) fondera
SLOLPOPLKDV KWOLKOTOLELTAL MG

dfB) ~ f (B)dB, + 3" (B)(dB,)’ (12.5)
= f(B,)dB, + %f"(BS) ds (12.6)

To 6t (dB,)? = ds to éxovue der oty Hapdypago 8.3 (deg Mapatipnon 8.11).
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12.2 Tvmog Itd. Muo ko) yevikevon

H (12.3) 6a wpox el abpotlovtog Tig uetafore g fAB,) oe 6Ao to didotnua [0, 7]. Anhodn maip-
vouue dropgpron Tov [0, £] og n Sraotnuota, kKadgva tayovg As = t/n, abpolfovue Tig UeTaPOoMES,

n—1
D Biaseas) — By}
k=0

Kot TEhog malpvovue n — oo. o T petafoln g fAB,) og KaHE SLACTNUO TAPAAELTOVUE OPOVG
OV oUVOALKd elvan Tg TUENG (dB,)? = (ds)*’? ~ (t/n)*. To &Bporoua avthv Twv Aabdv ot dha
o n draothoTa elvan g téEng n(t/n)>? = A0~ xou telvel oto 0 KaBMOC n — 0. 'Etol 1 (12.3)
Byatver axplpog.

H (12.1) umopetl va. amoderyOel pe ) fondeta tov avasroyuotog Taylor 6mwg koL 0 THTOG TOV
It6. H dragpopd elvan 6t o vitohowto Taylor deirtepng TaENG oto avamTuyua g fls + ds) yopw armod
10 5 elvaw g TAENG (ds)? Kau to AOPOLoRa GRWV TWV VITOAOLTWV TAVMD OTO CUELOL UL SLAUEPLONG
TOU [a, b] Telver 0to 0 KabmE To TaY0G TG SLaUEPLONG TELVEL 0TO 0, OTTMG VLA TTAPASELYILAL TELVEL OTO
undev To abpolopa ZZ=1 1/n? ago? ot e 1/n.

IMopaderypa 12.2. Oa dodue pa G amddelEn Tov THmou

t
1
B,dB, = —=B> — =
fd 277

yio. B tumikn kivnon Brown kou 7 > 0, Tov omolo €xovue nom det oto IMapaderyua 9.12. O thmog tov
Itd yia T ovvaptnom flx) = x> divel

t t t
1
BtZ:f2Bsst+—/2dt:2stst+t,
0 2 0 0

7OV glvon 1) Tnrovuevy.

12.2 Tvmog Itd. Mo pukpn} yevikevon

Oedpnuo 12.3 (Tumog Itd. 'Exdoon II). Eorw f € C>'(R X [0, 0)) . Téte ue mbavérnra 1, ioyvet

t t t a2
fB,,1) :j(BO,O)+f a—f(B‘Y,s)ds+v/- g(Bx,s)dBS+lv/‘ a—f(BS,s)ds (12.7)
o, Os h, Ox 2 ), ox?

v kdOe t > 0.

To otvoro C1(R X [0, 00)) mepiéyer axpipag Tig ovvaptmoeg f : R X [0,00) — R, ue dpiopa
£0tw (X, 1), YLOL TIC OTOLEC VITAPYOVY TOVTOV OL HEPLKEC TTapdymyol 02f/dx2, df/dt ko elvar cuveyeic.

H amddei&n kot ovtot) tov Oswpnuatog divetan oto Mapdaptua I, alla okt Oa meprypdapovue
edd v e g, H dragopa fAB,, 1) — f(By,0) tooltar ue to afpolopa Tmv UeETABormV TG s >
f(B,, 5) ota. onueto omolaodnrote Stapeptong tov [0, 7]. Matpvovue wio: SLAUEPLON UE APKETA KT
AerttotnTo. To As > 0 ukpo, 1) LETOPOAT QLUTNG T ITELKOVLOTG OTO [, s + As], ue Baon To Oedpnua,
Taylor (oG HETAPBANTIG XWPLOTA YL TIG X, £, ELVOL

f(Bs+As’ s+ AS) _f(Bs’ S) :f(Bs+As’ s+ AS) _f(Bs+As3 S) +f(Bs+As’ S) _ﬂBs’ S)
of of 16°f >
~ a(Bs+As’S) As + a(Bs’ s)(Bs+As - Bs) + E@(Bs’s>(Bs+As - Bs) s
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12.3 Tvmog It otig moAAEG Saotdoels

TTOV [UE YPNON SLAPOPLKMDY YPAPETOL

d a 162
ABo) = LB,y ds + (B, 5)dB, + 1 L (B, )aB,)

Os Ox 2 0x2

of of | 3%

J(B,,s)ds + L(B,,5)dB, + ==L
as( w8 ds 8x< ) 2 0x2
ABPOLTOVTOG QUTEG TG «OTTELPOOTEG> UETAPOLES TALPVOUUE TO TPLOL OMOKANPDOUOTA TTOV EUPOVILO-
vtaL 0to Oewpnua.

Av yvopilope 0TL OAEG OL TOPAYWYOL TPDTNG KoL SEVTEPNC TAENG TNG f VITAPYOVY KL ELVOL GUVE-
velg, Ba umopovoaue va epapuocovue To Oewpnua Taylor dvo petapfintdv. Tote 0TV TOPATAV®
Tpoogyyon Oa gpupavifovray Kat oL 6poL

3°f 3f
—(B,, s)(ds)?, =——(B,, s)dB,ds.

(B, s)ds.

AMG auToL gLV KPOTEPNG TAENG 0ITd aTONG TTOV EUPAVIOTNKOV TTLo Tavm. To abpoloud Tovg
TELVEL 0TO UNdEV Kabwg 1 Aesrtotnta g Staueprong tov [0, 7] Tetver oo 0.

Mapdderypa 12.4. T 2 € R kou B Tumiky) kivijon Brown, 11 avéMEn X, 1= B2 1 > 0 elvan
martingale, 0mtwg edoue 010 Oehpnuo 7.1. Oa dovue edm wo aiky amodelEn. Egapuotovue tov
tOmo tov Itd yia ) ovvapmon flx, 1) = 4172 Me mbavémta 1, 1oydel yio kée 1 > 0,

A

2 t t t
X, =f(B,t)=1-— > f f(B,,s)ds + )Lf f(B,,s)dB, + %)Lz f f(Bs,s)ds
0 0 0

t
=1 +lf f(B,,s)dB,.
0

Ao 10 Oedpnua 10.2, pokvstel 0t 1) aveMEN Tov 0plleL TO TEAEVTULO OTOYOOTIKO OAOKATPMUA
elvo, martingale opketl va. det€ovpe ot tkavortorel v (10.1). Tlpdypatt

t t t t
E ( f f(B,, s)? ds) = f E(eXB~75) ds = f Ve s = / 5 ds < 0.
0 0 0 0

12.3 Tomog Itd otig mOALES dLaGTAGELS
Tof @ R x [0, 00) = R vrevOupitovpe Toug oupforlopong
ad d d
VS 1) = (—f(x, 0. Lo 2L, z))
5x1 aXZ axd
d
o*f
Aflx, t) = —(x, 1
NEDEDIEEICD

i=1 i
7OV €LvOL TO SLavuopa KMong Ko 1 Aarhaotavy) g f otav Bempeltal ovo mg ouvapTIon TOU X.

Oedpnua 12.5 (Tomog Itd. 'Exdoon ITN). Eotw f € C*'(RY X [0, )) ko B = (B, B, ..., BD) ua
d-0waotatn kivnen Brown. Tote ue mbavotnra 1, toyvet

t t t
0
f(B1) = /By, 0) + f Y 5, 5)ds + f V,f(B.5)dB, + & f ABLs)ds  (128)
o 98 0 0
v kabe t > 0.
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12.4 Tvmog It6 yia aveldiEeis Ito
"Eva 0y£810 0tdde1Eng tov Oewpnuatog divetar oto Mapdptnua I, ‘Omwe Kot 0TI Tponyovueveg

£kdO0ELg TOV TOTTOU, 1 0TOdelEN Baoileton oto avasttuywo Taylor T AB,, 1).

Moapatypnon 12.6. O timog Tov Itd elval o edypnoTog 0T SLATHTWOT TOV UE SLapopPLkod uuPo-
Aopo. Anhadn,

df(B,, s) = %(Bs,s) ds+V f(B,,s) - dB, + %A,J(Bs,s) ds.

Mapatypnon 12.7. Ipokirtel amd o mopamave Oempnua T, av wa f € C*(RY x [0, 00)) tka-
VOTTOLEL TNV

af 1

(x, A fx, 1) = 12.

50+ 58 =0 (12.9)
oto RY X [0, 00) ko B eivou o d-diéotatn xivnon Brown, tote n M, = f(B,,1),t > 0 eivau local

martingale yiatt 0 TOTOG TOL Itd Sivel
of 1
df(By,s) = G_(B‘”s) ds + V f(B,,s)dB, + EAﬂBS,s) ds = V f(B,, s) dB,.
s

BéBawo M, eivon martingale av urmopoupe vo deiovpe ot V. AB;, s) € F2[0, ] yio kéOe ¢ > 0.
Mo aELOOUELMT) TEPLITTWOT ELVOL EKELVT KOTA TNV OTTOLOL 1) f ELVOL GUVAPTI 0T UOVO TOV X, E0TW
fx, 1) = u(x), omdte 1 (12.9) Tntder Au = 0, Snhadn) 1 u ELVOL APUOVLKT).

Hopdderypa 12.8. 'Eoto B = (BY, BA, ..., BD) ya d-dudotot kivion Brown kat 1) cuvéptinon

fix) := (x%+x§+ +x§+ DY2. Tpbgpovpe x = (x;, Xy, ... , X;) Ka |x| = \/xf +x§ + - +x[21. Hf éye

T y= %

Ty= e,

92 o 1+ |x|2—xi2

o (WP + 1P
v ka0e i = 1,2, ...,d ko tkovortotel Tig vtodeoelg tov Ocmpnuatog 12.5. Apa yio v aveME
X, :=f(B,) £&xovue

d
1 i i d+(d-1)|B,?
ax, = —L 3 g0 gp y SX @ DIBL

2(1B,> + 1)32

124 Tvmog Itd Yo averiEers Itd

Enexteivouue tov oplopd g avéMEng Itd yio aveliEeig ue tuéc otov RY, ue d Oetikd axépaio.
'‘Botw ywpog mbavomrag (Q, F,P) otov omoto opiletor pia m-d1aototy Kiviion Brown B ko
(Fis0 M ETAVENUEVY S1NONON TTOV AVTY) TAPAYEL.

Opropog 12.9. AvéEn It oe avtdv Tov dpo pe Tée otov RY Méue kd0e avéMEN X : [0, 00)XQ —
RY ;ov ypdpeton mg

t t
X, =X, + f U(s, w)ds + f V(s, ) - dB, (12.10)
0 0

v kabe ¢ > 0, pe mbavotnta 1, 6rrov vitobeTovpe OTL:

(i) H X, elvair Fy Tpooapuoouevn.
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12.4 Tvmog It6 yia aveldiEeis Ito

(i) O U(t, ) = (1, 0))<jcq, V(t, ) = (v; (1 0)) 1<i<a ELVOL LETPYOLUEG TPOCOAPIOOUEVEG CLVE-
- 1<j<m
MEeic pe Tipéc otov otov RY xan otov R avtiotouya.

(iii) Tw xkabet > 0kavi = 1,...,d,j = 1,...,m, ue mbavotnta 1, toyvet
t t

f luD (s, w)| ds < oo,f v,-‘]-(s,a))2 ds < 0.
0 0

To mpwto ohokAnpwua oty (12.10) to Aépue TUNUA TAGKS TNG OVEMENG, EVED TO SEVTEPO, TUNUA
duaypuong. Mo edypnot sitvan M ypoagn wog oveMEng Itd oe dtagpoptkd cuufolopo, Sniadn

dX, = U(t,w)dt + V(t,w)dB, ,
TUNUC TAONG T diduong

KL TTLO AVAAVTIKAL
axt) uO(t, ) vt o) - v(t) )\ [ dB
r = : dt + : s : . (12.11)
dx“ WD (t, w) Vi (t,0) o vau(t0) )\ dB™
[Mpogavmg, 1 dia 1 B eivor aveMEn Itd. Zvupaiver Aowtov Kar yia avelEelg Itd va vrapyer ekdoon

TOV TOTTOV TOL It, TNV ool Oa TapadEoove YwPLG ATOSELEN AoV ELVOL AVALOYT IE TIG ATODELEELG
TWV TPONYOVUEVOV EKOOCEWV.

Ochpnua 12.10 (Tmog Itd. 'Exdoon IV). Eorw f € CH(RY) kou X wa d-Sudorarn avérén Ité. Tore,
ue mbavornta 1, woyvet

XD ax? (12.12)

t 1 t d azf
X,) = (X, X,)-dX; + =
oo =0+ [ vy ax+ 5 [ 3

yio ke t > 0.

YTrapyer Kot OUmG Tov TTpemel vo, eEnynoovpe. TL onuaivet To YLvouevo dX( )dX(’) OTOV TTLO TTAV

TOmo? 211 O£0M TG TOOOTNTOG dX( dX(’ ronoesrovue TO omore)\eoua JTOV TTPOKVITTEL ALV OTO YLVO-
UEVO TV SLAPOPLKDV YPNOLUOTTOLOOVUE TG EKPPATELS YLOL AT Tov Siver 1 (12.11), epopudcovue
TNV ETUUEPLOTLKN LOLOTITA, KO TENOG YPT|OLUOTTOLCOVUE TIG OUUPAOELS

dtdt =0
dBYdt =0 yaxédei=1,..,m.
dBfi)dBt(i) =dt ywoxabei=1,..,m.
dBfi)dBt(j) =0 ywaKkabei,j=1,..,mpei#j.

(12.13)

ANAadN 0L HOVOL OPOL TTOV CUVELGPEPOUV ELVAL SLAPOPLKE TTOV O0lPoPOVV THV LOLOL (LOVOSLAOTOTT)
Kivnon Brown, divouv dtagpoptkod dr, kou £tol to devtepo ohokAnpmua oty (12.12) eivow Riemann
KOl 0L OTOYOOTLKO.

Moapatypnon 12.11. Avto mov Agel 0 TUmog Itd oe OLeg TOU TIG LOPYEG ELVOL TO EENG

X, aveMEN 11,

Fopreté Aela } = f(X,) avéMén It.

Emuthgov, o T0mog mpoodlopllel To TUNUO TAONG KaL TO Tunua Sidyvong g aveMEng AX,).
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12.4 Tvmog It6 yia aveldiEeis Ito

- | ar| aB? | aB?
d (0] 0 | 0

aB? o | a | o

aB? o] o | a

IMivaxag 12.1: Molamhaotoouog dtagopikav. BD, B eivar 00 aveEdptnteg povodidotate kivioeig Brown.
[Tol0 %pNOLHOG ELVOL O TTLO KATM TOITOG TTOV SLVEL TO SLAPOPLKO Yivouevoy avehEemv Itd. Evai-
AOKTLKQ, ELVOL O TUTTOG OAOKATPMONG KOTA UEPT] YLOL OTOYAOTLKG OAOKANPDOUOLTAL.
Hpértaon 12.12. Eotw (X;)>0, (Y,)>0 OV6 uovodidorares averibews Itd. Tote toyvet
d(X,Y) = Y,dX, + X,dY, + dX,dY,. (12.14)

H avotnpn ypogn Tov TOTOU €Lval 1 OAOKANPWTLKY,

t t t
XY, - X,Y, = f Y. dX, + f X.dY, + f dx.dy,,
0 0 0

07OV T 80 TPWTO OAOKANPDUATA ELVOL OMOKANPOUOTO ¢ TTPog avehlEelg Itd kan €xovv oplotel
omv Hapaypago 11.2, evd to TeEhevTaio ohokAnpmua, ue xpnon twv ovppdocnv (12.13), divel évo
ohokAnpwua Lebesgue. Mo ouverntela tov thmov (12.14) eivon otL ) X, Y, etvon aveMEn Ito.

X,
2=(%)
t

gtvor Sdtaotatn aveMEn Itd (Ba to dei&ovue oto Tehog). Epapuotovrog tov thmo tou Itd yior T

ovvapmon fx,y) = xy (TOV €xeL PEPLKEG TAPAYDYOVS f = Y.fy, = Xfry = Lfi, = f,, = 0)
TOLPVOUE

Amddeén. H avelMEn

1
d(X,Y)) = dfiZ,) = YdX, + XdY, + 5(dX Y, + dY,dX,)

7ov etvar 1) Inrovuevr). Topa Oo dei&ovue 0Tl 1 Z eivon pdypatt Sidtaotatn aveMEn Itd. Amxd v
vrtobeon, yio g X, Y €xovue

dX, = u(t,w)dt + V(t,w) - dB,
dyY, = i(t,w)dt + V(t,w) - dB,,

0oV B glval 1 m-dLa.otatn Kivnon Brown ue Baon tnv omota opl{ovue TV evvora g aveMENg Itd
OTOV GUYKEKPLIEVO (Mo TOovOTTOG. OL aveMEelg u, it maipvouv Tuég oto R kau ov V, V oto R,

Apa
_ [ uo) V(t, )
(1 o (1,

Hapadevypma 12.13. (ExOeticd martingales) 'Eotw petpnouun ko tpocopuoouévy aveMEn (R,)so
wote yio Kaoe 1 > 0 vo Loy el fotRfds < oo pe mbavomra 1. Oftovue yio kaOe 1 > 0,

1 1 !
Z = o RSdBX—Ej;)Rfdx.
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12.4 Tvmog It6 yia aveldiEeis Ito

Oa det&ovue 0TL 1) Z etvo local martingale.
Ozwpolue TV aveMEN X tov opiletol og Kabe £ > 0 wg

t 1 t
X, :=fdeBs——f Rds
0 2 0

Kat T ovvaptnon flx) = e*. Tote, n X elvon aveMEn Itd (Aoknon) ko Z, = fX,). [apatnpovue OtL

1
dX, = R,dB, — ER? dt,
(dX,)* = R:dt.

"Etot 0 T0mog tov Itd (ékdoomn IV) Sivel

4z, = f (X)X, + 3" (X )(dX,)"

1 1
= Z,R,dB, — EZtRfdt + EZlthdt = Z,R,dB,.

Apa yia KGOe 1 > 0 exovpue
t
Z, =1+ f Z,R,dB,,
0
KO TO OUWITEPOLOUO. £tetan ortd v [potaon 11.4.
[Mopatpovue emThéoy Ta eENg dvo.
* Av éyxovue ZR € F2[0,t] yro kdOe ¢ > 0, ToTe 1) Z elvow martingale.

o Av 1 avéMEn R elvar otabepn ovvaptnon oto [0, 00) X Q kau ton pe Evav apbuod 4, tote n Z
elvoil To martingale sov eldaue oto Oempnua 7.1(iii).

HMapdderype 12.14. 'Eotw 6t u = u(x, 1) : R X [0, 0) = R eivon otoryeto tov C>' (R4 X [0, 00)),
elval ppayuévn oe KaOe ovvoro g poperig RY x [0, T] pe T > 0, Ko LKOVOTToLel

% = %Axu oto R? x (0, o), (12.15)
u(x,0) = flx) v kdOe x € RY, (12.16)

OOV f ELVOL ULAL SESOUEVT) GUVEYNG, PPAYUEVT GUVAPTNOT. AV B glval pa d-duaototn Kiviiorn Brown,
toTE Yot > 0 otabepd xouvue:

() H (M )0, ne M := u(By,t — 5) i x60e s € [0, 7] elvon martingale.

(B) u(x,t) = E{f(B,)} yio. k40e x € R,

N

dB,\ _( 0 1
dXs_<_ds>_<_1 )ds+(0)st.

Supforioape pe 1 1o Stdvvopa (1,1, ..., 1) Tov RY. O tdmog Itd Siver yia s € [0, 7]

dM, = —?(BS, t—s)ds+ V.u(B;,t—s)dB, + %Axu(B‘Y, t—s)ds
s

= V,u(B,,t — s)dB;

(o) Mparyuot, N X, = ( ) elvol o aveMEn Itd agov
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12.5 O t¥mog It o€ yevikd ywola

Apa 1 M givon local martingale. Ao TV GAAT, elvan @PayYUEVY (atd VITOBEON YLl TV 1), APC ELVOL
martingale (ITpotaon 4.19).

(B) Oewpolue Twpa wao ktvnorn Brown B mov va Eekivael amd to dedouevo x. To 6tL | M elvou
martingale ovverayetan ot E,(M,) = E (M,). Anhadn E{u(B,,0)} = E,{u(x, 1)}. Kaw €to1 Aoym g
(12.16) maipvovue E {f(B,)} = u(x, 1).

Apa, av 1 eElomon Bepuotntog (12.15), (12.16) €xelL Ao 1) 0oL ELVAL PPAYUEVT 08 KAOE Aw-
pida R? x [0, T] ue T > 0, tote ot ) Mon divetow amd ) oyéom

u(x, 1) : = E{AB,)}. (12.17)
Avt) elvor o TOOVOTIKT avaTapaoTaon wag Ao,

[0 TEPLOOOTEPQ OYETIKA UE EQPAPUOYES TOV OTOYCOTLKOU AOYLOUOU 0TI AVOT] LEPLKMDY SLaLpOopL-
KOV eElomoewy, dette 1o Kepalato 4 tov Durrett (1996) xou to Kegpaharo 4 tov Karatzas and Shreve
(1991).

12.5 O timog Itd o€ yevika yopio

Av X, elvou por avEMEN Itd otov RY pe X, = x, Kou f elvon par ouvapTnon pe wedio oplopon éva
avouytd ovvoho U € R? ue xy € D (yia mapdderyua, xo = 0,x) = log(1 — |x|), U ={x € R? : |x| <
1}), 7 umopovue vo wope yia v avelEn fX,)? O tihmog Itd mov €xovue der dev epapuoletar. Lo
TETOLEG TTEPLTTWOELS D0 SovUE (oL akOua K800 TOV TVITOV.

T éva A C R, Ba ypdgpovpe AC Y10 TO CUIITA PO TOV KO

74 i=inf{r >0 : X, € A}

YLOL TOV %POVO €500V artd TO A.

Avnf: U - R eivow dv6 gopig Stagoplowun, Oa pag govel xpnowun 1 eEng mpoogyylon. Iaip-
vouue (K,),>1 avEovoa akolovBio ouusaymv cuvormv vItoouvormy tov U mtov xovv évwon to U
Ko emumAéov tkavomolovy K, C K2, (., K, :={x € U : |x| < n,dist(x, U°) > 1/n}). Yrdpyouv
C* ovvaptioeig g, : RY - [0,1]pe g, = 1 010 K, kaw g = 0 010 (K° +1)¢ [@empnua 8.18 oto Folland
(1999)]. Enexteivovue v f oto R? 0étovrag v ion pe 0 oto UC. Tote n £, = fg, € C*(RY) xou
1d1a KaBdg KoL oL TAPAywyoL TG TPAOTNG Kol Se0TEPNG TAENG TAVTILOVTAL UE TIG OVTLOTOLYES TNG f
oto K,,. Emttong f = lim,,_, o, f,, onuetaxa oto U.

Ocopnua 12.15 (THmog Itd. 'Exdoon V). Eorw U C R? avoyté ovvoio, f € CHU), kar X wa
d-Swaotatn avélén Ité ue X, € U. Tote ue mbavotnra 1, toyvet

t t d 2
fX) = fX) + f Vf(Xs)-dXs+% f > of (X,) dxDax¥ (12.18)
0 0 ij=1

axiaxj'

v kabe 0 < t < 1y

Amddeén. O thmog Itd yio Tig ovvapmoels f, : = fg, dtvel 0Tt pe mbavotta 1 woydet

~ t 1 t d azfn ) )
5iX) = F,00) + fo V(X)) - dX + 5 fo ) g K0 X!

Yo KGBe 1 > 0 kau yro k6Oe n > 1. Topo emeldn g — 7y, av 1 < 7y, VIAPYEL 1 g T < Tg . Emeid)
v s < 7, 70 X, € K,, 6mov oL f, f,, KaOMOG KoL 0L HEPLKES TAPAYMYOL TOUG TPDTNG KoL devTepng TAENG
tavtifovrat, To Anuuo I'.1 (oto Mapdptua I, péoo oty amddei&n g Ipodtaong 11.5) diver ot
1 TPONYOVUEVY] OYEON uetaoynuatiletar oty (12.18). [
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12.5 O t¥mog It o€ yevikd ywola
Aoknoeg

12.1 TwkdOe n > 1 xan t > 0, oyveL
t n 1 n+1 1 ' n—1
B'dB,= ——B"™' — —n | B'ds.
A n+1 2 o

12.2 T k € N kont > 0, Oétovpe a(f) : = E(BY). Na dewy0et 6t yio k € N e k > 2 xou t > 0, oydeu

mn=%&—nf@4®a
0

Kat dpa
2K)!

ay(t) = Tk

v KGBe k € N.

12.3 'Eotw 1 > 0 kou (A,),>; akorovbia diauepioewv tov dwaotnuatog [0, 7] omwg oy Ipotaon 8.10. ‘Eotw
ermiong B, W 800 aveEdpmreg kivnoeig Brown. Na deiy0et otL 1 akohovOia

k(n)
Ry = 2,(Bw =Bw)Wwm = W)

i=1 !

ovykAiver 0to 0 otov L? KaOdg n — 00. AUTO TO ATOTELEGILOL ELVOLL YPTOLLLO YLOL VOL SLKALOAOYTOEL KaVELS T oVUP oo
dWdB = 0.

12.4 'Eotw B, W aveEdptteg (Lovodidotates) kivioelg Brown. Na virohoyiotel to Suagpopiid d(cos{B,W,}).
12.5 No amtoderyOet ot 1) €kdoomn IV Tov THmou Tou Itd FTEPLEYEL TIC TPELS TPONYOVUEVEC.

12.6 'Botw u,g : R? X [0,00) — R @payuévec oe k4Oe ovvoro g popeng R x [0, T] ue T > 0, ue v g cuveym
Ko ™V u = u(x, ) otoryeto Tov C>' (R X [0, 00)), mov emmhéov tKovoTOLO0V

% = %Axu +g ot R? % (0,0),
u(x,0) = f(x) yio. KaOe x € R,

OOV felvol P SeSOUEVT) PPayUEVT, cuveyng ovvaptnon. Na deuy0el otL, yio B ua d-81aototy Kivnor Brown kot
t > 0 otadepo, Eyovue:

(o) H (M,)e[o,] e

N
M, :=u(Bs,t—s)+f g(B,,t—r)dr
0

yie. K6Oe s € [0, 1] eivol martingale.

® .
ulx, 1) = E, {f(Bt) + f g(B,, t— ) ds}
0

yio kdBe x € R,
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13
Eg@opuoyes oty kivior Brown

Ze aUT0 T0 KEPAMULO OEAOVUE VO KAVOUULE YLOL TNV TOAVdLA0TOTY Kivijon Brown Kt avaloyo pe
ot ov Kavape oty Mapdypago 7.2 yio. ) povodiaototy kivnon Brown. Anhadn va uekethoovue
10 TPOPIMU TG €E6S0V amd évav daxtiho {x € RY : r < |x| < R}. H toxtiky eivor 1 idia. TIpémel
TpOTA VO fpolue Eva KatadAAnAo martingale Ko HETA VO EQAPUOCOVUE TO BEDPNUOL ETUAEKTIKNG
drakomg.

T v e0peon martingale €xovue TOPA €va akOUA epyoAelo, TOV TUTO Tov Itd. Suvemela g
TpiTNG €Kd00NC TOV THTOV NTAV OTL AV 1 U EWVOL GPUOVLKY] cuvapTnon otov RY ko n B eivar d-
duaotatn kivnon Brown, t6te 1o (u(B,));>o elvon local martingale. Kow arv Egpoupe Yo vt 6tL elvon
ppaypévo N 6t Vu(B,) € F*[0,1] yia k40e ¢ > 0, tdte eivan martingale (Ipdtaon 4.19 Yo Tov mpdTo
LOYVPLOUO). AUTO ELVOL TO ONUELO EKKLVNONG.

13.1 Appovikés ovvapToels Kot To Tpopinua eE06dov

[0 VoL LELTOUPYNOEL TO OYEDLO WG, XPELALOUAOTE APUOVLKY] OUVAPTNON TTOU VO, ELVOL 0TOOEPT)
oe k40e opaLptcd growd {x € R? @ |x| = R}, drady axtivikd ovuuetprky). QuolaoTikd, yio KaOe
dLa0TOON d, VITAPYEL LOVO ULAL TETOLOL (1] OTOOEPY] OPUOVLKT] GUVAPTNO).

T xé0e d € N pe d > 2, opilovue ™) ovvdpmon u, : RA{0} - R pe

uy(x) :=log|x| =10g1/x%+x§ ovd=2,

(13.1)
ug(x) 1= =2+ + )2 avd >3

o kG40e x = (xy, ... ,x;) € RN0}. Kabepio amd avtéc Tic ouvapTioelg elvol apuoviky oto medio
OpLOUOV TNG.

Aqupe 13.1. T kdOe d € N ue d > 2, woyve
Auy(x) =0
ya kGOe x € R0},

Amddeén. Agnvouue v mepltmon d = 2 yio aoknon. YwoOetovue d > 3. Tote
ou d
a—x‘j(x) = (1 - 5) (x% + e+ xfi)—d/zbc1 =(2- d)(xf + e +x§)—d/2x1’
o%u
—2x) = 2 = P = 2 — d)(=d/2)|x|"HD2x2 = (2 — d)f|x| ™ — dx3|x| "D}

5x%

Ol EK@PACEL YLOL TG TOPAYMYOUS WG TPOG TA GALA X; elvaw avakoyes. Omdte mpoodETovtag Ppt-
OKOUuE

Auy(x) = (2 = d}dx|~ = d|x]*|x|~4"*} = 0.
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13.2 'E€odog amd SartiAo KoL eEXAVaANTTIKOTTA

YrevOupitovpe 6tL otav Oempovpe wo. kivnon Brown pe By = x € RY, o kivinon, dnhadi, wov
Eekuvael artod To x, XPNOLUOTOLOVUE VLo TV THAVOTITO KOl T (LEOT TN WG TTPOG TN B tar ovufora
P.E,.

Hpotaon 13.2. Eorw d > 2 kow U C R? avoukté goayuévo atvoro, u € CHU) N C(U) ue Au = 0
oto U, kaw 1y = inf{s > 0 : B, & U}. Tote

u(x) = E{u(B, )}
ya kabe x € U.

Amédeén. 'Eotw R = sup{||x—y||s : X,y € U}, 6movyr0.z € RY 0étovue ||z7]|o = max{|zy|,|2a]s .- » |z4l}-
O 7y elvol TETEPAOUEVOG 1e TavoTTa 1 YTl elvar mKpOTEPOG amd ToV XPOVo TOU YPELALETOL
(MOTOV 1] TPWDTY CUVIETOYUEVT TNG B va Byel amd to didotnua [—R, R] Ko outdg VoL TETEPAOUE-
vog ne Baon v IMpotaon 5.13 (emiong kow Aoyw g [podTaong 7.2).

'Eoto (K,),>1 kai (g,),>1 0w oy HMopaypago 12.5. O timog Itd amd tv idta apdypago divel
ot ue mbavotnta 1, yio kabe ¢ > 0, oyvel

t/\‘EK’t; t/\‘L'K;;
U(Bips,.) = u(By) + f Vu(B,) - dB, + 3 f Au(B,) ds. (13.2)
" 0 0

Emeidn Au = 0, ue ypnomn tov Anuuatog I.1, n mponyoduevn ox£on yiveTol

l‘/\‘[KZ
u(Bipr.) = ulx) + f Vu(B,) - dB,. (13.3)
! 0

Enexteivovue ™V u oto RY opitovrag mv ton pe 0 oto UC. Tote

l/\‘EK: I/\tKﬁ
f Vu(Bv) : dBv = / V(gnu)(Bc) : st = Xt/\rKo
0 0 !

oMo .
X, = f V(g,u)(B,) - dB,
0

v kaBe ¢ > 0. H (X,),»0 elvan ouveyég martingale (yiatt amod tig virobéoeig mpokimrer 0t V(g,u)
glvou (pPayévn) Ko emeldn o Txe elvou xpovog daxomig (IMpdtaon 6.2), To Oedpnua 4.14 divel ot
elvon martingale Ko 1 (Xiar,. )rs0- Apai 1 uéon Tov T wottar e E (Xy) = 0 o éroun (13.3) diver

u(x) = Ex{u(Bt/\er )}
Topa epapuofovue To OedPNUO PAYUEVIS 0VYKAMONG 0T0 OeEL LENOG TN TEAEVTALOG OYEONG TTALP-

VOVTOG f — 00 KOl ETTELTOL 1 — ©0. |

13.2 'EE0d0g a6 dokTOAO KO EXAVAM)TTIKOTTA

Moaipvovpe v kivnon Brown B oto R? mov Eekivdier amd éva onueto x # 0 ko Oewpovpe dvo
ogaipeg (KUKAovg av d = 2) axtivag r Kouw R aviiotouya, 0mov ta r, R tkavortootv r < |x| < R.
H xivnon 0o Pyer k&molo otryw amd tov daktvio {w € RY : r < |w| < R}. H mbavoémta 1
£€000¢ va. yivel oo to KEMog {w & |w| = r} Slvetan amd o ToA) oty EKpPoor, TNV omtolo. Oa,
vrtohoytoovpe. o ta Topakatm 0o YPNOLUOTOCOVUE TOV GUUBOMOUO

7, =inf{s >0 : |B,| = a}
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13.2 'E€odog amd SartiAo KoL eEXAVaANTTIKOTTA

Syfua 13.1: Tpage = 0.1, R = 1, |x| = 0.4, ovykexpyiéva x = (—0.4/4/2,0.4/4/2) xau tpéEaue v kivjon Brown
Yo XPpOvo 1. Ze auTh TV TPayueTosroinom, 1 kivion Brown fynke amd Ty eEWTEPIKN TEPUPEPELQL.

omov a > 0. Etvar dhadn o mpdTog xpOvog ToU 1 KIVIOT OCUVAVTA TV TEPLPEPEL. OKTIVAS d.
"Entetan oo v [Mpotaon 6.2 0t eivor xpovog SLoKOTG.

Emiong, xaBeuio oo Tig uy g (13.1) elvan oKTivika ovpuetpkn ko ypagetar og uy(x) = f,(|x])
yio KaOg x 070 7ESLO 0pLopov TG, 0mtov 1 f; : (0, 00) = R opileton g

fH(r) i=logr avd=2,
fu(r) =~ avd>3, (134)
v kabe r > 0.

Ipoétaon 13.3. [ 0 < r < Rkaw x € R ue r < |x| < R, woyve

AR — )
P <) = R )

ArédeiEn. "Egapudtovpe v Hpdtaon 13.2 yio to 00voro G, 1= {x € R? : r < |x| < R} kaw )
ouvapTon uy. O xpdvog T €E0d0v amtd 10 G, g LooUTOL [E T, ATk KO ELvar Y povog dtakomng (TTpdTaoy
6.2). Apa

fd(l-xD = ud(x) = Ex{”d(Br)} = Ex{ud(Br)lr,<rR + ud(Br)er<1:,.} = Ex{fd(r)lr,.<rR +fd(R)1rR<r,}
=fd(r) Px(Tr < TR) +fd(R) Px(TR < Tr)’
oIt OOV TPOKVITTEL TO CNTOVUEVO. [ |
o k60 Borel ovvoro A C RY Bétovpe

T, :=inf{s >0 : B, € A},
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13.2 'E€odog amd SartiAo KoL eEXAVaANTTIKOTTA
TOV TPMTO YPHVO TTOL 1 Kivnon Brown ouvavtd 1o A. Estiong, yia x € R kou r > 0, 0étovue
D(x,r) :={y €RY : |x—y| <1},
TNV KAELOTH OQOLPA UE KEVTPO X KaL AKTLVAL 7, OTTOL | - | elvon 1) Evkheldera vopua.

épwone. 13.4. ‘Eotw B ua d-Suderarny kivnon Brown, téte yia ke r > 0, x € R? ue |x| > royve

1 avd=2,

PX(T r < w) = r d=2
pen (ﬁ) <1 avd>3.

AmdSeén. Emeidn n kivinon Brown €yel ouveyn povomdtio ko Egkivaet ektog tov D(0, r), Bo toyvel
Tpo,) = T Omwg omv amodeiEn mg Mpodtaong 13.2, maipvovpe ot 7, < oo pe mbavomTo 1
Yo KGOE aKEPALO 1 > x|, KoL 0ITO TN GUVEXELL. TWV UOVOTTATIMV, TALPVOUUE OTL e mhavotnto 1
Vet lim,_, oo 7, = 00 (0V Y10 KATTolo @ € € To OpLo ELVAL TETEPAOUEVO, EOTM d, TOTE TO GVVOLO
B([0, a]) Oa. fitav un @payuévo Kat apo.m B oy ovveyng). ‘Eotwm A 1 toun OV autdv TV 6UVOA®mY
mBavottag 1 (gxovv apbunowo minbog, apa P(A) = 1). Tote AN{r, < oo} = AN (U, {z, < 7,,}),
N £voon elvol Tave og adEovoa akolovdia cuvolwv kot apa P (r, < o) = lim,_,  P.(z, < 1,).
Avd=2,vor < |x| <népovue
logn — log |x| n—>o0
_ S

Pz, <7) = logn —logr

Avd > 3,y r < |x| < n €ovue

2—d 2—d d—2
n— x| oo
Px(rr < fn) = ( )

n2—d — p2—d Ix|

ao? lim,,_, o, n*~¢ = 0. [ |
To 7poNyOUUEVO TTOPLOUOL EXEL TNV EENG OUVETELX.

Mépwone 13.5. ‘Eotw B ua d-Sudorarn kivyen Brown ue By = x € R4,

(o) Av d = 2, 161e y1a kdOs avoytd U C R?, ue mOavérnra 1, vwdoyet axolovOio xobvwv (t)n>1 1e
lim,_, 1, = co kou B, € U yra k4 n > 1.

(B) Av d > 3, tote lim,_, o, |B,| = oo ue mObavornra 1.

Amddeén. (o) Apkel vo det€ovpe Tov Loyuptopod yio U = D(0,r) 6mtov r > 0 dedouevo yLatt, yio

omotadNote Al oqaipa D(xy, r), 1 B, € D(x,, r) an kai uoévo av W, € D(0, r) dov W, := B, — x,
gtval kivnon Brown ue Wy, = x — xi. @¢touvue

t, =inf{s > 0 : |B,| = r/2},

Opy1 = inf{s > 14y © |By| = r+ 1} Yo ka0e k € N,
tiy1 = inf{s > o : |Bg| = r/2} vio KaOe k € N,k > 1.

Etvou ypovol Stakomng (Goknom).
Ioyvpropos. Me mbavomnta 1 0ot oL YPOVOL Gy, 1, ELVAL TETEPAOUEVOL Kat limy_, o 7 = o0.

O 1, < oo pe mbavomta 1 eite av |x| > r/2 (amd to TPoNyoLuevo ToOpLopa) ette av |x| < r/2
(ast6 v Mpotaon 5.13). Ta tov 64, Oewpovue v avéMEN X, 1= B(t; +1)— B(t,),t > 0, 1 omola, pe
Baon v woyvpi 1oTNTa Markov, eivar kivion Brown aveEdptnm omod myv F, . Na kabe y € R?,
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13.2 'E€odog amd SartiAo KoL eEXAVaANTTIKOTTA

Bempovue v tuyaia petainm Tx(y) := inf{u > 0 : |X, + y| = r + 1}, 1 omola elvan aveEaptn
wmg F, . Tote
oy =t + Tx(B,)

Ko
P(6, < ) = E(1t1<oolTX(B,1)<oo) = E(lz,<oo E(ITX(B,])<00|‘TZ| ).

Me Baon v mtpotaon 2.13, E(ITX(B,] <ol Fr,) = @(B,) 6mov ¢(y) := P(Tx(y) < 00). Ouwg ¢(y) = 1
v kdBe y € R%. Apa P(6, < 00) = 1. Me duota dadikactia, Omng yio 1o 6, deiyovue ot P(f, <
o) = 1. 'Etot, ue emaymyn (Tnv omoLo TopaAETOVUE), ETETOL TO TPMTO UEPOG TOV LoYVPLouov. o
10 SeVTEPO UEPOG, OIG OVOUAOOUUE Q) €Va VITTOCUVOLO Tov Q To ortoto gxel mbavotnta 1 mote yio
® € Q; 1 B va €eL OLVEXEC MOVOTTATL Kat 1, < oo Yo kKaOg k € N. Av yio Kamowo w € Q; woyveL
limy_, o t;(®) = a < oo, 10Te eMELON |B,, =B, | > 1, Walpvovragk — 0o 0TV AvLoOTNTA 091 YOUUOOTE
omv 0 = |B, — B,| > 1, dtormo.
HMopatpodue téhog 0TL B, € U yio kGOe k > 1, ka €101 To pépog (o) amodeiyOnxe.

(B) T kaBe n > 1, BTovpE

1, :=inf{s > 0 : |By| = n’} xau

A, :={|B,| > nywaxabet > 1,}.

O 7, elval xpovog dtakomng kar pe mbavotnta 1 sivan memepaouévos. Egapuofoviag mv woyvpn
S0t To. Markov yia Tov 7, virohoylovue

=2
¢ ¢ n 1
P.(A) = E\E,(1| ) = BBy, (49} = EPy, (To <o)} = (5) = —.
Apa Y -, PA}) < oo ko to ovpmépaopa £metal amd 1o tpmto Afjupo Borel-Cantelli. [

Me v opohoyia TNG YEVIKNG OEwplog TMV OTOYAOTIKOV AVEAMEEWY, TO TPONYOUUEVO TOPLOUC,
AgeL OTL 1) Kivnon Brown eivan exavainarixi yuo d = 2 xouw waoodikn yia. d > 3.

To IToplopa 13.4 Aeer 6tL 1 Stdtdotortn Kivnon Brown emiokemtetal pe mbovotnta 1 omoladnmote
neproyn tov 0. Emokémteton dpaye to 0 1o 1810? H amdvinon elvar Oyl KoL Lvol mLong TopLouo.
g [potaong 13.3.

Hopwona 13.6. I d > 2, n d-dudotatn kivnon Brown ikavomoiel
P, (vrdoyert > Oue B, = 0) = P,(Tjjy < 00) =0
ya kGOe x € RN\0}.

Anddeién. Enedn n B Eexivael amd To x, yio Kabe n > 1 guowkod pe 1/n < |x|, €xovue 7y, < 70, Gpa.
yiar R > |x| woyver
Px(TO < TR) < Px(rl/n < TR)-

Me ypnon g [pdtaong 13.3 waipvovue Ot M TEAEVTALO TOOOTNTA TELVEL 0TO 0 Yiot 1 = 00 (QTADG
ropatnpovue Ot lim,_, o, |[f;(1/n)] = oo yia k40e d > 2). Apa. P () < 5) = 0 yia KOs R > |x|.
‘Opoia 67tmg 7o TAVW, avto diver ot P (1) < 00) = limg_, o, P, (1y < 75) = 0. [

H ovustepupopd g novodiaotatng Kiviiong Brown eivar rtio evkoho va pehetn0el. Xtumdel kaOe
TPAYUOTIKO aptBUd YLo 0009MTTOTE UeYAhovg xpovoug Belovpe (stpokvrtet amd v [potaon 5.13).
Anhodn elvan 1 ((FTLo eovolnTTikn)) ad OAEg TIg Kivioelg Brown.
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13.2 'E€odog amd SartiAo KoL eEXAVaANTTIKOTTA

Moapadevyno 13.7 (‘Evo local martingale tov dgv eivow martingale). 'Eotw B = (BM, B@) ol Ot-

duaotat kivion Brown me By # 0 ko 1 ovvapmon fix) 1= (1/2)log(x] + x3) mov opiletar oto
U 1= RA\{0}. [pdgpovpe x = (x1,x) kow |x] = 4/x7 + x5. Hf éxer
Tw=t iz12
X+
o 2= e ==
(4 x3)? 0x; (x] +x3)?

KO LKOVOTToLEL TG vitofEoelg Tov Oswpnuotog 12.15. Apa yio v aveMEn X, : = fIB,) £xovue

o = B g BY e 162V -6y @Y -6y
SRR RE T R 2 IBF
B ()dB(2)
“BET T BP

v kabe t < 1. Ouwg to 7y = o0 Aoyw Ttov IMopiopatog 13.6. Emeldn howwov 1 X, elvor éva
OTOYAOTIKO OMOKANP®UE 0g TTPog TV Kivorn Brown, éretol amd v Mpodtaon 11.4 6t etvon local
martingale. AodetkvieTaL ue xpnon Tov ewpnuotog ovykilong tTwv martingales 0tL 1 X eV elva
martingale.

Eniong, amodetkvietal 6t av n B eivar d-Sudotaty kivnon Brown me B, # 0, téte n X, = |B,|>~¢
etvau local martingale (Gokmon) alla Oyl martingale.
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14

XTOY0.0TIKES OLapOpIKES eELoDOELS

14.1 Tevika

ZTOYAOTIKT SLapOopPLKT eELOWOoN AEue P EELOMOT TG LOPPNG

dX, = u(t,X,)dt + o(1,X,) dB,,

X =50 (14.1)

ue w,o : [0,00) X R = R petpnoiueg ovvapmnoeis, x, € R, kow B (wovodidotatn) Kivion Brown.
Otav o = 0, 1 (14.1) elvor 1) yevikn pop@n g ouvnioug dLagoptkng eELowong TpwTg TAENG.

Oewpovpe TV eavENuEV) dnbnon (F,);50 oL mopdyetor amd TV kivon Brown omwg oty
Hapaypago 6.1. Avon g (14.1) Aépe kaOe aveMEN (X))o TOV

* £)YEL OUVEYN LOVOTTATLOL
* glval TPOoapUooUEV otV (F,)>0

e yia ka0e ¢t > 0, pe mbavotra 1, 1ydel

t t

/ lu(s, X,)| ds < oo,/ 6%(s,X,)ds < co
0 0
* ue mbavomta 1 woyveL
t t
X, =xy+ f u(s,X,)ds + f o(s, X,) dB, yio. x40g t > 0. (14.2)
0 0

Ou OYOAMACOVUE TOPO. T1) ONUOOLO TWV OUVOPTNOEMY W, 0. Ag vitoBecovue OTL glvar Ko oL d10
TOUG PPAYUEVEG KO OUVEYELG ovvapTnoes. Me xpnon g (14.2) ko g Aoknong 4.1 maipvovue

t+h
E(X,p — X, | 7,) = f E(u(s,X,) | 5 ds ~ hu(t, X,),
t

dMhadN 1 u(z, x) dtver To puOUO TG HEOMG ueTaBoANg ™G X ToV YPOVO t SESOUEVOL TOV TaPeLOOVTOG
F, av X, = x. Two. v gpunvela. TG o, VITOAOYLLOUUE

Var(Xt+h - X | ft) =E ({Xz+h - X, - E(Xt+h - X | ‘Tl)}z |~Tt)

t+h t+h 2
=E ({f {u(s, X,) — E(u(s, X,) | F,)}ds + / o(s, X,) dBS} ‘f,)

t+h 2 t+h
=o(h)+E ([f o(s, X,) st} ‘5‘“,) =E (f o*(s,X,) ds

~ ho*(t,X,).

ZT,) + o(h)
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14.2 Xorjon otn uovredomoinon

Me o(h) cuppoiilovue pa ovvaptnon g(h) mou €xel v Wwomta limy,_,, g(h)/h = 0. H delrtepn
LOOTNTO TG TPLTNG YPoUUNG oy veL eEantiog T Ipdtaong 9.14(iv) (loouetpla Itd pe Séouevon). Apa,
Eepovrag ot X, = x, yio uKpo ki, 1 SLaomopd g UETAPBOAMG X,y — X, dedopgvou tov mtapehbOvTog
F, elvar avaloyn tov h kar 1) 6%(t, x) elvor 1 oTadepd avaloyiog.

14.2 Xpnon oty novrelomoinon

Ol 0TOYAOTIKEG SLAPOPLKES EELOMOELG GLUVNOWE TPOKVITTOVY OTIC EPAPUOYES OTAV OF EVOL (POULVO-
UEVO IOV UOVTIEAOTTOLELTAL OTTO Lo, ouvnOn Stapoptkt eElowon BEhovue VoL GUVVTTOLOYLOOVUE TV
EMOPALOT TAPAYOVTMV TUYUOTTAC/ afEfandTnTac.

Io mapaderyuo, av ((ektoEedoovue)) UECH 0 £va SOYELD UE VYPO O Npeuta (FT.y. VEPO) Eval
UWKPO 0OUOTIOL0 WAL m (e SESOUEVY TOYVTNTOL Vy, TELPOUATIKEG UETPNOELS EXOVV OELEEL OTL TAVW®
TOV QLOKELTOL SUVALY AVTLOTAONG CITO TO VYPO, 1) OTTOLAL EXEL POPA AVTLOETY OITO QTN TG TOYVTNTAG
Ko LETPO 0vahoyo TG Ta vt Tog. Ko n Baputikn dSvvoun éxel auekntéa emidpaon. ‘Etot, pévovrog
0€ 0UTO TO EMLTESO AETTOUEPELAG, TTALPVOVUE OTTO TOV SeVTEPO VOO Tov Nevtmva TV eEng eElomon

YLOL TV TOUTITO TOU OMUOTLOLOU
dv

mE =
H otabepd C > 0 e€aptatar amod 1o IEMSeC Tov vYPol Kol To ueyebog Tov cmuaTLdlov. Anhady, oe
UWLKPO YPOVIKO SLAoTNUOL df, YL0. TN UETABOA 0TIV OPUY TOU OMUOTLOLOU £XOVUE

—Cv.

mdv, = —Cv,dt.

Kortihvtag To Qauvouevo mio TpooeKTika, PAETOVUE OTL TTOAAG LOPLAL VEPOV, TTOU KLVOUVTOL TUY AL,
TPOOKPOVOVY 0TO CWUATIO0 ad OAeg Tig kKotevOvvoelg. Kabe ypovikn otryun 1 emdpaot toug
0TIV OPUT] TOU OOUATIOOV ELVAL GUENTLKY 1] UELWTIKY] KO OAAALEL Tt OTLyUn O€ OTLyur]. Avtd to
OVVUTTOLOYLLOUUE CUIITTATPMVOVTOS TNV TTILO TTAV® SLapoplkt) eELomon wg eENg

mdv, = —Cv,dt + cdB,.

To o etvaw o O£tk otadepd kKoL 0 vEog 0pog, odB,, £xel neom tiun 0 Ko dtaomopd odt. H eElomon
otV omola. kotalnEaue heyeton eElowon Ornstein-Uhlenbeck kow Oo tnv Moovue mto katm. Av Ho
TNV KPOTIOOUUE TEALKGL YLOL T1) WOVTELOTTOLNOT) TOU (POLVOUEVOD EEAPTATAL GTTO TO TTOCO CUIPWVOUV
OL OUVETTELEG TG UE TTELPOUATIKEG UETPNOELG.

143 Hapadeiynota

‘Ontng cupPaLVeL Be TG GUVNOELG SLOPOPLKEG EELOMOELS, £TOL KL UE TIG OTOYUOTIKES SLAPOPLKES
eElomoelg (ZAE o1o £E1¢), vdpyovv uebodol emihvong HOVO YLo UEPLKEG OITO OUTEG, TTOU E)XOUV
eldLkn popn. Ieprooodtepa Oa wodue oto emouevo kepararo. I'a Twpa, Ba AMioovue TPELg OTAEG
ZAE Ko 0T0 TELOG TOU Ke@alaiov Ba avagpepove £va Oempnua Ve pEng Kot Lovadikotntag Abong,.
[ToA0 ypnowog oty Stadikaotio ertilvong elvar o THTog Tou Itd.

Mopadevyna 14.1 (H yeouetpikn kivnon Brown). H mpmty eElowon ov Ha dovpue givon vt o
opiLleL TN yemueTpLKn kKivnon Brown ko givar m

dX, = uX,dt + X, dB,,

XO = X0
omov xp > 0,u € R, > 0, kai B glvon pa Tusmkn kivnorn Brown.
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14.3 Hoapadelyuata

O¢tovpe ¥, = logX,. O timog tov Itd (¢kdoom IV) Sivel

1 11 2 1 2o
dyY, dX 3% (dXt) =udt+odB, —EXto~ dt

t

(u — 30 ) dt+ o dB,.

Emougvag
1
Y, - Y, = (u - 502)z+ oB,,

Kat apa.

t+0B,

X, = xpel=3%) (14.3)

yio kabe £ > 0.
Mo mavm, Kamora Puata nag dev ta dikawohoynooue. INa wapaderyna, dev elvol oageg av n X,
glvol Tavtote Oetikn mote vo optletar 1 Y, Topa mov pavigpoue pio Mo, ETLOTPEQPOVUE KoL LE
™ PN Tov TUITOV TOL Itd emPefandrvovpue Ot TPAyRATL ELvaL ADon. AuTth T Popd, OAA Ta. fruoTto
WITOPOVV VO SLKOLOA0YNO0VV.
[0 TV AoVUTTOTIKY CUMITTEPLPOPA. TG X €xovue To eENG:

(). Avu < c?/2, to1e lim,_, o, X, = 0.

(ii). Avu > 6%/2, to1e lim,_, o, X, = 0.

(ifi). Av = 62/2,76t€ lim X, = 0,1im,_, o, X, = co.
AvTol oL .oy VpLoUoL TPokVITTOUV 07td Tov TOo (14.3) yia T X KoL Tov VOUo ETaVOlaUBovVOUEVOY
royapiOuov [oxéoelc (5.7). Two T (i), (i) apxel 1 (5.4)]. Eivar aElompdoekto ot yia u € (0,6%/2),
TO 0TTOLO ELVOLL DETIKO KO ETTOUEVIG TTPOKOAEL OTOOEPT] VIETEPULVLOTIKY OYETLKY aOENON ot X, n X
ovykAtver oto 0. O drakvudvoelg g kivnong Brown eivar apketd oyvpég (AOym Tou Heyolou o)
MOTE OLVVEYNDG VO 0ONYOUV TN X 0F WKPES TLUES,

Moapadevyne. 14.2 (H avéMEn Ornstein-Uhlenbeck). Oswpolue Tmpa T 0T0Y00TIKY SLapopik) e&i-
owon

dX, = —aX,dt + o dB,
XO = X0

omov xy € R,a,0 > 0, kai B elvau puo. tumkn Kivnorn Brown.
I ¢ € R vtohoyiZovue 1o dtagoptko g e'X, ypnowwomormvrtag v Mpotaon 12.12.

d(e“'X,) = d(e)X, + e“"dX, + d(e“)(dX,) = ce“" X, dt — ae“'X, dt + ce“'dB,
= (c — a)e"X, dt + oe“'dB,.

Apa emAeyovTog ¢ = a, gxovue d(e“X,) = oe™dB,, dnhadn e“X, — Xy = o fot e dB, Kai Gpa.
t
X, = xpe” " + o‘e“”f e“dB; (14.4)
0

yio kaOe ¢ > 0. Avtr etvon 1 aveMEn Ornstein-Uhlenbeck ko, pLag Ko 1 OUVOVTNOQUE, VO TOQ0-
TNPNOOVUE KATOLES LOLOTNTES TNG.
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14.4 "Yrapén kow uovadikdtnra Avens

To otoyaotko ohokinpwpo oty (14.4) etvon wa tuyoto petafin pe korovoun N(0, s(7)) (Aoknon

9.7) 6mov

t 1— e—2at
s(t) = 0’ > E (f e%s ds) =P —.
0 2a

Ko amd autn) v mopathpnon TpoKutovy T eENg:

A. H X, ovykhiver katd kotavour) og Tuyaio petapint ¥ ~ N(0,c%/2a). Avtd mpokimtel amd
10 6L lim,_, o, (1) = 62/2a xow omd TV [pdToon A'.12.

B. Av 1 apyukn T Tg X dev eivan otadept) alhd eivar o tuyaio petafint) X, ~ N(0,62/2a)
aveEapnTn amd v kivnon Brown, tote yio kaOe 1 > 0 woyleL emiong

X, ~ N(0,5?%/2a).

Avto yiati ) X, wg afpotopa §00 aveEGPTNTOV KAVOVIKMV EIVOL KOL 0UTI] KOVOVLKT) ne weom tuun 0

Ko SL00Topa

0_2 1= e—2at 0_2

~  ,—2at 2 -

% T T, 2a’
H X eivou o dradikaocto Markov (ev o dtkonohoyolue awvtod) kan 1 katavouy N(0, 6%/2a) elvou 1
otaowun katavoun e. Ta A, B Ouullovy ammoteAeouota Tou EVOEXOUEVIS O OVOLYVMOTIG EXEL OEL

oe uadnuo ahvotdwv Markov og SLaKpLTO XHPO KoL YPOVO.

Ou 7o Tavw eELomoeLg £x0vv AMoeLg Tov opitfovtal o€ Ao ToV XPovikKo opilovia [0, 00). Tohpa
Bo Sovue Ko o eELomo YL TNV 0TT0L0L AUTO SEV GUUPBALVEL.

Mopaderyno 14.3. Oswpovue ™ ZAE

dX, =X} dt + X* dB,,
XO =a,
ue a € R\ {0} kai B o vk kivion Brown.
AVTLOTOLYOL 1E TO TTPONYOVUEVO TOPASELYUE, TEPAUATILONAO0TE vitohoyiLovtag To d(A(X,)) yio

ovvaptnon f g wopgng flx) = x". Mpokvrtel OTL TO KATAAAMNAO F elvor to r = —1. Tmoloyllovue
AoLTTOV TO dLapoptko g Y, = 1/X,.

1
dYt == __det +
Xt

12 -
553 X! = —X,di — dB, + (X)*X!di = ~dB,.
t

Apa Y, — Y, = —B,, dnhadN X' —a~! = —B, xau dpo,

Topa, oe memepacuévo ypodvo, 1 kivnon Brown Oa ytvmnoel 1o a~! (Mlpdtaon 7.3) kaw Aon dev
WITOPEL VOL VITAPYEL OITO EKELVO TOV Y POVO KOIL UETAL.

144 "YmopEn ko povedikdtnro Avong

Avagépouue ywpig amodelEn o e€ng Oedpnuo OXETIKA e TV VITaPEN Ko LovadtkoTnTo Aong
™ ZAE (14.1).
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14.4 "Yrapén kow uovadikdtnra Avens
Oeopnua 14.4. Eorw T > 0. YroOérovue ot vrdoyet K > 0 dorte

|ee(t, x) — u(t, y)| + |o(t,x) — o(t,y)| < K|x —y], (14.5)
lu(t, )| + |o(z, x)] < K(1 + |x]), (14.6)

va kdOe x,y € R, t € [0, T|. Téte vadoyer Avon tng (14.1) oto Sidornua [0, T| koaw omoteadrjmote Svo
Moeg X, Y elvaw un dwaxoiowues oto [0, T|. Andadn P(X, = Y, yua kébe t € [0, T]) = 1.

H 008e1En Tov Oswpnuotog divetan, yia mapaderyua, oty [Mapdypogo 5.2 tov Bksendal (2003).

H (14.5) heeL 0t yia KGOe 1 0Ta0epo oL u(t, -), o(t, ) etvow Lipschitz og 6Ao to R. H (14.6) LéeL OTL
oL {t, & AVEAVOLY TO TTOMD YPOUUUKE G TTPOG X KOL ETLTAEOV EOUV YPOUULKO GV (PPAYLLO. TO OTTOLO
dev e€aptatar oo to 1 € [0, T1.

To Bempnua €xeL TNV EENG AUEOT] OUVETELD, TTOV APOPA VITOPEN KO LOVAIIKOTNTA OTOV GITELPO
YPOVIKO oplfovta. [0, 00).

Moépwopa 14.5. TroOsrovue ot yia kdOe T > 0 vrdoyer Ky > 0 dote

LLt([, X) - M(t’ y)l + |6(ts X) - U(t’ y)| < KTl-x - y|’ (147)
lu(t, x)| + |o(t, x)| < Kp(1 + |x|) (14.8)

ya ke x,y € R,t € [0, T]. Tére vadoyer AMion tne (14.1) oto Sidotnua [0, o) kaw omoteodrjwote
dvo Moeig X, Y elvau un dwaxoioues oto [0, 00). Anradr P(X, = Y, yia kdbe t € [0, 0)) = 1.

Amddeén. Epapuolovue to mponyoduevo Oempnua yio T = n € Nt ko £xovpe 0tL vdpyer Mbom
X e (14.1) 070 [0, 1]. T j, k € N* pe j < k Oétovpe

Ay ={weQ: X,O) # ka) v kasowo ¢ € [0, 5]},

70 07T0l0 AOY®W TOV TTPONYOUUEVOL BewpiaTtog Exel mBavoTTa 0. TOTE KoL T0 A @ = Uj<jid; i €XEL
mbavotta 0. Octovue X, = an) viakabet € [n—1,n) kawn € Nt. T w € Q\A woyveL X, = Xf")
vio ka0e 1 € [0, n], omote 1) X elvan Mom g (14.1) oto [0, n]. Ko emedn to n elvon avbaipeto kai
P(A) = 0, exovue 6TL N X etvaw Ao g (14.1) oto [0, o).

Av X, Y elvan 800 Moeig, Tote, ue Baon to sponyoduevo Bempnua, yio kaOe n € Nt 1o olvolo
C, :={w e Q: X, # Y, yoxanowt € [0,n]} éxeL mbavomta 0. Apa ko 10 {w € Q : X, #
Y, yua koo ¢ € [0, 00)} €xer mbavotnta 0 wg vroovvoro tov U, C,. [

Emotpegpovrag oto Mapadetynata 14.1, 14.2, mapatnpodue ot or ZAE mov peletnoaue eKel
tkavomoLovy Tig vtodeoelg tov Ioptopatog 14.7. Apa. ot MHoELg TTOv PPNKAUE ELVOL KOL LOVOILKES.
Avtifeta,  ZAE tov [Mapadeiynotog (14.3) dev ikavomolel Tig ouvOnkeg tov Oswpnuatog 14.4 oe
Kavéva memepaouévo vrrodidotua [0, T]. 'Etol dev etvau eplepyo 0TL dev £xeL AMDon mov va. oplletal
o€ 00 10 [0, 00). Ztnv Acknon 14.2 ovvavroue wo ZAE 1 omola €)elL Tovw o pioe Aon).

Aoknjoeig

S1T1¢ AOKNOEIG TW0 KATW, B €lvoL wio Tumttk) Kivnon Brown.
14.1 No Avbel oto [0,1) ) ZAE
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14.4 "Yrapén kow uovadikdtnra Avens

[YTr0deEN: TroloYioTE TPMTA TO SLapopLkd Tng aveMEnG Y, 1= X,/(1 —1).]

14.2 Twra > 0 dedopévo, Oétovpe fx) = (x — a)’1,5, Kar Oewpodue v avémEn X, := f(B,). Na dey0et 6t n X
AMover ) ZAE

dX, = 3X!3 dt + 3X*°dB,,
XO = 0

Mapatpnon: Kade a divel kar dAkn AMon. Eropuévog ovt 1 ZAE €yel dmepeg Moeig.
14.3 No Bpebel po Ao g 0ToYAoTIKNG SLapopLkig eEL0monNg

dX, = dt + 2\/X, dB,,
XO = 1

[Yr6de1En: Avalntiote Mo g uwopeng X, = AB,). H Mon dev popel va oprotel og 0ho to [0, 00).]
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15
Enilvon eldikdv popgav XAE

e autod To Kepalawo Bo dolvue Kamoleg eldkeg wop@eg ZAE yio Tig omoleg vitapyer wEBodog
emilvong. Meprooodtepeg wwopel va dei kavelg oto Kloeden and Platen (1992), §4.2-4.4.

15.1 Xuvreheotis ypopupikol og Tpog X

Oo Moovue ™) ZAE

dX, = {u, (DX, + u, (D} dt + {o,()X, + 0,()} dB,,

X, =z, (15.1)

OOV OL AWVEMEELG 11, U, 1,0y ELVOL UETPNOLUES, TPOOUPUOOUEVES, Kau ue mbavomta 1 tomkd

PPOYUEVEC.
@ewpoviie Tov OAoKANPTIKS Tapdyovta Y ! dmoun ¥, Mbver v ((awompd ypouyukn)) eEicmon

dYt= Y,yl(t) dt + Ytgl(t) dB[,

. (15.2)
Me v 1dra Sradikaoia 6mwg oto Hapaderypa 14.1, Bpiokovue Ot o Y mov tkavomotel Ty (15.2)
eLvorL M)
t 1 1
Y, = exp{f <y1(s) - 50‘%@)) ds + / o,(s) st}. (15.3)
0 0

Mdoto tpokirttel 0t to Osdpnua 14.4 6t avt etvan 1) povadikn Adom g (15.2).
@¢étovue Z, = ¥, 'X, i kéOe ¢ > 0 wou Oa deiCovpe 6L m Z ikavomotet o SAE ov Mveton apéong.
YmohoyiCovue OTL

1 1
aiyh = —?dYt + §2Y73(dY,)2 =Y ' (w, (D dt + 0,(t) dB,) + Y; ' o3 (1) dt, (15.4)
t
omote
dz, = d(Y7OX, + Y lax, + d(Y;7)dX, = ... = Y7 Huy(t) — 0,(Doy (1)} dt + Y7 '0,(t) dB,.

Xpnowomomoape tig ekgppaoelg (15.1), (15.4). Apa

Z=x+ f Y a(s) = 01 (s)orn(s)} ds + f Y70y(s) dB,.
0 0

Miopovue thpo va ehéyEovue oL X, := Y,Z, ue mv Y omwg oty (15.3) Kaw ) Z 6tmg oty
mponyovuevn oyeon, AMver v (15.1) (Aoknom).
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15.2 Zvvredeotiis Siayvans yoouutkds ws woog X
15.2 Xuvreheots dayuons ypoumkos wg tpog X

Mebodog Mong vrapyet kou yia tig ZAE tng nopgng

dX,= f(t,X,) dt + o(1)X,dB,,

Xo = (15.5)

UE TIG f, 0 OVVEYELG (VIETEPIVIOTIKES) OUVOPTNOELG UE KATOAANAO TTESLOL 0PLOUOD.
AxolovBovpe apouoLa dLadtkaota OTwe oTNV TPONYOVUEVT TAPAyPapo. OROKANPOTIKOG TToL-
payovtag etvar o Y1, dmov ) ¥ Mver v

dY,= o(1)Y,dB,,

=1 (15.6)

Bplokovpe 0mtwg pv 0Tt povodikn Avon avtng g ZAE givol 1)

Y, .= exp{f o(s) dB, —%f 0‘2(s)ds}.
0 0

d(Y7Y) = Y7 {~o()dB, + o*(t) dt},

'Enterta

KaL apo.
d(Y7'X,) = XdY; ' + Y7 ldX, + dy;ldX,
= X,Y7{—o(D)dB, + o*(H) di} + Y7 '{f(t, X,) dt + o(t)X,dB,} — Y, ' 6> ()X, dt
=Y A1, X,) dt.

ANLodY 0 OAOKANPOTIKOG TOPAYOVTOG KATAPEPE VO EEaleleL TOV Opo diayvong. Ogtovpe Z, 1=
Y7 'X,. H Z eavomoret v

dz, = Y7'ft,v,Z) dt, (15.7)
N ool Yo, kKabg 0tabepd @ 0TOV YMPo TOAVOTNTAG ElvaL e ovvnOmNg diagpopikn eElowon. Av
ELUOLOTE TVYEPOL, 0vTH O Movetow Kat emerta ) X, i = Y,Z, Oa Mhver v apyikn eElowon).

Cwa v emtihvon g (15.7), onuewdvoupe OTL 1) Z; €lva SLOQOPLOLUT UE GUVEYT TAPAYmYO. AUTO
YIOTL 00PAOG 1 Z, 0ITO TOV OPLOUO TNG ELVOIL OLVEYNG (Y1ar KGOE 0TaOEPO @) Ko ETELTOL ETTELDN KaiL OL
£, Y elvow ovveyelg, ypagovtag ™V (15.7) o€ 0AOKANPOTIKY LoPQT), £(0VUE TO TNTovuevo. Apa., Yid.
KaBe g ovveywg mapoaywylown, 0a exovue dg(Z,) = g'(Z,)dZ,. Aev ypelaletal vo emkKoleoToOUE
TOV TV7TO TOV I Y10t TOV VITohoylouod tov dg(Z,).

Moapaderyno 15.1. Oa Moovue ) ZAE
dX,= X' dt + aX,dB,

15.
XO = Xp» ( > 8)
omov xp > 0,a,y € R, xou B glvan tummkn kivnorn Brown.
O 0AOKANPWTLKOG TAPAYOVTAG ELVOL O
Y_1 _ e—aB,+%a2t
t - ’
omoteEN Z, 1= Xth_l LKOLVOTTOLEL TNV
_ : -1
az, =Y 'Y,z dt =Y~ Z dt, (15.9)

ZO = Xp.
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15.3 Adon g uoogris ft, B,)

H mpdn eElowon elvaun Z; ¥ dZ, = Yf_l dt kai, pe Ba.on ta 0YOMOL TTPLY TO TAPASELYILOL, CUTY] WTOPEL
VOL YPOPTEL WG

dZ ==Y " ar (15.10)
otav y # 1 xouw wg d(log Z,) = dt 6tav y = 1.
ALOKPLYOULE TPELG TEPLTTMOELG,

(i) y < 1. Tote ohokhnpwvovrtag v (15.10) maipvovue

t
Z7—x =1~ y)f Y~ ds,
0

KoL apo.
1/(1—y)

t
X =YZ=Y, (x(l)_y +(1- }/)f Yy ds) . (15.11)
0

0 £x0£Tg €Ew artd TNV apEvOeoT elvan OTIKOG, OTTMG Ko 1 ToooTNTo Péoa. OmoTe 1) Mo oplleTol
yioL ka0e ¢ > 0.

(ii) y > 1. ‘Opoa 67T™G TPLY, PTAVOUUE OTHV

t
2,7 =x =y~ 1)/ Y~ ds.
0

O ex0eng 1 —y etvar apvntikog. To SeEL nelog TG LOOTNTOG Lva OETLKO YO WKPQ £, AAAGL ELVOL YV
olwg @Oivovoo oVVAPTNON Tov £. Me Ogtikn mbavotnTa oalpvel Ty Tt 0 Yo KATToLo TETEPAOUEVO
YPOVO fo(@). AVTO YLOTL 1) TOCOTN T UECH GTO OLOKANPWUC ELVOLL

o= DaB=3 (=1a’s
KoL €101, av 1 aB; TapeL PeYAAeg TUIEG YL KATOLOUG YpOvoug, Ba ddoel 6To ohoKANpwura Tuur >
x(l)_”/(y —1). Avto onuaiver 6TL ) Z, po. ko 1 X, ekpiyvuTtol (OTelplleToL) ToV TETEPAOUEVO YPOVO
fo(w). Ze au TV TEPLTTWON, Ao VITAPYEL LOVO 0TO Staotnua [0, fy(w)) Kot dtvetan Tahl oo )
oyeom (15.11).

(iii) y = 1. Opora Bplokouvue OTL
Xl‘ = _XO€IYZ

yio ka0e £ > 0.

153 Avon g popens f(, B,)

Avn 2ZAE
dX, = u(t,X,) dt + o(t,X,) dB,, (15.12)
XO = Xp
€yeL Mom g nopeng X, = A1, B,), T0te £vag Tpomog vo. Bpolue Ty f elvan o €Enc. Me Baon tov thmo
tov It, Y, 1= f{t, B,) \kavomoLel TNV eELlowon

of 1 0%f

of
dy, = {a(l‘, Bt) + 5@([, Bt)} dt + a(l, B[) dB,,
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15.3 Adon g uoogris ft, B,)

1 omola TavTieTaL pue TV IpmTy artod T (15.12) av umopovue vo gxouvpe

d 92
a—]:(t, x) + %@(n x) = u(t, fit, x)), (15.13)
of
—(t,x) = o(t,f(t, x)). (15.14)
Ox
H dgitepn 100TNTO TPOOPEPETOL VLA AUEOT] OAOKANPWOT] ALV TNV YPAYPOUUE MG
1 of
——(,x) =1
ol ) ax )

Tt av m gz, y) elvan o apykn g 1/0(z, y) og Tpog Ty TapAUeETPO y, TOTE 1) TEAEVUTOALO O)EOT
YPAPETOL

Jg _
a(t,f(t, x)) = 1.

Apa g(t,f(t,x)) = x + c(f) ue ¢ KamoLa oVVAPTNON. Ao €80 EATLLOVIE, AVTLOTPEPOVTIOG TV Y >
g(t,y), vo. Bpolue wo £K@paon yio TV f. @ghovue vt M EKQpaon vo. tkavostotel v (15.13) ko
CUTI) 1] GITOLTNON, OV WITOPEL VO EKTANPWOEL, dlvel TANpogopLa Yo, T c. TENOG, 1) LKOvVOTTolnon TG
apyLKNG ovvONKNG Xy = Xy AVTLUETOIULLETOL EVKOACL.

Av 1 8edouevn drogopikn eElowon dev exer Ao g wopyng Az, B,) (0mwg ovuBalvel pe Ty
Ornstein-Uhlenbeck, [apaderypa 14.2), Tote 1 SL081K00L0L TTOV TTEPLYPap e 00 TapouoLalel KATOLo
TPOPANUa Kar dev Oa umopet vo. epatmOEL.

Moapaderyne. 15.2. Oa Mdoovue pe v mapamdvon uedodoroyio T ZAE

dX, = (w [1+X>+ %Xt> dt ++/ 1+ X?dB,, (15.15)

X, = 0. (15.16)
B givou o, Tustekn ktvnon Brown. Me Baon to 600 elitape, TNTAUE (o ouvapTnon f moTe
of 102 1
a—t(t,X) + Eﬁ([,X) = V 1 +f2(t,X) + Ef(l‘,X), (1517)
X

%t(t,x) =1+ (¢, x). (15.18)

H 1/4/1 4 2 gxer og wa apykn v a(y) = log(y + /1 + y2) n omotla eivon 1-1 ko emtt Tov R pe
avtiotpogn T sinh. Omote ) (15.18) ypageTol

a—fa(]‘(t, x)) = 1.
Ox

Apa a(f(t,x)) = x + c(t), dhadn, t,x) = a~'(x + c(¢)) = sinh(x + c(1)). Tro avT) ™V £, T0 APLoTEPD
uehog g (15.17) wotton ue

cosh(x + c(9)) ' (1) + % sinh(x + ¢(0)) = V1 + PG () + %f(t, ),

TO OTTOL0 OVUPWVEL UE TO OeEL TN uerog av éxovue ¢’ (1) = 1. Apa c(t) = t + ¢( Yo Kamolo. 0Tadepa
o KO €T0L

ft,x) = sinh(x + ¢ + ¢;).
Ta mopamavm eEaogallovy 6tLn X, := f(t, B,) ikavomotel Tv (15.15). Téhog, 1 ovuvOnkn X, = 0
tkavomotettal av emieEovue ¢y = 0. 'Etot, 1 X, := sinh(B, + t) MiveL 1o apytko TpofAnua.
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15.3 Adon g uoogris ft, B,)
Aoknoeg

15.1 No Bpebel wa Adon g ZAE

dX, = aX,dt + e”'dB,,

XO = 1.
B eivan o Tugmukn kivnon Brown. Eivor 1 Moo povadikn? Iowa 1 katavour) tov X,? Na dey0et otL yioa < 0 ko
t = 00, N X, ovyKAivel KoTd Katavoun ot otadept Tuyaio petafint 0.

15.2 'Eotw g dwagopioun Kau OeTiky) ouvaptnon kat a, xo € R. Me ) puébodo g Hapaypdpov 15.3 ((avaxa-
MoPte)) Ot o AMon g ZAE

ax, = (ag(X) + 3804)g (X)) dr + ¢(X)aB,
Xo =X
dtveton astd Tov THmo
X, = h= (B, + at + h(x)),
Omov h elvan wa opykn g 1/g.
15.3 Noa Bpebel wa Adon g ZAE

dX, = 3+ X,)(1 + X?)dt + (1 + X?)dB,
XO = 1.

154 (o) 'Botwa € R, karf, g : [0,1) = R mopaywyioyeg pue ovveyn mapdywyo ko ue fr) # 0 yio kade ¢ € [0, 1).
Ozwpoipe TNV aveéMEN

X, :=f(t){a+/ g(s)st}, t€[0,1).
0

Na derybel ot

dX, = &Xl dt + f(t)g(¢) dB,.

O]
(B) T k > 0, vo AuBel 1) 0TOYOOTLKY SLapopLKT| EELCWON

dX, = —%X,dw dB, ywo.t € [0,1),

XO=0‘

() Twoe T Mbom X astd to sponyohuevo epdnua, vo vrohoylotet 1 Var(X,) yuo t € [0, 1).
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16

Xaproguiakio Ko arbitrage

16.1 Avyopés netoydv

ITota glvai 1) XPNOT KL 1) CNUAOLO TOV UETOXDV oG eTopetag? Katd ) ovotaot) g 1 og dAAeg
OTLYUEG TOU YPOVOU VITUPENG TNG YPELALETOL VO GUYKEVIPMDOEL KEQAAALO YL, VO TTPOPEL OF KLVIOELG
mov O TV pueyardoovy. ILy., av O£hel va avolEeL £va VEO EPYO0TAOL0. ZNTAEL AOLTOV KEPAAALO CTTO
EMEVOUTEG KOl OF AVTAAAOYUO SLVEL LETOYES. ULOL UETOYT] ELVOL OUTAMG EVA EYYPOQO Kat Befandver
OTL 0TOV KATOYO TG AVIKEL EVOL OUYKEKPLUEVO TTOOOOTO TNG ETAUPELOG. ZUVNOWG, 08 TAKTA YPOVIKA
SLOOTNUATOL, KOL LOLOLTEPT. OTOV 1) ETALPELD, EXEL KEPDT), SLVEL KATTOLO, ALTTO GLUTA 0TOVG UETOYOUG TNG
(ot Agyovron peptoporta). Etvor mbavov BERaia 1) SLolknom vo. SLoyELpLOTEL TV ETALPELX. le AaBog
TPOTO, OKOWN KoL Vo TNV 0dnynoeL o€ ypeokormia. TOte To apylkd T000 OV £dWOE 0 ETEVOVTIG
yavetol. H petoyn 8ev Tou Sivel SLkalmuo. og KOTL.

H petoyn petd v apyikn Tminon e WIopel va EavartovAndel. Avtd YIVETOL OTO YPNUOTL-
otpro. ‘Evag emevOutig mov KaTéyeL HeTo g Wog eToLpelag A SNAMVEL e TL Tiun TPoTOETOL VoL
TOVANOEL KAOE PETOYN TG A TTOU £XEL. AV KATTOLOG AALOG ETTEVOLTIG OEWPEL CUUPEPOVTT. TNV TTPO-
0QOPQ, TTPOYMPEL O CUIPWVLO, Kat ayopalel 00eg UETOYES TNG A OEAEL ATd TOV TPADTO ETEVOLTY).
Av 1 i Oswpeitar VPNAN atd OMOVG, 0 ETEVOUTIG TN UELDVEL v OENEL VO, TTOVAOEL TN UETOYN).
210 TEAOG CUUPBALVEL VO TTOVMETAL (0L LETOYT] OTTO OAOUG TOUG KATOYOUG TG OXESOV UE TNV LOLOL TLUY).
AvT 1 TY OVTLKATOTTTPLEEL TV GOy TNG AYOPAS VIO TN WEANOVTLKY KEPSOPOPLOL TG ETULPELOG.
Ko 1 1 g petafaletal e tov xpovo, KaOmg YIVOVTaL YVWOTEG TANPOPOPLES YLOL TV ETLO0ON)
TG ETOLPELAG KL OL ETTEVOUTEG AAAATOVY YVAOUN YLOL CUTNV.

Av ovuBoiicovpue pe X, TNV T WO LETOYNG TG ETALPELNG A KOTA TOV XPOVO £, TOTE 1 vITOOg0o
mov Ba kavovue etvar 6L 1) (X,),>0 ELVOL U0l 0TOYOTLKY aveMEY, dnhadn kabe X, elvar o Tuyata
UETOPANTY. AUTO avTLKATOTTPLTEL TV aduvapie pag va Egpovpue TV T X, TTpLy Tov xpovo t.

16.2 To emtoKio g Tpametag

Mo, TAOYT ETEVOVONG TTOV VITAPYEL TTAVTO ELVOAL VO, TOTTOOETNOOVUE EVal TO0O F oty Tpasela.
Avn 1) emevdvon Oempettal OTL dev €xelL KaBOAOU PLoKO. AV TO ETNOLO ETLTOKLO THG TPATECOG ELVAL
F, OUTO ONUALVEL OTL O€ £VOL X POVO TO 1000 F £xel yiver (1 + r)F (Aéue emiong OTL TO £TNOLO ETTOKLO
etvar 100r%). H tpamelo avtouato TomodeTel 0To MoyopLaoud NG To ETLITAEOV T000 rF 0To TENOG
TOU YPOvou. BEBata 1 Tpamela Kaver aut T SLadLkoola TTOA) O OVYVA, DOTE VL0, 000SNTOTE
WKPO YPOVIKO SLAOTNUO TOTOOETNOOVIE £VA. TTOGO O€ MOYOPLAOUO, TO TTOOO VO, TTOLPVEL TO ETUTOKLO
OV avahoyel o€ ekelvo To dtaotnua. ‘Evag tpomog va to kaver auto eivar o €. Xwpiler évov
YPOVO OE 1 Lo, SLOLOTNUOTO KL 0F KOOEVA atd GuTa TA SLOOTHUATO, SLVEL OTO TTOOO EMLTOKLO /N,
"ET0L, £va. T000 OV TNV APy TG XPoVIAS Ntav F, petd oo 4 Swootuata £xet yiver (1 + £)4F :

Mo Y POVIKT] OTLYUN £ = j/n pOVLOL LETA TNV 0PYLKT] KATAOEO), TO TTOOO EXEL YLVEL
ry r\" .
(1+2) F=(1+2) FreF
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16.3 Avogyti) mawinon

yio 7 ueyaro. To n — 00 OPLo CUTNG TG dLOSLKOOLOG SLVEL AUTO TTOU AEUE GUVEYY] BVOTOKLONO g
pvOuo r. 'Eva mood Fj, wov tomobeteitar oty tpamelo ) xpoviky otyun 0 avEaver o F, = Fye”
TN XPOVIKT oTtyun) £ > 0. AUTO LOOSUVOULEL UE TO OTL 1] OTLYULOLO OYETLUKT LETABOAN TOV F, LooUTOL IUE
rdt. Anhadn, dF,/F, = rdt. Tt ovveyn avoTokiopd ue pubuod r 1o €TNoLo ETTOKLO SEV LOOVTAL UE F
OAAG pE e — 1 Tov elval TEPLOCOTEPO ATt TO 7 (YLoL F WKPO, ELVOL TTOAD KOVIQ).

16.3 Avouyty mtdinon

Ag vToOEcoVUE OTL EVOG ETEVOUTNG WG TWPA SEV ELYE KAULOL LETOYN ULOG ETALPELOG A. ALdgpopa
OTOLYELC, TOV 0NYOUV OTO CUUITTEPAOWO. OTL 1) TUUT TG LETOYNG TS A B ovENOetl. Mmtopel va akLo-
TOLNOEL GUTY) THV TTETOLONOT ayopalovTog Evoy aplOud HeToydv ™ A. AV OUWG OVUTEPAVEL OTL 1|
T TNG UETOYNG B0l LeLmBEL, TG UITOPEL VAL TO EKUETALEVTEL? AEV EYEL UETOYES TNG A VOL TTOUANOEL.
[0 aUTO TO OKOTTO VITAPYEL 1) SLOSLKOOLOL TNG OLVOLYTNG TOANONG, KATA TNV 0TOL0. KOATTOL0G TOVAAEL
UETOYEG TTOV SEV EYEL.

H Sradikaota dovketel wg eEng. O emevdutng E; €)eL AOYOPLAOUO 08 EVAV YPNULATLOTI], O OTTOLOG
Sy eLpLlEToL TO AP TOPUAAKLO TOV. EKTELEL TIC EVTOAES TOV TPMDTOV YL ALYOPEG 1) TMANOELS UETOYMDV.
O E; Intael 05to TV YPNUOTLOTYH VO TTOVANOEL, 0¢ Tovue, 100 uetoyeg g A. O ¥pnUOTLOTNG TTALPVEL
CUTEG TIG UETOYEG OITO TOV AoyopLaond dAlov ekt E,, Tov Tig €)eL, Ko Tig rovhaet. Ta é0oda
nave otov hoyaplaoud tov E;, o omotog Oa ta ekuetaievtel 0mmg voullel. Kamowa otiyun o E|
TIPETEL VOL ETLOTPEYEL TLG LETOYEG OTOV AOYAPLOOWUO TOV E, (TOTE Aéue 0Tt khelver T 0€om tov). H 1da
glvoL va. KAELOEL T1) B£01) TOV KATTOLN OTLypY] apyOTEPQ, OTAV 1) TLun) TG uetoymng Oa £xet eoet. Ko
EVD VOPLTEPQ ELOETPOEE, TT.X., 20 € KOTA TNV TMOANON TNG UETOYNG, ETELTA, YLOL VA TNV ETLOTPEVPEL,
™V oyopaler o xaunhotepn Tun 10 €. Khetver T 0£0m tov Ko £)EL ATOKOULOEL KEPSOG aTTd TN
dradikaota. O xpovog oV B0 TO KAVEL 0UTO ELVOL YEVLKX SLKT TOV ETUAOYT]. Z€ KOITOLEG TEPLTTMOELG
ATTAMDG EVOEYETAL VA, TOV AVAYKAOEL O YPNUATLOTIG VO TO KAVEL. AV, YL TAPAELYUOL, O YPNUATLOTIG
dev €xeL KaBOAOU netoyeg e A Kot 0 E; Tou TNTNOEL VO TOUANOEL TG SUKEG TOU UETOYES (OL OTTOLEG
BEPana Aelmouv). Ze £Va TETOLO OEVAPLO 0 E| avayKaoTIKG TPETEL Va. KAELoEL TNV O£01 TOV aKOua.
KOL 0V OEV TOV OUUPEPEL QUTO.

Entiong, amd ) otuyun tov o E; davelletan Tig HEToYEG amd Tov E,, VITOYPEOVTOL TTOPEYEL OTOV
AOYaPLOOUO TOV E, 0TToLadNToTE £0080 TPOKVITTOVY OITO THV KATOYT TOV UETOY DV (TT.). UEPLOUATO).
IMpoKTIKA, 0 E; 8eV avTAaUBAVETOL OTL OL UETOYEG TOV £YOVV TOUANOEL.

16.4 AvToypnuaTodOTOVUEVE YUPTOPUAGKLY

T Ut TO KEPALALO, VITOOETOVUE OTL EXOVUE ULOL OLYOPG GTIV OTTOLCL VITAPYOUV N ETOULPELEG TIG
omoleg aptbuotue wg 1,2, ..., N. Ovopdalovue Sf') TNV TU) WO UETOYNG THG ETALPELOG i TN Y POVLKT)
oTLyun 1, Ko

) 2 N
S, 1= sV, 8P, ..., 5™

70 SLdvuopa TV TOV OAWVY TV petoydv. Emiong Oewpovue T dmnon (F7),so ne
75 =o(s" i se[0,1],i=1,...,N}

yioL ka0e ¢ > 0.

S€ ) TEYVIKT YAMOO, YUPTOPUAAKLO AEUE EVOL VTTOOVVOAO TWV VITOPYOVIWYV YPNUATLOTIPLOK®DV
TPOLOVTMV OF IO, Ayopa. ZuvN0mc, Lval oL UETOYES 1) ouuforata Alov TOToL (Oa doue TéToLa Ta-
POKAT®) TTOV EXEL OTNV KATOYN TOV VOGS OUYKEKPLUEVOG ETTEVOUTNG. ZTNV ayopd TV N TOTOV [Le-
TOYGOV TTOV OEMPOVLLE, £VOL YaPTOPULAKLO Kabopiletan amd eva didvvoua (A, P, ..., KM wpoy-
LOTLKGY aptOudv, 6mov 1o A9 dnhdver OoEC POVAdES TG HETOYNG i TTEPLEXEL TO KAPTOPUAGKLO.
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16.5 Arbitrage

Apviuikd A9 dmhdver 6T o emevduTig ogeihel |1 | petoyéc Timov i ) ogeirer |hD|€ oy Tpdmeo.
STV TPAOTN TEPLITTWON), AUTO EXEL YIVEL UE TN SLASIKAGLO TNG OVOLYTNG TTMANONG, TTOU TEPLYPOPOLE
OTNV TTPONYOVUEVT] TTOPAYPOUPO.

‘Evog emevoumg, Sexwvavtag pe xoptoguidkto (A, P, ... kM) mpaynatomotel ayopég ko
TWAOELG, UE OTTOTEAEOUO. 1] OVOTOOT TOU YOPTOPUAGKLOV VO OAGLEL OUVEYMDG OTOV YPOVO. Ag K-
LEcovue houtov h, 1= (hfl), e h,(") ) T GVOTAOT TOV YOPTOPUAAKLOV KOTA TOV Xpovo . H tuun tov
KOTA TOV YPOVO £ 100VTOL e

N
vii= s = b,
i=1

O nadNUATIKOG 0pLOUOG TOU XOPTOPUAOKLOU ELVOL O €ENG.

Opondg 16.1. (i) Xaprogurdxio Aéue k40e Fo-mpocaptoopuévn N-S1doToTn OToOYAoTIKY) ové-
MENA={h, :t>0}

(i) "Eva xapTo@uAaKLO i AEYETOL QUTOYPUATOSOTOVUEVO AV 1] SLASLKAOLO TYUNG TOV LKOVOTTOLEL
mv

N
avl = > 1nPas? = h, - ds,. (16.1)
i=1
"Eva yaptogulaxio {A, : ¢ > 0} To LEue ETULONG KOL OTPATIYLKY CUVOALAYDV.

T va elpaote akpifels, vtobgtovue 0T M (S;);50 etvar N-didotatn aveEn Itd, n avotnpn dia-
TOnmwon g (16.1) elvar 1) OAOKANPMTLKY THEG LOPET] Ko oL avehEeLS (hfi)),zo elvol KatiAnheg dote
TOL OTOYAOTLKG OAOKANPOUOTA TTOV VItovootvTol otnv (16.1) va opiovtad.

To vo. elval EVa XaPTOPUAAKLO 0UTOYPTUATOSOTOVIEVO ONUALVEL OTL 1) aELo TOU UETUPAAAETOL
wOvo erteldn oAAALEL 1] AELX TOV CUOTATIKMY TOV. AEV YLVETOL OE QUTO ELOPOT XPNUATOG ATtO AANEG
nyEg (TT.y., dSwpeeg) ovte ekpoN (LY., YPNON KEPAAALOV VL0, KATUVOUAWTIKEG AVAYKES). Ag dovue
Topa yrott 1 (16.1) ekgppalel tpdypott ovt ) ouvOnkn. ‘Eotw 0Tt ovvalhoyeg cuppalvouy wovo
KOTA TOMATAGOLO LOG X POVIKTG LOVASOG Af KO £0TM  €VaL TETOLO TTOMATAGOL0. Katd Tov ypdvo ¢
TO XOPTOPUAAKLO £xEL GVVOEDT A, EVED KATA TN YPOVLKY TTEPLOSO (7, T + Af) SEV YIvOVTOL GUVAANOYEC.
2T0 TELOG TG TTEPLODOV, TO YUPTOPUAAKLO EXEL TNV 1L 0VVOEOT MG OL UETOYES EXOVV OANAEEL
TUUT, EVD SEV EYLVE ELOPON 1 EKPOT KEPAAOlwV. Apa 1 aELa TOV XOPTOPUAOKLOU £xel netafPAnOet
Kot Ziv:l hﬁ")(sffm - S,(i)). Topa Yo 0 < a < b TOAMATAAOLO TOV A, TPOCOETOVTOG AUTEG TIG
UETABOLES YLOL OMOVG TOVG YXPOVOVG f; = a + iAt pe i = 0, ..., (b — a — 1)/(Ar) kaw Oswpmvtag Ar — 0,
VIO KatdAAnheg Tpoimobeoelg oty A, alpvovue OTL

b

b
W—%:/hﬂm

7OV glva 1 oOhoKANpmTKY popen g (16.1). YTrevovuilovue v [podtaon 11.5 kot T faoikn ovv-
Ok ov opilel Tig amhiéc ouvaptnoelg (Oplondg 9.3). OtL SNAadT 1 TL] WA TETOLAG OVVAPTNONG
og éva. daomua (1, ;4| elvan F, petprioym.

16.5 Arbitrage

H Vrop&n arbitrage o€ (1oL OLKOVOULLOL ONUOLVEL OTL VTTAPYEL TPOTTOG VO, OTTOKOULOEL KOVELS KEPSOG
VIETEPULVLOTLK A Y WPLG KOOOLOV pLOKO.
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16.6 Ioodywya mQOiOVTa KoL aVvamTaQayovTo, Xo0TOPUALKLA

Moapadevyna 16.2. (Eekdbapn duvototnta arbitrage) Mio TOLPELC TOULMAEL TTETPEAALO [IE KOOTOG
100 doldpra To BapéL, evad wa GAAN oryopalet pe 102 doldpia to Bopéil. Mopolue va ayopd-
OOUULE OITO TNV TTPMT KO VO, TTOUATCOVUE 0TI SEVTEPT] ULOL LEYAAT] TTOOOTITA KOL VOL EYOVUE KEPDOG
YWPLG VoL pLokapovpe Tirota. Emeldn autd Oa exave o kabgvag tov Oa to avithaufovotay, TEToLo
gukaLploL SEV ELvaL SUVATOV VO VTTAPEEL.

Opouds 16.3. Avvatotnta arbitrage o€ (Lo OLKOVOULG. AEUE EVOL CUTOYPNUATOOOTOVUEVO Y AP TOPU-
AGKL0 /1 TTOV LKOVOTTOLEL TIG

Vi=0, (16.2)
P(Vi>0)=1, (16.3)
P(Vi > 0) > 0. (16.4)

ANLOdY, OV VITAPYEL TETOLA SUVATOTNTA, EVOG ETEVOLTNG ExeL OeTLKN mOAVOTITA VOl £XEL KEPSOG
YWPLG VO KIVOUVEPEL KOOOAOU VO £xeL Tnued. MLow TETOLOL EUKaLPLO. OEV ELVOIL SUVATOV VO, VITAPEEL
0¢ Kavovikég ovvOnkec. 1o e€ng howtov vobetovue 0tL duvototnta arbitrage dev vdpyeL oty
ayopd. TOV aoTELELTAL OTTO TG ueToyeg 1,2, ..., N.

YRAPYOUV TOPASELYUOTO AYOPDY KL CUTOYPNUOTOSOTOVUEVOV YOUPTOPUALKIDV O CUTEG UE
apPYLKO KeQahoto dedouevo, ag movue 1, kou telkn T 8edouevo aptdud 06odNToTe neydio O€-
Aovue. Avtd ovviotov arbitrage. Mo 1O€0L TG YIVETAL QUTO SLVEL TO ETTOUEVO TTOUPAOELYIUCL.

Mopaderyna 16.4 (Ztpatnykn SUThaotoopov). Ag vtofeoovue 0TL € £va KOLIVO TOVTAPOUUE EVAL
7000 A 08 €va. TuYEPO TToLyvidL Tov £xel mbavotnta emitvylag p € (0, 1] kau ov kepdioovue, alp-
VOUUE A, EV( OV X ACOVUE, Y Avouue OO TO 11000 A. 'Evag alktng Wropel vo, KAveL To eENg. ZeKivael
TOVTAPOVTAG TO00 M. Av xG0EL, TOVIAPEL TO0O0 2M. AV YA0EL TAM, TOVIAPEL TO0O 4M. Anhod,
£PO0OV OUVEYLLEL VAL Y AVEL, SLTAACLALEL TO TTOOO TOV TTOVTAPEL. MOMG KEPSLOEL (L0 (POPAL, ATOOVPE-
Tow ato TO oy VISL. I'loL Tapaderypa, v KEPOLOEL YLoL TPDTY POPA TNV 51) POPA. TTOV TTALLEL, TOTE TO
OVVOMKO TOU KEPSOG Ot etvaw —M —2M — 4M — 8M + 16M = M. Enteldn) kastora oty Oa kepdioet,
TeMkA B gxel kKatagepel va Kepdioel M. 'Emerta, umopel vo eovolafet T Stadikaoto.

H oTtpatnylkr) Tou Tpoyouuevoy TOPADELYUATOS, VITO OPLOUEVEG TTPOVTOOEOELS, UTOPEL VAL [LE-
TapePOHEL KOL 0TO TAALOLO ULOG 0:YOPAS LETOYMV TTOV 1] TLUT| TOUG ELVOL OTOYOOTIKT] 0VEMEN OVVEXOVG
YPOVOL Ko va Swoel tapaderyua arbitrage (deg Steele (2001) §14.5). Zta wporyuaTikd Kallvo autn v
OTPOTN YLK EUTODLLETOL OO TEPLOPLOUOVG OTO UEYEDOG TV TOVIUPLOUATMOV 1) 0TO TTOGO TOV YPEOVG
TO OTTOLO CUPVETOLL VO, ETMUOTEL O TTOULKTNG 1] 0TO TAN00G TWV QOPMY TTOV WTOPEL VAL TOULEEL.

Etol, kau og KaOe S€80UEVT] OLKOVOULOL TNV OTTOLC. SEV VITAPYOUV EVKALPLEG arbitrage, VITapPyOUV
TEPLOPLOUOL OTO, YOPTOPUAGKLOL TTOU WITTOPEL VOL SNULOVPYNOEL KAVELG. O OVOUATOVUE ATTODEKTA TO.
YOPTOPUAGKLOL TO OTTOLOL ETLTPETETAL VA, SNULOVPYNO0UV. Agv SLvouue LOONUATLKY TEPLYPOEPT| TOVG
yott elvon Toh) texvikn (deg Steele (2001), §14.5, 14.6). Ztnv ayopd twv uetoywv 1,2, ..., N, mov
LOG OTTOLOYOAEL, CUTA OTTOTELOVV SLOVUOULATLKS Y (hpo Oempolueva wg aveliEelg otov RY.

16.6 Tlopdymya TPOIOVIN KO AVATAPAYOVTX YOUPTOPULAKLL

[Topaymyo POV AEue Vo OLUBOALO TO OTTOLO KAITOLOL OTLYY] GITOQPEPEL EVAL KEPSOG TO OTOLO
£EAPTATOL OITO TN CVUITEPLPOPE. TNG TUNG GAAWV CUUBOLALWV/TPOTIOVTWV TTOV TPOUVTAPYOVV 0TIV
ayopa koL ovvnwg sivar ((Baotkotepa)) amd autd. o mapaderyua, £va GVUPBOAALO TOV OF EVOL
UNVa 0o TP SLVEL 0TOV KATOYO TOU £VOL TTOOO TTOV LOOVTAL IUE TN UEYLOTY TUUT| TTOU ELYE 1) TUUT TG
uetoyng g IBM autod tov unva.

T QUTEG TIG ONUELDOELG B0 LG OTTAOYOAOOVY TTOPAYWYa TPOIOVTA £VOG TTOMD OUYKEKPLUEVOU
TOITOoV.
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16.6 Ioodywya mQOiOVTa KoL aVvamTaQayovTo, Xo0TOPUALKLA

Opopds 16.5. Zvuporaro Evporaikov tomov (1) kor Evpomaikd ovuBorato) pe nuepopnvia
MENe T > 0 Aéue ka0 F5 uetpowun Tuxoia petafinti X. O k&toydg Tov Taipvel To (Tuxaio) 1006
X ™ uépa T. 'Eva tétolo ouuforato Aeyetor amho av €xer ) wopgn X = g(S7) yia uo dedougvn
ovvapton g : R - R.

[Mapaywya Tpoidovio xpnoluorootvral o amd Tov 170 awwva. v OMovdia, vinpEe ue-
YO AyOPO. YLOL SIKALDUOTO 0rYOPAG KoL SIKALDUOTa TmAnong (€vvoteg Tov Oa Sovue 0To ETOUEVO
KEQAAOLO) OTNV TUUT THG TOVALTTOGC. ApYoTepa eeKTAONKAY KoL 08 Gleg uetoyec/mpoiovra. H ti-
UWOAOYN 0T EVOG TAPAYWYOU TTPOLOVTOG OEV ELVOL YEVIKA TPOQPUVIG. EmLoTNUovLKOg TpOTOg Yo TV
TLLOAOYNOT) TOUG EUPAVIOTIKE YLoL TPAOTN popd to 1973 e ) dovkerd twv Black kar Scholes, otot-
yeto amod v ool Oa Sovue oto Kegdahawo 18.

211 SLadLKAOLOL THE TLIOAOYNONG EVOG TTAPAYWYOV TTPOLOVTOG, 1] EVVOLA TOU 0LVOITOPOYOVTOG YO0~
TOQPUAOKIOU ELvaL OeUeMDING.

Opwopds 16.6. To yaptopurakio h = {h, : t € [0,T]} reyeton avamapayov yio to cuuBolao
Evpomaikot THmov X av €ivol autoypnuatodoToUUEVO KOl LKOVOTTOLEL TV

Vi =X.

T

To YapTOPUAGKLO 0VTO ELVOL EVOG TPOTTOG VO. TTapay el aEla X artd apyLkod KEQALOLO Vg.

Amtd amoyn €008mV, TO VO EYEL KOVELG EVOL ATOEKTO AVOTTAPAYOV XAPTOPUAAKLO 1) TO OUUBO-
Aawo X glvar to 1810 mpdypa. Emouévog, T otryun 0, Katd tv omolo. eKSIOETOL, TPETEL 1) TUUY TOU
OVUBOAGLOV VO LOOVTAL [LE TV TUUN Vf’) OV €XEL TO XOPTOPUAAKLO TOTE. Lol TN 0THPLEN CwToD TOU

LOYVPLOUOV TTPETTEL VO SIKALOAOYTo0UUE SVO TPAYILOTAL.

(i) AvyLo.to ovuBOLaLo X VITaPYOUV SV ATTOSEKTA aVaTTOPAYOVTaL XOPTOQUAAKLAL /1, 1, TOTE Vg =
Vi Hpdypatt, av yua wapddevypa Vi > Vg, TOTE (PTLAYVOVLE TO YAPTOPUAAKLO /2 — /1, TO OTTOLO
glvol amodekTod. ANhodN aryopalovue To /i Ko TOVAAUE TO h. AUTO EVOEXOUEVIG VO EUTTAEKEL
EMUTAEOV OVOLYTY TTOANOT, elvan OpmG KATL TOV Yivetow. AvTo (oG omopépel BeTko Képdog
Vg - Vg > 0. Tov xpovo T ypwotdue X Moyw tov —h, alhd éxovue kar X Aoyw Tov A. Apa 1
tehkn ol Tov i — A glvan 0, oG EXEL ATOPEPEL OUMG KEPSOG OTNV aLpyT).

.o ’ U ’ ’ ’ ’ ! ’ J4
(i) H owotn tiun Y'LOL TO OUUPOAOLO ELVOL Vg. Me 0uoLo TPOTO OTTWG TPLY, ETMLPAMAETAL KOL OLUTO
oo ™V astovolo arbitrage.

H VroapEn evog amodekTol avamapayovtog YopToQuAaKiov KaOopliel/emBAaileL T CwOTH TL)
£VOG GUUPBOLALOV UE TEPOKTLKO TPOTTO. ANAAST 0V KATOL0G OEwPEL GAAY) T WG OWOTY, WTOPOVILE
YPNOLUOTTOLWVTOG GUTO TO Y OPTOPUAGKLO VO, S1ovpynoovue arbitrage KoL Vo, TOV AVOYKAGOUUE OF
T,

Av xamowa oty ¢ € (0, T), dnhadn puetd v €kdoon kot tpLy ) MEN tov ovuforalov X, 0 Ka-
100G TOU O€AEL VOL TO TTOVATOEL, TOTE 1) OWOTH TLUY) TOAONG ebvan Vi, Orou A elvat €vo. 0tolodnTote
ATTOSEKTO UVOATTAPAYOV Y UPTOPUAAKLO Yiat TO X. AUTO OUTOSELKVIETOL OVALOYOL OTTMG TTPLV.
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17

Evponaika mapaynyo

17.1 Evponaikd dikowopore

Opiopdg 17.1. 1) Evpomaiké dikaimpa ayopads oe Uio LETOYN] ELVOL EVO CUIBOAOLO TTOV SLVEL GTOV
KATOYO TOV TO SLkalmua, Vo, ay0Qdoer o, PETOYT At ToV eK8OTN TOU GUUPBOAALOV OF VO SESOUEVO
ypovo T oe dedouevn Tun K.

2) Evponaikd dikaimpa TdMog o8 (o Letoyn lvar Eva oupBOAALO TTOV SLVEL OTOV KATOYO
TOV TO Stkalwua Vo TOvAfoeL o, LETOYY] OTOV KSOTN Tov oVUBOALOV O Eva dedouevo ypovo T oe
dedouevn Tun K.

O ypovog T réyetor quepounvie. MENS Kou 1) T K A&yeton Tipn] AoK1e1)S ToU SIKOLMUATOC.
O KGT0Y0¢ £vOg td T SVO 7O TAVM CUUPOROLOL OEV ELVOL VITOYPWUEVOS VA, KAVEL T1 GUVOALAYT
7OV TOV eTmTPEmETaL. Tnv Kaver uovo av ) Bewpel ovppepovoa. Kot 1 ouvodlayn eivor dSuvatov
VoL Yiver uovo Katd tov xpovo T. Av autdg o ¥pOvog TEPAOEL, TO OUUBOANLO ELVOL (PN OTO.

Ta 800 mo Tavw Topdywyo eivor arthd Evpomaika mapaymya odugovo. ue Tov Optoud 16.5.
[Mpdarypott, 0.g SOVUE OVOAVTLKG TO KEPOOG TTOV OITOQEPOVV TOV Y POVO TG Gloknong. [ to dikatmpa
ayopag, av Tov xpovo T 1 tyun Sz TG WETOYNG OTNV 0yopd €Lval yvnolo. pueyahvtepn amd K, 1ote o
KATOY0G TOU SIKALMUATOG TO GOKEL Ko ayopalel pior uetoyn ue Tun K. AUEcwe TV TOVAGEL 0TV
ayopa og Ty Sy ko €xeL KEpdog Sp— K. Av ouwg Loyver Sp < K, Tpogavdg deV aoKeL TO SLKOLWLOL.
ToTl va ayopaoel wo. petoyn oe T K av wwopel va v Ppel oty ayopd mod @onva? Apa 1o
Kepdog etvan (S; — K)t og kb meplmtmon Kou ETOUEVOG TO TOPAYMYO €xeL TN nopn g.(Sy) ue
g(x) = (x—K)*.

[0 To SIKalmuo. TOANONG, 0 KATOYOC TOV AOKEL TO SIKALmUA TOV £)EL uovo av S; < K, omote
ayopaLeL 0o TV ayopa (oL UETOYN UE Tt Sz KoL TNV TTOVAGEL 0TOV EKOOTY TOU SIKALMUATOG 0T
ovugpovnuevn TN K. ‘Etou xel képdog K — S7. To kepdog eivar (K — Sp)t oe kGOe mepimrwon ko
EMOPEVWG TO TTOPAYWYO £xEL TN Hop@n) g,(S7) pe g,(x) = (K —x)*.

[Motog evdlapepetal va ayopdoel £va Evpmmaikd dikatmua ayopac? 'Evag exevoutng mov mi-
otevel Ot 1 T TG wetoyng Oa avePel o l. Tatt Tote ayopalovrag @ONva KoL TOVADVIOG 0TV
TN ayopdg Oa kepdioet T diapopd. Avtiotorya, Euvpmmaikd Sikalmuo ThAnong ayopalel Evag
7OV TLOTEVEL OTL 1) TUUT TG UETOYNG Bt TTEDEL.

Av Opng £vag emevouTIG TLOTEVEL OTL 1) T TG UeToyNG Oo avePet, yiatt dev ayopalel Ty do
N UeToyn? ZTO EMOUEVO TAPASELYUO (POALVETOL OTL 1] ayopd evog Eupmmaikol Sikalmuo ayopag
£LVOLL KLVNOT) TTOV €)EL TEPLOCOTEPO PLOKO GAAGL KO SUVOTOTNTA Y0l TOAD UeyohiTepa KEPO).

IMopaderypa 17.2. Ag Bewpnoovue eva Eupmmaikd StKalmuo ayopds ot UEToYN TG Xerox Ue
T = 20 Iovhiov 2012 xou K = 40€. YroOetovue 0tL onuepa etvar 10 Tovviov 2012 ko 1 Ty g
ueToyng elva 36€. Ayopalel ovtd To OVUPBOANLO KAITOLOG TTOV TLOTEVEL OTL 1] petoyn otig 20 IovAitou
Oa £xel Tium avo amd 40 Evpo. Tt Opwg dev ayopalet T uetoyn v oo onuepa?

"BEotw 0tL yvwpilovpe 0Tl Katd Tov povo T umopel vo. ouufel £va oo o €ENg oevapLa:

A H Ty g petoyng etvan 30€,
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17.1 Evowmaikd Sikouduata

Cr

St

Pr

St

K

Synua 17.1: H ovvaptnon thnpoung Katd tov xpovo doknong T yio éva Eupmmaikd Sikaimpo. oyopas (Frdvm)
Ko éva Bupomoiko dikalwpa tdinong (Katm) ue Kowi) T Goknong K.

B : H tun g petoyng eivon 42€,

KL OTLTO TTPADTO 0EVAPLO £XEL TOavOTTOL 1/3, gVvd TO Se0TEPO 2/3. "Evag KAToY0g Tov oupufoiaiov Oa,
exeL kEpdog 0€ oto oevapLo A (dev Ba to yprnopnomomoel) Kot Kepdog 2€ oto oevaplo B. Mmopel
v, artodety0el OTL 1 owoTH TY) Tov ovpPolatlov givar 1€. 'Eotm Aowmdv OTL €vag emevouTng €xel
360€. Ag nehetnoovue TIg £ENG SV EMAOYEG:

1 : O emevdutng ayopalel 10 uetoyég g Xerox.
2 : O emevdutg ayopalel 360 Eupmmaikd Stkaumuato ayopds.

Kabe emroyn kootiler 360€. Av ovufel to oevapo A, tote 1 emmhoyn 1 diver Tnuud 60€ , evad m
emhoyn 2 tnuua 360€. Av ovufet To oevapto B, n emhoyn 1 diver képdog 60€ , evid M emhoyn 2
dtver kEpdog 2 X 360 — 360 = 360€. Anhadn 1 emhoyn 1 tpoopeper 1) Inua 16.6% 1 kepdog 16.6%
E7TL TOV aPYLKOV KEQPAAALOU, EVD 1) €AoY 2 Tpoo@epel 1 tnua 100% M keépdog 100% emt tovu
apytkov keparatov. H emhoyn B eivar o emtOeTIKY. 2 €UVOIKT) TEPLITTMON TPWTAUOLALEL KAVELG
T0 KeQAAowo Tov. H emmihoyn A glvol Lo cuvInpnTiky).

AVALOYEC TAPOUTNPNOELS UE TIG TOPOTAVM UTOPOVUE VA, KAVOUuE KoL Yo To Bupwrmaikd dikono-
LLOLTOL TTMANONG,.

Svuporara 0mwg ovtd Tov Oplopot 17.1 umopohv va agopov évo ueyebog SLapopeTikd oo
TNV TN WO UETOYNG, TT.X., TNV TUUY TOU YPVOOV 1] TOU OLTAPLOV.

H ypnon tov mtapaydynv Sgv eivol Tavtote KepdooKomiky. Mo dAAN TOug XpNomn elvat oty
avtiotdOuon kivdivou. I wopaderya, uo etonplo. evogyetal va 0elel va eEaheipel TNV afeparo-
TITO OTNV TN WOG TTPADTNG VANG TToL xpetdletar. 'Botm 0Tt autn 1) pmTn DAY ELVOL TO TETPELALO.
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17.2 Zxéon uetatv tyudv Stkauwudtwy ayods Kot IdAnons

Ayopaler houtov evav aptdud Evpwmdikmv Stkoimudtmy ayopdas ue T, .., 1.5€ to Mtpo, ko
€LVOL OLYOUPT) OTL TN SESOUEVT UEPOUN VL OTO UEAAOV SEV YPELATETAL VO, OLVIOUYEL YLOL TNV TLUY] TOU
neTpelalov. O TG KOOoTLoEL TO TOAD 1.5€ To AlTpo.

17.2  Xyéon uetafv IOV SIKGOUATOV ayopas Kot TOAong

Oempovpe eva Evpomaikd dikatmpa ayopdg Kou évo Eupmmaikd dikalmuo TdANong tave oe
ULOL LETOYT TTOV €X0UV KoL Ta: dV0 TV 1dtor nuepounvio \Eng 7 kot v idia tyun doknong K. ‘Eotw
OTL TN Y POVIKN oTryun ¢ < T oL Tiuég Toug elvan C,, P, eV 1) TN TG UETOXNG elvan S,. 'Eva emuyetpnuo
Baotopevo oty EMhenn arbitrage SLVeL (oL ITAT) OE0T TTOV LKOVOTTOLOUV ot Tueg C, P,

Mpéraon 17.3. Av 1o emrdkio 16 todmelog elvar 6tale0d, (60 ue 1, kar dev vIdQyeEL SuvaTdTHTA
arbitrage, tote Yo kabe t < T 1oyvet

C,—P,=8,—Ke "7, (17.1)

Amddeén. H oygon woyler yia t = T, yuott To aplotepd UeLog g Lootntag toovto pe (Sp — K)*t —
(K=Sp)t = — K" = (Sy— K)™ =S — K, 1ov GuumiTeL ue 1o to 8eEL uENOG.

Tt < T, tov podvo 1 Kavoupue To eENG. AYopalovue Eva SIKOLMUA TOANONG KO LG LETOYT KO
Tovhaue £va dikalwua oyopac. o v ayopd auto Tov yapto@uiakiov Eodevovue

P, +S,-C.
AvTO TO YOPTOPUAAKLO OTTOPEPEL TN Y PoVIKT otryun T 006 K. Tatt tote 1) a&la Tov Oa gtval
(K—ST)+ —(ST—K)+ +ST= (K—ST)+ —(K—ST)_ +ST= (K—ST)+ST=K

Na 1o dolue ko TpokTika mog 0o dovdépet. Tov ypovo T, av woylel Sy < K, aokolue to dikalmuo
TOAONG. ANAOST TALPVOUUE T1) UETOY TTOV £XOVUE KO TNV TOVAGUE OTOV EKSOTI TOU SLKOLMUATOG
noAnong oty i K. Av woyver Sy > K, 10te 0o €pOEL TO GITOUO OTO OTTOLO EYOVUE TOUANOEL TO
SUKALOUOL Y0P YLOL VO AYOPAOEL (oL etoyh oty Tt K. Tov Stvoupe AOLtov TV (oL ETOYT TV
gyovue Kau rapvouvpe K.

Apa TO APYLKO YOPTOPUAGKLO SLVEL VIETEPUVIOTIKA TO 71000 K ToV %povo T (ELvoL avamapiyov
yio. 70 71000 K ) ypovikn otryun 7). To 1dto Kavel Ko 1) Tpastelo av KatabEoovue Tov xpovo ¢ 1o
1006 Ke™ "7~ _TIpémel howwdv oL 800 emihoyég

A D OKOloUa TTOANONG — SIKALMUO AYOPAS + UETOYN,

A, : 1006 Ke™"(T=9 oy tpduela tov ypdvo 1,

VoL €0UV THV 1810 AELOL TN YPOVLKY OTLYUN £, YLOTL SLapopeTIKa £xovue arbitrage. Kow autd ohokAn-
PMVEL TV OTTOSELEN.
AMG ag dolue ovOAVTIKG TG eupoviCeton arbitrage av dev 1oy 0L 1) lootnta. [io Tapdderyua,
av
P, +S,—C, > Ke T,

TOTE TOVAGUE TV emhoyn A, Ko ayopalfovue TV emhoyn A,. TTo ovyKeKPLUEVO, TOVAGUE EVal
SLKOLMUO TTOANONG, AYOPATOUUE EVOL SIKALMUOL 0LYOPAS KOl KOVOULE CVOLYTY] TTOANOT) OF Lo LETOYT).
Téhoc, patovue otV Tpdmelo 1006 Ke ™I~ "0, 11 ko va yiver Tov povo T, oL voxpemoeg tag Oa
£yovv K0otog K, alLd To T000 7OV giyaue Bakel oty Tpamela €xeL Yivel Théov K Ko TG KaAOTTTEL
akpLpmc. Opwg epelc oV apym kepdioapie To 10066 P, + S, — C,— Ke™" 7= > 0. Avt) eivou arbitrage.
Opowa deiyvovpe o6tLkawn P, + S, — C, < Ke™" T~ odnyel o arbitrage, ka1 pdtaion amodeiydnke.

|
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17.3 AAda eldn Sikaiwudtwv
17.3 Alha €181 dukanmpdrtwy

"Eoto (S,);50 1 AVEMEN TNG TG WLOIG OUYKEKPLUEVNS eToyNG. Opllovton (e faom avty) Ty T
Kamola aAa €18 dukotwpdatov. Lo v meprypagn tovg Oa xpetaotovpue Tig eEng avelEeig:

S = inf{S; : s € [0,1]}, (17.2)
S, 1= sup{S, : s € [0,]} (17.3)

yio KGaOg ¢ > 0. AUTEG AEYOVTAL TO TPEYOV ELAYLOTO KOL TPEYOV UEYLOTO OVILOTOLYC TG S.

Aotk dikoavdpota. ‘Eva 11010 Stkalmua Sivel 0Tov KAToYO TOU TO SIKALMUA T OTLYI] TG
MENG T va TAPEL EVOL TTOGO TTOV ELVAL GUVAPTNOT] TOU UECOV OPOU

T
3l
— | s.adt
T 0

™G TLung ™G uetoyng. ‘Etot, éva Aotatiko dukalmpo ayopag ue T doknong K ko xpovo MmEng T

divel 10 T00o
LT
— | sdi- K)

"Eva AGLortiko Sukatmua toinong pe tun aoknong K ko ypovo MEng T divel 6Tov KAToyO Tov ToV
ypovo T 1o mood (K — T—! j(')T S, di)*t.

AKOUOUOTO UE PPAYUETO. ZTOV OPLOUO CUTMV EWTAEKETAL IO TTOPAUETPOG ¢ > 0 (To pporypa)
1] OTTOLOL CUILPMVELTOL KOTAL TV ALYOPA TOVG. AVO ELVAL TO. ELOT) GUTMOV TWV SIKOLOUATOV, TO EVTOS KO
T0L ekT0¢. 'Eva dtkatmpa eviog Myel pe aElo undev ektog av 1 aveMEn S Katd To ypoviko dLaotnua
[0, T] emokegrel kot Ta dvo daotnuota [0, c],[c, 00) (dnhadn dwaoyioel To ppayua c). Evad éva
dukatmpo ekTog AMyel we agta undev av 1 aveMEn S katd to ypoviko draotnua [0, T emokeptel
Kot o dvo draomuata [0, cl, [¢, 00).

Topa, avaroya pe TNV apytkn T Sy £X0Vue T eENG e1ON).

+

o AV KoL eVTOg. AV Sy < ¢ KO TO SIKOLWULOL EVEPYOTOLELTAL LOVO av Sp > ¢. Anhadi) tpémel
Kamola otyun Katd to dtaotnua [0, T] 1 T g HETOXNG VO EETEPAOEL TO PPAYILA C, SLAPO-
PETIKA TO SIKALWUA €V SLVEL TLITOTA KATA TOV YPOVO GLOKNONG.

* Katw ko evtog. Av Sy > ¢ Ko TO SIKOLMUE EVEPYOTTOLELTOL WOVO ALV S <c

e Avo Ko eKTOC. AV S < ¢ KO TO SIKOLMULO, ATTEVEPYOTOLELITOL AV S > C.

* Karm kau ektog. Av Sy > ¢ Kou 10 dikadopa amevepyonoteitar av S < c.

[0 Topaderypa, £va Katm Kol KTOg SIKalwuo ayopdg ue tun aoknong K, ypovo aoknong T
Ko @payua. ¢ dtver tov xpovo T to o006 (S; — K)* av xkad’ 6ho to didotua [0, T] 1 uetoyn iye
avtote 0L PeYaADTEPT TOU €. ALOPOPETIKA, TO dtKalmua dtvel 1ooo 0.

Lookback dikarduata. ‘Eva lookback dukalwupa oryopag Sivel 0Tov KOTOYO TOU TO SUKOLWULA VO.
ayOPAOEL [Llat petoym T xpovikn otwyun T oty tun S - AvT 1) TYN ELVOL GLYOUPQL Y AUNAOTEPT] OTTO
™Y TPEXOVOC, ENOUEVKG TO dikaimpa aokeiton TavToTe Ka divel kEpdog Sy — S agov o kaToxdg
TOU HETA TNV 0YOPO. TOVAGEL TV UETOYT AUECMG OTHV TLUN Sy

"Eva lookback Stkaimuo tdAnong Sivel 0Tov KAToyO TOU TO SIKOLWUA. VO, TTOVANOEL (oL LETOYT] T
ypovikh otryun T oty tn Sy. Eouévag éyel ouvaptnon mmpoung Sy — Sy
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17.3 AAda eldn Sikaiwudtwv

Augpkavikd dikouduato. Avtd elvol Stkaduota Tou £xovy dedopuevo xpovo Long [0, 7] alld
WITopoLV va. aoknBovv omoladnmote otryun tov dtaothuatog [0, T] 6eknoel o kKatoy0g Toue.

T Tapaderyuo, Eva Aueptkaviko dukolwua toinong ue MEn T kot tyun aoknong K divel otov
KGATOYO TOU TO SIKALWUIA Ve TTOVANOEL, omoladnote otryun oto [0, 7], otov ekdoTn Tou dtkaumua-
T0¢ W puetoyn oty Tun K. ‘Evo T€T010 Stkalmpa SLvel TeEPLocOTEPES EMAOYES ATTO TO AVTLOTOLYO
Evpwmaiko. Ag vrrofeoouvue 0TL yio kamowo ¢ < T ovppaiver S, < K adha ) otryun MENG Loyvel
S; > K. 2 £vaL TETOLO 0EVAPLO, O KATOYO0G EVOG AUEPLKOVIKOU SLKALDUOTOG TTMANONG, 0LV LOKT|OEL TO
dikalmpa Tov Tov Xpovo 1, o £xeL KEPSOC, VM 0 KATOY0G VoG Evpmmaikol Stkoaiduatog Tminong
dev O KepSLoEL TLTOTA.

[Mopatnpnote 0Tt OO TA SIKOLMUATO. TTOU TEPLYPAPAUE TTLO TAVD NTtav Bupwitoikd.

Aoknoeig
17.1 'Eotw Vo Evpwmaikd Sukauduatae oyopdg og wio Letoyn pe Koo xpdvo MEng T kol tiun doknong K, Kot

K, avtiotoya. Ovoudtovue C,(1), Co(r) Tv a&la toug tov xpovo ¢ € [0, T]. Trobétovpe 6tL K| < K,. Na deuyBel
OTL OV TNV ayopd dev VITAPYEL duvaTOTNTA, arbitrage, TOTE LOYVEL

0<Ci(1)—Cy(®) < (Ky — K, )e™ T

yio. KaOe t € [0, T). r elvar To emitokL0 TG TPATELOC.
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18
H &Eiowon Black-Scholes

18.1 Mo ot ayopd.

OewPoVUE OTL EYOVUE OL AYOPXL TTOV £XEL LOVO V0 TTpotovTa. To €va elval 1) SuvaToTNTa KOTA-
Beong oe wo Tpastela (LoodHVaU, 0yoPd OUOAOYWV TNG TPATELAG) KOL TO GAAO ELVOL UETOYEG ULOG
ETOLPLAG. ZUUPBOALLOULE TV TUUT TG HOVASAG Yo KAOEVO aITd QUTA T YPOVLKY OTLyu) £ Ue B, Ko
S, avriotorya. TwoBETouue OTL OL TLIEG QUTEG EEEMOCOVTOL WG EENG

ap, = rp,dt, (18.1)
dsS, = Sudt + S,0dB,, (18.2)

omov r,u,0 > 0 dedouéveg 0tobepec. Tia TV TLUN TOV OUOAOYOU WITOPOVUE VO YPOUWPOUUE CLUECNG
B, = Boe™ yra kaOe 1 > 0. Anhadn to 000 B 0VATOKILETOL Ue OVVEYT KoL 0TaOEPd pLOUO avaToKL-
ouov r. Kotavooiue Tov tpomo eEEMENG TNG TLUNG TNG UETOYNG GV YPOPOUUE

as

Ttt = udt + odB,.

H oyetikn odhayn e Tung S, o€ €va. tkpo X poviKo dLaotnua. [1,  + df] TPoEpyETOL QTTO UL VIETEP-
UWLVLOTLKT a0ENOT KOTa udt 0TV 07ToLoL TPOOTLOETAL (Lot TUY 0L UETAPBOAT TNV oTtola dev EEpovue
aKOWOL TN XPOVLKT) oty 7. Zépoupe arhag Ot éxet katavoun) N(0, o2dr).

BéBara, exovue Moel manpng ) ZAE (18.2) oto IMapaderypa 14.1 kai i AMvon g elvar 1) yew-
UETPLKT Kiviion Brown. Znueidvoupe 0TL artd T Pop@n g Mong TpokvmTeL ot 1 S, elvan BeTik)
Yo Ohovg Toug YPOVOLS ¢t (epdoov S, > 0), mtpdyuo Tov dev elvar Tpopaveg oo T ZAE yioti 1
£ELOWOY) EUTAEKEL TOV TAPAYOVTA dB,, 0 0TTOLOg TTALPVEL Ko apvnTikeg Tues. Kar autd etvol ol
AOYLKO. Mo LeToy ™ TO TTOAD VO UNOEVIOTEL, TOTE OUMG OV OOl TTAPEL ALPVITLKT) TUUY).

18.2 Tlopayoyn s eElowong

'‘Botw 0TL €govue €va amho ovpBorato Evpmmaikod thmov. Anhadn wia dedouevn nehoveikm
ypovikn otyun T dtvel To wood g(Sy) otov Katoyo tov. Kavovtag kamoieg tapadoygs, Oo tpoodio-
PLOOVUE T CWOTH TLUT TOV OVUBOACLOV 0TTOLadNTTOTE Y POVIKT oTtLyun ¢ € [0, 7.

Oeopnua 18.1. Eotw g : [0,0) — R ovveyrjs cvvdotnon yua tnv omola vadoyovv Oetikés otale-
0EG €1, Cr KaL @ < 2 wote
30| < ¢ ec2lloet (18.3)
ya kdOe x > 0. Tote n owotr] ) tov Evowmoukot cvufolaiov g(St) ue nueoounvio Ajgne T katd
omotadnmote yoovikrj oty t € [0, T| toovtar ue V(S,,t), 6mov V : [0,00) X [0,T] = R eivar i
UOVOOLKT) AVGT TOU TQOPAUATOS
ov 1 3’V av
—(x, 0+ E(izxzﬁ(x, 1)+ rxa—(x, H—rV(ix,t)=0 oto (0, 0) X (0,7), (18.4)
X X

ot
V(x,T) = g(x) oo [0, 00) (18.5)
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18.2 Hoagaywyn tng eElowong
OV EMITAEOV tkavoTToLel T GUVONKY:
vrdgyovv Cp, C, > 0 dote |V(x, 1)] < C1eC200e%" 1y kdbe (x,1) € [0, 00) X [0, T]. (18.6)

H pepikn dragopikn eEtowon 18.4 Aéyetar eElowon Black-Scholes.

Aedouevou OTL dev €xovue SMHOEL AKPLPT TEPLYPUPT] TOV OTOSEKTMV YOPTOPUAAKLWY, Ol (wto-
PECOVUE VO SDOOVUE OV EVOL 0YESLO TG amddelEng. Tpwv apyloovue, Oa mewpopatiotovue. ‘Eotw
X, 1 0woTN T TOV CUUPORALOU TOV Y POVO L. BEBaa 1) T Oa eEapTaTOL 0ITo TIC TANPOPOPLES TTOV
ELVaL YVOOTEG G TOTE, dhadn Oa etval F-uetpnowun ovvaptnon. Oa vrobEcovue OUWG ETTAEOV
ot

e X, = V(S,,1) yuo xastora ovvaptnon V : R x [0, 7] - R.
s Ve CP'(Rx[0,T).

ANLodN M TLn] TOV CVUBOAALOV TN OTLYUN ¢ EEQPTATOL WOVO OTTO TNV TUUT TNG UETOXNG TN XPOVIKT
ot £ (1) TPONYOUUEVT] LOTOPLA TNG TUNG ELVaL adLapopn) Ko BERana artd Tov ypovo . Kar ot 1
eEQPTNON ELVOL APKETA AELO. ZTOYOG WOG ELVaL Vo Bpovue T ovvaptnom V.

YoO£Touue OTL VITAPYEL EVOL ATOSEKTO YAPTOPUAGKLO TTOU ELVOL OLVOITTAPAYOV YL, TO OUUBOANLO
Kot £0TW OTL 1] GUVOEDT TOU YOPTOPUACKLOV TN YPOVLKT ot £ etvon (a,, b,), Snhodn tepLeyet a, pue-
TOYEG Kaw b, ouoOLoya. ATtd T 0%0Aa TTov 0KoAoUOoUV Tov OpLtopd 16.6 £xetal OTL o KAOE Y pOoVIKN
otwyun ¢t € [0, T] 1 Ty Tov XopToQUACKIOU LOOUTOL UE TNV TLUT TOU GUUBOLOLOV EKELVY] TH OTLYWY.
Anhodn

a,S, + b, = V(S,,1). (18.7)

Eme1dn 1o xopToguliKLO ELVOL GUTOYPNUATOSOTOVUEVO, Oa. TPETEL

dv(S,,t) = a,dS,; + b,dp,. (18.8)
XpnowomoLmvtag Tov Tomo Tov Itd kot v ekgpoaon (18.2) yia to dS,, ypagouue To 0pLotepd HENOG
TG TPONYOUUEVNG OXEONG 1S

v av 182V
=, di+-dS,+ 2az(dst) (

ov dV

6V
S, —
ar +u

s
2s2
" Ox

1
. 5 ’aZ)dt-l- S
Ko to g€l wg

(a,uS; + rb,B,)dt + a,6S, dB,.

Oa woyveL  (18.8) av €xovue

oV
at:a,
oV av 1 0%V
ausS, + rb,f, = 5 + uS,— R + 50 Sfa—xz.

AvTKoOL0TOVUE TOPO OTNV TELEVTAL OYECT] TNV TUUT TOV @, KOL TNV TUu1| Tov b, tov divel 1 (18.7),
dMhodn
b, = (V(S,, 1) — a,S)/Bys

KOLL TTOLPVOUUE
o’V
625?

+ tox2’

a—v‘uS, + r(V— S

6V> ov ov
Ox

— = — 4 S_ l
Bx) " ar T*iax T2
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18.3 H e&iowaon Oeouodtnroag

dmiadn oy

aa—‘t/+1 25,23 >+ S,aa—l/—rv 0.
TG TEMEVTOLEG OYEOELG TTOPaAelpape TO Optopa ¢ V, To omoto eivan o (S,, 7). Emouévag, av n V
vkavortotel Tig (18.4), (18.5), Oa £xovue 6t to (a,, b)elo,1] ELVOL OUTOYPNUOTOSOTOVUEVO KO OLVOTTOL-
payov [H ertihoyn tov a, kow 1) (18.4) eEacpalifovy 0Tt ELVOL CUTOYPNUOTOSOTOVUEVO, EVE 1) ETLAOYN
toU b, Kaw 1 (18.5) eEaopariovv 0Tt vl avartapdyov]. Av To YopTOPUAGKLO ELVAL KO ETTLTPETTO,

EMTETOL OTL 1) CWOTI TUWY TOV OUUPBOLOLOV TN XPOVLKY oTLyun ¢ Oa etvon X, = V(S,, 1).

Syédio amddeEng Tov Oeworjuatog 18.1. Oa dei&ovue oty Mapdypago 18.4 6t 0 TPOPANUOL
(18.4), (18.5) £xeL povadikn Ao f wov va itkavomotel Ty (18.6). T'wa thpa, vroOETovue OTL £ovpue
ot dLa0e0n pog T povadiky avt) Aon. Oewpolue To apTopuAdKLo (4, b,)e[o,7] TOV OpLleTal wg
eEne Yo kabe 1 € [0, T1:

a, . = a—f(St,t), (18.9)
ox

S, 0 —asS
p, o = LSeD =S, (18.10)

By

H oEla tov kaOe otvyun ¢ etvan f{S,, 7).
[=XYPIEMO3 I: TO OPTOPUAGKLO ELVOL AVOITTOPAYOV.
[Mparyuot, agod ASy, T) = g(Sr) Moyw g (18.5).
I=XYPIZMO3 2: TO YAPTOPUAGKLO ELVAL CQUTOYPNUOTOSOTOVUEVO.

AVTO TTPETEL VOL ELVOUL OAPES ATtO TOV TPOTTO TToL KortaknEaue oty (18.4). Oa to Eavakdvouue oG,
It € [0, T), virohoyiZovue amd Tov THTO ToU Itd,

0 92 d
dj(St,t)—(—f Sa_f+ 2S,26];)dt+0‘5 afd
(rf—rS gfmsgf) dt+aS§de

=r(f—a,S,) dt+a,S,(cdB, + udt)
= rbf, dt + a,dS, = a,dS, + b,dp,

21t deltepn 0oTNTa YPNoLuoTomoaue OtL 1 f tkavomotel ™) (18.4), otnv tpiT) WOTHTA TOV TOTTO
(18.9) yia t0 @, Ka 0TV TETAPTY L0OTNTO. Tovg TOTTOVG (18.10), (18.1) Yo ta b,, dS,. Apa.

t t
f(St’ t) _f(SO’O) = / asts + / bxdﬂs
0 0

v ka0e 1 € [0, T). Emteldn kot to §00 UEAN ELVOL CUVEYEL CUVAPTIOELS TOV £ ETTETAL OTL 1] LOOTITO
Vet Kaw yio t = T. Kaw o toyvplopog ammodetyOnke.

AmodetkvieTaL ETTLONG OTL TO YOPTOPUAAKLO ELVAL OITOSEKTO, OTTOTE, Ue PAOY OOC ELTTOUE OTNV
[Mapaypago 16.6, | cwoth Tiun Tov ovufolatov kabe ypovikn ot 7 € [0, 7] wwovton ue f(S;, 7). B
18.3 H eEiowon Oepuomrog
ESlowon Bepuotntag AEpe T HePLK SLapopLKT ELOWOoN

u; = Au,
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18.3 H e&iowaon Oeouodtnroag

ueu : UXI— R, 6mov U C R? givan éva avorktd ovvoro ka1 C [0, 00) éva didotua. O tehectig
A elvou 1 Aamhaoiavy Tov RY, dnhadi

d azf

2
k=1 0x;

AMx) =

v k40e x € R? ko f ouvdpToN Pe TPOYUATIKEG TUIEG TTOU OpLieTaL OE TEPLOYY TOV X KoL £XEL
dEVTEPEG TAPAYDYOUG OTO X.

S€ QUTEG TIG ONUELWOELS, NaG eVOLOpEPEL 1) teplttwon d = 1 ko U X I = R X [0, T] yio kGstoro
T > 0. Tote M u elvor ouvapTnon dV0 TPAYUOTIKOV UETABANTOV (X, 1) KoL 1) eElowon ypapeTal

Uy = Uy

BéBara, mavtote TV €EL0MON 0VVOdEVOUY KoL KATAANAES AP LKEC/OVVOPLAKES GUVOTNKEG.

T avt) v eElowon Ba Statvtdoovue ywplg 0tddelEn dvo Paotkd Bewpnuota. To eva Stvel
ULOL EKPPOLOT YLO Lt AVOT TG KoL TO GAAO eEAOQOALLEL TN LOVOSLKOTNTO TG TNG ADoNG HECH O
ULOL LPKETA EVPELX KAAON ouvaptnoemv. Tig amodeiEelg wropet va det kovelg otig Mapaypdgpoug
(a), (b) Tov Kepalaiov 7 Tov John (1982) dmwg ko 08 AL BUBALO LEPLKMV SLAPOPLKMV EELOMOEMV.
Ozwpolue T ovvapmon R : R X [0,00) — R ue

R(x, t) - ; e—x2/4t
4t

v x € R, 7> 0. Twa 0tabepo 1,  ovvapmon x = R(x, 1) eivon 1 mukvomto g Katavoung N(0, 27).

Oeopnua 18.2. Fortw g : R — R ovveyrjs ovvdotnon yia tnv omoia vrdoyovv 6taleoés Ci, C, > 0
Kot @ < 2 ote
lg(0)| < Cre&H’ (18.11)

yia kdOe x € R. Toéte ny ovvdotnon u @ R X [0,00) = R ue

1 :
ux, 1) i= f gOIR(x =y, ) dy = —— / g(y) e/ gy (18.12)
R \4nt Jr

x € R,t > 0 wkavomouel to €€njg:
(i) u € C*'(R x (0, 0)).
(ii) u, = u,, oto R X (0, 00).
(ifi) Tim(y ) (x,,0) U(x, 1) = g(xp) Y1 KGO X € R.
x€R,>0

To (iii) AéeL OTL 1) 1 emeKTELVETAL LOVADLKG 0TO 0UVOPo Tov R X (0, 00) KoL OL TUES TG EKEL OV-
UITLITTOVV e TV g. ZuuPoiifovue kow v emektaon ue u. H u mhéov Mver To pofAnua apytkdv
TLLDV

w—u,=0  o10R x(0,00), (18.13)

u(x,0) =g(x) otoR. (18.14)

Enuerdvouue 0t M (18.12) ypagetan emiong wg u(x, 1) = E, g(B,,) (N u€on tun aqopd Ty Kivnon
Brown B 1) omota €xeL onuelo ekkivnong By = x) aqol M By, £xel mukvomto y — R(y — x). Me

WKPEC SLAPOPEG OTLG VITOOEOELS ATTd TIG OTTOLEG TTPOKVITTEL, AUTOG £LvaL O 110G we Tov Tugto (12.17)
oto [Mapdaderyna 12.14.
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18.4 Avon ¢ eElowong Black-Scholes

H eElowon Bepuodtntag oe eva ympto g wopeng R x [0, 7] ue T > 0 1 g wopeng R X [0, o),
av €YEL TOVAA(LOTOV o MO, TOTE £XEL ATELPEG AMVOELG 000 KOAY KOL VO ELVAL 1] 0PYLKT OUVONKN
g (8ec Kegahawo 7 tov John (1982), oyéoeig 1.19, 1.20). Amd Oheg UG TG MIOELG TO TTOAD Wio €EL
eLEYYOUEVO UEYEDOG VLo LEYARDL |xX].

Ocopnua 18.3. Eorw u € C>'(R x (0,7)) kau ovveyric oro R X [0, T] yia Tnpv omola vdoyovv
otabeoés Cy, C, > 0 wote

lu(x, 1)| < C,e* (18.15)

ya kdOe (x,1) € R X [0,T]. Av
u,—u,=0 oroRXx(0,7), (18.16)
u(x,00=0 oo R, (18.17)

tote u = 0.

Av &0 ovvapmoetg ul,u® : R x [0,T] = R wcavomowotv tig (18.16), (18.14), (18.15), tote
VL0 TN SLaPOPa TOVG EPOPUOTETAL TO TTPONYOUUEVO Bempnua Kot Sivel Ot ud = 4@, Anhadn to
TPOPANua Twv (18.16), (18.14) £yl to oD wa AMon tov tkavostorel v (18.15). Awd tnv i, on-
LELMVOUULE OTL YLOL g TToU Lkavortoel Ty (18.11), n ouvaptnon u wov divetan astd ) (18.12) tkavortotel
™ (18.15) yia kae T > 0.

18.4 Avon s eEiomong Black-Scholes

Oeopnua 18.4. Eotw g dmwes oto Occdonua 18.1. Yrdoyer uovadikn Avon tov moofijuatog (18.4),
(18.5) mov tkavomoiel Tyv (18.6), ko dlvetar amd tn oyéon

o2
=r{T=) f g(xe(T—t)(r—7)+zo\/E) 12 4y (18.18)
R

Vix, 1) =
21

o kdBe (x, 1) € R X [0, T).
AmdSeién. Me KotaAMNAovg petaoynuotiopols, 0o avoyayovue v eElowon Black-Scholes oty
eElowon Oepuotrac. Elodyovue véeg netafAnTeg, TIg 7, y Ue
o2
7:=(T—- 07’ y :=logx, (18.19)

WG TTPOG TIG OTTOLEG OL TTAMES SLVOVTAL OTTO TIG EKPPAOELS

T

t=T— ——,
o2/2

x=ée, (18.20)

KO T OUVAPTNOY)

T
R =V,t=V<y,T—_>
W00) = Vi) = V(e T- =T
v ké0e y € R xau 7 € [0, To?/2]. 'Evag vmoloyiopnog divel

ve =v,+(@A—=1Dv,—2Av otoR X (0, T6?/2),
v(y,0) = g(e") oto R,

ue A 1= r/(6*/2). Emerta etodyovue ™ ovvapmon u : R X [0,76%/2] = R pe

1 1
vy, 7) = e ¢TI T
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18.5 Eidixn meointwon. Evowmaikd dikaimwua ayoods

Tote 1 u LKOvoTToLEL
U, = U, oto R % (0, T62/2),
1
u(y,0) = e We(e) oo R.
H ovvOnkm (18.3) og cuvduooud pe ta Oswpnuata 18.2, 18.3 diver 6t 1 povadikn Abon tov tehev-
TOOV FTPOPANUATOG TTOV tkavortotel TV (18.6) divetar arrd T oyEon

G-
u(y,7) = f u(w,0)e  « dw.
R

dxt

Apa,

o1yt . 1 _G=w?
V(x,t):e Z(A Dy 4(}“+1)2 fu(w,O)e a  dw
R

Vit
1 o-w)?

1 1
1 e—;()t—l)y—;(/Hl)szg(eW)eg(’l_l)we_ w dw. (18.21)
\dnr R

O eKOETNG UEOOL OTO TELEVTALO OMOKAPOUOL ELVOLL

1 (y — w)? 1
5(/1— Dw — e —4—T{w2—2wy—2r()L— Dw + y?}

= — v = O+ 10— D) = 797 + Ty + 7= DY

_ 2, Lo 2
= 4T{w G+t(a—1)F + 4T{r A =1 +2yt(2 — 1}
[TpooOETovTag o€ auTh TV TOOOTNTA TOV EKOETN £E1 AITO TO OLOKANPWUA, TTOLPVOUUE
1 2, 1 21 oL 2
41:{W G+t(A-1)F + 4r()L 1) 4()L + 1)t = 4T{w y+t(a = 1)} — Az

[Moapampovue 0tL At = (T — t). K&vovue 0to oOhOKANPpOUa TV 0AAGYT LETABANTNG

_ W=+ -1)
o .

Tote 2
eV = eye(l_l)f"'z\/z_f — xe(T_t)(V—%)+zo‘\/E
Ko emopévang o Tomog (18.21) yia ™ V ovustintet e awtov om) dlatimmon tou ewpripatog. [ ]

18.5 Ewwkn wepintrmon. Evpomaixé dikaiopo ayopag

O EPAPUOCOVUE TOV TVITO TOV TTPONYOVUEVOU BewpPNUaTog 0TV Fteplitmon mov g(x) = (x—K)*
yio Kamowo K > 0. Avtd 0a dmoel tnv Tt evog Eupmmaikot SIKoumUaTog ayopdg Ue T GoKnong
K.

Mpéroaon 18.5. H tiurj evés Evowmaikot Sikauduatog ayoeds ue tur doknons K yia tny uetoyi S
otnv ayood: (18.1), (18.2) woovrar ue C(S,, 1), dmov yra x > 0 kai t € [0, T),

Cx, 1) 1= x®(d,(x, 1)) — Ke " TDD(d,(x, 1)),
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18.5 Eidixn meointwon. Evowmaikd dikaimwua ayoods

ue ® tn ovvdornon karavourjc tns N(0, 1) kot
1 { x o?
log — + (r+ —)(T—t)},
oVT —t K 2
1 X o?
dr(x,1) 1= {log— + (r— —) (T—t)}.
oNVT —t K 2

Amddeén. H g(x) = (x — K)* wkavomotet v (18.3). ©¢tovpue

A :=(T—t)(r—%2>,
\/—

=51z

d] ()C, t) =

q
><I><

) = —dy(x,1).

Dcl'—‘

O timog (18.18) divel

o0
Clx,1) = e~r(1=0) f(xeA+ZB -K)* e~ 124y = e~ (71 f (xe’+ B — K) =2 47
2 R 27 L
1 o
Y e / eB=712 gz — K e T=D(1 — (L))
27 L

(&)
— 1 xe—r(T—t)+A+Bz/2f e~ (@—B)*/2 dz — Ke_r(T_t)CD(—L).
L

\V2x

To ohoxApwua otnv tehevtaia ypouur wovtol ue V2a{l — ®(L — B)} = V2a2d(B — L). Ouwg
B—L =d,(x,1),—L = dy(x,1) xow — (T —t) + A + B*/2 = 0. 'Etou mpoxvmteL 1} Inroduevn oxéon. W

Aoknjoeig

18.1 =70 1810 mhaiolo ko ovpBoioud ommg oty [pdtaon 18.5, va derybel 0T 1) owot Ty evog Evpwmaiko
dtkoumpoatog TdANoNg ue T doknong K wottar pe P(S,, 1), 6mov yio x > 0 kai 7 € [0, T),

P(x,1) := Ke " T=0®(—d,(x, 1)) — xP(—d, (x, 1)).
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Hopaptyuoto
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AI

IMOavoTyTeg

A'l  I'kaovolavég Tuyoies netafintes

2T
Afquua A’.1. Eotw X tvyaia uetapinij ue katavourj tnv kavovikr) N(0, 1). H gomoyevvijtoie My
e X Sivetaw amd tn oxéon
My(@) = E(e™) = e3"
yio kabe t € R. Ko doa
(2k)!

K12k
E(X*+1) =0 (A'2)

EX¥*)=1x3%x- X (2k—1)= (A1)

yia kdOe k € N.
Amodegn. Tt € R,

E(e™) = L f ee 2 gy = 1 f T P2 gy = eﬁ/zf L M)
R R

m 27 R\ 2w

H tehevtaio 106t LOYVEL YIOTL 0TO TELEVTOLO OMOKANPMOUO 0 OAOKATPWTEOG ELVAL 1) TUKVOTITO
™G Kotavoung N, 1).
[ |

Aqupoe A2, Eotw X tvyaia uetapintij ue karavour] v kavovikr) N(0, 1). INa kdOe x > 0 woyve
1 1

%—e‘xz/z <PX>x)<-

*+ 1427 Y27

AmdSeién. To avw @paryuo yio v mavomnta amodetkvietal wg eEng.

0
1 f (_e—tz/Z)r dt = l 1 e—xz/z_
27 Jx x\/ 21

—x2/2

e

1 (% I
PX>x)= — el < —— e gr =

\/Ex \/%xx X

I o KaTw @payua, Oétovue h @ [0,00) = R ue

0]

h(x) := i el — i e 2
\ 2 Jx x2+1\/2]t

yio. ka0e x > 0. H & €xeL mopaywyo

2 2
H(x)=——"—=e"" <0,
) (1 + x2)2
07ToTE ELVaL YVNOlwg POLvovoa, Ko emetdn lim, _, o, A(x) = 0, elvor Tavton OeTiKr). [
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A1 Traovoiavég tuyales uetapintéc

'Eoto d 0etikdg axépanoc. Tiar o Tuyaia petafint) X pe tpég oto RY, 1) xopaktnpLotiks mg
ouvapmon ¢y : R? = C opitetar wg gx(u) 1= E(e“X)) vio k6e u € RY. Amodetcvietar Ot ¢y
YOPAKTNPLZEL TV KOTAVOUT WLOG TUYOLOG UETABANTNG. AnAadn, av X, Y elvar Tuyaieg uetafAnTeg
Ko px(u) = py(u) pro ke u € RY, téH1e 0L X, Y €00V TV 18100 KOrTavous).

Opopog A'.3. 'Eotw X = (X, X,, ..., X)) tuxoia petafint) ue tpuéc otov RY.

(1) Ague omL M X elvai d-SLA0ToTn TUTLKY KOVOVLKT] TUY Lo UeTofAnT) av ot X, X, ... , X, elval
aveEQPTNTEG TUTTLKEG KOVOVIKEG TUYOULEG UETOPBANTES.

(2) Aéue 6TL ) X eivau Tkaovotovn) av vitdpyovv m € Nt, A € R>™, b € RY, xauw Y m-didiotar
TUTTLKY] KAVOVLKY] TUY L UETOPANTY HOTE

X =AY + b. (A'3)

Me dAha AOyLa, €var dLavvopo etvar I'Kaovolavo av vTdpyouy oveEAPTITEG TUTTIKEG KUVOVIKEG
Tuyaieg uetapinteg Yy, Y, ..., Y,, dhote KGOe OUVTETAYUEVY] TOU SLAVIOUOTOG VO ELVOL YPOUILKOG
OVVOVAOUOG OLTTO QLUTEG TIG KAVOVLKEG OLL UE L0 LETOTOTTLOM).

Aoknon. Av to duavvopa (X, Xs, ... , X) etvan T'kaovowavo kow | < r < d, iy, by, ... i, € {1,2,...,d},
T0Te Ko 10 dravvopa (X, , X; , ..., X; )" elvan ['caovotavo.

Ocpnua A'.4. Mia tvyaio uetafinr X ue tués orov RY elvaw F'kaoveiavt av kaw uévo av 5 yaoa-
KTNOLOTLKT] TNG GUVAQTNON SIVETOL OTTO TOV TUTTO

dx(u) = E(feX)) = exp{i(u, by — %(u, Cu)} (A'4)

yia kdOs u € RY, émov b € R kau C € R guuueroirde Ostird nuiootouévog mivaxag.

Amddeén. Avn X etvon 0mtwg oty (A”.3), toTe
(u, Xy = (u, AY) + (u, by = (A'u, Yy = (u, b) + Y (Au) ;.
k=1
Svupoitoaue pe (Au); v k ouvteToypuevn Tov dtavidopatog Alu.

E(ei<u,X>) — ei(u,b) H E (eiYk(A’u)k) — ei(u,b) H 6'_%((A’M)k)2
k=1 k=1
= oilub) =314

Svupoiilovue pe [|x|] v Evkheldera vopua tov Staviopatog x. To TETPAYOVO TG VOPUAS OTOV
ek0eT Loovtan pe (A'u, A'u) = (u, AA'u), tov arodetkviel to tntotuevo pe C = AA’. O C pogovag
elval CUUUETPLKOC Ko OeTUd ULOPLOREVOC 0ot Yia kKaOe u € R? éyovue (AAu, u) = ||A'u||> > 0.

AVTLOTPOQQ, E0TW X TUYALA LETARATN LUE Y APOKTNPLOTLKY OUVAPTHoT OTtmwg otV (A’ .4). To0E-
Tovue 0tL b = 0, Ao 1) YEVIKY TEPLTTWON TPOKVTTTEL Emterta Bempdvtag To dravuopa X —b. Emeidn
o0 C elvou GUUPETPLKOC Kai BTk NuLopLopévog, vtdpyouv opOoyaviog mivakog V € R xa dia-
yaviog mivakag A € R4 e un apvnuicd otouygeia ot dtaydvio wote C = VAV 'Eotw 4; = A,
v i = 1,...,d 10 dSuaywvia otorgeto tov A. H yapaxtnplotikn cuvaptnon touv doviouatog V'X
vrohoylopévn oto u € R toovton pe

dux(u) = (VX)) = E(elVeX)) = exp{—%(Vu, CVu}} = exp{—%(u, V‘CVu)}
1 1<
— [—— = —_—— - 2
= exp{ 2(u, Au)} exp{ 5 i:El/llui }
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A1 Traovoiavég tuyales uetapintéc

"Entetan 6Tl oL ouvtetayueveg tov V'X elvan aveEaptnteg kovovikeg ue (V'X); ~ N(0, 4;). 'Botw A €
RY o dtaydviog mivakag pe A;; = \fA; yi 1 < i < d. @ewpovpue To didvvopa ¥ € RY e ¥; =

(V'X), /\/—- ~NO,1)ava; #0xo Y; = 0av i, = 0. Av ta A; TOv elvar un undevikd £xouv nkneog
r, TOTE ovoualovus Y=(,Y,,..,Y,) 10 6LOWUOMOL mov mePLEyeL Tig Y mov owuormxovv 0€ QUTA TO.
A;. Yapyel tote ivakag B € Rdx’ ue otouyeta 0 xar 1 dote ¥ = BY. H Y eivou d-didoton Tumiky)

KOVOVLKT] KOl
VX = AY = ABY.

H tpdn oot £metan amd tov optopd tov Y. Apa X = VABY xou 0 loxvpLlopnog amodetyOnke e
A = VAB. |

Av gyovue eva I'kaovotovo dtavuopo 6wg oty (A’.3), mapatnpovue o eEng.
(1) KaBe X; axolovBel TV Kavoviki) Katovo te ueon T b;.
2)Tw 1 <jj,jp < dwoybel
Cov(X;,X;,)=Cj -

IMpayuatt, yio kabe 1 < j < d gxovue
Z aj Y + (A”5)

07tote 10 (1) TPOKVITEL ATTO YVWOTEG LOLOTNTEG AVEEAPTNTWVY KAVOVIKDV TUYOLMV UETARANTOV EVD
M (2) wpokvmTeL A amd Ty (A'.5), T drypopukdTnTa TG CUVdLaKOUAVONG, Kai To 0Tt C = AA'.

Emouévmg, av €va diavvopa eivol FKaovolavo, 1 YopakTNPLoTiKY] TOU CUVAPTIOT, KoL Gpa. 1)
KaTovouT) Tov, Kafoplletol IANpwe oo TG UEOES TWES b TV OVVIOTWOMV KAL TOV TTLVOKO OVVSLOL-
Kopavong C.

T dedopéva b € R ko C € R4 e C Oeticd opropévo, supforilovue pe N(b, C) Tnv Katovous
UE YOPAKTNPLOTLKY ouvapTnon TV (A”.4) Ko T AEUE KAVOVLKT KATOVOUT e SLAVUOUO LECWV TLULDV
b xou mvaxo ovvdiaxvuovong C.

SUVETELOL TG TTLO TTAVM TOPATNPNONG ELVOL TO EENG TOPLONCL.

Méprona A'.5. Av o1 cuviotosg evég T'kaovolavod Siaviouatog eivar acvoyéTiotes, TOTE elval Ka
aveEdoTnTeg.

Amddeén. 'Eotow X = (X, Xs, ..., X;) T0 dtdvuopa. H vo0eom Sivel 0Tt 0 TVOKaAg CUVOLOKDIOVONG
ELVOLL SLOLYMVIOG UE ] OPVITUK (L OTOLYELCL OTY) SLOrY VL0, 0o glva OeTLkd nuopLlopevos. Erouévag,
1 YOPAUKTNPLOTIKT OVVAPTNOT Tov X ELVOL TNG LOPPNG
. _Isd o ,
D) = )™ Lj=i Cii ; yio k60 u € R,

Opwg avTh ebvor 1 YapaKTPLOTLKY) OVVEAPTNON Tov dtaviopotog (b+ C} 52 Y)i<j<aleng Yy, Ys, ., ¥y
aveEQPTNTEG TUTILKEG KOVOVIKEG (EKOAOG VITOLOYLONOG aTtd TIg 0ToL ELwdELS ThavoTTeg). Emerdn
N YOPOKTNPLOTIKT) GUVAPTNOT KOOOPLLEL LOVOOTUAVTO THV KOTAVOUT, £TTeTaL TO ovprtepaouc. M

Kot v katookeun g Kivnong Brown ypnowpomotovue to eEng amotéleopa.

Ipotaon A'.6. Av o X, Y elvau aveEdotnreg uovodidoratss tvyales ustafintés, kabsulo e kara-
vour] tyv N(0, 1), téte o1
X—-Y,X+7Y

elvau avekdotnreg, kabsulo ue katavourj tnv N(0, 2).
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A2 ZVyklon kord katavour)

AmédeEn. To om xabewa and g X — ¥, X + Y axohovBel v katavoun N(0,2) mpokiter oo
YVOOELS 0TOLELWODV TLhavoTnTwv. o dei€ovue v aveEapnoto. To diavvoua (X—Y, X+ Y) eivar
T'KaovoLovo oot TOPAYETOL YPAUILKA arto g X, Y mov elvor aveEaptnteg N(0, 1). ZvykekpLugvo.

X-v\ (1 -1\(X

X+Y ) \1 1 Y )’
Apa 1 aveEapmota Bo TpokvPeL artd T un ovoxEton. 'Evag amhog vrroloyionog divel ot Cov(X —
Y,X +Y) = 0, mov eivow To {nroduevo. [ |

A'2  Tiykhon kotd Kotovouy

S€ QUTH TNV TOPAYPAPO AOYOMOVUOOTE (LE TNV EVVOLA TNG OVYKALONG KATA KOTOVOUT).

'Eoto 8 petpikog xdpog ko X, (X,),>; Tuyaleg petafintég, ue X : Q - 8,X, : Q, - 8 émov
(Q,F,P),(Q,, F,,P,) xwpoL mbavomtog. Zvuporovue ue E T u€on tun mov aviioTtoryel oTo
uetpo P xou pe E, T ueon tyun sov aviotouyel oto P,

Opropog A" 7. Aépe ot axorovdia (X,),s; ouykAivel katd kotavoun ot X av ytakabef : 8 — R
oLVVEYT] KO (PPAYUEVT] LOYVEL
lim E,{f(X,)} = E{fAX)}. (A'.6)
n—oo

d £
Svvnoeig ouppolopol yia T oVykion kKot Katavoun sivat ot X, = X, X, — X, X, — X.
Ioyvouv ta eEng ok ypnowa aroteréopata. Kat yia ta 0o vobétovue ot ot 8, X, (X,,),>1
ELVOLL OTTIG OTNV OPYT] QUTNG TG TTAPAYPAPOU.

Oeopnua A'.8. (Ocwonua ovveyois areikdéviong) ‘Eotw g @ 8 — Y uetorjowun ovvdotnon, édmov Y
elvau ueToLkds yeog, kaw D, :={x € 8 : n g eivaw acvveyrjc 6o x}. Av X, = X kaw P(X € D,) = 0,
tote g(X,) = g(X).

oMb ouyva Ba éxovue 6T 1 g elvar ouveyns (Ko apa D, = @). H mpotaon Aéel ot tote g(X,,) =
2(X), xau 0g Ut TNV TEPLTTWON 1 ATTOSELEN TOV OEWPNUATOG ELVAL AUEOT).

Ocopnua A'.9. (Skorohod, Dudley) Av X,, = X kat o 8 eivar Staywolowog, Tdte vIdoYEL XDEOS TTL-

o ~ d d _
Oavornrag (Q, F, P) kaw tvyaies uetafintés Y, Y, : Q = S dote Y = X, Y, = X, kou P(lim,,_, Y, =
Y)=1.

To deltepo Bempnua. EXEL AUECT) CUVETELD TO TPMTO 0TIV TEPLITTWON TTOV 0 S ELVAL SLOLY WPLOLOG.
[0 To VTOLOLTO TG TTaPAYPapov vitodétovue OTL 8§ = R.

Av ovopaocovue F, kou F Tig ouvaptnoelg Kotavoung Tmv X, Kot X avtloTtoyo, TOTE oTodetkvl-
£TaL OTL O TLO TTAVW OPLOUOG ELVOL LOOSVVALOG e TN OUVON KT

lim F,(x) = F(x)

oe ka0Oe onuelo x € R swov N F elvan ouveyng. Avtog elval 0 0pLopog TG OUYKALONG KATO KOTOVOUT
JTOV CUVTAVTA KAVELS OF ELOOYMYLKO nodnuorta loavotntmy.

Emonuaivoupe OtL 8ev elval omopaltnTto oL Tuyaieg uetapinteg {X, : n > 1}, X va opilovron
0TOV 1810 YDPO TOAVOTNTAG. Z€ TOMES TEPLTTWOELS OULMG OPLLOVTIOL OTOV LOLO XDPO KaL TOTE £)EL
VONUOL VO, EEETACOVUE T1) OYEOT] OUTOV TOU ELOOVG GUYKALONG UE TOL VITOMOLTOL BAOLKA €18 GUYKALONG
g Oswplog TOAVOTNTWV. AUTO TOU LOYVEL ELVOL OTL 1) CVYKALON KOTA KOTOVOUT| ELVOL AoOEVESTEPT
amo OhaL.
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A2 ZVyklon kord katavour)

Ipotaon A'.10. Ectw (X,),>1, X tuxaics uetafAntés ooiousveg oe kowd oo mbavornrag kow ue
Twés oto R. Tote 1 (X,),> ovykAiver otnv X katd katavour) av éva amd ta eijs cvupaivet.
(i) H (X,),>1 ovykAiver oty X ue mbavornra 1.
(ii) H (X,),> ovykAiver otn X katd mbavornra.
(i) H (X,)n>1 ovykAiver oty X otov IP yua kdmowo p > 1.
Amédeén. (1) 'BEoto f : R — R ovveyng Kau @payuévn. Adyw ovvexetog 0a toybel lim,,_, o, AX,) =
fX) pe mbavotTa 1 ko amd to Bempnua @poayuevng ovykiong eretar m (A”.6).
(i) "Eotm ot yo. o f dev oyveL m (A”.6). Tote vadpyet € > 0 koL yvnolmg adEovoa akorovdio
QUOLKAOV (1;)i>| ETOL DOTE
| E{fiX, )} — E{iX)}| > & yio. k&Oe k > 1. (A'7)
H axolovBia (X, )i>1 ovykhiver katd mbavomto ot X Kou emopevag, ie faon yvwot) apdraon,
€)EL (oL vITakolovOia, (Xnké )e>1 Tov ovykAiver ot X pe mbavotnta 1. Ao to mponyoluevo uépog
Oa oyvet limy_, o E{f(Xnkg )} = E{fiX)}. Atomo hoyw g (A".7).
(iii) ZUykAon otov IF ouvemayeTol OUYKALOT KOTO TOOVOTNTO, OTTOTE TO CUUTEPOOUOL ETTETOL
a7t TO TPONYOVUEVO UEPOG TG TTPOTAOTG. [
TTol0 YPNOLWOG ELVaL O XOPAKTNPLONOG TNG OUYKALONG KOTA KOTOVOWUY UECH YOPAKTIPLOTIKDOV
ovvaptnoemv. I wo tuyaio puetafinm X : Q = R og évav ywpo mbavomrag (Q, F, P), ) yopa-
KTNPLOTLKY TNG ouvaptnon ¢y - R — C oplletor wg
ox(t) = E(e™) yio. x40e t € R.
[Mapadétovue ywpig amodelEn to Eng mold onuavtikod Oempnua [Durrett (2010), Ochpnua 3.3.6].
Behpnua A'.11 (Oedpnua ovvéxelag tov Lévy). Eotw (X,,),> akorovlia tuyalwv uetafintov.
(i) Av X, = X, 161e ¢y (1) — Px(t) 1 kdOe t € R.
(ii) Av vmdoyer ovvdotnon f @ R — C dote ¢y (1) — f1) yia kdbe t € R kau n f elvouw ovveyrje
oto 0, Téte vmagyel tuyaia uetafAnty X ue yaooaxtnootiky cvvaotnon v f ko X, = X kabwg
n— oo.
O woyvpLopdg (i) ETETOL GUECHE OITO TOV OPLOUO TNG OVYKALONG KOTA KOTAVOUT YLOTL OL GUVOP-
™moelg x = cos(1x), x > sin(zx) elvan ovveyelg Kot @payuéves. O oyuptondg (i) etvor loyvpoTePog

a7t TO AVTLOTPOQPO TOV (i). ANLOdT aItd CUTOV GUVETAYETAL OTL TO OVTLOTPOQO ToL (i) LoyveL. Etvar
O OITOLTITLKOG OTNV OTOSELEN TOV KO TTLO XPNOLog. Mio e@apuoyr Tov etvor 1 eEng.

Mporaon A’.12. Eotw akolovOia tuyaiwv uetapintdv (X,),s, ue X, ~ N(u,, 02) ko 6t

limu, =u €R,

n—>oo

lim o2 = 6> € [0, ).
n—>oo

Tote 1 (X,,),>1 OVYKAIVEL KaTA KaTavour) o€ wa Tuyala uete gt ue katavour] N(u, o?).
Amddeén. Tt € R, oL xapoKINPLOTIKEG oVVapTNOoELS Tov {X, : n > 1} ikavomolohv
. 1 9 . 1 9
llIIl ¢X (l) — hm elu,lt—zo,,t — elyt—zo t
n—oo " n—oo

vio Ka0e 1 € R. H tehevtaio £K@poon LvoL 1) Y epoKTNPLOTLKY OUVAPTNOT ULOG TUYCLOG WETARANTNG
ue karavoun N(u, 6%). To cuumépacpa émeton amd To uépog (i) Tov ponyovpevov Oewpruotos. M
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Avaivon

B.1 Xopou Hilbert

Kataypdagouue og vt TV Tapdypopo T footkn oporoyia amd ) Bempla tmv xdpwv Hilbert
7oV Ypetalopaote. o TepLocOTEPO. TOPEL VO AVATPEEEL KAVELG OTIC TEAEVTALEG 0eMdEG Tov Ke-
paratov 3 oto Neypemoving et al. 1) oe alha kKhaotkd Bupiia avaivorg (mt.y., Rudin, Folland).

Opopds B'.1. 'Evag Stovuopotikog ympog H (stavm 0to R) epodlacuévog te uo ouvapmon (-, «) :
H X H = R A&YETOL YDPOS UE ECOTEPIKO YIVOUEVO OV LOYVOVY TOL EENG:

(i) (x,x) > 0y kaBe x € H.
(ii) Av {x,x) =010te x = 0.
(iii) (x,y) = (y,x) yio. x00e x,y € H.
(iv) {ax + by, z) = a{x,z) + b(y, z) Yo kG0e x,y,z € Hkai a,b € R.

To eowtepkd yvopevo opilel otov H ) vopua ||x|| 1= /{x,x) yia k40e x € H Kaw T PETPLKT)
d(x,y) = ||x — y|| yio xa6e x,y € H.

Opoudg B'.2. 'Evag xdpog pe eowteptko ywvouevo, (H, (-, -)), Aéyetol yopog Hilbert av o petpikog
ywpog (H, d) etvow tAnpng.

Moapaderyne B'.3. (i) O R" pe to ouvnOLouEvo e0wteptkod yivouevo etvor xwpog Hilbert agol 1
UETPLKT) TTOV OPLLEL TO E0MTEPLKO YLVOUEVO glval 1) Bukheldeta.
(ii) '‘Eotw ywpog mbavomrag (, F,P). O L2(P) (S Mopdypago 1.4 yi0. Tov opLopd Tov) eqo-
SLOOUEVOG UE TO EOMTEPLKO YLVOUEVO
(X,Y) = E(XY)

yio k60 X, Y € L2(P) eivan ympog Hilbert Adym tov @smpruatog 1.11.

Se eva yopo H ue e0mTepLlko yivouevo Aépe OTL ta x, y € H elvon kaeta, kot ypagovue x Ly, av
(x,y) =0.Tw kaBe A C H Bgtovue

Al :={yeH: ylxyioa ke x € A},
10 0pHoYDVIO GUVOAO OTO A.

Ipotoaon B'.4. Eotw H yioog Hilbert kow F C H kAelotdg yoouurds vadywoeds tov. Tote yia kdOe
x € H vrdoyet uovadikd y € F téroto dote x —y € FL.

K&0e x € H ypepeton povadikd wg x = y +z e y € F kow z € FL. 'Etol opileton n ometkdvion
Pp : H - F e Pp(x) =y, n omola. ovopaletor opBoymvia tpofoi tov H otov F.
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B'.2 To oAoxAjowua Riemann-Stieltjes
B.2 To ohokMjpouoc Riemann-Stieltjes

2Ty opdypago vt Oa oploovue To ohokAnpwua Riemann-Stieltjes

b
f £x) dg ()

omov [a, b] eivon £va memepaouEVO KheloTo Siotua ko f, g : [a,b] = R ovvapmoeis. Oa ava-
PEPOVUE ETTLONG KATTOLEG LOLOTNTEG TOV. [l hemtopepetakn £k0gon g Bewplog autol Tou OAOKAN-
PWUATOG TOPATEWTOVIE TOV OVOYVAOOTH 08 BLpAa avaivong, mt.y., oto Neypemoveng et al. (1992)
Kegpalawo 15 ko Apostol (1974) Kegpdahowo 7.

"Eotw howtov f, g & [a,b] - R.

AwapgpLon tov [a, b] hépe €va omolodnmote memepaouevo P C [a, b] mepieyxel ta a, b. Tpagouvue
P = {xp,X[5 s Xgf OOV @ = X5 < X} < -+ < x; = b glvan ta oTogela Tov P, Kou opifovue
[|P|| := max{|x; — x;_;| : i = 1,2,...,k}. Twa dv0 dwapeploeg Py, Py tov [a, b] Aéue 6t n P, eivon
Aemtdreon g Py ov Py C Py, dnhadn 1 P, TEPLEYEL TOVAGYLOTOV TO. oNueLla TG P.

T dedougvn drauepton P tov [a, b] Otwg o Tavw, A0V EVOLOUECOV ONUELOV VIO TV P
LELE OTTOLOONTTOTE TETEPUOUEVO GUVOLO k onuelwv E = {1, b, ..., L} ue t; € [x;_y, x;] yio kaOe i =
1,2,...,k

A0powspa Riemann-Stieltjes yio v f wg Tpog TV g OV 0vTLoToLKEL 0T dtopepLon P kow otnv
emhoy evlaueowv onuetmv E Ague to abpotopo

k
S(, 8. P.E) = . fit){g(x;) — g(x;— 1)} (B'.1)
i=1

Opoudg B'.5. Ague 6tL 1 f elvan Riemann-Stieltjes ohokAnpmowun wg mpog Ty g 010 [a, b] av vrdp-
YEL EVAG TPAYUATIKOG aptBuog A wote yio kabe € > 0 va vrapyer Swapepion P, tov [a, b] pe v
WomTo: Yo KaOe drapugplon P hemtdtepn artd v P, Ko emhoyn] evalaueomy onuelov E yio v
P woyvet

|S(f,g,P,E) —A| <e.

O aptBoGg A 0TOV OPLOPO TOLPMG ELVOL LOVADLKOG, TOV GUUBOALLOVE e f) b Sx) dg(x), ) Ko othidg
/, b fdg, xou Tov ovopudatovue ohokApwuo Riemann-Stieltjes g f wg mpog v g. H g ovoudleton
OLOKANP™TNG KO 1) f ONOKANPOTEOC,.

Otav g(x) = x, To dBporopa (B'.1) eivow eva aBpoiopia Riemann kou o ohokinpwpa f, " f(x) dg(x)
glvol To ohokAnpwpo Riemann. Emiong, 0toav 1 f elval ouveyng Kat 1 g TopayOYLoLUT] e OUVEYT
TOPAYWYO TOTE

fa ') deta) = f g @ ds

OOV TO OLOKANPWUE 0TO deEL HEAOG TNG TEAEVTOLOG LOOTNTAS ELVOL OMOKANPpmue Riemann. Aev to
ATOSELKVVOUUE E8M, ATTAMG TAPATNPEOVUE OTL VLot SESOUEVT] SLAUEPLON P, NTTOPOVUE VO YPAYPOUUE
g(x)—glxi_)) = g (E)(x;—x,_;) ynaxamow &; € (x;_1,x;) yiaxkabei = 1,2, ..., k. Onote, av mapovue
g emioyn eviidpeowv onuelwv Eto {&; : i = 1, ..., k}, to abpowoua S(f, g, P, E) elvar évo. aOpotouo.
Riemann yio v flx)g’ (x) oto [a, b].

Moapoarypnon B'.6. Ztn fLBAoypapLo xp1OLUOTOLELTOL KOl £VOG EVOMOKTIKOG 0pLopog g Riemann-
Stieltjes 0L OKANPMOLUOTNTOG TOV OTOLOV 1] ATTCULTNON ELVOL VO, VITAPYEL TPOYUATIKOG aptOudg A dhote
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B'.2 To oAoxAjowua Riemann-Stieltjes

v KaOe € > 0 va vapyer § > 0 dote yio KaOe dwapepion P tou [a, b] ue ||P|| < & kou grmhoyn
evoLaueowv onuelwv E yio v P va 1oy veL

|S(f, g, P,E) — A| <e.

Onwg mpLv, 0 apudg A ovopaletor to ohokAnpmua Riemann-Stieltjes tng f wg mtpog v g. Av t0
OLOKANPMUE VITAPYEL UE TNV EVVOLOL GLUTOV TOV OPLOUOD, TOTE VITAPYEL KOL UE TV €vvola Tov B'.5
(gVKOAN GokNON). AV KATOLO. ATTO TIG f, & ELVAL OVVEXNG, TOTE oL dVo £vvoleg Towtifovial [§10 Tov
Kegalalov 2 oto Hildebrandt (1963)].

Mopaderyna B.7. Eotwa :=ay<a; <a, <az <ay =: bxarg : [a,b] - R pe nuég g(x) = G;
v KaOe x € [a,_j,a;) pei = 1,2,3,4 kaw g(b) = G4. Ov Gy, Gy, G5, G4 glvan dedopueveg otabepec.
'BEotw koL f @ [a,b] = R ouveyng ota a;, ay, as, SMAad ota onuelo. aovveyelag g g. Tote

b 3
f S dg) = 3 flaelart) — slar—}
a i=1

g(x+), g(x—) etvan To. OpLa. TG g deELG Ka aplotepd Tov x avtiotorya. H amddelEn g oygong agn-
VETOL 0OG LOKTON).

H onuovtikotepn meplmrtmon Riemann-Stieltjes oM oKANPp®OUOTOC ElVOL 0UTH KATA TV OTTOL0L 1) g
etval avEovoa (1 pOivovoa). Tote amoderkvietal To eEng Oedpnua.

Ozopnua B'.8. Av 5 g elvau avéovoa kau 1 f ovveyrjg, Téte 1 f elvan Riemann-Stieltjes olokAnoiayun
W¢ TOOG TNV .

Kabe ovvaptnon gpayuévn kbpovong oto [a, b] ypagetar og dwagpopd dVo avEovodv cuvap-
moeswv [@empnua 15.31 oto Neypemoving et al. (1992)]. ‘Etol €metal Gueco OTL To TPONYOUUEVO
Dedpnua LoyVEL Ko pue TNV VOO0 OTL 1] g ELVOL PPOYUEVNG KOUOVONG YIOTL OV g€ = g1 — &5 UE TIG
g1, 82 aOEOVOEG, TOTE Popovpie va dei&ovpe ot T0 f) b fx) dg(x) oplleTon Ko LoovTaL Ue

b b
f 1) ey () — f 1) deal).
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Teyvika aroreréonota I

An6deiEn tov Oewpnnarog 5.5
AmddeiEn. Oa xataokevaoovue TV kKivion Brown wpdta oto [0, 1], dAadn wg tuyolo petafintn ue
Tuég oto C[0, 1], ko 1 enéktaon oto [0, 00) Oa eivor aueon.
Biua 1. Kataokeun.

‘Eotw

k ,
D, : ={§:O§k§2”} yio kabe n € N,

Ko
D =U2,D,

70 0VVOAO TV SVadLKWV aptBudv oto [0, 1]. Oewpotue Evay Y mPo TOAVOTNTOG OTOV 0TTOLO OPLLETAL EVOL
00voho {Z, : t € D} aveEAPTNTWV TUITKOV KOAVOVIKDV TUXOLMV UETABANTOV (TETOLOG XDPOG VITAPYEL).

O¢tovue B(0) = 0, B(1) = Z;, kau £tot €xovue oploet ™ B 610 Dyy. Av yio kamowo n > 1 1 B €xeL o
oplotel oto D,_;, T opllovue oe kaOe onuelo d € D, \ D, _; wg

B(d—2"")+Bd+2™") Z,
2 2(n+1)/2”

B(d) = .1

[O opLopdg ovtdg vTayopeveTal amd v Aoknon 5.4. Tougova e ekeivn v doknon, yie 0 < x <y,
n Twyaio petapint B((x + y)/2) — B(x) dedopévwv twv B(x), B(y) axokovOet v katavoun N(u, %) ue
u := (B(y) — B(x))/2 ¢* := (y — x)/4. Anhadn kabopileton 1) Katovour] g Tm)g ¢ B oto péoo tov
[, y].]
OptZovue g ovveyelg ovvaptmoeg F, : [0,1] > R, n € N wg €&nc.
Z vt =1,
Fo(t) =140 vt =0,
ypouwkn oto (0, 1),
katywan > 1,
7,202 yotre D\ D,y
F,(t) =10 voteD,_,
YPOUULKY]  OVOUEDT OF SLadOoyLKd onueta Tov D,

Tt € D, wybel
n oo
B(t) = ) Fi(t) = D, Fy (0.
k=0 k=0

H amtodelEn tne TPDTNG LOOTNTAS YIVETOL ETTAYOYLKA KL aprveTal og doknon. H deltepn oot to 1oy vel
yoTl Yo ke k > n+ 1 1 Fy etvan 0 010 Dy_; Ko Gpa KoL 010 D, To 07T0L0 ELVAL VITTOGVVOAO Tov Dy _;.
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Texvikd amoteréouata [

Toyvpropos: Me mbavotnta 1 1 oepd Zzo:o F, ovykhiver opotopopga oto [0, 1].
Toyvet ||F,|| o = max{Z,/20+D2 . de D, \ D,_;}. Apa

P(||F, |l > 2/m270+D72) < 3 P(|Z,] > 24/n) < (2" + D)™ <™.
deD,,

STV TPOTEAEVTALO OVIOOTNTO. pnotpostomooue To Anuua A'.2 amd 1o Mapaptmuo A’.1. To mpdTo
Aupo Borel-Cantelli dtver 0tL pe mbovotnto 1 1oyl ek

Il < 24/n2-(+D72, I'.2)

"ET0L 0 10YvpLopdg £TETOn 0t0 To Kprenpto Weierstrass Yo, OuoLtouop@y) 6UyKALOoN OELpas OUVOPTIOEMY.
OptLovue ™ B oto [0, 1] wg
(6]
B(t) = ) Fi() yu e ¢ € [0, 1]. I'.3)
k=0

Eneldn kaOe F, elval ouveyngs, o LoyupLtopog ouvertayetat Ot 1 B elvar ovveyng ue mbavotto. 1.

Bniua 2. Ant6delEn wdrotitov oto [0, 1].
e auto to Prua Bo dei€ovpue OTL M B TOU 0PLOCUE GTO TPONYOVUEVO PNUo. LKavostolel Tig tdotnteg (i)
Kau (i) Tov Opropot 5.1 [n (iii) amodeiyOnke mo wavw]. Oa del€ovue apytkd Ot Yo 6T00gpd n > 0, ou
(1) kou (ii) LoyvoLVY YO X POVOVS 1, 5, T OTOLYKEL TOV D,,.

T n = 00 WyVPLOUOg AVTOG LoYVEL eEautiag Thg erthoyng tov B(1) agot D, = {0, 1} xou B(1)—B(0) =
Zl - ZO = Zl ~ N(O, 1)

"Eotw oty kasowo n € N o (i) kau (i) toydouv yio otorgeto tov D,,. lapatnpolue TpmTo To eENG.
Ioyvpropos 1: Twn > 1 ko d € D, \ D,_; ov B(d) — B(d — 27"), B(d + 27") — B(d) elvon aveEaptiteg
Ko kabgpio £xel koravoun N(0,277).

[payuatt, amd Tov opiopod g B(d) oy (I".1) o1 S0 autég Tuyoieg UETABANTESG LOOVVTOL e

B(d+2"")— B(d—2"") Zy Bd+2™)-Bd-2"") 7,

2 2(n+1)/2° 2 2(n+1)/2° (I"4)

dMhad pe X + Y, X — Y dmov 1 X elvon 10 mtpdTo kKhdopa kow Y 1= Z,/204D2 Oy X, Y eivon aveEdptteg
amd TV Kataokevn g B yiatt 1 X €xel Kataokegvootel oo ug {Z, 1t € D,_;}, evon Z, exevd €
D, \D,_,. Entong, amd mv emaryoyuch vtoOeon, n X €xer katavopn N(0, 2~ D) xow tyv tdia kartavoun
gxeL M Y amd yvwotég 1d0TTEG TG KAvoviKng Kotovouns. Ao v IMpdtaon A'.6 tov Mapaptuatog
A1 grovpe 6tL oL X + ¥, X — Y eivon aveEdptnteg, kabeuio pe katavoun N(0,27").

"Emterta deiyvovue To eEng.

Ioyupropog 2: O tuyaieg petapinteg {B(d) — B(d —27") : d € D, \ {0}} etvon aveEapnrec.

To duavvoua (B(d) —B(d—27") : d € D, \ {0}) etvau ['kaovolavo yiott KGOg GUVTETAYUEVT TOU VO
YPOUULKOG 0VVOVAOUOG ATt TIG AveEQPTNTEG KaVOVIKEG{Z, : t € D, } (deg oo Mapaptnua A’ oyeTIKA e
['Kaovotova SLloviopota). Apa opKel vo SEIEOUUE OTL OL CUVTETUYUEVEG TOV ELVAL Ve SVO aveEAPTNTEC.
[Maipvoupe hotov d1o oToLyELo

B(x) —B(x—27"), B(y) = B(y = 27")

atd avTo To dLavvoua, ue 0 < x < y otowyela tov D, Kat Oewpovue Tig V0 SUVUTES TEPLUTTWOELC.
(hx=y—-2"=de€ D, \ D,_;. Tote n aveEapmnoia amodelyOnKe 0TV TAPATPNOT TLO TAV®.
(2) TrapyeL kamowo d € D,,_; ue
x<d<y-2™". (I’.5)
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Texvikd amoteréouata [

'Eoto j 0 ehdy10Tog uotkdg yLo. Tov ool vitdpyel d € D; mov va tkavorotel v (I.5). Avtd o d eivar
otovyeio Tov D; \ D;_;. Emtiongj < n— 1 kou

[x—2""x] C[d—-27,d],[y—2"y] C [d,d+27],

yiatt drapopetikd évo omd To.d — 277, d+27 o \rav avapesa otoug x, y — 27" kat 0o avijke 0to D;_4,
TO OTTOLO ELVAL (TOTTO ALTTO TNV ETLAOYY TOV j. ATTO TNV ETXAYWYLKT VTOOEON, OL

B(d) — B(d — 27), B(d +27) — B(d)

elvaw aveEdptntec. ‘Emerta, k40t mpooavEnom g B ot dedopévo vrodidotnua tov [d — 27, d] ue dxpo.
onueia Tov D, kataokevdletalr mg ouvaptnon g mpocavEnong B(d) — B(d — 27) kai evdg cuvorov
aveEdpTNTOV 0td avTy TUYaioY petoptaovl, =1{Z, : t € D,,d—27 <t < d}. Avtd mpokimTEL emaL-
YOYLKG ue xpnomn tov ekppacemv (I".4). Kot opoia, kbt tpocatEnon g B og §£80U£V0 VITodLAoTUA
1oV [d, d+277] pe dxpa onueta tov D, Kataokevdleton wg ovvdptnon g tpocavEnong B(d+2~)—B(d)
Ko evog owvohov I, = {Z, 1 t € D,,d < t < d + 277}. Opwg dheg oL Tuyaieg ueTafANTEG TOV GUVOROL
{B(d)—B(d—277), B(d+27)—B(d)}Ul, UI, eivoi aveEdptnteg neta&l Toug Kol £ToL £METAL TO OUUTEPAOUCL
KO 0TIV TTEPLITTMOT] TOU OEVAPLOU (2).

Me ypnon tov 7o Tave wyvptopumv 1 ko 2 dsiyvovpe evkoha ot B(r) — B(s) ~ N(0,7 — s) yo
s,t € D,. Mével va dei€ovue g (i) kau (i) yio otouyeio Tov [0, 1]. 'Botw 0 < 1) < 1, < -+ < t,,. Eewdn
yio ké0¢ k € N 10 D, etvan éva mhéypo whyovg 2% oo [0, 1], meton Ot yio kdBe j = 1,2, ..., n vdpyet
aKolovOia (tj’.‘)kZl OV Ve, GUYKALVEL OTO ; Katt]’.‘ € Dy, kabwg kou 0 < [’{ < [’5 < - < Ky kdde k> 1.

1
"Eotw ¢(1) = e reR 1 xapaKTNPLOTIKY ovvaptnon g N(0, 1). Amd avtd mov delEaue o Tavem
gmeTal OTL 1) TL] TNG XOPAKTIPLOTLKTG GUVAPTIONG TOU SLavOoNaTog

Y© = (B(#) - B(t)), B(t;) = By), ..., B(1,) = B(1,_)))
oto u := (uy, uy, ... ,u,) € R" elvon

Py() = p((ts — 1) Pu) (s = 5)Puy) - ({1 — 1) *u,,)
'Eotw kot
Y 1= (B(1,) — B(t)), B(t3) = B(ty), ..., B(t,) — B(1,1))-

Torte,
Gy(u) 1= E(ei"?) = klifglo ¢y () = (1, — D u)p((ty — 6:)2uy) -+ (1, — tam)?uy).

H devtepn 106t T £mmeton amd 1o Oempnua ppayuévng ovykhong agov lim,q, Y¥ = Yk nv =
) glvan ppayuév. H tpitn wodmra émeton ommd T OUVEKELD TG CUVAPTNONG ¢ KO TG GVYKALONG
Kabeplag akolovbiog (tj’.‘)kzl 070 1; KOG k — 0. ATO T HOPEPY TNG YOPUKTNPLOTLKYG OUVAPTNONG
TOU Stoviopatog Y, mov oG eldaue, ETETOL OTL OL OUVTETAYUEVEG TOV Y Lkovortolovv Tig (i) ko (i) Tou
opLopov TG Kiviong Brown.

Bnua 3. Exéxtoon oto [0, o).

Oewpovpe (wa akorovdio aveEaptntov Tuyatwv petafintmv (By)sokabeuto ue tpeg oto C[O, 1]
KO KOTOVOUT GUTNY TG B IOV KOTAOKEVAOTNKE TTo Tavm. Opllovpe Ty Tuyaio uetofAnth B pe Tiueg
otov ywpo C[0, o0) wg

n—1
B(f) 1= B,(t—n)+ ), Bi(1)
k=0

v K40e ¢ € [n,n + 1) kau n Oetikd akeépano. Anhadi 1o YpagENuUd TG TPOKVITEL 0V CUYKOAOOUUE
SLaSOY LKA T YPUPNUATO TV By. ATt TO TAPOITAV® TPOKVITTEL EVKOA OTL 1) TUY OO eTa ANt B elvai
TUTTLKT) Kivnon Brown. |
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Texvikd amoteréouata [

AnodeiEn g Mpotaong 5.7(ii)
(i) @hovue va det€ovue OtL oL 0-ahyeBpec o({B(s) : s € [0,1y]}), o({X(s) : s > 0}) elvow aveEapnTeg.
OL V0 TOVG TAPAYOVTOL AVTLOTOLYO. OITO TIG OLKOYEVELEG
¢, 1= {(B(s)), B(s3), ..., B(s,)) €A} : m € N¥, 51,55, ..., 5, € [0,10],A € B(R™)},
G, 1= {(X(r), X(ry), ... . X(r,)) €T} : n €N, 1,1y, .1, € [0,00),T € B(R)},
OL OTTOLEG ELVOIL KAELOTEG WG TTPOG TIG TETEPUOUEVES TOUES. Apa apkel va. det€oupe 0t oL €y, C, elval Ove-

Eapmreg petagv tovg [Oempnua 2.1.3 oto Durrett (2010)]. Avtd tooduvvapel pe To OTL Yo m, n OeTIkolg
axepatovg KoL 0 < sp < 55 < -+ < 8, < 1, 0 < 1y < -+ < 1y, M M-OLACTOTY TUYOLOL UETAPANTY

U := (B(s), B(sy), ..., B(s,,))
elva aveEQpTNTN Ao TV

V= X(r)),X(rp), ..., X(r,))
= (B(ty + 1) — B(t), B(ty + r2) — B(%), ..., B(ty + r,,) — B(ty)).

Avto Opwg LoyveL yuott, oo to (i) Tov Optopot 5.1, oL Tuyaleg UeTaPANTES

B(sl)’B(SZ) - B(Sl)’ ,B(Sm) - B(Sm—l)’
B(ty + r;) — B(ty), B(ty + ry) — B(ty + r1), ..., B(ty + 1,,) — B(ty + r,_1)

elva (TANpwe) aveEaptnteg ueta&l Toug Kaw 1 U tpokOmtel o (WETPNOLUT) CUVAPTNON TWV TTPDOTWYV m
Ao aUTEG, eV 1 V g (LETPNOLUY)) GUVAPTION TOV VITOAOLTWV 7.

An6deiEn tov Oewpnuaros 6.3

'Eotw B 1 avéMEn pe B(t) = B(T + 1) — B(T) yio. k60e t > 0 xou W o tommky) d-Sudotam kivion
Brown.

Brjua 1. Agtyvovue to Oedpnua 6tov o T Talpvel TEG 0 €va oUvoro {a,, : n € N} omov (a,),>1 Elvon
avEovoa akolovbia pe lim,,_, o a, = co.

"Eotw B" 1 aveMEn ue B"(r) = B(a, + t) — B(a,) yio. ka0e t > 0 ko W o Tustikn d-81aototy) Kivion
Brown. T'ia A € B([0, )) xow C € Fr €xovue

P{BeAINC) = i P{BeAlnCn{T=a,}) = i P({B" € AinCN{T =a,}) (I.6)

n=1 n=1
= > P({B" € AYPP(CN{T =q,}) .7
n=1
=P{W € A}) i P(CN{T=a,}) =P(We A)P(O). (I'.8)
n=1

Sy tpitn wotta ypnoworomoaue 6w CN{T = a,} € F, q, KOL TNV aveEapmota g B" and v F, a,
(TTpotaon 6.1 yia v Tolvdidotaty Kivon Brown). Ztnv tétapt 1l00TNTo OTL 1) B” £LvOL TUTTLKT KIvion)
Brown.

o C = Q naipvovpe 6w P({B € A}) = P(W € A). Apa n B eivar tumuxn kivion Brown ka1
P({B € A}n C) = P({B € A}) P(C) divelL v aveEapmoia.

Bnua 2. Asiyvouue to Osdpnuo 0tav o T atpvel Tiueg oto [0, oo).

'Eotw T, 1 akohovdio xpovmv diakormng mov opiletan wg T, = [2"T + 1]/2" (deg Aoknon 4.5).
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Asgtyvouvue 6t n B eivou aveEdpmm amd v Fr. H o-dhyeppa o(B) maplyetal amd v okoyévela
{(B(sl), B(sy),...,B(s,)) € A} : m € NT,s,,5,,...,5,, €[0,00),A € E(R”’)},

1 OTTOLL ELVOL KAELOTY) OTIG TETEPUOUEVEG TOUEG. AVTH 1) OLKOYEVELQL ELVOIL OVEEQPTNTY ATt TNV F o, YLOTL
viom € Nt,s.,5,,...,5, € [0,0), ko A € B(R™) £xovue

(B(s])’B(S2)’ ’B(Sm)) = IH{.IO(B(Tn + Sl) - B(Tn)’B(Tn + S2) - B(Tn)’ ’B(Tn + sm) - B(Tn)) (ng)

Ko Lo kaOe n > 1, Moyw tov priuatog 1,  avéMEn (B(T, +1) — B(T,)),»o elvar aveEapmm amnd my Fr
1 ortola. tepLeyeL v Fr. To ovumépaoua emetar amd to Oewpnuo 2.1.3 oto Durrett (2010).
To 6t m B elvau kivnon Brown mpokimtet pe ypvon tov Prjuatog 1 ko g (I7.9).

AnodeiEn g lpotaong 8.10
AmddeiEn. Tmobetovue TpMOTO OTL 1) f elvar PPayuevn arto wa otodepa M € (0, 0o). Emeldn

k(n) t
86" = %) f B ds
0

et
ue mbovomro 1 Kow dpo ko kotd mbavomta, apkel vo, det€ovpe OTL 1) akorhovdia

k(n)
Z ﬂBt(n)l ){(Btgn) — Bt@l ) — t](n) - } (I'.10)
J= J J= ;

j=1

ovykAivel oto 0 katd mbavomto. O dei€oupe K&TL LoYLPOTEPO. ‘OTL ouyKAivel oTo 0 otov L(P). 'Eotw
V; 0j 6pog Tov tehevtaiov abpoiopatog. Tote yia 1 < i < j < k(n), Oa éxovue

E(V,V)) = E{Vif(Bt(n)])E((Bt(n) - Bt@I ) — t](n) (n) |f(n) )} =
J= J J=

XPNOLUOTONOOUE YVOOTEG LOLOTNTEG TG OECUEVUEVNG UEOTC TUUNG O OUVOVAOUO UE TO OTL 1] TUYOLOL

O =

uetapinm) VB, (n)) elvan F o uetphoun, eva n (B, » = B e )? — elvan aveEaptnn g F I

KO €YEL UEO nm] O Enousvwg 1) LEON TLUY TOV retpocy(m/ov ™G (F 10) woovta pe

k(n) k(n) 5
YEV) <MY E{(B = Bw) - £ — i

J=1 J=1

n
=202 Y (" — )2 < 20P1||A, || - 0

kabig n — oo. Xpnotporowoape mv E{(B, — B,)* — (y —0)¥ = 2(y — x)? 11a. 0 < x < y, v omola
eldape Kot TV amodel€n tov Anupatog 8.7.

TdOpPo YL TN YEVIKY] TEPLITTWOT), EVOL OYOMO VL0 TO OKETTIKO TG atodel&ne. H f g ouveyng etvo
@PAyUEVN ot KaBe ouwtayes, oA 1 Kivnon Brown mov gpugavietar wg OpLopa g f 0Tig eKQPAOELS
f(B,_,) €xeL m duvatdmta va Bpedel ol pokpid oto medio oplopod g f kat va avakohiyper okl
ueydhec uéc e f (av m fetvor my. N Ax) = x%). H amddelEn mov axorovdet delyvel 6tL avtd dev mpémel
va, oG PopLZel. Me ueyahn mbavotnta, 1 Kivion Brown oto ypovikd diaotua [0, 7] dev tporafaivel
vaL FTOEL TTOM) LOKPLAL, OTTOTE OVOLOOTLKG EEEPEVVA UOVO EVOL PPOYIEVO VITOOVVOAO Tov R. T avtd T
VITOOVVOAO 1) f ELVOL (PPOYUEVT] KOL OVOYOUCOTE 0TIV TTEPLITTMOT TTOV OITTOSELEAUE TTPLV.
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'BEotw r > 0kaut, :=inf{s > 0 : |By| > r}. T omoadnmote ouveyn ovvapmmon f : R — R, kahobue
J, (), J(f) o aprotepd kou to SeEL uerog g (8.8) avtiotorya. ‘Eotm kat g, : R = R ovveyng ovvaptnon
7ov wovtaw pe 1 oto [—r, r] ko ue 0 oto R \ [—r — 1,7 + 1]. Tote yia kGOe & > 0,

P(l‘]n(f) _J(f)| > 8) = P(|Jn(f) —JUN > &,T, > t) + P(l‘]n(f) _J(f)| >e&,7, < t)
< P(|Jn(fgr) - J(fgr)l > &7, > t) + P(|Jn(f) - J(f)l > &, T, < t)
< P(|Jn(fgr) - J(fgr)l > 8) + P(Tr < t)-

T ™V fg, £xovue o1 dei&el To Oemwpnua, omoTe Yo KaOe r > 0 £xovue
lim P(1J,(f) - J(N| > &) < P(z, < 1) = P(x; < /7).
n—>oo

H wootta enetan amd v Hopatnpnon 5.10 tov Kegaiaiov 5. To 6pLo g TEAEVTALAS TOOOTNTOG YL
r = oo givar P(r; = 0) 1o omoto woovtan ue 0 agol 1 B elvan ovveyng ue By = 0. 'Etou n wpodTaon
amodelyONKe KoL 0T YEVIKT TEPLITTMON). [ |

An6deiEn tov Oewpnuatog 10.2

AmédeEn. Apxel va det€ouvpe OTL avTd popel va yiver og ke diaotnua [0, 7] ue T > 0 otabepo. Mo
mv avéuEn X pe X(w, 1) = X(w, D1 71(1), vdpyer axorovbia (X,,),>1 otov HG dote || X, —X||2xp) = 0
v n = oo. o ke n > 1 opilovue v aveMEn M, wg M, (1) := I,(X,) yia kaOe ¢t > 0. Me Baon v
Mpodtaon 10.1, k&Oe M, eivon ovveyéc martingale. o puotkotg 1 < m < n, n avéMEn (M, — M,,)? eivon
ovveygg submartingale, ortote 1) Avicotnta Doob (@empnua 4.16) divel o0t

P( sup [M,() — M, (0] > &) < = B({M, (D) = M, (DP) = 5 E({I1(X, — X))
) &€

0<t<T
1 2
= 8_2||Xn - Xm||L2(/1><P)

H tehevtala moootta tetvel oto 0 yio m,n — o0. Apa vrapyel yvnolog avovoa akorovdia (1)1
PUOKDV, DOTe VoL KaBe k > 1 kawm,n > my vo wglen [1X,, = Xl 1agpy < 27 Apa yio k60e k > 1
gyovue
p 1 < 1
(sup My, (0= M, 0] > 57) < 52
‘Botw Ay 1= {sup,.,<; M, (1) — M, ()] = 27" vk € N*. To otvoho ©; := Q \ lim Sup, o A OVIKEL
oV Fr ko 07t6 1o tpwro Anupa Borel-Cantelli €xer mbovomnta 1. Twa ke w € Q, vrapyet N(w) € N
we
1
sup [M,,,, ()= M,, 0] < 5

0<t<T

Y kGOe k > N(w). Apa yio k4B 01abepd @ € Q) 1 akohovbio cuvapmioewy (M, )i>; elvar Pootk
otov xmpo (C[0, T, || ||e) TV ovvEX®V CUVapTHoemV 670 [0, T] ue Tn supremum PeTpLky). AVTOg 0 XHPOG
glvai TAN PG, 0TTOTE 1) akohovBia oVYKALVEL (OUOLOUOPYPXL) OF £va oToLyELD, E0tw M, Touv C[0, T] (TTpdTaom
27.11 oto Neypemovng et al. (1992), topog ID). T w € Q\ €, opilovue M(1)(w) = 0 yio kabe t € [0, T1.
T 0100ep0 1, T0 0pLo M(1) etvor F, uetpnoLun Ko Gpo. lvoL TUy Lo LETOBANTY.

IzxrpizMoz. H M givou exdoym ™g (1(X))e[o,11-
‘Eoto 1 > 0 0tabepo. Apkel va deiEovpie 6T n Tuyaia petafinm M(7) etvar emiong to 6pto g (M,(X,, ))i>1
otov L*(P) xou Gpa avijker ot khdon 1,(X). Avtd mpokimter yiati 1 (M (X, )1 eivan Cauchy otov
L*(P) (06 to 61 m (X, > €ivan Cauchy otov LA(A X P) kow v toopetpio Itd) kow evkoha deiyver kaveig
OTL OTTOLUDNTOTE TUY et PETAPANTI 0TV oTota ovykhiver 1) (M, (X, )1 0Tov L*(P) eivon oyeddv mavtod
S0l pe To omueLako g 0po M(1).

To 6tL ) M givan martingale stpokvrttel artd v [pdtaon 9.14(iii). [
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AnodeiEn g lpotaonc 11.5
Oa YPELAOTOVUE TO EENG TEYVIKO UTTOTELECILOL TTOV EXEL KOL ALTTO LOVO TOU EVOLOPEPOV.

Aupa I'.1 (Tomukdmta otov Hipe). Eotw X,Y € FHioe, T yodvos Swakomijs dote yia kdle s > 0 va
woyver X(s,w) = Y(s,w) oxedov mavrov oto {w € Q : T(w) > s}. Tore yia kdOe t > 0 woyvet

t t
/ X(s,w)dB; = f Y(s,w) dB,
0 0

oxedov wavrov oto {w € Q : T(w) > 1}.
Arédeén. Twon > 1 6gtovue
T, i= n/\inf{r >0: erz(s,w)ds > n Ko fr Y2(s,w)ds > n}

0 0
K&0e 7, elvar xpdvog draxomig kKow 1 akohovbia (7,),>; eivar FH2-tomkomowovoa yio 1 X, Y. Emeidn
v kGBe s > 0 oyver X (s, w) = Y (s, ) oyedov mavot oto {w : T(w) > s}, éxovue

It(X(rn)) = It(y(rn))
0%edov ovtol oto {w : T(w) > t}. Apa

LX) = 1(X™) = [,(Y*)) = (V)
oto{w : T(w) > t}nf{w : 1, > t}, eMOUEVIE KL OTO
{w:T) >80 (U {o:1,>1)={o: T(w) > 1

[a va. elaoTe aKPLBELS, TO OVVORO OPLOTEPC TG LOOTNTOG LOMG ELVAL YVIOLO VITTOOVUVOLO 0uToV SeELA
vt n lim,,_, o 7, = 00 woyveL pe mbovotnta 1 ko Oy arapattnta ovtov. H dtogopd opmg tmv 8o
oVvOLmV gxeL ThavOTNTA 0 KO ETOL £XOVIE TO CVUTEPALOUCL. [ |

ArdSeién g Hodtaong 11.5. YTmobetovue TpdTo OTL 1 f €YEL ovumay™ Qopea. Anhadi to ohvoro K 1=
{x € R : flx) # 0} eivou pparyuévo. Me ot Ty veobeon pdhtoto Oa det€ovpe KATL LoYVPOTEPO, SNAad
oL M ovyKhon LoyveL ot vopua Tov L2(P).

TNag:R->R,J§>0,kulCR,oplfovue v mocotnta

osc(g,1,0) 1= sup{|g(x) —g()| : x,y € L |x —y| < 6}, (T'.11)

1 OTTOLOL ELVALL EVOL LETPO TNG OUOLOUOPPNG OUVEYELAS TNG & 07O 1.
Ottovpe X(s, ) = f(B)1,<, Yot s > 0. Mua axorovdia Tov HE mov wpooeyyiter X otov FH2 ebvawn

k(n)
X, (5.0) = Z;f(B,;g)l(,;g 0(8):
J:
[Mpayuat,
; k)
|IX — Xn”iz(sz) =E (./0 1X(s,w) — X, (s, w)|? ds) =E Z; 'L’) IAB,) _f(Bffﬁ)l)lz ds
J= =1
<tE ( {osc(f, K, 0sc(B, [0,1], ||An||))}2 )
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H moootnTo otV TELEVTALO UEOT TUUT OVYKALVEL 0T0 0 oMueLlakd Yo n = oo agov ||A,|| = 0 kai ou B, f
elvan opoLdpopgo ouvexelc ota ovvora [0, 7], R avtiotouya. Exttong duwe elvar pparyuévn omd 4 sup |f](K).
A7to 10 Bedpnua @PoyUEVNG OVYKALONG EmteTal OTL 1) LEON TLuN Telvel oto 0.

Apa I(X,) — I(X) otov L*(P). Opng I(X) eivon to aplotepd uéhog g (11.4) kan I(X,,) eivar oto deEl
UWENOG TNG.

TdOPOL YLOL TN YEVIKT TEPLITTMON), XPTOLUOTTOLOVIE TV 1dLL TEXVLKT OTTwg 0TV artddelEn g Mpdtaong
8.10. 'Eotw r > 0 kau 7, := inf{s > 0 : |By| > r}. Twa omowadnmote cuveyn ovvapton f : R - R,
karotue J,(f), J(f) To apotepod kar to deEL uehog g (8.8) avtiotorya. 'Botw ko g, : R — R ouveyng
ovvapTnon ov ovtal pe 1 oto [—r, r] ko pue 0 oto R \ [—r — 1, r + 1]. Tote yio kae € > 0,

P(l‘ln(f) - ‘I(f)| > 8) = P(|‘In(f) - J(f)' > &1, > t) + P(l‘]n(f) - ](f)| >e&1, < t)
= P(|Jn(fgr) - ‘I(fgr)l > &1, > t) + P(|‘In(f) - J(f)' > &, T, < t)
< P(J,(fe,) — J(fg)| > ) + P(z, < 1).

TLoc Ty TPOTI LOOTNTO YPNOLUOTOW O UE OTL 0T0 {7, > 1} 1oyverJ,(f) = J,(fg,), TO 0TOLO ELVOL TPOPOVES,
Kat 0Tl 070 1810 ouvoro woyvel J(f) = J(fg,), Moym tov Anuuotog I'.1 agov yio kabe s > 0 govue
f(By)g,(B,) = flB,) yvo. kb w € Q pe 7,(w) > s (ywott yio tetola w wyvet |By| < rxon dpa g,(B,) = 1).

Tty fg, €xovue 1M Seilel To Oedpnua, omdte éxovue lim,_, o, P(J,(H) — J(H)| > €) < P(z, < 1) ya
KaOe r > 0. ‘Ouwg 10 OpLO TNG TEAEVTOLOG TOOOTNTOG Yo, I — 00 glval 0 Omtwg £xovpe Sel€el 0To TEAOG
g armodelEng g [potaong 8.10. [

Amt6deiEn tov Oewpnuarog 12.1

Anéden. 'Eotm (A,),>) oxorovdia diapeptoewv tov [0, 7] pe A, 1= {0 = t(()n) < tgn) < < t](;(li) =1}

Kau pe [|A, || = 0. Me ypnon tov Oewpnuoatog Taylor, ypdgpouue
k(n) k(n) 1 -
2 n
AB) ~fBo) = 3, Bw) =Bk = 24 Bp)Bro = Bo) + 51" Bo ~ B Y |
= = '

(n) ’ ’ ’ . ’ ’
ue gj OTUELO AVAUEDO OTOL BZJ@I ,Bl]@ vy kae 1 < j < k. 'Emeton ot

k(n) k(n)

1 7 ’
MB,) ~fB)= Y,/ BB —Bw) =5 2,/ BB — B )2‘ (.12)
j=1 J= J J= ]=1 J= J J=
1 k(n) i
SE Z lf/(gj ) —f"(Bt(n)l)l(Btgn) — Btg,l)] )?
]=1 J= J J=
1 k(n)
Szosc(f", B([0,1]), 0sc(B, [0, 1], [|A,]1)) D (B — B ). (I'".13)
j:1 J J=

H ovvapon osc gyeL oplotel oty (I7.11). Topa yio n — 0o, TAPATNPOVUE Ta EENG:

e To tpadro abporopo oty (I.12) ovykhiver Katd mOovoTnTe 0To fot f(B,) dB, Moyw g TTpoTtaong
11.5.

* To deltepo abBpotopa cuykhiverl Kot mhovoTTa 010 jg f"(B,) ds Moyw g Ipotaong 8.10.
* H mocotta

OSC(f", B([O, l]), OSC(Ba [Oa t]’ ||An||))
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teivel 0to 0 pe mbavomta 1 yatt yio ke B € C[0,0), 1 6, := osc(B,[0,1],||A,]]) tetver oto
0 0oV M B €LvalL OUOLOUOPQPO CUVEXTS 0TO OVUTTOYEG ouvoro [0, ¢] kou lim,,_, o, ||A,|| = 0. 'Emeita,
NS’ elvow opoLduop@a. ouvexng oto ovusayeg ovvoro B([0,1]) kar apa m osc(f”, B([0, t]), J,,) teivel
oto 0y n = oo agov lim,,_, , J,, = 0.

¢ To aBpotopa oty (I'.13) cvykdiver Kotd mbavotta oto ¢ Aoyw g [pdTaong 8.10.

Mze ypnon yvwotol Oewpnuatog amd ™ Oewpla nétpov, Pplokovue yvnolwg avEovoa akohovdio qu-
OKOV (n)g>1 DOTE KATA WNKOG AUTNG TG AKOAOVOLAG OAEG OL TLO TTAV™ OUYKALOELG VO OUUBOLVOUV UE
mBovomta 1. 'Etor tpoktmter 0t 1 (12.3) woyver pue mbavotnta 1 yio to cuykekpuuevo ¢ > 0.
Entopévwg ot 800 avehEeig mov opllovrotl amtd 1o deEl Kot 1o aplotepd uehog g (12.3) eivor Tporto-
molnon 1 we g aAng. Eneidn ouwg pe mbavomta 1 €xouv kot oL §00 ouveyn wovordtio. (ue Baomn )
ovufaon Yo To 0ToYaoTIKO OAOKANPOU), Eteton amd v [pdtaon 4.6 6tL ot 8o aveliEelg elvar un
dtokploleg. Avtog elvat oKpPLBME 0 LoXUPLOUOG TOV BEMPNUATOG. [ |

An6deiEn tov Oempnuorog 12.3
ArédeEn. Oa ypnowomomoovue to Oempnuo Taylor wg eEng. Tua (xy, 1), (x, 1) € R X [0, 00),
JOo 1) = fxg, 1) = flx, 1) — flx, 1) + flx, 19) — flxo, 1)

o, . 3 :
= a—{(x, D(t—15) + a—f:(xo,to)(x x0) + 5

20x2
YLo. KQTtoLo onuelo 7, X, ue to 7 owduaaa 07Ty, F KOL TO X AVAUETOL OTA Xgy, X OLVTLOTOLYCL.

Botw A :={0=1y<t;, < <t = t} moc drapgpron tov [0, 7]. o kaTw B XPNOLULOTONCOVUE T
ouvvtopoypaglo Ay 1= 1; —1;_ I,AB = B, — B, ywj = 1,2,...,k. Me yprjon tov @ewpripartog Taylor
ypapouue

— (%, 10)(x — xp)?,

f(B,, 1) — f(By,0) = Z{f(Bf,,) —fB,_,, i)}

j=1

Z (B,,Q)At +Z (B, o -1)AB +2Z (n,, i-1)(AB))’

ue §; onuelo avapeoa ota £y, 1 Kau 77; oNuelo avaueoa oto: B, B, o Kabe 1 < j < k. 'Eneton 6Tl

8,1 = 180, 0) - Z Fsmy -3, Lo,

j=1
K 1 K
SZ i+ 3 250

I kaOe ovvapton g : R X [0,00) = R, o0voho A C R X [0, ), kKai §; > 0,d, > 0, opilovue

s ) ,
o1 =1 )AB; — 32 Z oo i1 )(AB) (T".14)
92 &f
LB, )~ L1

t’

(,,]

)| (AB)*. (I.15)

w(g,A,01,6,) := sup{|g(x;,y1) — g0, ¥l (x1, 1), (X2, ¥2) € A, |x) —x5| < 6y, |y; — ¥l < 82},

TO OTTOLO ELVAL EVOL LETPO TNG OUOLOUOPPNG CUVEYELOG THG g OTO A.
"Eva. ave ppayuc. yio. Ty moootto. oty (I7.15) eivol to

o)
(5010, 0.1 0508, 10,1 181D )

’ K
. (a_f B(0. 1) x [0, ], ose(B [0, 71, ||A]]). ||A||) > (AB)?.

ox2’
j=1
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"Eoto topa (A,),> oxorovdia diopeptoewv tou [0, 7] ue [|A,|| = 0. Epoapuotovue v avicotta (I7.14),
(T".15) yio T Stapeprlon A, KoL TALPVOUUE 11 — 00.

(i) To mpwro abpotopa oty (I'.14) ovuykhiver pue mbavotnTa 1 6to fot Z—f(BS, s)ds.
S
(ii) To devtepo AOpoLoUA CVYKALVEL KATA TTLOAVOTITA 0TO fot Z—i(Bs, s)dB;.

e ’ 14 ’ 14 ’ az
(iii) To tptto abpotopa cuYKALVEL KOTA TLOOVOTNTO OTO fot a—f(BS, s)ds.
X

(iv) OumoooTnTEG

of
W(a_r’B([O’ 1) X 0,1], 0sc(B, [0, 1], [|A,[)), ||An||>’

2
w (a—f B([0,]) x [0, 1], 0sc(B, [0, 1], [|1A,] ), IIAnII)

ox2’
tetvovv oto 0 pue mbavotnra 1.

(v) To abpoloua. Zfinl)(Bt(n) — B »)? ouyKAivel Kotd mBavoTToL 070 1.
j -1

To v amddelEn Twv (i) ko (iii) yperaletar vo amodelEel Kovelg TIg TPOPOVELG YEVIKEVOES TWV
[Mpotdoswv 8.10, 11.5, evdd yia v amodelEn g (iv) emyelpnuotohoyoiue Omwg oty amodelEn Tou
Ocwpnuatog 12.1. Kai 1 amwddei€n khetver Omwg Ko autn) Tov Oswpnuoatog 12.1. [ |

An6deiEn tov Oewpnuatog 12.5

Arddeln. (Zyedio) H amodel&n avtg g €kdoong etvar ovahoyn g €kdoong IT ue kasmoleg hemtoue-
PELEG TTAPATTAV(™ OL OTTOLEG ELVOLL 1] OVOLMOELS. Ot SDTOVUE OVO (et TTEPLYPap TNG. Me Tov GupuBoliopd
g artOdelEng g £kdoong I okt ypdgpouue

ﬂBt’ t) _f(BO’ O) = Z{f(Bt,-’ ti) _f(Bti_l > ti—l)}a
i=1

KO TP YL KAOE 0po Tov abpolopatog £X0VUe

B, 1) = f(B,_,ti_1) = fBy, 1;) = f(By, ti_1) + f(By, ti_1) — f(By_, ti_1)
of 4 of 0, Ly 8
E ( t,-:C) tz +j; axj( ti—l’tl_l) l + 2. axjaxk

(n, 1:-)ABYAB®  (1.16)
S
Jk=1

Y100 Kkamoto § € (1, 1;) kaw kdmolo 7 € RY oo evbiypapio tupa tov ovvdéet ta onpeia B, , B, .
Egapuotovtag ta o mave og pa akohovbia dwapeptocmv (A,),s; 0nmg oty Ipotaon 8.10, elvon
00pE OTL oL TPMTOL dV0 Opot oty (I7.16) divouvy ta TpwTa dV0 odokAnpoduata oty (12.8). O Tehevtaiog
opog oty (I.16) ypagpetan
d

9%f 0) o°f 0 A pK
—L(n,t._)(ABY)? _1)AB’AB>".
Z a 2(77’ tl—l)( i ) + Z axjaxk(n’ tl—l) i i

j=19%; 1<),k<n
J#K

To pdTo Od avTd To abpoloporta 0dNyel 0To TehevTtalo ohokAnpwua g (12.8) ue paon v Mpo-
taom 8.10. To deitepo ABPOLOUO SEV GUVELOPEPEL TLITOTO KO QUTO TINYALeL 0td To OTL av ov B, W elvau
aveEaptnTeg (LovodLaoToTeS) Kivioelg Brown, 1 akohovOia

k(n)

Z(Bt(n) —Bw)Ww —Ww)

i i—1 i i—1

i=1
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1eivel 0to 0 otov L2(P) xabm¢ n — oo (Acknon 12.3).
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Teyvika amxoreléonaro 11

Amoder&n g Mpotaons 4.10

Arédeién. 'Eotw € 1o 6Uvolo Twv Hetpnotimyv opfoymvimv oto 8 [0,00) UE TTOPAYOVTES OLVOLYTO CUVOAQL
tov 8. Ta otouyela Tov € elvol avoLyTd Mg TPOG TN UeTPLKY d Tov optoaue oty Mapoatnpnon 4.9 ko,
emeLdn mapdyouV ™V ®;efo,00)B(S), €metar 6L Ay C A,.

T v A, C A, apkel va det€ovpe 0TL kKaOe avorytd ovvoro oto Y elvan otoyelo g A;. O Y elvou
droywplolog, apo KaBe avolytd oUVorkO Tou Ypagetalr mg apldunowun évoon ogapnv. ‘Exerto ke
OQaLPO. YPAPETAL WG APLOUNOLUN EVWOT OUVOLWY THG LOPPNG

Ap e i=1FEY 1 sup d(f(n),fo(D) < &}

t€[0,n]
omov fy € Y,n € N,& > 0. Auto o 00voho elvar oToLyelo TG A | YLOTL YPAPETOL G Ujs 1 Ni>1 Bjy e
By :=41f€Y: sup d(f(m/25), fy(m/2F)) < e — (l/j)}
0<m<n2k

Ko kGO B; elvan HETPOLo 0pOBoy®dVLIO. [ |

Am6de1En tov Aunarog 9.7
Afupa 9.7 O F(3 eivar mukvog vdywpog Tov F2.

AmddeiEn. H amddel€n axohovbel to frjparta wov divovror oto Mpopinua 2.5 amxd to Kegpdaroto 3 tov
Karatzas and Shreve (1991).
'Eotw X € F2. @éhovue va Bpodpe o axohovdia otov 3 mov va wpooeyyitel T X. To Oempnua
KUPLOPYNUEVNG GUYKALONG dLveL OTL
Jim []X — X7{l, = 0,

0o 1 aveMEN X oplleTal wg

X(t, ) = X(t, w)lte[O,T]1|X(I,w)|ST-

"Enteton OTL wropovpue amtd v opyn vo viobgoovue ot vapyer T > 0 wote|X(r, w)| < T yo kabe
(t,w) € [0,00) X Q (dnhadN N X etvon pparyuevn) ko X(t, w) = 0 yia kabe (1, w) € (T, 00) X Q.

Entiong, enekteivoupe ) X 0¢tovtac X(1, w) = 0 yia kabe 1 < 0 kaw w € Q.

Biua 1. Tw e > 0, vapyer X° uetpnouun aveéMEn hote yio Kabe o € Q 1 ouvaptnon 1 = X°(t, w)
gLVaIL CUVEYNG KO

I1X = X°|| < e. (A1)

T n € Nt Bewpoiue v aveMEn

t

H,(t,w) := nf X(s,w) ds,
t—n—1
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Teyvika amoteAéouara Il

1 OTOLOL ELVOIL OUVEXTG MG TTPOG ¢ Yio. KOs 0Tadepd @ (Ypnotpnomolotue to 0Tt 1 X ELVaL PPOYUEVT).
‘Enerta yio Kabe w € Q, to ovvoro {tr € [0,T] : deviwoydel lim,_, o, H,(t, ) = X(t,w)} €xeL uérpo
Lebesgue undev [Oempnua 14.13 oto Kovpoviing and Neypemoving (1991). To 6tL avtd to 00voro elvan
uetpnoLo xeton oo v [podtaon 9.4 amd v dia avagopd]. Apo. to Bempnua ppayuevng oUYKALONG
dlvel ot

T
lim E (/ |X(z, ) — H,(1, a))|2dt) =0
n—>oo 0

KL 0 LoYupLopog amodeiyOnKe.

Bina 2. Ioytel

T
lim E ( f IX(t, ) — X(t — h, a))|2dt) = 0. (N'.2)
-0t o
T e > 0 Bplokovue wo X¢ 0rwg 0to sporyotuevo Pruc. TOTe 1) TPLYmVIKT GVIOOTITA YLOL T VOPUOL
| - ], diver 6T
r 1/2 T 1/2
(E f 1X(1,0) — X(t — h,w)|? dt) < (E f 1X(1, w) — X(t, 0)? dt)
0 0
1/2 1/2

T T
+ (Ef |Xe(t, w) — X¢(t — h, a))|2dt) + (Ef |Xe(t — h,w) — X(t — h, a))|2dt)
0 0
1/2

T
<2+ (Ef |XE(t, ) — Xe(t — h,w)|2dt)
0

To televtaio ohokAnpwua ovykiiver oto 0 yio i — 0 pe xpnomn tov Bewpnuatog ppayuevng ovyKAong
K0 Tov 0TL 1) XF ELVOIL OUVEYTG G TTPOG TO TTPMTO TNG OpLopat. Emerdn to & rav avbalpeto, To CUUTEPAOUOL
ETETAL.

Twa T ovveyeLa, 0o 0ploovie UEPLKEG KOAOVDLEC 0VEMEEMVY TTOV OKOTTO EYOVV VA TTPOCEYYLOOVV TN
X. Opitovue

¢n:[R—>{%:jeZ}

ne

j—1 j=1
¢n(t)=7(l\/f€< o ,ﬁjl

Emetdf) yio k40e 1,5 > 0,n € Nt woyver 1 — 27" < ¢,(t — 5) + 5 < 1, émetan 6T 1 avéhEn X mov
optleTon mg
X0, 0) 1= X(,(t — 5) + 5, 0)

i ke t > 0, € Q eivon TPOGUPUOOUEVT). APHVETOL WG AOKNOT VaL detyOel OTL elvan oToLyELo Tov F(.

Bnua 3.
T 1
lim E f f 1X(t, 0) — X)(t, w)|? dsdt = 0. (A 3)
0 0

n—>oo
T 1, 0 dedopeva, Exovue

j=[2"1]+1 t—(j—1)27"

[2
Z 1X(t, ) — X(¢,(t — 5) + 5, 0)|? ds.

j=[2nt]-2n+1 Ji=j27n

!
f 1X(1, 0) — X" (1, )|* ds <
0
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Teyvika amoteAéouara Il

[Mopatnpovpe OTL 0 j OPOG TOL TELEVTALOV AOPOLOUATOG LOOVTAL [LE

—G—1)27" 2
f 1X(t,0) — X((j — 1)27" + s, w)|* ds = f |X(t,w) — X(t — r,w)|? dr,
t—j2—n 0
OOV Kavape ™V aAhoyn puetainmg r = t—s— (j— 1)27". Apo 1 péon tun oty (A”.3) pplooetol oo
2_”

T .27 T
2" + l)Ef f 1X(t,w) — X(t — r,w)|* drdt = (2" + 1)f E/ 1X(t, ) — X(t — r,w)|* dtdr
0o Jo 0 0

T

(1+27) sup Ef 1X(t,w) — X(t — r,w)|* dt.
re[o,2—]  Jo

H tehevtaia moodTTa Telvel 0to 0 Aoyw g (A”.2).

Bniua 4. At6delEn tov Afuuotoc.

To Anupa Fatou ko To stponyotuevo frua dtvouv 0Tt

1 T
f lim (E f 1X(1r, 0) — X9)(1, w)|2dt) ds < 0.
0 n—o0 0

Apo vapyet s € [0, 1] wote

T
lim E / 1X(t, ) — X9)(t,w)|? dt = 0.
0

n—>oo

K&0e X givou ototyelo tov Hy, 0mdTe T AUUOL ETTETOL. [

AnodeiEn g lpotaonc 10.3
Ipoétaon 10.3 'Eotw T ypdvog diakomng. Me mbavotnta 1 oybet

INT t
f X, dB, = f X 1p0.79(s) dB, (A 4)
0 0

yio kGO ¢ > 0.

AméoeEn. Bina 1. Trobétovpe 61t X € 3 xou 6t o T maipvel povo memepacuévo 0o TyLmv.
Miopotue va vitoBecouvpe o0tL 1 X ypageton 0mwg oty (9.4) ko o T TaLPVEL TWEG UEGT GTO GUVOLO
{t, i=1,2,...,k+ 1}. Ko eivon Ogua povtivag (epapuoyn tov Opiopot 9.4) va eheyEovpe 0T Loy vEL 1)
(10.2) og kGOe w € Q.

Eexwvape. H avéMEn {X 1 71(s) : s > 0} eivou amhn yiati ypageton og

k
Xsl[O,T] (s) = ZAi(w)IT(w)zz,.H l(t,»,ti_,,]](s)’
i=1
Ko ovto ywotl, i s € (1, 44 |, 1 amaitmon s < T(w) wodvvapel pe tiy, < T(w) agot o T dgv malpvel
TWEG 0T (4, 1i41). 'Emertan ly,)s,.,, elvar F, -puetpnoyn apov eivorn detiktpio tov ouvorov {T > t;41} =
Q\{T < t;}. Apa t0 fol X 110,71(s) dB; woovTon pe

0 avit <t
£—1
{20 Ay, (B, = B} + Ae@ sy, (B = B,)  avi€ ltgte) e ¢ €{1,2,.. K}
k
Ei:] Ai(w)lT(w)ZlfH (Bli+1 - Bli) V12 fpg
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Teyvika amoteAéouara Il

Topa, av T(w) = t,, pe r € {1,2, ...,k + 1}, avtn 1 woodTTA LOOVTAL [UE

0 avit <t
£—1 ,
{Zi:l Ai(w)(BtH_l - Bt[.)} + Ag(U))(Bt - Btg) avt e [tg, t€+1) We = {1, 2, R 1} (A 5)
r—1
2521 Ai(w)(Bt,-+] - Btl-) avit>t,

To aprotepd uérog g (A".4), oto oivoro tov T(w) = t,, LWoVTOL ue

INL,
f X, dB,
0

TO OTTOLO TTOULPVEL TYEG AKPLRDG OTTMG 0TV (A".5).

Brjna 2. Yrobétovue 6t X € F3 war o T eival omoloodmote ypdvog dtakomic. Emed) ta 8o uéhy
¢ InToduevng optlovy avelEelg mov pe mbavotnTa 1 £50uv GUVEXT HOVOTTATLA, OPKEL VO SELEOVUE OTL
QUTEG OL AVEMEELG ELVOL TPOTTOTTOIN 0T 1) ok TG GAANG. To cvprtepaona Bo Emeton Tote 0o v [podTaom
4.6.

o n € NT, Ogtovue

k =1k +
L = =z <
T (@) =17 owT(a))e(zn,zn] ue k € N*, k <n,
n avT(w)>n
Evkoha Bremovue 0TL 0 T), €lval YpOvog SLOKOTNG Kot BERALL TALPVEL LOVO TETEPAOUEVO TANOOG TLLDV.
A7td 10 Tponyoluevo Prua xovue 0tL pe mbavotnta 1 woyvet

IAT, '
/ X,dB, = f X 11o,7,1(s) dB (A'.6)
0 0

yo kaBe 1 > 0. Zto 1610 ovvoro mboavotntag 1 wrropovue vo vrobecovue OtL 1 oveMEN X o B glva
ovveyne. Emouévag, emtedn 7, — T, yio dedopévo ¢ > 0, to aplotepd nérog g (A".6) ouykhivel 0to
j;ATXS dB,. Eneita, to 8eEl uehog g (A".6) ouyhivel oto fot X,110,71(s) dB otov L*(P) ywoti

t
E ( f X:|1p0,7,1(s) — 1[0,T](s)|2ds) -0
0

Kabwg n — oo amd 1o Bempnuo KupLapynuevng ovykiong. Kot mepvavtag og vitakorovbio ov ov-
vKAver pe mbavotnTo 1, éxovue 0TL yior dedouevo ¢ > 0 Loyer 1 oot (A".4) ue mbavorra 1.

Bnua 3. Astyvouue tHpo. T YEVIKY tepltmon. Omwg Kow 0To ponyotuevo Brua, Oa emkoleotouue
v [potaon 4.6.

‘Eoto 1 > 0 dedopévo, kar (XM),51 axolovdio otov H3 mov ouykhiver ot (X,1[0,1(8))s20 01OV LA(A X
P). At to mponyoduevo frua, xovue otL ue mbavotnra 1, yia kabe n > 1, woyder

INT t
f x™ 4B, = f XM 1y4.79(s) dB,. (A7)
0 0

Avtiotoryo 6mwg oty amodelEn tov Oswpnuotog (10.2), vapyer ovhvoro Qp C Q mbavottog 1 Ko
Yvnolwg avEovoa akohovdia (1 )>1 PUOLKMV OOTE 0TO Q) Vo Loy Ve

/ X" ap, - f X, dB,
0 0
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Teyvika amoteAéouara Il

owowopoppa yio r € [0, t]. Emedn 1 A T(w) < t, €xovue 0T0 Q) emiong

INT tAT
f X dB, — f X, dB,.
0 0

To deEL nehog g (A'.7) ouykhivelr 0to jg X,1{0,71(s) dB otov L*(P) ywati

t t
E (f X, — X§’1)|21[0’T](S) ds) <E (f X, — Xgn)|2 dS) = 0.
0 0

Avtég oL mapatnpnoeig ka1 (A7) divouv 6t (A".4) woyder pe mbavornta 1.
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YoSEIEELS YLOL ETUAEYUEVEC OLOKTOELG

Kegpahoro 1

1.4 Twa Ty kateubuvon ov vitobetovpe Ot M Y elvar o(X)-petpnowun, detyvovue 1o tntoduevo drado-
YUKa YL Y detktpua, yia Y ammh, yia Y > 0 petpnoun, Kow 1€hog yia Y pe Tueg 0to [—oo, oo].

Kegahaio 2

2.1 (B) Aclyvouue T Tnroduevn mpdTo yioe X SelkTpLo £VOG UETPNOLUOV ouvOrov, emerta Yo X > 0
UETPNOLUN OTTAY, €mterto. Yo X > 0 petpnoun, ko tehog yio. X petpnowun pe S |X| du < .

2.3 () To 6nt E(X | G) > 0 pe mbavotta 1 eivar yvmotd amd ) Oempla. Mével va dei€ovpe OTL TO
A :={E(X|9) = 0} &xer mOavotto 0. To A elvor oToLyelo Te G KoL, EQopuotovtag yio avto v (2.1),
gmetal evkoha Ot P(A) = 0.

(B) Xpnowomorovue v IMpotaon 2.8.

2.4 'Oy1. Mtopolje Vo, KATUOKEVAGOUIE OVTLITAPASELYUO Ypnotpomotdvtag To Mapaderypa 2.6 1 ko
OAMLOG.

2.5 Tpagovue E(X | F)) = E(E(XX | F,) | F)).
2.6 Eqpopuotovue m oxeon E(E(Y|G)) = E(Y) ue Y := XE(X| 9).

E(XE(X|9)) = E(EXE(X|9)|9)) = E(E(XX| ) E(X|9))
= E{E(X| 9)F) < E(E(X*|9)) = E(X*)

H devtepn wootnta woyver yioti n E(X | §) etvon G-puetpnoun. H aviodtnto TpokimTel oo Ty avicotnta,
Jensen.

2.7 Hapatpovue 6Tt 1 X elvan G-petproun ko deiyvovue ot E{(X — Y)?} = 0. Avtd yiati
E(XY) = E(E(XY|9)) = E(XE(Y]9)) = ...

2.8 Aovretouvpe OTTWG 0TV TPOTYOVUEVY ALOKNO).

2.9 (a) E(YX) = E(E(YX | G)) = E(YE(X| §)) agol n Y eivow G-petpnouu.

(b) O o VPLOUAG ELVOL OYXESOV TPOPAVIG OV AGBOVUE VITOWLY LLOG T YEWUETPLKY EPUNVELD TNG dEoUED-
uevng ueong tune. H yeouetpia pag odnyel va dei€ovue 0tL

E{(X - Y)*) = E{(X — E(X| 9))°} + E{(E(X| §) — V)*},
KOl 0ITO 0UTO ETTETAL O LOYUPLOUOG.
2.10 Ko o dv6 pehn g wootrog twovvror ue E{E(X | G)E(Y | §)}.
2.12 To apLotepd HEAOG LOOVTAL UE

Z E(aiXi) +2 Z E(a,X;a,X)).
k=1

I<i<j<n
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Yrodel&els yia emAeyugves aoknoels

Ou X, a; eivon aveEaptnreg yrott 1 X; elvol aveEapmntn amd ™y Fr_| Ko 1 a; elvon Fy_ -uetpnouun).
Opola, Yo i < j,  X; elvou aveEQpTNT) A0 TG 44, @}, X; KOL GP0L KO GO TO YIVOUEVO a;a;X;. Apol

E(a;X}) = E(a) E(X}) = E(a}),

evo ywa 1 < i <j < nwoybet
E(aiXiaJ»Xj) = E(al-X,-aj) E(}(]) = 0.

2.14 (B) Aovievovue 6mtwg oty Aoknon 2.1(B).

Kegpahaio 3

3.1 IIpoxvmtel ue xpnon g Mpdraong 2.10.
3.2 (B) Epapuotovue to (o) yio to ovvoro {X,, = 0} € F,,.
3.3 'Opoia 6mwg oto [Mapaderypa 3.2.

3.4 ‘Opoa 6mog ota Mopadetypota 3.2, 3.3. Maiota n (M,),>( elvar edikn epiatwon tov Hapadety-
uotog 3.3.

3.5 (a) Eivaw ovvdvootiko mpopinua. T n, k tov givar Kow oL d10 aptiot 1 Kot oL V0 TEPLTTOL Ko UE

|k] < nwoybel
1/ n
P(Sn:k)zg n_+k .
2

(B) Xpnotpomolonpie 0To amoTéheopo Tov (o) TV Tpocéyyiom Stirling yio to apayovtikd. k! ~ (k/e)k/ 2k.
(y) '‘Emteton 07to o (B).
3.6 'Emeton oo Tig 0Y£0EL

{T < l’l} = UZ:O{T = k}s
{T=n}={T<n]\{T<n-1}

39 T A € B(R),
Xl € A} = UR X! € AAn{T =k} = (Uj—p {Xx € A}n{T = k}) U ({X, € A} n{T < n}°).

3.10 (a) Aovievovue O0mwg oto IMapdderypa 3.18 (i) xpnowomomvrag to martingale (M,,),>o o TV
Aoknon 3.4.
(8) 'Eotw a < 0 aképanog kow T = T, A T,. Xpnowpwostotovpue to martingale W amd v Aoknon 3.4 ywa va,
dei€oupe (Ue TOV YVWOTO TPOTO) OTL
E(S7) = (0 — @) E(D).
Anhodn
1
E(Ta A Tb) = qu{b P(Tb < Ta) + aP(Ta < Tb)}

IMapvovue a — —oo Ko YPNOLoTTolovue Ty ékgppoon yia tg mbavotmteg P(T, < T,), P(T, < T},) amd
TO EpOTNUA (Q0).

3.11 H N sivon yewpetpiky tuyoio uetapint) ue mopduetpo 1/2, dnhady PV = k) = (1/2)(1/2)%!
v ki0e k € NT yiatt N = min{k > 1 : Z; = 0}. To Bedpnuo. emAEKTIKNG SLOKOTG OEV UTOPEL VL
egpapuootel ywott E(R)) = 1, evo E(Ry) = 0.

3.14 ASLXVOUM8 on EP(Xn+lf| ?n) = EP(Xn+1fn+1 |~¢n) g EE"’]C.:
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EP(Xn+1f| Stn) = EP(EP(Xn+1f| :Fn+1) | :Fn) = EP(Xn+1 EP(f| f’tn+1) | fn) = EP(Xn+1fn+1 |5tn),

omote amd v Aoknon 2.14,

EP(Xn+lfn+l |5tn)
Ja '

XPNOWOTOLMVTOG VT TNV LOOTITA, Selyvouue EVKOAN TNV Looduvauio Tav (a) kKoL (B).

EQ(Xn+1 |‘?n) =

Kegaiowo 4

4.1 (o) Apxel va derydet yio X g popgng 1. dmov C ouvoro g B([0, 00)) ® F. TN va to det€ovpue
avTo, opiZovue D 1o 6Uvoro TV C Yo T 0TTOLOL AVTOG O LoYVPLONOG Loyvel. H D givar khdon Dynkin
(e0K0N0) 7OV TTEPLEYEL OAOL T GVVOAQL TNG WopPNG A X B 6mov A € B([0, 0)) kou B € F, dnhadn ta.
uetpnowe opBoywvio (avtd mpemel va eheyyOet). H kKAaon twv petpnowyv opfoymvimy elvor KAELoT)
0TI TTETMEPUOUEVEG TOUEG Ko TTapayeL T o-Ghyeppa B([0, 00)) ® F.

4.6 {T<t=u2 {T<t-n"'}.

4.8 .Tw 0 <s < txowkaben > 1 ggovue

E(XZ/\I,, |fs) = XS/\t,,' (A’S)
Acgiyvouvue 0TLE |X,| < 0o wg €.

E[X,| =EX, = E(lim Xt/\r,,) < lim E(Xt/\r,,) = E(X)) < o0.

n—>oo n—>oo

Egapuoocope to Anpua Fatou. H tehevtaia 1o6tnta mpokvmter omd v (A'.8) av Bgoovue s = 0 ko
napovpe ueon ). Fa va det€ovpe 0t E(X, | F) < X,, maipvovue n — oo oty (A".8) Kou eqapuolovue
10 Anupa Fatou yio T deopevpévn peon tun (Qempnua 2.19).

Kegpahato 5

51 (W) fr) = P(\/;B(l) > 1) =P(Bx1) > \/;) (07td TV WBLOTNTO AMayng KMpokag). To evéeyduevo otnv
tehevtato mOavoT T POiver wg mtpog £ (0 < s < 1= {B(1) > /1} € {B(1) > 1/s}) xou to ovumépaoyo
ETTETOL.

B)f) = P(B(1) > /1) = fj—f @(2) dt dmov ¢ elvan 1) TukvoTTa TG Kotavoung N(O, 1). Apa

e 12,

1 1
[0 = MW;)‘ Nex

5.2 Ou pomeg g N(0, 1) divovtow oto Anuua A'.1 tov Iopapthiuatog A
5.3 I'pagovpe T Sed0UEVT TUYALO LETABANTN WG YPOUIKO cuvdvaoud twv B(t,), B(t,)—B(t,), ... , B(t,)—
B(t,_,) (ou omoleg elvan aveEaptnteg). Emteidn

B(t,) ={B(t,) — B(t,_)} + --- + {B(t,) — B(t))} + B(t,)
yio ka0e r € {1,...,n}, &govue
a\B(t)) + a,B(t;) + -+ + a,B(t,) = 51B(t)) + s,{B(t,) — B(t})} + - + 5,{B(t,) — B(t,_1)}

omov s; = a; + -+ + a, Y kabe i € {1,2,...,n}. Katd ta yvootd and TG otoretddelg mbavotnteg 1)
Tehevtaia Tuyaio peTaBAnT eivon kavovikn pe péom tun 0 kon Suaomopd sity + s5(f, — 1)) + -+ + s5(t, —
tn—l)-
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5.4 ©¢tovue X := B(s)—B(r), Y := B(t)— B(s). H dsopgvpévn katavoun g X dedouevng g (B(r), B(1))
etvou 1 1dLo pe T deopevuévn katavoun g X dedouevng g (B(r), B(£)—B(r)). Ioyvel B(1)—B(r) = X+Y.
H X etvon aveEaptntn oo ) B(r), 0mdte avayOuaoTte 0ToV VITOMOYLONO TG Kotavoung e X | X + ¥ =
y — x Egpovrag 0L X ~ N(0,s — r), Y ~ N(0,t — 5) xou ou X, Y etvan aveEaptnteg. Bplokovue thv amo
Kowvov ukvotnta Tov (X, X + Y) ko xpnowpomorovue v [podtoon 2.12.

5.5 T'pagovue ™ X wg 0pLo adpotopdtwv Riemnann. ‘Exerta ypnowwomoovue v Aoknon 5.3 ko v
[Mpotoon A'.12 oto Hapaptnua A’. BéBara ) ueon tur ko 1 Staomopd e X virohoyllovral Kol Auesa.
ue yp1omn tov Oswpnuartog Fubini kot tg mapatypnong o6t X? = fot jg B(s)B(r)ds dr.

5.6 To @chpnuo. Fubini diver dueca 6t E(Y) = £2/2. 'Emeita, ypdgouue

Y2 = f / B%(s)B(r)? ds dr,
0 J0

KOl XPNOLoToLmvTaS To Oempnue Fubini kol tyv Acknon 5.2 Bpiokovue 6 E(Y?) = 74/12. Apa
Var(Y) = t*/3.

5.7 Mze ypnom tov opLtouov, 6stwg oto (i) g [podTaong 5.7.

5.9 Zvvdvalovue tig Mpotdoeig 5.7, 5.14. H eikova eivar 6t 1 B, Eekivavtog oo to onueto (fy, B(ty)),

B0 aPYLOEL GUECHG VO TAAAVTMVETAL, TOVOD KoL KAt amd v evbeta y = B(f), Kow dev B emitpeel
™ dMULovpYie TOTLKOV 0KPOTATOV OTO .

5.10 Apxei va deryBel yia ty = 0. Av 1 B etvan dragoptowun oto 0 pe Ogtikn mbavotnta, T0Te emeldn

. B . . B@) ,
P hmT vrapyeL oto R ) = lim P hmT vrtapyel kKou oviket oto (—C, C) |,

t—0 C—o0 t—0

vrtapyowv g, C € (0, 00) wote

t—0

. B(@) :
P(lim — LTOPYEL KOL OVIKEL OTO (—=C,0))>e>0.

To yeyovog otnv tekevtala mbavotnto mepeyetor oto liminfy Ay omov A, 1= {|B,/(1/k)| < C} ya
KkaBe k € NT. Opwg

P(liminfAy) < lim P(4,) = lim P(B(1)| < ck) =o.

k— o0 k— o0

Mo eVOALOKTIKT AVOT TTPOKVITTEL (e Y PN 0T TG LOLOTNTAG OVTLOTPOYNG X povou (ITpdtaon 5.11).
Kegpahato 6

6.3 (B) IMpokutel evKoAa ato TO (Ct).
Kegpahaio 7

7.5 Xpnowomorovue v [pdtaon 2.13, deopevovue wg mtpog 7,.
Kegpahato 8

8.1 Apxkel va dery0Oel 6T yo kaOe Staotnuo I ue pnta axpa, ue mbavotnra 1,  kivnon Brown dev eivou
wovotovn oto L. T 1) < 1, < ... <, onuela Tou 1,

{B aEovoa oto I} C {B(r,) — B(t;) > 0,B(t;) — B(t,) > 0, ..., B(t,) — B(t,_;) > 0}.
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To tehevtaio ovvoro €xel mbavoTyta 27", Tlalpvovue n — oo.
8.2 'Eotm A, M Tuyoio petafinmi omy (8.10). Troloyitovue v E(A2) xpnowpomoidvrag v 1didtta
’ ’ ’ 4 d
g aveEapmotog Twv TPosavENcEwY yia TV Kivion Brown kot to 6t B, — B, = |t — s|'/Z yia omora-
dmote s, ¢ > 0 xou pe Z ~ N(0, 1)
k(n) n k(n) n
8.4 (@ E(L,) = X, 1/t — £ E|By| > E B T2, (" = )/|1a,172.
(B) H L, elvar aOpoLopa oveEQPTNTOV TUXOLMV UETARATOV, 0TOTE
@ W _ D
Var(L,) = Y Var( o tj_l|31|) - 2(:}. — )1 =A%) = (1 - A2
]:

j=1

() P(L, <E(L,)/2) < P(|L, — E(L,)| > E(L,)/2) < ...

(8) Epwmua (y) ko tpwto AMuuo. Borel-Cantelli.

Avto ov ovufatvel eivor OTL 1) L, €xeL Heyain e T KoL Wkpn) dtaommopd. Apa lval TohD ouyke-
VIPOUEVY YOPW OTtd TN UWEOT TG TLun). Me mbavotnta oyedov €va 0o atpver ueyaheg THueEg (KOVIa o)
uéon g ).

8.6 Me p1om Tov opLopol mpokvttel Ot Kopavon me X oto [a, b] elvon ppayuévn amo o [ b |u(s, )| ds.

Kegpahato 9

9.2 E(l(a)) = 0. Apa.

1 1 1

Var(I(a)) = E([(a)z) = E(f 298, dS) - f E(e2“BS)ds — f E(ez“\ﬁB')ds
0 0 0

1

= f 25 ds = (2 — 1)/(2a%).

0

9.3
1

1
E(f 2B ds) =f E(ez"SB?)ds.
0 0

1, | oo avl—21<0,
E(47) = 1 -/‘eAXZe—Ex dr = 1 [e_E(l_M)XZ ae=
R N/ avl—21>0.

ApPa. TO TTLO TAV® OLOKANPWUIOL ELVOL TTETEPAOUEVO aKPLRDG OTtav a < 1/4.

9.4 H wopetpia Itd yio v avéMEn f+ g eivan |[I(F + ©l|2py = |If + &ll2oxpy- Tpépovpe g L2-voppeg
WG EOMTEPLKA YLVOUEVQL KOL YPNOLUOTOLOVUE TN SLYPAUULKOTNTO.

9.5 Onwg ota Hapadeiypata 9.12, 9.13.

9.6 'Eotw L, t0 aBporopo. amd to mopaderyuo ko R, M, ta d00 véa abpotopata g doknong. Tote 1)
noodta R, — L, ouykhivel oo t. Lo 1o deltepo 6pro, detyvovue 6t M, — L, ouyKhivel 0To 1/2.
9.7 To deiyvouvue TP YLO, f KMUOKOTY KoL aplotepd ouveyt (ommdte eivon ototyeio Tov F(3) Ko Emertal
YPNOLUOTTOLOVE OTL OL 0PLOTEPY OUVEXEIC KAKAKMTEC CUVOPTHOELG Elval TUKVEC oTov L2 [a, b] (TpdTaoy
11.29 oto Kovuovring and Neypemdving (1991), xortmvrag v ammddel&n, PAETOVUE OTL WITOPOVUE VAL
TAPOVUE TIG KAMUOKMTEG TTOU KAVOUV TNV TPOOEYYLON VO ELVOL APLOTEPO OUVEYELS).

1-24

Kegdalaro 10
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10.1 T guotkovg 0 < m < n,

1
Q(xm,xn) < Q(xm’xm+l) + Q(xm+lsxm+2) + o+ Q(xn—lsxn) < le —

10.2 To vtohoylotiko Kouuatt aer og eEnc. Na 0 < s <1,

E(Y,|?s)—YS=E(Y,—YS|3—"S)=E(<f ) +2f XdB,/X szdr

, 2
=E((f XdB,) —fx%zr ) fXdB,E( )
Xpnowpomorovue v Mpotaon 9.14 (6ha tng T uePN).

=0+0=0.
H Y givon pe mbavotnta 1 ouveyng yLatt 0Ttov optopo TG TO UEV OTOYAOTIKO OMOKAT|PWILAL ELVAL OUVE-
NG oLVapPTN oM Tov £ (Oedpnua 10.2), To & ohokinpmua Riemann givor cuveyg OuvapTNON TOL £, OTT0G
dlvel To BedPNUA KUPLOPYNUEVNG GUYKALOTG.

g

Kegahoro 11

11.1 Gewpolue tic aveMEelg Y, Z mov opllovran wg

t
Y, := / u(s, w)ds,
0
t
Z, .= f v(s, ) dB,
0
yio ka0 ¢ > 0. Tote yo ke t > 0 gxovue atd v Aoknon 8.5,

0 = (X, X)0,] = {Z, Do,

Azt v [podTaon 8.6 matpvovue 0tL, pe mbavotnta 1, Z, = 0 yia kabe ¢ > 0. Topa atd TNV LOOUETPLA
Itd alpvoupe To ouptEpaou yio ) v. Apa 0 = X, = X, + ¥, yia ka0 ¢ > 0. [apaywylovue wg mpog ¢
ypNoLoToLdvTog To Oswpnua 14.13 amxd to Kovpoviing and Neypemoving (1991).

Kegalawo 12

12.1 d(B"*") = (n+ 1)B"dB, + %n(n + B ar.
12.2 Tlaipvoupue HEOT TLY) 0T OYEON TG TTPONYOUUEVNG ALOKNONG.

Kegalawo 14

14.2 Egopuoouvpe tov 1010 ToU Itd.
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Metd.gpaon oporoyiog

Alyeppa

Avamapayov Y opToQUALKLO
AvEMEN

Avouyti TdAnon

AT0dEKTO Y UPTOPUAAKLO
Apym ™G avakiaong
AvToYPNUATOSOTOVUEVO YOPTOPUAGKLO
I'KaovoLtovo SLavuouo.
AEOUEVUEVT] LEOT) TLUN
Awayvon

Amobnon

AKoLmuo;

AKalouo oyopag
AKolmua. TTmANong
AKOLOUO UE PPAYIOL
EElomon Ogpuotnrog
ErtavEnuévn dunbmnon
Emhextikn diakomm
Eowteptko yivouevo
Huepounvia A\NEng
Ioouetplo

Katavoueg memepaouévng Stiotaong
Katavoun

KaAsn tov Pélya

Kivnon Brown

Kvpavon

Metpnowun aveMEn

Mn dwokpioipeg avelEelg
Movomdu

Nouog eavolopufoavouevov Aoyaplouou
OpBoymwvio TPoBOAN
[MpoPréyiun akorovOia
[pooapuoouevn axkohovdio
ZTOYAOTIKY AVEMEN
STOYOOTIKT SLapopLkn eELOmOon
ZOYKMON KOTO KOTAVOUN
Taonm

Ty Goknong

Tetpaymvikn KOUovon
Tpomomoinon

Tumkn kivnon Brown
Tuylog TEPLTATOG
XapToQuAGKLO

XpOvog dLoKOTNG

Algebra

Replicating portfolio
Process

Short selling

Admissible portfolio
Reflection principle
Self-financing portfolio
Gaussian vector
Conditional expectation
Diffusion

Filtration

Option

Call option

Put option

Barrier option

Heat equation

Augmented filtration
Optional stopping

Inner product

Expiration date

Isometry

Finite dimensional distributions
Distribution

Polya urn

Brownian motion
Variation

Measurable process
Indistinguishable processes
Path

Law of the iterated logarithm
Orthogonal projection
Predictable sequence
Adapted sequence
Stochastic process
Stochastic differential equation
Convergence in distribution
Drift

Exercise price

Quadratic variation
Modification

Standard Brownian motion
Random walk

Portfolio

Stopping time
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