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Stic parak�tw ask seic, (Bt)t≥0 eÐnai mia tupik  (monodi�stath) kÐnhsh Brown orismènh se
èna q¸ro pijanìthtac (Ω,F ,P).

1. (25 BajmoÐ) 'Estw (Ω,F ,P) q¸roc pijanìthtac, G ⊂ F mia s-�lgebra, kai X ∈ L1(Ω,F ,P)
me X(ω) > 0 gia k�je ω ∈ Ω. Na deiqjeÐ ìti:

(a) E(X | G) > 0 me pijanìthta 1.

(b) E
(

X
E(X | G)

)
= 1.

2. (20 BajmoÐ) 'Estw f, g : R → [0,∞) puknìthtec (dhlad  mh arnhtikèc, Borel metr simec
sunart seic me

∫
R f(x) dx =

∫
R g(x) dx = 1), kai (Xi)i≥1 akoloujÐa anex�rthtwn isìnomwn

tuqaÐwn metablht¸n kajemÐa me puknìthta g. Jètoume F0 := {∅,Ω}, Fn := σ(X1, X2, . . . , Xn)
gia k�je n ≥ 1, kai

M0 := 1,

Mn :=
f(X1)f(X2) · · · f(Xn)

g(X1)g(X2) · · · g(Xn)
gia n ≥ 1.

Na deiqjeÐ ìti h (Mn)n≥0 eÐnai martingale wc proc thn (Fn)n≥0.

3. (25 BajmoÐ) Gia tic di�forec timèc tou c ∈ R, na upologisteÐ to ìrio limt→∞P(Bt > tc).

4. (20 BajmoÐ) 'Estw a ∈ R. JewroÔme thn anèlixh X me Xt := e−ateBt gia k�je t > 0.

(a) Gia poi� a ∈ R eÐnai h X stoiqeÐo tou H2?

(b) Gia ta a tou prohgoÔmenou erwt matoc, na upologisteÐ h diaspor� thc tuqaÐac metablht c
Ya :=

∫∞
0
Xs dBs.

5. (20 BajmoÐ) Na brejeÐ mi� lÔsh thc stoqastik c diaforik c exÐswshc

dXt = dt+ 2
√
Xt dBt, gia t ∈ [0,∞),

X0 = 1.

[Upìdeixh: Anazht ste lÔsh thc morf c Xt = f(Bt).]

'Arista eÐnai to 100. H di�rkeia thc exètashc eÐnai 21
2
¸rec.

KALH EPITUQIA!


