
Stoqastikìc Logismìc

Exètash 22 IoulÐou 2014

1. (25 BajmoÐ) 'Estw p ∈ (1/2, 1) dedomèno, kai (Xk)k≥1 akoloujÐa anex�rthtwn isìnomwn
tuqaÐwn metablht¸n me

P (X1 = 1) = p, P (X1 = −1) = 1− p =: q.

JewroÔme thn akoloujÐa tuqaÐwn metablht¸n (Sn)n≥0, me S0 := 0, Sn := X1 + · · · + Xn gia
n ≥ 1, kai thn di jhsh (Fn)n≥0 me F0 := {∅,Ω},Fn := σ(X1, X2, . . . , Xn) gia n ≥ 1. EpÐshc,
gia r ∈ Z jètoume Tr := min{k ≥ 0 : Sk = r}.
(a) Na deiqjeÐ ìti h akoloujÐa (Wn)n≥0 me Wn := Sn − (p − q)n eÐnai martingale wc proc thn
(Fn)n≥0.

(b) Na deiqjeÐ ìti gia k�je jetikì akèraio r isqÔei P(Tr <∞) = 1.

2. (30 BajmoÐ) 'Estw B tupik  monodi�stath kÐnhsh Brown.

(a) Na deiqjeÐ ìti gia k�je s, t ≥ 0 isqÔei ìti

Cov(Bs, Bt) = s ∧ t.

(b) Gia k�je t ≥ 0 jètoume Xt := B2t − Bt. Gia t > 0 dedomèno, poi� eÐnai h katanom  thc Xt?
EÐnai h anèlixh (Xt)t≥0 tupik  kÐnhsh Brown?

3. (25 BajmoÐ) 'Estw B,W anex�rthtec monodi�statec tupikèc kin seic Brown. Gia k�je t ≥ 0
jewroÔme th s-�lgebra Ft := σ({Bs,Ws : s ∈ [0, t]}).
(a) Na deiqjeÐ ìti h anèlixh (BtWt)t≥0 eÐnai martingale wc proc th di jhsh (Ft)t≥0.

(b) Na deiqjeÐ ìti h (B2
tW

2
t )t≥0 eÐnai anèlixh Ito, kai na prosdioristoÔn ta tm mata t�shc kai

di�qushc.

4. (25 BajmoÐ) (a) 'Estw a, b, x0 ∈ R me a 6= 0. Na lujeÐ h stoqastik  diaforik  exÐswsh

dXt = (−aXt + b) dt+ σ dBt,

X0 = x0.

Upod.:UpologÐste to d(eatXt).

(b) Gia th lÔsh X apì to (a), na deiqjeÐ ìti

E(Xt) = e−atx0 +
b

a
(1− e−at)

gia k�je t ≥ 0.

'Arista eÐnai to 100. H di�rkeia thc exètashc eÐnai 21
2
¸rec.

KALH EPITUQIA!



Skiagr�fhma lÔsewn

1. (b) Apì to je¸rhma epilektik c st�shc, gia k�je n ≥ 1 isqÔei

(p− q)E(Tr ∧ n) = E(WTt∧n) ≤ r.

Apì to je¸rhma monìtonhc sÔgklishc paÐrnoume E(Tr) ≤ r/(p− q) <∞ (qrhsimopoioÔme to ìti
p− q > 0). 'Ara ...

2. (b) Xt ∼ N(0, t) afoÔ 2t − t = t. H X den eÐnai kÐnhsh Brown. Qrhsimopoi¸ntac th
digrammikìthta thc Cov kai to (a), upologÐzoume

Cov(Xs, Xt) = (2s) ∧ (2t)− (2s) ∧ t− s ∧ (2t) + s ∧ t = 3(s ∧ t)− (2s) ∧ t− s ∧ (2t)

Gia thn epilog  t = 2s > 0 h teleutaÐa posìthta isoÔtai me 0 (kai ìqi s ∧ t = s), to opoÐo eÐnai
anamenìmeno afoÔ Xs = B2s−Bs, X2s = B4s−B2s eÐnai prosaux seic thc B se xèna diast mata,
kai �ra anex�rthtec.

3. (a) Gia 0 ≤ s ≤ t èqoume

BtWt = (Bs +Bt −Bs)(Ws +Wt −Ws)

= BsWs +Bs(Wt −Ws) +Ws(Bt −Bs) + (Wt −Ws)(Bt −Bs)

'Epeita E(BsWs | Fs) = BsWs, kai

E(Bs(Wt −Ws) | Fs) = BsE(Wt −Ws | Fs) = BsE(Wt −Ws) = 0

afoÔ h Wt −Ws eÐnai anex�rthth apì thn Fs. 'Omoia kai oi �lloi dÔo ìroi eqoun desmeumènh
mèsh tim  mhdèn wc proc thn Fs.

(b)

d(B2
sW

2
s ) = d(B2

s )W 2
s +B2

sd(W 2
s ) + d(B2

s )d(W 2
s )

= (2Bs dBs + ds)W 2
s +B2

s (2Ws dWs + ds) + 0

= (B2
s +W 2

s ) ds+ 2BsW
2
s dBs + 2WsB

2
s dWs

Sthn deÔterh isìthta qrhsimopoi same ton tÔpo tou Ito kai touc gnwstoÔc kanìnec pollapla-
siasmoÔ diaforik¸n (p.q., dBsdWs = 0). Se oloklhrwtik  morf  h parap�nw sqèsh gr�fetai
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∫ t
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4. (a)

d(eatXt) = ... = beat dt+ σeat dBt

Oloklhr¸nontac, brÐskoume

Xt = e−atx0 +
b

a
(1− e−at) + σe−at

∫ t

0

eas dBs.


