
Stoqastikìc Logismìc

Exètash 9 FebrouarÐou 2015

Sta jèmata 3, 5, parak�tw, (Bt)t≥0 eÐnai mia tupik  (monodi�stath) kÐnhsh Brown orismènh se
ènan q¸ro pijanìthtac (Ω,F ,P).

1. (20 BajmoÐ) 'Estw (Xn)n≥0, (Yn)n≥0 martingales wc proc mÐa di jhsh (Fn)n≥0 oi opoÐec
epiplèon ikanopoioÔn X0 = Y0 = 0 kai E(X2

n),E(Y 2
n ) <∞ gia k�je n ≥ 1. DeÐxte ìti gia k�je

n ≥ 1 isqÔei

E(XnYn) =
n∑

k=1

E{(Xk −Xk−1)(Yk − Yk−1)}.

[Upìdeixh: Xn =
∑n

k=1(Xk −Xk−1).]

2. (15 BajmoÐ) 'Estw (Xn)n≥1 mÐa stoqastik  anèlixh me timèc sto R kai prosarmosmènh se mÐa
di jhsh (Fn)n≥0. Jètoume T = inf{k ≥ 1 : Xk > 0} Na deiqjeÐ ìti o T eÐnai qrìnoc st�shc.
UpenjumÐzetai h sÔmbash inf ∅ =∞.

3. (20 BajmoÐ) Na upologisteÐ h mèsh tim  kajemi�c apì tic ex c tuqaÐec metablhtèc:

(a) B1B3

(b) B1B2B3

(g) B1B3B6B10

4. (20 BajmoÐ) 'Estw B,W anex�rthtec tupikèc monodi�statec kin seic Brown. Na upologi-
stoÔn ta diaforik�

(a) d(etBt),

(b) d(B2
t ),

(g) d(log(B2
t +W 2

t )).

5. (20 BajmoÐ) Na brejeÐ mi� lÔsh thc stoqastik c diaforik c exÐswshc

dXt = Xt

√
t dBt,

X0 = 1.

EÐnai monadik ?
[Upìdeixh: UpologÐste to d(logXt).]

6. (10 BajmoÐ) MÐa metoq  s mera stic 9 FebrouarÐou èqei tim  12 Eur¸ sthn agor�. 'Enac
ependut c èqei tèssera European options se aut  th metoq  me hmeromhnÐa �skhshc s mera.
Pio sugkekrimèna, èqei èna call me tim  �skhshc 14, èna call me tim  �skhshc 11, èna put me tim 
�skhshc 10, kai èna put me tim  �skhshc 15. Poi� eÐnai h sunolik  axÐa aut¸n twn tess�rwn
proðìntwn s mera?

MÐa Z ∼ N(0, 1) èqei ropèc peritt c t�xhc Ðsec me mhdèn kai E(Z2) = 1,E(Z4) = 3.

'Arista eÐnai to 100. H di�rkeia thc exètashc eÐnai 21
2
¸rec.

KALH EPITUQIA!



Apant seic

1. Gr�foume Xn =
∑n

k=1(Xk −Xk−1), Yn =
∑n

k=1(Yk − Yk−1), opìte

E(XnYn) = E

{
n∑

j,k=1

(Xk −Xk−1)(Yj − Yj−1)

}
=

n∑
j,k=1

E{(Xk −Xk−1)(Yj − Yj−1)}.

Ja deÐxoume ìti sto teleutaÐo �jroisma ìloi oi ìroi me j 6= k isoÔntai me 0 kai �ra ja p�roume
to zhtoÔmeno.
'Estw j < k. Tìte

E{(Xk −Xk−1)(Yj − Yj−1)} = E
(
E{(Xk −Xk−1)(Yj − Yj−1) | Fk−1}

)
= E

(
(Yj − Yj−1)E{(Xk −Xk−1) | Fk−1}

)
= E((Yj − Yj−1)× 0) = 0.

H isìthta E{(Xk − Xk−1) | Fk−1} = 0 isqÔei giatÐ h (Xn)n≥1 eÐnai martingale. EpÐshc, afoÔ
j ≤ k − 1, h Yj − Yj−1 eÐnai Fk−1-metr simh, opìte bgaÐnei èxw apì th desmeumènh mèsh tim 
(deÔterh isìthta).
Gia j > k douleÔoume ìmoia, kai qrhsimopoioÔme to ìti h (Yn)n≥1 eÐnai martingale.

ShmeÐwsh: Dìjhkan kai �llec lÔseic apì paidi� kat� thn exètash.

2. Gia k�je k ∈ N me k ≥ 1 èqoume

{T ≤ k} = ∪kj=1{Xj > 0}.

Gia 1 ≤ j ≤ k, epeid  h Xj eÐnai Fj-metr simh, èqoume ìti {Xj > 0} ∈ Fj ⊂ Fk. 'Epetai ìti
{T ≤ k} ∈ Fk.

3. To skeptikì se aut  thn �skhsh eÐnai na doulèyoume me tic prosaux seic thc tupik c kÐnhshc
Brown. EÐnai anex�rthtec kai xèroume thn katanom  thc kajemÐac.
(a)

E(B1B3) = E{B1(B1 +B3 −B1)} = E{B2
1}+ E{B1(B3 −B1)}

= 1 + E{B1}E{B3 −B1} = 1.

Enallaktik�, E(B1B3) = Cov(B1, B3) + E(B1)E(B3) = 1 ∧ 3 + 0 = 1.

(b) Jètoume X1 = B1, X2 = B2−B1, X3 = B3−B2. Oi X1, X2, X3 eÐnai anex�rthtec me katanom 
N(0, 1) h kajemi� touc. 'Epeita

B1B2B3 = X1(X1 +X2)(X1 +X2 +X3) = X1(X1 +X2)
2 +X1(X1 +X2)X3

= X3
1 +X1X

2
2 + 2X2

1X2 +X1(X1 +X2)X3.

'Oloi oi ìroi sto teleutaÐo �jroisma èqoun mèsh tim  0. P.q.

E{X1(X1 +X2)X3} = E{X1(X1 +X2)}E{X3} = 0

afoÔ h X3 eÐnai anex�rthth apì tic X1, X2. 'Ara E(B1B2B3) = 0.

(g) 'Omoia ìpwc sto (b) jètoume

X1 := B1

X2 := B3 −B1,

X3 := B6 −B3,

X2 := B10 −B6.



UpologÐzoume

B1B3B6B10 = X1(X1 +X2)(X1 +X2 +X3)(X1 +X2 +X3 +X4)

= X1(X1 +X2)(X1 +X2 +X3)
2 +X1(X1 +X2)(X1 +X2 +X3)X4.

O deÔteroc ìroc èqei mèsh tim  mhdèn giatÐ h X4 èqei mèsh tim  0 kai eÐnai anex�rthth apì tic
X1, X2, X3. O pr¸toc ìroc isoÔtai me

X1(X1 +X2){(X1 +X2)
2 + 2X3(X1 +X2) +X2

3} = X1(X1 +X2)
3 + 2X1(X1 +X2)

2X3

+X1(X1 +X2)X
2
3 .

P�li o deÔteroc ìroc tou teleutaÐou ajroÐsmatoc èqei mèsh tim  mhdèn. To �jroisma twn dÔo
�llwn eÐnai

X4
1 + 3X3

1X2 + 3X2
1X

2
2 +X1X

3
2 +X2

1X
2
3 +X1X2X

2
3 .

Epeid  X1, X2, X3, X4 eÐnai anex�rthtec kai X1 ∼ N(0, 1), X2 ∼ N(0, 2), X3 ∼ N(0, 3), X4 ∼
N(0, 4), h mèsh tim  tou teleutaÐou ajroÐsmatoc eÐnai

3 + 3× 0 + 3× 2 + 0 + 3 + 0 = 12.

4. (a) Up�rqei sth lÔsh thc 'Askhshc 5 apì thn ErgasÐa 3.

(b) EÐnai to Par�deigma 11.2 twn shmei¸sewn. Sunoptik�, o tÔpoc Ito dÐnei

d(B2
t ) = 2Bt dBt +

1

2
2(dBt)

2 = 2Bt dBt + dt

(g) 'Enac trìpoc eÐnai wc ex c. Jètoume Xt = B2
t +W 2

t . Tìte me b�sh to (b) èqoume

dXt = 2Bt dBt + 2Wt dWt + 2dt.

'Ara h Xt eÐnai anèlixh Ito, kai gia na broÔme to d(logXt) efarmìzoume thn èkdosh IV tou tÔpou
tou Ito.

d(logXt) =
1

Xt

dXt −
1

2X2
t

(dXt)
2 =

1

Xt

dXt −
1

2X2
t

{4B2
t dt+ 4W 2

t dt}

Xt=B2
t+W 2

t=
1

Xt

dXt −
2

Xt

dt =
2

Xt

{Bt dBt +Wt dWt}

5. An�logh tou ParadeÐgmatoc 13.1. UpologÐzoume

d(logXt) =
1

Xt

dXt −
1

2X2
t

(dXt)
2 =
√
t dBt −

1

2X2
t

X2
t tdt

=
√
t dBt −

1

2
t dt.

Oloklhr¸nontac èqoume

logXt − logX0 =

∫ t

0

√
s dBs −

t2

4
,

ètsi
Xt = e−t

2/4e
∫ t
0

√
s dBs .

Gia th monadikìthta epikaloÔmaste to Je¸rhma 13.4. H lÔsh eÐnai monadik  giatÐ o suntelest c
di�qushc thc SDE eÐnai σ(t, x) = x

√
t h opoÐa se k�je sÔnolo thc morf c [0, T ] × R eÐnai

Lipschitz me stajer�
√
T kai fragmènh apolÔtwc apì to

√
T |x|. O sunelest c t�shc isoÔtai me

0.

6. Oi axÐec twn tess�rwn parag¸gwn èqoun wc ex c:

• To call me tim  �skhshc 14 èqei axÐa 0. Den askeÐtai.
• To call me tim  �skhshc 11 èqei axÐa 1 (=12-11). AskeÐtai.



• To put me tim  �skhshc 10 èqei axÐa 0. Den askeÐtai.
• To put me tim  �skhshc 15 èqei axÐa 3 (=15-12). AskeÐtai.

'Etsi h sunolik  touc axÐa eÐnai 4.


