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Stic pio k�tw ask seic, ektìc an anafèretai k�ti diaforetikì,(Bt)t≥0 eÐnai mÐa tupik  (mono-
di�stath) kÐnhsh Brown.

1. Gia t ∈ (0, 1) na upologisteÐ h sundiakÔmansh twn tuqaÐwn metablht¸n Bt,
∫ 1

0
Bs dBs.

2. 'Estw f : [0, 1]→ R stoiqeÐo tou L2[0, 1]. Na deiqjeÐ ìti h tuqaÐa metablht 

X :=

∫ 1

0

f(t){sinBt + cosBt} dBt

èqei diaspor� Var(X) =
∫ 1

0
f 2(t) dt.

3. 'Askhsh 11.3 twn shmei¸sewn.

4. 'Estw u, g : Rd× [0,∞)→ R fragmènec se k�je sÔnolo thc morf c Rd× [0, T ] me T > 0, me
thn g suneq , kai thn u = u(x, t) stoiqeÐo tou C2,1(Rd × [0,∞)), kai pou epiplèon ikanopoioÔn

∂u

∂t
=

1

2
∆xu+ g sto Rd × (0,∞),

u(x, 0) = f(x) gia k�je x ∈ R,
ìpou f eÐnai mi� dedomènh fragmènh, suneq c sun�rthsh (∆x eÐnai h Laplasian  wc proc tic
metablhtèc x1, x2, . . . , xd). Na deiqjeÐ ìti, gia B mia d-di�stath kÐnhsh Brown kai t > 0 stajerì,
èqoume:

(a) H (Ms)s∈[0,t] me

Ms := u(Bs, t− s) +

∫ s

0

g(Br, t− r) dr

gia k�je s ∈ [0, t] eÐnai martinlgale.

(b)

u(x, t) = Ex

{
f(Bt) +

∫ t

0

g(Bs, t− s) ds
}

gia k�je x ∈ Rd.

5. Deixte ìti h anèlixh

Xt := etBt −
∫ t

0

esBs

{
Bs +

s2

2

}
ds, t ≥ 0

eÐnai martingale.

6. 'Askhsh 14.4 twn shmei¸sewn.

7. 'Estw dÔo European calls sth tim  thc metoq c (St)t≥0 me koinì qrìno �skhshc T kai tim 
�skhshc K1 kai K2 antÐstoiqa. Onom�zoume C1(t), C2(t) thn axÐa touc to qrìno t ∈ [0, T ].
Upojètoume ìti K1 < K2. Na deiqjeÐ ìti an sthn agor� den up�rqei dunatìthta arbitrage, tìte
isqÔei

0 ≤ C1(t)− C2(t) ≤ (K2 −K1)e
−r(T−t)

gia k�je t ∈ [0, T ]. r eÐnai to epitìkio thc tr�pezac.



LÔseic

1. Kai oi dÔo tuqaÐec metablhtèc èqoun mèsh tim  0 kai peperasmènh deÔterh rop . 'Ara h
sundiakÔmansh touc eÐnai

Cov

(
Bt,

∫ 1

0

Bs dBs

)
= E

(
Bt

∫ 1

0

Bs dBs

)
= E

(∫ 1

0

1[0,t](s) dBs ·
∫ 1

0

Bs dBs

)
=

∫ 1

0

E{1[0,t](s)Bs} ds =

∫ 1

0

1[0,t](s)E{Bs} ds = 0.

H trÐth isìthta èpetai apì thn 'Askhsh 8.4.

2. 'Estw Yt := f(t){sinBt + cosBt} gia k�je t ∈ [0, 1]. H Y ikanopoieÐ

E

(∫ 1

0

Y 2
t dt

)
=

∫ 1

0

E{f(t)2(sinBt + cosBt)
2} dt =

∫ 1

0

f(t)2E(1 + 2 sinBt cosBt) dt

=

∫ 1

0

f(t)2E(1 + sin 2Bt) dt ≤ 2

∫ 1

0

f(t)2 dt <∞

afoÔ f ∈ L2[0, 1]. Me b�sh thn Prìtash 8.10 (ii) èqoume ìti to stoqastikì olokl rwma

X =
∫ 1

0
Yt dBt èqei mèsh tim  0. 'Ara h diaspor� tou eÐnai

E(X2) = E

(∫ 1

0

Y 2
t dt

)
=

∫ 1

0

f(t)2E(1 + sin 2Bt) dt =

∫ 1

0

f(t)2 dt.

Qrei�zetai na dikaiolog soume thn teleutaÐa isìthta. 'Estw ft h puknìthta thc t.m. N(0, t)

(ft(x) = e−x
2/2t/
√

2πt, x ∈ R). H ft eÐnai �rtia sun�rthsh, kai

E(sin 2Bt) =

∫ ∞
−∞

ft(x) sin(2x) dx = 0

afoÔ eÐnai olokl rwma thc peritt c sun�rthshc sin(2x)ft(x) se summetrikì di�sthma.

5. Ja upologÐsoume to dXt. UpologÐzoume pr¸ta to d(etBt). 'Enac trìpoc eÐnai wc ex c. 'Estw
Yt := tBt. H Y eÐnai anèlixh Ito me

dYt = dtBt + tdBt + dtdBt = Btdt+ tdBt.

O tÔpoc Ito (èkdosh IV) dÐnei ìti

d(etBt) = d(eYt) = eYtdYt +
1

2
eYt(dYt)

2 = eYt(Btdt+ tdBt) +
1

2
eYtt2dt

= eYt

(
Bt +

1

2
t2
)
dt+ teYtdBt.

'Ara dXt = teYtdBt, dhlad 

Xt = X0 +

∫ t

0

sesBs dBs = 1 +

∫ t

0

sesBs dBs

Me b�sh to Je¸rhma 9.2, gia na eÐnai h anèlixh(∫ t

0

sesBs dBs

)
t≥0

martingale arkeÐ na isqÔei

E

(∫ t

0

(sesBs)2 ds

)
<∞



gia k�je t > 0. Aut  h mèsh tim  isoÔtai me∫ t

0

s2E(e2sBs) ds =

∫ t

0

s2E(e2s
√
sZ) ds =

∫ t

0

s2e2s
3

ds <∞.

Z eÐnai mia tuqaÐa metablht  me katanom  N(0, 1), kai sthn teleutaÐa isìthta qrhsimopoi same
ton tÔpo gia th ropogenn tria thc Z.

6. (a) UpologÐzoume to diaforikì thc Xt qrhsimopoi¸ntac ton kanìna gia diaforikì ginomènou
(Prìtash 11.10 twn shmei¸sewn). Jètoume Yt = f(t), Zt = a +

∫ t

0
g(s) dBs, opìte Xt = YtZt

kai

dXt = (dYt)Zt + YtdZt + dYtdZt = f ′(t)Ztdt+ f(t)g(t)dBt = f ′(t)
Xt

f(t)
dt+ f(t)g(t)dBt

(b) AnazhtoÔme f, g ¸ste

f ′(t)

f(t)
= − k

1− t
,

f(t)g(t) = 1.

H pr¸th exÐswsh èqei lÔsh f(t) = C(1 − t)−k me C 6= 0 stajer�. Epilègoume C = 1. 'Epeita
g(t) = (1− t)k. Autèc oi f, g ikanopoioÔn tic proôpojèseic tou erwt matoc (a), opìte h

Xt = (1− t)−k
(
a+

∫ t

0

(1− s)k dBs

)
,

lÔnei th SDE. H arqik  sunj kh X0 = 0 epib�llei a = 0, opìte h lÔsh eÐnai h

Xt = (1− t)−k
∫ t

0

(1− s)k dBs.

(g) E(Xt) = 0 me to gnwstì epiqeÐrhma, kai �ra

Var(Xt) = E(X2
t ) = (1− t)−2kE

{(∫ t

0

(1− s)k dBs

)2
}

= (1− t)−2k
∫ t

0

E{(1− s)2k} ds

= (1− t)−2k 1

2k + 1
{1− (1− t)2k+1} =

1

2k + 1
{(1− t)−2k − (1− t)}.

Sthn trÐth isìthta qrhsimopoi same thn isometrÐa tou Ito.

7. Gia thn anisìthta C1(t) − C2(t) ≤ (K2 − K1)e
−r(T−t), to qrìno t ∈ [0, T ), jewroÔme èna

qartoful�kio pou perièqei

• −1 call 1
• 1 call 2
• posì (K2 −K1)e

−t(T−t) sthn tr�peza.

Dhlad  o ependut c poul�ei èna call 1, agor�zei èna call 1, kai b�zei to posì (K2−K1)e
−t(T−t)

sthn tr�peza. H axÐa tou qartofulakÐou autoÔ to qrìno t eÐnai

A(t) = C2(t)− C1(t) + (K2 −K1)e
−r(T−t).

To qrìno T to posì sthn tr�peza èqei auxhjeÐ se

(K2 −K1)e
−r(T−t)er(T−t) = K2 −K1



opìte to qrìno T to qartoful�kio plèon èqei axÐa

(ST −K2)
+ − (ST −K1)

+ +K2 −K1 =


K2 −K1 an ST ≤ K1,

K2 − ST an K1 < ST ≤ K2,

0 an K2 < ST .

h opoÐa eÐnai p�ntote jetik . 'Ara prèpei h arqik  axÐa tou qartofulakÐou na eÐnai jetik , alli¸c
ja up rqe eukairÐa gia arbitrage.
Gia thn anisìthta C1(t) − C2(t) ≥ 0, to qrìno t ∈ [0, T ), jewroÔme èna qartoful�kio pou

perièqei

• 1 call 1
• −1 call 2.

'Opwc pio p�nw, deÐqnoume ìti to qartoful�kio èqei tim  ≥ 0 to qrìno T ìpoia kai na eÐnai tim 
ST , kai to sumpèrasma èpetai.


