
Stoqastikìc Logismìc

2o full�dio ask sewn

1. 'Estw n ≥ 1, qrìnoi 0 = t0 < t1 < · · · < tn, stajerèc a1, a2, . . . , an ∈ R. Na deiqjeÐ ìti h

tuqaÐa metablht 

a1B(t1) + · · ·+ anB(tn)

akoloujeÐ thn kanonik  katanom . Poi� eÐnai h mèsh tim  kai diaspor� thc?

2. Na upologisteÐ h mèsh tim  kai h diaspor� thc tuqaÐac metablht c Y =
∫ t
0
B2(s) ds.

3. 'Estw a > 0. Na deiqjeÐ ìti h anèlixh X me X(t) := B(a− t)−B(a) gia k�je t ∈ [0, a] eÐnai

kÐnhsh Brown sto [0, a].

4. 'Estw B tupik  kÐnhsh Brown, µ > 0, kai x ∈ R. JewroÔme thn Xt := x + Bt + µt gia

k�je t ≥ 0, dhl. thn kÐnhsh Brown me taqÔthta µ pou xekin�ei apo to x. Gia r ∈ R, orÐzoume
Tr := inf{s ≥ 0 : Xs = r} kai φ(r) := e−2µr. Na deiqjeÐ ìti h Mt := φ(Xt), (t ≥ 0) eÐnai

martingale.

5. Na deiqjeÐ ìti gia k�je t > 0 isqÔei

t∫
0

s dBs = tBt −
t∫

0

Bs ds.

6. 'Estw anèlixh X ìpwc sto Je¸rhma 11.2. Na deiqjeÐ ìti h anèlixh (Yt)t≥0 me

Yt :=

 t∫
0

X(s, ω) dBs

2

−
t∫

0

X(s, ω)2 ds

gia k�je t ≥ 0 eÐnai mÐa suneq c martingale.
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