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Abstract Research has shown that the tools provided by dynamic geometry systems

(DGSs) impact students’ approach to investigating open problems in Euclidean geometry.

We particularly focus on cognitive processes that might be induced by certain ways of

dragging in Cabri. Building on the work of Arzarello, Olivero and other researchers, we

have conceived a model describing some cognitive processes that can occur during the

production of conjectures in dynamic geometry and that seem to be related to the use of

specific dragging modalities. While describing such cognitive processes, our model

introduces key elements and describes how these are developed during the exploratory

phase and how they evolve into the basic components of the statement of the conjecture

(premise, conclusion, and conditional link between them). In this paper we present our

model and use it to analyze students’ explorations of open problems. The description of the

model and the data presented are part of a more general qualitative study aimed at

investigating cognitive processes during conjecture-generation in a DGS, in relation to

specific dragging modalities. During the study the participants were introduced to certain

ways of dragging and then interviewed while working on open problem activities.
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GDP Geometric description of the path

III Intentionally induced invariant

IOD Invariant observed during dragging

MD Maintaining dragging

1 Introduction

In this paper we introduce a model describing a process of conjecture-generation that was

initially conceived as the outcome of theoretical reflections upon previous studies, and

developed after our empirical investigations. In particular, it advances the line of research

developed by Arzarello et al. (1998, 2002), by explicitly describing and focusing on certain

possible steps of the cognitive processes that may occur when students engage in explo-

rations within a dynamic geometry system (DGS) that involve the use of dragging. Our

primary goal was to further investigate cognitive processes that occur during the phase of

conjecture-generation in the solution of open problems. Such cognitive processes are

associated with specific ‘‘uses’’ of the dragging tool that previous research has classified

into ‘‘dragging schemes’’ (Arzarello et al. 2002).

The didactic significance of open problems can be found, for example, in their

potential to foster proving processes, by creating curiosity in the solver and giving a

clear sense to the argumentation process. In particular, dynamic explorations of open

problem situations can foster the production of conditional statements, and the con-

struction of proofs with strong functional relationships between these processes (Boero

et al. 1996a, b; Mariotti et al. 1997; Bartolini Bussi 1998). The generation of a condi-

tional statement is an issue of great interest with respect to the didactical goal of the

construction of meaning of ‘‘a ‘mathematical theorem’ as a system consisting of a

statement, a proof and a reference theory’’ (Mariotti 2000, p. 29). In particular, we

wanted to study the contribution that specific uses of the dragging mode, conceived as an

instrument (Rabardel and Samurçay 2001; Rabardel 2002), may give to the issue of

conjecture generation.

The attempt to construct our cognitive model led to a first a priori conception, which we

then refined during an empirical study (Baccaglini-Frank 2010) where we tried it out as a

tool of analysis on the collected data. In this paper we will present the first results of our

study: the cognitive model, examples of its use on some collected data, and two new

notions that have arisen from our reflections and analyses.

2 Theoretical Background

This section describes the theoretical roots of our study (Baccaglini-Frank 2010). In par-

ticular we present three main concepts that can be found in the literature: the idea of what a

dynamic geometry system (DGS) is, the notion of open problem in a DGS, and that of

dragging in a DGS. We grounded our study, more than within a particular ‘‘theoretical

framework’’, upon these founding notions, developed over the years, and modified

according to our needs. Thus, each notion will be first collocated in the literature, and then

contextualized within our research.
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2.1 Working in a Dynamic Geometry System

Generally speaking, we may consider two different worlds: the mathematical world of

Euclidean geometry, and the phenomenological world of experience, which includes

experience within a DGS. Between these two worlds is what has been referred to as ‘‘the

experimental-theoretical gap problem’’ (Lopez-Real and Leung 2006, p. 667). Such an

experimental-theoretical gap originates from the fundamentally different natures of the

two environments students need to transition to and from. On one hand there is an

environment embedded in real time, where dragging can allow a real-time physical

experience, and dynamism. On the other hand there is the formal axiomatic Euclidean

geometry, a crystallized world, without time, where logical dependency, that is condi-

tionality and deductive reasoning, is the hierarchical organizer. Although processes of

conjecture-generation may be facilitated by the dynamic component (whether they are

given by a software or only by the mind of the conjecturer), proofs need to be con-

structed within the Theory, which in traditional mathematics is ‘‘static’’. Passing from the

phenomenological world to the mathematical world through the production of condi-

tional statements is not trivial, as widely documented, for instance by Boero et al.

(1996a).

However, a DGS may become a potential bridge between these two worlds, providing

teachers with new insights and tools to overcome students’ difficulties.

2.2 Open Problems in a DGS

The terminology ‘‘open problem’’ (Arsac 1999; Silver 1995) refers to a problem or

question stated in a form that does not reveal its solution or answer. More precisely, in

geometry, open problems have been characterized in the following way.

The statement is short, and does not suggest any particular solution method or the

solution itself. It usually consists of a simple description of a configuration and a

generic request for a statement about relationships between elements of the config-

uration or properties of the configuration.

The questions are expressed in the form ‘‘which configuration does…assume

when…?’’ ‘‘which relationship can you find between…?’’ ‘‘What kind of figure

can…be transformed into?’’. These requests are different from traditional closed

expressions such as ‘‘prove that…’’, which present students with an already estab-

lished result. (Mogetta et al. 1999, pp. 91–92)

It may happen, as in some of the previous research, that the production of conjectures is

an explicit request in the text of an open problem (for example, Boero 1996a; Boero et al.

2007; Arzarello et al. 2002; Olivero 2001, 2002). When this is the case, we will use the

terminology conjecturing open problem, to distinguish it from other types of open prob-

lems. In this case, the solution consists in elaborating a conditional relationship between

some premise and a certain fact, a conclusion. This relationship may be expressed by

means of a conditional statement relating a premise and a conclusion. Such a conditional

statement constitutes the formulation of the conjecture.

As research pointed out (Mariotti et al. 1997) the generation of conditionality seems to

require the ‘‘crystallization’’ of a mental and/or physical exploration into a statement: from

a ‘‘dynamic’’ exploration of a problem to a ‘‘static’’ conditional expression, through the

focus on a ‘‘temporal section’’ (Boero et al. 1999, 2007).
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‘‘…the conditionality of the statement can be the product of a dynamic exploration of

the problem situation during which the identification of a special regularity leads to a

temporal section of the exploration process that will be subsequently detached from

it and then ‘‘crystallized’’ from a logic point of view (‘‘if…then…’’).’’ (Boero et al.

1996a, p. 121, emphasis in the original).

This involves the identification, within a dynamic experience, of the two components of

a (static) conditional statement: a ‘‘condition’’ that will become the premise and a ‘‘fact’’

that will become the conclusion. Searching for a ‘‘condition’’ is frequently referred to

during the explorations as finding ‘‘when’’ (Arzarello 2000, 2001) something happens.

The dynamic nature of the exploration of open problem situations becomes particularly

evident in the context of a DGS, where the figures can actually be explored dynamically

through the dragging mode. This makes DGSs an ideal environment for posing conjec-

turing open problems and for observing and investigating processes of conjecture-gener-

ation. As far as the solution process of a conjecturing open problem goes, we will consider

a characterization into two phases: a conjecturing phase, during which students engage in

exploration of a dynamic figure and argumentation leading to the written formulation of a

statement (which we consider the product of this first phase, and will refer to as ‘‘con-

jecture’’); and a proving phase, during which students attempt to prove their conjecture (we

consider the proof produced as the final product of this second phase). In this paper we will

focus on the first phase. In particular, the problems we created are characterized by the

description of a sequence of construction steps, which students are asked to follow, pro-

ducing a dynamic figure, followed by an open question explicitly asking for a conjecture.

From now on, we will refer to this type of conjecturing open problem as a step-by-step
construction problem.

2.3 Dragging as an Instrument

The use of the drag mode has been widely treated in the previous literature, both through

observation of students’ spontaneous behaviors (for example, Olivero 2002; Arzarello et al.

2002) and teaching experiments aimed at introducing dragging (Gousseau-Coutat 2006;

Restrepo 2008; Baccaglini-Frank et al. 2009).

Dragging becomes particularly useful in the solution of open problems, because it

allows the solver to be guided and supported by interacting with the software, as described

by Laborde and Laborde:

… the changes in the solving process brought by the dynamic possibilities of Cabri

come from an active and reasoning visualisation, from what we call an interactive

process between inductive and deductive reasoning. (Laborde and Laborde 1991

p. 185)

Moreover, dragging can help the user interpret the exploration in terms of logical

dependency, in the following way. In a DGS dragging can be done by the user, through the

mouse, which can determine the motion of different objects in two ways: direct motion,

and indirect motion. The direct motion of a base1 element (for instance a point) represents

the variation of this element on the plane. The user can select the base element and drag it

on the screen. The indirect motion of an element occurs when this element appears to move

1 We note that a base point is a free point (or a semi-free point if it is linked to an object) that therefore can
be dragged anywhere on the screen (or along the object it is linked to).
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on the screen in a manner that depends on the movement of a selected base point (or object)

that is being dragged. Therefore, the use of dragging allows the user to feel ‘‘motion

dependency,’’ which can be interpreted in terms of logical dependency within the mathe-

matical context (Mariotti 2006). This becomes a key feature in the development of con-

jectures originating from the investigation of open problems in a DGS. In fact the use of

Cabri in the generation of conjectures is based on the interpretation of the motion depen-

dency through dragging in terms of logical dependency. In other words, the subject has to be

capable of transforming perceptual data into a conditional relationship between what will

become premise and conclusion of the statement of a conjecture (Mariotti 2006), a task

which is not at all trivial. The consciousness of the fact that the dragging process may reveal

a relationship between geometric properties embedded in the Cabri-figure directs the way of

transforming and observing the screen image (Talmon and Yerushalmy 2004).

Arzarello and his colleagues were the first who gave a description and classification of

expert solvers’ uses of the dragging mode (Arzarello et al. 2002), using the terminology of

‘‘dragging schemes.’’ Such terminology was not conceived within the instrumentation

approach (Vérillon and Rabardel 1995; Rabardel and Samurçay 2001; Rabardel 2002), and

for this reason it has to be interpreted in a generic way as ‘‘dragging modalities.’’ However,

other researchers (for example, Leung et al. 2006; Leung 2008; Strässer 2009) have

fruitfully analyzed the use of dragging under the lens of the instrumental approach:

dragging becomes an artefact that can support the task of generating a conjecture. Such use

of dragging may develop through a process of instrumental genesis (Rabardel 2002). If we

consider dragging to be an artefact and place a user in the context of solving a problem

(task), it is possible to identify specific utilization schemes associated to dragging (drag-
ging utilization schemes, in the following ‘‘dragging schemes’’), some of which have been

identified by Leung and other researchers (for example, Lopez-Real and Leung 2006;

Leung et al. 2006; Leung 2008).

Within our framework, and therefore in this paper, we make an explicit distinction

between dragging modalities and dragging utilization schemes, in order to separate what
might be observed externally as a particular way of dragging (dragging modality) from the

description of an internal mental construct of the solver (dragging utilization scheme)

associated to a particular way of dragging.

3 Methodology

The main goal of our general qualitative study was to ‘‘zoom into’’ and provide a

description of certain cognitive aspects of a conjecture-generation process that previous

literature seemed to indicate might be related to the use of particular dragging modalities.

In order to accomplish this, we proceeded by re-elaborating and refining ideas from the

previous literature, and by constructing a model which then we tried out as a tool of

analysis. The first phase of our study consisted in the a priori construction of a model,

starting from previous literature and from preliminary data obtained through a pilot study.

During the second phase, the empirical phase, we collected data from students from

three classrooms of different high schools and tried out the model as a tool of analysis. This

phase required the collection of data in which it would be possible to observe the phe-

nomenon we were interested in: use of dragging modalities, specifically dummy locus
dragging, in conjecture-generation. Since in the literature dummy locus dragging was

described as a dragging modality used rarely in a spontaneous manner by students (Olivero

2001), we decided to first introduce participants to dragging modalities, in particular to
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one, similar to dummy locus dragging, that we called maintaining dragging (MD). Our

hypothesis was that by introducing students to these dragging modalities we would observe

more cases of their use, and thus be able to better ‘‘zoom into’’ the cognitive processes we

were interested in. We note that our general study was aimed at describing a cognitive

process that might occur during conjecture-generation through dragging and not at

investigating any process of instrumental genesis.

Before presenting the model we developed, we will describe the four dragging

modalities we elaborated to introduce students to.

3.1 The Dragging Modalities

Drawing from the literature, we considered dragging modalities that seemed particularly

significant for the investigation of step-by-step construction problems and that could be

easily introduced. The four modalities we elaborated are described below:

• wandering/random dragging (Italian: ‘‘trascinamento libero’’): randomly dragging a

base point on the screen, looking for interesting configurations or regularities of the

Cabri-figure;

• maintaining dragging (Italian: ‘‘trascinamento di mantenimento’’): dragging a base

point so that the Cabri-figure maintains a certain property;

• dragging with trace activated (Italian: ‘‘trascinamento con traccia’’): dragging a base

point with the trace activated;

• dragging test (Italian: ‘‘test di trascinamento’’): dragging base points to see whether the

constructed figure maintains the desired properties. In this mode it can be useful to make

a new construction or redefine a point on an object to test a formulated conjecture.

Wandering dragging consists of randomly dragging a base point on the screen. It can be

used to look for interesting configurations or regularities of the Cabri-figure. In this sense

this modality is a sort of fusion between wandering dragging and guided dragging,

described by Arzarello et al. (2002). Maintaining dragging (MD) consists of trying to drag

a base point and maintaining some interesting property observed. For example, the solver

may notice that a certain quadrilateral, part of the Cabri-figure, can ‘‘become’’ a square,

and thus attempt to drag a base point trying to keep the quadrilateral a square. In other

words, maintaining dragging (MD) involves the recognition of a particular configuration as

interesting, and the user’s attempt to induce the particular property to become an invariant

during dragging. Using Healy’s terminology such an invariant would be denoted as a soft
invariant, as opposed to a robust invariant, which on the other hand derives directly from

the construction steps (Healy 2000).

Our definition of maintaining dragging (MD) differs slightly from what in literature has

been referred to as dummy locus dragging. In the literature dummy locus dragging is

described as ‘‘wandering dragging that has found its path,’’ a dummy locus that is not yet

visible to the subject (Arzarello et al. 2002, p. 68). Instead, we consider maintaining

dragging (MD) the mode in which a base point is dragged, not necessarily along a pre-

conceived path, with the specific intention of the user to maintain a particular property.

With dragging with trace activated we intend any form of dragging after the trace

function has been activated on one or more points2 of the figure. This tool arises from the

combination of two Cabri functions, ‘‘dragging’’ plus ‘‘trace,’’ which together constitute a

2 Although during the introductory lessons we did not explicitly specify particular points to activate the
trace on, we only proposed to activate it on the base point selected to be dragged.
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new global tool that can be used in the process of conjecture-generation. In particular,

combining maintaining dragging with the trace activated on the selected base point can be

particularly useful during processes of conjecture-generation.

The dragging test is a test that a figure can be put through in order to verify whether it

has been properly constructed or not (Olivero 2002; Laborde 2005). After having con-

ceived of a new property to add to the investigated figure, the dragging test can be useful to

test whether the originally desired property is actually maintained in this case. In the

current literature, the dragging test is conceived as a tool to test the validity of robust
constructions. Our conception differs in that we consider dragging test the dragging mode

in which a base point is dragged with the intention of observing two (soft or robust)

invariant properties occur simultaneously. Thus we can distinguish the dragging test from

maintaining dragging (MD), according to the intention of the user. This can be useful in the

context of conjecture-generation tasks, because the dragging test, as we conceive it, can

become a way of testing a (possibly still implicit) conjecture.

3.2 Our model for conjecture-generation

Our model describes some aspects of the cognitive process leading to the formulation of a

conjecture, these aspects may be expressed through tasks that a solver can engage in. Since

maintaining dragging (MD) plays an essential role in the particular conjecturing process

we were studying, we named our model the MD-conjecturing model. In the description of

the tasks the model introduces some new notions, corresponding to the main components

that come into play during the conjecturing phase and that are elaborated into the final

conjecture (considered as the product of this process). In this section we will introduce the

MD-conjecturing model through a hypothetical exploration based on a step-by-step-con-

struction, showing how these elements come into play.

Consider the following problem (Baccaglini-Frank 2010):

– Draw a point P

– and a line r through P.

– Construct the perpendicular line to r through P

– and choose a point C on it.

– Construct a symmetric point to C with respect to P and call it A.

– On the semi-plane identified by r containing A, draw a point D.

– Construct the line through D and P.

– Construct the circle with center in C and radius CP.

– Let B be the second intersection of the line through P and D with the circle.

– Consider the quadrilateral ABCD.

Make conjectures on the types of quadrilaterals that it can become, describing all the

possible ways it can become a certain quadrilateral. Write your conjectures and then prove

them.

3.2.1 Task 1: Determining an Intentionally Induced Invariant (III)

According to the MD-conjecturing model, initially the solver uses wandering dragging to

move the various base points of the construction and notices construction-invariants,3 that

3 It can be useful to make a distinction between construction-invariants that are described in the steps of the
step-by-step construction, as opposed to ones that are consequences of such steps.
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is, geometrical properties of the figure which are true for any choice of the base points

(Baccaglini-Frank et al. 2009).

In our example, let us assume the solver starts dragging the base point D (Fig. 1). While

dragging, s/he sees that it is possible to make the quadrilateral ABCD into something that

‘‘looks like’’ a parallelogram. To continue exploring ‘‘when’’ the Cabri-figure becomes a

particular type of geometrical figure (a ‘‘parallelogram’’ in our example) the solver may

decide to apply maintaining dragging (MD). The invariant s/he will try to maintain, the

intentionally induced invariant (III), can be the type of geometrical figure found in the

previous part of the exploration. While dragging a base point of the Cabri-figure, the solver

will concentrate on maintaining the III, visually. This means that at this point the III is a

soft property of the Cabri-figure. Maintaining such a property while continuously dragging

a base point may not be a simple task: it may depend heavily on the manual skills of the

solver, and sometimes it may not be possible at all.

3.2.2 Task 2 (Part 1): Searching for a Condition Through Maintaining
Dragging (MD)

While dragging the base point trying to maintain the III, the solver’s attention can shift to

(and keep shifting back and forth to and from) the movement of the dragged-base point.

The combination of sight and haptic perception may guide the solver’s interpretation of

some regularity in the movement of the base point. Moreover, a solver can use MD with

the explicit intention of looking for such a regularity. In order to do this the solver must be

confident that dragging continuously the base point considered and maintaining the chosen

P

C

A

D

B

Fig. 1 ABCD as a result of the
step-by-step construction
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III is possible. The solver may refer to the regularity explicitly as ‘‘something’’ to look for.

We call this ‘‘something’’ a path and define it as a continuous set of points on the plane
with the following property: when the dragged-base point coincides with any point of the
path, the III is visually verified. We highlight how the path becomes a reification of the

perceived regularity in the direct movement the solver induces on the dragged-base point.

The possibility of explicitly dealing with the object we define as path seems to be fun-

damental in using MD for conjecture-generation. We have therefore further developed the

notion of path, as a finding of our research, and will focus on this notion in a later section.

The belonging of the dragged-base point to a path determines the invariant observed

during dragging (IOD), which yet needs to be expressed as a geometrical property. This

can be accomplished by proposing a geometric description of the path (GDP), that is a

description of the path in terms of a known geometrical object linked to the Cabri-figure. A

tool that the user may choose to use in order to have additional guidance in determining an

explicit path, and potentially providing a GDP, is dragging with trace activated on the

dragged-base point. In our example the trace could be interpreted as something like a

circle, and the solver could provide an argumentation like: ‘‘as we go down we have to also

move over and move as if B moves on a circle’’ to reach a description of the path as a

symmetric circle to the existing one. So the IOD would be: ‘‘D belongs to the circle with

center in A and radius AP’’ (Fig. 2).

We note that the III is a property of the figure that can be induced only ‘‘indirectly’’

through the dragging of a base point. In this sense, the III is to be conceived as an indirect
invariant. On the other hand, the movement induced on the dragged-base point is a form of

‘‘direct’’ movement, and therefore the IOD is to be conceived of as a direct invariant.
Through his/her perception, the solver can therefore interpret the induced invariant (III)

as ‘‘caused by’’ the observed invariant (IOD). This interpretation guides the search for ‘‘the

conditions’’ under which the III can be maintained (indirectly), and these conditions are

controllable (directly) by the solver.

Fig. 2 Effect of maintaining dragging with the trace activated on the dragged-base point
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3.2.3 Task 2 (Part 2) and Task 3: Establishing and Checking a Conditional
Link (CL) Between the Invariants

At this point the solver has identified two invariants, the intentionally induced invariant

(III) and the invariant observed during dragging (IOD), which occur simultaneously. In

order to become more convinced of the existence of a link between these properties, the

solver may perform a dragging test in the soft or robust version. The solver may chose to

add the IOD as a new robust property of the Cabri-figure (Fig. 3). The new property

consists in the dragged-base point now being linked robustly to the object representing the

GDP (in our example D can be linked to the circle with center in A and radius PA4): such a

property is no longer a possibility, but something ‘‘true.’’ At this point the solver has

changed both the epistemic and the logical value of the IOD. After the redefinition of the

base point, if the III also visually becomes a robust invariant, the dragging test is passed,

confirming the precise logical status of the invariants and of their relationship. The robust

dragging test is extremely convincing not only of the fact that the IOD and III do occur

simultaneously, but also that there is a precise conditional relationship between them.

Constructing one property robustly led to the robustness of another. At this point we can

formulate a conjecture taking our invariant observed during dragging (IOD) as the premise

and our intentionally induced invariant (III) as the conclusion of this statement. Since the

P

C

A

D

B

Fig. 3 A GDP has been constructed and a dragging test may now be performed

4 Notice how this choice of the radius makes the constructed circle a D-invariant, (Baccaglini-Frank et al.
2009).

A. Baccaglini-Frank, M. A. Mariotti

123



IOD was ‘‘D belongs to the constructed circle5‘‘and the III was ‘‘ABCD parallelogram’’ we

obtain the following conjecturez:

If D belongs to the circle centered in A with radius AP, then ABCD is a

parallelogram.

We advance the hypothesis that a key requirement for conceiving a conditional link

(CL) is the solver’s experience of simultaneity together with direct control, that is control

over the direct movement induced by dragging a base point along the path. In fact, after

discovering the IOD, the solver can directly act on the base point to maintain the IOD, and

simultaneously feel and observe the maintaining of the III indirectly, as a consequence.

Thus we suggest that a bridge between the experiential field (in dynamic geometry) and the

formal world of Euclidean geometry is provided by the interpretation:

simultaneityþ direct control! premise

simultaneityþ indirect control! conclusion:

The three tasks in our model can be illustrated as in Fig. 4.

3.3 The Empirical Phase

The experimental phase involved high school students in Italian ‘‘licei’’ (high schools)

between the ages of 16 and 17 and consisted of two parts. First, there were introductory

lessons in the classroom during which selected dragging modalities were presented to the

Fig. 4 Interplay of the elements of the MD-conjecturing model

5 Notice the transition from ‘‘D is dragged along the circle’’ to this crystallized form.

Generating Conjectures in Dynamic Geometry

123



students; they were followed by interview sessions with the students who were asked to

solve step-by-step-construction problems.

3.3.1 The Introductory Lessons

The introductory lessons were carried out over two class periods. The first preliminary

lesson aimed at helping students overcome some difficulties, well-documented in the

literature (for example, Talmon and Yerushalmy 2004; Restrepo 2008). These difficulties

are related to awareness of the different status of elements of Cabri-figures, that is,

awareness of the relationships of dependency between these elements determined by the

steps of the construction.

Goals of Lesson 1:

• to distinguish between base points (in general, elements) and dependent points (in

general, elements) of a Cabri-figure that originated from a step-by-step construction

(given explicitly);

• to experience how different Cabri-figures that can represent ‘‘a parallelogram’’ can

originate from different step-by-step constructions and thus have different base points

(in general, elements) and dependent points (in general, elements);

• and to experience the different behaviors of such Cabri-figures when their base points

are dragged.

The second lesson was focused on the introduction of the four dragging modalities we

had developed. As students explored Cabri-figures they were asked to drag points in

particular ways and describe their observations and perceptions (for example, how they

moved their hand while dragging) with respect to a particular configuration and its

movement. Students were asked to share their perceptions with the whole class, in a

collective discussion during which the instructor gave names to specific ‘‘dragging

modalities’’ while the students explained how they used them.

Goals of Lesson 2:

• to explore a Cabri-figure that originated from a given step-by-step construction by

dragging its base points;

• to experience (physically) and describe different modalities of dragging base points of a

Cabri-figure;

• to learn names for four ‘‘dragging modalities:’’ wandering dragging, maintaining
dragging, dragging with trace activated, dragging test;

• to attempt to formulate conjectures on the Cabri-figure being explored through

dragging, but with no guidance from the instructor.

Two examples of step-by-step constructions explored during Lesson 2 are:

Construction 1

– Construct a quadrilateral given its four vertices, A, B, C, D;

– construct the four perpendicular bisectors of its sides;

– label the intersection points of consecutive perpendicular bisectors E, F, G, H;

– and connect these points to form a second quadrilateral.

Construction 2

– Construct an isosceles triangle ACD with base AC;

– construct a point B on the plane so that ABCD is convex;
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– construct the four external squares on each side of the quadrilateral;

– construct the centers of each square and let them be the vertices E, F, G, H of a second

quadrilateral.

During the introductory lessons no explicit reference to how the dragging modalities

contributed to the formulation of a conjecture was made by the instructor, nor were any

other particular indications for using dragging modalities given. Students were told that

these modalities of dragging ‘‘may be useful for exploring figures in dynamic geometry’’.

We underline how our study was not a teaching experiment: the teaching intervention had

the limited aim of introducing students to different dragging modalities and to their names;

there was no intervention aimed at introducing students to conjecture-generation.

3.3.2 Task-Based Interviews

The interviews in the general study were semi-structured and non-directive, in that

during them the interviewer exhibited minimal direction and control as she observed

students solving step-by-step-construction problems and sometimes asked them for some

clarifications and explanations. These brief interventions during the activity-session were

conceived and carried out to gain insight into the possible underlying cognitive

processes.

Each interview was carried out during a 90-minute-long activity-session, in which

solvers were presented with 2–4 problems (from a pool of 6 problems developed for the

study), depending on how each exploration unfolded. The problems in the activity-sessions

contained a step-by-step construction that was described in the text and that gave rise to a

quadrilateral, say ABCD. The step-by-step construction was followed by a question of the

type: ‘‘Consider the quadrilateral ABCD, make conjectures on the types of quadrilaterals it

can become and how. Then prove your conjectures.’’ Before the interviews, the interviewer

explained how she was interested in understanding a thought process and how solvers

could help her achieve this goal by speaking out loud and explaining as much as they could

to her. She also explained that any time she would ask ‘‘why?’’ it did not mean that the

solver was wrong (Hunting 1997; diSessa 2007), but that she was seeking for an expla-

nation with the aim of understanding the solvers’ thought process, thus valuing any clar-

ification the interviewee might be able to provide and refraining from any type of judgment

(Hunting 1997; Ginsburg 1981).

Since during the pilot study it was clear that students seemed to share their thoughts

more openly when talking to a fellow student, which is coherent with what is described in

literature (for example, Schoenfeld 2000), most of the task-based interviews of the final

study had as subjects pairs of students. However some students were interviewed alone if

they seemed able and willing to share their thoughts openly with the interviewer.

4 The MD-Conjecturing Model as a Tool of Analysis

In this section we will show how our model can be used to analyze students’ explo-

rations. The transcripts we will use are part of the data collected during solving sessions

of: two pairs of students, Fra and Gia, and Giu and Ste, of the 10th grade of a Liceo

Scientifico in Italy, and a student, Isa, of the 11th grade of a different Liceo Scientifico

in Italy. The students are working on the same step-by-step construction problem
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analyzed in the previous section of this paper in which we introduced the model.

During our analysis we identified ‘‘expert solvers’’ as those who, during the activities in

the interviews, would engage in maintaining dragging (MD) and successfully use it to

reach a conjecture. The table below summarizes the content of this section providing a

brief description of what occurs during each excerpt with respect to each task of the

model.

Task 1 Excerpt 1 Fra and Gia determine the III and application of
MD with trace activated

Task 2 Excerpt 2 Fra and Gia search for an IOD, they propose a GDP
through interpretation of the trace, then reject this GDP and
re-launch the search for an IOD

Excerpt 3 Giu and Ste find an IOD, and propose a GDP

Task 3 Excerpt 4 Fra and Gia propose a GDP, construct the GDP,
and perform a dragging test (soft version)

Excerpt 5 Isa proposes a CL between the invariants she has perceived

Excerpt 6 Isa uses a robust dragging test to verify the CL, she has conceived

In the transcripts, the capital letters in bold refer to the solver who is holding the mouse. The letter ‘‘Int’’
refers to the interviewer

4.1 Task 1: Choice of an III and Use of the MD

In the episode below Fra and Gia decide to use MD to investigate ‘‘when ABCD is a

parallelogram’’. In a previous episode they have noticed that the property ‘‘ABCD par-

allelogram’’ can be substituted with the sufficient property ‘‘diagonals of ABCD

congruent.’’

Excerpt 1

Transcript Analysis

(0:41) Fra: exactly. [he drags D a bit, in a way that
looks like he is trying to maintain the property
parallelogram]

Application of MD

Identification of a possible III: ‘‘ABCD is a
parallelogram’’

(0:48) Gia: you see that if you do, like, maintaining
dragging … trying to keep them more or less the
same…

(or III: ‘‘congruent diagonals’’)

(0:57) Fra: exactly [murmuring]… well, okay.

…
(2:41) Fra: For the parallelogram, uh, let’s try to use

‘‘trace’’ to see if we can see something.
Use of MD with trace activated

G: go, let’s try [speaking together with him]…uh,
‘‘trace’’ is over there.

The ‘‘something’’ searched for indicates the belief in
the existence of a path to be described
geometrically

…
[They have a little trouble activating the trace]

(3:05) Gia: and now what are we doing? Oh yes, for
the parallelogram?

(3:07) Fra: yes, yes, we are trying to see when it
remains a parallelogram
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The solvers decide to use MD (Fig. 5) and they start to move point D looking at the

properties ‘‘diagonals more or less the same’’ or ‘‘ABCD parallelogram’’ to maintain. We

highlight Gia’s use of the terminology, ‘‘maintaining dragging’’ (0:48), introduced during the

Fig. 5 Fra and Gia decide to use maintaining dragging with the trace activated

Fig. 6 Fra rejects the first GDP as he performs MD with the trace activated
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in-class activities. After a while Fra proposes to activate the trace in order to ‘‘see something’’

(2:41). All this, and specifically the use of appropriate terminology can be interpreted as

indicative of expert use of MD. It is interesting that during this application of MD the students

express their intention either in a generic way (‘‘to see something’’) or in a more specific way

(to see ‘‘when’’ ABCD is a parallelogram). In this second case the solvers seem to explicitly

express the intention of searching for a cause that might make the parallelogram ‘‘happen.’’ It

seems clear that the solvers believe in the existence of ‘‘something’’ that will make the

‘‘parallelogram happen.’’ The MD-conjecturing model refers to this ‘‘something’’ as path.

4.2 Task 2: Perception of the IOD and Establishment of the CL

According to the model, the next step consists in identifying an IOD. In the excerpt below

we can observe how the solvers search for an IOD through the interpretation of the trace to

reach a GDP (Fig. 6).

Excerpt 2

Transcript Analysis

[silence while the MD with trace activated is carried
out by Fra]

(3:18) Gia: yes, okay the usual circle comes out. First GDP: usual circle

(3:23) Fra: wait, because here…oh dear! where is it
going?

(3:35) Int: What are you looking at as you drag?

(3:38) Fra: I am looking at when ABCD is a
parallelogram. You try [handing the mouse to Gia]

… Continuation of the search for an IOD

[Gia tries dragging some other points looking for the
‘‘draggable’’ ones, and there is a short diversion on
‘‘the case of the rectangle’’. Then Gia starts
dragging point D.]

(4:17) Fra: …turn it. No, it’s not necessarily the
same circle, because, I don’t know at some point I
don’t know, keep going… by tomorrow… keep
going… careful you are making it too long …

(5:01) Fra: but you see? This one is always longer
than that one… it’s too long, if you go, let’s say,
along the circle here, this one is too long. So,
maybe it’s not necessarily the case that D is on a
circle so that [Italian: ‘‘in modo che’’] ABCD is a
parallelogram.

… Indirect expression of a CL between generic IOD (D
is on a circle) and III (ABCD is a parallelogram)

(6:36) Fra: exactly. Now there is this problem of the
parallelogram in which we can’t exactly find when
it is.

(6:44) Gia: eh, uh, we discovered when…
…
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Table c continued

Excerpt 2

Transcript Analysis

(7:02) Fra: because you see, if we then do a kind of
circle starting from here, like this, it’s good it’s
good it’s good it’s good, and then here… see, if I
go more or less along a circle that seemed good,
instead it’s no good… Because, you see, in a
certain sense B, at this point the circle

(7:24) Gia: eh, it’s linked to the circle Rejection of the GDP

(7:25) Fra: exactly, and so in a certain sense it goes
… down along a slope and so… it’s no… no good.
So, when is it any good?

At first Fra drags D trying to maintain ABCD a parallelogram, Gia seems to be

observing the trace and (too?) quickly proposes a GDP (3:18). It is not clear what ‘‘usual’’

refers to: maybe to the interpretation of other trace marks7 that had led to a circle as a GDP.

However what Fra sees does not seem to be the circle he had in mind (maybe the circle

centered in P with radius AC) and he appears unhappy and confused when he does not

understand ‘‘where it is going’’ (3:23). We note that the quick transition that the solvers

seem to make from the trace mark to a GDP, though unsuccessful, is another indication of

expert use of MD. As highlighted in the analysis of Excerpt 1, the solvers are ‘‘looking for

something’’ and they already expect an object that they will be able to describe geomet-

rically and even construct, based on the other elements of the figure (Excerpt 4). Of course

this behavior was developed over time: this excerpt is taken from the last activity explored

by this pair of students.8

After repeating his intention of investigating ‘‘when ABCD is a parallelogram’’ (3:38)

Fra hands the mouse to G, asking him to try. Fra uses what he sees to argue why his initial

idea (involving some circle he never describes explicitly) does not seem correct. Fra’s

‘‘same circle’’ probably refers to the one he has in mind, which did not coincide with what

he saw in his trace (4:17 and 5:01). In spite of the incorrectness of the specific GDP, we can

observe Fra’s consciousness of a conditional link (CL) between the III and the IOD he had

hypothesized at time 5:01. Through his words—‘‘so that [Italian: in modo che]’’—we can

see the CL appear between ‘‘D being on a circle’’ and ‘‘ABCD being a parallelogram’’.

With his argumentation Fra rejects the proposed GDP, and re-launches the search for an

IOD (6:36). Back to his argumentation, Fra tries to explain why a circle seems to be ‘‘no

good’’ (he probably still has in mind his circle described in the analysis above). Although

such a circle is never described geometrically, Fra and Gia seem to have a similar object in

mind. However, most importantly, the solvers seem to have in mind a CL between the III

and a hypothetical IOD that they are still searching for (6:36 and 6:44).

7 Before the problem analyzed in the excerpts, Fra and Gia had (during the introductory lessons and the
preceding part of their interview) explored constructions in which maintaining dragging had led to lines (or
segments), circles (or arcs of circles), and a parabola.
8 It is beyond the scope of this paper (and of the general study) to describe the processes of instrumental
genesis of the maintaining dragging. However the analysis of solvers’ behaviors during successive activities,
highlighted some elements that may characterize a process of instrumental genesis. This will be the object of
future studies we plan to carry out.
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Similarly, in the following example, we observe the solvers searching for an IOD. In

this excerpt the solvers successfully reach an IOD and a GDP that satisfies them, by

interpreting the mark left by the trace activated on the dragged-base point during MD

(Fig. 7).

Excerpt 3

Transcript Analysis

[1] Giu: Try to maintain these things here. Ste is trying to simultaneously maintain the
concurrence of the two circles and of the line
through PD, which the solvers have identified as a
sufficient property for the III ‘‘ABCD
parallelogram’’ to occur.

[2] Ste: It’ll be hard.

[3] Giu: You try!

[4] Ste: eh, what am I doing?

[5] Giu: There, more or less…yes, yes, yes, not too
much, there.

[6] Int: In the meantime you, Giu, tell me what you
are looking at.

[7] Giu: Come on, come on… Giu proposes a first GDP.

[8] Giu: Uhm…it seems to be a curve. …
[9] Ste: It’s really hard! It moves!! [laughing]

[10] Giu: I know. Ste experiences manual difficulties in performing
MD.

[11] Giu: I can only imagine…but I think that is it
also, uh, that it is a circle…with center in A.

Giu refines the GDP.

[12] Ste: and maybe with radius P.

[13] Giu: AP!

Controlling the simultaneous concurrence of the two circles and the line through PD

during dragging is a manually-difficult task that seems to require all of Ste’s (the solver

who is dragging) attention. Spontaneously Giu offers oral guidance during the dragging

task, as he can concentrate on the figure as a whole, not having to exercise manual control

over the figure. Moreover Giu takes on the task of interpreting the regularity in the

movement of the dragged-base-point using the hint of the trace mark left on the screen.

Through this collaboration the two solvers are able to overcome difficulties involved in

performing MD and perceiving an IOD. As in Excerpt 2, the solvers’ quick transition from

the observation of the trace mark to a GDP, is indicative of expert behavior.

4.3 Task 3: Verification of the CL

At the end of Excerpt 2, as Fra discusses why the circle he had in mind is no good, his

attention seems to shift to the movement of point B (7:02) and then to the figure as a whole.

At this point Gia has handed the mouse back to Fra who starts using MD without the trace.

In Excerpt 4 that follows, Gia proposes a new GDP and Fra proceeds to construct this

geometrical object. Then, before they explicitly express a conjecture, the solvers feel the

need to check their idea, in their words ‘‘try it’’ (8:34). Therefore they use a soft dragging

test to become convinced that dragging D on the constructed object guarantees the

simultaneity of the two invariants, the III and the IOD (Fig. 8).
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Fig. 7 Giu and Ste reach a GDP as they perform MD with the trace activated on the dragged-base point

Fig. 8 A (soft) dragging test convinces Fra and Gia that their GDP is correct

Generating Conjectures in Dynamic Geometry

123



Excerpt 4

Transcript Analysis

(8:17) Gia: circle… with center A and radius AP. I, I
think…

Final GDP

construction of the GDP

(8:24) Fra: let’s move D. more or less…
(8:26) Gia: it looks right doesn’t it? soft dragging test

(8:27) Fra: yes.

(8:30) Gia: Maybe we found it!

(8:31) Fra: but maybe… maybe only along this

(8:34) Gia: Let’s try to

(8:35) Fra: let’s try to, right, go the whole way
around

(8:37) Gia: like this yes, like this yes, like this yes uncertainty is overcome through the soft dragging
test(8:38) Fra: yes, yes, yes

(8:41) Gia: over here too, I think

(8:43) Fra: yes

(8:44) Gia: yes. The soft dragging test seems to be quite convincing.

(8:45) Fra: I would definitely say so.

(8:47) Gia: okay we found it.

Fig. 9 Isa uses maintaining dragging with trace activated to determine an IOD
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Gia and Fra give a GDP as a circle with center in A and radius AP (8:17), which F

constructs. Fra proposes to drag D ‘‘more or less’’ along such a circle, thus performing a

soft dragging test. Initially they seem to have some doubts about whether the whole circle

is the path (Fra seems particularly doubtful), but the (soft) dragging test convinces them

that it works ‘‘the whole way around’’ (8:35).

When Fra and Gia refer to it looking right (8:26), to ‘‘try to’’ (8:34, 8:35), and to having

found it (8:30, 8:47) it is reasonable to assume that they are verifying a CL (like the one Fra

had hypothesized in Excerpt 2, 5:01). This actually happens soon after when they express

their conjecture: ‘‘if D moves on a circle with center A and radius AP, ABCD is a

parallelogram.’’

Here we provide a second example of checking the conditional link (CL) through a soft

dragging test. In spite of some differences with respect to the previous solvers’ explora-

tions, the interplay of the same elements of the MD-conjecturing model can be recognized.

This Excerpt is from an exploration carried out by Isa, and it occurs after she has chosen

‘‘ABCD parallelogram’’ as her III. She is trying to interpret the trace mark as she drags D

trying to maintain ABCD a parallelogram (Fig. 9). She proceeds using MD with the trace

activated, and she interprets the trace mark to reach a GDP. She uses such a GDP to

express the IOD she has perceived, inserting it immediately in a conditional statement.

Excerpt 5

Transcript Analysis

Isa: parallel…here, ok, it collapses…it becomes a
line, I mean all the points of all the lines coincide.

Isa focuses on a particular case that she is not sure
represents the possible III, that is ABCD is a
parallelogram.

Isa: and over here…ok…no, no, no, no

Isa: There it collapses…so…
Int: What is it that you are looking at here to do it?

Isa: I am trying to make a parallelogram, uh, to put
two sides parallel.

She describes the III and the property she is using to
obtain it.

Isa: and so AD and BC.

Int: uhm.

Isa: So now I need to go back a second… no, no, no,
no…

Int: eh, it’s hard when you go close…
Isa: alright, anyway, here it should…how nice!…be

here.
Isa has perceived the regularity to the extent that she

can predict how to continue dragging the selected
base point.Isa: There…

Int: Let’s continue over here…
Isa: So, like this…uhm…here it becomes

easier…There, more or less

Int: uhm.

Isa: So, let’s see to try it. So, if I move D on a circle
with center in A, and, theoretically, radius AP…

In this conditional statement Isa provides a GDP and
the CL she has conceived between the IOD and the
III.

Int:…hmmm

Isa:…I find that the quadrilateral is a parallelogram,
except when, uh, D comes to lie on the line CA.
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As Isa drags D she seems to be looking at the sides of the quadrilateral being parallel.

She then confirms that she is looking at ‘‘AD parallel BC’’ (so this is her III). She hesitates

when the quadrilateral seems to collapse, and expresses increasing and decreasing levels of

difficulty in using MD. However she seems to exhibit expert behavior with respect to MD:

she has an idea in mind, expressing what ‘‘should’’ happen. This indicates that she has

conceived a path, and, moreover, that she is interpreting ‘‘dragging along the path’’ as a

cause for the III to be visually verified. Isa seems to be controlling her dragging of the base

point D along the path (described as the circle centered in P with radius AP), that is, she is

performing a soft dragging test inducing the IOD. She interprets this invariant as a premise

in her conditional statement.

The last excerpt is the conclusion of Isa’s exploration from which Excerpt 5 was also

taken. Excerpt 6 provides an example of use of the robust dragging test as a final check of

the solver’s conjecture.

Isa has written her conjecture, but does not seem confident enough to start proving yet.

In fact, when Int asks her whether she wants to try to prove the conjecture, or work on it a

bit more, she interrupts the question and immediately answers as shown at the beginning of

this episode. She feels the need to construct the object described in her GDP and perform a

robust dragging test (Fig. 10).

Fig. 10 Isa uses a (robust) dragging test to try out her conjecture
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Excerpt 6

Transcript Analysis

Isa: eh, for now I’ll try to construct it… Construction of the Cabri object representing the
GDP

Int: Ok.

Isa: So…this, now I need to construct a circle [she
constructs a circle centered in A with radius
AP]…where is it? to link D to the circle?

Int: Under the perpendiculars.

Isa: Ok, now let’s try to move…[she starts dragging
D, now linked to the circle] Yes…here it becomes
a single point…and here again…Now we can also
turn the trace off.

robust dragging test, accomplished by dragging point
D linked on the circle.

Int: Now you seem to be pretty convinced.

Isa: Yes.

5 Discussion

The analysis of the episodes shown above and of various additional ones from other

students’ explorations, leads us to conclude that the model seems to appropriately describe

expert use of the presented dragging modalities, in particular of MD. Taking an instru-

mental perspective (Rabardel 2002), our model can be viewed as a description of a uti-
lization scheme constructed by the solver with respect to the task of conjecture-generation.

We can refer to this utilization scheme as the maintaining dragging scheme. Now,

‘‘experts’’ can be described as solvers for whom MD has become an appropriated tool

supporting the solution of a conjecturing open problem. In this case acquisition of the

utilization scheme can be viewed as the outcome of a process of instrumental genesis.

Our analyses of explorations through the model, have led to an elaboration of the notion

of path, and to the conception of the notion of instrumented argument. Briefly, the notion

of path is a description of a mental construct that can arise during a dynamic exploration

when the MD scheme is used, and it seems to be useful for describing certain students’

behaviors during the exploration.

The second notion, that of instrumented argument, seems to provide a description of a

particular way in which a DGS can contribute to the conjecturing phase, giving the solver a

new means for developing arguments. In the sections below we will introduce and elab-

orate on these two notions, showing how they emerge from our examples.

5.1 Path and Its Evolution

Consider the following remark made by Fra in Excerpt 1, time 2:41: ‘‘For the parallelo-

gram, uh, let’s try to use ‘‘trace’’ to see if we can see something.’’ The student is referring

to ‘‘something’’ that seems to have to happen for the parallelogram to occur. This idea of

‘‘something’’ is consistent with the ‘‘it’’ Fra and Gia are trying to uncover using the trace in

Excerpt 2, time 4:17, and with the object that Fra and Gia claim to ‘‘have found’’ in
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Excerpt 4, times 8:30 and 8:47. These examples and analyses of other transcripts showed

that expert solvers seem to first have to decide that it is possible to continuously drag the

base point they are interested in in order to maintain the III they have identified. This can

be interpreted as the fact that they need to have conceived ‘‘something’’ to look for,

something that when the dragged-base point is on ‘‘it’’, ‘‘the III happens.’’ We refer to this

‘‘something’’ as path. It is interesting to notice that the path is not associated to a particular

geometric shape (or curve), nor does it (necessarily) coincide with the mathematical notion

of locus9: the path may, in fact, be a proper subset of such a mathematical locus. In this

respect, our notion of path seems consistent with the notion of locus of validity introduced

by Leung and Lopez-Real (2002).

Once an expert solver has decided that MD can be applied, s/he engages in the search of

an IOD, by looking for a geometrical description of such path (GDP). During this stage

they may choose to activate the trace on the dragged-base point in order to visualize the

movement in a different way and ‘‘discover’’ what the path looks like. Depending on the

solver’s manual ability, the movement (and possibly the associated trace mark) will appear

more or less ‘‘regular.’’ Thus, at this point, the path exists both at a conceptual level and it

is represented at a figure-specific level, its representation includes figural and haptic

components (the trace mark on the screen and the feeling of the movement). We would like

to stress that though the trace mark obtained on the screen is not the path, this new object

may provide hints towards its geometrical description (GDP).

We believe that analogical thinking is used in associating some perceived regularity to

other regularities previously discovered during other experiences. Moreover, reasoning

through ‘‘selection and generalization’’ (Boero et al. 1999) seems to be used by solvers

who select a subset of positions from the movement (or points from the trace mark if

activated) that have in common some property and from which a ‘‘general rule’’ can be

inferred.

We think this process could also be described as a ‘‘continuous’’ case of Boero et al.

(1999) description of the third type of ‘‘process of generation of conditionality’’ (PGC 3):

A ‘synthesis and generalization’ process starting with an exploration process of a

meaningful sample of conveniently generated examples (p. 141).

Once the solver has reached a GDP, in order to visually (and manually) test in a more

convincing way its CL with the III, s/he constructs it as a Cabri-object within the figure.

Now the idea of path has been fully exploited and there is a ‘‘concrete’’ Cabri object

potentially representing the path and that can be used to test the conjecture either dragging

the base point along it ‘‘by eye’’ (soft dragging test) or linking the base point to it and

verifying (robust dragging test) visually (and manually) the GDP and the CL between the

IOD and the III. In this sense we can speak of evolution of path within a specific explo-

ration process.

5.2 The Notion of Instrumented Argument

In the Excerpts we analyzed, in particular in Excerpts 2 and 4, the solvers seem to need to

convince themselves or each other of a certain idea. For example, in Excerpt 2 Fra con-

tinues his argumentation leading to the rejection of the previous GDP (7:02). In such

9 The extent to which the path is associated to a curve or a locus seems to depend on the mathematical
expertise of the solver. For a mathematician it will unconsciously be considered a locus (or a subset of a
locus), but this will not necessarily be the case for a student.
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argumentation he uses arguments with visual and haptic characteristics: ‘‘kind of circle

starting from here [as he drags point D showing Gia what he means],’’ ‘‘you see,’’ ‘‘in a

certain sense it goes…down along a slope [mimicking the movement with his hand].’’

Moreover, in Excerpt 4 the solvers provide a GDP that they do not seem sure of. In

particular Fra does not seem to be convinced that ABCD remains a parallelogram when D

is dragged along the whole hypothesized circle. He therefore performs a soft dragging test

which definitively convinces him and Gia of the GDP. Frequently we have observed that

students use the words ‘‘try it’’ with respect to an idea (or possibly yet unexpressed

conjecture) when they intend to perform a robust dragging test. From the transcripts we

have so far analyzed within our study, this seems to be an even more convincing argument

for solvers.

The analysis of our protocols highlighted a particular form of argument used by the

solvers and intrinsically tied to the tools available in the DGS environment. We called it

instrumented argument. With instrumented argument we intend an argument (thus part of

an argumentation supporting a logical inference) in which the warrant is produced through

the use of some of the DGS’s tools, in this case the dragging tool. As for any argument the

goal of an instrumented argument is to convince oneself or someone else of a specific

claim, thus changing its epistemic status, but in this case persuasion comes from the use of

the dragging tool and its intrinsic logic.

Instrumented arguments in DGSs seem to be frequently used in conjunction with dif-

ferent versions of the dragging test, as in the episodes analyzed in this paper. Below are a

Fig. 11 Path and its evolution and relationship with instrumented arguments
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couple examples of instrumented arguments that we have observed in solvers’

explorations.

An example of instrumented argument can be seen in the transition from a soft to a

robust construction before a final (robust) dragging test is performed. In redefining the

dragged-base point on a constructed object that represents the GDP (or reconstructing the

Cabri-figure in order to add a property, with respect to the ones that already originate from

the steps, to its base points)—an act that makes sense within a DGS—the IOD becomes

robust, and the solver may subsequently refer to this property, in the argument, as being

‘‘true.’’ The (implicit) claim to defend is that a CL holds between the IOD and the III, and

the instrumented argument consists in showing that when the IOD becomes ‘‘true’’, the III

in the new construction also becomes a construction-invariant (at a visual and physical

perceptual level), thus robust, and therefore ‘‘true.’’

Another example can be found in arguments in favor of a certain GDP. Before con-

structing the geometrical object that hypothetically represents the path, the solver may try

to argue that his/her idea is right, speaking about the movement of the dragged-base point

in physical terms and showing what s/he means by physically enacting the dragging

movement on the screen. Thus, dragging and the feedback provided by the software are

used as warrants supporting the solver’s ideas about the GDP. This type of instrumented

argument is also used to reject a given GDP. This can be seen in Excerpt 2 when the visual

feedback seems to provide Fra with confirmation that what he had thought of as the GDP

was ‘‘no good’’ (7:25). Frequently the instrumented arguments used to reject a GDP (in the

most convincing way) make use of the dragging test after the GDP has been constructed. In

this case the solver argues that while dragging the base point along (or even having linked

it to) the hypothetical object that represents the GDP the III is not maintained (Fig. 11).

Figure 11 illustrates possible appearances of instrumented arguments in the evolution of

the path during a dynamic exploration.

We conclude with some remarks on our findings and on a few interesting inputs for

further research.

6 Concluding Remarks

With the intent of describing certain cognitive processes related to the use of specific

dragging schemes, we presented a model that we conceived and refined through theoretical

and empirical reflections. The key elements we described are: the intentionally induced

invariant (III), the invariant observed during dragging (IOD), the geometrical description

of the path (GDP), and the conditional link (CL) between the invariants. Our concluding

remarks deal with some issues that are related to the model and that point to interesting

directions for future research.

The MD-conjecturing model does seem to appropriately describe and predict students’

behavior, in cases in which the dragging schemes have been appropriated. The model can

also be used to discover and describe cognitive difficulties that arise from episodes in

which the model does not seem to apply (Baccaglini-Frank 2010). Moreover, if the

dragging schemes were to be taught in classroom settings, the MD-conjecturing model can

provide the teacher with insight into whether (and how) the schemes have been appro-

priated. In particular, an analysis of where the student fails to behave according to the

model can guide the study of potential cognitive obstacles. Such analysis through the lens

of the model can provide the teacher with new tools to help students overcome such
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cognitive obstacles, by providing explicit descriptions of important cognitive steps

involved in the acquisition of the schemes.

Furthermore, the MD-conjecturing model led to the new notions of instrumented

argument and path, the scope of which goes beyond our model. For example, we noticed

that the notion of instrumented argument seems quite appropriate for describing arguments

used by students in episodes reported by Olivero and Robutti (2007). A first analysis of

these researchers’ results leads us to recognize instrumented arguments within the

modalities described in the second category related to the shift from the theoretical field to

the spatio-graphical field presented in the paper: the validation measuring modality, and

the proof measuring modality (Olivero and Robutti 2007, p. 141).

Finally, we believe that the notion of instrumented argument, and potentially those of

different types of instrumented arguments (Baccaglini-Frank in press), may become

explicit tools to use during argumentations in a DGS, and these can be discussed in the

classroom at a meta-level. Instrumented arguments may then become an explicit type of

arguments that students may choose to consciously make use of.

The notion of path has rich potential, both for the study of proof in a DGS in general and

as a concept that could help teaching and learning in the classroom. A preliminary analysis

of proofs of some conjectures provided by solvers during this study shows that elements of

the path, and of its geometric description especially, can be picked up in the proof and used

as key ideas (Raman 2003). The path, and especially properties of the GDP, could therefore

play a significant role in the generation of a proof, providing elements that help deductively

link the premise to the conclusion of the conjecture. Since the path and the GDP arise

during the argumentation phase in which the conjecture is developed, and they are again

present in the proving phase, we advance the hypothesis that the path could, in some cases,

constitute a sort of bridge between the argumentation leading to the conjecture and its

proof. In this case, it could be considered an aid to gain cognitive unity (Boero et al.

1996a). Finally, if this were to be the case, then introducing the dragging modalities to

students might foster and enrich the entire process of linking the making of a conjecture to

its proof.
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