
JewrÐa KindÔnou MAP

Exet�seic 7 IounÐou 2010

1. (a) DÐnetai kÐndunoc X me ekjetik  katanom  me par�metro 2. Gia dedomèna p, ε ∈ (0, 1), na
upologisteÐ to asf�listro basismèno sthn arq  thc mègisthc ap¸leiac.

(b) Apo tic parak�tw sunart seic, poièc eÐnai sunart seic wfelimìthtac kai poiec antistoiqoÔn
se kindunìfobo �tomo? Wc pedÐo orismoÔ gia kajemÐa jewroÔme to (0,∞).

√
x+ 10, −

√
x, −1/x4, (x+ 5)3, (x− 7)2, ex, log(x3 + x).

2. 'Atomo me periousÐa w kai sun�rthsh wfèleiac u(x) = −e−2x èqei dikaÐwma se kèrdoc X to
opoÐo akoloujeÐ thn ekjetik  katanom  me par�metro 1. Poiì eÐnai to el�qisto posì pou to
�tomo dèqetai na l�bei ¸ste na paraqwr sei misì apo to kèrdoc X?

3. JewroÔme �tomo me sun�rthsh wfelimìthtac u(x) =
√
x kai periousÐa w = 1. O kÐndunoc X

èqei omoiìmorfh katanom  sto [0, 1].

(a) Gia poi� analogik  asf�lish Iλ(X) = λX kai asf�lish uperb�llontoc zhmÐac Ix1(X) =
(X − x1)

+ èqoume E(Iλ(X)) = E(Ix1(X)) = 1/8?

(b) Pìso eÐnai to mègisto tÐmhma Gλ pou protÐjetai na plhr¸sei to �tomo gia na agor�sei
thn asf�lish Iλ(X) apo to erwt matoc (a)?

(g) Pìso eÐnai to mègisto tÐmhma Gx1 pou protÐjetai na plhr¸sei to �tomo gia na agor�sei
thn asf�lish Ix1(X) tou erwt matoc (a)?

4. DÐnetai qartoful�kio n = 104 anex�rthtwn kindÔnwn kajènac apo touc opoÐouc akoloujeÐ
ekjetik  katanom  me par�metro λ = 5 kai pragmatopoieÐtai me pijanìthta q = 0.01. 'Estw S
to sÔnolo twn zhmi¸n. Na brejoÔn

(a) H mèsh tim  kai diaspor� tou S.

(b) Proseggistik�, to el�qisto perij¸rio asfaleÐac θ ¸ste P (S > (1 + θ)E(S)) ≤ 0.05.

Gia th sun�rthsh katanom c thc tupik c kanonik c dÐnetai ìti Φ(−1.65) = 0.05, Φ(1.65) = 0.95.

5. JewroÔme th diadikasÐa pleon�smatoc me perij¸rio asf�leiac θ kai zhmièc {Xi : i ≥ 1}
anex�rthtec isìnomec tuqaÐec metablhtèc, me puknìthta f(x) = 2x gia x ∈ [0, 1] kai f(x) = 0
alloÔ, oi opoÐec sumbaÐnoun me b�sh mia omogen  diadikasÐa Poisson me par�metro m = 3.

(a) Poi� eÐnai h ropogenn tria thc X1?

(b) Na deiqjeÐ ìti o suntelest c prosarmog c gia thn diadikasÐa ikanopoieÐ R < 8θ/3 =: R′.

(g) Na deiqjeÐ ìti h pijanìthta qreokopÐac ψ(u) apo arqikì pleìnasma u ikanopoieÐ

ψ(u) ≥ e−R
′
e−uR

′

gia k�je u ≥ 0.

H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!
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LÔseic

JEMA 1. (a) 'Eqoume E(X) = 1/2, kai gia x ≥ 0 isqÔei P (X ≥ x) = e−2x. 'Ara

ξε = inf{x ∈ R : P (X ≥ x) ≤ ε} = inf{x ∈ R : e−2x ≤ ε} =
1
2

log
1
ε
,

kai h tim  tou asfalÐstrou eÐnai

πp,ε = p
1
2

+ (1− p)1
2

log
1
ε
.

(b) Sth lÐsta pio k�tw, h pr¸th ap�nthsh lèei an h dedomènh sun�rthsh eÐnai sun�rthsh wfelimìthtac,
kai h deÔterh an epiplèon antistoiqeÐ se kindunìfobo �tomo.

√
x+ 10 Nai, Nai.
−
√
x 'Oqi. EÐnai fjÐnousa

−1/x4 Nai, Nai.
(x+ 5)3 Nai, 'Oqi. Den eÐnai koÐlh
(x− 7)2 'Oqi. EÐnai fjÐnousa sto [0, 7],
ex Nai, 'Oqi. Den eÐnai koÐlh
log(x3 + x) Nai, Nai.

JEMA 2. Me b�sh thn arq  thc wfelimìthtac, to zhtoÔmeno posì, Kmin, ikanopoieÐ

E{u(w +X)} = E

{
u

(
w +Kmin +

X

2

)}
,

h opoÐa gr�fetai

−
∫ ∞

0
e−2(w+x)e−x dx = −

∫ ∞
0

e−2(w+Kmin+x/2)e−x dx.

Met� apo aplopoi seic kai stoiqei¸deic upologismoÔc, brÐskoume

Kmin =
1
2

log
3
2
.

JEMA 3. (a) To λ ikanopoieÐ E(λX) = 1/8. 'Omwc E(X) = 1/2, �ra λ = 1/4.
O kÐndunoc X paÐrnei timèc sto [0, 1], kai gia x1 ∈ [0, 1] èqoume

E(X − x1)+ =
∫ 1

x1

(x− x1) dx =
∫ 1−x1

0
y dy =

(1− x1)2

2
.

'Epetai ìti x1 = 1/2.

(b) Kat' arq�c, upologÐzoume th mèsh wfelimìthta tou atìmou an den asfalisteÐ.

E{u(w −X)} =
∫ 1

0

√
1− x dx =

2
3
. (1)

'Epeita, h mèsh wfelimìthta an agor�sei thn analogik  asf�lish tou (a) se tim  G eÐnai

E

{
u

(
w −G− 3

4
X

)}
. (2)

MporoÔme na upojèsoume ìti G ≤ 1/4 giatÐ gia G > /4 èqoume

w −G− 3
4
X < w − 1

4
− 3

4
X ≤ w −X.

kai tìte oi mèsec timèc stic (1), (2) den eÐnai dunatìn na eÐnai Ðsec. 'Etsi h mèsh tim  sthn (2) isoÔtai me∫ 1

0

√
1−G− 3

4
x dx = ... =

8
9

(
(1−G)3/2 −

(
1
4
−G

)3/2
)
.

Gia to mègisto G pou to �tomo dèqetai na d¸sei, h teleutaÐa posìthta prèpei na isoÔtai me 2/3 lìgw
thc (1). Me qr sh Mathematica brÐskoume G ≈ 0.152.
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(g) H mèsh wfelimìthta an agor�sei thn asf�lish uperb�llontoc zhmÐac tou (a) se tim 1 G ≤ 1/2
eÐnai

E {u (w −G−X ∧ x1)} =
∫ 1

1/2

√
1/2−G dx+

∫ 1/2

0

√
1−G− x dx = ...

=
1
2

√
1
2
−G+

2
3

(
(1−G)3/2 −

(
1
2
−G

)3/2
)
.

Jètontac autì Ðso me 2/3 brÐskoume G ≈ 0.167.

JEMA 4. (a) Apo to Je¸rhma 6.3 tou biblÐou, èqoume

E(S) = nq
1
λ
, Var(S) = nq

1
λ2

+ nq(1− q) 1
λ2

= nq(2− q) 1
λ2
.

(b) Gia to el�qisto tètoio θ ja èqoume

0.05 = P

(
S − E(S)√

Var(S)
> θ

E(S)√
Var(S)

)
≈ 1− Φ

(
θ

E(S)√
Var(S)

)
apo to kentrikì oriakì je¸rhma. 'Epetai ìti

θ
E(S)√
Var(S)

≈ 1.65,

kai �ra

θ ≈ 1.65

√
Var(S)
E(S)

= 1.65
√

2− q
√
nq

≈ 0.2327.

JEMA 5. (a) Gia k�je t ∈ R, t 6= 0, èqoume

MX(t) = E(etX) =
∫ 1

0
2xetx dt = ... =

2
t2

(tet − et + 1).

Bèbaia, MX(0) = 1.

(b) H exÐswsh gia to suntelest  prosarmog c eÐnai

1 + (1 + θ)p1r = MX(r).

H MX eÐnai peperasmènh sto R, �ra anaptÔssetai wc dunamoseir�

MX(t) =
∞∑
k=0

E(Xk)
k!

tk

gia k�je t ∈ R. Krat¸ntac mìno touc ìrouc me k ≤ 2 sth dunamoseir�, paÐrnoume mia upoektÐmhsh

M̃X(t) gia thn MX(t) gia t > 0 (giatÐ X ≥ 0). H jetik  lÔsh thc

1 + (1 + θ)p1r = M̃X(r)

eÐnai megalÔterh apo to suntelest  prosarmog c. Autì faÐnetai apo to sq ma thc sel. 197, kai eÐnai
eÔkolo kaneÐc na to dikaiolog sei austhr�. 'Opwc exhgeÐtai sto biblÐo, h lÔsh pou brÐskoume eÐnai
(sqesh (4), sel. 198)

R′ =
2p1

p2
θ.

Gia thn X upologÐzoume

p1 = E(X) =
∫ 1

0
2x2 dx =

2
3
,

p2 = E(X2) =
∫ 1

0
2x3 dx =

1
2
,

1'Opwc kai sto (b), deÐqnoume ìti to �tomo den dèqetai na d¸sei G > 1/2.
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�ra R′ = 8θ/3.

(g) Apo to Je¸rhma 11.3, gia u ≥ 0, h ψ ikanopoieÐ th sqèsh

ψ(u) =
1

E(e−RU(T ) |T <∞)
e−Ru.

Epeid  k�je zhmi� èqei mègejoc to polÔ 1, kat� th stigm  thc qreokopÐac ja isqÔei U(T ) ≥ −1. 'Ara o
paronomast c eÐnai to polÔ eR. Opìte èqoume

ψ(u) ≥ e−R(u+1) > e−R
′(u+1).

H teleutaÐa anisìthta èpetai giatÐ R′ > R > 0 kai 1 + u > 0.


