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Jèma 1.(a) 'Estw X tuqaÐa metablht  me katanom  Cauchy dhlad  me puknìthta

f(x) =
1

π(1 + x2)
gia k�je x ∈ R.

Na deiqjeÐ ìti gia x > 1 isqÔei
1

2πx
≤ P (X > x) ≤ 1

πx
.

(b) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n, kajemÐa me katanom  Cauchy.

Na deiqjeÐ ìti me pijanìthta 1 isqÔei

lim
n→∞

Xn

n
=∞.

Jèma 2. 'Estw (Ω,A, P ) q¸roc pijanìthtac kai X,Y : Ω→ R tuqaÐec metablhtèc.

(i) Pìte lème ìti oi X,Y eÐnai anex�rthtec?

(ii) Na deiqjeÐ ìti ta ex c eÐnai isodÔnama

(a) Oi X,Y eÐnai anex�rthtec.

(b) Gia k�je f, g : R→ [0,∞) (Borel) metr simec isqÔei E(f(X)g(Y )) = E(f(X))E(g(Y )).

Jèma 3. 'Estw akoloujÐa (Xk)k≥1 tuqaÐwn metablht¸n ¸ste Xk ∼ U(0, k), kai Sn := X1 + X2 +

· · ·+Xn gia k�je n ≥ 1. Gia k�je a > 2, na deiqjeÐ ìti Sn/na → 0 kat� pijanìthta kaj¸c n→∞.

Jèma 4. 'Estw X,Y anex�rthtec kai isìnomec tuqaÐec metablhtèc ¸ste X + Y ∼ N(0, 1). Poi� h

katanom  twn X,Y ?

Jèma 5. 'Estw (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n ¸ste Xn ∼ Poisson(λn) ìpou (λn)n≥1 eÐnai

akoloujÐa jetik¸n arijm¸n me limn→∞ λn =∞. Na deiqjeÐ ìti

Xn − λn√
λn

⇒ Z

kaj¸c n→∞, ìpou Z ∼ N(0, 1).

Jèma 6. 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n, kajemÐa me katano-

m  U(0, 2). Jètoume Yn := X1X2 · · ·Xn. Na deiqjeÐ ìti E(Yn) = 1 gia k�je n ≥ 1, en¸ limn→∞ Yn = 0.

[Upod.: Gia to deÔtero er¸thma, jètoume Sn = logX2 + · · ·+ logXn, kai tìte Yn = eSn = en
Sn
n .]



LÔseic

1. (a) Gia x ∈ R èqoume

P(X > x) =

∫ ∞
x

1

π(1 + t2)
dt,

en¸ gia t ≥ 1 isqÔei
1

2t2
≤ 1

1 + t2
≤ 1

t2
.

(b) QrhsimopoioÔme to er¸thma (a) kai to deÔtero L mma Borel-Cantelli gia na deÐxoume ìti gia k�je

M > 0 to sÔnolo

ΓM :=

{
lim

Xn

n
≥M

}
èqei pijanìthta 1. 'Ara èqei pijanìthta 1 kai to

∩k∈NΓk =

{
lim

Xn

n
=∞

}
.

To zhtoÔmeno èpetai pio gr gora wc ex c. 'Opwc kai gia thn P(ΓM ) = 1, deÐqnoume ìti me pijanìthta 1

isqÔei limXn/(n log n) ≥ 1.

2. JewrÐa.

3. Gia ε > 0, h anisìthta Markov dÐnei

P
(∣∣∣∣Snna

∣∣∣∣ > ε

)
≤ E(Sn)

εna
=

1

εna

n∑
k=1

E(Xk) =
1

εna

n∑
k=1

k

2
=
n(n+ 1)

4εna
→ 0

gia n→∞.

4. An Z ∼ N(0, σ2), tìte h qarakthristik  sun�rthsh thc eÐnai φZ(t) = exp(σ2t2/2) gia k�je t ∈ R.
H upìjesh dÐnei

et
2/2 = φX+Y (t) = φX(t)φY (t) = (φX(t))2.

'Ara φX(t) = exp(t2/4) = exp(a2t2/2) me a = 1/
√

2. 'Ara X,Y ∼ N(0, 1/2).

5. QrhsimopoioÔme qarakthristikèc sunart seic.

6. Epeid  E(X1) = 1, h anexarthsÐa twn X1, X2, . . . , Xn dÐnei ìti

E(Yn) = E(X1X2 · · ·Xn) = E(X1) · · ·E(Xn) = 1.

Apì ton nìmo ton meg�lwn arijm¸n, me pijanìthta 1 isqÔei

Sn
n
→ E(logX1) =

1

2

∫ 2

0
log x dx =

1

2
[x log x− x

]2
0

= log 2− 1 < 0.

'Ara limn→∞ Sn = −∞, kai Yn = eSn → 0 gia n→∞.


