
Pijanìthtec II

Telik  Exètash, 11 IounÐou 2013

Jèma 1. (30 BajmoÐ) 'Estw (Xn)n≥2 akoloujÐa anex�rthtwn tuqaÐwn metablht¸n me timèc sto

{−1, 0, 1} pou orÐzontai se koinì q¸ro pijanìthtac ¸ste gia k�je n ≥ 1 isqÔei

P(Xn = −1) =
1

n2
, P(Xn = 1) =

1

n
, P(Xn = 0) = 1− 1

n
− 1

n2
.

Na deiqjeÐ ìti

(i) Xn → 0 kat� pijanìthta kaj¸c n→∞.

(i) Me pijanìthta 1 isqÔei limn→∞Xn = 0, limn→∞Xn = 1.

Jèma 2. (20 BajmoÐ) 'Estw (Ω,A, P ) q¸roc pijanìthtac kai X : Ω → R tuqaÐa metablht , dhlad 

A/B(R) metr simh sun�rthsh.

(i) Ti lème katanom  thc X?

(ii) 'Estw PX h katanom  thc X. Na deiqjeÐ ìti gia k�je metr simh g : R→ [0,∞) isqÔei

E(g(X)) =

∫
R
g(x) dPX(x).

Jèma 3. (25 BajmoÐ) 'Estw n jetikìc akèraioc kai {Xk : 1 ≤ k ≤ n} anex�rthtec kai isìnomec tuqaÐec
metablhtèc me kajemÐa na akoloujeÐ thn katanom  Cauchy.

(i) Na deqjeÐ ìti kai h (X1 + · · ·+Xn)/n akoloujeÐ thn katanom  Cauchy.

(ii) Poi� eÐnai h puknìthta thc X1 + · · ·+Xn?

Jèma 4. (20 BajmoÐ) 'Estw (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n ¸ste h Xn na eÐnai omoiìmorfh

diakrit  sto sÔnolo {1, 2, . . . , n}. Gia k�je n ≥ 1 jètoume Yn := Xn/n. Na deiqjeÐ ìti Yn ⇒ Z

(sÔgklish kat� katanom ) kaj¸c n→∞, ìpou Z eÐnai tuqaÐa metablht  pou akoloujeÐ thn omoiìmorfh

katanom  sto (0, 1).

Jèma 5. (15 BajmoÐ) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n me

E(X1) = 2. Jètoume Sn := X1 +X2 + · · ·+Xn gia k�je n ≥ 1. Na deiqjeÐ ìti me pijanìthta 1 to ìrio

lim
n→∞

(Sn −
√
n)

up�rqei sto R ∪ {−∞,∞} kai na upologisteÐ.

ShmeÐwsh: DÐnetai ìti mia tuqaÐa metablht  X me katanom  thn Cauchy èqei puknìthta

f(x) =
1

π

1

1 + x2
, x ∈ R

kai qarakthristik  sun�rthsh φX(t) = e−|t| gia k�je t ∈ R.

'Arista eÐnai to 100. H di�rkeia thc exètashc eÐnai 21
2 ¸rec.

KALH EPITUQIA!



LÔseic

1. (i) Gia ε > 0 èqoume1

P(|Xn| > ε) ≤ P(Xn = −1) + P(Xn = 1) =
1

n
+

1

n2
→ 0

kaj¸c n→∞. Kai to zhtoÔmeno èpetai.

(ii) Efìson oiXn paÐrnoun timèc mìno sto {−1, 0, 1}, apì ton orismì twn lim, lim, gia na deÐxoume
to zhtoÔmeno arkeÐ na deÐxoume ìti me pijanìthta 1 èqoume Xn = −1 mìno gia peperasmèna n
en¸ Xn = 0 gia �peira n kai Xn = 1 gia �peira n. 'Estw

An := {Xn = −1}, Bn := {Xn = 0}, Cn := {Xn = 1}

gia k�je n ≥ 2. Tìte

∞∑
n=2

P(An) <∞,
∞∑
n=2

P(Bn) =∞,
∞∑
n=2

P(Cn) =∞,

ta {Bn : n ≥ 2} eÐnai anex�rthta, kai ta {Cn : n ≥ 2} eÐnai anex�rthta afoÔ oi (Xn)n≥2 eÐnai
anex�rthtec. 'Ara apì ta dÔo l mmata Borel-Cantelli èqoume

P(lim sup
n

An) = 0,P(lim sup
n

Bn) = P(lim sup
n

Cn) = 1.

'Ara P((lim infnA
c
n) ∩ (lim supnBn) ∩ (lim supnCn)) = 1, pou eÐnai to zhtoÔmeno (qrhsimopoi -

same to ìti (lim supnAn)
c = lim infnA

c
n).

2. (i) Katanom  thc X lème to mètro pijanìthtac PX : B(R)→ [0, 1] me

PX(A) := P (X−1(A)) = P (X ∈ A)

gia k�je A ∈ B(R) (Sel. 50 tou biblÐou twn Jacod-Protter).

(ii) Je¸rhma 9.5 b).

3. (i) H Yn := (X1 + · · ·+Xn)/n èqei qarakthristik  sun�rthsh

φYn(t) = E(eit
X1
n · · · eit

Xn
n ) = φX1(t/n) · · ·φXn(t/n) = e−|t/n| · · · e−|t/n| = e−|t| = φX1(t)

gia k�je t ∈ R. Apì to je¸rhma monadikìthtac gia qarakthristikèc sunart seic, èpetai ìti h
Yn èqei thn Ðdia katanom  me thn X1, dhlad  Cauchy.

(ii) H sun�rthsh katanom c thc X1 + · · ·+Xn = nYn se opoiod pote x ∈ R isoÔtai me

FnYn(x) = P(nYn ≤ x) = P
(
Yn ≤

x

n

)
= FX1

(x
n

)
.

H teleutaÐa sun�rthsh eÐnai diaforÐsimh me suneq  par�gwgo

F ′nYn
(x) = F ′X1

(x
n

) 1

n
= fx1

(x
n

) 1

n
=

1

π

1

1 + (x/n)2
1

n
=

1

π

n

n2 + x2

gia k�je x ∈ R. Aut  eÐnai h puknìthta thc nYn.

1To ≤ eÐnai sthn pragmatikìthta = ektìc apì thn perÐptwsh pou ε ≥ 1.



4. H sun�rthsh katanom c thc Z eÐnai

FZ(x) =


0 an x < 0,

x an x ∈ [0, 1],

1 an x > 1,

kai ta shmeÐa sunèqeiac thc eÐnai ìlo to R. Gia x ∈ [0, 1],

FYn(x) = P(Xn ≤ nx) =
[nx]

n
→ x = FZ(x)

gia n→∞ (p.q. nx−1 < [nx] ≤ nx, k.lp). H sÔgklish gia ta upìloipa x ∈ R eÐnai pio eÔkolh.

5. Apì to nìmo twn meg�lwn arijm¸n, me pijanìthta 1 isqÔei

Sn

n
→ E(X1) = 2.

'Ara h Sn apeirÐzetai me grammik  taqÔthta, saf¸c grhgorìtera apì thn
√
n. 'Etsi

Sn −
√
n = n

(
Sn

n
− 1√

n

)
→∞× 2 =∞

kaj¸c n→∞.


