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Preface 

If you toss a  fai r coi n man y times , yo u would expec t th e coi n t o lan d 
heads as often a s tails.  Th e goa l of this boo k i s to mak e this intuitio n 
precise. A s th e numbe r o f tosse s increases , th e proportio n o f head s 
approaches 1/2 , bu t i n wha t way , ho w quickly , an d wha t deviation s 
should w e expect ? Heads  or  Tails  i s a n introductio n t o probabilit y 
theory; i n particular, i t i s an introduction t o the study o f convergenc e 
properties o f sequence s o f observations . I n thi s book , I  wil l presen t 
an are a o f mathematic s tha t ha s bot h utilit y an d beauty . 

Probability theor y i s the branc h o f mathematic s concerne d wit h 
the stud y o f rando m phenomena . A  random  phenomenon  i s a n ex -
periment wit h a n outcom e tha t depend s o n chance , eithe r becaus e 
the exac t condition s fo r it s outcom e ar e no t know n o r becaus e th e 
randomness o f th e experimen t actuall y exists . However , w e wil l no t 
discuss th e source s o f randomnes s i n rando m phenomena ; instead , 
we wil l star t wit h a  mathematica l mode l o f probability . Heads  or 
Tails present s a n introductio n t o th e mathematica l model s o f thes e 
phenomena an d t o th e rigorou s deductio n o f th e law s w e expec t th e 
outcomes o f sequences o f independen t experiment s t o follow . 

While writing this book, I  kept the following three points in mind. 

1. A  freshman - o r sophomore-leve l analysi s cours e i s al l tha t 
is neede d t o understan d th e materia l i n thi s book . I n particular , 
a knowledg e o f measur e theor y i s no t necessary . Thi s boo k i s aime d 
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vm Preface 

toward undergraduat e student s in math, science , and engineering pro-
grams, a s wel l a s teacher s an d al l peopl e wit h a  basi c knowledg e o f 
upper-level mathematics . 

2. Th e level of rigor is that o f most mathematics textbooks. Th e 
definitions an d statement s ar e precis e an d th e proof s ar e complete . 

3. Ou r discussio n wil l essentiall y b e limite d t o studyin g th e 
game o f Head s o r Tail s wit h a  possibl y unfai r coin : w e wil l stud y 
the law s tha t describ e th e resul t o f sequence s o f identical , indepen -
dent experiment s wit h tw o possibl e outcomes . Althoug h thi s choic e 
may appea r to o restrictive, the simple game of Heads or Tails actuall y 
harbors muc h o f th e complexit y o f th e genera l stud y o f probability . 
This opinion i s evident i n Borel's statemen t tha t "Th e game of Heads 
or Tails , whic h seem s s o simple , i s characterize d b y grea t generalit y 
and leads , whe n studie d i n detail , t o th e mos t sophisticate d mathe -
matics." l 

This boo k i s a n invitatio n t o probabilit y theory . Som e o f th e 
concepts an d theorem s tha t i t contain s ar e difficul t becaus e "elemen -
tary" i s no t a  synony m fo r "easy" . Th e reade r shoul d no t expec t t o 
find strategie s fo r winnin g th e lotter y o r fo r maximizin g return s fro m 
slot machines . O n th e contrary , th e mathematic s tha t w e wil l stud y 
shows tha t th e bes t strateg y fo r suc h game s o f chanc e i s abstinence . 

Following th e excellen t suggestio n o f Pierr e Damphousse , th e 
founder an d edito r o f th e serie s i n whic h th e Frenc h editio n o f thi s 
book appears , I  included precis e historica l backgroun d an d biograph -
ical sketches . A  brie f bibliograph y i s als o included . 

To conclud e thi s Preface , I  woul d lik e t o than k th e peopl e wh o 
helped m e pursue mathematica l knowledge ; the lis t o f colleagues an d 
students wh o shoul d b e thanke d i s too lon g t o includ e here . I n par -
ticular, however , I  woul d lik e t o acknowledg e Jea n Blanchar d an d 
Jean-Pierre Conze , wh o sparke d my  interes t i n mathematics , a s wel l 
as m y friend s an d colleague s Pierr e Damphousse , Mar c Peigne , an d 
Elisabeth Rouy , wh o helpe d m e whil e writin g thi s shor t work . 

Emmanuel Lesign e 

Tours, Februar y 200 1 

Emile Borel , Principes  et  formules  classiques  du  Calcul  des  Probabilites, 
Chapi t re V : Jeu  de  pile  ou  face;  1924 . 



Prerequisites an d 
Overview 

Throughout thi s book , R  i s th e se t o f rea l numbers , Z  i s th e se t o f 

all integers , N  i s th e se t o f nonnegativ e integers , an d M * i s th e se t o f 

positive integers . 

The prerequisit e knowledg e use d i n thi s boo k i s generall y covere d 

in th e firs t tw o year s o f college : 

• Elementar y se t theory : sets , produc t sets , functions ; 

• Combinatorics : countability , combinations ; 

• Rea l numbers : sequences , limits , compariso n o f sequence s 

(the meanin g o f th e symbol s ~ , o , an d O  i s reviewe d i n 

Chapter 6) ; 

• Rea l function s o f a  rea l variable : limit s an d continuity , clas -

sical functions , integratio n o f a  continuou s functio n ove r a 

real interval , Rieman n sums . 

In probabilit y theory , a  limit  theorem  i s a  theore m abou t conver -

gence tha t relate s t o th e outcom e o f a  sequenc e o f trial s o f a  proba -

bilistic experiment . Chapter s 5  throug h 1 3 ar e eac h centere d aroun d 

a typ e o f limi t theorem . 

Heads or  Tails  i s compose d o f thre e parts . I n th e firs t part , 

consisting o f Chapter s 1  throug h 4 , w e provid e th e mathematica l 
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2 Prerequisites an d Overvie w 

model use d t o describ e a  finite probabilistic  experiment  (tha t is , a 
probabilistic experimen t wit h a  finite  numbe r o f possibl e outcomes) ; 
in the firs t an d third section s of Chapter 11 , we extend thi s discussio n 
to infinit e sequence s o f probabilistic experiments . I n the secon d part , 
consisting o f Chapter s 5  through 10 , we discus s theorem s concerne d 
with th e probabilitie s associate d t o finite  experiments . Tw o mai n 
results containe d i n these chapter s ar e the weak la w of large number s 
and th e centra l limi t theorem . I n addition , w e discus s th e larg e an d 
moderate deviation s estimates , whic h ad d precisio n t o th e wea k la w 
of large numbers an d th e centra l limi t theorem , a s well as the arcsin e 
law an d th e loca l limi t theorem . I n th e thir d part , consistin g o f 
Chapters 1 1 through 14 , we model infinit e probabilisti c experiments . 
Here w e provide variou s form s o f th e stron g la w o f larg e numbers , a 
proof o f the la w of the iterate d logarithm , an d som e results abou t th e 
recurrence o f random walks . 

Starting with Chapte r 5 , each chapter open s with an introductio n 
to th e materia l o f tha t chapter . A  summar y o f thi s boo k ca n b e 
obtained b y assemblin g thes e introductions . 

When combine d wit h a  presentatio n o f countability , continuou s 
and discret e probabilit y distributions , an d conditiona l probability , 
Chapters 1  through 7  would b e appropriat e fo r a  first  cours e i n prob -
ability. 



Chapter 1 

Modeling a  Probabilisti c 
Experiment 

1.1. Elementar y Experiment s 

We wil l s tar t b y presentin g th e mathematica l mode l tha t describe s 

a probabilisti c experimen t havin g a  finite  numbe r d  o f possibl e out -

comes. Eac h outcom e i s represente d b y a  variabl e UJ %, and th e sample 

space i s th e se t Q  :=  {UJ 1 ,UJ2,... ,uu d} o f al l possibl e outcomes . T o 

each outcom e uJ 1 w e associat e a  probability  pi.  Eac h probabilit y p % i s 

a nonnegativ e rea l numbe r an d ^2 i=1Pi =  1 . 

It i s importan t t o not e tha t w e assum e tha t th e probabilit y o f 

each outcom e i s give n a  priori . Th e wor k consistin g o f determinin g 

these probabilitie s fro m observation s belong s t o th e stud y o f statis -

tics, a  branc h o f mathematic s tha t i s relate d t o bu t distinc t fro m 

probability theory . Th e stud y o f statistic s use s tool s an d result s tha t 

are presente d i n thi s book , bu t w e wil l no t dea l wit h statistic s directly . 

Let u s retur n t o ou r mode l i n orde r t o introduc e som e vocabulary . 

A subse t o f O  i s calle d a n event  an d th e probability  o f a n even t i s th e 

sum o f th e probabilitie s o f th e outcome s belongin g t o tha t event . I n 

symbols, i f A  C  Q  i s a n event , the n it s probabilit y P(A)  i s define d b y 

P(A) := J2  Pi-
UJX£A 
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4 1. M o d e l i n g a  Probabi l i s t i c E x p e r i m e n t 

In particular , w e hav e tha t P({UJ 1}) =  p 2 , whic h w e wil l writ e simpl y 

as P(UJ 1) =  p z. 

We le t \ A b e th e characteristic  function  o f A]  tha t is , \ A i s th e 

function mappin g ft  t o {0,1 } tha t take s th e valu e 1  o n A  an d th e 

value 0  o n it s complemen t A c. Thu s 

d 

P(A) =  ^XA^')-

In summary , ou r mathematica l mode l i s define d b y a  pai r (ft , P ) 

where ft  i s a  finite  se t an d P  i s a  functio n fro m th e se t o f subset s o f 

ft t o th e interva l [0,1 ] satisfyin g th e followin g tw o conditions : 

(1) P(f t ) =  l . 

(2) I f A  an d B  ar e disjoin t subset s o f ft,  the n P(A  U  B)  = 

P(A) +  P{B). 

A pai r (ft , P)  satisfyin g thes e condition s i s calle d a  finite probability 

space an d th e functio n P  i s calle d a  probability.  I t i s eas y t o chec k 

the followin g propertie s o f P: 

(1) P(0 ) =  O . 

(2) If  ACQ,  the n P ( / l c ) =  1  - P ( A ) . 

(3) If  A,  Be  ft,  the n P ( A U  P) =  P (A ) +  P ( P ) -  P ( A n  B). 

In th e specia l cas e wher e al l th e outcome s ar e equall y likely , w e 

say tha t th e spac e ft  ha s a  uniform  probability.  I n thi s case , i t i s eas y 

to calculat e th e probabilit y o f a n event : thi s probabilit y i s simpl y 

the numbe r o f element s i n th e even t divide d b y d , th e numbe r o f 

elements o f ft.  Thi s situatio n i s described b y th e well-know n rul e tha t 

"the probabilit y o f a n even t i s th e rati o o f th e numbe r o f favorabl e 

outcomes t o th e tota l numbe r o f possibl e outcomes" . 

Here ar e a  fe w examples . 

E x a m p l e . Th e flip  o f a  fai r coi n i s describe d b y a  se t ft  o f tw o 

elements an d a  probabilit y givin g th e sam e valu e t o eac h o f th e tw o 

outcomes. I f w e le t 1  represen t th e outcom e heads  an d 0  represen t 

the outcom e tails,  the n ft =  {0,1 } an d P(0 ) =  P ( l ) =  \.  W e sa y 

tha t th e spac e {0,1 } i s equippe d wit h th e unifor m probabilit y (^ , | ) . 
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E x a m p l e . Mor e generally , th e mode l describin g a  probabilisti c ex -

periment wit h tw o possibl e outcomes , whic h w e cal l success  an d fail-

ure, i s determine d b y a  rea l paramete r p  betwee n 0  an d 1  tha t rep -

resents th e probabilit y o f success . Writin g 1  fo r th e outcom e succes s 

and 0  fo r th e outcom e failure , w e hav e tha t ft  =  {0 ,1} , P(0)  =  1  — p 

and P ( l ) =  p.  W e sa y tha t th e spac e {0,1 } i s equippe d wit h th e 

probability ( 1 — p,p). 

E x a m p l e . Th e drawin g o f a  numbe r i n a  lotter y (wher e th e number s 

range from , say , 1  t o 49 ) i s modele d b y th e pai r ( f i ,P ) , wher e ft  = 

{1, 2, 3 , . . ., 49 } an d P  i s th e unifor m probabilit y o n ft  (i n thi s case , 

P(UJ) =  jg  fo r eac h UJ  G ft).  I f w e onl y car e abou t th e parit y o f th e 

number drawn , th e relevan t mode l woul d b e a  space ft  o f two element s 

equipped wit h th e probabilit y ( | | , | | ) . 

E x a m p l e . Eve n simpl e experiment s ca n yiel d enormou s probabil -

ity spaces . Fo r example , th e spac e ft  neede d t o describ e th e draw -

ing o f a  bridg e hand , tha t i s a  choic e o f 1 3 card s ou t o f 52 , ha s 

635,013,559,600 element s (thi s i s th e binomia l coefficien t ( ^ ) ; se e 

Chapter 4) . I f th e dec k i s randoml y shuffle d befor e th e card s ar e 

distributed, thi s spac e wil l hav e a  unifor m probability . 

As i n ever y branc h o f mathematics , ther e ar e a  fe w notation s tha t 

are specifi c t o probabilit y theory . I f X  i s a  functio n fro m ft  t o a  se t 

E an d i f F  i s a  subse t o f E  w e writ e th e invers e imag e o f F  b y X  a s 

(X E F ) . I n symbols , w e hav e 

(X eF):={uj  eft:  X(u)  G  F}. 

Here w e trea t X  a s a n elemen t o f th e se t E  an d X(UJ)  a s th e valu e o f 

this elemen t a t th e outcom e UJ.  The probabilit y o f th e even t (X  G  F) 

is writ te n a s P(X  G  F). 

1.2. Sequence s o f Elementar y Experiment s 

In thi s book , w e wil l mostl y dea l wit h sequence s o f identica l an d 

independent experiments . W e wil l onl y conside r finit e sequence s o f 

experiments i n th e first  par t o f th e book , an d w e wil l star t studyin g 

infinite sequence s i n Chapte r 11 . 



6 1. M o d e l i n g a  Probabi l i s t i c E x p e r i m e n t 

We thu s conside r a  composite  experimen t tha t consist s o f repeat -

ing a n elementar y experimen t n  times . W e wil l suppos e tha t th e 

elementary experimen t ha s tw o possibl e outcomes : success , denote d 

by th e digi t 1 , an d failure , denote d b y th e digi t 0 . Ou r mode l wil l in -

corporate th e fac t tha t thes e n  elementar y experiment s ar e identica l 

and independent . Le t p  b e th e probabilit y o f succes s an d q  =  1  — p 

be th e probabilit y o f failure . A n outcom e o f th e composit e experi -

ment i s represente d b y a  sequenc e o f n  zero s an d ones . Th e spac e 

£1, whic h w e wil l writ e a s fi n, i s th e se t o f ordere d n-tuple s o f ze -

ros an d ones ; tha t is , i\ n —  {0 , l }n . W e denot e th e element s o f Q n 

by LJ  = (c^i , c^2, • •  • , ^n)» wher e eac h uui  equals 0  o r 1 . Finally , th e 

probability o n th e spac e Vt n i s denote d b y P n. Th e fac t tha t al l th e 

elementary experiment s i n th e sequenc e ar e identica l i s conveye d b y 

the rul e 

for eac h i  betwee n 1  and n  , 

Pn(uJi =  0 ) =  q  an d P n(uol =  1 ) =  p. 

The fac t tha t th e outcom e o f th e (i  +  l)-s t tria l i s independen t o f th e 

results o f th e i  previou s trial s i s conveye d b y th e rul e 

for eac h (ei , e2 , . . . , e^ ) G  {0, l }2 , 

Pn(vi+i =  1  an d (a>i,a;2,. . . ,a;i ) =  (ei , e2 , . . . , e 2)) 

= P n(ui+i =  1 ) x  P n ( ( ^ i , ^ 2 , - . . , ^ i ) =  ( e i , e 2 , . . . , e , ) ) . 

Inducting o n n  implie s tha t thes e tw o rule s uniquel y defin e th e prob -

ability P n. I n fact , i f we le t S n(uu) b e th e numbe r o f successe s fo r eac h 

outcome LJ  o f th e composit e experiment , the n th e probabilit y P n i s 

given b y 

Pn{uj)=pS^uj)qn-S^\ 

We sa y tha t th e spac e tt n =  {0 , l }n i s equippe d wit h th e product 

probability P n =  (q,p)® n. 

If th e probabilit y o f succes s equal s th e probabilit y o f failure , the n 

the spac e ft n i s equipped wit h a  unifor m probability . Thi s agree s wit h 

what intuitio n suggests : i n th e experimen t tha t consist s o f tossin g a 

fair coi n n  time s an d recordin g th e successiv e results , al l the outcome s 

have equa l probability . I n thi s case , th e probabilit y o f a n even t i s 

simply equa l t o it s cardinalit y divide d b y 2 n . 



Chapter 2 

Random Variable s 

Let (O , P) b e a  finite  probabilit y space . A  functio n define d fro m O 
to R  i s called a  random  variable.  Rando m variable s ar e traditionall y 
denoted b y capita l letters ; fo r example , 

X :  ft->R 

u ^  X(uo). 

The probability  distribution  o f the rando m variabl e X  i s given b y th e 
probabilities o f th e event s correspondin g t o th e value s o f X.  I f th e 
random variabl e X  take s th e value s xi,  X2, ... Xk,  the n th e event s 
(X =  Xi)  fo r i  fro m 1  to A : for m a  partition o f Q  and th e distributio n 
of X  i s given b y the pair s (x{,  P(X =  Xi))  fo r i  rangin g fro m 1  to k. 

The expected  value E[X]  o f a  rando m variabl e X  i s given b y th e 
formula 

k 

The concep t o f expecte d valu e a s wel l a s it s nam e ( expectation i n 
Latin) wer e introduce d b y Christiaa n Huygen s i n a n analysi s o f bet s 
in game s o f chance. 1 

C. Huygens , De  ratiociniis  in  aleae  ludo,  1657 . 
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8 2. Rando m Variable s 

This numbe r E[X]  represent s th e average , unde r th e probabilit y 
P , o f th e value s take n b y th e rando m variabl e X.  Th e followin g 
properties follo w easil y fro m th e definitio n o f expecte d value . 

• I f X  i s a  constan t function , the n E[X]  =  X;  i n particular , 
E"[i£[X]] =  E[X]  fo r an y rando m variabl e X. 

• I f X  > 0 , thenE{X]  >  0 . 

• \E[X]\<E[\X\]. 

• Th e functio n E  act s linearl y o n th e rea l vecto r spac e o f 
random variable s on Q  (that is , if X an d X'  ar e two rando m 
variables an d A  i s a  real number , the n E[X  +  X'\  =  E[X]  + 
E[X'} an d E[XX]  =  XE[X]). 

To verify th e las t statement , not e tha t a  random variabl e X  ca n 
be represented i n several ways as a linear combination of characteristic 
functions o f events . I f X  =  ^2 zyiXA * s s u c n a  representation , the n 
E[X) =  ZiyiP(Ai). 

This remark als o provides a  proof o f the formul a fo r th e expecte d 
value of a function o f a random variable . I f X i s a random variable an d 
if /  i s a real function define d o n the image A  o f X, the n f(X)  :=  foX 
is a  rando m variabl e an d 

(2.1) £ [ / ( * ) ] = £ / ( a O P ( . X =  a) . 
xeA 

The following two inequalities are simple to prove and very useful . 

Proposition 2. 1 (Markov' s inequality) . Let  X  be  a random variable 
taking only  nonnegative  values.  Then,  for  each  a >  0, 

P(X >  a) < m. 
a 

Proof. Le t xi , #2, • •  • , %k b e th e value s take n b y X.  Thes e ar e non -
negative rea l numbers , s o 

P{X>a)= V  P{X  =  Xl )< V  -P(X  =  Xl )<-E[X}. z—' ̂ — ' a  a 
i:xz>a i:Xi>a 
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Corollary 2. 2 (Bienayme 2-Chebyshev3 inequality) . Let  X  be  a ran-
dom variable.  Then,  for  each  a >  0, 

P(\X -  E[X]\  >  a) <  ±E  [{X  -  E[X}) 2} . 

This follows from Propositio n 2. 1 by applying Markov's inequalit y 
to th e rando m variabl e (X  —  E[X}) 2. 

The valu e E[(X  —  E[X]) 2] i s calle d th e variance  o f th e rando m 
variable X  an d i s denote d b y var(X) . B y expandin g th e squar e an d 
using th e linearit y o f the expecte d valu e function , w e see tha t 

var(X) =  E[(X-  E[X}) 2} =  E  [X 2] -  (E[X]f. 

The squar e roo t o f the varianc e o f X  i s called th e standard  deviation 
of X.  Th e standar d deviatio n measure s th e averag e deviatio n o f th e 
values o f the rando m variabl e fro m th e expecte d value . 

We conclud e wit h a  remar k abou t notation : th e expecte d valu e 
associated wit h a  probabilit y P n i s naturally denote d b y E n. 

M. Bienayme , Considerations  a  I'appui  de  la  decouverte  de  Laplace  sur  la  loi 
de probability  dans  la  methode  des  moidres  carres,  Journa l d e Mathemat ique s pure s 
et appliquees , vol . 12 , pp . 158-176 , 1867 . 

^P. L . Chebyshev , Des  valeurs  moyennes,  Journa l d e Mathemat ique s pure s e t 
appliquees, vol . 12 , pp . 177-184 , 1867 . 
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Chapter 3 

Independence 

We wil l introduc e th e concep t o f independenc e firs t fo r a  famil y o f 
events an d the n fo r a  famil y o f random variables . A s above , w e con -
sider a  finit e probabilit y spac e (fi,P) . 

In intuitiv e terms , w e say tha t tw o event s ar e independen t i f th e 
result o f one does not affec t th e result o f the other . W e can make thi s 
rigorous in the following way . Tw o sets A  an d B  o f Vt are independent 
events i f P(A  H  B) =  P(A)  x  P(B).  Excep t i n the trivia l cas e wher e 
P(B) =  0 , we can writ e thi s a s P(A  n  B)/P(B)  =  P(A)/P(Q). 

Example . Th e model that describe s the outcome of two independen t 
and identica l trial s o f a n elementar y experimen t wit h probabilit y o f 
success p  an d probabilit y o f failure q  = 1  — p i s 

fi =  {(0 , 0), (0,1), (1,0), (1,1)} = {(*! , w2) m  =  0o r 1} , 

P(0,0) =  <? 2, P(0 , l ) =  P( l ,0 )= i*z , P ( l , l ) = p 2 . 

The mode l fo r th e outcome o f two experiments (eac h having two pos-
sible outcomes ) tha t ar e independen t bu t no t necessaril y identica l 
and fo r whic h th e probabilit y o f succes s ar e respectivel y denote d pi 
and P2 , is given b y the sam e spac e ft  a s above bu t equippe d wit h th e 
probability 

P(0,0) =  ( 1 - p i ) (l -p 2), P(0,1 ) =  ( 1 -Pi)P2, 

P ( l , 0 ) = p i ( l - P 2 ) , P ( l , l ) = P l P 2 . 

11 
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12 3. Independenc e 

The reade r shoul d verif y th e elementar y fac t tha t th e probabilit y P 
is uniquely determine d b y the values of P(ui  =  1 ) for i  =  1 , 2 and th e 
condition tha t th e event s (w\  =  1 ) an d (w2  = 1 ) ar e independent . 

A family o f events {Ai , A2,..., A k} i s called a  family of  indepen-
dent events  i f 

P(An n  A,2 n • • • n AH) = P(An) x  P(Al2) x  • • • x  p(A ie) 

for al l integer s 11,12,  • - •  ^H  suc h tha t 1  <  i\  <  %2  <  •  • •  <  i\  <  k. 
There ar e a  fe w importan t observation s t o mak e abou t familie s o f 
independent events . 

• Event s AuA2,...,Ak satisfyin g P  (flJ U ^ ) =  Ui=i  P (Ai) 
are no t necessaril y independent . (I n particular , thi s i s clea r 
if one o f the event s i s empty. ) 

• Th e events in a family of pairwise independent event s are not 
necessarily mutuall y independent . Her e is the simplest illus -
tration o f thi s fact , du e t o Bernstein . Conside r tw o tosse s 
of fai r coin , wit h succes s correspondin g t o head s an d fail -
ure correspondin g t o tails . W e examin e th e followin g thre e 
events: A\  :—  (u)\ =  1) , tha t is , i n th e firs t tos s th e coi n 
lands heads ; A2  : = (002  = 1) , tha t is , i n th e secon d tos s 
the coi n land s heads ; an d As  :—  (UJI  — U2),  tha t is , th e 
results o f th e tw o tosse s ar e th e same . The n eac h pai r o f 
these event s i s a  pai r o f independen t events . However , th e 
events A\,A2,  an d A 3 ar e no t mutuall y independent , sinc e 
P(A1 nA 2nA3) =  \  an d P(A 1) =  P(A 2) =  P(A 3) =  \. 

The concep t o f independenc e fo r rando m variable s i s a  natura l 
extension o f the concept o f independent events . Le t {Xi , X 2 , . . ., X k} 
be a  famil y o f rando m variable s define d o n (S1,P) . Thes e variable s 
are independent  i f th e event s (Xi  =  xi) , (X2 =  #2) , . . . , (Xk  =  Xk) 
are independen t fo r al l rea l #i,#2 ? •  • •  ,xk- Th e reade r shoul d verif y 
the followin g statements . 

• Th e random variables X\, X2 ,..., Xk  ar e independent i f and 
only i f the event s (X±  GBi) , (X 2 G 5 2 ) , . . . , (Xk  € B k) ar e 
independent fo r al l subset s B\,  B2, ..., B k o f R . 
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• Th e property o f independence doe s not depen d o n the orde r 
of th e rando m variables , an d a  subse t o f a  famil y o f inde -
pendent rando m variable s i s als o a  famil y o f independen t 
events. 

• Th e random variables X\, X2 ,..., X k ar e independent i f and 
only i f the event s (X\  =  x\  an d •  • •  an d Xj-i  =  Xj-i)  an d 
(Xj =  Xj)  ar e independen t fo r al l j  betwee n 2  an d k  an d 
for al l xi,X2,. . • ,Xj.  (I f thi s i s th e case , w e sa y tha t th e 
random variabl e Xj  i s independen t o f th e rando m vecto r 
( X L , X 2 , . . . ,Xj-i).) 

• A  given family o f subsets of ft form s a  family o f independen t 
events i f an d onl y i f thei r characteristi c function s for m a 
family o f independen t rando m variables . 

Remark. I n th e penultimat e assertio n above , w e wrot e th e even t 
(Xi =  x\)  f l (X2  =  X2)  a s (Xi  =  x\  an d X2  =  #2) . Thi s us e o f th e 
conjuction "and " t o correspon d t o th e intersectio n o f set s i s natural , 
and w e will us e thi s throughou t th e res t o f the book . 

The followin g tw o proposition s wil l be ver y useful . 

Proposition 3.1 . Suppose  that  (Xi)i ei is  a  finite  family  of  inde-
pendent random  variables  and  that  J  and  K  are  subsets  of  I.  If 
JP\K =  $,Yisa  real  function defined  on  (Xi)i ej, and  Z  is  a  real 
function defined  on  (Xi)i£K>  then  Y  and  Z  are  independent  random 
variables. 

Proof. Le t /  an d g  be rea l function s define d respectivel y o n R J an d 
RK. Suppos e tha t Y  —  f((Xj)jej) an d Z  =  g((Xk)keK),  a n d le t 
a, 6 G l. Le t A  b e the (finite ) se t o f (XJ)J^J  suc h that / ( ( ^ J ) J G J )

 =  a 

and (Xj(uj)) jej =  (xj)j ej fo r som e UJ  G O . Le t B  b e th e se t o f 
(xk)keK suc h tha t g((x k)keK) =  b  and (X k(uj))keK =  (x k)keK fo r 
some UJ  G  fi.  The n 

(Y = a)= | J p | (X,-=*,•), (Z  = b)= ( J f](X k =  xk) 
(xj)eAjeJ {x k)eBkeK 

and 
( F - a a n d Z =  6 ) = ( J f]  (X l =  x i). 

(Xj)eA,(xk)€B ieJUK 
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Since thi s i s the unio n o f pairwise disjoin t events , 

P(Y =  a  and  Z  =  b)  = ^  pi  f]  (X z =  x z) 
(xj)eA,(xk)eB \i£JuK 

By th e independenc e o f the rando m variable s Xi , w e obtai n 

P(Y =  a  an d Z  =  b)  = ] T J J P(X % =  x z) 
(xj)<EA,(xk)eB ieJUK 

=( E np^=^))( E  n p(^=^)) 
( ^ ) E A j G J {x k)eBkeK 

= P{Y  =  a)P{Z  =  b). 

This prove s tha t th e variable s Y  an d Z  ar e independent . D 

Proposition 3.2 . If  X  and  Y  are  independent  random  variables, 
then 

E[XY] =  E[X]  x  E[Y] 

and 
var(X +  Y)  =  var(X ) +  var(F) . 

Proof. Le t A  b e th e (finite ) se t o f values take n b y X,  an d le t B  b e 
the (finite)  se t o f values take n b y Y.  The n 

E[XY] = J2  abp (x =  a and F =  6), 
(a,b)£AxB 

and th e conditio n o f independence implie s tha t 

E[XY] =  ] T a6P( X =  a ) P ( F =  b) 
a£A,b€B 

= Y^ ap(x =  a)J2 hp(Y = b^ = EW x  E^-
a<EA b£B 

Using thi s formula , w e see tha t 

var(X +  Y)  =  E  [(X  +  Y) 2] -  (£[ X +  Y)f 

= ( £ [X 2] +  £  [l" 2] +  2B[Xy] ) -  (E[X} 2 +  £[F] 2 +  2£[X]£[F] ) 

= E  [X 2] -  E[X} 2 +  E  [Y 2] -  E[Y} 2 =  var(X) +  var(y) . 

D 



Chapter 4 

The Binomia l 
Distribution 

The rest o f this book will be focused o n the following problem. Le t S n 

be the number o f successful outcome s in a sequence of n identica l an d 
independent rando m trials , each having two possible outcomes. Wha t 
can w e say abou t th e behavio r o f the sequenc e (5 n) a s n  approache s 
infinity? 

Let p  b e th e probabilit y o f succes s fo r eac h o f th e elementar y 
experiments, an d conside r th e probabilit y spac e (fi n ,Pn) describe d 
in Sectio n 1.2 . Le t th e functio n S n define d o n Q n =  {0 , l }n b e th e 
random variabl e define d b y S n(u)) =  Yl7=i LUi' 

Before proceeding , w e mus t revie w th e concep t o f th e binomial 
coefficients (£) . I f k  an d n  ar e two integers such that 0  <  k  <  n,  the n 
(£) i s th e numbe r o f fc-element  subset s o f a n n-elemen t set . Thes e 
numbers satisf y th e recurrenc e relatio n o f Pascal' s triangl e 

CK)-" (Z::)-CK;.)^*< -
They ar e give n b y th e formul a 

/ n \ n ! 
\k) =  Jk!(n-Jfe) ! 

15 
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16 4. Th e Binomia l Distributio n 

and the y appea r i n Newton' s binomia l theore m 

(4.1) {a  + b)n =  ^( n
k\a

kbn-k. 
k=0 ^  ' 

Proposition 4.1 . The  random  variable  S n only  takes  integer  values 
between 0 and  n  and 

Pn(Sn = k)=(^jp k(l-p)n-k 

for every  k  between  0  and  p. 

We sa y tha t th e rando m variabl e S n follow s a  binomial  distribu-
tion wit h parameter s n  an d p. 

Proof. Le t q  = 1  — p. Fo r eac h uu  G  On , 

Pn(u)=ps^qn~SM. 

The even t (S n =  k)  include s exactly th e outcome s uo  with probabilit y 
phqn~h. Therefore , th e probabilit y o f this even t equal s it s cardinalit y 
multiplied b y p kqn~k. Sinc e th e event' s cardinalit y i s th e numbe r 
of way s t o obtai n k  successe s amon g th e outcome s o f n  trials , th e 
cardinality i s (^) . • 

A rando m variabl e X  follow s th e Bernoulli  distribution  wit h pa -
rameter p  i f i t onl y take s th e value s 0  an d 1  and i f P(X  =  1 ) =  p. 
This i s the sam e a s the binomia l distributio n wit h parameter s 1  and 
p. Th e followin g proposition , whic h follow s easil y fro m th e result s o f 
the previou s chapter , show s ho w th e binomia l distributio n wit h pa -
rameters n  an d p  relates t o the Bernoull i distributio n wit h paramete r 
V-

Proposition 4.2 . If  X i , X 2 , . . . , X n are  independent  random  vari-
ables following a  Bernoulli  distribution  with  parameter  p,  then  their 
sum X\  +  X2  +  •  • •  +  X n is  a  random  variable  following  a  binomial 
distribution with  parameters  n  and  p. 

Proposition 4.3 . E[S n] =  np  and  var(S n) =  np(l  —  p). 
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Proof o f Propositio n 4.3 . Propositio n 4. 1 implies tha t 

E[Sn) =  Y Jk(n
h)p

k(l-p) 
k=0 

n — k 
in i  i  —  iii 

and, b y usin g formul a (2.1) , tha t 

var(Sn) = £> -  £  [Sn]f ( " V ( 1 - p) n~k-
k=0 ^  ' 

From these , th e formula s give n i n Propositio n 4. 3 follo w easil y fro m 
Newton's binomia l theorem . (Startin g wit h th e binomia l formul a 
(4.1), us e the formula s obtaine d b y differentiatin g twic e wit h respec t 
to th e variabl e a.) 

Note tha t Propositio n 4. 3 als o follow s immediatel y fro m Propo -
sitions 4. 2 an d 3.2 . Indeed , i f X  i s a  rando m variabl e followin g a 
Bernoulli distribution with parameter p, then E[X] —  p and var(X) = 
P(I-P). a 
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Chapter 5 

The Wea k La w o f Larg e 
Numbers 

The probabilit y o f succes s fo r a  rando m experimen t i s usuall y ob -
tained experimentall y fro m th e frequenc y o f succes s i n a  sequenc e 
of (identica l an d independent ) repetition s o f tha t experiment . How -
ever, i n ou r mathematica l mode l th e probabilit y o f succes s i s give n 
a priori . Th e la w o f larg e number s reconcile s thes e tw o notion s o f 
probability. I n fact , i t show s tha t fo r a  larg e numbe r o f trials , i t i s 
very probabl e tha t th e frequenc y o f success i s close to th e theoretica l 
probability. Thi s i s the firs t justificatio n fo r ou r mathematica l mode l 
of probability . 

Consider th e situatio n studie d i n th e precedin g sectio n i n whic h 
Qn =  {0 , l }n i s the spac e o f outcomes fo r n  trial s o f the experiment . 
Supposing tha t thes e trial s ar e identica l an d independent , th e spac e 
On i s equipped wit h the product probabilit y P n =  ( 1 — p,_p)®n, wher e 
p is a parameter betwee n 0  and 1  that represent s the theoreti c proba -
bility o f success (se e Section 1.2) . A s before, w e let S n b e the rando m 
variable tha t count s th e numbe r o f successe s 

Sn(uj) =  UJ 1 +UJ 2 H  hw n, wher e UJ  =  (c^i ,^ , - •  •  , ^n ) G  fi n. 

The rando m variabl e S n follow s a  binomia l distributio n wit h param -
eters n  an d p. 

19 
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20 5. Th e Wea k La w o f Larg e Number s 

The empirical  (o r experimental)  probability  o f succes s i s ^ . Fo r 
large n , w e expect thi s frequenc y t o b e clos e to p.  Th e followin g the -
orem say s tha t thi s i s very likel y t o b e true . Th e resul t appeare d fo r 
the firs t tim e i n a  posthumously publishe d wor k by Jaco b Bernoulli. 1 

Theorem 5. 1 (wea k la w o f large numbers) . For  each  e > 0, 

Pn V n 
>e) — >0 

as n approaches  infinity,  and  this  convergence  is  uniform  in  p. 

This wa s name d th e weak  law  of  large  numbers b y Simeo n Deni s 
Poisson,2 wh o generalized Bernoulli' s resul t t o case s wher e th e prob -
ability o f success varies from tria l t o trial . (W e will discuss this resul t 
later; se e Theore m 11.12. ) 

Proof. Th e variance of the random variable S n i s var(5n)=np(l —  p). 
By th e Bienayme-Chebyshe v inequalit y (Corollar y 2.2) , 

Pn (\Sn -  np\  >  ne) <  - — v a r ( 5 n ) =  PK  />  < 
(ne)2 n  ne 2 4ne 2 ' 

which prove s th e theorem . • 

In th e cas e o f tossing a  fai r coi n (p  = 1/2) , th e wea k la w of larg e 
numbers says that th e proportion o f sequences of 0's an d l' s o f length 
n i n whic h th e frequenc y o f l' s differ s fro m 1/ 2 b y les s tha n e  tends 
to 1  as n  approache s infinity . 

Bernoulli's wea k la w o f larg e number s ha s a  nic e applicatio n t o 
the proble m o f uniforml y approximatin g a  continuou s functio n o n 
an interva l o f 1  b y a  polynomial . Th e Weierstras s approximatio n 
theorem state s that , fo r an y rea l functio n /  define d an d continuou s 
on a  closed an d bounde d interva l [a , b] o f M and fo r ever y e  > 0 , ther e 
exists a  rea l polynomia l functio n g  such tha t 

sup \f(x)-g{x)\  <  e. 
a<:r<6 

J. Bernoulli , Ars  conjectandi,  1713 . 
S. D . Poisson , Recherches  sur  la  probabilite  des  jugements  en  matiere  crivn-

inelle et  en  matiere  civile,  Paris , 1837 . 
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Serge Bernstein 3 gav e a  proo f o f thi s resul t usin g th e wea k la w o f 
large numbers. Hi s method ha s the advantage tha t i t gives an explici t 
formula fo r th e approximatin g polynomials . 

Proposition 5. 2 (Bernstei n polynomials) . Let  f  be  a real  function 
that is  defined  and  continuous  on  the  interval  [0,1] . Then 

sup 
0 < x < l ™-£G)'® xk{l-x) n — k 0 

as n approaches  infinity. 

This theore m implie s tha t th e polynomial s approximatin g /  o n 
an arbitrar y interva l [a , b] ar e give n b y 

k /  L  \  n  — k 

k=0 

f[a+{b-a)-

Proof. Fi x a n e  >  0 . Sinc e /  i s uniforml y continuous , ther e exist s 
an n  > 0  such tha t 

0 <  x,y  <  1  and \x  - y\  <  r) => \f(x)  -  f(y)\  <  e. 

Now, conside r th e probabilit y spac e (fi n ,Pn) a s previousl y define d 
and th e rando m variabl e / ( — ) . Bernstein' s polynomial s appea r a s 
the expecte d valu e o f this rando m variable ; indeed , 

E„ 

By th e la w o f larg e numbers , ther e exist s a n intege r no , independen t 
of the paramete r p , suc h tha t 

| &n 

n Pn V >rj <e 

for ever y n  >  no- W e hav e 

'S* 
n 

En i -m E / 
fc=0 

f(p) Pn(Sn  =  k) 

S. Bernstein , Demonstration  du  theoreme  de  Weierstrass  fondee  sur  le  calcul 
des probabilites,  Soobsch . Charkovskov o Mat . Obsch. , vol . 13 , pp . 1-2 , 1912 . 
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and th e triangle inequalit y implie s tha t a n uppe r boun d fo r thi s ex-
pression is 

E 
\$-P\<V 

f[-)-f(p) Pn\&n —  k) 

n 
+ \f(p)\)Pn(S n=k) 

< ] T eP n(Sn =  k)+ Yl  2  SU P \f(*)\Pn(S n =  k) 

\S-p\>v 
0<x<l 

P 
n 

<rj)+2 su p \f(x)\P n 
0<cc<l 

P 
n 

>rj 

Thus fo r every n  >  no, 

V n - / ( P ) < e +  2e su p | / (x) | . 
0<x<l 

This prove s tha t \E n [f  ( ^ ) ] -  / (p) | ca n be made arbitraril y small , 
uniformly wit h respec t t o p, by picking a  large enoug h n.  • 



Chapter 6 

The Larg e Deviation s 
Estimate 

Many o f th e result s w e wil l discus s ar e refinement s o f th e wea k la w 
of large numbers . W e wil l no w presen t th e firs t o f these refinements , 
which establishe s tha t th e rat e o f convergence i n this law is exponen -
tial. 

By usin g the Bienayme-Chebyshe v inequalit y i n the proo f o f th e 
weak la w o f large numbers , w e obtained th e estimat e 

Pn P 
n 

>e\<P{1ZP). 

As Serg e Bernstein 1 remarked , thi s uppe r boun d ca n b e greatl y im -
proved fo r larg e values o f n. 

For ever y e  G (0,1 — p), w e defin e 

ft+(6):=(p +  e ) l n ^ ^ +  ( l - p - € ) l n 1 " P " C . 
P 1 ~P 

This functio n appear s i n the statemen t o f the followin g theorem . 

S. Bernstein , Sur  une  modification  de  I'inegalite  de  Tchebychev,  Ann . Sc . 
Instit. Sav . Ukraine , Sect . Mat h I , 1924 . 
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24 6. Th e Larg e Deviation s Estimat e 

Theorem 6. 1 (larg e deviation s estimate) . For  every  e  G  (0,1 —  p) 
and n  >  1,  h+(e)  >  0  and 

Pn\ —  >p  +  e)  <e -»M«) . 
n 

This theore m immediatel y yield s th e followin g tw o results . 

(1) I f 0  <  e  <  p , the n h-(e)  : = h+(—e)  i s wel l define d an d 
positive, an d 

Pn(^<p-^<e~nh-^. 

(This follow s b y applyin g th e theore m afte r interchangin g 
success an d failure . I n thi s case , S n i s replace d b y n  —  Sn 

and p  i s replaced b y 1  — p.) 

(2) I f 0  <  e  < min(p, 1-p), the n 

Pn ( 1 ^ -p\  >  e) <  e~ nh^ +  e- n*-<c \ 

which approache s 0  exponentially a s n  approache s infinity . 

Proof. Fi x a t > 0 . W e hav e 

) =  P n (e*( s»-nP-n€) >  l ) , 

and Markov' s inequalit y implie s tha t 

Pn[^>P +  e)  <E n 
Dt(Sn—np—ne) 

= e~ nt{p+e)En \e ton 

— e - n t ( p + e ) 

fc=0 
etkCk)p

k(l-p) 
n — k 

By Newton' s binomia l formula , the n 

Pn (—  >P  +  e)  < e " n t ( p + e ) ( l - P +  pet) n =  e - n 

Since thi s i s true fo r ever y t  >  0, we obtai n 

-n ( t (p+e ) - ln ( l -p+pe t ) ) 

P n ( ^ > P +  6 ) <e -nh 
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where h  =  sup t>0(£(p +  e)  — ln(l —  p + pe*)) . T o complete th e proof , 
we only nee d t o prov e tha t 

h =  ( p + e ) In ^^ +  ( 1 - p  -  e ) In *  ~ P  ~  e  >  0 . 
P 1 - p 

This follow s fro m a n analysi s o f the behavio r o f the functio n g  :  t i—> 
£(p + e ) — ln( l —  p +  pe* ) o n [0 , +oo). W e leav e i t t o th e reade r t o 
check tha t g(0)  =  0  an d </(0 ) =  e  >  0 . Together , thes e impl y tha t 
the supremu m o f g  i s strictl y positive . Th e derivativ e o f g  vanishe s 
at th e poin t t  —  In 7^_  ~^J ; g  i s maximize d a t thi s point , an d it s 
value i s in fac t h+(e).  D 

It i s easy to illustrate the large deviations estimate with numerica l 
applications. Her e ar e a  few . 

(1) I f a  fai r coi n i s tosse d 10 0 times , th e probabilit y tha t th e 
number of heads is at least 60 is less than .14 . Her e (p , n, e) = 
(.5,100,.l). 

(2) I f a  fai r coi n i s tosse d 100 0 times , th e probabilit y tha t th e 
number o f head s i s a t leas t 60 0 i s les s tha n 2  • 10- 9 . Her e 
(p.n.e) =  (.5,1000,.1) . 

(3) I f a  fai r coi n i s tosse d 100 0 times , th e probabilit y tha t th e 
number of heads is at least 540 is less than .05 . Her e (p,n,e) = 
(.5,1000,-04). 

It i s useful t o understand th e behavior o f the exponent /i+(e ) a s e 
approaches zero . A  second orde r expansio n o f the logarith m functio n 
immediately yield s th e followin g result . 

Proposition 6.2 . ̂ 4 s e approaches  0, 

We conclud e thi s chapte r wit h th e followin g proposition , whic h 
says tha t th e larg e deviation s estimat e give n b y Theore m 6. 1 i s opti -
mal i n the sens e tha t th e exponen t canno t b e improved . 

Proposition 6.3 . For  all  e G (0,1 —  p), 

(6.1) li m -\n(p n(^>p^e))=-h+(e). 
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To prov e thi s proposition , w e wil l us e Stirling' s resul t tha t th e 
sequence (n~( n+1/2)enn!) >  converge s t o a  positiv e numbe r c.  W e 
will prov e thi s resul t i n a  mor e precis e for m i n th e followin g chapte r 
(see Proposition 7.2) . 

Before provin g Propositio n 6.3 , le t u s tak e a  momen t t o revie w 
asymptotic notatio n use d for comparing sequences . Le t (u n) an d (v n) 
be two real sequences. W e write u n —  0(v n) i f there exist s a  constan t 
k >  0 such tha t |ix n| <  kv n fo r ever y n ; i f this i s the case , we say tha t 
un i s o f orde r a t mos t v n. W e writ e u n =  o(v n) i f fo r ever y e  >  0 
there exist s ann o >  1  such tha t \u n\ <  ev n fo r eac h n  >  no ; i f thi s 
is the case , w e say tha t u n i s negligibl e compare d t o v n. Finally , w e 
write u n ~  v n i f u n —  vn =  o(\v n\) (fo r sequence s tha t d o no t vanish , 
this i s equivalent t o sayin g th e quotien t u n/vn tend s t o 1  as n  tend s 
to infinity) ; i f thi s i s th e case , w e sa y tha t th e tw o sequence s ar e 
aymptotically equal . Usin g thi s notation , w e ca n rewrit e Stirling' s 
formula a s n ! ~ cn n + 1 / / 2 e _ n . 

Proof o f Propositio n 6.3 . Fo r eac h n  >  1 , th e larg e deviation s 
estimate ca n b e writte n a s 

(6.2) -  I n (Pn (S n >  n(p  +  e) ) ) <  - M e ) . 
n 

We need t o find a  lowe r bound . Le t K n : = 1  + [n(p  + e)]  be the leas t 
integer greate r tha n n(p  +  e) . I t i s clear tha t 

Pn (Sn >  n(P +  €)) >  P n (S n =  kn)  , 

and w e will show tha t 

(6.3) li m -  I n (Pn (S n =  k n)) =  - / i + (e) . 
n—>oo ft 

This wil l impl y tha t 

liminf -  I n (Pn (S n >  n(p - h c))) >  -ft+(e) , 
n—->oo fl 

which, wit h (6.2) , yields th e desire d result . 

The sequence s (k n) an d ( n —  k n) approac h infinit y wit h n  an d 
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By applyin g Stirling' s formul a t o th e thre e factoria l sequences , w e 
obtain 

(«) P„( S„ = W~i\/iM»-w(5)*"(^)""*". 
Since thes e tw o sequence s t h a t approac h zer o a s n  approache s 

infinity ar e asymptot ical ly equal , s o are their logari thms . Le t us firs t 
analyze th e behavio r o f t he logar i th m o f the righ t han d side . Sinc e 
kn ~  n(p  - f e) and n —  k n ~  n ( l —  p —  e) , 

~H 1 
kn(n-kn) yfri 

hence, 

l i m - l n ( - X U  1  = 0 . 
n \c  V  ^n(^ -  k n)/ 

In addition , 

fcnIn (¥)  =  »(p + e)ln(^-)+ n(p  + e)In ^{p +  f ) 

K>n J \  P  i  C  y y  /C n 

+ (fc„-n( p +  e ) ) l n ( ^ ) , 

and th e fac t tha t A; n — n(p + e ) i s bounded implie s tha t 

l imIm((^V">U( P +  6 ) ]n / r P 

By th e sam e metho d w e can sho w tha t 

n \ \ n —  k nJ I  \1  —  p — e 

We deduce (6.3 ) fro m (6.4 ) an d th e las t thre e limi t calculations . Thi s 
proves th e theorem . • 
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Chapter 7 

The Centra l Limi t 
Theorem 

7.1. Statemen t o f the Theore m 

Obtained throug h th e successive work of Abraham d e Moivre,1 Pierr e 
Simon Laplace, 2 an d Car l Friedric h Gauss, 3 the central  limit  theorem 
plays a  centra l rol e i n probabilit y theory . Th e theore m i s fascinatin g 
because of the extremely wide range of applications, an d i t establishe s 
the universal role of the normal (o r Gaussian) distribution , th e famou s 
bell curve. I n vie w o f th e goal s o f thi s book , w e wil l limi t ou r stud y 
to sequences o f identically distribute d independen t rando m variables , 
each takin g onl y tw o values . 

Let us now return to the previously introduced setting . Th e space 
fin =  {0,1 } is equipped with the product probabilit y P n =  (p , 1— p)®n 

and S n(uj) =  uj\  +  002  +  •  •  •  + w n, wher e LU  = (c^i ,^ , • • •  ,u; n). I n 
addition, w e suppose tha t 0  <  p  <  1 , which eliminate s the tw o trivia l 
cases fro m ou r analysis . 

The wea k la w o f larg e number s gav e u s a  restrictio n o n th e fluc -
tuations o f S n aroun d it s averag e valu e np:  i f n  i s larg e enough , 

A. d e Moivre , The  Doctrine  of  Chances,  London , 1718 . 
P. S . Laplace , Theorie  analytique  des  probabilites,  Paris , 1812 . 

^C. F . Gauss , Theoria  combinationis  observationuvn  erroribus  minimus  obnox-
iae, 1821 . 
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fluctuations o f orde r n  ar e ver y improbable . I n addition , w e kno w 
that th e expecte d valu e of (S n —  np)2 equal s np(l  —p).  Thi s suggest s 
that likel y deviations o f S n fro m it s averag e have order y/n.  Th e cen -
tral limi t theore m confirm s thi s intuitio n an d give s quantitative (bu t 
asymptotic) informatio n abou t thes e deviations . Her e i s th e precis e 
statement o f the centra l limi t theorem . 

Theorem 7. 1 (centra l limi t theorem) . Let  a  and  b  be  two elements 
o / l U {+00 } U {-00} such  that  a  < b.  Then 

(7J) 4-^5rf-^/. lexp(~*2/2)<fe 
as n approaches  infinity. 

Before provin g th e centra l limi t theorem , w e wil l mak e a  fe w 
remarks abou t th e theore m an d presen t som e o f it s applications . 

7.2. Remark s 

The grap h o f the functio n x  1— • ~h=e~ x I 2 i s the Gaussia n curve . 

In th e proo f o f the theorem , w e wil l nee d th e fac t tha t 

e~*2/2 dx  =  1 . — / 

(This show s tha t th e functio n x  1— > -h=e  ^  / 2 i s a  probability  density 
on M ; however, w e wil l no t elaborat e o n thi s viewpoint. ) 

The integra l o f th e functio n x  »—> • e~ x I 2 canno t b e expresse d i n 
terms o f classical functions , s o integrals o f the for m —k=  f  e~ x I 2 dx 

' ° V2-7T  Ja 

cannot writte n i n a  simple r way . Nevertheless , th e numerica l value s 
of suc h function s ca n b e calculate d wit h goo d precision . Table s o f 
these value s ca n b e foun d i n man y book s becaus e the y pla y suc h a n 
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important rol e in the numerou s application s o f the centra l limi t theo -
rem i n statistics an d probability . I n addition , mathematica l software , 
such a s Mathematica ® an d Maple® , ca n b e use d t o comput e thes e 
values. 

The functio n <1 > : y  i— > -A= f  °°  e~x I 2 dx,  whic h measure s th e 
area o f th e tail  o f th e Gaussia n curve , decrease s ver y quickl y a s y 
increases i n (0,-f-oo) . 

For example , 

$(1) «  0.1587 , $(2 ) w  0.0228, an d $(4 ) «  3. 2 •  10" 5. 

For eac h y  >  0, 

_ _ i f e-v2/2 _  e -(v+if/A <  $ ( }  <  1  e -yV2 
%/2^(j/+l)V / - ^'-yftey 

so a s y  approaches +oc , 

V27T7/ 

The verificatio n o f thes e statement s i s lef t t o th e reade r a s a  littl e 
exercise i n analysis . 

The centra l limi t theore m ca n b e strengthene d b y a  resul t abou t 
uniform convergence : th e convergenc e i n (7.1 ) i s unifor m i n a  an d 
b. A  classica l resul t o f elementar y analysi s justifie s ou r assertion : 
every sequenc e o f rea l monotoni c function s o n R  takin g value s i n 
[0,1] tha t converge s t o a  continuou s functio n wit h imag e containin g 
(0,1) converge s uniformly . 

By usin g th e expressio n fo r th e binomia l distribution , w e ca n 
rewrite th e centra l limi t theore m i n th e followin g way : i f y  G  3R and 
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if k(n)  i s the intege r par t o f np  - f y^/np(l  —  p), the n 

k(rc) /  \  -\  CV 

J = 0 

as n  approache s infinity . Thi s follow s fro m tha t fac t tha t 

We could als o writ e 

3=0 KJ/ 

/np(l-p) — X
2/2 

dx, 

which, b y makin g th e chang e o f variabl e t  =  np  +  xy/np(l  —  p), i s 
equivalent t o 

k 
1 

V/27rnp(l - p ) /lexp(" (t -  np) 2 

2np(l —  p) 
dt. 

We can illustrate this result by showing the similarity between the bel l 
curve an d histogram s representin g th e binomia l distribution : i t suf -
fices to plot the function takin g the value = exp \ 2np(l-p)J y/2ivnp(l-p) 

for eac h rea l t  an d th e functio n takin g th e valu e ( n)p-7(l —  p )n _ J fo r 
each integer j  betwee n 1  and n  on the same axes . Th e following figure 
shows thes e tw o function s wher e th e parameter s tak e value s n  =  2 0 
and p  =  .6 . 

This grap h suggest s tha t 

jP{l-p)r 

v
/27rnp(l - p ) exp 

(j ~  np) 2 

2np(l —  p) 

This wil l be confirmed b y the d e Moivre-Laplace theorem , whic h 
will b e state d an d prove d late r i n thi s chapte r a s a  ste p toward s 
proving th e centra l limi t theorem . 
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7.3. Application s 

Here ar e a  few example s o f the application s o f the centra l limi t theo -
rem. W e will give a theoretical application to the law of large numbers 
as wel l a s mor e practica l example s o f it s application s i n estimatin g 
probabilities, calculatin g confidenc e intervals , an d performin g statis -
tical tests . 

The wea k la w o f larg e number s i s a n immediat e consequenc e o f 
the centra l limi t theorem . Fi x e  > 0  and 5  > 0 . Ther e exist s a n a  >  0 
such tha t $(a ) <  5  and , n >  a  fo r larg e enoug h n.  Then , fo r 

VP( 1 _ P ) 
such a n intege r n , 

Pn P > € ~-Pn 
Sn -np 

< 
ey/n 

y/np(l-p) yjp(l-p) 

+ Pn > 
e^/n Sn -  np 

y/np(l-p) ~  y/p(l-p)l  ' 

so 

Pn -V 

<Pn 

> e 

Sn -np 

y/np{l-p) 

By th e centra l limi t theorem , 

/ S n-np 

<-a)+Pn 
Sn -  np 

Pn 
\y/np(l-p) 

y/np(l-p) 

< -a)  -$(a) 

> a 

and 

Pn 
( S n np 

> a Ha) 

<5 

<d 
\y/np(l-p) 

for larg e enoug h n.  Fro m th e choic e o f a  an d th e abov e inequalities , 
we conclude tha t 

^n 
Pn P >e) <4S 

for larg e n.  W e hav e thu s show n tha t 

&n 
P 

n 
> e 

as n  approache s infinity . 
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After examinin g thi s argument , i t i s eviden t tha t w e ca n actu -
ally prov e a  stronge r result : fo r ever y rea l sequenc e (u n) suc h tha t 
l im^oo ^  =  0 , 

> e —> 0. P 
n 

We wil l presen t othe r consequence s o f the centra l limi t theore m ove r 
the cours e o f thi s book . I n particular , i n Chapte r 1 0 we wil l explai n 
the meanin g o f the assertio n tha t "th e sequence (S n) i s almost surel y 
not bounded" , an d w e wil l prove thi s assertion . 

Now we will explain som e more practica l application s o f the cen -
tral limi t theorem . Thes e application s ar e base d o n estimatin g prob -
abilities o f the for m 

Pn (np  +  y/na  <  S n <  np  - f \/nb) 

by th e valu e 

1 f  VP( 1-P. } e~* 2/2 dx. 

/P(I-P) 

However, th e statemen t o f th e centra l limi t theore m doe s no t sa y 
how goo d o f a n approximatio n thi s is . Ther e ar e theoretica l results , 
such a s the Berry-Essee n inequality , tha t giv e explici t uppe r bound s 
for th e erro r i n th e approximation . Thes e theorem s ar e addresse d i n 
more advanced text s about probabilit y theory , an d we will not discus s 
them furthe r here . I n general, the approximation give n by the centra l 
limit theore m i s considere d t o b e acceptabl e wheneve r np(l  —  p) > 
18. Thi s statemen t deserve s t o b e studie d mor e closely , whic h i s 
certainly possibl e wit h moder n method s o f calculus . A  discussio n o f 
this statemen t appear s i n William Feller' s book. 4 

In th e previou s chapter , w e determined a n uppe r boun d fo r th e 
probability tha t th e number o f heads would be at leas t 60 after tossin g 
a fai r coi n 10 0 times. Th e centra l limi t theore m provide s a n estimat e 
for thi s probability : her e p  =  .5 , so 

Pioo(SWO >  60) =  P wo (
Sw°-50 >  2 ) «  $(2 ) *  .02 . 

W. Feller , Introduction  to  Probability  Theory  and  its  Applications,  volum e 1 , 
chap. VII .3 . 



7.3. Application s 35 

In th e sam e way , we can estimat e th e probabilit y tha t th e numbe r o f 
heads i s a t leas t 54 0 afte r 100 0 coin tosses : 

D / c ^  KA(\\  o  Z'S'iooo-SO O 
PIOOG(#IOOO >  540 ) =  Pioo o — - ~ T = — > 

5V10 "  y/W 

« $ (-4=)  ~  -006. 

Now, her e i s a n exampl e whic h involve s tw o concept s fro m sta -
tistics: confidenc e interval s an d hypothesi s tests . (However , w e wil l 
not giv e precise definition s fo r thes e concepts. ) 

Between 187 1 and 1900 , 1,359,670 boys and 1 , 285,086 girls were 
born i n Switzerland. Ar e these number s compatibl e wit h the hypoth -
esis that th e gender s o f newborns ar e independent rando m character -
istics an d tha t th e tw o gender s appea r wit h equa l probability ? 

Set n  =  1,359,67 0 + 1,285,08 6 =  2,644,75 6 an d suppos e tha t 
n trial s wer e performed . Withou t th e intentio n o f appearin g sexist , 
we wil l cal l th e birt h o f a  bo y success  and th e birt h o f a  gir l failure. 
Supposing fo r th e momen t tha t th e n  trial s ar e independen t an d th e 
probability o f success i s 1/2 , w e will determine a  number C  suc h tha t 
the probabilit y tha t th e numbe r o f successes i s greater tha n C  i s less 
than 10 - 5 . 

Since $(4.5 ) <  10~ 5 an d 

Pn(Sn >C)*$  ( 2^~ 

by the centra l limi t theorem , w e can choos e C  >  \(n  +  4.5 y/n). Thi s 
yields C  =  1,326,037 . 

The numbe r o f successes (o r male births ) i s actually muc h highe r 
than thi s number . I f ou r hypothesi s abou t th e distributio n o f birth s 
were true , th e figures  observe d i n Switzerlan d woul d b e highl y im -
probable. Therefore , i t i s reasonabl e t o rejec t th e hypothesis . W e 
conclude that ou r demographic figures contradict th e assumption tha t 
the gende r o f newborns i s an independen t rando m characteristi c wit h 
uniform probabilit y distribution . 

Remark. On e migh t b e bothere d b y th e us e o f th e centra l limi t 
theorem, a  purel y asymptoti c result , i n thi s example ; however , thi s 
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is ho w th e theore m i s use d i n practice . Nonetheless , w e not e tha t 
the larg e deviation s estimat e provide s a  simila r resul t fo r thi s las t 
example: i n thi s case , w e write th e estimatio n a s 

Pn(Sn >  C)  <exp(-nh 

which yield s 

Pn(Sn >  C) <  5 • 10"5 

for n  =  2,644 , 756 an d C  =  1,326,037 . 

7.4. Proo f o f th e Theore m 

The proo f i s compose d o f severa l steps . Th e firs t step , whic h i s als o 
the mos t importan t ingredien t o f the proof, i s Stirling's formula . Thi s 
formula provide s a  sequenc e tha t i s asymptoticall y equa l t o th e se -
quence (n! ) an d thu s allow s u s t o estimat e th e binomia l coefficient s 
(k) fo r larg e n , A; , an d n  —  k. Th e proo f wil l continu e wit h th e 
estimation o f th e probabilit y tha t S n i s withi n a  certai n interva l 
[np + a^/p(l  —  p)y/ny np  - f b^/p{\  —  p)yfn\. T o d o this , w e wil l es -
timate P n(Sn —  k)  fo r larg e n  an d intege r k  withi n th e give n interva l 
with hel p from th e d e Moivre-Laplace theore m (i n Chapter 9 , we will 
discuss th e local  limit  theorem,  whic h i s a  generalize d for m o f thi s 
theorem). A t th e las t step , w e wil l attai n th e centra l limi t theore m 
by usin g Rieman n sums . 

The proof tha t w e provide uses only elementary tool s of real anal-
ysis. Anothe r proo f use s th e Fourie r transfor m o f measures , whic h i s 
called the characteristic  function  i n probability theory (thi s is distinct 
from th e characteristi c functio n introduce d i n Chapte r 1) . Althoug h 
this Fourie r analysi s metho d ca n b e use d t o prov e th e centra l limi t 
theorem i n much mor e genera l settings tha n th e on e we are studying , 
we will no t presen t i t her e becaus e i t i s no t elementary . 

Proposition 7. 2 (Stirling' s formula) . For  each  integer n  >  0, set 

n! = v / 2^n n + 1 / 2 e - n ( l +  e n). 

There exists  a  real  constant A  such  that  \e n\ <  ^ . 

C 1 
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Proof. First , w e wil l sho w tha t ther e exist s a  c\ G K such tha t 

ln(n!) = ci + ( n + - J I n n -n +  0 (-

This estimate i s based on a comparison o f the series with genera l ter m 
Inn t o the logarithmi c integral . W e writ e 

/•n+l/2 n  /  *fc+l/ 2 \ 

(7.2) l n ( n ! ) = / l n t d t +  V l n f c - / ln t dt . 
i l /2 fc=1  V  A - l / 2 7 

On on e hand , 

r n + l / 2 

Jl/2 
Int dt  = [tlnt-t]" n+l/2 

/2 n + ^ ) l n ( n + ^ n + c2 

for som e constan t c 2. Th e Taylo r serie s fo r the logarithm functio n 
about 1  yields 

In (n+l)=  ln(n ) + In (1 + ^-] =  ln(n) + - |- + O ( ^) , 
2n 2n 

which yield s 

(7.3) 
Jl/2 

n+l/2 
lnt dt n + - j  ln(ra) -n + c3 + O I -

for a  constant C3 . 

On th e othe r han d 

rk+1/2 

Ink- /  Int  dt = Ink-[tint-t^+Y/l 
Jk-l/2 ' 1/ 

= In k - (k  + 0 / n (ft + ^ +  (k - M  /n f A; - ±  ) + 1 

-5-(1-^)-*(ta(1 + 5)-ta(1-S 1. 

The Taylo r serie s expansio n o f the logarith m functio n allow s u s t o 
write thi s as 

r /c+l/2 

ln fc- /  lnt  dt = O I -^ )  - k 
k-1/2 

_1 1 _ /J _ 
2k 8k 2 + U 3 

1 1 
2k 8k 2 O + 1, 
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which show s tha t ther e exist s a  constan t C 4 Gl suc h tha t 

rfc+l/2 
lnfc 

/•K-t-1/2 

Jk-1/2 
Int dt < 

fc2" 

Thus (I n A: —  f k_1,2
 m ^ dt)  i s the general ter m o f an absolutely con -

vergent series . Le t 

C 5 

+°° /  /.fc+1/ 2 \ 
: = V ln fc - /  ln t d t I  . 

Now, not e tha t 

+00 

k=n+l 

fc+1/2 
lnfc 

rK-tL/Z 

Jk-1/2 
\nt dt 

j -00 - . 

+ 0 0 

fc2 

< C 4 ^ 
c4 

fc=n+l 
fc(fc-l) n ' 

which prove s tha t 

From (7.2) , (7.3) , and (7.4) , we obtain 

ln(n!) =  (  n + -  j  ln(n ) -n +  c 3 + c 5 - f O f -

which complete s ou r first  step . B y writin g d  : = e C3+C5, w e hav e 
obtained 

n ! - d n n + 1 / 2 e - n ( l +  en), 

where e n =  0 ( £ ) . 

To complete ou r proof, w e must sho w tha t d  = y/2n.  T o do this, 
we will use Wallis integrals , whic h ar e defined fo r eac h n  e  N  by 

n := /  sin n 

Jo 
t dt. 

Integration b y parts yield s 

* 2" 

Jo 
sinn t  •  sin t dt / 2 ( n - l ) s i 

Jo 
sinn 2  t co s t •  cos t dt 
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for eac h n  >  2. Thu s 

In =  (n - 1 ) /  sin n"2 t  ( 1 - sin 2 t) dt, 
Jo /o 

which yield s the recurrenc e 

nln =  (n-  l)I n-2-

Since / o =  f  an d I\  —  1, for eac h n  >  1 , we can writ e 

_ ( 2 n - l ) ( 2 n - 3 ) - - - l (2n) ! TT 
2n "  ( 2 n ) ( 2 n - 2 ) . . - 2 °  " 2 2™(n!)2 2 

and 
(2n) (2n-2 ) - - -2 _  2 2n(n!)2 

2 n + 1 _ ( 2 n + l ) ( 2 n - l ) . . - 3 x  ~  (2 n + l ) f 

Now, not e tha t th e recurrence relatio n yield s 

Since J n_2 

which can 

> lu --l >  4 , 

be writte n a s 

lim 

lim 
n-+oo 7 n _ 2 

this implie s 

lim 
n->oo i n _ 1 

((2n)!)2(2n 

= 1 . 

that 

= 1 , 

+ 1) 
n-^o 2 4 n (n! ) 4 2 

From th e first  ste p o f ou r proof , w e know tha t n\  ~  d n n + 1 / 2 e _ n a s 
n approache s infinity . B y replacing th e factorial s i n the abov e limi t 
with th e expression s give n b y Stirling' s formula , w e conclud e tha t 
d2 =  2TT.  This complete s th e proof. • 

Proposition 7. 3 (d e Moivre-Laplace theorem) . For  each 0 < k  <  n, 
set 

Then, for  each  a > 0, 

lim ma x |^n(&) | = 0 . 
n ^ o o k:\k-np\<ay/n 
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Proof. Fi x a  rea l numbe r a  >  0  an d le t I n b e th e se t o f integer s 
between np  —  ay/n  an d np  +  a^Jn.  Le t (s n^)n>o,kein

 a n d (tn)n  >  0 
be tw o familie s o f rea l numbers . W e wil l write s n,k —  O u(tn) i f ther e 
exists a  rea l constan t C  suc h tha t |s n,/c| <  Ct n fo r ever y n  >  0  an d 
k G  In (Th e subscrip t u  o f O  indicate s tha t th e estimat e i s unifor m 
in k.) 

Stirling's formul a implie s tha t 

(7.5) 

__ 1  I  n  /n  \ k /  n  , \ n ~ f e 1  + €n 

~ ^ V M ^ ~ * 0 ^ U ~ f e 7  ( l +  eOC l + en-fc) " 

If / c G Jn, the n 

(7.6) 
n n 

(np +  ay /n)(n(l —  p) - f ayfn)  ~  k(n  —  k) 
n 

~ (np  —  ay /n)(n(l —  p) — a y ^) 

From thi s w e conclude tha t 

<"> M ^ ) - ^ ) ( I + O » ( " - " 2 ) ) -

and thu s 

v ;  \jk{n-k)  ^ np(i -  p ) v  u v ; ; 

Now, by using the Taylor series ln(l + £) = i — Y + 0 ( *3 ) ; equatio n 

(7.7), an d th e fact s tha t ^  =  O u{n-^
2) an d ^ f =  O u(n~1 / 2) , 
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we can writ e 

In 
fc /  -  \  n-k\ 

(» U^-» 
t l „ l l - t r ^ N ) + ( » - * ) l " ( ' l + ' c " " ! > 

n —  k 

1, . , o / l 1 = _  *  (fc _ n p ) 2 M  +  _L_  \  +  Wu  („-3/2 ) +  ( n _  fc)0u  ( n-3/2^ 

- ^ f c - ^ 2 ^ ) + 0 > " 1 / 2 ) -

Therefore, 

Finally, sinc e 

^n ^  ?  ^k  ^  ~T  ->  ^n  —  k ^  T ? 

n k  n  —  k 

* = < » • ( ; ) • ^ = < > . 

we have tha t 

(7.10) l - ^ -=(l  +  oJ-
( l +  e fc)(l + e n_fc) V  V " 

By combining the estimates (7.8) , (7.9) , and (7.10 ) i n the identit y 
(7.5), w e obtai n 

k,p ( 1~PY 

:-(-|^))(I +  0 "("-"2 y/2np{l-p)n V  2 n p ( l - p ) y 

D 

We wil l us e th e followin g lemma s t o deduc e th e centra l limi t 
theorem fro m th e d e Moivre-Laplac e theorem . 
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Lemma 7.4 . Let  [a , b] be an interval  of  R , and  let  f  be  a function 
defined on  R  £/ia £ i s zero  outside  of  [a , 6] an d continuous  on  [a , 6]. 
TYien 

lim 
/ i->0,/ i>0 

h Yl  fit +fch)= /  ^  ̂ x 
fc= —oo 

uniformly in  t  £  R . 

Proof. Not e tha t th e su m appearin g i n the statemen t o f this lemm a 
is nearly a  Rieman n su m fo r f(x).  Th e resul t follow s easil y fro m th e 
uniform continuit y o f th e functio n /  o n th e interva l [a , b]. Fix e  >  0 
and choos e h  smal l enoug h s o tha t 

\f(x) —  / (y) | <  e  wheneve r x,y  E  [a , 6] and |r c — 2/ | < /i . 

Letting 

{/c G Z |  a <t  +  kh <  b}  = {i,i  +  l,i  +  2,.. .J} 

and 

M : = su p \f(x)l 
a<x<b 

we have tha t 

fc:t+ifchG[a,6] a 

i - i 

fc=2 

hf(t + kh)- [ 
Jt+k 

{k+l)h 

f(x) dx 
h 

+ 2hM 

< 3/i M +  ( j -  2)/i e <  3/i M +  ( 6 - a)e . 

a 

The followin g lemm a i s wel l known ; w e leav e it s proo f a s a n ex -
ercise fo r th e reader . 

Lemma 7.5 . 

t= /  e-*' 2 dx  = 1. 
2?T J-OO 



7.4. Proo f o f th e Theore m 43 

Proof o f th e Centra l Limi t Theorem . W e start wit h th e cas e in 
which a  an d b  are tw o rea l numbers . Le t K n b e th e interva l 

[ay/np(l-p), by/np(l-p)]. 

We hav e 
n 

Pn (S n -npe  K n) =  ^2  X Kn (
k ~  n P) '  pn(Sn =  k) 

k=0 

I y 
^p{l-p)nf^ 

(k —  np)2 

• exp 2np(l —  p) 

XKn (
k ~  n P) 

(l +  S n(k)) 

where lim n^oo max/- |£n(fc)| =  0  b y Propositio n 7.3 , sinc e k  —  np  i s 
always i n K n. I t follow s tha t 

gx^^-^.exp^-^^J 
(7.11) P n(Sn-npeKn) 

y/2irp(l -  p)n  ^ 

where lim n_^oo Sn =  0 . Whe n n  i s large enough , th e expressio n (7.11 ) 
equals th e expressio n obtaine d b y replacin g YHc=o  b y ]C/c<= z •  Thi s 
expression i s equivalen t t o 

(7.12) 

2TT y/p(l-p)n 

kez L 
X[a,b} 

k 

y/np(l-p) 

( 1  / 

np 

k 
x ex p — y/np(l -p) 

np 
2 \ n 

By settin g h  =  (np( l —  p))  x l2 an d / (# ) =  ~m =e x  ^ 2 > w e s e e tha t 
2T T 

this expressio n ha s th e for m o f th e on e i n Lemm a 7.4 . Therefore , 
the expressio n (7.12 ) approache s -A = Ja e~ x I 2 dx  a s n  approache s 
infinity. 
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This prove s th e theore m fo r rea l a  an d b.  Lemm a 7. 5 allow s u s 
to trea t th e cas e wher e a  =  —  oo by provin g tha t 

-xz/2 dx (7.13) P n ( s n -np<  by/np{l-pj)  —+  - - = J 

as n  approache s infinit y fo r al l rea l b.  Th e cas e wher e b  =  -fo e i s 
treated similarly . 

Let 6 G 1 an d e  > 0. Fi x c  > max(0 , b) such tha t 
f + OO 

\ /2Wc 
e~x / 2 cte < e. 

Then -A = f  e  x  I 2 dx  <  e, and Lemm a 7. 5 implie s tha t 
y/2n J - 0 0 '  ^ 

— L /  e~* 2/2 da ; > 1  - 2e . 

We can writ e 

Pn [S n ~np<  by/np(l-p))  j=  \  e 

\ /  \/Z7T  J - o o 

where 

An : = P n ( s n -  np  <  -cy/np(l  -  p)J  , 
Sn ~  ^ 

-*2/2 dx < An+B n+C, 

Bn ' Pn -C< 
y/np(l -p) 

: = - L f' Ce-x2,2dx. 
V  ̂ J-oo 

<b J _ fb 
e~x^2dx 

C 

We have tha t 

0 <  A n <  1  - P n (-Cy/np(l-p)  <  S n ~  Tip  <  C^Tip(l -  p) ) , 

and, a s i n th e first  par t o f the proof , 

lim P n \-cy/np(l  -p)  <  S n-np <  cy/np(l -  p) ) 
n—>oo \  / 

/2W- ( 

- x 2 / 2 dx >  1  - 2e . 

This shows that A n <  2 e for larg e enough n . Similarly , lin^^o o B n = 
0, an d C  <  e  by ou r choic e o f c . Thi s prove s (7.13) . • 



Chapter 8 

The Moderat e 
Deviations Estimat e 

We will continue usin g the notatio n introduce d i n the previou s chap -
ters. Thu s S n denote s the number o f successes observed i n a sequence 
of n  independen t trial s o f a  probabilisti c experimen t wit h succes s p. 
The empirica l probabilit y o f success i s S n/n. Th e estimatio n o f larg e 
deviations tell s us the siz e of the probabilit y tha t th e empirica l prob -
ability deviate s fro m p  a s n  tend s t o infinity . I n addition , th e centra l 
limit theore m tell s u s tha t i f (a n) i s a  rea l sequenc e tha t approache s 
infinity wit h n , the n th e probabilit y tha t th e empirica l probabilit y 
deviates fro m p  by abou t a n /y / n approache s 0  as n  approache s infin -
ity. Unde r certai n hypothese s abou t th e sequenc e (a n), the moderat e 
deviations estimat e wil l provid e mor e detai l abou t thi s convergence . 
To obtai n ou r estimate , w e wil l us e a  generalizatio n o f th e centra l 
limit theore m t o a  for m wit h variable  bounds.  I n Chapte r 1 2 we wil l 
use th e moderat e deviation s estimat e t o establis h th e famou s la w of 
the iterate d logarithm . 

What kin d of estimate can we hope for? Th e central limit theore m 
tells u s tha t a s n  approache s infinity , 

Pn (^  ~  P > V P O ^ J - ^) ~  $(«). 
Vn V nJ 

45 
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The moderate  deviations  estimate  assert s tha t thi s remains true whe n 
a i s allowed t o approac h infinit y wit h n  a t a  slow enough rate . Recal l 
that i f lim n_>00 an =  +00 , the n 

The followin g theore m firs t appeare d i n a n articl e b y Haral d 
Cramer.1 

Theorem 8. 1 (moderat e deviation s estimate) . Suppose  that  (a n) 
is a  sequence  of  real  numbers  such  that  l im n^0 0 a n =  - f 00 and 
limn^oo ann~1^6 =  0  .  Then 

Note tha t th e theorem' s conclusio n doe s no t hol d i f the sequenc e 
(an) approache s infinit y to o quickly . Fo r exampl e (takin g a n — 

\fn), th e sequence s ($(y/n)  an d (P n f  ^ —  p >  y/p(l  —  p))) ar e no t 
equivalent. I n fact , 

l i m - hi${<s/n)  =  - - , 
n 2 

but i f p <  | , the n \/p(l  —  p) <  1  — p an d 

lim 1 lnPn (  ̂-p  >  VpJ^pf) =  ~h+ (VPU^P)) 

by Propositio n 6.3 . 

We wil l prov e Theore m 8. 1 b y usin g a  refinemen t o f th e tech -
niques w e use d t o prov e th e centra l limi t theorem . Th e first  ste p i s 
to optimize th e proo f o f the d e Moivre-Laplace theore m (Propositio n 
7.3). Thi s theore m give s a  sequenc e tha t i s asymptoticall y equa l t o 
Pn(Sn =  k n) a s n  tend s t o infinity , wher e k n =  np  - f 0(y/n).  Th e 
careful reade r wil l realize that th e theorem's proo f can be extended t o 
the cas e wher e k n =  np  +  o(n 2/3). Thi s extensio n o f the d e Moivre -
Laplace theore m i s the goa l o f the followin g proposition . 

H. Cramer , Sur  un  nouveau  theoreme-limite  de  la  theorie  des  probabilites, 
Acualites Scientifique s e t Industrielles , vol . 736 , pp . 5-23 , Hermann , Paris , 1938 . 
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Proposition 8.2 . For  0  < k  <  n, set 

f?V(l-p)"-fc= ,  l  expf- f - np)\)-(l +  Sn(k))-
W y)  ^2np(l-p)n  *\  2np(l  -  p)J  K  nK>> 

Then for  every  positive  real  sequence (c n) approaching  zero, 

lim ma x |^n(^) | = 0 . 
n^oo k:\k-np\<c rin

2/3 

Proof. Le t J n' b e th e se t o f integer s k  suc h tha t \k  — np\ <  c nn
2/3. 

For eac h k  G  Jn
; , formul a (7.6 ) become s 

n 
(np + c nn2/3)(n(l —  p) +  c nn2/3) 

n 
< 

< 

k(n —  k) 
n 

(np — c nn2 /3)(n(l —  p) —  c nn
2/3) 

We deduce tha t 
n 

k(n —  k)  np(l  —  p) 

and thu s 

/ - - ( i +  o. („,-/»)), 

<81) v /M^=^ra(1+°-(^,/3))' k(n -  k)  sjnp{l-p) 

Now, since , ^  =  O u{cnn'1/3) an d £ f =  O u(cnn-ll*), th e 
Taylor serie s fo r th e logarith m functio n yield s 

= - i ( t -  np) 2 ( i +  ^ - ^ 1 +  M> „ (c jn-1 ) +  ( n -  k)0 „ (c jn" 1) 

Hence, 
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Finally, a s i n th e proo f o f Propositio n 7.3 , 

(8.3) ^  =  ( 1 +  O u (-

By combining th e estimate s (8.1) , (8.2) , and (8.3 ) i n the identit y 
(7.5), w e obtai n 

\n —  k ) / ( i - p ) r n 
k, 

2 

where c f
n := ma x (c nn

 1 '3,cll,n
 1 ) . D 

By following th e steps we used to obtain the centra l limit theore m 
from th e d e Moivre-Laplac e theorem , w e will obtain a  version o f th e 
central limi t theore m wit h variabl e bound s fro m Propositio n 8.2 . 

Proposition 8.3 . Let  (k n) and  (£ n) be  two integer  sequences  such 
that k n <  £n and  k n,£n =  np + o (n2/3) as  n approaches  infinity.  Set 
an : = *""" * and  b n :=  f n~np .  Then 

y n p ( l - p ) y/np(l-p) 

Pn (kn <  S n <  £n) ~ - L /  n  e~x2'2 dx 

as n approaches  infinity. 

If th e sequence s (a n) an d (b n) converg e respectivel y t o a  an d b 
such tha t a  <  6 , this theore m become s th e centra l limi t theorem . 

Proof. Se t h(n)  : = ,  l  W e wil l onl y conside r integer s n  tha t 
y/np(l-p) 

are larg e enoug h s o that 0  <  k n <  £n <  n.  Writ e 

and 

p. (*. < s. < u) - *g E «*> (-^rqs) •  a+*•«» • 
j — kn 
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The hypotheses on the sequences (k n) an d (£ n) alon g with Propositio n 
8.2 impl y tha t th e sequenc e (S n(j))n>i converge s uniforml y t o zer o 
when k n <  j <  £n. Therefore , w e just nee d t o sho w tha t 

<-> » < » , ' £ ' - P ( - £ ^ ) - £ . - " * . 
j — kn n 

This follow s easil y b y considerin g th e Rieman n su m o f e~ x I 2. 
Set 

j -np x(j) := 
y/np(l-p) 

Then a n —  x(kn) an d b n =  x(£ n). W e ca n rewrit e formul a (8.4 ) a s 

I1 /  w,n2 \ r bn 
.5) M n ) £ e x p ( - ^ ) - j r " e ~' 2 dx 

3 = k n 

o I  /  e~ x2/2 dx 

Suppose fo r th e momen t tha t a n >  0. B y notin g tha t 

h{n)exp f-^i±Dl\  <  r 0+1)
 e-xV2 dx <  h(n)exp ( - ^ 

for k n <  j <  £n, w e obtai n 

0 <  /!(« ) £  e - 0 ) 2 / 2 _  /" 6" e-
2 / 2 dx  <  ft (n) ( e-«°/2 _  £ -bl/2^ 

J = / C n 

We als o kno w tha t 

[bn e-^' 2 dx>-  [ K xe~* 2'2 dx=^  {e-<' 2 -  e'^ 2) . 
Jan

 b n Ja n
 h n V  / 

Now, /i(n ) =  o(b~ l) sinc e 6 n =  o(n 1//6). Thus , th e las t tw o inequali -
ties yiel d (8.5) . 

We hav e prove d th e theore m i n th e cas e wher e a n >  0 . B y 
symmetry, th e cas e wher e b n <  0  i s prove n identically . I n th e cas e 
where a n <  0  <  b n, w e ca n us e th e sam e argumen t b y separatin g 
the compariso n o f the integra l wit h th e discret e su m int o three parts : 
one par t fo r eac h o f th e interval s R + an d M ~ an d on e par t fo r th e 
potential ter m a t zero . W e leav e th e detail s t o th e reader . • 
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Proof o f th e Moderat e Deviation s Estimate . Sinc e the limit of 
an /n1 / / 6 a s n  approaches infinit y i s 0, (an) approaches infinit y les s 
quickly tha n (n 1//6) does . Conside r a  real sequenc e (d n) suc h tha t 
dn =  o(a n) an d d n > A/2 In an (fo r example , w e coul d choose  dn = 
lna n o r dn = y/a^). Fo r eac h n , le t k n b e th e leas t intege r tha t is 
greater tha n o r equa l t o np  + \Jnp(l —  p)an, an d le t £ n b e th e leas t 
integer tha t i s greater tha n o r equa l to np  +  \/np{l —  p)(an +  dn). 
We hav e 

Pn (— - P > y/^T^j^) =  Pn (S n >  kn) , 

so 

*n). Pn(—-P> y/p{l-p)^\  =  Pn (kn <  Sn < 4) +  Pn (Sn > 

From th e fac t tha t a n =  o(n 1//6), w e deduc e tha t k n,£n =  np + 
o(n2/3), s o th e hypothese s o f Propositio n 8. 3 ar e satisfied . Settin g 

*"-wp an d b n : = ^~ np ,  yields 
y'np(l-p) >/np(l-p ) 

V 27 T J a/ 

SO 

P n (fe n <S n<Zn)~-4= J"  ^ ' 2 dx - ^ = \  ^  e ^2 dx. 
V 27T Ja T l V  27T Jan 

To finish  th e proof , w e just nee d t o sho w tha t 

(8.6) f  U  e~x^2 dx~ —  ex p (--

(,7) ^ . - " — ^^(-f)) 
and 

(8.8) P n (Sn >£ n) =  o (J- ex p ( - ^ 

We hav e 

/"6B e-*2/2 d x < — /+ ° ° xe-* 2'2 dx=—  ex p ( -$ 
ia„ a n Ja n

 a n V  2  , 
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and, sinc e b n >  an +  d n. 

/ e-*' 2 dx>  e~*  ' 2 dx 
Jan Ja n 

i ra>n+d n 

> —  /  xe~ x / 2 dx 
an -f - d n J  an 

1 /  f  a l\ f  {a n + dn 
exp I  — — —  exp 

^2 

an + dn \  \ 2 / V  2 

1 /  a ? 
• e x p 

This prove s (8.6) . 

The fac t tha t 0  <  a n —  an <  (np(l  —  p))~1^2 directl y implie s tha t 

e-^l2dx<-rJ==^VLa\ 

which i n tur n implie s (8.7 ) becaus e a n =  o(y/n). 

The las t estimat e (8.8 ) follow s fro m th e larg e deviations estimat e 
(Theorem 6.1) . W e hav e 

Pn {S n >  £ n) <  ex p (-nh+  ( V P ( I - P ) ^ ) ) • 

Now, h+(e)  =  2  A_ p\ +  O  (e3) whe n e  is close t o 0 , s o 

Pn (Sn >  £n) <exp(- bf+0 (J^j)  ~  ex p (-% 

since o n =  o(n ll&). Finally , 

/ b 2
n\ (  (a n +  d n)

2 

e x p ^ - y j < e x p ^ 

= °( exp(-f)explv
_t 

Now, ex p f  — ~Y J  <  -£-  by th e choic e o f d n, an d (8.8 ) follows . • 
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Chapter 9 

The Loca l Limi t 
Theorem 

We will use the notatio n introduce d i n the previou s chapters ; i n par -
ticular, S n i s th e numbe r o f successe s observe d i n a  sequenc e o f n 
independent trial s o f a n experimen t wit h probabilit y o f succes s p. 
For eac h k  betwee n 0  and n , w e know tha t 

Pn{Sn = k)={^j P
k{l-p)n-k. 

The weak law of large numbers an d the centra l limi t theorem describ e 
the behavio r o f th e sequenc e (S n) an d th e siz e o f th e fluctuations 
around th e averag e valu e np.  W e wil l return t o thes e question s wit h 
the strong law of large numbers an d the law of the iterated logarithm . 

In thi s chapter , w e wil l stud y th e siz e o f P n{Sn =  k)  a s n  ap -
proaches infinity . W e wil l describ e tw o estimates , eac h unifor m i n /c, 
that ar e tw o form s o f th e local  limit theorem.  Conside r th e rando m 
variable M n :=  2Sn —  n base d o n the sequenc e o f random coi n tosses . 
This sequenc e (M n) describes , fo r example , th e fortun e hel d b y a 
player wh o receive s 1  at eac h outcom e o f succes s an d lose s 1  at eac h 
outcome o f failure. (Th e sequence (M n) wil l be studied furthe r i n th e 
chapters abou t th e arcsin e la w an d th e recurrenc e o f random walks. ) 

The firs t for m o f th e loca l limi t theore m i s usefu l fo r estimatin g 
the probabilit y tha t M n take s a  given value clos e to it s averag e valu e 
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(2p —  l)n . Th e secon d for m i s useful fo r estimating th e probability 
that M n take s a  fixed value . 

Theorem 9. 1 (local limi t theorem , firs t form) . 

uniformly in  k G Z. 

Theorem 9. 2 (local limi t theorem , secon d form) . 

Pn (M n = k) 

p ^  (2v^r^y) n
 f  (  e , 

' exp - — + o ( l ) 7r \1  —  p J yjn  \  \  2nJ 

uniformly in  k G  Z s^c/i £/&a £ n-\-k is  even. 

Note tha t thes e tw o statement s ar e equivalent fo r the centered 
case (tha t is , when p  —  | ) . O n the other hand , i f p ^  | , the n 
2-^/p(l —  p) <  1  and the second theore m say s tha t th e probability 
that M n i s in a fixed finit e subse t o f Z decreases exponentiall y a s n 
approaches infinity . W e can writ e thi s as the followin g corollary . 

Corollary 9.3 . Let  K be  a fixed finite subset  of  Z that  contains  at 
least one  even  number  and  one  odd  number.  Then 

lim -  I n (Pn (M n G  K)) = In (2y/p(l -  pj)  . 

Proof o f Theorem 9.1 . Fi x a real t  such tha t \  <  t < |. Proposi -
tion 8. 2 implie s tha t 

1 expf - i*^V( l +  «n(*)). v/27rp(l -p)n \  2np(l-p) 

where 

lim ma x |£n(&) | = 0 . 
n-+oo fc:|fc—np|<n* 

Since th e exponentia l ter m is at most 1 , we hav e 

(9.1) P n(Sn =  k) 

1 f  (k  - np) 2 

y/2-Kp{\ -p)n -(-fe^))+°("- ,!) 



9. Th e Loca l Limi t Theore m 55 

where th e estimat e o(n  1 /2) i s uniform i n k  whe n k  — np <  n l. 

On th e othe r hand , w e ca n appl y th e moderat e deviation s esti -
mate (Theore m 8.1 ) t o th e sequenc e a n =  n t~* t o obtai n 

(s -*-* \ 
Pn(Sn>np +  n t)=Pn —  -p> n y/n 

= o ( e x p ( " 2 n 2 t _ 1 

This implie s th e considerabl y weake r estimat e 

Pn(Sn >np  +  nt) =  o ( V 1 / 2 ) . 

Thus 

Pn (Sn =  k)=o  (n~ 1 / 2 ) , 

where the estimat e o(n _1/ /2) i s uniform i n k  whe n k  — np >  n f. Sinc e 
t>\, the n 

/ (k  -  np) 2 \ 

unformly i n k  whe n k  —  np >  n l. Thi s implie s tha t 

^2 1 /  (k  —  np) 2 

:exp ' 
o ^ - 1 / 2 ) 

y/27rp(l-p)n \  2np(l-p) J 

where th e estimat e o(n - 1 / 2) i s uniform i n k  whe n k  — np >  n l. Thu s 

where th e estimat e o(n - 1 /2 ) i s uniform i n k  whe n k  — np >  n f. 

We obtain th e sam e estimat e whe n k  satisfie s k  — np <  —n l. 

By combining these two estimates with (9.1) , we obtain the resul t 
stated i n Theore m 9.1 . • 

Proof o f Theore m 9.2 . Whe n p  —  1/2, Theore m 9. 1 implie s tha t 

(:)^^H-^-i)2H> 
uniformly i n k  € Z . 
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For a n arbitrar y paramete r p  in th e interva l (0,1) , w e can writ e 

Pn{Sn = k) =  y|p*(i-p)»-*2»-^ (exp (-£ {k  - | )2 ) +  o(l)) 

uniformly i n k  G Z. 

Replacing k  by ^^ ^ yield s th e desire d result . • 

Remark. Th e transitio n fro m on e form o f the loca l limi t theore m t o 
the other , i n the specia l case of variables with a  binomial distribution , 
is deceptive. Lik e all the othe r limi t theorem s presente d i n this book , 
these loca l limi t theorem s exten d t o the muc h more general setting of 
sums o f arbitrary , independent , identicall y distribute d rando m vari -
ables. Th e tw o version s o f the loca l limi t theore m coincid e i n the 
case o f centere d variables . Th e first  for m o f th e loca l limi t theorem , 
like th e centra l limi t theorem , ca n b e prove d usin g Fourie r analysis . 
The first  for m implie s th e secon d form , bu t vi a a  much les s trivia l 
argument tha n th e on e w e use here : a  method develope d b y Crame r 
connects th e stud y o f noncentere d rando m variable s to th e stud y o f 
centered rando m variables , an d it establishes th e transitio n fro m th e 
first for m o f the loca l limi t theore m t o th e secon d form . 

Proof o f Corollar y 9.3 . I f k is a fixed  eve n integer , Theore m 9. 2 
implies tha t 

K /  p  \ f c /2 (2y/p(l-p)) 

which implie s tha t 

- ^ I n (P2n (M2n =  k)) -^  I n ( 2 V P ( 1 - P ) ) 

as n approaches infinity . Similarly , 

2 ^ p y I n (P2n+i (M 2n+l =  k + 1) ) — * In ( 2 ^ (1 -  pj) 

as n approaches infinity . I f the finite  subse t K  of Z  contain s a n eve n 
integer fco, then 

P2n (M 2n eK)>  P 2n (M 2n =  ko) 
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and 

P2n (M 2n e  K) 

When combined , thes e tw o inequalitie s impl y tha t 

^ I n (P2n (M 2n € AT) ) —> In ( 2 ^ p ( l - p ) ) 

as n  approache s infinity . Th e behavio r alon g th e sequenc e o f od d 
integers i s identical . • 
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Chapter 1 0 

The Arcsin e La w 

10.1. Introductio n 

Wally an d Andr e ar e playin g th e gam e o f Heads o r Tails . Thi s gam e 
consists o f successive tosses of a fair coin ; Wally gains one point whe n 
the coi n land s head s an d Andr e gain s on e poin t whe n th e coi n land s 
tails. Sinc e the coi n i s fair, w e would expec t Wall y to be ahead abou t 
half th e tim e an d Andr e t o b e ahea d abou t hal f th e tim e i n a  lon g 
enough game . However , thi s expectatio n i s false : tie s becom e mor e 
rare a s th e gam e last s longer , an d i n fac t on e o f the tw o player s wil l 
probably b e ahea d mos t o f the time ! 

For example , w e wil l sho w tha t on e o f th e tw o player s wil l b e 
ahead mor e tha n 75 % o f th e tim e wit h a  probabilit y greate r tha n 
2/3, an d on e o f the player s wil l be ahea d mor e tha n 85 % of the tim e 
with a  probabilit y greate r tha n 1/2 . I t i s no t eve n unlikel y tha t on e 
of the player s wil l be ahea d mor e than 97 % of the time , whic h occur s 
with a  probability greate r tha n 1/5 . 

These result s follo w fro m Theore m 10.1 , called th e arcsine  law, 
which provide s a  precis e asymptoti c estimat e o f the probabilit y tha t 
Wally wil l b e ahea d a  fixed  proportio n o f th e time . Thi s la w wa s 
discovered b y Pau l Levy. 1 

P. Levy , Sur  certains  processus  stochastiques  homogenes,  Composit i o Mathe -
matica, vol . 27 , pp . 283-339 , 1939 . 
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Here i s a  secon d surprisin g propert y o f th e gam e o f Head s o r 

Tails. Ove r th e cours e o f n  tosses , Wall y an d Andr e wil l b e tie d Z n 

times. Naively , on e migh t expec t tha t th e rando m variabl e Z n woul d 

increase proportionall y wit h n . However , w e wil l se e tha t Z n grow s 

much mor e slowl y tha n that , a t a  rat e o f orde r y/n.  Thi s i s th e resul t 

of Theore m 10.2 , whic h w e cal l th e law  of  returns  to  the  origin. 

10.2. Statemen t o f the Theorem s 

Our mathematica l mode l i s th e sam e a s i n th e previou s chapters . W e 

set p  =  1/ 2 t o reflec t th e fac t tha t th e coi n i s fair ; thus , th e spac e 

^ n =  {0 , l }n i s equippe d wit h th e unifor m probabilit y P n. W e se t 

Sn(uj) —  UJ\ + 0U2  +  •  • •  + Urn  wher e LU  =  (u;i,u;2, . •. ,w n)->
 a n d 

Mn :=  2S n -  n 

(by convention , w e se t M o =  So  —  0) . 

If S n i s th e numbe r o f head s appearin g i n a  sequenc e o f n  tosses , 

then M n i s th e numbe r o f point s b y whic h Wall y i s ahea d o f Andr e 

at th e en d o f th e n  tosse s (i f Wall y i s winnin g afte r th e n t h toss , M n 

is positive ; i f Wall y i s losin g afte r th e n t h toss , M n i s negative) . Th e 

sequence (M n) i s calle d th e simple  random  walk.  Fo r larg e n , th e 

arcsine la w describe s th e behavio r o f th e rando m variabl e 

Tn : = #{k  :  0  <  k  <  n  an d M k >  0} , 

which i s th e numbe r o f tosse s afte r whic h Wall y i s winning , an d th e 

law o f return s t o zer o describe s th e behavio r o f th e rando m variabl e 

Un : = #{/ c :  0  <  k  <  n  an d M k =  0} , 

which i s th e numbe r o f instance s wher e th e tw o player s ar e tied . 

T h e o r e m 10. 1 (arcsin e law) . For  each  real  a  between  0  and  1, 

1 f a 1  2 
Pn (T n <  no)  — > —  /  —  :  dx  —  —  arcsin y/a 

7T Jo  y/x{l-x)  7 T 
as n  approaches  infinity. 

Here i s a  numerica l illustratio n o f thi s law . Le t W  b e th e pro -

portion o f gam e tim e durin g whic h Wall y i s ahead , an d le t pi  b e th e 

probability tha t W  lie s betwee n ^  an d ^ . I f th e gam e last s lon g 
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enough, the n p 0 =  p 9 «  .2 0 >  pi  =  p$  ~  .09 0 >  p2  —  Pi ~  .07 4 > 

Ps =  P6  ~  -06 7 >  p 4 =  P 5 ~  -064 . 

T h e o r e m 10. 2 (la w o f return s t o th e origin) . For  each  a  >  0, 

Pn (Un <  a^i) ~^\Jl  I  e ~xV2 dx 

as n  approaches  infinity. 

This theore m tell s us , fo r example , tha t i f Wall y an d Andr e tos s 

a coi n 10 , 000 times , the n the y wil l b e tie d les s tha n 6 8 time s wit h 

probability greate r tha n 1/2 . I f thei r gam e consist s o f on e hundre d 

times a s man y tosses , the n th e sam e i s t ru e fo r 68 0 tie s instea d o f 68 . 

An immediat e corollar y o f th e la w o f return s t o zer o i s tha t 

linin^oo P n(Un >  ne)  =  0  fo r ever y e  >  0 . Thi s implie s tha t th e 

random variabl e T n +  £/" n =  #{/ c :  0  <  k  <  n  an d Mk  >  0 } satisfie s 

the sam e arcsin e la w a s th e rando m variabl e T n. 

Like th e proo f o f centra l limi t theorem , th e proof s o f thes e tw o 

theorems consis t o f thre e steps : a n explici t calculatio n o f probabili -

ties, a n approximatio n usin g Stirling' s formula , an d a n applicatio n o f 

Riemann sums . 

We als o not e tha t numerou s result s simila r t o thes e tw o theorem s 

can b e foun d i n th e literatur e o n probabilit y theory . 

10.3. Th e Reflectio n Principl e 

We wil l us e a  graphica l representatio n o f th e sampl e spac e O n = 

{0, l } n . An y continuou s curv e i n R 2 consistin g o f a  finite  unio n o f 

segments o f the for m [(i , j ), ( z + 1 , j +  1) ] o r [(i,j),  ( i + 1 , j —  1)] , wher e 

i an d j  integers , i s calle d a  path.  Suc h a  pa t h ha s a n origi n (a , b)  an d 

an endpoin t (c , d), whic h ar e point s o n C  wit h intege r coordinate s 

satisfying a  <  i  <  c  fo r al l (i , j) G  C.  Th e lengt h o f th e pa t h C 

is c  —  a  (th e Euclidea n lengt h o f C  i s ( c —  a)y/2).  T o eac h elemen t 

UJ G O n , w e associat e a  pa t h (JjT 0 [(z , M^(CJ ) ), (i  +  l ,Mj+i(a;) ] wit h 

origin (0,0 ) an d endpoin t (n ,M n (c j ) ) . I t i s clea r tha t thi s represen -

tat ion o f fi n, whic h describe s th e lea d o f Wall y ove r Andr e durin g 

the cours e o f th e game , i s injective . Also , not e tha t eac h pa t h wit h 
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origin (0 , 0) an d a n endpoin t wit h x-coordinat e n  represent s a n ele -
ment o f Q n. Fo r example , th e followin g grap h represent s th e elemen t 
{ 1 1 0 1 0 0 0 0 1 1 1 } o f fin. 

! A. A 

i ^ 
! \  ' 
I * 

I 
If c  and d  are two integers such tha t 0  < \d\  < c , then the numbe r 

of path s wit h origi n (0 , 0) an d endpoin t (c , d) i s zer o i f c  -f d  i s od d 
and 2 CPC (Mc =  d)  =  2 CPC (Sc =  (c  + d)/2)  =  ( (c+^) /2) i f c+ d i s even. 
More generally, i f a, 6, c, and d  are integers such that 0  < \d—b\  < c — a 
and c  — a + d — b is even, the n th e numbe r o f paths wit h origi n (a , b) 
and endpoin t (c,d)  i s ( ( c_a+7_6) /2). 

The followin g proposition , whic h i s equivalen t t o a  resul t prove d 
by Desir e Andre, 2 wil l pla y a n essentia l rol e i n ou r analysis . 

Proposition 10. 3 (reflectio n principle) . Let  a , b > 0  and  n  >  0  be 
integers. Then 

Pn (M n =  b-a  an d M k =  - a fo r a  / c G [0,n]) =  P n (M n =  b  + a). 

Proof. Th e case a =  0  is trivial, so suppose tha t a  >  0. B y using our 
graphical representatio n o f fJ n, w e can prov e th e theore m b y provin g 
that th e number o f paths with origin (0 , 0) and endpoint (n , b—a) that 
cross the horizonta l lin e y  =  — a is equal t o the numbe r o f paths wit h 
origin (0 , 0) an d endpoin t (n , a + b).  B y translatin g eac h pat h o f th e 
first typ e u p by a  units, we see that thi s i s equivalent t o showing tha t 
the number o f paths with origin (0 , a) and endpoin t (n , b) crossing th e 
x-axis (whic h we will call paths of  the  first type)  equals the number o f 
paths wit h origi n (0 , —a) and endpoin t (n , b) (which we will call paths 
of the  second  type).  I f C  i s a path o f the first  type , w e let t(C)  b e th e 
smallest i  >  0  such tha t (i , 0) G  C. Th e pat h C  i s a  unio n o f a  pat h 

D. Andre , Solution  directe  du  probleme  resolu  par  M.  Bertrand,  Compte s Ren -
dus d e l 'Academi e de s Sciences , Paris , vol . 105 , pp . 436-437 , 1887 . Th e pape r i s abou t 
the ballot  problem:  fo r a n electio n betwee n tw o candidates , wha t i s the probabilit y tha t 
the winnin g candidat e i s alway s ahea d a s th e vote s ar e counted ? 
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C\ wit h origin (0 , 0) and endpoin t (£(C) , 0) and a  path C 2 wit h origi n 
(£(C),0) an d endpoin t (n,6) . The n t o eac h C , w e associate th e pat h 
C tha t i s the unio n o f C 2 wit h th e reflectio n o f C\  acros s the x-axis . 
The pat h C  i s a  pat h o f th e secon d typ e an d th e correspondenc e 
C <r+  C  i s a  bijectio n betwee n th e set s o f path s o f eac h o f th e tw o 
types. 

• 
We know th e probabilit y tha t th e tw o player s wil l b e tie d a t th e 

end o f 2 n coi n tosses : 

P2n(M2n =  0 ) =  P 2n{S2n =  Tl)  =  2 " 

In the nex t tw o corollaries, we will see that thi s equals the probabilit y 
of th e even t the  same  player  remains  ahead  over  the  course  of  2n 
consecutive tosses  an d th e probabilit y o f th e even t Andre  is  winning 
at no  point  during  the  game. 

Corollary 10.4 . 

P2n(M1 ^  0 , M2 ^  0 , . . . , an d M 2n ^  0 ) 

- 2P 2n(M1 >  0 , M2 >  0 , . . . , an d M 2n >  0) 

and 

P2n{M1 >  0 , M2 >  0 , . . . , an d M 2n >  0 ) =  2~( 2n+1) 

Proof. Th e firs t identit y i s obvious b y symmetry . 

To prov e th e secon d identity , w e wil l agai n us e ou r graphica l 
representation o f fl n. W e nee d t o coun t th e path s wit h origi n (0,0 ) 
and lengt h 2 n tha t ar e containe d i n th e uppe r half-plan e (an d tha t 
do no t retur n t o th e x-axis) . W e wil l thus nee d t o sum , fo r k  =  1  to 
k —  n, th e numbe r o f path s wit h origi n (1,1 ) an d endpoin t (2n , 2k) 
that d o no t touc h th e x-axis . Ther e i s onl y on e pat h tha t connect s 

e;> 

or-
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the poin t (1,1 ) t o th e poin t (2n,2n) , an d thi s pat h doe s no t retur n 
to th e x-axis . I f 1  <  k  <  n , th e numbe r o f path s connectin g th e 
point (1,1 ) t o th e poin t (2n , 2k) tha t d o no t retur n t o th e x-axi s 
equals th e numbe r o f path s connectin g th e poin t (1,1 ) t o th e poin t 
(2n, 2k) minu s the numbe r o f paths connectin g th e poin t (1,1 ) t o th e 
point (2n , 2k) tha t d o retur n t o th e x-axis . Th e numbe r o f path s 
connecting th e poin t (1,1 ) t o th e poin t (2n , 2k) equal s ( n^_1)- B y 
the reflectio n principle , th e numbe r o f path s connectin g th e poin t 
(1,1) t o the point (2n , 2k) tha t retur n t o the x-axis equals the numbe r 
of path s connectin g th e poin t (1 , —1) to th e poin t (2n,2&) , whic h i s 
/ 2 n - l \ 
V n+k  ) ' 

In conclusion , th e numbe r o f path s wit h origi n (0 , 0) an d lengt h 
2n tha t ar e containe d i n the uppe r half-plan e i s 

1 + ]^{{n +  k-l)~{n +  k))-
This number simplifie s t o (  n ~X), an d i t is easy to check that ( 2n~1) — 
i ̂ 2n^ rp -̂ g p r o v e s f- ne corollary . • 

Now w e wil l comput e th e probabilit y tha t Andr e i s ahea d a t n o 
point i n the game . 

Corollary 10.5 . 

P2n(M1 >  0 , M2 >  0 , . . . , an d M 2 n >  0 ) =  2" 2: 

Proof. W e want t o sho w tha t 

P2n(M1 >  0 , M2 >  0 , . . . , an d M 2n >  0) 

= 2P 2n(M1 >  0 , M2 >  0 , . . . , an d M 2 n >  0) . 

The numbe r o f path s wit h origi n (0 , 0) an d lengt h 2n  tha t ar e 
contained i n the uppe r half-plan e an d tha t neve r retur n t o the x-axi s 
equals th e numbe r o f paths wit h origi n (0 , 0) an d lengt h 2n  —  1  tha t 
are containe d i n th e uppe r half-plan e (includin g th e x-axis) . Thi s i s 
true becaus e ther e i s a  bijectio n betwee n th e set s o f thes e tw o type s 
of paths : w e associat e a  pat h o f the secon d typ e t o eac h pat h o f th e 
first typ e b y removin g th e initia l segmen t an d translatin g th e pat h 1 
unit lef t an d 1  unit down . 

: • 
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Note tha t M2 n-\ i s neve r zero . The n t o eac h pat h wit h origi n 
(0, 0) an d lengt h 2 n — 1 that i s contained i n the uppe r half-plan e (in -
cluding th e x-axis) , w e ca n associat e exactl y tw o path s wit h origi n 
(0, 0) an d lengt h 2 n tha t ar e containe d i n th e uppe r half-plan e (in -
cluding th e x-axis) . T o d o this , w e ad d a  segmen t o f lengt h 1  an d 
slope 1  or — 1 to th e en d o f the pat h o f length 2 n — 1 . Therefore , th e 
cardinality o f the even t (M i >  0 , M2 >  0 , . . . , an d M 2n >  0 ) i s twice 
the cardinalit y o f the even t [M x >  0 , M2 >  0 , . . . , an d M 2n >  0) . • 

The reflection principl e als o allows us to calculate the probabilit y 
that Wall y i s ahead unti l th e las t tos s i n th e game , whic h tie s Wall y 
and Andre . 

Corollary 10.6 . 

P2n(M1 >  0 , . . . , M 2n-i >  0 and M 2n =  0 ) = 

Proof. W e nee d t o coun t th e path s wit h origi n (0 , 0) an d endpoin t 
(2n, 0) tha t ar e containe d i n th e ope n uppe r half-plan e (whic h doe s 
not includ e th e x-axis) . I n othe r words , w e nee d t o coun t th e path s 
with origi n (1,1 ) an d endpoin t (2 n —  1,1 ) tha t ar e containe d i n th e 
open uppe r half-plane . Thi s numbe r equal s th e numbe r o f path s 
with origi n (1,1 ) an d endpoin t (2 n — 1,1) minu s the numbe r o f path s 
with origi n (1,1 ) an d endpoin t (2r a — 1,1 ) tha t touc h th e x-axi s a t 
some point . Th e numbe r o f path s wit h origi n (1,1 ) an d endpoin t 
(2n —  1,1 ) equal s ^Zi)-  B y th e reflectio n principle , th e numbe r 
of path s wit h origi n (1,1 ) an d endpoin t (2 n —  1,1 ) tha t touc h th e 
x-axis equal s th e numbe r o f path s wit h origi n (1,-1 ) an d endpoin t 
(2n —  1,1) ; thi s numbe r i s ( 2™Z2)- Finally , i t i s eas y t o chec k tha t 

\n-l) \n-2  )  ~  n\n-l  ) ' U 

Corollary 10. 6 implies the following usefu l combinatoria l identity . 

2 n - 2 
n- 1 
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Lemma 10.7 . If  n and  k are  integers such  that  0  < k  < n, then 
n — k 

£ 
3 = 1 

In particular, 

1 (2j  -  2 \ /2( n - j)  -  k\  _  /2 n - k  - 1 

i v i - v v ™  - i  /  V  n 

2(n-j)\ =  /2 n 
n-j )  \n 

Proof. W e wil l coun t th e numbe r o f path s wit h origi n (0,0 ) and 
endpoint (2 n — /c, k) i n two different ways . O n one hand, th e number 
of such paths i s (  n~ ) . O n the other hand , the number o f such path s 
equals the number o f paths wit h origi n (1,1 ) and endpoint (2 n — /c, k) 
plus the number of paths with origin (1 , —1) and endpoint (2 n — /c, k). 
First, th e number o f paths wit h origi n (1,1 ) and endpoint (2 n — k, k) 
is ( 2n

r7_fc
1
-1)- Next , fo r ever y pat h wit h origi n (1,-1 ) an d endpoin t 

(2n —  &;,£;) , there exist s a  minimum intege r 1  < j  <  n — k  suc h tha t 
the pat h passe s throug h (2j , 0). Th e numbe r o f path s wit h origi n 
(1,-1) an d endpoint (2 n — k,  £;), therefore , i s equal to the sum for j 
from 1  to n  —  k  o f the produc t o f the numbe r o f paths wit h origi n 
(0,0) an d endpoint (2j , 0) tha t ar e contained i n the lower half-plan e 
and th e number o f paths wit h origi n (2j , 0) and endpoint (2 n — k,k). 
By Corollar y 10.6 , this implie s tha t th e number o f paths wit h origi n 
(1,-1) an d endpoint (2 n — k,k)  i s 

n~k / l(2j-2\\ ff2(n-j)-

Considering al l o f th e informatio n above , w e se e tha t thi s equal s 

( V ) -  r ^ r 1 ) , whic h simplifie s t o ^~^). 

The second formula o f Lemma 10. 7 is obtained by considering the 
special cas e wher e k  = 0  and using the fact tha t (  )̂ =  2 ( n _ 1 ) . • 

10.4. Proo f o f th e Arcsin e La w 

To hel p u s prov e th e arcsin e law , we will defin e a  ne w sequence of 
random variable s (T^ ) tha t ar e closel y relate d t o th e variable s T n. 
Let T' n be the number o f integers k  betwee n 1  and n suc h tha t ther e 
were mor e head s tha n tail s i n the first k  o r k  — 1  tosses o f the coin . 
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Using the graphica l representatio n o f Q n introduce d i n the beginnin g 
of Sectio n 10.3 , w e se e tha t T' n associate s t o eac h pat h o f lengt h n 
and origi n (0 , 0) th e numbe r o f elementary segment s o f the pat h tha t 
lie in the uppe r half-plane . Mor e formally , 

T'n : = #{/ c :  0 <  k  <  n an d (M k >  0  or M k-i >  0)} . 

Every elementar y segmen t ha s th e for m 

[ (2 fc - l ,M 2 f c - i ) , (2 fc ,M 2 ^ i± l ) ] 

or th e for m 

[(2*; - 2 , M2fc_! ±  1) , (2k -  1 , M 2k-i)], 

where M 2k-i i s a  nonzero integer . Thi s segmen t i s in the uppe r half -
plane i f and onl y i f M 2k-\ >  0- Therefore , 

T'2n =  2#{/ c :  0 <  k  <  n an d M 2k-i >  0}. 

Proposition 10.8 . For  each  n >  0  and  k  between  0  and  n, 

Proof. W e hav e 

(T^ =  2n ) =  (M k >  0  for ever y k  betwee n 1  and 2n) , 

and th e probabilit y o f thi s even t i s given b y Corollar y 10.5 . W e wil l 
prove the genera l formul a (10.1 ) b y induction o n n.  Th e statemen t i s 
clearly tru e fo r n  =  1 . Fi x a n N  >  1  and suppos e tha t (10.1 ) i s tru e 
for ever y n  betwee n 1  and T V — 1  and ever y k  betwee n 0  and n. 

The probabilit y o f the even t 

(TzN =  0 ) =  (M k <  0 for ever y k  betwee n 1  and 2A r) 

is give n b y Corollar y 10.5 . I f 0  <  T 2N <  27V' , then ther e exist s a  j 
between 1  and T V such tha t M 2 j =  0 . Fo r eac h UJ  G  i l2 n suc h tha t 
0 <  T^ n(uj) <  2JV, we se t 

t(uj) : = mi n {j >  0 :  M2j(uj) =  0} . 
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Now fix a  / c between 0  and N.  The n 

N 
p2N (T2 N =  2k)=Y^  p 2iv (T2 N =  2k  an d t  =  2j  an d M ± >  0 ) 

N 

+ ]T P2i V ( T2iV =  2k  a n d *  =  2 i a n d M l <  °) • 

If j >  /c , then th e even t (T^ N =  2k  an d t  =  2j  an d Mi  >  0) i s empty . 
If j  <  /c , th e cardinalit y o f thi s even t equal s th e numbe r o f path s 
with origi n (0 , 0) an d endpoin t (2j , 0) tha t ar e containe d i n the ope n 
upper half-plan e betwee n th e origi n an d th e endpoin t multiplie d b y 
the numbe r o f paths wit h origi n (2j , 0) an d lengt h 2(T V — j) i n whic h 
2{k —  j) elementar y segment s ar e containe d i n th e uppe r half-plane . 
The numbe r o f path s wit h origi n (0 , 0) an d endpoin t (2j , 0) tha t ar e 
contained i n th e ope n uppe r half-plan e betwee n th e origi n an d th e 
endpoint i s give n b y Corollar y 10.6 ; th e numbe r o f suc h path s i s 
1 ( 2jTi2) • The numbe r o f paths wit h origi n (2j , 0) an d lengt h 2(N  -  j) 
in whic h 2(k  —  j)  elementar y segment s ar e containe d i n th e uppe r 
half-plane i s give n b y th e inductio n hypothesis ; th e numbe r o f suc h 
paths i s {^Ip)^:?).  Therefore , 

p2N (T2 N =  2k  an d t  =  2j  an d M x >  0 ) 

= _]_  (2j  -  2\  (2{k  -  j)\  (2(N  -  k)\ 
j 2 ^ \ j - l ) \ k-j  ) \ N-k  ) ' 

If j  >  N  -  fc,  the n th e even t ( T ^ =  2k  an d t  =  2j  an d M x <  0) i s 
empty. I f j <  N  — k, th e cardinality o f this event equal s the number of 
paths wit h origi n (0 , 0) an d endpoin t (2j , 0) that ar e contained i n th e 
open lowe r half-plan e betwee n the origi n an d th e endpoin t multiplie d 
by the number of paths with origin (2j , 0) and length 2(N—j)  i n which 
2k elementar y segment s li e i n th e uppe r half-plane . Th e numbe r 
of path s wit h origi n (0,0 ) an d endpoin t (2j , 0) tha t ar e containe d 
in th e ope n lowe r half-plan e betwee n th e origi n an d th e endpoin t i s 
given b y Corollar y 10.6 ; th e numbe r o f suc h path s i s i ^ J ^ 2 ) . Th e 
number o f path s wit h origi n (2j , 0) an d lengt h 2(7 V —  j)  i n whic h 
2k elementar y segment s li e i n th e uppe r half-plan e i s give n b y th e 
induction hypothesis ; th e numbe r o f suc h path s i s ( 2^)( N Z^Zk ) • 
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Thus 

P2N (T2 N =  2k  an d t  =  2j  an d M 1 <  0) 

1 (2j  -  2 \ (2k\  (2{N  -j-k) 

J22N \ j - l j \ k j \ N  -j  -k 

We complete th e proo f b y usin g th e secon d formul a o f Lemm a 10.7 : 

P2N(T£N =  2k) 

* 1  (2j-2\(2{k-j)\K 
fr[j2^\j-l)\ k-j  J \ 

1 (2j  -  2\  (2{k  -  j)\  (2{N  -  k) 
N -k 

+ V * —  ( 2i ~  2\ ( 2h\ ( 2(N ~  J ~ fc) 
2^j2^\j-lJ\kJ\ N-j-k 

(J_(2(N-k)\\ (I  (2k 
\22N\ N-k  JJ\2\k 

.(J_(2k\\ (\_(2{N-k) 
^ \2 2N\kJJ \2\  N-k 
1 /2(7 V -  k)\  (2k 

- ^ v ^ N _k ) y k 
The resul t o f the propositio n follow s b y induction . • 

Now we will sho w tha t th e rando m variable s T' 2n satisf y th e arc -
sine law . 

Proposition 10.9 . For  all  a and  b  such that  0  < a  < b < I, 

1 f b 1 
lim P 2n (2na  <  T'2n <  2nb)  =  -  /  .  dx. 

Proof. Firs t w e analyze th e case  where 0  < a  < b < 1 . Fro m Propo -
sition 10.8 , a direct applicatio n o f Stirling' s formul a (Propositio n 7.2 ) 
yields tha t 

P2n {T' 2n =  2k)  =  I _ _ L = ( 1 +  e(fc))( l +  e(n  -  fc)), 
n yjk{n-  k) 

where l im^o o e(k)  =  0 , fo r 0  <  k  <  n. Thu s 

P2n {T' 2n =  2k)  =  l - *  ( 1 + e (n, k)), 
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where lim n_,oo e(n, k) —  0  uniformly whe n k  i s an intege r i n [na,nb]. 
This implie s tha t 

P2n (2na  <  T'2n < 2nb) = ^  P 2n (Tl> n =  2k) 
na<k<nb 

^ 7 T .  PUZT ., '  ,  7T Jk(n  -  k) 

na<k<nb V  v  / 

The las t summatio n ca n be written a s 

'fc\ 1 
n7r 

1 n 

fc=0 v^d-l)' 
which i s a  Rieman n su m tha t approache s -  f  ,  l  dx  a s n  ap -

proaches infinity . Thi s complete s th e first  ste p o f the proof . 

Now, fix e  > 0 . Sinc e th e integra l L  .  x  dx  converge s fo r 

all smal l enoug h a  > 0, 

j. r i_ 

and 

^x(l -  x) 

i r 1 I 

dx <  e 

dx <  e. 
vM1 -  x ) 

Fix suc h a  numbe r a.  Fro m th e first  ste p o f the proof, w e have tha t 

rl-a 

* J  a 

1 dx -  P 2n (2n a <  T 2n <  2rc(l -  a) ) < e 
\A(1 -  x) 

for larg e enoug h n . Now, 

P2n (T^ n <  2na) + P 2n {2na  < T'2n <  2n(l -  a)) 

+ ^ 2 n ( T 2
/

n > 2 n ( l - a ) ) =  l 

and -  L  ,  x  dx  =  1  . We deduce tha t 
n J 0 y/ X(l-x) 

i r  i  i  r 1 I 
- /  ,  dx  + -  / dx 

P2n {T' 2n < 2na) -  P 2n (T^  >  2n(l -  a) ) < e , 
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for larg e enoug h n , s o 

P2n (T' 2n <  2na)  +  P 2n (T' 2n >  2n(l -  a) ) <  36 . 

We have thu s show n tha t ther e exist s a n a  >  0 such tha t 

P2n (T^  <  2na) <  3e 

for larg e enough n.  Sinc e P 2n (T 2n <  2na)  i s an increasing function o f 
a tha t approache s 0  as a  approache s 0  for eac h fixed  n , w e conclud e 
that rim a_+o P2n (T2n <  2na)  =  0  uniformly i n n. 

Using th e first  ste p o f the proo f again , the n 

lim P 2n (T^  <  2nb) =  - [  ^  dx 
n^°° 7 T J0 yjx{l  -  X) 

for al l b  G (0,1). Th e sam e argumen t show s tha t i f 0 < a < 6 < l , 
then 

1 f b 1 
lim P 2n (2na  <  T'2n <  2nb)  =  -  /  dx 

n-+°° n  J  a y/x(l  -  x) 

and 

lim P 2n (T' 2n <  2na) =  -  f  ]  dx, 
n^°° 7 T Jo  y/x{\  ~  X) 

and th e propositio n follow s immediately . • 

Proof o f th e Arcsin e Law . T o complet e th e proo f o f th e arcsin e 
law (Theore m 10.1) , w e just nee d t o compar e th e rando m variable s 
Tn an d T' n. Sinc e 

T2n = T' 2n -  #{k  :  1 < k  <  n,M2k-i >  0 and M 2k =  0} , 

it follow s tha t 

\T2n -  T^ n\ <  #  {k  :  1 < k  <  n  an d M 2k =  0 } = U 2n. 

We will prove th e la w o f returns t o th e origin , whic h implie s tha t 

lim P 2n (U 2n >  2ne)  =  0 
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for ever y e  >  0 , i n th e nex t section . However , w e ca n als o giv e a 
direct proo f o f thi s result . Sinc e 

E2n [U: 2n\ —  &2n E2 

.k=\ 
X, 

£F*(MM =0) = ±2-»(f) 
Markov's inequalit y implie s tha t 

fc=l v  7 

for ever y e  > 0. Now , i t i s easy t o chec k tha t 

hm 2 - 2 f c ( 2 , ^ = 0 
fc-^oo y  k J 

by usin g Stirling' s formula , s o Cesaro' s principl e implie s tha t 

lim P 2n (U 2n >  2ne ) =  0 . 
n—>oo 

Since th e even t (T27 1 < 2na)  i s contained i n th e unio n 

(|T2n -  T' 2n\ >  2ne) U  {T'2n <  2n(a +  e)) , 

we have tha t 

P2n {T 2n <  2na) 

< P2n  (|T2n -  T^ n\ >  2ne)  +  P 2n (T^ n <  2n(a  +  e)) . 

On on e hand , 

P2n (\T 2n -  T ^ | >  2ne)  <  P 2n (U 2n >  2ne)  — + 0 

as n  — » 00 . O n th e othe r hand , Propositio n 10. 9 implie s tha t 

1 

and 

lim P 2n(T2\n<2n(a +  e) ) =  -  / 

1 f a+z 1 
lim —  /  — 
e ^ ° 7 T J o \ / x ( l -  X ) 

\A(1 - x) 

1 

dx 

dx —  — I  —  :  dx; 
7T J o \/x(l  -  X) 

therefore, 

1 f a 1 
lim sup P2n (T 2n <  2na)  <  -  /  d x 

n-^00 7 T Jo V X 1  —  X) 
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Since T 2n <  ?2 n , Propositio n 10. 9 directly implie s tha t 

1 f a 1 
liminf P 2n (T 2n <  2na) >  -  /  .  /  dx. 

n^°° 7 T J 0 y/x(l  ~  X) 

We conclud e tha t 

1 f a 1 
lim P 2n (T 2n <  2na ) =  -  /  dx . 

To complet e th e proof , w e only nee d t o chec k tha t 

1 f a 1 
lim P 2 n + 1 (T 2 n + 1 <  (2 n + l)a ) =  -  /  dx . 

^-^°° 7 T J 0 y/x{\  ~  X) 
This follow s easil y fro m th e fac t tha t 

P2n+i (T 2n+i <  (2 n + l)a ) <  P 2 n (T 2n <  (2 n + l)a ) 

and 

P2n+i (T2n+ i <  (2 n + l)a ) >  P 2 n + 2 (T 2 n + 2 <  (2 n + l ) a ) . 

We have no w prove d th e arcsin e law . • 

10.5. Proo f o f th e La w o f Return s t o th e Origi n 

We wil l explicitl y determin e th e distributio n o f th e rando m variabl e 
U2n- I t i s clea r tha t thi s rando m variabl e onl y take s intege r value s 
between 0  and n.  Not e tha t fo r eac h intege r k  betwee n 0  and n , th e 
probability P 2n(U2n =  k)  equal s 2 _ 2 n multiplie d b y th e numbe r o f 
paths wit h origin (0 , 0) and lengt h 2n  that touc h the x-axi s a t exactl y 
k H- 1  points. 

Proposition 10.10 . For  each  k between  0 and  n, 

1 (In  -  k 

Note tha t P 2n (U 2n =  k)  i s a  decreasin g functio n o f k. 

Proof. W e prove d th e formul a P 2n (U 2n =  0 ) =  2~ 2n(2
n

n) i n Corol -
lary 10.4 . W e will use induction o n n  t o prove the genera l formula . I f 
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U2n(co) > 0 , then ther e exist s a  minima l j  >  1  such tha t M 2j(uu) =  0 . 
We le t t(uj)  b e thi s intege r j . Le t k  >  0 ; the n 

n 

P2n {U2n =
k) =Y1  P2n  ^  =  3  a i l d U2n  =  k ) ' 

0 = 1 

If j  >  n —  k  + 1 , then th e even t (t  —  j  an d U 2n —  k)  i s empty . I f 
j <  n  —  k  +  1 , the n th e cardinalit y o f thi s even t equal s th e numbe r 
of paths wit h origi n (0,0 ) an d endpoin t (2j , 0) tha t d o no t touc h th e 
x-axis betwee n th e origi n an d endpoin t multiplie d b y th e numbe r o f 
paths wit h origi n (2j , 0) an d lengt h 2 n — 2j tha t touc h th e x-axi s a t 
exactly k  points . Thes e number s ar e give n respectivel y b y Corollar y 
10.6 an d b y th e inductio n hypothesis . Thus , w e obtain tha t 

# (t  = j  an d U2n =  k) = -  (  .  _  1  J2 k 1  f ^ _ .  J  . 

This implie s tha t 

and Lemm a 10. 7 allows u s to conclud e tha t 

#(u2n=k)=2^2n-ky 
a 

Proof o f th e La w o f Return s t o th e Origin . Fi x a  rea l numbe r 
a >  0 . W e wil l use notatio n fro m ou r proo f o f the centra l limi t theo -
rem: i f (<5n,/c) n>0,o<fc<av/2^ a n d (^n)n> o ar e tw o familie s o f real num -
bers, w e write s n^ —  Ou(tn) i f the absolut e valu e o f s Ujk i s bounde d 
above b y a  multipl e o f t n, uniforml y i n k. 

Proposition 10.1 0 an d Stirling' s formul a provid e a n estimat e o f 
Pin (U 2n —  k)  whe n 0  < k  <  ay/2n: 

P (TJ  M  l  /  2 n "  k  f,  k Y 
P2n(U2n =k)  =  —=A—  —  1  - — 

V2TT\J n(n-k)  \  2nJ 
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Hence, 

P2n (U2n =  k) 

= vfc/!( i+o"(^))xexp 

(r ,-)(  "  * ' \ 1 >\2{n-k)  8 ( n - f c ) V 

' (  k  k 2^ 
n \ 2n  8n 2

y 

+ 0"(M ' 

and finally 

1 [2  (  k 2 \ 
P2n (U 2n =  k)  =  -7=\J-  ex p - — 1 

V27T V  n  V  4 n / ' v1+°«fe ) ) 

)+ 

This estimate , unifor m i n k,  allow s u s t o writ e 

^jv4K^)2)H(^))-
0<k<aV2n \  / 

As in Lemm a 7.4 , viewin g thi s a s a  Rieman n su m yield s 

lim P 2n \U 2n <  oiv2n)  =  \  —  /  ex p I  —x 2 J  dx  . 
n—00 V  ^ V T T J o \  2  J 

Finally, not e tha t U2 n+i —  ^2 n sinc e M2 n+i i s never zero . Thus , 

P 2 n + 1 ( l /2n+ l <  W 2 n +  1 ) =  P 2 n (^2 n <  o V 2 n +  l ) , 

and i t easil y follow s tha t 

Jirn^ (p 2n(u2n <  ay/2n  +  l ) -  P 2n(^2n <  av^w) ) =  0 . 

We have thu s show n tha t 

- /  e _ x 2 / 2 dx . 
n Jo 

D 
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Chapter 1 1 

The Stron g La w o f 
Large Number s 

We will now present a  new class of asymptotic propertie s o f the gam e 
of Head s o r Tail s tha t addresse s infinit e sequence s o f coi n tosse s an d 
uses the concep t o f almos t sur e events . 

The wea k la w o f larg e number s tell s u s tha t th e probabilit y tha t 
the empirica l probabilit y o f succes s i s clos e t o th e theoretica l proba -
bility o f success i s large i f we play our coin-tossin g gam e long enough . 
The strong law of large numbers tells us that th e empirical probabilit y 
of success S n/n approache s the probability o f success p as the numbe r 
of tosse s n  approache s infinity . T o b e rigorous , however , w e nee d t o 
make this statement mor e precise . Th e proble m i s that ther e d o exis t 
infinite sequence s of heads and tail s such that th e proportion o f heads 
does not converg e to p or even such tha t th e proportion o f heads doe s 
not converg e a t all . However , w e ca n exclud e suc h sequence s b y re -
sorting to the concept o f an almost sur e event. Th e strong law of large 
numbers tell s us that th e sequenc e (S n/n) almos t surel y converge s t o 
p. Thi s fundamenta l resul t i s due t o Borel. 1 Followin g Borel' s ideas , 
we will also illustrate th e stron g la w of large number s b y the concep t 
of normal numbers . 

E. Borel , Sur  les  probabilites  denombrables  et  leurs  applications  arithmetiques, 
Rendiconti de l Circol o Math , d i Palermo , vol . 26 , pp . 247-271 , 1909 . 
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This chapte r i s divided int o five  sections. I n th e first  section , w e 
will defin e th e concep t o f a n almos t sur e event . I n th e secon d sec -
tion, w e wil l prov e th e stron g la w o f larg e number s a s a  consequenc e 
of th e larg e deviation s estimate . I n th e thir d an d fourt h sections , 
we wil l discus s norma l numbers . I n th e fifth  section , whic h i s essen -
tially independen t o f th e thir d an d fourt h sections , w e wil l presen t 
the Borel-Cantell i lemma s an d ne w approache s t o th e stron g la w of 
large numbers . 

The la w o f th e iterate d logarithm , whic h i s th e subjec t o f th e 
next chapter , wil l provid e a n estimat e o f th e rat e o f convergenc e i n 
the stron g la w o f large numbers . 

11.1. Almos t Sur e Events , Independen t Event s 

The experimen t w e wil l conside r i s a n infinit e sequenc e o f indepen -
dent trial s of an elementary experimen t havin g two possible outcome s 
(which w e cal l succes s an d failure) . Le t a  fixed  paramete r p  betwee n 
0 an d 1  be th e probabilit y o f success; the n 1  — p i s the probabilit y o f 
failure. Th e spac e tha t w e consider i s the se t Q  of infinit e sequence s 
of O' s and l's : 

Q = {a ; = (oo n)n>i :  uo n =  0  or 1  for al l n  >  1}. 

Each UJ  represent s a  possibl e outcom e o f th e elementar y experiment : 
the nth coordinate ujn equals 1  i f the outcome of the nth trial is success 
and 0  if the outcom e i s failure. W e define S n(cu) =  LJ±  - f ^2 + •  • •  + ^n 
to represen t th e numbe r o f successes observe d afte r n  trials . 

We wil l cal l an y subse t o f Q  tha t ca n b e define d b y a  conditio n 
depending o n onl y finitely  man y coordinate s a  finite type  event;  i n 
other words, the realization of such an event is determined afte r a  fixed 
and finite  numbe r o f elementary trials . Usin g the notation introduce d 
in previou s chapters , w e can mak e th e followin g forma l definitions . 

A subse t A  o f Q  i s a  finite type  event  i f ther e exist s a n intege r 
n =  n(A)  >  1  and a  subse t A'  o f Q n suc h tha t 

A =  {uo  e  ft  :  uj {n) e  A'},  wher e u {n) : = (u\,u 2, •  • . ,^n)-

The probability  o f th e finite  typ e even t A  i s the numbe r 

P(A) :=  P n(A)(A'). 
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Thus, 

P{A)= ] T p Sn(u,)qn-Sn{u>)m 

In th e definitio n o f a  finite  typ e even t A,  th e numbe r n{A)  i s 

not uniquel y determine d b y A  (i f n  work s i n th e definition , the n 

any numbe r large r tha n n  wil l wor k a s well) . Fo r th e definitio n o f 

the probabilit y o f A  t o mak e sense , th e valu e give n b y th e abov e 

expression mus t b e independen t o f th e choic e o f n(A).  W e leav e i t t o 

the reade r t o chec k thi s eas y fact . 

The se t £  o f finite  typ e event s contain s ft  an d 0 , an d i t i s close d 

under takin g complement s an d unde r finite  unio n an d intersection . 

Such a  se t o f subset s o f ft  i s calle d a  Boolean  algebra  o f subset s o f 

ft. Th e probabilit y P  i s a  functio n fro m £  t o th e interva l [0,1 ] suc h 

that P(ft)  =  1  an d P(A  U  B) =  P(A)  +  P{B)  fo r ever y A  an d B  i n 

£ satisfyin g A  D  B =  0 . 

We wil l no w giv e th e mai n definitio n o f th e section . 

A subse t N  o f ft  i s a  negligible  event  i f fo r ever y e  >  0  there exist s 

a countabl e se t {A^  :  k >  1 } o f finite  typ e event s suc h tha t 

Nc\jAk an d ^ P ( A f c ) < 6 . 
k>\ k>\ 

A subse t o f ft  i s a n almost  sure  event  i f it s complemen t i s negligible . 

If A  i s a n almos t sur e event , w e sa y tha t U LU almos t surel y belong s t o 

A " 

R e m a r k . Sinc e w e wil l onl y conside r finite  type , negligible , an d al -

most sur e events , w e wil l usuall y omi t th e qualifie r "finit e type. " 

We wil l als o us e th e propert y o f invariance  under  shifting  o f th e 

probability P:  i f A  i s a n even t an d A : is a  positiv e integer , the n th e 

event {to  G  ft :  (uk,uJk+i,Wk+2,  •  •  • ) £  A}  ha s th e sam e probabilit y a s 

the even t A. 

P r o p o s i t i o n 11 .1 . Every  subset  of  ft  that  is  contained  in  a  negligible 

event is  also  negligible.  Every  countable  union  of  negligible  events  is 

negligible. If  p  is  not  0  or  1 , then  every  countable  subset  of  ft  is 

negligible. 
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Proof. Th e first  assertio n follow s immediatel y fro m th e definitio n o f 
a negligibl e event . 

To prov e th e secon d assertion , le t {N n :  n >  1 } b e a  countabl e 
set o f negligibl e events . Le t N  —  Un> i ^ n anc ^ fix  e  >  0 - Fo r eac h 
n, ther e exist s a  countabl e se t {A n^ '  n, k >  1 } of finite  typ e event s 
such tha t 

Nn C  U  A n,k an d ] T P(A n,fc) <  e2~ n. 
k>i fc>i 

The se t {A n?fc :  n,/ c >  1 } o f event s cover s T V and th e su m o f th e 
probabilities o f thes e event s i s les s tha n J^ n e2~ n =  e . Thi s prove s 
that N  i s a  negligibl e event . 

To prove the las t assertion , suppos e tha t p  i s not 0  or 1 . Firs t w e 
will prov e tha t ever y singleto n subse t o f Q  is a  negligibl e event . I f u 
is a  fixed  element o f £7 , then fo r n  >  1  the singleto n {co}  is containe d 
in th e even t {uj f G  Q :  }  tha t ha s probabilit y les s tha n 
(max(p, 1 — p))n. Sinc e thi s uppe r boun d become s arbitraril y smal l 
as n  i s made arbitraril y large , the singleto n {LJ}  i s a  negligibl e event . 
Since every countable se t i s the countable union of singleton sets , then 
every countabl e subse t o f Q,  i s negligible . • 

Let (Ai) iei b e a  family o f events . Th e event s Ai  ar e independent 
if 

( n \  n 

fc=i /  fc=i 
for ever y finite  se t o f distinc t indice s ii , 22, . . ., in € ̂ - W e leav e i t t o 
the reade r t o prov e tha t th e complementar y event s A\  ar e indepen -
dent i f the event s Ai  are . 

Proposition 11.2 . Events  that  are  determined  by  coordinates  with 
disjoint sets  of  indices  are  independent. 

We can rephras e thi s statemen t i n the followin g way . Le t (Ai)i ei 
be a  family o f events . I f for eac h i  <E  I  ther e i s a finite  subse t Ei  o f N 
and a  subse t A[  o f {0 , l}Ei suc h tha t 

EiHEj =<b  i f i  ^  j 
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and 

A% =  {u  G  0 :  {cJ n)neEz € A^}  , 

then th e event s (Ai)i Ej ar e independent . 

It i s easy t o verif y thi s propositio n usin g th e definitio n o f proba -
bility, an d w e leave th e proo f t o th e reader . 

We will now provide a  few examples o f negligible events . I n thes e 
examples, th e paramete r p  doe s no t equa l 0  or 1 . 

Example . Th e set of sequences that ar e periodic afte r a  certain poin t 
is negligible . (Thi s i s a  specia l cas e o f the followin g example. ) 

Example . Le t b  be a word constructed fro m th e alphabet {0,1} ; tha t 
is, le t b  be a  finite  sequenc e o f O' s an d l's . W e clai m tha t th e se t o f 
infinite sequence s of O's and l' s no t includin g th e wor d b  is negligible. 

Because the set of words is countable, this claim implies by Propo-
sition 11. 1 that al l possible words almost surely appear in the sequence 
UJ. 

Now let u s prove the claim. W e consider a  word b  of length j  >  0 . 
For eac h m  >  0, le t A m b e th e even t includin g al l u  suc h tha t 

We know that P(AQ)  <  1 , and th e propert y o f invariance unde r shift -
ing implie s tha t al l th e event s Am  hav e th e sam e probability . I n 
addition, Propositio n 11. 2 implie s tha t th e event s A m ar e indepen -
dent. Therefore , P(f] k<mAk) =  (^ (^o) ) m + 1 . Th e se t o f sequence s 
UJ suc h tha t 

(c j n + i , a; n +2, •  •  • , ^n+j) 7 ^ b 

for al l n  >  0  i s containe d i n O^^m^-k-  Sinc e th e probabilit y o f thi s 
event ca n b e mad e arbitraril y smal l b y choosin g m  t o b e arbitraril y 
large, thi s se t i s negligible . 

Example . Th e centra l limi t theore m ca n b e use d t o sho w tha t i f 
(a>n)n>i is an unbounde d sequenc e o f rea l positiv e numbers , the n 

limsupanV^ 
n—>oo 

almost surely . 

bn + 00 
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In Chapte r 1 2 w e wil l prov e a  muc h mor e precis e versio n o f thi s 

theorem; w e wil l no w provid e onl y a  sketc h o f th e proof . 

Let m  b e a  positiv e numbe r an d le t (nk)  b e a  strictl y increasin g 

sequence o f integers . Th e se t o f cu  suc h tha t 

l i m s u p a n V ^ < m 

is containe d i n th e unio n ove r k  o f th e finite  typ e event s 

nk 
P < m 

The centra l limi t theore m implie s tha t thes e event s hav e arbitraril y 

small probabilit y a s lon g a s n k an d a nk ar e larg e enough . Fo r eac h 

6 > 0 , w e ca n choos e a  sequenc e (n^ ) satisfyin g 

£ P a 
fc=i 

S, 
nk 

V <m\ <  e . 

We conclud e tha t l imsup n a ny/n | ^ —  p\ >  m  almos t surely , an d 

applying Propositio n 11. 1 complete s th e proof . 

11.2. Borel' s Stron g La w o f Larg e Number s 

T h e o r e m 11. 3 (Borel' s stron g la w o f larg e numbers) . Almost  surely, 

(in) lim —S n(uj) 
n—>-+oo 71 

p. 

Proof. Le t R n =  -S n{uj) —  p. Th e sequenc e (R n(^))n>i fail s t o 

approach zer o i f an d onl y i f ther e i s a n m  >  1  suc h tha t fo r eac h 

n >  1  ther e exist s a  k  >  n  satisfyin g \Rk(uj)\  >  ^ . I n symbols , th e 

set o f UJ  no t satisfyin g (11.1 ) i s 

cMI > -unuf^ : i ^( 
m>ln>lk>n ^ 

We wan t t o sho w tha t thi s se t i s a  negligibl e event . B y Propositio n 

11.1, i t suffice s t o sho w tha t 

Nn 

n > l k > n ^  ' 

is negligibl e fo r eac h m  >  1 . 
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For eac h k  >  1 , le t A^^  : = [UJ  G  ft :  \Rk(v)\  >  ^ } . B y th e 

large deviation s estimate , ther e exist s a  constan t c  =  c(p,  m)  >  0 

such tha t P(A m,k) <  e _ c / c . Sinc e th e serie s Y2k>i  e ~ck converges , 

for ever y e  >  0  ther e exist s a n n  >  1  suc h tha t ^2 k>n P{A rriik) <  e . 

Because 7V m c  U/c>n^ m^> ^ nis P r o v e s tha t eac h 7V m i s a  negligibl e 

event. • 

After discussin g th e concep t o f a  rando m variabl e fo r infinit e se -

quences o f elementar y experiments , w e wil l s tat e a  generalizatio n o f 

Borel's stron g la w o f larg e number s (se e Sectio n 11.5) . Nonetheless , 

the theore m tha t w e jus t prove d alread y ha s a  wid e rang e o f appli -

cations. Thi s la w o f larg e number s tell s us , fo r example , tha t th e 

asymptotic proportio n o f eithe r head s o r tail s i n a n infinit e sequenc e 

of tosse s o f a  fai r coi n i s 1/2 . Moreover , i t tell s u s tha t th e asymp -

totic proportio n o f an y outcom e i n a n infinit e sequenc e o f trial s i s 

the probabilit y o f tha t outcom e fo r a  singl e trial . Corollar y 11. 5 wil l 

make thi s notio n precise . 

P r o p o s i t i o n 11.4 . Let  (A n)n>i be  a  sequence  of  equiprobable  inde-

pendent random  events  with  probability  P{A).  The  asymptotic  em-

pirical probability  that  these  events  will  occur  is  almost  surely  P(A); 

that is, 

lim - # {k  :  1  <  k  <  n  an d u  G  Ak] =  P(A) 
n—» + oo n 

almost surely. 

By settin g A n : = (co n =  1) , w e se e tha t thi s propositio n i s a 

generalization o f Theore m 11.3 . I n fact , th e proo f o f thi s propositio n 

will revea l tha t i t i s simpl y a  differen t wa y o f writin g tha t theorem . 

Proof. Fo r eac h a; , w e creat e a  sequenc e p  =  (p n)n>i ° f O' s an d l ' s 

by settin g p n =  1  i f UJ  G  An an d p n —  0 otherwise . W e nee d t o prov e 

tha t 

1 n 

(11.2) li m ~yZp k =  P(pi  =  l)=  P{A) 
fc=l 

almost surely . 
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For each n  and eac h (ei , 62, . . ., en) G  {0, l }n , le t s  : = ^2 k ejt ; the n 

P (Pk = £fe , 1  < k  <  n) =  P(A) S ( 1 - P(A)) n~s. 

The sam e calculations w e used t o show that -  Y^Jk=i  uk almos t surel y 
converges t o p  ca n b e applie d t o complet e th e proo f tha t th e conver -
gence (11.2 ) i s almos t sure . • 

Corollary 11.5 . Let  A  be  a finite type  event.  For  each  integer n  >  1 
and each  U / G O, let  S(A,n,uj)  be  the number  of  integers  k  between  1 
and n  such  that  (uk,Wk+i,Wk+2,  -..)  € A.  Then 

lim -S(A,n,u)  =  P{A) 
n—>oo 77 , 

almost surely. 

Proof. Ther e exist s a  positiv e intege r m  suc h tha t th e even t A  de -
pends onl y o n coordinate s wit h inde x no t greate r tha n m.  Equiva -
lently, ther e exist s a n A'  C  Qm suc h tha t 

A =  {u;  :  (cJi,cj 2,.--,^m) e  A'}. 

For eac h intege r j  betwee n 1  and m , conside r th e sequenc e (Aj iTl)n>o 
of event s define d b y 

)€A} 

= {(J  :  ( c c ; j + n m , C J j + n m + i , .  . .  ,Wj + (n+l)m-l) £  A  }  • 

For fixed  j  an d varyin g n , th e event s A^ n ar e independen t an d eac h 
has probabilit y P(A). 

Let S(A,j,  n , uS) b e the numbe r o f integers k  between 0  and n  — 1 
such tha t UJ  G  Aj^- Propositio n 11. 4 implie s tha t 

lim -S{Aj,n,u)  =  P{A) 
n—>-oo 77 , 

almost surely . I n addition , 

1 1  m  1 
S(A,nm,uj) =  —  7  —  S(A,j,n,uj). 

nm m  *-^  n 
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The corollar y the n follow s fro m th e inequalit y 

- r— S(A, nm, u)  <  rS(A,  nm  +  fc, LU) 
( n + l) m ~  nm  +  k  v 

< S(AJn+  l)m,o;) , 

which hold s fo r ever y A ; fro m 0  to m.  D 

If 6  =  (&i , 62 , . . ., 6j) i s a  wor d constructe d fro m th e alphabe t 
{0,1} an d s  :=  J2l=i  ^i,  w e sa y tha t p sqi~s i s th e probability  of  the 
word b. 

The followin g resul t i s a  specia l cas e o f Corollar y 11.5 . 

Corollary 11.6 . In  the  sequence  LU, every  word  b almost surely  occurs 
with asymptotic  frequency  equal  to its  probability. 

11.3. Rando m Sequence s Takin g Severa l Value s 

We will slightly enlarge the setting of our study to provide illustration s 
and application s o f the la w of large numbers : fo r th e momen t w e will 
consider sequence s o f elementar y rando m experiment s wit h severa l 
possible outcomes . Sinc e thi s extensio n i s purely forma l an d wil l no t 
create an y new complications, w e can explain the new setting quickly . 

Consider a  probabilisiti c experimen t wit h d  possibl e outcomes , 
labeled fro m 1  to d.  Le t th e probabilit y o f each outcom e i  b e pi\  th e 
numbers p % are positiv e an d thei r su m i s 1 . Th e probabilit y spac e 
naturally associate d t o th e outcom e o f thi s elementar y experimen t i s 
Oi =  {1 , 2 , . . ., d}  an d th e probabilit y o f a  subse t A  o f O i i s P(A)  = 
Y2ieAPi- ^ n e s a m p l e spac e fo r a  sequenc e o f n  independen t trial s o f 
this experimen t i s the produc t se t O n =  f^ , whic h i s equippe d wit h 
the probabilit y P n give n b y 

p«(w ( n ))=np-=n^ { f e : 1" f c"n ,"= l } ' 
fc=l i = l 

where uo^  —  (CJI,C<J2 , • •  • , cjn) G  Q n. 

The sample space for a n infinit e sequenc e of independent trial s of 
this elementar y experimen t i s th e se t Q  =  Q®  o f infinit e sequence s 
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of element s o f Qi.  A s i n th e cas e wher e d  —  2, w e ca n defin e th e 
concepts o f finite  type , negligible , an d almos t sur e events . 

The proposition s tha t w e proved abou t sequence s o f experiment s 
with tw o possible outcome s generaliz e easil y t o th e cas e o f d  possibl e 
outcomes. I n particular , th e stron g la w o f larg e number s say s tha t 
for eac h i 

lim —  #{& :  1  < A ; <  n  an d Uk  = i}  =  Pi 

almost surely , an d Corollar y 11. 5 remains tru e a s stated . 

11.4. Norma l Number s 

We wil l no w connec t th e propertie s o f ou r coin-tossin g gam e t o th e 
statistical propertie s o f decima l expansion s o f rea l numbers . I n fact , 
we wil l conside r representation s i n a n arbitrar y bas e 6 , wher e b  i s 
a positiv e integer . Firs t w e wil l revie w th e concep t o f th e bas e b 
representation o f a  numbe r an d the n w e wil l defin e th e concep t o f a 
Lebesgue-negligible set . 

Let b  be a  positiv e integer . The n eac h rea l numbe r x  ca n b e 
written uniquel y a s 

+ oo 

i=l 

where xo  G  N, xi  G  {0,1, 2 , . . ., b  — 1} for i  >  1  and wher e the x^s  d o 
not al l equa l 6— 1 afte r a  certai n point. 2 

We le t | / | b e th e lengt h o f the rea l interva l / . A  subse t E  o f th e 
real line R is Lebesgue negligible  (or of  measure zero)  i f for every e  > 0 
there exist s a  countabl e famil y (Ik)k>i  s u c n tha t 

EC [J  h  an d ]T|/fc | <  e  . 
fc>i fc>i 

If E  i s negligible, the n w e say tha t almos t ever y rea l numbe r belong s 
to th e complemen t o f E. 

Let Q  b e th e se t { 0 , 1 , . . . , b  — 1 } o f sequence s o f integer s be -
tween 0  an d 6  — 1 , an d le t LU  =  (co n)n>i b e a n elemen t o f 0 . Le t O 7 

The concep t o f th e base  b  expansion  o f a  numbe r i s discusse d i n man y books ; 
for example , se e Section s 2. 1 an d 12. 1 o f Elementary  Number  Theory  and  its  Appli-
cations, Jf.ih  ed.  b y Kennet h H . Rose n (Addison-Wesley , 2000) . 
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be the subse t containin g sequence s tha t d o not constantl y equa l 6— 1 
after a  certain point . W e equip the finite  se t { 0 , 1 , . . . , b—  1} with th e 
uniform probabilit y po  =  Pi  =  •  • -  = Pb-i  =  \>  W e ca n defin e th e 
concept o f a  negligibl e subse t o f the se t ft  b y followin g th e construc -
tion i n Sectio n 11.3 . Sinc e th e complemen t o f ft'  i n ft  i s countable , 
it i s a  negligibl e subse t o f ft . W e consider th e functio n < £ from ft'  t o 
the interva l [0,1 ) define d b y 

+ oo 

Proposition 11.7 . The  function $  is  a bijection and  a  subset A of  ft' 
is negligible  in ft  if  and  only  if  its  image  $(A)  is  Lebesgue  negligible. 

Before provin g thi s proposition , w e will use the following elemen -
tary lemm a t o defin e th e measure  \C\  of a  se t C  tha t i s a  finite  unio n 
of rea l intervals . 

Lemma 11.8 . If  C  is  a  finite union  of  real  intervals, then  C  can  be 
written as  a finite union  C  —  \J k Ik,  where  the Ik are  pairwise disjoint 
intervals. Although  this  representation  of  C  is  not  unique,  the  sum 
^k \Ik\  of  the  lengths  of  the  intervals  depends  only  on  C. 

Weset|C| = £ f c |4 | . 

Proof o f Propositio n 11.7 . Th e fac t tha t th e functio n $  i s a  bi -
jection i s a  well-known resul t i n numbe r theory . 

Let n  >  0  an d (ai , a2 , . . . , an) G  ft7-;. Setting a  :=  J2i=i  f ^ we 

$ ({a ; eft'  :  Ui  = a^ , 1 < i  <  n}) 

have tha t 
1 

Therefore, th e imag e unde r $  o f a  finite  typ e even t i n ft  i s a  finite 
union o f 6-adi c interval s (whic h ar e interval s wit h boundarie s o f th e 
form £ j wit h a  and j  ar e integers) . Moreover , not e tha t 

1 '  " 
P ( { ^ G ^ :  uo t =  a, , 1  < i  <  n}) =  — 

bn 
a, a  +  7 

bn 

From thi s w e conclude tha t P{B)  =  |$(i?) | fo r an y finite  typ e event . 
This show s tha t th e imag e o f a  negligibl e even t unde r $  i s Lebesgu e 
negligible. 
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To prove the converse , we start b y noting that an y interval can b e 
approximated b y a  6-adi c interval . Fo r an y rea l interva l I  an d e  > 0 , 
there exists a 6-adic interva l V  close d on the lef t an d open on the righ t 
such tha t I  a  I'  an d \I'\  <  \I\  +  e . Le t E  b e a  Lebesgue-negligibl e 
subset o f [0,1) . B y approximatin g interval s coverin g E  b y 6-adi c 
intervals, w e ca n sho w tha t fo r an y e  >  0  ther e exist s a  countabl e 
family (I k) o f 6-adic interval s closed o n the lef t an d ope n on the righ t 
such tha t E  C  [)I k an d £ | / £ | <  e . Se t A k =  $ _ 1 ( / j0- F o r e a c h 

k, th e se t A k i s a  finite  typ e even t an d P(A k) =  \I k\. (Thi s fac t i s 
easy t o chec k b y writin g th e interva l I' k a s a  finite  unio n o f pairwis e 
disjoint interval s o f th e for m [a,  a +  b~~ J), where Wa  G  N.) Notin g 
that ^(E)  c\JA k an d J2 p(Ak) <  e , we conclude tha t ^(E)  i s 
negligible i n ft.  D 

Following Borel , we say that a  real number i s normal i n base b  (or 
6-normal) i f every bloc k o f digits appear s i n the bas e b  representation 
of the numbe r wit h a n asymptoti c frequenc y equa l t o b~ £, wher e £  is 
the lengt h o f the block . I n othe r words , x  =  xo  + £ ^ T ft  i s norma l 
in bas e b  if an d onl y i f 

lim - # { i :  1  < i  <  n, (x z, x i + i , . . . ,x 2+^_i) =  a}  =  — 

for ever y £  > 0 and a  = (ai , a^,..., an)  G { 0 , 1 , . . ., b  — 1}£. 

A rea l numbe r i s absolutely  normal  i f i t i s normal i n ever y base . 

Corollary 11. 5 and Propositio n 11. 7 imply tha t almos t ever y rea l 
number i s normal in any given base b.  Furthermore , w e can show tha t 
a countable union of Lebesgue-negligible subset s of R is Lebesgue neg-
ligible i n th e sam e wa y tha t w e prove d th e correspondin g resul t fo r 
negligible subset s o f Q.  Thi s implie s tha t almost  every  real  number 
is absolutely  normal,  ye t a  simpl e exampl e o f a n absolutel y norma l 
number ha s neve r bee n found ! Isn' t tha t troubling ? O f course , ratio -
nal numbers ar e never normal because thei r representatio n i s periodic 
after a  certai n point . A s fo r irrationa l numbers , w e don' t eve n kno w 
whether number s suc h a s y/2,  I n 2, an d n  ar e normal ! Suc h problem s 
seem t o for m a n insurmountabl e obstacl e fo r contemporar y mathe -
matics. 
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11.5. Th e Borel-Cantell i Lemma s 

Cantelli3 extende d Borel' s wor k o n th e stron g la w o f larg e number s 

to reac h th e lemma s tha t bea r thes e name s an d tha t ar e critica l i n 

making th e la w o f larg e number s mor e precise . 

We ca n summariz e th e argumen t use d t o prov e Theore m 11. 3 i n 

the followin g way : th e larg e deviation s estimat e implie s th e conver -

gence o f a  serie s o f probabilitie s o f events , whic h i n tur n implie s tha t 

a certai n even t i s negligible . I n fact , thi s principl e i s use d through -

out probabilit y theory , an d w e wil l giv e a  precis e statemen t o f th e 

principle (Propositio n 11.9 ) a s wel l a s severa l applications . Fo r thi s 

discussion w e us e th e mathematica l mode l describe d i n Sectio n 11.1 . 

If (^4 n)n>i i s a  sequenc e o f subset s o f Q,  w e le t A n infinitely  often 

be th e se t f \ > i U/c> n ^k-  Thu s LU  i s an elemen t o f the se t A n infinitel y 

often i f an d onl y i f UJ  belong s t o A n fo r infinitel y man y indice s n. 

P r o p o s i t i o n 11. 9 (firs t Borel-Cantell i lemma) . Let  (A n)n>i be  a 

sequence of  events.  If^2 n>iP{An) converges,  then  A n infinitely  often 

is a  negligible  event. 

Proof. Th e se t A n infinitel y ofte n i s containe d i n \J k>n Aj,  fo r eac h 

n >  1 . Sinc e th e serie s ^2 n>1 P(A n) converges , th e su m o f th e proba -

bilities o f th e Ak  fo r k  >  n  ca n b e mad e arbitraril y smal l fo r larg e n. 

The resul t the n follow s immediatel y fro m th e definitio n o f a  negligibl e 

event. • 

We wil l no w illustrat e thi s resul t wit h thre e example s an d a  state -

ment o f a  mor e genera l la w o f larg e number s (Theore m 11.12) . 

E x a m p l e . Le t (fc n)n>i a n d {( n)n>i b e tw o sequence s o f positiv e 

numbers. Fo r eac h n  >  1 , le t A n b e th e even t consistin g o f outcome s 

with £ n consecutiv e successe s startin g a t th e k nth trial ; tha t is , 

An =  {u  e  Q  :  (jj kn =  ^/c n+i =  •  • •  =  uj kn+en-i =  1} . 

If Y2 n>iP£n converges , the n i t i s almos t sur e tha t onl y finitely  man y 
events A n occur . 

F. P . Cantelli , Sulla  probabilitd  come  limite  della  frequenza,  Rendicont i d . r . 
Acad. d . Lincei , vol . 26 , pp . 39-45 , 1917 . 
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E x a m p l e . I f three game s o f Heads o r Tail s ar e playe d simultaneousl y 

and independently , the n i t i s almos t sur e tha t al l th e game s wil l b e 

tied a t th e sam e tim e onl y finitely  man y times . ( A gam e o f Head s o r 

Tails i s tie d afte r tos s n  i f ther e hav e bee n a s man y head s a s tail s a t 

the en d o f n  tosses. ) Thi s follow s immediatel y fro m th e first  Borel -

Cantelli lemma , an d w e leav e th e proo f t o th e reader . Thi s exampl e 

is connecte d t o th e recurrenc e o f rando m walks , whic h i s th e topi c o f 

Chapter 13 . 

E x a m p l e . Thi s exampl e wil l us e th e concept s introduce d i n Sectio n 

11.4. First , her e i s a  natura l wa y t o associat e a  rea l numbe r t o th e 

sequence o f integer s fro m it s decima l expansion . I f x  i s a  rea l number , 

let x  —  XQ + ^Zi^i  a^lO - 2 b e it s decima l expansio n an d conside r th e 

integer L n(x) =  Y^i=i  x i^% f ° r eac h positiv e intege r n. 

Now, le t (e n) b e a  sequenc e o f rea l number s suc h tha t J2 n
en 

converges. Fo r almos t ever y rea l x  ( tha t is , fo r ever y numbe r no t i n 

some fixed  Lebesgue-negligibl e set) , ther e exist s a n n(x)  G  N  suc h 

tha t L n(x) >  £ n 1 0 n + 1 fo r ever y n  >  n(x).  Thi s ca n b e prove d usin g 

the fac t tha t th e even t (L n <  e n 1 0 n + 1 ) ha s probabilit y o f orde r e n i n 

the spac e Vt  of decima l expansions . 

The proo f o f th e stron g la w o f larg e number s (Theore m 11.3 ) 

relied o n th e fac t tha t th e se t \\S n —  p\ >  ^  infinitely  often  i s a 

negligible even t fo r an y m  >  0 . Th e nex t propositio n generalize s 

this method . Befor e statin g th e proposition , however , w e wil l exten d 

the concept s o f a  rando m variable , o f independence , an d o f expecte d 

value tha t w e introduce d i n Chapter s 2  an d 3  an d Sectio n 11.1 . A s 

before, w e conside r th e spac e Q  o f sequence s o f 0' s an d l ' s an d w e fix 

a paramete r p  representin g th e probabilit y o f 1 . 

A finite type  random  variable  i s a  rea l functio n o n £ 1 tha t depend s 

only o n a  finite  numbe r o f coordinates . I n othe r words , a  functio n X 

from 1 7 to 1  i s a  finite  typ e rando m variabl e i f i t take s onl y a  finite 

number o f values , an d th e se t 

(X =  x)  :={UJ  eQ  :  X(u)  =  x} 

is a  finite  typ e even t fo r eac h x  G  R . Ever y finite  typ e rando m 

variable ca n b e writ te n a s a  finite  linea r combinatio n o f characteristi c 

functions o f finite  typ e events . 
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Remark. Sinc e w e wil l onl y conside r finite  typ e rando m variables , 
we will simply us e the phras e random  variables  to refe r t o finite  typ e 
random variables . 

If X  an d Y  ar e tw o random variables , the n th e function s X  +  F , 
XY, min(X , Y), and max(X, Y) ar e also random variables . I f / i s any 
function fro m R  t o itsel f an d X  i s a  rando m variable , the n f(X)  : = 
/ o  X i s a  rando m variabl e a s well . Fo r eac h n  >  1 , S n i s a  rando m 
variable. 

Note tha t a  functio n X  fro m ft  t o R  i s a  (finit e type ) rando m 
variable i f and onl y i f there exist s an intege r n  —  n(X)  an d a  rando m 
variable X'  define d o n th e finite  spac e ft n suc h tha t 

(11.3) X(u)  =  X'  L in)^j wher e J n) : = K , u ; 2 , . . . ,u n) 

for ever y uo  G  ft. 

Of cours e th e intege r n  i s no t uniquel y determined , an d an y in -
teger large r tha n n  satisfie s th e abov e propert y i f n  does . 

A famil y (Xi) iej o f rando m variable s i s calle d a  family  of  inde-
pendent random  variables  i f the event s (X ; =  Xi)  ar e independen t fo r 
any choic e o f rea l number s x^.  I f (Xi) iej i s a  finite  famil y o f rando m 
variables, we can choos e a n intege r n  =  n(Xi)  tha t satisfie s (11.3 ) fo r 
each i  an d conclud e tha t th e rando m variable s (Xi)i ej ar e indepen -
dent i f and onl y i f the rando m variable s (X')i ej define d o n th e finite 
probability spac e (Q n,Pn) ar e independent . Propositio n 3. 1 then im -
plies the followin g fact : i f (Xi) iej i s a  family o f independen t rando m 
variables, J  an d K  ar e disjoin t subset s o f the se t I  o f indices , an d Y 
and Z  ar e rea l function s respectivel y o f (Xi)i ej an d (X^)^ G^, then Y 
and Z  ar e independen t rando m variables . 

If X  i s a random variable , w e let X(Q)  b e the se t o f values take n 
by X.  Th e expected  value  o f X  i s defined b y 

E[X}:= ^  xP(X  =  x). 
xex(ft) 

Equation (11.3 ) allow s u s t o writ e thi s a s E[X]  =  E n [X'\. 

The propertie s o f expecte d valu e state d i n Chapter s 2  an d 3  fo r 
finite probabilit y space s als o hol d tru e fo r (finit e type ) rando m vari -
ables define d o n ft. 
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The followin g propositio n generalize s th e metho d tha t w e use d t o 

prove th e stron g la w o f larg e numbers . 

P r o p o s i t i o n 11.10 . Let  ( X n ) n > i be  a sequence  of  random  variables. 

If Yln^i  P(Xn  >  e)  converges  for  all  e  >  0,  then  l im n_>+ 00 X n =  0 

almost surely. 

Proof. Se t A n :=  (X n >  e).  Propositio n 11. 9 implie s tha t fo r ever y 

e >  0  ther e almos t surel y exist s a n n o (a;, e) >  0  such tha t |X n(u;) | <  e 

for ever y n  >  no(cj,e) . B y considerin g a  countabl e unio n o f neg -

ligible events , w e conclud e tha t fo r ever y positiv e intege r m  ther e 

almost surel y exist s no(cj , 1/ra ) >  0  suc h tha t | X n ( u ) | <  1/r a fo r al l 

n >  n o (a;, 1/ra). Thi s implie s tha t th e sequenc e (X n) almos t surel y 

converges t o zero . • 

When combine d wit h Markov' s inequality , thi s propositio n di -

rectly implie s th e followin g highl y usefu l convergenc e criterion . 

Corol lary 11 .11 . Let  ( X n ) n > 0 be  a  sequence  of  random  variables.  If 

J2n^oE[\Xn\] converges,  then  the  sequence  (X n) almost  surely  con-

verges to  zero. 

As a n illustratio n o f thi s criterio n fo r almos t sur e convergence , w e 

will no w giv e Cantelli ' s proo f o f Borel' s stron g la w o f larg e numbers . 

After tha t , w e wil l presen t a  generalize d for m o f th e stron g la w o f 

large numbers . 

For eac h positiv e intege r n , le t X n b e th e rando m variabl e define d 

by X n{uj) =  u n —  p, wher e UJ  = ( C J I , U ; 2 , ^ 3 , • . .) • Th e expecte d valu e 

of eac h X n i s 0 , an d th e se t {X n :  n  >  1 } i s a  famil y o f independen t 

random variable s (w e sa y tha t (X n)n>i i s a  sequence  of  independent 

random variables). 

We hav e 

[£-')1 n4 is*r 
= ^ 4 X ^ E  [Xi XjxkXe] • 
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If i does not equa l j , /c , or £, then Xi  i s independent fro m XjXkXt,  s o 
E{XiXjXkXi) =  E{X l)E{XJXkXi) =  0 . Thi s allows us to eliminat e 
many term s fro m th e abov e expansion , whic h yield s 

E 
&n 

•P 
1 

£ E[Xt]+6  £  E[X?Xf]\. 

Since |X, | <  1 , i t follow s tha t E  [Xf]  <  1  and E  [XfX]}  <  1 . Thu s 

£ 
*->n 

• P < 
1 

0 +  3 n ( n - 1) ) =  0 
1 

which i s the genera l term o f a convergent series . Corollar y 11.1 1 then 

implies tha t th e sequenc e (  (^ —  pj )  almos t surel y converge s t o 0 , 

which i s the conclusio n o f Borel' s stron g la w o f larg e numbers . 

The la w o f larg e number s fo r th e gam e o f Head s o r Tails , whic h 
we hav e state d i n severa l forms , i s th e archetyp e o f a  larg e clas s o f 
theorems i n probabilit y theory . Th e followin g theore m i s a  simpl e 
example o f a  widel y applicabl e la w o f larg e numbers . Theorem s 5. 1 
and 11. 3 are specia l case s o f thi s theorem . 

Theorem 11.12 . Let  (X n)n>i be  a  sequence  of  pairwise  indepen-
dent random  variables  such  that  E[X n] —  0  for  each  n  and  that 
sup n > 1 .E^^] is  finite. Let  R n =  X^IL i ^- Then 

(11.4) 

for each  e > 0  and 

(11.5) 

almost surely. 

lim P 
n—>-j-oo 

Rn 
> 6 0 

lim ^ = 0 
n—+ + oo n 

Note tha t th e rando m variable s X n ar e pairwis e independen t i f 
they for m a  sequenc e o f independen t rando m variable s (but , a s w e 
noted i n Chapte r 3 , not ever y sequenc e o f pairwise independen t vari -
ables i s a  sequenc e o f independent variables) . 
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Proof. Le t M  : = s u p n > 1 E  [X 2] •  I f i  an d j  ar e distinct , the n 

E[XiXj] =  E[Xi]E[Xj]  =~0 . Thi s implie s tha t 

(11.6) E iX>fr2] < 
A/ 

2 = 1 

and (11.4 ) follow s b y th e Bienayme-Chebyshe v inequality . Th e resul t 

about almos t sur e convergenc e i s more subtle . Equatio n (11.6 ) implie s 

tha t 
r /  r > \  2 1 R„ 

< oo. 

Consequently, b y Corollar y 11.11 , 

lim 
R 

n —+ + 0 0 77 ^ 
^ r = 0 

almost surely . Le t m  b e th e intege r par t o f y/n.  The n ra 2 <  n  < 

(ra +  l ) 2 . O n on e hand , 

r ^ m 2 

lim 
n—> + oo n 

almost surely , an d o n th e othe r hand , 

Rn R 

n 

0 

77 

M =  0 

2=m 2 + l 
( » - " " ) 

is th e genera l ter m o f a  convergen t serie s (wit h inde x n).  Applyin g 

Corollary 11.1 1 implie s tha t 

lim 
n-^ + oo n 

0 

almost surely . D 

P r o p o s i t i o n 11.1 3 (secon d Borel-Cantell i lemma) . Let  (A n)n>i be 

a sequence  of  independent  events.  If  Yl n>i P(A n) diverges,  then  A n 

infinitely often  is  an  almost  sure  event. 
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Under th e stron g hypothesi s tha t th e event s A n ar e independent , 

the secon d Borel-Cantell i lemm a provide s tw o piece s o f information : 

first, i t affirm s th e convers e o f th e first  Borel-Cantell i lemma ; second , 

it affirm s tha t th e even t A n infinitel y ofte n i s eithe r negligibl e o r 

almost sure . Thi s las t fac t i s a  specia l cas e o f Kolmogorov' s 0- 1 law , 

which i s discusse d i n mor e advance d texts . 

Proof. Th e complemen t o f th e se t A n infinitel y ofte n i s th e se t 

Un>i C\k>n^%'  T ° s n o w tha t thi s se t i s a  negligibl e event , w e mus t 

show tha t f] k>n A
c
k i s a  negligibl e even t fo r an y fixed  n.  Fo r eac h 

m >  n , le t B m b e th e even t B m : = f) n<k<mAk- T h e n f \ > n
 A k 

C B m an d 

m m 

p(Bm)=n P{A%) =n a  -  p(Ak)) 
k—n k=n 

m /  m  \ 

< H  ex p (  -  P(A k)) =  ex p I  -  V J P(A k) j  , 
k=n \  k=n  / 

since (v4 n)n>i i s a  sequenc e o f independen t events . Thi s quantit y ca n 

be mad e arbitraril y smal l b y choosin g a  larg e enoug h m , s o f] k>n A
c
k 

is a  negligibl e event . • 

E x a m p l e . Conside r th e settin g o f the exampl e immediatel y followin g 

the statemen t an d proo f o f th e first  Bore l Cantell i lemm a (Proposi -

tion 11.9) . I f th e sequence s (k n) an d (£ n) satisf y k n H - £n <  ^n+ i 

for al l n , the n th e event s A n ar e independent . I f i t i s als o tru e tha t 

^2n>iP£n diverges , the n th e even t A n infinitel y ofte n i s almos t sure . 

E x a m p l e . Ho w ca n w e randoml y choos e a  rea l numbe r betwee n 0 

and 1  followin g a  unifor m probabilit y distribution ? Thi s i s a  subtl e 

question, an d w e woul d nee d t o us e th e Lebesgu e measur e t o answe r 

it carefully . Nonetheless , w e ca n provid e a  partia l answe r usin g th e 

game o f Head s o r Tails . Fi x th e paramete r p  a s 1/2 . W e associat e 

a rea l numbe r U  i n th e interva l [0,1 ] t o eac h sequenc e uo  G  Q  b y 

proceeding a s i n th e previou s sectio n an d se t 

k=l 
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Now, ho w ca n w e choos e a  sequenc e o f independen t rea l numbers ? 
Steinhaus suggeste d th e followin g way . Conside r a n infinit e famil y 
(En)n>i o f pairwis e disjoin t infinit e subset s o f N * (fo r example , E\ 
could b e th e se t o f eve n numbers , E2  th e se t o f od d multiple s o f 
3, E%  th e se t o f multiple s o f 5  bu t no t o f 2  o r 3 , an d s o on) . Le t 
En —  {a(n, 1) , a(n, 2) , a(n, 3) , . . . } an d se t 

+00 

fc=l 

This provide s a  sequenc e (U n) o f independent , uniforml y distribute d 
random rea l number s betwee n 0  an d 1 . Le t (e n) b e a  sequenc e o f 
positive rea l numbers . Th e first  Borel-Cantell i lemm a implie s tha t i f 
Yin 6n  converges , then i t i s almost sur e tha t U n >  en fo r larg e n.  Th e 
second Borel-Cantell i lemm a implie s tha t i f Yl n

 e n di v e rge s
5 the n i t 

is almos t sur e tha t U n <  en fo r infinitel y man y n. 

(Note tha t th e rando m variable s U  ar e no t finite  typ e rando m 
variables; however , t o remai n withi n th e scop e o f thi s book , w e wil l 
not explai n wh y th e Borel-Cantell i lemma s ca n b e applie d i n thi s 
situation.) 



Chapter 1 2 

The La w o f th e I terate d 
Logarithm 

12.1. Introductio n 

In this chapter, w e will study the rate of convergence in the strong law 
of larg e numbers . Th e settin g i s tha t o f th e precedin g chapters : w e 
consider th e gam e o f Head s o r Tail s wit h a  coi n tha t ma y b e unfair . 
The probabilit y o f succes s (o r heads ) fo r eac h tria l (on e coi n toss ) i s 
PJ and th e numbe r o f successe s i n n  independen t trial s i s S n. Borel' s 
strong la w o f large number s implie s tha t th e sequenc e (S n/n) almos t 
surely approache s p  a s n  approache s infinity , an d th e centra l limi t 
theorem implie s tha t S n —  np  i s highl y likel y t o hav e orde r a t mos t 
y/n fo r larg e n. 

Khinchin's la w o f the iterate d logarith m add s considerabl e infor -
mation t o the stron g la w of large numbers b y providing a  very precis e 
estimate o f th e siz e o f th e almos t sur e fluctuations  o f th e sequenc e 
(Sn —  np).  I t state s tha t almos t surel y fo r an y e  > 0 , 

there exis t infinitel y man y n  suc h tha t 

Sn —  np >  ( 1 — e) \/2p(l —  p)n I n In n, 

and 

for ever y larg e enoug h n , S n —  np <  ( 1 + e)\/2p(l  —  p)nlnlnn. 
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These statement s involv e th e iterated  logarithm  functio n I n In, th e 

composition o f th e bas e e  logarith m wit h itself , whic h i s a n excellen t 

example o f a  functio n tha t approache s infinit y extremel y slowl y a s n 

increases (us e you r calculato r t o se e fo r yourself!) . 

Like th e centra l limi t theorem , th e la w o f th e iterate d logarith m 

illustrates th e fascinatin g fac t tha t eve n complet e randomnes s obey s 

precise laws . 

We wil l presen t th e result s leadin g u p t o th e la w o f th e iterate d 

logarithm i n chronologica l order . W e wil l prov e th e followin g results . 

(1) HausdorfT s estimate: 1 Almos t surely , fo r an y e  >  0 , 

Sn -  np  =  O  ( n e + 1 / 2 ) 

as n  — » +oo. 

(2) Hard y an d Littlewood' s estimate: 2 

Sn —  np  =  O  (  Vnlnn) 

almost surel y a s n  — > +oo. 

(3) Khinchin' s la w o f th e iterate d logarithm. 3 

Our mathematica l mode l base d o n th e pai r (Q,P)  i s th e on e 

described i n Sectio n 11.1 . W e se t 

Xn(u) =uj n-p 

and 
n 

Rn{uj) =  ^X k(uj) =  S n(u) -  np, 

fe=i 

where UJ  = (u; n)n>i £  ft.  Thu s (X n) i s a  sequenc e o f independent , 

identically distributed , finite  typ e rando m variable s wit h expecte d 

value 0 . Alon g wit h th e larg e an d moderat e deviation s estimates , 

this i s al l w e nee d t o prov e th e result s o f thi s chapter . 

F. Hausdorff , Grundziige  der  Mengenlehre,  Leipzig , 1913 . 
G. H . Hard y an d J . E . Littlewood , Some  problems  of  Diophantine  approxima-

tions, Act a Mathematica , vol . 37 , pp . 155-339 , 1914 . 
A. Khinchin , Uber  einen  Satz  der  Wahrschemlichkeitsrechnung,  Fundament a 

Mathematicae, vol . 6 , pp . 9-20 , 1924 . 
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12.2. Hausdorff' s Estimat e 

P r o p o s i t i o n 12 .1 . Almost  surely,  for  any  e  > 0, 

Sn -np =  0 (V +1/2) 

as n  —*  +oo . 

Proof. W e will us e an extensio n o f Cantelli ' s metho d o f proving th e 

strong la w of law numbers, whic h w e presented afte r Corollar y 11.11 . 

If i i , Z2 , . . ., if c ar e positive integers , the n E  [Xi 1Xi2 •  • •  Xik] <  1 , 

and i f one of the Zj' s is distinct fro m th e others, the n E  [X^X^  . . . X ik] 

equals 0 . 

Let A : b e a  positiv e integer . The n 

E[R2
n

k}= ^  ElX^X^.-.X^KNi^n), 

where N(k,  n)  i s the number o f functions fro m th e set { 1 , 2 , . . . , 2k}  t o 

the se t {1 , 2 , . . ., n}  tha t tak e eac h valu e a t leas t twice . Le t M(k)  b e 

the numbe r o f partit ions o f {1, 2 , . . ., 2k}  int o subset s eac h containin g 

at leas t tw o elements . I f P  i s suc h a  partit ion, the n P  contains a t 

most k  elements, an d the numbe r o f function s fro m { 1 , 2 , . . . , 2k} t o 

{1, 2 , . . . , n}  tha t ar e constan t o n eac h elemen t o f P is a t mos t nk. 

This implie s tha t N(k,n)  <  n kM(k). 

Let e  > 0 . The n 
k 2/c l 

E (n-'-^Rn < n- 2ke-kN(k,n) <  n- 2keM(k). 

If w e choose k  >  ^ , the n 

Y^E\(n-^Rn) 
2k' 

< OO. 

By Corollar y 11.11 , the n th e sequenc e (n  e  l /2Rn) almos t surel y 

approaches 0  as n  approache s infinity . 

For eac h e  > 0 , ther e i s a  negligible even t outsid e o f whic h 

rCe~xl2Rn converge s t o 0 . T o complet e th e proo f o f Propositio n 

12.1, w e consider a  countabl e famil y o f values o f e. Sinc e a  countabl e 

union o f negligible event s i s negligible, the n fo r each e  > 0 , n~ e~1l2Rn 

converges t o 0  on the complement o f a negligibl e event . • 
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12.3. Hard y an d Littlewood' s Estimat e 

This resul t follow s easil y fro m th e larg e deviation s estimate . 

Proposition 12.2 . 

Sn —  np =  O ( Vn In n) 

almost surely  as  n —>• +oo . 

Proof. Theore m 6. 1 implie s tha t 

P (R n >  Vn In n) <  exp —nh+ 

where 

as e approaches 0 . As n approaches infinity , 

Inn 
n 

/Inn \  In n / 1 

and 

ft+IW^T =Ml-p)n  +  °(n 

which is the genera l ter m of a convergent serie s sinc e 2  ,* _ x > 2. 

Thus 
^ P  ( P n >  VVilnn j <  oo. 
n>l 

The firs t Borel-Cantell i lemm a (Propositio n 11.9 ) the n implie s 
that, almos t surely , R n <  \ / n lnn fo r large n. • 

12.4. Khinchin' s La w of the Iterated Logarith m 

Theorem 12.3 . Almost  surely, 

r S n-np 
hmsup = r = +1 
n-+oo y2p( l —  p)nln lnn 

and 
Sn-np 

hmmi —  z  = —  1. 
r w o ° \ /2p( l - p ) n l n l n n 
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We wil l nee d th e followin g tw o lemma s t o prov e thi s result . Th e 
first follow s fro m th e larg e an d moderat e deviation s estimates . Th e 
second i s a simple exampl e o f a  maximal  inequality;  suc h inequalities , 
which wer e firs t studie d b y Kolmogorov , pla y a  fundamenta l rol e i n 
proving almos t sur e asymptoti c results . 

For eac h intege r n  >  1 , we se t 

a(n) : = y2p(l  —  p)nlnlnn. 

Lemma 12.4 . For  all  positive numbers  a  and  S  and  large  enough n, 

( lnn) - a 2 ( 1 + 6 ) <P{R n> aa{n))  <  ( l n n ) " ^ 1 - ^ . 

Lemma 12.5 . Suppose  that  (Y n)n>i is  a  sequence  of  independent 
random variables  with  expected  value  0  and  variance  a 2. 

Let T n : = Y x +  Y 2 +  •  • •  +  Y n. Then 

P (  ma x T k >  b)  <  -  -  P (T n >  b - 2cr v
/n) 

\l<k<n /  3 

for every  b  G R. 

Proof o f Lemm a 12.4 . Theore m 6. 1 implie s tha t 

(12.1) P  (R n >  aa(n))  <  exp (-nh+  f^M. 

and, sinc e th e sequenc e ( ^ ^ ) approache s zero , Propositio n 6. 2 im -
plies tha t 

aa(n) 

' =  2 p ( l - p ) 

Thus 

and 

nh+ I  r^XZl \  >  a ^i _ 5 ) i n Inn 

for larg e enoug h n.  Combinin g thi s wit h th e inequalit y (12.1) , w e 
conclude tha t 

P(Rn >  aa(n)) <  (\nn)- a2{1-6) 

for larg e enoug h n. 

aa(n)\ 9  In Inn ^(  / l n l n n x / 

aa(n)\ 2 
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Theorem 8.1, which we can apply since \/ln In n —  o{n 1^), implie s 
that 

P (R n >  aa(n))  =  P  (  — -  p  >  J P^ P KV2Wki 
\ n  V  n 

exp (—a2 In Inn) 
27rav21nlnn 

1 
( lnn)" a . 

2a\/7rmlnn 

Since \/l n In n =  o((lnn) a 6 ), w e conclude tha t 

P{Rn>aa(n))> (liin)- a^1+6) 

for larg e enoug h n.  • 

Proof o f Lemm a 12.5 . Sinc e the random variable s Yn ar e indepen-
dent, var(T n —  Tk) =  (n  —  k)cr 2 fo r ever y 1  <  k  <  n.  The n th e 
Bienayme-Chebyshev inequalit y implie s tha t 

^ / . m ^  i  r-\  v a r (T n —  Th)  n  —  k  3 

P(\Tn-Tk\<2a^)>l- \; 2n ">=!-—>-. 

Using elementar y propertie s o f probability , w e can writ e 

P (  ma x T k >  b 
\l<k<n 

n 

= Y^ p(Ti <b,T 2<b1...1 T fc_! <  b  and T k >  b) , 
fc=i 

which i s bounded abov e b y 

A n 

- ^ P ( T ! <  6, . . . ,T fc_! <  6  and T fe >  b)  • P  (|T n -  T k\ <  2ay/n)  . 

Now, th e rando m variabl e T n —  Tk  i s independen t o f th e rando m 
variables T i ,T 2 , . . . ,T k fo r ever y k.  Therefore , th e abov e quantit y 
can b e writte n a s 

A n 

- y " P ( T i < 6 , . . . , r f e _ i < 6 , T f c > 6 a n d \T n -  T k\ <  2 < r ^) . 
6
 fc =i 
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Because th e even t (7 \ <  b, ..., T k-\ <  b,T k >b  an d T n >  b — 2a^fn) 
contains (T\  <  6 , . . . , T k-i <  b,Tk >  b  and \T n —  T k\ <  2ay/n), 

P ma x T k >  b 
\l<k<n 

A n 

< -  J ^ P  (T i <  6 , . . . , T k-i <  b,  Tk >  b  and T n >  b - 2a^) 
3 , = 1 

Therefore 

P (  ma x T k >  b  ) <  - P (T n >  b - lo^fn) 

D 

We will now tackle the proo f o f the la w of the iterate d logarithm . 
We just nee d t o prov e tha t 

v S n-np 
hmsup — — =  +1 , 

n-+oc a{n) 
since th e calculatio n o f the infimu m limi t follow s b y replacin g S n b y 
n —  S n an d interchangin g p  wit h 1  — p. 

The proo f wil l be compose d o f two steps . Fo r eac h 7 7 >  0 , we will 
show tha t 

(i) Th e supremu m limi t i s almos t surel y les s than 1  + 77. 

(ii) Th e supremu m limi t i s almos t surel y greate r tha n 1  — 77. 

From thes e steps , w e wil l reac h th e desire d resul t b y lettin g 77 
approach 0 : w e associat e a n almos t sur e even t t o eac h 77 , consider a 
sequence o f values 77 approachin g 0 , and us e the fac t tha t a  countabl e 
union o f negligibl e event s i s negligible . 

As a n introductio n t o th e proof , w e wil l provid e a  simplifie d ar -
gument tha t yield s a  partia l result . Fi x a  numbe r 7  >  1  an d le t 
n>k —  [l k] b e th e intege r par t o f 7^ . B y Lemm a 12.4 , 

P(Rnk >  (1  + V)a(nk)) <  ( lnn f c)" ( 1 +" ) 2 ( 1"5 ) 

for ever y S  > 0 and larg e enoug h k.  Therefor e 

P (Rn k >  ( 1 + vMn k)) =  O  (fc-( 1+")2<1-^) . 
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If 5  is chosen t o b e smal l enoug h tha t ( l +  r/) 2(l —  5) >  1 , the n 

J2P(Rnk > ( l +  ry)a(n fc))<oo, 
/c>0 

and th e first  Borel-Cantell i lemm a (Propositio n 11.9 ) implie s tha t 

lim sup nk  <  1  +  rj 

almost surely . 

We hav e thu s prove n ste p (i ) fo r subsequence s wit h exponentia l 
growth. I t will take some more work to prove the inequality in general. 
We onl y nee d t o conside r a  subsequenc e t o prov e ste p (ii) ; however , 
this ste p wil l no t b e eas y eithe r becaus e w e wil l nee d t o us e th e 
second Borel-Cantell i lemm a (Propositio n 11.13) , whic h require s a 
hypothesis o f independence . 

Proof o f th e La w o f th e Iterate d Logarithm . Fi x rj  >  0 . Fo r 
a rea l numbe r 7  >  1  (t o b e chose n later ) an d fo r eac h k  G  N, se t 
nk : — [lk]- W e wil l sho w tha t 

(12.2) y^P\  ma x R n >  ( 1 + rj)a{n k) )  <  00 . 

Lemma 12. 5 implie s tha t 

P ma x R n >  ( 1 + rj)a(rik) 
yn<nk +  1 

< ^P  (Pn k+1 >  (1- f rj)a(n k) -  2y/n k+lP(l -  pj) 

Since y/n k+i =  o  (a(nk)) a s k  —> +00 , 

2y/nk+1p(l -p)  <  -ria(n k) 

for al l larg e enoug h k.  Fo r suc h a  /c, 

P (  ma x R n >  ( 1 + rj)a(n k)) <^P  (R nk+1 >  ( 1 + v /2)a(nk)) . 

We kno w tha t a(n k+i) ~  y/ya(n k),
 an( ^ w e c n o o s e a  7  ^ na^ satisfie s 
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(I + 77/2) >  ( 1 + 77/4)^/7. Then , fo r larg e enough fc, (l +  rj/2)a(nk) > 
(1 + 77/4)a(nfc+i) , an d therefor e 

P (  ma x R n >  ( 1 + 7/)a(n fc) )  <  \  P  (R nk+1 >  ( 1 + 77/4)a(n fc+i)) . 

Now, we apply Lemm a 12. 4 (usin g a  = ( 1 — J ) - 1 =  ( 1 + 77/4) ) t o fin d 
an uppe r boun d fo r thi s expression . Thi s yield s 

P (  ma x R n>(l +  vMnk)) <  \  ( l nn f e + 1 r ( 1 + " / 4 ) 

\n<nk+i J  6 

for larg e enoug h k.  Finally , 

( lnn f c + 1 ) - ( 1 + " / 4 ) ~  ( l n 7 ) - ( 1 + " / 4 ) fc-< 1+"/4\ 

which i s the genera l ter m o f a  convergen t series . 

We have thus prove n (12.2) . The n th e firs t Borel-Cantell i lemm a 
implies tha t 

max R n <  ( 1 + rj)a(rik) 

and, i n particular , w e have almos t surel y tha t 

max R n <  ( 1 + rj)a(rik) 
nk<n<nk +  1 

for larg e enoug h k.  Thi s implie s that , almos t surely , 

Rn <  ( 1 + rj)a(n) 

for larg e enoug h n , whic h establishe s (i) . 

To prov e (ii) , i t suffice s t o sho w tha t ther e exist s a  subsequenc e 
(n/c) o f th e sequenc e o f al l integer s suc h tha t (R nk >  ( 1 — v) aink)) 
infinitely often  i s an almos t sur e event . W e will choose a  subsequenc e 
satisfying n k =  7 fc, wher e 7  i s a  larg e enoug h numbe r (t o b e chose n 
later). W e wil l show tha t 

(12.3) ] T P  (i? 7n "  i V - > ^  ( * "  f  )  a  (7") ) =  0 0 
n>l 

and tha t 

77 

(12.4) almos t surely , R^n-i  >  —  -a{^n) fo r larg e enoug h n. 
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The rando m variabl e R 7n —  R^n-i  ha s th e sam e probabilit y dis -
tribution a s the rando m variabl e R 1n_1-n-i. Thu s 

P ( / V - i V - i > ( l - § ) a ( 7
n ) ) 

= P ( i ? 7 n _ 7 n - 1 > ( l - § ) a ( 7
n ) ) . 

As n  approache s infinity , 

a ( y _  7n-i) r^j 

a (7 n) V  7 

If we choose 7  suc h tha t ( 1 — rj/2)  ^7 <  ( 1 — rj/4)  ^7 —  1 , the n 

(1 - rj/2)  a (7" ) <  ( 1 - Jj/4 ) a  ( 7
n -  l " " 1 ) 

for larg e enoug h n , an d fo r suc h n, 

P (i^ n -  i^n- 1 >  ( 1 - 2 ) a (7") ) 

> P ( i ? 7 „ _ 7 „ - 1 > ( l - f ) a ( 7 " - 7 n - 1 ) ) . 

Now, w e use Lemm a 12. 4 (wit h a  = ( 1 + J ) - 1 =  ( 1 — r?/4)) t o find a 
lower boun d fo r thi s expression . Thi s yield s 

P ( i V -  A^- x >  ( l -  | ) a  (7") ) >  (I n (7" -  r- 1))-1^ 

for ever y larg e enoug h n.  Sinc e 

( l n ( 7 " - 7 - 1 ) ) " 1 + 7 ? / 4 ~ ( n l n ( 7 ) ) - 1 + ' ) / 4 

is the genera l ter m o f a  divergen t series , thi s prove s (12.3) . 

As n  approache s infinity , a  (7™ ) ~  \fl  &  (7 n - 1)« I f w e choos e 7 
large enoug h s o tha t 77 /̂ 7 >  4 , the n rja  (7n) >  4 a (V 1 - 1) fo r larg e 
enough n . Fo r suc h a n n , 

( i t ^ - i < - ^ ( 7
n ) ) C  ( - i V - x > 2 a ( 7 n " 1 ) ) . 

Now, applying the uppe r boun d (i ) established i n the first  par t o f this 
proof t o th e sequenc e (—R n) implie s that , almos t surely , —R jn-i < 
2a ( 7 n - 1 ) fo r larg e enoug h n . Thi s prove s (12.4) . 

Since (R^n  —  i ^n- i ) i s a  sequenc e o f independen t rando m vari -
ables and the sum in (12.3 ) diverges , the second Borel-Cantell i lemm a 
implies that , almos t surely , ther e exis t infinitel y man y positiv e inte -
gers n  suc h tha t R 7n —  R^n-i >  ( l —  | ) a ( 7 n ) . Combine d wit h 
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(12.4), this implies that ther e almos t surel y exis t infinitel y man y pos -
itive integer s n  suc h tha t R 7n >  ( 1 — 77) a (7 n). Thi s establishe s th e 
lower boun d (ii) . • 
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Chapter 1 3 

Recurrence o f Rando m 
Walks 

13.1. Introductio n an d Definition s 

In thi s chapte r w e discus s th e recurrenc e o f rando m walk s i n th e 
discrete spac e Z N wit h dimensio n N  >  1.  A  random  walk  describe s 
the successiv e position s o f a  perso n wh o step s a  rando m distanc e i n 
a rando m directio n a t eac h second . W e suppos e tha t eac h o f thes e 
random step s i s independen t o f th e previou s step s an d tha t al l th e 
random step s follo w th e sam e probabilit y distribution . Althoug h w e 
can define a  random walk in an arbitrary group , we will limit ourselve s 
to th e cas e o f th e additiv e group s Z N, an d w e wil l assum e tha t th e 
length o f each ste p i s bounded . 

Assuming tha t th e wal k consist s o f infinitel y man y steps , w e as k 
the followin g questions : Wil l th e wal k retur n t o th e startin g point ? 
Will th e wal k reac h ever y poin t i n th e space ? Wil l th e wal k retur n 
infinitely man y time s t o th e startin g point ? 

We wil l see tha t th e answer s t o thes e question s basicall y depen d 
on onl y tw o parameters : th e averag e displacemen t a t eac h ste p an d 
the dimensio n N  o f th e spac e i n whic h th e wal k take s place . W e 
will find  th e followin g results : i f th e expecte d lengt h o f eac h ste p i s 
not zero , then th e wal k almos t surel y goe s to infinity ; i f the expecte d 
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length o f eac h ste p i s zero , the n th e answer s t o th e abov e question s 
are affirmativ e i f the wal k i s in a  space o f dimensio n a t mos t two . 

The mathematica l mode l tha t w e wil l us e i s th e on e w e hav e 
described i n detai l i n th e previou s chapters , becaus e th e step s i n a 
random walk form a  sequence of identical and independent elementar y 
random experiments . 

The nearest  neighbor  random  walk  o n Z  i s th e wal k compose d 
of fixed-length  steps , eac h eithe r forwar d o r backward . O f course , 
this i s th e sam e a s ou r gam e o f Head s o r Tails : a t eac h second , th e 
random walke r tosse s a  coin to decide whethe r t o take a  step forwar d 
or backward . Formally , w e conside r th e spac e (ft , P) describe d i n 
Section 11.1 . For ^ =  (u; n)n>i G O =  {0,1} N* w e set Yn(uj) =  2u> n-l. 
Then (Y n) i s a  sequenc e o f independen t rando m variable s suc h tha t 

P(Yn =  l)=p  an d P(Y n =  -l)  =  l-p. 

The random walkis  th e sequence of random variables (M n)n>i define d 

by 
Mn:=Y1+Y2 +•••  +  ¥„. 

The parameter p,  a  real number betwee n 0  and 1 , is the probability of 
taking a step forward. Th e variable Mn i s connected to other variable s 
that w e have studied by the equality M n —  2S n —  n —  2R n +  (2p — l)n. 

More generally , a  random wal k o n Z N compose d o f a  finite  num -
ber o f possibl e step s ca n b e describe d a s follows : le t (ei , e2, • . ., e^ ) 
be a  finite  famil y o f elements of 7LN and (pi,P2 ? • • •  >Pd) be a  family o f 
real positiv e number s tha t su m t o 1 . (Eac h e $ represents a n allowe d 
step, an d pi  i s the probabilit y o f takin g th e ste p represente d b y e .̂ ) 
Consider th e probabilit y spac e (ft , P)  describe d i n Sectio n 11.3 , an d 
let Y n(u) =  e Un fo r eac h UJ  =  (u n) € ft =  {1 , 2 , . . ., d}N*. The n th e 
random walk  is the sequenc e of random variable s (M n)n>i define d b y 

Mn : = Y x +  Y 2 +  •  •  • +  Y n . 

Before proceeding, we must give a precise definition o f the concep t 
of recurrence. A  random wal k (M n)n>i i s called recurrent  i f the wal k 
almost surel y return s t o th e origi n infinitel y man y times ; tha t is , a 
random wal k i s recurren t i f th e se t (M n =  0 ) infinitely  often  i s a n 
almost sur e event . A  rando m wal k i s transient  i f th e wal k almos t 
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surely return s t o th e startin g poin t onl y finitely  man y times ; tha t is , 
a rando m wal k i s transien t i f th e se t (M n —  0) infinitel y ofte n i s a 
negligible event . 

We wil l als o us e th e followin g definition : a  rando m wal k i s cen-
tered i f th e expecte d lengt h o f a  ste p i s zero ; tha t is , i f E  [Y n] :— 

The res t o f thi s chapte r i s compose d o f thre e sections . I n Sec -
tion 13.2 , we will describ e th e propertie s o f recurrence o f the neares t 
neighbor rando m wal k o n Z ; sinc e thi s wal k i s the sam e a s the gam e 
of Head s o r Tails , w e wil l b e abl e t o us e th e result s o f th e precedin g 
chapters. I n Sectio n 13.3 , w e wil l stud y th e propertie s o f rando m 
walks i n a  mor e genera l setting . I n Sectio n 13.4 , we wil l describe th e 
properties o f recurrence o f random walk s o n Z N. 

13.2. Neares t Neighbo r Rando m Walk s o n Z 

Here th e rando m variable s Y n tak e th e value s + 1 an d — 1 with prob -
ability p  an d 1  — p  respectively , an d M n =  Y\  +  Y 2 + •  • • + Y n. I f 
p > 1/ 2 (respectively , p  <  1/2) , th e stron g la w o f larg e number s im -
plies that M n almos t surel y approaches infinity (respectively , negativ e 
infinity) a s n  approache s infinity . Thu s th e rando m wal k i s transien t 
i f p ^ 1/2 . 

If p  =  1/2 , th e rando m wal k i s calle d th e simple  random  walk 
on Z . Thi s i s a  centere d rando m walk . W e ca n sho w tha t th e wal k 
is recurren t i s severa l ways ; thi s follows , fo r example , fro m th e la w 
of return s t o zer o (Theore m 10.2 ) o r fro m th e la w o f th e iterate d 
logarithm (Theore m 12.3) . Th e la w o f the iterate d logarith m implie s 
that l imsupM n =  +o o an d limin f M n =  —  oo almos t surely . Sinc e 
the lengt h o f each step i s 1 , this implie s tha t th e rando m wal k almos t 
surely reache s eac h poin t i n Z  infinitel y man y times . 

Do these argument s generaliz e to other rando m walks ? Onl y par -
tially. I f th e rando m wal k i s no t centered , the n th e generalize d la w 
of large number s (Theore m 11.12 ) immediatel y implie s tha t th e wal k 
is transient . Th e questio n o f recurrence , however , i s mor e subtle . 
For example , conside r th e rando m wal k (M n) o n Z  wit h probabilit y 
distribution P(Y n =  -3 ) =  2/ 5 an d P(Y n =  2 ) =  3/5 . Thi s i s a 
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centered rando m walk , an d th e la w o f the iterate d logarith m implie s 
that l imsupM n =  +0 0 an d liminfM n =  —0 0 almos t surely ; how -
ever, w e cannot conclud e onl y fro m thi s informatio n tha t th e wal k i s 
recurrent. Th e sam e discussio n applie s t o an y centere d rando m wal k 
on Z N wher e N  >2. 

13.3. Genera l Result s abou t Rando m Walk s 

The most strikin g general property o f random walk s is that ever y ran -
dom walk is either recurrent o r transient. Thi s all-or-nothing principl e 
is th e ai m o f Theore m 13.1 . Th e connectio n betwee n th e numbe r o f 
times tha t th e rando m wal k return s t o th e startin g poin t an d th e 
number o f time s tha t th e rando m wal k reache s an y give n poin t i s 
stated i n Propositio n 13.4 . 

Theorem 13.1 . Every  random  walk  (M n)n>i is  either  recurrent  or 
transient, and  the  following three  statements  are  equivalent: 

(i) The  random  walk  is  recurrent. 

(ii) li m P  [there  exists  k  <  n such  that  M & = 0 ) =  1 . 
n—>+oo 
+00 

(hi) ^ P ( A f n =  0 ) =  +oc . 
n = l 

It i s easy to check that propert y (ii ) implie s that th e random wal k 
almost surel y return s a t leas t onc e t o th e startin g point . I n fact , th e 
converse i s als o true : propert y (ii ) i s equivalen t t o th e almos t sur e 
return o f the walk to the origin . However , w e will not provid e a  proof 
of thi s fact . 

In addition , not e th e paralle l betwee n th e implicatio n (hi ) = > (ii ) 
and th e secon d Borel-Cantell i lemma . However , th e lemm a canno t 
be directl y applie d becaus e th e rando m variable s M n ar e no t inde -
pendent. 

If m , 5 , an d t  ar e positiv e integer s wit h s  <  t , le t A™ t be th e 
event consistin g o f random walk s tha t retur n t o th e startin g poin t a t 
least m  time s betwee n step s s  an d t.  I n symbols , 

u e  A™ t <=^  #{ n :  s  <n<t  an d M n{uj) =  0 } >  m. 

We wil l us e th e followin g tw o lemma s t o prov e Theore m 13.1 . 
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Lemma 13.2 . P  (A™ t) <  (P  (A^ t))
m for  every  m,t  >  0 . 

Lemma 13.3 . (P  (-A^ ) )m <  P  (A^ mt) for  every  ra,£  > 0 . 

Proof o f Lemm a 13.2 . I t i s clea r tha t P  (A^ t) =  0  if m  >  t  Th e 
lemma i s trivia l fo r m  =  1 , an d w e procee d b y inductio n o n m.  T o 
simplify th e exposition, w e will only show the firs t inductio n step ; th e 
general ste p i s no t difficul t onc e the first  ste p i s understood. W e wil l 
thus prov e tha t th e lemm a i s true fo r m  =  2 . B y considerin g th e first 
two returns to the origin , we can write the even t A\  t  a s a finite  unio n 
of pai r wise disjoin t events . Thu s 

PiAh)= J2  P((M i?0,l<i<j)aiid(Mj =  0) 
l<j<k<t 

and (Mi  ^  0 , j  <  i <  k)  an d (M k =  0)) , 

so 

P(Alt)= ] T P((M i ^  0 , 1  < z  < j ) an d (M,- = 0 ) 
i<j<k<t 

and (Mi  -  M 3•, ^  0 , j  <  i <  k)  an d (M k -  M 3 =  0)) . 

Since th e even t ((Mi  ^  0, 1 <  i  <  j) an d (Mj  =0 ) ) i s independen t 
from th e even t ((Mi  -  M 3 ^  0J  <  i <  k)  an d (M k -  M 3 =  0)) , 

P(Ah)= E  P{(M i^01l<i<j)3Jid(Mj=0)) 

x P((M t -  Mj  ^  0 , j  <  i  <  k)  an d (M k -  M 3 =  0)) . 

Then, b y the propert y o f invariance unde r shiftin g (se e Section 11.1) , 

P((Mi -Mj^OJ  <i<  k)  an d (M k -  M 3 =  0) ) 

= P((Mi-j  +  0 , j  <  i <  k)  an d (M k-j =  0)) , 

whence 

(13.1) 

P(A2
lit)= Yl  P{(Mi  ?  0,1  <i<j)  and  (Mj=0)) 

l<j<k<t 

x P((Mi  ^  0 , 1  < i  <  k  -  j)  an d (M k-j =  0)) . 
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We conclude tha t 
t t 

P ( Ah) <  E E  P ( ( M ^ ° . 1  ^  l  <  3) and {M3 =  0)) 
3 = 1 1=1 

x P((M l +  0 , 1  < i  <  I) an d (M e =  0)) . 

By usin g a  decomposition simila r t o th e on e used i n the beginnin g of 
this calculation , w e also hav e tha t 

t 
P « t ) =  E  P ( ( M * ^  0 , 1  < z  <  j) an d (M 3 =  0)) , 

and thu s P  (A 2
ht) <  (P  (A\j)) 2 .  D 

Proof o f Lemm a 13.3 . W e prov e thi s lemm a b y inductio n o n m. 
As fo r Lemm a 13.2 , we wil l only stud y th e cas e o f m  =  2 . 

We can writ e equatio n (13.1 ) a s 

P K M) =  J2  [ P((M< ^ 0 , 1 <  t < j) an d (Mj = 0)) 
l<j<k<2t L 

x P((M , ^  0 , 1  < i  <  k  -  j)  an d ( M ^ - =  0) ) 

which implie s tha t 

t j+t 
P ( Aht) >  E E  F ((M* ^ 0 , 1 <  t < i) an d (Mj  = 0)) 

j = i fc=j+i 

x P({M l ^  0 , 1  < i  <  k  -  j)  an d ( M ^ - =  0)) . 

By settin g I  —  k — j , thi s become s 
t 

P (Aht) >  EP ( W +  0, 1 <  t < j) an d (M, = 0)) 
3 = 1 

t 

x ^ P ( ( M, ^  0 , 1 <  z <  £) an d (A£ = 0)), 

which simplifies to 

P (Al2t) >  (P (Alt))
2 . 

D 
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Proof o f Theore m 13.1 . I f the series ^ n > 1 P  {M n =  0 ) converges , 
then th e se t (M n =  0 ) infinitel y ofte n i s a negligible even t b y the first 
Borel-Cantelli lemma ; thu s th e rando m wal k i s transient, s o i t i s no t 
recurrent. Thi s prove s th e implicatio n (i)=>(iii) . 

Next w e will prov e the implicatio n (iii)=^(ii) . Sinc e the sequenc e 
(P (A\  n ) ) i s increasing an d bounde d b y 1 , we can se t 

p = li m P  (AlJ  . 

Then conditio n (ii ) i s simply p  —  1. Sinc e expecte d valu e i s a  linea r 
function, 

J2P(Mk =  0)  = E 2_^ ^(M f c=0) 
k—1 Lfc= l 

so 

J2P(Mk =  0)  = E[#{j  :  l<j<nandM j=0}] 
k=i 

n 

= ^  j  P  {{M k)i<k<n include s j  zeros ) 

=X> (p K») - p GO)=tp K ) • 
3=1 J = l 

Then Lemm a 13. 2 implies tha t 

±P(Mk =  0)<±(P(Al n)y<±p>, 
k=l 3  = 1  j  =  l 

and thu s 

Y^ P  (M fc -  0 ) =  +o o =>  p  = 1  . 
k=l 

This prove s tha t (iii)=>(ii) . 

To complet e th e proof , w e just nee d t o prov e tha t (ii)=^(i) . Le t 
m b e a  positiv e integer , an d le t A™^  b e th e se t o f UJ  suc h tha t th e 
sequence (M n{uu))n>1 contain s a t leas t m  zeros . Fo r eac h t  >  0 , 

Am -^  Am 
^•1,00 ->  / 1 l , m t -

Then b y Lemm a 13.3 , 

P ( A £ m t ) > ( P « « ) ) " * . 
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Suppose tha t conditio n (ii ) i s satisfied . The n lim^o o P  [A\  t ) =  1 , 
so th e se t A™^  contain s event s o f probabilit y arbitraril y clos e t o 1 . 
Therefore A™^  i s a n almos t sur e event . 

The se t o f uo  suc h tha t th e sequenc e (M n(a;))n > 1 contain s infin -
itely man y zero s i s the intersectio n o f the set s A™^  a s m  range s ove r 
N. Sinc e the countabl e intersectio n o f almost sur e events i s an almos t 
sure event (Propositio n 11.1) , we conclude that th e sequence (M n)n>i 
almost surel y contain s infinitel y man y zeros . Thu s th e rando m wal k 
is recurrent . 

We have no w establishe d th e equivalenc e betwee n th e condition s 
(i), (ii) , an d (iii) . Thu s th e rando m wal k i s either recurren t o r tran -
sient, accordin g to whether J2 n P(M n =  0 ) diverges or converges. • 

Now w e wil l stud y th e numbe r o f time s tha t a  rando m wal k 
reaches othe r point s i n th e space . Le t S  b e th e semigrou p gener -
ated b y th e se t E  : = {ei , e2 , . . ., e^} o f allowe d step s i n th e rando m 
walk (w e suppose tha t th e al l the probabilitie s pi  ar e positive) . Thu s 
S i s the se t o f element s o f Z N tha t ca n b e writte n a s a  finite  su m o f 
(not necessaril y distinct ) element s o f E.  Not e tha t S  i s exactl y th e 
set o f points attainabl e b y th e rando m walk . 

Proposition 13.4 . If  the  random walk  is recurrent, then  S  is  a  group 
and the  random  walk  almost  surely  reaches  every  point  in  S  infinitely 
many times. 

If the  random  walk  is  transient,  then  every  point  of  S  is  almost 
surely only  reached  finitely many  times;  in  other  words,  it  is  almost 
sure that  lim n_^00 \M n\ =  +oo . 

Here |  • |  is any give n nor m o n the spac e R^ . I n th e statemen t o f 
the followin g lemma , w e use th e L-infinity  norm  \(xi,  x^,  •  •  • , XN)\ = 
max{ |x i | , | ^ 2 | , . - . , k iv | } . 

We wil l us e the followin g lemm a i n ou r proo f o f the proposition . 

Lemma 13.5 . The  random  walk  (M n) on  ZN satisfies 

Y, P  {Mn =  x) <  1 + Y, p  ( Mn =  0) 
n—1 n=l 
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for every  x  G  ZN and 

+00 /  +0 0 \ 

Y,P(\Mn\<m)<(2m +  l) N 1  + ^  P  (M n =  0 ) 
n=l \  n=l  J 

for every  m  >  0 . 

Proof. B y decomposin g th e even t (M n —  x)  int o a  union o f pairwise 
disjoint event s base d o n th e firs t tim e tha t th e rando m wal k reache s 
the poin t x , w e obtai n 

P(Mn =  x) 
n 

= ] T P  ((Mi  ^  x , 1 < i  <  k)  an d (M k =  x)  an d (M n -  M k =  0)) . 
fc=i 

Then, by using the independence of the successive steps of the rando m 
walk an d th e invarianc e o f probability unde r shiftin g a s we did i n th e 
proof o f Lemma 13.2 , we obtai n 

P(Mn =  x) 
n 

= J2P((M l^x,l<i<k) an d (M k =  x))  •  P (M n^k =  0) , 

which implie s tha t 

+00 

] T P ( M n =  x ) 
n = l 

+00 +0 0 

= 5 3 5 1 P  ((M » ^  x , 1 < i  <  fc) and (M fc =  x))  •  P  (M„_ fc =  0 ) 
/c=l n=/ e 

= ] T P  {(Mi  ^  x , 1 < i  <  k)  an d (il 4 =  x) ) •  ] T P  (M n =  0) , 
k=l n = 0 

where M 0 =  0 . Sinc e th e event s ((Mi  ^  x , 1 < i  <  k)  an d (M ^ =  x) ) 
are pairwis e disjoin t a s k  varies , th e su m o f thei r probabilitie s i s a t 
most 1 . Thi s prove s th e firs t state d inequality . Th e secon d follow s 
immediately fro m th e fac t tha t 

P(\Mn\<m)= Yl  P(M n =  x), 
x(ElN ,\x\<m 
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and tha t th e cardinalit y o f {x  G  ZN, \x\  <  m} i s (2 m + 1) ^ fo r ever y 
positive intege r m.  D 

Proof o f Propositio n 13.4 . Suppos e tha t th e rando m wal k (M n) 
is transient . Theore m 13. 1 implie s tha t th e serie s Y2 n>i P  {M n =  0 ) 
converges, an d th e abov e lemm a implie s tha t ^2 n>iP{\Mn\ <rn) 
converges fro m an y m  >  0 . The n th e first  Borel-Cantell i lemm a 
implies th e secon d assertio n o f the proposition . 

Now, suppos e tha t th e rando m wal k (M n) i s recurrent . 

Let x  G  S, an d fix a  k  >  0  suc h tha t P  (M k =  x)  >  0 . Ther e 
almost surel y exist s a n n  >  k  suc h tha t M n —  0. Sinc e a n almos t 
sure event and a (finite type) even t with positive probability cannot b e 
disjoint, ther e exist s a n UJ  G  ft  suc h tha t M^(CJ ) =  x  an d M n(uu) —  0 , 
where k  <  n.  Consequently , —  x G  S.  Sinc e S  i s a  semigrou p b y 
definition, the n 5  i s a  group . 

Now we need to show that i f the random walk visits a point x  wit h 
positive probability , the n th e rando m wal k wil l almos t surel y retur n 
to x  infinitel y man y times . Th e proo f goe s a s follows . Th e rando m 
walk almos t surel y return s t o zer o infinitel y man y times . Eac h tim e 
the wal k return s t o zero , th e situatio n i s the sam e a s i f a  ne w walk , 
independent o f th e previou s one , wer e starting . Thi s provide s a n in -
finite sequenc e o f identical an d independen t experiments , wher e eac h 
one ha s a  positiv e probabilit y o f reachin g th e poin t x.  Thi s implie s 
that th e rando m wal k almos t surel y reache s th e poin t x  infinitel y 
many times . W e wil l no w formaliz e thi s proof . 

The previou s theore m implie s tha t lim^+o o P  {A\  t ) =  1 . The n 
Lemma 13. 3 implies tha t limt_>+o o P (^T,mt)  =  1  f°r an Y m  >  0 ' an< ^ 
thus, b y monotonicity , 

lim P{A? >t)=l. 
£ — • + 0 0 ' 

If m , «s , and t  ar e positiv e integers , the n A™ t D A™^s, s o 

lim P(A™ t) =  l. 
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Let x  e  S  an d e  >  0 . Fi x k  >  1  such tha t P  (M k =  x)  >  0  an d se t 
S := 1  — P (Mf c =  # ) <  1 . Defin e a  sequence (rtj)j>o  b y the recurrenc e 

n0 =  1 ; n , -  n^ x >  k  an d P  ( ^ . ^ - f c ) >  *  ~ 2 ~J6-

For j >  1 , let P j b e the event the  random walk  returns to  the  origin  at 
least once  between  steps rij-i  and  rij  — k and  does  not visit  x  between 
steps Uj-i  and  ny,  tha t is , 

Bj : = A\._ lin._k H  (Mn ±  * ,n ,_ i <  n  <  n , ) . 

Let J  an d i f b e tw o positiv e integer s suc h tha t 0  <  J  <  K.  W e wil l 
find an uppe r boun d fo r th e probabilit y o f the even t the  random  walk 
does not reach  the point  x  between  steps  n j_ i and  UK-  First , 

P (M n ^  x,  nj-i <n<  n K) 

<3=J /  \j=J 

and 

K \  K 

V=J /  J= J 

Let ^  b e a  positive intege r allowe d t o vary betwee n rij-i  an d rij  — k. 
If the even t Bj  occurs , the n ther e i s a  unique intege r £j  suc h tha t 

(M£ ±  0 , rij-! <£<  £j),  M £j =  0  an d M e.+k +  x. 

This implie s tha t 

K 

' K 

^ E  p  n  ((<-i.«,-i) n ( ^ = ° )n ^ + * ^  *)) • 
tj,-,eK \j=J 
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Since th e rando m movemen t Mi K+k —  MiK i s independen t o f the 
previous movement s i n the random walk , 

P f l ( ( < - i , « , - i ) C n  ( M 4 =  ° ) n ( M 4+* ^  *) ) 

/ A : - I 

= P  f l ( ( < _ 1 , ; j _ 1 ) C n  (M^ = 0 ) n (M, J+fc ^  a;) ) 
\j=J 

n (^-x^-i) 0 n ( M ^ =  0 ) j x  P (M^ + f c -  M £ K ^ 

and th e property o f invariance unde r shiftin g implie s tha t 

P (MeK+k -  M lK ^x)  =  P{Mk^x) =  8. 

We thus obtai n th e inequality 

K 

E p  H  ((<-./,-i)" n Wt. = o) n (M,i+fc ^ *)) 

^ s E  p  f fl ((<-^-i)C n (M^ =  o ) n  (M, i+fc ^ *)) )  , 

which implies , by recurrence, tha t 

E p f n (K-.^-i)0n ^ = ° ) n (^+* ̂  *)) 
(j,-,eK \j=J 

<SK~J+1 . 

Combining th e above inequalitie s yield s 

P(Mn ^ x , n j _ i <n<n K)< 2 w e +  S K~J+1. 

For eac h J  >  0 , fix  K  =  K{J)  >  0  suc h tha t S K~J^1 <  2 w e . 
The se t E o f LU suc h tha t M n{uj) equal s x  fo r only finitel y man y n  is 
contained i n the union 

( J (M n ^  x,nj-i  <n<  n K{J)) 
J>0 
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and 

Y^ P  {M n +  x,  n j_i <n<  n K{J)) <  4 e 
J> 0 

This prove s tha t E  i s a  negligibl e event . 

We have thus proven tha t th e random wal k almos t surel y reache s 
the poin t x  infinitel y man y time s fo r an y poin t x  G  S. Sinc e the se t S 
is countable, w e conclude tha t th e random wal k almos t surel y reache s 
every point i n S. Thi s proves the first  assertion of the proposition. • 

13.4. Recurrenc e o f Rando m Walk s o n Z N 

Proposition 13.6 . A  random  walk  on  Z  is  recurrent  if  and  only  if 
it is  centered. 

Proof. Th e generalize d la w o f larg e number s (Theore m 11.12 ) im -
plies tha t 

hm =  E  [Yi j 
n—>+oo n 

almost surely . I f the walk is not centered , the n lim n_++00 \M n\ —  +oo, 
so the wal k i s transient . 

Now suppos e tha t th e wal k i s centered , an d exclud e th e trivia l 
case o f al l th e rando m variable s Y n bein g identicall y equa l t o 0 . Fo r 
random variabl e Y n takin g onl y tw o values , w e ca n us e a  variet y o f 
arguments t o establis h th e proposition . Fo r example , th e d e Moivre -
Laplace theore m (Theore m 7.3 ) implie s tha t 

P(M2n = 0)~4= 
v n 

to within a  constant multiple , whic h implie s tha t th e serie s with gen -
eral ter m P  (M n —  0 ) diverges . Theore m 13. 1 the n complete s th e 
proof. Anothe r argumen t i s base d o n th e la w o f th e iterate d loga -
rithm, whic h implie s tha t 

l imsupMn =  +o o an d limin f M n =  —  oo 

almost surely . I t i s impossible tha t l im n ^ + 0 0 \M n\ =  +o c sinc e eac h 
step i n th e rando m wal k ha s bounde d length , s o Theore m 13. 1 an d 
Proposition 13. 4 together impl y tha t th e rando m wal k i s recurrent . 
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We wil l now give a  clever argument 1 usin g th e weak la w of large 
numbers tha t applie s t o any centered rando m wal k o n Z. 

Lemma 13. 5 implies tha t 

+o o 1 -f-oo 

SO 

and 

1 + ^ P ( Mn = 0) > ^ -^ X)P(|M n| <  m), 
n = l n = l 

+oo . . raa 

1 + £ P(M n = 0) > ^ ^- £P ( |M n | <  m), 
n=l n=l 

+o o 

l + £p(AfB = 0 ) > — E P ^ I ^) 
n=l n = l 

for an y positiv e intege r a . Now , the generalize d wea k la w o f larg e 
numbers (Equatio n (11.4 ) o f Theorem 11.12 ) implie s tha t 

lim P(\M n\ <-)  =  !, 

SO 

^ raa 

m->+oo2m + l ^ V  n | ~  a / 2 

Finally, thi s implie s tha t 
• + - n = l 

l +  ^ P ( M n =  0 ) > ^ . 
n = l ^ 

Since a  is an arbitrary integer , thi s means tha t th e series with genera l 
term P (Mn =  0) diverges, and thus the random walk is recurrent. • 

We wil l now study rando m walk s i n dimension N  >  1. Le t Y n = 
(yn \ y n

2 , . . . , yn
N) e  Z N b e the steps o f this wal k an d le t X)£ =1 Ffc = 

M n =  (Mi , Af2,. . . , M* ) b e the walk itself . 

If th e rando m wal k i s no t centered , ther e exist s a n i  betwee n 1 
and N  suc h tha t E  [Y^\  ^  0 ; the n th e stron g la w of larg e number s 
implies tha t lim n_^+00 \M^\  =  +o o almos t surely . Thu s th e wal k i s 
transient. 

K. L. Chung an d D. Ornstein, On  the  recurrence  of  sums  of  random variables, 
Bulletin o f the America n Mathematica l Society , vol . 103 , pp. 20-32 , 1962. 
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The questio n o f wha t centere d rando m walk s ar e recurren t wa s 
resolved i n the middl e o f the twentiet h century. 2 Whethe r a  centere d 
random wal k i s recurren t depend s o n it s dimension,  whic h i s the di -
mension o f th e subspac e o f R N generate d b y th e se t {e i ,e2 , . . . , e^} 
of possibl e steps . Ever y centere d rando m wal k i n dimensio n a t mos t 
2 i s recurrent ; o n th e othe r hand , ever y rando m wal k i n dimensio n 
greater tha n 2  is transient . 

We proved th e resul t fo r the one-dimensional cas e in the previou s 
proposition. Th e proof s o f th e abov e result s i n thei r ful l generalit y 
requires th e tool s o f Fourie r analysis , s o w e wil l limi t ou r stud y t o 
nearest neighbo r rando m walks . 

In th e spac e Z^ , eac h poin t ha s 27 V neares t neighbors . Le t 
(6i, &2 ? •  • •  > btf) b e th e standar d basi s fo r R N. Th e neares t neighbo r 
random wal k o n Z N i s defined b y d  = 27 V and 

(ei, e 2, •  •  •, ed) =  (b u -b ub2, -b 2,..., b N, -b N). 

This wal k i s centere d i f an d onl y i f p 2i-i —  P2i for  every i  betwee n 
1 an d n.  W e suppos e tha t P2n-i  an d p 2i ar e nonzer o fo r ever y z , 
which ensure s tha t th e dimensio n o f th e wal k i s TV . I n th e specia l 
case wher e eac h pi  equal s 1/27V , we say tha t thi s wal k i s the simpl e 
random wal k i n dimensio n TV . Simpl e rando m walk s wer e studie d i n 
the foundationa l wor k o f Georg e Polya. 3 

Proposition 13.7 . Suppose  (M n)n>i is  a  nearest  neighbor  random 
walk in  the  space  ZN. Using  the notation  introduced  above,  then 

P ( M 2 „ - i = 0 ) = 0 

and 
N 

^ = ° > = E  ( f c l ! f c ^ ) !
f c 7 v ! ) 2nfe-1^) f c% 

where each  ki is  a  positive integer. 

Proposition 13.8 . Every  centered  nearest  neighbor  random  walk  on 
1? is  recurrent. 

K. L . Chun g an d W . H . J . Fuchs , On  the  distribution  of  values  of  sums  of 
random variables,  Memoir s o f th e America n Mathemat ica l Society , No . 6 , 1951 . 

G. Polya , Uber  eine  Aufgabe  der  Wahrscheinlichkeitsrechnung  betreffend  die 
Irrfahrt im  Strassennetz,  Mathematisch e Annalen , vol . 84 , pp . 149-160 , 1921 . 



124 13. Recurrenc e o f Random Walk s 

Proposition 13.9 . Every  nearest  neighbor  random  walk  on  Z for 
N >  3 is transient. 

Proof o f Proposition 13.7 . I f UJ i s an element o f ft tha t satisfie s 
Mm(uj) =  0 , then ther e exis t integer s &i , k2,..., kjy  suc h tha t the 
finite sequenc e (YI(OJ),  Y 2(OJ),..., Y m{uj)) take s the value bi  exactly k{ 
times an d th e valu e —  bi exactl y ki  times fo r 1 < i < N. Fo r suc h 
an UJ  to exist, m  must b e even ; settin g m  = 2n , w e would the n hav e 
k± + k2 H h  fciv = n. 

Let (Ei,Fi,E 2i F 2,..., ^iv , F/v) b e a partition o f the se t o f inte -
gers between 1  and 2 n such that jj=Ei  —  #F f =  fc  ̂for each z between 1 
and TV . By independence , th e even t the  indices  j in  Ei  are  those sat-
isfying Yj  =  bj  and  the  indices  j  in  Fi are  those  satisfying  Yj  — —bj 
has probabilit y TlZ,i(P2i-iP2i) ki-

For fixed  (&i , k2,..., fcjv),  ther e ar e exactl y 

/2n\ /2 n —fei\ /2(n-fci) \ /2( n —fci)-&2\ (2(n-k 1-k2 fcw-ih 
U J ' V  fci /  '  V  k 2 )  V  fc 2 /  '  " V  fcjv  / 

such partitions. Thi s is because ( fc
n) i s the number o f ways of choosing 

Eu {
2Ykl) i s the numbe r o f ways of choosing F\  given a  choice o f 

Eu {
2{\kl)) i s the numbe r o f way s o f choosin g E2 given a choice of 

Ei an d F\ , and s o forth. I t is easy t o chec k tha t th e produc t o f these 
binomial coefficient s simplifie s to 

(2n).' 

Hence th e even t the  sequence  (Yi(o;) , 12(^)5 • • •  •> Yn(uj)) takes  the 
value bi  exactly  ki  times  and  the  value  —bi  exactly ki  times  for  1 < 
i <  N ha s probabilit y 

(2")! A , xife . 

and th e state d resul t follow s immediately . • 

For two-dimensiona l rando m walks , w e can giv e anothe r explici t 
formula fo r the probability o f returning t o zero base d o n classical 
results abou t Legendr e polynomials . Sinc e th e properties o f these 
polynomials ar e discusse d i n detail i n other mathematica l texts , w e 
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will limi t ourselve s t o briefl y presentin g th e formul a w e wil l use . Fo r 
each n  G  N, le t 

a - = - ^ yn '  (2 nn\)2 ' 

We wil l us e th e followin g definition , know n a s Rodrigues ' formula . 
For eac h n  G  N, the Legendr e polynomia l o f degre e n , writte n L n , i s 
the nt h derivativ e o f the polynomia l (x 2 —  l ) n : 

Proposition 13.10 . Let  n  G  N. For  every  nonzero  real  y, 

Ln (\(y+l))=  TnX - E 9k9n-kV2k'n-

Note tha t al l the coefficient s i n thi s expansio n ar e positive . 

Proof. W e wil l just outlin e th e proof , leavin g th e calculation s a s a n 
exercise fo r th e reader . 

The binomia l theore m yield s 

-k) (*2-ir=B-i) f c(;;) *2(--
k=0 

By differentiating thi s term b y term an d lettin g m  b e the integer par t 
of n/2 , w e see tha t 

(13.2) ^M=.!D- ' ) \ ! ( n
( !V-2m^ 2 t -

The Taylo r serie s fo r W I - > ( 1 - u)~ xl2 abou t zer o i s 

n=0 

By setting u  —  2tx  —  t2, a  simple calculation usin g (13.2 ) implie s tha t 
the Taylo r serie s fo r £  i—• ( 1 — 2xt  + £2)-1/2 abou t zer o i s 

1 + o c 1 
(13.3) .  =  V  ^-,L n(x) t n. K J  V l -  2xt  + 1 2 ^ 2 - n ! n V } 
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Let y  ^  0  and x  =  \{y  +  \).  The n 

, 2 , - . , #  -  1 1 -  2xt  +  r  =  ( 1 - yt)  (  1 - - t 

so 

By comparin g th e expansio n o f this produc t t o (13.3) , we obtai n 

2nn! 

Ln{x) k=Q 
^2gk9n-ky2k' 

n 

Now we will study th e centere d neares t neighbo r rando m wal k i n 
dimension N  =  2 . It s probabilit y distributio n i s determine d b y th e 
parameter p\  becaus e p2  = P\ an d p$  = p± = \  —  p\. W e se t p  : = p i 
and q  := p3 . 

Proposition 13.11 . Tft e random  walk  (M n)n>i satisfies 
n 

P (M 2n =  0 ) =  ff„ J^5fcffn-fc(4p -  l) 2 \2fc 

fc=0 

/or ever y n . 

Proof. Propositio n 13. 7 yield s 

pf M " -  f h -  V ^ ^  ' ' J2k n2(n-k) 

P ( M 2 „ - 0 ) - ^ ( j f e ! ( n _ f c ) ! ) 2 p ^ 
2 

2(n-/c) 

(2n)! 
n —  A 

22^£(f)Vv 
fc=o v  y 

(«2+*)n = E ( l V( n 

fc=0 

and th e tw o formula s 

and 
k^Xk, 

k=0 
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show tha t P  (M2n  =  0 ) i s the coefficien t o f x n i n th e polynomia l 

Q(x):=22ngn(p2 +  x) n(q2 +  x) n. 

In th e cas e where p =  q(=  | ) , w e immediately conclud e tha t 

P (M 2n =  0 ) =  2 2 ^ n ^  16- ^ =  g 2
n . 

Now suppose that p  ^  q.  The n Q(x)  =  2 2 n # n ( p V +  (p2 + g2)x + :r 2)n , 
and 

P ( M 2 n =  0 ) =  ^Q( n ) (0) . 

By rewriting the trinomial p2g2 -f- (p2 -hg2)x + x2, w e can rewrite Q(x ) 
as 

The chang e o f variable s # ' =  x ~ ^ _ 1 ^ allow s u s t o appl y th e defini -
tion o f Legendre polynomials , an d w e obtai n 

Since q  = \  —  p, we can als o write thi s a s 

Finally, Propositio n 13.1 0 implie s tha t 

n 

g ( n )(0) =  «'<? « X)9k9n-k{4p -  l) 2fe-
fc=0 

• 

Now we can prove that centere d rando m walk s in two dimension s 
are recurrent. W e will use the formula fo r the probability of the simple 
random walk (p  — 1/4) returnin g to the origin to show that th e simple 
random wal k i s recurrent . Sinc e th e probabilit y o f returnin g whe n 
p ^  1/ 4 i s highe r tha n whe n p  —  1/4, thi s implie s tha t al l centere d 
random walk s i n two dimension s ar e recurrent . 
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Proof o f Propositio n 13.8 . B y Propositio n 13.11 , 

(2nn\) 

Note that g n i s the probability tha t a  simple one-dimensional rando m 
walk return s t o th e origi n afte r 2 n steps . Thi s quantit y i s estimate d 
by Stirling' s formula : g n ~  1/y/nn,  s o th e serie s wit h genera l ter m 
g\ diverges . Thu s 

-foo 

Y,P(M2n =0 )=OO , 
n= l 

and th e wal k i s recurren t b y Theore m 13.1 . • 

Proof o f Propositio n 13.9 . Le t (M n) b e a  centered neares t neigh -
bor rando m wal k i n T V dimensions , wher e N  >  3 . W e wil l show tha t 

P(M 2 n =0) =  o (n- J V / 2 ) . 

This implie s tha t Y2 n ^  (M n —  0 ) converges , an d thu s tha t th e wal k 
is transient . 

We will provide the argument fo r N  =  3  as it is easy to extend thi s 
proof t o higher dimensions . W e will need the following tw o estimates: 

1 2 2n 

(13.4) fo r ever y n  E  N, — — <  —— , 
(n\)2 (2nj ! 

and 
(13.5) 

1 2 2n 

there i s a  c  > 0 such tha t ,  tx o <  c—=r-, —— fo r ever y n  G  N* . 
(n!)2 ~  Vn(2n)l  J 

The inequalit y (13.4 ) follow s easil y from th e fac t tha t ( 1 + l ) 2 n > 

( ^ ) . Th e inequalit y (13.5 ) follow s fro m Stirling' s formula , whic h 

implies tha t 2 ^0n\y ° ° ~7^ a s n  a P P r o a c n e s infinity . 

Let th e parameter s o f the centere d rando m wal k i n three dimen -
sions be p =  p\ =  P2, q = P3  = P4 , and r —  p$ =  p$.  Thes e parameter s 
satisfy p,  q, r >  0  and p  -f q  + r  =  \  an d 
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Let 

I(p) : = {  i e  N  :  0  <  i  <  n an d 

(2n)! 

P - 2n 
< \Y 

and 

j — V v*'f<,;i r ) 2 W f c 

i+j+k=n,i£I(p) v  ; 

£ : = V  (2n) ! p 2 W f c . 

By inequalit y (13.4) , 

(2n)!22' ^ E 
i+j+k=n,i£I(p) 

which ca n b e written a s 

(2n)!22" n _ i 

(2i)!(2;/)!(2*)! 
p2i<?ir2k, 

^ E (2i) -P 2 T 
1 

0<i<n,igl(p) 

By th e binomia l theorem , 

1 

j=o 
(2j)\(2(n-i-j))\ 

q2jr2(n-i-j)^ 

E 
j = 0 

and thu s 

(13.6) 

( 2 j ) ! ( 2 ( n - i - j ) ) ! 
2jr2(n-i-j) < 1 

( 2 ( n - i ) ) ! 
(9 + r ) 2(n- i) 

^ E 
0<i<n, i^/(p) 

(2p)2i(2(9 + r) ) 2(n- i ) 

When z  ^  /(p) , w e hav e tha t | ^ —  2p | >  p . Therefor e thi s 
upper boun d fo r A  i s a  probability controlle d b y the larg e deviation s 
estimate: lettin g S' n b e a  rando m variabl e followin g th e binomia l 
distribution with parameters n  and 2p, the upper bound (13.6 ) implie s 
that 

A<P >P • 

By Theore m 6.1 , thi s quantit y approache s zer o exponentiall y a s n 
approaches infinity : ther e exists a constant d  >  0 such that A  <  e~~ nd. 
The sum s o f -J^\)2P 2lQ2jr2k for  j  ^  /(g ) o r k  £  I(r)  ca n b e deal t 
with i n th e sam e way , s o we are just lef t wit h estimatin g B. 
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In th e su m definin g £? , the indice s z , j , and k  satisf y i  >  np, 
j >  nq, and k  >  nr. B y (13.5) , we have 

B< y  (2n)!- ^ f"\,  f k p 2iq2jr2k, 

SO 

i+j+k=n 

By a n easy generalizatio n o f Newton's binomia l theorem , 

£ J ^ i ^ ' W ' ^ ) " ' =  (2p + 2q + 2r)^ = 1; 
i'+j,+k'=2n J 

hence, 
c3 

B< -
'pqrn3/2 

D 
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Epilogue 

14.1. A  Fe w Mor e Genera l Result s 

Throughout th e majorit y o f thi s book , w e deal t onl y wit h sequence s 
of independen t rando m variable s takin g tw o values . W e extende d 
the rang e o f ou r stud y i n Chapte r 1 1 b y introducin g th e concep t 
of sequence s o f finite  typ e rando m variable s an d i n Chapte r 1 3 b y 
studying sequence s o f multidimensiona l rando m variables . 

The limi t theorem s w e state d exten d t o sum s o f independent , 
identically distribute d rando m variable s takin g value s i n R . Her e ar e 
some typical result s abou t thes e genera l sums . Proof s o f these result s 
can b e foun d i n Breiman' s book , whic h i s cited i n th e bibliography . 

Let (X n)n>i b e a sequence of independent, identicall y distribute d 
real rando m variable s (tha t ar e finite  typ e rando m variable s and , 
therefore, bounded) . Le t m  b e th e expecte d valu e o f thes e rando m 
variables, an d le t a  b e thei r standar d deviation : m  =  E[X n] an d 
a =  E[(X n -  m) 2] =  E[Xl]  -  m 2. Le t S n =  £ L i X k. 

The La w o f Larg e Numbers . I n variou s forms , th e la w o f larg e 
numbers assert s tha t th e sequenc e (^S n) converge s t o m . W e hav e 
that 

for ever y e  > 0 , li m P 
n—>oo 

131 

n ml > e 

http://dx.doi.org/10.1090/stml/028/15
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convergence i n probability) ; 

lim E 
n—>oc 

~(Sn 
\ n 

convergence i n quadrati c mean) ; 

lim — 
n—>oo Tl 

—» TO 

— m  1 ->0 

almost surely 

(pointwise convergence) . W e proved thes e result s i n Chapte r 11 . 

Large Deviations . Th e larg e deviation s estimat e assert s th e exis -
tence o f a  positiv e functio n /i , dependin g o n th e distributio n o f X n, 
such tha t 

P(— >m  +  e\ <  e~nh{e) fo r ever y e  > 0 . 

The proo f o f this result , whic h i s not hard , i s based o n the inequalit y 

p(—>m +  e\<E [ex p (t(Sn -  n(m  +  e))) ] fo r ever y t  >  0. 

Central Limi t Theorem . Fro m no w o n w e wil l assum e tha t th e 
standard deviatio n a  i s nonzero . 

The centra l limi t theore m state s tha t 

P ( a <  Sn-nm  \  n ^ 1  f b , 2 . dx 

uniformly i n a  and b  satisfying —  oo <  a  <  b < -hoc. 

Following th e wor k o f Pau l Lev y an d Haral d Cramer , th e fun -
damental too l i n th e proo f o f thi s resul t fo r th e genera l cas e i s th e 
Fourier transfor m o f probability measures . 

Local Limi t Theorem , Firs t Form . Suppos e tha t th e rando m 
variables X n ar e centered , whic h mean s tha t m  =  0 . Le t G  b e th e 
additive subgrou p o f E  generate d b y th e se t o f value s take n b y th e 
random variable s X n. Th e statemen t o f th e loca l limi t theore m de -
pends o n whethe r o r no t G  i s dense i n R . Her e w e wil l only conside r 
the firs t case . Thus , suppos e tha t G  i s dense i n R , whic h mean s tha t 
the se t o f values taken b y the random variabl e X n i s not containe d i n 
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a se t o f the for m cxL  with a  G  R . Then , fo r al l rea l a  and b  such tha t 
a <  6, 

P(a<Sn <b)  ~  - 7 = — = = ( 6 - a ) , 

as n  — > oo . 

Local Limi t Theorem , Secon d Form . No w suppose tha t th e ran -
dom variables Xn ar e not centered, which means that m / 0 , an d tha t 
the grou p G  generate d b y th e value s take n b y th e rando m variable s 
is dens e i n R . I n addition , suppos e tha t th e rando m variable s X n 

take bot h positiv e an d negativ e value s (tha t is , P(X n >  0 ) >  0  an d 
P(Xn <  0 ) >  0) . Conside r th e Laplace  transform  L  define d o n R  b y 

L(t) : = E[e tx"}. 

The functio n L  attain s it s minimu m a t a  uniqu e nonzer o poin t to -
Then 0  <  L(t 0) <  1 , and w e se t 

* ° : = m E [xyoXn]  • 
A versio n o f th e loca l limi t theore m state s that , fo r al l rea l a  an d b 
such tha t a  <  6, 

P ( a < S n < f r ) ~ ( L ( y *  f'e-^dx 
Vn croVZir  Ja 

as n  — * oo. 

Arcsine Law . I n th e genera l case , th e arcsin e la w ha s th e sam e 
form a s i n th e ver y specia l cas e o f th e gam e o f Head s o r Tail s tha t 
we described i n Chapter 10 . However , thi s similarity i s deceptive, be -
cause the argument s use d t o prove the genera l resul t ar e much harde r 
than th e combinatoria l argument s tha t w e used . (Thes e genera l ar -
guments us e th e Donsker  invariance  principle,  whic h i s a  profoun d 
strengthening o f th e centra l limi t theorem . Thi s principl e describe s 
the convergenc e o f the sequenc e (5 n), suitabl y normalized , t o Brow -
nian motion. ) 

The arcsin e la w state s tha t 
—> 2 

P (#{k  :  0  < k  <  n an d Sk  >  km} >  na)  -^— > —  arcsin y/a 
7T 

for ever y a  betwee n 0  and 1 . 
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Law of the Iterate d Logarithm . Th e law of the iterated logarith m 
states tha t 

Sn —  nm 
lim sup =  =  a 

TWOO y ^ n I n Inn ) 

almost surely . 

Local Limi t Theorem , Multidimensiona l Case . Thes e result s 
extend t o multidimensiona l rando m variables , tha t is , t o variable s 
taking value s i n R^ . Th e statement s ar e ver y simila r t o those i n th e 
one-dimensional case , with th e mos t differenc e appearin g i n the loca l 
limit theorem . Her e w e wil l describ e th e firs t for m o f th e loca l limi t 
theorem. 

Let (X n) b e a  sequenc e o f identical , independentl y distribute d 
(finite type ) rando m variable s takin g value s i n R^ . W e writ e X n = 
(XiiU, X2, n, •  • •  ?  XN,TI)' Suppos e that thes e random variable s are cen-
tered, whic h means that th e expected value of each component (Xi :U) 
is zero. 

In addition , le t S n =  Y^k=i  Xk an d le t T  b e th e N  b y N  sym -
metric matri x wit h coefficient s jij  give n b y 

7i,j : = c o v (-^i.n , XjiTl) : = E  [Xi^ n •  Xj?n] . 

The matri x T  i s positiv e (a s a  symmetri c matrix) . I t i s invertibl e i f 
and onl y i f X n doe s no t tak e al l it s value s i n a  prope r subspac e o f 
R^. I n thi s nondegenerat e case , th e loca l limi t theore m state s tha t 
for al l rea l number s ai , 61, a2, 62, . . ., &AT , bn suc h tha t a-i  <bi, 

( N  \  1  N 

P[Sne JJCoi , bi) -  ( 2 n 7 r ) - " / 2 — 1 ] ^ "  a *) 
\ 2= 1 /  i=l 

a s n  —> • 0 0 . 

The mos t significan t par t o f the abov e expression i s the exponen t 
of n.  Not e tha t w e get th e genera l ter m o f a  convergen t serie s i f an d 
only if N >  3 . Thi s yields what w e proved in a special case in Chapte r 
13: centere d rando m walk s ar e recurren t i n dimension s on e an d tw o 
and transien t i n an y highe r dimension . 
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14.2. Closin g Remark s 

Some of the mathematica l law s described i n this book ca n be verifie d 
experimentally. I n particular , thi s i s th e cas e fo r th e wea k la w o f 
large numbers , th e centra l limi t theorem , an d th e arcsin e law . Bu t 
how ca n w e carry ou t suc h experiments ? I t woul d b e tediou s t o fli p 
a rea l coi n th e larg e numbe r o f time s neede d t o verif y thes e laws . 
But w e ca n mak e a  compute r pla y Head s o r Tails : ther e ar e com -
puter program s tha t simulat e choosin g rando m number s t o produc e 
sequences o f pseudorandom  variables.  Thes e pseudorandom  number 
generators an d their uses are presented i n the books by Donald Knut h 
and Nicola s Boulea u tha t ar e cite d i n th e bibliography . 

We hav e reache d th e en d o f this book . O f course , thi s boo k wa s 
only on e ste p towar d learnin g wha t probabilit y theor y ha s t o offer . 
To go further, on e must adop t th e formalism o f measure theory. Sinc e 
the fundamenta l wor k o f Andre y Kolmogorov, 1 measur e theor y ha s 
been th e basi s o f probabilit y theory . Onc e thi s formalis m ha s bee n 
adopted, th e concep t o f a  rando m variabl e ca n b e extende d an d th e 
content o f thi s boo k ca n b e generalized . Fo r example , her e ar e som e 
extensions o f the concept s an d setting s foun d i n thi s book . 

• Th e limi t theorem s presente d i n thi s boo k exten d t o th e 
general cas e o f independent , identicall y distribute d rando m 
variables. 

• Ther e ar e man y othe r usefu l theorems : Kolmogorov' s 0- 1 
law, th e rat e o f convergenc e o f th e centra l limi t theorem , 
the convergenc e t o Brownia n motion , renewa l theory , th e 
almost sur e centra l limi t theorem , etc . 

• Thes e theorem s exten d pas t th e cas e o f sequence s o f inde -
pendent, identicall y distribute d rando m variables : b y re -
placing th e hypothesi s o f independenc e wit h a  conditio n o f 
weak dependenc e o r wit h a  martingal e condition , w e ca n 
often ge t th e sam e la w a s fo r th e conditio n o f stric t inde -
pendence. 

A. Kolmogorov , Grundbegriffe  de  Wahrscheinlichkeitsrechnung,  Berlin , 1933 . 
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• Th e theor y o f Marko v chains , whic h play s a  fundamenta l 
role i n application s o f probability theory , i s another settin g 
in whic h limi t theorem s ar e develope d an d used . 

• Th e stud y o f the gam e of Heads o r Tail s an d o f the rando m 
walks associate d t o i t i s a  firs t ste p towar d th e stud y o f 
Brownian motion , whic h i s the continuous-tim e analogu e of 
discrete-time simpl e rando m walks . 

• Limi t theorem s ar e a t th e hear t o f the mathematica l theor y 
of statistic s and , i n particular , o f the theorie s o f estimatio n 
and o f statistica l tests . 

These extension s an d application s ar e describe d i n man y book s 
on probabilit y theory . 

In conclusion , w e not e tha t probabilit y theor y (an d particularl y 
the theor y o f convergenc e theorems ) i s stil l a n are a o f productive re -
search today. Becaus e of the work of mathematicians fro m aroun d th e 
world, thi s theor y i s alway s gainin g ne w discoveries—ne w concepts , 
results, an d refinements . 
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The biographie s ar e ordere d b y dat e o f birth; thei r locatio n i n thi s sec -

tion i s indicate d b y th e numbe r followin g eac h name . W e presen t th e 

following authors , wh o ar e cite d throughou t th e book : Bernoull i (5) , 

Bernstein (26) , Bienaym e (14) , Bool e (16) , Bore l (22) , Cantell i (23) , 

Cesaro (20) , Crame r (31) , Fourie r (10) , Gaus s (11) , Hard y (25) , Haus -

dorff (21) , Huygen s (3) , Khinchi n (32) , Kolmogoro v (33) , Laplac e (8) , 

Lebesgue (24) , Legendre (9) , Levy (28) , Littlewood (27) , Markov (19) , 

de Moivr e (6) , Newto n (4) , Pasca l (2) , Poisso n (12) , Poly a (30) , Rie -

mann (18) , Rodrigue s (13) , Steinhau s (29) , Stirlin g (7) , Chebyshe v 

(17), Walli s (1) , Weierstras s (15) . 

1. W A L L I S , J O H N [Ashfor d (England) , 161 6 -  Oxford , 1703] : Walli s 

studied religio n an d mathematic s a t Emmanue l Colleg e i n Cambridge . 

He wa s ordaine d a  pries t i n 164 0 an d becam e a  professo r a t Oxfor d 

in 1649 . Hi s mathematica l wor k se t th e foundation s fo r Newton' s 

development o f infinitesima l calculus . H e wa s th e firs t t o correctl y 

define negativ e an d fractiona l exponents . Th e integral s tha t bea r hi s 

name toda y appea r i n hi s work o n th e are a o f the circle . H e develope d 

an analyti c approac h fo r th e stud y o f coni c sections . Se e pag e 38 . 

2. P A S C A L , B L A I S E [Clermont-Ferran d (France) , 162 3 -  Paris , 1662] : 

Early encounter s wit h th e greates t intellectual s o f hi s t im e helpe d 

Pascal develo p int o a  precociou s mathematica l genius . H e wrot e hi s 

Essay pour  les  coniques  i n 1640 , an d i n 164 2 h e develope d th e firs t 
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model fo r a  calculatin g machine , a  precurso r t o moder n calculators . 
He als o create d experiment s t o stud y th e natur e o f the vacuum , an d 
in 164 2 h e discovere d th e triangl e tha t bear s hi s name . H e exhib -
ited grea t literar y an d philosophica l gift s a s well : Les  Pensees  an d 
Les Provinciales  ar e tw o masterpiece s o f Frenc h literature . A  prob -
lem pose d b y hi s frien d th e Chevalie r d e Mer e initiate d hi s stud y o f 
probability, an d h e develope d th e premise s o f probabilit y theor y i n 
his correspondenc e wit h Fermat . Se e page 15 . 

3. HUYGENS , CHRISTIAA N [Th e Hagu e (Netherlands) , 162 9 -  Th e 
Hague, 1695] : A n astronomer , physician , an d engineer , Huygen s dis -
covered th e ring s o f Saturn , studie d pendulum s an d fallin g bodies , 
and invente d th e spira l sprin g use d i n watches . H e wa s th e first  t o 
state a  theor y abou t th e wav e propertie s o f light . Hi s mathematica l 
work i s als o important , especiall y hi s wor k o n curves . I n thi s area , 
he create d th e theor y o f envelopes o f familie s o f lines an d th e theor y 
of evolute s an d studie d th e tractrix  an d th e catenary  i n detail . Hi s 
exchanges wit h Pasca l an d Ferma t contribute d t o th e foundatio n o f 
probability theory , an d h e wrot e th e firs t treatis e o n the subjec t (De 
ratiociniis in  ludo  aleae).  I n Paris i n 1666 , he was one of the founder s 
of the Academ y o f Sciences . Se e page 7 . 

4. NEWTON , ISAA C [Woolsthorp e (England) , 164 2 -  Kensington , 
1727]: A  precociou s scientist , Newto n mad e hi s mai n mathematica l 
discovery befor e hi s twenty-fift h birthday . I n paralle l wit h Leibnitz , 
he founde d differentia l an d integra l calculus . Hi s researc h o n func -
tions an d curves , an d especiall y o n cubic s an d coni c sections , i s als o 
very important . Hi s result s i n thes e subject s wer e publishe d year s 
after thei r discovery : Philosophiae  naturalibus  principia  mathemat-
ica was publishe d i n 1687 . O f course , hi s researc h i n physic s i s als o 
fundamental: i n optics , he described th e natur e o f white light ; i n me-
chanics, h e stated th e law s of universal gravitation . Se e pages 16 , 17, 
24. 

5. BERNOULLI , JACO B [Base l (Switzerland) , 165 4 -  Basel , 1705] : 
Along wit h hi s younge r brother , nephews , an d great-nephews , Jaco b 
Bernoulli wa s a  membe r o f a  larg e famil y o f mathematicians . After 
traveling acros s Europ e t o mee t th e eminen t mathematician s o f hi s 
time, he became a professor a t the University of Basel in 1687. H e was 
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particularly intereste d i n infinitesima l calculu s an d it s applicatio n t o 
the stud y o f curves . H e introduce d mathematica l rigo r i n th e stud y 
of convergenc e an d provide d th e first  proo f o f th e wea k la w o f larg e 
numbers fo r th e gam e o f head s o r tails . Hi s nam e i s attache d t o 
differential equations , a  curv e (th e lemniscate) , polynomials , an d a 
law o f probability . Se e pages 16 , 17 , 20. 

6. DEMOIVRE , ABRAHA M [Vitry-le-Frangoi s (France) , 1667-Londo n 
(England), 1754] : Bor n i n France , d e Moivr e move d t o Londo n a t 
the ag e o f eighteen . Ther e h e me t Newto n an d quickl y becam e a 
famous mathematician . Hi s mai n work s ar e i n probabilit y theory . 
He characterized th e independenc e o f two events by the fac t tha t th e 
probability o f both events occurring is the product o f the probabilitie s 
of each occurring . H e discovered Stirling' s formul a an d attaine d fro m 
it th e limi t for m o f th e binomia l la w describe d i n thi s book . H e 
developed th e us e o f pola r coordinate s t o describ e comple x number s 
(and th e theore m i n thi s are a whic h bear s hi s name) . I n addition , h e 
studied application s o f mathematic s t o finance  an d demography . Se e 
pages 29 , 32 , 36, 39 , 41, 46, 121. 

7. STIRLING , JAME S [Garde n (Scotland) , 169 2 -  Edinburgh , 1770] : 
After studyin g a t Oxford , Stirlin g taught i n Venice between 171 5 and 
1725 an d i n Londo n afte r 1725 . H e achieve d severa l result s abou t 
algebraic curve s (fo r example , tha t a  polynomial o f degree n  i s deter -
mined by rc(n-f 3)/2 points) an d about asymptoti c series , in particula r 
the on e fo r ln(n!) . Se e pages 26 , 27 , 36, 40 , 61 , 69, 74 , 128. 

8. LAPLACE , PIERRE-SIMO N [Beaumont-en-Aug e (France) , 174 9 -
Paris, 1827] : A  mathematicia n an d physicist , Laplac e helpe d foun d 
l'Ecole Polytechnique of Paris. H e made considerable contributions t o 
astronomy an d th e theory o f gravitation; i n particular, h e studied th e 
origin an d th e stabilit y o f th e sola r system . Hi s mai n mathematica l 
work wa s i n th e theor y o f differentia l equation s an d partia l deriva -
tives an d i n probabilit y theory . H e develope d th e us e o f continuou s 
densities i n probability theor y an d helpe d creat e statistica l methods . 
The monumenta l treatis e Theorie  analytique  des  probabilites, writte n 
in 1812 , wa s a n importan t influenc e o n th e mathematic s fo r th e re -
mainder o f the century . Laplac e als o played a n importan t publi c rol e 
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during th e First Empir e an d the Restoration. Se e pages 29 , 32, 36 , 

39, 41 , 46, 121 , 133 . 

9. L E G E N D R E , A D R I E N - M A R I E [Toulous e (France) , 175 2 -  Paris , 

1833]: Legendr e wa s the student o f the Abbe Mari e a t th e Colleg e 

Mazarin i n Paris an d then a  professo r a t l'Ecol e Militair e fro m 177 5 

to 1780 . I n 1782, he won a prize fro m th e Berlin Academ y fo r his cal-

culations o n the trajectory o f projectiles tha t too k ai r resistance int o 

account. H e started teachin g a t l'Ecol e Normal e Superieur e i n 1795 . 

After workin g o n mechanics, h e made fundamenta l contribution s t o 

number theor y (se e Hardy an d Wright, An  Introduction  to  the Theory 

of Numbers).  I n addition, h e reworked Euclid' s Elements  int o a  mor e 

modern text . Th e English translatio n o f his work replace d Euclid' s 

text a s the geometry textboo k use d i n American school s o f the time . 

Being a  man of great honesty , h e acknowledged tha t Abel' s an d Ja -

cobi's wor k o n elliptic function s wa s bet ter tha n hi s own. Hi s pension 

was revoke d becaus e h e opposed politica l pressur e o n the scientifi c 

world, an d he finished  hi s life i n miser y an d loneliness. Se e pages 

124, 125 , 127 . 

10. FOURIER , JEAN-BAPTIST E JOSEP H [Auxerr e (France) , 176 8 -

Paris, 1830] : "Fourie r i s a product o f the French Revolution , an d hi s 

life i s a sort o f film o f French histor y fro m 177 0 to 1830" (Jean-Pierr e 

Kahane, Series  de  Fourier,  Cassini , 1998) . Fro m a  modes t back -

ground tha t prevente d hi m from pursuin g th e military caree r tha t he 

coveted, Fourie r participate d i n the Revolution an d became a  studen t 

at l'Ecol e Normal e Superieur e whe n i t opened i n 1794. Th e followin g 

year, h e taugh t probabilit y theor y a t l'Ecol e Polytechnique , whic h 

had jus t opened . H e participated i n Napoleon's Egyptia n campaig n 

and hel d politica l position s unde r th e Consulate an d the Empire. His 

most importan t mathematica l wor k deal s wit h solution s to differentia l 

equations describin g th e propagation o f heat throug h a  solid . I n thi s 

work, Fourie r introduce d th e decomposition o f a periodic functio n a s 

the su m of trigonometric functions . Sinc e then , Fourie r analysi s has 

become a n important branc h o f mathematics. Se e pages 36 , 56 . 

11. G A U S S , C A R L F R I E D R I C H [Brunswic k (Germany) , 1777-Gottingen , 

1855]: On e of the greatest mathematician s o f all t ime an d a schola r 

whose s ta tur e i s comparabl e t o Newton's , Gaus s wa s the father o f 
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modern mathematic s i n Germany . I n additio n t o doing fundamen -

tal wor k on astronomy an d physics, h e made significan t contribution s 

to almos t ever y branc h o f mathematics. H e gave th e first complet e 

proof o f the fundamental theorem  of  algebra.  Hi s principal books , 

Disquisitiones arithmeticae  an d Disquisitiones  generales  circa  super-

ficies curvas  ar e about numbe r theor y an d differentia l geometry . See 

pages 29 , 30, 31 . 

12. P O I S S O N , S I M E O N D E N I S [Pithivier s (France) , 178 1 - Sceau x 

(France), 1840] : A  graduate o f l'Ecole Pol y technique, wher e h e wa s 

noticed b y Lagrange an d Laplace , Poisso n i s considered t o be one of 

the founder s o f mathematical physics . Havin g mastere d contempo -

rary technique s i n mathematical analysis , h e applied thes e t o various 

problems, includin g flui d mechanics , movemen t o f planets, elasticity , 

theory o f heat, electrostatics , an d probability. H e showed tha t , unde r 

certain conditions , th e binomial distributio n ca n be approximated by 

the Poisso n distribution : P(S n —  k) =  e~ np{np)k/k\ (se e Chapter 

4). H e received bot h academi c an d political honors : a  professo r a t 

l'Ecole Polytechniqu e fro m 180 6 and later a t the Faculte de s Sciences, 

he was admitted t o the Academy of Sciences in 1812, and he was made 

a baro n b y Louis XVIII . Se e page 20 . 

13. R O D R I G U E S , B E N J A M I N O L I N D E [Bordeau x (France) , 179 4 -

Paris, 1851] : A  graduat e o f l'Ecole Normal e Superieure , Rodrigue s 

made importan t contribution s t o geometry; i n particular, h e studied 

the compositio n o f successive rotation s o f the plane an d the theory of 

surfaces. Hi s formula describin g Legendr e polynomial s generalize s to 

other familie s o f orthogonal polynomials . Se e page 125. 

14. B I E N A Y M E , I R E N E E - J U L E S [Pari s (France) , 179 6 - Paris , 1878] : 

A statisticia n an d an inspector genera l i n the Administration o f Fi-

nances, Bienaym e applie d probabilit y theor y t o financial calculation s 

and wa s admitted t o the Academy o f Sciences i n 1852. See pages 9, 

20, 23 , 94, 102 . 

15. W E I E R S T R A S S , K A R L T H E O D O R W I L H E L M [Ostenfeld e (West -

phalia, no w Germany) , 181 5 - Berli n (Germany) , 1897] : Th e influ -

ence of Weierstrass, a  great teacher , wa s considerable. H e introduce d 

modern languag e an d rigor to mathematical analysis . Hi s early work s 
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are o n ellipti c integral s an d abelian functions . H e studied th e con-
struction of the real numbers, developed the definition o f uniform con -
vergence, an d proved hi s famous theore m o f approximation b y poly-
nomials. H e constructed ne w functions o f a real o r complex variabl e 
as sum s o f infinite serie s o r products. I n linear algebra , h e founde d 
the moder n theor y o f determinants. Se e pages 20 , 21 . 

16. BOOLE , GEORG E [Lincol n (England) , 181 5 - Cor k (Ireland) , 
1864]: Th e son of a British shopkeeper , Bool e was largely self-taught . 
At twenty , he read work s by Laplace and Lagrange and studied differ -
ential equations . I n 1849 , he became a  professor a t Queen s College , 
Cork. H e is the founder o f logic a s a branc h o f mathematics inde -
pendent o f philosophy , an d he discovered a  connectio n betwee n hi s 
formal theor y o f logic and probability theory . Se e page 79. 

17. CHEBYSHEV , PAFNUT Y LVOVIC H [Okatov o (Russia) , 182 1 - Sain t 
Petersburg, 1894] : Chebyshev' s thesis , whic h h e defende d i n 1846, 
was o n probability theory . H e became a  professor  a t the Universit y 
of Saint Petersbur g in 1847, where he principally studie d numbe r the -
ory. H e made important contribution s to the study of the distributio n 
of prime number s in the integers; i n particular, h e proved Bertrand' s 
Postulate: fo r every intege r n  >  2, there exist s a  prim e numbe r be-
tween n  an d 2n. H e also contribute d t o approximatio n theor y b y 
studying the polynomials tha t bea r hi s name today . Se e pages 9 , 20 , 
23, 94 , 102 . 

18. RIEMANN , GEOR G FRIEDRIC H BERNHAR D [Breselen z (Hanover , 
now Germany) , 182 6 - Selasc a (Italy) , 1866] : A  mathematica l ge -
nius who made lastin g contributions , Rieman n studie d i n Berlin and 
Gottingen, where he defended hi s thesis on the foundations of complex 
analysis i n 1851 . Hi s work i n analysi s an d number theor y i s funda -
mental, and his conjecture, calle d the Riemann hypothesis,  i s the most 
famous proble m of twenty-first centur y mathematics . H e was the first 
to define integral s for noncontinuous functions . Hi s work in geometry 
founded a n importan t par t o f modern mathematic s an d theoretica l 
physics, particularl y topolog y an d relativity. Se e pages 1 , 36, 42, 49 , 
61, 75. 

19. MARKOV , ANDRE I ANDREYEVIC H [Riazi n (Russia) , 185 6 -  Pet -

rograd (no w Saint Petersburg) , 1922] : Th e studen t o f Chebyshev , 
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Markov worke d o n numbe r theor y an d analysi s befor e tacklin g prob -

ability theory . H e invente d th e concep t o f Markov  chains,  whic h ar e 

sequences o f rando m variable s subjec t t o a  conditio n tha t general -

izes independence . Thi s concep t gaine d fundamenta l importanc e i n 

the application s o f probability . H e i s considere d t o hav e founde d th e 

theory o f stochasti c processes . Se e page s 8 , 24 , 72 , 136 . 

20. C E S A R O , E R N E S T O [Naple s (Italy) , 185 9 -  Torr e Annunziata , 

1906]: A n Italia n mathematicia n wit h divers e interests , Cesar o wa s 

a professo r a t th e Universit y o f Naples . H e studie d th e connectio n 

between arithmeti c an d probability : h e prove d tha t th e probabilit y 

tha t tw o rando m integer s ar e relativel y prim e i s 6/7T 2 (tr y t o prov e i t 

yourself!). I n th e field  o f convergenc e o f entir e series , h e introduce d 

the concep t o f convergenc e tha t bear s hi s nam e today . Se e pag e 72 . 

21. H A U S D O R F F , F E L I X [Bresla u (Germany ; no w Wroclaw , Poland) , 

1868 - Bon n (Germany) , 1942] : A  German mathematicia n wh o taugh t 

at th e Universitie s o f Leipzig , Greisswald , an d Bonn , Hausdorf f mad e 

significant contribution s t o se t theory , functiona l analysis , topology , 

and measur e theory . Hi s nam e i s at tache d t o th e axiom s o f a  topo -

logical space , t o a  concep t o f th e dimensio n o f a  subse t o f a  metri c 

space, an d t o a  concep t o f measure . H e me t a  tragi c end : threatene d 

with bein g move d t o a  Naz i internmen t cam p fo r Jews , h e committe d 

suicide wit h hi s wif e an d sister-in-law . Se e page s 98 , 99 . 

22. B O R E L , E M I L E [Sain t Affriqu e (France) , 187 1 -  Paris , 1956] : A 

graduate o f l'Ecole Normal e Superieure , Bore l wa s on e o f the founder s 

of measur e theory , whic h allowe d Lebesgu e t o foun d th e moder n the -

ory o f integration . H e initiate d th e stud y o f probabilit y base d o n 

measure theor y tha t i s use d universall y today . Wi t h th e hel p o f man y 

collaborators, h e wa s th e edito r o f Traite  du  Calcul  des  Probabilites 

et ses  applications  (Gauthier-Villars , Paris , 1920s) , an d importan t 

work o n probabilit y theor y an d it s applications . H e mad e significan t 

contributions t o th e theor y o f rea l function s an d th e summatio n o f 

numerical series , an d h e i s one o f the founder s o f game theory . H e als o 

wrote o n philosophy , pedagogy , politica l economics , an d th e histor y 

of science . A s a  deputy , a  ministe r durin g th e Thir d Republic , an d 

an oppose r o f th e Vich y regime , Bore l als o participate d i n importan t 
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political activities . Se e page s viii , 77 , 78 , 82 , 83 , 88 , 89 , 90 , 93 , 94 , 
97, 100 , 104 , 105 , 106 , 112 , 115 , 118. 

23. CANTELLI , FRANCESC O [Palerm o (Italy) , 187 5 -  Rome , 1966] : 
An Italia n mathematician , Cantell i taugh t a t th e Schoo l o f Econom -
ics an d Commerc e i n Rome . H e worke d o n probabilit y theor y an d 
statistics. H e participate d activel y i n th e debat e abou t th e mathe -
matical foundations o f probability betwee n the Bayesian an d frequen -
tist point s o f view. Se e pages 78 , 89, 90, 92, 94, 96 , 99, 100 , 104 , 105, 
106, 112 , 115 , 118. 

24. LEBESGUE , HENR I [Beauvai s (France) , 187 5 -  Paris , 1941] : A t 
l'Ecole Normal e Superieure , Lebesgu e wa s taugh t b y Borel . I n hi s 
thesis, (Integrate,  longueur,  aire,  defende d i n 1901) , h e founde d th e 
modern theor y o f integration , whic h allowe d Kolmogoro v t o creat e 
rigorous axiom s o f probability . Lebesgue' s contribution s t o th e the -
ory o f trigonometri c serie s (fo r example , unde r wha t condition s i s a 
periodic function a  sum of Fourier series? ) ar e also important. Teach -
ing a t Nancy , Rennes , Poitiers , an d a t th e Colleg e d e France startin g 
in 1912 , Lebesgu e i s recognize d fo r hi s pedagogica l influence . Se e 
pages 86 , 87 , 88 , 90. 

25. HARDY , GODFRE Y HAROL D [Cranleig h (England) , 187 7 - Cam -
bridge, 1947] : A professor a t Cambridge , Hardy favored analyti c num-
ber theory , tha t is , the theor y o f applyin g rea l an d comple x analysi s 
to numbe r theory . Hi s collaboration wit h Littlewoo d produce d man y 
significant contribution s t o analyti c numbe r theory . A n advocat e o f 
pure mathematics , h e wrote severa l mathematica l text s a s wel l a s a n 
interesting autobiography , A  Mathematician's  Apology  (Cambridge , 
1940). Se e pages 98 , 100 . 

26. BERNSTEIN , SERGE I NATANOVIC H [Odess a (Ukraine) , 188 0 -
Moscow (Russia) , 1968] : Bernstei n firs t taugh t a t th e Universitie s 
of Kharko v an d o f Paris , an d the n a t th e Universit y o f Leningra d 
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