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Jèma 1. 'EstwX1 kaiX2 dÔo anex�rthtec tuqaÐec metablhtèc, omoiìmorfa katanemh-
mènec sto di�sthma (0, 1). Jètoume X = X1 kai Y = X1 +X2.
(a) Na brejeÐ h apì koinoÔ puknìthta pijanìthtac, fX,Y (x, y), twn X, Y , kaj¸c kai
oi perij¸riec fX(x) kai fY (y).
(b) Na prosdiorisjeÐ h kampÔlh palindrìmhshc thc X sthn Y , x = E(X| y), kaj¸c
kai h desmeumènh diaspor�, V (X| y).
(g) Na prosdioristeÐ sun�rthsh h = h(Y ) gia thn opoÐa elaqistopoieÐtai to mèso
tetragwnikì sf�lma E{[X−h(Y )]2}, kai na upologisjeÐ to mèso tetragwnikì sf�l-
ma gia th sugkekrimènh aut  sun�rthsh.

Jèma 2. Oi tuqaÐec metablhtèc Xi, i = 1, 2, 3, eÐnai anex�rthtec Poisson(λi), λi > 0,
dhlad 

P (X1 = x1, X2 = x2, X3 = x3) =
e−λ1−λ2−λ3λx1
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, x1, x2, x3 ∈ {0, 1, 2, . . .}.

(a) Jètoume N = X1+X2+X3. Na upologisjeÐ h apì koinoÔ (desmeumènh) sun�rthsh
pijanìthtac twn X1, X2 dedomènou ìti N = ν, ν ∈ {0, 1, . . .}, kai na sumper�nete tic
desmeumènec mèsec timèc E(Xi|N = ν), i = 1, 2, tic desmeumènec diasporèc V (Xi|N =
ν), i = 1, 2, kaj¸c kai th desmeumènh sundiakÔmansh C(X1, X2|N = ν).
(b) Na upologisjeÐ h apì koinoÔ sun�rthsh pijanìthtac twn X = X1 + X2 kai
Y = X1 +X3, kaj¸c kai o suntelest c susqètishc, ρ(X, Y ), kai na exetasjeÐ kat�
pìson oi X kai Y eÐnai stoqastik� anex�rthtec.

Jèma 3. (a) JewroÔme mÐa akoloujÐa anexart twn kai isonìmwn tuqaÐwn metablh-
t¸n X1, X2, . . . me mèsh tim  µ kai (peperasmènh) diaspor� σ2 > 0. Jètoume Yi =
Xi +Xi+1, i = 1, 2, . . . .
(a) Na apodeiqjeÐ ìti up�rqei stajer� c ∈ R tètoia ¸ste

Y1 + Y2 + · · ·+ Yν
ν

−→ c kat� pijanìthta, kaj¸c ν →∞.

(b) AKURWJHKE
(g) Sthn eidik  perÐptwsh pou oi Xi akoloujoÔn tupopoihmènh kanonik , N(0, 1), na
prosdioristeÐ h puknìthta pijanìthtac thc tuqaÐac metablht c

Y =
Y1 + Y2 + · · ·+ Yν
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