
Sumplhrwmata

1. Orismoc thc meshc timhc

H diafor� tou orismoÔ thc mèshc tim c pou dÐnoume parak�tw apo autìn tou biblÐou eÐnai to ìti

epitrèpei h mèsh tim  na paÐrnei tic timèc −∞,∞.

Katarq�c, orÐzoume gia x ∈ R,

x+ =

{
x an x ≥ 0

0 an x < 0
x− =

{
0 an x ≥ 0

|x| an x < 0

kai parathroÔme ìti x+, x− ≥ 0 kai |x| = x− + x+, x = x+ − x−.

Mesh timh gia diakritec tuqaiec metablhtec

PerÐptwsh 1. An h tuqaÐa metablht  X paÐrnei mìno m  arnhtikèc timèc1 {xi : i ∈ I} ìpou I eÐnai

èna arijm simo sÔnolo (dhlad  isoplhjikì me to N   me to {1, 2, . . . , n} gia k�poio n ∈ N) kai xi ≥ 0

gia k�je i ∈ I. Tìte jètoume2

E(X) :=
∑
i∈I

xiP (X = xi),

to opoÐo   eÐnai ènac arijmìc sto [0,∞)   eÐnai ∞. OrÐzetai p�ntote.

PerÐptwsh 2. An h tuqaÐa metablht  X paÐrnei mìno m  jetikèc timèc3 {xi : i ∈ I} ìpou I eÐnai

èna arijm simo sÔnolo kai xi ≤ 0 gia k�je i ∈ I. Tìte jètoume p�li

E(X) :=
∑
i∈I

xiP (X = xi),

to opoÐo   eÐnai ènac arijmìc sto (−∞, 0]   eÐnai −∞. OrÐzetai p�ntote.

PerÐptwsh 3. An h X paÐrnei timèc sto R, èstw {xi : i ∈ I} ìpou I eÐnai èna arijm simo sÔnolo.

Tìte oi metablhtèc X+, X− eÐnai diakritèc me mh arnhtikèc timèc. Profan¸c (me b�sh thn PerÐptwsh 1)

E(X+) =
∑

i∈I:xi>0

xiP (X = xi), E(X−) =
∑

i∈I:xi<0

|xi|P (X = xi).

• An E(X+) = E(X−) =∞ tìte h E(X) den orÐzetai.

• An toul�qiston mÐa apo tic E(X+), E(X−) eÐnai diaforetik  apì to ∞ tìte jètoume

E(X) := E(X+)− E(X−)

to opoÐo mporeÐ na eÐnai   ènac pragmatikìc arijmìc,   −∞,   ∞. Kai profan¸c

E(X) =
∑
i∈I

xiP (X = xi).

Mesh timh gia suneqeic tuqaiec metablhtec

'Estw X suneq c tuqaÐa metablht  me sun�rthsh puknìthtac f . AkoloujoÔme an�logh diadikasÐa

ìpwc kai prÐn. Jètoume

E(X) :=

∫ ∞
0

tf(t) dt−
∫ 0

−∞
|t|f(t) dt

an toul�qiston èna apo ta dÔo oloklhr¸mata eÐnai 6=∞, kai tìte h E(X) eÐnai pragmatikìc arijmìc,  

−∞,   ∞. An kai ta dÔo oloklhr¸mata eÐnai ∞, tìte h E(X) den orÐzetai. Bèbaia an X ≥ 0   X ≤ 0,

1Gr�foume tìte X ≥ 0.
2Den èqei shmasÐa h seir� �jroishc giatÐ eÐnai ìloi arijmoÐ me Ðdio prìshmo.
3Gr�foume tìte X ≤ 0.
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tìte h E(X) orÐzetai opwsd pote. Kai genikìtera, ìtan gia k�poio a ∈ R èqoume X(ω) ≥ a gia k�je

ω ∈ Ω   X(ω) ≤ a gia k�je ω ∈ Ω.

Paradeigmata

1. JewroÔme diakrit  tuqaÐa metablht  me sun�rthsh pijanìthtac

f(x) =

{
3
π2

1
x2

an x ∈ Z \ {0},
0 diaforetik�.

Profan¸c

E(X+) =
∞∑
k=1

k
3

π2
1

k2
=∞ =

3

π2

∞∑
k=1

1

k
=∞,

E(X−) =
−∞∑
k=−1

|k| 3

π2
1

k2
=

3

π2

∞∑
k=1

1

k
=∞.

Opìte h E(X) den orÐzetai.

2. JewroÔme diakrit  tuqaÐa metablht  me sun�rthsh pijanìthtac

f(x) =


3

2π2
1
x2

an x ∈ Z, x < 0,
1
4 an x = 0,
1

2x+1 an x ∈ Z, x > 0.

T¸ra ìpwc prin èqoume E(X−) =
∑∞

k=1 |k|
3

2π3
1
k2

=∞, kai

E(X+) =
∞∑
k=1

k
1

2k+1
<∞

apo to krit rio tou lìgou, gia par�deigma. M�lista to teleutaÐo �jroisma eÐnai 1, all� mac endiafèrei

apl¸c to ìti eÐnai peperasmèno. 'Epetai ìti E(X) = 1−∞ = −∞.

3. JewroÔme suneq  tuqaÐa metablht  X me puknìthta (elègxte ìti eÐnai ìntwc puknìthta)

f(x) =

{
1
|x|3 an x ≤ −1,

1
2x2

an x ≥ 1.

'Eqoume ∫ 0

−∞
|x|f(x) dx = ... =

∫ ∞
1

1

x2
dx = [−1/x]∞1 = 1,∫ ∞

0
xf(x) dx =

∫ ∞
1

1

2x
dx =∞.

'Ara E(X) =∞.

4. JewroÔme suneq  tuqaÐa metablht  X me puknìthta

f(x) =
1

π

1

x2 + 1
gia k�je x ∈ R.

'Eqoume ∫ 0

−∞
|x|f(x) dx =

∫ ∞
0

xf(x) dx =
1

π

∫ ∞
0

x

x2 + 1
dx ≥ 1

π

∫ ∞
1

1

2x
dx =∞.

'Ara h E(X) den orÐzetai.
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2. Puknothta suneqouc katanomhc
4

Suneq  katanom  lème mÐa thc opoÐac h sun�rthsh katanom c F : R→ [0, 1] eÐnai suneq c sun�rthsh.

Autèc pou kaloÔme emeÐc sthn t�xh suneqeÐc eÐnai autèc pou swstìtera lègontai apolÔtwc suneqeÐc.

Dhlad  autèc gia tic opoÐec up�rqei f : R→ [0,∞) me

F (b)− F (a) =

∫ b

a
f(t) dt

gia k�je a, b ∈ R me a < b. Mia tètoia f lègetai puknìthta gia thn katanom , kai an up�rqei den

eÐnai monadik . All�zontac thn se peperasmèna to pl joc shmeÐa exakoloujeÐ na ikanopoieÐ thn para-

p�nw isìthta. ApodeiknÔetai ìti puknìthtec eÐnai akrib¸c oi (Lebesgue metr simec) sunart seic pou

ikanopoioÔn f ≥ 0,
∫
R f(x) dx = 1.

Er¸thma: Dedomènhc miac suneqoÔc sun�rthshc katanom c F , p¸c apodeiknÔoume ìti aut  proèrqetai

apì puknìthta, kai p¸c brÐskoume mia puknìthta f ?

An h F proèrqetai apo puknìthta, tìte ja èqoume f(x) = F ′(x) se p�ra poll� shmeÐa (se ìla ektìc

apo sÔnolo mètrou mhdèn). Autì eÐnai èna shmeÐo ekkÐnhshc.

Gia to m�jhma, ja mac arkèsei h ex c prìtash.

Prìtash. 'Estw suneq c sun�rthsh katanom c F gia thn opoÐa up�rqei èna peperasmèno sÔnolo

J = {a1, a2, . . . , an} ⊂ R kai sun�rthsh f : R→ [0,∞) ètsi ¸ste

• F ′(t) = f(t) gia k�je t ∈ R \ {a1, a2, . . . , an},
• f suneq c sto R \ {a1, a2, . . . , an}.

Tìte h f eÐnai mi� puknìthta pou antistoiqeÐ sthn sun�rthsh katanom c F .

Sumpèrasma: Dedomènhc miac suneqoÔc F , upologÐzoume thn F ′, kai èstw ìti aut  up�rqei pantoÔ

ektìc apì èna peperasmèno sÔnolo J1. To eunoðkì sen�rio eÐnai h F ′ na eÐnai suneq c sto R \ J1,
  an eÐnai asuneq c, na eÐnai asuneq c se peperasmèno sÔnolo shmeÐwn J2 tou R \ J1. Jètoume tìte

J := J1 ∪ J2 kai f := F ′ sto R \ J . EpekteÐnoume thn f aujaÐreta sto J dÐnont�c thc k�poiec mh

arnhtikèc timèc. Gia par�deigma, f = 0 sto J . Tìte gia tic F, f efarmìzetai h pio p�nw prìtash, kai

paÐrnoume ìti h f eÐnai mia puknìthta gia thn F .

Efarmogh

'Estw X suneq c tuqaÐa metablht  me puknìthta

fX(x) =
1

π

1

(1 + x2)
gia k�je x ∈ R.

Jètoume Y = tan−1X, ìpou tan−1 eÐnai h antÐstrofh tou periorismoÔ thc tan sto (−π/2, π/2). Poi�

eÐnai h katanom  thc Y ?

LÔsh

Gia t ∈ R èqoume FY (t) := P (Y ≤ t), to opoÐo isoÔtai me 0 gia t ≤ −π/2 kai me 1 gia t ≥ π/2 epeid 

h Y paÐrnei timèc sto (−π/2, π/2). 'Epeita, gia t ∈ (−π/2, π/2),

FY (t) = P (tan−1X ≤ t) = P (X ≤ tan t) = FX(tan t).

'Ara

FY (t) =


0 an t ≤ −π/2,
FX(tan t) an t ∈ (−π/2, π/2),

1 an t ≤ −π/2.

4Aut  h par�grafoc eÐnai qr simh gia thn pl rh dikaiolìghsh enìc sugkekrimènou tÔpou ask sewn, ìpwc h efarmog 

parak�tw.
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Epeid  FX(−∞) = 0 kai FX(∞) = 1, èpetai ìti h FY eÐnai suneq c. EpÐshc, gia t ∈ (−π/2, π/2),

F ′Y (t) = F ′X(tan t)(tan t)′ =
1

π(1 + tan2 t)
(1 + tan2 t) =

1

π
.

Kai bèbaia F ′Y (t) = 0 gia |t| > π/2. Epomènwc h F ′Y up�rqei kai eÐnai suneq c sto sumpl rwma tou

peperasmènou sunìlou {−π/2, π/2}. Me bash thn parap�nw prìtash, h Y eÐnai suneq c me puknìthta,

kai mia puknìthta gia thn Y eÐnai h

fY (t) :=

{
0 an |t| ≥ π/2,
1
π an t ∈ (−π/2, π/2).

'Ara h Y èqei thn omoiìmorfh katanom  sto (−π/2, π/2).

Apodeixh thc protashc

H apìdeixh eÐnai �mesh sunèpeia tou orismoÔ tou genikeumènou oloklhr¸matoc. P�ei wc ex c.

Jèloume na deÐxoume ìti gia k�je a < b isqÔei

F (b)− F (a) =

∫ b

a
f(t) dt. (1)

PerÐptwsh 1. An to mìno shmeÐo tou J sto [a, b] eÐnai to a, tìte epeid  h F eÐnai suneq c èqoume

F (b)− F (a) = lim
ε→0+

{F (b)− F (a+ ε)}.

Epeid  h F ′ eÐnai suneq c sto [a + ε, b], to deÔtero jemeli¸dec je¸rhma tou oloklhrwtikoÔ logismoÔ

dÐnei

F (b)− F (a+ ε) =

∫ b

a+ε
F ′(t) dt =

∫ b

a+ε
f(t) dt.

To ìrio tou teleutaÐou oloklhr¸matoc gia ε→ 0+ up�rqei giatÐ eÐnai fjÐnousa sun�rthsh tou ε (kajìti

f ≥ 0), kai eÐnai ex orismoÔ h tim  tou
∫ b
a f(t) dt. Gia par�deigma, eÐnai dunatìn na èqoume f(a+) = ∞

(ìpwc sumbaÐnei me thn 1/
√
x sto a = 0)   to dexiì ìrio thc f sto a na mhn up�rqei.

PerÐptwsh 2. An to mìno shmeÐo tou J sto [a, b] eÐnai to b. DouleÔoume ìmoia ìpwc sthn prohgoÔmenh

perÐptwsh. P�li h (1) isqÔei.

PerÐptwsh 3. An ta mìna shmeÐa tou J tou sto [a, b] eÐnai ta a, b. Epilègoume c ∈ (a, b), efarmìzoume

thn (1) sta diast mata [a, c], [c, b] (to opoÐo xèroume apì tic prohgoÔmenec peript¸seic), kai prosjètoume

kat� mèlh.

PerÐptwsh 4. An ta shmeÐa tou J an�mesa sta a, b eÐnai ta x1, x2, . . . , xk me a ≤ x1 < x2 < · · · < xk ≤
b, tìte efarmìzoume thn (1) sta diast mata [a, x1], [x1, x2], . . . , [xk, b], kai prosjètoume tic isìthtec pou

prokÔptoun kat� mèlh. �

EÐnai profanèc apo thn apìdeixh thc prìtashc ìti h upìjesh “J peperasmèno” mporeÐ na antikatastajeÐ

apo thn

J ∩ [a, b] peperasmèno gia k�je peperasmèno upodi�sthma [a, b] tou R,
dhlad  to J den èqei shmeÐa suss¸reushc sto R.


