
Pijanìthtec II. Probl mata

1. 'Estw didi�stath tuqaÐa metablht  me sun�rthsh katanom c (tètoia tuqaÐa metablht  up�r-

qei)

F (x, y) =

x2y2

2
+ y

2
an 0 ≤ y ≤ x ≤ 1,

x2y2

2
+ x

2
an 0 ≤ x ≤ y ≤ 1.

(a) Na sumplhrwjoÔn oi timèc thc F gia (x, y) ektìc tou [0, 1]2.

(b) Na upologisteÐ h h(x, y) = ∂2F
∂x∂y

(x, y) ìpou aut  up�rqei, kai to olokl rwma
∫∫

R2 h(x, y) dx dy.

(g)* Na upologisteÐ h pijanìthta P (Y ≤ X ≤ 1/2).

2. 'Estw didi�stath tuqaÐa metablht  me sun�rthsh katanom c

F (x, y) =

xy an 0 ≤ x, y ≤ 1, x+ y ≤ 1

−1 + x+ 2y − y2 an 0 ≤ x, y ≤ 1, x+ y > 1

(a) Na sumplhrwjoÔn oi timèc thc F gia (x, y) ektìc tou [0, 1]2.

(b) Na upologisteÐ h h(x, y) = ∂2F
∂x∂y

(x, y) ìpou aut  up�rqei, kai to olokl rwma
∫∫

R2 h(x, y) dx dy.

(g)* Na upologisteÐ h pijanìthta P (Y > X).

3. Oi epib�tec E1, E2, . . . , En enìc aerosk�fouc n jèsewn, pou eÐnai arijmhmènec 1, 2, ..., n,

èqoun k�rtec epibÐbashc pou touc dÐnoun tic jèseic 1, 2, ..., n antÐstoiqa. Epibib�zontai diadoqik�,

pr¸ta o A1 met� o A2 k.o.k. Kat� thn epibÐbash ìmwc, gia k�poio anex ghto lìgo, o A1 epilègei

tuqaÐa mi� apì tic n jèseic, ìqi aparaÐthta aut n pou tou antistoiqeÐ (thn 1 dhlad ). Kajènac

apì touc epìmenouc katalamb�nei thn jèsh pou gr�fei h k�rta epibÐbashc tou ektìc an aut 

èqei katalhfjeÐ  dh, opìte epilègei tuqaÐa mi� apì tic mh kateilhmmènec jèseic.

(a) Poi� eÐnai h pijanìthta o teleutaÐoc epib�thc na katal�bei thn jèsh pou tou antistoiqeÐ (thn

n dhlad )?

(b) Poi� eÐnai h pijanìthta o epib�thc pou èqei seir� k apì to tèloc (dhlad  o En−k+1) na

katal�bei thn jèsh pou tou antistoiqeÐ?

4. 'Estw (Un)n≥1 akoloujÐa anex�rthtwn tuqaÐwn metablht¸n, kajemÐa me katanom  omoiìmorfh

sto (0, 1).

(a) Gia x ∈ (0, 1], èstw

Nx := inf

{
n :

n∑
k=1

√
Uk > x

}
.

Na brejeÐ h E(Nx).

(b) Gia x ∈ (0, 1], èstw

Mx := inf

{
n :

n∏
k=1

√
Uk < x

}
.

Na brejeÐ h E(Mx).
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5. 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn tuqaÐwn metablht¸n, kajemÐa me katanom  ekjetik 

me par�metro 1. Gia k�je n ≥ 1, jètoume

Mn := max

{
X1,

X1 +X2

2
,
X1 +X2 +X3

3
, . . . ,

X1 + · · ·+Xn

n

}
.

Na deiqjeÐ ìti

E(Mn) =
1

12
+

1

22
+

1

32
+ · · ·+ 1

n2
.

Sqìlia

1. Sto Mathematica, oi entolèc

f [x , y ] := ((x2y2 + y)/2)Boole[y < x] + ((x2y2 + x)/2)Boole[y >= x];

Plot3D[f [x, y], {x, 0, 1}, {y, 0, 1}]

bg�zoun to gr�fhma thc F sto [0, 1]2.

(g) H zhtoÔmenh pijanìthta eÐnai 17/64.

2. (g) H zhtoÔmenh pijanìthta eÐnai 3/8.

3. Dokim�ste merik� sen�ria gia na deÐte pwc leitourgeÐ h diadikasÐa epibÐbashc.


