
Pijanìthtec II. Ask seic 3

Ropogennhtriec, pijanogennhtriec, qarakthristikec sunarthseic

Nomoc megalwn arijmwn, Kentriko oriako jewrhma

1. 'Estw X tuqaÐa metablht  kai h ropogenn tria thc MX(t) = E(etX) gia t ∈ R.
(a) An gia k�poio ε > 0 èqoume ìti MX(ε) <∞ tìte E(X+) <∞.

(b) An gia k�poio ε > 0 èqoume ìti MX(−ε) <∞ tìte E(X−) <∞.

(g) Gia thn katanom  Cauchy isqÔei

MX(t) =

1 gia t = 0,

∞ gia t 6= 0.

Dhlad  h ropogenn tria thc X eÐnai peperasmènh mìno gia t = 0.

2. (a) An gia k�poio a > 0 isqÔei P (X > a) > 0, tìte

lim
t→∞

MX(t) =∞.

(b) An gia k�poio a > 0 isqÔei P (X < −a) > 0, tìte

lim
t→−∞

MX(t) =∞.

(g)* Na deiqjeÐ to sumpèrasma tou (a) me thn upìjesh P (X > 0) > 0.

3. (a) 'Estw X suneq c tuqaÐa metablht  me puknìthta f(x) = x−2 1x≥1. Gia poi� t ∈ R eÐnai

h ropogenn tria MX(t) = E(etX) peperasmènh?

(b) Na kataskeuasteÐ tuqaÐa metablht  X ¸ste MX(t) =∞ k�je gia t 6= 0.

4. 'Estw X tuqaÐa metablht  ¸ste MX(5) < ∞. Na deiqjeÐ ìti up�rqei C > 0 stajer� ¸ste

gia k�je t ∈ R na isqÔei

P (X > t) ≤ Ce−5t.

Dhlad  h “our�” thc X proc ta dexi� fjÐnei gr gora, toul�qiston me taqÔthta e−5t.

Upìdeixh: H anisìthta Markov lèei ìti gia tuqaÐa metablht  Y me mh arnhtikèc timèc kai

r > 0, isqÔei P (Y > r) ≤ E(Y )/r.

5. 'Estw tuqaÐa metablht  X me puknìthta

f(x) =

c 1
x1+a , gia x ≥ 1,

0 gia x < 1.

ìpou a ∈ R.
(a) Poièc eÐnai oi epitreptèc timèc tou a, kai poi� h tim  thc stajer�c c?

(b) Na prosdioristeÐ to sÔnolo {t ∈ R : MX(t) <∞}, ìpou MX eÐnai h ropogen tria thc X.

(g) Poièc ropèc E(Xr) (me r ∈ N) thc X eÐnai peperasmènec?

6. 'Estw MX h ropogen tria miac tuqaÐac metablht c X.
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(a)* Na deiqjeÐ ìti h logMX eÐnai kurt  sun�rthsh. Dhlad 

logMX(rx+ (1− r)y) ≤ r logMX(x) + (1− r) logMX(y)

gia k�je x, y ∈ R, r ∈ [0, 1].

Upìdeixh: H anisìthta Holder (genÐkeush thc Cauchy-Schwarz) lèei ìti gia tuqaÐec metablh-

tèc X, Y kai p, q > 1 me 1
p

+ 1
q

= 1 isqÔei

E(|XY |) ≤
{
E(|X|1/p)

}p {
E(|Y |1/q)

}q
.

(b) Na deiqjeÐ ìti to sÔnolo {t ∈ R : MX(t) < ∞} eÐnai kurtì, kai �ra eÐnai èna upodi�sthma

tou R. Xèroume epÐshc ìti perièqei to 0 p�ntote.

7. 'Estw X tuqaÐa metablht  me puknìthta

f(x) :=

|x| an |x| < 1,

0 an |x| ≥ 1.

Poi� eÐnai h ropogenn tria MX thc X?

8. Poi� apì tic parak�tw sunart seic eÐnai ropogenn tria kapoiac tuqaÐac metablht c? Qrhsi-

mopoi ste ton pÐnaka ropogennhtri¸n gnwst¸n katanom¸n kai idiìthtec twn ropogennhtri¸n.

(a) 4
2−t 1t<2 +∞1t≥2, (b)

(
3

3−t

)3/5
1t<3 +∞1t≥3, (c) 1√

1−t e
−5t21t<1 +∞1t≥1,

(d) e
√
t, (e) e

3
(

e2t−1
2t
−1

)
, (f) cos t.

9. (a) Gia tuqaÐa metablht  X pou akoloujeÐ thn katanom  N(0, σ2), na upologistoÔn, me qr sh

thc ropogenn triac thc X, oi ropèc µ′r := E(Xr) gia k�je akèraio r ≥ 0.

(b) Gia tuqaÐa metablht  Y pou akoloujeÐ thn katanom  Γ(a, λ) na upologistoÔn, me qr sh thc

ropogenn triac thc Y , oi ropèc µ′r := E(Y r) gia k�je akèraio r ≥ 0.

10. 'Estw n ≥ 1 fusikìc arijmìc, kai dÔo tuqaÐec metablhtèc X,R (se koinì q¸ro pijanìthtac)

¸ste h R na akoloujeÐ thn omoiìmorfh katanom  sto (0, 1), en¸ gia thn X xèroume ìti h

desmeumènh katanom  X |R = r eÐnai diwnumik  me par�metrouc n, r gia k�je r ∈ (0, 1).

(a) Na upologisteÐ h ropogenn tria thc X.

(b) Me qr sh tou (a) na brejeÐ h katanom  thc X.

11. Up�rqei a ∈ R ¸ste mÐa apì tic sunart seic

g(t) :=
at− 1

3− t3
, f(t) :=

5t2 + a

7− t5
,

(periorismènh se èna di�sthma gÔrw apì to 0) na eÐnai h pijanogenn tria PX k�poiac tuqaÐac

metablht c X? Gia aut  thn tim  tou a

(a) Na prosdioristeÐ h katanom  aut c thc tuqaÐac metablht c X.

(b) Na upologistoÔn me qr sh thc PX h mèsh tim  kai h diaspor� thc X.
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12. (a) 'Estw ìti h tuqaÐa metablht  X akoloujeÐ thn katanom  Poisson me par�metro λ > 0.

Na upologÐsete thn pijanogenn tri� thc, PX(u) = E(uX), kai apì aut n na sun�gete tic E(X)

kai V (X). Gia poi� u eÐnai peperasmènh?

(b) 'Estw jetikèc stajerèc λ1, λ2, . . . , λn kai {Xi : 1 ≤ i ≤ n} anex�rthtec tuqaÐec metablhtèc
me Xi ∼ Poisson(λi) gia k�je i = 1, 2, . . . , n. Na deiqjeÐ ìti

X1 +X2 + · · ·+Xn ∼ Poisson(λ)

me λ =
∑n

i=1 λi.

13. (a) 'Estw ìti h tuqaÐa metablht  X akoloujeÐ thn katanom  Γ(a, λ) (ìpou a, λ > 0), dhlad 

thn katanom  me puknìthta

f(x) =
λa

Γ(a)
xa−1e−λx 1x>0.

Na upologÐsete thn ropogenn tri� thc, MX(t) = E(etX). Gia poi� t eÐnai h MX peperasmènh?

Qrhsimopoi¸ntac thn, upologÐste tic E(X) kai V (X).

(b) 'Estw jetikèc stajerèc a1, a2, . . . , an, λ kai {Xi : 1 ≤ i ≤ n} anex�rthtec tuqaÐec metablhtèc
me Xi ∼ Γ(ai, λ) gia k�je i = 1, 2, . . . , n (dhlad  me koin  deÔterh par�metro λ). Na deiqjeÐ ìti

X1 +X2 + · · ·+Xn ∼ Γ(a, λ)

me a =
∑n

i=1 ai.

(g) Na deÐxete ìti ìtan oi tuqaÐec metablhtèc Xi eÐnai anex�rthtec kai isìnomec Ekjetikèc me

(koin ) par�metro θ > 0 tìte o deigmatikìc touc mèsoc X = (X1 +X2 + . . .+Xn)/n akoloujeÐ

katanom  Γ(an, λn) me kat�llhlec stajerèc an kai λn, tic opoÐec kai na prosdiorÐsete.

14. (a) 'Estw ìti X ∼ N(µ, σ2), UpologÐste thn ropogenn tri� thc, MX(t) = E(etX). Gia poi�

t eÐnai peperasmènh? Sun�gete apo aut n tic ropèc E(Xk) gia k = 1, 2, 3.

(b) Na deÐxete ìti ìtan oi tuqaÐec metablhtèc {Xi : 1 ≤ i ≤ n} eÐnai anex�rthtec kai Xi ∼
N(µi, σ

2
i ), gia k�je i = 1, 2, . . . , n, tìte to �jroism� touc akoloujeÐ thn katanom  N(µ, σ2)

ìpou µ =
∑n

i=1 µi kai σ
2 =

∑n
i=1 σ

2
i .

(g) Genikìtera, na deÐxete ìti ìtan oi {Xi : 1 ≤ i ≤ n} eÐnai ìpwc sto er¸thma (b), tìte

gia opoiesd pote stajerèc ci, i = 0, 1, . . . , n, me
∑n

i=1 |ci| > 0, h tuqaÐa metablht  X = c0 +∑n
i=1 ciXi akoloujeÐ thn katanom  N(µ, σ2) ìpou µ = c0 +

∑n
i=1 ciµi kai σ

2 =
∑n

i=1 c
2
iσ

2
i .

(d) Poia eÐnai h katanom  tou deigmatikoÔ mèsou X = (X1 + X2 + . . . + Xn)/n ìtan oi tuqaÐec

metablhtèc Xi, i = 1, 2, . . . , n eÐnai anex�rthtec kai isìnomec kanonikèc N(µ, σ2), kai poia eÐnai

h katanom  tou tupopoihmènou deigmatikoÔ mèsou Zn =
√
n(X − µ)/σ?

Sugklish tuqaiwn metablhtwn

15. 'Estw X tuqaÐa metablht  (me timèc sto R). Gia n ∈ N orÐzoume thn tuqaÐa metablht 

Xn := 1X>n, dhlad 

Xn(ω) :=

1 an X(ω) > n,

0 an X(ω) ≤ n.
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(a) Na deiqjeÐ ìti Xn → 0 kat� pijanìthta.

(b) Na deiqjeÐ ìti Xn → 0 me pijanìthta èna.

16.(H sÔgklish kat� pijanìthta eÐnai asjenèsterh apì thn sÔgklish me pijanìthta 1. 'Ena

basikì antipar�deigma)

'Estw (Yn)n≥2 akoloujÐa tuqaÐwn metablht¸n ston Ðdio q¸ro pijanìthtac ¸ste h Yn na eÐ-

nai diakrit  omoiìmorfh sto {2n−1 + 1, 2n−1 + 2, . . . , 2n} (mporoÔme m�lista na tic èqoume kai

anex�rthtec). Gia i ∈ N, jewroÔme thn tuqaÐa metablht 

Xi :=

1 an i ∈ {Y2, Y3, . . .},
0 an i ∈ N \ {Y2, Y3, . . .}.

Na deiqjeÐ ìti

(a) Xn → 0 kat� pijanìthta.

(b) P (limn→∞Xn = 0) = 0, kai m�lista P (limn→∞Xn up�rqei) = 0. Dhlad  to sÔnolo twn

ω ∈ Ω gia ta opoÐa h akoloujÐa twn arijm¸n (Xn(ω))n≥2 den sugklÐnei èqei pijanìthta 1. Ed¸

k�je ω antistoiqeÐ se mÐa pragmatopoÐhsh twn Y2, Y3, . . . .

17. 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n kajemÐa me thn

omoiìmorfh katanom  sto (0, 1). Gia k�je n ≥ 1 jewroÔme tic tuqaÐec metablhtèc

mn = min{X1, X2, . . . , Xn},

Mn = min{X1, X2, . . . , Xn}.

Na deiqjeÐ ìti mn → 0 kai Mn → 1 kat� pijanìthta kaj¸c n→∞.

18. 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n (ston Ðdio q¸ro

pijanìthtac), kajemÐa me katanom  N(2, 1). Jètoume Sn := X1 +X2 + · · ·+Xn gia k�je n ≥ 1.

Na upologistoÔn ta ìria

(a) limn→∞ P (Sn > 2.1n),

(b) limn→∞ P (Sn > 2n+
√
n),

(g) limn→∞ P (Sn > 10
√
n),

(d) limn→∞ P (Sn < 3n),

(e) limn→∞ P (Sn > 1010).

19. 'Estw (Ui)i≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n (ston Ðdio q¸ro

pijanìthtac), kajemÐa me katanom  U(0, 1), dhlad  omoiìmorfh sto (0, 1). Na deiqjeÐ ìti

(a) limn→∞(U1U2 · · ·Un)1/n = e−1 me pijanìthta 1.

(b) limn→∞ U1U2 · · ·Un = 0 me pijanìthta 1.

(g) limn→∞
Ua
1+···+Ua

n

n
=

 1
1+a

me pijanìthta 1 an a > −1,

∞ me pijanìthta 1 an a ≤ −1.
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20. 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n (ston Ðdio q¸ro

pijanìthtac), me µ = E(X1) ∈ R kai σ2 = V (X1) <∞. Na deiqjeÐ ìti

lim
n→∞

1

n

n∑
k=1

(Xk − µ)2 = σ2 me pijanìthta 1.

'Ena qr simo ìrio. An (cn)n≥1 eÐnai mia akoloujÐa migadik¸n arijm¸n me limn→∞ ncn = a ∈ C
(kai �ra cn → 0), tìte

lim
n→∞

(1 + cn)n = ea.

21. (a) 'Estw X tuqaÐa metablht  me katanom  ekjetik  me par�metro a > 0. Na upologisteÐ

h qarakthristik  sun�rthsh thc X.

(b) 'Estw Y tuqaÐa metablht  me katanom  gewmetrik  me par�metro p ∈ (0, 1]. Dhlad  P (Y =

k) = p (1− p)k−1 gia k = 1, 2, . . .. Na upologisteÐ h qarakthristik  sun�rthsh thc Y .

(g) 'Estw a > 0, kai (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n ¸ste h Xn na akoloujeÐ thn

gewmetrik  katanom  me par�metro pn = a/n. Na deiqjeÐ ìti h akoloujÐa (Xn/n)n≥1 sugklÐnei

kat� katanom  sthn tuqaÐa metablht  X tou erwt matoc (a), qrhsimopoi¸ntac

(i) ton orismì thc sÔgklishc kat� katanom ,

(ii) qarakthristikèc sunart seic.

22. (a) 'Estw X tuqaÐa metablht  me katanom  Poisson me par�metro λ > 0. Na upologisteÐ h

qarakthristik  sun�rthsh thc X.

(b) 'Estw Y tuqaÐa metablht  me katanom  diwnumik  me paramètrouc n ∈ N \ {0}, p ∈ [0, 1]. Na

upologisteÐ h qarakthristik  sun�rthsh thc Y .

(g) 'Estw (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n ¸ste h Xn na akoloujeÐ thn diwnumik  ka-

tanom  me paramètouc n, pn ∈ (0, 1). An limn→∞ npn = λ, na deiqjeÐ ìti h akoloujÐa (Xn)n≥1
sugklÐnei kat� katanom  sthn tuqaÐa metablht  X tou erwt matoc (a).

23. 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me Var(X1) = 1. Na

upologisteÐ to ìrio

lim
n→∞

P

(∣∣∣∣X1 +X2 + · · ·+Xn − (Xn+1 + · · ·+X2n)√
n

∣∣∣∣ ≤ 1

)
.

24. 'Estw (Xn)n≥1 akoloujÐa tuqaÐwn metablht¸n pou sugklÐnei kat� katanom  se mÐa tuqaÐa

metablht  X. Gia kajèna apì ta akìlouja zeÔgh katanom c gia thn X kai sunìlou A ⊂ R,
sunep�getai h sÔgklish kat� katanom  Xn ⇒ X thn

lim
n→∞

P (Xn ∈ A) = P (X ∈ A)?

Katanom  thc X SÔnoloA

(i) Poisson(2), (2, 32.1) ∪ {100}
(ii) Poisson(2), Q
(iii) Gewmetrik (1/3), (−1.5, 2.8)

(iv) N(0, 1) (−2, π)

(v) U(0, 1) (0, 1/3) \Q
(vi) Bernouli(2/5) sto {0, 1} (0, 1/2) ∪ (2, 4)
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Aplec askhseic sto kentriko oriako jewrhma

25. Ta ait mata pou ft�noun se ènan server èqoun to kajèna tuqaÐo qrìno exuphrèthshc pou

akoloujeÐ thn ekjetik  katanom  me par�metro θ = 1/2 (dhlad  puknìthta (1/2)e−x/21x>0, to

x se lept�). O server mporeÐ na apasqoleÐtai me mìno èna aÐthma se k�je dedomènh stigm . Poi�

eÐnai proseggistik� h pijanìthta na exuphret sei ta pr¸ta 100 ait mata miac dedomènhc mèrac

se sunolikì qrìno to polÔ 220 lept�? DÐnontai F(1)=0.8413, F(1.5)=0.9332, F(2)=0.9773.

26. JewroÔme mÐa akoloujÐa rÐyewn enìc amerìlhptou zarioÔ. Gia j jetikì akèraio jètoume

Xj = 1 an to apotèlesma thc j dokim c eÐnai 5   6 kai Xj = 0 diaforetik�.

(a) Na upologisjeÐ h mèsh tim  kai h diaspor� thc X1.

(b) 'Estw o arijmìc twn apotelesm�twn 5   6 stic pr¸tec 1800 rÐyeic. Na upologisjeÐ kat�

prosèggish h pijanìthta P (580 < T < 640). [DÐnontai Φ(1) = 0.8413, Φ(1.5) = 0.9332,

Φ(2) = 0.9773.]

27. 'Estw X1, X2, . . . , X80 anex�rthtec kai isìnomec tuqaÐec metablhtèc kajemÐa me diakrit 

omoiìmorfh katanom  sto {1, 2, 3, 4}. Na brejeÐ proseggistik� h pijanìthta to �jroism� touc

na brÐsketai sto di�sthma [190, 220]. [DÐnontai Φ(1) = 0.8413, Φ(1.5) = 0.9332, Φ(2) = 0.9773.]

28. UpologÐste kat� prosèggish thn pijanìthta ìpwc se 100 anex�rthtec rÐyeic enìc nomÐsma-

toc emfanistoÔn to polÔ 40 epituqÐec. [DÐnontai Φ(1) = 0.841, Φ(1.5) = 0.933, Φ(2) = 0.977.]

29. O arijmìc tupografik¸n laj¸n mÐac selÐdac mÐac sugkekrimènhc efhmerÐdac akoloujeÐ

thn katanom  Poisson me mèsh tim  λ = 0.7. An h efhmerÐda èqei 64 selÐdec, poia eÐnai kat�

prosèggish h pijanìthta ìpwc to polÔ 36 selÐdec den èqoun kajìlou l�jh? [DÐnontai e−0.7 '
1/2, Φ(1) = 0.8413, Φ(2) = 0.9773, Φ(3) = 0.9987.]

30. To sf�lma mètrhshc enìc org�nou akoloujeÐ omoiìmorfh katanom  sto di�sthma [−0.05, 0.05].

Poia eÐnai kat� prosèggish h pijanìthta to sf�lma mètrhshc gia to �jroisma 300 metr sewn

na eÐnai kat' apìluth tim  mikrìtero tou 0.25? [DÐnontai Φ(0.5) = 0.6915, Φ(0.8) = 0.7881,

Φ(1) = 0.8413.]

31. Duì om�dec foitht¸n A kai B me 200 mèlh h kajemÐa prìkeitai na gr�youn mÐa exètash.

Oi epidìseic touc eÐnai anex�rthtec metaxÔ touc, kai xèroume ìti autèc twn foitht¸n thc om�dac

A akoloujoÔn koin  katanom  me mesh tim  9 kai diaspor� 1/6, en¸ gia thn om�da B h mèsh

tim  eÐnai 8.5 kai h diaspor� eÐnai 1/3. 'Estw MA,MB oi mèsoi ìroi twn dÔo om�dwn. Na

brejeÐ h pijanìthta na èqoume MA −MB ∈ [0.5, 0.65]. DÐnontai Φ(1) = 0.8413, Φ(2) = 0.9773,

Φ(3) = 0.9987.

[Prosoq . H exètash den èqei sumbeÐ akìma. Oi epidìseic twn foitht¸n kaj¸c kai taMA,MB

eÐnai tuqaÐec metablhtèc. Met� thn exètash, ja p�roun sugkekrimènec timèc, kai den ja up�rqei

kamÐa abebaiìthta/tuqaiìthta. To pio p�nw er¸thma gia to MA −MB to k�noume prin gÐnei h

exètash.]
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Apant seic

1. (a) 0 ≤ εX+ ≤ eεX .

(g) ProkÔptei apì ta (a), (b) giatÐ h Cauchy èqei E(X+) = E(X−) =∞. EÐnai epÐshc eÔkolo

na to dei kaneÐc kai apeujeÐac.

2. (a) etX ≥ eta1X>a. 'Ara MX(t) ≥ E(eta1X>a) = etaE(1X>a) = etaP (X > a) → ∞ gia

t→∞ afoÔ a > 0, P (X > a) > 0.

(g) {X > 0} = ∪∞n=1{X > 1/n}, kai afoÔ h akoloujÐa twn endeqomènwn ({X > 1/n})n≥1 eÐnai
aÔxousa, èqoume

P (X > 0) = lim
n→∞

P (X > 1/n).

'Ara up�rqei n ≥ 1 me P (X > 1/n) > 0. 'Epeita efarmìzoume to er¸thma (a).

3. (a) EÐnai peperasmènh mìno gia t ≤ 0. GiatÐ

MX(t) =

∞∫
1

etx
1

x2
dx,

kai ìtan t > 0, h sun�rthsh pou oloklhr¸noume ikanopoieÐ limx→∞ x
−2etx = ∞. 'Ara to

genikeumèno olokl rwma isoÔtai me ∞. Gia t ≤ 0 èqoume MX(t) ≤MX(0) = 1 <∞.

(b) JewroÔme thn X me puknìthta

fX(x) =

 1
2x2

an |x| ≥ 1

0 diaforetik�

An�loga epiqeir mata ìpwc sto (a) apodeiknÔoun to zhtoÔmeno.

4.

P (X > t) = P (e5X > e5t) ≤ e−5tE(e5X) = e−5tMX(5).

Qrhsimopoi same thn anisìthta Markov. Tèloc, jètoume C = MX(5) < ∞, h opoÐa eÐnai mia

jetik  kai peperasmènh stajer�.

5. (a) Prèpei a > 0 ¸ste
∫
R f(x) dx <∞. H apaÐthsh

∫
R f(x) dx = 1 dÐnei c = a.

(b) {t ∈ R : MX(t) <∞} = (−∞, 0].

(g) Peperasmènec eÐnai ìlec oi ropèc me E(Xr) me r ∈ N kai r < a.

6. (a) Gia r = 0   1, h anisìthta eÐnai profan c. Gia r ∈ (0, 1), efarmìzoume thn anisìthta

Hölder gia p = 1/r, q = 1/(1− r).

MX(rx+ (1− r)y) = E(erxXe(1−r)yX) ≤ E(exX)rE(eyX)1−r = MX(x)rMX(y)1−r.

7. Gia t ∈ R \ {0},

MX(t) = E(etX) =

1∫
−1

|x|etx dx = −
0∫

−1

xetx dx+

1∫
0

xetx dx = ...

=
2− (et + e−t) + t(et − e−t)

t2
,
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en¸ MX(0) = 1.

8. Ropogenn triec eÐnai oi (b), (c), (e). Gia thn (d) qrhsimopoioÔme thn 'Askhsh 6 pio p�nw.

9. H ropogenn tria thc X isoÔtai me MX(t) = eσ
2t2/2, peperasmènh se ìlo to R (idiaÐtera se

mÐa perioq  tou 0). 'Ara ìlec oi ropèc µ′r eÐnai peperasmènec kai

MX(t) =
∞∑
r=0

µ′r
r!
tr.

Apì thn �llh, analÔontac thn eσ
2t2/2 se dunamoseir� me kèntro to 0, èqoume

MX(t) =
∞∑
n=0

1

n!

(
σ2t2

2

)n
=
∞∑
n=0

σ2n

n!2n
t2n =

∞∑
n=0

(2n)!σ2n

n!2n
1

(2n)!
t2n.

'Ara

µ′r :=

0 an r ∈ N perittìc,
(2n)!σ2n

n!2n
= 1× 3× · · · × (2n− 1)× σ2n an r = 2n me n ∈ N.

10. 'EqoumeE(etX) = E(E(etX |R)) = E(m(R)) me

m(r) := E(etX |R = r) = (ret + 1− r)n

gia k�je r ∈ [0, 1]. 'Ara

E(m(R)) =

1∫
0

(ret + 1− r)n dr = . . . =
1

n+ 1

e(n+1)t − 1

et − 1
=

1

n+ 1

(
1 + et + e2t + · · ·+ ent

)
.

All� h teleutaÐa èkfrash eÐnai h ropogenn tria thc tuqaÐac metablht c Y me P (Y = k) =

1/(n+ 1) gia k = 0, 1, 2, . . . , n. Apì to je¸rhma monadikìthtac gia ropogenn triec, èpetai ìti h

X èqei thn Ðdia katanom  me thn Y .

11. AnaptÔsontac thn g se dunamoseir� me kèntro to 0, brÐskoume ìti oi suntelestèc twn ìrwn

t3n me n ≥ 1 eÐnai arnhtikoÐ, �ra den eÐnai dunatìn na eÐnai pijanogenn tria.

Gia na eÐnai h f pijanogenn tria, anagkaÐa sunj kh eÐnai h f(1) = 1, ap' ìpou brÐskoume a = 1.

Gia aut  thn tim  tou a kai gia t kont� sto 0 (m�lista t2/7 < 1 eÐnai arketì), upologÐzoume

f(t) =
1

7
(5t2 + 1)

1

1− t5

7

=
1

7
(5t2 + 1)

∞∑
n=0

t5n

7n
=
∞∑
n=0

1

7n+1
t5n +

∞∑
n=0

5

7n+1
t5n+2,

h opoÐa eÐnai mia dunamoseir� me mh arnhtikoÔc suntelestèc (oi opoÐoi ajroÐzoun sto 1 lìgw thc

f(1) = 1). 'Ara gia a = 1, h f eÐnai pijanogenn tria.

(a) H katanom  thc X prosdiorÐzetai apì thn sun�rthsh pijanìtht�c thc wc ex c.

P (X = k) =


1/7n+1 an k = 5n me n ∈ N,

5/7n+1 an k = 5n+ 2 me n ∈ N,

0 diaforetik�.
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(b) Kat� ta gnwst�, E(X) = P ′X(1−) = 5/2 kai E(X(X − 1)) = P ′′X(1−) = 55/6. 'Ara

V(X) = E(X(X − 1)) + E(X)− (E(X))2 = 65/12.

12. (a) Gia k�je u ∈ R èqoume

PX(u) = E(uX) =
∞∑
k=0

uke−λ
λk

k!
= e−λ

∞∑
k=0

(λu)k

k!
= eλ(u−1).

H pijanogenn tria eÐnai peperasmènh gia k�je u ∈ R. Epomènwc, paragwgÐzontac wc proc u ìro

proc ìro thn dunamoseir� dÔo forèc, paÐrnoume gia k�je u ∈ R,

P ′X(u) = E(XuX−1) = λeλ(u−1),

P ′′X(u) = E(X(X − 1)uX−2) = λ2eλ(u−1).

Gia u = 1, oi dÔo autèc sqèseic dÐnoun E(X) = λ,E(X(X − 1)) = λ2. 'Ara E(X2) = λ2 + λ kai

V (X) = E(X2)− (E(X))2 = λ.

Sqìlio: QrhsimopoioÔme apì ton Apeirostikì II ìti an mia dunamoseir� èqei aktÐna sÔglishc

R > 0 tìte h par�gwgoc thc sto (−R,R) prokÔptei me parag¸gish ìro proc ìro.

(b) H pijanogenn tria tou ajroÐsmatoc se k�je u ∈ R isoÔtai me

PX1+···+Xn(u) = E(uX1+···+Xn) = E(uX1) · · ·E(uXn) = eλ1(u−1) · · · eλn(u−1)

= eλ(u−1).

H teleutaÐa eÐnai h pijanogenn tria thc Poisson(λ). Xèroume (p�li apì Apeirostikì II) ìti an dÔo

tuqaÐec metablhtèc X, Y paÐrnoun timèc sto N kai oi pijanogenn triec touc, PX , PY , sumfwnoÔn

se mia perioq  tou 0 (dhlad  PX(u) = PY (u) gia u ∈ (−ε, ε) gia k�poio ε > 0), tìte èqoun thn

Ðdia katanom . 'Ara

X1 +X2 + · · ·+Xn ∼ Poisson(λ)

me λ =
∑n

i=1 λi.

13. (a) Gia t ∈ R èqoume

MX(t) =
λa

Γ(a)

∞∫
0

etxxa−1e−λx dx =
λa

Γ(a)

∞∫
0

xa−1e−x(λ−t) dx.

ProkÔptei apo thn teleutaÐa èkfrash ìti M(t) =∞ akrib¸c gia t ≥ λ. En¸ gia t < λ èqoume

MX(t) =
λa

Γ(a)

∞∫
0

xa−1e−x(λ−t) dx
y=x(λ−t)

=
λa

Γ(a)

∞∫
0

ya−1

(λ− t)a−1
e−y

1

λ− t
dy

=
λa

(λ− t)a
=

(
1− t

λ

)−a
.

Epeid  h MX eÐnai peperasmènh se perioq  tou 0, mporoÔme na èqoume se ekeÐnh thn perioq 

E(XetX) = M ′
X(t) = aλ−1(1− tλ−1)−a−1,

E(X2etX) = M ′′
X(t) = a(a+ 1)λ−2(1− tλ−1)−a−2.

Jètontac t = 0 paÐrnoume E(X) = aλ−1, E(X2) = a(a+ 1)λ−2. 'Ara V (X) = aλ−2.



10

(b) H ropogenn tria tou ajroÐsmatoc se k�je t ∈ R isoÔtai me

MX1+···+Xn(t) = E(et(X1+···+Xn)) = E(etX1) · · ·E(etXn)

lìgw anexarthsÐac. Apì to (a) èqoume ìti aut  h posìthta eÐnai peperasmènh akrib¸c ìtan

t < λ. Kai gia aut� ta t èqoume

MX1+···+Xn(t) =

(
1− t

λ

)−a1 (
1− t

λ

)−a2
· · ·
(

1− t

λ

)−an
=

(
1− t

λ

)−a
.

EpÐshc, h katanom  Γ(a, λ) èqei akrib¸c thn Ðdia ropogenn tria, kai aut  h tautìthta twn ro-

pogennhtri¸n isqÔei se mia perioq  tou 0. 'Epetai apì gnwst  prìtash (Prìtash 7.1.2, Tìmoc

2 tou biblÐou tou k. KoÔtra) ìti h X1 + · · ·+Xn akoloujeÐ thn katanom  Γ(a, λ).

(g) K�je mÐa apì tic tuqaÐec metablhtèc Xi/n, i = 1, . . . , n akoloujeÐ thn ekjetik  katanom  me

par�metro nθ (giatÐ gia x ≥ 0 èqoume P (X1/n ≥ x) = P (X1 ≥ nx) = e−θnx...), h opoÐa eÐnai h

Γ(1, nθ). ProkÔptei apì to (b) ìti h X akoloujeÐ thn katanom  Γ(n, nθ).

14. (a) Apì thn jewrÐa, xèroume ìti MX(t) = eµt+σ
2t2/2 peperasmènh gia k�je t ∈ R. 'Epeita,

gia k ∈ N èqoume E(Xk) = M
(k)
X (0). 'Ara

M ′
X(0) = eµt+σ

2t2/2(µ+ σ2t)
∣∣
t=0

= µ

M ′′
X(0) = eµt+σ

2t2/2(σ2 + (µ+ σ2t)2)
∣∣
t=0

= σ2 + µ2

M ′′′
X (0) = eµt+σ

2t2/2(3σ2(µ+ σ2t) + (µ+ σ2t)3)
∣∣
t=0

= µ3 + 3µσ2

(b) Apìdeixh ìpwc sthn Prìtash 7.3.4 tou biblÐou (sel. 290).

(g) H Prìtash 7.3.4 tou biblÐou dÐnei ìti h Y :=
∑n

i=1 ciXi akoloujeÐ thnN(
∑n

i=1 ciµi,
∑n

i=1 c
2
iσ

2
i ).

Kai tìte profan¸c h c0 + Y akoloujeÐ thn N(c0 +
∑n

i=1 ciµi,
∑n

i=1 c
2
iσ

2
i ) (apìdeixh me teqnikèc

apì Pijanìthtec I   Ropogenn triec).

(d) 'Epetai apì to (g) ìti X ∼ N(µ, σ2/n), kai apì ton trìpo pou metasqhmatÐzetai h katanom 

miac Y ∼ N(µ, σ2) k�tw apì metaforèc kai pollaplasiasmoÔc, èpetai ìti Zn ∼ N(0, 1).

15. (a) Jèloume gia k�je ε > 0 na deÐxoume ìti P (|Xn| > ε) → 0. Gia ε ≥ 1 h prohgoÔmenh

akoloujÐa eÐnai mhdenik , opìte arkeÐ na p�roume ε ∈ (0, 1). Tìte

P (|Xn| > ε) = P (Xn = 1) = P (X > n).

h akoloujÐa twn sunìlwn (An)n≥1 me An = {X > n} eÐnai fjÐnousa me tom  to ∅. 'Ara

limn→∞ P (An) = P (∅) = 0.

(b) PaÐrnoume èna ω ∈ Ω. Tìte o X(ω) eÐnai ènac sugkekrimènoc arijmìc (p.q. to 34.6), kai gia

n > X(ω) èqoume Xn(ω) = 1X(ω)>n = 0. 'Ara P ({ω ∈ Ω : limn→∞Xn(ω) = 0}) = P (Ω) = 1.

16. (a) 'Estw ε ∈ (0, 1) (an ε ≥ 1, to sumpèrasma isqÔei tetrimmèna). Gia n ≥ 2, up�rqei

monadikìc fusikìc rn ¸ste 2rn−1 < n ≤ 2rn . Tìte

P (|Xn| > ε) = P (Xn = 1) = P (Yrn = n) =
1

2rn/2
≤ 2

n
→ 0

gia n→∞. H trÐth isìthta isqÔei giatÐ h Yrn eÐnai diakrit  omoiìmorfh sto {2rn−1+1, . . . , 2rn},
to opoÐo èqei 2rn/2 stoiqeÐa. H anisìthta èpetai apì ton orismì tou rn.
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(b) Gia k�je ω, dhlad  k�je pragmatopoÐhsh twn Y1, Y2, . . ., up�rqoun �peiroi deÐktec n ¸ste

Xn(ω) = 1 kai p�li �peiroi deÐktec m ¸ste Xm(ω) = 1 (pio sugkekrimèna, metaxÔ dÔo diado-

qik¸n dun�mewn tou 2 up�rqei akrib¸c ènac n me Xn(ω) = 1). 'Ara P (limn→∞Xn = 0 < 1 =

limn→∞Xn) = 1, kai epomènwc P (limn→∞Xn up�rqei ) = 0.

17. Gia ε > 0, qrhsimopoi¸ntac thn anexarthsÐa twn X1, X2, . . . , brÐskoume

P (|mn| > ε) = P (mn > ε) = P (X1 > ε, . . . , Xn > ε) = (1− ε)n → 0,

kai ìmoia

P (|Mn − 1| > ε) = P (Mn < 1− ε) = P (X1 < 1− ε, . . . , Xn < 1− ε) = (1− ε)n → 0.

18. Gia thn akoloujÐa (Sn)n≥1 èqoume ìti Sn/n → 2 kat� pijanìthta (asjen c nìmoc twn

meg�lwn arijm¸n) kai
Sn − 2n√

n
⇒ Z ∼ N(0, 1)

(kentrikì oriakì je¸rhma).

(a) H sÔgklish Sn/n→ 2 kat� pijanìthta dÐnei

P (Sn > 2.1n) = P

(
Sn
n
> 2.1

)
≤ P

(∣∣∣∣Snn − 2

∣∣∣∣ > 0.1

)
→ 0

kaj¸c n→∞.

(b) 'Eqoume

P (Sn > 2n+
√
n) = P

(
Sn − 2n√

n
> 1

)
→ P (Z > 1) = 1− Φ(1)

kaj¸c n→∞ lìgw tou kentrikoÔ oriakoÔ jewr matoc.

(g) Xèroume ìti Sn ∼ 2n, �ra to endeqìmeno Sn > 10
√
n eÐnai polÔ pijanì. Tupik� proqwroÔme

wc ex c.

P (Sn > 10
√
n) = P

(
Sn
n
>

10√
n

)
= 1− P

(
Sn
n
≤ 10√

n

)
.

Gia n > 100,

P

(
Sn
n
≤ 10√

n

)
≤ P

(∣∣∣∣Snn − 2

∣∣∣∣ > 1

)
→ 0

'Ara limn→∞ P (Sn > 10
√
n) = 1.

(d)

P (Sn ≥ 3n) = P

(
Sn
n
≥ 3

)
≤ P

(∣∣∣∣Snn − 2

∣∣∣∣ > 1

2

)
→ 0

kaj¸c n→∞. 'Ara limn→∞ P (Sn < 3n) = 1.

(e) Gia n > 1010 èqoume

P (Sn ≤ 1010) = P

(
Sn
n
≤ 1010

n

)
≤ P

(∣∣∣∣Snn − 2

∣∣∣∣ > 1

2

)
→ 0

kaj¸c n→∞. 'Ara limn→∞ P (Sn > 1010) = 1.
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19. (a) (U1U2 · · ·Un)1/n = e
1
n
(logU1+···+logUn) Epeid  E(logU1) =

∫ 1

0
log x dx = . . . = −1, o

isqurìc nìmoc twn meg�lwn arijm¸n gia thn akoloujÐa (logUi)i≥1 dÐnei ìti

lim
n→∞

logU1 + · · ·+ logUn
n

= −1 me pijanìthta 1.

To sumpèrasma èpetai.

(b) 'Epetai apì to (a). Epilègoume θ ¸ste e−1 < θ < 1. Me pijanìthta 1, up�rqei n0 ∈ N ¸ste

gia n > n0 na isqÔei (U1U2 · · ·Un)1/n < θ. 'Ara gia n > n0

0 < U1U2 · · ·Un < θn → 0

kaj¸c n→∞ epeid  0 < θ < 1.

(g) H akoloujÐa (Ua
i )i≥1 apoteleÐtai apì anex�rthtec kai isìnomec tuqaÐec metablhtèc, kajemÐa

me mèsh tim 

E(Ua
1 ) =

1∫
0

xa dx =

 1
1+a

an a > −1,

∞ an a ≤ −1.

To sumpèrasma èpetai apì ton isqurì nìmo twn meg�lwn arijm¸n.

20. Oi ìroi thc akoloujÐac ((Xi − µ)2)i≥1 eÐnai anex�rthtec isìnomec tuqaÐec metablhtèc,

kajemÐa me mèsh tim  E((X1 − µ)2) = V (X1) = σ2. O isqurìc nìmoc twn meg�lwn arijm¸n dÐnei

to sumpèrasma.

21. (a) Gia t ∈ R èqoume

φX(t) = E(eitX) = a

∞∫
0

eitxe−ax dx = a

∞∫
0

e−(a−it)x dx =
a

a− it
[−e−(a−it)x]

∣∣x=∞
x=0

=
a

a− it
.

Qrhsimopoi same to ìti limx→∞ e
−(a−it)x = limx→∞ e

−axeitx = 0 afoÔ a > 0 kai |eitx| = 1

fragmènh sun�rthsh tou x.

(b) Gia t ∈ R èqoume

φX(t) = E(eitX) =
∞∑
k=1

eitk(1− p)k−1p = peit
∞∑
j=0

(eit(1− p))j =
peit

1− (1− p)eit
.

AjroÐsame mia gewmetrik  prìodo thc opoÐac o lìgoc èqei mètro |(1 − p)eit| = 1 − p < 1 afoÔ

p > 0.

(g) (i) Ta shmeÐa sunèqeiac thc sun�rthshc katanom c FX thc X eÐnai ìlo to R. 'Estw x > 0.

Tìte

FXn/n(x) = P

(
Xn

n
≤ x

)
= P (Xn ≤ [nx]) = 1− P (Xn > [nx])

= 1− (1− pn)[nx] = 1−
((

1− a

n

)n)[nx]/n
.

Epeid  [nx]/n → x kai (1 − an−1)n → e−a, èpetai ìti limn→∞ FXn/n(x) = 1 − e−ax = FX(x).

Profan¸c to Ðdio isqÔei kai gia x ≤ 0.
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(ii) Gia t ∈ R èqoume

φXn/n(t) = φXn(t/n) =
pne

it/n

1− (1− pn)eit/n
=

eit/n

1−eit/n
a/n

+ eit/n
→ 1

1− it
a

= φX(t)

kaj¸c n→∞ afoÔ

lim
n→∞

1− eit/n

a/n
= lim

n→∞

it

a

1− eit/n

it/n
= −it

a
.

'Ara h sÔgklish Xn/n⇒ X (dhlad  sÔgklish kat� katanom ) èpetai apì gnwstì je¸rhma.

22. (a) Gia t ∈ R èqoume

φX(t) = E(eitX) =
∞∑
k=0

eitke−λ
λk

k!
= e−λ

∞∑
k=0

(eitλ)k

k!
= eλ(e

it−1).

(b) Gia t ∈ R èqoume

φX(t) = E(eitX) =
n∑
k=0

eitk
(
n

k

)
pk(1− p)n−k =

n∑
k=0

(
n

k

)
(peit)k(1− p)n−k(peit + 1− p)n.

(g) Gia t ∈ R èqoume

φXn(t) = (pne
it + 1− pn)n = (1 + pn(eit − 1))n → eλ(e

it−1) = φX(t)

afoÔ limn→∞ pn(eit − 1)n = λ(eit − 1). 'Ara h sÔgklish Xn ⇒ X èpetai apì gnwstì je¸rhma.

23. 'Estw akoloujÐa (Yn)n≥1 apì anex�rthtec tuqaÐec metablhtèc ston Ðdio q¸ro pijanìthtac

me tic {Xn : n ≥ 1} ¸ste oi {Yn : n ≥ 1} na eÐnai epÐshc anex�rthtec apì tic {Xn : n ≥ 1}. Tìte
epeid  to di�nusma (X1, · · · , X2n) èqei thn Ðdia katanom  me to (X1, X2, . . . , Xn, Y1, Y2, . . . , Yn),

èqoume ìti

P

(∣∣∣∣X1 +X2 + · · ·+Xn − (Xn+1 + · · ·+X2n)√
n

∣∣∣∣ ≤ 1

)
= P

(∣∣∣∣X1 +X2 + · · ·+Xn − (Y1 + · · ·+ Yn)√
n

∣∣∣∣ ≤ 1

)
= P

(∣∣∣∣W1 +W2 + · · ·+Wn√
n

∣∣∣∣ ≤ 1

)
,

ìpou jèsame Wi = Xi − Yi gia k�je i ≥ 1. Apì thn upìjesh, oi {Wi : i ≥ 1} eÐnai anex�r-
thtec kai isìnomec, kajemÐa me mèsh tim  E(W1) = 0 kai diaspor� V (W1) = V (X1) + V (Y1) −
2Cov(X1, Y1) = 1 + 1− 0 = 2. 'Ara, efarmìzontac to kentrikì oriakì je¸rhma, brÐskoume

lim
n→∞

P

(∣∣∣∣W1 +W2 + · · ·+Wn√
n

∣∣∣∣ ≤ 1

)
= lim

n→∞
P

(∣∣∣∣W1 +W2 + · · ·+Wn√
n2

∣∣∣∣ ≤ 1√
2

)
= P (|Z| ≤ 1/

√
2) = Φ(1/

√
2)− Φ(1/

√
2)

= 2Φ(1/
√

2)− 1.

24. H sÔgklish Xn ⇒ X sunep�getai thn P (Xn ∈ A) → P (X ∈ A) gia ìla ta A ⊂ R Borel

me P (X ∈ ∂A) = 0. EÐnai dunatìn bèbaia h sqèsh P (Xn ∈ A) → P (X ∈ A) na isqÔei gia èna

sÔnolo Borel A sumptwmatik�, Ðswc exaitÐac thc fÔshc thc akoloujÐac (Xn)n≥1. P�ntwc den

mac thn eggu�tai h Xn ⇒ X.

(i) 'Oqi. GiatÐ ∂A = {2, 32.1, 100}, sto opoÐo h katanom  thc X dÐnei jetik  pijanìthta afoÔ

perièqei touc jetikoÔc akèraiouc 2, 100.
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(ii) 'Oqi. GiatÐ ∂A = Ā \ Ao = R \ ∅ = R, kai P (X ∈ R) = 1 > 0.

(iii) Nai. GiatÐ ∂A = {−1.5, 2.8} kai P (X ∈ {−1.5, 2.8}) = 0, afoÔ mia gewmetrik  tuqaÐa

metablht  paÐrnei mìno akèraiec jetikèc timèc.

(iv) Nai. GiatÐ ∂A = {−2, π} kai P (X ∈ ∂A) = 0 afoÔ h X eÐnai suneq c tuqaÐa metablht  kai

to ∂A eÐnai peperasmèno.

(v) 'Oqi. GiatÐ ∂A = Ā \ Ao = (0, 1/3) \ ∅ = (0, 1/3), kai P (X ∈ (0, 1/3)) = 1/3 > 0.

(vi) 'Oqi. GiatÐ ∂A = {0, 1/2, 2, 4}, kai P (X ∈ {0, 1/2, 2, 4}) = P (X = 0) = 3/5 > 0.

25. Gia i ≥ 1, èstw Xi o qrìnoc exuphrèthshc tou i ait matoc. Apo tic idiìthtec thc ekjetik c

katanom c èqoume E(X1) = 1/θ = 2, V (X1) = 1/θ2 = 4. 'Estw Sn = X1 + X2 + · · · + Xn gia

k�je n ≥ 1. To kentrikì oriakì je¸rhma lèei ìti h

Sn − 2n√
4n

proseggistik� akoloujeÐ thn katanom  N(0, 1).

Zht�me thn pijanìthta

P (S100 ≤ 220) = P

(
S100 − 200

20
≤ 1

)
≈ P (Z ≤ 1) = Φ(1) ≈ 0.8413.

Stic pio p�nw isìthtec, h Z eÐnai mia tuqaÐa metablht  pou akoloujeÐ thn tupik  kanonik 

katanom  N(0, 1), kai qrhsimopoi same to kentrikì oriakì je¸rhma.

26. (a) 'Eqoume P (Xi = 1) = 1/3, P (Xi = 0) = 2/3. Dhlad , k�je Xi èqei katanom  Bernoulli

me p = 1/3. 'Ara E(Xi) = 1/3, V (Xi) = p(1− p) = 2/9.

(b) Jètoume Sn := X1 + · · ·+Xn gia k�je n ≥ 1. Oi {Xi : i ≥ 1} eÐnai anex�rthtec kai isìnomec.
EpÐshc Z = S1800, kai

P (580 < S1800 < 640) = P

(
−1 <

S1800 − 1800 (1/3)√
1800 (2/9)

< 2

)
≈ Φ(2)− Φ(−1)

= Φ(2) + Φ(1)− 1 ≈ 0.8186

27. 'Estw (Xi)i≥1 mia akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me katanom  o-

moiìmorfh sto {1, 2, 3, 4}, kai Sn := X1 + · · · + Xn gia k�je n ≥ 1. Oi dÔo pr¸tec ropèc thc

X1 eÐnai

E(X1) =
1

4
(1 + 2 + 3 + 4) =

5

2
,

E(X2
1 ) =

1

4
(12 + 22 + 32 + 42) =

15

2
.

'Ara h X1 èqei mèsh tim  5/2 kai peperasmènh diaspor� σ2 = E(X2
1 ) − (E(X1))

2 = 5/4. To

kentrikì oriakì je¸rhma lèei oti gia n meg�lo, h tuqaÐa metablht 

Sn − 5n/2√
5/4
√
n

akoloujeÐ prosegistik� thn tupik  kanonik  katanom , N(0, 1).

Gia n = 80, èqoume 5n/2 = 200 kai
√

(5/4)n = 10, opìte
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P (190 ≤ S80 ≤ 220) = P

(
−1 ≤ S80 − 200

10
≤ 2

)
≈ Φ(2)− Φ(−1) = Φ(2) + Φ(1)− 1 ≈ 0.8186

H prosèggish sthn deÔterh isìthta prokÔptei apo to kentrikì oriakì je¸rhma.

28. Jètoume

Xi :=

1 an h i rÐyh eÐnai gr�mmata,

0 diaforetik�.

Tìte Xi ∼ Bernoulli(1/2), �ra µ := E(X1) = 1/2, σ2 := V (X1) = 1/4. Oi (Xi)i≥1 eÐnai

anex�rthtec kai isìnomec. Jètoume Sn := X1 + · · · + Xn. Gia n meg�lo, h (Sn − n/2)/
√
n/4

akoloujeÐ proseggistik� thn katanom  N(0, 1) (apì to kentrikì oriakì je¸rhma). 'Ara

P (S100 ≤ 40) = P (S100 − 50 ≤ −10) = P

(
S100 − 50√

100/4
≤ −2

)
≈ Φ(−2) = 1− Φ(2)

29. DouleÔoume ìpwc kai sthn prohgoÔmenh �skhsh. 'Estw Yi o arijmìc laj¸n sthn selÐda i,

kai

Xi :=

1 an h selÐda i den èqei kajìlou l�jh

0 diaforetik�

Xèroume ìti Yi ∼ Poisson(0.7). H Xi akoloujeÐ thn katanom  Bernoulli(p) me p = P (Yi = 0) =

e−0.7(0.7)0/0! = e−0.7 ≈ 1/2. E(X1) = p ≈ 1/2, V (X1) = p(1− p) ≈ 1/4. 'Ara

P (S64 ≤ 36) ≈ P (S64 − 32 ≤ 4) = P

(
S64 − 32√

64/4
≤ 1

)
≈ Φ(1).

H pr¸th isìthta eÐnai prosèggish giatÐ qrhsimopoi same tic proseggistikèc timèc gia ta E(X1), V (X1).

H teleutaÐa isìthta prokÔptei apì to kentrikì oriakì je¸rhma.

30. Sunoptik  lÔsh. 'Estw Xi to apotèlesma thc i mètrhshc. E(Xi) = 0, V (Xi) = (0.1)2/12 =

0.01/12.

P (|S300| ≤ 0.25) = P

(∣∣∣∣∣ S300 − 300× 0√
300× 0.01/12

∣∣∣∣∣ ≤ 0.25√
300× 0.01/12

)
≈ P (|Z| ≤ 0.5)

= Φ(0.5)− Φ(−0.5) = 2Φ(0.5)− 1

ìpou Z ∼ N(0, 1), kai qrhsimopoi same to kentrikì oriakì je¸rhma.

31. 'Estw {Xi : 1 ≤ i ≤ 200} kai {Yi : 1 ≤ i ≤ 200} oi epidìseic twn foitht¸n twn om�dwn A

kai B antÐstoiqa. Jètoume Wi := Xi − Yi gia k�je i ∈ {1, 2, . . . , 200}. Tìte

MA −MB =
1

200

200∑
i=1

Xi −
1

200

200∑
i=1

Yi =
1

200

200∑
i=1

Wi.
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Oi {Wi : 1 ≤ i ≤ 200} eÐnai anex�rthtec metaxÔ touc, kai èqoun ìlec thn Ðdia katanom , me mèsh

tim  µ = E(W1) = E(X1)− E(Y1) = 9− 8.5 = 0.5, kai diaspor�

V (W1) = V (X1 − Y1) = V (X1) + V (Y1)− 2Cov(X1, Y1) = V (X1) + V (Y1) =
1

6
+

1

3
=

1

2

lìgw anexarthsÐac twn X1, Y1.

Opìte

P (MA −MB ∈ [0.5, 0.65]) = P

(
1

200

200∑
i=1

Wi ∈ [0.5, 0.65]

)
= P

(
1

200

200∑
i=1

Wi − 0.5 ∈ [0, 3/20]

)

= P

(
200∑
i=1

Wi − 200× 0.5 ∈ [0, 30]

)
= P

(∑200
i=1Wi − 200× 0.5√

200× 1/2
∈ [0, 3]

)
≈ P (Z ∈ [0, 3]) = Φ(3)− Φ(0) = Φ(3)− 1/2 = 0.4987,

ìpou Z ∼ N(0, 1).


