
Pijanìthtec II. Ask seic 2

Metasqhmatismoi tuqaiwn metablhtwn

Anexarthsia, susqetish, desmeumenh mesh timh

1. Oi tuqaÐec metablhtèc X, Y èqoun apì koinoÔ sun�rthsh puknìthtac fX,Y (·, ·).
(a) Na deiqjeÐ ìti h apì koinoÔ puknìthta twn tuqaÐwn metablht¸n

U := X + Y,

V := X − Y

isoÔtai me

fU,V (u, v) =
1

2
fX,Y

(
u+ v

2
,
u− v

2

)
gia k�je u, v ∈ R.

(b) An oi X, Y eÐnai anex�rthtec kajemÐa me katanom  N(0, 1) na deiqjeÐ ìti oi X + Y,X − Y
eÐnai anex�rthtec, kai kajemÐa akoloujeÐ thn katanom  N(0, 2).

(g) An oi X, Y eÐnai anex�rthtec kajemÐa me katanom  ekjetik  me par�metro λ > 0, poi� eÐnai

h apì koinoÔ puknìthta twn X + Y,X − Y ? EÐnai oi X + Y,X − Y anex�rthtec? Ti katanom 

akoloujeÐ kajemi� touc?

(d) An oi X, Y eÐnai anex�rthtec kajemÐa me katanom  omoiìmorfh sto (0, 1), poi� eÐnai h apì

koinoÔ puknìthta twn X + Y,X − Y ? Poiì eÐnai to sÔnolo sto opoÐo eÐnai jetik ?

2. An oi X, Y eÐnai anex�rthtec, me kajemi� touc na akoloujeÐ thn ekjetik  katanom  me

par�metro λ,

(a) Na brejeÐ h apì koinoÔ puknìthta twn X + Y,X/Y . EÐnai anex�rthtec?

(b) Na brejeÐ h puknìthta thc X/Y .

(g) Poi� eÐnai h desmeumènh katanom  thc X dedomènou ìti X + Y = a, ìpou a > 0 eÐnai mia

dedomènh stajer�. [Upod.: BrÐskoume pr¸ta thn apì koinoÔ twn X,X + Y ]

3. 'Estw a, b > 0 kai X, Y anex�rthtec tuqaÐec metablhtèc me

X ∼ Γ(a, 1), Y ∼ Γ(b, 1).

Na deiqjeÐ ìti oi

U :=
X

X + Y
, V := X + Y

eÐnai anex�rthtec, kai

U ∼ B ta(a, b), V ∼ Γ(a+ b, 1).

4. 'An oi X, Y eÐnai anex�rthtec, me thn X na akoloujeÐ thn omoiìmorfh katanom  sto (−2, 3)

kai thn Y na akoloujeÐ thn ekjetik  katanom  me par�metro 1, na brejeÐ h puknìthta thc X+Y .
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5. 'Estw a, b, c > 0, kai X, Y anex�rthtec tuqaÐec metablhtèc, me thn X na akoloujeÐ thn

katanom  B ta(a, b) kai thn Y na akoloujeÐ thn B ta(a+ b, c). Na deiqjeÐ ìti h XY akoloujeÐ

thn B ta(a, b+ c).

6. 'Estw X1, X2, ..., Xn tuqaÐo deÐgma apì mÐa dedomènh katanom  me sun�rthsh katanom c F .

Jètoume

X(1) := min{X1, . . . , Xn},

X(n) := max{X1, . . . , Xn},

thn mikrìterh kai thn megalÔterh parat rhsh antÐstoiqa.

(a)* Na brejeÐ h apì koinoÔ sun�rthsh katanom c twn X(1), X(n).

(b) Upojètontac ìti h F eÐnai suneq c kai èqei puknìthta f me peperasmèno pl joc shmeÐwn

asunèqeiac, na brejeÐ h apì koinoÔ sun�rthsh puknìthtac twn X(1), X(n).

(g) An oi X1, . . . , Xn akoloujoÔn thn omoiìmorfh katanom  sto (0, a), ìpou a eÐnai gnwstìc

jetikìc arijmìc, na brejeÐ h puknìthta tou deigmatikoÔ eÔrouc R := X(n) −X(1), kai na deiqjeÐ

ìti

E(R) =
n− 1

n+ 1
a.

7. An h tuqaÐa metablht  akoloujeÐ thn katanom  Γ(a, λ) kai r eÐnai ènac jetikìc pragmatikìc

arijmìc, tìte h Y = rX akoloujeÐ thn katanom  Γ(a, λ/r).

8. 'Estw X1, X2, . . . .Xn tuqaÐo deÐgma apì thn omoiìmorfh katanom  sto (0, 1).

(a) Poi� eÐnai h katanom  thc − logX1?

(b) Poi� eÐnai h katanom  thc Y := − log(X1X2 · · ·Xn)?

(g) Na deiqjeÐ ìti h 2Y akoloujeÐ thn katanom  χ2 me 2n bajmoÔc eleujerÐac.

9. 'Estw (X, Y ) suneq c didi�stath tuqaÐa metablht  pou èqei puknìhta f(·, ·). Na deiqjeÐ ìti

P (X = Y ) = 0, dhlad  den èqoume potè sÔmptwsh/isopalÐa twn X, Y .

Eidik  perÐptwsh eÐnai ìtan oi X, Y eÐnai anex�rthtec suneqeÐc tuqaÐec metablhtèc, kai èqoun

kai oi duì touc puknìthta.

10. 'Estw X1, X2, X3, X4 anex�rthtec kai isìnomec suneqeÐc tuqaÐec metablhtèc, kajemÐa me

puknìthta f(·). Na deiqjeÐ ìti gia opoiad pote met�jesh twn (i1, i2, i3, i4) twn (1, 2, 3, 4), p.q.

(i1, i2, i3, i4) = (2, 4, 3, 1), isqÔei

P (Xi1 < Xi2 < Xi3 < Xi4) =
1

4!

Poiì eÐnai to an�logo apotèlesma ìtan èqoume n tuqaÐec metablhtèc?

11. 'Estw X, Y, Z tuqaÐec metablhtèc orismènec ston Ðdio q¸ro pijanìthtac me E(X2), E(Y 2) <

∞, Z ∼ N(0, 1), Cov(X, Y ) = 1, kai h Z anex�rthth apo tic X, Y . Na upologisteÐ h

Cov(XZ2, Y + Z).



3

12. Oi tuqaÐec metablhtèc X1, X2 eÐnai anex�rthtec kai isìnomec kai kajemÐa akoloujeÐ thn

ekjetik  me mèsh tim  µ. Na breÐte thn sundiakÔmansh Cov(X1 + X2, 2X1 + 3X2) kaj¸c kai

ton suntelest  susqètishc ρ(X1 + X2, 2X1 + 3X2). EÐnai oi tuqaÐec metablhtèc X1 + X2 kai

2X1 + 3X2 anex�rthtec?

13. JewroÔme tic tuqaÐec metablhtècX1, X2 gia tic opoÐec xèroume mìno ìti V (X1) = 3, V (X2) =

2.

(a) Poi� eÐnai h mègisth kai poi� h el�qisth tim  pou mporeÐ na p�rei h V (X1 +X2)?

(b) Pwc sqetÐzontai stic dÔo akraÐec peript¸seic tou erwt matoc (a) oi X1, X2?

14. 'Estw tuqaÐa metablht  X me diaspor� V (X) = a ∈ (0,∞).

(a) Gia c ∈ [0, 1] dedomèno, na kataskeuasteÐ tuqaÐa metablht  Y tètoia ¸ste ρ(X, Y ) = c.

(b) Gia c ∈ [−1, 0] dedomèno, na kataskeuasteÐ tuqaÐa metablht  Y tètoia ¸ste ρ(X, Y ) = c.

15. 'Estw n ≥ 4. Epilègoume (omoiìmorfa) tuqaÐa ènan arijmì sto {1, 2, . . . , n} kai ton kaloÔme
X. 'Epeita rÐqnoume èna dÐkaio nìmisma, kai jètoume

Y =


2 an X = 1,

n− 1 an X = n,

X + 1 an X 6= 1, X 6= n, kai èqei èrjei kor¸na,

X − 1 an X 6= 1, X 6= n kai èqei èrjei gr�mmata.

Dhladh epilègoume tuqaÐa ènan apì touc geÐtonec tou X, an up�rqei epilog , en¸ an up�rqei

mìno ènac geÐtonac, p�me nteterministik� se autìn.

(a) Poi� eÐnai h sun�rthsh pijanìthtac thc tuqaÐac metablht c Y ?

(b) Ti prìshmo perimènoume na èqei h Cov(X, Y ) gia meg�lo n?

(g) Na upologisteÐ h Cov(X, Y ). Gia poi� n eÐnai jetik ?

16. 'Estw A,B endeqìmena se èna q¸ro pijanìthtac, kai 1A,1B oi deÐktriec sunart seic touc.

Na upologisteÐ h Cov(1A,1B).

17. n ≥ 1 �toma epibib�zontai tuqaÐa se èna aeropl�no n jèsewn, agno¸ntac thn an�jesh jèshc

pou lèei h k�rta epibÐbashc touc. 'Estw W o arijmìc aut¸n pou k�jontai (sumptwmatik�) sthn

jèsh pou touc anatèjhke. Jètoume Xi = 1 an o i epib�thc k�jhse sthn jèsh pou anafèrei h

k�rta tou kai Xi = 0 diaforetik�.

(a) Na upologisteÐ h sundiakÔmansh Cov(Xi, Xj) gia i 6= j. P¸c sqoli�zete to prìshmì thc?

(b) Na upologistoÔn oi E(W ), V (W ).

18. 'Estw X1, X2, . . . , Xn anex�rthtec tuqaÐec metablhtèc me thn Ðdia katanom , me mèsh tim 

µ, kai diakÔmansh σ2 ∈ (0,∞). Jètoume

X =
X1 +X2 + . . .+Xn

n
, S2 =

1

n− 1

n∑
i=1

(Xi −X)2
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Na deiqjeÐ ìti

(a) E(X) = µ, V (X) = σ2/n.

(b) E(S2) = σ2.

19. Se èna paiqnÐdi o parousiast c moir�zei tuqaÐa se trÐa kouti� A, B, G, treÐc fakèlouc 1,

2, 3. O 1 lèei ìti o paÐkthc prèpei na plhr¸sei 5 Eur¸, o 2 ìti prèpei na plhr¸sei 6 Eur¸, o 3

lèei ìti o paÐkthc kerdÐzei èna autokÐnhto. O paÐkthc epilègei èna apì ta trÐa kouti� A, B, G,

me pijanìthta 1/3 to kajèna, kai akoloujeÐ thn entol  pou lèei o f�keloc pou perièqetai sto

koutÐ. Stìqoc tou eÐnai na breÐ ton f�kelo 3, opìte met� apì k�je apotuqhmènh prosp�jeia

xanapaÐzei to paiqnÐdi. Bèbaia o parousiast c xanamoir�zei touc fakèlouc sta kouti�. 'Estw

X to posì pou ja plhr¸sei o paÐkthc ¸spou na breÐ ton f�kelo 3 (profan¸c h X eÐnai tuqaÐa

metablht ). Na brejeÐ h E(X).

20. 'Ena nìmisma èqei pijanìthta p na fèrei gr�mmata (G) se mÐa rÐyh. To rÐqnoume suneq¸c

¸spou na emfanistoÔn kai oi dÔo diaforetikèc endeÐxeic K, G. Na brejoÔn:

(a) O anamenìmenoc arijmìc rÐyewn

(b) H pijanìthta h teleutaÐa rÐyh na eÐnai K.

21. 'Estw X tuqaÐa metablht  pou akoloujeÐ thn tupik  kanonik  katanom  N(0, 1), kai ston

Ðdio q¸ro pijanìthtac mia anex�rthth tuqaÐa metablht  R tètoia ¸ste

P (R = 1) = P (R = −1) = 1/2

(dhladh h R akoloujeÐ thn katanom  Bernouli(1/2) sto {−1, 1}). Jètoume Y = RX.

(a) Na deiqjeÐ ìti h Y akoloujeÐ epÐshc thn kanonik  katanom .

(b) Na deiqjeÐ ìti Cov(X, Y ) = 0.

(g) EÐnai oi X, Y eÐnai anex�rthtec?

(d) EÐnai h (X, Y ) didi�stath kanonik  katanom ?

(e) Poi� eÐnai h katanom  thc X + Y ? AntibaÐnei autì sto Pìrisma 6.3.1 (a)?

22. 'Estw X, Y tuqaÐec metablhtèc (ston Ðdio q¸ro pijanìthtac) me E(X2), E(Y 2) < ∞. Na

deiqjeÐ ìti

(a) E(XY ) = E(XE(Y |X)).

(b) Cov(X,E(Y |X)) = Cov(X, Y ).

23. 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn tuqaÐwn metablht¸n, kajemÐa me katanom  thn o-

moiìmorfh sto (0, 1).

(a) Gia n ≥ 1 kai x ∈ (0, 1], na upologisteÐ h pijanìthta

P (X1 +X2 + · · ·+Xn ≤ x).

(b) Gia x ∈ (0, 1], jewroÔme thn tuqaÐa metablht 

Nx := min {n ≥ 1 : X1 +X2 + · · ·+Xn > x} .
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Na brejeÐ h E(Nx).

24. 'Estw X, Y, Z anex�rthtec tuqaÐec metablhtèc me X ∼ U(0, 1), Y ∼ exp(1), Z ∼ exp(1).

Na deiqjeÐ ìti h pijanìthta h exÐswsh Xt2 +
√
Y t+Z = 0, na èqei dÔo diaforetikèc pragmatikèc

rÐzec eÐnai (log 5)/4.

25. MÐa k�lph perièqei arqik� a �sprec kai b maÔrec mp�lec. Ex�goume tuqaÐa mÐa mp�la, kai

an eÐnai �sprh thn epistrèfoume sthn k�lph, en¸ an eÐnai maÔrh thn antikajistoÔme me mÐa �sprh

pou paÐrnoume apì mi� �llh k�lph. 'Estw Xn to pl joc twn �sprwn mpal¸n ìtan h prohgoÔmenh

diadikasÐa pragmatopoihjeÐ n forèc.

(a) Na deiqjeÐ ìti gia k�je n ≥ 1 isqÔei

E(Xn |Xn−1) =

(
1− 1

a+ b

)
Xn−1 + 1.

(b) Na deiqjeÐ ìti gia k�je n ≥ 0 isqÔei

E(Xn) = a+ b− b
(

1− 1

a+ b

)n
.

(g) Poi� eÐnai h pijanìthta h mp�la pou epilègoume kat� to n+ 1 b ma na eÐnai �sprh?

26. 'Ena mhq�nhma mac dÐnei èna nìmisma pou fèrnei K me tuqaÐa pijanìthta p. To p eÐnai

�gnwsto se mac, all� xèroume apì pollèc parathr seic twn nomism�twn pou ex�gei h mhqan 

ìti h katanom  thc tuqaÐac paramètrou p eÐnai h omoiìmorfh sto (0, 1). RÐqnoume to nìmisma dÔo

forèc. Na upologistoÔn oi pijanìthtec:

(a) Sthn pr¸th rÐyh to nìmisma fèrnei K.

(b) Kai stic dÔo rÐyeic to nìmisma fèrnei K.

27. 'Estw h sun�rthsh f(x, y) = ce−(x2−xy+4y2)/2 gia (x, y) ∈ R2. Na deiqjeÐ ìti up�rqei c > 0

¸ste h f na eÐnai h puknìthta miac didi�stathc kanonik c tuqaÐac metablht c (X, Y ) kai gia

aut n thn tim  tou c, na upologistoÔn ta µX , µY , σX , σY , ρX,Y .
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Apant seic

1. (a) Gia to metasqhmatismì T (x, y) := (x+y, x−y), èqoume (U, V ) = T (X, Y ), kai T−1(u, v) =

((u+ v)/2, (u− v)/2). O T−1 èqei iakwbian 

JT−1(u, v) = −1/2.

'Ara me b�sh gnwstì je¸rhma1, èqoume

fU,V (u, v) = fX,Y (T−1(u, v))|JT−1(u, v)|,

to opoÐo eÐnai to zhtoÔmeno.

(b) Ston tÔpo apì to (a), qrhsimopoioÔme thn anexarthsÐa twn X, Y , kai antikajist¸ntac thn

puknìthta touc, brÐskoume

fU,V (u, v) =
1

2
fX

(
u+ v

2

)
fY

(
u− v

2

)
=

1√
2π2

e−
u2

4
1√
2π2

e−
v2

4

to opoÐo eÐnai to ginìmeno g(u)g(v) me thn g na eÐnai h puknìthta thc N(0, 2). 'Etsi prokÔptei

eÔkola to zhtoÔmeno.

(g) 'Omoia ìpwc sto (b), brÐskoume

fU,V (u, v) =
1

2
λe−λ(

u+v
2 )1u+v

2
>0λe

−λ(u−v
2 )1u−v

2
>0 =

1

2
λ2e−λu1u+v>01u−v>0

=
1

2
λ2e−λu1u>0,−u<v<u.

Bohj�ei na k�nei kaneÐc èna sq ma gia to qwrÐo {(u, v) : u + v > 0, u − v > 0}. Oi perij¸riec
eÐnai

fU(u) =

∫
R

fU,V (u, v) dv =

0 an u ≤ 0

λ2

2

∫ u
−u e

−λu dv = λ2ue−λu an u > 0
= λ2ue−λu1u>0

kai ìmoia (paÐrnontac peript¸seic v ≥ 0, v < 0) brÐskoume

fV (v) =
λ

2
e−λ|v|

gia k�je v ∈ R. Profan¸c fU,V (u, v) 6= fU(u)fV (v), opìte oi U, V den eÐnai anex�rthtec.

2. (a) Gia to metasqhmatismì T (x, y) := (x+y, x/y), èqoume (U, V ) = T (X, Y ), kai T−1(u, v) =

(uv/(v + 1), u/(v + 1)). O T−1 èqei iakwbian 

JT−1(u, v) = − u

(v + 1)2
.

'Ara èqoume

fU,V (u, v) = fX,Y (T−1(u, v))|JT−1(u, v)| = λ2ue−λu
1

(v + 1)2
1u,v>0.

Epeid  h puknìthta fU,V gr�fetai wc ginìmeno g(u)h(v), èpetai ìti oi U, V eÐnai anex�rthtec.

1Prìtash 4.1.1 sto biblÐo tou k. KoÔtra.
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(b)

fV (v) =

∫
R

fU,V (u, v) du = ... =
1

(v + 1)2
1v>0.

3. Gia to metasqhmatismì T (x, y) := (x/(x+y), x+y), èqoume (U, V ) = T (X, Y ), kai T−1(u, v) =

(uv, v(1− u)). O T−1 èqei iakwbian 

JT−1(u, v) = v.

'Ara ìpwc sthn prohgoÔmenh �skhsh brÐskoume

fU,V (u, v) = fX,Y (T−1(u, v))|JT−1(u, v)| = ... =
1

Γ(a)Γ(b)
ua−1(1− u)b−1va+b−1e−v1u∈(0,1) 1v>0.

H apì koinoÔ twn U, V eÐnai ginìmeno g(u)h(v), apì ìpou prokÔptei h anexarthsÐa twn U, V .

Qrhsimopoi¸ntac thn sqèsh

B(a, b) :=

1∫
0

ua−1(1− u)b−1 du =
Γ(a)Γ(b)

Γ(a+ b)
,

upologÐzoume tic perij¸riec twn U, V , kai prokÔptei to zhtoÔmeno.

4. QrhsimopoioÔme ton gnwstì tÔpo2

fX+Y (z) =

∫
R

fX(x)fY (z − x) dx =

3∫
−2

1

5
e−(z−x)1z−x>0 dx = e−z

1

5

3∫
−2

ex1x<z dx,

to opoÐo eÐnai 0 gia z ≤ −2, en¸ gia z > −2 isoÔtai me

e−z
1

5

3∧z∫
−2

ex dx =
1

5
(e(3−z)∧0 − e−z−2).

5. QrhsimopoioÔme ton gnwstì tÔpo3

fXY (u) =

∫
R

fX(u/y)fY (y)
1

|y|
dy.

Oi fX , fY eÐnai mh mhdenikèc mìno sto (0, 1), kai ètsi prokÔptei ìti gia u /∈ (0, 1) isqÔei fXY (u) =

0, giatÐ gia k�je y ∈ R toul�qiston ènac apì touc u/y, y ja eÐnai ektìc tou (0, 1). Gia u ∈ (0, 1)

to pio p�nw olokl rwma gÐnetai∫
0<u/y<1
0<y<1

fX(u/y)fY (y)
1

y
dy =

1∫
u

1

y

1

B(a, b)

(
u

y

)a−1(
1− u

y

)b−1
1

B(a+ b, c)
ya+b−1(1− y)c−1 dy

=
1

B(a, b)

1

B(a+ b, c)
ua−1

1∫
u

(y − u)b−1(1− y)c−1 dy.

2Prìtash 4.2.1 sto biblÐo tou k. KoÔtra.
3Prìtash 4.2.4 sto biblÐo tou k. KoÔtra.
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Sto teleutaÐo olokl rwma, eis�goume nèa metablht , thn s, jètontac y = (1− u)s+ u, ¸ste na

prokÔyei olokl rwma me �kra 0, 1, kai met� apì upologismoÔc brÐskoume ìti

fXY (u) =
1

B(a, b+ c)
ua−1(1− u)b+c−1.

6. (a) Autì pou eÐnai eÔkolo na upologÐsoume eÐnai gia x, y ∈ R, x < y, thn pijanìthta

P (x < X(1), X(n) ≤ y) = P (X1 ∈ (x, y])P (X2 ∈ (x, y]) · · ·P (Xn ∈ (x, y]) = (F (y)− F (x))n.

Gia ta Ðdia x, y, èqoume

F (x, y) = P (X(1) ≤ x,X(n) ≤ y) = P (X(n) ≤ y)−P (X(1) > x,X(n) ≤ y) = (F (y))n−(F (y)−F (x))n.

Gia x ≥ y, F (x, y) = P (X(1) ≤ x,X(n) ≤ y) = P (X(n) ≤ y) = (F (y))n. 'Ara

F (x, y) =

(F (y))n − (F (y)− F (x))n an x < y,

(F (y))n an x ≥ y.

(b) BrÐskoume thn upoy fia puknìthta paragwgÐzontac wc proc x kai met� wc proc y thn

sun�rthsh katanom c. Ektìc apì peperasmèna x, y èqoume

h(x, y) :=
∂2F

∂y∂x
(x, y) = n(n− 1)(F (y)− F (x))n−2f(x)f(y)1x<y.

T¸ra prèpei na elègxoume an

x∫
−∞

y∫
−∞

h(s, t) ds dt = F (x, y)

gia k�je x, y ∈ R. 'Ontwc, gia x < y èqoume

x∫
−∞

y∫
−∞

h(s, t) ds dt =n(n− 1)

x∫
−∞

y∫
s

(F (t)− F (s))n−2f(t)f(s) dt ds

=n

x∫
−∞

f(s)(F (t)− F (s))n−1
∣∣t=y
t=s

ds = n

x∫
−∞

f(s)(F (y)− F (s))n−1 ds

=− (F (y)− F (s))n
∣∣s=x
s=−∞ = (F (y))n − (F (y)− F (x))n.

'Omoia douleÔoume kai ìtan x ≥ y.

(g) Apì to (b), sthn perÐptwsh thc omoiìmofhc U(0, a), h apì koinoÔ puknìthta twn X(1), X(n)

eÐnai h

f(x, y) = n(n− 1) a−n(y − x)n−210<x<y<a.

Gia thn eÔresh thc puknìthtac thc diafor�c touc R := X(n)−X(1), qrhsimopoioÔme to an�logo

thc prìtashc 4.2.3 (selÐda 155) gia exarthmènec tuqaÐec metablhtèc (apìdeixh Ðdia). Gia r ∈ (0, a)

upologÐzoume

fR(r) =

∫
R

f(x, r + x) dx = n(n− 1) a−n
a−r∫
0

rn−2 dx == n(n− 1) a−n(a− r)rn−2,



9

en¸ gia r ∈ R \ (0, a) brÐskoume fR(r) = 0. 'Ara

fR(r) = n(n− 1)a−nrn−2(a− r)10<r<a.

T¸ra h mèsh tim  thc R upologÐzetai eÔkola.

7. 'Estw fX h puknìthta thc X. EÔkola brÐskoume ìti h puknìthta thc Y eÐnai fY (y) = 1
r
fX(y

r
).

Qrhsimopoi¸ntac ton tÔpo gia thn fX (dhlad  fX(x) = λa

Γ(a)
xa−1e−λx1x>0), brÐskoume ìti h

puknìthta thc Y eÐnai aut  thc Γ(a, λ/r).

8. (a) Kat� ta gnwst�, brÐskoume ìti h sun�rthsh katanom c thc − logX1 eÐnai h F (t) =

(1− e−t)1t>0 pou eÐnai aut  thc ekjetik c me par�metro 1. 'Ara − logX1 ∼ exp(1) = Γ(1, 1).

(b) Lìgw tou (a), èqoume ìti h Y eÐnai �jroisma anex�rthtwn G�mma me koin  deÔterh par�metro.

'Ara h katanom  thc eÐnai Γ(1 + 1 + · · ·+ 1, 1) = Γ(n, 1).

(g) 'Epetai apì to (b) kai thn 'Askhsh 7 ìti h Y akoloujeÐ thn katanom  Γ(n, 1/2) h opoÐa eÐnai

h χ2 me 2n bajmoÔc eleujerÐac.

9. 1oc tropoc. 'Estw h eujeÐa ∆ := {(x, x) : x ∈ R}, dhlad  h diqotìmoc tou pr¸tou kai trÐtou
tetarthmorÐou (lègetai kai diag¸nioc tou R2). Tìte

P (X = Y ) = P ((X, Y ) ∈ ∆) =

∫∫
∆

f(x, y) dxdy = 0

giatÐ eÐnai èna diplì olokl rwma p�nw se mia gramm  (h opoÐa èqei embadìn 0).

2oc tropoc. Xèroume ìti gia dedomèno y ∈ R, h katanom  thc X |Y = y eÐnai suneq c me

puknìthta thn opoÐa sumbolÐzoume me fX |Y (· | y). Tìte

P (X = Y ) =

∫
P (X = Y |Y = y)fY (y) dy = 0

giatÐ gia k�je dedomèno y, P (X = Y |Y = y) = P (X = y |Y = y) =
∫ y
y
fX |Y (x | y) dx = 0

(olokl rwma p�nw se èna shmeÐo, to y).

10. 'Estw

A0 := {k�poiec apì tic X1, X2, X3, X4 eÐnai Ðsec}.

Tìte apì thn prohgoÔmenh �skhsh,

P (A0) ≤
∑

1≤i,j≤4,i 6=j

P (Xi = Xj) = 0.

T¸ra, gia opoiad pote met�jesh (i1, i2, i3, i4) twn {1, 2, 3, 4} isqÔei

P (Xi1 < Xi2 < Xi3 < Xi4) = P (X1 < X2 < X3 < X4) (1)

giatÐ h (tetradi�stath) tuqaÐa metablht  (Xi1 , Xi2 , Xi3 , Xi4) èqei thn Ðdia katanom  me thn

(X1, X2, X3, X4). 'Eqoun kai oi duì puknìthta f̃(x, y, z, w) = f(x)f(y)f(z)f(w). ['Ena an�-

logo kai aploÔstero sen�rio. RÐqnoume èna z�ri 5 forèc kai gr�foume ta apotelèsmata me thn

seir� me thn opoÐa emfanÐzontai. H pijanìthta na fèroume (6, 3, 6, 2, 5) eÐnai h Ðdia me to na

fèroume (3, 6, 6, 5, 2)]
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'Estw S4 to sÔnolo twn metajèsewn twn {1, 2, 3, 4}. Epeid 

Ω = A0 ∪
⋃

(i1,i2,i3,i4)∈S4

{Xi1 < Xi2 < Xi3 < Xi4}

eÐnai ènwsh xènwn an� dÔo sunìlwn (diamèrish tou Ω), kai P (A0) = 0 (èlleiyh isopali¸n), èpetai

lìgw thc (1) ìti

1 = |S4| × P (X1 < X2 < X3 < X4) = 4!P (X1 < X2 < X3 < X4),

dhlad  to zhtoÔmeno.

'Otan èqoume n anex�rthtec tuqaÐec metablhtèc me koin  suneq  katanom , tìte

P (Xi1 < Xi2 < · · · < Xin) =
1

n!

gia k�je met�jesh (i1, i2, . . . , in) twn {1, 2, · · · , n}.

11. Epeid  h Cov eÐnai digrammik , èqoume

Cov(XZ2, Y + Z) = Cov(XZ2, Y ) + Cov(XZ2, Z)

= E(XY Z2)− E(XZ2)E(Y ) + E(XZ3)− E(XZ2)E(Z)

= E(Z2)
(
E(XY )− E(X)E(Y )

)
+ E(X)E(Z3)− E(XZ2)E(Z)

= Cov(X, Y ) = 1.

Qrhsimopoi same thn anexarthsÐa thc Z apì tic X, Y kai to ìti E(Z) = E(Z3) = 0, E(Z2) =

V (Z) = 1. O isqurismìc E(Z3) = 0 prokÔptei apì to ìti to

E(Z3) =
1√
2π

∞∫
−∞

x3e−x
2/2 dx

eÐnai olokl rwma miac peritt c sun�rthshc se qwrÐo summetrikì gÔrw apì to 0.

12. H diaspor� kajemÐac apì tic X1, X2 eÐnai µ2. Ja qrhsimopoi soume pio k�tw ìti lìgw

anexarthsÐac èqoume Cov(X1, X2) = 0.

Cov(X1 +X2, 2X1 + 3X2) = 2Cov(X1, X1) + 3Cov(X1, X2) + 2Cov(X2, X1) + 3Cov(X2, X2)

= 2µ2 + 0 + 0 + 3µ2 = 5µ2.

'Epeita, V (2X1 +3X2) = V (2X1)+V (3X2)+6 Cov(X1, X2) = 13µ2. 'Omoia, V (X1 +X2) = 2µ2.

'Epetai ìti ρ(X1 +X2, 2X1 + 3X2) = ... = 5/
√

26.

Oi tuqaÐec metablhtèc X1 + X2, 2X1 + 3X2 den eÐnai anex�rthtec giatÐ èqoun sundiakÔmansh

diaforetik  apo to 0.

13. (a) UpologÐzoume

V (X1 +X2) = V (X1) + V (X2) + 2Cov(X1, X2) = V (X1) + V (X2) + 2
√
V (X1)V (X2)ρX1,X2

= 3 + 2 + 2
√

6ρX1,X2 .

H mègisth tim  tou ρX1,X2 eÐnai 1 kai h el�qisth -1. 'Ara

V (X1 +X2) ∈ [5− 2
√

6, 5 + 2
√

6].
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'Ena sen�rio to opoÐo petuqaÐnei thn mègisth tim  eÐnai to X2 =
√

2/3X1 (dhlad  h X1 dedomènh

me diaspor� 3 kai h X2 orismènh mèsw thc X1). Autì ìntwc èqei V (X2) = 2. Tìte X1 + X2 =

(1 +
√

2/3)X1 me diaspor�

(1 +
√

2/3)2V (X1) = (
√

3 +
√

2)2 = 5 + 2
√

6.

Pwc to skeft kame autì to sen�rio? Xèroume ìti mègisto suntelest  susqètishc èqoume ìtan

h X2 eÐnai èna jetikì pollapl�sio thc X1 (kai èpeita mia metatìpish, an jèloume). PaÐrnoume

loipìn X2 = aX1. To a > 0 ìmwc den mporeÐ na eÐnai opoiod pote giatÐ prèpei V (X2) = 2,

dhlad  2 = a2V (X1). 'Etsi brÐskoume a =
√

2/3.

'Omoia, èna sen�rio pou petuqaÐnei thn el�qisth tim  eÐnai to X2 = −
√

2/3X1.

(b) 'Otan ρX1,X2 = 1, tìte prèpei X2 = aX2 + b gia k�poiec stajerèc a > 0, b. Kai epeid 

V (X1) = 3, V (X2) = 2 èpetai ìti a =
√

2/3. 'Ara gia k�je b ∈ R èqoume èna sen�rio pou

petuqaÐnei to mègisto, dhlad 

X2 =
√

2/3X1 + b.

Kai aut� eÐnai ta mìna sen�ria pou to petuqaÐnoun. 'Omoia, ta sen�ria gia to el�qisto eÐnai ta

X2 = −
√

2/3X1 + b

ìpou b ∈ R. K�je b dÐnei èna sen�rio.

14. (a) JewroÔme tuqaÐa metablht  Z, anex�rthth thc X, me diaspor� 1. Gia r ∈ [0, 1] jètoume

Y :=
√

1− rX +
√
r
√
aZ. Tìte lìgw anexarthsÐac,

V (Y ) = V (
√

1− rX) + V (
√
r
√
aZ) = (1− r)a+ ra = a,

Cov(X, Y ) = Cov(X,
√

1− rX +
√
r
√
aZ) = a

√
1− r,

ρ(X, Y ) =
Cov(X, Y )√
V (X)V (Y )

=
√

1− r.

Gia dedomèno c ∈ [0, 1], epilègoume r ètsi ¸ste
√

1− r = c.

(b) Apì to (a), brÐskoume mÐa Ŷ me ρ(X, Ŷ ) = −c. H Y := −Ŷ ikanopoieÐ to zhtoÔmeno.

15. (a) Profan¸c oi dunatèc timèc thc Y eÐnai ta stoiqeÐa tou sunìlou {1, 2, . . . , n}. Gia k se

autì to sÔnolo èqoume

fY (k) := P (Y = k) =
n∑
j=1

P (Y = k |X = j)P (X = j).

An k 6= 1, 2, n − 1, n, tìte sto parap�nw �jroisma mh mhdenikoÐ eÐnai akrib¸c oi ìroi pou

antistoiqoÔn sta j = k − 1, k + 1 (gia na p�rei h Y thn tim  k prèpei h X na brejeÐ se

apìstash 1 apì to k dexi�   arister�), kai an X = k − 1   X = k + 1, h pijanìthta na èqoume

Y = k eÐnai 1/2 giatÐ ta k − 1, k + 1 èqoun dÔo geÐtonec. 'Ara

P (Y = k) =
1

2

1

n
+

1

2

1

n
=

1

n
.

T¸ra an k ∈ {2, n− 1}, p.q., k = 2, apì ton orismì thc Y upologÐzoume

P (Y = 2) = P (Y = 2 |X = 1)P (X = 1) + P (Y = 2 |X = 3)P (X = 3) = 1× 1

n
+

1

2

1

n
=

3

2n
.
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Qrhsimopoi same to ìti to 3 èqei dÔo geÐtonec, afoÔ n ≥ 4. Tèloc, upologÐzoume ìmoia ìti

P (Y = 1) = P (Y = n) =
1

2n
.

'Ara oi m�zec pou dÐnei h katanom  thc Y sta shmeÐa 1, 2, . . . , n− 1, n eÐnai antÐstoiqa

1

2n
,

3

2n
,

1

n
,

1

n
, · · · , 1

n
,

1

n
,

3

2n
,

1

2n
.

(b) Perimènoume h sundiakÔmansh na èqei jetikì prìshmo giatÐ se mÐa pragmatopoÐhsh twn X, Y ,

“meg�lh” tim  thc X (dhlad  p�nw apì thn mèsh thc tim ) sunep�getai kai “meg�lh” tim  thc

Y afoÔ h X thn sumparasÔrei. 'Omoia, mikr  tim  thc X sunep�getai mikr  tim  kai gia thn Y .

(g) H X katanèmetai omoiìmorfa sto {1, 2, . . . , n}, �ra E(X) = (n+ 1)/2. Qrhsimopoi¸ntac to

er¸thma (a) mporeÐ na dei kaneÐc ìti E(Y ) = (n+ 1)/2. Enallaktik�, autì to apotèlesma eÐnai

anamenìmeno giatÐ h Y èqei summetrik  katanom . Autì to qrhsimopoioÔme wc ex c. H Y èqei thn

Ðdia katanom  me thn n+1−Y (ed¸ mpaÐnei h summetrÐa), �ra E(Y ) = E(n+1−Y ) = n+1−E(Y ),

to opoÐo dÐnei E(Y ) = (n+ 1)/2.

Mènei na upologÐsoume thn mèsh tim  E(XY ). MporeÐ kaneÐc na to k�nei ìpwc sthn �skhsh

4(b) tou pr¸tou fulladÐou (ekeÐ apl¸c  tan suneqeÐc tuqaÐec metablhtèc) brÐskontac pr¸ta thn

apì koinoÔ sun�rthsh pijanìthtac twn X, Y . Enallaktik�, desmeÔoume wc proc X miac kai h Y

orÐzetai afoÔ epilegeÐ h X. Dhlad 

E(XY ) = E(E(XY |X)) = E(m(X))

me m(k) = E(XY |X = k) = kE(Y |X = k) gia k = 1, 2, . . . , n. EÔkola èqoume

m(k) =


k × k = k2 an k ∈ {2, 3, . . . , n− 2, n− 1},
1× 2 an k = 1,

n× (n− 1) an k = n.

'Ara

E(m(X)) =
1

n

n−1∑
k=2

k2 +
1

n
(1× 2 + n× (n− 1)) =

1

n

n∑
k=1

k2 +
1

n
− 1 =

(n+ 1)(2n+ 1)

6
+

1

n
− 1,

kai

Cov(X, Y ) = E(XY )− E(X)E(Y ) = · · · = n2 − 13

12
+

1

n
.

16. QrhsimopoioÔme to ìti an to C eÐnai endeqìmeno ston q¸ro pijanìthtac (Ω,A, P ), kai

1C : Ω→ R eÐnai h deÐktria tou, tìte

E(1C) = P (C).

Autì giatÐ h 1C paÐrnei thn tim  1 sto sÔnolo C kai thn tim  0 sto Ω \ C. 'Ara

E(1C) = 1× P (C) + 0× P (Ω \ C) = P (C).

EpÐshc 1A1B = 1A∩B. 'Ara

Cov(1A,1B) = E(1A1B)− E(1A)E(1B) = E(1A∩B)− E(1A)E(1B)

= P (A ∩B)− P (A)P (B).
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17. (a)

Cov(Xi, Xj) = E(XiXj)− E(Xi)E(Xi) = P (Xi = Xj = 1)− P (Xi = 1)P (Xj = 1)

=
(n− 2)!

n!
− (n− 1)!

n!

(n− 1)!

n!
=

1

n(n− 1)
− 1

n2
=

1

n2(n− 1)
.

K�poiec exhg seic gia ton upologismì. H tuqaÐa metablht  XiXj paÐrnei mìno tic timèc 0 kai 1,

kai thn tim  1 thn paÐrnei akrib¸c ìtan kai h Xi kai h Xj isoÔntai me 1. Opìte

E(XiXi) = 0× P (XiXj = 0) + 1× P (XiXj = 1) = P (Xi = Xj = 1).

'Omoia dikaiologoÔme kai thn E(Xi) = P (Xi = 1). Ta upìloipa eÐnai sunduastik  (eunoðkèc dia

dunatèc peript¸seic...).

'Ara oi Xi, Xj eÐnai jetik� susqetismènec. Autì eÐnai anamenìmeno giatÐ ìtan h Xi paÐrnei

meg�lh tim  (dhlad  1) eÐnai pio pijanì kai h Xj na p�rei epÐshc meg�lh tim . An o epib�thc i

kajÐsei sthn swst  jèsh, mei¸nei tic l�joc epilogèc gia ton j, kai ètsi ton bohj�ei na kajÐsei

kai autìc sthn jèsh pou tou analogeÐ. OmoÐwc, ìtan h Xi paÐrnei mikr  tim  (dhlad  0) eÐnai pio

pijanì kai h Xj na p�rei epÐshc mikr  tim . An o epib�thc i kajÐsei se l�joc jèsh, endeqomènwc

na kajÐsei se aut n tou j kai ètsi na epib�lei Xj = 0.

(b) Ja qreiastoÔme to ìti gia k�je i ∈ {1, 2, . . . , n},

V (Xi) =
1

n
− 1

n2
,

pou isqÔei giatÐ h Xi paÐrnei mìno timèc 0 kai 1, opìte X2
i = Xi kai

V (Xi) = E(X2
i )− (E(Xi))

2 = E(Xi)− (E(Xi))
2 = (1/n)− (1/n)2.

Epeid 

W :=
n∑
i=1

Xi, (2)

qrhsimopoi¸ntac thn grammikìthta thc mèshc tim c kai thn digrammikìthta thc sundiakÔmanshc,

brÐskoume

E(W ) =
n∑
i=1

E(Xi) =
n∑
i=1

1

n
= 1

kai

V (W ) = Cov(W,W ) = Cov

(
n∑
i=1

Xi,
n∑
i=1

Xi

)
=

n∑
i=1

Cov(Xi, Xi) + 2
∑

1≤i<j≤n

Cov(Xi, Xi)

=nV (X1) + 2
n(n− 1)

2

1

n2(n− 1)
= 1− 1

n
+

1

n
= 1

Sqìlio: Ja mporoÔse kaneÐc na brei pr¸ta thn katanom  thcW , dhlad  tic timèc P (W = k)

gia k = 0, 1, 2, . . . , n, kai met� tic E(W ), V (W ). Autì ìmwc den eÐnai apl  upìjesh (prokÔptei

apì thn arq  egkleismoÔ-apokleismoÔ. O upologismìc autìc brÐsketai sto Par�deigma 1.21,

sel. 53, sto biblÐo tou k. QaralampÐdh, JewrÐa Pijanot twn kai Efarmogèc). Prosèxte pwc h

graf  (2) kai oi idiìthtec twn E,Cov k�noun ton upologismì thc E(W ) tetrimmèno, kai autìn

thc V (W ) eÔkolo.
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18. (a) Apì thn grammikìthta thc mèshc tim c èqoume

E(X) =
1

n
(EX1 + · · ·+ EXn) = µ,

kai epeid  oi Xi eÐnai anex�rthtec, èqoume

V (X) =
1

n2
V (X1 + · · ·+Xn) =

1

n2
(V (X1) + · · ·+ V (Xn)) =

σ2

n
.

(b) Gr�foume

(n− 1)S2 =
n∑
i=1

(Xi − µ− (X − µ))2 =
n∑
i=1

(Xi − µ)2 − 2
n∑
i=1

(Xi − µ)(X − µ) + n(X − µ)2

=
n∑
i=1

(Xi − µ)2 − 2n(X − µ)2 + n(X − µ)2 =
n∑
i=1

(Xi − µ)2 − n(X − µ)2.

T¸ra paÐrnontac mèsec timèc, kai qrhsimopoi¸ntac to ìti E(Xi) = E(X) = µ gia k�je i, èqoume

(n− 1)E(S2) = nσ2 − nV (X) = nσ2 − nσ
2

n
= (n− 1)σ2,

to opoÐo dÐnei to zhtoÔmeno.

19. 'Estw Y o arijmìc tou fakèlou pou epilègei o paÐkthc thn pr¸th for� pou paÐzei to

paiqnÐdi. Tìte

E(X) = E(E(X |Y ))

= E(X |Y = 1)P (Y = 1) + E(X |Y = 2)P (Y = 2) + E(X |Y = 3)P (Y = 3)

=
1

3

{
E(X |Y = 1) + E(X |Y = 2) + E(X |Y = 3)

}
. (3)

T¸ra

E(X |Y = 1) = 5 + E(X),

E(X |Y = 2) = 6 + E(X),

E(X |Y = 3) = 0.

H pr¸th exÐswsh isqÔei giatÐ dedomènou ìti o paÐkthc di�lexe ton f�kelo 1, pl rwse 5 Eur¸, den

br ke to autokÐnhto, kai h diadikasÐa arqÐzei apì thn arq . M�lista h katanom  thc X |Y = 1

eÐnai akrib¸c h Ðdia me 5+X ′, ìpou X ′ eÐnai to kìstoc pou ja plhr¸sei o paÐkthc ¸spou na breÐ

to autokÐnhto an tou qaristeÐ h pr¸th manteyi� pou eÐdame  dh ìti eÐnai apotuqhmènh. Profan¸c

h X ′ èqei thn Ðdia katanom  me thn X (aplwc to paiqnÐdi xanarqÐzei).

'Omoia dikaiologoÔme kai thn deÔterh exÐswsh, en¸ h trÐth prokÔptei giatÐ ìtan Y = 3, o

paÐkthc br ke to autokÐnhto kai stamat�ei na paÐzei. 'Etsi h exÐswsh (3) dÐnei

E(X) =
2

3
E(X) +

11

3
.

Epomènwc E(X) = 11.
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20. (a) 'Estw X o arijmìc rÐyewn mèqri thn emf�nish kai twn dÔo endeÐxewn, kai h tuqaÐa

metablht 

Y :=

0 an h pr¸th rÐyh eÐnai G,

1 an h pr¸th rÐyh eÐnai K.

Tìte

E(X) = E(E(X |Y )) = pE(X |Y = 0) + (1− p)E(X |Y = 1)

= p(1 + (1− p)−1) + (1− p)(1 + p−1) = 1 +
1

p(1− p)
.

Qrhsimopoi same to ìti h katanom  thc X |Y = 0 eÐnai h Ðdia me aut  thc 1+Z, ìpou h Z eÐnai o

arijmìc twn dokim¸n mèqri thn pr¸th emf�nish thc èndeixhc K se mÐa �llh akoloujÐa rÐyewn me

to Ðdio nìmisma. H katanom  thc Z eÐnai gewmetrik  me par�metro 1− p (sun�rthsh pijanìthtac

fZ(k) = (1− p)pk−1, k = 1, 2, . . .). An�loga antimetwpÐzoume thn E(X |Y = 1).

(b) H teleutaÐa rÐyh eÐnai K, an kai mìno an h pr¸th rÐyh eÐnai G, to opoÐo sumbaÐnei me pijanìthta

p.

21. (a) Gia A ⊂ R Borel metr simo èqoume

P (Y ∈ A) = P (R = 1)P (Y ∈ A |R = 1) + P (R = −1)P (Y ∈ A |R = −1)

=
1

2
(P (X ∈ A |R = 1) + P (−X ∈ A |R = −1))

=
1

2
(P (X ∈ A) + P (−X ∈ A)) =

1

2
(P (X ∈ A) + P (X ∈ −A))

= P (X ∈ A).

Sthn trÐth isìthta qrhsimopoi same thn anexarthsÐa twn X,R, en¸ sthn teleutaÐa qrhsimopoi-

 same to ìti h puknìthta thc X eÐnai �rtia sun�rthsh.

(b) Qrhsimopoi¸ntac thn anexarthsÐa twn X,R paÐrnoume

E(XY ) = E(RX2) = E(R)E(X2) = 0,

kai E(Y ) = E(RX) = E(R)R(X) = 0. 'Ara Cov(X, Y ) = 0.

(g) Profan¸c den eÐnai anex�rthtec. 'Enac trìpoc na to doÔme eÐnai o ex c.

P (X ∈ (0, 1), Y ∈ (3, 4)) = P (X ∈ (0, 1), RX ∈ (3, 4)) = 0

giatÐ h R paÐrnei timèc −1, 1 opìte RX ∈ (3, 4) ⇒ |X| ∈ (3, 4), to opoÐo eÐnai asÔmbato me to

X ∈ (0, 1). En¸ bèbaia

P (X ∈ (0, 1))P (Y ∈ (3, 4)) 6= 0

giatÐ h puknìthta thc kanonik c eÐnai jetik  kai sta dÔo diast mata (0, 1), (3, 4).

(d) Den eÐnai didi�stath kanonik  giatÐ tìte lìgw tou (b) èprepe oi X, Y na eÐnai anex�rthtec.

'Omwc sto (g) deÐxame ìti den eÐnai.
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(e) 'Estw A ⊂ R sÔnolo Borel. Tìte

P (X + Y ∈ A) = P (X(1 +R) ∈ A)

= P (X(1 +R) ∈ A |R = −1)P (R = −1) + P (X(1 +R) ∈ A |R = 1)P (R = 1)

=
1

2

(
P (0×X ∈ A |R = −1) + P (2X ∈ A |R = 1)

)
=

1

2

(
P (0×X ∈ A) + P (2X ∈ A)

)
=

1

2

1A(0) +

∫
A

fZ(x) dx

 .

Jèsame Z := 2X ∼ N(0, 4), kai fZ eÐnai h puknìthta thc. EpÐshc 1A eÐnai h qarakthristik 

sun�rthsh tou sunìlou A. Sthn tètarth isìthta pio p�nw qrhsimopoi same thn anexarthsÐa

twn X,R, kai èfuge ètsi h dèsmeush (afoÔ ìmwc pr¸ta thn qrhsimopoi same sthn prohgoÔmenh

gramm ).

SumperaÐnoume loipìn ìti h X +Y èqei mikt  katanom , h opoÐa èqei m�za 1/2 sto 0 (diakritì

meroc thc katanom c), en¸ h upìloiph m�za skorpÐzetai me suneq  trìpo, me puknìthta (1/2)fZ
(suneqèc mèroc).

Dhlad  h X + Y den akoloujeÐ k�poia kanonik  katanom . Autì den antibaÐnei sto Pìrisma

6.3.1 (a), giatÐ ìpwc eÐdame sto (d), h (X, Y ) den akoloujeÐ thn didi�stath kanonik  katanom .

22. (a) E(XY ) = E(E(XY |X)) = E(m(X)) ìpou m(x) = E(XY |X = x) gia k�je x me

fX(x) > 0. 'Estw epÐshc m̂(x) = E(Y |X = x). 'Opwc deÐxame sthn t�xh, kai eÐnai diaisjhtik�

profanèc, isqÔei

m(x) = E(XY |X = x) = E(xY |X = x) = xE(Y |X = x) = x m̂(x).

Opìte E(XY ) = E(m(X)) = E(Xm̂(X)) = E(XE(Y |X)).

(b) QrhsimopoioÔme to er¸thma (a), kai brÐskoume

Cov(X,E(Y |X)) = E(XE(Y |X))− E(X)E(E(Y |X))

= E(XY )− E(X)E(Y ) = Cov(X, Y ).

23.(a) Gia k ≥ 1 akèraio kai x ∈ [0,∞) jètoume

Sk := X1 +X2 + · · ·+Xk,

hk(x) = P (Sk ≤ x).

Gia x ∈ [0, 1], èqoume f1(x) = P (X1 ≤ x) = x afoÔ h X1 èqei thn omoiìmorfh katanom . T¸ra,

gia k ≥ 2 kai x ∈ [0, 1], èqoume (desmèuoume wc proc thn tim  tou X1)

hk(x) = P (X1 +X2 + · · ·+Xk ≤ x) =

x∫
0

P (X1 +X2 + · · ·+Xk ≤ x |X1 = z)fX1(z) dz

=

x∫
0

P (X2 + · · ·+Xk ≤ x− z |X1 = z)fX1(z) dz =

x∫
0

P (X2 + · · ·+Xk ≤ x− z) dz

=

x∫
0

hk−1(x− z) dz.
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Sthn pr¸th gramm  eÐnai krÐsimo to ìti x ≤ 1, opìte to �kro olokl rwshc eÐnai x. An eÐqame

x > 1, tìte to �kro ja  tan 1 giatÐ aut  eÐnai h mègisth tim  pou mporeÐ na p�rei h X1. Sthn

deÔterh gramm , qrhsimopoi same thn anexarthsÐa thc X1 apì tic X2, . . . , Xk. Sthn trÐth gramm 

qrhsimopoi same to ìti h X2 + + · · ·+Xk èqei thn Ðdia katanom  me thn X1 + · · ·+Xk−1. 'Ara

P (X2 + · · ·+Xk ≤ x− z) = P (X1 + · · ·+Xk−1 ≤ x− z) = hk−1(x).

H piì p�nw anadromik  sqèsh gia thn hk mazÐ me thn h1(x) = x gia x ∈ [0, 1] dÐnoun me epagwg 

ìti hk(x) = xk/k! gia k�je x ∈ [0, 1].

(b) H Nx paÐrnei timèc stouc jetikoÔc akèraiouc, opìte apì gnwstì tÔpo èqoume

E(Nx) =
∞∑
k=1

P (Nx ≥ k).

T¸ra, gia k ≥ 2 kai mÐa dedomènh pragmatopoÐhsh thc akoloujÐac (Xi)i≥1, Nx ≥ k shmaÐnei ìti

oi pr¸tec k − 1 tuqaÐec metablhtèc Xi den arkoÔn ¸ste to �jroisma touc na xeper�sei to x.

Autì isodunameÐ me X1 + · · ·+Xk−1 ≤ x. To teleutaÐo endeqìmeno èqei pijanìthta xk−1/(k−1)!

apì to er¸thma (a). Gia k = 1, profan¸c P (Nx ≥ 1) = 1 = x0/0!. 'Ara

E(Nx) =
∞∑
k=1

xk−1

(k − 1)!
= ex.

24. Jèloume na upologÐsoume thn pijanìthta h diakrÐnousa tou triwnÔmou na eÐnai jetik .

P ((
√
Y )2 > 4XZ) = P (Y > 4XZ) =

1∫
0

P (Y > 4XZ |X = x)fX(x) dx

=

1∫
0

P (Y > 4xZ |X = x) dx =

1∫
0

P (Y > 4xZ) dx

=

1∫
0

∞∫
0

P (Y > 4xZ |Z = z)e−z dz dx =

1∫
0

∞∫
0

P (Y > 4xz)e−z dz dx

=

1∫
0

∞∫
0

e−4xze−z dz dx =

1∫
0

∞∫
0

e−(4x+1)z dz dx =

1∫
0

1

4x+ 1
dx =

1

4
log 5.

Sthn deÔterh isìthta thc pr¸thc gramm c qrhsimopoi same thn Prìtash 5.3.2 tou biblÐou. Sthn

deÔterh isìthta thc deÔterhc gramm c qrhsimopoi same thn anexarthsÐa thc X apì tic Y, Z.

AntÐstoiqh diadikasÐa akoloujoÔme amèswc met�, ìtan desmeÔoume wc proc Z.

Hjikì dÐdagma: 'Otan upologÐzoume thn pijanìthta enìc gegonìtoc pou exart�tai apì

pollèc tuqaÐec metablhtèc (ìpwc  tan to {Y > 4XZ} pio p�nw), desmeÔoume diadoqik� wc proc

tic emplekìmenec tuqaÐec metablhtèc, me mi� seir� pou na mac boleÔei, ¸spou na ft�soume se

upologismì pijanìthtac pou na afor� mÐa tuqaÐa metablht  (o upologismìc P (Y > 4xz) piì

p�nw). To Ðdio k�name sthn �skhsh 23(a). 'Omoia douleÔoume kai gia na anag�goume ton upologi-

smì enìc pollaploÔ oloklhr¸matoc ston diadoqikì upologismì monodi�statwn oloklhrwm�twn

(teqnik  pou majaÐnoume ston Apeirostikì III).
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25. (a) Gia x ∈ {0, 1, · · · , a + b}, h katanom  thc Xn |Xn−1 = x eÐnai diakrit  pou paÐrnei thn

tim  x me pijanìthta x/(a+ b) kai thn tim  x+ 1 me pijanìthta 1− x(a+ b)−1. 'Ara

m(x) := E(Xn |Xn−1 = x) = x
x

a+ b
+ (x+ 1)

(
1− x

a+ b

)
= 1 + x

(
1− 1

a+ b

)
,

kai

E(Xn |Xn−1) = m(Xn−1) = 1 +Xn−1

(
1− 1

a+ b

)
.

(b) 'Estw an := E(Xn) kai c = 1 − (a + b)−1. Epeid  E(Xn) = E(E(Xn |Xn−1)), paÐrnontac

mèsh tim  sthn sqèsh tou prohgoÔmenou erwt matoc brÐskoume

an = can−1 + 1 gia n ≥ 1

en¸ a0 = a. Diair¸ntac me cn brÐskoume

an
cn

=
1

cn
+
an−1

cn−1
.

'Ara gia n ≥ 1
an
cn

=
1

cn
+

1

cn−1
+ · · ·+ 1

c1
+
a0

c0
,

opìte, epeid  a0 = a,

an = 1 + c+ · · ·+ cn−1 + acn =
cn − 1

c− 1
+ acn = −(a+ b)(cn − 1) + acn = a+ b− bcn.

Profan¸c o Ðdioc tÔpoc isqÔei kai gia n = 0.

(g) 'Estw A := {H mp�la pou epilègoume kat� to n+ 1 b ma eÐnai �sprh}. Tìte

P (A) = E(1A) = E(E(1A |Xn)) = E(P (A |Xn)).

IsqÔei P (A |Xn = x) = x/(a+ b). 'Ara P (A |Xn) = Xn/(a+ b), kai

P (A) = E

(
Xn

a+ b

)
=

1

a+ b
E(Xn) = 1− b

a+ b

(
1− 1

a+ b

)n
.

26. (a) 'Estw A := {H pr¸th rÐyh fèrnei K}, kai fp h puknìthta thc tuqaÐac metablht c p (h

opoÐa eÐnai h omoiìmorfh sto (0, 1)). Tìte

P (A) =

1∫
0

P (A | p = x)fp(x) dx =

1∫
0

x dx = 1/2.

(b) 'Estw B := {Kai oi dÔo rÐyeic fèrnoun K}. 'Opwc sto er¸thma (a), brÐskoume

P (B) =

1∫
0

P (B | p = x)fp(x) dx =

1∫
0

x2 dx = 1/3.

27. c =
√

15/4π, µX = µY = 0, σ2
X = 16/15, σ2

Y = 4/15, ρX,Y = 1/4.


