
Pijanìthtec II. Ask seic 1

Didiastatec tuqaiec metablhtec

Mesh timh, perijwriec, desmeumenec katanomec

1. Ex�goume diadoqik� qwrÐc epan�jesh èxi sfairÐdia apo mÐa k�lph pou perièqei 50 sfairÐdia

arijmhmèna 1, 2, . . . , 50. 'Estw X h mikrìterh èndeixh, kai Y h megalÔterh èndeixh apo tic 6. Na

brejeÐ h sun�rthsh pijanìthtac thc didi�stathc tuqaÐac metablht c (X, Y ).

2. Up�rqei didi�stath tuqaÐa metablht  (X, Y ) thc opoÐac h sun�rthsh katanom c ikanopoieÐ

F (x, y) = 1− e−xy gia k�je x, y ≥ 0?

3. 'Estw (X, Y ) didi�stath tuqaÐa metablht  me puknìthta

f(x, y) =

6xcy, (x, y) ∈ [0, 1]× [0, 1],

0 diaforetik�.

(a) Poi� h tim  thc stajer�c c?

(b) Na brejoÔn oi perij¸riec thc (X, Y ).

(g) Na brejoÔn oi pijanìthtec P (X < 1/3), P (Y > 2X).

4. 'Estw (X, Y ) didi�stath tuqaÐa metablht  me puknìthta

f(x, y) =

8xy, 0 < x < y < 1,

0 diaforetik�.

(a) Na upologisteÐ h pijanìthta P (X + Y < 1).

(b) Na upologistoÔn oi E(XY ), E(Y eX).

*5. 'Estw ìti epilègoume èna shmeÐo (X, Y ) omoiìmorfa sto (0, 1) × (0, 1) Poi� h pijanìthta

o eggÔteroc akèraioc ston Y/X na eÐnai �rtioc? DÐnetai ìti h antÐstrofh efaptomènh tan−1 :

R→ (−π/2, π/2) èqei to ex c an�ptugma se dunamoseir�

tan−1 x =
∞∑
k=0

(−1)kx2k+1

2k + 1
gia k�je x ∈ [−1, 1].

6. 'Estw ìti oi X, Y èqoun apì koinoÔ puknìthta

f(x, y) =

 1
x
, 0 < y < x < 1,

0 diaforetik�.

(a) Na deiqjeÐ ìti ìntwc h f eÐnai sun�rthsh puknìthtac.

(b) Na upologistoÔn oi desmeumènec puknìthtec fX |Y (· | y), fY |X(· |x) gia ìla ta x, y ∈ R gia

ta opoÐa èqoun nìhma.

(g) Na upologistoÔn oi mèsec timèc E(Y ), E(X2 |Y = y), E(eY |X = x) gia x, y ∈ (0, 1).
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Apant seic

1. Gia x, y ∈ {1, 2, · · · , 50} me y − x ≥ 5,

f(x, y) =
6× 5× (y − x− 1)4

(50)6

Diaforetik�, f(x, y) = 0. Jewroume ìti katagr�foume ta sfairÐdia me thn seir� me thn opoÐa

ex�gontai, èqoume dhlad  di�taxh. Ston arijmht , to 6 eÐnai to pl joc twn epilog¸n gia thn

jèsh sthn opoÐa emfanÐzetai h èndeixh y, to 5 eÐnai to pl joc twn epilog¸n gia thn jèsh sthn

opoÐa emfanÐzetai h èndeixh x. Mènoun 4 jèseic stic opoÐec ja b�loume mia di�taxh 4 sfaridÐwn

me arijmoÔc gnhsÐwc an�mesa sta x, y.

2. 1oc trìpoc. Ja deÐxoume ìti an gia mia sun�rthsh katanom c F up�rqei h h(x0, y0) :=
∂2F
∂x∂y

(x0, y0) se èna shmeÐo (x0, y0), tìte h(x0, y0) ≥ 0. Xèroume ìti gia δ, ε > 0 isqÔei

F (x0+δ, y0+ε)−F (x0+δ, y0)−F (x0, y0+ε)+F (x0, y0) = P (x0 < X ≤ x0+δ, y0 < Y ≤ y0+ε) ≥ 0.

DiairoÔme me ε kai paÐrnoume ε→ 0. H piì p�nw sqèsh dÐnei

∂F

∂y
(x0 + δ, y0)−

∂F

∂y
(x0, y0) ≥ 0.

T¸ra diaroÔme me δ kai paÐrnoume δ → 0. ProkÔptei ìti ∂2F
∂x∂y

(x0, y0) ≥ 0.

Gia thn dosmènh F , èqoume ∂2F
∂x∂y

(x, y) = (1− xy)e−xy, to opoÐo den eÐnai p�ntote m  arnhtikì.

2oc trìpoc. Gia x > 0, sthn P (X ≤ x, Y ≤ y) = 1 − e−xy paÐrnoume y → ∞, kai prokÔptei

P (X ≤ x) = 1, dhlad  FX(x) = 1 gia k�je x > 0. Epeid  h FX eÐnai dexi� suneq c, èqoume

FX(0) = 1. 'Omwc h P (X ≤ x, Y ≤ y) = 1 − e−xy gia x = 0 kai met� gia y → ∞ dÐnei

P (X ≤ 0) = 0, dhlad  FX(0) = 0. 'Atopo.

3. (a) c = 2.

(b) fX(x) = 3x21x∈[0,1], fY (x) = 2y1y∈[0,1].

(g) 'Estw

A : = {(x, y) ∈ [0, 1]2 : x < 1/3},

B : = {(x, y) ∈ [0, 1]2 : y > 2x}.

Tìte

P (X < 1/3) =

∫∫
A

f(x, y) dxdy =

1∫
0

1/3∫
0

6x2y dxdy = (1/3)3 = 1/27,

kai

P (Y > 2X) =

∫∫
B

f(x, y) dxdy =

1∫
0

y/2∫
0

6x2y dxdy =

1∫
0

y4

4
dy = 1/20.

Gia ton prosdiorismì twn orÐwn thc olokl rwshc, bohj�ei polÔ na k�noume sq ma. Gia thn

pr¸th pijanìthta mporeÐ kaneÐc na qrhsimopoi sei thn perij¸ria thc X, all� protim�me thn pio

p�nw genik  mèjodo.
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4. (a) Ta shmeÐa tou epipèdou pou ikanopoioÔn tic 0 < x < y < 1, x+ y < 1 eÐnai akrib¸c aut�

sto eswterikì tou trig¸nou T me korufèc ta shmeÐa (0, 0), (1/2, 1/2), (0, 1). Oloklhr¸noume

sto T pr¸ta se orizìntiec grammèc, dhlad  wc proc x.

P (X + Y < 1) =

∫∫
T

f(x, y)dxdy =

1/2∫
0

y∫
0

8xy dxdy +

1∫
1/2

1−y∫
0

8xy dxdy

= 4

1/2∫
0

y3dy + 4

1∫
1/2

y(1− y)2dy = ... = 1/6.

(b) Me qr sh gnwst c prìtashc (Prìtash 2.3.1, sel. 66 sto biblÐo tou k. KoÔtra) paÐrnoume

E(XY ) =

∫∫
R2

xyf(x, y) dxdy =

1∫
0

y∫
0

8x2y2 dxdy =
8

3

1∫
0

y5 dy =
4

9
.

'Omoia

E(Y eX) =

∫∫
R2

yexf(x, y) dxdy =

1∫
0

y∫
0

yex8xy dxdy

= ... = 8

1∫
0

y2(yey − ey + 1) dy = ... =
200

3
− 24e.

Oloklhr¸noume kata par�gontec arketèc forèc.

5. 'Ena sq ma bohj�ei. To sÔnolo twn (x, y) sto (0, 1)× (0, 1) gia ta opoÐa o akèraioc pou eÐnai

eggÔtera sto phlÐko y/x eÐnai ènac apì touc 0, 2, 4,... eÐnai ènwsh xènwn metaxÔ touc trig¸nwn.

H zhtoÔmenh pijanìthta isoÔtai me (5− π)/4.

6. (b) UpologÐzoume pr¸ta tic puknìthtec twn X, Y . BrÐskoume

fX(x) = 1(0,1)(x),

fY (y) = − log y 1(0,1)(y),

gia k�je x, y ∈ R. 'Ara oi desmeumènec puknìthtec fX |Y (· | y), fY |X(· |x) èqoun nìhma akrib¸c

gia x, y ∈ (0, 1) kai isoÔntai me

fX |Y (x | y) = −
1

x log y
1(y,1)(x),

fY |X(y |x) =
1

x
1(0,x)(y).

ParathroÔme ìti h Y |X = x akoloujeÐ thn omoiìmorfh katanom  sto (0, x).
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(g) UpologÐzoume

E(Y ) =

∫
R

yfY (y) dy = −
1∫

0

y log y dy = ... =
1

4

E(X2 |Y = y) =

∫
R

x2fX |Y (x | y) dx = −
1∫

y

x2
1

x log y
dx = − 1

2 log y
(1− y2),

E(eY |X = x) =

∫
R

eyfY |X(y |x) dy =

x∫
0

ey
1

x
dy =

ex − 1

x
.


